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DIMENSION-INDEPENDENT FUNCTIONAL
INEQUALITIES BY TENSORIZATION AND PROJECTION
ARGUMENTS

FABRICE BAUDOIN*, MARIA GORDINAf, AND ROHAN SARKAR'f

ABSTRACT. We study stability under tensorization and projection-type
operations of gradient-type estimates and other functional inequalities
for Markov semigroups on metric spaces. Using transportation-type in-
equalities obtained by F. Baudoin and N. Eldredge in 2021, we prove
that constants in the gradient estimates can be chosen to be independent
of the dimension. Our results are applicable to hypoelliptic diffusions
on sub-Riemannian manifolds and some hypocoercive diffusions. As a
byproduct, we obtain dimension-independent reverse Poincaré, reverse
logarithmic Sobolev, and gradient bounds for Lie groups with a trans-
verse symmetry and for non-isotropic Heisenberg groups.
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1. INTRODUCTION

This paper is aimed at exploring stability of functional inequalities sat-
isfied by Markov semigroups on products of metric measure spaces. We fo-
cus on three key functional inequalities: gradient bounds, reverse Poincaré
and reverse logarithmic Sobolev inequalities. These inequalities play a cru-
cial role in establishing various analytical properties for the underlying
Markov semigroup, including Liouville-type properties, Harnack-type in-
equalities, convergence towards the equilibrium distribution (if it exists),
quasi-invariance, and more. In this context, the past three decades have
witnessed significant progress in proving these functional inequalities on
general metric measure spaces equipped with a Dirichlet form, see [20}38)]
and references therein. These results are often interpreted within the frame-
work of Gamma calculus introduced by Bakry and Emery [3] and curvature-
dimension inequalities. Such techniques are widely applicable in the setting
of Riemannian manifolds and elliptic diffusions.

However, for hypoelliptic diffusions several fundamental issues arise due
to lack of such geometric methods in general, and in particular, for not hav-
ing a Dirichlet form corresponding to the hypoelliptic differential generator.
Such difficulties have been tackled by extending the work of Bakry—Emery
to hypoelliptic settings, see [6] in the context of obtaining Villani’s [39]
hypocoercivity estimates, [I5,[16] for gradient estimates of Kolmogorov dif-
fusions, [14] for Langevin dynamics with singular potentials, [8] for gradient
estimates of sub-elliptic heat kernels on SU(2), and using coupling for gra-
dient estimates on the Heisenberg group [5]. One of the key tools in such a
context is the generalized curvature-dimension condition, which implies re-
verse Poincaré, reverse logarithmic Sobolev | Li-Yau type gradient estimates
for the associated Markov semigroups. For a detailed account on such tech-
niques, we refer to [9[13]. In general, the results obtained through these
methods may lead to dimension-dependent functional inequalities. Besides
geometric and probabilistic techniques such as coupling, functional inequal-
ities in such degenerate settings can be approached by using structure of the
underlying spaces as in [18],22,23]27,28]36.37].

The present work is closely related to [27,128], where the authors em-
ploy tensorization and projection-type arguments to derive a dimension-
independent logarithmic Sobolev inequality on the non-isotropic Heisenberg
group. They further extend these ideas to homogeneous spaces, utilizing the
tensorization property of the Dirichlet form associated with the heat semi-
group on such manifolds to establish their results. As mentioned earlier, gra-
dient bounds, reverse Poincaré, and reverse logarithmic Sobolev inequalities
cannot be deduced in such a way when we do not have a natural Dirichlet
form associated to the hypoelliptic operator. To address this issue, we adopt
a different approach by invoking the duality-type results for these functional
inequalities developed in [34,[35] and [12]. While the first two papers focus
on the relationship between gradient bounds and Wasserstein metric, the
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latter provides equivalent formulations of reverse Poincaré and reverse log-
arithmic Sobolev inequalities through the lens of Wasserstein and Hellinger
metrics, along with some entropy inequalities. This approach enables us
to extend our results beyond manifolds, specifically to any path-connected
metric measure space, also known as length space. Using simple inequalities
involving the Wasserstein and Hellinger metrics, we show that (GB,)), (RPI),
and (RLSI) in Theorem 2] extend to the product space, and the constants
in these inequalities remain invariant when the spaces are identical. As a
byproduct of our results, we show that these inequalities including Li-Yau
type gradient estimates and parabolic Harnack inequalities can be easily
deduced for sub-Riemannian manifolds obtained through tensorization and
sub-Riemannian submersion as defined by Definition B.Il In Section 43
we consider (2n + m)-dimensional Lie groups with transverse symmetry,
which is a sub-Riemannian manifold with transverse symmetry introduced
in [13]. In Theorem 4] we show that our approach yields functional inequal-
ities sharper than those obtained using the curvature-dimension criterion
n [I3]. However, their results are proved for manifolds with a more general
structure, whereas we only consider Lie groups. Our examples include Kol-
mogorov diffusions on R? x R¢, kinetic Fokker-Planck operators, and Carnot
groups of step 2, in particular, to the non-isotropic Heisenberg groups, and
the orthogonal groups SO(3),SO(4).

The paper is structured as follows. In Section2lwe describe the framework
for our main results. Section B presents preliminaries on sub-Riemannian
manifolds, along with the implications of Theorem 2.1] within the context
of sub-Riemannian geometry. Section [ presents examples including Sec-
tion [£3] devoted to Lie groups with transverse symmetry.

2. TENSORIZATION OF FUNCTIONAL INEQUALITIES ON METRIC MEASURE
SPACES

Let (X,d) be a complete, locally compact, separable metric space which
is a length space. In particular, by the Hopf-Rinow theorem for length
spaces (see e.g. [29] p. 9]), each pair of points can be joined by a minimizing
geodesic, 1. e. a rectifiable curve whose length is the distance between the
points.

We assume that X is equipped with a strong upper gradient, which implies
that for any measurable function f : X — R we have the upper Lipschitz
constant of f defined by

o 1/ (@) = ()l
(2'1) ’Vf’(x) B lrlilol y:d(S;;LJ))<T d(l’, y) |

We refer to [19] for some basic properties of length spaces and strong upper
gradients, and for more details [2, p. 2] and [32] Section 6.2]. We denote by
Lip,(X) the Banach space of all Lipschitz functions on X endowed with the
Lipschitz norm
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flx) = f(y) '
d(z,y) |’

by Bx we denote the Borel-o-algebra on (X, d), and by P(X) the space of all

probability measures on (X, Bx). For a Markov kernel P : X x Bx — [0, 1],

we denote by P f and pP the usual action of P on bounded Borel functions
and probability measures, that is,
0= [ f)P@.d)

jP(A) = /X P, A)pu(dz).

We are interested in the following functional inequalities for P.
) Gradient bound: for 1 < p < 2 and for all f € Lip,(X)

1 fILip, (x) = sup | f(x)] + sup
zeX TH#y

GBy) VPf < C(PIVfIP)r.

RPI) IVPfI? < C(P(f?) — (Pf)?).

(1

(

(2) Reverse Poincaré inequality: for all f € Lip,(X)

(

(3) Rewverse logarithmic Sobolev inequality: for all positive f € Lip,(X)
(

RLSI) Pf|Vlog Pf|* < C(P(flog f) — Pflog(Pf)),

where C' is a positive constant and may differ for each inequality.
We consider a collection of complete separable metric length spaces {(X;, d;)}7
and let X := X; x -+ x X, be endowed with the metric d defined by

(2.2) d(z,y)* = di(zi,y:)°
i=1

It is known that (X,d) is a complete separable metric length space. For
Markov kernels P; defined on (X}, d;), the tensor product P is defined as the
Markov operator on X = X; x --- x X,, such that for all f € By(X)

Pf:P1®®Pf(I'1,,I'n)
/le,..., VPi(x1,dz21) -+ Pp(zy,dzy).

We are now ready to state the main result of this section.

Theorem 2.1. Let P; be a Markov kernel on (X;,d;),i = 1,...,n that satis-
fies (GBy)) (resp. (BRPI), (RLSI)) with a constant C;. The, P := ®j_, P; sat-
isfies (GBp) (resp. (RPI), (RLSI)) with constant C' = max {C; : 1 <i < n}.

By [12, Theorem 3.5] we know that (RPI) is equivalent to a Harnack-type
inequality, thus we obtain the following corollary.
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Corollary 2.2. Let P; be a Markov kernel on (X;,d;),i = 1,...,n such that
for all bounded non-negative f € By(X;) and x;,y; € X;,

Pf(x;) < Pf(yi) + /Cidi (i, y:) v/ P (%) ()
for some constant C; > 0. Then, for all f € By(X) and z,y € X we have
(2.3) Pf(z) < Pf(y) + VCd(z,y)/P(f?)(x)
with C' = max{C; : 1 <i < n}.

2.1. Proof of Theorem [2.7] using transportation inequalities. Sup-
pose as before that (X, d) is a complete, locally compact, separable length
space. For any 1 < p < oo, the LP-Wasserstein distance Wy(u,v) between
i, v € P(X) is defined as

(2.4) Wo(uv) =  inf )< /X d(m,y)pw(dxdy)>%,

wel(u,v

where C (41, v) is the collection of all possible couplings of p,v. W, defines
a metric on the space of all probability measures though it may be infinite.
When W,(p,v) < oo, the infimum in (2.4) is attained, that is, there exist
random elements U,V taking values in X such that U ~ pu,V ~ v and
E(d(U,V)P) = Wp(p, v)P.

We define the LP-Wasserstein space of order p as

W) = {1 € P, [ dwPita) |

where x is arbitrary. This space does not depend on the point x € X. We
refer to [40, Chapter 6] for a discussion about Wasserstein distances and
Wasserstein spaces.

Next we introduce the Hellinger distance between p,v € P(X) defined

by
/d [ d ’
2. Ko v
Hey(p, v) —/X< y p ) dm,

for some measure m with respect to which both u,v are absolutely contin-
uous. The above definition is independent of m and in particular one can
take m = (u + v)/2. Before going into the proof of Theorem 1] we prove
the following lemma which will be crucial subsequently.

Lemma 2.3. For each i =1,...,n, let u;,v; € P(X;). Then
n

(2.5) Wp(,ul D QU Q- & Vn)2 < Z WP(:UZ'? Vi)27p =2
i=1

n
(2.6) Hea(j11 ® -+ @ fin, 11 ® -+ @ vy)? <Y Hea(pus, 1),
=1
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where 11 @ -+ @ i, 1 @ -+ ® vy, are product measures on (X, d).

Proof. For each i = 1,...,n, let (UZ, Vi) be an optimal coupling such that
U; ~ i, Vi ~ v; and ||d (UZ,V)Hp = Wy (i, v;), where for a random variable
Z, | Z|l, = (E|Z|P)'/P denotes the LP norm of Z. Without loss of generality,
we can assume that (U;, V;)!'_; are jointly independent pairs. Define U =
(Ui,...,U,),V = (Vi,...,V,). Now using the triangle inequality in the L?/?
space, we have

n

> di(U;, Vi)?

i=1

ldU. V)7 =

[

p/2
ZHd UZ’V Hp/2 ZW :quVZ

Since Wy(p1 @ -+ ® pip, 1 @ -+ @ vy) < ||d(U, V)||p, then (2.5)) follows.
For (2.6)), let mq, ..., m, be probability measures on (X, d) such that both

iy Vi are absolutely continuous with respect to m; for all 1 < i < n. Writing

d.
fi= dm ,Gi = dr',’;i, we have

2
Heg(p1 ® -+ @ pin, 1 @ -+ @ vp) —/< o fn— m> dmy - --dmy,
=2—2/%fl---fngl---gndml---dmn

(2.7) =2 2ﬁ/ V figidm;
=1
(2.8) < 2: 2 <1 — / \/EdmZ)
= En:He2(NiyVi)27
i=1

where (28] follows from (2.7)) using by the elementary fact that

n

1—x1---xn<2(1—x,~) for 0 < zq,...,2, < 1.
i=1

O

Proof of Theorem [21l. To prove stability of @ under tensorization, we
use Kuwada’s duality theorem [34, Thereom 2.2]. In this paper, the duality
result was obtained under the assumption of a volume doubling property,
which was later relaxed and generalized to Orlicz spaces in [35]. Moreover,
from the proof of [34, Theorem 2.2], it suffices to show that for any =,y € X
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(2.9) Wq(6.P,6,P) < Cd(x,y),

where §, denotes the Dirac measure at « € X and p~' + ¢~ ! = 1. Now,
for each 1 < i < n, and z;,y; € X; we have Wy (04, P, 6y, P;) < Cid;(z4, ;).
Using Lemma [Z3|(ZF) we conclude

Wy (6P, 5yP)2 = Wq(®?=15xiﬂ7®?=16yiﬂ)2

< W60, Pr, 0y, P)?
=1

< ZCfdi(xi,yi)z < C2d(az,y)2,
=1

where C = max{C; : 1 <i < n}.

Next, to prove stability of (RPI]) under tensorization, we use the Hellinger-
Kantorovich contraction criterion from [I2, Theorem 3.7]. Following the
argument in their proof, it is enough to show that for any z,y € X

(2.10) Hey (0, P, 8, P)* < %d(x,y)z.

Since (RPI) holds for each P; with constant Cj, [I12, Theorem 3.7] implies
that for all z;,y; € X;

Hey (0, P;, 0y, P3)? < %di(wi,yi)z-

Therefore, using an argument similar to the proof of (2.9]) we conclude (2.10])
with C' = max{C; : 1 <i < n}.

Finally, to prove (RLSI) for P, we again resort to [12] Theorem 5.15] which
proves the equivalence between a reverse logarithmic Sobolev inequality and
a Wang-Harnack inequality. Using the above result, we have that for all
1<i<nandp>1

A )2
(2.11) Pyf(z;)P < PifP(y;) exp <p€ - Czdz(Zuyz) >

for all x;,y; € X, f € Lipy(X;), f > 0.

Now, for any positive function f € Lip,(X), we note that P} ® -+ ®
Po_1f(x1,...,2n-1,") is a positive Lip,(X,) function. As a result, applying
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([2.11)) we obtain

P
Pf(xy,...,zp)P = </ P ®"'®Pn_1f(l‘1,...,:En_l,Z)Pn(:En,dZ)>

n

=/ (PL®-®Py_1f(z1,...,20-1,2))" Pp(yn,dz)

2
XeXp( p Cndn(:cn,yn))

p—1 4
Iterating the above inequality for each of the variables x1, ..., z,, we get
n 2
p Cid (i, yi)
Pf(x)? < PfP(y)exp L
wr < Prwew (3 =5

p Cd?(z,y)
p—1 4

< PfP(y)exp <

with C' = max{C; : 1 < i < n}. Invoking [12, Theorem 5.15] we conclude
stability of (RLSI) under tensorization. This completes the proof of the
theorem. 0

3. APPLICATIONS TO SUB-RIEMANNIAN MANIFOLDS

Let M be a connected smooth manifold equipped with a sub-Riemannian
structure (#,g), where H is a horizontal distribution which satisfies the
Hoérmander’s condition and which is equipped with an inner product g(-, ).
For any two points z,y € M, the Carnot-Carathéodory distance between
x,y is given by

1
dtog) =it { [ 1o/t 0(0) =2,001) =,
0
(3.1) o'(t) € H(o(t)) for all 0 < ¢t < 1},
where for a horizontal vector u, ||ul| := \/g(u,u). Throughout this section,
we always make the following assumption when considering the Carnot-

Carathéodory distance. For more on this property we refer to [I, Sec-
tion 3.3.1]

Assumption 3.1. (M,d) is a complete metric space.

For any smooth function f on M, we denote the norm of the horizontal
gradient by ||V f||3, = 9(Vaf, Vaf). We consider on M a second order, lo-
cally sub-elliptic operator A% which is compatible with the sub-Riemannian
structure in the sense that for every f € C°(M)

LAY () FANF = 190 f3
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We also assume that A% is symmetric with respect to some measure 7 on
M, that is for every f,g € C°(M),

/fA%gduMz/ gAY fdun
M M

We refer to [2526] for a discussion of the role of a measure on sub-Riemannian
manifolds, to [7, Section 1.3] for details about such symmetric locally sub-
elliptic operators, and to [2I, p. 950] about essential self-adjointness of
such operators in the setting of Lie groups. By [7, Propositions 2.20 and
2.21], Assumption (BI]) implies that the operator A% is essentially self-
adjoint on C2°(M) in the space L?(M,pups). This implies that the unique
self-adjoint (Friedrichs) extension of A} (which we still denote by A}) is
the generator of the Dirichlet form £j; obtained by closing the quadratic
form [y, IV fl3,dprr, f € C(M). We call the semigroup corresponding to
A} the horizontal heat semigroup PM as in [7, Section 1.5].

3.1. Sub-Riemannian manifolds obtained by tensorization and pro-
jection. We introduce the concept of sub-Riemannian submersion, which
is a generalization of Riemannian submersion for Riemannian manifolds.

Definition 3.1. A mapping 7 : (M, Hur, gnr) — (N, Hn, gn) between two
sub-Riemannian manifolds is called a sub-Riemannian submersion if

(i). m is a submersion between differentiable manifolds M and N;
(ii). For any z € M, Hp(z) C ker(dm,)*t;
(iii). For all x € M, dmy : Hpyr(x) = Hy(mw(x)) is an isometry.

As we usually consider sub-Riemannian manifolds equipped with a mea-
sure symmetrizing for the corresponding sub-Laplacian, we usually assume
that sub-Riemannian submersion satisfies the following assumption.

Assumption 3.2. Suppose m : M — N is a sub-Riemannian submer-
sion between sub-Riemannian manifolds 7 : (M, Har,gr) — (N, Hn, gn),
A% and A% are sub-Laplacians compatible with the corresponding sub-
Riemannian structures on M and N respectively. If pyr is a symmetrizing
measure for A% , and puy s a symmetrizing measure for A%, we assume
that the measure uy is the pushforward of uar by m, i.e. un = Tefbns-

Example. If (M, gys) and (N, gn) are Riemannian manifolds, then a Rie-
mannian submersion 7 : (M, gy) — (N,gn) induces a sub-Riemannian
submersion 7 : (M, Har,90m) — (N, Hn,gn), where Hyy is the horizontal
space of the submersion which we assume to satisfy Hormander’s condition
and H y is the whole tangent bundle of N. The horizontal Laplacian AM on
M, as defined on [I1], p. 70], is then a sub-Laplacian on M with symmetriz-
ing measure s, where s is the Riemannian volume measure of M. In this
case 7 intertwines the horizontal Laplacian AM with the Laplace-Beltrami
operator AN of N if and only if 7 is harmonic, see [24] Theorem 1] and the
proof of [I1, Theorem 4.1.10.]. It follows for instance that for Riemannian
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submersions with totally geodesic fibers the Assumption [3.2]is satisfied when
AM is the horizontal Laplacian and A" the Laplace-Beltrami operator.

We also consider the product of sub-Riemannian manifolds (M;, H;, gi)i-,
where the horizontal distribution on the product space M = My x --- x M,
is given by H = H1 & --- & H,, equipped with the sub-Riemannian metric
g=g1D - Dgy. It can be easily verified that (M, H, g) is a sub-Riemannian
manifold. Moreover, the horizontal sub-Laplacian on (M, H, g) is defined by

(3.2) AY =Nt e Al

The next two theorems show the stability of functional inequalities under
tensorization and sub-Riemannian submersions of manifolds. In addition to
the functional inequalities (GB,)), (RPI) and (RLSI), we also consider the
following Li- Yau type inequality on sub-Riemannian manifolds. For all ¢ > 0
and positive f € C°(M)

AHPth
PMf

where C(t), Cy(t) are positive, possibly time-dependent constants.

(LYT) Cy(1)||Va log PM 113, < + Co(t),

Theorem 3.2. Let (Mi,Hi,gi,A%;,uMi), 1 = 1,...,n be sub-Riemannian
manifolds such that (GB,)) (resp. (RPI), (RLSI)) holds for each horizontal

heat semigroup (Pt(l))@o on M; with a constant C;(t). Then the horizontal
heat semigroup (PM)i=0 on M = My x --- x M, generated by A} satisfies

(GB,) (resp. (RPT), (RLST)) with the constant C(t) = max{C;(t) : 1 <i <

Moreover, if (LXYT) holds for each (Pt(i))t>0 with constants Cy) (t) and
C’éi)(t), then (PM)y=o satisfies (CYT) as well with Cy(t) = min{C’Y) (t):1<
i <n} and Co(t) = S0, C(1).

Theorem 3.3. Let (M, HM,gM,A%,,uM), (N, HN,gN,A%,,uN) be two sub-

Riemannian manifolds such that (GBp)) (resp. (REI), (RLSI),([LYT)) holds

for M with constant C'(t). Assume that there exists a sub-Riemannian sub-

mersion from M to N. Then (GBp)) (resp. (RPI), (RLSI),([LYT)) also holds

for N with the same constants.

In the following section we prove some simple results on Carnot-Carathéodory
metric which will be useful in the proof of the above theorems. If we think
of such sub-Riemannian manifolds as Dirichlet space, we can think of such
tensor products as tensor products of Dirichlet forms, see [I7, Section 2.1,
Proposition 2.1.2].

3.2. Carnot-Carathéodory metric on manifolds obtained by ten-
sorization and submersions. The following lemma states that the Carnot-
Carathéodory metric is preserved under both tensorization and sub-Riemannian
submersions.
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Lemma 3.4. (1) Let (M;, Hi, gi)!, be a collection of sub-Riemannian man-
ifolds with horizontal distributions (H;)j—,. If d; denotes the Carnot-
Carathéodory metric on M;, then the Carnot-Carathéodory metric on
My X - -+ x My, with horizontal distribution (H1® - ®Hp,g1® - B gn)
s given by

(3.3) d(z,y) = (Z di(xz‘,yi)2> :
i=1

(2) Let (M, Hnr,g9m), (N, Hn,gn) be two sub-Riemannian manifolds with
Carnot-Carathéodory metrics dys, dy respectively. Assume that w: M —
N is a sub-Riemannian submersion. Then, for any x,y € N, there ex-
ists a € m1(x),b € 71 (y) such that

dyr(a,b) = dn(z,y).

Proof. We prove item () for n = 2 and the general case will follow by
induction. Consider any horizontal curve o : [0,1] — M; x My such that
0(0) = x,0(1) = y. Writing 0 = (01, 02), it is evident that o}(t) € H;(o4(t))
and 0;(0) = z;,04(1) = y; for i = 1,2. Therefore, by orthogonality of the
horizontal distributions, we have for all ¢ € [0, 1]

lo" O3 = ot O, + loa @)1z, -

Let us write [} = fol lloh () |3, dt, 12 = fol lloh(t)||3,dt. Then we have

1
[ 119/
0
1
= [ In OB, + o013,

h /1 / 2 /1 /
Z oq(t dt + —= oo(t dt

=/3+13

This shows that d(z,y) > \/d3(x1,y1) + d3(z2,y2). For the inequality in
the opposite direction, we consider unit speed horizontal geodesics 71, y2 on
M, M; respectively such that ;(0) = z;,vi(di(zi,y;)) = y; for i = 1,2. The
existence of such geodesics are guaranteed by AssumptionB.Il Let us define
o; : [0,1] — M; such that o;(t) = 7;(td;(zs,yi)). Then for o := (01, 02), we
have

1 1
[ 1@t = [ IO, + 101t = /) + Bz ).

This shows that d(z,y) < \/d}(z1,y1) + d3 (w2, y2) and the proof of item ()
is complete.

To prove item (2l), we first claim that for any a,b € M, dy(a,b) >
dy(m(a),7(b)). Indeed, for any horizontal curve o : [0,1] — M with
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(0) =a,o(1
r(a),7 0 o1
ld7o2) (0 ()

) = b, moo defines a horizontal curve on N such that moo(0) =
) = ( ). Moreover, for any ¢t € [0,1], [[(7m o 0)'(t)|lnx
laen = o' (#) |74, - Thus

1
dyr(a,b) = inf {/0 (o o) (t)||sydt: 0(0) =a,o(l) =b,(roo) € ’HN}
> dy(m(a), m(b))-

Now let z,y € N. Then, any horizontal curve v : [0,1] — N with v(0) =
x,7(1) = y possesses a horizontal lift ﬁ [0,1] — M such that 1 o5 = ~.
Let us choose « such that dy(z,y) fo 17/ (¢) 125 dt. This implies that

iy(2.0) < A GOAD) < [ 17Ot = [ 1/t = ane,0),
Choosing a = 7(0),b = (1) completes the proof of item (2I). O
Z- ANPMP
(3.4) OOV log B fllk, < o=+ G 0)
¢

Now, ([8:2)) implies that > ;" ; A%PtM f=AYPMf, while the orthogonality
of the horizontal distributions (H;); implies

> 1V, log PM I3, = ||V log PM f[13,-
i=1

Therefore, the proof of (LYT) is concluded by adding the inequalities in (3.4))
for each 1 <7 < n.

3.3. Proof of Theorem [3.3l Denoting the horizontal heat semigroups on
M, N by PM and PY respectively, we first claim that for all f € C*(N)
andt >0

(3.5) PM(fom)=PFNfom.

Since 7 is a sub-Riemannian submersion, then for any x € M, dn, : Hyr —
Hy is an isometry, which similarly to [27, Equation (4.3)] and [28, Equa-
tion (3.4)] leads to

(3.6) IV3 (f o )iy, = V3L f iy 0,

where V% (resp. V%) denotes the horizontal gradient on (M, Hpas) (resp.
N,Hn). Moreover, since pun = my iy we deduce that for any f € C2°(N)

/Muv%uow)n%MduM: /N IV FI12,, diy.
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As a consequence, one has for any f € C®(N), AY(fom) = (AYf)om.
Therefore, for any ¢ > 0 we have PM(f o) = (PN f) o7, which proves our
claim.

Now assume that (GB,)) holds for some p > 1. Then for any ¢ > 0 and

f €C>®(H), using (3.6) and (B.5]) we deduce
IV Il o = V3 (BN fom)lhy,,
= |V PM(fom)llh,,
< Co PV (f o ™)l
= C(p, ) PM (V3£ o)
= C(p, )PV Sl o

Since 7 is surjective, (GBp)) follows for P/¥. Stability of (RPI), (RLSI) and
(LYT) under the mapping 7 is a direct consequence of (3.3]).

4. EXAMPLES

4.1. Kolmogorov diffusion on Euclidean spaces. We consider a Kolmogorov-
type diffusion operator on R? x R? given by

(@) L) =Yg en) + Yoot k),

where 0]2- >0forall j=1,...,d.
Proposition 4.1. For allt >0 and f € C'(R% x R?) we have
of o)

oz oy,

(4.2)  VaPSIP < By (Z

1=1

b orapf  1.0Pf\> 2 [(OPf\? 1
(4.3) Z(a;f L aytf) +%(a;f) < (P~ (PD)

i=1

Z dlog Pf tOlogPf\*  t* (0logPif’
ox; 2 Oy 12 0y;

i=1

b
2
) forallp>1

(44) < o (PAFlog )= RS Tog(P),

where 02 = mln{aj 1< j<d}.

Proof. We first observe that by Jensen’s inequality, it suffices to prove (4.2
for p=1. Foreach i = 1,...,d, let P denote the semigroup generated by
0 5 0

Li: 8 +O'ZW
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Then for each t > 0, P, = Pt(l) Q@ Pt(d). Now for d = 1, [15], Proposition
2.10] implies that for any i = 1,...,d,

= 1. Then using (4.5 followed by

o)< (ol sal)

Optimizing with respect to ay, ..., aq yields the inequality in ([4.2]). Next, to
prove ([A3]) and (4.4), it is known from [I5] that for any d > 1, the control

af tof
&TZ' + 28%

(45) v 105 < 0

Let ay,...,aq € R be such that ZZ La?
the Cauchy—Schwarz inequality we have

d d
> ailVa,Pif| < B (Z

i=1 i=1

8f+

of E of tof
ox; 2

distance associated to the squared gradient I';(f) = Z?: N g{i -t g_zj”i )2+
% ?:1((%)2 on R? x R is given by

12 12
di((z1,91), (x2,y2))? = 4]|x1 — 29* + 7(?61 — X2, Y1 — Y2) + t—QHyl — o

As a result, for any f € C}(R? x R9),

Dy(f)(x) = lim  sup
r—0 y:de(x,y)<r

flz) - f(y)‘
dt(x7y) ‘

Again, invoking [15, Proposition 2.7, 2.8] for d = 1, both ([43]) and (IHI)
follow from Theorem 2.1

4.2. Kinetic Fokker-Planck equations. Consider the stochastic differ-
ential equation on R% x R4

(46) {dXt — Y,dt

dY; = dW, — VV(X,)dt — Yidt,
where {W;},-, is an R%valued Brownian motion and V(z) = S Vi)
with V; > 0. The semigroup associated with the equation is denoted P;.

Under the assumption of polynomial growth of the potentials V; as in [39,
Theorem A.8], that is,

(4.7) |V/(z)] < C(1+ V/(x)) for all 1 <i < n and for some constant C,
we have the following result.

Proposition 4.2. Assume that (A7) holds. Then, there exists a dimension-
independent constant ¢ such that for all f € CY(R? x RY) and t > 0,

sPf2.

2 C
(43) IVPAI? < g
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The constant ¢ only depends on the constant C' in (L7). It is worth
noting that both in the pointwise bound (see [30]) and the L? bound (see
[39, Theorem A.8]), the constants appearing on the right hand side of the
inequalities of the form (48] are dimension-dependent.

Proof. Let P denote the semigroup associated to the one-dimensional dif-
fusion

ax{ = ay"
ay, ") = aw — v/ (x,)dt — v,V at.

Then P = PO - .. @ P, Invoking [30, Corollary 3.3], for each 1 <i < d
we have

(@) £12 c (@) g2
”v(ml,yl)Pt f” < (t/\l)?’Pt f .

Hence the proposition follows from Theorem [2.11 O

Proposition 4.3. Assume that there exist constants m, M > 0, such that
VM —/m <1 and

m < VIV < M
There exist dimension-independent constants ci,co > 0 such that for all
feCH R xRY) and t >0,
(4.9) IVPAIP < cre™ B[V f11*)
Proof. The proposition follows from Theorem 2.Tland [6, Theorem 2.12]. O

4.3. Lie groups with transverse symmetries. Denote by G a real or
complex Lie group, by g = T.G its Lie algebra identified with the tangent
space at the identity e. For each A € g, let A denote the unique extension
of A to a left-invariant vector field on G. For n > 1 and 1 < m < n we
consider a 2n + m-dimensional Lie group G whose Lie algebra (g, (-,-)) has
an orthonormal basis {X7,..., Xo,, Z1,..., Zp} such that for 1 <1< m

X5, X5 ZAle and  [X;, 7)) = ZRw i
=1

where the family of matrices {A;, R;},., satisfies the following conditions

(A) {A;, R}, are 2n x 2n skew-symmetric matrices.

(B) {A4;}2, are linearly independent and of full rank.

(C) AlAk = AkAl, Rle = Rle, Ale = RkAl fOI‘ all 1 § l,k < m
Note that these assumptions imply that the corresponding left-invariant vec-
tor fields ()ZZ)?ZI define a sub-Riemannian structure on G with the horizontal
distribution H¢ = Span{X; : 1 < i < 2n}, and the sub-Riemannian metric
(92(+*))zec given by

9:(X(2),Y (2)) = (X,Y) forall z € M, X,Y € H.
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We consider the sub-Laplacian on G defined by
2n
AG =3 R
i=1

We note that G is a sub-Riemannian manifold with a transverse symmetry
as described in [13].

Example. Let us consider n = m = 1. Then,

e the 3-dimensional Heisenberg group H corresponds to the case when A1 =

0 1
1 0 ,aHdR1:02.

e SU(2), the group of all 2 X 2 unitary matrices with determinant equal to

1, corresponds to the case when A1 = Ry = (_01 (1)>

e SL(2), the group of all invertible real matrices with determinant equal to

1, corresponds to the case when A1 = —Ry = (_01 é)

We start by explaining that while the techniques introduced in [13] work
in this setting, the constants one gets are dimension-dependent. In terms of
the notation in the aforementioned paper, it follows that for all f € C*(G)

2n 2n 2n m 2
R(f) = ZZ (; Al;i,le;k,j> Xif X;f + % Z (Z Al;i,jZlf)

i=1 j=1 = 1<i<j<2n \il=1
m n 2n 2 m

T =YD D A Xif | =D 1AVufli
=1 1i=1 \j=1 =1

A simple computation shows that for all f € C*°(G), one has

R(f) = plVaf 3 + Vv I3,
T(f) < Kl[Vv£3,

where p is the minimum eigenvalue of

m
(4.10) A=) AR,
=1
and
1 m 2 m
(4.11) =3 inf Z <Z Al;i,jxj> , K= sup Z | Az
l2l=1 < Feon \1=7 lell=1 =1

As a result, [13] Theorem 2.19] implies that G satisfies the generalized
curvature-dimension inequality CD(p, 7, k, 2n) with respect to the sub-Laplacian
A%. However, in general the parameters p,~y and x depend on the dimension

on G, see Remark and Proposition below.
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To this end, we explain our method which leads to gradient estimates
for the heat kernel PtG = ™% on G that do not depend on ~,x, and
n. First, we show that the Lie group G can be reduced to a product of
3-dimensional model groups introduced in [4]. We note that A defined in
(£I0]) is a symmetric matrix which is unitary equivalent to a diagonal matrix
of the form

D,
D =
Dy,
where D; = p;I5, Is being the 2 x 2 identity matrix, see Lemma 7 for
details. For each 1 < i < n, let M(p;) denote the 3-dimensional model space
as introduced in [4], that is, M(p;) is a simply connected Lie group whose
Lie algebra is given by m; = Span{X}, |, X} ., Z!} such that

(412) (X4, X5] = Zi, (X541, Z]) = —piXy,  [Xoi, Zi] = piXsq,
and {X},_,, X}, Z!} forms an orthonormal basis for m;. Denoting
(4.13) M = M(p1) x - -+ x M(py),

we observe that M is also a connected Lie group with Lie algebra m =
m; @ --- dm,. Due to the existence of a sub-Riemannian submersion from
M to G, thanks to Proposition 9], we obtain the following dimension
independent inequalities for the horizontal heat semigroup (PS)so.

Theorem 4.4. The horizontal heat semigroup (P )i=o on G satisfies (RPI),
(RLSD), and (LYT). More precisely, one has for allt >0 and f € C*(G),

S4+pt
(4.14) IVHPEfl3 < 5¢ (PEf*—(PEf)?)
and when f > 0,

5+ pt
(4.15)  PEf|[Vylog PEfI3, < 22— (PE(flog f) — PE flog(PES)),

20t\ ASPEf  np? 16n

4.1 log POFIZ, < (4-22 ) =t L 4 2y g —
416 [Vulog PCSI < (4- %) SHL o+ Mot amp S

where A is defined in ([AI0), p is the minimum eigenvalue of A, and p~ =
max{0, —p}. Additionally, when A is non-negative definite, we have the
following results.

(1) (PF)e=o satisfies (GBy)), that is, for allp >0, f € C°(G) and t > 0,
1
(4.17) IV2PE fllae < Coe™ (BE[VnfIP) 7
In fact, one has
(418) (VP f I+ IV PEFIR < CPEIVR LI+ BEIIVvIR)

for some positive constant C' independent of n.
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(2) For all 0 < s < t and nonnegative function f € Cy(G) we have
8n 2
4d
() Pef@) < PEr) (1) e (HE2).

Remark 4.5. We note that (RPI), (RLSI) and (LYT) for G could also be ob-
tained using the generalized curvature-dimension inequality using the results
in [9]. More precisely, [9, Proposition 3.1 and 3.2] shows that the generalized
curvature-dimension inequality CD(p,~, k, 00) implies

(4.19)

{PE||Vy log PE |2, < (1 L2 p—) (PE(f10g f) — (PE f)(log PE f))

420 AVurEe <5 (14240 ) (8P - (D),

and [13, Theorem 6.1] implies the Li-Yau estimate
V72 og PE fII5

3K)2
3 2pt\ AuPSf  np’t 3K n(l+ ﬁ)
< (1 — 14+ — _
< + > Pth + 3 npl|l+ 2 + v

2y 3

In the next proposition we show that the constants in Theorem 4] are
sharper.

Proposition 4.6. Let p,v and k be as in [@IIl). Then for any n > 1 and
m=n, s > 2. Moreover, for any 1 < m < n, one can choose a family of

2(n™—1)
n(n—1) *

skew-symmetric commuting matrices {Ai}, <<, such that % =

To prove the above results, we first observe that the vector fields {)ZZ}?;H
can be decoupled without changing the Lie algebra structure and the sub-
Laplacian.

Lemma 4.7. Without loss of generality we can assume that

0 —pu 0 —pn
R; =09,_9, D D---D
! an-ar <M11 0 > <Mrz 0

(0 N (0 A
w0 e ()

for some 0 < r < n and real numbers Ay, ;. Moreover, for each 1 <1 < m,
there erist 1 <i < n,1 < j <1 such that Ay # 0, pj; # 0.

(4.21)

Remark 4.8. We note that the linear independence condition in equiv-
alent to the full column rank of the matrix (A\ij)1<i<n, 1<i<m-

Proof. Observe that (A;, R;)i1<i<m is a family of normal matrices. As a
result, [33, Theorem 2.5.15] implies that there exists a 2n x 2n orthogonal
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matrix U such that forall 1 <!l <m

T (0 =Xy 0 —Au
oa = (2 M o ()

0 M1 0 Hrl
URU" = 04,_, 7
, “@(_Ml 0)@ @(_M 0)

where 0, denotes the zero matrix of dimension kxk. Writing U = (Us;)1<i,j<2n,
let us now define

2n
Y, =Y UiX;.
j=1

After a simple computation, it follows that

(4.92) VY] = S daZy ifi=2s—1,j=25,1<s<n
v 0 otherwise.
and
0 H1<ig<2r
(423) [Y Zl]_ —/,leYés ifi:28—1,T<S<n
. i —

tsiYos—1 ifi=2s,r<s<n
0 otherwise

Moreover, {Y; 21 is also a left-invariant orthonormal frame in G. Therefore
from [25, Theorem 3.6] one gets

2n 2n
G ) 2
KIS By
i=1 i=1
This proves the proposition. O

Proposition 4.9. Let M be defined as in (&13)). Then there exists a sub-
Riemannian submersion ® : M — G.

Proof. We note that for each 1 <i < n, p; = > )", Ay is an eigenvalue of

A. Writing m; = Span{X}, ,, X}, Z/} as the Lie algebra of M;, we define
the following linear map ¢ : ®;_;m; — g such that

G(Xyi1) = Xoio1, (Xh) = Xoi, &(Z) = N
=1
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From Remark [4.8] it follows that ¢ is a surjective linear map. We note that
forany 1 <7< nand1<1[<mone gets

O([Xs;_1, X3]) = ¢(Z;)
— Nz
(4.24) ; e

= [;(2i—1,X2i]
= [¢(X§i—1)a <Z5(X§z)]

Also
¢([Xéi—17 Zz/]) = —Pi¢(X§i)
= —piXai
4.25 =
(4.25) = — Z At it X2
=1

= [¢(X§i—1)a <Z5(Zz/)]

This shows that ¢ : ®}*;m; — g is a surjective Lie algebra homomorphism.
Since M is also connected, there exists a surjective Lie group homomorphism
® : M — G such that ¢ = (d®)., e being the identity element of M.
Moreover, ¢ maps an orthonormal basis of Hy; to the same of Hg, which
proves that ® is a sub-Riemannian submersion. O

In the next lemma, we show that the model spaces M(p;) can be replaced
by H, SU(2) or SL(2) depending on p;, where SL(2) is the universal cover
of SL(2). This lemma will be useful to prove @I7). Let P® denote the
horizontal heat semigroup generated by A; = (X5, ;)% + (X5;)? on M(p;).

Lemma 4.10. For each 1 < i < n, there exists a Lie group isomorphism
i : Ml(p;) — H;, where
SU(Q) if pi >0
H; = (SL(2) ifpi<0
H if pi =0

such that Pt(i)(f om) = ngf om for allt > 0 and f € C>*(H;), where
ai = Ly} + 1pilL{pi0)-
Proof. When p; = 0, it is easy to see that m; is isometrically isomorphic

to the Lie algebra of H. For p; # 0, let us define Yy, 1 = %,Ygi =
Pi

: N X5

sign(pi) Nk

(4.26)
[Yoi_1,Yo;) = Wi, [Yai—1, W;] = —sign(pi)Yai, [Yai, Wi] = sign(p;)Yai—1-

zZ!
W, = o Then one has
1
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Considering {)\(/zip__l,sign(pi) Xlépi-l} as an orthonormal basis of SU(2) or

SL(2), the lemma follows from Theorem 331 O

Proof of Theorem [{.J} We first show ([4I14) and ([@I5). By Theorem B.2]
Theorem B3] and Theorem 9] it suffices to show the validity of (RPI)),

(RLSI) for each M(p;), which follows from the generalized curvature-dimension
inequality proved in [I3] Proposition 2.1] in conjunction with [9, Proposi-
tion 3.1, 3.2]. For (LI0]), using [I3, Remark 6.2], we note that for any i,
M(p;) satisties CD(p, 3, 3). As aresult, (£I0) follows from [13, Theorem 6.1,
Eq. (6.1)] and Theorem [3.2] Theorem B3l To prove (), we note that the
nonnegativity of A enforces that p; > 0 for each i = 1,...,d. As a result,
Lemma [4.10l implies that M(p;) = H or SU(2) according to p; = 0 or p; > 0.
Using Driver-Melcher inequality [22] or H. Q. Li inequality [36] for p; = 0
and Lemma [L.10] together with [8, Theorem 4.10] for p; > 0, it follows that
for all p; >0, p>1and f € C>(Mi(p;))

M(p:i) pM(pi i) ,—pit pM(pi M(p;
(4.27) IV B f < ol emrit p e e pi

Therefore (4I7) follows from Theorem and Theorem [B.3] as well. For
([418]), we first observe that [X;, Z;] =0 for any 1 < i< 2n and 1 <1 < m.
Therefore, for any ¢t > 0, VyPE¢ = PEVy, which entails that for all f €
C>=(G),

IVvPEfI? < PEIVv I,

proving (AI8]). To prove (2), we again resort to [I3, Theorem 7.1] to argue
that for any 1 <i < n, 0 < s <t and nonnegative f € Cp(M(p;)),

8 2
; i t 4d; (i, y;
PO f(w:) < PO F(yi) <;> exp (7;_ -2 )> . Vi, yi € M(pi),

where d; denotes the Carnot-Carathéodory metric on M(p;). As a result,
(PHI)) follows from an argument very similar to the proof of Wang-Harnack
inequality in Theorem [2.1] accompanied with Lemma [3.4] and Theorem

U

Proof of Proposition [{.6. As noted in Lemma 4.7, without loss of generality
we can assume that

(0 =Xy 0 -y
Al_<>\1l 0 >@m@<>\nl 0 )

Therefore, x and v becomes, respectively,

n m m
K = sup ZZA?l(x%j_l —i—x%j) :max{l <j<sn: Z)\?l},

Ix[=15=1 =1
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:§”1ﬁ1f122)\dz1 —mln{ <l<m: Z)\ }

=1 1=1

When m = n, the above computation implies that x > 2+, which proves the
first statement of the proposition.

Let us now choose \;; = z'l_l, 1 <i<n,1 <1< m. Note that this
choice of \;; ensures that Ay,..., A,, are linearly independent. Now, with
this choice of (A;)1<i<m, we have

m m—l
K = ImaXx j n: Z]ll ﬁ,

=1

1 n
’y:§min{1<l m: il 1}
1=

n'rn _ 1)

As a result, k/y = FICEE

[y

which completes the proof of the proposition.
O

The next example is a special case where we assume R; = 09, for all
1<li<m.

4.3.1. Step 2 homogeneous Carnot group. Consider the following step 2 ho-
mogeneous Carnot group Gy, ., = R?" x R™ with the group operation
(4.28)  (x,y)*x(x,y) = (x+x,y1 + (Adix,x'), .. ym + (Amx, X)),

where x € R?™ y € R™, and (4;)i<i<m is a family of commuting, lin-
early independent skew-symmetric real matrices. The linear independence
of (A;)i1<i<m implies that the Lie algebra of G, ,, is generated by the left

invariant vector fields { X7, ..., X9, } where

0 1 o)
4.2 Xi=— — = E A, e; )
( 9) 8%,’ 2 < %, @ >8yl

After some simple computations, it follows that for any 1 < ¢ # j < 2n,
" 0
X.. X = E Ay i —
[ iy j] £ ;1,7 8yl’

Where Ay ; denotes the (i,7)" entry of A4;. Also, [X;, 22 3y = 0 forall 1 <
< 2n and 1 <1 < m. In particular, when m = 1 and

S

. (0 1
A1: . ) S_<_1 0>7

S
then Gy, 1 = Hay,1, the Heisenberg group of dimension 2n + 1.
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Proposition 4.11. For any p > 1, There exists a positive constants C such
that for allt >0 and f € C°(G,, m)

Gnm Gnm
(4.30) V3P flle < CB [ Vuf |l

Gr,m L pGam Grm
(4.31) V3P flly < S (P f2 = (B f)P),

and for all f € C°(Gy, ) with f >0,

(132) PO fIVRPe fB < 2(PE (Fin f) = PO fin (P )

AyPE" ™ F 16
(4.33) Vs PEm £, < 4§Gt7ff 1o
o

Remark 4.12. We note that (£3T]) for such groups has already been studied
in [41, Theorem 2.1] using a derivative type formula for a class of diffusion
Markov semigroups. However, the constants obtained there grow with the
dimension of the group while our results show that the constants can be
chosen independent of the dimension. This can be used to extend our results
to infinite dimensions.

Remark 4.13. When G, ,, = Ho,41, the Heisenberg group of dimension
2n + 1, Baudoin and Bonnefont [10, Corollary 2.7] showed that (RPI) holds
with C(t) = ZtL. Clearly, this estimate is sharper than (£31) when n > 2.
In general, for any two-step Carnot group, the optimal choice for C(t) is
bounded above by 2"+2m = n + m, see [10, Proposition 2.6], which grows
with the dimension of the group.

Remark 4.14. When m = 1, G, 5, is a non-isotropic Heisenberg group, for
which the gradient bound (4.30]) has been obtained in [37/42]. See also [27,28]
for logarithmic Sobolev inequalities on the non-isotropic Heisenberg groups.

Proof of Proposition [{.11] In terms of the notation in Theorem A.4] we note
that A = 0. Therefore, (£30), ([A32)) and (£33)) follows from Theorem A4l
To prove (A3I)), we note that Theorem [L9 implies that there exists a
sub-Riemannian submersion from H" to G, ,,. Also, the optimal reverse
Poincaré inequality for the Heisenberg group H has been proved in [10,
Corollary 2.7]. As a result, (43]) is a direct consequence of Theorem
and Theorem [B.31 O

4.4. Hypoelliptic heat equation on SO(3). The Lie group SO(3) is the
group of 3 x 3 real orthogonal matrices of determinant 1. A basis of the Lie
algebra s0(3) is { X1, X9, Z}, where

0 10 0 0 1 0 0 0
Xi=|-100|, Xo=[0 00], z=[0 0 1
0 00 ~1 0 0 0 —1 0

They satisfy the following commutation rules
(4.34) (X1, Xo] =2, [X1,Z]=X3, [X3,Z]=-X1.
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Let X; ) 2 X, denote the left-invariant vector fields corresponding to X1, Xo.
Then, X7, Xo satisfy the Hormander’s condition and therefore SO(3) is a
sub-Riemannian manifold. We consider the sub-Laplacian on SO(3) defined
by

ASP® = X2 4 X3,

Using the notations from Section 4.3, we note that A; = Ry = <(1) _01>

As a consequence, we have the following result.

®3) SO(3)

Corollary 4.15. The horizontal heat semigroup PtSO generated by Ay,

satisfies (414)), (£15), (£I6) and (EIT) with p = 1.
4.5. Hypoelliptic heat equation on SO(4). The Lie algebra of SO(4) is
given by
so(4) ={Aecgl(R): A+A" =0},
endowed with the inner product (A, B)go) = tr(ABT). Let F;; € gly(R)

denote the matrix whose (i, 7)™

are equal to 0. We consider

Xj=FEjt11—Eij41, 1<j<3,

entry equals 1 and the rest of the entries

and let us write

71 =X, X3|, Zy =[X3,X1], Z3 = [X1, X2
Then, a simple computation shows that

(21, 22] = Z3, 22,23 = Z1, [Z3,Z1] = Za,

(4.35) [Zi, X5] = € Xk,
where
0  ifi=j
€ijk = {1 if (4,7, k) is an even permutation of (1,2, 3)

—1 otherwise

Moreover, { X1, X9, X3, Z1, Z2, Z3} is an orthonormal basis for s0(4). Writ-
ing the corresponding left-invariant vector fields by X;, Z; for ¢ = 1,2, 3, the
Laplace-Beltrami operator on SO(4) is given by

ASOW) — X2 4 X2 4 X2 4+ 72 4+ 72 + Z3.
Let us consider the horizontal distribution Hgo4) on SO(4) equipped with
the inner product
9:(X,Y) = tr(XYT),
and generated by the orthonormal frame {)N( 1,)~(2, Zl, 22} In this case, the
sub-Laplacian is given by

APW = X2 4 X2 4 77+ 73
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We note that the Let <Ptso(4)) . denote the horizontal heat semigroup on

SO(4) generated by A?_lo(4). Let us also recall the 3-dimensional model space
M(p), p € R introduced in Section 4.3l Then, we have the following result.

Proposition 4.16. There exists a Lie group homomorphism ® : M(y/2) x
M(v/2) — SO(4) such that (d®); = ¢. Moreover, ® is a Riemannian sub-
mersion, and for all f € C*°(SO(4)) and t > 0,

(4.36) POW(fod)=Qif 0@,
where (Qy)s=0 denotes the horizontal heat semigroup on M(y/2) x M(v/2).
Proof. For each i = 1,2, 3, we define

1 1
\/5( ) \/5( )

It is easily seen that Uy, Us, Us, V1, Vs, V3 form an orthonormal basis for so(4)
and that

(U1, Us] = V2Us, [Us,Us] = V2Uy, [Us,Uy] = V2Us,

V1, Vo] = V2V3, [Va, V3] = V2V4, [V, Vi] = V214,
[U;,V;] = 0.

Denoting the Lie algebra of M(y/2) by m(y/2), we consider the linear map
¢ : m(v2) ® m(v/2) — so0(4) such that ¢(W;) = U;, 6(W!) = V;, where
{W1, Wa, Wy, W], W, Wi} is an orthonormal basis for m(v/2) @ m(1/2) sat-
isfying [W;, W/] = 0 for i = 1,2,3. Then clearly, ¢ : m(v/2) ® m(v/2) —
s0(4) is a Lie algebra isomorphism. Since ¢ maps an orthonormal basis
of m(v/2) ® m(v/2) to the same of so(4), ¢ is an isometry. Recalling that
M(v/2) x M(v/2) is simply connected, [3I, Theorem 5.6] ensures the exis-
tence of the unique Lie group homomorphism @ satisfying ®(e¥) = e?(X)
for all X € m(v/2) ® m(v/2). Hence (d®); = ¢. Since ¢ is an isomor-
phism, it follows that ® is surjective. Also, ¢ being a isometry between the
horizontal distributions of M(y/2) x M(v/2) and SO(4), we conclude that
® : M(v/2) x M(v/2) — SO(4) is a sub-Riemannian submersion. Therefore,
the rest of the proof follows from Theorem [B.3] O

The following Corollary is a direct consequence of Theorem and The-
orem B.3

Corollary 4.17. The horizontal heat semigroup Ptso(4) satisfies (d14),

@I5), @I6) and (EIT) with p = /2.
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