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Abstract
We present a new digital reconstruction of r-regular sets in R3. We
introduce a vector field and analyse the relation between the top-
ologies of the boundaries of the r-regular set and its reconstruction.
This reconstruction can be carried out faster than prior models based
on the same digitisation, making it attractive for computing.

Introduction
Given a 3D object with smooth boundary, many digital
reconstructions of sufficiently high resolution of the object
preserve its topology [1].

Definition. For r > 0, a set A ⊂ R3 is called r-regular
if for each point y ∈ ∂A there exist two open balls B1, B2

of radius r tangent to ∂A at y and such that B1 ⊂ int(A),
B2 ⊂ int

(
AC
)
.

A cubic r
2
-grid C is any rotated and translated ver-

sion of r√
3
Z3. The digitisation of an r-regular set A by C is

A ∩ C. To each element c ∈ C, we associate a voxel
VC(c) = {x ∈ R3 | |x− c| ≤ |x− ζ| for all ζ ∈ C}.

The digital reconstruction of A with respect to C is the
union of voxels corresponding to elements in the digitisa-
tion of A,

RecC(A) =
⋃

c∈(A∩C) VC(c).
The boundary of an r-regular set, an r-regular surface, is a
C1 2-manifold [2], but the boundary of RecC(A) need not
be a manifold.

Possible 2 × 2 × 2 configurations of voxels in RecC(A) up to reflectional sym-
metry, rotational symmetry and complementarity [1]. The upper right critical
configuration does not have manifold boundary.

Example

The black voxels constitute the digital reconstruction of the blue ball of radius r by a
cubic r

2
-grid.

Aim
We seek a new type of reconstruction of r-regular sets A
such that the reconstruction has manifold boundary with
the same topology as the r-regular surface ∂A. The new
reconstruction should be based on the original one and be
carried out faster than other known models [1].

Wedged reconstruction
We introduce a new configuration to replace the critical
one in order to obtain a modified, wedged reconstruction.
This is achieved by inserting wedges into the critical
configurations of the reconstruction RecC(A).
The wedged reconstruction

• has the same homotopy type as the
original reconstruction;

• has manifold boundary;

• is obtained faster than other recon-
struction methods [1].

Vector fields and Poincaré-Hopf
A vector field ξ is constructed on a tubular neighbour-
hood of the r-regular surface, and the boundary of the
wedged reconstruction is smoothed in order to apply

Theorem 1 [Poincaré-Hopf]. Let M be a smooth, compact
n-manifold without boundary, and let N ⊂ M × (−1, 1)
be a smooth, compact n-manifold without boundary such
that N separates M × [−1, 1]. Let v be a continuous,
nowhere zero vector field on M × [−1, 1] which points
inward on M × {−1} and outward on M × {1} and is
transverse to N . Then

χ(N) = χ(M).

By construction, the vector field ξ is nowhere zero and
transversal to the boundary of the smoothed, wedged re-
construction.

Ambient isotopy
By surface classification [3], Theorem 1 implies that the
r-regular surface and the boundary of the wedged recon-
struction are homeomorphic. Furthermore, theorems on
isotopy extension ([3],[4]) can be applied to obtain an am-
bient isotopy. In particular, topology is preserved when
we apply the wedged reconstruction.

Discussion
The wedged reconstruction can be carried out faster than
the alternative reconstructions in [1]. The boundary of the
wedged reconstruction of an r-regular set A has the same
topology as the r-regular surface ∂A.
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