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Abstract

We give a non-constructive proof that fusion rings attached to a simple

complex Lie algebra of rank 2 are complete intersections.

1 Introduction

Attached to a simple complex Lie algebra g and a natural number k ≥ 0 we
have the level k fusion ring Fk = Fk(g). As a Z-module it is free and �nitely
generated over the dominant weights of g of level at most k and has a product
structure making it a commutative, associative, unital ring. It can be described
as a quotient of the representation ring R by the �fusion ideal� Ik, which has
an in�nite generating set enumerated by all dominant weights of level strictly
higher than k. We consider the problem of �nding a minimal generating set of
this ideal.

If rank(g) = r then as a commutative, associative Z-algebra R is isomorphic
to the polynomial ring R = Z[X1, . . . , Xr] and Fk to the quotient R/Ik, where
Ik ⊆ R corresponds to the fusion ideal. Then, as codim(Ik, R) = r, the best
we can hope for is a generating set of Ik consisting of r elements, which in turn
must constitute an R-regular sequence meaning R/Ik is a complete intersection
ring.

This goal was achieved for g of type Ar, r ≥ 1 by Gepner (1991) and type
Cr, r ≥ 2 by Bourdeau et al. (1992) by �nding an explicit potential function
Vk+h∨(X1, . . . , Xr) ∈ R for each level k whose r partial derivatives generate
the fusion ideal. For Lie algebras of the remaining types we will have to use a
di�erent approach as it was proven by Bouwknegt and Ridout (2006) that in
these cases the fusion ideal cannot be described by analogous potential functions.

In this paper we prove non-constructively that the fusion ideal for a rank 2
fusion ring can always be generated by 2 elements. This settles in a�rmative
the question above for the remaining rank 2 case of type G2 though it doesn't
give explicit generators.

I owe thanks to Professor Shrawan Kumar who introduced me to the problem
during my visit at UNC Chapel Hill in the fall 2012 and also helped me with
the �rst outline of a proof. I would also like to thank Professor Mohan Kumar
at Washington University in St. Louis and Professor Holger Andreas Nielsen at
Aarhus University for great help at getting the last details right.
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2 The setup

Consider a simple complex Lie algebra g of rank 2 with root system Φ, Weyl
group W and weight lattice P . The irreducible �nite-dimensional representa-
tions V (λ) are characterized by having highest weights in P+ = {λ ∈ P | 0 ≤
〈λ, α∨〉 for all α ∈ Φ+}. The representation ring R has as elements formal dif-
ferences of isomorphism classes of �nite-dimensional representations of g with
addition given by direct sums of representations and multiplication given by
tensor product over C. We write [λ] short for the isomorphism class of the irre-
ducible representation with highest weight λ = aω1 + bω2, where the ωi are the
fundamental weights. The ring structure is encoded in the structure constants
Mν
λ,µ = dimCHomg(V (λ)⊗ V (µ)⊗ V (ν∗),C) for which

V (λ)⊗ V (µ) =
⊕
ν∈P+

Mν
λ,µV (ν)

where ν∗ = −w0(ν) is involution on P given by the longest element w0 ∈W .
For a given level k ≥ 0 we restrict to the alcove Pk = {λ ∈ P+ | 〈λ, β∨0 〉 ≤ k},

where β0 is the highest root in Φ. We de�ne the level k fusion ring Fk to be the
quotient ofR by the ideal Ik generated by all [λ]−det(w)[w.λ] with λ,w.λ ∈ P+

and w ∈ Wk an element of the a�ne Weyl group. Here w.λ = w(λ + ρ) − ρ)
denotes the shifted W -action, where ρ = ω1 + ω2. Write [λ] = [λ] + Ik. The
ring structure in the fusion ring is given by the truncated tensor product

V (λ)⊗V (µ) =
⊕
ν∈Pk

Nν
λ,µV (ν),

Nν
λ,µ =

∑
w∈Wk

det(w)Mw.ν
λ,µ .

Following Beauville (1996) we use the structure constants Nν
λ,µ to build a

fusion rule N : N[Pk]→ Z recursively de�ned by

N(0) = 1, N(λ) = 0 for λ 6= 0

N(λ+ λ∗) = 1, N(λ+ µ) = 0 for λ∗ 6= µ

N(λ+ µ+ ν∗) = Nν
λ,µ

N(x+ y) =
∑
λ∈Pk

N(x+ λ)N(y + λ∗) for x, y ∈ N[Pk].

Then [λ1] · . . . · [λs] =
∑
λ∈Pk

N(λ1 + · · ·+ λs + λ∗)[λ] and we get a symmetric
bilinear Z-form on Fk determined by(

[λ1] · . . . · [λs], [µ1] · . . . · [µr]
)

= N(λ1 + · · ·+ λs + µ∗1 + · · ·+ µ∗r).

Since
(

[λ], [µ]
)

= N(λ+ µ∗) = δλ,µ it is positive de�nite. It satis�es(
[λ] · [ν], [µ]

)
=
(

[λ], [ν∗] · [µ]
)
. (1)

As a commutative, associative Z-algebra the representation ring R is freely
generated by the two fundamental representations X = V (ω1) and Y = V (ω2),
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i.e. it may be presented as the polynomial ring R = Z[X,Y ] and the fusion ring
is presented by a corresponding quotient R/Ik. Since R/Ik is free and �nitely
generated as a Z-module the bilinear form gives an isomorphism to its Z-dual
HomZ(R/Ik,Z). The property (1) implies that this is actually an isomorphism
of R-modules.

The exact sequence 0→ Z→ Q→ Q/Z→ 0 induces to

0→ HomZ(R/Ik,Z)→ HomZ(R/Ik,Q)→ HomZ(R/Ik,Q/Z)→ 0.

SinceQ andQ/Z are injective Z-modules HomZ(R/Ik,Q) and HomZ(R/Ik,Q/Z)
are injective R/Ik-modules. Then R/Ik ' HomZ(R/Ik,Z) has �nite injective
dimension, i.e. it is Gorenstein.

The set of integers Z is a 1-dimensional discrete valuation ring, so it is a
regular ring. Then also Z[X,Y ] is a regular ring. The goal is to show that Ik
can be generated over R by two elements. Then since Ik has codimension 2
in R these two generators must constitute a regular R-sequence, i.e. R/Ik is a
complete intersection ring.

3 Main result

We �rst prove a technical lemma.

Lemma 1. Let A be a noetherian ring, let B be a ring that is a �nitely generated
A-module and let b ∈ B. Consider B as an A[X]-module by mapping X 7→ b.
Then there is an isomorphism of A[X]-modules

ExtiA(B,A) ' Exti+1
A[X](B,A[X])

for all i ≥ 0.

Proof. Set B[X] = A[X]⊗AB with trivial A[X]-action. Multiplication on B[X]
by X − b �ts in to a short exact sequence

0→ B[X]
X−b→ B[X]→ B → 0.

Apply the left exact functor HomA[X](−, A[X])

. . .
//
Ext

i
A[X]

(B[X], A[X])
//

'

��

Ext
i
A[X]

(B[X], A[X])
//

'

��

Ext
i+1
A[X]

(B,A[X])
//
. . .

A[X] ⊗A Ext
i
A(B,A)

//
A[X] ⊗A Ext

i
A(B,A)

//
Coker

//
0

where the vertical isomorphisms come from the fact that A → A[X] is �at.
The lower homomorphism makes the diagram commutative so by naturality of
the isomorphisms it is multiplication by X − b identifying the cokernel with
ExtiA(B,A). Diagram chasing gives us a map

ExtiA(B,A)→ Exti+1
A[X](B,A[X])

which is an isomorphism by the Five Lemma. �
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Theorem 2. Let I ⊆ R = Z[X,Y ] be an ideal such that we have an isomor-
phism of R-modules

HomZ(R/I,Z) ' R/I. (2)

Then I is generated by an R-regular sequence of length 2.

Proof. Necessarily from the duality (2) R/I is a �nitely generated Z-module, so
Lemma 1 applied to the ring Z, the Z-module R/I and distinguished element
x = X + I ∈ R/I gives us

ExtiZ(R/I,Z) ' Exti+1
Z[X](R/I,Z[X]).

Now R/I is still �nitely generated as an Z[X]-module so the lemma applied
once more with the element y = Y + I ∈ R/I gives us

Exti+1
Z[X](R/I,Z[X]) ' Exti+2

Z[X,Y ](R/I,Z[X,Y ]).

With i = 0 and the assumption we get

Ext2R(R/I,R) ' HomZ(R/I,Z) ' R/I.

Pick a unit e ∈ R/I. With the identi�cation Ext2R(R/I,R) ' Ext1R(I,R)
this element correspond to a nonsplit short exact sequence

0→ R→M → I → 0. (3)

The goal is to show that M ' R2 for then the image of two generators under
the surjection in (3) will generate I.

We prove �rst that ExtiR(M,R) = 0 for all i ≥ 1. Consider the long exact
sequence associated to (3)

HomR(R,R)
p→ Ext1R(I,R)→ Ext1R(M,R)→ Ext1R(R,R) = 0.

By construction we have p(1) = e ∈ Ext1R(I,R) ' R/I. Choose an f ∈ R with
e−1 = f + I. Since p is an R-homomorphism p(f) = fe = (f + I)e = 1 so
p is surjective and Ext1R(M,R) = 0. Let now i ≥ 2. Since R/I is Gorenstein
it is Cohen-Macaulay and localizing at a prime ideal p ∈ R containing I the
Auslander-Buchsbaum formula gives us proj dimR(R/I) = 2. Therefore 0 =
Exti+1

R (R/I,R) ' ExtiR(I,R) ' ExtiR(M,R).
Then induction on the length of a projective resolution on a given module

N gives ExtiR(M,N) = 0 for all i ≥ 1, i.e. M is projective.
Now (Quillen, 1976, Theorem 4) says that all projective modules over Z[X,Y ]

are actually free so M ' Rk. Choose any prime ideal p ⊆ R not containing I.
Localizing (3) at p we get

0→ Rp →Mp → Rp → 0

showing that k = 2. Here we used that I ∩ (R \ p) 6= ∅ so Ip contains a unit. �

Remark. As mentioned in the introduction the proof ensures that the fusion
ideal for a rank 2 Lie algebra can be generated by two elements. For the cases
A2 and C2 this was previously known, in fact in both cases the ideal Ik is
generated by the elements [(k + 1)ω1] and [kω1 + ω2]. For the remaining type
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G2 Boysal and Kumar (2009) conjecturally described the fusion ideal as the
radical of an ideal generated by three speci�c elements and later Douglas (2013)
found an actual generating set consisting of the three elements{

[k+2
2 ω2] + [k2ω2], [ω1 + k

2ω2] and [3ω1 + k−2
2 ω2] if k even

[k+1
2 ω2], [2ω1 + k−1

2 ω2] and [3ω1 + k−1
2 ω2] + [3ω1 + k−3

2 ω2] if k odd

Though we are garanteed that this generating set can somehow be reduced to
two elements we have no method to do so.

Much of the theory here generalizes to higher ranks. When we consider
a general ideal I ⊆ R = Z[X1, . . . , Xr] such that HomZ(R/I,Z) ' R/I then
Lemma 1 applied r times still gives us

R/I ' HomZ(R/I,Z) ' Ext1Z[X1](R/I,Z[X1]) '
· · · ' ExtrZ[X1,...,Xr](R/I,Z[X1, . . . , Xr]).

Locally the Auslander-Buchsbaum formula still gives us proj dimR(R/I) = r
so ExtiR(R/I,R) = 0 for i > r. We also have our tool to give us global
information from local data: By (Quillen, 1976, Theorem 4) any projective
Z[X1, . . . , Xr] is free. However only for r = 2 is a non-trivial extension of I by
R in Extr−1R (I,R) ' R/I equivalent to a non-split short exact sequence which
is the beginning of our construction in the proof.

In Serre (1963) it was proved that a quotient of a regular local ring of codi-
mension 2 is a complete intersection ring if and only if it is Gorenstein. After
more than 50 years this result has not been generalized to higher codimensions
suggesting that a generalization of Theorem 2 to higher ranks is not possible
without further assumptions on the ideal.
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