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Abstract

In this thesis, a rotational capacity model for flexural reinforced concrete ele-
ments is presented. The model is based on the general assumption, that any
other failure mode than bending is prevented by proper design. This includes
failure due to shear, anchorage, concentrated loads etc. Likewise, beams gov-
erned by failure described by Kani’s Valley are not covered by the presented
model. Hence, the model is delimited to shear reinforced elements failing in
flexure.

The rotational capacity model is divided into the following calculation pro-
cedures.

1. A cross sectional analysis of the critical section to obtain the maximum
force in the tension reinforcement.

2. The variation of tensile forces in the reinforcement is determined from
two contributions, moment and tension shift.

3. Correction of the tension force curve to tension stiffening effects.

4. Calculation of the rotational capacity by integration of steel strains.

The term tension shift covers the effect of inclination of the compression field
on the tension force. The specific value for the angle of the inclination is de-
termined by energy methods in this thesis. In doing so, it is shown which safe
values are applicable for use in such a model where the design value is not
necessarily reached. On the other hand, the investigation by energy methods
validates the use of less conservative inclination angles than previous models
have used. Furthermore, the study showed that low design choices, which
could be perceived as safe are not necessarily so.

An example shows the applicability of the model and a parametric study
shows the advantages of the model compared with code provisions. Finally,
improvements of the compression zone modelling is performed in order to
include a better performance when concrete crushing is the failure criterion.
Confinement is also incorporated into this advanced modeling and encourag-
ing results are obtained.
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Problem Formulation

The initial idea behind this PhD project was ductility considerations regard-
ing high-rise buildings. In this context seismic design of reinforced concrete
structures was an obvious subject to dive into. As a part of this far-reaching
topic is rotational capacity. The State-of-the-art report in part 1 of this thesis is
reflecting this initial duality of focus.

Though, it initially was the idea to research both seismic design by devel-
oping dynamic design methods as well as modelling of reinforced concrete
structures; it became clear that this was too comprehensive. Furthermore, it
became clear that there is a lack of reliable modelling of rotational capacity in
the literature. Theoretical models are very complex and difficult to utilize for
another researcher and especially a practicing engineer. Thus, it was chosen
to focus on ductility of reinforced concrete, specifically rotational capacity of
flexural members.

Even though, the delimitation of the PhD project midway might seem as
lost work it is not so. The background for the PhD project with earthquake
engineering influencing the first part of the research, is used in the conceptual
way of considering reinforced concrete structures.

An engineer needs to enable himself to take control over the structure he
is designing. Bearing that in mind it is important to realize that taking con-
trol does not mean only being certain that design loads can be transferred to
the foundation by providing enough strength. Anybody can in practice make
almost any structure do that as long as sufficient funding is available. The
difficult task for an engineer is to dissect a structural design and identify po-
tential problems. It is thus always important to consider how a specific struc-
ture might fail. This is comparable to upper bound solutions and the concept
of applying overstrength factors in seismic design. In this way the concep-
tual design thoughts from earthquake engineering considering deformations
as much as strength, used in this thesis.

Design loads are to a large extent only an expression of probability chosen
not to be exceeded in a certain return period. Thus the engineer should always
have in mind during design what will happen to the structure if the design load
was exceeded? One has to be aware of what failure modes can occur in the case
of exceeded design load causes failure, preventing brittle failures and sudden
collapse.

The major task in deriving models is to keep the physical understanding
intact during modeling while not compromising the solution of the problem.

The importance of ductility in structures have been known for several
decades. Both regarding safety and design, ductility is important. Altogether,
ductility reduces hazards, enables warning of possible failure, improve over-
all performance of structures and even reduces economical costs.

1. Safety issues:
a) Robustness, accidental incidents.

b) Warning of failure.

c) Deformation capacity.

d) Hazard mitigation.
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PROBLEM FORMULATION

2. Design advantages:
a) Redistribution of forces in statically indeterminate structures.

b) Dissipate seismic energy.

c) Control drifts.

Points 1a, 1b and 2a are all related to statics, whereas points 1c, 1d, 2b and 2c
are related to dynamics, especially earthquakes. The background for the pre-
sented work is the former points, especially 2a and 1a. However, it is believed
that the methodology can be extended to dynamic problems.

Thus, it is desired to develop a model for determination of the rotational
capacity which is:

(i) Simple; thus possible to use in design.

(ii) Rational; all parameters are physically understandable and none empir-
ical (except material properties).

(iii) Flexible; it can be used with any type of static system as well as rein-
forcement and cross sectional design.
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Part I

State-of-the-art
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1 Behavior of Reinforced Concrete

1.1 Basic Material Properties

It is obvious that reinforced concrete are an inhomogeneous material consist-
ing of concrete and reinforcing steel. However, concrete is also an inhomoge-
neous material through its buildup of cement paste and aggregates which in
itself is a simplification. Thus, it is necessary to investigate the different mate-
rials separately to emphasize specific behavior of the material that is control-
ling the response of the combined material to a cyclic loading history.

There are several analytical expressions, which are more or less precise
as well as complicated, obtained on the basis of experimental data trying to
represent the stress-strain relationship of steel and concrete. However, for the
purpose of this report it is not imperative to examine those relations and thus
only the overall behavior of the materials is described from tests.

First and foremost though, it is necessary to describe the terms ductility
and energy dissipation, which have a direct connection under cyclic loading
histories such as an earthquake induced ground motion.

1.1.1 Ductility and energy dissipation

A basic principle in modern seismic design is the ability of the structure to
dissipate energy. Induced energy from a ground motion can be transformed
into heat through the hysteretic behavior structural materials perform when
subjected to cyclic inelastic or plastic deformations. This is shown idealisti-
cally in figure 1.1 opposed to the linear elastic force-displacement relation-
ship, considering a SDOF with the same properties, except overall strength,
subjected to ground motion. The area encapsulated by the force-displacement
graph represents the dissipated energy. Hence, large deformations at pre-
served strengths are proportional to the energy dissipation. Figure 1.1 also
shows the energy in the systems. The elastic system only contains elastic en-
ergy transforming from potential to kinetic energy and the other way around
preserving the entire energy in the system. On the other hand, the plastic sys-
tem undergo plastic deformation which transforms kinetic energy into heat
and other kinds of irreversible types of energy through hysteresis. The dissi-
pated energy is shown as the area encircled by the loop.
Thorough analysis has been made on the difference in displacement ampli-
tude between the elastic and plastic systems. These show a tendency towards
that, though the elastic system has a much higher strength, there is approxi-
mately no difference in the ultimate displacement during seismic motion, due
to large energy dissipation of the plastic system [71]. Another important dif-
ference between the elastic and plastic systems in figure 1.1 is that the force
shown is not an applied load creating the deformation but the force build up
in the structure due to the induced deformation. This is related to transmis-
sibility conditions in dynamics which imply that stiffness increases the trans-
mitted force e.g. between ground and superstructure. That is also the reason
why e.g. base isolation is effective to control the performance of a superstruc-
ture.
The ability to undergo plastic deformations is also the definition of ductility
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1.1. BASIC MATERIAL PROPERTIES

(a) Elastic system and response

(b) Plastic system and response

Figure 1.1: SDOF’s subjected to ground motion [71]

Figure 1.2: Force-deformation curve showing how to define ductility [71]

as shown in figure 1.2. The ratios between the yielding and ultimate values
of displacement, strain, rotation or curvature are some of the ways to express
ductility factors.

µδ =
δu

δy
, displacement ductility

µε =
εu

εy
, strain ductility

µα =
αu

αy
, rotation ductility

µκ =
κu

κy
, curvature ductility
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1.1. BASIC MATERIAL PROPERTIES

Figure 1.3: Hysteretic loop for material similar to steel [71]

The ultimate values are defined as the values at failure. However, it is much
more common and rational in design to use the value when the element has
lost a smaller, predefined percentage of its overall strength (e.g. 15% loss of
strength for concrete[71]). This way the ductility of structural elements with
stress-strain relationships as concrete does not include the low strength last
part of the stress-strain relationship. An important note has to be made on the
different ductility factors as they do not yield the same quantities, hence:

µδ < µα ≪ µκ

It is of great importance that ductility is covered by a large strain increment
through a long yield plateau since this ensures a large energy dissipation by
hysteresis.
Where figure 1.1b shows an idealized energy dissipation mechanism due to
inelastic deformations, figure 1.3 gives a more realistic scope of the response of
reinforced concrete. The behavior is a hysteretic loop in which the dissipated
energy is governed by the area enclosed by the loop.

1.1.2 Concrete

Considering the properties of concrete most of them can be weighed as pros
or cons. Nevertheless, some will be favorable in one case but unfavorable in
another. Therefore, the apparent physical characteristics for concrete are listed
below when normal uniaxial stress conditions are assumed

• High compressive strength

• Low tensile strength

• Brittle fracture behavior

• Low ductility

• Large density

• Ability to absorb energy due to opening and closing of cracks

4



1.1. BASIC MATERIAL PROPERTIES

Figure 1.4: Typical uniaxial stress-strain relationship of concrete at various
strengths [71]

Besides the physical properties concrete is cheap, versatile and easy to work
with which are great advantages in an industry where economy, next to safety,
is the most important parameter.

In the subsequent sections concrete will be considered as a monolithic ma-
terial when understanding its response to different types of loading and the
features important to ductility and energy dissipation. However, when dis-
cussing the monotonic loading branches some considerations regarding the
relationship between mortar and aggregates will be mentioned.

Static Uniaxial Loading

Concrete shows, unlike steel, nonlinearity almost from initial loading and
throughout its load history due to various forms of cracking. The stress-strain
relationship for normal concrete in compression at different strengths is de-
picted in figure 1.4. The curves are characterized by three branches:

1. Nearly elastic part
Usually, this part is defined as going from initial loading until about
70% of fc. It is seen that the linear part of the curve very rapidly be-
comes arched at low strengths (about 30%), whereas for high strengths
the linear part continues much longer.
The early nonlinear behavior is caused by propagation of micro crack-
ing which originates from the unloaded state due to shrinkage etc. At
higher levels of loading (50% to 70% of fc) cracks become significant.
Mortar cracks arise at the tips of bond cracks because of stress con-
centrations and start to bridge. Bond cracks in plain concrete emerge
due to the fact, mentioned earlier, that concrete is a composite material
and the concomitant difference in strength and stiffness of mortar and
aggregates[6].
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1.1. BASIC MATERIAL PROPERTIES

Figure 1.5: Strain development in uniaxially compressed concrete [66].

At low concrete grades the mortar is significantly weaker than the ag-
gregates which cause the cracks to develop in the mortar rather than
through an aggregate. As the strength of concrete increases this differ-
ence in strength of the components obliterates and thus the deforma-
tions decrease.

2. Stiffness decreasing part
The second part of the curve has a significant decrease in stiffness. This
branch differs a lot at various strengths and ends at the ultimate stress
defining the design strength ( fc)as opposed to the yield strength for
steel.
The ductility of concrete is clearly much smaller as the strength increases.
At high grades the ’yield plateau’ is almost non-existing resulting in
an virtually abrupt descending branch when the ultimate strength is
reached. This is an important effect since concrete strength requirements
in design are increasing.

3. Strain softening part
A descending strength decreasing branch until the actual failure occurs
after the ultimate strength, fc is reached. The softening happens be-
cause the cracking becomes uncontrollable and macroscopic. This part
of the curve is not used after a defined maximum strain, εcu. The ulti-
mate strain decreases as the compressive strength increases which sup-
ports the aforementioned connection between increasing strength and
decreasing ductility.

When one is talking about ductility of concrete, mortar cracks are very impor-
tant as they govern that considerable deformations take place before failure.
Failure in concrete is very much controlled by the volumetric strain which is
positive and increases as failure is approached. This means that at failure the
concrete is dilated in such a way that it separates at the failure surface. In fig-
ure 1.5 test results illustrate how the strain development is in uniaxial loaded
concrete specimens. These clearly display that the volumetric strain changes
from being compressive to tensile as a consequence of the massive cracking
near failure and creation of yield surfaces. Controlling this volume increase is

6



1.1. BASIC MATERIAL PROPERTIES

Figure 1.6: Biaxial strength obtained by test results [50]

the main purpose of confinement as discussed in section 1.4.
One must expect that real concrete structures might have strengths that are up
to 40% higher than the nominal strength, fc because this is obtained at 28 days
after casting[70]. Concrete does, however, continue its hardening process end-
lessly asymptotic to a final strength. In normal static design with static loads,
underestimating strength as well as stiffness is conservative but that is not
necessarily the case in earthquake design. These are important features to
remember when utilizing the Capacity Design Method as calculated values will
exceed the real ones. Consequences such as overestimating energy dissipation
capacity and a change of strength hierarchy in the structure, indeed would not
be conservative and in the end they could be fatal.
Under normal circumstances the tensile strength of concrete is disregarded
because of the variable nature of concrete in tension. Nevertheless, in secur-
ing the strength hierarchy it can be necessary to take the tensile strength into
account. Again it is important to remember that it should be conservatively
estimated and at high strain rates the tensile strength is significantly higher
than the static.

Static Multiaxial Loading

Under normal circumstances the uniaxial stress condition rarely occurs in real
structures. It is much more common that principle stresses in two or three
directions are present at the same time creating a multiaxial stress condition.
Tests by Kupfer et al [50] carried out for biaxial principal stresses show that in
biaxial compression the strength of concrete may be increased by 27% in com-
parison with the uniaxial strength as depicted in figure 1.6. However, note
that if one of the principle stresses is tension it will reduce both the tensile
and compressive strength. Figure 1.7 shows the biaxial stress relationships
depicted by Mohr’s circle as the failure criterion assuming plain stress condi-
tions. Here the uniaxial conditions are only special cases of the biaxial; i.e. if
one principle stress component is zero.
The strength increase is even more pronounced at triaxial compression as the

7



1.1. BASIC MATERIAL PROPERTIES

Figure 1.7: Strength of concrete by Mohr’s theory of failure under biaxial stress
[66]

Figure 1.8: Longitudinal stress-strain relationship with lateral compression
inducing triaxial stresses [66]

test results in figure 1.8 obtained by Richart et al show [77]. Moreover, and
more important, the ultimate strains are significantly increased which is es-
sential remembering the poor ductility of concrete under uniaxial stress and
the importance of ductility under seismic action. This strain increase is due to
the confining effect of lateral compressive stresses which diminish the volume
increase close to failure caused by the rapid propagation of internal cracking.
It should be noted that the tests by Richart et al were carried out by applying
fluid pressure laterally to obtain the triaxial stress condition. Hence, the fluid
acted as an active force laterally which is important to remember comparing
to confinement by reinforcement.

Cyclic Loading

The cyclic behavior of concrete is very much alike the behavior at static load-
ing. The main difference is with regard to the rate of loading expressed by the
strain rate. Many tests show that the stress-strain relationship from static load-
ing form an envelope curve to the cyclic loading at lower strain rates. Stress-
strain relationships for concrete subjected to cyclic loadings or load reversals
are often obtained at such small strain rates that they must be characterized
as static. This differs largely from earthquake induced strain rates which are

8



1.2. REINFORCING STEEL

typically quite high. Two consequences, with regard to plastic hinges, derive
from this difference in strain rates:

1. The obtained strength will be measured to lower values at small strain
rates than large, which is safe.

2. Deformations are not safe when considering ductility and energy dissi-
pation, when using experimental results obtained at small strain rates.
This is due to the modulus of elasticity are higher under large strain
rates than at lower strain rates.

These consequences arise from the same fact that, at high load frequencies,
strains develop with a delay compared to low frequencies. This might seem
odd but in a physical sense strength is more correctly dependent on strain
than stress. More ordinary is the resemblance between small strains and small
deformations as micro and macro cracks develop over time. Therefore the
cracks may not be fully developed at a certain load level obtained with large
strain rates. Assuming larger strains than actually occur overestimates the
ability of the structure to accommodate the induced ground motion, since the
magnitudes of ductility and energy dissipation are proportional to the size
of deformations. The ultimate compressive strain, εcu, is usually set on the
basis of uniformly compressed concrete. However, studies of frame members
do suggest that this nominal value is set very conservatively (by a factor 2-3)
when very large stress gradients can be expected under seismic action.

1.2 Reinforcing Steel

There is a major difference between the response of ordinary structural steel
and reinforcing steel subjected to cyclic loading. Steel used for reinforcement
will not experience compressive stresses as large as tensile stresses because
of the interaction with the concrete cover due to bonding. Thus the concrete
carries the majority of the compressive forces. The reinforcing steel does not
yield excessively in compression as long as the concrete is uncracked or the
cracks from the previous loading are closed. When a crack is open, bond

Figure 1.9: Bond cracking (enlarged) near a primary crack with forces acting
from the reinforcement bar on the concrete [38]
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1.2. REINFORCING STEEL

(a) (b)

Figure 1.10: Stress-strain relationship of monotonically loaded steel at various
strength grades [70][71]

deterioration near the crack prevents building up compressive stresses in the
reinforcement, see figure 1.9. Hence, reinforcement hardly ever reach inelastic
compressive strains before the concrete spalls off when reinforced concrete is
subjected to cyclic loading [31]. The effects of bonding between reinforcement
and concrete is covered in section 1.3.

1.2.1 Monotonic Behavior

Steel has very characteristic stress-strain relationship depicted in figure 1.10a.
The first part of the relationship is well governed by Hooke’s Law for linear
elastic materials.

σ = E · ε

The steel yield strength fy is defined as where large deformations happen
without major strength increase ideally as a plateau. The strain range of yield-
ing depends of steel strength as seen in figure 1.10a. At a certain level of strain
the steel experience a hardening process that enables the steel to carry increas-
ing force again until the ultimate stress fu is reached. Hereafter the material
softens and fracture occurs at a specific point of the bar. The behavior at this
point is often referred to as necking because all deformation happens at this
point whereas the rest of the bar unloads. This leads to the bar having a vis-
ible smaller cross-section at this point due to Poisson’s ratio. Figure 1.10b
shows how strain hardening is greater and occurs more rapidly at increasing
steel strength, hence the yield plateau vanishes. This could imply that when
one is designing structures in seismic regions using low-strength reinforce-
ment would improve the performance of the structure under an earthquake.
However, there are problems concerning the use of low-strength reinforce-
ment since it leads to the request for larger reinforcement ratios.

1. Often large reinforcement ratios will prompt larger diameters of bars,
which has a negative impact on the bond between the concrete and the
steel bars.

2. High ratios of reinforcement have a negative influence on the ductility
of the member [71].

10



1.2. REINFORCING STEEL

3. A larger amount of steel will increase acquisition costs in addition to the
more complex construction works leading to increased time consump-
tion.

It is important that the actual yield strength does not differ much from the
nominal value due to the assumptions of the Capacity Design Method. The
method assumes certain structural elements throughout the building must
yield as plastic hinges before the rest of the structure because this is designed
with an overstrength. The yield strength of the steel in the designed plastic
hinges must not be underestimated. This might change the strength hierarchy
in the structure leading to the plastic hinges occurring other places than as-
sumed which will change the kinematic mechanism assumed. In case of the
unknown arbitrary plastic hinges having brittle behavior in fracture this yield
strength difference could be fatal in an earthquake. Thus reinforcement steel
with uncertain yield strength should not be used in seismic design [70].

1.2.2 Time and temperature effects

Though steel usually is a very ductile material it has brittle behavior under
certain circumstances. At low temperatures (typically around −20 degC) steel
loses its ductility and a similar effect has been experienced in warm regions
where the threshold between brittle and ductile behavior may rise to above
zero temperatures (noticed up to +20 degC)[73].
Besides the temperature effects steel will over time change properties in re-
gions where plastic strains have been experienced. This could be regions
which have been exposed to large loading or have been prestressed i.e. bend-
ing of hoops or steel bars for curved reinforcement meshes.
Reinforcement bars which have been exposed to these temperature or time
effects ought not to be in locations specified as plastic hinges because of the
lacking ductility. In cases where such reinforcement is placed in plastic hinges
it should not reach yielding.

1.2.3 Cyclic Behavior

When steel is subjected to cyclic loading three distinctive changes are noticed
comparing to the monotonic behavior, see figure 1.11.

1. Suppression of the yield plateau.
The yield plateau is only present during the initial loading and fades
away during the remaining load cycles.

2. The Bauschinger effect.
This effect can simplified be defined as the lack of elastic stress-strain
correlation, which gives an immediate non-linear response, when the
load is reversed. Stiffness degradation is a obvious consequence of the
Bauschinger effect since discrete deformations are reached at lower load
levels than in the previous load cycle.

3. Increasing strain hardening.
During cyclic loading, steel will experience increasingly strain harden-
ing compared to the last loading in the same direction.

11



1.2. REINFORCING STEEL

Figure 1.11: Typical stress-strain relationship of steel under cyclic loading [31]

(a) Primarily tensile cyclic straining (b) Even tensile-compressive straining

Figure 1.12: Experimental stress-strain relationship for steel under cyclic load-
ings [70]

These effects can be summarized as a disappearance of the yield plateau,
initial strain softening (the Bauschinger effect) when a load reversal begins
and overall strain hardening at the end of a load reversal. The effect of the pre-
vious mentioned difference between structural steel and reinforcement steel
due to bonding with the concrete is seen in figure 1.12. It is obvious that the
strains in figure 1.12a are entirely in the tensile strain range. This pattern is
typical cyclic behavior for reinforced concrete members in single-sided flex-
ure, e.g. a beam with plastic hinges.
The other type of response, see figure 1.12b, is approximately the same in ten-
sion and compression, i.e. symmetrical around a ’diagonal’ in the coordinate
system. This type of response, which resembles the cyclic behavior of a single
steel bar, is usually seen in reinforced concrete members with load reversals
as seen in seismic design. There is a major difference from the former case,
besides the steel bar is also in compression. Larger stresses are obtained for
the same strain as the amount of load cycles increase. The main requirements
for steel reinforcement bars can be recapitulated as:
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1. The ultimate strain, εsu, has to be large.

2. The actual yield strength, fy, must not differ significantly from the as-
sumed.

3. Strain hardening should not begin hastily after yielding since this might
change the strength hierarchy of the overall structure. Nevertheless,
strain hardening can be a positive effect under seismic action in general
as it allows the plastic hinges to develop over a larger region.

4. Bonding to the surrounding concrete is of major importance in plastic
hinges since brittle fracture can occur if bonding is not secured.

1.3 Bond between steel and concrete

Bond in reinforced concrete structures is a paramount feature ensuring the
composite action of steel and concrete. The performance of a reinforced con-
crete structure under monotonic loading is well-known to be largely affected
by the effectiveness of bonding regarding anchorage, splicing, cracking and
slip. Considering that bond affects stiffness and energy dissipation the impor-
tance of bond in seismic design becomes evident. Bond deterioration during
cyclic loading is also an important feature considering the behavior of rein-
forced concrete structures.

Deformation capacity in structural members requires that bond ensures
high structural stiffness and small cracks under service loads as well as small
splitting forces and full utilization of the reinforcement ductility at ultimate
limit state [30].
Bond performance is very dependent on the surrounding concrete regarding
confinement and state of stress. A tensile stress condition in the concrete will
produce a large decrease in ultimate strength and deformation capacity com-
pared to concrete with confinement or in compression as shown in figure 1.13.

Figure 1.13: Different types of bond stress-slip behavior depending on con-
finement and stress in surrounding concrete [31]
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1.3.1 Monotonic behavior of bond

There are several parameters that can affect the performance of bond during
monotonic loading [3]:

1. Concrete compressive strength, fc

2. Steel yield strength, fy

3. Bar diameter

4. Anchorage length

5. Geometry of bar deformations (ribs)

6. Amount and configuration of transverse steel

7. Casting position and vibration

8. Cover thickness

9. Bar spacing

10. Temperature

11. Surface condition. Coating

The most important constructional parameters are cast direction as well as bar
direction and relative position. Bond is most effective when the casting and
bar directions are vertical because a soft porous layer can be formed under
a bar due to sedimentation and the effect of water gain [76]. Bond stiffness
is mainly affected by this feature as tests have shown that the ultimate bond
stresses are approximately the same when the soft layer is present. However,
the vertical position of the bars is very important to the ultimate bond bearing
stress. Tests have documented that top bars will have a profound decrease
in bond strength compared to bottom bars [92]. This is due to the effect of
concrete settlement on bond as well as the greater water and air gain under top
bars. It is important to note that tests [21] have shown that High-Workability
Concrete (HWC) has an improved effect on the settlement problem as well
as the problem of reinforcement congestion. HWC improves ductility, energy
dissipation, number of cycles and crack widths.
Bond between reinforcement and concrete is provided by mechanisms that
depend much on the configuration and texture of the reinforcement surface.
In the following the behavior of ribbed bars is mainly considered as this is the
most commonly used type of reinforcement. The mechanisms of bond can be
summarized as:

1. Chemical

2. Friction

3. Mechanical
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Figure 1.14: Principle of bonding stresses and influence of casting direction
[30]

(a) Splitting failure (b) Pull-out failure

Figure 1.15: Mechanisms of bond failure [30]

The chemical part of bond stress is the first part of the force-displacement
curve shown in figure 1.14 and is only effective in the elastic range at very
small displacements. The same issue is present regarding friction resistance
especially when cyclic loading is considered. Then the friction load transfer is
diminishing after few load cycles with slippage. Thus, it is of low interest in
this report.
When the chemical and frictional bond resistance are gone the only mecha-

nism left is the mechanical interlock between concrete and bar ribs as shown
in figure 1.15a. The mechanism is initiated by the formation of radially cone-
shaped cracks propagating from the tip of the ribs. From this point on the rel-
ative displacement between concrete and reinforcement, also known as slip, is
governed by:

1. Bending of the concrete keys

2. Crushing of the concrete in front of the ribs

At failure two mechanisms are possible, as shown in figure 1.15, depending
on various parameters. The inclined forces in the keys can be decomposed
into parallel and perpendicular force components with regard to the bar. The
parallel components can be summarized to the bond force whereas the per-
pendicular will induce radial tensile stresses which might cause radial crack-
ing parallel with the bar.
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Figure 1.16: Stress distribution between two ribs [66]

This failure mechanism, splitting is controlled by the confinement of the sur-
rounding concrete which assures the wedging action of the ribs on the con-
crete. The wedge is created by partly crushed concrete in front of the ribs
which can sustain stresses several times larger than the cylinder strength be-
cause of confinement. After reaching the maximum bonding stress, further
crack propagation results in a rapid reduction in bond stresses as the radial
cracks reach the outer surface.
The other failure mechanism, pull-out, is mainly controlled by the shear strength
of the concrete keys. In this mode the shear strength is smaller than the split-
ting failure strength and results in a friction plane being formed at the tip of
the ribs. This leads to a considerable reduction in bonding stresses which cre-
ates a sliding surface that reminds of the behavior of plane bars. The relation-
ship between shear stress acting in the cylindric surface and bearing stresses
on the face of the rib can be derived from figure 1.16 and reduced to a very
simple relation under these assumptions [66]:

1. the friction and adhesion shear stress va = 0

2. b ≃ 0.1c ⇒ the rib spacing is approximately c

3. a ≃ 0.05d′
b ⇒ the bearing area of one rib is

π
d′′

b
2 − d′

b
2

4
≃ πdba ⇒

vc ≃ a
c

fb

The failure mechanisms, shown in figure 1.17, can be explained from this re-
lation as a function of a

c [66]

1. Pull-out failure is governed by a
c > 0.15, high closely spaced ribs

2. Slipping failure is governed by a
c < 0.10, ribs are spaced with at least 10

times the rib height

Confinement of the concrete surrounding a reinforcement bar is important in
controlling the dilatation of the concrete at splitting. The confinement can be
both active from external compressive forces or passive from transverse rein-
forcement, but they both enhance the bond performance at splitting failure.
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(a) Pull-out failure

Figure 1.17: Bond failure mechanisms [66]

Figure 1.18: Effect of external lateral pressure on bond strength [27]

Figure 1.19: Idealized bond-slip relationship under monotonic loading [71]

However, only active confinement affects the performance of pull-out failure
which is dependent on the friction force that is a function of the achievable
compressive force perpendicular to the bar. The effect of external pressure can
be seen in figure 1.18. Stirrups do not improve crack width control but they
ensure a more ductile type of bond failure [66]. The principle bond behavior
and strength-slip relation for monotonic loading, depicted in figure 1.19, can
be summarized as:
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s < s0: Chemical adhesion between the steel surface and the cement paste
provides the bond strength. This is only for very low values of bond
stress after which this contribution disappears

s0 < s < s1: Bond stresses are provided by friction plus wedging action be-
tween the concrete and the deformations and/or ribs of the bar. The
ribs also create mechanical interlock forces at an inclined angle with the
reinforcement bar.

s1 < s < s2: When the bond stress reaches τ1 bond cracks form from the tips
of the ribs as shown in figure 1.9. Furthermore, the concrete starts to
separate from the bar at the primary internal cracks causing an increase
in the circumference of the concrete surface near the bar. This results in
additional tensile stresses which, in combination with the radial compo-
nents of the mechanical interlock forces, lead to splitting cracks.

s2 < s < sτmax: The splitting cracks reach the concrete surface if sufficient con-
finement is not present and bond failure occurs shown as the descending
branch from τ2. However, if confinement prevent the splitting cracks in
propagating only stiffness is affected and higher bond stresses can be
obtained.

sτmax < s < s3: Confinement prevents the splitting failure causing deteriora-
tion of the concrete keys between the ribs. At maximum stress, τmax, the
concrete keys fail in shear eventually creating a frictional sliding surface
at the tips of the ribs.

s > s3: Concrete key are fully pulverized. The cylindric sliding surface is fully
created and bond stress is only due to frictional resistance in the surface.
The slip value, s3, associated with this transition is as a rule of thumb
the same as the rib spacing.

There is a small difference in maximum bond strength between tension and
compression in the reinforcement bar. This is due to transverse strains rep-
resented by Poisson’s ratio. Tensile transverse strains will reduce the bar cir-
cumferential surface and thus the bond strength. Compression in the bar will
naturally induce the opposite effect. The change of bond strength has been
found to be maximum 20 − 30% [27].

1.3.2 Cyclic behavior of bond

In addition to the parameters listed in section 1.3.1, there are parameters af-
fecting bond behavior under cyclic loading [3]:

1. Applied strain (or stress) range. Load amplitude

2. Type and rate of applied strain (or stress). Loading rate

During cyclic loading the behavior of bond changes as the stiffness and occa-
sionally strength deteriorates. Repeated loading tests by Bertero and Bresler
[12] similar to the behavior of constant moment zones in flexural elements
show that stiffness and crack widths, but not strength, are affected by the de-
terioration. However, in anchorage zones bond strength can be affected dur-
ing repeated loading decreasing the ultimate strength up to 20% after several
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Figure 1.20: Bond stress-slip relationship history during cyclic loading [27]

hundred load cycles [72]. Repeated loading has shown to follow the mono-
tonic envelope curve [27] as shown in figure 1.20 but this is not the case for
cyclic load. During an earthquake structural elements often undergo both ten-
sion and compression yielding which might lead to severe bond deterioration
of critical sections as beam-column joints. Such deterioration can profoundly
decrease the effective development length that is necessary to equilibrate the
yield force. The problem is often increased by the fact that the required devel-
opment length of a continuous beam is not available through a joint due to the
actual depth of the column. Furthermore, a beam bar passing through an inte-
rior beam-column joint will experience "pulling" from one side and "pushing"
from the other amplifying bond deterioration. However, at interior ductile
joints bond deterioration does not necessarily result in a large loss of strength
but it can profoundly change the hysteretic behavior and thus the energy dis-
sipation. A 15% loss of bond strength can affect the energy dissipation by 30%
[37].
When investigating the behavior of bond during cyclic loading depicted in
figure 1.21, it is important to be aware of the fact that the residual slip after
unloading is quite large. This is due to the elastic deformation only consist of
the deformation in the concrete which is small relative to the total slip. The
residual slip in the unloaded state is sustained by resistance in the cracks that
equilibrates the stresses in the reinforcement bar. Initially, when the bond
stress reverses the stiffness of the unloading branch continues because of fric-
tional resistance between concrete and bar. When the frictional resistance is
not sufficient anymore the bar starts to slip without any stiffness until the ribs
touches uncrushed concrete increasing bond stresses at a substantially larger
slope. The envelope is noticeably affected if the maximum bond stress in a
previous cycle has been higher than 70 − 80% of τmax. The new envelope will
have reduced upper limits depending on:

• Previous maximum bond stress

• Magnitude of slip range
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Figure 1.21: Bond stress-slip relationship history during cyclic loading [27]

• Number of cycles

The reduction of strength comes from deterioration of the concrete keys dur-
ing the previous loading if this has been large enough to cause shear cracks
in the keys thus reducing the available strength contribution from each key to
the total bond strength.
Providing adequate bond and anchorage under seismic events is extremely
important as anchorage failures often occur during earthquakes [71].

1.4 Confined Concrete

Considering the improving effects of the properties of concrete that lateral
compressive stresses have it is evident that such conditions are appreciated,
especially under strong earthquakes. In order to achieve this confinement is
an important quality to acquire satisfying ductility in seismic design. Con-
finement has two improving effects on concrete members:

Ductility
Confinement reduces the rapid loss of strength after the peak stress has
been achieved in the stress-strain relationship. Furthermore, it pronouncedly
increases the ultimate compressive strain which is important to accom-
plish the design ductility requirements in seismic codes.

Strength
Confined concrete has, similarly to triaxially compressed concrete, a
strength enhancement which in seismic design is not necessarily an ad-
vantage utilizing The Capacity Design Method because it can change the
strength hierarchy as described in section ??. However, this unwanted
effect is usually considered to be offset by the spalling off of the cover
concrete as it can sustain smaller compressive strains than the core and
will reach them previous to the core. Furthermore, there are models
which takes the confined concrete into account.
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Figure 1.22: The influence of confinement on the performance of concrete [71]

The main feature of confinement, in increasing strength and ductility, is the
prevention of volumetric expansion under axial compression. Usually, ac-
tive compressive forces, which can create confinement as described in section
1.1.2, do not occur. Much more common is confinement through reinforce-
ment which performs as passive confinement. The passive nature of confining
reinforcement manifests itself by not activating the reinforcement until inter-
nal cracking of the concrete core causes a volumetric increase. This means that
confining reinforcement does not affect the stress-strain relationship at lower
stress levels. However, it has increasingly significance closer to the maximum
stress for unconfined concrete and is predominant at the descending branch.
As depicted in figure 1.22 the effects of confinement differ much depending on
the type of lateral reinforcement. Confinement governed by spiral reinforce-
ment has been confirmed by several tests to be much effective than rectangu-
lar hoops due to the uniform stress condition spirals create when activated as
shown in figure 1.23a. The spiral is the closest to hydrostatic pressure appli-
cable because they in their shape are able to keep the same confining pressure
on the entire concrete core.
Figures 1.23b and 1.23c show the confining effect hoops have. It is obvious
here that a smaller part of the concrete core is confined. Notice in figures 1.23b-
1.23d that the volume of confined concrete is created by arching between adja-
cent reinforcement bars in both transverse and longitudinal direction [82]. The
straight parts of the hoop do not have enough flexural capacity to sustain the
expansion of the concrete. Thus leaving parts of unconfined concrete between
the corners of the hoops unless longitudinal bars supported by crossties or
similar are utilized by which the arches become smaller and the confinement
more efficient. The optimizing effect is seen comparing figure 1.23b and 1.23c.
Furthermore, the areas between the hoops in the longitudinal direction will
also have large unconfined parts as seen in figure 1.23d.
Experimental work by Ozcebe and Saatcioglu [64] shows that longitudinal
reinforcement also has significant influence on concrete confinement. Two
column specimens (U3 and U6) as shown in figure 1.24 with similar longi-
tudinal and transverse reinforcement were tested among other things. The
only difference between the two was that in specimen U3 half of the lon-
gitudinal reinforcement bars were not supported by ties or hoops whereas
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(a) Spirals (b) Hoops and crossties (c) Overlapping hoops
and crossties

(d) Efficient confinement
by transverse bars

(e) Efficient confinement
by longitudinal bars

Figure 1.23: Confinement and stress behavior due to transverse and longitu-
dinal reinforcement [70]

(a) U3 (b) U6

Figure 1.24: Load-deflection relationship under cyclic loading [64]

crossties were used in specimen U6. The hysteretic behavior of the two speci-
mens clearly differ much. Where U3 has pronounced and rapid stiffness and
strength degradation, U6 loses almost no strength through its yielding show-
ing great ductility. At the same time another specimen (U4 in figure 1.28b)
with 50% more lateral reinforcement than U3 but similar configuration per-
formed worse than U6. This underlines the importance of wise detailing over
usage of extra reinforcement. On the other hand the tests showed improve-
ment in confinement by reducing the space between the lateral reinforcement
but maintaining the ratio of reinforcement to concrete area. A reason why
spreading of the lateral reinforcement is more effective than increasing the
ratio is that the confined volume in the concrete core is increased when the
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Figure 1.25: Load-deflection relationship under cyclic loading for specimen
U4 [64]

reinforcement is more tightly spaced. Moreover, the confining effect of the re-
inforcement exceeds beyond yielding of the lateral reinforcement as tests by
Park, Priestley and Gill[68] have shown which is very useful in design.
Besides the importance of proper detailing it is also obvious that all longitu-
dinal reinforcement bars should be held active by supporting ties or hoops
maximizing the confining effect as the longitudinal bars also participate in
confining the concrete core; especially those of large diameter and/or closely
spaced. This is because one of the main features of confinement by reinforce-
ment is, logically, to minimize the area of unconfined concrete. Parameters
affecting confinement can be summarized as:

1. Transverse reinforcement ratio
An increase in the ratio surely improve the confining effect; however
the effect tends to be asymptotic to an upper value where a substantial
increase in reinforcement ratio does not have any significant effect any-
more.
The increased confinement is both resulting in a higher maximum con-
crete stress and a decrease in the falling branch of the stress-strain rela-
tionship of the concrete core[82].

2. Longitudinal reinforcement
The longitudinal reinforcement provides confinement as well as the trans-
verse by supporting the arching pressure of the concrete in the perpen-
dicular direction of the hoops. The longitudinal reinforcement ratio does
not play an important role as it is often rather large. Much more impor-
tant to the efficiency of confinement, however, is the configuration.
Closer spacing of the longitudinal bars with same reinforcement area
will create better confinement but can prove to have a smaller compres-
sive strain at first hoop fracture. This happens because buckling of lon-
gitudinal bars induce additional stresses on the hoops and longitudinal
bars with smaller diameters will buckle sooner than larger diameters.
Nevertheless, this difference is not large enough to be concerned and
the additional confinement compensates it as well [82].
The longitudinal bars must be placed closely to the hoops since the ef-
ficiency of confinement will be pronouncedly reduced if any movement
of the bars is necessary before they are effective.
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3. Spacing of reinforcement
A very important parameter as the confining effect will approach triax-
ial pressure when the spacing between reinforcement bars gets smaller
which applies for both the transverse and the longitudinal direction.
This is due to that the confined volume is governed by arching between
the reinforcement as depicted in figure 1.23. By reducing the space be-
tween the bars the arches will approach straight lines decreasing the
volume of unconfined concrete.

4. Ratio of hoop spacing to diameter of longitudinal reinforcement The hoops
will act as supports for the longitudinal reinforcement when this is pro-
viding confinement. If the ratio is large there will be a pronounced risk
of buckling in the longitudinal reinforcement at low load levels as the
longitudinal bars are not supported well against this by the hoops [82].

5. Ratio of longitudinal bar spacing to diameter of transverse bars Increasing
the flexural strength of the straight parts of the hoops will decrease
the amount of unconfined concrete in the core due to bending of these
straight parts.

6. Concrete strength
Low strength concrete is more ductile than high strength concrete. More-
over low strength concrete will have larger lateral expansion than high
strength concrete under the same axial loading because of Poisson’s ra-
tio. Hence, passive confinement through transverse reinforcement will
be effective faster for low strength concrete than at higher concrete strengths
as the hoops are stressed at an earlier stage and reaches higher stresses.

7. Yield strength of transverse reinforcement
The upper limit of the confining pressure by the transverse reinforce-
ment is governed by the yield strength. Though, some tests have shown
evidence that some yielding in the reinforcement does not effect the con-
finement significantly [68]; very large transverse strains will, neverthe-
less, result in volumetric strains in the concrete.

Overall, the configuration of the reinforcement arrangement is one of the
most important factors in attaining good and efficient confinement. As seen
in tests [64][82] proper configuration increases and stabilizes the confinement
minimizing strength decay after yielding. This is due to the fact that if one can
detail the transverse reinforcement approaching the spiral reinforcement the
volume of confined concrete is maximized. In the same way the longitudinal
reinforcement should be spread as much as possible over the cross section
and always be supported by hoops or crossties. Furthermore, hoop spacing
should be minimized. All of this will create the largest volume of confined
concrete; hence the largest ductility.

1.5 Members in Flexure

Members in pure flexure as simple beam elements are actually rather rare in
seismic design. It is still, however, interesting to investigate the behavior of
pure flexure as it is the predominant behavior in some members. Besides that,
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Figure 1.26: Force-displacement relationship of flexural members during
cyclic loading, ρ = 0, 85% [65]

flexure is the most desired deformation state considering ductility and energy
dissipation. It is the most controllable and understood failure mechanism ca-
pable of large deformation and hysteresis loops.
Many tests have been conducted where flexural deformation is the dominant
mechanism. However, they are often column tests containing some amount
of axial load. This can sometimes blur the results regarding the behavior of
pure flexure but it is tried to keep the influence of axial load out of the picture
in this section. The impact of axial loading on members in flexure is treated in
section 1.6. A member subjected to cyclic loading will lose its cover concrete
when the compressive spalling strain has been reached in a previous cycle
and the load reverses. From this point on the cross section has to be properly
confined in order to keep its strength capacity. Otherwise, continuous loading
will cause rapid strength degradation for the same deformation as depicted
in figure 1.26. Cyclic behavior of flexural elements depend on several param-
eters:

• Confinement effectiveness

• Concrete strength

• Steel strength

• Bond conditions

Figure 1.27 shows a typical hysteresis of elements (one rectangular and one
T-shaped) under predominantly flexural cyclic loading. The behavior is dom-
inated by large stable loops with substantial ductility. The main difference
between the two elements is that the T-shaped has larger strength capacity
in the direction where compression is in the large flange but this is obvious
from statics and uninteresting considering the behavior. Energy dissipation is
mainly in the first and third quadrants since reloading branches are pinched
due to:

1. Bauschinger effect

25



1.5. MEMBERS IN FLEXURE

Figure 1.27: Force-displacement relationship of flexural member during cyclic
loading, ρR = 2, 96%, ρT = 2, 92% [13]

2. Residual steel elongation

3. Bond deterioration

The first is a fundamental property of steel described in section 1.2. Residual
deformations in the steel due to yielding in one direction will at load reversal
cause open cracks to be present. These cracks have to be closed before the con-
crete can obtain any compressive forces. This means that the steel is the only
material in the compression zone to equilibrate the tension force causing the
material to behave softer. Adequate compression steel will thus improve the
performance especially in high moment regions with different top and bottom
reinforcement such as supports. However, it is important to realize that in-
creasing such reinforcement attract shear and might increase maximum shear
to a level where the failure mode can be changed to shear dominated [63].
Furthermore, energy dissipation of flexure dominated members is decreased
by increased shear stress [63].
Bond deterioration has a similar effect on the reloading branch as described
in section 1.3 and will pinch the branch even more. In the end close to fail-
ure pinching will not only be of the initial part of the reloading branch and
strength degradation in the cycles will start to show. Depending on the afore-
mentioned parameters more severe pinching and rapid strength degradation
can be seen as shown in figure 1.26. Especially, the specimen show a larger
degradation of strength which in this case is mainly due to low transverse re-
inforcement ratio, i.e. bad confinement of the concrete core.
The importance of proper reinforcement configuration is the main parameter
to obtain great flexural behavior during cyclic loading since it has a paramount
effect on confinement as described in chapter 1.4. Figure 1.28 clearly shows
the influence of different transverse reinforcement arrangements on the flex-
ural behavior. The best performance (c) is with crossties and a larger rein-
forcement ratio than (a). However, the fact that it is not just the amount of
transverse steel that improves flexural performance but also the configuration
is seen from comparison with (b). This specimen has larger strength degrada-
tion and less stable hysteresis loops than (c) which has lower reinforcement
ratio. As flexural behavior is the most desirable deformation state in a mem-
ber under seismic loading, one has to be aware of which part of the cover
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(a) Hoop transverse reinforcement, ρ =
1, 69%

(b) Hoop transverse reinforcement, ρ =
2, 54%

(c) Hoop transverse reinforcement with
crossties, ρ = 1, 95%

Figure 1.28: Flexural behavior due to reinforcement configuration [64]

concrete spalls off according to the spalling strain. To ensure ductile behavior
and continued strength capacity after cover spalling sufficient confinement
must be provided by proper reinforcement configuration. Furthermore, bond
is important to limit the amount of slip which will pinch the hysteresis loops
reducing energy dissipation and perhaps strength. If these requirements are
met the most common failure mode in flexural elements is buckling of lon-
gitudinal bars as shown in figure 1.29. This failure mode occurs when a bar
previously yielded in tension is subjected to large compressive forces. At this
point the bar will perform as a column since the cover, which served as sup-
port to the bar, has spalled off leaving the bar only supported by transverse
reinforcement. Thus, the performance of such a bar will be controlled by:

• Longitudinal bar size

• Free distance between transverse reinforcement

• Yield strength of transverse reinforcement

• Strain hardening properties of steel

• Previous yielding cycles causing open cracks

The actual buckling length is difficult to determine because it can be over sev-
eral hoops as figure 1.29c shows, depending on the strength of the hoops.
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(a) (b)

(c)

Figure 1.29: Buckling modes of longitudinal reinforcement [71]

However, it is obvious that a stronger and stiffer hoop will decrease the buck-
ling length increasing buckling strength. Flexural behavior is mainly con-
trolled by reinforcement as long as the concrete performs well and ductile
leading to confinement requirements. This leads to good energy dissipation
and deformation capacity. Cover concrete will spall off in regions where the
spalling strain is overridden moving the compression zone into the confined
region of the cross section. Failure often occurs when longitudinal bars in
compression buckles after having been yielded in tension previously during
the loading history.

1.6 Members in Flexure with Axial Loading

1.6.1 Compression

Usually under static or monotonic loading, axial loads will increase moment
resistance in concrete members. This is, however, not the case during re-
versed or cyclic loading. Here axial compressive loads will cause additional
crushing of the concrete cover and core leading to more severe deterioration
of strength than without axial load. This is evident looking at figure 1.30
where two identical low-confined columns are tested with and without ax-
ial load corresponding to approximately 20% of the axial load capacity which
is a rather normal level of axial load in columns subjected to seismic action.
The specimens show clearly that compressive axial loads will decrease duc-
tility capacity severely. Already at a displacement of two times the yield dis-
placement, 2δy, the strength is decreased by more than 50% after three cycles
whereas the specimen without axial load experiences strength degradation of
only 18%. Figure 1.31 shows envelope curves of cyclic loading tests of high
strength columns with different transverse reinforcement ratios (1, 96% and
4, 26%) and axial load levels (14%, 26/28% and 37/39% of Ac fc). As expected
the moment capacity increases with increasing axial load during first load cy-
cle but the ductility decreases severely with axial load. This results in rapid
strength degradation after yielding resulting in poor inelastic cyclic behavior.
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(a) Without axial load (b) With axial load

Figure 1.30: Effect of axial load on lightly confined columns [65]

(a) ρs = 1, 96% (b) ρs = 4, 26%

Figure 1.31: Effect of axial load on columns with different confinement, enve-
lope curves of cyclic tests [52]

The figure also show that proper confinement can decrease the negative ef-
fect of axial load on the behavior as the specimens with ρs = 4, 26% behave
much better than those with ρs = 1, 96% for axial load levels below 0, 30Ac fc,
whereas for higher levels of axial load it is difficult to improve the behav-
ior even by increased confinement. Other tests as those in figure 1.32 show
acceptable ductile performance above 0, 30Ac fc but still depicts the negative
influence of increasing axial load. Only a few load cycles are attainable when
large axial loads are present. The improved ductile response in these test with
axial loads higher than 0, 30Ac fc can be due to lower concrete strength and
different confinement reinforcement configuration. Saatcioglu and Razvi [80]
has compared a large number of columns test and found indications that duc-
tility has some dependency on the design parameter

ρs fyt

fc

which is shown in figure 1.33. The research shows that a decrease in ductil-
ity due to higher concrete strength can be compensated by increasing trans-
verse reinforcement ratio and/or strength. This means that increases in the
parameters fc, Paxial , fyt and ρs have the impact on ductility as shown in ta-
ble 1.1. Thus, axial load will increase monotonic moment capacity but due
to more pronounced strength degradation under cyclic loading ductility and
cyclic moment strength decrease overall.
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(a) P
P0

= 0, 36 (b) P
P0

= 0, 50

Figure 1.32: Effect of high axial load on columns considerably confined [10]

Figure 1.33: Similar strain ductility ratios at different concrete strengths [80]

Table 1.1: Influence on ductility by increasing parameters

fc Paxial fyt ρs

µ ↓ ↓ ↑ ↑

1.7 Members in Shear

It is a common problem especially in existing structures that shear failure oc-
cur during seismic action in short columns. This often happens because the
columns have been assumed to have a longer column length in the design pro-
cess than it actually has due to e.g. masonry infills or simplifications of free
length as in 1.34. This is conservative in conventional static design but when
it comes to a strong earthquake where deformation capacity is paramount it
is not conservative. As mentioned in section 1.5 flexure is the optimal defor-
mation type regarding ductility and energy dissipation. Shear failure, how-
ever, usually takes place at low deformation levels and leads to rapid strength
degradation close to failure i.e. as a brittle failure mode. Seismic design pro-
cedures seek to attain flexural yielding before ultimate shear strength and
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1.7. MEMBERS IN SHEAR

(a) Concrete infill (b) Masonry infill

Figure 1.34: Short column shear failure

prevention of shear failure after yielding. However, shear strength degrades
faster during cyclic loading than flexural strength which is important to real-
ize as the monotonic shear strength cannot always be used as the benchmark
for design in preventing shear failure. During cyclic loading shear strength
degrades due to various mechanisms [16]:

• Degradation of interlock between aggregates along diagonal, shear cracks
due to smoothing of interface during load reversals, bond slippage and
accumulation of inelastic strains in the stirrups crossing the cracks.

• Reduction of dowel action due to load reversals and accumulation of
inelastic strains in longitudinal reinforcement.

• The development of flexural cracks throughout the depth of the member
and the ensuing reduction of the contribution of the compression zone
to shear resistance.

• The softening of concrete in diagonal compression due to accumulation
of transverse tensile strains.

Figure 1.35 shows how shear affects the deformation capacity, i.e. ductility,
and energy dissipation. The two beam elements are designed similarly except
for the length, thus making shear effects more pronounced in the short one,
figure 1.35a. Though the short beam has a higher strength capacity the neg-
ative shear effect becomes evident in the un- and reloading branches which
are pinched a lot. On the other hand the long element in flexure has very
stable hysteresis loops and capability to dissipate much energy. Furthermore,
the maximum displacement in the short element is about 50% of the ultimate
displacement in the long element decreasing ductility and stressing shear frac-
ture as being a brittle fracture mode. The pinching effect from shear increases
as the number of cycles and size of inelastic displacement grow making the
reloading branches very "flat" at the end of the tests. This tendency is very
pronounced in figure 1.35a whereas it can be seen very little in the last load
cycles in figure 1.35b because this specimen is more dominated by flexure.
Longitudinal reinforcement can contribute to the dominating shear effect as
shown in figure reffigure6abcite42 depicting the hysteresis of two similar short
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1.7. MEMBERS IN SHEAR

(a) Short beam (b) Long beam

Figure 1.35: Effect of shear on hysteresis loops [13]

(a) (b)

Figure 1.36: Effect of longitudinal reinforcement ratio in shear dominated
members [60]

columns. Only difference between the two are that one has twice as much lon-
gitudinal reinforcement. Increasing longitudinal reinforcement ratio in shear
dominated specimen leads to

• Decrease deformation capacity and ductility

• Increase pinching of hysteresis loops

• Increase strength degradation

However, these effects can be diminished by inclining the longitudinal bars so
they are diagonally placed in the member, usually coupling beams between
shear walls. This improves the behavior as can be seen in figure 1.37. The
diagonal bars create a more direct force transfer mechanism in the member
making it more susceptible to deformations. Although this arrangement in-
duce practical difficulties it is used in practice in order to comply with code
provision for ductility. The mechanisms of strength degradation in shear dom-

32



1.7. MEMBERS IN SHEAR

(a) Parallel bars (b) Diagonal bars

Figure 1.37: Effect of longitudinal reinforcement arrangement in shear domi-
nated members[34]

inated members are even more important to note when considering plastic
hinges as shear strength degradation will be more pronounced in a plastic
hinge due to:

• Flexural cracks are larger and will intersect with diagonal shear cracks.

• The concrete compression zone is smaller and more damaged

• Longitudinal bars have developed larger inelastic strains and might be-
gin to buckle decreasing their dowel action

• In plastic hinges at end sections the compression zone is also resisting
the diagonal compression from shear.
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2 Introduction

The importance of ductility in structures have been known for several decades.
Both regarding safety and design, ductility is important. Altogether, ductility
reduces hazards, enables warning of possible failure, improve overall perfor-
mance of structures and even reduces economical costs.

1. Safety issues:

a) Robustness, accidental incidents.

b) Warning of failure.

c) Deformation capacity.

d) Hazard mitigation.

2. Design advantages:

a) Redistribution of forces in statically indeterminate structures.

b) Dissipate seismic energy.

c) Control drifts.

Points 1a, 1b and 2a are all related to statics, whereas points 1c, 1d, 2b and 2c
are related to dynamics, especially earthquakes. The background for the pre-
sented work is the former points, especially 2a and 1a. However, it is believed
that the methodology can be extended to dynamic problems.

Research Significance

Determining rotational capacity of reinforced concrete members by means of
mechanics has been recognized as a very complex problem related to the fun-
damental behavior of reinforced concrete. Thus, design codes often turn to
the use of empirical solutions, which are limited by the bounds of the test pa-
rameters from which they were derived. This might not be considered a major
problem at first sight, but the fact that the background for a design method is
empirical usually fades away in the general perception as time goes. Hence,
the actual limitations of a empirical method might not be taken into consid-
eration by the practicing engineer. This calls for theoretical solutions to those
problems to replace empirical methods.

In fib Model Code 2010 (MC2010) [36] and Eurocode 2 (EC2) [32] the rotational
capacity of a beam is found graphically from two curves for high ductile (Class
C [32]) and less ductile (Class B [32]) reinforcement, respectively. The graphs
are shown in figure 2.1.

The first curve, Class C, is based on a purely statistically treatment of
around 350 beam tests[86] taking a 5% fractile. These tests were primarily
made with low strength/high ductile steel similar to modern day construc-
tion steel. The latter curve, Class B, for less ductility steel as well as the cut-
off of the first for steel rupture is derived from a model by Eligehausen and
Langer[28]. Though, the rotational capacity is modeled for the latter one, the
graphical approach only takes one parameter into account directly (neutral
axis), and a second indirectly (slenderness).
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2. INTRODUCTION

Figure 2.1: "Basic value of allowable rotation, θpl,d, of reinforced concrete sections for
Class B and C reinforcement. The values apply for a shear slenderness λ = 3, 0."[32]

It was found[28] that the high ductility curve based on tests coincident
with the model including confinement at high values of relative neutral axis.
Thus, confinement is included for this part of the design curve in EC2 [32]
and MC2010 [36], which is not mentioned in neither code. Thus, the code pro-
visions lack flexibility in design and do not incorporate the influence of all
important parameters completely. That implies the need for such code pro-
visions to be very conservative in order to take every case into account. Fur-
thermore, code provisions lack the physical understanding which a complete
model would give a designer.

Class A steel is not allowed when considering plastic rotation capacity
though it provides some capacity, especially for high values of relative neutral
axis. As concrete crushing is observed to be the primary cause of failure that
limitation may be omitted by proper modeling. The economical advantage of
using Class A steel and likely future needs for higher strength reinforcement
generate a necessity for improved modeling of rotational capacity.

Finally, tension shift in the tensile reinforcement is predominantly taken
into account by models, if at all, by assuming a 45 degree angle of the compres-
sion field. This is considered too conservative based on recent research[39]. It
will be shown in this thesis how to obtain values of the compression field an-
gle θ by energy methods. These values can be directly utilized in the rotational
capacity model.

Recap of Model

The rotational capacity model is presented in chapter 4 and consists of the
following steps.

1. A cross sectional analysis of the critical section to obtain the maximum
force in the tension reinforcement. The developed procedure is pre-
sented in section 4.1.
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2. Determination of the variation of tensile forces in the reinforcement is
determined with two contributions.

a) Moment variations.

b) Tension shift due to the effect of inclination of the compression
stress field in the web.

Both are due to the shear force and the combined variation is derived in
section 4.2. The inclination of the compression field to be applied in the
model is determined by energy methods in chapter 3.

3. Correction of the tension force curve to tension stiffening effects, which
will decrease the rotational capacity. The developed approach is derived
in section 4.3. The approach is simplified to an average method for more
convenient implementation in calculations.

4. The rotational capacity is calculated based in the corrected tension force
curve by integration of steel strains.

As it is recognized, that the compression zone of the critical cross section is
vital for the results of the model, this is further investigated in chapter 5. This
is done, firstly to include the uniaxial stress-strain curve beyond traditional
limits from strength models, εcu ≃ 3.0h. Secondly, in order to utilize the
confining effects of transverse reinforcement in a physical rational, straight-
forward but still familiar manner.

37



3 Energy Principles for Reinforced Concrete

In this chapter the angle of the compression field in the SLS is determined
by energy principles, in order to be applied in the rotational capacity model
presented in chapter 4.

Regarding the model for rotational capacity presented in chapter 4, it is
necessary to apply a value of cot θ. The problem in determining this is that
the assumed cot θ from designing at the ULS is not necessarily reached since
ultimate failure is assumed to be in bending. Hence, the hoops are assume
not to yield in the model. As an estimate for cot θ to be used in chapter 4, the
value from the SLS is considered as a reasonable value.

One might assume that an angle of θSLS = 45◦ is a good measure corre-
sponding to cot θSLS = 1.0. However, this will underestimate the influence
of the shear force on the tension force curve. Thus, giving too conservative
results.

Furthermore, θSLS = 45◦ is only valid for a material working completely
homogenously in pure shear. This is not the case in reality. Neither the stress
distribution nor the material fits those perceptions. A beam naturally does
not work in pure shear due to the moment, which is concentrated in stringers
at the top and bottom. Furthermore, as the concrete cracks primarily the re-
inforcement controls the stiffness. Hence, determination of the compression
field angle in the SLS compounds a much more complex problem.

First, energy principles are introduced in general and then applied to re-
inforced concrete. Finally, they are used to solve the problem of determining
valid and safe values of cot θ to be used in the rotational capacity model.

In the last paragraph of this chapter some safety considerations regarding
design choices of cot θULS in general are outlined.

3.1 Theory

The elastic energy, or strain energy, stored in a deformable elastic body, can be
determined as the integral given in equation (3.1).

U =
∫

V

¯̄σ ¯̄ε dV (3.1)

3.1.1 Constitutive relations

One of the most important theorems within the theory of elasticity is the con-
stitutive relation that defines a Green-elastic material1. In words, the charac-
teristics of a Green-elastic material can be defined in following way:

1Analogous to a conservative mechanical system, no energy is dissipated from a Green-elastic
material during loading. Hence, all energy is stored within the material.
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3.1. THEORY

Figure 3.1: Relation between stress and strain in a Green-elastic material

The work performed by external forces in order to displace a Green
elastic body from one state of equilibrium to another is indepen-
dent upon the path along which the body is displaced2.

The elastic energy per unit volume, W, stored in such a material can be written
as in equation (3.3), and graphically visualized as the area under the curve in
figure 3.1.

W =
∫

σxdεx + . . . τyzdφyz (3.3)

C =
∫

εxdσx + . . . φyzdτyz (3.4)

The expression in equation (3.4) represents the complementary elastic energy,
which is a purely fictitious quantum, that mathematically allows for the de-
termination of the strain field corresponding to a given stress field. Partial
differentiation of each term in equation (3.3) with respect to strain, εi, gives
the general expression in (3.5). Similarly, partial differentiation of each term
in equation (3.4) with respect to stress, σi, gives the general expression in (3.6).
From these expressions a stress or strain field can be found by the opposite.

σi =
∂W
∂εi

(3.5)

εi =
∂C
∂σi

(3.6)

In this section only linear-elastic materials are treated, which can be regarded
as a special case of the Green-elastic materials. A linear-elastic constitutive
relation is displayed in figure 3.2. In this case the elastic energy equals the
complementary elastic energy in equations (3.4) and (3.3). This special case is
sometimes referred to as Castigliano‘s equation shown in equation (3.7).

2If the performed mechanical work is independent of the path the following condition must
be fulfilled

curlW = curlC = 0 (3.2)
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3.1. THEORY

Figure 3.2: Constitutive relation of linear-elastic materials

Figure 3.3: Plane stress element subjected to uniaxial stresses

C = W ⇒ (3.7)

εi =
∂C
∂σi

=
∂W
∂σi

(3.8)

3.1.2 Strain energy

Knowing the strain energy per unit volume of a body from the total strain
energy stored in the deformed body can be found by applying equation (3.3)
to (3.1).

U =
∫

V

W dV (3.9)

In the following, the elastic energy related to different types of actions is de-
termined.

Plane Stress Elements

Consider the infinitesimal plane stress element in figure 3.3. The element is
subjected to a normal stress acting in the x-direction. Assuming that the body
is made of a linear-elastic material, the strain energy per unit volume stored
during deformation of this element is found in equation (3.12).

W =
1
2

σxεxdxdydz (3.10)
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Figure 3.4: Plane stress element subjected to pure shear

In figure 3.4 the infinitesimal plane stress element is subjected shear stresses
acting along the boundary of the element. The displaced configuration of the
element due to shear can be found by the kinematic conditions in equation
(3.11).

αx =
∂uy

∂x

αy = −∂ux

∂y

φxy = αx − αy =
∂uy

∂x
+

∂ux

∂y

(3.11)

The elastic energy per unit volume stored in the body due to the deformation
can then be found as;

W =
1
2

τxy φxydxdydz (3.12)

When considering an element subjected to a multi-axial state of stress and
strain, the elastic energy per unit volume of the infinitesimal element can be
found as a summation of all contributions. That is;

W =
1
2
[σxεx + σyεy + σzεz + τxy φxy + τxz φxz + τyz φyz]dxdydz (3.13)

Knowing the elastic energy per unit volume from equation (3.13), the total
elastic energy stored in the body can be found by means of equation (3.9).

3.1.3 External elastic work, Theorem of Clapeyron

The Theorem of Clapeyron states a relation between the real elastic work, Ay,e,
performed by external forces, p̄, during the deformation, ū, and the virtual
external work, δAy, performed by the final external force, p̄,during a virtual
displacement, δ p̄.

The theorem is based on three important assumptions and is shown graph-
ically in figure 3.5.
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3.1. THEORY

Figure 3.5: Real elastic work during loading of linear-elastic material.

• The body is made from a linear-elastic material.

• Static equilibrium is maintained for any value of the deformation ū.

• The magnitude of the external forces is progressively increased from
zero to the final magnitude, pi.

The real strain energy stored in a linear-elastic material during loading can be
determined by equation (3.9) and equation (3.13). Since no energy is dissi-
pated from the system conservative mechanical system this amount of energy
equals the necessary work performed by the external forces. That is;

Ay = U =
1
2

∫

V

(σxεx + σyεy + σzεz + τxy φxy + τxz φxz + τyz φyz)dxdydz (3.14)

The relation between the virtual work done by the external and internal forces,
when these have reached their final magnitude, is given by the Principle of
Virtual Work described in appendix A.

∫

A

p̄ū dA =
∫

V

¯̄σ ¯̄ε dV (3.15)

When comparing equation (3.14) and equation (3.15) it can be seen that the
real elastic energy stored in the body equals half of the virtual work performed
by the internal forces in the final position. Hence, it can be derived, that the
real elastic work performed by the external forces equals half the virtual work.

Ay,e =
1
2

∫

A

p̄ū dA (3.16)

3.1.4 Potential Energy

In physics, potential energy normally refers to the energy a body possesses
due to its position in a gravitational field. However, the elastic energy stored
in a deformable body in equilibrium also represents a potential energy. Hence,
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the strain energy determined in section 3.1.3 is also potential energy. When
dealing with the solution of problems concerning elastic deformable bodies,
considerations on the total potential energy of the mechanical system adopts
a key position. The total potential energy of a deformable elastic body in equi-
librium can be found as.

Epot = U − 2Ay,e =
∫

V

W dV −
∫

A

p̄ū dA (3.17)

Next, it will be shown, that the total potential energy is stationary in a state
of equilibrium. When searching for possible kinematical admissible config-
urations in equilibrium, the task is reduced to a mathematical search for a
stationary value of the expression in equation (3.17). In order to deal with
this type of problem one has to be familiar with Calculus of Variations. This
mathematical discipline is introduced in appendix B.

Consider a body in equilibrium. The principle of virtual work states, see
appendix A, that the work due to an infinitesimal virtual displacement will
vanish. The external and internal forces are assumed to be fixed during this
virtual displacement. Hence, the sum of the external and internal virtual work
represents a small change of the virtual total potential energy of the system.
Since all virtual work vanishes the following is true;

δEpot = 0 (3.18)

Equation (3.18) states that the total potential energy will gain a stationary
value in a state of equilibrium. No requirements regarding the nature of this
stationary value are imposed as shown in figure 3.6. This stationary value
could both be a maximum value as well as a minimum or a saddle point.

If the stability of a certain state of equilibrium is to be investigated the sign
of the second variation has to be evaluated as shown in figure 3.6. Only a
state of equilibrium corresponding to a minimum of the total potential energy
is stable. However, a second-order analysis is only necessary when evaluat-
ing the stability of a specific state of equilibrium, e.g. buckling of members
subjected to compression. In this thesis only minimum stationary points are
evaluated, and topics regarding stability are not treated.

Proof

Assume the existence of a deformable body in equilibrium. The body is sub-
jected to external in-plane forces along the boundary;

p =

[
px
py

]
(3.19)

The corresponding state of stress inside the body is given as;

σ =




σx
σy
τxy


 (3.20)

Due to the external forces the body will be subjected to a real displacement
field;

u =

[
ux
uy

]
(3.21)
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Figure 3.6: Possible configurations for a stationary value of potential energy.

The corresponding real strain field can be determined as;

εx =
∂ux

∂x

εy =
∂uy

∂y

φxy =
∂uy

∂x
+

∂ux

∂y

(3.22)

Now, assume that the body is subjected to an infinitesimal virtual displace-
ment, moving the body away from state of equilibrium. This virtual displace-
ment is given as;

δu =

[
δux
δuy

]
(3.23)

It is assumed, that the internal and external forces are fixed during this vir-
tual displacement. The kinematic conditions must remain fulfilled, and the
corresponding virtual stain field can therefore be determined as;

δεx =
∂δux

∂x

δεy =
∂δuy

∂y

δφxy =
∂δuy

∂x
+

∂δux

∂y

(3.24)

Internal virtual work

The virtual increase of the internal work per unit volume due to the virtual
strain field can be fund as;

δW = σxδεx + σyδεy + τxyδφxy (3.25)
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By insertion of equation (3.24) into equation (3.25) the internal virtual work
per unit volume can be written as;

δW = σx
∂δux

∂x
+ σy

∂δuy

∂y
+ τxy

(
∂δuy

∂x
+

∂δux

∂y

)
(3.26)

And the total internal virtual work is found to be;

δAi =
∫

V

δWdV (3.27)

=
∫

V

[
σx

∂δux

∂x
+ σy

∂δuy

∂y
+ τxy

(
∂δuy

∂x
+

∂δux

∂y

)]
dV (3.28)

External virtual work

Due to the virtual displacement field δu the external forces will perform a
virtual external work. Because of the static boundary conditions in equation
(3.29), which is a transformation of Newton’s 3rd Law into continuous systems,
this work will be negative.

px = σxl + τyxm + τzxn

py = σym + τxyl + τzyn

pz = σzn + τxzl + τyzm

(3.29)

The work per unit can be written as;

δQ = −
(

pxδux + pyδuy
)

(3.30)

The total virtual external work is found by integration of equation (3.30) along
the boundary of the body.

δAy =
∫

s

δQds

= −
∫

s

(
pxδux + pyδuy

)
ds (3.31)

Applying the principle of virtual work as stated in (1.1);

δAtotal = 0

δAi + δAy = 0

∫

V

δWdV −
∫

s

δQds = 0 (3.32)
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This equation can be solved by means of Calculus of Variations, which is briefly
treated in appendix B. Here it is also shown that shifting δ from inside the
integrals to outside is a legal operation. Hence;

δ

[∫

V

WdV −
∫

s

δQds

]
= 0 (3.33)

The expression in equation (3.33) states, that variation of the total potential
energy due to a virtual displacement vanishes, which also implies that the
potential energy functional will reach a stationary value in a state of equilib-
rium.

3.2 Application to Reinforced Concrete

In the serviceability limit state, both the reinforcement and concrete can with
excellent approximation be assumed to exhibit a linear-elastic behavior. Struc-
tural stiffness will be essential for the distribution of forces in the structure. It
is known that concrete cracks at low loading levels, whereby the stiffness will
be dependent on the amount of reinforcement in the cracked cross sections.

Unless the reinforcement ratio is constant in all cross sections the stiffness
will thus vary with the amount of reinforcement in each area, and sectional
force distribution will therefore be directly linked to the distribution of rein-
forcement.

3.2.1 Assumptions

It is assumed that the correlation between stresses and strains in concrete and
in reinforcement is given by Hooke’s law of elasticity modules Ec and Es. The
relationship between modules for reinforcement and concrete is called α.

Regarding the strain distribution in each cracked cross section, it will be as-
sumed that this is a straight line corresponding to a planar cracked cross sections
remains planar, i.e. deformations due to shear is neglected. Generally, this is a
good assumption for thin structures, where the bending stress is dominant.

3.2.2 Cracked Plane Stress Elements

Consider the reinforced concrete plane stress element shown in figure 3.7.
Along the edge, the plane stress element is subjected to a homogeneous stress
state by an evenly distributed normal and shear stress . The plane stress el-
ement is reinforced by orthogonally reinforcement in the x- and y-axis corre-
sponding to the geometrical reinforcement degrees ρsx and ρsy.

At low load levels, i.e. small values of stresses
(
σx, σy, τxy

)
the concrete

is believed to be uncracked. By neglecting the reinforcement to influence the
stress state in the concrete the stress state is determined using Mohr’s trans-
formation formulas for plane stress states. This stage ends when the greatest
principal stress equals the uniaxial tensile strength. When this occurs, the
plane stress element will crack and the cracks will proceed parallel with the
direction of least principal stress. This burst effect, called the initial burst ef-
fect. Considering for instance pure shear, the initial crack will be formed at an
angle of θ = 45◦ to the axes.
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3.2. APPLICATION TO REINFORCED CONCRETE

Figure 3.7: Cracked plane stress element

Depending on the reinforcement ratios in the two directions, there will im-
mediately after the formation of the initial cracks occur rearrangement of the
stresses in the plane stress element. Due to cracking the reinforcement will be
activated and affected to tension. However, at this stage after the formation of
the initial cracks it is not only the reinforcement that will carry tensile stresses.

This is because there can still be transferred normal and shear stresses
through the cracked concrete. The two concrete elements is not completely
separated. As the load increases, the cracks opening will increase, whereby
the capacity of the cracks decreases and the new cracks will therefore be formed
at a different angle than the previous set of cracks. Throughout this interme-
diate stage the stress distribution is very complex. Equilibrium is maintained
by tensile, compressive, and shear stresses in the concrete and tensile stresses
in the reinforcement.

Experiments show that both the stress state and crack direction by increas-
ing load will approach the conditions found by assuming that the concrete
cannot carry tensile stresses. Similarly, reinforcement only carries tension, as
the tensile capacity of cracks decreases as crack widths increase.

3.2.3 Statical conditions

The following seeks the stress state in the plane stress element provided in the
elastic, fully cracked stage. It is presumed that the concrete is fully cracked
and disregarding stressed tensile strength in areas between the cracks. The
only way in which the plane stress element can take the load is, therefore,
as in the ultimate limit state, by a combination of compressive stresses in the
concrete and tensile stresses in the reinforcement.

It is assumed that the correlation between stresses on the edge, tension in
reinforcement and compression in concrete is given by the equilibrium equa-
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tions for reinforced concrete plane stress elements.

σx = −σc cos2 θ + σsx
Asx

lyt

σy = −σc sin2 θ + σsy
Asy

lxt

τxy = σc cos θ sin θ

(3.34)

Here σc denotes the minimum principal stress in the concrete, which appears
under the angle θ with x-axis as positive pressure. As the stresses

(
σx, σy, τxy

)

and reinforcement ratios are assumed known the stresses in the reinforcement
and concrete is found by equation (3.35).

σc =
τxy

cos θ sin θ

σsx =
τxy cot θ

ρx

σx

ρx

σsy =
τxy

ρy

σy cot θ

ρy

(3.35)

The reinforcing and concrete stresses is thus functions of the angle of the diag-
onal concrete strut θ. The stress state is statically undetermined. It is therefore
necessary to establish an additional equation in order to determine the angle
θ, in the serviceability limit state.

3.2.4 Elastic Energy at an Arbitrary State of Stress

For a linear elastic material the elastic energy, in an arbitrary the stress state is
given by equation (3.36).

U =
1
2

∫

V

(
σxεx + σyεy

)
dV +

1
2

∫

V

(
τxy φxy

)
dV (3.36)

In a reinforced concrete plane stress element the shear stresses, in accordance
with the equilibrium equations, are carried by a combination of the normal
stresses in the concrete and reinforcement. Therefore, the last integral does not
make sense in the context of cracked reinforced concrete plane stress elements.
Equation (3.36) is therefore reduced to;

U =
1
2

∫

V

(
σxεx + σyεy

)
dV (3.37)

Neglecting the transverse contraction, i.e the effect of stresses perpendicular
to their direction of attack, equation (3.37) is written as equation (3.38).

U =
1

2E

∫

V

(
σ2

x + σ2
y

)
dV (3.38)
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This makes the elastic energy a function of stresses only. For a reinforced
concrete plane stress element the energy can be expressed as equation (3.39).

U =
α

2Es

∫

V

(
σ2

c

)
dV +

1
2Es

∫

V

(
σ2

sx + σ2
sy

)
dV (3.39)

The integration is extended to the total volume in which the stresses occurs.
Inserting the respective integration limits from figure 3.7 to equation (3.39)
gives the complete expression for the strain energy in equation (3.40).

U =
α

2Es

t∫

0

ly∫

0

lx∫

0

(
σ2

c

)
dxdydz +

1
2Es

ly∫

0

lx∫

0

As∫

0

(
σ2

sx + σ2
sy

)
dAdxdy (3.40)

Introducing the stresses, given by the equation (3.35) and inserting them in
(3.40), gives the final expression for the strain energy of a plane stress element
by equation (3.41).

U =
α

2Es

t∫

0

ly∫

0

lx∫

0

(
σ2

c

)
dxdydz+

1
2Es

ly∫

0

lx∫

0

As∫

0

([
τxy cot θ

ρx

σx

ρx

]2

+

[
τxy

ρy

σy cot θ

ρy

]2
)

dAdxdy

(3.41)

3.3 Angle of Compression Fields in Flexural Elements

The angle θSLS of the compression field in a beam is determined for the struc-
ture in figure 3.8 in the Serviceability Limit State (SLS). The following assump-
tions are applied in order to determine the stress field.

• Linear elastic materials.

• Fully cracked concrete. Hence no tension carried by concrete.

• Moment is carried by stringers in top and bottom.

• Shear reinforcement is uniformly distributed.

• Concentrated forces are transferred to the web through fans.

Under the assumptions above the model in figure 3.9 is used to determine the
stresses in each part of the beam. In general, the strain energy, U, for the part
of the beam in figure 3.9 can be formulated as equation (3.42).

U =
1
2

L∫

0

(σcwεcwbz + σswεswρswbz + σclεcl + σslεsl) dx (3.42)
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Figure 3.8: Cracked plane stress element

Using the assumption of linear elastic materials, stresses and strains can be
related by Hooke’s Law in equation (3.43).

εc =
σc

Ec
(3.43)

εs =
σs

Es
(3.44)

Applying equation (3.43) to equation (3.42), the elastic energy, U, is reduced
to equation (3.45).

U =
b
2

L∫

0

[
1
Ec

(
σ2

cwz + σ2
cly0

)
+

1
Es

(
σ2

swρswz + σ2
sl

As

b

)]
dx (3.45)

All stress terms in equation (3.42) are functions of θ as seen in the derivations
below.

Variation of stresses in the longitudinal stringers are varying linearly out-
side and parabolically inside an adjacent fan. In equations (3.46) (3.49) the
stresses are determined and the ranges of validity shown.

σsl,out =
Px
Asz

+
P cot θ

2As
for x ≤ L − l f an (3.46)

σsl,in =
P

Aszl f an

[
Ll f an − 1

2
L2 − 1

2
x2 + Lx

]
for x ≥ L − l f an (3.47)

σcl,out =
Px

y0bz
+

P cot θ

2by0
for x ≥ l f an (3.48)
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Figure 3.9: Cracked plane stress element

σcl,in =
P

2z2y0b cot θ
x2 for x ≤ l f an (3.49)

Hoop stresses are determined by equilibrium for the homogeneous stress field
between the fans.

σsw =
P

bz cot θρsw
(3.50)

σcw,out =
P (tan θ + cot θ)

bz
(3.51)

Using the equations of equilibrium (A.4) inside the fan, the variation of the
compression stresses in the concrete can be formulated. The width of the fan,
l f an, can be expressed as a function of y.

l f an(y) =
1
2

lw +
z cot θ

z
y =

1
2

lw + y cot θ (3.52)
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By equilibrium in the y-direction and using the general equations of equilib-
rium, the stress in x, y coordinates are found.

σy =
P

bl f an(y)
=

P
t (lw + y cot θ)

(3.53)

τxy =
P cot2 θ

b (lw + y cot θ)2 x (3.54)

σx =
P cot3 θ

b (lw + y cot θ)3 x2 (3.55)

Since, no tensile strength in the concrete is assumed, the tensile principle stress
σ2 = 0. Thus, the compressive principle stress, σ1 = σcw,in is found by the
transformation formula (3.56)

σ1
σ2

}
=

1
2
(
σx + σy

)
±
√(

1
2
(
σx + σy

))2
+ τ2

xy =

{
σx + σy

0 (3.56)

Inserting equations(3.53) and (3.55) in (3.56) the concrete compression stress
in the fan is found.

σcw,in =
P cot3 θ

b (lw + y cot θ)3 x2 +
P

b (lw + y cot θ)
(3.57)

3.3.1 Optimal stress distribution

The correct stress distribution, under the given assumptions, can be found by
minimizing the energy equation (3.45) with respect to the compression field
angle, θ. This is done by equation (3.58).

∂U
∂θ

= 0 (3.58)

Each contribution to the total strain energy, U, is found by separating the inte-
gral in equation (3.45) by terms. Below the energy contributions are listed by
integrals with respective limits. However, the solved integrals are not shown
as these are very extensive.

Strain energy contribution from shear reinforcement.

Usw =
1

2Es

L∫

0

(
P

bz cot θρsw

)2
bzρswdx

=
P2L

2bzρswEs
tan2 θ (3.59)

Strain energy contribution from the concrete in the uniform stress field.

Ucw,out =
b

2Ec

∫

A

(σcw,out)
2 dA

=
P2

2Ecbz
(tan θ + cot θ)2

(
L − l f an

)
(3.60)
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Strain energy contribution from the concrete in the fan.

Ucw,in =
b

2Ec

∫

A

(σcw,in)2 dA

=
P2

2bEc

z∫

0

lw+y cot θ∫

0

(
cot3 θ

(lw + y cot θ)3 x2 +
1

(lw + y cot θ)

)2

dxdy (3.61)

Strain energy contribution from longitudinal reinforcement separated in con-
tributions inside and outside the fan.

Usl,out =
1

2Es
As

L−l f an∫

0

(σsl,out)
2 dx

=
P2

2AsEs

L−l f an∫

0

(
x
z

+
1
2

cot θ

)2
dx (3.62)

Usl,in =
1

2Es
As

L∫

L−l f an

(σsl,in)2 dx

=
P2

2AsEs

L∫

L−l f an

(
1

zl f an

[
Ll f an − 1

2
L2 − 1

2
x2 + Lx

])2

dx (3.63)

Strain energy contribution from longitudinal concrete stringer separated in
contributions inside and outside the fan.

Ucl,out =
1

2Ec
Acl

L∫

l f an

(σcl,out)
2 dx

=
P2

2Acl Ec

L∫

l f an

(
x

y0bz
+

cot θ

2by0

)2
dx (3.64)

Ucl,in =
1

2Ec
Acl

l f an∫

0

(σcl,in)2 dx

=
P2

2AclEc

l f an∫

0

(
1

2z2y0b cot θ
x2
)2

dx (3.65)
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3.3.2 Parameter study

The effects of the influencing parameters on the variation of cot θ are inves-
tigated by a parameter study. In this study the following assumptions are
made.

• Concrete does not carry any tension.

• Linear elastic constitutive relations.

• Moments are carried by tension and compression stringers.

The varied parameters are:

• Shear inclination angle chosen at ULS, cot θULS.

• Longitudinal reinforcement ratio, ρs.

• Slenderness, L
d .

• Concrete strength, fc.

For each combination of cot θULS, ρs, L
d and fc all other parameters is deter-

mined directly from equations 3.66.

As = bdρs (3.66a)

z = d − As fy

2b fc
(3.66b)

Pu =
As f yz

L
(3.66c)

ρsw =
Pu

fyzb cot θULS
(3.66d)

τ =
Pu

bz
≤ νV fc

cot θULS + tan θULS
(3.66e)

The chosen value of the shear inclination angle from the ULS, i.e. cot θULS,
is inversely proportional with the amount of necessary shear reinforcement.
Hence, an increase of cot θULS entail a decreasing need of shear reinforcement.
Thus, there will be a strong economical reasoning behind increasing cot θULS
within the limit of equation (3.66e).

Another limit on the choice of cot θULS is related to hoop stresses as pre-
viously mentioned. This is taken into account in figures 3.10-3.12 by omitting
results which do not comply with equation (3.68). Hence, some of the curves
are cut-off where results are not valid.

It is clear from the figures, that cot θULS and cot θSLS are not the same in
most cases. This is indicated by the dashed lines which represent values where
cot θULS = cot θSLS. Results on the left or above the dashed lines are safe in
the SLS regarding steel stresses but might be critical to the inclined concrete
compression strut. This is treated in the next section.
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Figure 3.10: Optimal values of shear inclination at the SLS, cot θSLS, for vary-
ing design choices from the ULS of shear inclination, cot θULS and longitudinal
reinforcement ratio, ρs.

In the cases where results are under or to the right of the dashed lines are
safe in the SLS regarding the compression strut but corrected to the steel limit
as mentioned earlier.

From this study, the value for modeling is determined to be as prescribed
in equation (3.67).

cot θmodel = min

{
cot θULS

2.0
(3.67)

Using this value will provide a safe estimate of cot θ when determining ten-
sion shift, without being too conservative.

SLS Limits

In codes [1, 2, 25] rather strict limitations are imposed on the range of allow-
able values of cot θULS. These limitations are primarily due to considerations
regarding shear reinforcement stresses[46] as equation (3.68).

σsw ≤ fyw (3.68)

Another reason behind these limits is to control crack widths in the SLS caused
by redistribution of forces due to design choices of e.g. cot θULS. These con-
siderations originate in the assumption that the shear inclination in the SLS is
θSLS = 45◦ equal to cot θSLS = 1.0.

As seen in figures 3.10-3.12, some choices of cot θULS induce the paradox of
cot θULS < cot θSLS. It first glance this might cause one to believe, that this is
an even safer case than cot θULS = cot θSLS. However, it must be recalled that,
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Figure 3.11: Optimal values of shear inclination at the SLS, cot θSLS, for vary-
ing design choices from the ULS of shear inclination, cot θULS and beam slen-
derness, L

d .

the concrete compression strut is controlled in design with regard to cot θULS.
Hence, the actual design criteria for the compression strut exists in the SLS.

From these considerations a limit can be formulated regarding the rela-
tionship between load, P, and the shear inclination angle in the ULS and SLS,
respectively. This is done from equation (3.66e) by dividing equations (3.69)
and (3.70) into equation (3.71).

τULS =
PULS

bz
≤ νV fc

cot θULS + tan θULS
(3.69)

τSLS =
PSLS
bz

≤ νV fc

cot θSLS + tan θSLS
(3.70)

PULS
PSLS

≥ cot θSLS + tan θSLS
cot θULS + tan θULS

(3.71)

In figure 3.12 it is obvious that the difference between ULS and SLS is greatest
for high concrete strengths. Thus, by the increasing need for and use of high-
strength concrete the problem may become even more critical.
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Figure 3.12: Optimal values of shear inclination at the SLS, cot θSLS, for vary-
ing design choices from the ULS of shear inclination, cot θULS and concrete
strength, fc.
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4 Rotational Capacity of Flexural Elements

This chapter describes a model for calculating the rotational capacity of flex-
ural elements, such as beams or columns. Hence, under the assumption that
any other type of failure (e.g. shear, anchorage, abutment etc.) is prevented.
It directly incorporates all parameters of influence and takes the static system
of the structure into account. The presented model determines whether fail-
ure is governed by steel rupture or concrete crushing and distinguish clearly
between those failure criteria.

Shear failure is generally assumed to be avoided by proper shear reinforce-
ment in the model. In the case of low shear reinforcement ratios, it is required
that failure is dictated by rotation and not translation. Hence, failure of beams
affected by Kani’s Valley[47] is not covered by the model.

Models with similar approaches have been made by[7, 55]. However,
though tension shift1 and bond models are alike in the presented model, sig-
nificant differences are made in order to prevent cumbersome calculations due
to iterations. Secondly, the inclination of the compression field, θ, due to shear
is determined in chapter 3.

Furthermore, a simple crack distance model is developed and incorpo-
rated in the model. Finally, it is worth noting that the aforementioned models[7,
55] have the purpose of test comparison, whereas this model is also for design
purposes.

Though, a continuous beam with point loads is considered in the develop-
ment of the model, it can be directly extended to other loading and support
systems. A major advantage of the model is that no empirical factors are used;
i.e. all parameters are physically rational and the model is not restricted to
specific tests. The model is presented as the calculation progresses in order to
emphasize the application of it.

Integrating curvatures over the plastic hinge length is a common way of
determining the rotational capacity of a hinge. The curvatures are determined
by dividing the total deformation of the tensile reinforcement by the distance
to the neutral axis. Thus the plastic rotational capacity can be defined as equa-
tion (4.1).

αp =

∫
Lp

εs,p(x)dx

d − y0
(4.1)

The change of force and thus deformation in the tensile reinforcement is
subdivided in two contributions originating from the physical influence of
respectively:

1. Shear force.

2. Tension stiffening.

1The term tension shift in this article is defined as the change of tension force in the longitudi-
nal tensile reinforcement due to inclination of the compression field in the web.
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The shear force effect is global on the system. It is giving both moment varia-
tions and an additional tension force due to inclination of compressive stress
fields in the web[61]2.

Tension stiffening is controlled by bond stresses. A rigid-plastic constitu-
tive bond model with two levels is used in this article, as seen in figure 4.9.

Derivation of the physical model is subdivided in a simple and an ex-
tended model. The simple model, section 4.2, consists of the influence of mo-
ment and shear variations on the tensile forces in the reinforcement. Tension
stiffening effects caused by concrete between cracks are included in the ex-
tended model, section 4.3. Leaving out tension stiffening will cause an overes-
timation of the rotational capacity. This is illustrated by an example in section
4.4.

The calculation process of the model can be summarized as

1. Determine the maximum tension force in the hinge by an analysis of the
critical cross section as shown in section 4.1.

2. Calculate the tension force variation due to shear force including tension
shift due to inclination of the diagonal compression field.

3. Adjust the tension force curve to the influence of tension stiffening ef-
fects between cracks.

4. Integrate the steel strains over the plastic hinge length and transform the
deformation into the plastic rotation.

4.1 Cross Sectional Analysis

The first task in the model is to determine the maximum tension force, Tmax
in the element. In this section the approach used in this thesis is derived. It
is somewhat similar to usual design strength methods with some alterations.
Those are necessary to utilize the ductility properties of reinforcement and
concrete. The alterations are outlined below.

1. Maximum tension force, Tmax, and moment, Mu are found from strain
limitations, instead of steel yield or ultimate strength.

2. A new and more flexible equivalent stress block for the concrete com-
pression zone is introduced.

3. Using a recently presented constitutive relationship [81] for the com-
pressed concrete, stress block parameters are determined for various ul-
timate concrete strains. This is done in chapter 5.

The critical cross section is controlled versus the two possible failure criteri-
ons:

(i) Steel rupture, β < βlimit.

2The effect from inclination of compressive stress fields in the web is also referred to as shear
inclination in the article.
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Figure 4.1: Variation of rotational capacity with relative neutral axis depth.
The limit between failure criterions is shown.

(ii) Concrete crushing in the compression zone,
β > βlimit.

Steel rupture is the failure criterion at low values of β, i.e. tension reinforce-
ment ratios ρs. In most common cases, though, concrete crushing is the failure
mode. Quantitatively, the separation of the two failure modes are shown in
figure 4.1.

The control of failure criterion is performed by determining which ulti-
mate strain, concrete or steel, is the limiting parameter.

The limit between the two failure criterions is governed by the special case
where both εsu and εcu are obtained in the cross section. It can be determined
from the strain diagram in figure 4.2 as a relative neutral axis depth limit,
βlimit, in equation (4.3). The relative neutral axis in general is defined as equa-
tion (4.2).

β = y0
d (4.2)

βlimit =
εcu

εcu + εsu
(4.3)

In order to find the maximum tension force in the reinforcement at failure,
the critical cross section is modeled as in figure 4.2.

An equivalent rectangular stress distribution is assumed in the compres-
sion zone with size fc, distribution λy0 and position of the resultant at γy0
from the neutral axis.

Assumptions

The cross sectional analysis is performed under the following model assump-
tions:

(i) Longitudinal tension reinforcement yields.
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Figure 4.2: Critical cross section

Figure 4.3: Bi-linear stress-strain relationship for tension rein-
forcement

(ii) Bi-linear steel stress-strain relation as in figure 4.3 with post-yield stiff-
ness Esy equation (4.4) and post yield stress equation (4.5), for tension
reinforcement.

Esy =
fu − fy

εsu − εsy
(4.4)

σs = fy + Esy(εs − εsy) (4.5)

(iii) Stresses in compression reinforcement is checked for design rules, e.g.
σsc ≤ 0.8 fyc[32].

(iv) The concrete in compression is modeled by an equivalent rectangular
stress block defined by parameters λ and γ.

The equivalent stress block parameters, λ and γ, are conceptually defined in
figure 4.2. These are thoroughly examined in chapter 5
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4.1.1 Maximum Tension Force

No matter which failure criterion is relevant the neutral axis depth is found
from internal force equilibrium. The internal forces can be written as equa-
tions (4.6), (4.7) and (4.8).

T = Asσs (4.6)

Cc = bλy0 fc (4.7)

Csc = Ascσsc f or σsc ≤ 0.8 fyc (4.8)

Introducing the strain relations (4.9) and (4.10) by similar triangles for the
strain diagram in figure 4.2, the steel stresses can be expressed in terms of
y0 and εcu.

εs = εcu
d − y0

y0
(4.9)

εsc = εcu
y0 − dsc

y0
(4.10)

The tension steel stress beyond yielding is governed by equation (4.5), whereas
the compressive steel by Hooke’s law as no stresses larger than σsc = 0.85 fy.
Applying force equilibrium on the cross section and using equations (4.9) and
(4.10), y0 is the only unknown and is found by (4.11).

∑
−→
F = 0 ⇒

T − Cc − Csc = 0 (4.11)

From the neutral axis depth derived by equation (4.11), the compression steel
stress is calculated by (4.10) and controlled. If σsc > 0.85 fy, the compression
steel stress in (4.11) is replaced with (4.12) and the right neutral axis depth is
derived.

σsc = 0.85 fy (4.12)

Finally, the maximum tension force, Tmax, and the failure moment, Mu, can be
found from equations (4.13) and (4.14).

Tmax = Asσs (4.13)

Mu = Tmax (d − y0) + Cc (y0 − dsc) + Cscγy0 (4.14)

Steel Rupture

If β for the cross section is smaller than equation (4.3) steel rupture is the fail-
ure criterion. In the calculation of β for initial control against equation (4.3),
the compressive reinforcement can generally be neglected as a rather small
neutral axis depth causes low steel stresses in the compression reinforcement.
Furthermore, taking the compressive reinforcement into account will produce
an even smaller β, why the simplification is valid for the initial control. Hence,
β for initial control of steel rupture can be determined by equation (4.15).

βs =
As fu

λbd fc
(4.15)

62



4.2. SIMPLE PHYSICAL MODEL

In the case of steel rupture, the tension stress is obviously known as (4.16).

σs = fu (4.16)

This simplifies the derivation of y0, Tmax and Mu profoundly.

Concrete Crushing

In the event of β > βlimit concrete crushing is the failure criterion. This entails
a more complex, nevertheless explicitly solvable solution. In this case the steel
stresses are unknown, however the concrete strain εcu, is known.

Using (4.9) and (4.10) with εcu when taking equilibrium for the cross sec-
tion, an explicit value for the neutral axis depth can be determined. Applying
the neutral axis depth y0 to (4.9) the maximum steel tension force is derived
using equation (4.5).

4.2 Simple physical model

The basis of the physical model for derivation of the rotational capacity of a
beam is shown in figure 4.4. The support region in a continuous beam is con-
sidered. This part of the beam must be able to undergo plastic deformations
in order to enable the redistribution of moments often assumed in design. The
simple model consists of these calculation processes

1. Determine the maximum tension force, Tmax, in the hinge by an analysis
of the critical cross section as shown in section 4.1.

2. Calculate the tension force variation due to shear force, causing both
moment variations and additional tension forces due to shear inclina-
tion.

The model is derived under the following assumptions:

(i) Longitudinal tension reinforcement yields.

(ii) Bi-linear steel stress-strain relation for tension reinforcement as in fig-
ure 4.5. The post-yield stiffness Esy and post yield stress, σs, are defined
by equations (4.17) and (4.18).

Esy =
fu − fy

εsu − εsy
(4.17)

σs = fy + Esy(εs − εsy) (4.18)

(iii) Point loads and support reactions are applied through loading plates
with definite dimensions, blw.

(iv) Shear failure and yielding of shear reinforcement is prevented by proper
design for shear.

(v) Shear is transferred from the point loads or to the supports by shear re-
inforcement and inclined compression in the concrete of the beam web.
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Figure 4.4: Simple physical model

(vi) At load and support regions the shear inclination angle, ϕ, varies from
the maximum value, θ, to perpendicular to the beam axis at V = 0.

(vii) Stresses in the shear reinforcement are constant and distributed evenly.

(viii) The variation of the tension force, ∆TV , is due shear, affecting both mo-
ment variation and shear inclination.
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Figure 4.5: Bi-linear stress-strain relationship for tension rein-
forcement

(ix) The variation of neutral axis depth inside the plastic hinge is neglected.
The value from the critical cross section is assumed applicable.

In the following derivations, the force P is referred to as the concentrated force
resultant in the plastic hinge; whether it is a support reaction or an applied
point load. Derivations are kept at force level to avoid the influence of e.g.
cut-off reinforcement arrangements.

4.2.1 Variation of tension force

The influence of shear force on the tensile force in the reinforcement, as shown
in figure 4.4, is derived in two steps by considering the free-body shown in
figure 4.6.

1. Inside the stress fan where the contribution from shear varies along the
beam axis.

2. Outside the fan where the shear influence is constant.

The maximum inclination angle at the limit of the fan is governed by elastic
deformation of the shear reinforcement. A local beam axis η is introduced
from the critical section with V = 0 and the extension of the fan, l f an is defined
as (4.19).

l f an =
1
2

lw + zcot(θ) (4.19)

Note that the fan cannot extend over a support or point load next to it. Thus
equation (4.20) is the limit for the static system in this derivation. For other
systems the factor in front of Lbay might differ.

l f an ≤ 1
2

Lbay (4.20)

The reaction/load is applied over the length of the loading plate, lw, cre-
ating a distributed load, p. The tension force curve is determined from equa-
tion (4.21). The loss of force due to shear causing moment variation and ten-
sion shift is represented in total by ∆TV(η). The variation is different inside
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Figure 4.6: Free-body inside fan

and outside the fan, respectively. This is due to variation of the inclination of
the compression strut in the web inside the fan. The inclination is constant
outside the fan.

T(η) = Tmax − ∆TV(η) (4.21)

Inside the fan

As the fan develops when η increases, the active support length is a function
of the beam axis, x, and the angle ϕ.

a = x − ztan(ϕ) (4.22)

Since the stresses in the shear reinforcement are assumed to be constant, the
equivalent stirrup stress [61], σsw, is also constant. Thus, it can be determined
by equilibrium at the end of the fan as equation (3.1.1).

σsw = V0
bzcot(θ)

(4.23)

Introducing equation (4.21) and applying the equations of equilibrium (4.24)
and (4.25).

∑ F = 0 ⇒

tan(ϕ) =
cot(θ)

l f an
η (4.24)

∑
y

MA = 0 ⇒

∆TV(ϕ)z = σswbztan(ϕ)
[

a + 1
2 ztan(ϕ)

]
− 1

2 pba2 (4.25)
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Figure 4.7: Rotational capacity, shown as hatched area, based on simple
model.

Using a, l f an and σsw, the variation of the tensile force3 can be determined as
equation (4.26).

∆TV(η) =
V0

2zl f an
η2 (4.26)

Outside the fan

Outside the fan the classical solution by the diagonal compression field method
[61] is used4. The change of tension force is linear outside the fan. It is found
as the gradient at the limit of equation (4.26), i.e. at η = l f an, in order to
comply with boundary conditions at the end of the fan. Thus, the variation
outside the fan can be derived as equation (4.27).

∆TV(η) =
V0

z
η − V0

2z
l f an (4.27)

The tension force curve is then formed inside and outside the fan by applying
equation (4.26) and equation (4.27) respectively, to equation (4.21).

4.2.2 Rotational Capacity

The plastic rotational capacity, shown as hatched area in figure 4.7, for the
hinge is then possible to calculate by transforming the tension force curve

3Recognizing the force variation as being due to a local equivalent shear stress along the
reinforcement, τV , being the first derivative of ∆TV(η) from equation (4.26) divided by the sum
of circumferences of the reinforcement, O

τV(η) =
∂∆TV(η)

∂η
=

V0

zl f anO
η

Hence, τV , varies linearly and the tensile force parabolically with x inside the fan, which is in
accordance with the physics governed by the change of inclination angle.

4Since the inclination angle, θ, is constant outside the fan, the shear stress on the reinforce-
ment is also constant

τV =
V0

zO
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equation (4.21) to the strain domain through the reinforcement stress-strain
constitutive relationship from figure 4.5 and equation (4.18).

εs,p(η) =

T(η)
As

− fy

Esy
(4.28)

Note that subzero values from equation (4.28) are regarded as zeroes. The
plastic length can be determined from equation (4.28) as the length with non-
zero values. Total plastic slip is then calculated by integration of equation (4.28)
over the plastic length.

sp =
∫

Lp
εs,p(η)dη (4.29)

The plastic rotation for the hinge can be directly determined by dividing equa-
tion (4.29) with the distance to the neutral axis.

αp =
sp

d − y0
(4.30)

4.3 Extended physical model

Tension stiffening will decrease the tensile forces, hence deformation, in the
longitudinal reinforcement, which is illustrated by the hatched area in fig-
ure 4.8. Thus, it would be unconservative to leave out this effect. In order
to take tension stiffening into account, the simple model in section 4.2 can be
extended by introducing a crack model and a bond constitutive relation.

The extended model consists of these calculation processes directly appli-
cable to the simple model.

1. Determine crack distances inside the plastic hinge length.

2. Adjusting the tension force curve by the influence of tension stiffening
effects between cracks.

The model is extended under these assumptions:

(i) The variation of the tension force is adjusted with a contribution from
tension stiffening, due to τ2.

(ii) Bond stresses follow the rigid-plastic constitutive relation in figure 4.9[7,
55]. Bond stresses are divided in two levels τ1 and τ2. Crack formation
is controlled by τ1. The stiffening effect at failure from concrete between
cracks by τ2.

(iii) All deformation is concentrated in the cracks[7].
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4.3. EXTENDED PHYSICAL MODEL

Figure 4.8: Extended physical model

Figure 4.9: Constitutive relation for bond

4.3.1 Crack distance

Crack distances are part of a very complex mechanism where force is trans-
ferred from steel to concrete. New cracks will form when the transferred force
exceeds the tensile capacity of the effective concrete area. Uncertainties with
regard to concrete tensile strength and the transfer mechanism lead to a some-
what random crack distribution with different distances. However, by intro-
ducing a mean crack distance which takes this randomness into consideration
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4.3. EXTENDED PHYSICAL MODEL

Figure 4.10: Stress distributions between cracks when a new crack forms.

it is possible to derive a single expression for the crack distance. The mean
crack distance will be in the interval between the minimum crack distance
and the maximum crack distance corresponding to twice the minimum crack
distance.

The mean crack distance for flexural elements has been investigated through
experiments by several authors[18]. The influencing parameters can be sum-
marized as

x0,m = f

(
c, cs,

db
ρe f f

, σs,
fct

τ1

)
(4.31)

Using simple assumptions regarding the parameters a model for the crack
distance can be developed.

(i) The crack pattern is fully developed at a certain steel stress level smaller
than the yield stress.

(ii) Maximum bond stress, τ1.

(iii) Mean crack distance is related to the minimum crack distance by the
factor, ϖ[18].

(iv) The effective tensile concrete area has the same centroid as the tensile
reinforcement.

(v) Concrete tensile stresses are evenly distributed over the effective area.

(vi) Hoops and proper design prevents splitting mechanism neglecting in-
fluence of cover and longitudinal reinforcement spacing.

The assumptions above lead to the stress distributions between cracks showed
in figure 4.10.

The smallest possible distance between cracks must be obtained when the
transferring shear stress is at its maximum and at the cross section with the
smallest strength. After this crack level no more cracks will be formed and
only crack widths will increase.

Figure 4.10 shows the stress state when the minimum crack distance is
obtained. By cutting the concrete free of the reinforcement bar as well as at
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4.3. EXTENDED PHYSICAL MODEL

a primary crack and at the cross section where the new crack will be formed,
equilibrium gives the minimum crack width.

x0,min =
fct,min

τ1

bhe f f − As

O
(4.32)

The minimum crack distance can be related directly to the mean crack width
through the ratio factor, ϖ[18].

x0,min = ϖx0,min

= ϖ
fct,min

τ1

bhe f f − As

O
(4.33)

The ratio, ϖ, is usually determined through tests of pure tension members.
These elements differ from flexure controlled members in a very important
manner. In a tension member cracks will occur at random locations only re-
stricted by the minimum length over which the force transfer is at least large
enough to reach the tensile strength of the concrete. However, in a flexural
member the first crack will initiate at maximum moment and the crack pat-
tern will propagate from this point decreasing the randomness of the crack
distance known from tension members. Thus it is merely the difference in
concrete tensile strength that will contribute to , ϖ, and the ratio will be unity
if the mean tensile concrete strength is used instead of the minimum strength.

The mean crack distance over the plastic hinge length, Lp, is thus deter-
mined by equation (4.34) without any empirical or statistical constant.

x0 =
fctm

τ1

bhe f f − As

O
(4.34)

where fctm is the mean tensile strength of the concrete and he f f the height of
the effective tensile concrete.

Eurocode[32] gives some expressions for he f f , but the area having the same
centroid as the tensile reinforcement is considered to be reasonable here.

4.3.2 Tension stiffening effect

The qualitative effect of tension stiffening on the tensile reinforcement is seen
in figure4.8. Tension stiffening effects differ between cracks as shown in figure
4.11. No stiffening effect is assumed to be present in the cracks and to be
maximum at the zero slip distance mid-way between cracks. Bond stresses,
τ2, act in opposite directions between cracks with regard to the beam axis as it
is an reaction to the deformation of the tensile reinforcement acting from each
crack face.

Though the effect appears to differ along the beam axis the projection of the
tension-stiffened force curve on the beam axis is independent of moment and
shear dependent force variations. In order to develop the simplest method to
determine the total stiffening effect, an average approach is used.

It can be shown that the distance to the zero slip section at the ultimate
stage is 1

2 x0 with regard to tension stiffening. This is due to the fact that this
point is independent of the external load at the ultimate stage since tension
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Figure 4.11: Effect of tension stiffening on reinforcement force

Figure 4.12: Free body reinforcement bar with tension stiffening

stiffening is taken into account with regard to the tension zone alone. Thus,
global effects as the load application does not have any influence on the zero
slip distance.

The difference between the unstiffened and average stiffened force curve
is constant is determined by equation (4.35), where both Tcr and Tmin on the
true tension curve vary along the beam axis.

∆TTS = 1
2 (Tcr − Tmin) (4.35)

By equilibrium for the free body in figure 4.12 the constant ∆TTS can be
determined

∆TTS =
1
4

τ2x0O (4.36)

Which is physically rational as ∆TTS increases with larger crack distance, x0,
and larger bond stress, τ2. The tension force curve is formed inside and out-
side the fan similarly to section 4.2 and then adjusted for the tension stiffening
effect by equation (4.36). Hence, leading to equation (4.37).

TTS(x) = Tmax − ∆TV(x) − ∆TTS (4.37)

4.3.3 Rotational Capacity

The rotational capacity for the beam is then calculated similarly to section 4.2.2
only replacing T(x) from equation (4.21) by TTS(x) from equation (4.37) in
equation (4.28). Subsequent calculations by equations (4.29) and (4.30) are
then unchanged.
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Figure 4.13: Example. Static system and cross sectional detailing.

4.4 Example

In this section an example is presented to demonstrate how to use the model,
see figure 4.13. The structure is taken as a segment of a continuous beam5

from zero moment sections over an intermediate support equivalent to the
static system of three point bending. The example is calculated by the entire
model; hence both the simple and extended parts.

Additional values used in this example are listed below6. The calculation
process consists of:

1. Find the maximum tension force, Tmax, section 4.1.

2. Determine the variation of the tension force curve, T(η), section 4.2.1.

3. Adjust the tension force curve to tension stiffening effects, TTS(η), sec-
tions 4.3.1 and section 4.3.2.

4. Calculate the rotational capacity, αp, section 4.3.3.

4.4.1 Maximum tension force

The critical cross section can be found to be governed by concrete crushing
as failure criterion. Using the constitutive steel relation from equation (4.18),
strain relations and equations of equilibrium on the cross section7; the relative

5The reinforcement arrangement is assumed to be similar in the bays; thus same tension and
compression reinforcement.

6Steel class B[32], compressive steel strength fyc = 0.85 fy, fc = 30 MPa, εcu = 4.0h, λ = 0.8,

fctm = 0.3 f
2/3
c and τ1 = 4τ2 = 1.4 fctm, concrete cover 25 mm, d = 461 mm, Lbay = 8000 mm,

lw = 150 mm and cot(θ) = 2.0 by chapter 3.
7Use figures 4.2 and 4.6 as references.

73



4.4. EXAMPLE

neutral axis depth, β, can be found solving equation (4.38) for β8 with σs,max
and σsc as

σs,max = fy + Esy

(
εcu

1 − β

β
− εsy

)

σsc = Esεcu

(
1 − dsc

βd

)

β =
Asσs,max − Ascσsc

λbd fc
= 0.109 (4.38)

Finding β, the maximum tension force, Tmax, is found straightforward by
equation (4.39), using the strain and constitutive steel relations.

Tmax = As

[
fy + Esy

(
εcu

1 − β

β
− εsy

)]
= 261 kN (4.39)

4.4.2 Variation of tension force

Moment equilibrium for the critical cross section gives the moment at failure,
Mu = 115 kNm, and the accompanying shear force9 is found by statics,

V0 =
4Mu

Lbay − 1
2 lw

= 58 kN

Hence the variation of the tension force curve is determined from equations (4.21),
(4.26) and (4.27)10.

∆TV(η)In =
V0

2zl f an
η2 = 6.92 · 10−5η2

∆TV(η)Out =
V0

z
η − V0

2z
l f an = 0.13η − 63.0

4.4.3 Tension stiffening

Tension stiffening is taken into account by determining the crack distance,
x0 = 72 mm, from equation (4.34) and then adjusting the tension force curve,
T(η) from equation (4.37), by the average stiffening effect, ∆TTS = 2.75 kN,
from equation (4.36)11.

TTS(η) = Tmax − ∆TV(η)In − ∆TTS

= 259 − 6.92 · 10−5η2

8Note that the compressive steel stress is to be checked for σsc ≤ 0.85 fyc. If this inequality is
not satisfied σsc = 0.85 fyc is used in equation (4.38).

9Note that the calculation of V0 could be simplified a bit if the extension of the loading plate
is disregarded, V0 ≃ 57 kN. This simplification is conservative with respect to rotational capacity.

10η is in mm, z = 440 mm, l f an = 1
2 lw + zcot(θ) = 954 mm.

11Note that only the expression inside the fan is displayed for TTS(η), as the plastic hinge
length, Lp ≃ 757 mm, is smaller than 2l f an. This is found by determining the limit of η when
T(η) = Ty = 249 kN as η ≃ 379 mm. If the plastic hinge extended to outside the fan, the absolute
value of ∆TV(η)Out is subtracted in T(η).
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Table 4.1: αp and Lp by the model.

Index values

%TS TSreal TS %TS%V TS%V

αp 1.44 1.01 1.00 0.39 0.30
Lp 1.13 1.00 1.00 0.25 0.20

4.4.4 Rotational capacity

Finally, the rotational capacity, αp, is calculated by equations (4.28), (4.29) and
(4.30).

εs,p(η) =

TTS(η)
As

− fy

Esy
= 2.35 · 10−2 − 1.64 · 10−10η2

sp =
∫ 1

2 Lp

− 1
2 Lp

εs,p(η) dη = 11.9 mm

αp =
sp

d − y0
= 2.88 · 10−2 rad

In table 4.1 the results are shown when using the model with, TS, and without,
%TS, tension stiffening, respectively. Furthermore, the results by utilizing the
"real" tension stiffened curve, TSreal e.g. seen in figure 4.11, are depicted to see
the influence of using the average stiffening effect, ∆TTS. Finally, the effects
of neglecting tension shift when determining the tension force variation, are
displayed by, %TS%V and TS%V . The results in table 4.1 are shown as index
values relative to the results from the extended model.

The results in table 4.1 clearly show that tension stiffening has a significant
influence on αp. However, whether tension stiffening is taken into account
by the average method presented in section 4.3.2 or by the actual curve is of
small significance. Note that the difference between TS and TSreal

12 will be
even smaller for larger values of αp and Lp.

4.5 Parameter study

As a designer it is useful not only to calculate the rotational capacity of a spe-
cific structure but also knowing how to adjust ones design in order to reach
a necessary value of rotational capacity. In this section a parametric study is
presented to illustrate how the various main parameters of the model affect
both αp and Lp. The parametric study is carried out, based on where the pa-
rameters anticipated to be most influencing is varied one at the time. Besides
validating the physics of the model, this parameter study can be used if a de-
signer wants to increase the rotational capacity. Then the most influencing
parameters is obvious from this study.

The chosen parameters are listed below with intervals of variation for each
parameter in brackets. Where the interval is listed as a symbol it is relative to
the value of the parameter in the example from section 4.4. The example is
chosen as a base model for this parametric study.

121% in this example.
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Table 4.2: Parameters prioritized by order of influence on αp
and Lp

αp Lp

Order of
influence

ρs (+) / - ρs (+) / -
ρsc + Esy +
fc + fc +
Esy + ρsc +
τ2 - τ2 -
L + L +

+ = increasing αp or Lp for increasing parameter
− = decreasing αp or Lp for increasing parameter

(i) Tensile reinforcement ratio, ρs ∈
[
ρsc : 3ρs

]
.

(ii) Compressive reinforcement ratio, ρsc ∈
[
0 : ρs

]
.

(iii) Post-yield stiffness, Esy ∈
[

1
800 Es : 1

20 Es

]
.

(iv) Concrete strength, fc ∈
[
20 : 60

]
.

(v) Bond stress at failure, τ2 ∈
[
0 : τ1

]
.

(vi) Distance between points of contraflexure, L ∈
[

1
4 L : 3

2 L
]
.

The specific values of the parameters from the base model are shown as dots
in figures 4.14 and 4.15. The values in the figures are shown relative to the base
model results13. The figures are only shown for αp and Lp, but not κp, since the
plastic hinge length is a real physical parameter whereas the curvature varies
much over Lp. Hence, the average curvature, κp,ave, over the plastic hinge
length is not an actual physical quantity; nevertheless, the overall influence
of the curvatures can be seen from the difference between the figures. The
effects of the parameters are in general larger on αp than on Lp which is in
compliance with the physics due to the definition of αp = Lpκp,ave.

In table 4.2 the parameters are listed in order of influence on αp and Lp, re-
spectively. Furthermore, the type of influence of each parameter on the results
is presented by either +, increasing, or −, decreasing when the parameter is
increased.

The results for αp show an approximately linear variation with ρsc, fc
14,

τ2 and L. The variation is more nonlinear for Esy with a decreasing gradient
and very nonlinear for ρs which is split in two parts. The first part is when
steel rupture occurs. The second for concrete crushing with the peak as limit
between the failure criteria.

13Note that the parameter intervals do not start at 0 except in the case of ρsc and τ2. Thus the
figures are showing the intervals on the abscissas and do not necessarily show the values from 0.
Also note, that the ordinate axes vary for αp.

14The notches for steel class A and B is due to the failure criterion changes to steel rupture at
high concrete strengths.
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Figure 4.14: Influence of varied parameters on the plastic rotational capacity.

Though, the tension stiffening effect of τ2 appears rather small, it is still
significant and cannot be neglected as that would be unconservative. The
influence of tension stiffening is seen to be in the amount of a 50% decrease of
αp in the example from section 4.4 compared to τ2 = 0 in figure 4.14e. This is
in correlation with table 4.1 for both αp and Lp.

Do note, that the ratios on the ordinate axes in figures 4.14 and 4.15 may
differ if a different base model is chosen; e.g. with a smaller ρs. Hence, this
parametric study is displaying tendencies and relative influence of the various
parameters.

In figures 4.14 and 4.15 the parametric study is also performed for each
steel class according to EC2 [32]. It is obvious from figure 4.14a, 4.14b, 4.15a
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Figure 4.15: Influence of varied parameters on the plastic hinge length. - - and
+: EC2.

and 4.15b that the steel class influence αp and Lp significantly in the case of
steel rupture. However, for concrete crushing no significant influence is ap-
parent except the position of βlimit, i.e. the peak point15. This difference in
effect of steel class between each failure criterion makes more physical sense
than the code provisions. In EC2 steel ductility also profoundly affects the
rotational capacity at concrete crushing even though the value εsu is of no in-

15The differences between the curves for concrete crushing are mainly attributed to the differ-
ence in Esy between steel classes. This is also the reason why class B and C curves for ρsc, τ2 and L
parallel-displaced. Class A steel is subject to steel rupture at the base model values which causes
the differences.
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fluence in this case.
Finally, in figure 4.14 a comparison is shown with the rotational capacity

based on MC2010 [36], which is also implemented in EC2 [32]. It is observed
in figure 4.14a that the presented model provides significantly higher values
of αp for lower values of ρs. Correspondingly, the model is conservative to [36]
for high values of ρs. The latter fact is considered to be due to the simplified
modeling of the concrete in the compression zone.

The limitation of εcu and omission of confining effects significantly de-
crease values of the modeled αp as ρs increases. On the other hand, is the
effect of fc seen in figure 4.14b, where the model describes a high dependency.
This is mainly due to the fact that, an increase in fc results in a decrease in
relative neutral axis depth β similar to the effect of decreasing ρs in figure
4.14a. A more detailed constitutive modeling of the concrete will incorporate
decreasing concrete ductility by increasing strength fc.

Finally, Lp is constant in the codes as seen in figure 4.15. However, this
is not in correlation with experiments and the physics of the problem. The
presented model finds Lp in each case which may be important if e.g. the
extend of plasticity is needed to be known. Overestimation of Lp by MC2010
at high values of ρs is another reason for the difference of αp in figure 4.14a.
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5 Confined Compression Zones

In flexural elements, ductility of the concrete compression zone is paramount
in achieving rotational capacity, αp, which is clearly seen by e.g. the parameter
study in section 4.5. In most cases, concrete crushing is the failure criterion
except for low reinforcement ratios.

The usual strength approach, regarding the compression zone as equiva-
lent to a uniaxial compressed concrete cylinder, is too simple considering de-
formations. In a flexural element a much more complex mechanism is present.
Shear reinforcement[58], loading plates, surrounding concrete and variation
of strains[17, 22, 90] over the cross section prevent propagation of internal
cracks, restraining volumetric expansion of the compressed concrete. Thus,
the compression zone in a flexural element will be in a multiaxial compressed
stress state; and might have a profoundly increased ductility.

Attaining larger ductility for the compression zone will enhance the rota-
tional capacity in several ways as seen qualitatively in figure 5.1.

1. Shifting the transition point between failure criterions, steel rupture and
concrete crushing, horizontally.

2. Increasing the rotational capacity, especially for concrete crushing.

3. Increasing the plastic hinge length, Lp. (This is not seen in figure 5.1.).

These improvements have been observed both in experimental tests[4, 5, 8, 9,
14, 15, 17, 19, 20, 23, 24, 33, 40, 43–45, 48, 53, 54, 56, 69, 74, 75, 83, 87, 91, 93, 94]
and in modeling[7, 11, 26, 29, 41, 42, 55, 84]. However, modeling have been im-
paired due to either complex computations or limitations on equivalent stress
blocks.

The advantages in using this stress block are:

Figure 5.1: Principal variation of rotational capacity with relative neutral axis
depth[41].
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1. Confinement can be taken into account directly, in an analogue form to
the uniaxial approach.

2. Same constitutive model as for uniaxial compression.

3. Flexible by introducing two new parameters defining the extend and
position of the stress block.

The constitutive stress-strain relationship used to derive the stress block pa-
rameters, is summarized in section 5.1. The stress block parameters depend
on the uniform confinement stress, fr, and ultimate compression strain, εcu. In
section 5.2, the constitutive model parameter fr is related to confinement due
to transverse reinforcement.

5.1 Constitutive Model

The constitutive model presented in this section is from a recently proposed
work[81]. It is well-verified versus experimental results both with and with-
out confinement stresses. This model is considered to have two major advan-
tages.

1. Normal and high-strength concretes are both applicable by the same
model. fc ranging between 20 − 120MPa

2. Confinement can be directly incorporated.

Hence, the same constitutive relationship is applicable to all configurations of
geometry and reinforcement arrangement. That consistency is considered a
major strength for a constitutive relation for concrete.

In figure 5.2 the definition of the model is shown. All empirical constants
are taken from the work of [81], except Young’s module for concrete, Ec. Here
the expression from Eurocode 2 [32] is used. In all equations parameters are
inserted in MPa.

Figure 5.2: Definition of constitutive model.
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5.1.1 Uniaxial Constitutive Model

In the following, the constitutive model is briefly summarized for uniaxial
compression. In section 5.1.2 the addition of confinement is introduced.

In the case of uniaxial compression, the confining stress parameter for the
model is neglected in the following, i.e. fr = 0.

Ascending branch

The mathematical function for the ascending branch is the fractional polyno-
mial shown in equation (5.1).

σc

fc
=

AX + BX2

1 + (A − 2)X + (B + 1)X2 (5.1)

εc ≤ εc,0

X =
εc

εc,0

A =
Ecεc,0

fc

B =
(A − 1)2

0.55
− 1

The initial and secant stiffness are assumed equal as the value from Eurocode
2 [32] in equation (5.2).

Ec = 22000
(

fc + 8
10

)0.3
(5.2)

The strain, εc,0, at fc is defined by equation (5.3).

εc,0 =

(
fc

Ec

)
4.26
4
√

fc
(5.3)

The empirical constant, k1, used for the ascending branch is given in equation
(5.4)

k1 =
1.25

f (0.21)
c

(5.4)

Descending branch

The mathematical function for the descending branch is the power function
shown in equation (5.1.1).

σc

fc
=

(
σc,i

fc

)
(

εc−εc,0
εc,i−εc,0

)2

εc ≥ εc,0
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Figure 5.3: Modeled uniaxial stress-strain relationship, various concrete
strengths.

The inflection point stress, σc,i, and strain, εc,i, are determined by equations
(5.5) and (5.6).

σc,i

fc
= 1.41 − 0.17 ln ( fc) (5.5)

εc,i

εc,0
= 2.76 − 0.35 ln ( fc) (5.6)

In figure 5.3 the modeled uniaxial stress-strain curves is shown for concrete
strengths b between fc = 20 MPa and fc = 120 MPa.

5.1.2 Confined Constitutive Model

In this section the constitutive model including confinement is summarized.
The uniaxial constitutive model in section 5.1.1 is a special case ( fr = 0) of this
general model. Thus, inserting fr = 0 in this model yields the uniaxial model.
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Ascending branch

The mathematical function for the ascending branch is the same as for the
uniaxial case in section 5.1.1 in equation (5.1). The rest of the model is changed
as presented in the following.

The peak stress, f0, and peak strain, εc,c0, are defined by equations (5.7)
and (5.8). The uniaxial peak strain, εc,0, from equation (5.6) is used.

f0 =

(
fr

0.558
√

fc
+ 1

)k1

fc (5.7)

εc,c0 = ek2 εc,0 = ek2

(
fc

Ec

)
4.26
4
√

fc
(5.8)

The empirical constants used for the ascending branch are given in equation
(5.9)

k1 =
1.25

f (0.21)
c

(
1 + 0.062

fr

fc

)

k2 = (2.9224 − 0.00367 fc)

(
fr

fc

)(0.3124+0.002 fc)
(5.9)

Descending branch

The mathematical function for the descending branch is the power function
shown in equation (5.1.2).

σc

f0
=

fres

f0
−
(

1 − fres

f0

)(
σc,ci

f0

)
(

εc−εc,c0
εc,ci−εc,c0

)2

εc ≥ εc,c0

It is assumed that the descending branch reaches a residual strength, fres,
which depends on the amount of confinement pressure, fr. The residual strength
increases with confinement pressure and is determined from equation (5.10)
ranging between 0 and f0.

fres

f0
= 1 − 1

k3

(
fr
fc

)k4
+ 1

(5.10)

The inflection point stress, σc,ci, and strain, εc,ci, are defined by equations (5.11)
and (5.12).

σc,ci

f0
=

fres

f0
+

(
1 − fres

f0

)(
σc,i

fc

)
(5.11)

εc,ci

εc,c0
= k5

fres

f0
+

(
1 − fres

f0

)(
εc,i

εc,0

)
(5.12)
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Figure 5.4: Modeled stress-strain relationship, various confining stresses for
concrete strength fc = 60 MPa.

Here the uniaxial inflection point stress, σc,i, and strain, εc,i, are determined
by equations (5.5) and (5.6). The empirical constants used for the descending
branch are given in equation (5.13).

k3 = 795.7 − 3.291 fc

k4 = 5.79
(

fr

fc

)0.694
+ 1.301

k5 = 1.26 +
2.89√

fc

(5.13)

Examples for modeled confined stress-strain curves are depicted in figure 5.4
for constant uniaxial concrete strength, fc = 60 MPa, and varying confinement
stresses ranging between fr = 0 and fr = fc.

In figure 5.5 is shown the effect of constant relative confinement pressure,
fr, on increasing uniaxial strength. It is clear that for higher strength concretes
the effect decreases. Thus, in order to attain same relative ductility, larger
confining pressure fr must be provided. This is in accordance with both ex-
perimental experience and the fact that high strength concretes are known to
dilate less due to a smoother fracture plane.
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Figure 5.5: Modeled stress-strain relationship, various concrete strengths for
constant confining stress fr = 0.1 fc MPa.

5.2 Confinement

The objective of this section is, to relate the usual way of applying confine-
ment in practice by transverse reinforcement, to the uniform confining stress,
fr. The main difference is that confinement by reinforcement acts passive,
whereas fr in the model is defined from active confinement stresses distributed
uniformly.

Confinement reinforcement by hoops in quadrilateral cross sections does
not provide even confining effects as illustrated in figure 5.6. Thus it is neces-
sary to determine a measure of the effectiveness for a specific reinforcement
arrangement, which does not provide optimal confinement.

The envelope area defined by bi and hi is found straightforward as the cen-
terline of the hoops[67]. Hence, the cover concrete is deducted as in equation
(5.14).

bi = b − 2cb

hi = h − 2ch

(5.14)

The effective confined part can be equalized with the hatched quadrilateral
shown in figure 5.6 with side lengths b′ and h′. These lengths depend on
the depth of the stress curtains and thus, the distances between hoops and
longitudinal bars respectively.

b′ = f (lh, s)

h′ = f (lb, s)
(5.15)

The stress curtain shapes are assumed as parabolic with depths dc,b, dc,h and
dc,s. These depths are difficult to determine exactly and can only be obtained
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Figure 5.6: Confining effect of transverse reinforcement on cross section at a
hoop. Shown as cut B-B in figure 5.7.

Figure 5.7: Confining effect of transverse reinforcement in longitudinal direc-
tion. Shown as cut A-A in figure 5.6.

from experiments. Usually the same relative depth in each direction is as-
sumed, such that only one constant is to be found as seen in equation (5.16).

dc,b = kclb

dc,h = kclh

dc,s = kcs

(5.16)

Suggested values of this constant vary between kc = 0.14 [9] and kc = 0.25 [35].
In a cross section at a hoop, the confined part of the section is given conser-

vatively by equation (5.17). The factors nb and nh represent the number stress
curtains of lengths lb and lh, respectively.

(
b′h′)

section = (bi − 2kcnblb) (hi − 2kcnhlh) (5.17)

The confined stress must be able to pass every section. As indicated in figure
5.8, the smallest confined part of the section is located in the middle between
two stirrups. The combined effect of the stress curtains in both transverse and
longitudinal directions is shown in figure 5.8.

b′h′ = (bi − 2kc (nblb + ls)) (hi − 2kc (nhlh + ls)) (5.18)
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Figure 5.8: Combined confining effect of transverse and longitudinal rein-
forcement midway between hoops.

The section can carry a load determined by the confined stress on the area
by equation (5.18), and the unconfined stress on the remaining part of the
section with area given by equation (5.19).

Ac,u = hb − b′h′ (5.19)

This can alternatively be interpreted as the unconfined stress is acting over the
entire cross section and the difference between the confined and unconfined
stress is acting on the area b′h′. An example of this approach is shown in figure
5.9. Hence, in this manner confinement is applied as an additional stress on
top of the uniaxial contribution.

It is the latter of these approaches, which will be used in section 5.4, deal-
ing with flexural elements. The two parts can both be treated by means of λ
and γ given by equations (5.22) and (5.24). In the confined part of the cross
section, σc (εc) is replaced by σcc (εc) − σc (εc) and fc is replaced by f0. For the
unconfined part is used index u and for the confined part is used index c.
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Figure 5.9: Definition of stress-strain relationship for the additional confining
effect σcc (εc) − σc (εc).

5.3 Equivalent Stress Block

The stress block parameters λ and γ are determined in this section from the
constitutive model in section 5.1. An equivalent compression zone stress block
is derived by finding a rectangular stress block with the same resultant, i.e.
area, and moment capacity, i.e. point of gravity, as the true stress distribution.

The necessity for deriving stress block parameters as presented in this sec-
tion are twofold. Firstly, the constitutive model [81] summarized in section
5.1 provides the opportunity of consistency for both low- and high-strength
concretes as well as including confinement. Secondly, in order to keep the
physical rationality it is reasonable to require that the stress block does not
exceed the compression zone. This is only possible to ensure in general by
defining the stress block parameters as it is done in this thesis.

The following assumptions are used in the derivations:

• The constitutive relation from section 5.1 is used.

• The extreme concrete strain, εcu, is variable.

• The concrete strength, fc is kept constant.

The principal relationship between the stress blocks is seen in figure 5.10. It
is seen that the rectangular stress block is defined by the concrete strength, f0,
and the two factors λ and γ. There are two requirements for the equivalent
stress block in relation to the original stress distribution.

1. The resultants must be the same. This is governed by f0 and λ.

2. The distance from ordinate axis to the resultant must be equal. This is
governed by γ.
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Figure 5.10: Relationship between real and equivalent stress blocks.

These factors represent the size and position of the stress block. They are kept
relative to the extreme concrete strain, εcu. Hence, they can be directly applied
to a cross-sectional analysis relative to the neutral axis depth.

The areas AO and AE must be equal in order to have the same value of the
resultants from the equivalent stress block and the actual stress distribution.
λ is defined by equation (5.22).

AO =

εcu∫

0

σc (εc) dεc (5.20)

AE = fcλεcu (5.21)

λ =

εcu∫
0

σc (εc) dεc

fcεcu
(5.22)

Hence, λ represents the size of the equivalent stress block relative to the ex-
treme concrete strain, εcu, which is directly proportional to the size of the neu-
tral axis, y0.

The stress block must provide the same moment capacity of the cross sec-
tion as the actual stress distribution. Thus, the position of the point of gravity,
TP, for the two areas, AO and AE, in figure 5.10 must be equal. The distance,
εc,TP, from the ordinate axis to the point of gravity for an area defined by a
function (here equations (5.1) and (5.1.1)) can be found by well-known math-
ematics seen in equation (5.23).

εc,TP = γεcu =

εcu∫
0

[
σc (εc)

]
εc dεc

εcu∫
0

σc (εc) dεc

(5.23)
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The relative distance, γ, to the point of gravity can then be found from equa-
tion (5.24).

γ =
εc,TP

εcu
=

εcu∫
0

[
σc (εc)

]
εc dεc

εcu

εcu∫
0

σc (εc) dεc

(5.24)

In figure 5.11 the equivalent stress block parameters λ and γ is seen for var-
ious values of fc as functions of εcu. Initially, these graphs might not seem
more suitably in calculations than the actual stress-strain relationship. How-
ever, for cases of practical interest, εcu > 4.0h, the results are much more
unified. This point is emphasised in figure 5.12, where the curves from figure
5.11 are normalized to the curves for fc = 120MPa. Especially, the γ curves
are practically linearly varying with fc for fc ≥ 30MPa.

5.3.1 Design Parameters

In figure 5.13 the results are depicted for some possible values of ultimate
concrete strain εcu.
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Figure 5.11: Equivalent stress block parameters vs. ultimate concrete strain,
uniaxial case.
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Figure 5.12: Equivalent stress block parameters vs. ultimate concrete strain,
normalized with regard to fc = 120MPa.
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Figure 5.13: Equivalent stress block parameters vs. concrete strength for vari-
ous values of ultimate concrete strain, εcu.
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Figure 5.14: Equivalent stress block parameters vs. ultimate concrete strain,
fr = 0.1 fc.
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5.4 Application to Flexural Elements

The final objective is to implement the developed approach to the cross section
of a flexural element. In order to do so, the rectangular cross section shown
in figure 5.15 is considered. It represents a critical cross section, i.e. a cross
section where failure will occur and rotational capacity is needed. This could
be at an intermediate support of a continuous beam or at a fixed end.

Transverse reinforcement is applied to prevent shear failure and will addi-
tionally providing confinement shown as hatched in figure 5.15.

In figure 5.15 the compression zone is translated into effective areas of con-
fined and unconfined concrete. The equivalent stress blocks and internal force
resultants are also shown. The maximum tension force, Tmax, is found by vary-
ing εcu.

Taking force equilibrium for the internal forces in figure 5.15 the neutral
axis depth, y0, can be derived for each chosen value of εcu.

∑ F = Tmax − (Csc + Ccc + Cc) = 0 ⇒

0 = Asσs − Ascσsc − bλuy0 fc − b′λch′ f0 (5.25)

The steel stresses in equation (5.25) are determined from equations (5.26) and
(5.27).

σs = fy + Esy

(
εs − εsy

)

= fy + Esy

(
εsc

d − y0

y0 − dsc
− εsy

)
(5.26)

σsc =





0.85 fy f or εsc > εsy

Esεsc f or εsc ≤ εsy
(5.27)

When the neutral axis depth has been determined by equation (5.25), the ulti-
mate moment, Mu, is found by moment equilibrium around the tension force
resultant, equation (5.28).

∑ M =0 ⇒ (5.28)

Mu =Ascσsc (d − dsc) + bλuy0 (d − y0 + γuy0) fc+

b′λch′ (d − y0 + γch′) f0

(5.29)

A numerical investigation of the effect of confinement by this approach is
conducted with the results shown in figure 5.16. The parameters from the
example in section 4.4 are used in this investigation. The only differences are
kc = 0.14, fr = 0.1 fc, s = 60 mm and 3Y8 as compression reinforcement.

The effect of applying the confinement stress block as developed in this
section is shown in figure 5.16. It is seen that incorporating confinement in
the presented way improves the rotational capacity. The somewhat limited
increase in rotation capacity by taking confinement into account is mainly due
to
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Figure 5.15: Considered cross section for application of confined compression
zone approach to flexural elements. Positioned mid-way between hoops.

• The small dimensions of the beams whereby the confined area is rela-
tively very small compared to the entire compression zone.

• The relatively small transverse pressure
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Figure 5.16: Comparison of rotational capacities with and without confine-
ment.
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6 Discussion

Overall, the model captures all main physical aspects of rotational capacity
of flexural elements. Subjects for further research and choices of assumptions
are discussed in this section to clarify the development of the model.

6.1 Critical cross-section

The approach taken in chapter 4 to find the maximum tension force, Tmax is
analogous to known design methods for strength. However, it is adjusted to
take advantage of the entire capacity of the steel and concrete, governed by εsu
and εcu. This is intentional in order to ease computations. However, not taking
confining effects into account will cause underestimation of the ductility of
the concrete compression zone[79]. An approach to include confinement is
outlined in chapter 5 showing promising results.

At small confinement effects, the strength of the concrete in the compres-
sion zone is considered to be relatively similar to the cylinder strength due to
the positive effects being equaled by negative effects normally described by
effectiveness factors[32, 61].

The effects of shear inclination, taken into account for the tension force
curve, are also present in the compression zone. However, contrary to the
tension force, shear inclination will decrease the value of the compression re-
sultant. This will have a beneficial effect on the ductility of cross sections
where shear is present. Thus, there could be two types of critical cross sec-
tions, which are to be investigated. The confined type of cross section e.g.
at loading/support plates and those where deformations of the compression
zone are unrestricted. This could be a section right next to the loading plate
where the compression resultant has been reduced for the shear effect.

Size effects are known to have significant influence on the unloading branch
of concrete in compression [17, 59, 78, 88, 89]. As the unloading branch is the
crux of the matter in adjusting the constitutive stress-strain relation for the
compression zone in a flexural element size effects could be necessary to take
into account.

The difference in ductility of compressed concrete between uniaxial cylin-
ders and compression zones in flexural elements have been recognized for
several years[79]. However, it is still a problem in modeling due to the afore-
mentioned complexity of the mechanism.

6.2 Neutral axis depth

Calculating rotational capacity, αp, from equation (4.30) the neutral axis depth,
y0, from the critical cross section is used. This is obviously a simplification
since y0 will vary over the entire member. However, deriving this variation
is a cumbersome task which might not have much influence on the final re-
sults as the deformations are assumed to be concentrated in the cracks and
only the plastic hinge is considered. Thus, the size of y0 varies little why this
simplification is considered to be valid, though a little unconservative.
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The assumption might have to be altered as the compression zone in the
critical cross section is modeled more ductile due to confinement. Neverthe-
less, in the presented state of the model, using y0 from the critical cross section
is believed to be satisfactorily precise regarding y0.

6.3 Shear inclination angle

The variation of shear inclination angle inside the fan describes the shear effect
on the tension force in a precise but simple way. The common known strength
solution[61] will overestimate the results, whereas neglecting the shear influ-
ence would profoundly underestimate the results.

The value of the maximum shear inclination angle, cot(θ) = 2.0, used in
the model is considered to be reasonable with regard to investigations made
in chapter (3). Though, both longitudinal reinforcement and concrete in the
compression zone acts non-linear in the hinge, the results by linear-elastic en-
ergy methods are considered to be applicable. This is due to the fact that the
deviations are considered to lead to slightly conservative estimates of θ.

In earlier investigation[39] theoretical values are shown to correspond well
with tests giving values of cot(θ) ranging between 2.0 and 2.5. Since αp in-
creases with cot(θ), it is conservative to use the values of cot(θ) from equation
(3.67) in the model.

6.4 Division of internal tensile forces

In the model, the variation of tension forces in the tensile reinforcement is
conceptual subdivided in the effects of

1. Shear and moment forces, global effect.

2. Bond stresses, local effect.

The division is done by dividing the model in simple and extended versions.
In doing so the physics are more obvious but also enables the designer to

choose which degree of complexity in calculating αp is necessary. Moreover,
the model is much more flexible for potential improvements due to future re-
search developments. One such development could be deeper understanding
of the bond characteristics.

6.5 Tension stiffening model

Tension stiffening is taken into account by a rather simple model, which nev-
ertheless includes all important parameters. The average stiffening force ∆TTS
is easy applicable in calculations and still reflects the true tension stiffening ef-
fect very precisely under the assumptions of the model. The only difference
between using the "true" and the average tension stiffened curve is at points
where the actual force does not yield. However, from the example it is seen
that even for rather small plastic hinges, this error (≃ 1%) is negligible.

The values for bond strengths, τ1 and τ2, need further investigation and
validation. Much research have been carried out regarding anchorage and
splices, but less regarding actual stiffening effects and almost nothing in areas
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with plastic deformation of longitudinal reinforcement. Not much research of
bond after yield have been conducted in general. Nevertheless, test results[55,
57, 85] support the assumed rigid plastic constitutive relation for bond which
is also introduced by[7, 55].

Bond strength values obtained by the usual anchorage tests are affected by
confining compression stresses in the concrete due to load application. Thus,
those test setups do not truly represent the bond mechanism in a plastic hinge
where no compression stresses are present. Hence, the mechanism behind
the rigid plastic constitutive relation is considered reliable whereas the actual
levels of τ1 and τ2 need to be investigated.

Note that the circumference of the tensile reinforcement, O, does not have
any effect on the final value of αp. This is seen from evaluation of equa-
tions (4.34) and (4.36). However, O still has a physical meaning regarding
the crack distance, x0 and thus the individual crack widths.

6.6 Rotational demand

Determination of the rotational demand to verify against αp is a subject in
need of further investigation. It is important to know the amount of deforma-
tion necessary to accommodate an assumed failure mechanism; both in design
of statically indeterminate structures and earthquake design by capacity de-
sign methods.

Energy methods have shown encouraging preliminary results, but still
have to be further researched. Furthermore, energy methods usually cause
rather cumbersome calculations why simplifications or another way of ob-
taining the rotational demand is necessary.

6.7 Constitutive Model

It is straightforward to see that the model yields reasonable results for the uni-
axial case where fr = 0. The residual stress from equation (5.10) also becomes
zero. Hence, the maximum stress by equation (5.7), strain at peak stress by
equation (5.8) and inflection point stress and strain by equations (5.11) and
(5.12) yields the uniaxial values fc, εc,0, σc,i and εc,i.

The peak stress f0 is attributable to the confining stress fr causing a multi-
axial stress condition increasing the strength.

Considering Coulomb’s Frictional Hypothesis, equation (6.1), the constant
k may be determined from equation (5.7) with σ3 = f0 = f ( fr = fc) and
σ1 = fc.

σ3 = fc + kσ1 (6.1)

The variation of the parameter k with uniaxial concrete strength, fc, based on
the constitutive model adapted in this article is seen in figure 6.1. The trend
of decreasing k for increasing fc is in compliance with previous research [62],
though the gradient is smaller for the presented model.
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Figure 6.1: Variation of Coulomb parameter k and friction angle, ϕ (dashed
line), with concrete strength according to model in section 5.1, and experi-
mental results[62].

6.8 Equivalent Compression Zone

An equivalent compression zone stress block is determined similarly to the
traditional strength approach with a few adjustments. These are necessary
due to the fact that the extreme concrete strain is unknown contrary to strength
design where a certain value is chosen. Thus, the physical meaning of the
equivalent stress block can be lost for large values of εcu where the stress block
may become larger than the neutral axis depth.

6.9 Confinement

Confinement is known to improve ductility of concrete. The effect is desir-
able to utilize in a rotational capacity model. This is done in a rational and
straightforward manner by introducing an additional stress block to the com-
pression zone. The additional stress block represents the difference between
the uniaxial stress over the entire compression zone and the confining stress
in a limited part. In this way, it is possible to apply confinement directly to a
cross sectional analysis.

The main obstacle in applying the constitutive confinement model to an
actual case is the determination of the confining stress fr. In the constitutive
model this quantity is defined as a uniform external stress, whereas in an ac-
tual reinforced concrete member confinement originates from a passive effect
by reinforcement. It is thus needed to find a relation between passive and ac-
tive confinement. This could be done by determination of strains in transverse

104



6.10. FUTURE RESEARCH TOPICS

reinforcement caused by transverse strains in the compressed concrete as the
volumetric strains are restrained by the hoops. This can then be transformed
to a uniform confining stress fr to be used in the constitutive model.

An effect of this interaction between concrete strains and confining stress
is most likely that fr will increase with εcu. This will have an improving effect
on the ductility of the compression zone.

6.10 Future Research Topics

Based on the research presented in this thesis the following subjects are con-
sidered to be of main interest for further research.

1. Influence of shear inclination on the compression resultant.

2. Determining whether fr can be directly related to transverse concrete
strains.

3. Improve implementation of confinement approach.

4. Validation of energy solution for the shear inclination angle.

5. Derivation of methods to determine the rotational demand.
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7 Conclusions

The model presented in this thesis describes the mechanism of rotational ca-
pacity in flexural members in a realistic but simple manner generally consist-
ing of four parts:

1. The maximum tensile force in the reinforcement is determined by a cross-
sectional analysis of the critical cross section. As far as possible the anal-
ysis is developed based on known models. However, in the presented
model is used a non-linear modeling of the reinforcement. Failure is
controlled by either steel rupture at low reinforcement ratios or concrete
crushing in other cases.

2. The overall distribution of tensile forces in the longitudinal reinforce-
ment is determined by the use of energy principles. Doing this, the fa-
vorable effect of shear contributing to tensile forces is included directly.

3. The negative effect of tension stiffening is included in the model by ad-
justing the tension force curve. Initially, this induces cumbersome cal-
culations as an incremental approach is needed. An approximation is
introduced to significantly simplify calculations. It is shown that this
approximation leads to small deviations compared to the theoretically
correct model.

4. Nonlinear modeling of concrete in the compression zone including con-
finement. Improvements of the model are achieved by applying an ad-
ditional confining stress in a part of the compression zone. A direct
method, identical to modelling of unconfined concrete, for taking con-
finement into account is adopted

It is required that failure is dictated by rotation and not translation, i.e.
beams affected by Kani’s Valley is not covered by the model.

The calculation process of the model can be summarized as:

1. Determine the maximum tension force in the hinge by an analysis of the
critical cross section.

2. Calculate the tension force variation due to shear force including tension
shift due to inclination of the diagonal compression field.

3. Adjust the tension force curve to the influence of tension stiffening ef-
fects between cracks.

4. Integrate the steel strains over the plastic hinge length and transform the
deformation into the plastic rotation.

A parametric study shows that all main parameters influence the results why
the model cannot be simplified further. Through an example the applicability
of the model is shown.

Through the example and parametric study, it is seen that tension stiffen-
ing and tension shift have significant effects on αp and that these effects are
clearly captured by the model. The model is compared to EC2 and MC2010
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7. CONCLUSIONS

yielding higher values of αp for lower to middle-range values of ρs. However,
at high values of ρs the model is conservative due to the constitutive model
for concrete in the compression zone.

Crushing of concrete in the compression zone is the most common failure
criterion by the model. This is in accordance with observations in tests. How-
ever, in some cases neglecting confinement effects is too crude an assumption.
This is shown by a thorough investigation of the compression zone and im-
plementation of confinement in a straightforward manner.

Overall, the model is considered superior to the code model, by enabling
the designer to adjust a certain design directly relative to the physics. Fur-
thermore, the model is able to use any ductility class of reinforcement. This
model is believed to have major strengths relative to other models in this field
of research, as it is:

(i) Simple; thus possible to use in design.

(ii) Rational; all parameters are physically understandable and none empir-
ical (except material properties).

(iii) Flexible; it can be used with any type of static system as well as rein-
forcement and cross sectional design.
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A Principle of Virtual Work

Consider a deformable body subjected to external forces acting along the bound-
ary of the body. Then the principle of virtual work states a relationship be-
tween the work performed by these external forces during a virtual displace-
ment of the body, and the work done by internal forces during this virtual
displacement of the deformable body. In order for the principle of virtual
work to be true the following conditions must be satisfied;

• Static conditions.
The external forces on the boundary of the body must be in equilibrium
with the state of stress inside the body.

• Kinematic conditions.
The deformation of the body must be consistent with the strain field
inside the body.

However, no restrictions are imposed to what concerns;

• Constitutive relations.
The virtual strain field due to the deformations does not have to be de-
rived from the internal stress field. Hence, the constitutive relations are
not taken into account.

• The nature of the imposed displacements.
These are virtual (i.e. fictitious) displacements, not necessarily real.

The principle of virtual work can be written as in (A.1)

∫

A

p̄ū dA =
∫

V

¯̄σ ¯̄ε dV (A.1)

The expression on the left side represents the virtual work of the external
forces p̄ acting on the boundary of the body during the prescribed displace-
ment ū. The expression on the right side represents the internal work due to
the internal stress field ¯̄σ and the internal strain field ¯̄ε. The strain field is de-
rived from the displacements, and the stress field is derived from the external
forces. As can be seen, the principle of virtual work states a relationship be-
tween four different variables. For instance, if the external boundary forces p̄
and the corresponding stress field ¯̄σ are known along with the internal strain
field ¯̄ε, then the corresponding displacements ū can be determined by apply-
ing the principle of virtual work, or vice versa.

A.1 Proof

In the following the principle of virtual work will be derived in the two-
dimensional case, e.g. plane stress in plane stress elements. As will be seen
later, the principle is based on the assumption that a virtual change is as-
signed to a pair of corresponding variables, e.g. forces/stresses or displace-
ments/strains, while the other pair of variables remains fixed during the vari-
ation.
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A.1. PROOF

Figure A.1: Infinitesimal plane stress element-element subjected to internal
stresses and boundary forces

The principle can be derived by means the equations of equilibrium and
static boundary conditions when considering the static equilibrium of an in-
finitesimal deformable body. In the general three dimensional case the equa-
tions of equilibrium are given in (A.2) and the static boundary conditions by
equations (A.3).

∂σx

∂x
+

∂τxy

∂y
+

∂τxz

∂z
= 0

∂σy

∂y
+

∂τyx

∂x
+

∂τyz

∂z
= 0

∂σz

∂z
+

∂τzx

∂x
+

∂τzy

∂y
= 0

(A.2)

px = σxl + τyxm + τzxn

py = σym + τxyl + τzyn

pz = σzn + τxzl + τyzm

(A.3)

Considering the infinitesimal plane stress element in figure A.1 the equations
of equilibrium (A.2) and static boundary conditions (A.3) are reduced to equa-
tions (A.4) and (A.5).

∂σx

∂x
+

∂τxy

∂y
= 0

∂σy

∂y
+

∂τyx

∂x
= 0

(A.4)
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A.1. PROOF

px = σxl + τyxm

py = σym + τxyl
(A.5)

Furthermore, the strain field corresponding to a virtual displacement δu(x, y)
can be determined by means of the kinematic conditions in equations (A.6).

δεx =
∂δux

∂x

δεy =
∂δuy

∂y

δφxy =
∂δux

∂y
+

∂δuy

∂x

(A.6)

Assigning a virtual displacement δu = [δux; δuy] to the infinitesimal plane
stress element in figure A.1, the corresponding external virtual work per-
formed by the boundary forces during this displacement can be written as
equation (A.7).

δAy =
∫

A

(
pxδux + pyδuy

)
dA (A.7)

Insertion of static boundary conditions equation (A.5) gives equation (A.8).

δAy =
∫

A

[(
σxl + τxym

)
δux +

(
σym + τxyl

)
δuy

]
dA (A.8)

=
∫

A

[(
σxδux + τxyδuy

)
l +
(
σyδuy + τxyδux

)
m
]

dA (A.9)

Applying the Divergence Theorem[49]the external virtual work can be written
as equation (A.10).

δAy =
∫

V

[∂
(
σxδux + τxyδuy

)

∂x
+

∂
(
σyδuy + τxyδux

)

∂y

]
dV (A.10)

Applying the chain rule for partial differentiation gives equation (A.11).

δAy =
∫

V

[
σx

∂δux

∂x
+ δux

∂σx

∂x
+ τxy

∂δuy

∂x
+ δuy

∂τxy

∂x
+ . . . (A.11)

σy
∂δuy

∂y
+ δuy

∂σy

∂y
+ τxy

∂δux

∂y
+ δux

∂τxy

∂y

]
dV (A.12)

By insertion of equation (A.4) into the last term in equation (A.11) the expres-
sion for the virtual external work can be reduced to equation (A.13).

δAy =
∫

V

[
σx

∂δux

∂x
+ σy

∂δuy

∂y
+ τxy

(∂δuy

∂x
+

∂δux

∂y

)]
dV (A.13)
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Finally, substitution of the virtual strains in equation (A.6) into equation (A.13)
gives equation (A.14).

δAy =
∫

V

[
σxδεx + σyδεy + τxyδφxy

]
dV (A.14)

The expression in equation (A.14) states, that the external virtual work can be
determined as the inner product of the internal stress field and virtual stain
field.

This quantum also represents the internal virtual work. Hence, the equa-
tion (A.15) can be stated.

δAy = δAi (A.15)

∫

A

(
pxδux + pyδuy

)
dA =

∫

V

[
σxδεx + σyδεy + τxyδφxy

]
dV (A.16)
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B Calculus of Variations

In this section the basic principles of Calculus of Variations[51] is briefly cov-
ered. As seen in the previous sections Calculus of Variations has shown to be
an effective tool in order to derive some of the most fundamental principle
within Mechanics of deformable bodies. It is by no means restricted to the
analysis of linear-elastic materials.

Calculus of Variations is a mathematical discipline closely related to Differ-
ential Calculus[51]. Within differential calculus the sensitivity dy of a function
due to an infinitesimal change dx of the independent variables, is examined.
Furthermore, all functions are ordinary functions of one or more independent
variables. Within Calculus of Variations the subject of the investigation is a so-
called functional, not a function.

An example of a typical functional is given in equation (B.1).

I =

b∫

a

√
1 + (y′′)2 dx (B.1)

The functional I is a definite integral, that is to be evaluated within some spe-
cific interval x ∈ a : b. The functional given in equation (B.1) represents the
distance between two points (a, y(a)) and (b, y(b)) belonging to the graph of
the function y(x) when traveling along the path of the graph. For every func-
tion y(x) the interval of interest remains the same.

Therefore, the independent variable is the function y(x), and if the func-
tional I is evaluated for a new and different function y2(x), the distance be-
tween the two points measured along the path of the graph will be different.

Analogue with Differential Calculus, Calculus of Variations can be applied
in order to extract information regarding the variations δI of the functional
I due variations δy of the function y(x). In relation to the functional given
in equation (B.1) it could be of interest to determine the function y(x) that
represents the shortest distance between the points (a, y(a)) and (b, y(b)).

In general a functional can be written by equation (B.2).

I =

b∫

a

F(x, y, y′) dx (B.2)

The corresponding forced boundary conditions are given in equation (B.3).

y(a) = y1

y(b) = y2
(B.3)

The forced boundary conditions in equation (B.3) defines the interval in which
the functional I is to be evaluated. In figure B.1 the function y(x) is displayed
along with forced boundary conditions.
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B.1. THE VARIATION OF A FUNCTION

Figure B.1: The graph of the function y(x) and corresponding boundary con-
ditions

B.1 The variation of a function

Assume, that among all admissible functions satisfying the forced bound-
ary conditions, the function y(x) in equation (B.2) actually is the function for
which the functional I is stationary. Hence, if this is true, the variation δI of
the functional I due to an infinitesimal variation δy of y(x) must vanish giving
the definition in equation (B.4) of a stationary value for a functional.

δI = 0 (B.4)

The variation δy can be defined by the introduction of a new function ỹ(x)
defined in equation (B.5).

ỹ(x) = y(x) + εξ(x) (B.5)

In figure B.2 the graphs of both functions are shown. Figure B.2 also displays
the principle difference between the differentials dx and dy, and the variation
δy. A differential change dy is per definition related to a change of the in-
dependent variable dx. The variation δy is introduced without in change in
x.

In equation (B.5) is an arbitrary continuous and differentiable function and
is an infinitesimal parameter approaching zero. The only restriction with re-
gards to the arbitrary function is, that the boundary conditions must be ful-
filled. The variation is defined as the difference between the two functions
y(x) and ỹ(x) by equation (B.6).

δy = y(x) − ỹ(x) = εξ(x) (B.6)

Due to the fact, that the boundary conditions are fulfilled by y(x) as well as
ỹ(x), the variation δy vanishes at the boundary.

y(a) = y1 ⇒ δyx=a = 0
y(b) = y2 ⇒ δyx=b = 0

(B.7)
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B.2. CALCULATION RULES

Figure B.2: The graphs of the unknown, original function y(x) and the new,
and slightly changed function y(x)

B.2 Calculation Rules

In the following, the most important rules within the Calculus of Variations are
introduced.

B.2.1 Differentiation

The derivative of the variation δy is determined by equation (B.8).

dδy
dx

=
d (y(x) − ỹ(x))

dx
=

d (εξ(x))

dx
= ε

d (ξ)

dx
(B.8)

Likewise, the variation deltay of the derivative is determined in equation (B.9).

δ
dy
dx

=
d (y(x) − ỹ(x))

dx
=

d (εξ(x))

dx
= ε

d (ξ)

dx
(B.9)

Combining equations (B.8) and (B.9) leads to the derivation theorem (B.10).

DERIVATIVE THEOREM The derivative of the variation equals the variation of
the derivative.

dδy
dx

= δ
dy
dx

(B.10)

B.3 Integration

The variation δ of a definite integral is shown to be equal to the integral of
variation by equation (B.11).

δ

b∫

a

F(x)dx =

b∫

a

F̃(x)dx −
b∫

a

F(x)dx =

b∫

a

[
F̃(x) − F(x)

]
dx =

b∫

a

δF(x)dx

(B.11)
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This leads to the integration theorem (B.12).

INTEGRATION THEOREM The variation of a definite integral equals the defi-
nite integral of the variation

δ

b∫

a

F(x)dx =

b∫

a

δF(x)dx (B.12)

B.4 Stationary value of a functional

In the following, the variation δI of the functional I due to an infinitesimal
variation δy will be determined. Secondly, the definition of a stationary value
by equation (B.4) is used to determine the fundamental equation of a varia-
tional problem, The Euler–Lagrange Equation.

The integrand F(y, y′, x) in equation (B.2) is a function of three variables,
and the variation of this function due to a variation δy of the function y(x) is
given by equation (B.13).

δF = F
(
y + εξ(x), y′ + εξ ′(x), x

)
− F(y, y′, x) (B.13)

The first term in equation (B.13) can be determined by applying a Taylor ap-
proximation as seen in equation (B.14).

F
(
y + εξ(x), y′ + εξ ′(x), x

)
= F(x, y, y′) +

[∂F
∂y

εξ(x) +
∂F
∂y′ εξ ′(x)

]
+ . . .

(B.14)
In this approximation only first-order terms is included, and higher-order
terms, εn≥2 , are neglected. Inserting equation (B.14) in equation (B.13) the
variation of the integrand F is found as equation (B.15).

δF =
[∂F

∂y
εξ(x) +

∂F
∂y′ εξ ′(x)

]
(B.15)

The definite integral of the variation F over the interval of interest is deter-
mined by equation (B.16).

b∫

a

δFdx =

b∫

a

[∂F
∂y

εξ(x) +
∂F
∂y′ εξ ′(x)

]
dx (B.16)

Applying the integration theorem (B.12) the variation of the functional I is
found by equation (B.17)

δI =

b∫

a

[∂F
∂y

εξ(x) +
∂F
∂y′ εξ ′(x)

]
dx (B.17)
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In section 3.1.1 it was assumed, that y(x) actually is the function for which the
functional I is stationary by equation (B.4). In order for this to be true, it must
be required that equation (B.17) is zero, giving equation (B.18).

b∫

a

[∂F
∂y

εξ(x)
]
dx +

b∫

a

[ ∂F
∂y′ εξ ′(x)

]
dx = 0 (B.18)

No analytic expression is available for the function x and therefore the inte-
gration in equation (B.18) must conducted in an indirect manner. Using in-
tegration by parts, the second term in equation (B.18) can be converted into
equation (B.19).

b∫

a

[ ∂F
∂y′ εξ ′(x)

]
dx =

[ ∂F
∂y′ εξ(x)

]
+

b∫

a

[ d
dx

∂F
∂y′ εξ(x)

]
dx (B.19)

Applying equation (B.21) to equation (B.19) gives equation (B.20).

b∫

a

[∂F
∂y

εξ(x)
]
dx +

[ ∂F
∂y′ εξ(x)

]
+

b∫

a

[ d
dx

∂F
∂y′ εξ(x)

]
dx = 0 (B.20)

Due to the boundary conditions in equation (B.7) the second term in equation
(B.14) vanishes. Hence, equation (B.14) can be written as equation (B.21).

b∫

a

[∂F
∂y

− d
dx

∂F
∂y′
]
εξ(x)dx = 0 (B.21)

In order for equation (B.21) to be true, one of the factors inside the integral
must be zero. The function εξ(x) is zero for every value of x then there is no
variation, which gives the trivial solution. Hence, in order for the functional I
to be stationary, the natural condition can be introduced by equation (B.22).

∂F
∂y

− d
dx

∂F
∂y′ = 0 (B.22)

The solution y(x) to this differential equation will be the function for which
the functional I assumes a stationary value. When deriving a solution for
equation (B.22) the forced boundary conditions in equation (B.3) must also be
taken into account.

The differential equation in equation (B.22) is often referred to as the Euler-
Lagrange equation of the variational problem. Depending on the nature of
some specific variational problems, one or more natural conditions can be in-
troduced along with equation (B.22). For instance, when dealing with elastic
beams and plates these additional equations will be the static boundary con-
ditions.
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Abstract 

The Capacity Design Method forms the basis of several seismic design codes. This design 
philosophy allows plastic deformations in order to decrease seismic demands in structures. 
However, these plastic deformations must be localized in certain zones where ductility 
requirements can be documented in order to ensure the assumed mechanism. Furthermore, 
according to Eurocode 2 it is allowed, within certain limits, to utilise moment redistributions in 
continuous concrete beams at the ultimate limit state. To ensure that full moment redistribution is 
possible it is important to have knowledge on the rotational capacity of the plastic hinges. The 
documentation of ductility can be a difficult task as modelling of rotational capacity in plastic 
hinges of frames is not fully developed.  
On the basis of the Theory of Plasticity a model is developed to determine rotational capacity in 
plastic hinges in linear reinforced concrete elements. The model is taking several important 
parameters into account. Empirical values is avoided which is considered an advantage compared 
to previous models. Furthermore, the model includes force variations in the reinforcement due to 
moment distributions and shear as well as the effect of shear cracking on the length of the plastic 
zone. 

Keywords: RC, Rotational Capacity, Plasticity Theory, Modeling 
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Notation 

Ac,eff Effective concrete area 
As Reinforcement area 
FH Shear reinforcement resultant 
Lp Plastic length 
M Moment 
T Tensile reinforcement force 
V Shear force 
 
cs Distance between rebars 
d Effective depth 
db Bar diameter 
fct Concrete tensile strength 

fct,mean Concrete tensile strength, mean 
fct,min Concrete tensile strength, min 
fy Steel yield strength 
fu Steel ultimate strength 
m Number of cracks over plastic length 

n Number of bars 
s Slip between steel and concrete 
smax Maximum slip 
w Crack width 
x Beam axis 
x0 Crack distance, design 
xmean Crack distance, mean 
xmin Crack distance, minimum 
y0 Compression zone height 
z Internal lever arm 

αp Plastic rotation 
β Relative depth ( = y0 / d ) 
γ Crack distance ratio ( = xmean / xmin ) 
εs Steel strain 
εsy Steel yielding strain 
εsu Steel ultimate strain 
εs,p Steel plastic strain, total 
φeff Effective reinforcement ratio 
 ( = As / Ac,eff ) 
κp,ave Average plastic curvature 
λ1 Bond stress to tensile concrete strength 

ratio ( = τ1 / fct ) 
ϕ Shear fan angle 
θ Shear inclination angle 
σs Steel stress 
σs,min Minimum steel stress, failure 
σs,max Maximum steel stress, failure 
τ1 Bond stress, stable crack level 
τ2 Bond stress, failure 

1 Introduction 

Determination of rotational capacity is of primary importance to verify ductility demands in design 
of reinforced concrete structures. Especially, with respect to seismic action but also when allowing 
moment redistributions in statically undetermined structures. Previously, rotational capacity has 
often been determined by empirical or semi-empirical expressions usually with a predefined plastic 
length. However, empirical relations often lose the physical understanding of the given problem. 
Bachmann[3] has previously derived a model for the rotational capacity of beams with point loads 
based upon similar assumptions and theory of plasticity. However, that model was limited to 
verification since the crack distance was known from tests, which makes it inapplicable for design. 
Furthermore, the load was applied over a certain length which gives an additional parameter. 
A complete physical model for the rotational capacity is developed on the basis of Theory of 
Plasticity in this paper. 

2 Physical model  

The physical model adopted in this article is a simply supported beam in three point bending with 
the mid section displayed in Fig. 1. The derivation is divided into three parts, an overall expression 
for the plastic rotation, crack distances and steel stresses. It is based on Theory of Plasticity taking 
only the plastic part of the rotation into account as this is the energy dissipating mechanism. Based 
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on simple physically reasonable assumptions an explicit calculation model is formulated. The 
general assumptions are presented in this section and additional assumptions are stated in the 
relevant section. 
It is assumed that all deformation is concentrated in the cracks. Shear is considered to be 
transferred by diagonal compression fields[2] which have the same concrete compression 
inclination angle from the support until adjacently to the point load where a fan is formed as shown 
in Fig. 1. Point loads are transferred to the beam through a stress fan with increasing angle until it 
reaches the shear inclination. Failure in flexure, not shear, is assumed through proper design and 
both flexural failure criterions, steel rupture and concrete crushing, are considered in the model. 

 
Fig. 1 Physical model 

2.1 Assumptions 

a) Plane sections remain plane (Bernoulli beams) 
b) Rectangular cross section 
c) Only plastic part of the rotation is considered, Fig. 1 
d) Bilinear steel stress-strain relation, Fig. 2 
e) Tensile strength of concrete in cracks is neglected 
f) Rectangular stress block in concrete compression zone 
g) Compression zone depth is constant over the plastic length 
h) Bond stress is constant and independent of both the slip length and steel stress. 
i) Crack distance is constant over Lp 
j) Local stress conditions due to load application are neglected 
k) No normal force, 0N =  

u y

sy

su sy

f f
E

ε ε

−
=

−

( )s y sy s sy s sy
f E forσ ε ε ε ε= + − ≥

 
Fig. 2 Bilinear stress-strain relation for reinforcement steel 
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3 Rotational Capacity  

An explicit expression for the rotational capacity of the physical model can be formulated with a 
few extra assumptions only of relevance for this section. 

3.1 Additional assumptions 

a) All deformation is concentrated in cracks 
b) Concrete strains are neglected 
c) Bond stress is smaller than the maximum shear stress 

3.2 Governing equations 

Two equations govern the rotational capacity calculations under the assumptions mentioned above.  

 
Fig. 3 Reinforcement bar with bond and steel stresses 

Considering a small part of an embedded reinforcement bar, shown in Fig. 3, equilibrium yields 

24
b

s

d
dx dσ

τ
=  (1) 

 
Fig. 4 Slip length with stress and strain distributions 

Fig. 4 shows a part of the beam cut lose at a primary crack and mid between two cracks with the 
accompanying stress and strain distributions. Integration of the steel strains from the point of no 
slip to a primary crack gives the slip of the reinforcement bar at the crack. The integral is 
transformed into the stress domain by applying equation (1) and boundaries according to Fig. 4 

1
,max02

,min20

( ) ( )
4

s

s

x

b
s s s s

d
s x dx d

σ

σ

ε ε σ σ
τ

= =∫ ∫  (2) 

By inverting the stress-strain relation from Fig. 2 for the region after yielding and introducing this 
function to equation (2) the integral can be solved for the maximum slip 
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1
max ,max ,min ,max ,min2

2

( ) ( ( ) )
4

su syb
s s sy s s y

u y

d
s f

f f

ε ε
σ σ ε σ σ

τ
−

= − + − −
−

 
 
 

 (3) 

Applying equations (13), (8) and only taking the plastic part into account equation (3) can be 
reduced to equation (4) if σs,min > fy 

2
max ,2 2

1

1

32
b su sy

ct mean
eff u y

d
s f

f f

τ
τ ϕ

ε ε
=

−
−

 (4) 

Since the mean crack distance and height of the compression zone are constant the rotational 
capacity can now be determined by summation of the crack widths, hence maximum slips, over the 
plastic length. 

max,
1

0

2
m

i
i

p

s

d y
θ ==

−

∑
 (5) 

4 Crack Distance 

Crack distances are part of a very complex mechanism where force is transferred from steel to 
concrete. New cracks will form when the transferred force exceeds the tensile capacity of the 
effective concrete area. Uncertainties with regard to concrete tensile strength and the transfer 
mechanism lead to a somewhat random crack distribution with different distances. However, by 
introducing a mean crack distance which takes this randomness into consideration it is possible to 
derive a single expression for the crack distance. The mean crack distance will be in the interval 
between the minimum crack distance and the maximum crack distance corresponding to twice the 
minimum crack distance. 
The mean crack distance  for flexural elements has been investigated through experiments by 
several authors[1]. The influencing parameters can be summarized as 

0,

1

, , , , ,b ct
m s b s

eff

d f
x f c c d σ

ϕ τ
=

 
  
 

 (6) 

Using simple assumptions regarding the parameters a model for the crack distance can be 
developed. 

4.1 Additional assumptions 

a) The crack pattern is fully developed at a certain steel stress level smaller than the yield 
stress. 

b) Maximum bond stress. 
c) Mean crack distance is related to the minimum crack distance by the factor, γ 
d) The effective tensile concrete area has the same centroid as the tensile reinforcement. 
e) Concrete tensile stresses are evenly distributed over the effective area. 
f) Hoops and proper design prevents splitting mechanism neglecting influence of cover 

and longitudinal reinforcement spacing. 

4.2 Minimum crack distance 

The assumptions above lead to the stress distributions between cracks showed in Fig. 5. 
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Fig. 5 Stress distributions between cracks when a new crack forms 

The smallest possible distance between cracks must be obtained when the transferring shear stress 
is at its maximum and at the cross section with the smallest strength. After this crack level no more 
cracks will be formed and only crack widths will increase. 
Fig. 5 shows the stress state when the minimum crack distance is obtained. By cutting the concrete 
free of the reinforcement bar as well as at a primary crack and at the cross section where the new 
crack will be formed, equilibrium gives the minimum crack width 

0

1 4
ct ,min b

,min

eff

f d
x

τ ϕ
=  (7) 

where the effective reinforcement ratio, φeff, is introduced. 

4.3 Mean crack distance 

The minimum crack distance can be related directly to the mean crack width through the ratio 
factor, γ [1] 

0 0

1 4
ct ,min b

,mean ,min

eff

f d
x xγ γ

τ ϕ
= =  (8) 

The ratio γ is usually determined through tests of pure tension members. These elements differ 
from flexure controlled members in a very important manner. In a tension member cracks will 
occur at random locations only restricted by the minimum length over which the force transfer is at 
least large enough to reach the tensile strength of the concrete. However, in a flexural member the 
first crack will initiate at maximum moment and the crack pattern will propagate from this point 
decreasing the randomness of the crack distance known from tension members. Thus it is merely 
the difference in concrete tensile strength that will contribute to γ and the ratio will be unity if the 
mean tensile concrete strength is used instead of the minimum strength. 

0

1 4
ct ,mean b

eff

f d
x

τ ϕ
=  (9) 

5 Steel stresses 

The steel stresses σs,min and σs,max are calculated by equilibrium in a primary cracked cross-section 
and the force transfer in between these primary cracks at ultimate load. 
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5.1 Additional assumptions 

a) Shear and bending cracks overlay each other 
b) Point loads are transferred through a fan distribution of the shear force by the angle, α, over 

the length zcotθ 
c) Point loads are applied in a single point with no extension. 
d) Shear reinforcement can be considered as evenly distributed with the resultant FH 
e) Minimum stresses, σs,min, are located midway between primary cracks (simplification). 

5.2 Fan distribution for point loads 

z

 
Fig. 6 Shear fan and shear contribution to tension force 

Fig. 6 shows how the point load is carried by the fan and the accompanying moment curve. 
Moment equilibrium clockwise around A gives the tension force in the reinforcement at section 1 

01 1
1 2 H

xM
T F

z z
= +  (10) 

In a generalized form the tensile force can be written as 

01
02

0

n
n

M kx z cot
T V for k

z z x

θ
= + <  (11) 

Outside the fan the tensile force is the well-known solution 

1
02

n
n

M
T V

z
cotθ= +  (12) 

The maximum steel stress can now be calculated in each crack. From this the minimum steel stress 
is determined by the bond transfer with the yield strength as limit since only plastic rotation is 
considered. 

0
22

y

s ,min

s ,max

b

f

max x

d

σ
σ τ

=
−







 (13) 
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6 Failure criterion 

The failure criterion is sought by controlling whether the concrete or reinforcement ultimate strain 
is the limiting parameter. Fig. 7 shows the principal internal forces and the distribution of strains at 
maximum moment. 

y0

d

4/5 y0

T

C

εs

εs

εc

d - y0

Mu

σc

 
Fig. 7 Internal forces and strain distribution at maximum moment 

Equilibrium of the internal forces gives the height of the compression zone and the relative depth 

5

4
s s

c

A

bdf

σ
β =  (14) 

By similar triangles the steel and concrete strain is related by the relative depth, β 

1
c s

βε ε
β

=
−

 (15) 

The limit between the two criterions can be established for the balanced case where both εsu and εcu 
are obtained in the cross section 

cu
lim it

cu su

ε
β

ε ε
=

+
 (16) 

6.1 Common assumptions 

a) s yfσ >  

b) c cfσ =  

6.2 Steel rupture 

If the reinforcement steel ductility is insufficient and the relative depth, β, is below a certain limit 
the steel will rupture before the ultimate concrete strain in the compression zone is reached. Thus 
the ultimate steel strain, εsu, is the limiting parameter, εc, can be found from equation (15) and the 
steel stress, σs, is 

s ufσ =  (17) 
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6.3 Concrete crushing 

The concrete criterion makes the equations a bit more complex as the steel stress is not known 
initially.  However, it is still possible to determine the steel stress explicitly by adopting the bilinear 
steel stress-strain relation of Fig. 2 and equation (15) with c cuε ε=  

1

5

4

s y sy cu sy

c

A f E

bdf

βε ε
β

β

−
+ −

=

  
  
    (18) 

Solving (18) for β the steel strain and thus the steel stress can be determined by 

1
s y sy cu syf E

βσ ε ε
β
−

= + − 
 
 

 (19) 

7 Calculation procedure 

 

8 Conclusions 

A complete physical model for rotational capacity of beams has been derived in this paper. It is 
based on Theory of Plasticity with simple and physically understandable assumptions without need 
of empirical factors. This is seen as a major advantage to previous models. Furthermore, crack 
distance is included in the model in order to enable complete derivation of the rotational capacity in 
design. Thus there is no need for test results to determine x0. 
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The model is developed from the special case of three-point bending but should be applicable to 
other static models for linear beam elements. However, if constant moment regions occur the crack 
distance has to be modified by the statistical variation known from pure tension members. 
Furthermore, the model has to be extended to include normal forces for usability with columns but 
this should be straightforward. 
Application in seismic design requires inclusion of confined concrete which needs to be properly 
modelled for the compression zone in order to keep the simplicity of the model. 
Of primary importance to the model is determining the bond stresses, τ1 and τ2, at the stable crack 
level and ultimate load. From equation (4) it is obvious that there must be bond stresses for the 
model to be physically reliable and that the stable crack level bond stress, τ1, is most influencing as 
it is an order higher than τ1 for the case of σs,min > fy. The plastic rotational capacity will be 
inversely proportional to the bond stress since τ2 < τ1 which is in accordance with the assumptions 
and the physics of the problem. If σs,min < fy the crack distance has no influence on the rotational 
capacity and is only dependent on τ2. Further work is needed to predict the bond stresses relevant 
for the model. 
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ABSTRACT 

This article presents the experimental results of two test series of 18 RC beams in 4-point 

bending and 14 RC beams in 3-point bending with different parameters varied. The tests showed 

that the parameters did influence the rotational capacity somewhat in the expected manner but 

not always with the order of magnitude that was expected theoretically. Low degrees of yielding 

in the longitudinal reinforcement were observed in several specimens though much more could 

be expected. Furthermore, crack pattern, crack distances and bond stress combined as tension 

stiffening effects play important roles in the development of plastic hinge lengths. This is why 

simple relations only taking the ultimate steel strain into account do not satisfactorily model the 

problem. Shear significantly influences the rotational capacity both positively and negatively. 

Especially, the concrete compression zone suffered rapid deterioration after maximum load. 
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Figure 2 Influence of shear stress on rotational capacity (Bachmann, 1970) 

In order to investigate the effects of different parameters on the rotational capacity of beams, 

series of tests have been carried out at the structural engineering laboratory of the Engineering 

College of Aarhus, Denmark. The main interest was to investigate the influence of various 

parameters such as beam height, length, longitudinal tensile reinforcement ratio, shear 

reinforcement ratio, reinforcement ductility and shear on the rotational capacity. 

2. EXPERIMENTAL SETUPS 

 The setups for the two test series were somewhat similar but are described separately to 

clarify differences in load application, instrumentation, measurements and varied parameters. In 

both series the load application was force controlled and all specimens were loaded upside-

down. No measures were taken to obtain confinement of the concrete in the compression zone. 

The hoop spacing in the specimens is at the same time considered to be too large to apply any 

confining effect. 

The specimens in the two series are labeled according to the beam number and the test series, 

i.e. B1T1 is beam 1 of test series 1. Beam specimens B1T2, B6T2 and B10T2 have been omitted 

in the results due to premature failure, devaluating their reliability. 

2.1 Test series 1 (T1) 

 A series of 18 beams with rectangular cross section were loaded in 4-point bending as the 

static system in Figure 3 shows. 



Figure 3 Static system and reinforcement arrangement, test series T1

The primary parameters of interest in the tests were 

• Longitudinal reinforcement ratio, ρ

• Relative neutral axis depth, β

• Longitudinal reinforcement ductility, 
sεµ

• Shear reinforcement ratio, wρ

• Beam height, h

In test series T1 the specimens were designed to have approximately twice the shear capacity as 

bending moment capacity in order to prevent shear failure; thus ensuring large flexural 

deformation. 

2.1.1. Instrumentation, T1 

 The test setup and instrumentation in the tests are shown in Figure 4. The beams were loaded 

with two hydraulic jacks positioned in the third division points of the beam axis. Reactions were 

measured by load cells at the supports which were ensured to be simple by hinged bearings. 

Displacements were measured in 11 points along the beam axis by displacement transducers. 

Both the tensile and compressive longitudinal reinforcement were instrumented with strain 

gauges. The tensile strains were measured closely spaced in 14 points along the beam axis in 

order to observe the variation of strains to determine the plastic hinge length. 

Briefly, the instrumentation can be summarized as 

• Load application: Two hydraulic jacks 

• Force: Two load cells, at the supports 

• Displacements: 11 displacement transducers 

• Steel strains: Strain gauges, 14 on tensile and 3 on compressive reinforcement. 



Figure 4 Instrumentation, test series T1 

2.2 Test series 2 (T2) 

 The second test series consisted of 14 beams with a T-shaped cross-section. The principle of 

the load application and reinforcement arrangement is shown in Figure 5. 

The primary parameters of interest in the tests were 

• Beam length, L

• Relative neutral axis depth, β

• Shear reinforcement ratio, wρ

• Shear inclination angle, θ
The specimens of T2 were designed to have equal shear and moment capacity in order to ensure 

the failure mechanism is not predetermined. 

245 246 436 306 310 332 340 308 313 425 247 242

11 DT’s2 LT’s

2 Hydraulic jacks

200 200 200 176 176 176 176 176 176 176 200 200 200659 659

1250 1250 1250

3 SG’s

14 SG’s

200 200



Figure 5 Static system and reinforcement arrangement, test series T2 

2.2.1. Instrumentation, T2 

 Displacements were measured in 5 points along the beam axis by displacement transducers. 

The tensile as well as the compressive longitudinal reinforcement were instrumented with strain 

gauges. The tensile strains were measured with closely spaced strain gauges in 8-23 points, 

depending on the length of the beam specimen, along the beam axis in order to observe the 

variation of strains. The smallest spacing of the strain gauges was situated around the center of 

the beam, where plastic deformation was expected and they were distributed according to an 

estimation of the plastic hinge length. The specific locations of the strain gauges can be found in 

(Nielsen et al. 2011) and (Jørgensen et al. 2010). 

Briefly, the instrumentation can be summarized as 

• Load application: One hydraulic jack 

• Force: Two load cells, at the supports 

• Displacements: 5 displacement transducers 

• Steel strains: Strain gauges, 8-23 on the tensile and 2 on the compressive 

 reinforcement. 

h
f

h
w



Figure 6 Instrumentation, test series T2

2.3 Beam properties 

 The material properties in Table 1 were obtained by standard tension and compression tests 

of reinforcement bars and concrete cylinders, respectively. Three material test specimens were 

tested for each beam specimen of test series T1 whereas some of the beam specimens of test 

series T2 shared material tests as they were tested in succession. The values in Table 1 are mean 

values for these material tests. 



Table 1 Material properties
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[MPa] [%] [mm] [mm2] [MPa] [MPa] [GPa] [%] [MPa] [mm] [mm2] [mm]

B1T1 24.1 0.35 6 57 DS 635 720 200 5.6 611 8 101 140

B2T1 25.8 0.35 12 226 DS 561 659 200 9.1 611 8 101 140

B3T1 23.5 0.35 16 402 DS 567 652 200 13.0 611 8 101 140

B4T1 24.1 0.35 16 603 DS 567 652 200 13.0 611 8 101 140

B5T1 24.1 0.35 12 679 DS 561 659 200 9.1 611 8 101 140

B6T1 25.8 0.35 20 942 DS 604 683 186 8.2 611 8 101 140

B7T1 25.8 0.35 6 57 DS 635 720 200 5.6 621 8 101 250

B8T1 25.8 0.35 16 603 DS 567 652 200 13.0 621 8 101 205

B9T1 25.1 0.35 16 1206 DS 578 667 200 11.1 621 8 101 100

B10T1 24.5 0.35 16 1608 DS 567 652 200 13.0 621 8 201 150

B11T1 24.5 0.35 20 2199 DS 604 683 186 8.2 621 8 201 140

B12T1 24.5 0.35 20 2513 DS 604 683 186 8.2 621 8 201 130

B13T1 24.0 0.35 6 57 DIN 533 569 200 4.0 611 8 101 140

B14T1 25.7 0.35 16 402 DIN 526 617 200 12.4 611 8 101 140

B15T1 24.3 0.35 20 942 DIN 596 693 200 9.0 611 8 101 140

B16T1 25.7 0.35 16 603 DS 567 652 200 13.0 611 8 101 140

B17T1 24.3 0.35 16 603 DS 567 652 200 13.0 621 8 101 205

B18T1 25.6 0.35 8 402 DS 544 706 200 7.4 611 8 101 140

B2T2 39.0 0.35 16 1206 DS 583 671 200 - 679 6 56 175

B3T2 42.0 0.35 16 1206 DS 583 671 200 - 679 6 56 240

B4T2 42.0 0.35 16 1206 DS 583 671 200 - 679 6 56 320

B5T2 46.0 0.35 16 1206 DS 583 671 200 - 679 6 56 410

B7T2 46.0 0.35 16 1206 DS 583 671 209 - 679 6 56 410

B8T2 28.0 0.35 16 1206 DS 630 707 209 - 599 6 56 73

B9T2 28.0 0.35 16 1206 DS 630 707 209 - 599 6 56 106

B11T2 28.0 0.35 16 1206 DS 630 707 209 - 599 6 56 194

B12T2 22.5 0.35 16 1206 DS 630 707 209 - 599 6 56 249

B13T2 22.5 0.35 16 1206 DS 630 707 209 - 599 6 56 311

B14T2 22.5 0.35 16 1206 DS 630 707 209 - 599 6 56 381

Concrete

Longitudinal Reinforcement Hoops

Steel

wφφ



In Table 2
3
 the beam geometries are listed along with the theoretical relative neutral axis depth 

for each beam. Furthermore, the balanced relative neutral axis depth, Eq. (3), is shown as this is 

the limit between the beams being normal-reinforced
3
 Eq. (1) or over-reinforced

3
 Eq. (2). 

1.25
s y

c

A f

bdf
β =  (1) 

  
1 1

2 4

c

s s cu

bdf

A E

λ
β

ε
= + +  (2) 

In order for a beam not being over-reinforced, Eq. (1) for the dimensioning cross section must 

satisfy Eq. (3) 

cu
bal

cu sy

ε
β β

ε ε
≤ =

+
 (3) 

The distance between the transverse reinforcement, s, is considered to be too large to contribute 

with any confining effects of significance in the concrete compression zone. 

                                                

3 In this article, the terms under-reinforced, normal-reinforced and over-reinforced are defined as: 

− Under-reinforced, yielding of the longitudinal reinforcement before cracking 

− Normal-reinforced, yielding of the longitudinal reinforcement after cracking 

− Over-reinforced, no yielding of the longitudinal reinforcement before crushing of the concrete 

This means that normal-reinforced cross-sections are always the desired type whereas both under- and over-

reinforced cross-sections govern brittle failure modes of bending. 



Table 2 Beam properties
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[mm] [mm] [mm] [mm] [mm] [mm] [mm] [-] [-]

B1T1 3750 200 - 200 - - 167 0.056 0.525 Normal

B2T1 3750 200 - 200 - - 164 0.188 0.555 Normal

B3T1 3750 200 - 200 - - 162 0.375 0.553 Normal

B4T1 3750 200 - 200 - - 162 0.548 0.553 Normal

B5T1 3750 200 - 200 - - 150 0.585 0.555 Over

B6T1 3750 200 - 200 - - 160 0.618 0.537 Over

B7T1 3750 260 - 360 - - 327 0.021 0.525 Under

B8T1 3750 260 - 360 - - 322 0.198 0.553 Normal

B9T1 3750 260 - 360 - - 311 0.428 0.548 Normal

B10T1 3750 260 - 360 - - 306 0.563 0.553 Over

B11T1 3750 260 - 360 - - 303 0.618 0.537 Over

B12T1 3750 260 - 360 - - 300 0.642 0.537 Over

B13T1 3750 200 - 200 - - 167 0.047 0.568 Under

B14T1 3750 200 - 200 - - 162 0.318 0.571 Normal

B15T1 3750 200 - 200 - - 160 0.629 0.540 Over

B16T1 3750 200 - 200 - - 162 0.514 0.553 Normal

B17T1 3750 260 - 360 - - 322 0.211 0.553 Normal

B18T1 3750 200 - 200 - - 166 0.322 0.563 Normal

B2T2 3100 400 85 500 415 85 440 0.128 0.547 Normal

B3T2 3700 400 85 500 415 85 440 0.119 0.547 Normal

B4T2 4500 400 85 500 415 85 440 0.119 0.547 Normal

B5T2 4600 400 85 500 415 85 440 0.109 0.547 Normal

B7T2 4600 400 85 500 415 85 440 0.109 0.547 Normal

B8T2 2000 400 85 500 415 85 440 0.193 0.538 Normal

B9T2 2500 400 85 500 415 85 440 0.193 0.538 Normal

B11T2 3500 400 85 500 415 85 440 0.193 0.538 Normal

B12T2 4000 400 85 500 415 85 440 0.240 0.538 Normal

B13T2 4500 400 85 500 415 85 440 0.240 0.538 Normal

B14T2 5000 400 85 500 415 85 440 0.240 0.538 Normal   



3. TEST RESULTS 

 The test measurements of interest when depicting the rotational capacity are those 

representing the global behavior of the test specimen. Strain gauge measurements vary 

significantly due to local effects as tension stiffening and cracking. Thus, global analysis from 

strain gauge measurements will be substantially influenced by the relative positioning of strain 

gauges to cracks, hereby randomizing the appearance of the test results. Hence, the test results in 

this article are primarily based on the displacement measurements as these are considered to be 

better suited to describe the global behavior.  

The results are shown with reference to B1T1 and analogous data analysis has been carried out 

with all other test specimens to obtain the final results in Figure 10 to Figure 13. 

Figure 7 Load-deflection curve for B9T1 

The load-deflection curve for B9T1 in Figure 7 shows that little ductility was obtained. Similar 

trends were observed in all the beam tests where the load capacity dropped shortly after 

maximum load were reached. This is considered to be due to the two failure modes observed in 

the tests. 

1. Crushing of the concrete in the compression zone 

2. Rupture of the reinforcement steel in the tension side 

All failure modes observed in the tests are listed in Table 3. Steel rupture only occurred for very 

small amounts of longitudinal reinforcement which makes two of the specimens with this failure 

mode under-reinforced
3
. Thus, for the range of reinforcement ratios of interest in practice almost 

only concrete crushing were observed. 



Table 3 Failure modes and load capacities 
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[kNm] [kN] [kN] [kNm] [kN]

B1T1 6.1 178.7 5.3 28.0 22.4 Moment Steel

B2T1 19.9 164.5 17.9 41.5 33.2 Moment Concrete

B3T1 32.5 148.1 28.3 36.4 29.1 Moment Concrete

B4T1 44.8 134.9 38.3 50.1 40.1 Moment Concrete

B5T1 40.2 122.7 34.0 56.6 45.3 Moment Concrete

B6T1 50.7 128.8 42.5 60.5 48.4 Moment Concrete

B7T1 11.8 400.1 10.4 10.9 8.7 Moment Steel

B8T1 102.5 390.7 92.1 114.0 91.2 Moment Concrete

B10T1 214.7 515.3 182.0 240.5 192.4 Moment Concrete

B11T1 224.9 495.4 189.0 291.0 232.8 Moment Concrete

B12T1 226.4 484.4 189.5 275.4 220.3 Moment Concrete

B13T1 5.1 179.6 4.2 11.4 9.1 Moment Steel

B14T1 30.9 152.0 27.5 43.8 35.0 Moment Concrete

B15T1 48.3 127.9 40.6 54.8 43.8 Moment Concrete

B16T1 45.4 135.9 40.1 49.0 39.2 Moment Concrete

B17T1 102.0 370.7 91.6 111.1 88.9 Moment Concrete

B18T1 32.7 152.7 31.6 38.6 30.9 Moment Concrete

B2T2 294.0 261.0 379.0 285.0 367.8 Shear Concrete

B3T2 295.0 234.0 319.0 265.5 287.0 Moment/Shear Concrete

B4T2 295.0 205.0 262.0 277.7 246.8 Shear Concrete

B5T2 296.0 188.0 257.0 239.1 207.9 Shear Concrete

B7T2 296.0 188.0 257.0 236.7 205.8 Shear Concrete

B8T2 309.0 303.0 607.0 308.0 616.0 Moment/Shear Concrete

B9T2 309.0 272.0 494.0 284.4 455.0 Shear Concrete

B11T2 309.0 214.0 353.0 287.9 329.0 Moment/Shear Concrete

B12T2 303.0 171.0 303.0 281.0 281.0 Moment/Shear Concrete

B13T2 303.0 155.0 269.0 271.1 241.0 Shear Concrete

B14T2 303.0 141.0 242.0 275.0 220.0 Shear Concrete
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Figure 8 shows the measured displacements over the beam axis for different load steps with the 

associated rotations and curvatures
4
. Generally, the tests showed a common trend of little 

difference in the increase between the load steps until the last steps no matter which deformation 

parameter is considered. The changes at the last two steps are fairly small considering the yield 

capacity of the steel indicating little plastic deformation. 

Figure 8 Displacement, rotation and curvature for B9T1 

The curvature, κ, as a function of the beam axis, l, from Figure 8 is enlarged to Figure 9 where 

the yield curvature, κy, defined by Eq. (1), is displayed as well.  

( )1

sy

y
d

ε
κ

β
=

−
 (1) 

Hereby, the plastic part of the rotation, Eq. (2), can be determined by integration of the 

curvatures larger than κy defined as the plastic curvature, κp. 

0

l

p pdxα κ= ∫  (2) 

The integral in Eq. (2) is solved numerically as the curvature distribution determined from the 

tests is discrete. 

                                                
4
 Derived by numerical backward and forward finite difference methods 



Figure 9 Total and plastic curvature distribution with yield curvature, B9T1 

Figure 9 shows that some plastic deformation occurred, however rather little comparing with the 

elastic part below the line indicating the yield curvature. For the specimens failing with steel 

rupture similar amounts of plastic deformation showed hence little yielding of the steel also 

occurred for that failure mode. Only few of the specimens experienced significant amounts of 

plastic deformation. Common for all these specimens was that they all had reinforcement ratios 

in the low range but still more than the under-reinforced specimens. This is described and 

illustrated in more detail in the next section. 

4. COMPARISON OF TESTS 

 In the figures below � all test results are collected to investigate the effects of the varied 

parameters on the total rotational capacity and the plastic rotational capacity, respectively. The 

parameters compared are  

1. Relative neutral axis depth, β, and longitudinal reinforcement ratio, ρ, in Figure 10 and 

Figure 12 

2. Transverse reinforcement ratio, ρw, and formal shear stress, τformal, in Figure 11 and 

Figure 13 

The formal shear stress is defined in Eq. (1) where VE is the actual shear force. 

E
formal

V

bz
τ =  (1) 



Figure 10 Total rotation versus β and ρ

The total rotation displays dependence on both relative neutral axis depth, β, and reinforcement 

ratio, ρ, for the different heights - increasing for steel rupture and decreasing for concrete 

crushing. This was expected from Figure 1. The height of the specimens also influences the total 

rotation by decreasing it when the height is increasing for the entire range. The summit of Figure 

1 which is governed by the limit between steel rupture and concrete crushing appears to be 

shifted towards zero as the height increases. However, this tendency is not completely distinct in 

general but more apparent when the relative neutral axis depth is considered. The relative 

neutral axis depth, β, seems to be a better parameter than the longitudinal reinforcement ratio, ρ, 

to describe the dependence of the total rotational capacity. 

From Figure 11 the shear reinforcement appears to have no direct influence on the amount of 

total rotation. Increasing the formal shear stress from Eq. (1), however, decreases the total 

rotational capacity except for very small values of τformal. Thus, some shear is needed to obtain 

considerable rotational capacity but the favorable effect rapidly fades out as τformal increases. The 

�plateau� of large rotational capacity in Figure 2 appears to be very little from the tests and not 

as extensive as Figure 2 suggests. This issue has to be further investigated. 

Figure 12 displays how the plastic rotational capacity was very little for many of the test 

specimens. Outside the range 0.05 < β < 0.40 the plastic rotation is more or less exiguous and 

only significant for specimens with low height. The influence of height is more pronounced in 

the entire range for β than for ρ. For both parameters the plastic rotation approaches zero as 

reinforcement area and/or the height is increased. 



Figure 11 Total rotation versus ρw and τformal 

Figure 12 Plastic rotation versus β and ρ

As for the total rotational capacity the transverse reinforcement ratio, ρw, appears to have no 

clear influence on the plastic rotational capacity which is depicted in Figure 13. On the other 

hand the depiction of the plastic rotational capacity versus formal shear stress exhibits a similar 

tendency to the dependence as seen in Figure 11. However, it is not as distinct as for the total 

rotation and it should be noted that the upper limit of τformal appears to be dependent of the 

height. 

Tall specimens (h = 500 mm) are able to sustain larger shear stresses and still obtain plastic 

deformation whereas the low-height specimens (h = 200-360 mm) have upper limits of 

approximately 2.5 MPa and 5.0 MPa, respectively. 



Figure 13 Plastic rotation versus ρw and τformal 

5. DISCUSSION 

 In the beams with concrete compression zone crushing, very rapid deterioration of concrete 

occurred shortly after maximum load, as mentioned previously. It was to some extent 

unexpected as the concrete ought to be able to carry some load after maximum load since only 

the extreme fiber would have reached the ultimate strain. This behavior is considered to be due 

to two reasons. Firstly, as the tests were force controlled the jacks did not regulate to the lower 

capacity as the deterioration of the concrete compression zone initiated.  

However, the main reason seemed to be that, as soon as the concrete at the extreme fiber 

reached its maximum strain and started to unloaded more and more load had to be carried in the 

compressive reinforcement. As this reinforcement were a small diameter restrained against 

buckling, mainly by the fairly largely spaced transverse reinforcement, buckling of this 

reinforcement caused the cover to spall off rapidly; thus speeding up the deterioration. The 

reinforcement literally pushed of the cover and deteriorated the compression zone. An example 

of buckling of the compressive reinforcement is shown in Figure 14. 

In the case of steel rupture, Figure 15, the low reinforcement ratios caused the beams to have 

very little distribution of yielding why the plastic deformations were much localized. This was 

mainly due to the fact that the tensile reinforcement were yielding or very close to yielding 

before cracking was initiated. Thus large stiffening effects from the concrete prevented the 

reinforcement to be activated between cracks. 



      

Figure 14 Post-failure pictures of B3T1, compression zone crushing 

      

Figure 15 Post-failure pictures of B1T1, steel rupture 

Figure 10 to Figure 13 displays that the influence of various parameters can be divided into two 

ranges; one governing steel rupture and one concrete crushing. In the first range increasing the 

parameters β, ρ and τformal will increase both the total and plastic rotational capacity. For the case 

of concrete crushing both the total and plastic rotation decreases when increasing the 

parameters. This was to some extend expected from Figure 1 and Figure 2 but the results does 

not show the same pronounced plateau as seen in Figure 2. 

The transverse reinforcement ratio did not have any clear influence as a parameter from the 

figures. However, it is indisputable that providing transverse reinforcement is very important in 

securing structural performance and ensuring shear capacity. 

CONCLUSION 

 Two test series of 18 beams in 4-point bending and 14 beams in 3-point bending, 

respectively, have been carried out force controlled. The tests showed that the parameters 



considered to be of most importance with respect to the rotational capacity of beams have 

different influence on the total rotational and the plastic rotational capacity.  

The height of the specimens influenced the results for both relative neutral axis depth and 

reinforcement ratio.  The influence of the height was mostly pronounced with respect to the total 

rotational capacity. The plastic rotational capacity depended decreasingly on height as relative 

neutral axis depth or reinforcement ratio increased. Furthermore, for high values of β and ρ the 

total rotational capacity tends to go towards a certain minimum dependent on the height whereas 

the plastic rotational capacity goes toward zero for all heights. This implies that no or very little 

plastic deformation occurs for large amounts of tensile reinforcement. One reason for this is the 

local failure mechanism discussed in section 5 where buckling of the compressive longitudinal 

reinforcement caused the compression zone to deteriorate rapidly by spalling off the cover. For 

large amounts of reinforcement this mechanism will be more pronounced as forces become 

larger. From the tests it is concluded that controlling the concrete in the compression zone is of 

primary importance to ensure rotational capacity and ductility as well as fully utilization of the 

tensile reinforcement steel. 

The effect of shear stress was not entirely as expected from Figure 2 but similar trends were 

observed from the test results. Some shear is necessary in order to create multiple cracking and 

thus lessen the stiffening effects of the concrete. However, the positive effect of shear stress 

decreases and there is no large constant effect from shear as Figure 2 suggested. 

The fact that very little plastic deformation was present for large values of β and ρ suggests that 

moment redistribution is not only due to ductility and rotational capacity at the ultimate limit 

state. It is just as much due to cracked stiffness distribution in the serviceability limit state where 

reinforcement influence the moment distribution. 

The transverse reinforcement ratio showed no apparent influence as a parameter on neither the 

total nor the plastic rotational capacity. 
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Rotational Capacity of Flexural Elements

L. Hestbecha,1,∗, L. G. Hagstena,2

aAarhus University, Department of Engineering, Dalgas Avenue 2, 8000 Aarhus C, Denmark

Abstract

A simple and entirely physical model to determine plastic rotational capacity in flexural elements is presented. The
model is developed for a simply supported continuous beam without axial force. However, it is applicable to all static
systems for flexural elements such as beams and columns. The model is not covering non or lightly shear reinforced
elements, where failure is caused by shear through pre-formed diagonal cracks. Tension shift in the tensile reinforcement
due to inclined shear is included as well as the effect of tension stiffening between primary cracks. No empirical factors
are necessary besides common ones for material properties. The model is explicit i.e. no iterative procedures are used,
which is demonstrated in a short example. Main parameters are studied to enlighten the influence of each parameter on
results using the model and verifying physical understanding. Finally, the model is discussed and focal areas for further
research are pointed out.

Keywords: Rotational capacity, RC flexural elements, ductility, modeling

1. Introduction

This article describes a model for calculating the ro-
tational capacity of flexural elements, such as beams or
columns. Hence, under the assumption that any other
type of failure (e.g. shear, anchorage, abutment etc.) is
prevented. The model is developed from a previously pre-
sented model for three-point bending[1] with several im-
provements. It directly incorporates all parameters of in-
fluence including the static system of the structure. The
presented model evaluates whether failure is governed by
steel rupture or concrete crushing.

Shear failure is generally assumed to be avoided by
proper shear reinforcement in the model. In the case of
low shear reinforcement ratios, it is required that failure
is dictated by rotation and not translation. Hence, beams
affected by Kani’s Valley [2] is not covered by the model.

Models with similar approaches have been made by[3,
4]. However, though tension shift 3 and bond models are
alike in the presented model, significant differences are
made in order to prevent cumbersome calculations due
to iterations. Secondly, the inclination of the compres-
sion field due to shear is optimized with regard to recent
research[5].

Furthermore, a simple crack distance model is devel-
oped and incorporated in the model. Finally, it is worth

∗Corresponding author
Email addresses: lahe@iha.dk (L. Hestbech), lgh@iha.dk (L.

G. Hagsten)
1Ph.D. Student
2Professor
3The term tension shift in this article is defined as the change of

tension force in the longitudinal tensile reinforcement due to inclina-
tion of the compression field in the web.

noting that the aforementioned models[3, 4] have the pur-
pose of test comparison, whereas this model is also for
design purposes.

Though, a continuous beam with point loads is consid-
ered in the development of the model, it can be directly
extended to other loading and support systems. A major
advantage to the model is that no empirical factors are
used; i.e. all parameters are physically rational and the
model is not restricted to specific tests. The model is pre-
sented as the calculation progresses in order to emphasize
the application of it.

Integrating curvatures over the plastic hinge length is
a common way of determining the rotational capacity of a
hinge. The curvatures are determined by dividing the total
deformation of the tensile reinforcement by the distance to
the neutral axis. Thus the plastic rotational capacity can
be defined as equation (1).

αp =

∫
Lp

εs,p(x)dx

d − y0
(1)

The change of force and thus deformation in the tensile
reinforcement is subdivided in two contributions originat-
ing from the physical influence of respectively:

1. Shear force.

2. Tension stiffening.

The shear force effect is global on the system. It is giving
both moment variation and an additional tension force due
to inclination of compressive stress fields in the web[6]4.

4The effect from inclination of compressive stress fields in the web
is also referred to as shear inclination in the article.
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Tension stiffening is governed by bond stresses. A
rigid-plastic constitutive bond model with two levels is
used in this article, as seen in figure 6.

Derivation of the physical model is subdivided in a sim-
ple and an extended model. The simple model, section 3,
consists of the influence of moment and shear variations on
the tensile forces in the reinforcement. Tension stiffening
effects caused by the concrete are included in the extended
model, section 4. Leaving out tension stiffening will cause
overestimation of the rotational capacity.

The calculation process of the model can be summa-
rized as

1. Determine the maximum tension force in the hinge
by an analysis of the critical cross section.

2. Calculate the tension force variation due to shear
force including tension shift due to inclination of the
diagonal compression field.

3. Adjust the tension force curve to the influence of
tension stiffening effects between cracks.

4. Integrate the steel strains over the plastic hinge length
and transform the deformation into the plastic rota-
tion.

2. Research Significance

The importance of ductility in structures have been
known for several decades. Both regarding safety and
design, ductility is important. Altogether, ductility re-
duces economical costs, hazards and improve overall per-
formance of structures.

1. Safety issues:

(a) Robustness, accidental incidents.

(b) Warning of failure.

(c) Deformation capacity.

(d) Hazard mitigation.

2. Design advantages:

(a) Redistribution of forces in statically indetermi-
nate structures.

(b) Dissipate seismic energy.

(c) Control drifts.

Points 1a, 1b and 2a are all related to statics, whereas
points 1c, 1d, 2b and 2c are related to dynamics, specifi-
cally earthquakes. The background for the presented work
is the former points, especially 2a and 1a. However, it is
believed that the methodology can be extended to dynamic
problems.

Determining rotational capacity by means of mechanics
has been recognized as a very complex problem related to
the fundamental behavior of reinforced concrete. Hence,
design codes usually have to use empirical solutions, which

are limited by the bounds of the test parameters from
which they were derived.

In fib Model Code 2010 (MC2010) [7] and Eurocode
2 (EC2) [8] the rotational capacity of a beam is found
graphically from two curves for high ductile (Class C [8])
and less ductile (Class B [8]) reinforcement, respectively.

The first is based on a purely statistically treatment of
around 350 beam tests[9] taking a 5% fractile. These tests
were primarily made with low strength/high ductile steel
similar to modern day construction steel. The latter curve
for less ductility steel as well as the cut-off of the first for
steel rupture is derived from a model by Eligehausen and
Langer [10].

However, Class A steel is not allowed when considering
plastic rotation capacity though it provides some capacity,
especially for high values of relative neutral axis. Further-
more, it was found[10] that the high ductility curve based
on tests coincident with the model including confinement
at high values of relative neutral axis. Thus, confinement
is included for this part of the design curve in EC2 [8]
and MC2010 [7] which is not mentioned in neither code.
Thus, the code provisions lack flexibility in design, do not
incorporate the influence of all important parameters com-
pletely. Furthermore, code provisions lack the physical un-
derstanding which a complete model would give a designer.

Finally, tension shift in the tensile reinforcement is pre-
dominantly taken into account, if at all, by assuming a 45
degree angle of the compression field. This is considered
too conservative based on recent research[5].

3. Simple physical model

The basis for the physical model for derivation of the
rotational capacity of a beam is shown in figure 2. The
support region in a continuous beam is considered, as this
part of the beam must be able to undergo plastic defor-
mations in order to enable the redistribution of moments
often assumed in design.

The simple model consists of these calculation pro-
cesses

1. Determine the maximum tension force in the hinge
by an analysis of the critical cross section.

2. Calculate the tension force variation due to shear
force, causing both moment variations and additional
tension forces due to shear inclination.

The model is derived under the following assumptions:

(i) Point loads and support reactions are applied through
loading plates with definite dimensions, blw.

(ii) Longitudinal tension reinforcement yields.

(iii) Bi-linear steel stress-strain relation as in figure 1
with post-yield stiffness Esy equation (2) and post
yield stress equation (3), for tension reinforcement.
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Figure 1: Bi-linear stress-strain relationship
for tension reinforcement

Esy =
fu − fy

εsu − εsy
(2)

σs = fy + Esy(εs − εsy) (3)

(iv) Stresses in compression reinforcement is checked for
design rules, e.g. σsc ≤ fyc[8].

(v) Shear failure and yielding of shear reinforcement is
prevented by proper design for shear.

(vi) Shear is transferred from the point loads or to the
supports by shear reinforcement and inclined com-
pression in the concrete of the beam web.

(vii) At load and support regions the shear inclination
angle, φ, varies from the maximum value, θ, to per-
pendicular to the beam axis at V = 0.

(viii) Stresses in the shear reinforcement are constant and
distributed evenly.

(ix) The variation of the tension force, ∆TV , is due shear,
affecting both moment variation and shear inclina-
tion.

(x) The variation of neutral axis depth inside the plastic
hinge is neglected.

In the following derivations, the force P is referred to as the
concentrated force resultant in the plastic hinge; whether it
is a support reaction or an applied point load. Derivations
are kept at force level to avoid the influence of e.g. cut-off
reinforcement arrangements.

3.1. Critical cross-section

In order to find the maximum tension force in the re-
inforcement at failure the critical cross section is modeled
as in figure 3, and controlled for which ultimate strain,
concrete or steel, is the limiting parameter. The limit be-
tween the two failure criterions is governed by the case
where both εsu and εcu are obtained in the cross section.
It can be determined from the strain diagram in figure 3 as
a relative neutral axis depth limit, βlimit, in equation (4).

The relative neutral axis in general is defined as β = y0

d .
An equivalent rectangular stress distribution is assumed
in the compression zone with size fc and distributed λy0
from the extreme compressed fiber.

βlimit =
εcu

εcu + εsu
(4)

The critical cross section is controlled versus the two pos-
sible failure criterions:

(i) Steel rupture, β < βlimit.

(ii) Concrete crushing in the compression zone,
β > βlimit.

If β for the actual cross section is smaller than equa-
tion (4) steel rupture is the failure criterion. In the cal-
culation of β for initial control against equation (4), the
compressive reinforcement can generally be neglected as a
rather small neutral axis depth causes low steel stresses
in the compression reinforcement. Furthermore, taking
the compressive reinforcement into account will produce
an even smaller β, why the simplification is valid for the
initial control.

In the event of β > βlimit concrete crushing is the fail-
ure criterion. This entails a more complex, nevertheless
explicitly solvable solution. Deriving strain relations from
the strain diagram in figure 3 all stresses can be expressed
in terms of y0 and εcu. Applying these when taking equi-
librium for the cross section, an explicit value for the neu-
tral axis depth can be determined. From this neutral axis
depth, the tension steel stress and subsequently maximum
tension force is easily found.

3.2. Variation of tension force

The influence of shear force on the tensile force in the
reinforcement, as shown in figure 2, is derived in two steps
by considering the free-body shown in figure 4.

1. Inside the stress fan where the contribution from
shear varies along the beam axis.

2. Outside the fan where the shear influence is constant.

The maximum inclination angle at the limit of the fan is
governed by elastic deformation of the shear reinforcement.
A local beam axis η is introduced from the critical section
with V = 0 and the extension of the fan5, lfan is defined
as lfan = 1

2 lw + zcot(θ).
The reaction/load is applied over the length of the

loading plate, lw, and beam width, b, creating a uniform
stress, p. The tension force curve is determined from equa-
tion (5). The maximum tension force, Tmax, is calculated
as described in section 3.1. The loss of force due to shear

5Note that the fan cannot extend over a support or point load
next to it; thus lfan ≤ 1

2
Lbay is the limit for the static system in

this derivation.
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Figure 2: Simple physical model

causing moment variation and tension shift is represented
in total by ∆TV (η). The variation is different inside and
outside the fan, respectively, due to inclination of the com-
pression strut in the web.

T (η) = Tmax − ∆TV (η) (5)

3.2.1. Inside the fan

As the fan develops when η increases, the active sup-
port length is a = x − ztan(φ). Since the stresses in
the shear reinforcement are assumed to be constant, the
equivalent stirrup stress [6], σsw, is also constant. Thus,
σsw = V0

bzcot(θ) can be determined by equilibrium at the

end of the fan.

Introducing ∆TV (η) = Tmax−T (η) and using the equa-

tions of equilibrium,
∑

F = 0 (6) and
y

MA = 0 (7), with
a, lfan and σsw; the variation of the tensile force6 can be
determined as

6Recognizing the force variation as being due to a local equivalent
shear stress along the reinforcement, τV , being the first derivative of
∆TV (η) from equation (8) divided by the sum of circumferences of
the reinforcement, O

τV (η) =
V0

zlfanO
η

Hence, τV , varies linearly and the tensile force parabolically with x
inside the fan, which is in accordance with the physics governed by
the change of inclination angle.
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Figure 3: Critical cross section

Figure 4: Free-body inside fan

tan(φ) =
cot(θ)

lfan
η (6)

∆TV (φ)z = σswbztan(φ)
[
a + 1

2ztan(φ)
]
− 1

2pba2 (7)

∆TV (η) =
V0

2zlfan
η2 (8)

3.2.2. Outside the fan

Outside the fan the classical solution by the Diagonal
Compression Field Method[6] is used7. The change of ten-
sion force is linear outside the fan as the gradient at the
limit of equation (8), i.e. at η = lfan. Thus, the variation
outside the fan can be derived to

∆TV (η) =
V0

z
η − V0

2z
lfan (9)

7Since the inclination angle is constant outside the fan, the shear
stress on the reinforcement is also constant

τV =
V0

zO

The tension force curve is then formed inside and outside
the fan by applying equation (8) and equation (9) respec-
tively, to equation (5).

3.3. Rotational Capacity

The rotational capacity, hatched in figure 5, for the
hinge is then possible to calculate by transforming the ten-
sion force curve equation (5) to the strain domain through
the reinforcement stress-strain constitutive relationship from
figure 1.

εs,p(x) =

T (x)
As

− fy

Esy
(10)

Note that subzero values from equation (10) are regarded
as zeroes. The plastic length can be determined from equa-
tion (10) as the length with non-zero values. Total plastic
slip is then calculated by integration of equation (10) over
the plastic length.

sp =

∫

Lp

εs,p(x)dx (11)

The plastic rotation for the hinge can be directly deter-
mined by dividing equation (11) with the distance to the
neutral axis.

αp =
sp

d − y0
(12)
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Figure 5: Rotational capacity, shown as hatched area, based on simple model.

4. Extended physical model

Tension stiffening will decrease the tensile forces, hence
deformation, in the longitudinal reinforcement, which is il-
lustrated by the hatched area in figure 7. Thus, it would
be unconservative to leave out this effect. In order to take
tension stiffening into account, the simple model in sec-
tion 3 can be extended by introducing a crack model and
a bond constitutive relation.

The extended model consists of these calculation pro-
cesses

1. Adjusting the tension force curve by the influence of
tension stiffening effects between cracks.

2. Integrating steel strains over the plastic hinge length
and transform the deformation into the plastic rota-
tion.

The model is extended under these assumptions:

(i) The variation of the tension force is adjusted with a
contribution from tension stiffening, due to τ2.

(ii) Bond stresses follow the rigid-plastic constitutive re-
lation in figure 6[3, 4]. Bond stresses are divided in
two levels τ1 and τ2. Crack formation is controlled
by τ1. The stiffening effect at failure from concrete
between cracks by τ2.

Figure 6: Constitutive relation for bond

(iii) All deformation is concentrated in the cracks[3].

4.1. Crack distance

The mean crack distance over the plastic hinge length,
Lp, is derived as equation (13) without any empirical or
statistical constant since moment variation determines crack
propagation in the cracking phase[1].

x0 =
fctm
τ1

bheff − As

O
(13)

where fctm is the mean tensile strength of the concrete,
heff is the height of the effective tensile concrete.

Eurocode[8] gives some expressions for heff , but the
area having the same centroid as the tensile reinforcement
is considered to be reasonable here.

4.2. Tension stiffening effect

Tension stiffening effects are seen to differ between cracks.
No stiffening effect is assumed to be present in the cracks
and to be maximum at the zero slip distance. The qualita-
tive effect of tension stiffening on the tensile reinforcement
is seen in figure 8. Bond stresses, τ2, act in opposite direc-
tions between cracks with regard to the beam axis as it is
an reaction to the deformation in the tensile reinforcement
acting from each crack face.

Though the effect appears to differ along the beam axis
the projection of the tension-stiffened force curve on the
beam axis is independent of moment and shear depen-
dent force variations. In order to develop the simplest
method to determine the total stiffening effect, an average
approach is used.

It can be shown that the distance to the zero slip sec-
tion at the ultimate stage is 1

2x0 with regard to tension
stiffening. This is due to the fact that this point is inde-
pendent of the external load at the ultimate stage since
tension stiffening is taken into account with regard to the
tension zone alone. Thus, global effects as the load applica-
tion does not have any influence on the zero slip distance.

The difference between the unstiffened and average stiff-
ened force curve is constant; ∆TTS = 1

2 (Tcr − Tmin) where
both Tcr and Tmin on the true tension curve vary along
the beam axis. By equilibrium for the free body in figure 9
the constant ∆TTS can be determined

∆TTS =
1

4
τ2x0O (14)
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Figure 7: Extended physical model

Figure 8: Effect of tension stiffening on reinforcement force

Which is physically rational as ∆TTS increases with larger
crack distance, x0, and larger bond stress, τ2. The ten-
sion force curve is then formed inside and outside the fan
similarly to section 3 and then adjusted for the tension
stiffening effect by equation (8). Hence, leading to equa-
tion (15).

TTS(x) = Tmax − ∆TV (x) − ∆TTS (15)

4.3. Rotational Capacity
The rotational capacity for the beam is then calculated

similarly to section 3.3 only replacing T (x) from equa-
tion (5) by TTS(x) from equation (15) in equation (10).

Subsequent calculations by equations (11) and (12) are
then unchanged.
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Figure 9: Free body reinforcement bar with tension stiffening

5. Example

In this section an example is presented to demonstrate
how to use the model, see figure 10. The structure is taken
as a segment of a continuous beam8 from zero moment sec-
tions over an intermediate support equivalent to the static
system of three point bending. The example is calculated
by the entire model; hence both the simple and extended
parts.

Additional values used in this example are listed be-
low9. The calculation process consists of:

1. Find the maximum tension force, Tmax, section 3.1.

2. Determine the variation of the tension force curve,
T (η), section 3.2.

3. Adjust the tension force curve to tension stiffening
effects, TTS(η), sections 4.1 and section 4.2.

4. Calculate the rotational capacity, αp, section 4.3.

5.1. Maximum tension force

The critical cross section can be found to be governed
by concrete crushing as failure criterion. Using the consti-
tutive steel relation from equation (3), strain relations and
equations of equilibrium on the cross section10; the relative
neutral axis depth, β, can be found solving equation (16)
for β11 with σs,max and σsc as

σs,max = fy + Esy

(
εcu

1 − β

β
− εsy

)

σsc = Esεcu

(
1 − dsc

βd

)

β =
Asσs,max − Ascσsc

λbdfc
(16)

8The reinforcement arrangement is assumed to be similar in the
bays; thus same tension and compression reinforcement

9Steel class B[8], compressive steel strength fyc = 0.85fy , fc = 30

MPa, εcu = 4.0h, λ = 0.8, fctm = 0.3f
2/3
c and τ1 = 4τ2 = 1.4fctm,

concrete cover 25 mm, d = 461 mm, Lbay = 8000 mm, lw = 150
mm, cot(θ) = 2.0[5]

10Use figures 3 and 4 as references
11Note that the compressive steel stress is to be checked for

σsc ≤ fyc. If this inequality is not satisfied σsc = fyc is used in
equation (16)

Knowing β = 0.109 the maximum tension force, Tmax,
is found straightforward by using the strain and constitu-
tive steel relations, equation (17).

Tmax = As

[
fy + Esy

(
εcu

1 − β

β
− εsy

)]
= 261 kN (17)

5.2. Variation of tension force

Moment equilibrium for the critical cross section gives
the moment at failure, Mu = 115 kNm, and the accompa-
nying shear force12 is found by statics,

V0 =
4Mu

Lbay − 1
2 lw

= 58 kN

Hence the variation of the tension force curve is determined
from equations (5), (8) and (9)13.

∆TV (η)In =
V0

2zlfan
η2 = 6.92 · 10−5η2

∆TV (η)Out =
V0

z
η − V0

2z
lfan = 0.13η − 63.0

5.3. Tension stiffening

Tension stiffening is taken into account by determining
the crack distance, x0 = 72 mm, from equation (13) and
then adjusting the tension force curve, T (η) from equa-
tion (15), by the average stiffening effect, ∆TTS = 2.75
kN, from equation (14)14.

TTS(η) = Tmax − ∆TV (η)In − ∆TTS

= 259 − 6.92 · 10−5η2

5.4. Rotational capacity

Finally, the rotational capacity, αp, is calculated by
equations (10), (11) and (12).

εs,p(η) =

TTS(η)
As

− fy

Esy
= 2.35 · 10−2 − 1.64 · 10−10η2

12Note that the calculation V0 could be simplified a bit if the ex-
tension of the loading plate is disregarded, V0 ≃ 57 kN

13η is in mm, z = 440 mm, lfan = 1
2
lw + zcot(θ) = 954 mm

14Note that only the expression inside the fan is displayed for
TTS(η), as the plastic hinge length, Lp ≃ 757 mm, is smaller than
2lfan. This is found by finding the limit of η when T (η) = Ty = 249
kN as η ≃ 379 mm. If the plastic hinge extended to outside the fan,
note that the absolute value of ∆TV (η)Out is subtracted in T (η)
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Figure 10: Example. Static system and cross sectional detailing.

Table 1: αp and Lp by the model.

Index values

%TS TSreal TS %TS%V TS%V

αp 1.44 1.01 1.00 0.39 0.30
Lp 1.13 1.00 1.00 0.25 0.20

sp =

∫ 1
2Lp

− 1
2Lp

εs,p(η) dη = 11.9 mm

αp =
sp

d − y0
= 2.88 · 10−2 rad

In table 1 the results are shown when using the model
with, TS, and without, %TS, tension stiffening, respec-
tively. Furthermore, the results by utilizing the ”real”
tension stiffened curve, TSreal e.g. seen in figure 8, are
depicted to see the influence of using the average stiffen-
ing effect, ∆TTS . Finally, the effects of neglecting tension
shift when determining the tension force variation, are dis-
played by, %TS%V and TS%V . The results in table 1 are
shown as index values relative to the results from the ex-
tended model.

The results in table 1 clearly show that tension stiff-
ening has a significant influence on αp. However, whether
tension stiffening is taken into account by the simplified
method presented in section 4.2 or by the actual curve is
of small significance. Note that the difference between TS
and TSreal

15 will be even smaller for larger values of αp

and Lp.

6. Parameter study

As a designer it is useful not only to calculate the ro-
tational capacity of a specific structure but also knowing

151% in this example

how to adjust ones design in order to reach a necessary
value of rotational capacity. In this section a parametric
study is presented to illustrate how the various main pa-
rameters affect both αp and Lp. The model is subjected
to a parametric study where the parameters anticipated
to be most influencing is varied one at the time. Besides
validating the physics of the model, this parameter study
can be used if a designer wants to increase the rotational
capacity. Then the most influencing parameters is obvious
from this study.

The chosen parameters are listed below with interval
of variation for each parameter in brackets. Where the
interval is listed as a symbol it is relative to the value
of the parameter in the example from section 5, which is
chosen as a base model for this parametric study.

(i) Tensile reinforcement ratio, ρs ∈
[
ρsc : 3ρs

]
.

(ii) Compressive reinforcement ratio, ρsc ∈
[
0 : ρs

]
.

(iii) Post-yield stiffness, Esy ∈
[

1
800Es : 1

20Es

]
.

(iv) Concrete strength, fc ∈
[
20 : 60

]
.

(v) Bond stress at failure, τ2 ∈
[
0 : τ1

]
.

(vi) Distance between points of contraflexure,

L ∈
[
1
4L : 3

2L
]
.

The specific values of the parameters from the base model
are shown as dots in figures 11 and 12. The values in the
figures are shown relative to the base model results16. The
figures are only shown for αp and Lp, but not κp, since the
plastic hinge length is a real physical parameter whereas

16Note that the parameter intervals do not start at 0 except in the
case of ρsc and τ2. Thus the figures are showing the intervals on the
abscissas and do not necessarily show the values from 0.
Also note, that the ordinate axes vary for αp.
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Figure 11: Influence of varied parameters on the plastic rotational capacity. - - and +: EC2.
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Figure 12: Influence of varied parameters on the plastic hinge length. - - and +: EC2.
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Table 2: Parameters prioritized by order of in-
fluence on αp and Lp

αp Lp

Order of
influence

ρs (+) / - ρs (+) / -
ρsc + Esy +
fc + fc +
Esy + ρsc +
τ2 - τ2 -
L + L +

+ = increasing αp or Lp for increasing parameter
− = decreasing αp or Lp for increasing parameter

the curvature varies much over Lp. Hence, the average
curvature, κp,ave, over the plastic hinge length is not an
actual physical quantity; nevertheless, the overall influence
of the curvatures can be seen from the difference between
the figures. The effects of the parameters are in general
larger on αp than on Lp which makes perfectly sense with
the physics due to the definition of αp = Lpκp,ave.

In table 2 the parameters are listed in order of influ-
ence on αp and Lp, respectively. Furthermore, the type of
influence of each parameter on the results is presented by
either +, increasing, or −, decreasing when the parameter
is increasing.

The results for αp show an approximately linear varia-
tion with ρsc, fc, τ2 and L. The variation is more nonlinear
for Esy with a decreasing gradient and very nonlinear for
ρs which is split in two parts. The first part is when steel
rupture occurs and the second concrete crushing with the
peak as limit. Note that, though the tension stiffening ef-
fect of τ2 appears rather small, it is still significant and
cannot be neglected as that would be unconservative. The
influence of tension stiffening is seen to be in the amount
of a 100% decrease of αp in the example from section 5
compared to τ2 = 0 in figure 11v. This is in correlation
with table 1 for both αp and Lp.

Do note, that the ratios on the ordinate axes in fig-
ures 11 and 12 may differ if a different base model is cho-
sen; e.g. with a smaller ρs. Hence, this parametric study is
displaying tendencies and relative influence of the various
parameters.

Finally, in figure 11 a comparison is shown with the
rotational capacity based on MC2010 [7], which is also
implemented in EC2 [8]. It is observed in figure 11i that
the presented model provides significantly higher values of
αp for lower values of ρs. Correspondingly, the model is
conservative to [7] for high values of ρs. The latter fact
is considered to be due to the simplified modeling of the
concrete in the compression zone.

The limitation of ǫcu and omission of confining effects
significantly decrease values of the modeled αp as ρs in-
creases. On the other hand, is the effect of fc seen in
figure 11iv, where the model describes a high dependency.

This is mainly due to the fact that, an increase in fc results
in a decrease in neutral axis depth β similar to the effect
of decreasing ρs in figure 11i. A more detailed constitu-
tive modeling of the concrete will incorporate decreasing
concrete ductility by increasing strength fc.

Finally, Lp is constant in the codes as seen in figure12.
However, this is not in correlation with experiments and
the physics of the problem. The presented model finds Lp

in each case which may be important if e.g. the extend of
plasticity is needed to be known. Overestimation of Lp at
high values of ρs is another reason for the difference of αp

in figure11i.

7. Discussion

Overall, the model captures all main physical aspects
of rotational capacity of flexural elements. Subjects for
further research and choices of assumptions are discussed
in this section to clarify the development of the model.
The results obtained by the model is considered being too
conservative in some aspects. The reasons for this is dis-
cussed in the following.

7.1. Critical cross-section

The approach taken in this article to find that maxi-
mum tension force, Tmax, could be improved. It is analo-
gous to known design methods for strength but adjusted to
take advantage of the entire capacity of the steel and con-
crete, governed by εsu and εcu. Though, it is intentional
in order to ease computations; it is at the same time con-
sidered too conservative when compared to tests. This is
believed to be due to underestimation of the ductility of
the concrete compression zone[11].

The usual strength approach regarding the compres-
sion zone as equivalent to a uniaxial compressed concrete
cylinder is too simple considering deformations. In a flex-
ural element a much more complex mechanism is present.
Shear reinforcement[12], loading plates, surrounding con-
crete and variation of strains[13–15] over the cross section
prevent propagation of internal cracks, restraining volu-
metric expansion of the compressed concrete. Thus, the
compression zone in a flexural element will be in a multi-
axial compressed stress state; and might have a profoundly
increased ductility. However, the strength of the concrete
in the compression zone is considered to be relatively sim-
ilar to the cylinder strength due to the positive effects
being equaled by negative effects normally described by
effectiveness factors[6, 8].

The effects of shear on the tensile reinforcement force
are also present in the compression zone, decreasing the
value of the compression resultant. This will have a bene-
ficial effect on the ductility of cross sections where shear is
present. Thus, there may be two types of critical cross sec-
tions which are to be considered for further investigation.
The confined type of cross section e.g. at loading/support
plates and those where deformations of the compression
zone are unrestricted
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Size effects is seen to have significant influence on the
unloading branch of concrete in compression [14, 16–19].
As the unloading branch is the crux of the matter in ad-
justing the constitutive stress-strain relation for the com-
pression zone in a flexural element size effects are very im-
portant. The difference in ductility of compressed concrete
between uniaxial cylinders and compression zones in flex-
ural elements have been recognized for several years[11];
however, it is still a problem in modeling due to the above-
mentioned complexity of mechanism.

Further investigations are carried out to clarify the
mechanism of the concrete in the compression zone in or-
der to be incorporated in section 3.1 of this model. Initial
numerical investigations indicate that rather little changes
in the applied constitutive relation for compressed con-
crete yield much improved results. Furthermore, through
comparison with MC2010 [7], the presented model is more
conservative for high values of ρs; i.e. as dependence on
ǫcu increases.

Thus, compression zone ductility at the critical section
will be the main research subject going forward.

7.2. Neutral axis depth

Calculating rotational capacity, αp, from equation (12)
the neutral axis depth, y0, from the critical cross section
is used. This is obviously a simplification since y0 will
vary over the entire member. However, deriving this vari-
ation is a cumbersome task which might not have much
influence on the final results as the deformations are as-
sumed to be concentrated in the cracks and only the plastic
hinge is considered. Thus, the size of y0 varies little why
this simplification is considered to be valid, though a little
unconservative.

This assumption may have to be altered if the com-
pression zone in the critical cross section is modeled more
ductile due to the above-mentioned research. Then, the
critical section might be a lot different from other sections
if a ductile or confined compression zone is applied.

Nevertheless, in the presented state of the model, using
y0 from the critical cross section is believed to be satisfac-
torily.

7.3. Shear inclination angle

The variation of shear inclination angle inside the fan
describes the shear effect on the tension force in a precise
but simple way. The common known strength solution[6]
will overestimate the results, whereas neglecting the shear
influence would profoundly underestimate the results.

The value of the maximum shear inclination angle,
cot(θ) = 2.0, chosen in the model is considered to be rea-
sonable with regard to investigations made recently[5]. In
this investigation theoretical values corresponds well with
tests giving values of cot(θ) ranging between 2.0 and 2.5.
Since αp increases with cot(θ), it is conservative to use
cot(θ) = 2.0 in the model for simplifying reasons.

7.4. Division of internal tensile forces

In the model, the variation of tension forces in the ten-
sile reinforcement is conceptual subdivided in the effects
of

1. Shear and moment forces, global effect.

2. Bond stresses, local effect.

In doing so the physics are more obvious but also enables
the designer to choose which degree of complexity in calcu-
lating αp is necessary. Moreover, the model is much more
flexible for potential improvements due to future research
developments.

7.5. Tension stiffening model

Tension stiffening is taken into account by a rather
simple model, which nevertheless includes all important
parameters. The average stiffening force ∆TTS is easy ap-
plicable in calculations and still reflects the true tension
stiffening effect very precisely under the assumptions of
the model. The only difference between using the ”true”
and the average tension stiffened curve is at points where
the actual force does not yield. However, from the exam-
ple it is seen that even for rather small plastic hinges, this
error (≃ 4%) is negligible.

The values for bond strengths, τ1 and τ2, need further
investigation and validation. Much research have been
carried out regarding anchorage and splices, but less re-
garding actual stiffening effects and almost nothing in ar-
eas with plastic deformation of longitudinal reinforcement.
Not much research of bond after yield have been conducted
in general. Nevertheless, test results[4, 20, 21] support the
assumed rigid plastic constitutive relation for bond which
is also introduced by[3, 4].

Bond strength values obtained by the usual anchorage
tests are affected by resulting compression stresses in the
concrete due to load application. Thus, those test setups
do not truly represent the bond strengths in a plastic hinge
where no compression stresses are present. Hence, the
mechanism behind the rigid plastic constitutive relation is
considered reliable whereas the actual levels of τ1 and τ2
need to be investigated.

Note that the circumference of the tensile reinforce-
ment, O, does not have any effect on the final value of
αp. This is seen from evaluation of equations (13) and
(14). However, O still has a physical meaning regard-
ing the crack distance, x0 and thus the individual crack
widths.

7.6. Rotational demand

Determination of the rotational demand to verify against
αp is another subject in need of further investigation. It is
important to know the amount of deformation necessary to
accommodate an assumed failure mechanism; both in de-
sign of statically indeterminate structures and earthquake
design by capacity design methods.
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Energy methods have shown encouraging preliminary
results, but still have to be further researched. Further-
more, energy methods usually cause rather cumbersome
calculations why simplifications or another way of obtain-
ing the rotational demand is necessary.

8. Conclusions

The model presented in this article describes the mech-
anism of rotational capacity in flexural members in a real-
istic but simple manner generally consisting of three parts:

1. The maximum tensile force in the reinforcement is
determined by a cross-sectional analysis of the crit-
ical cross section. As far as possible the analysis
is developed based on known models. However, in
the presented model is used a non-linear modeling
of the reinforcement. Failure is controlled by either
steel rupture at low reinforcement ratios or concrete
crushing in other cases.

2. The overall distribution of tensile forces in the lon-
gitudinal reinforcement is determined by the use of
energy principles. Doing this, the favorable effect
of shear contributing to tensile forces is included di-
rectly.

3. The negative effect of tension stiffening is included
in the model by adjusting the tension force curve.
Initially, this induces cumbersome calculations as an
incremental approach is needed. An approximation
is introduced to significantly simplify calculations. It
is shown that this approximation leads to small devi-
ations compared to the theoretically correct model.

It is required that failure is dictated by rotation and
not translation, i.e. beams affected by Kani’s Valley is
not covered by the model.

The calculation process of the model can be summa-
rized as

1. Determine the maximum tension force in the hinge
by an analysis of the critical cross section.

2. Calculate the tension force variation due to shear
force including tension shift due to inclination of the
diagonal compression field.

3. Adjust the tension force curve to the influence of
tension stiffening effects between cracks.

4. Integrate the steel strains over the plastic hinge length
and transform the deformation into the plastic rota-
tion.

A parametric study shows that all main parameters influ-
ence the results why the model cannot be simplified fur-
ther. Through an example the applicability of the model
is shown.

This model is believed to have major strengths relative
to other models in this field of research, as it is:

(i) Simple; thus possible to use in design.

(ii) Rational; all parameters are physically understand-
able and none empirical (except material properties).

(iii) Flexible; it can be used with any type of static sys-
tem as well as reinforcement and cross sectional de-
sign.

As crushing of concrete in the compression zone is the
most common failure criterion, it is desirable to further
investigate the mechanisms in a critical cross section of
flexural members in order to describe the compression zone
more accurately.

Through an example and a parametric study, it is seen
that tension stiffening and tension shift have significant
effects on αp and that these effects are clearly captured by
the model. Finally, the model is compared to EC2 and
MC2010 yielding higher values of αp for lower to middle-
range values of ρs. However, at high values of ρs the model
is conservative due to the constitutive model for concrete
in the compression zone.

Overall, the model is considered superior to the code
model, by enabling the designer to adjust a certain design
directly relative to the physics. Furthermore, the model is
able to use any ductility class of reinforcement.

List of symbols

Small letters

a Active support length
b Width of beam
d Effective tensile depth
dsc Effective compressive depth
fc Concrete compressive strength
fctm Concrete tensile strength, mean
fu Steel ultimate strength, tension reinforcement
fy Steel yield strength, tension reinforcement
fyc Steel yield strength, compression reinforcement
h Height of cross section
heff Height of effective tensile concrete area
lfan Length of fan
lw Length of support/loading plate
p Uniformly distributed support resultant/point load,

over blw
sp Total plastic slip
x Beam axis
x0 Crack distance, stable pattern
y Vertical axis
y0 Neutral axis depth
z Internal lever arm

Large letters

As Tensile reinforcement area
Asc Compressive reinforcement area
C Compressive force resultant
Cc Internal force resultant, concrete
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Cmax Compressive force resultant, critical cross section
Cs Internal force resultant, compressive reinforcement
Es Young’s modulus
Esy Yield modulus of reinforcement
F Internal forces
L Length of beam segment used in model
Lbay Length of bay span, c-c
Lp Plastic hinge length
M Moment
Mu Moment at failure, critical section
O Circumference of total tensile reinforcement
P Applied force or support resultant
T Tension force
Tcr Tension force, crack
Tmax Tension force, critical cross section
Tmin Tension force, zero slip section
TM Tension force from moment distribution
TTS Tension force with shear and tension stiffening

contributions
Ty Yield force, tensile reinforcement
V Shear force
V0 Shear force at the end of the loading plate

Greek letters

αp Plastic rotation capacity
β Relative neutral axis depth
βlimit Relative neutral axis depth limit, failure criterions
∆TTS Tension stiffening force, average
∆TV Tension force contribution due to shear force
ε Strain
εcu Maximum strain, compressive concrete
εs Steel strain
εsc Strain, compressive reinforcement
εs,p Plastic strain
εsu Maximum strain, tensile reinforcement
εsy Yield strain, tensile reinforcement
η Local beam axis
θ Maximum shear inclination angle
κp Plastic curvature
κp,ave Plastic curvature, average
λ Equivalence factor, rectangular concrete stress block.
ρs Geometric reinforcement ratio, tensile
ρsc Geometric reinforcement ratio, compressive
σs Stress, tensile reinforcement
σsc Stress, compressive reinforcement
σs,max Stress, tensile reinforcement at critical section
σsw Shear reinforcement stress, smeared
τ1 Bond strength, cracking phase
τ2 Bond strength, failure state
τbond Bond strength
τV Equivalent shear stress on tensile reinforcement

due to shear force
τw Equivalent shear stress in the web
φ Shear inclination angle
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