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COMMODITY DERIVATIVES PRICING WITH

INVENTORY EFFECTS

CHRISTIAN BACH AND MATT P. DZIUBINSKI

Abstract. We introduce tractable models for commodity deriva-
tives pricing with inventory and volatility e�ects, and illustrate
with applications to the oil market. We contribute to the existing
literature in several respects. First, whereas the previous liter-
ature uses futures data for investigating the relationship between
inventory and volatility, we use the information available in options
traded on futures. Second, performance assessment in the previ-
ous literature has primarily evolved around explaining moments of
data or forecasting prices of futures. Instead, we asses the perfor-
mance of our model by considering both the ability of explaining
prices in-sample and out-of-sample � assessing both the pricing-
performance and the hedging-performance of the models. Third,
we model the futures surface rather than the spot price process,
and from the no-arbitrage relationship between spot and futures
prices we limit the number of parameters to calibrate. We in-
troduce a new, maturity-wise calibration method compatible with
this modeling methodology. Fourth, we use actual data on inven-
tories rather than a proxy. Fifth, our model is very �exible and
allows for testing several di�erent types of relationships between
inventory and volatility.

JEL Classi�cation. C51, C52, G12, G13, Q40.

1. Introduction

The role of inventory in explaining commodity spot price volatility
is signi�cant. In particular considering the oil market, Geman (2005)
writes:

. . . whenever there is a downward adjustment of the es-
timated oil reserves in the US or another region, the
volatility of oil prices increases sharply (and prices as
well).
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2 CHRISTIAN BACH AND MATT P. DZIUBINSKI

The role of inventories in explaining price and volatility of commodi-
ties have been studied in several papers. Brennan (1958) and Telser
(1958) are early studies on the e�ect of the level of inventory on agricul-
tural commodities, but the inventory e�ect has also been documented
for metals (Ng and Pirrong (1994)) and oil and natural gas markets
(Geman and Ohana (2009)). These studies use proxies for inventories
rather than actual inventory data. This approach is common since in-
ventories of most commodities are generally not known to the markets.
A common proxy used is the spread between the 1-month and the 12-
month futures contracts (see, e.g., Fama and French (1987) and Fama
and French (1988)). Geman and Ohana (2009) show that this proxy for
inventory is of mixed quality depending on the commodity of interest.
Instead of relying on a proxy for inventory data we use weekly data
on oil inventories. Geman and Nguyen (2005) construct a database of
soybean inventory over a 10-year period and show that volatility can
be written as an exact inverse function of inventory. In this paper we
do not obtain such a clear relationship although we see strong signs of
the relationship between inventory and volatility being negative.
Several simple models have been proposed to utilize the information

in commodity inventory levels. Most of this literature incorporates the
information in inventories in the price dynamics of the spot price (see,
e.g., Gibson and Schwartz (1990), Schwartz (1997) and Routledge et al.
(2000)) and, in accordance with vast empirical research, models spot
prices as a mean-reverting process.1 Another way to model the e�ect of
inventories is to let convenience yield be a function of inventory. Kaldor
(1939) and Working (1949) suggest that the relationship is inverse (the
so called Kaldor-Working hypothesis). In the models we consider in this
paper we let inventory be a separate process and model the relationship
between futures prices and inventory through the correlation structure.2

Most papers assess model performance by considering the futures
market, in terms of either explaining the moments of futures (Routledge
et al. (2000)), explaining observed futures or forwards curves (Geman
and Nguyen (2005)) or the performance of the model in forecasting
the price of futures (Gibson and Schwartz (1990)). We assess model
performance both by considering the ability to price options left out of
the observation set used for calibration and by the ability to forecast
option prices one day ahead.
Our calibration procedure is inspired by that of Christo�ersen et al.

(2009) who calibrate their model to weekly observations of prices on Eu-
ropean style options. We calibrate all our models on a daily frequency

1See, e.g., Gibson and Schwartz (1990), Brennan (1991), Cortazar and Schwartz
(1994), Bessembinder et al. (1995), and Ross (1997).

2In particular, through the non-zero instantaneous correlations of the Wiener
Processes driving the price, volatility and/or inventory stochastic processes.
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and consider both the setting where one parameter-set exists for all fu-
tures on a given day and the setting where a parameter-set is calibrated
for each future. The latter amounts to obtaining a parameter-set for
each di�erent future maturity. Liquidity in crude oil futures and Amer-
ican options is very high. Traditionally, European options on crude oil
are not as liquid as American options and this poses an important
trade-o� in the choice between the option exercise type. American
option prices are computationally signi�cantly more expensive to cal-
culate and when we seek to calibrate on a daily basis, the time required
becomes too long. This necessitates a conversion of American prices to
European prices, similarly to Trolle and Schwartz (2009). We calibrate
to thus obtained European style option prices, covering the time period
from September 23, 1988 to May 5, 2011, yielding over 221

2
years of

data used in the calibration.
We contribute to the existing literature in several respects. First,

whereas the previous literature uses futures data for investigating the
relationship between inventory and volatility, we use the information
available in options traded on futures. Considering the fact that op-
tions have a strike-dimension it is plausible that they contain incre-
mental information over futures. Second, performance assessment in
the previous literature has primarily evolved around explaining mo-
ments of data or forecasting prices of futures. Instead, we assess model
performance by considering the ability both of explaining prices in-
sample and out-of-sample. In-sample performance assessment is done
by using only a subset of the options data on each day for calibration
and attempting to forecast the price of the remaining options. Out-
of-sample performance assessment is done by making one-day-ahead
predictions of option prices. Third, we consider models for the futures
prices rather than spot prices (thus, modeling the futures surface),
and from the no-arbitrage relationship between spot and futures prices
we limit the number of parameters to calibrate. Fourth, we use ac-
tual data on inventories rather than a proxy. Fifth, our model is very
�exible and allows for testing several di�erent types of relationships
between inventory and volatility. In particular, it is straightforward to
only allow for an inverse relationship between inventory and volatility,
when inventory is below its average level, as proposed in Geman and
Ohana (2009). Sixth, we consider two di�erent calibration approaches
and show that both pricing performance and forecasting performance
can be improved greatly by calibrating the parameter set to each fu-
tures contract on each day. This is particularly true for short maturity
options and far out-of-the-money options, whereas for long maturity
options and far in-the-money options both methods fare equally well.
The paper proceeds as follows. In Section 2 we present the data and

motivate the use of inventory data in modeling volatility of futures.
In Section 3 we present the models considered in the paper. Section
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4 discusses calibration methods. Section 5 presents empirical results,
Section 6 compares the pricing and hedging performance across models
and calibration methods, and Section 7 concludes.

2. Data and Initial Analysis

In this section, we �rst describe the data on options, futures and
inventory and then present descriptive statistics. We further study the
relationship between inventory on the one hand and option price and
volatility on the other.

2.1. Futures Data. In the commodity derivatives market the under-
lying is usually not the commodity itself, but rather a futures contract
written on the commodity. We consider the West Texas Intermediate
(WTI) crude oil futures traded on the New York Mercantile Exchange
(NYMEX)3 since these are historically the most liquid crude oil fu-
tures and we will refer to the price of the front future as the observed
spot price. Futures trading on NYMEX was initiated in 1983 and the
contracts are standardized, specifying, e.g., the minimum quality of
delivered crude oil, in terms sulfur content and gravity, and the place
of delivery (Cushing, Oklahoma). Contracts currently trade 60 con-
secutive months, with long-dated December and June futures with up
to 9 years to maturity being available as well. As is apparent from
Figure 2.1, most of the volume is in contracts with only few months
to maturity, but futures with up to 1 year to maturity, as well as June
and December contracts, in general, are reasonably liquid.
Trading in a futures contract terminates at the close of business on

the third business day prior to the 25th calendar day of the month
preceding the delivery month, or the preceding business day if the
25th is not a business day. For instance, the contract with 1 month
to delivery in Figure 2.1 is a future with maturity in February and
the last day of trading in that future is around the 22nd of January.
Delivery takes place between the �rst and last business day of the
delivery month. The futures data series is from CRB Trader.

2.2. Options Data. We use daily closing quotes on American crude
oil options traded on NYMEX during the period from September 1988
to May 2011.4 The option data series is from CRB Trader and the
NYMEX crude oil derivatives market is the most liquid derivatives mar-
ket in the world. Each option is on one futures contract with expiry in
the same month as the option. Trading in an option contract terminates
at the close of business on the third business day prior to expiration of
the underlying futures contract. The option contracts traded are with
similar maturity as for the futures contracts. The strike price rule for

3As of 2008 a subsidiary of the CME Group.
4European-style crude oil futures options have been trading on NYMEX since

2008, but liquidity is still substantially smaller than for American options.



COMMODITY DERIVATIVES PRICING WITH INVENTORY EFFECTS 5

5 10 15 20
0

1

2

3

4

5

6

7
x 10

5

Maturity (months)

V
ol

um
e

Figure 2.1. Trading volume as a function of maturity.

the option series is to always have twenty strike prices in increments of
$0.5 per barrel above and below the at-the-money (ATM) strike price.
It furthermore has the next 10 strike prices in increments of $2.5 per
barrel both in-the-money (ITM) and out-of-the-money (OTM). This is
already a substantial amount of strikes traded at each maturity. As
time progresses the oil price changes and new contracts are introduced
such that the strike price rule remains. Therefore, at each day one can
easily observe more than 1,000 option contracts with di�erent matu-
rity and strike. It also implies that one often observes far ITM and far
OTM options. The strike rule has changed through time and in early
parts of the dataset fewer contracts in both the strike and maturity
dimension were traded.
Before �ltering the options and futures data consists of 4, 845, 069

daily closing prices on options and 238, 814 daily closing prices on fu-
tures.5 Each option quote is matched with the price of the underlying
futures contract. Following Bakshi et al. (1997) we exclude all options

5We follow Trolle and Schwartz (2009) and base the analysis on settlement prices.
Settlement prices are determined by the "Settlement Price Committee" at the end
of regular trading hours. They are a very accurate measure of the true market



6 CHRISTIAN BACH AND MATT P. DZIUBINSKI

with less than 7 days to maturity, as well as options with extreme
moneyness (20% in and out of the money). Furthermore, since option
prices are quoted in increments of 1 cent, we exclude options with a
price of less than $0.5.6 On each day there are options with several
di�erent maturities and the risk-free rate for each of these maturities
is calculated by interpolating the available T-bill rates.

2.2.1. Further Filtering Rules. Pricing of American-style options is sig-
ni�cantly more complex than pricing European-style options. In partic-
ular when models become more complex than the standard one-factor
GBM model, calibrating to American-style options is very time con-
suming. Therefore, we take a standard approach (see, e.g., Broadie
et al. (2007) and Trolle and Schwartz (2009)) and convert the ob-
served American option prices to prices of corresponding European-
style option. Whereas Trolle and Schwartz (2009) apply the formula
by Barone-Adesi and Whaley (1987) in the conversion we apply the Ju
and Zhong (1999) formula, obtained by introducing correction terms
to the Baroni-Adesi and Whaley formula, since it is more accurate for
intermediate maturities.
First, we back out the implied volatility from the Ju formula. Let

Θ = (K, τ, S, r), CJU (Θ, σ) be the American call price calculated
with the Ju formula with parameter-set {Θ, σ}, cBS (Θ, σ) the corre-
sponding European-style call option and C the corresponding observed
American-style call option. Then the implied volatility σ is obtained
(using the Newton-Raphson method) such that C = CJU (Θ, σ). Sec-
ond, we obtain the corresponding European-style call option price as
cBS (Θ, σ), where σ is the implied volatility from the �rst step. The
approach is exactly similar for put options. In this fashion we convert
all our observations to corresponding European-style option prices and
can price them as such.
We present descriptive statistics using a relatively detailed money-

ness �lter (including 35% ITM and OTM options) and maturity �lter
(including options with 360 < τ , where τ denotes time-to-maturity).
As mentioned earlier, and as is also seen from Table 2.1, options with
long maturities are widely available. However, as was seen in the pre-
vious section, liquidity is thin in futures with more than 12 months
to maturity and as a result we limit ourselves to considering options
with no more than 12 months to maturity in the calibration exercise.
From Tables 2.2 and 2.3 the expected increase in call prices in money-
ness and maturity is observed. Comparing the European-style prices
of Table 2.2 with the American style prices of Table 2.3 we note that

prices at the time of close and we expect them to have no relevant in�uence on our
results.

6This implies that a price error of 2 percent might still remain due to discrete
prices.
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the American-style premium is particularly pronounced for short ma-
turity options slightly in the money and long maturity options far in
the money.
Table 2.4 shows the average implied volatility for each of the money-

ness and maturity categories. Contrary to Christo�ersen et al. (2009)
who document a volatility smirk for options on S&P 500 futures, we
observe a more or less perfect smile from the implied volatilities across
moneyness. In particular for ATM and ITM options on S&P 500 fu-
tures the implied volatility is constant across maturity. This pattern
is very di�erent from the one observed in Table 2.4, where implied
volatility is decreasing sharply in maturity. For instance, for ATM op-
tions average implied volatility is 37 percent for options with less than
1 month to maturity, 31 percent for options with 180 to 365 days to
maturity, and 25 percent for options with more than 1 year to maturity.
This shows that even considering ATM options more �exible models
than the standard one-factor GBM model are needed. The implied
volatilities are obtained from the Black (1976) model

C = e−rτ
(
FN (d1)−KN

(
d1 − σ

√
τ
))

d1 =
ln (F/K) + (σ2/2) τ

σ
√
τ

,

where N is the cumulative distribution function (CDF) of the standard
normal distribution, C is the call option price, r is the risk-free rate, F
is the price of the futures contract, K is strike price of the option and
σ the volatility.
Considering analogous tables for put options in Tables 2.5 - 2.8 simi-

lar conclusions are made. As expected, the put option price is decreas-
ing in moneyness and increasing in maturity. Comparing the European
style put option prices in Table 2.6 to the American style ones in Table
2.7 we see that for short-maturity options the American-style premium
is biggest for slightly in-the-money options while for put options with
long time to maturity the premium is biggest for far in-the-money op-
tions. When considering the IV volatility surface for put options in
Table 2.8 it is immediate that also for put options the standard one-
factor GBM model is not su�cient for matching observed prices.
For completeness the tables in this section present descriptive sta-

tistics for options 35% in and out of the money as well as options with
more than 1 year to maturity. In the calibration we limit the sample
to include options 20% in and out of the money and we only include
options with more than 1 year to maturity if they are written on either
the December or June contracts.

2.3. Inventory Data. Several inventories data are available, but as
argued by Gabillon (1991) the relevant series for derivatives pricing is
the commercial inventories series. This series is updated on a weekly
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Number of call option contracts

14 ≤ τ ≤ 30 30 < τ ≤ 90 90 < τ ≤ 180 180 < τ ≤ 360 360 < τ All

0.65 < K/F < 0.7 1,706 7,462 8,718 9,996 15,131 43,013
0.7 < K/F < 0.75 3,001 13,342 14,049 13,511 19,371 63,274
0.75 < K/F < 0.8 5,318 19,281 19,412 17,691 24,477 86,179
0.8 < K/F < 0.85 7,923 25,237 26,112 23,227 30,001 112,500
0.85 < K/F < 0.9 9,794 30,499 34,406 31,319 32,278 138,296
0.9 < K/F < 0.925 5,355 16,825 19,999 19,334 16,602 78,115
0.925 < K/F < 0.95 5,553 17,748 21,793 22,061 17,287 84,442
0.95 < K/F < 0.975 5,720 18,494 23,105 24,558 18,009 89,886
0.975 < K/F < 1 5,443 19,285 24,580 26,910 18,784 95,002
1 < K/F < 1.025 4,892 18,241 23,458 25,248 17,002 88,841

1.025 < K/F < 1.05 4,425 17,099 21,559 21,648 14,550 79,281
1.05 < K/F < 1.075 3,420 15,836 19,456 19,906 12,983 71,601
1.075 < K/F < 1.1 2,203 14,531 17,594 17,599 11,581 63,508
1.1 < K/F < 1.15 2,181 23,357 30,784 29,586 20,558 106,465
1.15 < K/F < 1.2 1,025 14,753 24,766 23,976 18,591 83,111
1.2 < K/F < 1.25 554 8,126 17,865 18,482 16,530 61,557
1.25 < K/F < 1.3 306 4,588 11,605 14,330 14,833 45,662
1.3 < K/F < 1.35 143 3,011 7,634 10,913 13,796 35,497

All 68,962 287,714 366,895 370,295 332,364 1,426,230

Table 2.1. Number of call option contracts for di�erent maturities
and strike, 1988-2011.

Average European call price

14 ≤ τ ≤ 30 30 < τ ≤ 90 90 < τ ≤ 180 180 < τ ≤ 360 360 < τ All

0.65 < K/F < 0.7 23.99 22.20 11.94 6.53 5.11 10.54
0.7 < K/F < 0.75 20.19 17.48 10.00 3.89 4.24 8.99
0.75 < K/F < 0.8 15.33 11.87 5.42 3.05 5.34 6.97
0.8 < K/F < 0.85 10.72 6.83 2.60 3.27 6.18 5.21
0.85 < K/F < 0.9 6.35 3.05 2.32 3.89 7.14 4.25
0.9 < K/F < 0.925 3.56 1.92 2.80 4.36 8.06 4.17
0.925 < K/F < 0.95 2.01 1.97 3.21 4.84 8.70 4.42
0.95 < K/F < 0.975 1.39 2.31 3.70 5.26 9.26 4.81
0.975 < K/F < 1 1.68 2.82 4.30 5.76 9.91 5.37
1 < K/F < 1.025 1.97 3.09 4.43 5.85 10.35 5.56
1.025 < K/F < 1.05 1.51 2.63 3.80 5.23 9.90 4.93
1.05 < K/F < 1.075 1.23 2.20 3.34 4.74 9.37 4.47
1.075 < K/F < 1.1 1.13 1.74 2.96 4.32 8.85 4.09
1.1 < K/F < 1.15 1.09 1.53 2.45 3.76 8.24 3.70
1.15 < K/F < 1.2 0.98 1.33 1.94 3.43 7.45 3.39
1.2 < K/F < 1.25 0.84 1.28 1.67 2.59 6.71 3.24
1.25 < K/F < 1.3 0.75 1.28 1.57 2.32 6.16 3.26
1.3 < K/F < 1.35 0.71 1.22 1.53 2.13 5.68 3.30

All 5.87 4.50 3.54 4.23 7.45 4.94

Table 2.2. Average European call option price for di�erent maturi-
ties and strike, 1988-2011. The European price is obtained by applying
the Ju formula conversion from American-style options to American-
style options.

basis and available from the U.S. Energy Information Administration.
As mentioned earlier, it is widely documented in the literature that for
commodities in general and oil in particular inventories in�uence prices
and volatilities of prices. In this paper we model the e�ect by introduc-
ing inventories as a factor in�uencing the price of oil futures. Figure
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Average American call price

14≤ τ ≤30 30< τ ≤90 90< τ ≤180 180< τ ≤360 360 < τ All

0.65 < K/F < 0.7 24.73 26.26 26.39 28.04 29.97 27.94
0.7 < K/F < 0.75 20.31 20.59 21.14 23.45 26.19 23.02
0.75 < K/F < 0.8 15.58 15.88 16.98 19.18 22.79 18.75
0.8 < K/F < 0.85 11.44 12.02 13.25 15.12 19.51 14.90
0.85 < K/F < 0.9 7.95 8.79 10.12 12.07 16.56 11.62
0.9 < K/F < 0.925 5.72 6.77 8.25 10.06 14.69 9.58
0.925 < K/F < 0.95 4.47 5.59 7.08 8.94 13.59 8.41
0.95 < K/F < 0.975 3.37 4.58 6.12 7.79 12.38 7.34
0.975 < K/F < 1 2.56 3.73 5.28 6.84 11.34 6.45
1 < K/F < 1.025 1.99 3.12 4.49 5.98 10.55 5.65
1.025 < K/F < 1.05 1.51 2.63 3.80 5.25 9.93 4.94
1.05 < K/F < 1.075 1.23 2.20 3.34 4.74 9.38 4.47
1.075 < K/F < 1.1 1.13 1.84 2.96 4.32 8.87 4.10
1.1 < K/F < 1.15 1.09 1.53 2.45 3.77 8.27 3.71
1.15 < K/F < 1.2 0.98 1.33 1.94 3.13 7.46 3.40
1.2 < K/F < 1.25 0.84 1.29 1.67 2.59 6.72 3.25
1.25 < K/F < 1.3 0.75 1.28 1.57 2.32 6.16 3.26
1.3 < K/F < 1.35 0.71 1.22 1.53 2.14 5.69 3.30

All 6.82 6.80 7.16 8.53 14.11 9.05

Table 2.3. Average American call option price for di�erent matu-
rities and strike, 1988-2011.

Average call IV

14≤ τ ≤30 30< τ ≤90 90< τ ≤180 180< τ ≤360 360 < τ All

0.65 < K/F < 0.7 0.61 0.46 0.40 0.36 0.30 0.37
0.7 < K/F < 0.75 0.54 0.44 0.39 0.35 0.29 0.37
0.75 < K/F < 0.8 0.48 0.42 0.37 0.35 0.28 0.36
0.8 < K/F < 0.85 0.44 0.39 0.36 0.33 0.27 0.35
0.85 < K/F < 0.9 0.41 0.38 0.35 0.32 0.27 0.33
0.9 < K/F < 0.925 0.39 0.37 0.34 0.31 0.26 0.33
0.925 < K/F < 0.95 0.38 0.36 0.34 0.31 0.26 0.32
0.95 < K/F < 0.975 0.37 0.36 0.33 0.31 0.26 0.32
0.975 < K/F < 1 0.37 0.35 0.33 0.30 0.25 0.31
1 < K/F < 1.025 0.38 0.36 0.33 0.30 0.25 0.32
1.025 < K/F < 1.05 0.38 0.36 0.33 0.30 0.26 0.32
1.05 < K/F < 1.075 0.40 0.37 0.34 0.31 0.26 0.33
1.075 < K/F < 1.1 0.44 0.37 0.35 0.31 0.26 0.33
1.1 < K/F < 1.15 0.52 0.39 0.35 0.31 0.26 0.34
1.15 < K/F < 1.2 0.63 0.42 0.36 0.32 0.27 0.34
1.2 < K/F < 1.25 0.72 0.48 0.38 0.33 0.27 0.35
1.25 < K/F < 1.3 0.81 0.55 0.41 0.34 0.28 0.36
1.3 < K/F < 1.35 0.88 0.61 0.43 0.35 0.28 0.36

All 0.43 0.39 0.35 0.32 0.27 0.34

Table 2.4. Average IV for call options for di�erent maturities and
strike, 1988-2011.

2.2 shows the time series of inventory and average implied volatility.
Implied volatility tends to increase sharply after a sharp decline in in-
ventories, while implied volatility tends to drop as inventories increase.
This e�ect is also re�ected by a negative correlation of −0.08.
For completeness, in Figure 2.3 we also follow the standard practice

in the literature and show the time series of inventory and volatility,
where volatility is calculated as the weekly standard deviation over the
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Number of put option contracts

14≤ τ ≤30 30< τ ≤90 90< τ ≤180 180< τ ≤360 360 < τ All

0.65 < K/F < 0.7 7 899 5978 15676 18231 40791
0.7 < K/F < 0.75 42 2644 11449 24957 21394 60486
0.75 < K/F < 0.8 185 5857 21650 33033 25552 86277
0.8 < K/F < 0.85 592 12666 33082 38063 30658 115060
0.85 < K/F < 0.9 1812 23074 39711 42456 32813 139866
0.9 < K/F < 0.925 1962 14754 21339 23412 16912 78379
0.925 < K/F < 0.95 3305 16026 22567 25358 17442 84698
0.95 < K/F < 0.975 4386 17160 23873 26459 17632 89510
0.975 < K/F < 1 4870 18630 24699 27007 17966 93172
1 < K/F < 1.025 5259 17629 21031 21881 15461 81261
1.025 < K/F < 1.05 5228 15749 17133 15837 12186 66133
1.05 < K/F < 1.075 4630 13493 13990 12688 10405 55206
1.075 < K/F < 1.1 4094 11589 11216 9577 8691 45167
1.1 < K/F < 1.15 6348 18097 16622 14347 14569 69983
1.15 < K/F < 1.2 4601 12752 11538 10145 12698 51734
1.2 < K/F < 1.25 3141 9083 8155 7286 11534 39199
1.25 < K/F < 1.3 2003 6372 5707 6038 11022 31142
1.3 < K/F < 1.35 1341 4705 4612 5487 10517 26662

All 53806 221179 314351 359707 305683 1254726

Table 2.5. Number of put option contracts for di�erent maturities
and strike, 1988-2011.

Average European put price

14≤ τ ≤30 30< τ ≤90 90< τ ≤180 180< τ ≤360 360 < τ All

0.65 < K/F < 0.7 0.56 0.72 1.05 1.43 3.07 2.09
0.7 < K/F < 0.75 0.60 0.80 1.17 1.56 3.99 2.31
0.75 < K/F < 0.8 0.69 0.98 1.29 1.87 5.06 2.61
0.8 < K/F < 0.85 0.81 1.12 1.55 2.39 6.06 2.98
0.85 < K/F < 0.9 0.99 1.37 2.17 3.21 7.08 3.49
0.9 < K/F < 0.925 1.07 1.72 2.82 3.91 7.99 4.01
0.925 < K/F < 0.95 1.18 2.11 3.29 4.46 8.75 4.46
0.95 < K/F < 0.975 1.47 2.57 3.82 5.04 9.56 4.96
0.975 < K/F < 1 1.98 3.09 4.50 5.83 10.38 5.60
1 < K/F < 1.025 1.85 2.99 4.55 6.07 10.45 5.57
1.025 < K/F < 1.05 1.34 2.40 3.96 5.82 10.19 4.97
1.05 < K/F < 1.075 1.56 2.02 3.60 5.64 9.77 4.67
1.075 < K/F < 1.1 2.62 1.84 3.36 5.45 9.63 4.55
1.1 < K/F < 1.15 4.58 2.31 3.15 5.19 9.25 4.75
1.15 < K/F < 1.2 7.10 4.03 2.94 4.81 8.60 5.33
1.2 < K/F < 1.25 10.05 6.44 3.36 4.87 7.76 6.18
1.25 < K/F < 1.3 13.29 8.85 4.18 4.50 7.08 6.81
1.3 < K/F < 1.35 16.96 10.82 5.41 4.45 6.49 7.17

All 3.75 2.77 2.98 3.90 7.47 4.33

Table 2.6. Average European put option price for di�erent maturi-
ties and strike, 1988-2011. The European price is obtained by applying
the Ju formula conversion from American-style options to American-
style options.

past 22 business days. A similar pattern is observed and the correlation
coe�cient is −0.11.
While the level of inventories certainly has an e�ect on volatility

of oil prices, there is almost no e�ect on the price of the futures. In
Figure 2.4 we show the time-series of inventory and crude oil spot price.
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Average American put price

14≤ τ ≤30 30< τ ≤90 90< τ ≤180 180< τ ≤360 360 < τ All

0.65 < K/F < 0.7 0.61 0.75 1.09 1.46 3.09 2.12
0.7 < K/F < 0.75 0.63 0.85 1.23 1.68 4.07 2.40
0.75 < K/F < 0.8 0.73 1.02 1.35 2.03 5.12 2.70
0.8 < K/F < 0.85 0.83 1.15 1.60 2.56 6.09 3.06
0.85 < K/F < 0.9 1.00 1.39 2.21 3.37 7.12 3.56
0.9 < K/F < 0.925 1.08 1.73 2.86 4.04 8.02 4.07
0.925 < K/F < 0.95 1.18 2.12 3.32 4.56 8.77 4.50
0.95 < K/F < 0.975 1.48 2.58 3.84 5.12 9.58 4.99
0.975 < K/F < 1 1.99 3.09 4.52 5.90 10.42 5.64
1 < K/F < 1.025 2.57 3.69 5.26 6.80 11.50 6.35
1.025 < K/F < 1.05 3.32 4.43 6.05 7.97 13.01 7.19
1.05 < K/F < 1.075 4.30 5.32 7.05 9.21 14.40 8.28
1.075 < K/F < 1.1 5.40 6.33 8.15 10.59 16.28 9.52
1.1 < K/F < 1.15 7.19 7.99 10.01 12.65 18.93 11.63
1.15 < K/F < 1.2 9.88 10.62 12.73 15.93 22.46 14.97
1.2 < K/F < 1.25 12.97 13.92 16.07 19.53 25.55 18.75
1.25 < K/F < 1.3 16.46 17.33 19.68 23.07 28.84 22.89
1.3 < K/F < 1.35 19.77 20.63 23.15 26.61 23.07 26.77

All 5.37 5.02 5.08 5.95 11.38 6.87

Table 2.7. Average American put option price for di�erent matu-
rities and strike, 1988-2011.

Average put IV

14≤ τ ≤30 30< τ ≤90 90< τ ≤180 180< τ ≤360 360 < τ All

0.65 < K/F < 0.7 1.14 0.68 0.50 0.39 0.30 0.38
0.7 < K/F < 0.75 0.99 0.60 0.45 0.37 0.30 0.37
0.75 < K/F < 0.8 0.88 0.53 0.41 0.35 0.29 0.36
0.8 < K/F < 0.85 0.71 0.46 0.37 0.34 0.28 0.35
0.85 < K/F < 0.9 0.56 0.41 0.36 0.33 0.27 0.34
0.9 < K/F < 0.925 0.47 0.39 0.35 0.32 0.26 0.33
0.925 < K/F < 0.95 0.42 0.38 0.34 0.31 0.26 0.33
0.95 < K/F< 0.975 0.39 0.37 0.34 0.31 0.26 0.32
0.975 < K/F < 1 0.38 0.36 0.33 0.30 0.25 0.32
1 < K/F < 1.025 0.37 0.35 0.33 0.31 0.26 0.32
1.025 < K/F < 1.05 0.36 0.35 0.34 0.32 0.26 0.32
1.05 < K/F < 1.075 0.37 0.36 0.34 0.32 0.27 0.33
1.075 < K/F < 1.1 0.38 0.36 0.35 0.33 0.27 0.34
1.1 < K/F < 1.15 0.40 0.38 0.37 0.34 0.28 0.35
1.15 < K/F < 1.2 0.44 0.41 0.38 0.35 0.28 0.36
1.2 < K/F < 1.25 0.48 0.44 0.40 0.36 0.28 0.37
1.25 < K/F < 1.3 0.53 0.46 0.43 0.37 0.28 0.38
1.3 < K/F < 1.35 0.60 0.49 0.44 0.37 0.28 0.38

All 0.42 0.39 0.37 0.33 0.27 0.34

Table 2.8. Average IV for put options for di�erent maturities and
strike, 1988-2011.

From the �gure it might seem like spot prices are reacting to jump in
inventories when the jumps are very large, and otherwise the two series
seem unrelated, as also indicated by a correlation coe�cient of −0.04.
In Table 2.9 we show correlation coe�cients between measures of

volatility and the inventory level. For any measure of correlation and
any measure of volatility correlation is negative. It is clear that em-
pirical data show support for the Kaldor-Working relationship, but it
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Figure 2.2. Weekly time series plots of oil inventory and average
implied volatility. Average implied volatility is the average over option
contracts with di�erent strike and di�erent maturity.

is also clear that the relationship is not as strong as the one found by
Geman and Nguyen (2005) for the soybean market. We are certainly
not able to write volatility as an exact inverse function of inventory.7

We also observe that when inventory is scarce then the Pearson cor-
relation drops as low as -0.19, which indicates that when inventory is
scarce volatility reacts more to changes in inventory.

3. The Models

In this section we describe the various models used in the calibration.
To avoid unnecessary complexity, and without loss of generality, we
develop all our models under the risk-neutral measure Q. The �rst

7Note that this analysis applies mostly to the results obtained using rank
correlation statistics, i.e., Spearman's ρ and Kendall's τ . Since they measure
(dis)agreement on the ranking one can consider rank-inversion as having an ef-
fect of changing the correlation sign. At the same time, conventional Pearson's
correlation coe�cient far from +/- 1 allows us to exclude the case of a perfect
linear relationship where applicable.
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Figure 2.3. Weekly time series plots of oil inventory and volatility.
Volatility is calculated as the standard deviation of the spot price over
the past 22 business days.

Pearson Spearman Kendall

Corr(Spot,Inventory) -0.04 -0.12 -0.09
Corr(RV,Inventory) -0.11 -0.24 -0.17
Corr(IV,Inventory) -0.08 -0.22 -0.14
Corr(IV,Inventory if scarcity(below mean)) -0.19 -0.18 -0.12

Table 2.9. The table shows Pearson, Spearman and Kendall corre-
lation coe�cients for how inventory is correlated with the futures spot
price, futures realized volatility and option implied volatility.

thing to notice is the general result that there is no drift in the futures
processes under Q. This is easily established by considering a simple
process for the underlying spot price

dSt
St

= (r − y) dt+ σdWt,

and the standard relationship between the spot and future price

F = Se(r−y)τ ,
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Figure 2.4. Weekly time series of oil inventory and spot oil price.

where r is the instantaneous risk-free rate, σ is the spot volatility and y
is the convenience yield. From It	o's lemma the process for the futures
contract is given by

dFt
Ft

= σdWt.

We will only work with models for the futures with no drift, but we
will increase complexity of the volatility of the futures.
De�ne an inventory variable as

It =
Invt

1, 000, 000
,

where Invt is observed commercial inventories in barrels.

3.1. FV model. We consider a simple Heston two-factor (FV) model
for futures

dFt =
√
VtF

β
t dW

F
t , (3.1)

dVt = aV (bV − Vt) dt+ cV
√
VtdW

V
t , (3.2)[

W F ,W V
]
t

= ρFV t, (3.3)
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where aV determines the speed of mean reversion to bV in stochas-
tic volatility and β determines skewness in the distribution of futures
prices. If β = 1 the model collapses to the standard Heston model.
With β 6= 1 the model also encompasses the practically very relevant
static SABR model.8 In this paper we only consider the simple case
of β = 1. This is done for both simplicity and computational ease,
however, the generalization should theoretically be straightforward for
β of 0, 1/2, and 1. Among those values the skewness of 1 seems to be
the empirically relevant choice, see Geman (2005).

3.2. FI model. A simple modi�cation of the Heston two-factor model
gives us a model utilizing the information in inventory. We still model
the price of the future as in the Heston model, but instead of aug-
menting the equation by an equation for volatility we augment it by
an equation for inventory. The model is formulated as9

dFt =
√
ItF

β
t dW

F
t , (3.4)

dIt = aI (bI − It) dt+ cI
√
ItdW

I
t , (3.5)[

W F ,W I
]
t

= ρFIt, (3.6)

where the interpretation of the coe�cients now apply to inventory
rather than volatility, but is otherwise the same. In practice this model
is di�erent from the Heston FV model in only one aspect. Rather than
calibrating initial volatility we take initial inventory from data (hence,
resulting in a more parsimonious model). This allows for much faster
calibration but also puts a severe restriction on the model. We note
that because of the restriction the model will by construction not be
able to match data as well as the standard FV model. However, as
will be shown in Section 5, the calibrated model parameters are less
volatile which is desirable for hedging. The FI model only performs
slightly worse than the FV model in out-of-sample pricing and in some

8The model is a dynamic SABR model in the most general case since ρFV is
e�ectively only piecewise-constant (not constant) and therefore time-varying. This
is re�ected in the (re)calibration methods used in the paper. In order to keep the
notation light, we do not introduce this additional temporal dependence in most of
the formulas other than the ones used when discussing the calibration.

9Note that as more general formulation one can write dÎt = aÎ

(
bÎ − Ît

)
dt +

cÎ

√
ÎtdW

Î
t , where Î is a functional transformation of I. For instance, one could

focus on modeling the inverse-inventories (scarcity) levels where Î = 1
I . Here, we

have chosen to focus on modeling the inverse relationship via the (non-zero) instan-
taneous correlations of the Wiener Processes driving the price F and inventory I.
However, we have also performed an assessment of the FI model where the inven-
tory data was replaced with inverse-inventory data and found no improvement in
model performance (and even observed a deterioration), see Appendix C for the
results.
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settings it is able to greatly outperform the FV model in terms of fore-
casting option prices one day ahead.
Using the SDE approach together with calibration o�ers a lot of

�exibility in terms of modeling. In this paper we only consider two-
factor models, but it is not theoretically much more complicated to
work with three-factor models. Natural models to apply from the class
of three-factor models include the double-volatility model of Christof-
fersen et al. (2009), a model augmenting the SDE for futures prices
with both volatility and inventory as proposed in Appendix B, FVV
and FVI models, respectively, or a model augmenting the SDE for fu-
tures prices with volatility and a latent factor only in�uencing futures
prices and volatility through the correlation structure (as proposed in
Appendix B, FVL model). Semi-closed-form solutions can still be ob-
tained for such models (see Appendix B) and pricing is almost as fast as
in two-factor models. What complicates the use of three-factor models
for empirical studies is the computational complexity when calibrating
the models.

4. Calibration methods

Many suggestions have been made in the literature as to how the
Heston and Heston-like models can be calibrated. The �rst impor-
tant distinction is between Monte-Carlo and closed/semi-closed form
solutions using Fourier methods. Monte-Carlo methods are in gen-
eral easier to implement and much more �exible, but also very slow
compared to closed-form solutions. As a result most of the literature
focuses on models for which closed-form or semi-closed-form solutions
exist. We follow a similar approach in our practical implementation.
The requirement of existence of a closed-form solution often limits the
�exibility of the models, which is not always desired. In Section 4.1 we
describe how we calibrate the models each day, obtaining a calibrated
set of parameters for each day. In Section 4.2 we describe how we cal-
ibrate the models for each maturity on each day, yielding a calibrated
set of parameters for each distinct maturity on each day. Naturally,
the latter approach is much more �exible than the former but it also
requires a very liquid dataset, with several strikes traded in each ma-
turity. Furthermore, the latter approach is not guaranteed to (and will
almost surely not) yield calibrated parameter values that are consistent
across maturities on each day. In particular, the calibrated value of V0
could be di�erent for each maturity on each day. It being substantially
di�erent across maturities on each day might be a sign of model mis-
speci�cation. A similar interpretation applies to the long-run value, b
(bI or bV depending on the model). However, we also note that futures
contracts with di�erent maturity can have both di�erent spot volatil-
ity and long run level of volatility and as such these parameters are
allowed to show some variation across maturities on the same day. For
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both the daily and maturity-wise calibration method we use 80% of the
observations for calibration and check the out-of-sample performance
on the remaining 20% of the observations.
Note that, similarly to a standard approach found in numerous arti-

cles based on cross-sectional calibration, such as an implied-parameter
estimation procedure in Bakshi et al. (1997), the calibration procedure
is repeated for every observation date and thus allows the parameters to
�uctuate through time. While one can also see studies relying on statis-
tical estimation under the physical measure P making the assumption
of constant parameter values throughout the entire sampling period,
our main focus is derivatives pricing and realistic performance assess-
ment, not statistical inference. Hence, it is germane to benchmark the
models using the methodology compatible with the one used in the
industry and it is important to conform to the prevailing market con-
ventions in order to provide a fair and practically relevant assessment.
This is also emphasized in the sequential and adaptive calibration lit-
erature, see Lindström et al. (2008).
In Appendix B we present a Monte-Carlo recursive calibration ap-

proach which calibrates the model for each maturity on each day that
is still model-consistent across maturities within a day. For computa-
tional reasons, we do not apply that approach in this paper.

4.1. Daily Calibration. In our daily calibrations we follow most of
the existing literature and assume one parameter-set for all options
traded on the given day. This set can be obtained in a number of ways.
In this paper we follow Bakshi et al. (1997) and Christo�ersen et al.
(2009) and treat the spot volatility V0 as an extra parameter to be cal-
ibrated. In Christo�ersen et al. (2009) the spot variance is calibrated
for each day, while the rest of the parameters in the parameter-set
are assumed constant each year10. We allow more �exibility in our
calibration setup and let all parameters vary each day. Let θ̂t denote
the parameter-set at time (day) t; oit,τ the observed European option
price at t, with maturity τ , and strikes i = 1, 2, ..., I. Further, denote

ôit,τ

(
θ̂t

)
as the model European option prices given θ̂t. Then the ag-

gregate sum of squared pricing errors optimization problem is of the
form

θ̂t = arg min
1

IτN

I∑
i=1

τN∑
τ=τ1

(
oit,τ − ôit,τ

(
θ̂t

))2
, t = 1, 2, ..., T, (4.1)

where T is the number of days in the dataset and τN is the option with
the longest time to maturity.

10Christo�ersen et al. (2009) implement this using the iterative procedure of
Jing-Zhi and Wu (2004).
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4.2. Daily Maturity-wise Calibration. From the descriptive statis-
tics of implied volatility fromWTI options it is clear that the Samuelson
e�ect (volatility declines with time-to-maturity) is present in the data.
It is also very likely that the options are heterogeneous in other respects
across the maturity dimension. To allow for such heterogeneity in our
models we also calibrate them using what we call a daily maturity-wise
calibration approach. It is similar to the daily calibration except that
within each day we further calibrate a set of parameters for each matu-
rity. The aggregate sum of squared pricing errors optimization problem
is of the form

θ̂t,τ = arg min
1

I

I∑
i=1

(
oit,τ − ôit,τ

(
θ̂t

))2
, τ = τ1, τ2, ..., τN , t = 1, 2, ..., T.

(4.2)
Using this calibration procedure we can analyze how the calibrated pa-
rameters vary in the maturity dimension. In the Black-Scholes world
the model performance can be assessed by considering the implied
volatility surface. In a similar fashion this calibration procedure allows
us to assess the validity of our model by considering parameters across
maturity. For example, for the Heston model the calibrated value of
spot volatility V0 and long-term volatility b should not vary too much
across maturity. In the FV model b should be constant across maturity,
since the long run inventory should be independent of maturity.

5. Results

In this section we present results across the models and calibration
methods. The all-dominating goal of the calibrations is to investigate
which models have the best out-of-sample �t. We also investigate how
the parameters of the models have changed historically, as well as the
correlation structure between parameters and �ts. In the FI models it
is possible to investigate the importance of including inventory data in
the analysis. In the maturity-wise calibrations it is further possible to
investigate the di�erence in parameters as a function of maturity of the
options. As such the di�erent models and di�erent calibrations allows
for analysis of the models in various dimensions.

5.1. FV with Daily Calibration. We refer to the standard Heston
(1993) model (3.1)-(3.3) as the FV model. When the model is cali-

brated daily we obtain the parameter vector θ̂ on each day and the
average parameters in each year are shown in Table 5.1. In general,
the speed of mean reversion a and the volatility of volatility c have
declined throughout the sample period, while the long run volatility
b has been unchanged. These patterns are illustrated in Figure 5.1.
The correlation between the futures prices and volatility has declined
substantially from average values around zero in the period from 1989
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to 2000 to consistently negative values between −67% to −22%. This
is also con�rmed in Figure 5.1 which also shows that the correlation
coe�cient was not calibrated to a very high positive value since around
2000, and is in fact very consistently negative since then. From Table
5.1 the in-sample �t is 0.0186 on average per option. More interestingly,
from Table 5.1 it is seen that while the Heston model has historically
produced good �ts, since 2005 the model has produced substantially
larger calibration errors of more than 0.05 on average per option con-
tract. This indicates that the Heston model previously performed very
well, while the model does not seem to be describing the markets so
well recently. This increase in pricing errors has also resulted in larger
out-of-sample errors in more recent years compared to the earlier pe-
riod in the sample. Also from Figure 5.2 it is seen that the decline in
�t quality in recent years has resulted both in higher errors in general
and spikes in errors' magnitude for some days in particular. The last
column in Table 5.1 shows that in recent years there has been enough
data available to calibrate the model on almost every day of the year.
It also shows that historically many observations have been available
each year with 157 observations in 1998 as a low (ignoring 2011).

Year a b c ρ V0 In-sample �t Out-of-sample �t Obs.

1989 5.1474 0.0880 0.7258 -0.2969 0.0647 0.0004 0.0005 207
1990 12.9015 0.0476 0.8728 0.0479 0.2845 0.0271 0.0283 213
1991 10.6445 0.0488 0.6747 0.0564 0.1295 0.0025 0.0031 228
1992 9.1133 0.0342 0.6300 -0.0756 0.0604 0.0008 0.0010 247
1993 31.2863 0.0471 0.8643 -0.2944 0.1943 0.0022 0.0024 231
1994 11.8673 0.0299 0.4831 -0.0854 0.1589 0.0019 0.0019 234
1995 7.8791 0.0140 0.3368 0.0963 0.0694 0.0019 0.0024 240
1996 16.5844 0.0197 0.5427 -0.0837 0.2248 0.0059 0.0057 209
1997 31.1093 0.0434 0.7238 0.0931 0.3429 0.0151 0.0197 187
1998 10.5215 0.0284 0.3888 0.0716 0.2800 0.0140 0.0132 157
1999 10.3661 0.0717 0.4550 -0.0793 0.3087 0.0120 0.0126 181
2000 3.9926 0.0297 0.4146 -0.1344 0.1896 0.0034 0.0033 242
2001 3.1533 0.0361 0.3119 -0.4575 0.2108 0.0088 0.0094 223
2002 3.1871 0.0435 0.3468 -0.6159 0.2222 0.0127 0.0120 232
2003 8.4717 0.0404 0.5547 -0.6723 0.2429 0.0085 0.0084 232
2004 5.2114 0.0341 0.4976 -0.2224 0.1958 0.0135 0.0145 245
2005 1.3102 0.0351 0.2906 -0.2828 0.1478 0.0109 0.0109 251
2006 5.6137 0.0411 0.3563 -0.5210 0.1326 0.0223 0.0228 250
2007 1.6672 0.0246 0.2762 -0.5325 0.1039 0.0260 0.0271 249
2008 2.2240 0.0277 0.2822 -0.2286 0.3318 0.0710 0.0721 242
2009 2.0372 0.0413 0.3731 -0.6611 0.3579 0.0552 0.0552 250
2010 0.7158 0.0480 0.2598 -0.6052 0.1281 0.0615 0.0623 252
2011 0.8471 0.0396 0.2559 -0.4941 0.1114 0.0710 0.0708 85

Mean 8.3146 0.0392 0.4741 -0.2677 0.1935 0.0186 0.0191 221

Table 5.1. Mean of the parameter values and �ts for each year
using the number of observations shown in the last column. In-sample
�t is the minimized value of criterion function Eq. (4.1) and out-of-
sample �t is the out-of-sample equivalent. The results are for the daily
calibrated FV model.

Figure 5.2 shows that there are relatively short and concentrated pe-
riods with very poor �ts. The �rst and most clear of them is related
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Figure 5.1. The calibrated parameters in the daily calibrated FV
model, 1988-2011.

to the Persian Gulf War (2 August 1990 - 28 February 1991). The oil
price started to increase relatively sharply since 2004 and this increase
could potentially be part of the explanation why the model �ts have
been poor in recent years. When prices are increasing, contracts fur-
ther in-the-money will be part of the set of options with open interest.
This, together with relatively high implied volatility through some of
the recent years (see Figure 2.2), ensures that some of the calibrated
options have a relatively high nominal price. With high nominal prices
of the options an error measured in cents is likely to be higher even
though the relative error could be lower for these options. The poor �ts
obtained in recent years could also be explained by the turmoil in the
�nancial markets. The top right plot in Figure 5.1 clearly shows that
the spot volatility in this period not only exhibits a very high spike,
but remains high for an extended period. This is also con�rmed by the
very large mean and median values of spot volatility in 2008 and 2009
as reported in Tables 5.1 and 5.2. In fact 2009 has by far the largest
median spot volatility of 28% which is very high for oil futures.
From Table 5.2, which reports medians as opposed to the mean values

considered above, several important points can be made. The speed
of mean-reversion of volatility a, long-run volatility b, and volatility of
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Figure 5.2. In-sample and out-of-sample �t in the daily calibrated
FV model, 1988-2011. In-sample �t is the minimized value of criterion
function Eq. (4.1) and out-of-sample �t is the out-of-sample equivalent.

volatility c all have outliers and the reported medians are substantially
lower than the mean values. The correlation between futures prices and
volatility ρ on the other hand has largely similar median values as the
means. Medians of �ts of the model are substantially lower than their
means reported above in Table 5.1. This indicates that the Heston
model is in general better than what was suggested by the above mean
values. However, in recent years the median values have been just as
poor as the mean values, supporting the notion that the Heston model
has been relatively worse in recent years.
Table 5.3 shows the standard deviation of the parameter estimates

and �ts. While the model �t was relatively poor in recent years in
terms of mean and median in-sample and out-of-sample �ts standard
deviations of �ts are only large in 2008 and 2009, when the crisis was
at its peak. In 2010 and 2011 the standard deviation is much in line
with what can be considered normal. The same pattern is seen in the
standard deviation of spot volatility V0. Not surprisingly, the standard
deviation of model �t and spot volatility is also large during the Gulf
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Year a b c ρ V0 In-sample �t Out-of-sample �t Obs.

1989 3.9232 0.0695 0.7099 -0.2880 0.0602 0.0002 0.0002 207
1990 11.0749 0.0358 0.9108 -0.0690 0.1299 0.0007 0.0009 213
1991 6.9445 0.0384 0.7377 0.0646 0.0536 0.0007 0.0007 228
1992 6.7691 0.0277 0.6054 -0.0569 0.0419 0.0003 0.0005 247
1993 8.1073 0.0234 0.5676 -0.2477 0.0594 0.0006 0.0006 231
1994 4.8918 0.0157 0.3895 -0.1876 0.1062 0.0007 0.0008 234
1995 3.0107 0.0128 0.2751 0.0707 0.0520 0.0006 0.0007 240
1996 8.9506 0.0122 0.4378 -0.1530 0.1371 0.0016 0.0015 209
1997 4.3124 0.0140 0.3226 0.1786 0.1114 0.0109 0.0088 187
1998 7.1159 0.0118 0.4032 0.1296 0.2199 0.0029 0.0026 157
1999 2.1947 0.0160 0.2568 -0.1003 0.1869 0.0041 0.0039 181
2000 3.4040 0.0238 0.4117 -0.1456 0.1708 0.0018 0.0017 242
2001 1.6462 0.0221 0.2603 -0.4111 0.1484 0.0028 0.0029 223
2002 1.8769 0.0244 0.2871 -0.6297 0.1837 0.0035 0.0033 232
2003 2.6057 0.0290 0.4696 -0.6524 0.1503 0.0048 0.0049 232
2004 2.9314 0.0315 0.4537 -0.1892 0.1656 0.0073 0.0075 245
2005 1.2046 0.0341 0.2756 -0.1709 0.1428 0.0071 0.0076 251
2006 0.7804 0.0414 0.2351 -0.4832 0.0861 0.0139 0.0145 250
2007 1.2084 0.0247 0.2361 -0.5524 0.0949 0.0209 0.0211 249
2008 1.5418 0.0277 0.2694 -0.1808 0.2183 0.0537 0.0553 242
2009 1.8724 0.0415 0.3882 -0.6621 0.2810 0.0424 0.0430 250
2010 0.7071 0.0481 0.2548 -0.6219 0.1262 0.0577 0.0574 252
2011 0.8211 0.0404 0.2549 -0.5298 0.1042 0.0707 0.0660 85

Median 2.7992 0.0274 0.3473 -0.2650 0.1293 0.0042 0.0039 232

Table 5.2. Medians of the parameter values and �ts for the daily
calibrated FV model, 1988-2011, using the number of observations
shown in the last column. In-sample �t is the minimized value of crite-
rion function Eq. (4.1) and out-of-sample �t is the out-of-sample equiv-
alent. The results are for the FV model calibrated daily.

War in 1990. While the big crisis periods can be seen from results of
the Heston model it is unfortunate in the sense of (worse) performance
as this implies that the Heston model is not sophisticated enough to
deal with situations of great turmoil.
It is interesting to investigate the relationship between the calibrated

parameters and model �t in more detail and we do this by considering
their correlations in Table 5.4. We report Pearson (Spearman) cor-
relations in the lower (upper) triangular part. There is a strong posi-
tive relationship both between the mean-reversion parameter a and the
volatility of volatility parameter c and between mean-reversion and spot
volatility V0. As is seen for example in Table 5.1 the long-run volatility
b is generally low, so with high spot volatility the results imply that
reversion to the lower volatility happens faster than if spot volatil-
ity had been low (the drift of the process depends on the distance
between b and its current value). Because mean-reversion happens
fast it makes volatility more volatile implying the positive relationship
between mean-reversion and volatility of volatility. The Pearson cor-
relation between mean-reversion and correlation is only 0.11 while the
Spearman correlation is 0.41. This implies that when mean-reversion is
large then futures and volatility are more strongly correlated, but more
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Year a b c ρ V0 In-sample �t Out-of-sample �t Obs.

1989 4.4140 0.0892 0.1721 0.1736 0.0258 0.0007 0.0012 207
1990 14.9255 0.0847 0.3672 0.3700 0.3076 0.0877 0.0875 213
1991 26.1520 0.0872 0.4640 0.2694 0.2071 0.0098 0.0151 228
1992 18.0561 0.0547 0.3042 0.1245 0.1084 0.0027 0.0032 247
1993 41.9794 0.1155 0.6280 0.2522 0.2570 0.0047 0.0049 231
1994 27.0343 0.0919 0.4496 0.3704 0.1893 0.0038 0.0043 234
1995 30.4145 0.0064 0.4305 0.2014 0.1028 0.0122 0.0150 240
1996 29.2010 0.0671 0.4592 0.3580 0.2990 0.0124 0.0130 209
1997 47.1391 0.1279 0.7862 0.3864 0.4073 0.0211 0.0336 187
1998 17.0151 0.1171 0.2802 0.4465 0.2437 0.0396 0.0312 157
1999 23.5707 0.1860 0.7245 0.2971 0.3672 0.0178 0.0207 181
2000 4.8341 0.0581 0.1904 0.1745 0.0722 0.0070 0.0071 242
2001 10.4572 0.0967 0.3579 0.2156 0.1604 0.0291 0.0337 223
2002 8.2570 0.1078 0.3280 0.2407 0.1496 0.0308 0.0313 232
2003 43.2342 0.0651 0.7123 0.2105 0.2117 0.0105 0.0104 232
2004 12.5346 0.0287 0.4252 0.3481 0.1872 0.0210 0.0270 245
2005 0.8448 0.0081 0.0900 0.2589 0.0238 0.0128 0.0151 251
2006 21.5158 0.0100 0.5482 0.1526 0.2108 0.0268 0.0276 250
2007 1.1299 0.0045 0.1037 0.2413 0.0281 0.0240 0.0298 249
2008 1.4395 0.0091 0.0869 0.1489 0.3067 0.1009 0.1014 242
2009 1.1065 0.0108 0.0800 0.1130 0.1975 0.0885 0.0848 250
2010 0.1414 0.0050 0.0291 0.0648 0.0200 0.0258 0.0288 252
2011 0.2206 0.0054 0.0404 0.1266 0.0200 0.0319 0.0333 85

Mean 16.6629 0.0599 0.3490 0.2371 0.1760 0.0270 0.0287 221

Table 5.3. Standard deviations of the parameter values and �ts for
the daily calibrated FV model, 1988-2011, using the number of obser-
vations shown in the last column. In-sample �t is the minimized value
of criterion function Eq. (4.1) and out-of-sample �t is the out-of-sample
equivalent. The last row shows the mean in the full sample period. The
results are for the FV model calibrated daily.

so in the non-linear Spearman correlation than in the linear Pearson
correlation sense.
It is further interesting that the long-run variance parameter b does

not seem to be correlated with the other parameters and �t measures
in the linear Pearson sense, but is relatively strongly correlated with all
the remaining parameters and both �t measures in the non-linear (rank-
ing) Spearman sense. Not surprisingly, the correlation between the in-
and out-of-sample �t is almost unity implying that when the model
has poor in-sample �t it also has poor out-of-sample �t. In- and out-
of-sample �t are strongly correlated with the parameters of the model
in terms of Spearman correlation. If volatility is high, as indicated by
spot volatility and/or high long-run variance, then the model performs
worse in explaining data. This could imply that the Heston model is
not the correct model for underlying volatility and that one should look
for a richer model. However, it could also imply that the calibration
procedure is too strict and indeed we show in Section 5.3 that when we
apply the maturity-wise approach to calibration we obtain much better
�ts and the model explains the data well both in high and low volatility
regimes. Table 5.4 further shows that if mean-reversion, volatility of
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volatility and/or correlation between futures prices and volatility are
high then the model explains data better.

a b c ρ V0 In-sample �t Out-of-sample �t
a 1.0000 -0.2698 0.8003 0.4062 0.1370 -0.4994 -0.4904
b -0.0373 1.0000 0.2417 -0.2638 -0.0736 0.2689 0.2783
c 0.8694 -0.0417 1.0000 0.2193 0.0874 -0.3744 -0.3617
ρ 0.1124 -0.0087 0.1150 1.0000 -0.1615 -0.3985 -0.3990
v0 0.6053 -0.0644 0.5449 0.0398 1.0000 0.4799 0.4677
In sample �t -0.0072 0.1732 -0.0218 -0.1408 0.1892 1.0000 0.9455
Out of sample �t 0.0004 0.1638 -0.0151 -0.1435 0.1901 0.9556 1.0000

Table 5.4. Pearson correlations between the parameters of the
model as well as in- and out-of-sample �ts are in the lower triangu-
lar part and Spearman correlations are in the upper triangular part.
In-sample �t is the minimized value of criterion function Eq. (4.1) and
out-of-sample �t is the out-of-sample equivalent. The results are for the
FV model calibrated daily.

5.2. FI with Daily Calibration. For our slight modi�cation of the
FV (or Heston, 1993) model, the FI model, we present median pa-
rameter values and model �ts in Table 5.5. Instead of calibrating the
spot volatility we take I0 as being the inventory observed from data.
While this gives us one parameter less to calibrate, this simpli�cation
comes at a cost in terms of model �t. Comparing model �t in Table
5.5 to the �t in Table 5.1 the FI model on average produces more than
4 times larger errors and this is particularly pronounced in the more
recent data. Considering I0 two likely explanations for this can be men-
tioned. First, I0 in the FI model is remarkably constant compared to
V0 in the FV model implying that the more volatile V0 provides a better
description of data. Second, comparing the level of the two series, V0
in the FV model is in general smaller than I0 in the FI model and since
the long run level of volatility in FV and inventory in the FI model
are more or less equal, the FI model requires a stronger mean reversion
parameter, which in turn also implies a larger volatility of volatility
parameter. This indicates that the restriction put on I0 is severe and
might not be desirable. Interestingly, both models produce largely sim-
ilar correlation parameters. Also, the optimization algorithm involved
with the calibration of the FI model converges to an interior solution
more often than the FV model, which is particularly pronounced in
1996-1999.
In Figure 5.3 we show time series of the parameters in the model.

From the top left plot it is immediate that as for the FV model the
mean-reversion parameter is much larger and much more volatile in the
early part of the sample period and much more stable on a lower level
in more recent data. In the FI model this is even more pronounced.
In the top-right section of the plot we can see that inventory I0 is on
a much higher level than the parameter for long-run inventory b. This
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Year a b c ρ I0 In-sample �t Out-of-sample �t Obs.

1989 378.3763 0.0582 5.9055 -0.6922 0.3382 0.0009 0.0008 170
1990 136.7611 0.0864 2.1597 -0.0937 0.3664 0.0505 0.0524 201
1991 232.8515 0.0392 3.5857 0.1026 0.3450 0.0061 0.0059 227
1992 441.8741 0.0301 4.4650 -0.2497 0.3366 0.0012 0.0014 246
1993 210.6376 0.0228 2.2198 -0.5951 0.3409 0.0018 0.0024 223
1994 40.4327 0.0300 1.4962 -0.0562 0.3344 0.0037 0.0042 250
1995 62.5868 0.0193 1.1418 0.1763 0.3189 0.0040 0.0053 240
1996 27.3183 0.0156 0.3359 0.0598 0.3045 0.0083 0.0075 242
1997 26.5049 0.0223 1.0023 0.1131 0.3098 0.0170 0.0208 236
1998 13.2298 0.0126 0.4674 0.1549 0.3334 0.0115 0.0117 196
1999 9.7787 0.0373 0.6524 0.0073 0.3223 0.0139 0.0159 243
2000 11.2853 0.0407 0.8557 -0.1316 0.2920 0.0095 0.0095 247
2001 14.1320 0.0496 1.1101 -0.2895 0.3046 0.0211 0.0219 224
2002 7.6185 0.0493 0.8310 -0.4439 0.3066 0.0212 0.0220 238
2003 14.2638 0.0490 1.1521 -0.6559 0.2810 0.0233 0.0242 231
2004 11.5694 0.0458 0.9583 -0.2296 0.2886 0.0325 0.0337 244
2005 12.0088 0.0631 0.7992 -0.3830 0.3153 0.1233 0.1231 251
2006 40.4466 0.0567 2.0305 -0.5059 0.3347 0.1102 0.1113 250
2007 20.7905 0.0383 1.2003 -0.4821 0.3284 0.1727 0.1734 246
2008 8.7981 0.0438 0.6865 -0.2495 0.3043 0.3365 0.3355 198
2009 3.1734 0.0520 0.5392 -0.5641 0.3484 0.2347 0.2347 229
2010 16.1174 0.0703 1.4491 -0.7086 0.3532 0.4371 0.4415 250
2011 20.5523 0.0570 1.5020 -0.4870 0.3495 0.5147 0.5083 83

Mean 74.2761 0.0424 1.5429 -0.2621 0.3230 0.0822 0.0830 225

Table 5.5. Mean of the parameter values and �ts for the daily
calibrated FI model, 1988-2011, using the number of observations shown
in the last column. In-sample �t is the minimized value of criterion
function Eq. (4.1) and out-of-sample �t is the out-of-sample equivalent.

suggests that the interpretation of the latent equation in the Heston
(1993) model as being inventory rather than volatility might not be
true. On the other hand it is remarkable how stable the parameter
estimate of long run inventory is compared to inventory. This seems
much more plausible than the erratic behavior thereof observed in the
FV model. This stability is also desirable for forecasting and hedging
as will be apparent later. Compared to the FV model the volatility of
inventory is much more volatile early in the sample, while it behaves
much more similarly in the recent data. As noted above correlation
between futures prices and inventory seems to behave similarly in the
two models.
Similarly to the FV model, the FI model produces relatively large

pricing errors during the Gulf War and in particular during the �nancial
crisis (see Figure 5.4). Further, since the �nancial crisis the FI model
has performed substantially and consistently worse than the FV model
in terms of both in- and out-of-sample �t. However, the mis-pricing
in the FI model seems to go up sharply already in 2005 (in contrast
with the FV model, Figure 5.2) and therefore the worse performance
of the FI model does not seem to be related solely to the �nancial
crisis. Rather, it was around 2005 that the oil prices started to increase
sharply, and maybe this (possibly with associated rise in volatility)



26 CHRISTIAN BACH AND MATT P. DZIUBINSKI

1990 1995 2000 2005 2010
0

200

400

600

800

1000
a

Year
1990 1995 2000 2005 2010

0

0.2

0.4

0.6

0.8

b 
(b

lu
e)

, I
0 

(b
la

ck
)

1990 1995 2000 2005 2010
0

5

10

15

20

c

1990 1995 2000 2005 2010
−1

−0.5

0

0.5

1

ρ

Figure 5.3. Time series of the calibrated parameters (a, b, c, I0,
and ρ) in the daily calibrated FI model.

presents a possible explanation, since the inventory data does not seem
to be the driver of the increase.
When considering the medians in Table 5.6 rather than means it

is immediate that the median of the mean-reversion parameter a and
volatility of volatility c in the full sample are much lower than the
mean. When considering median �ts it is worth noting that the FI
model "only" produces about three times larger errors than the FV
model, while means were about 4-5 times higher. Again the reason for
this lies in the fact that the FI model exhibits substantial mis-pricing
only in recent years and this mis-pricing has a larger impact on mean
�ts as compared to median �ts.
The standard deviations reported in Table 5.7 con�rm what was also

noted from Figure 5.3. The mean-reversion parameter and volatility
of volatility parameter are much less stable in the FI than in the FV
model. Contrary to this, the long-run level of inventory is much more
stable than the long-run level of variance. It is tempting to conclude
that this implies that the FV model is able to identify mean reversion
and volatility of volatility with more certainty than the FI model while
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Figure 5.4. The �t in the daily calibrated FI model. In-sample �t
is the minimized value of criterion function Eq. (4.1) and out-of-sample
�t is the out-of-sample equivalent.

the reverse holds for the long-run value of either volatility or inventory.
However, since the observed inventory level is almost constant and the
long run value of inventory is much lower than this value, interpreting
b as the long-run value of inventory does not seem correct.
Considering the correlation matrix in Table 5.8 we focus on the dif-

ferences between results for the FI and the FV model. The relationship
between volatility of inventory (volatility) and correlation between fu-
tures prices and inventory (volatility) in the FI (FV) model has changed
sign as compared to the FV model. The most signi�cant di�erence be-
tween the correlation matrix in the FI and that in the FV model is that
the Spearman correlation between inventory and �t is almost zero in
the FI model compared to roughly 48% between spot volatility and �t
in the FV model. While this could imply that the �t is una�ected by
the inventory level it is worth noting both that the Pearson correlation
is in fact higher than in the FV model. Additionally, the correlation
between the long-run level of inventory and in-sample �t is roughly
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Year a b c ρ I0 In-sample �t Out-of-sample �t Obs.

1989 366.0570 0.0575 5.5016 -0.7132 0.3393 0.0006 0.0005 170
1990 73.1976 0.0381 1.4525 -0.2183 0.3704 0.0011 0.0013 201
1991 154.9940 0.0369 3.5129 0.1418 0.3451 0.0012 0.0013 227
1992 523.9165 0.0287 5.5496 -0.1956 0.3336 0.0006 0.0007 246
1993 97.2852 0.0213 1.4004 -0.7451 0.3411 0.0016 0.0015 223
1994 38.3304 0.0299 1.4750 -0.0922 0.3348 0.0027 0.0032 250
1995 59.6326 0.0188 1.1074 0.1723 0.3192 0.0038 0.0040 240
1996 23.4676 0.0150 0.2111 0.0224 0.3050 0.0047 0.0038 242
1997 22.9618 0.0213 0.9340 0.1238 0.3104 0.0142 0.0132 236
1998 12.6121 0.0122 0.4999 0.1899 0.3366 0.0046 0.0042 196
1999 9.9276 0.0386 0.6271 -0.0177 0.3301 0.0135 0.0137 243
2000 9.8916 0.0424 0.8296 -0.1393 0.2905 0.0088 0.0083 247
2001 12.2427 0.0543 1.2582 -0.3201 0.3074 0.0166 0.0173 224
2002 6.8677 0.0526 0.8439 -0.4658 0.3150 0.0183 0.0183 238
2003 11.1591 0.0506 1.0710 -0.6349 0.2804 0.0191 0.0187 231
2004 8.6826 0.0441 0.9188 -0.1534 0.2924 0.0230 0.0247 244
2005 11.3396 0.0605 0.6473 -0.3871 0.3191 0.1191 0.1156 251
2006 40.1595 0.0566 2.0702 -0.4918 0.3352 0.0997 0.1033 250
2007 21.5722 0.0385 1.2408 -0.4957 0.3284 0.1565 0.1543 246
2008 8.6808 0.0434 0.8016 -0.2187 0.3026 0.2832 0.2732 198
2009 2.8051 0.0514 0.5117 -0.6414 0.3473 0.1563 0.1493 229
2010 15.4317 0.0687 1.4320 -0.7073 0.3577 0.4401 0.4457 250
2011 19.9290 0.0569 1.4966 -0.4083 0.3489 0.4934 0.4746 83

Median 18.5605 0.0393 1.0709 -0.3030 0.3256 0.0137 0.0137 238

Table 5.6. Medians of the parameter values and �ts for the daily
clibrated FI model, 1988-2011, using the number of observations shown
in the last column. In-sample �t is the minimized value of criterion
function Eq. (4.1) and out-of-sample �t is the out-of-sample equivalent.

twice as high in the FI model as compared to the correlation between
long-run level of volatility and in-sample �t in the FV model.

5.3. FV with Maturity-wise Calibration. The maturity-wise cal-
ibration requires more data than the daily calibration. Because of this
we are only rarely able to calibrate the model in the beginning of the
dataset and for 1992 and 1995 for no days at all. This results in discon-
tinuous series of calibrated parameters in both our tables and �gures.
Since 1999 plenty of data has been available and as is seen from the last
column of Table 5.9 more than 2,000 calibrations have been performed
for each year since 1999 and since 2005 more than 3,000 calibrations
have been performed each year. Considering the spot volatility V0 and
long-run volatility b, the Gulf War and �nancial crisis are very clearly
identi�ed, resulting in very high parameter values. This result is even
more clear than in the daily calibration of the FV model. While the
long-run volatility was substantially below spot volatility on average
in the daily calibration this is not so in the maturity-wise calibration
where these values seem of the same level in general. This makes the
interpretation of the latent factor in the Heston (1993) model as be-
ing volatility more plausible, and the model more credible. While the
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Year a b c ρ I0 In-sample �t Out-of-sample �t Obs.

1989 235.5709 0.0184 1.7810 0.2910 0.0075 0.0012 0.0011 170
1990 205.5189 0.1322 1.8910 0.5213 0.0166 0.1252 0.1282 201
1991 208.3927 0.0130 1.9947 0.4349 0.0074 0.0245 0.0234 227
1992 421.0125 0.0054 2.0000 0.4039 0.0097 0.0028 0.0035 246
1993 344.3255 0.0063 1.9529 0.3657 0.0106 0.0014 0.0024 223
1994 13.9851 0.0046 0.3105 0.4450 0.0055 0.0026 0.0032 250
1995 15.2735 0.0027 0.3457 0.3696 0.0114 0.0017 0.0043 240
1996 14.4331 0.0040 0.2981 0.2965 0.0056 0.0091 0.0089 242
1997 13.9402 0.0060 0.3626 0.3127 0.0099 0.0129 0.0227 236
1998 4.6193 0.0051 0.2082 0.4055 0.0114 0.0486 0.0416 196
1999 5.5878 0.0182 0.3382 0.2443 0.0157 0.0072 0.0125 243
2000 5.7438 0.0094 0.2980 0.1629 0.0073 0.0058 0.0060 247
2001 10.1553 0.0225 0.5908 0.2644 0.0129 0.0142 0.0154 224
2002 3.8919 0.0167 0.3291 0.1905 0.0164 0.0168 0.0260 238
2003 10.3236 0.0165 0.5704 0.1230 0.0065 0.0228 0.0232 231
2004 7.3229 0.0111 0.2867 0.3409 0.0120 0.0236 0.0287 244
2005 5.2591 0.0132 0.4810 0.1698 0.0119 0.0513 0.0527 251
2006 16.6361 0.0113 0.5660 0.1013 0.0085 0.0468 0.0503 250
2007 7.8940 0.0044 0.3361 0.2194 0.0147 0.0698 0.0770 246
2008 6.6220 0.0122 0.4627 0.2208 0.0106 0.1931 0.1987 198
2009 1.4713 0.0202 0.2444 0.3120 0.0126 0.1814 0.1811 229
2010 6.9822 0.0065 0.2874 0.0954 0.0114 0.0666 0.0716 250
2011 7.5125 0.0028 0.3029 0.3015 0.0091 0.1182 0.1283 83

Mean 66.8833 0.0153 0.6931 0.2828 0.0107 0.0420 0.0447 225

Table 5.7. Standard deviations of the parameter values and �ts for
the FI model calibrated daily, 1988-2011, using the number of observa-
tions shown in the last column. In-sample �t is the minimized value of
criterion function Eq. (4.1) and out-of-sample �t is the out-of-sample
equivalent.

a b c ρ I0 In-sample �t Out-of-sample �t
a 1.0000 -0.1698 0.7490 -0.0100 0.3651 -0.5954 -0.5774
b -0.0678 1.0000 0.3318 -0.4108 0.0627 0.5076 0.5083
c 0.8542 0.0655 1.0000 -0.2302 0.3575 -0.2642 -0.2458
ρ -0.0609 -0.1367 -0.1536 1.0000 -0.1584 -0.2455 -0.2505
I0 0.2418 0.0918 0.3168 -0.0795 1.0000 -0.0897 -0.0748
In sample �t -0.1845 0.3406 -0.1555 -0.2449 0.2481 1.0000 0.9710
Out of sample �t -0.1844 0.3423 -0.1548 -0.2456 0.2484 0.9907 1.0000

Table 5.8. Pearson correlations between the parameters of the
model as well as the in- and out-of-sample �ts in the lower triangular
part and Spearman correlations in the upper triangular part. In-sample
�t is the minimized value of criterion function Eq. (4.1) and out-of-
sample �t is the out-of-sample equivalent. The results are for the FI
model calibrated daily.

results in the daily calibration implied that the mean-reversion param-
eter and the volatility of volatility parameter decreased throughout the
sample period this is not replicated in the maturity-wise calibration.
Mean-reversion and volatility of volatility seem either constant or per-
haps even increasing throughout the sample period. However, one has
to be somewhat cautious in the interpretation of mean-reversion and
long-run volatility in maturity-wise calibration since the options are
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calibrated for one maturity at a time, which eliminates one dimension
from the model.
In practice investors care about how the model �ts the data and in

particular about how it performs in terms of out-of-sample �t. From
Table 5.9 it is seen that the maturity-wise calibration improves sub-
stantially over the daily calibration method in terms of both in- and
out-of-sample �t. The average in-sample �t in the maturity-wise cal-
ibration is 0.0054 compared to 0.0186 in the daily calibration. That
is, the daily calibration results in more than three times higher errors.
This is particularly impressive since the bulk of observations in the
maturity-wise calibration is in the end of the sample, where the He-
ston model has the worst performance. It is also worth noting that
even though the maturity-wise calibration, in general, also produces
the largest errors in the last years of the sample, this feature is much
less pronounced than was the case in the FV model with daily cali-
bration. A natural explanation for this is that recently more contracts
with long maturities are trading, which increases the need for a more
�exible model and therefore favors the maturity-wise calibration rela-
tively more in this period. The out-of-sample MSE is also improved
from 0.0191 in the daily calibration to 0.0071 in the maturity-wise cal-
ibration, an improvement of 63%.

Year a b c ρ v0 In-sample �t Out-of-sample �t Obs.

1990 10.8314 0.5352 2.4666 0.3155 0.4520 0.0313 0.0414 431
1991 15.4419 0.3441 1.7193 0.2888 0.2613 0.0023 0.0030 303
1993 7.6720 0.2040 0.8425 -0.3849 0.0877 0.0003 0.0005 74
1994 8.8503 0.2052 0.6785 0.0045 0.0971 0.0003 0.0006 152
1996 11.4053 0.2333 0.9619 -0.0082 0.1203 0.0028 0.0065 717
1997 10.2040 0.1474 0.6013 0.1476 0.1266 0.0026 0.0083 495
1998 8.3572 0.1365 0.5893 0.1526 0.1538 0.0020 0.0027 1025
1999 8.7915 0.1544 0.6685 -0.0898 0.1585 0.0021 0.0023 2037
2000 12.7659 0.1375 1.0070 -0.1689 0.1671 0.0017 0.0020 2573
2001 11.5890 0.1763 1.1435 -0.3288 0.1849 0.0023 0.0041 2351
2002 7.3007 0.2061 0.9860 -0.4931 0.1578 0.0028 0.0089 2485
2003 9.8856 0.2472 1.2063 -0.5210 0.1160 0.0027 0.0036 2277
2004 20.6173 0.2121 1.2062 -0.1804 0.1439 0.0027 0.0033 2709
2005 13.7142 0.1373 1.0645 -0.1761 0.1297 0.0032 0.0040 3612
2006 22.5366 0.1292 1.0425 -0.2876 0.0850 0.0043 0.0055 3706
2007 30.5766 0.1195 1.1565 -0.3607 0.1115 0.0067 0.0074 3573
2008 54.1089 0.2397 1.8441 -0.1405 0.2595 0.0122 0.0173 3726
2009 10.4117 0.2924 1.5628 -0.4961 0.2389 0.0077 0.0089 3659
2010 9.5330 0.1765 1.1787 -0.4991 0.0850 0.0069 0.0076 3848
2011 36.3341 0.1789 1.2463 -0.2754 0.0966 0.0118 0.0131 1253

Mean 18.8212 0.1893 1.1943 -0.2796 0.1538 0.0054 0.0071 2050

Table 5.9. The mean of the parameter values and �ts for each year
using the number of observations shown in the last column. In-sample �t
is the minimized value of criterion function Eq. (4.2) and out-of-sample
�t is the out-of-sample equivalent. The last row shows the mean in the
full sample period. The results are for the FV model calibrated for each
maturity on each daily.
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When the medians in Table 5.10 are considered instead of means the
alignment in the level of spot volatility and long-run volatility is main-
tained and the long-run volatility is still slightly higher than the spot
volatility. In medians the convergence rate a and volatility of volatility
c are now either stable or slightly decreasing through the sample period.
This is di�erent from the conclusion drawn from considering the means
but more in line with what has been observed in the daily calibration
of the FV model. More importantly, the maturity-wise calibration is
still strongly outperforming the daily calibration both in terms of in-
sample MSE and out-of-sample MSE. This improvement amounts to
roughly 60% lower magnitude of errors. The strong performance of
the maturity-wise FV model relative to the daily FV model is even
more pronounced in recent years. Thus the maturity-wise FV model
produces average MSE from 2007 to 2011 of 0.004 while the daily FV
model produces MSE of 0.049 or a reduction of the MSE of more than
90%.

Year a b c ρ v0 In-sample �t Out-of-sample �t Obs.

1990 6.2494 0.4404 2.3284 0.3085 0.3882 0.0013 0.0016 431
1991 4.2678 0.2021 1.1704 0.2294 0.1257 0.0005 0.0005 303
1993 5.8979 0.1191 0.4662 -0.3585 0.0876 0.0002 0.0003 74
1994 5.3089 0.1075 0.5161 0.0990 0.0888 0.0002 0.0002 152
1996 4.3281 0.1183 0.8659 0.0998 0.0822 0.0003 0.0003 717
1997 6.7790 0.0582 0.4139 0.0992 0.1025 0.0001 0.0001 495
1998 4.3707 0.0904 0.4241 0.1101 0.1398 0.0001 0.0002 1025
1999 3.7365 0.1044 0.4138 -0.0624 0.1337 0.0002 0.0003 2037
2000 6.8550 0.0884 0.9230 -0.1226 0.1393 0.0004 0.0004 2573
2001 5.2409 0.1307 1.0065 -0.2782 0.1346 0.0006 0.0006 2351
2002 3.8265 0.1378 0.8443 -0.4463 0.1442 0.0004 0.0005 2485
2003 5.0761 0.1323 1.0150 -0.5134 0.0837 0.0006 0.0006 2277
2004 3.9077 0.1322 0.9704 -0.0914 0.0882 0.0007 0.0007 2709
2005 5.0268 0.1204 0.9041 -0.1163 0.0981 0.0006 0.0006 3612
2006 2.7680 0.0933 0.7248 -0.2309 0.0537 0.0011 0.0012 3706
2007 3.8751 0.0842 0.8033 -0.3255 0.0539 0.0024 0.0026 3573
2008 3.3370 0.1744 1.1290 -0.0790 0.1233 0.0060 0.0062 3726
2009 3.4065 0.2269 1.2402 -0.4539 0.1479 0.0033 0.0034 3659
2010 3.4187 0.1348 0.9857 -0.4837 0.0667 0.0034 0.0034 3848
2011 2.0433 0.1198 0.7996 -0.3622 0.0537 0.0051 0.0056 1253

Median 4.1453 0.1230 0.9070 -0.2692 0.0955 0.0011 0.0011 2314

Table 5.10. The median of the parameter values and �ts for the
maturity-wise calibrated FV model, 1988-2011, using the number of
observations shown in the last column. In-sample �t is the minimized
value of criterion function Eq. (4.2) and out-of-sample �t is the out-of-
sample equivalent.

From Table 5.11 it is seen that all parameters of the model except
spot volatility have a higher standard deviation in the maturity-wise
calibrated FV model than in the daily calibrated FV model. This is
not surprising since each maturity on each day is in principle a contract
in itself with its own set of parameters which could be, and indeed is,
di�erent from the contracts with other maturities on the same day. In
the daily calibration one �nds parameters for the same type of contract
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each day. This contract is a weighted average of all maturities on
each day, but is not likely to vary too much from day to day and
the calibrated parameters will therefore have lower standard deviation.
This type of argument can also be applied to the standard deviation of
MSE. In that context it is somewhat surprising that while the standard
deviation of in-sample MSE is lower for the maturity-wise calibrated
FV model than for the daily calibrated FV model it is higher for out-
of-sample MSE. We believe this result is present mainly due to the
MSE being much higher out-of-sample than in-sample in 1997, 2002
and 2008 � see Figures 5.4 and 5.6.

Year a b c ρ v0 In-sample �t Out-of-sample �t Obs.

1990 13.1208 0.3560 1.6384 0.3229 0.3299 0.1125 0.1600 431
1991 28.3876 0.3091 1.8589 0.3002 0.3451 0.0133 0.0180 303
1993 7.1529 0.2278 0.7068 0.2926 0.0519 0.0002 0.0005 74
1994 13.7997 0.2497 0.5260 0.4139 0.0611 0.0008 0.0026 152
1996 23.2164 0.2559 0.6983 0.3833 0.1957 0.0177 0.0585 717
1997 18.5136 0.2061 0.4756 0.2608 0.1667 0.0097 0.1017 495
1998 80.6161 0.1591 0.6125 0.2893 0.1000 0.0240 0.0279 1025
1999 68.1876 0.1688 0.7504 0.3103 0.1443 0.0117 0.0149 2037
2000 38.2668 0.1578 0.8085 0.2872 0.1566 0.0067 0.0211 2573
2001 40.9422 0.1622 0.8921 0.2517 0.1701 0.0136 0.0519 2351
2002 22.2400 0.1913 0.7675 0.2645 0.1227 0.0151 0.1396 2485
2003 40.0187 0.2596 0.9062 0.2778 0.1319 0.0299 0.0499 2277
2004 131.2668 0.2238 1.3877 0.3619 0.2112 0.0185 0.0228 2709
2005 75.4589 0.1036 1.1805 0.2351 0.1511 0.0089 0.0123 3612
2006 148.8299 0.1414 1.4515 0.2524 0.1502 0.0144 0.0161 3706
2007 199.4782 0.1469 1.5911 0.2811 0.2063 0.0326 0.0431 3573
2008 292.3869 0.2254 2.5837 0.2418 0.3195 0.0184 0.1078 3726
2009 20.1198 0.2110 1.0385 0.1970 0.2473 0.0142 0.0161 3659
2010 21.6243 0.1438 0.7854 0.1861 0.0947 0.0101 0.0101 3848
2011 241.6098 0.1960 2.2907 0.3002 0.1762 0.0150 0.0181 1253

Mean 98.6876 0.1802 1.2400 0.2622 0.1800 0.0172 0.0416 2050

Table 5.11. Standard deviations of the parameter values and �ts
for the maturity-wise calibrated FV model, 1988-2011, using the number
of observations shown in the last column. In-sample �t is the minimized
value of criterion function Eq. (4.2) and out-of-sample �t is the out-of-
sample equivalent.

Figure 5.5 shows the parameter averages across maturities for each
day through the sample period. Since the maturity-wise model does
not have enough data to be calibrated often enough in the early sample
period it is not clear whether it is able to identify the impact of the
Gulf War on the oil prices but the �nancial crisis seems to be identi�ed
clearly in terms of higher volatility of volatility and high spot volatility.
All parameters of the model seem relatively volatile, which is similar to
what was obtained in the daily calibration. The correlation coe�cient
also shows the same pattern as in the daily calibration with declines
between 1995 and 2005, followed by a sharp increase and again a period
with declines until the end of 2010.
When considering the in- and out-of-sample MSE in Figure 5.6 the

maturity-wise calibration approach generally produces substantially



COMMODITY DERIVATIVES PRICING WITH INVENTORY EFFECTS 33

1990 1995 2000 2005 2010
0

200

400

600

800
a

1990 1995 2000 2005 2010
0

0.5

1

1.5

b 
(b

lu
e)

, v
0 

(b
la

ck
)

1990 1995 2000 2005 2010
0

5

10

15

c

1990 1995 2000 2005 2010
−1

−0.5

0

0.5

1

ρ

Figure 5.5. The average of the calibrated parameters (a, b, c, v0,
ρ) across maturity in the maturity-wise calibrated FV model.

smaller average MSE all through the sample period. Even the large
spikes are mostly substantially lower than the spikes observed in the
daily calibration. It is also noted that the calibration methods largely
agree on the periods in which poor �ts are obtained and that the �t
is generally worse in recent years. Finally, as in the daily calibration
there is a relationship between in- and out-of-sample MSE, but it is not
as clear-cut as in the daily calibration and will be investigated further
below.
Tables 5.12 - 5.14 contain the mean, median and standard deviations,

respectively, of the calibration results across maturity of the option
contracts. These tables show several interesting results. First, the
Samuelson e�ect is clearly observed both in the long-run volatility b
and the spot volatility V0, which both show a clear declining pattern in
maturity. This is in accordance with the results for implied volatility
observed in Tables 2.4 and 2.8. Second, while the standard deviation
of the long-run variance is also declining in maturity it is constant
across maturity for the spot volatility. Third, the correlation coe�cient
is negative for all maturities which is somewhat surprising. Fourth,
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Figure 5.6. In-sample and out-of-sample �t in the daily calibrated
FV model. In-sample �t is the minimized value of criterion function Eq.
(4.2) and out-of-sample �t is the out-of-sample equivalent.

the correlation is decreasing in maturity implying that long-maturity
futures are more negatively correlated with volatility than the short
ones. Again this is somewhat surprising since one would expect longer
maturity futures to be more positively correlated with futures than
short maturity futures. Fifth, the variance of variance coe�cient c is
declining in maturity. This result is expected since for a long maturity
option the spot volatility of the futures contract is of less importance
relative to the long-run volatility of the futures contract. Finally, it is
seen from the �ts that the Heston model together with maturity-wise
calibration is producing impressively low in- and out-of-sample MSE,
in particular for the short-maturity options. Naturally, the increasing
MSE in maturity is expected both because option prices are increasing
in maturity and they are possibly posing a harder challenge for the
model (e.g., the impact of interest rates (and stochasticity thereof)
might gain higher importance for longer maturities).
In general, the results are as expected, but it is quite surprising that

the correlation coe�cient ρ is persistently negative and even more so
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Maturity a b c ρ V0 In-sample �t Out-of-sample �t Obs.

14 - 30 14.2604 0.2014 1.2395 -0.1669 0.1821 0.0010 0.0012 2064
31 - 90 14.1051 0.2403 1.3249 -0.1594 0.1748 0.0023 0.0031 7443
91 - 180 23.3084 0.2237 1.3721 -0.2095 0.1648 0.0031 0.0041 9905
181 - 360 20.1342 0.1798 1.2134 -0.3232 0.1460 0.0047 0.0072 14022
361 - 720 16.5323 0.1228 0.9066 -0.4200 0.1473 0.0096 0.0113 3052
721 - 16.3133 0.0987 0.7044 -0.4528 0.1109 0.0165 0.0201 4520

Table 5.12. Means of the parameter values and �ts for maturity
intervals. In-sample �t is the minimized value of criterion function Eq.
(4.2) and out-of-sample �t is the out-of-sample equivalent. The results
are for the FV model calibrated for each maturity, daily; 1988-2011.

Maturity a b c ρ V0 In sample �t Out of sample �t Obs.

14 - 30 5.5763 0.1386 0.5170 -0.1046 0.1409 0.0002 0.0002 2064
31 - 90 6.3487 0.1433 1.1571 -0.1354 0.1282 0.0003 0.0003 7443
91 - 180 5.3136 0.1400 1.1199 -0.1772 0.1044 0.0006 0.0006 9905
181 - 360 3.8649 0.1249 0.9237 -0.3114 0.0831 0.0017 0.0018 14022
361 - 720 2.0939 0.0906 0.6152 -0.4637 0.0749 0.0044 0.0048 3052
721 - 0.6491 0.0841 0.3418 -0.4553 0.0428 0.0124 0.0127 4520

Table 5.13. Medians of the parameter values and �ts for maturity
intervals. In sample �t is the minimized value of criterion function Eq.
(4.2) and out of sample �t is the out of sample equivalent. The results
are for the FV model calibrated for each maturity, daily; 1988-2011.

Maturity a b c ρ V0 In sample �t Out of sample �t Obs.

14 - 30 27.1559 0.2213 1.2464 0.3768 0.1719 0.0038 0.0081 2064
31 - 90 59.6075 0.2508 1.1468 0.3334 0.1959 0.0225 0.0385 7443
91 - 180 173.7776 0.2194 1.5769 0.3058 0.2152 0.0203 0.0371 9905
181 - 360 144.3759 0.1699 1.4525 0.2921 0.2000 0.0183 0.0817 14022
361 - 720 123.5895 0.1147 1.2117 0.3257 0.1891 0.0355 0.0581 3052
721 - 112.2546 0.0717 1.2401 0.3032 0.1982 0.0198 0.0411 4520

Table 5.14. Standard deviations of the parameter values and �ts
for maturity intervals. In sample �t is the minimized value of criterion
function Eq. (4.2) and out of sample �t is the out of sample equivalent.
The results are for the FV model calibrated for each maturity, daily;
1988-2011.

for long maturity contracts. This implies one of the following three
things. Either the Heston model is not applicable to this market, the
calibration method is not general enough or the standard intuition in
the literature is simply not correct (there might be a dynamic term-
structure present, as opposed to a static, constant, relationship).
In Figure 5.7 we show scatter plots of the calibrated parameters

against maturity (DTM). All plots show that for low maturity options
we observe more observations with high calibrated values and this is
particularly true for long-run variance b and the correlation between
futures and volatility ρ. This supports the �nding above that the esti-
mated value of long-run volatility and correlation has higher standard
deviation than for long-run maturity options.
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Figure 5.7. The time-series of the calibrated parame-
ters (a, b, c, ρ) against days-to-maturity (DTM) in the
FV model calibrated for each maturity on each day.

From the scatter plots of MSE against maturity in Figure 5.8 the
decline in MSE in maturity is not clear-cut. However, in contracts
with less than a year to maturity both the in- and out-of-sample MSE
has many very high values. As for the in-sample �t this is not seen
for high maturity, but in case of the out-of-sample �ts large values of
MSE are often observed in contracts with more than 1, 200 days to
maturity. This pattern is probably caused by the increased complexity
in pricing long-maturity options, as well as the decreased liquidity in
such options.
Table 5.15 shows the Pearson (lower triangle) and Spearman (up-

per triangle) correlations between calibrated values. Compared to the
daily calibration of the Heston model the most remarkable di�erence
is that the correlations between the parameter values and both in- and
out-of-sample �ts are generally much closer to zero. This is particularly
true for Spearman correlations. This could imply that the maturity-
wise calibration method is more applicable than the daily calibration
since, e.g., we do not observe the counter-intuitive high negative corre-
lation between MSE and volatility of volatility. On the other hand the
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Figure 5.8. In-sample and out-of-sample �t in the FV
model calibrated for each maturity on each day.

very plausible positive correlation between MSE and both long term
volatility b and spot volatility V0 is no longer observed.

a b c ρ V0 In sample �t Out of sample �t
a 1.0000 -0.3951 0.7056 0.0389 0.4864 -0.1269 -0.1267
b -0.0644 1.0000 0.2104 0.0968 -0.2097 -0.0777 -0.0828
c 0.7724 0.0349 1.0000 0.0666 0.2064 -0.0040 -0.0164
ρ -0.0083 0.1078 0.0135 1.0000 0.0022 -0.3383 -0.3306
v0 0.2557 -0.0599 0.3918 -0.0142 1.0000 -0.0820 -0.0875
In sample �t 0.0935 -0.0047 0.0891 -0.0626 0.0480 1.0000 0.8829
Out of sample �t 0.0457 0.0010 0.0368 -0.0399 0.0190 0.3672 1.0000

Table 5.15. Pearson correlations between the parameters of the
model as well as the in- and out-of-sample �ts are in the lower triangle
and Spearman correlations are in the upper triangle. In-sample �t is
the minimized value of criterion function Eq. (4.2) and out-of-sample
�t is the out-of-sample equivalent. The results are for the FV model
calibrated for each maturity on each day, 1988-2011.

In Table 5.16 we show the average of the calibrated parameters and
�ts on each day and then calculate the Pearson (lower) and Spear-
man (upper) correlation of these averages. The results are remarkably



38 CHRISTIAN BACH AND MATT P. DZIUBINSKI

similar to the ones above. However, we again observe the desirable
positive correlation between MSE and both long-term volatility b and
spot volatility V0. This could suggest that we get rid of substantial
amounts of noise in the results by taking a simple average on each day.
As argued earlier the noise is likely to be present in the calibration on
each day on each maturity because of, e.g., lack of liquidity in some
contracts and more importantly few observations in each calibration.

a b c ρ V0 In sample �t Out of sample �t
a 1.0000 -0.3386 0.6360 -0.0564 0.3779 0.2497 0.2517
b -0.0935 1.0000 0.2770 -0.0106 -0.0951 0.2287 0.2159
c 0.5339 0.1995 1.0000 -0.1175 0.1934 0.4744 0.4663
ρ 0.0040 0.0881 0.0046 1.0000 0.0561 -0.2807 -0.2896
v0 0.2146 0.1040 0.4364 0.1094 1.0000 0.0975 0.0828
In sample �t 0.0440 0.1223 0.1636 -0.0013 0.1021 1.0000 0.8871
Out of sample �t 0.0300 0.1065 0.1290 0.0047 0.0870 0.8583 1.0000

Table 5.16. Pearson correlations between the parameters of the
model as well as the in- and out-of-sample �ts are in the lower triangular
part and Spearman correlations are in the upper triangular part. In-
sample �t is the minimized value of criterion function Eq. (4.2) and
out-of-sample �t is the out-of-sample equivalent. The results are for the
FV model calibrated for each maturity on each day, 1988-2011. The
average of the parameters and �ts are taken across maturities on each
day and the correlation are calculated from these daily averages.

5.4. FI with Maturity-wise Calibration. We also perform the maturity-
wise calibration of the FI model and show mean and median results
in Tables 5.17 and 5.18 respectively. Compared to the daily calibra-
tion of the FI model the maturity-wise calibration clearly shows much
more plausible values of long-run inventory, although they are still low
relative to what could be expected. In the daily calibration the mean
and median long-run inventory is 0.042 and 0.039, respectively, while
in the maturity-wise calibration they are 0.102 and 0.073, respectively.
Relative to both the maturity-wise FV and the daily FI calibration
results the correlation coe�cient is more negative and the volatility of
the inventory coe�cient is higher than the comparable coe�cient in
the maturity-wise FV model and daily FI model. In terms of MSE the
maturity-wise FI model is performing substantially better than both
the daily calibrated Heston model and the daily calibrated FI model.
As expected from the decrease in the degrees of freedom, it does not
perform as well as the fully �exible maturity-wise FV model, but it
does require one parameter less to calibrate and is therefore substan-
tially faster to calibrate. The recent increase in MSE does not seem to
be mitigated by using the maturity-wise FI model, but considering the
standard deviations in Table 5.18 they are considerably lower than in
the daily FI model and of the same level as for the maturity-wise FV
model.
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Year a b c ρ I0 In sample �t Out of sample �t Obs.

1990 31.0833 0.5397 4.2385 0.3020 0.3584 0.0380 0.0476 476
1991 58.3646 0.2231 3.2498 0.3575 0.3363 0.0024 0.0031 314
1993 89.6291 0.0406 1.6952 -0.3811 0.3403 0.0004 0.0006 73
1994 92.9658 0.0413 2.0800 -0.0034 0.3322 0.0003 0.0005 147
1996 61.4850 0.0535 1.8079 0.0834 0.3034 0.0029 0.0068 725
1997 61.3646 0.0415 1.5185 0.1679 0.3067 0.0025 0.0114 480
1998 34.3794 0.0671 1.1548 0.2030 0.3343 0.0014 0.0020 1012
1999 31.3028 0.0737 1.2678 -0.1076 0.3203 0.0020 0.0021 2032
2000 33.1787 0.0715 1.4614 -0.2158 0.2916 0.0017 0.0020 2537
2001 31.9642 0.1256 1.8171 -0.4345 0.3048 0.0024 0.0043 2316
2002 25.7675 0.1007 1.6144 -0.5862 0.3063 0.0030 0.0095 2331
2003 33.4869 0.1045 2.0158 -0.6326 0.2802 0.0025 0.0029 1955
2004 28.5783 0.0734 1.5956 -0.1994 0.2895 0.0035 0.0039 2578
2005 29.0759 0.0787 1.6367 -0.2711 0.3158 0.0044 0.0052 3425
2006 51.0910 0.0537 1.8451 -0.4073 0.3347 0.0075 0.0085 3021
2007 45.3949 0.0513 1.7250 -0.4614 0.3273 0.0128 0.0131 2929
2008 54.0528 0.1572 2.8176 -0.1852 0.3063 0.0162 0.0207 3711
2009 33.3459 0.2019 2.6648 -0.6543 0.3469 0.0114 0.0129 3530
2010 30.5345 0.0800 1.8158 -0.7624 0.3532 0.0132 0.0145 3673
2011 33.6606 0.0588 1.5343 -0.4172 0.3496 0.0254 0.0275 1162

Mean 37.4641 0.1029 1.9136 -0.3671 0.3195 0.0081 0.0100 1921

Table 5.17. Means of the parameter values and �ts for the
maturity-wise calibrated FI model, 1988-2011, using the number of ob-
servations shown in the last column. In sample �t is the minimized value
of criterion function Eq. (4.2) and out of sample �t is the out of sample
equivalent.

Year a b c ρ I0 In sample �t Out of sample �t Obs.

1990 19.4043 0.4471 3.9256 0.3017 0.3520 0.0017 0.0019 476
1991 40.4067 0.0886 2.1032 0.3594 0.3361 0.0006 0.0007 314
1993 55.1889 0.0326 1.7483 -0.4455 0.3398 0.0004 0.0003 73
1994 69.1561 0.0427 2.1728 0.0691 0.3325 0.0002 0.0002 147
1996 39.0844 0.0501 1.4209 0.1144 0.3031 0.0005 0.0006 725
1997 43.8047 0.0386 1.0842 0.0969 0.3056 0.0002 0.0002 480
1998 19.4456 0.0513 0.5158 0.1620 0.3366 0.0002 0.0002 1012
1999 18.2893 0.0724 0.6956 -0.0696 0.3244 0.0003 0.0003 2032
2000 20.7928 0.0653 1.2940 -0.1875 0.2905 0.0005 0.0005 2537
2001 21.9648 0.0879 1.5648 -0.4217 0.3075 0.0009 0.0009 2316
2002 16.3658 0.0991 1.3811 -0.5915 0.3121 0.0006 0.0006 2331
2003 22.9859 0.0836 1.7779 -0.7088 0.2793 0.0010 0.0010 1955
2004 16.0027 0.0700 1.3300 -0.0970 0.2930 0.0017 0.0016 2578
2005 18.6844 0.0802 1.4029 -0.1886 0.3191 0.0015 0.0016 3425
2006 31.8064 0.0543 1.6040 -0.3703 0.3351 0.0033 0.0033 3021
2007 25.9830 0.0504 1.4730 -0.4176 0.3253 0.0059 0.0059 2929
2008 13.1673 0.0923 1.5082 -0.1043 0.3059 0.0112 0.0106 3711
2009 15.1589 0.1554 2.0187 -0.6490 0.3445 0.0047 0.0048 3530
2010 16.5357 0.0803 1.5803 -0.8138 0.3578 0.0081 0.0081 3673
2011 14.7857 0.0577 1.2886 -0.4089 0.3489 0.0146 0.0158 1162

Median 20.1660 0.0730 1.5123 -0.3659 0.3204 0.0021 0.0021 2174

Table 5.18. Medians of the parameter values and �ts for the
maturity-wise calibrated FI model, 1988-2011, using the number of ob-
servations shown in the last column. In sample �t is the minimized value
of criterion function Eq. (4.2) and out of sample �t is the out of sample
equivalent.
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Year a b c ρ I0 In sample �t Out of sample �t Obs.

1990 43.6488 0.3727 2.9743 0.2899 0.0154 0.1189 0.1618 476
1991 62.5614 0.3402 3.8631 0.3240 0.0072 0.0131 0.0176 314
1993 82.6866 0.0257 1.3444 0.4107 0.0081 0.0003 0.0007 73
1994 64.2251 0.0207 1.5225 0.4443 0.0050 0.0002 0.0008 147
1996 54.4340 0.0264 1.4646 0.4525 0.0056 0.0171 0.0598 725
1997 46.0429 0.0198 1.3753 0.3353 0.0111 0.0124 0.1315 480
1998 37.1053 0.0704 1.2850 0.3680 0.0102 0.0146 0.0161 1012
1999 32.2426 0.0342 1.1879 0.3806 0.0158 0.0093 0.0139 2032
2000 30.7622 0.0321 1.1680 0.3561 0.0071 0.0061 0.0210 2537
2001 31.5536 0.1461 1.2730 0.2903 0.0124 0.0099 0.0513 2316
2002 23.3769 0.0392 1.1560 0.2735 0.0162 0.0127 0.1452 2331
2003 29.2982 0.1126 1.0902 0.3119 0.0066 0.0051 0.0053 1955
2004 39.7091 0.0301 0.9620 0.4147 0.0114 0.0169 0.0081 2578
2005 79.1426 0.0255 1.0608 0.3061 0.0116 0.0127 0.0138 3425
2006 186.2625 0.0155 1.1661 0.3370 0.0085 0.0234 0.0217 3021
2007 83.4274 0.0189 1.0424 0.3389 0.0149 0.0375 0.0400 2929
2008 163.1970 0.1928 3.3945 0.2712 0.0106 0.0232 0.1061 3711
2009 131.1122 0.1894 2.3823 0.2328 0.0126 0.0213 0.0247 3530
2010 41.0712 0.0232 0.9115 0.2012 0.0113 0.0214 0.0230 3673
2011 188.3536 0.0153 1.1675 0.4476 0.0090 0.0325 0.0359 1162

Mean 80.7267 0.0766 1.4970 0.3125 0.0113 0.0192 0.0420 1921

Table 5.19. Standard deviations of the parameter values and �ts
for the maturity-wise calibrated FI model, 1988-2011, using the number
of observations shown in the last column. In sample �t is the minimized
value of criterion function Eq. (4.2) and out of sample �t is the out of
sample equivalent.

Tables 5.20 - 5.22 contain the means, medians and standard devia-
tions of the calibrated parameters and MSEs across option maturity.
The long-run inventory parameter b is declining in maturity. This is
a pattern similar to the one observed for the long-run volatility in the
maturity-wise-calibrated FV model. Also similarly to what was found
in the maturity-wise calibration of the FV model, the correlation be-
tween futures prices and inventory is decreasing in maturity and is neg-
ative in both mean and median for all maturity intervals considered.
Again, this observation is much more in line with intuition, compared to
the result for the FV model, since we expect inventory to be much more
important for longer-maturity options than shorter-maturity ones. We
further note that the in- and out-of-sample MSEs are roughly 50%
higher in terms of means and 100% higher in terms of median than
in the maturity-wise FV model for all maturities. Finally, from the
last column it is seen that compared to the maturity-wise FV model
the most observations are lost for high maturity. This implies that
the maturity-wise FI model fails to be calibrated more often for long
maturity contracts than the maturity-wise FV model. This is some-
what surprising since we expect inventory data to be relatively more
important for longer maturity options as compared to shorter maturity
options. The standard deviation of long-run inventory is substantially
lower for long-maturity options than the long-run value of variance in
the maturity-wise FV model. Again, this is likely caused by inventory
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being much more important for longer-maturity than shorter-maturity
options.

Maturity a b c ρ I0 In sample �t Out of sample �t Obs.

14 - 30 66.6358 0.1381 2.2543 -0.1503 0.3173 0.0014 0.0016 2082
31 - 90 43.9847 0.1290 2.1687 -0.1806 0.3180 0.0034 0.0044 7516
91 - 180 33.9969 0.1111 2.0514 -0.2807 0.3176 0.0046 0.0056 9935
181 - 360 25.8629 0.0926 1.7227 -0.4635 0.3198 0.0078 0.0110 13479
361 - 720 23.6522 0.0681 1.3424 -0.5759 0.3191 0.0148 0.0169 2481
721 - 76.7612 0.0596 1.9115 -0.6720 0.3300 0.0324 0.0343 2934

Table 5.20. Mean of the parameter values and �ts for maturity
intervals. In sample �t is the minimized value of criterion function Eq.
(4.2) and out of sample �t is the out of sample equivalent. The results
are for the FI model calibrated for each maturity, daily.

Maturity a b c ρ I0 In sample �t Out of sample �t Obs.

14 - 30 51.9867 0.0458 1.7462 -0.1046 0.3178 0.0003 0.0003 2082
31 - 90 31.0978 0.0732 1.9623 -0.1654 0.3191 0.0005 0.0006 7516
91 - 180 21.5408 0.0847 1.6918 -0.2653 0.3187 0.0013 0.0014 9935
181 - 360 15.3046 0.0759 1.4115 -0.4998 0.3208 0.0039 0.0041 13479
361 - 720 11.6316 0.0576 1.0899 -0.7304 0.3189 0.0085 0.0085 2481
721 - 12.4088 0.0595 1.1346 -0.8678 0.3310 0.0236 0.0225 2934

Table 5.21. Medians of the parameter values and �ts for maturity
intervals. In sample �t is the minimized value of criterion function Eq.
(4.2) and out of sample �t is the out of sample equivalent. The results
are for the FI model calibrated for each maturity, daily.

Maturity a b c ρ I0 In sample �t Out of sample �t Obs.

14 - 30 52.6184 0.2862 2.4127 0.3654 0.0251 0.0063 0.0098 2082
31 - 90 41.1026 0.2008 2.1421 0.3721 0.0249 0.0253 0.0457 7516
91 - 180 37.7982 0.0994 1.7733 0.3795 0.0254 0.0220 0.0371 9935
181 - 360 34.8985 0.0582 1.3095 0.3773 0.0249 0.0188 0.0826 13479
361 - 720 46.5355 0.0342 1.0293 0.4266 0.0240 0.0270 0.0510 2481
721 - 328.2601 0.0191 2.2921 0.3918 0.0242 0.0416 0.0479 2934

Table 5.22. Standard deviations of the parameter values and �ts
for maturity intervals. In sample �t is the minimized value of criterion
function Eq. (4.2) and out of sample �t is the out of sample equivalent.
The results are for the FI model calibrated for each maturity, daily.

Figure 5.9 shows scatter plots of the calibrated parameters. The
model picks up the �nancial crisis through higher values of long-run
volatility and volatility of inventory. It is also noted that unlike the
maturity-wise FV model we only see very high values of the calibrated
parameters for short-maturity options for long-run inventory and to
some extent in the volatility of inventory. We no longer see high mean-
reversion for short- maturity options and if anything we have some
calibrations with high values of mean-reversion for longer-maturity
options. The pattern with lower correlation coe�cients for longer-
maturity options is maintained.
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Figure 5.9. The calibrated parameters against days-to-
maturity (DTM) in the FI model calibrated maturity-
wise.

When considering the �ts in terms of of MSE in Figure 5.10 a pattern
similar to that of the maturity-wise FV model is seen but it is clear
that there are more high values of MSE in the maturity-wise FI model
than in the maturity-wise FV model.
Figure 5.11 shows the parameter averages across maturities for each

day through the sample period. As the maturity-wise FV model the
maturity-wise FI model clearly identi�es the �nancial crisis with high
spot volatility. From the top right plot we clearly see that the inventory
is much more stable than the spot volatility calibrated in the maturity-
wise FV model. As was seen in the daily calibrations, the long-run
inventory level b in the maturity-wise FI model is much more stable
than the long-run volatility value in the maturity-wise FV model. This
stability is an advantage for the FI model, but is not replicated for any
of the other parameters. As in the daily calibration when comparing the
time series properties of the maturity-wise FI model with the maturity-
wise FV model they are largely similar for a, b and ρ. Also considering
the time-series properties of the MSE in Figure 5.12 we note that the
MSE time-series is shifted down compared to the daily FI model in



COMMODITY DERIVATIVES PRICING WITH INVENTORY EFFECTS 43

0 200 400 600 800 1000 1200 1400 1600 1800
0

0.5

1

DTM

In
 s

am
pl

e 
fit

0 200 400 600 800 1000 1200 1400 1600 1800
0

0.5

1

DTM

O
ut

 o
f s

am
pl

e 
fit

Figure 5.10. In-sample and out-of-sample �t in the FI
model calibrated for each maturity on each day.

Figure 5.4 and still seems to produce high MSE in similar periods as
the daily FI and the maturity-wise FV model. (Figure 5.6)
Tables 5.23 and 5.24 for the maturity-wise FI model correspond to

Tables 5.15 and 5.16 for the maturity-wise FV model.
The results are largely similar to those observed in the maturity-wise

FV model but there is one important di�erence. Initial inventory is
positively correlated with MSE while spot volatility is only very weakly
correlated with MSE. The positive correlation between inventory and
MSE suggests that the model is better for low inventory than high
inventory (i.e., the model �ts better in the case of scarcity). This
observation is in accordance with the theory suggesting that inventory
is more important for option prices when it is low than when it is high.

6. Model Performance

In this section we present the performance of the models in two dis-
tinct dimensions. First, we leave out a number of observations when
calibrating the model. We then use the calibrated parameters to cal-
culate the value of the options we left out and compare the model
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Figure 5.11. The time-series of the average of the calibrated pa-
rameters across maturity in the FI model calibrated for each maturity
on each day.

a b c ρ I0 In sample �t Out of sample �t
a 1.0000 -0.0140 0.6718 0.0618 0.0235 -0.2854 -0.2770
b 0.0126 1.0000 0.5645 -0.0659 0.0106 0.0149 0.0096
c 0.5308 0.4936 1.0000 -0.0204 0.0962 0.0025 -0.0037
ρ 0.0010 0.0744 0.0020 1.0000 -0.1981 -0.3273 -0.3239
I0 0.0180 0.0868 0.0729 -0.1738 1.0000 0.2725 0.2614
In sample �t 0.1004 0.0293 0.0281 -0.1118 0.1322 1.0000 0.8902
Out of sample �t 0.0383 0.0245 0.0135 -0.0579 0.0554 0.3615 1.0000

Table 5.23. Pearson correlations between the parameters of the
model as well as in and out of sample �ts are in the lower triangle and
Spearman correlations are in the upper triangle. In sample �t is the
minimized value of criterion function Eq. (4.2) and out of sample �t is
the out of sample equivalent. The results are for the FI model calibrated
for each maturity on each day.

value with the market value. This approach determines whether the
model can be used for pricing assets (pricing performance) not cur-
rently traded on the markets � i.e., in market making. For instance, one
could be interested in introducing an option with a strike not currently
available on the market, or one might want to determine the value of
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Figure 5.12. The time series of in-sample and out-of-sample �t in
the maturity-wise calibrated FI model. In-sample �t is the minimized
value of criterion function Eq. (4.2) and out-of-sample �t is the out-of-
sample equivalent.

a b c ρ I0 In sample �t Out of sample �t
a 1.0000 -0.1510 0.6191 -0.0558 0.0613 -0.1278 -0.1312
b 0.0786 1.0000 0.5376 -0.1778 -0.0426 0.2924 0.2840
c 0.6620 0.6129 1.0000 -0.1746 0.0808 0.2375 0.2242
ρ 0.0221 0.0976 -0.0179 1.0000 -0.0239 -0.3145 -0.3137
I0 0.0536 0.1459 0.0851 0.0059 1.0000 0.2363 0.2319
In sample �t -0.0332 0.2027 0.1064 -0.0417 0.1917 1.0000 0.9022
Out of sample �t -0.0322 0.1740 0.0837 -0.0220 0.1298 0.8018 1.0000

Table 5.24. Pearson correlations between the parameters of the
model as well as in- and out-of-sample �ts are in the lower triangular
part and Spearman correlations are in the upper triangular part. In-
sample �t is the minimized value of criterion function Eq. (4.2) and
out-of-sample �t is the out-of-sample equivalent. The results are for the
FI model calibrated for each maturity on each day. The averages of the
parameters and �ts are taken across maturities and the correlations are
calculated from these daily averages.
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an option which has not been traded recently. Second, we consider the
one-day-ahead forecast errors (forecasting/hedging performance; which
can also be interpreted as a model-robustness assessment). We do this
using two di�erent settings. In the �rst one we use the calibrated pa-
rameters on day t− 1 to determine the option prices on day t. In the
second setting we use the average of the parameters obtained on the
past 5 (the length of the business week) trading days to determine the
option value on day t.
In this section we compare the models by calculating root mean

squared relative errors (RMSRE). We consider relative errors rather
than errors, since the relative measure is not a�ected by change of
scale. That is, a 10% pricing error in a far in-the-money option is
treated as a 10% pricing error in a far out-of-the-money option.

6.1. Pricing Performance. As described in Section 2.2.1 we leave out
20% of the observations when calibrating the models. We then calculate
the value of these options using the calibrated parameters and compare
RMSRE between the models. Table 6.1 shows that the maturity-wise
calibration method outperforms the daily calibration method. In par-
ticular the FV model calibrated using the maturity-wise method pro-
duces a low RMSRE with an average of 0.086, compared to 0.124 for
the maturity-wise FI model and 0.138 for the daily FV model. The
maturity-wise FV model is performing particularly well compared to
the daily FV model during the booming years in the late 1990s. It
is noteworthy that the daily FI model performs almost as well as the
daily FV model, even though it is less �exible. This makes it a very
valid alternative to the daily FV model if one values calibration speed.
This result might further imply that inventory data can be useful for
option pricing.
Important and very interesting observations can be made when one

considers the pricing performance as a function of strike (Table 6.2)
and as a function of maturity (Table 6.3). Comparing the calibration
methods for the FV model, in-the-money options are priced equally
well, but both at-the-money options and out-of-the-money options are
priced more precisely using the maturity-wise calibration method. In-
terestingly, this observation is not similar for the FI models. Both
calibration methods perform equally well for far in-the-money and far
out-of-the-money options, but for at-the-money options the maturity-
wise method performs better. Considering the pricing performance
across maturity it is seen that the maturity-wise FV model greatly
outperforms the daily FV model for short and medium term options,
while for longer term options performance is equal. Considering the
FI model the maturity-wise calibration outperforms daily calibration
for short maturity options while it is worse for long maturity options.
The weak performance of the daily FI model for short maturity options
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Daily FV Daily FI Maturity-wise FV Maturity-wise FI

1989 0.026 0.174 � �
1990 0.126 0.173 0.111 0.107
1991 0.137 0.142 0.076 0.076
1992 0.090 0.072 � �
1993 0.148 0.155 0.063 0.027
1994 0.161 0.077 0.016 0.107
1995 0.141 0.119 � �
1996 0.299 0.139 0.119 0.095
1997 0.298 0.173 0.140 0.150
1998 0.332 0.268 0.088 0.183
1999 0.324 0.128 0.072 0.085
2000 0.091 0.078 0.061 0.090
2001 0.102 0.133 0.096 0.112
2002 0.146 0.121 0.101 0.164
2003 0.136 0.145 0.136 0.221
2004 0.082 0.107 0.123 0.143
2005 0.038 0.155 0.072 0.097
2006 0.062 0.145 0.086 0.188
2007 0.107 0.191 0.114 0.216
2008 0.069 0.157 0.071 0.064
2009 0.068 0.165 0.053 0.090
2010 0.078 0.230 0.051 0.115
2011 0.110 0.233 0.072 0.150

Mean 0.138 0.151 0.086 0.124

Table 6.1. Annual averages of RMSRE for each calibration method
and each model, 1989�2011. "�" indicates missing data.

is expected since inventories play only a small role for short maturity
options.
Considering the FV model, these results suggest that the maturity-

wise calibration method should always be preferred for pricing short
maturity options and out-of-the-money options, while for long matu-
rity options and far in-the-money options one can use the computa-
tionally cheaper daily calibration method without much loss of pricing
performance.

Moneyness Daily FV Daily FI Maturity-wise FV Maturity-wise FI

K/F < 0.8 0.083 0.129 0.080 0.131
0.8 < K/F < 0.9 0.081 0.163 0.082 0.136
0.9 < K/F < 1 0.106 0.177 0.085 0.134
1 < K/F < 1.1 0.122 0.179 0.075 0.124
1.1 < K/F < 1.2 0.132 0.179 0.080 0.144
1.2 < K/F 0.141 0.187 0.105 0.185

Mean 0.111 0.169 0.084 0.142

Table 6.2. Averages of RMSRE for each strike interval for both
calibration methods and both models.

For completeness, in table 6.4 we show the number of observations
over which the averages in Tables 6.1 - 6.3 are calculated. In general,
and as expected, the maturity-wise calibrations require more data than
the daily calibrations. Liquidity was very thin in early parts of the
sample which clearly favors the daily calibration method for this period,
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Time-to-maturity Daily FV Daily FI Maturity-wise FV Maturity-wise FI

τ < 30 0.133 0.404 0.029 0.032
30 < τ < 90 0.125 0.261 0.052 0.048
90 < τ < 180 0.111 0.111 0.073 0.072
180 < τ 0.100 0.101 0.100 0.186

Mean 0.117 0.220 0.063 0.084

Table 6.3. Averages of RMSRE for each time to maturity interval
for both calibration methods and both models.

but since 1999 the liquidity has been very good, and in practice one
cannot use liquidity as an argument to favor one model or calibration
method over another.

Daily FV and FI Maturity-wise FV and FI

1989 722 �
1990 3,553 2,057
1991 3,026 847
1992 2,161 �
1993 2,198 150
1994 3,021 310
1995 3,033 �
1996 5,214 2,013
1997 4,236 1,289
1998 4,352 2,761
1999 9,566 7,812
2000 15,597 13,824
2001 13,677 12,063
2002 15,694 13,931
2003 15,638 13,962
2004 24,066 22,009
2005 39,777 38,197
2006 45,244 43,651
2007 53,134 51,644
2008 74,471 72,946
2009 60,184 58,578
2010 67,028 65,529
2011 25,884 25,316

Table 6.4. Number of observations in the models, 1989�2011

Overall, we conclude that the daily FI model is fares well for far
ITM or long-maturity options (with the less parsimonious FV models
performing even better), while the maturity-wise FV model is de�nitely
preferable for far OTM or short-maturity options. This might re�ect
the broader presence of the fundamental market participants trading
these instruments � with moneyness re�ecting the intrinsic contract
value and long-maturity contracts important for, e.g., fuel hedging by
the airlines.

6.2. Forecasting Performance. In practice the choice between mod-
els often ultimately depends on their forecasting performance. In this
section we consider one-day-ahead forecasting performance using both
the parameter-set on the previous day and the average of the parameter-
sets over the most recent �ve trading days. In Table 6.5 we present the



COMMODITY DERIVATIVES PRICING WITH INVENTORY EFFECTS 49

average RMSRE in each year for both models and calibration meth-
ods using the parameter-set obtained on the previous day. First, it is
noteworthy that the RMSREs are higher than the ones in Table 6.1.
This is expected since parameters are time-varying, but it may be sur-
prising that the di�erence is not larger than it is. This re�ects the
fact that parameters are generally not moving much from day to day,
demonstrating the robustness of the models and calibration methods.
The ordering of models and calibration methods is similar to the or-
dering in the previous section. Again the maturity-wise FV greatly
outperforms the daily FV and again this phenomenon is particularly
pronounced in the late 1990s.

Daily FV Daily FI Maturity-wise FV Maturity-wise FI

1989 0.036 0.185 � �
1990 0.137 0.182 0.132 0.129
1991 0.149 0.155 0.114 0.125
1992 0.091 0.078 � �
1993 0.129 0.151 0.072 0.037
1994 0.158 0.077 0.034 0.130
1995 0.140 0.115 � �
1996 0.298 0.142 0.125 0.096
1997 0.289 0.172 0.128 0.154
1998 0.332 0.267 0.093 0.179
1999 0.322 0.131 0.087 0.104
2000 0.099 0.083 0.073 0.101
2001 0.105 0.136 0.105 0.119
2002 0.146 0.122 0.107 0.168
2003 0.139 0.147 0.141 0.226
2004 0.088 0.110 0.128 0.144
2005 0.046 0.156 0.078 0.104
2006 0.064 0.144 0.088 0.190
2007 0.112 0.195 0.122 0.208
2008 0.079 0.160 0.083 0.076
2009 0.078 0.168 0.069 0.100
2010 0.084 0.234 0.061 0.117
2011 0.115 0.235 0.091 0.148

Mean 0.141 0.154 0.096 0.133

Table 6.5. Averages of RMSRE for each calibration method and
each model, 1989�2011. Forecasts of option prices are calculated using
the parameter-set from the previous day.

Table 6.6 shows the RMSRE across strike and 6.7 across maturity.
Conclusions are similar to those in the previous section. The maturity-
wise calibration method should be used for pricing short maturity op-
tions and out-of-the-money options, while long maturity options and
far in-the-money options can be forecast using the daily calibration
method.
Table 6.8 shows the RMSRE when option prices are forecast using

the average of the parameter-sets obtained over the most recent 5 days.
In general, the RMSRE are higher than when using the parameter-set
from the past day. This suggests that while the model parameters do
not change much from day to day, they still change su�ciently much
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Daily FV Daily FI Maturity-wise FV Maturity-wise FI

K/F < 0.8 0.089 0.133 0.088 0.136
0.8 < K/F < 0.9 0.089 0.164 0.092 0.144
0.9 < K/F < 1 0.109 0.177 0.089 0.138
1 < K/F < 1.1 0.123 0.181 0.083 0.129
1.1 < K/F < 1.2 0.136 0.183 0.097 0.141
1.2 < K/F 0.149 0.196 0.117 0.174

Mean 0.116 0.172 0.094 0.144

Table 6.6. Averages of RMSRE for each strike interval for both
calibration methods and each model. Forecasts of option prices are
calculated using the parameter-set from the previous day.

Daily FV Daily FI Maturity-wise FV Maturity-wise FI

τ < 30 0.138 0.403 0.064 0.066
30 < τ < 90 0.131 0.264 0.070 0.066
90 < τ < 180 0.116 0.116 0.081 0.079
180 < τ 0.102 0.105 0.106 0.186

Mean 0.122 0.222 0.080 0.099

Table 6.7. Averages of RMSRE for each time to maturity interval
for both calibration methods and each model. Forecasts of option prices
are calculated using the parameter-set from the previous day.

that using information from as far as �ve days back is not relevant.
This shows the importance of using the most recent information. The
performance loss is particularly pronounced for the maturity-wise cal-
ibration methods and probably re�ects the fact that in the maturity-
wise calibration method parameters are less stable than they are in
the daily calibration, since they are calibrated to contracts with a spe-
ci�c maturity. The daily-calibrated FI model is now performing much
better than any other model. This re�ects the fact that parameters
are more stable in the FI model as compared to the FV model. This
stability is a desired feature for hedging, since the costs of rebalancing
are reduced with less frequent rebalancing.
Tables 6.9 - 6.10 show RMSRE across the strike and maturity di-

mensions. For the models calibrated using the daily method the RM-
SREs are relatively stable across the strike dimension, while for the
maturity-wise calibration they are remarkably lower for at-the-money
options as compared to in- and out-of-the money options. Yet, for any
model and any calibration method the RMSRE are as low as those
observed when using the parameter-set from the previous day. This
is also the case when considering the RMSRE across maturity for all
models. In general, these tables suggest that rather than using the
average of parameter-sets over the most recent period one should use
those calibrated on the previous day.
Table 6.11 shows the number of observations over which the averages

in the previous tables are calculated. As in the pricing performance it
is seen that in early parts of the sample one might favor the daily
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Daily FV Daily FI Maturity-wise FV Maturity-wise FI

1989 0.052 0.095 � �
1990 0.323 0.188 0.162 3.628
1991 0.189 0.162 0.357 2.452
1992 0.151 0.056 � �
1993 0.431 0.085 0.077 1.184
1994 0.320 0.081 0.133 1.317
1995 0.121 0.087 � �
1996 0.416 0.148 0.345 1.809
1997 0.575 0.154 0.311 1.415
1998 0.523 0.338 0.142 1.017
1999 0.455 0.161 0.181 1.641
2000 0.149 0.092 0.225 2.412
2001 0.180 0.189 0.212 2.054
2002 0.241 0.158 0.201 2.125
2003 0.156 0.177 0.315 2.336
2004 0.128 0.116 0.363 4.289
2005 0.055 0.159 0.168 6.513
2006 0.067 0.145 0.351 7.214
2007 0.126 0.195 0.496 7.588
2008 0.084 0.161 0.395 15.024
2009 0.089 0.169 0.180 11.106
2010 0.093 0.238 0.232 11.165
2011 0.121 0.242 0.516 13.141

Mean 0.219 0.156 0.268 4.972

Table 6.8. Averages of RMSRE for each for each calibration
method and each model, 1989�2011. Forecasts of option prices are cal-
culated using the average of the parameter set on the past 5 days.

Daily FV Daily FI Maturity-wise FV Maturity-wise FI

K/F < 0.8 0.114 0.139 0.425 17.061
0.8 < K/F < 0.9 0.134 0.171 0.397 10.121
0.9 < K/F < 1 0.150 0.182 0.256 7.370
1 < K/F < 1.1 0.170 0.190 0.257 7.240
1.1 < K/F < 1.2 0.210 0.201 0.395 9.479
1.2 < K/F < 1.3 0.208 0.215 0.424 13.641
1.3 < K/F 0.164 0.183 0.359 10.819

Table 6.9. Averages of RMSRE for each strike interval for both
calibration methods and each model. Forecasts of option prices are
calculated using the average of the parameter set on the past 5 days.

Daily FV Daily FI Maturity-wise FV Maturity-wise FI

τ < 30 0.148 0.408 0.250 8.042
30 < τ < 90 0.153 0.272 0.344 7.873
90 < τ < 180 0.158 0.131 0.414 8.065
180 < τ 0.169 0.115 0.300 11.969

Mean 0.157 0.232 0.327 8.987

Table 6.10. Averages of RMSRE for each time to maturity inter-
val for both calibration methods and each model. Forecasts of option
prices are calculated using the average of the parameter set on the past

5 days.
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calibration method due to lack of data while since 1999 the maturity-
wise approach can be relied upon due to availability of a large number
of observations.

Daily FV and FI Maturity-wise FV and FI

1989 4,054 �
1990 18,270 11,207
1991 15,669 4,925
1992 11,348 �
1993 11,497 858
1994 15,612 1,828
1995 15,678 �
1996 26,594 11,676
1997 21,565 7,427
1998 22,250 15,684
1999 48,288 42,774
2000 78,180 73,421
2001 68,888 64,903
2002 78,653 73,980
2003 78,393 74,213
2004 120,122 114,521
2005 198,555 196,590
2006 224,945 222,929
2007 264,128 261,835
2008 368,154 365,042
2009 297,755 294,725
2010 332,955 330,406
2011 128,197 127,011

Table 6.11. The number of observations for both calibration meth-
ods and each model for all years.

Overall, we conclude that when the forecasts of option prices are
calculated using the parameter-set from the previous day the maturity-
wise models are preferred to daily models and FV models are in general
preferred to FI models. However, we note good performance of the daily
FI model for long-maturity options.
When the forecasts of option prices are calculated using the average

of the parameter-set on the past 5 days, the daily models are preferred
to maturity-wise models. On average, the daily FI model performs the
best here, which might be related to fundamental factors mentioned in
Section 6.1.
In general, forecasting the option prices using the parameter-set from

the previous day with the maturity-wise FV model results in the best
performance.

6.3. Arti�cial Inventory Data. In the previous sections we have
shown that inventory data can be useful for calibration in terms of �t,
forecasting and pricing. If this is the case, the results obtained in the
previous sections should be superior to results obtained if the level of
inventory was generated by a random number generator. In this sec-
tion we generate inventory levels as random numbers with values in the
region of inventory levels observed in data, using a Uniform(0.10, 0.90)
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distribution. In Table 6.12 we show the in-sample �t, the pricing perfor-
mance, and the forecasting performance using the latest parameter-set
and forecasts using the average of parameters over the last �ve days
for the daily FI model. Results are comparable to the results for the
daily FI model in Tables 5.5, 6.1, 6.5 and 6.8 respectively. To make it
easier to compare results we show them in Table 6.13. In terms of in-
sample �t the model using arti�cial inventory data produces RMSRE
that are 20% larger on average than the ones obtained with the real
inventory data. This is not as much as one might have expected but
it re�ects the �exibility of the Heston-like model when it is calibrated.
When considering the out-of-sample performance it is clear that using
the real inventory data adds very useful information to the model. In
terms of pricing performance and forecasting one-day-ahead using the
parameter-set from the previous day the RMSREs are almost three
times larger on average when using arti�cial data as compared to using
real data. When forecasting one-day-ahead using the average of the
parameters over the most recent �ve days the RMSREs are on aver-
age 66% higher. This shows that inventory data is useful for pricing
options out-of-sample, both in the cross-section and ahead in time.

Year In-sample �t Pricing performance Forecasting (latest) Forecasting (avg.)

1989 0.183 0.197 0.219 0.100
1990 0.160 0.336 0.304 0.326
1991 0.156 0.299 0.257 0.224
1992 0.097 0.163 0.159 0.079
1993 0.143 0.247 0.248 0.128
1994 0.117 0.259 0.274 0.144
1995 0.159 0.294 0.276 0.159
1996 0.126 0.443 0.395 0.230
1997 0.177 0.398 0.466 0.230
1998 0.238 0.476 0.450 0.375
1999 0.158 0.391 0.449 0.247
2000 0.100 0.518 0.509 0.237
2001 0.118 0.443 0.449 0.272
2002 0.164 0.488 0.502 0.284
2003 0.222 0.601 0.531 0.302
2004 0.144 0.571 0.555 0.308
2005 0.159 0.602 0.628 0.286
2006 0.145 0.504 0.562 0.216
2007 0.198 0.662 0.648 0.338
2008 0.270 0.522 0.523 0.358
2009 0.273 0.468 0.475 0.360
2010 0.311 0.714 0.660 0.389
2011 0.254 0.646 0.633 0.382

Mean 0.177 0.445 0.442 0.260

Table 6.12. The RMSRE for in-sample �t, out-of-sample �t
(pricing performance), one-day-ahead forecasts using the most recent
parameter-set and one-day-ahead forecasts using the average of the
parameter-set over the previous 5 days. The daily FI model is using
arti�cially generated inventory generated on an interval corresponding
to the interval of observed inventory.
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Year In-sample �t Pricing performance Forecasting (latest) Forecasting (avg.)

1989 0.157 0.174 0.185 0.095
1990 0.175 0.173 0.182 0.188
1991 0.138 0.142 0.155 0.162
1992 0.06 0.072 0.078 0.056
1993 0.13 0.155 0.151 0.085
1994 0.072 0.077 0.077 0.081
1995 0.101 0.119 0.115 0.087
1996 0.128 0.139 0.142 0.148
1997 0.152 0.173 0.172 0.154
1998 0.221 0.268 0.267 0.338
1999 0.117 0.128 0.131 0.161
2000 0.077 0.078 0.083 0.092
2001 0.135 0.133 0.136 0.189
2002 0.115 0.121 0.122 0.158
2003 0.149 0.145 0.147 0.177
2004 0.107 0.107 0.11 0.116
2005 0.152 0.155 0.156 0.159
2006 0.144 0.145 0.144 0.145
2007 0.191 0.191 0.195 0.195
2008 0.215 0.157 0.16 0.161
2009 0.207 0.165 0.168 0.169
2010 0.229 0.23 0.234 0.238
2011 0.231 0.233 0.235 0.242

Mean 0.148 0.151 0.154 0.156

Table 6.13. The RMSRE for in-sample �t, out-of-sample �t
(pricing performance), one-day-ahead forecasts using the most recent
parameter-set and one-day-ahead forecasts using the average of the
parameter-set over the previous 5 days. The daily FI model uses ob-
served inventory

7. Conclusion

We con�rm the empirical results in the literature and �nd a negative
relationship between inventory and futures prices. At the same time, we
�nd an interesting non-linear time-structure of the stochastic inventory
process.
Using a maturity-wise calibration approach improves substantially

on both in- and out-of-sample pricing errors compared to a daily cali-
bration.
Using the maturity-wise calibration approach the FI model only per-

forms slightly worse than the FV model, which contains one extra pa-
rameter to calibrate � especially worth noting is an interesting trade-o�
between parameter stability (and, consequently, hedging-performance,
which we attribute to parsimony) and pricing-performance.
We �nd that the FI model often performs well in cases associated

with fundamentals-driven prices, i.e., for the contracts of high intrinsic
value or with long-maturity (where inventories may be an important
long-term factor).
We believe that the extended, three-factor models might o�er a good

platform for further study of the necessary �ne-tuning of the modeled
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relationships between the price, volatility, and inventory in order to to
achieve the optimal performance for a given market and application.
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8. Appendix A: Monte Carlo Daily Maturity-wise

Calibration

Let θ̂t,τ denote the parameter set at time t corresponding to option
contracts with expiration τ = τ1, τ2, ..., τN ; o

i
t,τ the observed European

option price at t, with maturity τ , and strikes i = 1, 2, ..., I. Further

denote ôit,τ

(
θ̂t,τ

)
as the simulated European option prices prices given

θ̂t,τ . The following stepwise calibration procedure for each day t in the
sample can be applied:

(1) Calibrate θ̂t,τ1 = min
∑

i

(
oit,τ1 − ô

i
t,τ1

)2
where processes under-

lying ôit,τ1 are simulated from t to τ1 given θ̂t,τ1 .

(2) Calibrate θ̂t,τ2 = min
∑

i

(
oit,τ2 − ô

i
t,τ2

(
θ̂t,τ1

))2
where processes

underlying ôit,τ2 at τ1 starts with ending values from step 1 and

then simulated from τ1 to τ2 using θ̂t,τ2 .

(3) Calibrate θ̂t,τ3 = min
∑

i

(
oit,τ3 − ô

i
t,τ3

(
θ̂t,τ2

))2
where processes

underlying ôit,τ3 at τ2 starts with ending values from step 2 and

then simulated from τ2 to τ3 using θ̂t,τ3 .
(4) Continue until N steps have been taken.

This procedure ensures that parameter sets θ̂t,τ1 , θ̂t,τ2 , ..., θ̂t,τN
are consistent within a day. Further, note that only the cali-
bration in step 1, i.e. calibrating θ̂t,τ1 , involves calibrating v0,
while steps 2-N use the ending points of the simulated paths
for v of the previous step. This ensures a parsimonious model.
Only downside to this model is that a closed form solution for
the option price can only be obtained in the �rst step, since the
following steps require the knowledge of v0 for each MC path
in the previous step.



58 CHRISTIAN BACH AND MATT P. DZIUBINSKI

9. Appendix B: Three Factor Models and their Semi

Closed Form Solution

9.1. FVI model. In the above model formulation we implemented
inventory in the price dynamics through a deterministic formula. An
alternative approach, and a more �exible one, is to include inventory
as a third factor such that the model (FVI) can be formulated as

dFt =
√
VtF

β
t dW

F
t ,

dVt = aV (bV It − Vt) dt+ cV
√
VtdW

V
t ,

dIt = aI (bI − It) dt+ cII
γ
t dW

I
t ,[

W F ,W V
]
t

= ρFV t,[
W F ,W I

]
t

= ρFIt,[
W V ,W I

]
t

= ρV It.

In this model we let inventories in�uence the dynamics of the futures
through the long run value of stochastic volatility and through the
correlation dynamics.

9.2. Heston model. The Heston (1993) model assumes that S, the
price of the asset, is determined by:

dSt = µSt dt+
√
νtSt dW

S
t (9.1)

dνt = κ(θ − νt) dt+ ξ
√
νt dW

ν
t (9.2)

d[W S,W ν ]t = ρtdt, (9.3)

where ν, the instantaneous variance, is a CIR process. Note, that
the particular form of the drift term in a CIR process induces mean-
reversion of the volatility process (which �ts the empirical evidence
better than a non-reverting non-zero drift).
Benhamou et al. (2010) consider a time-dependent Heston model,

with time-varying {θt} and {ξt}.

9.3. FVV model. We consider a model for the price of a future con-
tract in a Heston type model augmented by an additional process for
volatility (which can alternatively be an inventory factor, leading to
another variation of FVI model). In the case for stocks the model has
previously been considered in a very general setup in Zhu (2000) and is
applied for calibrating stock options in Christo�ersen et al. (2009) in a
less general setup. As in Christo�ersen et al. (2009) we make simplify-
ing assumptions on the correlation structure and formulate the model
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as

dFt =
√
V 1
t dW

Q
F1,t +

√
V 2
t dW

Q
F2,t

dV 1
t = aV 1

(
bV 1 − V 1

t

)
dt+ cV 1

√
V 1
t dW

Q
V 1,t

dV 2
t = aV 2

(
bV 2 − V 2

t

)
dt+ cV 2

√
V 2
t dW

Q
V 2,t

d[WQ
F1,W

Q
V 1]t = ρF1V 1dt

d[WQ
F2,W

Q
V 2]t = ρF2V 2dt

d[WQ
F1,W

Q
V 2]t = 0

d[WQ
F2,W

Q
V 1]t = 0

d[WQ
F1,W

Q
F2]t = 0

d[WQ
V 1,W

Q
V 2]t = 0

The correlation matrix ρ of the random sources
(
WQ
F1,W

Q
F2,W

Q
V 1,W

Q
V 2

)
can be summarized as

ρ :=


1 0 ρF1V 1 0
0 1 0 ρF2V 2

ρF1V 1 0 1 0
0 ρF2V 2 0 1

 .

European call options are valued via Fourier analysis and formulas
presented in Christo�ersen et al. (2009).

9.4. FVL model. We consider a model for the price of a future con-
tract in a Heston type model augmented by a latent process. The
model is formulated in the risk-neutral world as

dFt =
√
Vt dW

Q
F,t,

dVt = aV (bV − Vt) dt+ cV
√
VtdW

Q
V,t, (9.4)

dLt = aL (bL − Lt) dt+ cL
√
LtdW

Q
L,t,

d[WQ
F ,W

Q
V ]t = ρFV dt,

d[WQ
F ,W

Q
L ]t = ρFLdt,

d[WQ
V ,W

Q
L ]t = ρV Ldt.

9.4.1. The Option Valuation Formulas. The correlation matrix ρ of the

random sources
(
WQ
F ,W

Q
V ,W

Q
L

)
is

ρ :=

 1 ρV L ρFV
ρV L 1 ρFL
ρFV ρFL 1

 ,
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and introducing Wiener processes Wα and Wβ both mutually indepen-

dent and independent of WQ
L , W

Q
V , and W

Q
F the Cholesky decomposi-

tion yields 1 0 0

ρV L
√

1− ρV L2 0

ρFV
ρFL−ρFV ρV L√

1−ρV L2

√
(ρFL−ρFV ρV L)2

ρV L2−1 − ρFV 2 + 1


which allows us to write

WQ
V = WQ

V ,

WQ
L = ρV LW

Q
V +

√
1− ρ2V LWα = ρV LW

Q
V + ραWα, (9.5)

WQ
F = ρFVW

Q
V +

ρFL − ρFV ρV L√
1− ρ2V L

WQ
L +

√
ρ2FL + ρ2FV + ρ2V L − 2ρFLρFV ρV L − 1

ρ2V L − 1
Wβ

= ρFVW
Q
V + ργW

Q
L + ρβWβ, (9.6)

where

ρα =
√

1− ρ2V L,

ρβ =

√
ρ2FL + ρ2FV + ρ2V L − 2ρFLρFV ρV L − 1

ρ2V L − 1
,

ργ =
ρFL − ρFV ρV L√

1− ρ2V L
.

De�ne Xt = ln (Ft); applying It	o's lemma yields

dXt = −1

2
Vtdt+

√
VtdW

Q
F,t. (9.7)

We de�ne the Radon-Nikodym derivative of change from the risk-
neutral measure Q to the measure QF associated with numeraire Ft;
see Geman et al. (1995)

gFt :=
dQF

dQ
|Ft =

β0Ft
βtF0

= exp

{
−
∫ t

0

r (s) ds

}
Ft
F0

, (9.8)

where

βt := exp

{∫ t

0

rds

}
.

We know that a discounted price process of European-style option on
a futures contract F with strike price K is a martingale under the
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risk-neutral measure Q, i.e.
(
C
β

)
∈M (Q). Hence

C (F0, T ;K)

β0
= EQ

0

[
C (FT , T ;K)

βT

]
= EQ

0

[
(FT −K)+

βT

]
.

Rearranging, we have (where we drop conditioning since we are at time
t = 0)

C (F0, T ;K) = EQ

[
β0
βT

(FT −K) · 1(FT>K)

]
= EQ

[
β0
βT
FT · 1(FT>K)

]
− EQ

[
β0
βT
K · 1(FT>K)

]
,

Let Bt,T := EQ
t

[
βt
βT

]
denote the value of a zero-coupon bond at time

t and maturity at time T . Then the Radon-Nikodym derivative to
change from the risk-neutral measure Q to the forward measure QB is
de�ned by

gBt :=
dQB

dQ
|Ft =

β0BT,T

βTB0,T

. (9.9)

Note BT,T = 1. We can now apply the Radon-Nikodym derivative from
(9.8) to the �rst term and the Radon-Nikodym derivative from (9.9) to
the second term

C (F0, T ;K) = EQ
[
F0g

F
T · 1(FT>K)

]
− EQ

[
B0,Tg

B
TK · 1(FT>K)

]
= F0E

Q
[
gFT · 1(FT>K)

]
−B0,TKE

Q
[
gBT · 1(FT>K)

]
= F0Q

F (XT > k)−B0,TKQ
B (XT > k) , (9.10)

where k = ln (K) and Q∗ (XT > k) is the probability that the option
�nishes in-the-money (ITM), under the Q∗ measure.
Using the inverse Fourier transform, the European-style call option

valuation formula (9.10) can be written as (where we insert the ITM
probabilities)

C (F0, T ;K) = F0Q
F (XT > k)−B0,TKQ

B (XT > k) ,

where

QF (XT > k) =
1

2
+

1

π

∫ ∞
0

Re

[
ϕF (φ)

exp(−iφk)

iφ

]
dφ

and

QB (XT > k) =
1

2
+

1

π

∫ ∞
0

Re

[
ϕB (φ)

exp(−iφk)

iφ

]
dφ.



62 CHRISTIAN BACH AND MATT P. DZIUBINSKI

Similarly, the European-style put option valuation formula becomes
(where we insert the OTM probabilities)

P (F0, T ;K) = B0,TKQ
B (XT < k)− F0Q

F (XT < k) ,

where

QF (XT < k) =
1

2
− 1

π

∫ ∞
0

Re

[
ϕF (φ)

exp(−iφk)

iφ

]
dφ

and

QB (XT < k) =
1

2
− 1

π

∫ ∞
0

Re

[
ϕB (φ)

exp(−iφk)

iφ

]
dφ.

Note that we can also obtain the pricing formula for put options by
using put-call parity.

9.4.2. Characteristic function ϕF . To calculate the option prices we
are interested ITM/OTM probabilities under the QF measure. The
characteristic function under the probability measure QF is de�ned by

ϕF (φ) := EQF [exp {iφXT}] .
Using the Radon-Nikodym derivative (9.8), we can obtain the the char-
acteristic function under the original risk-neutral measure

ϕF (φ) = EQ
[
gFT exp {iφXT}

]
. (9.11)

Since we assume a constant interest rate

gFT = exp {−rT +XT −X0} ,
and substituting this into (9.11) yields

ϕF (φ) ≡ EQ [exp {−rT +XT −X0} exp {iφXT}]
= EQ [exp {−rT −X0 + (1 + iφ)XT}] . (9.12)

From (9.7) we know that we can formulate XT as

XT = X0 −
1

2

∫ T

0

Vtdt+

∫ T

0

√
VtdW

Q
F,t.

Substituting this into (9.12) yields

ϕF (φ) = EQ

[
exp {iφX0 − rT} exp

{
(1 + iφ)

(
−1

2

∫ T

0

Vtdt+

∫ T

0

√
VtdW

Q
F,t

)}]
= EQ

[
exp

{
RF
}

exp

{
AF
∫ T

0

Vtdt+BF

∫ T

0

√
VtdW

Q
F,t

}]
,

where RF = iφX0−rT , AF = −1
2
BF , and BF = (1 + iφ). Substituting

(9.6) for dWQ
F,t yields

ϕF (φ) = EQ

[
exp

{
RF
}

exp

{
AF
∫ T
0
Vtdt+BFρFV

∫ T
0

√
VtdW

Q
V,t

+BFργ
∫ T
0

√
VtdW

Q
L,t +BFρβ

∫ T
0

√
VtdWβ

}]
.
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Substituting (9.5) for dWQ
L,t yields

ϕF (φ) = EQ

exp
{
RF
}

exp


AF
∫ T
0
Vtdt+BFρFV

∫ T
0

√
VtdW

Q
V,t

+BFργρV L
∫ T
0

√
VtdW

Q
V,t

+BFργρα
∫ T
0

√
VtdWα +BFρβ

∫ T
0

√
VtdWβ




= EQ

[
exp

{
RF
}

exp

{
AF
∫ T
0
Vtdt+

(
BFρFV +BFργρV L

) ∫ T
0

√
VtdW

Q
V,t

+BFργρα
∫ T
0

√
VtdWα +BFρβ

∫ T
0

√
VtdWβ

}]

= EQ

[
exp

{
RF
}

exp

{
AF
∫ T
0
Vtdt+BF

V

∫ T
0

√
VtdW

Q
V,t

+BF
α

∫ T
0

√
VtdWα +BF

β

∫ T
0

√
VtdWβ

}]
,

where BF
V = BFρFV +BFργρV L, B

F
α = BFργρα, and B

F
β = BFρβ. We

can now rewrite the characteristic function as11

ϕF (φ) = EQ

 exp
{
RF
}

exp
{
BF
V

∫ T
0

√
VtdW

Q
V,t

}
× exp

{
AF
∫ T
0
Vtdt+BF

α

∫ T
0

√
VtdWα +BF

β

∫ T
0

√
VtdWβ

}  ,
and since Wα and Wβ are independent Wiener processes and I1(T ) =∫ T
0

√
VtdWα and I2(T ) =

∫ T
0

√
VtdWβ are martingales under Q measure

it follows (where the E operator acts solely and separately under the

11To show this several observations need to be made. In general, consider two
dependent stochastic variables, X and Y and de�ne µX := E

[
eX
]
= eµX . Further

de�ne variables Zi, i = 1, 2, 3, mutually independent and independent of X and Y .
Then

E
[
eZ1XeY XeZ2XeZ3X

]
= E

[
E
[
eZ1XeY XeZ2XeZ3X |X

]]
= E

[
E
[
eY X |X

]
E
[
eZ1XeZ2XeZ3X |X

]]
= E

[
E
[
eY X |X

]
E

[
3∏
i=1

eZiX |X

]]

= E

[
E
[
eY X |X

] 3∏
i=1

eµZi
µX

]

= E

[
E

[
eY X

3∏
i=1

eµZi
µX |X

]]

= E

[
eY X

3∏
i=1

eµZi
µX

]
.
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laws of Wα and Wβ) by the It	o isometry that

ϕF (φ) = EQ

 exp
{
RF
}

exp
{
BF
V

∫ T
0

√
VtdW

Q
V,t

}
× exp

{
AF
∫ T
0
Vtdt+ 1

2

(
BF
α

)2 ∫ T
0
Vtdt+ 1

2

(
BF
β

)2 ∫ T
0
Vtdt

} 
= EQ

 exp
{
RF
}

exp
{
BF
V

∫ T
0

√
VtdW

Q
V,t

}
× exp

{(
AF +

(BFα )
2
+(BFβ )

2

2

)∫ T
0
Vtdt

}  .
Integrating (9.4) on both sides yields

VT − V0 = aV bV T − aV
∫ T

0

Vtdt+ cV

∫ T

0

√
VtdW

Q
V,t ⇔∫ T

0

√
VtdW

Q
V,t =

VT
cV
− V0
cV
− aV bV T

cV
+
aV
cV

∫ T

0

Vtdt.

Substituting into the characteristic function yields

ϕF (φ) = EQ

 exp
{
RF
}

exp
{
BF
V

(
VT
cV
− V0

cV
− aV bV T

cV
+ aV

cV

∫ T
0
Vtdt

)}
× exp

{(
AF +

(BFα )
2
+(BFβ )

2

2

)∫ T
0
Vtdt

} 
= EQ

 exp
{
RF − BFV

cV
(V0 + aV bV T )

}
× exp

{(
AF +

(BFα )
2
+(BFβ )

2

2
+BF

V
aV
cV

)∫ T
0
Vtdt+

BFV
cV
VT

} 
= EQ

[
exp

{
RF − sF1 (V0 + aV bV T )

}
exp

{
sF2

∫ T

0

Vtdt+ sF1 VT

}]
= exp

{
RF − sF1 (V0 + aV bV T )

}
EQ

[
exp

{
−sF2

∫ T

0

Vtdt+ sF1 VT

}]
,

where

sF1 =
BF
V

cV

=
(1 + iφ)

cV
(ρFV + ργρV L)

sF2 = −

(
AF +

(
BF
α

)2
+
(
BF
β

)2
2

+BF
V

aV
cV

)

= −

(
−1

2
(1 + iφ) +

(1+iφ)2ρ2γρ
2
α

2
+

(1+iφ)2ρ2β
2

+ (1 + iφ) ρFV
aV
cV

+ (1 + iφ) ργρV L
aV
cV

)

= − (1 + iφ)

(
aV
cV

(ρFV + ργρV L)− 1

2
+

1

2
(1 + iφ)

(
ρ2γρ

2
α + ρ2β

))
.
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We need to calculate the following expectation

y (VT , T ) = EQ

[
exp

{
−sF2

∫ T

0

Vtdt+ sF1 VT

}]
.

According to the Feynman-Kac theorem the expected value satis�es
the one-dimensional PDE

∂y

∂T
= −sF2 V y + aV (bV − V )

∂y

∂V
+

1

2
σ2V

∂2y

∂V 2
,

with the boundary condition

y (V0, 0) = exp
{
sF1 V0

}
.

The solution to this PDE is given by

y = exp {H1 (T )V0 +H2 (T )} ,

where

H1 =
1

ψ2

[
ψ1s

F
1

(
1 + e−ψ1T

)
−
(
1− e−ψ1T

) (
2sF2 + aV s

F
1

)]
H2 =

2aV bV
c2V

ln

[
2ψ1

ψ2

exp

{
1

2
(aV − ψ1)T

}]
,

and

ψ1 =
√
a2V + 2c2V s

F
2

ψ2 = 2ψ1e
−ψ1T +

(
aV + ψ1 − c2V sF1

) (
1− e−ψ1T

)
.

9.4.3. Characteristic function ϕB. To calculate the option prices we
are interested ITM/OTM probabilities under the QB measure. The
characteristic function under the probability measure QB is de�ned by

ϕB (φ) := EQB [exp {iφXT}] .

Using gBT we can obtain the the characteristic function under the orig-
inal risk-neutral measure Q

ϕB (φ) = EQ
[
gBT exp {iφXT}

]
, (9.13)

since we assume a constant interest rate

gBT =
β0BT,T

βTB0,T

=
β0

βT
βT

βT
β0
βT

= 1,

and substituting this into (9.13) yields

ϕB (φ) ≡ EQ [exp {iφXT}] (9.14)

Integrating (9.7) we know that

XT = X0 −
1

2

∫ T

0

Vtdt+

∫ T

0

√
VtdW

Q
F,t.
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Substituting into (9.14) gives

ϕB (φ) = EQ

[
exp

{
iφ

(
X0 −

1

2

∫ T

0

Vtdt+

∫ T

0

√
VtdW

Q
F,t

)}]
,

= EQ

[
exp {iφX0} exp

{
−1

2
iφ

∫ T

0

Vtdt+ iφ

∫ T

0

√
VtdW

Q
F,t

}]
,

Substituting (9.6) for dWQ
F,t yields

ϕB (φ) = EQ

[
exp {iφX0} exp

{
−1

2
iφ
∫ T
0
Vtdt

+iφ
∫ T
0

√
Vt

(
ρFV dW

Q
V,t + ργdW

Q
L,t + ρβdWβ

) }]

= EQ

[
exp {iφX0} exp

{
−1

2
iφ
∫ T
0
Vtdt+ iφρFV

∫ T
0

√
VtdW

Q
V,t

+iφργ
∫ T
0

√
VtdW

Q
L,t + iφρβ

∫ T
0

√
VtdWβ

}]
.

Substituting (9.5) for dWQ
L,t yields

ϕB (φ) = EQ

exp {iφX0} exp


−1

2
iφ
∫ T
0
Vtdt+ iφρFV

∫ T
0

√
VtdW

Q
V,t

+iφργρV L
∫ T
0

√
VtdW

Q
V,t

+iφργρα
∫ T
0

√
VtdWα + iφρβ

∫ T
0

√
VtdWβ




= EQ

exp {iφX0} exp


−1

2
iφ
∫ T
0
Vtdt

+ (iφρFV + iφργρV L)
∫ T
0

√
VtdW

Q
V,t

+iφργρα
∫ T
0

√
VtdWα + iφρβ

∫ T
0

√
VtdWβ




= EQ

[
exp {iφX0} exp

{
AB
∫ T
0
Vtdt+BB

V

∫ T
0

√
VtdW

Q
V,t

+BB
α

∫ T
0

√
VtdWα +BB

β

∫ T
0

√
VtdWβ

}]
,

where AB = −1
2
iφ, BB

V = iφρFV + iφργρV L, B
B
α = iφργρα, and B

B
β =

iφρβ. We can now rewrite the characteristic function as

ϕB (φ) = EQ

 exp {iφX0} exp
{
BB
V

∫ T
0

√
VtdW

Q
V,t

}
× exp

{
AB
∫ T
0
Vtdt+BB

α

∫ T
0

√
VtdWα +BB

β

∫ T
0

√
VtdWβ

} 
and since Wα and Wβ are Brownian motions and I1(T ) =

∫ T
0

√
VtdWα

and I2(T ) =
∫ T
0

√
VtdWβ are martingales with I2(0) = 0 it follows that

ϕB (φ) = EQ

 exp {iφX0} exp
{
BB
V

∫ T
0

√
VtdW

Q
V,t

}
× exp

{
AB
∫ T
0
Vtdt+ 1

2

(
BB
α

)2 ∫ T
0
Vtdt+ 1

2

(
BB
β

)2 ∫ T
0
Vtdt

} 
= EQ

 exp {iφX0} exp
{
BB
V

∫ T
0

√
VtdW

Q
V,t

}
× exp

{(
AB +

(BBα )
2
+(BBβ )

2

2

)∫ T
0
Vtdt

}  .
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Integrating (9.4) on both sides yields

VT − V0 = aV bV T − aV
∫ T

0

Vtdt+ cV

∫ T

0

√
VtdW

Q
V,t ⇔∫ T

0

√
VtdW

Q
V,t =

VT
cV
− V0
cV
− aV bV T

cV
+
aV
cV

∫ T

0

Vtdt.

Substituting into the characteristic function yields

ϕB (φ) = EQ

 exp {iφX0} exp
{
BB
V

(
VT
cV
− V0

cV
− aV bV T

cV
+ aV

cV

∫ T
0
Vtdt

)}
× exp

{(
AB +

(BBα )
2
+(BBβ )

2

2

)∫ T
0
Vtdt

} 
= EQ

 exp
{
iφX0 −BB

V
V0
cV
−BB

V
aV bV T
cV

}
× exp

{(
AB +

(BBα )
2
+(BBβ )

2

2
+BB

V
aV
cV

)∫ T
0
Vtdt+

BBV
cV
VT

} 
= exp

{
iφX0 − sB1 (V0 + aV bV T )

}
EQ

[
exp

{
−sB2

∫ T

0

Vtdt+ sB1 VT

}]
,

where

sB1 =
BB
V

cV

=
iφ

cV
(ρFV + ργρV L)

sB2 = −

(
AB +

(
BB
α

)2
+
(
BB
β

)2
2

+BB
V

aV
cV

)

= −

(
−1

2
iφ+

(iφ)2 ρ2γρ
2
α + (iφ)2 ρ2β
2

+ (iφρFV + iφργρV L)
aV
cV

)

= −iφ
(
aV
cV

(ρFV + ργρV L)− 1

2
+

1

2
iφ
(
ρ2γρ

2
α + ρ2β

))
.

We need to calculate the following expectation

yB (VT , T ) = EQ

[
exp

{
−sB2

∫ T

0

Vtdt+ sB1 VT

}]
.

According to the Feynman-Kac theorem the expected value must sat-
isfy the one-dimensional PDE

∂yB

∂T
= −sB2 V yB + aV (bV − V )

∂yB

∂V
+

1

2
σ2V

∂2yB

∂V 2

with the boundary condition

yB (V0, 0) = exp
{
sB1 V0

}
.

The solution to this PDE is given by

y = exp
{
HB

1 (T )V0 +HB
2 (T )

}
,
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where

HB
1 =

1

ψB2

[
ψB1 s

B
1

(
1 + e−ψ

B
1 T
)
−
(

1− e−ψB1 T
) (

2sB2 + aV s
B
1

)]
HB

2 =
2aV bV
c2V

ln

[
2ψB1
ψB2

exp

{
1

2

(
aV − ψB1

)
T

}]
,

and

ψB1 =
√
a2V + 2c2V s

B
2

ψB2 = 2ψB1 e
−ψB1 T +

(
aV + ψB1 − c2V sB1

) (
1− e−ψB1 T

)
.

10. Appendix C: Inverse Inventory Results

Year In-sample �t

1989 0.117
1990 0.172
1991 0.152
1992 0.083
1993 0.106
1994 0.190
1995 0.143
1996 0.225
1997 0.218
1998 0.245
1999 0.158
2000 0.120
2001 0.233
2002 0.256
2003 0.300
2004 0.196
2005 0.210
2006 0.696
2007 0.327
2008 0.575
2009 0.750
2010 1.067
2011 0.466

Mean 0.305

Table 10.1. Mean �ts for the daily calibrated FI model, 1988-2011.
In-sample �t is the minimized value of criterion function Eq. (4.1).
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Daily FV Daily FI Maturity-wise FV Maturity-wise FI

1989 0.026 0.129 � �
1990 0.126 0.172 0.111 0.173
1991 0.137 0.174 0.076 0.199
1992 0.090 0.091 � �
1993 0.148 0.114 0.063 0.308
1994 0.161 0.217 0.016 0.182
1995 0.141 0.156 � �
1996 0.299 0.258 0.119 0.261
1997 0.298 0.251 0.140 0.292
1998 0.332 0.290 0.088 0.231
1999 0.324 0.168 0.072 0.201
2000 0.091 0.124 0.061 0.177
2001 0.102 0.274 0.096 0.258
2002 0.146 0.297 0.101 0.323
2003 0.136 0.355 0.136 0.381
2004 0.082 0.211 0.123 0.218
2005 0.038 0.213 0.072 0.173
2006 0.062 0.232 0.086 0.236
2007 0.107 0.243 0.114 0.234
2008 0.069 0.315 0.071 0.108
2009 0.068 0.352 0.053 0.147
2010 0.078 0.267 0.051 0.207
2011 0.110 0.238 0.072 0.181

Mean 0.138 0.224 0.086 0.224

Table 10.2. Annual averages of RMSRE for each calibration
method and each model, 1989�2011. "�" indicates missing data.

Daily FI

1989 0.219
1990 0.304
1991 0.257
1992 0.159
1993 0.248
1994 0.274
1995 0.276
1996 0.395
1997 0.466
1998 0.450
1999 0.449
2000 0.509
2001 0.449
2002 0.502
2003 0.531
2004 0.555
2005 0.628
2006 0.562
2007 0.648
2008 0.523
2009 0.475
2010 0.660
2011 0.633

Mean 0.442

Table 10.3. Averages of RMSRE for each calibration method and
each model, 1989�2011. Forecasts of option prices are calculated using
the parameter-set from the previous day.
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Daily FI

1989 0.100
1990 0.326
1991 0.224
1992 0.079
1993 0.128
1994 0.144
1995 0.159
1996 0.230
1997 0.230
1998 0.375
1999 0.247
2000 0.237
2001 0.272
2002 0.284
2003 0.302
2004 0.308
2005 0.286
2006 0.216
2007 0.338
2008 0.358
2009 0.360
2010 0.389
2011 0.382

Mean 0.260

Table 10.4. Averages of RMSRE for each for each calibration
method and each model, 1989�2011. Forecasts of option prices are cal-
culated using the average of the parameter set on the past 5 days.
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