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The question addressed in this paper is: What does research-based teaching mean for mathematics communication and reflection? My aim with this paper is to define the relationship between research and teaching, in particular to teach teachers how to reflect on mathematics communication in the classroom. The role of the teachers is crucial in any classroom, and what makes a teacher effective is a very complex matter. At university level it is emphasized that teaching should be based on research. In my research, I developed some guiding principles for transposing research findings into teaching. The research revolves around mathematical communication and reflection, shown through a case study. The findings were transposed into group activities in a workshop for pre-service students.
The interplay between Research and teaching
The question addressed in this paper is: what does research based teaching look like, when the topic is mathematics communication and reflection on the same communication. The role and communication of the teacher is crucial in any classroom, and this has been the object of much research interest. If we look at school teachers and want to change or develop their skills for mathematical communication and reflection, we need to look at how they were taught to communicate in mathematical classrooms themselves. At university level, it is emphasized that teaching should be based on research. Yet, this statement is questionable; or at least unclear. In my research, consisting of continuous design and redesign of an in-service course (Ejersbo, 2007) it is central to find out how the interaction between content (theory) and methods (practice) take place. The underlying aim is to teach teachers to be aware and reflective in their own communication when they teach mathematics in lower secondary school. The problem is to combine the demand of research-based teaching and effective teaching in institutions that organize professional development of mathematics teachers. To stand on the shoulders of the theoretical giants in mathematics education is the ultimately aim with research-based teaching, but how to make it effective is another matter. Research shows that teachers fall back on the teaching they received themselves at school (Stiegler and Hiebert, 1999, among others). Furthermore, it is often seen that research reported in mathematics education journals bears little relevance to the teachers’ practice (Lester, 1998), because teachers and researchers have different discourse about what they know about mathematics teaching and learning. Teachers use their developed intuition to describe teaching (much of this knowledge is tacit), while researchers use academic discourse to describe methods and validity, discourse which is explicit. It does not help that much university teaching consists of lecturing on the research itself, without any connection between the content and the performance (Strauss, 2001). One consequence of this missing connection is a gap between research and teacher practice. One way to bridge this gap could be a meta-didactical transposition of research theory or ideas into practical activities through in- or pre-service training. 

Meta-Didactical Transposition
The expression ‘meta-didactical transposition’ is derived from the concept ‘didactical transposition’ (Chevallard, 1985; Brousseau, 1997). ‘Didactical transposition’ denotes the process of transferring mathematics as a scientific discipline into an educational subject at school. ‘Meta-didactical transposition’ denotes the process of transferring research of mathematics education into in-service education. The didactical transposition has two steps, from the scientific discipline to the curriculum and from there to the classroom. This transposition is performed by different persons. The meta-didactical transposition, however, has only one step; from the research to the in-service classroom, and this is done by the teacher educator (TE). The meta-didactical transposition should deal with goals, content and form in the preparation and conduct of the in-service training. 
In my research (2007), I recognized how important it was for the teachers (Ts) on the course to see the TE as a role-model for how teaching could take place in their own teaching. Furthermore, it was obvious that the Ts wanted analytical tools for reflection and evaluation of their own teaching. I developed three guiding principles (GP) for a meta-didactical transposition through in-service training to meet three complex requirements, i.e. that the teaching should be based on research, that it should be effective to help the Ts developing certain competences, and at the same time be a model for inspiration. 
The first GP concerns preparation: On the in-service course, each teaching session is based on particular theoretical concepts from research literature. It means that the course objective should be guided by the identification of a number of relevant articles from the research in the area. The research in the articles should be in such a form that it could be transposed into pedagogical practice by the TE. 
My second GP is about activities and how they should serve as a vehicle between the theoretical part and the practical application of the theories: The theoretical concept is transformed into practical activities so that a) the theoretical concept is made into a tool, b) the teachers can use the method in their own classes, c) the teachers’ tacit knowledge becomes apparent, and d) room for reflection is created as a part of the activities. My urge to design these activities came from years of experience as a TE combined with pedagogical research that demonstrate when and how reflection takes place (Dewey, 1933; Mezirow, 1990; Schön, 1983, among others). The design of the activity for teachers is one example of a transposition of theoretical ideas into practice. In existing courses, the TE often only lectures on the research ideas and leaves it to the T to transpose them into practice. The TE might even lecture on how the theory could be transposed. With GP-teaching, the TE does not leave this difficult transfer to the teachers alone. 
The third GP concerns the order of activities and theory: In the preparation phase, theory precedes activities; in the practical phase, activities precede theory. The third GP is not only about the order, but also a wish to present the original research articles and at the same time overcome the learning paradox (Bereiter, 1985); that you have to know about the topic to learn about it. The theoretical research is presented in the end of the workshop. The point is that before the lecture the Ts know about their own strengths and weaknesses on the topic from their activities.  
A case study
I will present a case study to show how the GPs could be used in practice.  The case is a commissioned workshop for a group of pre-service college students in their final year before they become mathematics teachers. During the workshop, two of my university colleagues observed the teaching, in practice the communication which took place.   
I decided that the goal for the workshop was that the students should learn some ways that mathematical communication can take place. The theoretical frameworks I chose for this topic were ‘Sociomathematical Norms’ (Yackel and Cobb, 1996), ‘taken-as-shared’ (Cobb, 1992; Voight, 1996) and seeing mathematics solutions as ‘Diagrams’ (Radford and Puig, 2007). ‘Sociomathematical norms’ were developed for school classes and comprises the normative aspects of mathematical discussions that are specific to pupils’ mathematical activity or ability. What counts as an acceptable mathematical explanation and justification is established in each classroom, but the teacher is often not aware of these mathematical norms. Rather they spend time repeating social norms, such as: one pupil speaking at a time, show of hands, keep quiet, groups and pair work, etc. On the other hand, it is seldom discussed how a mathematical solution is more elegant, effective or different. ‘Taken-as-shared’ describes what emerges during the processes of negotiation in the classroom. Something comes into existence at the level of social interaction, and this enables subjective ideas to become subjects of negotiation. To see mathematical solutions as diagrams is to look at the solutions as a kind of maps with different iconic forms. Solutions in algebra are related to students’ understanding of the meaning of signs and syntax; therefore it is important to raise awareness of the solutions as iconic forms. 
The next step was to design activities that were a relevant presentation of the theoretical frameworks and that could show how the interplay between theory and practice could benefit from each other. I chose a task that could be solved in different ways and from which I could build new explorations based on the ‘taken-as-shared’ and negotiate based on what came up in the lesson. In line with the ‘sociomathematical norms’, and for seeing the solutions as a diagram, I would ask the Ts to show their solutions on the blackboard. 
The task is ‘Golden Apples (Driscoll, 1999, p. 7 [1]):
Golden Apples
A prince picked a basketful of golden apples in the enchanted orchard. On his way home, he was stopped by a troll who guarded the orchard. The troll demanded payment of one-half of the apples plus two more. The prince gave him the apples and set off again. A little further on, he was stopped by the second troll guard. This troll demanded payment of one-half of the apples the prince now had plus two more. The prince paid him and set of again. Just before leaving the enchanted orchard, a third troll stopped him and demanded one-half of his remaining apples plus two more. The prince paid him and sadly went home. He had only two golden apples left. How many apples had he picked?
GP 2 calls for the Ts to use the same activities in their own classes, and that the Ts’ competencies would be apparent for themselves and that the reflection has to be a part of the activities. I met these criteria by using a task that could be used in school classes and by preparing the teaching for the first part of the workshop as if they were a class in lower secondary, although with the twist that they should not play roles, but use every bit of mathematics skills as they had to their disposal. Lastly, I prepared some questions about how to reflect on the situation.
For the GP 3, I prepared a presentation of the different research frameworks with relevant articles. I have learned through experiences that the learning paradox is reduced when it comes to these lectures. The Ts are able to connect their experiences with the research presented. 
views into the workshop
The following is a combination of data observed by my colleagues and myself during the workshop. 
After a short presentation, the Ts were given the task and ten minutes to solve it. They were asked to work alone to get as many different solutions as possible. In the beginning, everybody worked in silence. I went around to see if anyone had come up with a solution before the end of the ten minutes. I asked two of the students, who finished before the end, to write their solutions on the blackboard while the others finished their solution. After ten minutes, there were still students who didn’t have a solution, but I decided to follow my plan and asked for their solutions; preferably different to those already on the blackboard. Students who had not yet found a solution continued their calculation, and it worked; there was room for that. In all, four students wrote their solutions on the blackboard. The solutions looked different in iconic format: The first one S-I was in three rows and two columns, the second one (S-II) was in two rows with arrows, the third one (S-III) was in one long column, while the fourth one (S-IV) was in only one long row: 
							

S-I
rest			
2 + 2 = 4	4 x 2 = 8
8 +2 = 10	10 x 2 = 20
20 + 2 = 22	22 x 2 = 44
			   Start
S-II
						½ + 2 = 24 	½ + 2 = 12 	½ + 2 = 6  = 2
44		20		8

						

 S-III
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+ 2
+ 4
+ 2
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+ 2
+ 22
     44


S- IV
					
						((((2 + 2) 2) + 2) 2) + 2) 2 = 44







It is remarkable that none of the students used an ‘x’ for their calculation, and that the solutions are so graphically different. I asked the students to look at the solutions and explain why if they found any of them ‘better’ than one of the others. Several of the students stated that it was more or less the same solution for all four of them. I asked them to look at the solutions as a kind of diagram and to say if they still thought that they were identical. This brought comments such as:
Student 1:	There are differences in the way they use the equals-sign.
Student 2:	 It is difficult to understand the notation of S-II. It is not an authorized code.
Student 3:	S-1 is the easiest to understand.
Student 4: 	In fact, they are different when you ask us that way.
TE:	How would you characterise the difference, looking at the solutions as diagrams?
Student 4: 	S-I is very schematic, while S-II is weird. S-III is simple but unfinished and S-IV is just one line.
We agreed that if we looked at the graphically forms, there was quite a difference between the four solutions. Then I asked them what solution they would use if the prince had had five apples left. After a few minutes, several explained that they had changed strategy and used S-I or S-IV. When I asked them why, they gave the following explanation:
Student a:	I chose S-IV because it was easy to change just one single number
Student b:	I preferred S-I because it was so easy to see how it works.		
The one who gave S-II said:
Student:	I used my own methods. Maybe I can’t explain it, and maybe others can’t understand it, but I understand it, and therefore it is effective for me.
This was my cue to turn to whether any of the solutions were more effective than others. The students who changed solutions did so because of a feeling of effectiveness, and for the same reason the student with S-II used the same methods again. It is possible to follow her strategy in her ‘diagram’, but because of her unique notation, it is a little harder.
Everybody agreed that S-IV was the most elegant solution, because it was expressed just in one line with the use of mathematical brackets. It looked easy and elegant, which was a goal for an elegant mathematics solution, they concluded.
My next question was: what if the three trolls demanded two thirds of his apples plus two more as payment, and he had two left in the end. How many apples had he then picked?
This task was difficult for most of them. None of the solutions used an x. Furthermore, when the prince delivers two thirds of the apples, he keeps one third at the same time. This time we talked while they tried to find out what solution could be used for this task. After a while one of the students burst out: 
Student:	 I’ve got it! We can use S-IV if we replace two with three and then we get 132.
Student: 	Yes, or we can use S-I and multiply with 3.
TE:	OK, what about S-II and S-III, why can’t we use them?
Student:	Because they are too difficult to understand. They don’t show clearly how they could be generalised.
TE:	Does everyone accept this?
Student:	I don’t understand how we can use S-IV; would you please show me how it is possible?
That question threw me a little off track. When I prepared the workshop, I decided not to use the blackboard myself, because I wanted to show them that it was possible to use the material at hand, and now I felt pushed into doing it. Furthermore, my attention was on new questions to the whole group rather than to come up with a solution for one single student. I faced the same dilemma as many teachers in school classes complain about: after explaining a task, one pupil says ‘I don’t understand’.  I refused to write the solution on the blackboard and she asked again:
Student:	I understand the thinking, but I can’t see how I can write it and I would like to see how it should be done.
I still refused but asked the other students if they would help her. Immediately another student offered to show her after the workshop, but she was not satisfied. I could ignore her, or I could give in and write the solution, but I chose to ask her what she would do if she was in the same situation in a school classroom. She answered:
Student:	I would ask the pupil to wait until I finished with my agenda and everybody was working. Then I would go to her and explain the things she couldn’t work out. 
TE:	And that is exactly what I will do.  
I continued with the rest of the students, but the student who asked me to write the solution seemed frustrated. We talked about what they had just experienced and about the sociomathematical norms, about how I chose the method taken-as-shared, how to look at solutions as icons, and how they could use these theoretical frameworks in their future teaching. At the end of the workshop I gave a brief lecture about the three frameworks and gave them the articles.  
 
Discussion
I want to highlight two findings: How the GP worked and how to deal with a frustrated student. 
The chosen activities, which are what the GP is about, concerned both oral and written communication and it seemed to give the students (S) an understanding of how to negotiate and discuss solutions from different perspectives. I have quite a few years experience of in-service education, and I noticed that teachers enrolled on courses did not measure the quality of a course or a workshop by its theoretical content, but rather by whether they could appropriate the content for their own teaching. They wanted to know what to do and why it worked. One could say that they wanted to know how to drive the car rather than to learn about the engine. The challenge for the TE, as I see it, is to combine theory with practice (GP 1) in such a way that the students will become conscious of the benefits and understand how they emerge.  Theory and practice depend on each other in a beneficial way if theory can inform and guide practice and practice can feed theory. Unfortunately, the two concepts do not hold the same value, particularly in universities or colleges. The teaching is based on theoretical explanations more than on using the theory in practice. For this purpose, taken-as-shared has meaning, because it prescribes some rules that can be followed: let the negotiation direct what happens, ask genuine questions, and let individuals’ thoughts be shared. These rules make teaching dynamic and relevant for the participants. Using the theoretical contents as a teaching method gives the students other experiences than just listening; maybe they will even become emotionally involved and will carry this experience with them into their own teaching. This requires, of course that the theory be transformed into practice in a way that is practicable for the students. If this succeeds on the course, the course becomes trustworthy, which is crucial for the learning processes. 
Not every student was familiar with the actual teaching environment, which could be considered as a breach of what they expected as the didactical contract for the teaching (Brousseau, 1996). Before any teaching, in this case the workshop, both the Ss and the TE have expectations. If these expectations are too far apart, there is a danger of disappointment on both sides. Before the class, the students fulfil their expectations by finding out what is expected of them, and preparing for the lesson. Using taken-as -shared requires a new balance between expectation, abilities and wishes. The Ss are expected to show their abilities and be able to discuss them. This may be uncomfortable, and they may be frustrated, as indeed one student was. 
In the preparation of the workshop, the TE chooses goals, content and form. In this case, I used my knowledge about the similarities between the school classroom and every other kind of classroom filled with learners who want to be taught. No matter what classroom we look at, we find the same roles. The interaction in the ‘teaching game’ is manifested through roles and communication used in the teaching. 
It would seem that the content is the same for both the TE and the Ss. In fact, this is not the case. The content is not a fixed body of knowledge; it is interactively constituted and changed through the negotiation of meaning. The TE’s role is to prepare the content in a way that renders it teachable in practice on the relevant level. In that sense, the content is different for the TE than it is for the Ss. The Ss’ role is to be familiar with the content and the TE’s role is to present it. In this process, expectations on both sides may lead to problems, and that was what happened with the student who wanted me to write the solution on the blackboard. 
The student repeated her request several times, and I became a little uncertain. Was my decision only to use the Ss’ own solutions on the blackboard wrong? Was I able to do it at all, now that I was occupied by everybody sharing their understanding, rather than the specific task solutions? I had to make a quick decision, which could have been different; a reflection-in-action (Schön, 1986). She was frustrated with my decision, even though I asked her what she would do in a similar situation. That is what happens in a learning situation. It is a risk for anyone participating in a learning process, and particularly for me of using teaching methods such as taken-as-shared. At the same time, the rest of the students expressed satisfaction at becoming familiar with this method, seeing solutions as diagrams and the sociomathematical norms, so why does a single student warrant so much attention?  When she challenges my choice as a teacher, she makes me reflect on the fact that I could have chosen other ways to communicate. She challenges my convictions, and forces me to think my choices through again. Hopefully, she causes me to become a reflected practitioner.
Conclusion
In the beginning I raised the questions about the interplay between theory (research) and practice (teaching), and in doing so, I developed a set of guiding principle. In the case I described the communication, which should play the role as vehicle for the learning process to develop awareness for mathematical communication. Taken-as-shared is developed for school classes, but could be used with benefits for both pre- and in-service education, as well as at university level together with different topics. The difficulties are that it is hard to anticipate what will come up. It depends on both the Ss’ reactions and on the way the TE reflects in action. A danger for the TE is negative reaction from the Ss to a new didactical contract and their refusal to accept it combined with the frustration coming from the learning process. In that situation a strong belief is necessary, because it can happen that a workshop can be perceived as unsuccessful for the TE as well as for the S. In the course of the discussion I made it clear where some of the difficulties were to find using the GP, but when it works, which it often does, it provides new knowledge and energy to both parties in the teaching situation. In this case, it even helped the Ss to overcome the teaching paradox in the last lecturing.
  
Notes
1. From ‘Make it Simpler’ by Carol Meyer and Tom Sallee; copyright 1983 by Addison-Wesley Publishing Company.
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