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Abstract: This paper deals with applying a description of a set of mathematical compe-
tencies with the aim of developing mathematics education in general and in 
particular the work with mathematical modelling. Hence it offers a presenta-
tion of the general idea of working with mathematical competencies as well as 
an analysis of some potentials of putting this idea into educational practice. 
Three challenges form the basis of the analysis: The fight against syllabusitis, 
the dilemma of teaching directed autonomy and the description of progress in 
mathematical modelling competency. 

1. INTRODUCTION 

Mathematics education is full of buzzwords. These are words that add 
flavour to an analysis, a discussion or the planning of a teaching practice just 
by being mentioned. “Metacognition”, “project work” and “responsibility for 
one’s own learning” are good examples. 

An underlying agenda for the structuring of this article is, that there are 
good arguments against using such buzzwords, the danger of replacing 
words for thoughtfulness being one. Consequently, one should always take a 
critical stance and ask the question: For what kind of challenges is this a po-
tentially useful concept, and how should we understand and use the concept 
in the light of this?  

Within recent years “competence” has been added to the list of buzz-
words, at least in the northwestern part of Europe. In what follows, we shall 
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analyse the cognate concept “mathematical competence” by attempting to 
answer the critical question posed above. 

Three potential uses of the concept are analyzed. In each case the analy-
sis is spanned by a general problematique pertinent to working with mathe-
matical modelling in mathematics education and one or more developmental 
projects attempting to use the competence perspective to deal with this prob-
lematique. 

2. FIGHTING SYLLABUSITIS IN MATHEMATICS 
EDUCATION 

What constitutes mathematics as a subject? Many things, of course, but 
we feel convinced that everyone will agree, that mathematics has to do with 
certain objects, concepts and procedures that we (tautologically) consider as 
mathematical. Many people use this relation to subject matter to characterize 
the subject. “Mathematics is the subject dealing with numbers, geometry, 
functions, calculations etc.” is not a rare type of answer to the question of 
what constitutes mathematics. 

What, then, does it mean to master mathematics? With reference to the 
above it is tempting to identify mastering mathematics with proficiency in 
mathematical subject matter. However, this belief if transformed into educa-
tional practice, is severely damaging. Damaging to the effect that is has been 
given the name of a disease, namely syllabusitis (Jensen, 1995). It is a dis-
ease because it fails to acknowledge a lot of important aspects: Problem 
solving, reasoning and proving and – in the context of this paper not least – 
modelling, just to mention some. Combined with the hardly ever challenged 
viewpoint that the aim of mathematics education is to make people better at 
mathematics, a curriculum infected by syllabusitis therefore fails to set an 
appropriate level of ambition and makes the educational struggle unfocused. 
Hence, it is important to address the following problematique: 

Problematique 1: How can we describe what it means to master mathe-
matics in a way that supports the fight against syllabusitis in mathematics 
education? 

3. THE KOM PROJECT 

This problematique was a main ingredient in a proposal by Mogens Niss 
for applying a set of mathematical competencies as a tool for developing 
mathematics education (Niss, 1999). The so-called KOM project (Niss & 
Jensen, to appear), running from 2000 – 2002 and chaired by Mogens Niss 
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with Tomas Højgaard Jensen as the academic secretary, thoroughly intro-
duced, developed and exemplified this general idea at all educational levels 
from primary school to university (cf. Niss (2003) for an actual presentation 
of the project). 

 The definition of the term “competence” in the KOM project (Niss & 
Jensen, to appear, ch. 4) is semantically identical to the one we use: Compe-
tence is someone’s insightful readiness to act in response to the challenges of 
a given situation (cf. Blomhøj & Jensen, 2003). A consequence of this defi-
nition is that it makes competence headed for action, based on but identical 
to neither knowledge nor skills. Secondly, the situatedness should be no-
ticed, since this defines competence development as a continuous process 
and highlights the absurdity of labelling anyone either incompetent or com-
pletely competent (Ibid.). 

 In our opinion these are good reasons for applying competence as an 
analytical concept in mathematics education, but in order to transform it into 
a developmental tool we need to be more specific. The straightforward ap-
proach is to talk about mathematical competence when the challenges in the 
definition of competence are mathematical, but this is no more useful and no 
less tautological than the above-mentioned definition of mathematics as the 
subject dealing with mathematical subject matter. The important move is to 
focus on a mathematical competency defined as someone’s insightful readi-
ness to act in response to a certain kind of mathematical challenge of a given 
situation, and then identify, explicitly formulate and exemplify a set of 
mathematical competencies that can be agreed upon as independent dimen-
sions in the spanning of mathematical competence. The core of the KOM 
project was to carry out such an analysis, of which the result is visualized in 
condensed form in Fig. 2.2-1. 

 
Figure 2.2-1. A visual representation – the “KOM flower” – of the eight mathematical com-

petencies presented and exemplified in the KOM report (Niss & Jensen, to appear, ch. 4). 
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This set of mathematical competencies has the potential of replacing the 
syllabus as the focus of attention when working with the development of 
mathematics education, simply because it offers a vocabulary for a focused 
discussion of what it means to master mathematics. Often when a syllabus 
attracts all the attention in a developmental process, it is because the tradi-
tional specificity of the syllabus makes us feel comfortable in the discussion. 

4. THE DILEMMA OF TEACHING DIRECTED 
AUTONOMY 

Where does the discussion of the role of mathematical modelling in 
mathematics education appear in all this? The KOM project does not specifi-
cally focus on this matter, but on a more general level the suggested compe-
tence framework assigns a central role to mathematical modelling, namely as 
a natural constituent in the developing of mathematical modelling compe-
tency. In short this competency is defined as someone’s insightful readiness 
to carry through all parts of a mathematical modelling process in a certain 
context (Blomhøj & Jensen, 2003). Fig. 2.2-2 shows our model of this proc-
ess, inspired by and quite similar to many other models of this process found 
in the literature.�

 
Figure 2.2-2. A visual representation of the mathematical modelling process (adapted from 

Blomhøj & Jensen, 2003). 

Seeing the role of mathematical modelling as a natural constituent of the 
development of mathematical modelling competency derives from the as-
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sumption, that such development requires at least part of the teaching to be 
based on the holistic approach (Ibid.), i.e. students are challenged to work 
with full-scale mathematical modelling and have responsibility for directing 
the entire process. 

By virtue of the “underdetermined” nature of the initial parts of the 
mathematical modelling process, the key characteristic of this challenge is to 
learn to cope with a feeling of “perplexity due to too many roads to take and 
no compass given” (Ibid.). But what do we as authorities consider as quali-
fied choices in this situation? Those maintaining the educational focus – in 
casu developing mathematical modelling competency, which confronts us 
with the dilemma of teaching directed autonomy: The simultaneous need for 
student directed working processes and for maintaining educational focus 
(Jensen, to appear, ch. 9). The students need to be responsible for most of the 
decisions, but the decisions they make also need to be “the right ones”! This 
brings us to our second highlighted problematique: 

Problematique 2: How can the dilemma of teaching directed autonomy 
be overcome when attempting to develop mathematical modelling compe-
tency? 

5. THE ALLERØD EXPERIMENT 

The problematique was one important aspect of a longitudinal develop-
mental research project (Jensen, to appear) named after the upper secondary 
school where the teaching took place from 2000 – 2002. It involved a class 
of 25 students, their mathematics teacher and Tomas Højgaard Jensen as the 
researcher who initiated the experiment and took part in the planning and 
evaluation of the teaching. 

The aim of the experiment was making development of mathematical 
modelling competency the hub of the general mathematics education. The 
instructional focus was to use student directed project work initiated by invi-
tations to mathematical modelling such as: 

 
• How far ahead must the road be clear in order to make a safe overtaking? 
• What are the maximum sizes of a board if one is to turn a corner? 
• Which means of transport is the best? 
 

In the curriculum a set of mathematical competencies and a set of subject 
areas spanned the mathematical content in a matrix structure (Jensen, 2000,   
to appear), cf. Fig. 2.2-3. As a direct consequence of the aim of the project, 
the set of competencies were made the hub of the curriculum by creating a 
(often missing) link between the overall goals of the teaching and the sylla-
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bus. The intention was to use some of the competencies – not least mathe-
matical modelling competency – as “guiding stars” for the students' attempt 
to structure their own project work, simply by pointing out the development 
of one of these competencies as the goal of each project work. 

 

Figure 2.2-3. A matrix structure for describing the mathematical content of a piece of mathe-
matics education (Niss & Jensen, to appear, ch. 8, and Jensen, to appear, ch. 9). 

This turned out to be a very promising approach in the struggle to resolve 
the dilemma of teaching directed autonomy: The set of competencies as an 
independent dimension in the forming of the matrix structure made it possi-
ble to set up a very clear “contract” for each project work. Once having un-
derstood the nature and core elements of the competency in focus, the stu-
dents could decide (after discussions with each other and with the teacher) 
which choices would be in accordance with the educational focus and with 
their personal interest. 

The main pedagogical challenge of using this approach was to develop 
methods to help the students understand the nature and core elements of the 
different competencies in focus. It will take us too far to discuss the methods 
developed and used in the Allerød experiment here (cf. Jensen, to appear), 
but it is safe to say that it is a challenge calling for more research and devel-
opmental work. 

6. PROGRESS IN MATHEMATICAL MODELLING 
COMPETENCY 

Once having identified mathematical modelling competency as a central 
element in general education a third problem become apparent, namely:  

Problematique 3: How can progress in mathematical modelling compe-
tency be described in ways that support the development of good and coher-
ent teaching practices at different educational levels? 
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7. THE SAME MODELLING TASK AT THREE DIF-
FERENT LEVELS 

Drawing on analyses from developmental projects at the lower secondary 
level (Blomhøj, 1993; Blomhøj & Skånstrøm, 2002), in teacher education 
(Blomhøj, 2000, 2003), and at first year university level (Blomhøj et al., 
2001; Blomhøj & Jensen, 2003), we shall illustrate how progress in mathe-
matical modelling competency need to be described along more than one 
dimension. 

Analytically one can distinguish (at least) three different dimensions in 
mathematical modelling competency: A dimension describing the degree of 
coverage, meaning which parts of the modelling process the students are 
working with and at what level of reflection, a dimension that has to do with 
the technical level of the students activities involved in the modelling proc-
ess, meaning what kind of mathematics they use and how flexible they do it, 
and a dimension that has to do with variation in the types of situations and 
contexts in which the students can actually activate their mathematical mod-
elling competency, in short called the radius of action. In the KOM project 
these dimensions are proposed as a general approach to describing progres-
sion in the possession of a given mathematical competency (Niss & Jensen, 
to appear, ch. 9). 

In the following we illustrate how progress in mathematical modelling 
competency in relation to a specific situation can be described as interplay 
between progress in the degree of coverage and progress in the technical 
level. For this purpose we use a modelling task, which we have used in de-
velopmental projects on mathematical modelling at all levels from lower 
secondary to first year university teaching and in teacher education. The task 
has typically been given as a group task, with 6 – 8 lessons distributed over 
two weeks to write up a report. The task has its point of departure in the fol-
lowing authentic text from a Danish traffic safety campaign (our translation): 

A car driving 60 km/h passes a car driving at a speed of 50 km/h. When 
the cars are right beside each other a girl appears some meters ahead. 
The drivers react in the same way and the cars have brakes of equal 
quality. The car with 50 km/h stops right in front of the girl, while the 
other car, with the initial speed of 60 km/h, hits the girl with 44 km/h.   
Seven out of ten die in such an accident. 

Given this text the students are simply asked: Can this be true? 
 
At all educational levels, the first challenge for the students are to recog-

nize that the claim in the campaign must be based on some kind of mathe-
matical model, and that it therefore makes sense to try to model the traffic 
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situation described in the campaign text and evaluate the claim against such 
a model. 

The challenge is to use a holistic approach to the mathematical modelling 
process (cf. Fig. 2.2-2) and to see the potentials of a mathematical model 
connecting the specific description of the traffic situation and the claim of 
the campaign. Although this is certainly relevant in order to develop mathe-
matical modelling competency, in this situation the students are not chal-
lenged to formulate a relevant problem themselves (process (a) in the model-
ling process) in order better to understand the phenomena in hand. If the stu-
dents take the campaign text as a linguistic description of the system that 
they have to mathematize (and most students do), also process (b) has been 
taken care of in the task formulation. So, the task context takes care of the 
initial part of the modelling process. 

In some of the projects, at lover secondary level and in teacher education, 
the students were introduced to modelling dynamical phenomena with dif-
ference equations and spreadsheet, while at the university course the students 
were expected to be able to use calculus to model the situation and hereby to 
be able to produce analytical results from analyzing their models. In relation 
to the degree of coverage the important thing is that in both cases the stu-
dents are working with mathematization (process (c)) of a non-mathematical 
system. The way this is done at different educational levels can be seen as an 
example of progress in the technical level of the students’ modelling activi-
ties. 

However, at all levels the students typically try at some stage to model 
the situation without taking the time of reaction into account, meaning that 
they assume that the two cars start braking at the same point. Such a model 
produces the result that the car with the initial speed of 60 km/h hits the girl 
with 33 km/h and not the 44 km/h claimed in the campaign. Moreover this 
result is not depending on the braking effect of the cars.  

Facing this result, students normally – especially if supported by a dia-
logue with the teacher – feel challenged to modify the model so that it may 
support the claim in the campaign. In this process the students experience, in 
a very concrete form, the cyclic nature of the modelling process. If embed-
ded in the students’ perception of mathematical modelling this constitutes a 
progress in the degree of coverage in their mathematical modelling compe-
tency. 

After having included the time of reaction in the model, the need for real-
istic parameter values for the braking effect and the time of reaction gradu-
ally becomes apparent for the students. Finding such values, from the litera-
ture, contacting the authorities behind the campaign or from experimenting 
with the model, also constitutes a progress in the degree of coverage in the 
students’ mathematical modelling competency (e.g. relations between the 
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“Mathematical system” and “Data” and/or “Theory” in Fig. 2.2-2). How this 
is actually done belongs to the technical dimension. 

At this stage of the modelling process the students are able to produce 
new model results. Fig. 2.2-4 shows an example of model results produced 
by a group of 9th graders. However, as can be seen from the dialogue with 
the teacher (our translation), having set up a model and produced some re-
sults using e.g. a spreadsheet does not necessarily imply that the students on 
their own are able to interpret or evaluate the results in relation to the situa-
tion modelled (process (e)). 

 
Figure 2.2-4. Graphs showing the velocity and position of car 1 and car 2 (the graphs for car 2 

with the initial speed of 60 km/h are in bold). 

T:  Where does the girl stand?   
S1: There! [Points at the point where the velocity graph for car 1 is zero.]  
T: In 2,7 sec.? 
S2: No, she is standing here! [Points at the top point of the position graph of 

car 1.] 
T: Where? How many meters from the spot where the drivers first saw the 

girl? 
S2: 26 meters. [Point it out on the second axis.] 
T: So what about car 2? [The teacher leaves the place.]   
……….. 
T: What did you find out? 
S1: Car 2 has passed that spot before car 1, the girl is dead before car 1 even 

stops. [Laughter.] 
S2: Car 2 hits the girl with 11 m/sec.       
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Following this dialogue the students question the meaning of the decreas-
ing position of car 2 after the time where its velocity becomes zero, and 
eventually this was included in the students’ reflections on the validity of the 
model in their report (process (f)). 

The dialogue illustrates the necessity for the teacher to challenge the stu-
dents in order for them to interpret and reflect upon the outcome of their 
modelling activities. The teacher deliberately challenges the students’ degree 
of coverage with respect to process (e) and (f) in the modelling process. 

At the university course all the students possessed the technical prerequi-
site for mathematizing the system described in writing by means of using 
differential and integral calculus. However despite this fact typically only 
few groups (approx. 10%) are able to yield an analytical expression for the 
velocity of which car 2 is hitting the girl: 

2 2 2
2 2 1 2 12 ( )= − + −hit rv v v bt v v  

Here v1 and v2 are the initial velocity of car 1 and 2 respectively, b is the 
braking effect and tr the time of reaction. 

This observation shows clearly that the competency to mathematizing a 
system does not follow automatically from mastering the mathematics in-
volved in the process. Moreover, even after having reached an analytic ex-
pression most first year university students need further challenge and sup-
port in order to draw a clear conclusion, as can be seen from this quote from 
one of the student reports (our translation): 

According to our model the claim is only true when b⋅tr =11,61 m/s. In-
serting g = 9,82 m/s2 as the maximal brake effect yields tr = 1,18 s as the 
minimal time of reaction. This is a slow reaction for drivers, who are not 
under influence of alcohol or other drugs. We therefore conclude that the 
claim ”10=44” is slightly exaggerated. 

Nearly the same degree of coverage in terms of the level of reflection can 
be reached by 9th graders (the first quote below) and teacher students (the 
second quote below) based on spreadsheet analyses of a difference equation 
model (our translation): 

Experimenting with the model we find that the speed with which the sec-
ond car hits the girl increases as we increase the time of reaction or the 
braking effect. But when changing these figures the position of the girl is 
also changed. Of course it is good to have good brakes. 

The Council for the Improvement of Traffic Safety has used a time of re-
action of 1.5 sec. and a braking effect of 8 m/s2. In this case the car with 
an initial speed of 60 km/h hits the girl with 43 km/h. This is only realistic 
for drivers, who have been drinking!   
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8. SUMMING UP AND CONCLUSIONS 

This paper has been framed by the following three problematiques: 
Problematique 1: How can we describe what it means to master mathe-

matics in a way that supports the fight against syllabusitis in mathematics 
education? 

Problematique 2: How can the dilemma of teaching directed autonomy 
be overcome when attempting to develop mathematical modelling compe-
tency? 

Problematique 3: How can progress in mathematical modelling compe-
tency be described in a way that support the development of good  and co-
herent teaching practices at different educational levels? 

Having presented the general idea of working with a set of mathematical 
competencies as laid out in the KOM project, the attempt to use a holistic 
approach to the teaching of mathematical modelling in the Allerød experi-
ment and the description of progress in mathematical modelling competency 
when working with the same task at different educational levels, we are now 
in a position to sum up our conclusions as follows: 

Point 1: A competence description of mathematical mastery makes it 
easier to discuss and tackle syllabusitis: By using a syllabus as the hub of 
mathematics education we fail to set the appropriate level of ambition. 

Point 2: A matrix structured competence based curriculum can be a way 
to deal with a fundamental challenge when attempting to develop someone’s 
mathematical modelling competency: The dilemma of teaching directed 
autonomy. 

Point 3: In order to describe and support progress in students’ mathe-
matical modelling competency we need three dimensions: 
• Degree of coverage, according to which part of the modelling process the 

students work with and the level of their reflections. 
• Technical level, according to which kind of mathematics the students use 

and how flexible they are in their use of mathematics.  
• Radius of action, according to the domain of situations in which the stu-

dents are able to perform modelling activities. 
 
We have illustrated the need for and interplay between the first two di-

mensions when analysing progress in mathematical modelling competency 
in relation to a specific situation. The limited space prevents us from illus-
trating the necessity of operating also with the third dimension, radius of ac-
tion, when describing progress in mathematical modelling competency in 
general. 
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