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Preface 

This dissertation concludes my four year Ph.D. program with the title: “Analysis of the lithologi-
cal and geophysical relationships and ensemble hydrostratigraphic modelling uncertainty using 
Airborne Electromagnetic data”. It has been written in fulfillment of the requirements of a four year 
Ph.D. program at Department of Geoscience, Aarhus University. This Ph.D. project is part of the 
HyGEM project and was co-financed by the Danish Council for Strategic Research (project no. 
11-116763) and the Geological Survey of Denmark and Greenland (GEUS). 

 
The dissertation is composed of four enclosed research papers, based on the publicly availa-

ble data collected in relation to the Danish groundwater mapping campaign. 
The four papers enclosed in this PhD dissertation are: 

I. Barfod, Adrian A.S.; Møller, Ingelise; Christiansen, Anders V. (2016): Compiling a 
national resistivity atlas of Denmark based on airborne and ground-based electro-
magnetic data. (Peer reviewed and published in Journal of Applied Geophysics, Vol-
ume 134, November 2016, pages 199-209). 

II. Barfod, Adrian A.S.; Straubhaar, Julien; Høyer, Anne-Sophie; Hoffimann, Júlio; 
Christiansen, Anders V.; Møller, Ingelise; Caers, Jef (2017): Hydrostratigraphic mod-
elling using multiple-point statistics and airborne transient electromagnetic methods. 
(Manuscript submitted to Hydrology and Earth System Sciences (HESS), July 2017). 

III. Barfod, Adrian A.S.; Troels N. Vilhelmsen, Flemming Jørgensen, Anders V. Christi-
ansen, Straubhaar, Julien; Møller, Ingelise: Contributions to uncertainty related to hy-
drostratigraphic modelling using Multiple-Point Statistics. (Manuscript in preparation). 

IV. Hoffimann, Júlio; Scheidt, Celine; Barfod, Adrian A.S.; Caers, Jef (2017) Stochastic 
Simulation by Image Quilting of Deterministic Process-based Geological Models. 
(Peer reviewed and published in Computers & Geosciences, Volume 106, September 
2017, pages 18-32). 

 
The dissertation summarizes the main results of my research, which was conducted in the pe-

riod between August 1st 2013 and August 14th 2017. The research was carried out in collabora-
tion between the Department of Groundwater and Quaternary mapping (GRUK), Geological Sur-
vey of Denmark and Greenland (GEUS) and the Hydrogeophysics Group (HGG), the Department 
of Geoscience, Aarhus University (AU). The project was supervised by Anders V. Christiansen 
(AU) and Ingelise Møller (GEUS). The first paper, Paper I: “Compiling a national resistivity atlas 
of Denmark based on airborne and ground-based transient electromagnetic data”, was compiled 
in collaboration with Anders V. Christiansen and Ingelise Møller. The research for the second 
paper, Paper II: “Hydrostratigraphic modelling using multiple-point statistics and airborne transi-
ent electromagnetic methods” was carried out in collaboration with our external partner Professor 
Jef Caers of the Stanford Center for Reservoir Forecasting (SCRF), Stanford University. The third 
paper, Paper III: “Contributions towards uncertainty related to hydrostratigraphic modelling using 
Multiple-Point Statistics” was written in collaboration with the internal partner Flemming Jørgen-
sen (GEUS), and Troels Norvin Vilhelmsen (AU), under supervision of Ingelise Møller (GRUK) 
and Anders V. Christiansen (AU). 

The research was presented at several conferences: 
• The preliminary Resistivity Atlas results were presented at the annual 2014 European 

Geophysical Union conference in Vienna, Austria. 



• The refined Resistivity Atlas was presented in 2015 at the 24th ASEG-PESA Interna-
tional Geophysical Conference and Exhibition in Perth, Australia. In connection with 
the conference an award for Best Student Poster in Environmental/Geotechnical Sci-
ence was received. 

• The preliminary results of the second paper were presented at the Annual Stanford 
Center for Reservoir Forecasting meeting in 2016. 

• The research was also presented at several Danish conferences. 
 
I have also co-authored three papers of which only one is enclosed in this thesis: 

• The paper by main author Ahmad-Ali Behroozmand of Stanford University: “Successful 
Sampling Strategy Advances Laboratory Studies of NMR Logging in Unconsolidated 
Aquifers” is being reviewed internally. I contributed 149 hours of collection and detailed 
geological description of the boreholes which were logged using a Nuclear Magnetic 
Resonance logging instrument. 

• The second paper, which is enclosed in this thesis, is Paper IV: “Stochastic simulation 
by image quilting of process-based geological models” written by main author Júlio 
Hoffimann from SCRF, Stanford University. I contributed by providing the Multiple-
Point Statistics (MPS) setup of the Kasted dataset. Furthermore during my time at 
Stanford, I tested the iqsim algorithm on the Kasted dataset, and had an open dia-
logue with the main author, Julio Hoffimann, regarding the performance of the iqsim 
algorithm. 

• The final paper I made contributions to was a paper by main author Troels N. Vilhelm-
sen: “Combining clustering methods with MPS to estimate structural uncertainty for 
hydrological models”. The manuscript is still in preparation and is at the time of writing 
being internally reviewed. 
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English Summary 

The PhD thesis presents a new method for analyzing the relationship between resistivity and 
lithology, as well as a method for quantifying the hydrostratigraphic modeling uncertainty related 
to Multiple-Point Statistical (MPS) methods. Three-dimensional (3D) geological models are im-
portant to securing, managing and protecting clean drinking water. The distribution of hydraulic 
conductivity, or model structure, of groundwater models is defined based on such 3D models, and 
it has been proven that the hydrological predictions are sensitive towards the model structure. 
The focus of this thesis is to improve analysis and research of the resistivity-lithology relationship 
and ensemble geological/hydrostratigraphic modeling. 

The groundwater mapping campaign in Denmark, beginning in the 1990’s, has resulted in the 
collection of large amounts of borehole and geophysical data. The data has been compiled in two 
publicly available databases, the JUPITER and GERDA databases, which contain borehole and 
geophysical data, respectively. The large amounts of available data provided a unique opportuni-
ty for studying the resistivity-lithology relationship. The method for analyzing the resistivity-
lithology relationship was presented in Paper I, along with an elaborate Resistivity Atlas of Den-
mark compiled from ground-based and airborne electromagnetic data. The presented method 
can easily be integrated in semi-automatic MPS approaches, for the purpose of stochastic 3D 
hydrostratigraphic modeling (e.g. Paper II and Paper III). 

A common approach to geological modeling is deterministic modeling. A ‘best’ model is gen-
erated manually by a geoscientist using prior knowledge on regional geology, borehole data, and 
geophysical data. Such models are uncertain, commonly without quantified uncertainty. Alterna-
tively stochastic MPS methods can be utilized for creating ensembles of equiprobable models. 
The models are generated from soft geophysical data, an AEM dataset, and hard borehole data 
from a study area in eastern Jutland, Denmark. The geological conceptualization is implemented 
via a Training Image (TI) generated from a deterministic 3D geological model of the study area. 
The stochastic ensemble modeling approach is used to compare three different MPS methods 
(Paper II). However, visually comparing a large set of 3D hydrostratigraphic models is no trivial 
task. Therefore, a quantitative comparison technique is used to exhaustively compare the 3D 
models. The presented comparison techniques use so-called distance measures for comparing 
the similarity between two models. If two models are similar the distance is small, if they are dis-
similar the distance is large. The study revealed the advantages/disadvantages related to using 
three different MPS methods for modeling airborne electromagnetic data. 

The usage of stochastic MPS methods unlocks the ability to quantify ensemble hydrostrati-
graphic modeling uncertainty. Each model in the ensemble is different, and together the ensem-
ble quantifies the uncertainty. In Paper III the ensemble modeling uncertainty was studied by 
varying the MPS setup. The study was divided into 8 sub-cases, of which each case was con-
cerned with a specific type of uncertainty related to a couple of overall topics: reconstructing in-
complete soft data, conceptual geology via the TI, and borehole data. The results revealed the 
importance of the geophysical data for conditioning the MPS simulations. It was also illustrated in 
practice how a 3D geological model from another area with a similar geological setting could be 
used as a TI for MPS simulation of the actual survey. 

The research of this thesis focuses on 3D hydrostratigraphic modeling, and future research 
would entail testing MPS in relation to groundwater modeling and flow predictions. 
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Dansk resumé 

Denne PhD-afhandling beskriver en ny metode til at analysere forholdet mellem den elektriske 
ledningsevne (resistivitet) og lithologiske enheder, samt kvantificere usikkerheden i forbindelse 
med tredimensionelle (3D) geologisk modellering med ’Multiple-Point Statistik’ (MPS) metoder. 

Sikring, forvaltning og beskyttelse af rent drikkevand afhænger i høj grad af 3D geologiske 
modeller. Fordelingen af den hydrauliske ledningsevne i grundvandsmodeller, også kaldet model 
strukturen, baseres på 3D geologiske modeller, og vores prognoser er følsomme overfor model 
strukturen. Overordnet set fokuserer afhandlingen på at forbedre forståelsen for forholdet mellem 
resistivitet og lithologiske enheder, og på stokastisk 3D geologisk/hydrostratigrafisk modellering. 

Grundvandskortlægningskampagnen, som blev påbegyndt i midten af 90’erne, har resulteret i 
store mængder bore- og geofysikdata. Dataene er offentligt tilgængelige og er blevet samlet i 
JUPITER og GERDA-databaserne, som henholdsvis indeholder boredata og geofysikdata. Den 
store mængde data tillod en detaljeret undersøgelse af forholdet mellem resistivitet og lithologi. I 
forbindelse med Paper I blev der udviklet en metode til direkte analyse af forholdet mellem resi-
stivitet og lithologi på baggrund af jordbaseret og luftbåren elektromagnetiske målinger. Sådanne 
forhold kan uden besvær direkte integreres i semiautomatiserede hydrostratigrafiske modelle-
ringsværktøjer, såsom MPS metoder (f.eks. Paper II og Paper III). 

Deterministisk modellering er almindeligt brugt til 3D geologisk modellering. Her udarbejdes en 
’realistisk’ geologisk model ved manuel samtolkning af geodata og regional konceptuel geologisk 
forståelse. Sådanne modeller er usikre, dog uden at usikkerheden er kvantificeret. Alternativt kan 
stokastiske MPS-metoder bruges til at generere en samling af 3D geologiske modeller. Modeller-
ne genereres på baggrund af boredata og geofysikdata og konditioneres til et 3D træningsbillede 
(TI) – som eksempelvis kan være en deterministisk geologisk model. Samlingerne af modeller 
repræsenterer tilsammen den strukturelle usikkerhed. Ved brug af stokastisk ensemble modelle-
ring sammenlignes tre forskellige MPS-metoder (Paper II). Der benyttes en kvantitativ sammen-
lignings-teknik til at sammenligne 3D geologiske modeller samt kvantificere modelensemble usik-
kerheden. Et afstandsmål har til formål at sammenligne to 3D modeller. Hvis to modeller ligner 
hinanden, er afstanden lille, og hvis modellerne er forskellige er afstanden stor. Sammenlignin-
gen af de tre MPS-metoder demonstrerede fordelene og ulemperne ved de forskellige metoder i 
forbindelse med modellering af luftbårne elektromagnetiske (AEM) data. 

Stokastiske MPS-metoder giver muligheden for at kvantificere og studere den geologiske mo-
delusikkerhed via suiter af modeller. Ved at variere den underlæggende MPS-opsætning kan den 
geologiske modelusikkerhed studeres gennem variationer i modelsuiten (Paper III). Studiet er 
delt op i 8 sub-studier, hvor hvert sub-studie berører én bestemt type usikkerhed som relaterer 
sig til et af de følgende overordnede emner: rekonstruktion af ufuldstændige dataset, den kon-
ceptuelle geologiske forståelse implementeret via TI, og usikkerheden på boredataene. Resulta-
terne viste vigtigheden af AEM data til at konditionere MPS-simuleringerne. Til sidst blev det vist, 
hvordan man i praksis kan anvende en 3D geologiskmodel fra ét område som TI til stokastisk 
MPS simulering af et andet område. 

Omdrejningspunktet for forskningen i denne afhandling er 3D hydrostratigrafisk modellering. 
Forskningen fører hen imod at teste 3D stokastiske modeller, genereret med MPS metoder, i 
forbindelse med grundvandsmodeller og hydrologiske prognoser.  



1. Introduction and background 

The global population has increased from 2.53 billion in 1950 to 7.35 billion in 2015 (Melorose 
et al., 2015). This drastic increase in population has put strain on the Earth’s fresh water re-
sources, resulting in increased research interests regarding viable solutions for securing clean 
water. Numerous approaches to securing freshwater exist. In places with sufficient groundwater 
recharge, abundant rainwater seeps into the ground, percolating through sediments. During per-
colation rainwater is partially cleaned by sediments, especially by clay minerals, through chemical 
processes (Appelo and Postma, 1994) and ends up in aquifers as groundwater. Such naturally 
filtered groundwater can then be extracted from the aquifers, and used for human consumption 
with minimal treatment required (Dillon, 2005). This solution is sustainable, as water is replen-
ished over time, and is among the cheapest options (Thomsen and Thorling, 2003). 

Securing clean drinking water from groundwater sources requires protection and management 
of the aquifers, for which regional scale groundwater models have proven important tools. How-
ever, groundwater models require detailed knowledge on regional architecture and hydrological 
properties of geological units. Geological units are defined based on parameters such as grain 
size distribution, depositional environment, color, mineral composition, etc. They often contain a 
degree of complexity not reflected by the subsurface hydrofacies (Klingbeil et al., 1999), since 
geological categories are not defined  based on their hydraulic properties. Therefore, throughout 
this thesis the term hydrostratigraphic units  will be used, which effectively is a combination of 
geological units to reflect the overall subsurface hydrofacies, or structure of the hydraulic proper-
ties (Maxey, 1964). 

In Denmark, geophysical data has been collected in large quantities in relation to the National 
groundwater mapping campaign (Thomsen et al., 2004). Geophysical data provides information 
regarding the subsurface hydrostratigraphic architecture and, to a degree, hydrological proper-
ties. The geophysical data are used together with regional geological knowledge and borehole 
data to create hydrostratigraphic models (e.g. Jørgensen et al., 2013). It is necessary to create 
accurate hydrostratigraphic models since they provide the structure of the groundwater model, 
which is then used for flow simulation and predictions. It is recognized that modeling predictions 
are sensitive to model structure (e.g. Butts et al., 2004; Harrar et al., 2003; Refsgaard et al., 
2006). However, creating reliable hydrostratigraphic models is no trivial task, and such models 
are always uncertain. Uncertainty arises from the underlying information from which the models 
are created, such as the geophysical data, borehole lithology logs, and conceptual geological 
understanding. It is important to understand the underlying uncertainty, and create hydrostrati-
graphic models which reflect the underlying uncertainties. 

This thesis is divided into two overall focus-areas. The first area is the development of a tool 
for analyzing the relationship between resistivity and lithology. The second area is the uncertainty 
related to hydrostratigraphic modelling by ensemble studies with Multiple-Point Statistics (MPS). 
The contributions of this research are: 

1) The analysis of the resistivity-lithological relationship on a national scale, resulting in the 
compilation of a national Resistivity Atlas of Denmark based on ground-based and air-
borne electromagnetic data (Paper I: Barfod et al., 2016), and development of a frame-
work for analyzing the resistivity-lithological relationship by use of histograms 

2) Adapting a stochastic MPS hydrostratigraphic modelling workflow for studying the propa-
gation of the underlying uncertainty into hydrostratigraphic models (Paper II: Barfod et al., 
2017) (Paper III: Barfod et al., n.d.) (Paper IV: Hoffimann et al., 2017) 
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1.1 Goals of the project 
Multiple sources of data are used to create 3D hydrostratigraphic models, e.g. borehole lithol-

ogy logs and airborne electromagnetic (AEM) soundings. In such cases the relationship between 
the lithological data and the resistivity models derived from the electromagnetic soundings is im-
portant. This is by no means trivial, since the underlying data are acquired at different spatial 
scales. Generally, geophysical models provide information regarding large-scale hydrostrati-
graphic architecture, while boreholes provide locally accurate small-scale information. Further-
more, geophysical instruments lose resolution with depth, while boreholes do not. These chal-
lenges motivated the development of a framework for analyzing the relationship between physical 
properties of near-surface sediments and lithological units (Paper I). Motivated by the ability to 
analyze the resistivity-lithology relationship stochastic MPS modeling was explored with the pur-
pose of studying the uncertainty related to ensembles of stochastic models (Paper II and Paper 
III). 

 
The main goals of this Ph.D. dissertation are: 

1) Develop a novel methodology for detailed analysis of the resistivity-lithology relation-
ship 

2) Compile a Resistivity Atlas of Denmark based on available airborne and ground-based 
transient electromagnetic (TEM) data and borehole data. 

3) Develop a quantitative basis for improving our current understanding of the resistivity-
hydrostratigraphic relationship 

4) Adapt a stochastic hydrostratigraphic modeling framework using MPS for creating mul-
tiple equiprobable hydrostratigraphic models 

5) A quantification of the errors related to different state-of-the-art MPS methodols for hy-
drostratigraphic modeling 

6) Quantify the propagation of uncertainty in hydrostratigraphic models using snesim for 
stochastic MPS modeling 

 
The first goal led to the development and publication of a Resistivity Atlas of Denmark (Paper 

I). The second goal relates to the findings of the Resistivity Atlas, and underlines the importance 
of understanding the regional resistivity-lithology relationship. Such relationships vary greatly 
geographically due to local facies changes. The third and fourth goals were addressed in Paper 
II, where a stochastic framework was adapted for comparing three different MPS methods. The 
Resistivity Atlas framework was utilized in this framework for creating probability maps used for 
spatial conditioning of the MPS simulations. Using the Resistivity Atlas for describing such rela-
tionships yielded hydrostratigraphic models in closer relation to the borehole hydrostratigraphic 
logs. Concerning this study, contributions were made towards testing a newly developed MPS 
method called image quilting simulation (iqsim) (Paper IV). Finally, objective five was addressed 
in Paper III, where the ensemble hydrostratigraphic modeling uncertainty is studied. 

1.2 Modeling uncertainty 
Everything is uncertain – to a scientist this concept is essential, and leads to the important 

question: “How does uncertainty affect our predictions and decisions?” To answer this question 
we must first be able to identify and quantify uncertainty, then we establish a model for making 
the desired predictions, and the resulting prediction errors are assessed. 



The usage of models to make predictions requires precision, and generally precise models 
yield precise prediction. In this thesis the focus will be on geologic and hydrostratigraphic model-
ing. Such modeling is complicated and the models should reflect the true subsurface geology. 
The geological subsurface is formed by a multitude of unknown geological processes, which 
leaves complicated structures. It has been recognized that the model structure of groundwater 
models is important to the resulting predictions (e.g. Butts et al., 2004; Dubus et al., 2003; Feyen 
and Caers, 2006; Fleckenstein et al., 2006; Fogg et al., 1998; Freeze, 1975; Gelhar, 1984; Harrar 
et al., 2003; Linkov and Burmistrov, 2003; Refsgaard et al., 2006 etc). It is therefore important to 
create hydrostratigraphic models that are as accurate as possible while including/modeling uncer-
tainties of the various inputs. 

During geological and/or hydrostratigraphic modeling, geophysical data and borehole lithology 
logs are commonly integrated into the workflow. However, the relationship between such data 
has, to my knowledge, not been comprehensively studied on a national scale. Combining geo-
physical and lithological information is often an ad hoc process. Studying such relationships 
drives towards more knowledge driven co-interpretation of geophysical data and borehole litho-
logical logs. 

1.3 Groundwater modeling and hydrostratigraphic uncertainty 
Describing the relationship between hydrostratigraphic units and the physical properties of the 

near surface sediments is not trivial. Such resistivity relationships have been studied since the 
mid 1900’, e.g. Archie (1942) and Jones and Buford (1951), and are still subject to on-going re-
search (Beamish, 2013a, e.g. 2013b; Glover, 2015). Improving our knowledge on resistivity-
hydrostratigraphic relations strengthens our underlying understanding of how to properly co-
interpret geophysical data and borehole lithology logs for the purpose of creating hydrostrati-
graphic models. Quantitatively studying such relationships requires an extensive dataset because 
the relationship is subject to vast geographical variation. Based on the large amounts of geophys-
ical and borehole data which were gathered in connection with the Danish groundwater mapping 
campaign (Thomsen et al., 2004), two extensive public databases have been created. The JUPI-
TER database (Hansen and Pjetursson, 2011) contains shallow geotechnical, environmental, and 
groundwater related boreholes. The GERDA database (Møller et al., 2009) contains all geophysi-
cal data collected in relation to the groundwater mapping campaign. These databases provide a 
broad basis for quantitatively studying the relationship between resistivity and lithology. 

Another issue pertaining to hydrostratigraphic modelling uncertainty is how to perceive hy-
drostratigraphic uncertainty. To address this we need a deeper understanding of the hydrostrati-
graphic modelling process. One common deterministic approach is the so-called knowledge-
driven ‘cognitive’ modelling scheme, as presented by Jørgensen et al. (2013). Here, relevant data 
are co-interpreted by a geoscientist with expertise on the regional geology, and related data as 
demonstrated in Høyer et al. (2015). Cognitive modeling results in a detailed deterministic 3D 
geological model, but it is both time consuming and difficult to build, and a deterministic model 
does not per se reflect the related uncertainty. 

In contrast to deterministic modeling approaches, a stochastic modeling framework can be 
used to quantify uncertainties by rendering ensembles of 3D models. The structural differences 
between the individual 3D models contained in the ensemble span the uncertainty related to the 
given model. Since all models are uncertain I propose using a stochastic framework for quantify-
ing the uncertainty. A stochastic MPS modelling approach is adapted and used to understand 
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how uncertainty of input data affects the resulting hydrostratigraphic models. Some of the most 
important sources of uncertainty are summarized in Table 1. 

 
Table 1. A summarizing table of the most important sources of uncertainty related to 3D geological/hydrostratigraphic mod-

eling. 
Uncertainty type Geophysical uncertainty Lithological uncertainty Sparse data Geological conceptualization 
 
 
Brief explanation 

The uncertainty related to 
the geophysical parame-
ters of the geophysical 
models 

The uncertainty related to 
lithological categories, 
e.g. clay tills can contain 
anywhere between 12-
40% clay 

All the data which is 
collected is sparse in 
nature, and the 
uncertainty is larger 
in areas without data 

Uncertainty related to the 
choice of conceptual geological 
model which has been used to 
create a given model, such as 
discussed by Bond et al. (2007) 

 
The uncertain data and prior information is used to create an ensemble of hydrostratigraphic 

models, which span a set of equiprobable models which are spanned by the underlying data. In 
relation to groundwater modeling predictions, the ensemble of hydrostratigraphic models are 
used to inform a groundwater model of the regional model structure. The model structure can 
then be viewed as another parameter in the groundwater model and multiple prediction-runs can 
be made to assess the uncertainty of the given prediction. An example of this can be seen in Fig-
ure 1, where the uncertainty of a well catchment is predicted. For comparison, the deterministic 
model which has been created of the given area, has also been used to make predictions (Figure 
1A, black dots). The cognitive model largely agrees with the probability map, but the stochastic 
probability map provides additional information regarding the uncertainty of the catchment. 

 

 
Figure 1. Spatial distribution of the prediction uncertainty related to the catchment area of a forecast well in Kasted in 

Denmark. The maps portray the probability of the catchment area based on the multiple stochastic hydrostratigraphic mod-
els for describing the model architecture A. Shows the catchment area (black dots) based on the hydrostratigraphic architec-
ture from the simplified hydrostratigraphic model derived from the full cognitive model presented by Høyer et al. (2015). The 

deterministic modeling predictions are plotted on top of the stochastic predictions (probability map) B. Shows the same as 
A., but without the predictions from the deterministic model. Graphics from: Vilhelmsen et al. (n.d.) 



2. Methods 

2.1 Resistivity-hydrostratigraphic relationship 
The earliest studies of the relationship between resistivity and geological materials were pre-

sented by Archie (1942).  Archie introduced a combined law which related the bulk formation re-
sistivity to specific rock properties: 
ρ = ρwϕ−mSw−n               [1] 
where ρ is the bulk resistivity, ρw is the resistivity of the pore fluid, Sw is the fluid saturation, ϕ is 
the porosity, m is the cementation exponent, and n is the saturation exponent. Archie’s combined 
law was originally derived from local wireline resistivity log data, but was later proven valid out-
side the original conditions under which it was derived, and has been widely used since. 

However, this model does not account for the electrical resistivity of the solid materials them-
selves. The presence of clay minerals complicates the picture, since electrical currents are addi-
tionally conducted along the surface of clay minerals, ρs. Assuming presence of clay minerals a 
standard empirical model for shaley sands was derived by Waxman and Smits (1968): 

𝜌 = � 1
𝐹∗
� 1
𝜌𝑓

+ 𝐵𝑄𝑣��
−1

             [2] 

where F* is the combined formation factor, f is the formation factor related to the conduction along 
the surface of the minerals, B is the bulk surface mobility of the surface ions, and Qv is excess 
surface charge related to surface conduction per unit pore volume. These empirical relationships 
are based on studies of hydrocarbon reservoirs and electrical wireline logs. The models and em-
pirical constants are established based on laboratory experiments of the conduction of electricity 
in rocks. These empirical equations, [1] and [2], form the base from which our knowledge on the 
conduction of current in geological materials is derived. However, such empirical equations are 
often not used in relation to large-scale hydrogeophysical surveys where only few wireline logs 
exist, and detailed experiments on key lithological units are generally not carried out. 

The relationship between resistivity and lithology is not geographically stationary. It depends 
on a number of factors, such as: local changes in pore water salinity, lithological heterogeneity, 
clay content, mineral composition etc. Therefore, the resistivity-lithology relationship should be 
established with respect to the geological setting of the given survey area. Palacky (1988) pre-
sents a posteriori information on the range of resistivity values for typical earth materials (Figure 
2). However, comparing the typical resistivity ranges presented for glacial sediments in Figure 2 
to typical resistivity ranges of glacial sediments in the Mors region in Denmark, Table 2, quickly 
reveals discrepancies. The guidelines presented by Palacky (1988) shows typical resistivity val-
ues for clays between 6-100 Ωm (Figure 2). On the other hand Jørgensen et al. (2005) found a 
range of 1-40 Ωm for glaciolacustrine, Paleogene, and marine clay (Table 2). This reveals the 
importance of establishing regional resistivity-lithology relationships. 
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Figure 2. The typical resistivity ranges of earth materials. Graphics from: Palacky (1988). 

 
Table 2. The estimated resistivity values of freshwater saturated sediments in the Mors region. The values have been estimat-

ed by comparing groundbased Transient Electromagnetic (TEM) soundings and borehole lithology logs on the island of 
Mors, Denmark. Table from: Jørgensen et al. (2005) 

 
Sediment type Resistivity [Ωm] 
Meltwater sand and gravel > 60 
Clay till 25-60 
Glaciolacustrine and marine clay 10-40 
Paleogene clay 1-10 
Paleogene diatomite 10-40 
Maastrichtian white chalk 30-100 
Danian limestone > 80 

 
Large-scale studies of the relationship between resistivity and lithology are scarce in the litera-

ture. One such study is presented by Beamish (2013a), where conductivity-lithology relationships 
are compiled for the entirety of the United Kingdom. The study is based on data collected using 
an airborne frequency domain electromagnetic system. The apparent conductivity data is com-
piled for the 3 kHz frequency, and the lithological information stems from the UK geological lexi-
cons containing lithostratigraphical and lithological maps. However, to my knowledge, no studies 
exist regarding the large-scale patterns in resistivity-lithology relationships. This relationship is 
crucial to geological modeling in which groundbased and airborne electromagnetic data are inte-
grated. It leads towards understanding the underlying mechanisms controlling the large-scale 
patterns in the resistivity-lithology relationship. Finally, it is also a step in the direction of automat-
ic, or semi-automatic, analysis of the relationship between hydrostratigraphy and geophysical 
properties of geological units. 

2.1.1 Combining information from diverse sources 

Creating geological models requires the integration of information from multiple sources of da-
ta. In a hydrogeophysical context, it is common to integrate both borehole lithology logs and elec-
tromagnetic (EM) based resistivity models in the geological modeling process. However, there 
are a number of inherent differences between the information provided by lithology logs and geo-
physical resistivity models. This makes integrating data from multiple sources in geological mod-
eling a complicated procedure. 



Borehole lithology logs provide detailed information on the lithology in the immediate vicinity of 
the borehole, and are considered point-information. Borehole lithology logs resolve thin layers, 
and do not loose resolution with depth. On the other hand is the geophysical data. In this thesis, 
the main source of geophysical data is the Transient Electromagnetic (TEM) method. This geo-
physical method uses electromagnetic waves to measure the bulk resistivity of the upper 200-500 
m of the geological subsurface. Such TEM instruments have limited resolution and do not resolve 
layers below a certain threshold. Furthermore, as with most geophysical methods, the resolution 
decreases with depth. Integrating lithology logs and geophysical data in the geological modeling 
process must therefore be carried out with caution. 

2.1.2 Geological and geophysical databases 

In Denmark a public database, by the name of JUPITER, contains information on more than 
280,000 near-surface boreholes (Hansen and Pjetursson, 2011). The database contains infor-
mation from a large number of sources. In this groundwater modeling context the quality of bore-
holes is variable. The quality refers to the degree to which the lithology logs can be trusted, i.e. 
the accuracy to which they report the actual real-world lithostratigraphy at the position of the 
borehole. The quality of the boreholes depends on a number of different factors, such as: 

• Drilling method: the quality of the lithological samples, from which the lithological logs 
are compiled, depends on the drilling method. Core drilling preserves the sediments and 
provides an exhaustive sampling of the lithological record. Lithological logs resulting 
from cores are generally more accurate compared to rotary drilling. Here, small pieces 
are cut the formations and sent to the surface using the drilling fluid system inside the 
drill stem. 

• Location method: the location of the given borehole is important, since erroneous geo-
graphical locations result in a mismatch between real-world lithological units and the 
borehole lithological logs. 

• Sampling frequency: borehole methods, such as rotary techniques, which continually 
collect samples, do not provide a reliable lithology log if samples are not taken frequently 
enough. If the sampling frequency is too large, the samples might not be representative 
of the actual lithological units. 

• Borehole purpose: the quality of the lithology logs can sometimes depend on purpose of 
the borehole. As an example, seismic shot holes often have poor lithological descrip-
tions. 

• Drilling contractor: some drilling contractors are more reliable than others, and in some 
cases do a poor job of collecting high quality samples. 

The variability of the borehole lithology logs means that the boreholes should be assessed before 
they are integrated in a geological model. At minimum boreholes with poor lithological logs should 
be removed from the dataset, to ensure a degree of quality. Alternatively, a full quality assess-
ment can be carried out, such as presented by He et al. (2014) and Paper I, where the boreholes 
are rated according to their quality, which is computed from a number of criteria such as listed 
above. 

The GEophysical Relational DAtabse (GERDA) contains a majority of onshore geophysical 
data collected in relation to the national groundwater mapping campaign and mapping of raw 
materials. The geophysical data covers approximately 40% of the Danish onshore area, and the 
database contains survey information, raw data, modeling information, and geophysical models. 
In relation to the research carried out in this thesis, only the geophysical resistivity models and 
corresponding parameter uncertainties are used. 
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2.2 Hydrostratigraphic modeling approaches 
Geological models are created to describe the architecture of the different geological units in 

the subsurface. Often geological models contain complexities not directly related to the flow of 
water and the geological models can be simplified to so-called hydrostratigraphic models. Fur-
thermore, the more units that are included in the model structure of the groundwater model, the 
more complicated and ill-posed the calibration problem becomes. Therefore, in this research geo-
logical models are generally simplified to hydrostratigraphic models containing three overall units: 

1) sand and gravel: a combination of coarse lithological units, including sandy till, meltwater 
sand, gravel and pebbles of glacial origin, late glacial  freshwater sand and postglacial 
freshwater sand 

2) glacial clay: a combination of silty and sandy clays, including clay till and meltwater clay 
of glacial origin. 

3) hemipelagic clay: a combination of fine grained conductive clays, containing extensive 
and homogeneous Danish hemipelagic Paleogene and Oligocene clays. 

The hydrostratigraphic categorization is primarily related to Paper II, Paper III, and Paper IV. 

2.2.1 Deterministic modelling using airborne electromagnetic (AEM) data 

The knowledge-driven ‘cognitive’ modeling approach (Jørgensen et al., 2013) relies on a geo-
scientist who manually uses his/her geological knowledge to co-interpret geophysical and bore-
hole data. The end result is a 3D computer model depicting the geological architecture of the 
given area. Information from multiple sources of data is incorporated during modeling, such as 
borehole lithology logs, geophysical models, and the regional conceptual geological understand-
ing. Although, in some cases the cognitive modeling procedure can be stochastic, if several cog-
nitive models are built by different geoscientist, such as presented by Seifert et al. (2012). This, 
however, is a rare occurrence since creating cognitive models is time consuming. A couple of 
examples of 3D cognitive models which have been created using airborne electromagnetic (AEM) 
data, are found in the literature, e.g. Høyer et al. (2015) and Jørgensen et al. (2010). However, 
many such 3D cognitive models exist beyond the literature and are created by private companies, 
such as consultancy firms, for management and protection of aquifers. 

As stated, cognitive geological models are deterministic. They do not on their own quantify the 
uncertainty related to the geological architecture. Stochastic modeling is a solution to this prob-
lem, since multiple models can be created, using semi-automatic geostatistical tools, and the 
collection/ensemble of models then contain range of probable models, which spans the uncer-
tainty. 

2.2.2 Stochastic modeling using airborne electromagnetic (AEM) data 

Multiple approaches to stochastic modeling using AEM data are found in the literature and will 
be presented. Generally the studies can be divided into two overall categories, namely variogram-
based techniques or two-point statistics, and Training Image (TI) based techniques or multiple-
point statistics (MPS). 

The study presented by He et al. (2014) uses a two-point statistical method, which relies on 
transitional probabilities, named T-PROGS (Carle, 1999). Multiple hydrostratigraphic models were 
created each containing two overall categories: sand and clay. The models were created from 
sparse borehole information and resistivity models derived from an extensive SkyTEM survey. 



Histogram probability matching was used for linking the information between resistivity and hy-
drostratigraphy. However, He et al.(2014) found it difficult to determine a suitable cut-off value for 
separating sand and clay.  

Gunnink and Siemon (2015) presented a stochastic hydrostratigraphic modelling approach us-
ing the sequential indicator simulation (SIS) method. The SIS method comes from a class of tradi-
tional variogram-based geostatistical tools. The hydrostratigraphic models were created using a 
combination of frequency domain AEM data as soft data and borehole lithology logs as hard data. 
Similar to He et al. (2014), the output hydrostratigraphic models consist of two overall categories: 
sand and clay. The resistivity-hydrostratigraphic relationship was estimated by populating the 
entire 3D voxel grid with resistivity values using Kriging interpolation. The boreholes were then 
used to estimate the probability of clay, and a relationship between the clay probability and log-
resistivity was established. The hydrostratigraphic realizations were then created by using the 
blockSIS program (Deutsch, 2006). The realizations were then validated against a set of cone 
penetration test (CPT) measurements. Gunnink and Siemon (2015) conclude that  AEM is highly 
beneficial to modelling clay occurrence. 

Another modelling approach which uses blockSIS is presented by Christensen et al. (2017). 
The presented stochastic modelling approach was illustrated using a synthetic dataset in the HY-
drological TEstBench (HYTEB) environment (2016). The uncertainty related to the AEM data was 
quantified using the Markov chain Monte Carlo (McMC) inversion scheme presented by Minsley 
(2011). The output hydrostratigraphic models contain three overall categories: sand, silt and clay. 
The resistivity-lithology relationship is estimated by using the information contained in the collo-
cated boreholes and the probabilistic resistivity models derived from the AEM data. The method 
draws the advantage of explicit quantification of uncertainty related to the resistivity models which 
is incorporated in the blockSIS modelling workflow. 

A sequential hydrological inversion approach is presented by Marker et al. (2015). The method 
uses clay-fraction modelling (Foged et al., 2014) which was built from available AEM data and 
sparse borehole information. Using the exhaustive clay-fraction model and a reconstructed resis-
tivity grid based on the AEM data, multiple k-means clustering models were created with a varia-
ble number of clusters. The ideal number of clusters was identified based on testing each cluster 
model, and it was found that 5 clusters were ideal. The cluster model was then used to inform the 
hydrological model of the overall model structure. The presented hydrological analysis was only 
carried out using the 5-cluster models, making the hydrological analysis deterministic regarding 
the model structure. 

The studies presented by He et al. (2013a) and He et al. (2013b) use the MPS method called 
“single normal equation simulation” (snesim) for hydrostratigraphic modelling using AEM data for 
soft data conditioning. The advantage of MPS methods is that the conceptual geological under-
standing is incorporated in the hydrostratigraphic modes via the Training Image, or TI. In both 
studies, multiple hydrostratigraphic models are created and used as the model structure of a 
groundwater model. He et al. (2013a) focus on creating a 3D binary TI containing sand and clay 
from the AEM data. The electrical resistivity was converted to a clay content model using a geo-
statistical estimation concept involving borehole information and AEM data, similar to the clay-
fraction concept later presented by Foged et al. (2014). The 3D TI was then used to create 100 
hydrostratigraphic realizations, which were used for simulating particle travel times. It was dis-
covered that the geological architecture was the most critical parameter regarding particle travel 
times, since it affects the particle travel paths. He et al. (2013b) studied the effect of the TI and 
AEM data on the predictions of capture zones for four wells. Two TIs were created. One TI was 
created by using a static cut-off value to translate the AEM resistivities into either sand or clay. 
The other was created using the object-based TiGenerator (Maharaja, 2008). The two TIs were 
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then used in a snesim setup with and without AEM, to create a total of 200 realizations. The reali-
zations were then used to predict the capture zones of four wells. It was discovered that inde-
pendent sources should be sought for the creation of Tis, and AEM data should not be used for 
creating a TI if it is also used as soft conditioning data. 

2.3 Multiple-Point Statistics (MPS) 
The development of MPS methodologies started with the seminal paper by Guardiano and 

Srivastava (1993). The concept was then later fostered by Andre Journel, who supervised the 
development of the MPS concept (Journel, 1993; Journel and Zhang, 2007). During the early life 
of MPS in the mid 1990’s, computational limitations hindered its real-world application. It was 
simply not computationally feasible to run MPS simulation on full 3D datasets, and the method 
was limited to small 2D cases. However, the concept was slowly nurtured and the MPS discipline 
developed and is now a complete framework concerned with creating geologically realistic sto-
chastic simulations of the subsurface. MPS is an approach to geostatistical problems which intro-
duces the usage of a Training Image (TI) for conditioning 3D conceptual geology using Multiple-
Point (MP) statistics, in contrast to two-point variogram-based techniques. The TI does not con-
tain any locally accurate information, i.e. the patterns from the TI do not have to spatially overlap 
with the real-world geological units. The TI is purely a conceptual prior model and is not used for 
spatially constraining geological architecture/structures. Training Images enforce statistics which 
are more meaningful than classic two-point statistics, or variogram-based statistics. The MPS 
techniques also allow for integration of both hard borehole data and geophysical soft data. 

2.3.1 The Training Image 

At the heart of the MPS framework is the TI, which is a visually and statistically explicit prior 
random function model. The TI contains all levels of statistics: single-point (histogram), two-point 
(covariance), and MP information limited only by the size of the TI (Journel and Zhang, 2007). 
The addition of the TI to the geostatistics framework enables the ability to create more realistic 
realizations of earth phenomena, which helps to give a more realistic quantification of the uncer-
tainty related to the hydrostratigraphic architecture in relation to hydrological modeling. 

An example of the improvements in geological realism when using MPS is presented by Jour-
nel & Zhang (2007) and shown in Figure 3. The goal was to model a crack system represented by 
the reference image seen Figure 3A. A total of 50 hard data points were drawn randomly from the 
reference image, as seen in Figure 3B, to represent hard data points. Then, using the two-point 
geostatistical method Sequential Gaussian Simulation (sgsim), a realization was created using 
the 50 hard data points and a variogram derived from the reference image (Figure 3A). The sgsim 
realization is seen in Figure 3C. The realization does not look similar to the original reference 
image. The realization is carried out by a sequence of purely mathematical computations, based 
on two-point variogram geostatistics. Additionally, Journel & Zhang (2007) used MPS to model 
the crack system. A TI was created portraying similar patterns as the reference image, while not 
containing the same local patterns (Figure 3D). The TI was used in conjunction with the 50 hard 
data points to create a MPS simulation using the MPS method called filtersim (Zhang et al., 
2005). The filtersim realization is seen in Figure 3E. Overall filtersim reproduces the patterns 
seen in the reference image (Figure 3A), but is not identical. Both sgsim and filtersim reproduce 
the statistics and condition the 50 hard data values. However, an additional flow experiment was 



carried out. By comparing the results of the flow experiment, the importance of having realistic 
models is identified; compare Figure 4A,B. The sgsim flow experiment results (Figure 4A) have a 
larger uncertainty, i.e. larger spread around the reference value marked by a red line, however, 
on average are centered on the flow experiment results of the reference crack image. The filter-
sim flow experiment results (Figure 4B) are more certain, i.e. the spread is relatively small around 
the reference value. The filtersim results are also centered on the reference value. 

 
Figure 3. The example presented by Journel & Zhang (2007) A. the reference crack image which is modeled. B. A total of 50 
hard data points are sampled from the crack image (A.). C. A single sgsim realization using the 50 hard data points (B.). D. 

The low entropy TI used for MPS simulation. E. The filtersim realization (Zhang et al., 2005) using the “low entropy TI” (D.) 
and the 50 hard data points (B.). Graphics from: Journel & Zhang (2007) 
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Figure 4. The results of a flow experiment, calculating the oil production rates from a set of stochastic simulations using 

sgsim and filtersim. The flow simulations based on the reference crack image (Figure 3A) is marked by a red line in each of 
the frames. A. Shows the Oil Production Rates in Stock Tank Barrels per Day (STB/DAY) and the Water cut percentage 

computed from the stochastic sgsim realizations. B. Shows the same as A., but the filtersim realizations are used as the model 
structure. Graphics from: Journel & Zhang (2007) 

2.3.2 Obtaining Training Images 

Evidently, the MPS methodology makes an important contribution to stochastic modeling, and 
introduces the usage of TIs as a prior random function model. The first question that comes to 
mind is: how do we obtain a relevant 2D or 3D TI? There are multiple approaches to this. An ob-
vious option is to create a TI database from which a large selection of TIs can be downloaded 
and combined. Such a database is not easy to compile, and requires a lot of work. The database 
could be combined by gathering existing 3D geological models, or by creating 3D geological 
models from scratch. A few TI databases exist, among which are the FAKTS (Colombera et al., 
2012) and CARBDB (Jung and Aigner, 2012). Furthermore a limited database can also be found 
at: http://www.trainingimages.org (Mariethoz and Caers, 2014). Such database approaches are 
not always viable since they need to be extensive and flexible. The two presented databases are 
limited in scope. The FAKTS database concerns itself with TIs of alluvial systems, while CARBDB 
only contains TIs specific to carbonate environments. 

Alternative to the database approach, TIs can also be created ad hoc. Some common tech-
niques include object-based methods, process-based models and process-mimicking models. 
Object-based methods, also known as Boolean methods, are based on the definition of 2D or 3D 
shapes which are used to populate the model using a set of rules which dictate the probability of 
occurrence of the objects (Mariethoz and Caers, 2014). Process-based methods use knowledge 
of physical processes to create rules which can be implemented in a computer. The method then 
uses an algorithm which iteratively creates a geological process-based model using a set of pre-
defined rules. Process-based models can be computationally expensive, especially if conditioning 
the model to local data. An alternative is process-mimicking models. These focus on creating 
realistic geological models, without emphasizing accurate representation of the underlying phys-

http://www.trainingimages.org/


ics, and without solving physical equations. Even though the process-mimicking models are com-
putationally effective, they are still difficult to extensively condition to borehole data and dense 
geophysical data. Another option for creating 3D TIs is to combine a set of 2D TIs into 3D TIs. 
One approach, suggested by Caers (2006), is to use probability  aggregation to combine 2D TIs. 
Another method was suggested by Communian et al. (2012), where 3D TIs are built by combining 
compatible orthogonal 2D data events into 3D data events. Compatibility in this case means that 
the two orthogonal 2D data events have identical values in overlapping nodes. Finally Kessler et 
al. (2013) propose a method for combining geographically overlapping 2D cross-sections and/or 
profiles. The overall concept is to create sequentially generated 2D simulations which are per-
pendicular to each other and then combine them into a 3D TI. Finally, the research of this thesis 
suggests using existing deterministic 3D geological models from other surveys. This approach 
requires that the deterministic model TI has a similar geological environment to the geological 
model we wish to simulate. This concept of using existing deterministic 3D models as TIs is illus-
trated in Paper II, Paper III, and Paper IV. 

2.3.3 Single Normal Equation Simulation (snesim) 

One of the earliest developments which led to the widespread practical application of MPS 
methodologies was the development of the “Single Normal Equation Simulation” (snesim) method 
(Strebelle and Journel, 2001).  

Suppose an attribute S is defined. The attribute can take K possible states {sk,k=1,…,K} (e.g. 
K possible hydrostratigraphic units), a location vector u containing (x,y,z)-positions, a data tem-
plate τn={hα, α=1,…,n} containing n location vectors, a data event dn constituted by both a data 
geometry (a set of location vectors) and data values. The single normal equation which needs to 
be solved is then defined (Strebelle and Journel, 2001): 

𝑃𝑃𝑃𝑃{𝑆(𝒖) = 𝑠𝑘|𝑑𝑛} =
𝑃𝑃𝑃𝑃�𝑆(𝒖)=𝑠𝑘;𝑘=1,…,𝐾 𝑎𝑛𝑎 𝑆(𝒖á)=𝑠𝑘á;á=1,…,𝑛�

𝑃𝑃𝑃𝑃�𝑆(𝒖á)=𝑠𝑘á;á=1,…,𝑛�
       [3] 

where Prob{S(u)=sk|dn} denotes the conditional probability at location u, Prob{S(uá)=ská;á=1,…,n} 
is the probability of state ská, á=1,…,n defined as the n nearest data at location u. The 
Prob{S(uá)=ská} can be obtained by counting the number of replicates associated with a central 
value S(u)=sk found in the given TI (c(dn)). The Prob{S(u)=sk;k=1,…,K} and S(uá=ská;á=1,…,n) can 
be obtained by counting the number of those c(dn) replicates which at the location S(u) has a 
state equal to sk (ck(dn)).  
Then eq. [3] can be simplified to: 

𝑃𝑃𝑃𝑃{𝑆(𝒖) = 𝑠𝑘|𝑑𝑛} ≈ 𝑐𝑘(𝑎𝑛) 
𝑐(𝑎𝑛) 

              [4] 

 This reveals the simplicity of using MPS compared to any variogram-based techniques. The 
intermediary step of creating a covariance model is circumvented, and the conditional probability 
density function (cpdf) is instead directly, or indirectly, inferred from the TI. At each un-sampled 
node the local cpdf is inferred by scanning the TI directly for the given data event, dn. The repeti-
tive scanning of the full TI at each iteration is cpu-demanding, making the original implementation 
by Srivastava slow (Strebelle and Journel, 2001). The snesim algorithm instead scans the TI 
ahead of simulation, and stores the number of occurrences of the individual data events, c(dn), 
and the central values ck(dn)  in a dynamic data structure called a “search tree”. The search tree 
can then be used to calculate the cpdf’s using [4] (Strebelle and Journel, 2000). 

Additionally it is also possible to condition the simulation to soft data, for which the tau-model 
is used (Allard et al., 2012; Journel, 2002). The soft data is translated into K-probability maps, 
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one for each state of the attribute S. It is important that for each grid node the K soft data proba-
bilities sum to one: 
∑ 𝑃𝑃𝑃𝑃{𝑠𝑑𝑖}𝐾
𝑖=1 = 1                [5] 

Using the tau-model makes it straightforward to condition the simulation to both the probability 
maps and the TI MP information contained in the search-tree database. 

One issue with snesim is that the user defined data search neighborhood parameter results in 
only simulating small-scale structures, which are found within the data search neighborhood. A 
solution to this is the multiple-grid concept (Tran, 1994). The idea is to create simulations on a 
specified number of grids. The multiple simulation grids become increasingly finer, and one 
search-tree needs to be constructed for each simulation grid. The usage of multiple-grids is an 
elegant solution, but adds an additional layer of complexity which reduces the transparency of the 
algorithm. Furthermore, the number of multiple-grids is a user-defined parameter and is chosen 
ad hoc. A larger number of grids results in increased simulation times. However, pattern repro-
duction at all scales is better if a higher number of multiple-grids is chosen. It is therefore neces-
sary for the user to find the trade-off balance between computational times and better realization 
pattern reproduction. Furthermore the flexibility of snesim is limited to only simulating categorical 
variables, and generally cannot simulate continuous variables. 

2.3.4 Direct Sampling (DS) 

The Direct Sampling (DS) method (Mariethoz et al., 2010) is an MPS method which circum-
vents the search-tree database approach. A few DS implementations are presented in the litera-
ture, e.g. Mariethoz et al. (2010), and Straubhaar et al. (2011). Instead of creating a search-tree 
database, the DS algorithm partially scans the TI during simulation, and uses a selection of pre-
defined distance measures to compare data events to probable events in the TI. A selected data 
event from the simulation grid is conditioned to the TI by first selecting a random node in the TI. 
The TI template is defined based on the size of the data event. The TI template is then sequen-
tially scanned and a distance is calculated per iteration between the given simulation data event 
and TI data events. Once a suitable distance below a pre-defined threshold is found, the central 
node in the simulation grid is copied from the selected TI data event. The random scanning of the 
TI and dynamic template size ensures pattern reproduction without having to scan the entire TI or 
use multiple-grids. 

The dissim approach has many advantages: 
• The multiple-grids formulation is avoided, making the approach more transparent in 

comparison to snesim 
• The usage of a dynamic search template means the algorithm uses less RAM 
• The TIs are not limited to only two or three variables, since no “TI database” is created. 

This includes soft geophysical data. 
• Multiple constraining datasets can be included, e.g. two different sources of soft data: 

Electrical Resistivity Tomography (ERT) and SkyTEM (Sørensen and Auken, 2004)  
• The DS method allows direct simulation of continuous variables (Figure 5). This allows 

for reconstruction/simulation of incomplete continuous datasets, which includes, but is 
not limited to: dense geophysical resistivity models, hydraulic conductivity, storativity, 
porosity etc. 

 



 
Figure 5. The conditioned simulation of a continuous variable using dissim A. a continuous TI variable with significant 

heterogeneous discontinuity B. one conditioned simulation along with the conditional data points plotted as open circles C. a 
histogram comparison between the TI and the simulation, revealing a close reproduction of the TI statistics. Graphics from: 

(Mariethoz et al., 2010) 
 
One of the biggest caveats of the DS method is the implementation of soft data conditioning, 

which requires the generation of a so-called auxiliary variable. In relation to EM data, this is no 
trivial task, and requires many steps. The generation of an auxiliary variable using EM data is 
discussed in Paper II and Paper III. However, it is also an option to use probability maps/grids 
such as with snesim (Mariethoz et al., 2015). 

The distance measures used for comparing data events should be selected ad hoc, since they 
influence the simulation results. For categorical variables the suggested distance measure is a 
simple fraction of non-matching nodes in the data event (Mariethoz et al., 2010): 
𝑑〈𝒅𝑛(𝒙),𝒅𝑛(𝑦)〉 = 1

𝑛
∑ 𝑎𝑖𝑛
𝑖=1  ∈ [0,1]             [6] 

where x and y are positions vectors, Z(…)  is a random variable and  𝑎𝑖 = �0  𝑖𝑖 𝑍(𝒙𝑖) = 𝑍(𝒚𝑖)
1  𝑖𝑖 𝑍(𝒙𝑖) ≠ 𝑍(𝒚𝑖)

. 

For continuous variables a weighted Euclidian distance is suggested (Mariethoz et al., 2010): 
𝑑〈𝒅𝑛(𝒙),𝒅𝑛(𝑦)〉 = �∑ 𝛼𝑖[𝑍(𝒙𝑖)− 𝑍(𝒚𝑖)]2𝑛

𝑖=1     ∈ [0,1]          [7] 

where 𝛼𝑖 = ‖𝒉𝑖‖−𝛿

𝑎𝑚𝑚𝑚
2 ∑ �𝒉𝑗�

−𝛿𝑛
𝑗=1

,   𝑑𝑚𝑎𝑚 = 𝑚𝑎𝑚𝑦∈𝑇𝑇 𝑍(𝑦)−𝑚𝑖𝑚𝑦∈𝑇𝑇 𝑍(𝑦). 

These distance measures can be modified accordingly to fit a given scenario. 

2.3.5 Image Quilting Simulation (iqsim) 

A drawback of previously presented MPS methods is their computational efficiency and/or 
memory cost. In an attempt to remedy this, Mahmud et al. (2014) present the image quilting simu-
lation (iqsim) method. The method borrows techniques from the computer vision community. The 
original application of image quilting (IQ) was 2D texture synthesis, i.e. generation of seamless 
large images from a small input image. The application of IQ in earth sciences requires some 
modification in order to accommodate 3D models and conditioning data. The IQ method works by 
first cutting the 2D/3D TI into equally sized chunks, or patches. The patches are then reassem-
bled using a specific set of rules to create a realization. The crux is then to combine the individual 
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patches so that the realization is not just a verbatim copy, i.e. a copy of itself, and is conditioned 
to a desired dataset. 

During simulation the individual patches are stitched together in the modelling grid in a random 
fashion. In order to create seamless inter-patch boundaries, patches are selected so they overlap 
with each other. Along the overlapping area/volume the minimum error boundary is then calculat-
ed according to Dijkstra’s algorithm (Dijkstra, 1959). An illustration of the stitching of two 2D 
patches along the minimum error boundary is seen in Figure 6, where patches B1 and B2 are 
stitched together along the minimum error boundary. In 3D a minimum error surface is calculated, 
in place of a minimum error line. The parameterization of IQ is relatively simple. The required 
user inputs are a TI, the patch size p, the overlap size o, the number of replicates ε, and an empty 
simulation grid (SG). 

 
Figure 6. Heatmap of the minimum error boundary cut for finding the ideal cut line/surface between two patches. The verti-

cal boundary without (top) and with (bottom) are seen in the two right frames. Graphics from: (Mahmud et al., 2014). 
 
Mahmud et al. (2014) also present a solution for conditioning simulations to hard data. Instead 

of selecting TI patches solely based on the overlap error, the conditioning data is also consid-
ered. The overlap error can now be calculated with a new equation: 
𝐸𝑡 = 1−𝑤

𝑂𝑠𝑖𝑠𝑠
𝐸𝑞 + 𝑤

𝑎
𝐸𝑐               [8] 

where Et is the total overlap error, Eq is the overlap error, Ec is the conditional error, Osize is the 
number of pixels/voxels in each overlap area, d is the number of data points in the given patch. 
The weight, wϵ[0,1], controls how much weight is given to the conditioning error Ec, i.e. when w=1 
only the conditioning data is considered. Increasing the weight w comes at the cost of possible 
artifacts between stitched patches. 

The implementation by Mahmud et al. (2014) does not include a solution  to soft data condi-
tioning. This has however been solved in other implementations of iqsim. The image quilting sim-
ulation (iqsim) implementation presented in Paper IV is a computationally effective method, which 
uses an auxiliary variable for conditioning soft geophysical data. The iqsim algorithm includes a 
scheme for both conditioning against soft data and hard data. The iqsim implementation is coded 
in the programming language known as Julia and is publicly available1. Throughout this thesis we 
use the iqsim implementation presented in Paper IV. The iqsim algorithm has a definite computa-
tional advantage, and realizations are created much faster than other common MPS methods. 
However, due to the nature of the algorithm it tends to replicate the TI closely, and is not as effi-

                                                   
1 Software is available at https://github.com/juliohm/ImageQuilting.jl. 



cient in conditioning soft data; see Paper II. The usage of iqsim should therefore be considered in 
regards to the practical application at hand. 

2.4 Comparing categorical 3D grids – quantitative measures of 
similarity 

The results of stochastic hydrostratigraphic modeling are a large number of categorical 3D 
models. Comparing a large number of 3D models is no trivial task. This led to the development of 
a framework for quantitative comparison of MPS algorithms based on analyzing the ‘distance’ 
between individual realizations (Tan et al., 2014). Two ensembles are produced. A MPS method 
is used to create an ensemble of geological models, which are compared to another ensemble of 
models created from the same data, but using a different MPS method. The two ensembles then 
need to be compared. Visual comparison is tedious, subjective, and non-quantifiable. An ap-
proach, which is both quantitative and objective, is to apply mathematical measures of similarity 
of 3D categorical models commonly found in the computer vision literature. A distance measure 
displays a large distance value when images are dissimilar and a small distance value when im-
ages are similar. Using such mathematical distance measures an exhaustive distance analysis 
can be carried out between the two model ensembles. The distance analysis yields information 
regarding the average distance between the two ensembles, which provides a measure of simi-
larity between the models of the two MPS methods. Furthermore, the average distance between 
the models of an ensemble is also computed, which provides information on the variability related 
to the given MPS method. If the average distance is large, the ensemble of models are dissimilar 
and the variability is large, and vice versa. The research related to this thesis uses two overall 
distance measures, which will be introduced below. 

2.4.1 The modified Hausdorff Distance 

The field of computer vision concerns itself with the automated analysis of still images and 
video. An important contribution to the determination of resemblance between two objects is the 
Hausdorff distance (dH) (e.g. Huttenlocher et al., 1992). Given two point-sets, A={a1,…,ap} and 
B={b1,…,bq}, where each point, ai or bi is a coordinate vector containing the (x,y)-coordinates in 
two-dimensions or (x,y,z)-coordinates in three-dimensions, then the Hausdorff distance is defined 
as: 
𝑑𝐻(𝐴,𝐵) = max (max𝑎∈𝐴 min𝑃∈𝐵‖𝑎 − 𝑃‖ , max𝑃∈𝐵 min𝑎∈𝐴‖𝑃 − 𝑎‖)     [9] 
where ‖ ∙ ‖ is some underlying norm on the points of A and B, e.g. the L2 or Euclidean norm. The 
equation first ranks each point in A based on the distance to the nearest point in B. The largest 
distance is selected, dmax(A,B), and all other points in A cannot be farther away from any point in B 
than dmax(A,B). The process is repeated, and the largest distance between B and A is found, 
dmax(B,A), corresponding to the right half of eq. [9]. The largest of the two distances is selected, dh, 
which means that every point in A is within a distance dh of some point of B, and vice versa. 
 Such Hausdorff-based distance measures are common for assessing the similarity between 
images. The study presented by Dubuisson and Jain (1994) introduced 24 possible distance 
measures derived from the ‘basic’ Hausdorff distance (eq. [9]). Each of the 24 distance measures 
were tested on objects from synthetic images containing different levels of noise. Dubuisson and 
Jain (1994) concluded that the Hausdorff-based distance which had the best performance in re-
gards to object matching, was the modified Hausdorff distance: 
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𝑑𝑚ℎ(𝐴,𝐵) = 𝑚𝑎𝑚 � 1
𝑁𝑚
∑ 𝑚𝑖𝑚𝑃𝑏𝐵‖𝑎 − 𝑃‖𝑎𝑏𝐴 , 1

𝑁𝑏
∑ 𝑚𝑖𝑚𝑎𝑏𝐴‖𝑃 − 𝑎‖𝑃𝑏𝐴 �     [10] 

where Na and Nb is the number of points contained in point set A and B, respectively. The modi-
fied Hausdorff Distance measures the average distance between each point in point set A, to the 
nearest point in point set B, and vice versa. If the modified Hausdorff distance is dmh, then the 
average distance between each point in A and B is dmh. 

The modified Hausdorff Distance has, to my knowledge, not been widely applied to 3D imag-
es, or geological models. Therefore, computational challenges exist in regards to the size of the 
point sets which are to be compared. If the point sets are relatively small, the modified Hausdorff 
distance can be computed rapidly by exhaustively computing a matrix containing the norm-
distances between each individual point in A and B. The exhaustive norm-distance matrix can 
then be loaded into the memory of the computer and the modified Hausdorff distance can be 
computed rapidly. However, if the point sets are too large, which is the case in both Paper II and 
Paper III, exhaustive computation is not feasible, and the norm-distances must be computed iter-
atively, significantly increasing the computational times. In Paper II this computational challenge 
is remedied by reducing the size of the point sets by selecting the boundaries of the 3D objects 
contained in the point sets. The modified Hausdorff distance is then computed for these reduced 
point sets, such as seen in the 2D example presented in Figure 7. 

 

 
Figure 7. A 2D example of the binary categorization of the hydrostratigraphic models and example of the Roberts cross 

operator for edge-tracing; a) a horizontal slice of the hydrostratigraphic model at elevation interval centered on 20 m b.s.l., 
b) the result of the binary categorization of the hydrostratigraphic model into two categories: 1) Non hemipelagic clay 

(black) and 2) hemipelagic clay (white). The boundary of the objects in the binary image is shown in red. c) Shows the object 
and boundary of the objects for the DS simulation which has the smallest Modified Hausdorff Distance (MHD), i.e. is the 
most similar to b). The MHD value is shown in d) shows the DS simulation, which has the 25th largest MHD and e) shows 

the DS simulation with the largest MHD and therefore is least similar to the hydrostratigraphic model in b).Graphics from: 
Paper II - Barfod et al. (2017) 



2.4.2 Euclidean Distance Transforms 

The computational disadvantages of the modified Hausdorff Distance, eq. [10], led to the in-
vestigation of alternative methods for comparing categorical images. One such approach, which 
is computationally more feasible, is Euclidean Distance Transforms (EDT). The EDT is a trans-
form which translates each cell in a binary grid to the Euclidean distance to the nearest active cell 
(Figure 8E-L). A 2D example was presented in Paper III and is presented in Figure 8. The EDT is 
in itself not a distance measure, but can be used as such. The idea is to compute the average 
differences in the EDT of the grids we wish to compare. The hydrostratigraphic models presented 
in this thesis generally have three categories. The distance respective to each of these categories 
must be calculated. The focus of the 2D example in Figure 8 is on showing the EDT for the sand 
and gravel category. The first step is to translate the sand and gravel units (Figure 8A-D) into a 
binary 2D or 3D grid (Figure 8E-H). Then the EDT is computed for the binary grids (Figure 8I-L). 
The EDT based distance, dEDT, is then computed by subtracting the EDT grids from each other 
and computing the arithmetic average. Given point sets A and B, each representing the point set 
of a binary grid, then the EDT-based distance can be computed as follows: 

𝑑𝐸𝐸𝑇 = 1
𝑁𝑔
∑ (min𝑎∈𝐴(‖ x𝑖 − a ‖) − min𝑃∈𝐵( ‖x𝑖 − b ‖ ))𝑁𝑔
𝑖=1       [11] 

where ‖ ∙ ‖ is the Euclidean norm or Euclidean distance, Ng is the number of grid cells, i.e. eq. 
[11] can only be computed for grids which are identical in size (NA=NB=Ng), and xi represents 
locations respective to the EDT grid. 

A computationally favorable EDT implementation is presented by Maurer et al. (2003), and is 
implemented in the MATLAB R2017a function “bwdist”. In Paper III the differences in 3D EDT 
were used for measuring the similarity between realizations in accordance with eq. [11]. 

 

 
Figure 8. A 2D example of the Euclidean Distance Transforms (EDT) as a measure for the similarity between categorical 

MPS realizations. In this example a set of 50 realizations, from the basic modeling setup, are compared based on the differ-
ences in EDT for sand & gravel units. A-D shows the hydrostratigraphic models for the TI, closest realization, 25th closest 
realizations, and farthest realization, respectively. E-H shows, in the same order as above, the binary images of the sand & 

gravel units of the 2D hydrostratigraphic model layers. I-L shows, in the same order as above, the Euclidean Distances 
layers computed from the 2D sand & gravel binary layers. Graphics from: Paper III – Barfod et al. (n.d.). 
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3. Results 

3.1 Analysis of resistivity-lithology relationships 
In Denmark the extensive JUPITER and GERDA databases provide a basis for studying the 

large-scale resistivity-lithology relationship. Computationally this is a large task, which requires 
the integration of both borehole lithology logs, and ground-based and airborne transient electro-
magnetic data. The inherent issues mentioned in section 2.1.1 “Combining information from di-
verse sources” need to be considered when combining information from different data sources. 
The main challenges included extracting the large amounts of data from the databases, as well 
as developing a filtering and weighting scheme for adequately combining the lithology and resis-
tivity information. Extracting all the data from the entire databases at once was not an option due 
to the sheer amount of data. Instead the entirety of Denmark was discretized in a grid with cell 
size 10 by 10 km. During computation the lithology logs and resistivity models for a given cell 
were extracted from the databases, dividing the problem into smaller manageable fragments. The 
extracted resistivity models are then used to estimate the resistivity value at the location of the 
lithology logs along regularized depth intervals with a frequency of 0.2 m. The estimated resistivi-
ty values and lithology logs are combined to form a histogram describing the ‘raw’ relationship 
between the resistivity models and the lithology (Figure 9A). The filtering and weighting scheme is 
then applied to the ‘raw’ data, which results in a filtered and weighted histogram (Figure 9B). The 
weighted and filtered histogram can be viewed as a ‘cleaned’ version of the ‘raw’ histogram, 
which has been corrected for the bias related to the five inherent issues listed in the Paper I. 

 

 
Figure 9. Resistivity histograms from the cell marked in green in Fig. 6a, cell 294. A. Without and B. with filtering and 

weighting applied. Blue colors represent clay tills, and red represents a combined meltwater sand, gravel, and pebble lithol-
ogy group. The median values are represented by a dashed black line. Where the red and blue histograms overlap the color 
is purple. The histograms are from the first layer of the Resistivity Atlas, ranging from 12.5 to 25 m. The tables display the 

summary statistics pertaining to the histograms. Graphics from: Paper I - Barfod et al. (2016) 
 



The ‘cleaned’ histograms are computed for each individual 10 by 10 km cell for the entirety of 
Denmark. For each cell the histograms are summarized by the median value, and a TEM-based 
Resistivity Atlas is presented (Figure 10 and Figure 11). The Resistivity Atlas maps, Figure 10 
and Figure 11, constitute the main results of the analysis of electrical resistivity and lithological 
relationship. 

 

 
Figure 10. An excerpt of the Resistivity Atlas of Denmark. The maps in this figure show the median resistivity value for 

sands, gravels and pebbles in Denmark a) for the first layer, 12.5–25m, and b) for the second layer, 25–55m. The ice margin 
is depicted as a black line. Graphics from: Paper I - Barfod et al. (2016) 

 

 
Figure 11. An excerpt of the Resistivity Atlas of Denmark. The maps in this figure show the median resistivity value for clay 
tills in Denmark a) for the first layer, 12.5–25 m, and b) for the second layer, 25–55 m. The ice margin is depicted as a black 

line. Graphics from: Paper I - Barfod et al. (2016) 
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The TEM-based Resistivity Atlas median maps (Figure 10 and Figure 11) revealed the exist-
ence of large-scale patterns in the regional resistivity-lithology relationships. An example was the 
belt of conductive clay tills running along the east coast of Jutland, with resistivity values between 
~20-50 Ωm. By consulting a Pre-Quaternary map it was revealed that these clay tills are in prox-
imity to a belt of conductive Paleocene clays. Paleocene clays are homogeneous and regionally 
extensive, with resistivity values ranging between ~4-7 Ωm. The geological process which has 
deposited the clay till, has reworked the regional Pre-Quaternary materials, and the conductive 
Paleocene clays have been worked into the clay till matrix.  

3.2 Stochastic hydrostratigraphic modeling by MPS simulation 
In this study (Paper II) three different MPS methods were used to simulate a real-world hy-

drostratigraphic model in Kasted, Denmark. The three utilized MPS methods were: snesim, DS, 
and iqsim. The biggest challenge related to the study was to manage the MPS setup related each 
MPS method. Each method had a different setup, e.g. related to conditioning of soft geophysical 
data. The snesim method uses the tau-model (Allard et al., 2012; Journel, 2002) for conditioning 
the realizations to soft geophysical data. This approach requires the translation of resistivities into 
probabilities. The translation was conducted by using the information contained in a set of resis-
tivity-hydrostratigraphic histograms created by analyzing the information contained in the bore-
hole lithology logs and geophysical resistivity models according to the framework presented in 
Paper I. The DS (Mariethoz et al., 2010) and iqsim (Paper IV) methods use the ‘auxiliary variable 
approach’ for soft data conditioning (Chugunova and Hu, 2008). The approach requires the crea-
tion of an auxiliary variable, which is a soft data variable which spatially overlaps with the given 
TI. During simulation the auxiliary variable is consulted for soft data conditioning. When using 
AEM data creating such an auxiliary variable is no straightforward task. The auxiliary variable 
needs to reflect the complexities related to measuring bulk resistivity values using the SkyTEM 
instrument. Consider the forward operator G, representing the mapping which takes place when 
the SkyTEM instrument scans the subsurface. Creating the auxiliary variable then requires an 
approximate operator G*, which translates the TI into a continuous auxiliary variable. Such a vari-
able entails first populating the categorical TI with resistivity values, afterwards forward models 
need to be created using either a full 3D or approximate 1D forward inversion code which reflects 
the complexities related to the SkyTEM instrument. The forward models are then processed 
(Auken et al., 2009) and geophysical models are created which, after reconstruction, constitute 
an auxiliary variable related to the given TI. Creating such an auxiliary variable was, however, 
circumvented since the 3D cognitive geological model of the Kasted area was used as a TI 
(Høyer et al., 2015). The corresponding SkyTEM resistivity models, which were used to create 
the model, are reconstructed and used as an auxiliary variable, which gave rise to discrepancies 
in the resistivity-hydrostratigraphic relationship used in snesim on one hand, and DS and iqsim on 
the other. 

The main results of the study are presented in Figure 12, Table 2, and Table 3. The realization 
ensembles related to the each MPS method were quantitatively analyzed using modified the 
Hausdorff distance, dmh (Eq. [10]). The exhaustive dmh-based distance matrix (Figure 12a) shows 
the dmh between each individual realization. The final column in the distance matrix represents 
the distance between each realization and the cognitive geological model, however, this is diffi-
cult to analyze with the naked eye, and is thus also presented as a scatter plot (Figure 12b). The 
distance matrix is also illustrated using t-distributed Stochastic Neighborhood Embedding (t-SNE) 
(Van Der Maaten and Hinton, 2008), which is a dimensional reduction tool (Figure 12c). Finally, 



the distance matrix is also summarized in Table 4, where the results are presented in a con-
densed format without using dimensional reduction tools. 

The Kasted survey also contains borehole lithology logs, which were not used in the MPS 
simulation. Therefore, a scheme was developed for measuring the distance between the hy-
drostratigraphic realizations and borehole lithology logs. The results of the lithology log and en-
semble realization distance computations are presented in Table 3. 

 

 
Figure 12. The MHD results presented without and with dimensional reduction. a) The full Modified Hausdorff Distance 

(MHD) matrix showing the distances between individual realizations and between individual realizations and the cognitive 
hydrostratigraphic model. The last column and row of the distance matrix of a) represent the distances between the realiza-
tions and the cognitive model. b) shows a scatter plot of these distances between the realizations and the cognitive model, 

revealing greater detail than can be seen with naked eye from the MHD matrix itself. c) shows the 2D t-SNE plot of the MHD 
matrix. Graphics from: Paper II - Barfod et al. (2017) 

 
Table 3. The borehole distance results are summarized in this table. The borehole distances are the 3D Euclidean distances. 
The presented borehole distance values relate to the hydrostratigraphic realizations of the presented MPS methods: snesim, 

DS, and iqsim. Table from: Paper II - Barfod et al. (2017) 
 sand & gravel [m] glacial clay [m] hemipelagic clay [m] 
snesim 3.8 2.1 1.6 
DS 4.9 2.8 0.8 
iqsim 5.8 3.5 0.2 
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Table 4. Summary of the Modified Hausdorff Distance (MHD) matrix portraying the MHD results. MHDvar represents the 
variability of the given MPS method or between the different MPS methods, e.g. the value in the MHDvar column and the 
snesim→ DS row represents the average distance between the snesim and DS realizations. The MHDcog is the average dis-
tance from the simulation results to the cognitive model. Table from: Paper II - Barfod et al. (2017) 

 MHDvar MHDcog 
snesim 0.48 3.01 
DS 0.78 2.80 
iqsim 1.79 2.65 
snesim  DS 1.05 --- 
snesim  iqsim 2.37 --- 
DS  iqsim 2.19 --- 

 
The second half of the results related to Paper II are concerned with a practical example, 

which illustrates the opportunity of using the 3D cognitive geological model from one area to 
simulate the hydrostratigraphic model of an entirely different survey area. In the example the da-
taset is divided in two (Figure 13a and b). The left-half of the survey data is then used to simulate 
the right-half, which is uninformed, i.e. the AEM resistivity data is used for conditioning but the TI 
only contains the hydrostratigraphic architecture from the left-half of the survey. Two 3D hy-
drostratigraphic realizations are seen in Figure 13c and d, the left-half of the models are ‘frozen’ 
to reflect the 3D cognitive model. 

 
Figure 13. An overview of the setup for simulating new survey areas and the hydrostratigraphic modelling results using the 

Kasted dataset. The presented horizontal slices are centered on 20 m b.s.l., and the vertical cross-section intersects at UTMY 
6230150m. a) The cognitive hydrostratigraphic model is cut in half to simulate having two survey areas, one area with a 
cognitive hydrostratigraphic model (training image) available and the other without. The white area represents the new 

survey we wish to simulate. b) The horizontal slices and vertical cross-sections of the soft data used to simulate the new area. 
The left half is the auxiliary variable, while the right half constrains the simulation of the new survey area. c) A single hy-

drostratigraphic realization. The left half is exactly the same as the cognitive model, see a), while the right half is simulated 
using DS. d) The mode of an ensemble of 10 hydrostratigraphic model realizations. Again, the left haft is the same as the 
training image and the right half shows the ensemble mode of 10 realizations. Graphics from: Paper II - Barfod et al. 

(2017) 



The presentation of the iqsim algorithm in Paper IV also included the same practical example 
of simulating half of the 3D cognitive geological model, but instead of using DS, the presented 
iqsim code was used (Figure 14). The presented practical example also included a comparison of 
the performance between using snesim and iqsim. The modified Hausdorff distance, dmh, be-
tween hydrostratigraphic realizations and the 3D cognitive geological model based on the hy-
drostratigraphic units (Figure 15). The results show, similar to Paper II, that iqsim realizations are 
more similar to the cognitive model than snesim realizations. 

 
Figure 14. Image quilting realizations of buried valleys conditioned to SkyTEM measurements and known half of the basin. 

Training image size: 229x133x39, domain size: 229x133x39, Template size: 49x49x18. Graphics from: Paper IV – 
Hoffimann et al. (2017) 

 

 
Figure 15. Distance-per-category between geostatistical realizations and single 3D model interpreted from SkyTEM. Image 
quilting (iqsim) presents lower distances in distribution than single normal equation simulation (snesim). Graphics from: 

Paper IV – Hoffimann et al. (2017) 
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3.3 Ensemble hydrostratigraphic modeling uncertainty using 
snesim 

The study presented in Paper III, is a manuscript in preparation. The paper concerns itself 
with contributions towards ensemble hydrostratigraphic modeling uncertainty related to hy-
drostratigraphic modeling of AEM and borehole data using the snesim MPS method. The study is 
divided into 8 sub-cases, which are each a modification of a basic modeling setup. Similar to Pa-
per II, the study is carried out on the Kasted dataset, which consists of borehole and AEM data, 
and a 3D cognitive geological model (Høyer et al., 2015). The main challenge related to this study 
was related to the exhaustive quantitative comparison of 400 3D hydrostratigraphic realizations 
with each model containing 1,187,823 cells (Figure 16). 

 
Figure 16. The two same realizations from each case are shown, the first is realization 1/50, and the second is realization 
30/50. Each realization is portrayed as a horizontal slice at 20 m b.s.l., and a vertical cross-section intersecting at UTMY 

6230100 m. A. shows the realization results for the Basic modelling setup, B. Shows the realization results for Case1a which 
uses the Egebjerg TI C. shows the realization results for the Case1b in which the conceptual TI was used for simulation, D. 

shows the results for Case2 where the simulation is constrained to an incomplete soft data grid, E. shows the results for 
Case3 where the simulation is constrained to the sharp resistivity models, F. shows the results for Case4a where the simula-

tion are run without borehole information, G. shows the results for Case4b where the simulations are constrained to soft 
borehole data, H. shows the results for Case5 where the simulation is run without the soft resistivity data. Graphics from: 

Paper III – Barfod et al. (n.d.) 
 
The modified Hausdorff Distance, dmh, was considered, but it was quickly abandoned since 

with the available code, computing the exhaustive distance matrix would require an excess of one 
month in computation time. Therefore, the computationally efficient distance measure, introduced 



in section 2.4.2 “Euclidean Distance Transforms”, was used. The method computes differences in 
EDTs of categorical images and an average difference in Euclidean distance between realiza-
tions is computed; see eq. [11]. This allowed for the exhaustive computation of the distance ma-
trix presented in Figure 17A. The distance to the cognitive hydrostratigraphic model was comput-
ed (Figure 17B), as well as a 2D t-SNE plot (Figure 17C) which summarizes the distance-matrix 
(Figure 17A). 

The ensemble hydrostratigraphic realizations revealed the importance of the AEM data. The 
case5 ensemble realizations did not use AEM data, and revealed models which did not reflect the 
buried valley complex (Figure 16H). The buried valleys seem to be located randomly throughout 
the domain of the individual realizations, and the valleys generally consist of sand and gravel 
units. The boreholes dataset is generally not extensive enough to provide information regarding 
the geographical location of the individual buried valleys. Excluding the borehole data from the 
simulation, as in case4a, did not have a significant impact on the realizations results. The sheer 
amounts of AEM resistivity models dominate over the borehole information. It was also shown in 
case3 that using the sharp spatially constrained inversion models (Vignoli et al., 2015) resulted in 
realizations which were the most similar to the cognitive model (Figure 17B). One reason could 
be the general absence of sand and gravel and glacial clay in the south-eastern edge of the 
model domain (Figure 16E). Finally, it was also shown how the 3D cognitive hydrostratigraphic 
Egebjerg model can be used as a 3D TI to stochastically simulate the hydrostratigraphic Kasted 
model. 

 
Figure 17. A presentation of the average Euclidean distance calculations. A. shows the full distance matrix, B. shows the 

average Euclidean distances between each individual hydrostratigraphic realization and the cognitive geological model, and 
C. shows the 2D t-SNE plot of the distance matrix. Graphics from: Paper III – Barfod et al. (n.d.)  
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Table 5. A summary table showing the average distance value for each 50 by 50 square representing a given case in the 
distance matrix (Figure 17A). The final column, labelled “Distancecog”, summarizes the distances to the cognitive geological 
model, presented as the average of each colored point cloud in Figure 17B. The distances in parenthesis represent ensemble 

variabilities, and the remaining values represent average distances between different ensembles. The unit of the average 
distances is meters. Table from: Paper III – Barfod et al. (n.d.) 

 

Distance [m] Basic setup Case1a Case1b Case2 Case3 Case4a Case4b Case5 Distancecog 
Basic setup (10.1) 12.9 16.9 24.0 12.7 11.1 11.2 49.6 24.3 
Case1a 12.9 (13.6) 18.3 26.0 15.1 14.0 13.9 51.7 24.9 
Case1b 16.9 18.3 (14.8) 27.9 17.8 18.1 18.1 52.5 25.6 
Case2 24.0 26.0 27.9 (24.1) 23.5 25.0 24.9 45.2 33.1 
Case3 12.7 15.1 17.8 23.5 (9.4) 13.6 13.6 49.6 21.6 
Case4a 11.1 14.0 18.1 25.0 13.6 (10.7) 11.1 50.7 24.3 
Case4b 11.2 13.9 18.1 24.9 13.6 11.1 (10.9) 50.6 24.3 
Case5 49.6 51.7 52.5 45.2 49.6 50.7 50.6 (40.0) 59.3 



4. Discussion 

4.1 The resistivity-lithology relationship 
The TEM based Resistivity Atlas was created on a grid covering all of Denmark with a cell size 

of 10x10 km. The median resistivity maps (Figure 10 and Figure 11) revealed large-scale patterns 
in the resistivity-lithology relationship. The grid is, however, quite coarse, and is sensitive towards 
the grid positioning. If the entire grid shifted 1 km in any direction, the resulting median resistivity 
maps might be different in areas where the analysis of the resistivity-lithology relationship is 
based off a few boreholes. If one deep borehole is removed from a given cell, the median value 
might change significantly. An option would then be to compute the Resistivity Atlas on a much 
finer grid, say 1x1km, but this would mean that each cell would contain less data. Therefore, a 
moving average could be computed. First the cell center is selected, and a user-defined window 
is defined, e.g. 5x5km. All data within the window is selected and used to compute a histogram, 
which is assigned to the current cell. The next sequential cell is visited, and data is selected with 
a 5x5km window centered on the new cell center. The process is repeated until each grid cell has 
been visited. The resulting median Resistivity Atlas maps would then be less sensitive towards 
the location of the cells, and would not be as coarse as the original 10x10km grid. This would, 
however, require optimization of the MATLAB-code used for generating the Resistivity Atlas. The 
computation of the original Resistivity Atlas required close to 5 days of computation time, using a 
single CPU. Increasing the number of grid cells by a factor of 102 would require 500 days of com-
putation time. Though, the Resistivity Atlas is ideal for running in parallel on a server, which would 
decrease the computation times dramatically. 

The Resistivity Atlas is computed along regularized horizontal planes, with a spacing of 0.2 m. 
At each horizontal plane a variogram is computed from the resistivity values in that interval. It was 
found that it was only necessary to compute the variogram for every 5th-plane, but a lot of time is 
still spent modeling variograms. The variogram modeling procedure could be optimized by run-
ning the computations in parallel. 

Alternative methods for estimating the resistivity values at the location of the boreholes were 
not explored. The block Kriging method could be used for estimating a pre-defined block average 
at the location of the boreholes. The usage of block Kriging has the advantage of producing a 
“true” average of a block, instead of a point estimate. Additionally, the Kriging estimation should 
also include resistivity values from horizontal planes above and below the given horizontal plane. 
This would provide additional data for estimating the resistivity values, improving the overall esti-
mate in cases where the estimation is based on few data. Conducting the Kriging estimation in 
3D would also improve instability issues, when few data are available for computing the experi-
mental variogram. In cases where the experimental variogram is sampled from few data, the re-
sulting variogram model becomes instable. Computing the experimental variograms in 3D would 
result in additional data, making such instable variograms less likely. 

The resistivity models contained in the GERDA database refers to data which has been col-
lected over a time period between the 1990’s and today. Some of the resistivity data were mod-
eled using few layer inversion (Farquharson and Oldenburg, 1993), while others were modeled 
using smooth multi-layer inversion (Constable et al., 1987). Resistivity models related to more 
recent surveys generally contain both few-layer and smooth multi-layered resistivity models. 
However, models from older surveys sometimes only contain a few-layer model. Therefore, to 
accommodate the usage of all TEM data in the GERDA database the few-layer models were se-
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lected regardless of the existence of the multi-layered models, which ensured consistency in the 
implementation of the resistivity data. 

The Resistivity Atlas of Denmark is, to our knowledge, a novel study. Similar studies in the lit-
erature are uncommon, however do exist (Beamish, 2013a, e.g. 2013b). The results of Paper I 
are unique in the usage of extensive data covering the entirety of Denmark, and in the usage of 
the filtering and weighting scheme for ‘cleaning’ the resistivity-lithology histograms. Furthermore, 
the computations of the resistivity-lithology histograms are carried out in three depth intervals, 
which partially accounts for vertical changes in the resistivity-lithology relationships. 

The Resistivity Atlas framework is also applicable outside a Danish context. It can generally be 
used as illustrated in Paper II and Paper III for analyzing regional resistivity-lithology relationships 
of a survey area, provided a combination of lithology logs and geophysical soundings are availa-
ble. The framework can be used as is, but it can also serve as base from which improvements 
and adjustments can be made to meet the requirements of other geoscientists and geostatisti-
cians. Furthermore, the TEM based Resistivity Atlas also serves as fundamental knowledge 
about the regional variability of the resistivity-lithology relationship across the entirety of a coun-
try. 

4.2 Uncertainty related to different MPS methodologies 
The usage of the modified Hausdorff distance as a measure for similarity is associated with a 

few caveats. Due to computational inefficiency, the point sets, which represent the realizations, 
need to be reduced in size. This is achieved by resolving the objects by their outline, or edge 
trace using the so-called Roberts Cross Operator (Roberts, 1997). The realizations, which contain 
three hydrostratigraphic categories, are simplified into a single binary grid by combining the sand 
and gravel and glacial clay categories into one category. The combined category then represents 
the active binary cells, and hemipelagic clay is the inactive background category. Due to these 
simplifications not all available information is used when the dmh, eq. [10], is applied for measur-
ing similarity between realizations. Avoiding such simplifications would require a computationally 
more effective method for computing the 3D dmh for large point sets, e.g. point sets containing an 
excess of ~250,000 entries. Huttenlocher et al. (1992), report that distance measures derived 
from Hausdorff distances are not sensitive towards small positional discrepancies between the 
images which are to be compared. There seem to be some quirks related to using the dmh, and 
generally no studies were found in the literature regarding the differences between how dmh 
measures the similarity between 3D categorical images. Comparing the dmh and dEDT, which was 
used in Paper III: Barfod et al. (n.d.), the dEDT seems to be more sensitive towards small objects 
placed in a highly improbable area, e.g. objects which are placed in areas that strongly disagree 
with the soft data. 

A key challenge related to Paper II was the discrepancy in setups between snesim on one 
hand, and DS and iqsim on the other. Both DS (Mariethoz et al., 2010) and iqsim (Hoffimann et 
al., 2017) use a multivariate TI, which implements the usage of an auxiliary variable to form a link 
between the categorical simulation variable and the soft data variable. In snesim the soft data is 
conditioned using the tau-model (Allard et al., 2012; Journel, 2002), which requires the translation 
of the soft data variable into a set of probabilities respective to each categorical simulation varia-
ble. This requires information on regional resistivity-hydrostratigraphic relationship. The presented 
snesim setup uses histograms describing the resistivity-hydrostratigraphic relationship to trans-
late into probability values. The histograms were created by using the framework presented in 
Paper I. On the other hand, the DS and iqsim methods use a so-called auxiliary variable for con-



ditioning soft data. An auxiliary variable links the TI and soft data variable. It is in essence a trans-
lation of the categorical TI into a soft data variable, which spatially overlaps the TI. Implementing 
resistivity-hydrostratigraphic histograms in the DS and iqsim setups requires the fabrication of an 
auxiliary variable respective of the intricacies related to measuring bulk resistivity with the 
SkyTEM system. This is no straightforward task, and is a research topic in itself. Therefore, we 
decided to use the overlapping reconstructed SkyTEM resistivity grid as an auxiliary variable. The 
resistivity-hydrostratigraphic histograms, compiled from the overlapping resistivity grid and TI, 
were shown to have shifted as much as ~10 Ωm for the sand and gravel units in comparison with 
the regional histograms sampled using the framework presented in Paper I. Comparing the hy-
drostratigraphic snesim realizations with either DS or iqsim realizations should therefore be done 
carefully, and the mentioned bias should be kept mind. If a scheme for creating an auxiliary vari-
able had been established, the resistivity-hydrostratigraphic histograms could have been used 
which would guarantee that the underlying resistivity-hydrostratigraphic relationships would have 
been more similar between the tau-model and auxiliary variable setups.  

The research related to Paper II presents a comparison between state-of-the-art MPS tools in 
a hydrogeophysical context. Groundwater modeling predictions are sensitive to the model struc-
ture error. Hence, it is important to create hydrostratigraphic models which depict the subsurface 
reliably, as well as reflect the degree of confidence we have in the models. Using stochastic MPS 
tools for hydrostratigraphic modeling allows for both integration of geophysical and borehole data, 
as well as a depiction of the uncertainty by ensemble modeling. However, comparing multiple 3D 
realizations is no trivial task. Other studies, such as the studies by He et al. (2013a, 2013b), also 
use MPS and AEM data to create ensembles of hydrostratigraphic models. However, He et al. 
(2013a, 2013b) do not emphasize hydrostratigraphic modeling process, but rather on using the 
hydrostratigraphic models for groundwater modeling predictions. The TI used by He et al. (2013a) 
is generated directly from the SkyTEM data, which is also used for soft data conditioning. He et 
al. (2013b) recommend using independent data sources for generating the TI and soft data varia-
ble. In Paper II a concept for obtaining 3D TIs from real-world geological models is suggested, 
and in Paper III the concept is put to the test. In conclusion it seems feasible to use 3D geological 
models as TIs to simulate hydrostratigraphic models of other survey areas, provided the two are-
as have a similar geological setting. 

Complexities related to the setup and performance of different MPS methodologies in relation 
to hydrostratigraphic modeling using AEM data were presented in Paper II. It also shows a way of 
quantitatively categorizing and comparing realizations in an ensemble of realizations. The limita-
tions of the study included the fact that the choice of distance measure for comparing similarity 
between realizations was not vigorously tested. The comparison of the realizations depends on 
the choice of distance measure, and different distance measures may or may not be sensitive 
towards specific patterns. An example of such a pattern could be patches of glacial clay units 
embedded in the homogeneous hemipelagic clay units. 

4.3 Contributions to hydrostratigraphic modeling uncertainty 
The MPS setup presented in Paper III studies the ensemble hydrostratigraphic modeling un-

certainty related to MPS simulation using snesim. The study is divided into 8 sub-cases, which 
are concerned with the uncertainty related to: conceptual geological conceptualization via the TI, 
borehole data, and geophysical data. In relation to the geophysical data the main focus was re-
lated to the reconstruction of the resistivity grid, and the choice of geophysical modeling scheme, 
i.e. smooth versus sharp constrained inversion models. An important uncertainty related to the 
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geophysical data, which was not addressed in this study, was the parameter uncertainty related 
to the resistivity models. Each parameter, e.g. the depth to a given layer boundary or the resistivi-
ty values of individual layers, is associated with an inherent geophysical modeling uncertainty. In 
the study presented by Christensen et al. (2017) the parameter uncertainty is fully incorporated 
into the modeling approach using the synthetic environment called HYdrological TEst Bench 
(HYTEB) (Christensen et al., 2016). The geophysical data are modeled by Markov chain Monte 
Carlo (McMC) inversion (Minsley, 2011) resulting in an ensemble of resistivity models related to 
each geophysical sounding. The ensemble spans the parameter uncertainties, and is used to 
derive a probability grid used for conditioning the geostatistical blockSIS simulation. The resulting 
hydrostratigraphic realizations fully implement the resistivity model parameter uncertainty. The 
approach presented by Christensen et al. (2017) is applicable in relation to MPS modeling using 
the snesim algorithm, and including the resistivity model parameter uncertainty would be interest-
ing to test on a real-world dataset. Furthermore, in the approach presented by Christensen et al. 
(2017) the resistivity-hydrostratigraphic relationship varies laterally as well as vertically. In Paper 
III a global resistivity-hydrostratigraphic relationship is used for the entire model, which might in-
troduce some uncertainty, since the relationship at the very least is known to vary with depth, due 
to the dissipation of electromagnetic waves as they propagate downwards. A drawback of the 
McMC resistivity models is that it is currently not possible to enforce lateral coherency (SCI) 
(Viezzoli et al., 2008) between the individual resistivity models due to limitations in CPU power. 
This means that the individual resistivity models are not laterally consistent. 

Choosing a reliable TI is an essential step of MPS modeling. The studies by He et al. (2013a, 
2013b) use snesim for stochastic MPS simulation, where the TI was generated directly from the 
reconstructed SkyTEM resistivity grid, or by usage of the TiGenerator (Maharaja, 2008). He et al. 
(2013b) conclude that an object-based TI might be as good as, or better than, a TI generated  
directly from the SkyTEM data. It can be argued that using a TI generated directly from the 
SkyTEM data does not provide additional conceptual geological information, but rather a repeti-
tion of information from the resistivity models. The hydrostratigraphic realizations presented in 
Paper III were generated by using a real-world cognitive geological models (Høyer et al., 2015; 
Jørgensen et al., 2010) as TI. Therefore the TIs were not derived directly from the SkyTEM resis-
tivity models and contained additional MP information. In relation to Paper III the TI was not 
shown to not be as important when spatially dense resistivity data are present, and mainly pro-
vides bias in the realizations if it contains geological architecture which is far from the soft resistiv-
ity variable, e.g. a significant global proportion mismatch between the TI and target model. There-
fore, using the cognitive geological model as a TI should be considered and it would be fitting to 
test how hydrostratigraphic realizations presented in Paper III perform in relation to groundwater 
modeling predictions. 

The concept of using a 3D TI from another survey area was introduced in Paper II and tested 
in Paper III. The tests showed that, as long as extensive and spatially dense geophysical data 
are available, then it is possible to use a cognitive geological model from an entirely different sur-
vey area as a TI. This both portrays the utility of the framework presented in Paper I, as well as 
answer some of the concerns that are voiced by e.g. He et al. (2013b) regarding the difficulty of 
constructing relevant 3D TIs. This is one of the largest caveats related to MPS.  

The idea of using borehole data as soft information was presented in Paper III, as well as by 
Høyer et al. (2016). Høyer et al. (2016) present an MPS approach where the boreholes are con-
verted to a soft data variable by translating the hard data into sand probabilities using a moving 
window. The localized sand probability are then Kriged into a 3D grid and used as soft data vari-
able. However, the study only relies on the soft borehole data and no geophysical data is used for 
conditioning. In Paper III we suggest combining the soft geophysical data and soft borehole data 



by using the tau-model (Allard et al., 2012; Journel, 2002). During the assigning of the boreholes 
to the modeling grid, the probability for each hydrostratigraphic unit was directly estimated for 
each cell containing borehole lithology logs. The borehole derived hydrostratigraphic probabilities 
were then Kriged to cells within a radius of 200 m of a given borehole. The borehole derived 
probability grid can then be combined with the SkyTEM derived probability grid. In comparison to 
the snesim setup of Høyer et al. (2016), which uses the borehole probability grids as a soft data 
variable directly, combining the borehole and SkyTEM probability grids complicates the overall 
picture. However, Hansen et al. (n.d.) suggest that using a random simulation path, i.e. each cell 
is visited randomly during MPS simulation, does not account properly for the conditional infor-
mation. It is suggested that a so-called ‘preferential simulation path’ is defined, where more in-
formed model parameters are visited earlier during simulation, over less informed parameters. 
The ‘preferential path’ has been implemented in the MPSLIB software2 (Hansen et al., 2016). 

The study presented in Paper III provides knowledge regarding the usage of MPS for stochas-
tic 3D hydrostratigraphic modeling of large-scale and spatially dense AEM datasets. Furthermore, 
similar to Høyer et al. (2016), it also presents how 3D cognitive geological models can be used as 
TIs for stochastic hydrostratigraphic ensemble modeling. Such stochastic geostatistical ap-
proaches for stochastic hydrostratigraphic modeling have previously been tested in relation to 
groundwater modeling predictions (e.g. Gunnink and Siemon, 2015; He et al., 2014, 2013a, 
2013b; Marker et al., 2017). However, these studies are focused around a binary simulation vari-
able, or as Marker et al. (2017) the hydrostratigraphic units are based off a clustering analysis 
and are conceptual in nature. The ensemble hydrostratigraphic models presented in Paper III 
have not been tested in relation to groundwater modeling predictions, which would be an interest-
ing study. 

                                                   
2 Software available at: https://github.com/ergosimulation/mpslib 

https://github.com/ergosimulation/mpslib
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5. Conclusion 

A framework for analyzing the regional resistivity-lithology relationship has been developed 
(Paper I) and a TEM-based Resistivity Atlas of Denmark was compiled revealing large-scale re-
gional patterns in the resistivity-lithology relationship. The patterns were shown to be closely re-
lated to the pre-Quaternary map of Denmark. The relationship is partly governed by changes in 
facies as well as the material available to the geological processes which have deposited the 
given lithological units. The framework for analyzing the resistivity-lithology relationship was used 
for MPS modeling in Paper II and Paper III. Regional resistivity-hydrostratigraphic histograms 
were compiled for the Kasted dataset, and used for soft data conditioning of MPS simulations 
using the snesim method. 

The ensemble hydrostratigraphic modeling uncertainty related to different MPS methods for 
hydrostratigraphic modeling using extensive AEM datasets was tested for a selection of three 
state-of-the-art MPS methodologies: snesim, DS, and iqsim (Paper II). The hydrostratigraphic 
modeling ensembles related to each MPS method were compared using both visual and quantita-
tive comparison. The quantitative comparison was carried out using the modified Hausdorff Dis-
tance, dmh, as a measure of similarity between 3D hydrostratigraphic realizations. The ad-
vantages/disadvantages related to using such quantitative comparison techniques have been 
discussed in this dissertation. It was shown how each of the three presented MPS methods have 
a set of related merits, e.g. iqsim is computationally effective, snesim is good at soft data condi-
tioning, and DS is an effective tool for reconstructing incomplete continuous variables. Finally, 
when using the auxiliary variable approach for conditioning soft AEM data, the auxiliary variable 
should reflect complexities related to measuring bulk resistivity values using different AEM sys-
tems, e.g. the SkyTEM system. Therefore, generating an auxiliary variable for AEM data is an 
important research topic. 

The ensemble hydrostratigraphic modeling uncertainty using snesim was studied in Paper III: 
Barfod et al. (n.d.). The study was divided into 8 sub-cases, each dealing with a different type of 
uncertainty related to the modeling setup. The different types of uncertainty included: conceptual 
geological understanding via the TI, reconstructing the geophysical model grid, geophysical mod-
eling, and borehole lithology logs. The distance measure utilized in Paper II was the modified 
Hausdorff distance, dmh, which due to computational disadvantages could not be applied in Paper 
III. Instead a distance measure based on absolute differences in Euclidean Distance Transforms 
of binary images, dEDT, was used. The quantitative dEDT-approach for comparing 3D hydrostrati-
graphic images had a computational advantage over the dmh-approach, but was also different 
from the dmh-approach. The dEDT-approach was applied exhaustively to entire objects, and not 
just their outlines, and measures the similarity between each hydrostratigraphic unit separately. 

The research presented in this thesis focused on applications to groundwater modeling and 
groundwater modeling predictions. The application related to the presented MPS framework can 
be extrapolated to other fields of study as well, such as resource evaluation. Another, obvious 
application is the petroleum industry, where MPS methods are already widely applied for reser-
voir modeling and resource evaluation. 
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We present a large-scale study of the petrophysical relationship of resistivities obtained from densely sampled
ground-based and airborne transient electromagnetic surveys and lithological information from boreholes. The
overriding aim of this study is to develop a framework for examining the resistivity-lithology relationship in a
statistical manner and apply this framework to gain a better description of the large-scale resistivity structures
of the subsurface.
In Denmark very large and extensive datasets are available through the national geophysical and borehole data-
bases, GERDA and JUPITER respectively. In a 10 by 10 km grid, these data are compiled into histograms of resis-
tivity versus lithology. To do this, the geophysical data are interpolated to the position of the boreholes, which
allows for a lithological categorization of the interpolated resistivity values, yielding different histograms for a
set of desired lithological categories. By applying the proposed algorithm to all available boreholes and airborne
and ground-based transient electromagnetic data we build nation-wide maps of the resistivity-lithology rela-
tionships in Denmark.
The presented Resistivity Atlas reveals varying patterns in the large-scale resistivity-lithology relations, reflecting
geological details such as available source material for tills. The resistivity maps also reveal a clear ambiguity in
the resistivity values for different lithologies. The Resistivity Atlas is highly useful when geophysical data are to
be used for geological or hydrological modeling.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).
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1. Introduction

Aquifer mapping and vulnerability assessment is important for se-
curing clean drinkingwater globally. Geophysicalmethods, in particular
electric and electromagnetic methods, with resistivity as the main
petrophysical property, have proven to be important tools for mapping
groundwater resources and their vulnerability, when combined with
hydrological and lithological information from boreholes (e.g. Slater,
2007; Siemon et al., 2009). Boreholes generally have a low spatial den-
sity, but are complemented by spatially dense geophysical data, e.g.
Sandersen et al. (2009) and Nobes (1996). Combining lithological logs
from boreholes and resistivity data from ground-based and airborne
electromagnetic soundings provides the area coverage anddetailed lith-
ological information required for creating 3D hydrogeological models of
the subsurface with adequate accuracy for the purpose of the models
and the related 3D groundwater models (e.g. Thomsen et al., 2004;
Sandersen et al., 2009; Bosch et al., 2009; Jørgensen et al., 2012;
Oldenborger et al., 2013). When building hydrogeological models,
.V. This is an open access article und
knowledge or assumptions regarding the relation between resistivity
and lithology is required, but this relation is rarely straightforward.
Such relations have been subject to many studies and have been
researched in the scientific community since the mid 1900's, where
e.g. Archie (1942) and Jones and Buford (1951) published on relation-
ships related to resistivity. Since then, scientists worldwide have stud-
ied and described the relations between resistivity and different earth
materials under a variety of conditions resulting in a high number of
mathematical formulas (e.g. Glover, 2015).

In sedimentary environments the resistivity is related to the clay
content, clay type, porosity, saturation, and pore water chemistry of
themedium. These parameters are closely related to hydrological prop-
erties, and lithological models forming hydrogeological models can
therefore be translated into 3D groundwater models. When creating
hydrogeologicalmodels for groundwatermodels, themodeler therefore
needs to have a thorough understanding of both the geophysical data
and the geology, and not least how they are related. To our knowledge,
the resistivity and lithological relations has not been studied before on
a large national scale, except in one similar large-scale study carried
out by Beamish (2013a, 2013b), where the conductivity-lithology rela-
tions are presented for the entirety of the United Kingdom. The study
presented by Beamish specifically focuses on relating 3 kHz apparent
er the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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conductivity data obtained by an airborne frequency domain electro-
magnetic system to the existing UK geological lexicons containing
lithostratigraphical and lithological maps.

This paper presents a general method for relating resistivity models
to lithological samples from boreholes applied on a dataset of a national
scale. Themethod is centered on a procedure, which categorizes the re-
sistivity model data according to a representative lithology from the
boreholes. From the categorized resistivity data normalized histograms
are created for a specific lithology or a group of lithologies. The resistiv-
ity models originate from airborne and ground-based Transient Electro-
magnetic (TEM) soundings stored in the Danish national geophysical
database, GERDA (Møller et al., 2009), while the lithological data origi-
nate from the Danish national borehole database, JUPITER (Møller
et al., 2009; Hansen and Pjetursson, 2011). Combined, the data from
these databases provide the statistical basis needed to describe the
resistivity-lithology relationships. The large-scale resistivity-lithology
relations are portrayed as a compilation of a national Resistivity Atlas
of Denmark (Fig. 1). The Resistivity Atlas visualizes the histograms in a
grid covering all of Denmark, with 10 × 10 km square cells. One histo-
gram is calculated for each 10 × 10 km cells for each of the dominating
lithologies. The final Resistivity Atlas portrays the resistivity-lithology
relations in a number of maps, of which an excerpt is presented here.
2. Geological background

The major part of the Danish subsurface consists of sedimentary ba-
sins, which started forming during the Carboniferous and Permian. Pri-
marily, the shallow subsurface consists of soft sediments spanning from
Fig. 1.Map of Denmark and the surrounding areas. The black box marks the extent of the
national Resistivity Atlas and the maps shown in Figs. 2, 3, 6, 9 and 10.
Cretaceous chalk, Paleogene limestone, marls and clays, Neogene clay
and sand, to Quaternary glacial and interglacial deposits (Liboriussen
et al., 1987). The Danish Pre-Quaternary stratigraphic succession is
tilted away from the Scandinavian shield. Thereby the youngest sedi-
ments from Miocene are found in the southwestern part of Jutland
and the deposits become older towards North and East (Fig. 2a).

The thickness of the Quaternary sediments varies between ca. 0 and
300 m and they are deposited in a series of glaciation and deglaciation
events (Houmark-Nielsen, 1987; Houmark-Nielsen and Kjær, 2003).
The sediments deposited in these glacial cycles are dominated by till
and meltwater deposits and show a high degree of heterogeneity and
complexity related to the formation of e.g. buried valleys or
glaciotectonic complexes as described by Jørgensen and Sandersen
(2006) and Høyer et al. (2013). The youngest Quaternary sediments in
the western part of Denmark are dominated by coarse-grained glacial
outwash deposits from the Scandinavian ice sheet at the glacial maxi-
mum in Late Weichselian (Fig. 2b). The ice sheet expanded from
Norway and Sweden in south, southwest and westward directions to-
wards Denmark and reached itsmaximumposition at theMain Station-
ary Line in the central part of Jutland (Fig. 2b), forming large outwash
plains in the low-lying areas of the Saalian landscape (Larsen et al.,
2009; Sand-Jensen et al., 2006). To the north and east of the Main Sta-
tionary Line, the youngest sediments are dominated by clay till formed
by the ice sheet at the latest glacialmaximumor younger re-advances in
the Late Weichselian.

3. Data

The data utilized in this study originates from the comprehensive
national geophysical and borehole databases of Denmark. TheGEophys-
ical RelationDAtabase, GERDA (Møller et al., 2009) comprises amajority
of the geophysical data collected onshore in Denmark in relation to
groundwater and raw material mapping. In particular, the database in-
cludes all ground based and airborne TEM data collected since the early
1990's, which is the main source of data used in this study. As of 2015,
GERDA contains about 75,000 ground based TEM soundings and 1.5
million SkyTEM soundings (Sørensen and Auken, 2004), which cover
close to 40% of the Danish onshore area (Fig. 3a). The database contains
both raw and processed data as well as the resulting resistivity models.
There have been several generations of the SkyTEM system, the earliest
system is described by Sørensen and Auken (2004). The SkyTEM system
has undergone technological developments, which have improved the
resolution and depth of investigation of the system over time. The
ground based TEM systems used in Denmark include: the Geonics
PROTEM 47 system (Geonics, 2013), the High Moment TEM system
(HiTEM) and the Pulled Array TEM System (PATEM), as described by
Danielsen et al. (2003).

The end result of the data processing and inversion is a 1D resistivity
model for each sounding. The oldest data have been inverted either as
single site soundings or with a laterally constrained inversion approach
(Auken et al., 2005), while more recent data are inverted using a spa-
tially constrained inversion approach (Viezzoli et al., 2008). The avail-
able inversion models are either, smooth multi-layer models
(Constable et al., 1987), or few-layered models (Farquharson and
Oldenburg, 1993). The database contains 135 SkyTEM surveys and 427
ground based TEM surveys, which have been acquired, processed, and
inverted by different consultancy firms and research institutions pri-
marily in relation to the National Groundwater Mapping Program
(Thomsen et al., 2004). A set of standards and guidelines, as well as ab-
solute calibration of the instrument systems at a national test site
(Foged et al., 2013) ensure consistency in the data (Møller et al., 2009).

The borehole data used in this study comes from theDanish national
borehole database, named JUPITER (Hansen and Pjetursson, 2011). The
database currently contains 280,000 shallowwells, drilled in relation to
groundwater, raw materials, geotechnical, and research purposes. The
database contains information on geology, water levels, drilling process,



Fig. 2. Geological maps of Denmark showing a) the Pre-Quaternary stratigraphic succession below the Quaternary cover with major faults (black lines) (Håkansson and Pedersen, 1992)
and b) the Quaternary sediments at 1 m below ground surface (Pedersen et al., 2011). The black line in b) displays the glacial maximum of the Scandinavian ice sheet during Late
Weichselian. (For color figure the reader is referred to the web version of this article).
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water supply, abstraction information, groundwater/drinking-water
chemistry etc.

The JUPITER and GERDA databases are bothmanaged and hosted by
GEUS. They are publicly available via the official homepage of GEUS
(gerda.geus.dk; jupiter.geus.dk).
Fig. 3. a) Map of all available TEM data in Denmark. Green dots represent ground-based TEM so
cation of a SkyTEMsurveydisplayed in b). In b) the blue dots are, again, the SkyTEMdata,while t
are marked in gray. (For interpretation of the references to color in this figure legend, the read
4. Methodology

The overall goal of the presented method is to produce an easy and
statistically sound way of studying relationships between dense geo-
physical data and borehole lithological logs. Very large datasets are
undings, while blue dots are SkyTEM soundings. The red box indicates the geographic lo-
he cyandots are the boreholes. The profile in Fig. 7a) is shown as a red line. Roads and cities
er is referred to the web version of this article.)

http://www.gerda.geus.dk
http://www.jupiter.geus.dk
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involved, which means that a large part of the procedure is related to
importing and organizing data. Once the data have been organized, an
algorithm is run. A conceptual diagram portraying the overall steps of
the algorithm is seen in Fig. 4. For a given subset of the data the process
can be divided into three key steps:

1) Based on the available boreholes and geophysical data the subsur-
face is divided into N horizontal planes, HP, for regular elevation in-
tervals with a spacing of 0.2 m.

2) For each HP steps a) to c) are run:

a) All layer resistivity values intersecting the given HP are retrieved
and a semivariogram is created based on the logarithmic resistiv-
ity values.

b) The semivariogram from a) is applied to interpolate the
intersecting resistivity values to the intersecting borehole posi-
tions, i.e. one interpolated resistivity value for each borehole
intersecting the HP. Only resistivity values within a radius of
400 m from the boreholes are used. This gives an estimate of the
resistivity values at the boreholes for the givenHP. The utilized in-
terpolation method is Simple Kriging (Journel and Huijbregts,
1978; Pebesma and Wesseling, 1998).

c) The interpolated resistivity values from b) are then assigned to the
lithology found in the borehole lithology logs. Fig. 5 shows the typ-
ical data setup for steps a)–c) for one lithology from one borehole
close to a SkyTEM flight line.

3) A summarizing histogramdescribing the resistivity to lithology rela-
tion is created for each lithological category or set of categories, e.g.
as seen in Fig. 8.

To compile the national atlas, steps 1–3 are repeated over a 3D grid
with 10× 10 km cells laterally (Fig. 6a) and three layers vertically creat-
ing the summarizing histograms from step 3) for each cell in each layer.
Vertically, the three layers cover the intervals 12.5–25m, 25–55m, and
55–100 m. The upper 12.5 m boundary is chosen to account for a poor
near surface resolution of some of the TEM systems. The early TEM in-
struments have a poor resolution in the upper 15–20 m, while newer
systems have poor resolution only in the upper of 5–10 m (Schamper
et al., 2014a). Therefore, the 12.5 m value has been chosen as an inter-
mediate value, taking into account that several generations of the
ground-based TEM and SkyTEM systems are included in the dataset.
The lateral and vertical size of the cells has been prescribed to fit with
the overall data density of both the geophysical and borehole data. Fol-
lowing the grid, the spatially distributed histograms can now be
Fig. 4. Conceptual diagram showing the overall steps in the process of creating histograms
for the resistivity map.
visualized by displaying a pixelated map of e.g. the median resistivity
or other key summary statistical values for desired lithologies.

The algorithm sketched above is straight forward and intuitive, but
there are also a number of built-in issues to be dealt with. These issues
are listed below and are handled by introducing weighting factors for
the entries in the histograms:

a) The resistivity models are interpolated to the borehole positions
(item 2b in the list above). This is associatedwith an uncertainty de-
pending on the geological heterogeneity and the distribution of the
resistivity models relative to the boreholes.

b) The resistivity data onwhich the interpolation is based are of varying
quality. Themodels are non-unique, whichmaps into an uncertainty
measure on the individual resistivities, which, in turn maps through
the spatial interpolation to the borehole positions.

c) The soil samples, and thereby the lithological descriptions of bore-
holes are of uneven quality, which can be expressed as an uncer-
tainty for the lithological class description.

d) Boreholes are commonly clustered in areas of heightened interest,
e.g. drinking water abstraction areas, whereas less interesting areas
are more sparsely sampled. This causes a very irregular spatial sam-
pling of the lithologies of the model area.

e) There are scale differences in the resolution capabilities of boreholes
and geophysical data, which necessitate a scaling with depth in the
sampling.

To address issue a), regarding the inconsistency in the location of
boreholes and geophysical observations, two things are done. Firstly,
only boreholes which have one or more TEM soundings within a radius
of 400m are selected (Fig. 6b). The 400m threshold has been chosen to
limit the size of the datasetwhile assuming that 400m is larger than the
overall correlation length in the typical geological architecture and
more than the footprint of a SkyTEM sounding. In other words, bore-
holes without the required proximity of geophysical data points are
discarded as a safety precaution due to the general high degree of geo-
logical heterogeneity within glacial deposits, e.g. as seen in Fig. 5. Sec-
ondly, the kriging interpolation ensures that uncertainties at the
estimation points are estimated taking the interpolation distance into
account.

Issue b) is also handled by the kriging algorithm. The resistivity
models have a related model parameter uncertainty, which is a line-
arized error estimate obtained calculating the model covariance ma-
trix (Auken et al., 2015). The model parameter uncertainty can be
regarded as relative measures of uncertainty, since the inversion is
carried out in logarithmic model space. Therefore, small values can
be trusted and larger values are best viewed as guidelines and this
is accounted for in the weighting scheme. First, the model parameter
uncertainty is used as input to the Kriging routine together with the
resistivity value itself. The total Kriging output variances accounting
for both the interpolation distance uncertainties and the resistivity
parameter uncertainties are converted to standard deviation factors,
σfactor, which are then translated into weights, wσ, through a piece-
wise linear function,

wσ ¼
wmin; if σ factorNσmax
α � σ factor þ β; if σmin≤σ factor ≤σmax
1; if σ factorb1

8<
: ð1Þ

where σmax is the threshold standard deviation factor for which all
standard deviation factors are assigned the minimum weight, wmin,
σmin is the minimum threshold value for the standard deviation

below which all values are assigned a weight of 1, α ¼ ðwmin−1Þ
ðσmax−σminÞ

and β=1−α ∙σmin.
To account for challenge c) the uneven quality of the lithological

data, a quality assessment of the boreholes has been computed to assign



Fig. 5. The cross section from Fig. 3b, with the three closest boreholes and SkyTEM resistivity models along one flight line. The borehole lithology description is shown in the top left box.
The full borehole lithology logs can be found on jupiter.geus.dk. The 400 m search radius for borehole 108.154 is shown as gray shaded boxes for the clay till layers. (For color figure the
reader is referred to the web version of this article).
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uncertainty to the borehole lithological samples. This approach has pre-
viously been presented by He et al. (2014) and Høyer et al. (2015). The
quality assessment groups the lithological input into five quality catego-
ries based on a point system. The point system is based on a number of
criteria:

• Location method: The location method is determined; differential
GPS, normal GPS, or manually marked on a map. The more precise
the location method the more points assigned to the given borehole.

• Sampling frequency: The number of samples taken per length unit
(m) during the drilling process. The higher the frequency the more
points are assigned.

• Drilling contractor: Some drilling contractors are more reliable than
others. The reliable contractors are assigned more points than the
less reliable.

• Drilling method: the sample quality is dependent on the drilling
method. Drilling methods producing high quality samples are given
more points.

• Borehole purpose: The quality of the lithological descriptions often
depends on the purpose of the borehole. E.g. seismic shot holes
often have poor lithological descriptions, and are therefore assigned
fewer points.

Each borehole is assigned a certain amount of points depending on
these criteria. The boreholes are then grouped in five quality groups,
Q1–Q5, based on their final score. The Q1 group boreholes are of the
highest quality, while Q5 boreholes have little to no relevant informa-
tion. Each quality group is then weighted accordingly. Full weight is
generally assigned to Q1 boreholes while reduced or no weights are
assigned to the other groups, Q2–Q5, accordingly. The weights, wQA,
used in this paper are listed in Table 1.

To account for issue d) the clustering of boreholes, we propose a de-
clustering routine based on Voronoi diagrams, accounting for the sparse
and clustered nature of boreholes. The routine down-weights entries
from closely spaced boreholes based on their relative Voronoi polygon
areas (Fig. 6c). This ensures that the histograms are less dominated by
a cluster of closely spaced boreholes, and that the variability of the resis-
tivity field is represented more evenly. The Voronoi de-clustering rou-
tine has two steps. First, a Voronoi diagram is made based on the
positions of the selected boreholes (Voronoï, 1908) by creating a poly-
gon around each borehole (Fig. 6c). The areas, Avoronoi, are calculated
for each of these Voronoi Polygons and are then translated intoweights,
wvoronoi, by the piecewise function

wvoronoi ¼
wmin; if AvoronoibAmin
α � Avoronoi þ β; if Amin≤Avoronoi≤Amax
1; if AvoronoiNAmax

8<
: ð2Þ

where, Amin is the threshold area below which all Voronoi polygons
are assigned the minimum weight value, wmin, and Amax is the
threshold area above which all Voronoi polygons are assigned a
weight of 1, α ¼ ð 1−wmin

Amax−Amin
Þ and β ¼ ðwmin−ð 1−wmin

Amax−Amin
ÞAminÞ.

The above mentioned weights are combined into one total weight
matrix, containing the cumulated effect of all the individual weights.
Combining the weights in such a scheme makes it easy to weight the
histograms, and also to implement new weights. The final weighting
matrix, wtot, created by combining the individual weights is

wtot ¼ ∏K
i¼1 wσ ið Þ �wvoronoi ið Þ �wQA ið Þ �… �wk ið Þ

� �
; ð3Þ

where K is the number of sampled data points to be weighted in the
given histogram, and wk is a hypothetical kth weight, implying that
any number of desired weights might be applied in this flexible
weighting scheme.

The totalweightmatrix,wtot, is then applied to the histogram,which
is then re-normalized to 1 by dividing the sum of weighted counts by
the applied weights. This ensures that the weighted histograms are
comparable to each other, and that the normalized counts are represen-
tative fractions of the total area of the histograms.

Finally, addressing issue e), concerning resolution discrepancies, we
are dealing with a common problem when relating geophysical infor-
mation to geological information. Generally, boreholes resolve thin geo-
logic layers better than most geophysical methods. For airborne and
ground-based TEM systems the resolution capability towards an indi-
vidual layer is dependent on many factors, such as the conductivity
and depthof the layer. Themore conductive the layer, the better the res-
olution (Christiansen et al., 2009; Schamper et al., 2014b), and the
deeper the layer, the poorer the resolution will be. A solution to this is
to include only borehole layers, which are considered resolvable by
the geophysical method. The TEM and SkyTEM resolution can roughly
be described as exponentially decreasing (Schamper et al., 2014b). In
this study, threshold values are chosen as 12.5 m at a depth of 1 m,

http://www.jupiter.geus.dk


Fig. 6. a) Map of the grid used in the Resistivity Atlas of Denmark with boreholes and TEM soundings; the grid cells are 10 × 10 km in size. b) the data selection within a single grid node
(node 294 markedwith green in a)), where boreholes with a TEM sounding within 400 m are marked in green, and discarded boreholes are marked in red. c) Voronoi polygons for a se-
lection of boreholes containing a specific lithology, based on the boreholes which aremarked in green in b). (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Table 1
Quality assessment weights,wQA, are applied to all histograms throughout this paper, un-
less otherwise stated.

Quality group Q1 Q2 Q3 Q4 Q5

wQA 1 0.8 0.7 0.6 0
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exponentially increasing to 100 m at a depth of 150 m, with an accep-
tance threshold of 80%. The proposed borehole filter is implemented
by considering the percentage of the target lithology for exponentially
increasing intervals. The filter is implemented to run for an entire bore-
hole, including the first 12.5 m which, as explained at the beginning of
this section, are disregarded due to the resolution capabilities of the
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SkyTEM system. The upper 12.5 m are removed by the Resistivity Atlas
grid layer constraints. The filter scans a given borehole from top to bot-
tomwith a particular lithology in focus. The filter starts by selecting the
first HP intersecting the given borehole as the focus point, along with
the borehole lithology. Afterwards all borehole lithologies foundwithin
the first filter interval, stretching from 0m to 12.5m including the focus
point, are selected. If the selection consists of more than 80% of the tar-
get lithology, then the focus point is accepted; if not the focus point li-
thology is discarded. The filter then moves to the next focus point,
being the next successive HP intersecting the borehole, and enforces
the 80% threshold value on a slightly increased filter interval thickness.
This procedure is continued for all intersecting HP's and as the filter
moves deeper, the interval thickness increases significantly, e.g. at a
depth of 75 m the interval thickness is 32.7 m, and at a depth of
125 m the thickness is 70.5 m. The end result, once the entire borehole
has been scanned, is a borehole lithology log with approximated
SkyTEM resolution, e.g. case 3 in Fig. 7.

5. Results

The resistivity-lithology relation within one 10-by-10 km cell
(outlined in green on Fig. 6a) is presented as histograms for two litho-
logical categories (Fig. 8), which are the two most frequently occurring
lithologies from the borehole lithology logs from the JUPITER database
and are not to be viewed as a binary sand/clay classification. The first
category consists of meltwater sand, gravel, and pebbles; the second
category contains clay tills. The definition of the lithological categories
is based on the fact that the processes and elements defining the
resistivity-lithology relations are quite complex. One important element
is the physics behind the TEMmethod, which in the end is what defines
Fig. 7. Borehole 108.154 displayed in Fig. 5 shown in three different cases: 1) the selection
of the clay till layers in green, 2) the intersecting horizontal planes with a spacing of 1 m,
again the selected clay tills aremarked in green and3) same as 2) but afterfiltering related
to the clay till layers. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
the resistivity models. The TEM method is especially sensitive to con-
ductive materials, such as clays, while not as sensitive towards resistive
structures such as sands and gravels. In fact, TEM instruments have a
difficult time resolving details in resistive structures above 150–
200 Ω m (Christiansen et al., 2009; Jørgensen et al., 2005). This means
that it is difficult to differentiate two coarse-grained layers, such as
dry sand and gravel, therefore meltwater sand, gravel, and pebbles
have been lumped together into one category. Clay tills, on the other
hand, generally have lower resistivity values and are abundant in the
Danish geological setting and can therefore form a lithological category
of their own.

Histogramsummary statistics are stated in a table for each of thehis-
tograms in Fig. 8. The statistics include the number of interpolated resis-
tivity data points, the histogrammedian, interquartile range, number of
unique boreholes, and the core length. The interquartile range, IQR, is
used to describe thewidth of the histogram. It is given by the difference
between the 25th and 75th percentile, calculated for the log10-
transform of the resistivity data.

Fig. 8a shows the histograms for the two lithological groups without
any weighting or filtering, whereas weighting and filtering have been
applied in Fig. 8b. It is clear that the coarse meltwater sediments and
the clay tills have overlapping resistivity values. By applying thefiltering
and weighting schemes the overlap between the two histograms is re-
duced and the overall shape is altered. For this specific cell, the median
of the clay till is reduced from 46Ωmbefore filtering to 30Ωmafter fil-
tering, and the IQR of the log data is reduced from 0.31 to 0.23. For the
coarser meltwater category, the median resistivity value is increased
from 77 Ω m to 90 Ω m, and the IQR is slightly decreased from 0.32 to
0.31. Many of the high resistivity values (50–200 Ω m) in the clay till
histogram are removed by the weighting and filtering procedure. The
weighting and filtering does not have the same clear effect on themelt-
water sand, gravel and pebbles category,where themedian is increased,
but the width of the histogram is only slightly decreased. This can be
partially explained by the relatively poor sensitivity towards resistive
materials when using EM methods. Removing layers by filtering the
boreholes still means that the remaining layers are less determined
compared to more conductive materials i.e. spans a wider range due
to low sensitivity. Another explanation could be that the sands/gravels
actually do span a wider range in the log(resistivity) scale, which
would make sense as the EM method is actually sensitive to
lin(conductivity).

Overall, the combined filtering andweighting procedures reduce the
overlap of the resistivity-lithology histograms for the two lithological
categories. Although not shown, we conclude from several experiments
that the general effect of thefiltering is to separate the two lithology cat-
egories and reduce thewidth. Theweighting scheme, on the other hand,
does not reduce the overlap of the histograms significantly, but by
reflecting over the different types of uncertainty and spatial problems
it cleans up the resistivity-lithology histograms. The effects of the differ-
ent weighting procedures differ across the dataset. The borehole de-
clustering has the largest effect in areaswhere boreholes are more clus-
tered. If a model area contains evenly distributed boreholes the de-
clustering weights will become equal and therefore have no effect.
The borehole quality assessment has the largest effect in areas with
old boreholes. Here, the old boreholes, which are often of poor quality,
are down-weighted. Finally, the combined Kriging interpolation and
TEM standard deviation weights depend on the model parameter un-
certainty and the average distance between TEM soundings and bore-
holes, respectively. The average distance between soundings and
boreholes is large in areas where only ground-based TEM exist and in
urbanized areas, where soundings are processed and removed due to
a general high degree of noise (Auken et al., 2009). In these areas the
Kriging weights will have a high influence.

An excerpt from the full Resistivity Atlas is shown in Figs. 9 and 10.
The figures portray the median value of the histograms of the first and
second Resistivity Atlas layers, ranging from 12.5 to 25 m (Figs. 9a and



Fig. 8. Resistivity histograms from the cell marked in green in Fig. 6a, cell 294. a)Without and b) with filtering and weighting applied. Blue colors represent clay tills, and red represents a
combined meltwater sand, gravel, and pebble lithology group. The median values are represented by a dashed black line. Where the red and blue histograms overlap the color is purple.
The histograms are from the first layer of the Resistiviy Atlas, ranging from 12.5 to 25 m. The tables display the summary statistics pertaining to the histograms. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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10a) and 25 to 55 m (Figs. 9b and 10b). The third and final layer of the
Resistivity Atlas, spanning 55–100 m, contains very few data, both due
to the general lack of boreholes with depth and the filtering procedure,
e.g. as seen in Fig. 7. The excerpt shows the two aforementioned litho-
logical categories, the first being themeltwater sand, gravel, and pebble
category (Fig. 9) and the second being the clay till category (Fig. 10). For
each colored 10-by-10 kmpixel a histogram is computed, provided data
is present in the given cell. In some cases very few data are present, and
the lower limit for showing the given pixel has been chosen as at least
Fig. 9. An excerpt of the Resistivity Atlas of Denmark. The maps in this figure show the media
resistivity values for the first layer, 12.5–25m, and b) themedian resistivity for the second layer
to the web version of this article).
four unique boreholes and more than 50 interpolated resistivity values
must be present. Generally the IQR is low, with 90% of the nodes having
an IQR below 0.45, distributed in a pseudo exponentially decreasing
fashion, meaning the majority of the values lie around 0.2–0.3.

Figs. 9 and 10 reveal that the overall resistivity patterns vary geo-
graphically, for both of the lithological categories. The overall variations
are closely related to large-scale geological processes and the general
geology of the Danish area. However, depending on the sediment type
different controlling factors dominate the bulk resistivity value. In
n resistivity value for sands, gravels and pebbles found in Denmark a) reveals the median
, 25–55m. The icemargin is depicted as a black line. (For color figure the reader is referred



Fig. 10.Anexcerpt of the Resistivity Atlas of Denmark. Themaps in this figure show themedian resistivity value for clay tills inDenmark a) reveals themedian resistivity values for thefirst
layer, 12.5–25 m, and b) the median resistivity for the second layer, 25–55 m. The ice margin is depicted as a black line. (For color figure the reader is referred to the web version of this
article).
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short, for coarse and porous sediments, such as the meltwater sand,
gravel, and pebbles category, the pore water ion content is essential,
since most of the electrical current is conducted in the pore water, e.g.
Glover (2015). However, if the sediment matrix contains clay minerals
the current flow additionally takes place along the clay mineral surface,
and the bulk resistivity value also depends on the clay content and the
clay mineral composition and therefore on the matrix materials
(Waxman and Smits, 1968). Hence, for clay-rich sediments, such as
the clay till category, water chemistry has a relatively small influence,
while sourcematerial and depositional processes dominate the bulk re-
sistivity. The bulk resistivity is controlledmainly by the sourcematerials
that were available to the depositional processes depositing the sedi-
ments. The geological processes, which in this case are glacial, rework
the material found at the substrate-ice interface. In areas of coarse
sourcematerials, i.e. abundant amounts of sand, the clay tills inherently
contain more sand and gravel, as opposed to areas with more clay rich
sourcematerial, where more clay would be found in the clay till matrix.

By closer inspection of the Resistivity Atlas (Figs. 9 and 10), it is seen
that there are generally more cells containing meltwater sand, gravel
and pebbles than clay till; in particular to the west of the main station-
ary line at the last glacial maximum presented in Fig. 2b. The sand de-
posits found in the western and northern part of Jutland has a higher
resistivity value on average, with a majority of the median values
lying between ~100 and 500 Ω m. On the islands, Funen and Zealand,
the median resistivity of the meltwater sands, gravels, and pebbles are
generally lower, between ~35 and 125 Ωm (Fig. 9). It is also seen gen-
erally that the number of data decreases with depth, i.e. fewer colored
pixels are found in the second layer (Figs. 9b and 10b). This decrease
is partly due to the shallow surface nature of boreholes, where many
shallow boreholes with depths b 25 m exist, but fewer boreholes with
depths N 25 m exist and partly due to the filtering skipping layers as-
sumed to be below the TEM resolution. The overall patterns seem to
persist with depth, though the global average of the median resistivity
values seems to decrease in the second layer (Figs. 9b and 10b) for
both lithological categories.

The high resistivity trend seen in the western part of Jutland for the
meltwater sands, gravels and pebbles is partly explained by the icemar-
gin seen in Fig. 9. To the west and south of this line, outwash deposits
along with meltwater sands and gravels dominate as cover layers.
Looking at Fig. 2b, this trend also seems to persist northeast of the
main-stationary line where the cover layers generally consist of melt-
water sands and gravels.

A different trend is seen for the clay till category in Fig. 10. Not a lot of
clay till is found west and south of the ice margin at last glacial maxi-
mum. The clay tills found in this area, striking southwest-northeast,
generally have relatively high median resistivity values ranging be-
tween ~35 and 250Ωm. The clay tills located in the eastern part of Jut-
land, east of the glacial maximum, show lower mean resistivity values
between ~20 and 50 Ω m. This corresponds to the presence of
hemipelagic Paleogene clay just below the Quaternary deposits
(Fig. 2a) and along the southeastern and eastern coast of Jutland. The
lower median resistivity values can therefore be explained by the prox-
imity of Paleogene clays which has beenworked into the clay till matrix
during deposition. However, on Zealand higher resistivity median
values are seen with mean resistivity values generally ranging between
~40 and 125Ωm. These trends can, again, be related to the overall geo-
logic setting. If chalk with a particle size similar to clay is worked into
the till matrix the bulk resistivity value is larger due to a smaller amount
of clayminerals present for electrical conduction along the claymineral
surface. We recall from the geological map, Fig. 2a, that on Zealand the
pre-Quaternary sediments are dominated by chalk and limestone, cor-
responding to the generally higher median resistivity values. Therefore,
it is likely that limestone and/or chalk is worked into the clay till matrix,
increasing the bulk resistivity values.

6. Discussion

The goal of the Resistivity Atlas is to study the resistivity-lithology
relations on a large scale, contrary to themany local and regional studies
carried out over decades leading to an overall understanding of the
resistivity-lithology relations among geoscientists. An understanding
based on various types of geological interpretation and modeling
based on geoelectrical and electromagnetic data. It is well-known that
these relationships vary depending on a number of factors, such as
pore water resistivity, matrix material, clay content, clay type, grain
size, post depositional processes, etc. Therefore, the resistivity-
lithology relations must be regarded to some extent as site-specific. In
this sense the resistivity-lithology relations are ad-hoc, since a new
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relation must be established every time a new area is investigated. The
Resistivity Atlas addresses these large-scale spatial variations in the
resistivity-lithology relations and attempts to describe the overall pat-
terns on a national scale. As can be seen from the presented excerpt of
the Resistivity Atlas of Denmark (Figs. 9 and 10), there are some signif-
icant spatial variations in the relationship between resistivity and
lithology.

In this paper it was attempted to remove as much bias as possible
from the resistivity-lithology histograms. There are, though, inherent
problems that cannot befixed in theweighting scheme. One is theman-
ner in which geologic descriptions are carried out, which influences the
final resistivity-lithology histograms. Generally, lithologies are classified
according to the depositional process, which has deposited them, e.g.
tills are simply defined as unsorted glacial sediment, hence any sedi-
ment, which has been deposited by a glacier. Clay tills are therefore
clays,which are unsorted, butwhich contain enough clay to be classified
as clay. Therefore, clay tills can be very sandy and can contain as much
as 88% sand, or quite clayey with more than 20% clay with some of the
most clay rich clay tills containing up to 40% clay. This is defined in
the Danish scheme for describing borehole geology (Ditlefsen et al.,
2008). Obviously the bulk resistivity signature will be very different
for the clays in either end of this spectrum.

The lithologies chosen for this study were selected based on the fact
that they are themost frequent in theDanish borehole lithology logs. Al-
ternative Resistivity Atlas maps could also be created for any other li-
thologies found in the borehole lithology logs; however most of these
maps are very sparse. This is partly due to thefiltering schemeproposed
in Section 4. Methodology, and partly due to the low occurrence rate in
the lithology logs.

The high degree of heterogeneity present in Figs. 9 and 10 does not
seem geologic in nature and in reality they are probably smoother tran-
sitions. A number of solutions could make these sharp boundaries less
sharp, e.g., refining the grid or using a moving window to compute
the histograms. The problem is that the data density is not high enough
for either of these approaches and keeping the 10 by 10 km grid cells
makes it easier to communicate exactly what data values are included
in the histograms as the cells do not overlap.

Information regarding the coarseness of the given sediment is valu-
able information in hydrological applications, and the Resistivity Atlas
might provide some insight into the coarseness of clay tills in a given
area. If a given cell portrays a relatively high mean resistivity value,
this might indicate that the clay till is coarser in this area, i.e. has a
lower clay content, and vice versa. Although the overall trends in the
geologic environment are also required, as for example the high resis-
tivity clay tills on Zealand most likely being caused by chalk or lime-
stone in the sediment matrix.

The statistical resistivity-lithology relation is not simple and signifi-
cant overlaps are present, as seen in Figs. 8, 9, and 10. Consequently, it is
not trivial to interpret and translate resistivity models into lithological
models. Lately, automatic and semi-automatic approaches have been
suggested to build geological and/or hydrogeological models
(e.g., Bosch et al., 2009; He et al., 2014; Foged et al., 2014; Gunnink
and Siemon, 2015). The Resistivity Atlas may prove an efficient tool in
building these models as it provides spatial input on the link between
lithological and geophysical information. The Resistivity Atlas also re-
veals the large-scale resistivity-lithology patterns across the entirety
of Denmark, making it easier to relate these patterns to the large-scale
geologic structures, e.g., pore water ion content and source material.

7. Conclusion

A method for studying the resistivity-lithology relations on a large
scale has been presented, alongwith an excerpt of a national Resistivity
Atlas of Denmark for the two layers, in the interval 12.5–25.0m and 25–
55m and two lithological classes. The presentedmethod integrates lith-
ological information from boreholeswith geophysical resistivitymodels
to create spatially distributed resistivity histograms for selected litho-
logical groups. By applyingweight functions the presented approach ac-
counts for the clustering of boreholes, borehole uncertainty, resistivity
model uncertainty and interpolation uncertainties. Resolution differ-
ences between boreholes and the geophysical methods are handled
through a thickness filtering algorithm.

The presented Resistivity Atlas reveals varying patterns in the large-
scale resistivity-lithology relations, reflecting numerous geological de-
tails such as available source material for tills. The resistivity maps
also reveal a certain amount of ambiguity in the resistivity values for dif-
ferent lithologies. In some areas this ambiguity has been revealed to be
quite large, whereas it is much less in other areas. Such information is
crucial when geophysical data are to be used for lithological/geological
modeling or other derived products such as hydrological models.
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Abstract. Creating increasingly realistic hydrological models involves the inclusion of additional geological and geophysical 

data in the hydrostratigraphic modelling procedure. Using Multiple Point Statistics (MPS) for stochastic hydrostratigraphic 

modelling provides a degree of flexibility that allows the incorporation of elaborate datasets and provides a framework for 15 

stochastic hydrostratigraphic modelling. This paper focuses on comparing three MPS methods: snesim, DS and iqsim. The 

MPS methods are tested and compared on a real-world hydrogeophysical survey from Kasted in Denmark, which covers an 

area of 45 km2. The comparison of the stochastic hydrostratigraphic MPS models is carried out in an elaborate scheme of 

visual inspection, mathematical similarity and consistency with boreholes. Using the Kasted survey data, a practical example 

for modelling new survey areas is presented. A cognitive hydrostratigraphic model of one area is used as Training Image to 20 

create a suite of stochastic hydrostratigraphic models in a new survey area. The advantage of stochastic modelling is that 

detailed multiple point information from one area can be easily transferred to another area considering uncertainty. 

The presented MPS methods each have their own set of advantages and disadvantages. The DS method had average 

computation times of 6-7 h, which is large, compared to iqsim with average computation times of 10-12 min. However, 

iqsim generally did not properly constrain the near-surface part of the spatially dense soft data variable. The computation 25 

time of 2-3 h for snesim was in between DS and iqsim. The snesim implementation used here is part of the Stanford 

Geostatistical Modeling Software, or SGeMS. The snesim setup was not trivial, with numerous parameter settings, usage of 

multiple grids and a search tree database. However, once the parameters had been set it yielded comparable results to the 

other methods. Both, iqsim and DS, are easy to script and run in parallel on a server, which is not the case for the snesim 

implementation in SGeMS. 30 
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1 Introduction 

Recent advances in hydrology have shown the importance of accurate hydrologic models for management of increasingly 

sparse groundwater resources. Hydrologic modelling predictions are sensitive to geologic heterogeneity (e.g. Freeze 1975, 

Gelhar 1984, Fogg et al. 1998, LaBolle and Fogg 2001, Zheng and Gorelick 2003, Feyen and Caers 2006, Fleckenstein et al. 

2006, Zhao and Illman 2017). However, geological units include complexities not directly related to hydrofacies (Klingbeil 35 

et al. 1999). Instead the concept of hydrostratigraphic units is used throughout this study, which effectively combines 

geological units and reduces the total number of units resulting in a closer relation to the hydrologic units. Improving the 

realism and quantification of uncertainty around hydrostratigraphic models is therefore an important step towards accurate 

groundwater modelling predictions. Hydrostratigraphic models are created using several approaches. A common approach is 

a manual co-interpretation of available geophysical, geological and/or hydrologic data. The geoscientist cognitively uses 40 

his/her refined knowledge of geological processes combined with the provided datasets to create a detailed cognitive 

geological model (e.g. Jørgensen et al. 2013). The cognitive geological model is then simplified to a hydrostratigraphic 

model. Even though the hydrostratigraphic model encapsulates the complexities related to geologic architecture, it does not 

reflect the hydrostratigraphic uncertainty. It is a so-called deterministic model, i.e. one version of the hydrostratigraphic 

subsurface. An alternative to cognitive modelling is stochastic modelling using geostatistical methods. The field of 45 

geostatistical modelling focuses on creating models depicting subsurface hydrogeology and/or reservoir properties. 

Geostatistics is currently applied in a number of geoscience fields, such as petrology (e.g. Okabe and Blunt 2005), petroleum 

reservoir modelling (e.g. Journel and Zhang 2006, Strebelle et al. 2002), hydrogeology (e.g. Huysmans and Dassargues 

2009), hydrology (e.g. Michaelides and Chappell 2009). Overall geostatistical methods provide a framework in which 

multiple equiprobable hydrostratigraphic models can be created in a semi-automated fashion. The individual stochastic 50 

models do not reflect the modelling uncertainty, but the model ensemble does. The multiple hydrostratigraphic models can 

be used as a set of input parameters for the groundwater model. By running the groundwater model several times with 

different hydrostratigraphic models, multiple predictions can be made, yielding an estimate of the prediction uncertainty. The 

ability to understand how the hydrostratigraphic uncertainty is related to the prediction uncertainty will help in understanding 

where to improve the hydrostratigraphic models in order to reduce the prediction uncertainty. This study will however not 55 

focus on groundwater modelling predictions, but on the presentation of a stochastic modelling framework for reconstructing 

subsurface hydrostratigraphic architecture.  

Today state-of-the-art geostatistical tools are readily available to geoscientists. Traditional two-point statistics, or variogram 

based methods, e.g. sisim (Journel 1983) and sgsim (Deutsch and Journel 1998), have been widely used in both research and 

in practice (e.g. Seifert and Jensen 1999, Caers 2000, Juang et al. 2004, Delbari et al. 2009). However, variogram based 60 

techniques depend on two-point statistics for simulation of complex geological features. Depending on the complexity of the 

geological setting, such two-point statistical methods cannot re-create complex curvilinear geological features of the 

subsurface which are common in fluvial and glaciofluvial environments (e.g. Arpat and Caers 2005, Hu and Chugunova 
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2008, Journel and Zhang 2006, Journel 1993, Liu 2006, Sánchez-Vila et al. 1996, Strebelle and Journel 2001). An additional 

geostatistical modelling tool which should be mentioned is T-PROGS (Carle 1999). T-PROGS is based on transition 65 

probabilities between categories and generates geostatistical realizations based on such constraints. In comparison with 

indicator method, sisim, it allows for better integration of these transition probabilities and hence, the spatial cross-

correlations of soil/rock type architecture into the groundwater models. However, T-PROGS also has difficulties in re-

constructing curvilinear geological features. Kessler et al. (2013) made a detailed comparison between T-PROGS 

realizations and real-world cross-sections in a gravel pit in Denmark. The result reveals a suboptimal pattern reproduction, in 70 

comparison to other simulation tools such as Multiple-Point statistics (MPS) (Mariethoz and Caers 2014b). MPS is a recent 

alternative to classic two-point statistics. Here, additional multiple-point (MP) information from a training image (TI) is used 

to condition the simulations. The usage of MP information allows for reconstruction of more complex geological features, 

such as curvilinear features (Strebelle 2002). A TI is any 2D/3D image containing geometrical information relevant to the 

hydrostratigraphic model. The crux of the MPS approach is finding a relevant TI. Some examples of 2D/3D TIs are: 75 

categorical images of outcrops (2D), categorical drawings of a geological system created by a geoscientist (2D), cognitive 

geological or hydrostratigraphic voxel models (3D) (e.g. Høyer et al. 2015a) etc. Today, MPS techniques are widely used in 

geoscientific research and studies, a few examples are: Maharaja (2005), Meerschman et al. (2013), Hermans et al. (2014). 

The MPS framework allows for conditioning of geological architecture/patterns, a stochastic framework and spatially 

constraining to both soft data and hard data (Arpat and Caers 2005, Guardiano and Srivastava 1993, Journel 1993, Strebelle 80 

and Journel 2001). 

Within the geostatistics framework the creation of hydrostratigraphic models requires the inclusion of data from multiple 

sources, often geophysical models (soft data), borehole data (hard data) and a TI. The different data sources each provide 

relevant information. Geophysical models provide information regarding the large-scale hydrostratigraphic architecture. 

Boreholes, on the other hand, provide detailed yet usually sparse information regarding hydrostratigraphic units. Each data 85 

source is a piece of the puzzle, combining the individual pieces improves the resulting hydrostratigraphic models. The 

inclusion of several types of data is, however, not trivial since information regarding their mutual relationships, e.g. the 

hydrostratigraphic-petrophysical relationship, is required. An important source of information which helps to combine the 

different sources of data is geologic knowledge. Geologic knowledge can be defined as information regarding geologic 

processes, geomorphologic patterns, structural geology etc. Incorporating geological knowledge into hydrostratigraphic 90 

models is often difficult and done ad-hoc. Geologic information, as described above, complements the soft data and helps to 

create more realistic hydrostratigraphic models. However, within the MPS framework this type of information can be 

implemented via the TI. 

This study focuses on comparing and testing three MPS methods on a real-world dataset from a groundwater survey in 

Kasted, Denmark. An important part of the dataset is the airborne geophysical survey, providing a set of resistivity models 95 

containing information regarding the large-scale hydrostratigraphic architecture of the area. The MPS tools are used to 
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reconstruct an intricate system of interconnected buried valleys. The end result is an ensemble of hydrostratigraphic models. 

A 3D hydrostratigraphic voxel model of the area is used as a TI, containing detailed MP information regarding the 

hydrostratigraphic features of the survey area. Information regarding the geological architecture and the relationship between 

hydrostratigraphy and petrophysical properties are contained in the TI. The hydrostratigraphic-petrophysical relationship is 100 

explicitly known since the hydrostratigraphic model spatially overlaps with the geophysical and borehole lithology logs. 

Spatially constraining the simulation to the soft data, consisting of the resistivity models, ensures that simulated geological 

patterns are placed concurrently to the real-world. However, such geophysical soft data have several types of related 

uncertainty, e.g. spatial uncertainty related to incomplete datasets, resolution capabilities, signal-to-noise ratio decrease with 

depth etc. Incomplete geophysical datasets is a common problem and are typically reconstructed using geostatistics; often in 105 

a deterministic fashion. A common approach is to use variogram based geostatistics, such as Kriging interpolation, to 

reconstruct the incomplete resistivity grid (Isaaks and Srivastava 1989). We have used the stochastic direct sampling (DS) 

grid reconstruction routine proposed by Mariethoz and Renard (2010). Here, the grid reconstruction uncertainty is reflected 

by multiple resistivity grids, yielding variable patterns in the multiple reconstructed grids. The reconstructed grids are then 

used in conjunction with the hydrostratigraphic TI to create a set of stochastic hydrostratigraphic realizations of the 110 

hydrostratigraphy of the modeled area.  

In relation to the Danish Groundwater mapping campaign (Thomsen et al. 2004) detailed geophysical datasets (Møller et al. 

2009) and hydrostratigraphic models exist. A selection of the 3D geologic and hydrostratigraphic voxel models are reported 

in the literature, e.g. Høyer et al. (2015a), Høyer et al. (2015b) and Jørgensen et al. (2015). Additionally, the study by Høyer 

et al. (2016) presents a framework for making large-scale MPS models based on geological 3D voxel models, and seismic 115 

and borehole data. In this study, we will show a practical application where an existing cognitive model from an area is used 

as a TI for simulating a new survey area with similar geological characteristics. 

To our knowledge, no vigorous studies comparing multiple MPS methods have been carried out on real-world 

hydrogeophysical datasets. By applying several measures to assess and compare the modeling results, the selected MPS tools 

are tried, tested and compared on real-world data. The main contributions of this study are: 1) a practical real-world example 120 

of stochastic reconstruction of incomplete geophysical datasets, 2) Comparison of three MPS methods for integrating 

geophysical data: snesim (Liu 2006, Strébelle and Journel 2000), direct sampling (DS) (Mariethoz et al. 2010) and image 

quilting (iqsim) (Hoffimann et al. 2017, Mahmud et al. 2014), 3) validation of the comparison results by: a) visual 

inspection, b) a mathematical comparison method called the “analysis of distance” (ANODI) (Tan et al. 2014), c) 

comparison of the simulation results against the borehole lithology logs, 4) to show the strengths/weaknesses of a stochastic 125 

hydrostratigraphic modelling framework, and 5) a practical example showing how to use the cognitive hydrostratigraphic 

interpretation of one area to directly generate hydrostratigraphic models of new areas, using only the soft data from the new 

area. 



 

5 

 

2 Study area and data 

The Kasted survey area is located in Denmark, in the eastern part of Jutland, close to the city of Aarhus (Figure 1a). The 45 130 

km2 area has been surveyed in detail and contains 453 boreholes; a SkyTEM survey of 333 line km. A detailed geologic 

model of the area has been created by Høyer et al. (2015a). The dataset was collected and compiled in relation to the 

HyGEM project. The local geology consists of an intricate system of interconnected Quaternary buried valleys, infilled with 

till and meltwater deposits. The buried valleys are incised into thick hemipelagic Paleogene clay which dominates the area 

(Høyer et al. 2015a). Many such pre-glaciated areas are dominated by buried valleys, which have proven important 135 

subsurface features in regard to groundwater flow (Jørgensen and Sandersen 2006, Seifert et al. 2008). These noteworthy 

geological features have received a lot of attention in research through the years (e.g. Destombes et al. 1975, Jørgensen and 

Sandersen 2009, Kehew et al. 2012, Ritzi et al. 1994) 

 

Figure 1: An overview map of the Kasted survey area; a) shows the geographic location of the survey area which is marked as a 140 
black box, and b) shows a close-up view of the Kasted survey area with the related datasets and infrastructure overlay. 

The dataset used in this study consists of a dense airborne geophysical SkyTEM survey, near-surface boreholes from the 

Danish borehole database, and a cognitive geologic model created by an experienced geoscientist. In the following we will 

summarize the key features of these datasets. 

The SkyTEM system (Sørensen and Auken 2004), is a helicopter Transient Electromagnetic system allowing for rapid 145 

collection of large geophysical datasets, with high spatial density. The Kasted SkyTEM survey contains 333 line km with a 

line spacing of roughly 100 m (Figure 1b). The SkyTEM data are inverted and modeled according to the scheme described 

by Viezzoli et al. (2008), the end result being a collection of spatially constrained inversion models. In Denmark it is 
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standard protocol to calibrate the SkyTEM system at an official calibration site, as described by Foged et al. (2013), ensuring 

data of high-quality and reproducible results. Therefore, the resistivity values from a calibrated SkyTEM survey are 150 

comparable to other calibrated SkyTEM surveys. The SkyTEM system is sensitive towards large-scale conductive trends in 

the subsurface, especially when a significant contrast between a conductive and a resistive feature exists. In the eastern part 

of Jutland it is common that the lower confining boundaries of the buried valleys are well resolved since these buried valleys 

are often quite resistive and are eroded into conductive hemipelagic Paleogene clays. 

The Danish borehole database, JUPITER (Hansen and Pjetursson 2011), contains about 280.000 shallow boreholes which 155 

have been drilled for a variety of purposes, mainly in relation to drinking water, and raw materials exploration, but also in 

relation to research, and geotechnical studies. The JUPITER database contains information on location, drilling method, 

lithology, geologic age, filter position, water chemistry, etc. 

The cognitive geologic model was created using all available data, including the 333 line km of SkyTEM data, information 

from 435 boreholes and prior geological knowledge of the area. The model was created using the cognitive modelling 160 

scheme which is introduced by Jørgensen et al. (2013). The geological model is described in great detail by Høyer et al. 

(2015a). The geologic model is detailed and contains a set of 21 interconnected buried valleys. The final 3D voxel model 

contains 42 unique geological units, which are simplified into three overall hydrostratigraphic units in this study. The three 

hydrostratigraphic units are chosen for the purpose of covering the overall hydrological features of the groundwater 

modelling area. The cognitive hydrostratigraphic model will act as a base-line for assessing the performance of the three 165 

MPS methods, and the stochastic modeling results will be compared against the cognitive model. 

3 Methods 

MPS provides a degree of flexibility which assists the modeler in creating geologically realistic hydrostratigraphic models. 

The idea is to create a suite of hydrostratigraphic models which span a realistic subset of possible model architectures, as 

opposed to a deterministic model which spans a single possible model architecture. The term realistic refers to models which 170 

comply with the underlying data sets mentioned above, i.e. borehole lithological logs, geophysical resistivity models, and the 

cognitive geological model. The underlying datasets have associated uncertainties describing ranges of possible models. The 

suite of equiprobable hydrostratigraphic models can be used as input to a groundwater model, making it straightforward to 

test the sensitivity of specific groundwater model predictions. 

3.1 MPS methodologies  175 

MPS methods use a training image (TI) to condition a model simulation to a prior geological conceptualization. As opposed 

to two-point statistics, the joint variabilities of multiple-points (MP) are assessed at the same time during simulation. The MP 

joint variabilities cannot be inferred from sparse data and are therefore taken from a relevant exhaustive TI. The justification 

that a given TI can be used to infer the joint variability of MPs heavily lies on the choice of a relevant TI. A TI should 



 

7 

 

always contain geologically realistic and relevant information (Journel and Zhang 2006). Finding and/or creating a realistic 180 

TI is thus important to the MPS methodology. A TI is essentially any categorical or continuous image which contains the 

geological conceptualization of the target variable (Mariethoz and Caers 2014a). It is not a subsurface model itself, but a 

quantitative conceptual depiction of it. The user chooses the TI based on his/her prior understanding of the local 

hydrogeological system. The TI does not need to carry any locally accurate information, i.e. it does not need to contain the 

actual geographical positions of the hydrostratigraphic architecture, just the general patterns. It needs to reflect a prior 185 

geological- or structural concept (Strebelle and Journel 2001). 

The MPS methods chosen in this study have been selected to reflect recent advances in MPS methods. The MPS methods in 

this study include: the “single normal equation simulation” (snesim) (Strébelle and Journel 2000) implemented in the 

Stanford Geostatistical Modeling Software (SGeMS), “direct sampling simulation” (DS) (Mariethoz et al. 2010) 

implemented in DeeSse (Straubhaar 2011), and “image quilting simulation” (iqsim) (Hoffimann et al. 2017) implemented in 190 

ImageQuilting.jl. 

3.1.1 Single normal equation simulation - snesim 

The snesim method is a traditional MPS method. It fits into the so-called “probability framework” where geophysical models 

(not data) are considered soft information, and as such needs to be converted into probabilities. Suppose we have a 

categorical random variable S which has 𝐾 possible states (𝑠𝑘 , 𝑘 = 1, … ,𝐾), i.e. there are 𝐾 hydrostratigraphic units. For 195 

each cell in the target sampling grid a probability 𝑝𝑝𝑝𝑝{𝑠𝑘} is defined for each of the 𝐾 states, so that for a given grid cell, 

denoted 𝑐𝑐𝑐𝑐𝑖 : 

𝒑𝒑𝒑𝒑{𝒄𝒄𝒄𝒄𝒊} = ∑ 𝒑𝒑𝒑𝒑{𝒔𝒌} = 𝟏𝑲
𝒌=𝟏 ,          (1) 

where 𝑖 ∈ {1, … ,𝑁}, and the sampling grid has a total of N cells. The crux is then to translate the geophysical data into the 

probabilities described in equation (1). The collection of all probabilities for the entire sampling grid is also referred to as a 200 

probability map (2D) or probability grid (3D). The translation of the soft data is usually carried out based on a prior 

understanding of the petrophysical-hydrostratigraphic relationship, and will be discussed further later in the paper. For a 

detailed description of the more general petrophysical-lithological relationship the reader is referred to e.g. Barfod et al. 

(2016) and Beamish (2013). The probability grids are used to constrain the simulation using the so-called tau model (Journel 

2002). The probability grid approach is intuitive, and allows the modeler to incorporate any desired datasets or variables into 205 

the probability map. Examples of soft data are any type of geophysical soft data and/or prior information which can be 

translated into probabilities. 

In snesim the TI is stored in a dynamic data structure called a search tree. The search tree is a database and can be seen as a 

condensed summary of the full TI. It contains the spatial information to which the simulation is conditioned; for more detail 

see Strebelle (2002). To avoid repetitive scanning of the TI, which is computationally expensive, the TI is stored in a search 210 
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tree database ahead of the simulation (Roberts 1998). This is done once. TI patterns can then be retrieved from the database 

without scanning the entire TI. Depending on the amount of detail stored in the search-tree this can be quite CPU intensive, 

since the entire search tree is stored in memory, and therefore there is an upper limit to the size of the search-tree pattern 

database. However, advances in computers have increased the upper limit for available CPU.  

Another caveat of snesim is the usage of multiple-grids (Tran 1994). Due to limitations in relation to the search 215 

neighborhood, the simulation of structures on all scales requires the usage of multiple grids. The simulation is carried out on 

a series of multiple simulation grids with varying density, ensuring pattern reproduction at all scales. The search tree 

formulation and multiple grid approach add to the overall complexity of parameterization in snesim, but at the same time 

ensure stable and reliable MPS modeling results. The increased number of user defined parameters makes it less intuitive, 

since it is relatively difficult to determine the optimal parameter values for a given dataset. 220 

3.1.2 Direct sampling simulation - DS 

The Direct Sampling Simulation (DS) method consists, for the simulation of each cell, in randomly scanning the TI until a 

pattern similar to the pattern centered at the simulated cell is found, and then in copying the value in the center of the pattern 

from the TI to the simulation grid. As a consequence, contrary to snesim, no probability is explicitly computed to draw a 

value at a simulation grid cell. In this paper we use the DeeSse implementation of DS, presented by Straubhaar (2011). This 225 

bypasses the necessity of saving spatial patterns in a search tree database; instead spatial patterns are conditioned by directly 

scanning the TI.  

One issue which needs to be solved is how to constrain a soft data variable. In DS this is accomplished by introducing an 

auxiliary variable. The auxiliary variable is roughly a translation of the TI into a soft data variable. Suppose a forward 

operator, denoted by 𝐺 , represents the physical model which translates the subsurface hydrostratigraphic units into the 230 

continuous soft data variable, as when scanning the near surface with a geophysical instrument and subsequently process and 

interpret the data into the actual petrophysical parameter. Then we can define an approximate forward operator G* 

(Mariethoz and Caers 2014b). The G* operator is an operator which is used to translate the TI into a spatially overlapping 

soft data variable. However, in practice creating a G* operator requires several steps. Based on the modeling setup of this 

study, we will briefly review the required steps. Firstly, the TI needs to be populated with relevant resistivity values. The 235 

resulting populated resistivity grid does, however, not reflect the physical model, G, which translates the subsurface 

hydrostratigraphic units into subsurface bulk resistivity. To properly reflect the G operator additional complexity needs to 

added, such as: smooth layer boundaries, loss of resolution with depth, limited resolution capabilities, the instrument 

footprint etc. This can be achieved by using either an approximate 1D or a full 3D forward modeling code to translate the 

populated resistivity models into synthetic data reflecting actually measured field data. These data, the forward responses 240 

then need to be processed and inverted back to resistivity models, which now constitute an auxiliary variable which reflects 

the complexities involved with the SkyTEM system. The auxiliary variable and the categorical hydrostratigraphic variable 
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are combined to create a multivariate, or bivariate TI. The bivariate TI consists of a categorical variable, e.g. the three 

hydrostratigraphic units, and the geographically overlapping continuous auxiliary variable, representing the soft data 

variable. The setup used in this paper, avoids the usage of the G* operator to create the auxiliary variable, since the 245 

reconstructed resistivity grids and cognitive hydrostratigraphic model grids geographically overlap. The reconstructed 

resistivity grids can thus directly be used as an auxiliary variable for the cognitive hydrostratigraphic model TI. The bivariate 

TI constituted of collocated categorical hydrostratigraphic units (cognitive model / primary variable) and resistivity values 

(auxiliary variable) contains information regarding the relationship between these variables. The simulation is then 

conditioned against the bivariate TI by using a so-called distance measure. Distance measures are designed to compare the 250 

similarity of two sets of spatial patterns to each other. The idea is that similar patterns have relatively small distances, while 

dissimilar patterns have relatively large distance values. Conditioning against the MP information contained in the bivariate 

TI enables the ability to find probable spatial patterns, which also agree with the soft data variable.  

DS is more flexible than traditional MPS methods, such as snesim. As no search-tree database is required, the multiple grid 

formulation used in snesim is not required in DS, which effectively reduces the number of parameters and makes the 255 

parametrization relatively simple. Furthermore, one can simulate continuous variables, and/or discrete variables with no 

limitation to the maximum number of categories (e.g. hydrostratigraphic units). In our case, any number of geophysical 

datasets collocated or not, can be included as long as a corresponding auxiliary variable is added to the multivariate TI. 

However, it can be a cumbersome process generating the auxiliary variable. Furthermore, it is even possible to use 

probability grids in place of the actual soft data variable, as in snesim, if desired (Mariethoz et al. 2015). Depending on the 260 

setup and dataset, DS can be computationally as fast as snesim. Moreover, the DS implementation used in this work is 

amenable to scripting yielding the possibility of improving computation times on computer clusters or servers, if available. 

3.1.3 Image quilting simulation - iqsim 

The image quilting simulation (iqsim) method has been borrowed from the computer vision literature (Efros and Freeman 

2001). The algorithm is originally designed to synthesize and/or replicate patterns from 2D images, but has since been 265 

modified to accommodate conditioning data and 3D geoscience problems (Mahmud et al. 2014). The concept of the iqsim 

method is straightforward. In essence, iqsim cuts the TI into user defined patches or blocks, and then reassembles the patches 

to create a simulation. The difficult part is how to re-assemble the patches, to create meaningful and seamless realization 

results which can be constrained to a soft data variable. These difficulties have been solved, and for more detail see e.g. 

Hoffimann et al. (2017)1. A great advantage of the iqsim method is its computation time. It has a similar setup to DS, 270 

regarding the usage of auxiliary variables. The iqsim method is new within the field of groundwater and environmental 

                                                           
1 Software is available at https://github.com/juliohm/ImageQuilting.jl. 
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modelling, and for this paper the open-source Julia implementation by Hoffimann et al. (2017) is utilized. So far, this code 

contains the ability to use masked grids, i.e. grids where only specified grid cells are simulated, conditioning hard and soft 

data, and running simulations on the computer Graphics Processing Unit (GPU), yielding computationally fast simulation of 

hydrostratigraphic models on a personal computer. As with DS, there are no limitations to the number of data events, since 275 

the search-tree structure is avoided, no multiple-grids are required, effectively making for a simple parameterization. 

3.2 Reconstructing incomplete dense geophysical datasets 

A common problem in hydrogeophysics is that datasets, albeit spatially dense, do not cover the entire modelling grid. In 

electromagnetic methods human infrastructure causes electromagnetic interference with the signal. Such noisy soundings, 

referred to as coupled soundings, are removed during processing, as presented by Auken et al. (2009), resulting in an 280 

incomplete dataset with gaps scattered throughout the survey area (Figure 1b). Several approaches to manage with 

incomplete datasets exist. One approach is to leave the incomplete dataset as is; meaning gaps are reconstructed during 

simulation of the hydrostratigraphic model without spatially constraining the simulation gaps. The gaps are filled out solely 

by conditioning to the TI. Alternatively, dataset gaps can be filled prior to simulation, which is primarily done if the dataset 

has a high spatial density and/or the underlying random variables describing the data are not assumed to be especially 285 

complicated. The soft data utilized for constraining in this study are SkyTEM models. The raw SkyTEM data undergo 

processing and inversion (Auken et al. 2009), resulting in a series of spatially constrained 1D resistivity models at the 

sounding locations (Viezzoli et al. 2008) (Figure 1b). The SkyTEM resistivity models are then assigned to the nearest 

sampling grid cells by Simple Kriging with a 50 m search radius. The end result is a spatially dense incomplete 3D resistivity 

grid (Figure 2a). The high spatial density makes it possible to reconstruct the dataset using geostatistical tools, such as pixel 290 

based Kriging techniques, a so-called two-point statistical tool, for reconstructing incomplete datasets (Goovaerts 1997). 

Another approach for reconstruction of incomplete datasets is the method using DS presented by Mariethoz & Renard 

(2010). Since the density of the data points is sufficiently large, the resistivity grid itself can be used as both a TI and soft 

data variable to stochastically simulate the missing values in the resistivity grid, i.e. the gaps in Figure 2a. The MPS dataset 

reconstruction approach (Figure 2c) is advantageous over the variogram based Kriging estimation (Figure 2b) since it only 295 

requires setting up a few parameters. Furthermore, the DS approach uses MP information to condition the reconstruction of 

the dataset. Here, it is important to note that the Kriging method is an estimation method, while the DS approach is a 

simulation method. An estimation method estimates a “best” value, while a simulation method makes a stochastic ensemble 

of equiprobable guesses. The end result of the DS reconstruction approach is an ensemble of stochastic resistivity grids, of 

which one realization is compared against a corresponding Kriging reconstructed grid in Figure 2b and c. The close ups of 300 

Figure 2b and c reveal some key differences in the reconstruction of gaps using Kriging and DS. The resistive peak fringing 

the border of the gap in the westernmost resistive buried valley is smeared into the gap in the Kriging reconstructed grid; see 

close up in Figure 2b. However, the single DS reconstruction presented here does not smear the resistive peak into the gap; 
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see close up in Figure 2c. The usage of MP information in DS allows the possibility that the resistive peak is not part of the 

gap. 305 

The uncertainty related to the stochastic resistivity grids is different from the Kriging resistivity grid uncertainty. The 

standard deviation (STD) related to the Kriging reconstructed grid is closely related to the distance to the nearest data point 

(Figure 2d), whereas the uncertainty on the stochastic resistivity grids reveals values much more correlated to the patterns of 

the geophysical information. 

 310 

Figure 2: Comparison of the deterministic Kriging and stochastic DS resistivity grid reconstruction and their corresponding 
standard deviation. The presented horizontal slice is centered on 20 mbsl. a) shows the incomplete resistivity grid using simple 
Kriging with a Kriging radius of 50m, b) the reconstructed resistivity grid using Kriging with a close-up of a reconstructed 
resistive valley, c) a single realization of the reconstructed resistivity grid using DS with the same close-up d) the standard 
deviation from the reconstructed resistivity grid in b) using Kriging, and e) the standard deviation calculated from an ensemble of 315 
51 stochastic reconstructed resistivity grids using DS. 

It is important to note that the resistivity parameter uncertainty has neither been included in the Kriging nor the DS 

reconstruction, enabling the comparison of the STD maps. As an example, a gap present in the homogeneous conductive 

units with resistivity values between ~2-8 Ωm, has a low STD. According to the TI there is a high probability of finding a 

conductive unit in a gap surrounded by only conductive units due to the homogeneity of such conductive units. However, 320 
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gaps fringing the border of two contrasting resistivities have large STD values, since information regarding the exact 

location of the boundary is missing in the TI; e.g. the large STD value at the eastern border of the survey area seen in Figure 

2e. 

In summary, the uncertainty of the DS reconstruction provides additional information regarding the reconstructed resistivity 

patterns over for instance a kriging approach. Also, the MPS reconstruction of the incomplete dataset is less smooth, easier 325 

to parameterize, stochastic, and the uncertainty is related to pattern reconstruction and not the distance to the nearest data 

point.  

3.3 Hydrostratigraphic modelling setup 

The MPS grid reconstruction procedure is used to generate an ensemble of resistivity grids without gaps (Mariethoz and 

Renard 2010). The reconstructed resistivity grids are used as soft data for constraining the simulation of the 330 

hydrostratigraphic models, with the cognitive 3D hydrostratigraphic model used as a TI. The full cognitive geological model 

contains a total of 42 different geological units (Høyer et al. 2015a), which have been grouped together to form three key 

hydrostratigraphic categories. The three categories are as follows: 

1. sand & gravel: Miocene sand, Quaternary meltwater sand and sand till, within and above the Quaternary buried 

valleys. 335 

2. glacial clay: Quaternary clay till and, meltwater clay within and above the buried valleys. 

3. hemipelagic clay: Hemipelagic, fine grained Paleogene and Oligocene clays.  

The simplified cognitive hydrostratigraphic model is used as a TI, and contains the most significant hydrostratigraphic units. 

Such 3D voxel TIs are usually not readily available, and in most cases 3D TIs are fabricated ad-hoc, and are merely 

conceptual. However, in this case the TI is actually the model we wish to simulate. The justification for this choice of TI lies 340 

in that this study is a proof-of-concept study, where three different MPS methods are compared against each other. Using a 

detailed TI containing the desired hydrostratigraphic concepts showcases how well the MPS methods perform in a stochastic 

hydrostratigraphic modelling workflow with a relevant TI. 

The overall workflow can be seen in Figure 3. In detail, the steps are: 

1) The SkyTEM resistivity grids are reconstructed using the methodology of Mariethoz & Renard (2010) as 345 

described in section 3.2 “Reconstructing incomplete dense geophysical datasets”.  

2) The ensemble of reconstructed SkyTEM resistivity grids is used as soft data for constraining the three MPS 

methods: 

a. A reconstructed resistivity grid and the TI are used in the snesim framework: 
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i. Using histograms created using the Resistivity Atlas approach presented by Barfod et al. 350 

(2016) (Figure 4c and d) a single reconstructed resistivity grid is translated into a set of 

probability maps (Figure 5) 

ii. The TI is used for conditioning in conjunction with the probability maps which are used for 

spatially constraining the snesim simulations using the tau model (Journel 2002). The end 

result is a realization of a hydrostratigraphic model 355 

b. A reconstructed resistivity grid is selected and used in combination with the TI for running DS: 

i. The soft data variable (the resistivity grid) is used for both constraining and as the auxiliary 

variable. The soft data grid is directly available as an auxiliary variable since it geographically 

overlaps with the categorical TI variable. The combination of the cognitive hydrostratigraphic 

model and auxiliary variable create a bivariate TI 360 

ii. The bivariate TI is used together with the soft data grid to simulate a realization of the 

hydrostratigraphic model 

c. A reconstructed resistivity grid is used together with the TI for running iqsim: 

i. As with DS, the soft data grid is used as an auxiliary variable, and for spatially constraining 

the simulations. The TI and auxiliary variable are combined into a bivariate TI. 365 

ii. The bivariate TI is used to create a simulation of the hydrostratigraphic model. 

Steps 2a-c are repeated N times, once for each reconstructed resistivity grid. In this study N=51. For each of the 51 

reconstructed soft data grids three simulations have been run, one simulation per MPS methods: snesim, DS and iqsim, 

yielding a total of 153 hydrostratigraphic realizations. 

 370 

Figure 3: Workflow diagram showing the stochastic modelling procedure for a single realization. Each simulation is run with 
snesim, DS and iqsim. 
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3.4 The hydrostratigraphic-resistivity relationship 

Spatially constraining the simulations to the soft data requires information regarding the relationship between 

hydrostratigraphic units and, in this case, resistivity values. In DS and iqsim the information is contained in the bivariate TI, 375 

which in this case consists of a categorical and a continuous auxiliary variable. As discussed in section 3.1.2 Direct sampling 

simulation - DS, the setup used in this paper avoids using the G* operator due to the geographically overlapping resistivity 

and cognitive hydrostratigraphic model grids. This also enables summarizing the hydrostratigraphic-resistivity relationship 

as a set of histograms (Figure 4a and b). The histograms summarizing the hydrostratigraphic-resistivity relations used in DS 

and iqsim are seen in Figure 4a, and the corresponding summary statistics are found in Table 1. These histograms are created 380 

by selecting one of the reconstructed resistivity grids and combining it with the TI. The same relationship is seen in Figure 

4b, however, instead of using the DS reconstructed resistivity grid the Kriging reconstructed grid is used instead. The main 

difference between the two sets of histograms are a slightly larger separation of the sand & gravel and the glacial clay for 

the Kriging reconstructed grid (Figure 4a and b) (Table 1). For the DS reconstructed grid the median values for sand & 

gravel and glacial clay histograms are 48 Ωm and 32 Ωm, respectively. While for the Kriging reconstructed grid the median 385 

values are 46 Ωm and 27 Ωm, respectively. Furthermore, the Kriging sand & gravel histogram is wider with an interquartile 

range of 38 Ωm, which for the DS grid was 31 Ωm. 

 

Figure 4: The hydrostratigraphic-resistivity relation shown as a series of histograms; a) shows the histograms created by 
categorizing the DS reconstructed resistivity grid according to the simplified hydrostratigraphic model created by Høyer et al. 390 
(2015a), b) the histograms created by categorizing a resistivity grid which has been reconstructed using Kriging, c) the histograms 
resulting from the Resistivity Atlas approach presented by Barfod et al. (2016), and d) the Resistivity Atlas histograms have been 
reproduced based on the summary statistics from c) to create a set of lognormal histograms. 

In the snesim framework constraining to the soft data requires a translation of the soft resistivity data into a set of probability 

maps, one for each of the hydrostratigraphic units. This is achieved by using prior information regarding the 395 

hydrostratigraphic-resistivity relationship. Often this information is difficult to obtain, unless a large number of boreholes are 

available. If boreholes are readily available the Resistivity Atlas framework (Barfod et al. 2016) can be utilized. The raw 
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Resistivity Atlas histograms are seen in Figure 4c. Due to the general coarse nature of the histograms the mean and 

interquartile range from the coarse histograms (Figure 4c) were computed and used to create a set of smooth histograms with 

identical summary statistics (Figure 4d). By comparison the Resistivity Atlas histograms are quite similar to the Kriging grid 400 

histograms (Figure 4b). However, the separation between the sand & gravel and glacial clay histograms is even larger in the 

Resistivity Atlas histograms. The respective median values are 59 Ωm and 34 Ωm. The sand & gravel histogram also has a 

quite large spread with an interquartile range of 43 Ωm (Figure 4c and d) (Table 1). 

Table 1: The summary statistics table for the histograms in Figure 4. The first section, named DS, shows summary statistics for the 
three histograms seen in Figure 4a. The second section, named Kriging, shows the summary statistics for the histograms in Figure 405 
4b. The last section, labelled Resistivity Atlas, shows the summary statistics for the Resistivity Atlas histograms Figure 4c and d. 
All the values presented in the table are resistivities [Ωm]. 

 25th percentile Median 75th percentile IQR 

DS -- -- -- -- 

Sand & gravel 34.2 47.6 65.5 31.3 

Glacial clay 21.1 31.8 42.9 21.8 

Hemipelagic clay 2.2 2.6 3.7 1.5 

Kriging -- -- -- -- 

Sand & gravel 29.7 46.4 67.9 38.2 

Glacial clay 17.2 26.6 38.2 21.0 

Hemipelagic clay 1.9 2.4 3.6 1.8 

Resistivity Atlas -- -- -- -- 

Sand & gravel 38.4 59.2 81.4 43.0 

Glacial clay 24.2 33.9 46.7 22.5 

Hemipelagic clay 2.1 2.5 3.4 1.3 

The hemipelagic clays have unique properties. They are aquitards with low hydraulic conductivity and often used as a 

hydraulically confining no-flow boundary at the bottom of a groundwater model in parts of Denmark. When hemipelagic 

clay is encountered during drilling, the drilling is halted and generally hemipelagic clay is sparse in Danish borehole 410 

lithology logs. For this reason the Resistivity Atlas based on Transient Electromagnetic data does not provide a lot of 

information on hemipelagic clays. However, the hemipelagic clays are regionally extensive and homogeneous. From 

wireline resistivity logs in eastern Jutland they are found to be conductive, with median resistivities ranging between 4-7 

Ωm. Based on this knowledge the hemipelagic clay histograms in Figure 4c and d are created. 

The model setup is different for the three MPS methods. When running DS and iqsim the hydrostratigraphic-resistivity 415 

relationship is explicitly given due to the geographically overlapping resistivity grid and hydrostratigraphic TI. Normally the 
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auxiliary variable has to be created for the given TI using the G* operator. The full G* approach has been elaborated in 

section 3.1.2 Direct sampling simulation - DS, and requires prior knowledge regarding the hydrostratigraphic-resistivity 

relationship, much like when creating the probability grid for snesim. The snesim setup, however, avoids using the G* 

operator approach, and in place the Resistivity Atlas histograms (Figure 4c and d) can be used to directly translate the 420 

resistivity grid into probability grids (Figure 5). 

 

Figure 5: The SkyTEM soft data grids are translated into three sets of probability grids, one for each lithological category to be 
simulated; a) shows one of the reconstructed SkyTEM grids, the top frame is a horizontal slice in the 3D grid at 20 mbsl, the 
second frame is a horizontal slice of the grid layer at 60 mbsl and the bottom frame shows the vertical cross-section intersecting at 425 
UTMY coordinate 6230150 m, b) shows the sand & gravel probability grid, c) shows the glacial clay probability grid, and d) shows 
the hemipelagic clay probability grid. The horizontal slices and the vertical cross sections of b), c) and d) are the same as the ones 
presented in a). 
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3.5 The modified Hausdorff Distance – a measure for similarity 

Comparing 153 3D models each with 1,187,823 grid cells is not trivial. Visual comparison is used mainly to check if the 430 

results are geologically realistic, but a detailed visual comparison would be time consuming and subjective. Therefore, a set 

of tools are used to compare how similar the simulation results are to each other, and how different they are from the TI. 

In this study, a distance measure is used as a measure of similarity between 3D model simulations. The chosen distance 

measure is the modified Hausdorff Distance (MHD), which is a measure for similarity between two binary images, i.e. 

dissimilar images have relatively large distances (Figure 6e), while similar images have relatively small distances (Figure 435 

6c). Identical images have a distance of exactly zero (Figure 6b). Firstly, the images we wish to study are summarized as 

binary images. The pixels for each object we wish to compare are set to one, while the remaining pixels are disregarded as a 

background variable and set to zero. For a pair of images, ImA and ImB, to be compared, two point sets are defined: 

Α = �𝑎1, 𝑎2, … , 𝑎𝑁𝑎�  and  Β = �𝑝1, 𝑝2, … , 𝑝𝑁𝑏� , where 𝑎𝑖 , 𝑖 ∈ {1,2, … ,𝑁𝑎}  and 𝑝𝑗 , 𝑗 ∈ {1,2, … ,𝑁𝑏}  are positional vectors 

containing the x, y and z positional coordinates in ImA and ImB for the binary object pixels only, i.e. the background 440 

variable positions are not included in the point sets. Then the MHD between point sets A and B is defined as follows: 

𝑀𝑀𝑀(Α,Β) = 𝑚𝑎𝑚 � 1
𝑁𝑎
∑ 𝑚𝑖𝑚𝑏𝑏Β‖𝑎 − 𝑝‖𝑎𝑏Α , 1

𝑁𝑏
∑ 𝑚𝑖𝑚𝑎𝑏Α‖𝑝 − 𝑎‖𝑏𝑏Β � ,     (2) 

where 𝑁𝑎 and 𝑁𝑏 is the total number of points in point sets A and B, respectively. In the context of this paper, 𝐴 and 𝐵 are 

our 3D voxel models containing the objects we wish to compare. The Euclidian distances between a given point, 𝑎 from 

point set 𝐴, and all points in point set 𝐵 are computed, and 𝑚𝑖𝑚(… ) selects the smallest of these distances. This is repeated 445 

for all points in point set 𝐴, and the average is computed. The same operations are performed for point set B. The maximum 

value of these two results is then returned. 

Dubuisson and Jain (1994) found that the MHD was the best performing distance measure out of 24 different Hausdorff 

based distance measures in relation to objects matching of images. In order to make the pairwise MHD computation tractable 

in 3D, we approximate the MHD between solid geobodies by the MHD between their boundaries. In short, the boundary is 450 

the selection of the edges or outlines of the geometric objects, such that the objects are now represented by their outlines 

instead of the entire objects; see Figure 6b-e. The Roberts Cross Operator (Roberts 1998, Senthilkumaran and Rajesh 2009) 

is used to select the boundary. Instead of defining the point sets based on the geometric objects themselves, only their 

outlines are included in the point sets. The point sets containing the outline of the geometric objects are then compared using 

the MHD. 455 

A 2D example is presented to illustrate the overall MHD concept in Figure 6. The 3D hydrostratigraphic model and the DS 

modelling results are simplified into 2D horizontal cross-sections from the modelling grid layer centered on 20 mbsl. The 

initial step is to create a binary version of the hydrostratigraphic simulation model (Figure 6a and b). Here, the sand & gravel 

and glacial clay were categorized into a single category, and hemipelagic clay was used as the background variable. After 
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categorization the Roberts cross operator is used to find the boundary of the objects (Figure 6b). The procedure of creating 460 

the binary image and outlines is carried out for all the 51 DS simulations. For illustration purposes this example is only 

computed for the horizontal cross-section centered on 20 mbsl. The MHD is calculated between each of the 51 horizontal 

binary maps, representing the DS simulations, and the binary hydrostratigraphic model. The resulting MHDs are then sorted 

in ascending order and the binary version of the realizations corresponding to the 1st, 25th, and 51st MHD values are 

presented in Figure 6c-e. 465 

 

Figure 6: A 2D example of the binary categorization of the hydrostratigraphic models and example of the Roberts cross operator 
for edge-tracing; a) a horizontal slice of the hydrostratigraphic model at elevation interval centered on 20 mbsl, b) the result of the 
binary categorization of the hydrostratigraphic model into two categories: 1) Non hemipelagic clay (black) and 2) hemipelagic clay 
(white). The boundary of the objects in the binary image is shown in red. c) shows the object and boundary of the objects for the 470 
DS simulation which has the smallest Modified Hausdorff Distance (MHD), i.e. is the most similar to b). The MHD value is shown 
in d) shows the DS simulation, which has the 25th largest MHD and e) shows the DS simulation with the largest MHD and 
therefore is least similar to the hydrostratigraphic model in b). 

From here on we leave the 2D example, and consider the entire 3D model. In this study the MHD is used as a global distance 

measure. A more in-depth analysis of the MHD results is gained by using the “analysis of distance” (ANODI) method (Tan 475 

et al. 2014). The overall goal of ANODI is to provide a framework for comparing realizations from different stochastic MPS 

methods. The framework presented by Tan et al. (2014) uses the following definition of ‘best’: “one algorithm A is better 
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than an algorithm B if the training image statistics are reproduced better while at the same time the space of uncertainty (the 

variability between realizations) is larger“. In the particular MPS setup used in this study, the TI is a relevant cognitive 

hydrostratigraphic model and geographically overlaps with the hydrostratigraphic MPS realization grids. Hence the MPS 480 

realizations should portray similarity to the cognitive model. In this study a further complexity to the definition of best is 

added. An algorithm with a large space of uncertainty is not necessarily better, if the resulting models do not reflect the 

underlying datasets. 

The initial step is to create a matrix containing all MHD values between all 153 realizations, and between the individual 

realizations and the cognitive model. It is similar to a covariance matrix, but instead of containing covariance values, it 485 

contains MHD values. The usage of bold letters refers to a matrix. The full 𝑴𝑴𝑴 is defined as follows: 

𝑴𝑴𝑴𝒊,𝒋 = 𝑀𝑀𝑀�𝑝𝑐𝑎𝑐𝑖 , 𝑝𝑐𝑎𝑐𝑗�, 𝑤ℎ𝑐𝑝𝑐 �𝑖 = 1, … , (𝑁𝑟𝑟𝑎𝑟𝑟 + 1)
𝑗 = 1, … , (𝑁𝑟𝑟𝑎𝑟𝑟 + 1)      (3) 

Where 𝑝𝑐𝑎𝑐𝑖  and 𝑝𝑐𝑎𝑐𝑗  denotes the individual hydrostratigraphic realizations, 𝑁𝑟𝑟𝑎𝑟𝑟  is the total number of realizations, in 

this case 𝑁𝑟𝑟𝑎𝑟𝑟 = 153, and last row and column of 𝑴𝑴𝑴 contains the distances between the realizations and the cognitive 

model, i.e. 𝑝𝑐𝑎𝑐𝑁𝑟𝑟𝑎𝑟𝑟+1 represents the cognitive model. One 𝑴𝑴𝑴 matrix is created for all three MPS methods. For each of 490 

the three MPS methods, the 𝑴𝑴𝑴 can be evaluated by itself by calculating the MHD variability,  𝑀𝑀𝑀𝑣𝑎𝑟: 

𝑀𝑀𝑀𝑣𝑎𝑟 = 1
(𝑁𝑟𝑟𝑎𝑟𝑟/3)2

∑ ∑ �𝑴𝑴𝑴𝐢,𝐣�
𝑀𝑀𝑀𝑟𝑒𝑒,𝑗
𝑗=𝑀𝑀𝑀𝑟𝑠𝑎𝑟𝑠,𝑗

𝑀𝑀𝑀𝑟𝑒𝑒,𝑖
𝑖=𝑀𝑀𝑀𝑟𝑠𝑎𝑟𝑠,𝑖

       (4) 

where 𝑁𝑟𝑟𝑎𝑟𝑟  is the size of 𝑴𝑴𝑴, in this study 𝑁𝑟𝑟𝑎𝑟𝑟 = 3 ∗ 51 = 153, 𝑀𝑀𝑀𝑟𝑠𝑎𝑟𝑠,𝑖 and 𝑀𝑀𝑀𝑟𝑒𝑒,𝑖  are the start and end indexes 

for the entries related to the given MPS method, 𝑴𝑴𝑴𝐢,𝐣  is  𝑀𝑀𝑀�𝑝𝑐𝑎𝑐𝑖 , 𝑝𝑐𝑎𝑐𝑗� . Note that the distances between the 

individual realizations and the cognitive model are not included in the 𝑀𝑀𝑀𝑣𝑎𝑟 . The 𝑀𝑀𝑀𝑣𝑎𝑟  equates to computing the 495 

average of the MHD values between the realizations of a single MPS method. The larger the 𝑀𝑀𝑀𝑣𝑎𝑟  the more dissimilar the 

simulation results, meaning they portray a large set of possible hydrostratigraphic architectures. Using equation (4) it is also 

possible to compute the distances between the realizations of different MPS methods, e.g. the average MHD between snesim 

and DS. 

The other evaluation measure, which can be calculated from 𝑴𝑴𝑴, is the distance between the realizations and the cognitive 500 

hydrostratigraphic model, or TI, which is summarized by the 𝑀𝑀𝑀𝑐𝑐𝑐, which is computed as follows: 

𝑀𝑀𝑀𝑐𝑐𝑐 = 1
𝑁𝑟𝑟𝑎𝑟𝑟/3

∑ �𝑴𝑴𝑴𝐢,𝐍𝒑𝒄𝒓𝒄+𝟏�
𝑀𝑀𝑀𝑟𝑒𝑒,𝑖
𝑖=𝑀𝑀𝑀𝑟𝑠𝑎𝑟𝑠,𝑖

        (5) 

where, again, 𝑁𝑟𝑟𝑎𝑟𝑟 = 153, 𝑀𝑀𝑀𝑟𝑠𝑎𝑟𝑠,𝑖 and 𝑀𝑀𝑀𝑟𝑒𝑒,𝑖 are the start and end indexes for the entries related to the given MPS 

method and 𝑴𝑴𝑴i,N𝑟𝑟𝑎𝑟+1  is the 𝑀𝑀𝑀(𝑝𝑐𝑎𝑐𝑖 , 𝑐𝑝𝑐.𝑚𝑝𝑚𝑐𝑐) . The  𝑀𝑀𝑀𝑐𝑐𝑐  is the average MHD between each individual 

realization and the cognitive hydrostratigraphic model. The larger the average MHD the more dissimilar the 505 
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hydrostratigraphic realizations are from the cognitive hydrostratigraphic model. The reason we wish to compare the distance 

to the cognitive model, is that the cognitive model, geographically overlaps with the hydrostratigraphic MPS realizations. 

It is also possible to evaluate the 𝑴𝑴𝑴 using dimensional reduction techniques. Such techniques help us view the high 

dimensional 𝑴𝑴𝑴 in a 2D and/or 3D map. Such a plot gives us a visual representation of the most significant structures of 

the 𝑴𝑴𝑴. For dimensional reduction we use a variation of so-called Stochastic Neighbor Embedding (SNE) (Hinton and 510 

Roweis 2002). The technique is called t-distributed Stochastic Neighbor Embedding, or t-SNE (Maaten and Hinton 2008). 

The t-SNE method is advantageous over other SNE techniques, since it is easier to optimize and produces better 

visualizations. The idea is to visualize the level of similarity of individual entries, or distances in the 𝑴𝑴𝑴. The overall goal 

is to place each MHD value as a point in a 2D space where the relative distances between the point values reflect the degree 

of similarity. Similar points are close to each other, while dissimilar points are far from each other. This is achieved by t-515 

SNE. 

3.6 Distance to boreholes 

In reservoir modelling boreholes are considered to be hard information, due to their overall high quality. However, in many 

surveys related to groundwater modelling, boreholes cannot be considered as reliable hard data due to variable quality. Such 

as seen in Barfod et al. (2016) and He et al. (2014) where boreholes were divided into quality groups. Therefore the 520 

simulations are run without constraining against boreholes, and then the realizations are compared against the boreholes as 

an independent measure of geological realism. A method for comparing similarity between the simulated hydrostratigraphic 

models and the boreholes was developed. The method does not use the MHD, which has previously been used for measuring 

distances. Instead the simple Euclidean distance is used to measure the average distance between each individual 

hydrostratigraphic realization and the borehole dataset. The first step is to sort the borehole lithology logs according to the 525 

respective hydrostratigraphic units, to create a hydrostratigraphic log; see left half of Figure 7. Once this has been carried out 

three sets of binary and regularized logs are created from the hydrostratigraphic log; see right half of Figure 7. For each 

sampling grid interval, the presence of the given hydrostratigraphic category, say sand & gravel, is saved in the binary log. 

The end result is a log which states whether or not sand & gravel is present within the given sampling grid interval; active if 

present and inactive if not present. Three such binary logs are created, one for each of the hydrostratigraphic categories, i.e. 530 

sand & gravel, glacial clay and hemipelagic clay (Figure 7). A binary log grid is created by simply assigning the binary 

active values to the grid cell in which they are present. The Average Euclidian Borehole Distance, AEBD, between the 

binary logs and a given realization,  𝑝𝑐𝑎𝑐 , for a given hydrostratigraphic category,   ℎ𝑦𝑚𝑝𝑝.  𝑐𝑎𝑐𝑗  where 

𝑗 ∈ �1, . . . ,𝑁ℎ𝑦𝑒𝑟𝑐.  𝑐𝑎𝑠𝑟�, is calculated as follows: 

𝐴𝐴𝐵𝑀�ℎ𝑦𝑚𝑝𝑝.  𝑐𝑎𝑐𝑗� = 1
𝑁𝑎𝑎𝑠𝑖𝑎𝑟

∑ min ��𝑝𝑖𝑚𝑐𝑝𝑐𝑖 − 𝑝𝑐𝑎𝑐(ℎ𝑦𝑚𝑝𝑝.  𝑢𝑚𝑖𝑐𝑗)��𝑁𝑎𝑎𝑠𝑖𝑎𝑟
𝑖=1     (6) 535 
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where 𝑝𝑖𝑚𝑐𝑝𝑐𝑖  is ith cell in the binary log grid, 𝑁𝑎𝑐𝑠𝑖𝑣𝑟  is the number of active cells in the binary log grid, ED is the Euclidian 

Distance, and 𝑝𝑐𝑎𝑐(ℎ𝑦𝑚𝑝𝑝.  𝑢𝑚𝑖𝑐𝑗) is the binary realization grid containing only the jth hydrostratigraphic unit, where in this 

case 𝑁ℎ𝑦𝑒𝑟𝑐.  𝑐𝑎𝑠𝑟 = 3. 

The end result is three arrays, one for each hydrostratigraphic unit, each containing one average distance per realization for 

the given MPS method. The distance arrays for each individual MPS method can then be compared to the distance arrays of 540 

the other MPS methods. 

 

Figure 7: An example of how a single lithology log is categorized and sorted for the purpose of calculating the borehole distance. 
The first step is to translate the raw lithology log into a hydrostratigraphic log, which is achieved by categorizing the multiple 
lithological categories into a subset of three hydrostratigraphic categories corresponding to the target categories we wish to model. 545 
Note that some categories do not fit into the overall hydrostratigraphic categories and are therefore not translated, e.g. the 
meltwater silt category in this example. The final step is then to assign the hydrostratigraphic logs to the regularized sampling grid 
and create one binary log for each of the three target modelling categories. This is done by simply asking whether or not the given 
hydrostratigraphic category is present (True) or not (False) for the given sampling grid interval. 
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4 Results 550 

The hydrostratigraphic simulation results include 153 3D hydrostratigraphic realizations, each containing 1,187,823 grid 

cells. The models can be subdivided into 51 snesim realizations, 51 DS realizations and 51 iqsim realizations. A visual 

presentation of the hydrostratigraphic model or TI, and two realizations for each of the three different MPS methods is seen 

in Figure 8. The cognitive hydrostratigraphic model (Figure 8a) shows clear-cut and smooth buried valley architecture with 

almost no unrealistic short scale variability. Comparing the cognitive hydrostratigraphic model to the stochastic MPS 555 

hydrostratigraphic models reveals the more erratic nature of both snesim and DS, i.e. both MPS methods yield models 

containing unrealistic short scale variability (Figure 8b and c). 

Overall snesim (Figure 8b) and DS (Figure 8c) realizations are similar in nature. In the example provided, Figure 8c, the 

West-Northwest - East-Southeast trending glacial clay valley (see box in Figure 8a) is uninterrupted in one realization, but 

intersected by hemipelagic clay in the other realization. In 47 of the 51 snesim realizations, the glacial clay valley is 560 

uninterrupted, in the remaining 4 realizations the valley is intersected by hemipelagic clay. The presented soft data grid in 

Figure 5d shows a small probability of approximately 10% for hemipelagic clay at the position of the valley gap. The 4 

realizations which yielded an interrupted glacial clay valley amount to 8% of the 51 realizations, which is close to the 

probability found in the probability grids. The DS realizations shows valley architecture with less resemblance to the soft 

data, i.e. the valleys are not conditioned in accordance to the soft data grids. In 11 of the 51 simulation results the valley is 565 

intersected by hemipelagic clay, amounting to 22% of the 51 realizations. 

The iqsim results are the most similar to the cognitive hydrostratigraphic model with regards to unrealistic short scale 

variability, which is generally non-existent. Generally, realizations will reflect the TI, and unrealistic short scale variability is 

only introduced if present in the TI. This is due to the nature of iqsim which is not a pixel based algorithm, like snesim and 

DS. Instead, iqsim cuts the TI into patches and then reassembles the patches, which means that noise patterns which are 570 

smaller than the patch size cannot be fabricated, unless actually present in the TI. The iqsim realizations show smooth and 

clear-cut valley architecture. The main issue with the iqsim realizations is that artifacts are introduced near the surface of the 

model, evident if the vertical iqsim cross-sections (Figure 8d) are compared to the remaining vertical cross-sections of the TI, 

snesim and DS (Figure 8a-c). This is neither reflected in the resistivity grid (Figure 5) nor in the TI (Figure 8a). Close to 

terrain hydrostratigraphic layers consist of either glacial clays or sand & gravel, and conductive hemipelagic clays are not 575 

evident. Since the soft data does not support the presence of the hemipelagic clays in the upper part of the hydrostratigraphic 

model, the soft data can be concluded to being improperly constrained with this specific setup. Another observation is that in 

43 out of the 51 realizations, amounting to 84%, the referenced glacial clay valley is intersected by hemipelagic clay. 
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Figure 8: The hydrostratigraphic MPS realizations are presented as horizontal slices centered on 20 mbsl and vertical cross-580 
sections intersecting at UTMY 6230150m; a) shows the cognitive hydrostratigraphic model, with a West-Northwest - East-
Southeast trending glacial clay valley marked by a box, b) shows two snesim realizations, c) shows two DS realizations, and d) 
shows two iqsim realizations. 
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An advantage of the iqsim implementation used (Hoffimann et al. 2017) is the favorable computation time. On an Intel® HD 585 

Graphics Skylake ULT GT2 GPU of a Dell XPS 13 laptop, iqsim runs with an average simulation time of 10-12 min per 

realization with the attempted setup. On a different laptop running a 64bit Windows system, with 8GB RAM, an SSD hard 

disk, with an Intel core i7-3520 M CPU at 2.9 GHz, the computation times for snesim were on average between ½-1 h. Since 

the DS computation times were significantly larger at 6 h 15 min per realization, the DS simulations were run on a 64 bit 

Windows server with 64 AMD Opteron processor 5376 at 2.3 GHz each, with a total of 128 GB RAM and a SSD hard disk. 590 

The implementation of DS used in this paper is called DeeSse (Straubhaar 2011) and is easy to script and run in parallel on a 

server or computer cluster. The total time required for 51 simulations running in parallel was approximately 32h, without 

enabling parallelization which is available in DeeSse. One DS simulation took between 6-7 h. For more detailed information 

see Table 2 which summarizes the computation time for the three MPS methods. 

Table 2: A table presenting the average computation times per realization for each of the three MPS methods and the 595 
approximated computation times needed for running 51 realizations with the setup used in this study. *indicates that the given 
realizations were run in parallel on a server; other realizations were generated on a personal laptop. 

 snesim DS iqsim 

Comp. times pr. realization ½-1 h 6-7 h* 10-12 min 

Approx. comp. times  51 realizations 38 h 15 min 32 h* 9 h 21 min 

4.1 Modified Hausdorff distance results 

The full MHD matrix is presented in Figure 9a and b. Using eq. (4) and (5) the MHD is summarized in Table 3, without the 

usage of dimensional reduction techniques. The method with the largest variability, i.e. least similar hydrostratigraphic 600 

realizations, is iqsim with a 𝑀𝑀𝑀𝑣𝑎𝑟  of 1.79. The snesim and DS models show generally lower 𝑀𝑀𝑀𝑣𝑎𝑟  values of 0.48 and 

0.78, respectively. This means that the iqsim results span the largest set of possible models. The iqsim realizations also have 

the smallest average MHD between the individual realizations and the cognitive hydrostratigraphic model, with a 𝑀𝑀𝑀𝑐𝑐𝑐  of 

2.65, meaning on average iqsim realizations resemble the cognitive hydrostratigraphic model the most. The snesim and DS 

𝑀𝑀𝑀𝑐𝑐𝑐 are 3.01 and 2.80, respectively. On average the DS realizations are more similar to the cognitive hydrostratigraphic 605 

model in comparison to the snesim realizations, while both are more dissimilar than the iqsim realizations. The two MPS 

methods which had the smallest distances, and therefore were most similar, were snesim and DS with an inter MHD distance 

of 1.05. The distance between DS and iqsim was larger, with a value of 2.19, while the largest inter MHD distance was 

between snesim and iqsim with a MHD value 2.37. 

 610 
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Table 3: Summary of the Modified Hausdorff Distance (MHD) matrix portraying the MHD results.  
𝑴𝑴𝑴𝒗𝒓𝒑 represents the variability of the given MPS method or between the different MPS methods, e.g.  the value in the 𝑴𝑴𝑴𝒗𝒓𝒑 
column and the 𝒔𝒔𝒄𝒔𝒊𝒔 →  𝑴𝑫 row represents the average distance between the snesim and DS realizations. The MHDcog is the 
average distance from the simulation results to the cognitive model. 615 

 𝑀𝑀𝑀𝑣𝑎𝑟 𝑀𝑀𝑀𝑐𝑐𝑐 

snesim 0.48 3.01 

DS 0.78 2.80 

iqsim 1.79 2.65 

𝑠𝑚𝑐𝑠𝑖𝑚 →  𝑀𝑀 1.05 --- 

𝑠𝑚𝑐𝑠𝑖𝑚 → 𝑖𝑖𝑠𝑖𝑚 2.37 --- 

𝑀𝑀 → 𝑖𝑖𝑠𝑖𝑚 2.19 --- 

 

 

Figure 9: The MHD results presented without and with dimensional reduction. a) the full Modified Hausdorff Distance (MHD) 
matrix showing the distances between individual realizations, and between individual realizations and the cognitive 
hydrostratigraphic model. The last column and row of the distance matrix of a) represent the distances between the realizations 620 
and the cognitive model. b) shows a scatter plot of these distances between the realizations and the cognitive model, revealing 
greater detail than can be seen with naked eye from the MHD matrix itself. c) shows the 2D t-SNE plot of the MHD matrix. 
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The 𝑴𝑴𝑴  can also be evaluated by applying the aforementioned t-SNE method. Here, each realization is visually 

represented as a point in 2D space. Similar values, with small MHD values, are closely spaced, while dissimilar values, with 

large MHD values, are separated from each other. Firstly, the t-SNE results show snesim and DS point clouds which are 625 

closer to each other relative to the iqsim point cloud (Figure 9c). This means that they are similar in nature; as reflected in 

Table 3. The iqsim point cloud is isolated in the 2D space since the iqsim realizations are significantly different from the 

snesim and DS results. Furthermore, the iqsim point cloud is also the largest, which reflects the larger dissimilarity of the 

output realizations. On average, the iqsim point cloud is closer to the cognitive model, which is also reflected in Figure 9b 

and Table 3.  630 

4.2 Borehole validation results 

The final comparison of the MPS methods regards the average Euclidean distance between the simulation results and the 

regularized binary hydrostratigraphic logs. The sorted average distances between each individual simulation and the 

boreholes are seen in Figure 10.  

 635 

Figure 10: The borehole distance results are presented for each of the three MPS methods: snesim, DS, and iqsim; a) shows the 
snesim borehole distance results for the three hydrostratigraphic units, b) shows the DS borehole distance results for the three 
hydrostratigraphic units, and c) shows the iqsim borehole distance results for the three hydrostratigraphic units 
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The average distance between the simulated hydrostratigraphic models and the boreholes are presented according to the three 

key hydrostratigraphic units. The average distance between sand & gravel units in the hydrostratigraphic realizations and 640 

sand & gravel units in the boreholes seems to be the largest for the modelling results of all three MPS methods (Figure 10), 

i.e. the red curve is always on top. The average values of the individual curves in Figure 10 are computed and presented in 

Table 4. The sand & gravel average in Table 4 reflects the large distances between resistive sand & gravel units in the 

realizations and the hydrostratigraphic logs. By comparing the individual frames of Figure 10 it is seen that the average value 

for the hydrostratigraphic models created using iqsim have a higher average distance. The iqsim averages for sand & gravel 645 

is centered on 5.8 m, while for snesim and DS it is centered on 3.8 m and 4.9 m, respectively. The iqsim average distance to 

glacial clay is centered on a relatively large value of 3.5 m, as opposed to 2.1 m and 2.8 m for snesim and DS, respectively. 

The hemipelagic clay units show a different pattern where iqsim has the lowest average distance of 0.2 m, while the snesim 

and DS distances are 1.6 m and 0.8 m, respectively. 

Table 4: The borehole distance results are summarized in this table. The borehole distances are the 3D Euclidean distances 650 
calculated using the concept presented in section 3.6 “Distance to Boreholes”. The presented distance values are the averages of the 
curves shown in Figure 10, one average for each of the individual hydrostratigraphic units for each of the presented methods: 
snesim, DS and iqsim realizations. 

 sand & gravel 

[m] 

glacial clay 

[m] 

hemipelagic clay 

[m] 

snesim 3.8 2.1 1.6 

DS 4.9 2.8 0.8 

iqsim 5.8 3.5 0.2 

4.3 Hydrostratigraphic modelling of new surveys 

In areas of groundwater interest the initial step is to collect different types of data relevant to the hydrological properties of 655 

the subsurface. Among these data are dense geophysical datasets, e.g. SkyTEM, which can be collected quickly and usually 

cover a significant part of the survey area. The different datasets are processed and modeled, and used in conjunction with 

the borehole lithology logs to create a single geological and/or hydrostratigraphic model. This model is only one version of 

the subsurface, encasing only part of the complexity related to the given hydrological system. We present a practical 

example of stochastic simulation of hydrostratigraphic models. The end result is multiple hydrostratigraphic realizations, 660 

covering a larger span of possible models. Using the cognitive hydrostratigraphic model from area A as a TI, another 

hydrostratigraphic model from survey area B is simulated, using only the geophysical data in area B for spatial constraining. 

An important assumption is that the geological settings of area A and B are similar, since the hydrostratigraphic information 

is shared through the TI from area A. Furthermore the hydrostratigraphic-resistivity relationship needs to be stationary so 

that it can be assumed that the hydrostratigraphic-resistivity relationships are statistically comparable. 665 
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The example presented in this study is synthesized from the Kasted dataset. The dataset is divided in two along the UTMX 

coordinate 569025m (Figure 11a). The left half of the cognitive hydrostratigraphic model is then used as a TI to simulate the 

right half of the model. The reconstructed resistivity grid is also cut in half Figure 11b). The left half of the resistivity grid is 

used as an auxiliary variable describing the hydrostratigraphic-resistivity relationship, as seen in Figure 4a, while the right 

half is used for spatially constraining the simulation. In this example 10 stochastic hydrostratigraphic realizations are created 670 

using DS. A single hydrostratigraphic realization is seen in Figure 11c, while the mode of the hydrostratigraphic model 

ensemble is seen in Figure 11d. 

 

Figure 11: An overview of the setup for simulating new survey areas and the hydrostratigraphic modelling results using the 
Kasted dataset. The presented horizontal slices are centered on 20 mbsl, and the vertical cross-section intersects at UTMY 675 
6230150m. a) the cognitive hydrostratigraphic model is cut in half to simulate having two survey areas, one area with a cognitive 
hydrostratigraphic model (training image) available and the other without. The white area represents the new survey we wish to 
simulate. b) the horizontal slices and vertical cross-sections of the soft data used to simulate the new area. The left half is the 
auxiliary variable, while the right half constrains the simulation of the new survey area. c) a single hydrostratigraphic realization. 
The left half is exactly the same as the cognitive model, see a), while the right half is simulated using DS. d) the mode of an 680 
ensemble of 10 hydrostratigraphic model realizations. Again, the left haft is the same as the training image and the right half 
shows the ensemble mode of 10 realizations. 
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The simulation results show that one hydrostratigraphic realization represents the overall architecture of the resistivity grid; 

compare Figure 11c and b. Comparing the single hydrostratigraphic realization (Figure 11c) to the original cognitive model 

(Figure 11a) reveals that one realization largely reflects the variability in the soft data grid. The mode of the model ensemble 685 

on the other hand (Figure 11d) has a closer resemblance to the cognitive hydrostratigraphic model; compare Figure 11a and 

d. This means that the individual realizations do on average resemble the original cognitive model. The end goal is not to 

create a set of hydrostratigraphic models which match the cognitive hydrostratigraphic model. The goal is to create a suite of 

realistic hydrostratigraphic models.  

Generally, unrealistic short scale variability is introduced in both the single hydrostratigraphic realization as well as in the 690 

ensemble mode model, but is generally not present in either the TI or the resistivity grid. These short-scale variation patterns 

are artifacts from the DS method itself and can be removed by using post-processing tools (Pyrcz and Deutsch 2014). Such 

tools are generally run on the realizations to remove artifacts that were introduced due to the algorithms. Since post-

processing is a separate step, it was not used for any of the simulations in this study, making all the simulation results 

comparable to each other. 695 

5 Discussion 

The snesim setup is different from the DS and iqsim setups. The snesim setup differs in the usage of the probability 

framework, and in the choice of the implicit Resistivity Atlas histograms (Barfod et al. 2016). The implicit histograms 

(Figure 4d) are used to directly translate the resistivity grids into probability grids. This illustrates the utility of the 

Resistivity Atlas framework in relation to geostatistical modelling. The DS and iqsim frameworks would normally, in real-700 

world cases, require the usage of a G* operator since no auxiliary variable exists which geographically overlaps with a 

conceptual TI. As explained in section 3.1.2 Direct sampling simulation - DS, applying a realistic G* operator requires 

several steps and can be a complicated affair. In this study, however, the TI was an actual cognitive geological model of 

Kasted study area, meaning a resistivity grid which geographically overlaps with the TI exists. Using the SkyTEM resistivity 

grid as an auxiliary variable resulted in the application of different resistivity-hydrostratigraphic relationships in the DS and 705 

iqsim approach – compare the explicit histograms used in DS and iqsim, Figure 4a, with the implicit Resistivity Atlas 

histograms used in snesim, Figure 4d, or see Table 1. Even though there are some differences in the setups of the different 

MPS algorithms, the snesim and DS realizations are still similar in nature; compare Figure 8b and c. The differences 

mentioned here are mainly due to the differences of the implementation of the algorithms. 

The MHD results revealed some interesting trends between the MPS realizations. The 𝑀𝑀𝑀𝑣𝑎𝑟  for snesim, DS and iqsim 710 

were 0.48, 0.78, and 1.79, respectively. The low snesim 𝑀𝑀𝑀𝑣𝑎𝑟 , is related to the soft data conditioning, which is dependent 

on the choice of histograms for translating the resistivity grids into probability grids. For this translation, as mentioned, the 

implicit Resistivity Atlas histograms were used. Overall, the implicit histograms show a larger separation between the 
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glacial clay and sand & gravel histograms compared to the explicit histograms; compare Figure 4a and d. This results in less 

ambiguity in the transition from glacial clay to sand & gravel in the probability grids, yielding a smaller subset of possible 715 

models. This also results in snesim realizations which closely resemble the soft data variable, compared to DS and iqsim. The 

borehole distance results are also influenced by choosing the implicit histograms. Generally, the snesim realizations show the 

smallest borehole distances with respect to glacial clay and sand & gravel units, while the corresponding hemipelagic clay 

distances are the largest. The increased separation of the glacial clay and sand & gravel histograms seem to improve the 

snesim borehole distances to these units, while hemipelagic clay seems to be underestimated.  720 

It can be concluded that snesim and DS yield similar realizations, portrayed by the relatively small MHD values between 

snesim and DS. This is reflected in the t-SNE plot (Figure 9c), where the iqsim point cloud is isolated from the snesim and 

DS point clouds, and is closer to the cognitive model. The isolation of the iqsim point cloud agrees with a lack of short-scale 

variability in the iqsim realizations compared to snesim and DS. However, the abundance of hemipelagic clay close to terrain 

is clear and undesired in iqsim realizations; see the vertical cross-sections of the models (Figure 8). Evidence of abundant 725 

near surface hemipelagic clay is also found in the borehole distance results. The borehole distances of the iqsim realizations 

revealed exceedingly small hemipelagic clay distances, with an average of 0.2m. In comparison, snesim and DS had 

hemipelagic clay borehole distance averages of 0.8m and 1.6m, respectively. This shows that iqsim produces realizations 

where hemipelagic clay units are, on average, closer to the borehole hydrostratigraphic logs. However, it is important to also 

notice the relatively large iqsim borehole distances for glacial clay and sand & gravel units. This indicates that the ample 730 

near surface hemipelagic clay, decreases the hemipelagic clay borehole distances, while increasing the glacial clay and sand 

& gravel borehole distances (Figure 10) (Table 4). 

Unrealistic short scale variability is found throughout the snesim and DS realizations. This is an artifact introduced by the 

algorithms, and do not reflect the underlying datasets, i.e. the soft data or TI. As Linde et al. (2015) discuss fine-scale 

patterns are present in the real-world hydrostratigraphic subsurface, but are not present in geophysical models. Two of the 735 

three presented stochastic MPS methods introduce fine-scale variations in the form of short scale variability to the overall 

hydrostratigraphic architecture, with the overall architecture resembling the underlying datasets. This adds complexity to the 

realizations and the resulting equiprobable hydrostratigraphic models span a larger subset of possible models. The question, 

however, is whether this short-scale variability is similar to the real-world short-scale variability missing from our 

geophysical data, which is difficult to answer. The importance of short-scale variability also depends on the type of 740 

prediction for which the hydrostratigraphic model is to be used. 

An important difference in the iqsim realizations, compared to snesim and DS, is the lack of fine-scale variability. The 𝑀𝑀𝑀 

results reveal that the iqsim realizations were the most similar to the cognitive model, and that they were different from the 

snesim and DS realizations. It can be concluded that since iqsim realizations do not contain fine-scale variability, the 

𝑀𝑀𝑀𝑐𝑐𝑐  is smaller and the most significant features of the cognitive model are reproduced. It is noted that the MHDs are not 745 
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sensitive towards the hydrostratigraphically unrealistic placement of hemipelagic clay at the surface in the iqsim realizations. 

The presented MHD results reveal that iqsim performs “best”, according to the definition of “best” introduced in section “3.5 

The modified Hausdorff Distance – a measure for similarity”. The TI statistics are reproduced better and the space of 

uncertainty is large. However, the iqsim realizations do not reflect all complexities of the underlying datasets, which is also 

reflected by the poorer borehole distance results for glacial clay and sand & gravel units. 750 

The snesim and DS realizations portray some differences, which are related to the choice of the implicit Resistivity Atlas 

histograms for translating the resistivity grid. This can help us understand some of the basic differences in the information 

provided by the implicit Resistivity Atlas histograms and the explicit auxiliary variable. In DS probable hydrostratigraphic 

units are not conditioned properly. An example of this is the aforementioned West-Northwest - East-Southeast trending 

glacial clay valley (see Figure 8a), which is uninterrupted in 78% of the DS realizations. The same valley is clearly 755 

represented in the resistivity grid (Figure 5a) and in the cognitive model (Figure 8a). However, the explicit auxiliary variable 

histograms show increased overlapping resistivity values for the glacial clay and sand & gravel histograms (Figure 4a,d). 

The auxiliary variable histograms (Figure 4a) reveals approximately equal probability of glacial clay and sand & gravel 

resistivities lying close to 40-45 Ωm. The histogram also shows that hemipelagic clay has a resistive tail, resulting in a small 

probability for hemipelagic clay in the areas of intermediate resistivity values of 10-50 Ωm. The Resistivity Atlas histograms 760 

(Figure 4d), on the other hand, favor the glacial clay in the 40-45 Ωm range, with a 0% probability for hemipelagic clay. The 

snesim realizations show an uninterrupted glacial clay valley in ~90% of the realizations in the horizontal cross-section 

centered on 20 mbsl. The probability grid for snesim reveals a ~75% probability for glacial clay at the location of the West-

Northwest - East-Southeast trending glacial clay valley at 20 mbsl (Figure 5c). At 20 mbsl the sand & gravel probability 

~15-20% while hemipelagic clay has a low probability of ~0-5% (Figure 5b,d). The underlying hydrostratigraphic-765 

petrophysical relationship which holds information on how to condition the simulations to the soft data, is important to the 

MPS modelling results, especially when extensive and spatially dense geophysical datasets are available. 

The presented practical example, showing the simulation of a new survey, has the two aforementioned requirements: 1) the 

geological environments of the two areas need to be similar and 2) the statistical hydrostratigraphic-petrophysical relations 

also need to be similar. Since the Resistivity Atlas histograms are created using only local data, i.e. boreholes and SkyTEM 770 

resistivity models, they represent the local relationship. Since stationarity in the hydrostratigraphic-petrophysical relations is 

not guaranteed (Barfod et al. 2016), it is necessary to check for stationarity, which is possible within the Resistivity Atlas 

framework. Here, histograms can be created for each area and compared. If statistically similar, stationarity can be inferred 

for the hydrostratigraphic-petrophysical relations. 

The hydrogeophysical dataset is processed and modeled for the purpose of creating a petrophysical model. The practical 775 

example has the advantage of an explicit implementation of hydrostratigraphic-resistivity relationship by using the resistivity 

grid as an auxiliary variable. The relationship is indirectly modeled during the cognitive modelling process. During modeling 
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the geoscientist makes qualitative decisions regarding the relations between geophysical and borehole data. Experienced 

geoscientists have a general understanding of how geophysical data reflect the geological features. That knowledge is used to 

create geologically realistic hydrostratigraphic models, resembling both the geophysical and the sparse borehole data. The 780 

explicit hydrostratigraphic-petrophysical relationship is described in detail, and can be extracted from the collocated 

hydrostratigraphic and petrophysical grids; as presented in Figure 4a. 

6 Conclusion 

The three MPS methods snesim, DS and iqsim are used for stochastic hydrostratigraphic modelling. The modelling results 

are compared in an elaborate framework of comparing the modelling results visually, mathematically and against boreholes. 785 

Each individual MPS method has its own set of advantages/disadvantages which are covered in this study. Overall the DS 

method had the highest computation times. An average DS realization take 6-7 h, while for snesim the number is 2-3 h and 

for iqsim the number is 10-12 min. We emphasize that these times are for a specific setup, and that they will likely change 

for different configurations. Both the snesim and DS methods yield realizations with sufficient soft data conditioning, as 

reflected by the low MHD variability of 0.48 and 0.78, respectively. The iqsim realizations showed a MHD variability of 790 

1.79, which was due to insufficient soft data conditioning. 

The presented practical example for modelling new survey areas uses a cognitive hydrostratigraphic model from one area as 

a TI to simulate the new area without a pre-existing cognitive model. The requirements are two-fold: 1) the geological 

settings of the two areas need to be similar and 2) the statistical hydrostratigraphic-petrophysical relationship needs to be 

stationary between the two areas. The presented example shows a case where the two requirements are true, and the set of 795 

stochastic models are consistent with the cognitive geological model. 

Finally, the importance of the underlying resistivity-hydrostratigraphic relationship has been shown. The relationship 

contains information on the translation of the continuous soft data variable into subsurface hydrostratigraphic units, and is 

indirectly used for soft data conditioning. The MPS modelling results are therefore sensitive towards the resistivity-

hydrostratigraphic relationship, and the more information acquired regarding the relationship, the better the realizations. 800 
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Abstract. 

Accurately predicting the flow of groundwater requires a hydrostratigraphic model, which describes the structural 

architecture. State-of-the-art Multiple-Point Statistical (MPS) tools are readily available for creating models depicting 

subsurface geology. We present a study of the impact of key parameters related to stochastic MPS simulation of a real-world 

hydrogeophysical dataset from Kasted Denmark using the snesim algorithm. The goal is to study how uncertainty related to 5 

the underlying datasets propagate into the hydrostratigraphic realizations when using MPS for stochastic modeling. This 

study focuses on the uncertainty related to the geophysical soft data, borehole lithology logs, and the Training Image (TI). 

The modeling approach used in this paper utilizes the Kasted cognitive geological model as a TI to simulate ensemble 

hydrostratigraphic models. The target model contains three overall hydrostratigraphic categories, and the MPS realizations 

are compared visually, as well as quantitatively using mathematical measures of similarity between categorical 3D models. 10 

The quantitative similarity analysis is carried out exhaustively, and realizations are compared with each other as well as the 

cognitive geological model. 

The results reveal the importance of the geophysical data for constraining the MPS simulations. Completely removing the 

geophysical data and relying on the borehole data and the conceptual geology, or TI, results in realizations spanning a large 

range of possible models. Furthermore, including geophysical data yields an average distance to the “true” cognitive 15 

geological model of 21.6 m, while excluding it yields an average distance of 59.3 m. The SkyTEM data used in this study 

cover a large portion of the Kasted model area, and are essential to the hydrostratigraphic architecture. On the other hand, the 

borehole lithology logs are sparse, and only 410 boreholes were present in this study. The borehole lithology logs infer local 

changes in the immediate vicinity of the boreholes, which, in the grand scheme, does not influence the hydrostratigraphic 

realizations. Finally, the importance of the TI was studied. An example was presented where a geological model from a 20 

neighboring area was used to simulate hydrostratigraphic models of the Kasted area. It was shown that as long as the 

geological setting is similar in nature, the realizations, although different, still reflect the hydrostratigraphic architecture. If a 

TI containing wrong geological conceptualization is used, improbable geological architecture will erroneously be simulated 

in the resulting realizations, which will resemble the TI. 

1 Introduction 25 

Geological models are important to both society and economics, and are used to locate essential natural resources, such as 

freshwater, oil, metals, rare earth minerals etc. Geological models are additionally used to assess the risk related to natural 

hazards, including but not limited to: earthquakes, sinkholes, volcanic eruptions, and landslides. Building 3D models 

depicting real-world subsurface geology is no trivial task. Information from multiple sources, both geological and 

geophysical, is required. Such data are sparse, uncertain and redundant. Dataset gaps force geoscientists to make uncertain 30 

predictions or estimates, which carries over into the resulting geological model. During the modeling procedure, such 
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problems are dealt with as best as possible. However, real-world geological models are still uncertain, and quantifying such 

uncertainty is essential to making better use of the models, and also to making better predictions. 

Geological models are created in many different ways. A common approach is cognitive modeling (e.g. Jørgensen et al., 

2013). Here, the dataset containing borehole lithology logs and geophysical models are co-interpreted by a geoscientist with 

experience in the fields of geoscience, geophysics, and geological modelling, with a relevant regional conceptual model in 5 

mind. This modelling approach is deterministic, and results in one model, making it difficult to quantify the related 

geological uncertainty. Furthermore, using the geological model to make predictions, the uncertainty related to the 

geological model carries over into the predictions. If the predictions are based on a single geologic model, the prediction 

does not encase the full complexity of the problem. Alternatively, if the model uncertainty can somehow be quantified, it 

enables the option to include it in the prediction. However, quantifying the uncertainty in such a cognitive modeling 10 

approach is difficult. Another approach is stochastic modelling using Multiple-Point Statistics (MPS) methodologies. MPS 

provides a framework which integrates geophysical and borehole information, as well as conceptual geological information 

via a so-called Training Image (TI). Multiple earth models are created from the dataset. The resulting model ensemble 

reflects the uncertainty related to the underlying datasets and overall modeling procedure. Overall, the uncertainty comes 

from four different sources: geophysical data, borehole data, TI, and from the MPS algorithm itself. 15 

Geophysical data is spatially dense and provides a coarse picture of overall subsurface geology. Resolution decreases as the 

depth increases, and geophysical instruments cannot resolve layers below a certain thickness threshold. Geophysical 

instruments portray bulk physical properties of the subsurface. Although geophysical data provides spatially dense 

information, it is not possible, nor is it necessary, to exhaustively sample our model. Such incomplete geophysical datasets 

contain gaps, which introduces spatial uncertainty which is large in areas little or no data is present. The raw geophysical 20 

data goes through a processing and modelling step, where the raw data are translated into geophysical models. During this 

step incorrect measurements, due to instrument error or interference, are identified and removed, further decreasing the 

geophysical information density. Generally, two approaches are taken when it comes to incomplete geophysical data. A 

common approach is to reconstruct the incomplete dataset using geostatistical tools (e.g. Goovaerts, 1997; Mariethoz and 

Renard, 2010). However, in this case it is important to emphasize that the reconstructed information is not as valuable as the 25 

actual measured geophysical information. 

Borehole lithology logs are commonly viewed as “ground truth”. However, lithology logs should be associated with an 

uncertainty. In this study the boreholes are divided into 5 quality groups, of which only boreholes above a chosen threshold 

are used. Generally the uncertainty of borehole lithology logs relates to a number of parameters, such as: drilling methods, 

the frequency with which sediment samples are collected, precision with which the location is measures, the purpose of the 30 

borehole, the choice of drilling contractor etc. – see Barfod et al. (2016) and He et al. (2014) for more detail. The resolution 

of borehole lithology logs is especially dependent on the sampling method. If a core is extracted for the entirety of the 



5 

 

borehole, the resolution is, in principal, unlimited. However, this is expensive. It is more common to use either an auger drill, 

rotary drill or a cable tool, which yields a relatively limited resolution, compared to core drilling, depending on how samples 

are collected and handled. 

In this study, the “Single Normal Equation Simulation” (snesim)  MPS framework (Strebelle, 2002) is used to create 

geologic models and study the uncertainty related to the geophysical data, lithology logs, and conceptual geological model 5 

(TI). It is carried out on a real-world hydrogeophysical dataset from Kasted, Denmark. Since subsurface hydraulic flow is 

largely controlled by geological heterogeneity (e.g. Feyen and Caers, 2006; Fleckenstein et al., 2006; Fogg et al., 1998; 

Freeze, 1975; Gelhar, 1984; LaBolle and Fogg, 2001; Zhao and Illman, 2017; Zheng and Gorelick, 2003), accurate 

geological models are crucial to accurate predictions of hydraulic flow. Geological units, however, contain additional 

complexities not related to hydrologic units; therefore, from here on, the concept of hydrostratigraphic units will be used. A 10 

detailed definition of hydrostratigraphic classification is given by Maxey (1964). 

We present a study of the uncertainty related to stochastic hydrostratigraphic MPS modeling of a real-world 

hydrogeophysical dataset from Kasted, Denmark. The goal is to understand the consequences of modifying the underlying 

MPS setup to reflect some of the biases related to a real-world hydrogeophysical dataset and study the propagation of the 

uncertainty into the hydrostratigraphic models. We show how uncertainty related to resistivity data, measured with the 15 

SkyTEM system (Sørensen and Auken, 2004), and borehole lithology logs influences the hydrostratigraphic modelling 

realizations. Two readily available MPS tools are showcased. The first tool is the Direct Sampling (DS) method for 

reconstruction of incomplete datasets (Mariethoz and Renard, 2010). The other MPS tool is snesim, which is used for 

stochastic hydrostratigraphic modeling. The stochastic models will be divided into 6 overall cases. The first case is the basic 

modeling setup, which uses SkyTEM resistivity models as soft data, boreholes as hard data and a cognitive 3D 20 

hydrostratigraphic model as a TI. The remaining cases are then modified versions of the basic modeling setup, which are 

designed to reflect different types of modeling uncertainty: Case1 – Conceptual geological understanding, Case2 – 

Incomplete soft data, Case3 – Choice of resistivity model, Case4 – Borehole lithology logs, and Case5 – No soft data. 

The MPS setup is closely related to the setup presented by Barfod et al. (2017). However, the overall setup has been slightly 

improved. Originally simple Kriging estimation was used to assign the resistivity models to a 3D modeling grid. This 25 

resulted in an incomplete resistivity grid which contained resistivity information not only pertaining to grid cells containing a 

SkyTEM sounding. This meant that the resistivity grid had already been slightly reconstructed. To avoid this, block Kriging 

estimation is used instead, resulting in a sparse incomplete resistivity grid, relative to the simple Kriging estimated grid. 

A total of 400 MPS realizations are created. Visually comparing such a large number of 3D hydrostratigraphic realizations is 

difficult to do in a quantitative manner. Therefore, a mathematical comparison method is used to compare realizations, based 30 

on Euclidean Distance Transforms (EDT) (Maurer et al., 2003). Overall, the EDT converts a 3D binary image to a 

continuous 3D Euclidean distance grid, reflecting the distance to the nearest element of the binary image. Two 3D grids are 
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then compared by calculating the average difference in the respective Euclidean distance grids. Similar images have a small 

average EDT distance, and dissimilar images have a large average EDT distance. The EDT-based distance results are 

computed for all of 400 realizations, and grouped by case, to create a full distance matrix, comparable to a co-variance 

matrix. The EDT-based distance matrix can be studied as is, or by using visualization tools such as t-distributed Stochastic 

Neighborhood Embedding (t-SNE) (Van Der Maaten and Hinton, 2008). An example is Case4, which studies the effect of 5 

boreholes on the hydrostratigraphic realizations. Two MPS realization ensembles are created, 50 realizations with boreholes 

included, and 50 realizations without borehole information. The two model ensembles can be compared in two ways: 

visually and mathematically. Visual comparison of the realization ensembles is tedious and objective, but offers an overall 

understanding of the geological realism of the models (Barfod et al., 2017). The mathematical comparison provides a 

quantitative overview of similarity, or dissimilarity, of the two realization ensembles. 10 

2 Materials and methods 

2.1 The Kasted study area 

The Kasted survey area is located north-west of Aarhus, Denmark (Figure 1A), and was also presented by Barfod et al. 

(Barfod et al., 2017). The regional geology of the Kasted area is dominated by a Quaternary buried valley complex with 

complex abutting relationships between the individual valleys. The buried valleys are infilled with a combination of till and 15 

glacial meltwater deposits. The valleys are incised into the substratum which consists of hemipelagic clay. The regional 

geology has been described in detail by Høyer et al. (2015), who created a detailed cognitive geological model of the area. 

The survey covers an area of 45 km2, and is composed of a 333 line km spatially dense SkyTEM survey (Sørensen and 

Auken, 2004), with a line spacing of 100m. The resulting SkyTEM soundings have been processed (Auken et al., 2009) and 

inverted, yielding a set of smooth Spatially Constrained Inversion (SCI) models (Constable et al., 1987; Viezzoli et al., 20 

2008), and additionally a set of sharp SCI models (Vignoli et al., 2015). Furthermore there are 948 boreholes scattered 

throughout the greater Kasted survey area, each with a corresponding lithology log of a varying quality. Only 410 of the 

boreholes are above the selected quality threshold, and contain lithological information relevant to this study. An overview 

of the dataset is found in Figure 1C and described in further details in Barfod et al. (Barfod et al., 2017) and Høyer et al. 

(2015). 25 
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Figure 1: The Kasted survey area and resistivity-hydrostratigraphic relationship histograms A. shows the geographical location of 
the Kasted survey area B. shows the resistivity-hydrostratigraphic relationship histograms for the three main hydrostratigraphic 
unit categories created from the SkyTEM models and borehole lithology logs C. shows the Kasted survey with the SkyTEM 
sounding and borehole locations. 5 

2.2 Multiple-Point Statistics (MPS) and single normal equation simulation (snesim) 

The Multiple-Point Statistics (MPS) framework stems from the, more general, geostatistics framework. Here, Multiple-Point 

(MP) information from a Training Image (TI) is used to condition simulations to probable patterns from the 2D or 3D digital 

TI (Journel and Zhang, 2007). The TI provides a conceptual geological understanding of a given area. The TI can be viewed 

as a database containing realistic geological patterns. This Multiple-Point (MP) information is used to condition the 10 

simulation, to increase the overall geological realism of the realizations. The choice of TI is an important step in any MPS 

setup, and influences the realization results, as will be illustrated. The TI does not need to carry any locally accurate 

information, i.e. the TI does not need to spatially or geographically overlap with real-world geological units, and can be 

purely conceptual in nature. Together with the TI, it is also possible to use geophysical datasets for constraining MPS 

simulations, resulting in realizations reflect real-world regional geology. Today, MPS is a widely used tool, which is used in 15 

a variety of geoscience fields, including, but not limited to: reservoir modeling (e.g. Okabe and Blunt, 2004; Strebelle and 

Journel, 2001), hydrology (e.g. Le Coz et al., 2011; Hermans et al., 2015), geological modeling (e.g. Høyer et al., 2016; de 

Iaco and Maggio, 2011) etc.  

The MPS method used in this paper is known as the single normal equation simulation (snesim) framework (Strebelle, 2002), 

and is implemented in the Stanford Geostatistical Modeling Software, or SGeMS. The snesim framework allows for 20 
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simulating real-world categorical geological model using a TI, while constraining soft geophysical data, and hard borehole 

data. The snesim algorithm scans the entire TI, ahead of simulation, and stores the Multiple-Point (MP) information 

contained in the TI in a search-tree database. The MP information can then be retrieved from the database during simulation. 

The integration of soft geophysical data for constraining the simulations is achieved by utilizing the tau model (Journel, 

2002; Krishnan, 2004). Here, the continuous soft data variable needs to be translated into a probability grid, describing the 5 

probability of finding given geological unit based on the geophysical data; see Barfod et al. (Barfod et al., 2017). In order to 

guarantee the reproduction of geological patterns at all scales, snesim uses the multiple grid formulation, presented by Tran 

(1994). 

2.3 MPS modelling setup 

The Kasted dataset is comprised of a dense geophysical SkyTEM dataset (Sørensen and Auken, 2004), borehole lithology 10 

logs and a cognitive geological model (Høyer et al., 2015). The MPS modeling setup is similar to the one presented by 

Barfod et al. (Barfod et al., 2017). However, the goal of this study is different. Since a 3D deterministic model of the area 

already exists, the study area, and overall geological setting, is well known. Additionally, the cognitive geological model can 

be utilized as a 3D TI. The Kasted model covers an area of 12 km by 7 km, discretized on a modeling grid with 229 by 133 

by 39 cells, containing a total of 1,187,823 cells. Each cell has a size of 50 m by 50 m by 5 m. The Kasted survey lithology 15 

logs reveal a combination of 59 geological categories, which are grouped together into three key hydrostratigraphic units: 

1) sand and gravel: a combination of coarse lithological units, including sandy till, meltwater sand, gravel and pebbles 

of glacial origin, late glacial  freshwater sand and postglacial freshwater sand 

2) glacial clay: this category contains silty and sandy clays, including clay till and meltwater clay of glacial origin  

3) hemipelagic clay: a combination of fine grained conductive clays, containing the extensive and homogeneous 20 

hemipelagic Paleogene and Oligocene clays found in Denmark 

These three categories serve the purpose of simplifying the geology of the Kasted area. Using these hydrostratigraphic 

categories, the lithology logs are translated into a set of hydrostratigraphic logs (“Step1”, Figure 2), and the cognitive 

geological model is translated into a hydrostratigraphic model (Figure 3A). 

The 1D SkyTEM resistivity models are assigned to a 3D grid, identical to the modeling grid, by using block Kriging, which 25 

is different from the approach in Barfod et al. (2016) . The block Kriging method is a variogram based estimation method 

which estimates the average value of a rectangular block (Goovaerts, 1997). In this case, an average resistivity value is 

estimated for all grid cells containing a resistivity model. The end result is an incomplete resistivity grid (Figure 4A). The 

incomplete resistivity grid is then reconstructed using DS stochastic reconstruction (Mariethoz and Renard, 2010) (Figure 5). 

See Barfod et al. (Barfod et al., 2017) for more detail on reconstruction of the incomplete resistivity grids of the Kasted 30 

survey. 
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The SGeMS snesim framework utilizes the tau model for soft data conditioning (Journel, 2002), which requires the 

translation of resistivity grids into probability grids. This requires information on the regional resistivity-hydrostratigraphic 

relationship. Such knowledge is not always available, but if enough boreholes and electromagnetic geophysical data is 

available, the framework for studying the resistivity-hydrostratigraphic relationship, presented by Barfod et al. (2016), can 

be used to create a set of histograms. The resistivity-hydrostratigraphic histograms, Figure 1B, are compiled from available 5 

hydrostratigraphic logs and SkyTEM resistivity models, and are presented in more detail in Barfod et al. (2016) for more 

detail. The histograms (Figure 1B) are then used to directly translate each resistivity value, in a given resistivity grid, into 

three probabilities, one for each hydrostratigraphic unit. 

 

Figure 2: A schematic diagram presenting the conversion of the lithological logs into probability logs for the three 10 
hydrostratigraphic units: sand & gravel, glacial clay and hemipelagic clay. Step1: the lithology log is translated into a 
hydrostratigraphic log. Step 2: The hydrostratigraphic logs are regularized according to the vertical modeling grid intervals and 
an interval probability is calculated for each of the hydrostratigraphic units. 

Like the resistivity models, the borehole lithology logs also need to be assigned to a 3D grid, which is carried out in three 

overall steps. The first step is to translate the borehole lithology logs into hydrostratigraphic logs using prior knowledge 15 

regarding the regional hydrostratigraphy; “Step 1” Figure 2. The second step is then to divide the hydrostratigraphic logs into 

regularized intervals identical to the vertical intervals of the model grid. At each regularized interval a probability value is 
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directly calculated for each hydrostratigraphic units; “Step 2” Figure 2. Finally, the last step is to assign the 

hydrostratigraphic probabilities to a grid. The probability values are assigned to the grid cell in which the given 

hydrostratigraphic log is present. On the rare occasion that multiple logs are present within a given cell, the probabilities are 

combined accordingly to one representative probability value. The end result is a grid containing the borehole probability 

values of each hydrostratigraphic unit: sand & gravel, glacial clay and hemipelagic clay. It is common to view borehole 5 

lithology logs as hard information, or “ground truth” (e.g. Gunnink and Siemon, 2015). The borehole probability grid can 

therefore translated into a hard data grid, by assigning the most probable hydrostratigraphic unit in each grid cell. 

The general MPS setup can be summarized in 7 overall steps as follows: 

1) Using block Kriging, the SkyTEM resistivity models are assigned to a 3D grid identical to the Kasted model grid. 

2) The incomplete resistivity grids are stochastically reconstructed using Direct Sampling (DS), as presented by 10 

Mariethoz and Renard (2010) (Figure 4A and Figure 5A). The result is an ensemble of 50 equiprobable reconstructed 

resistivity grids. 

3) The reconstructed resistivity grids are translated into probability grids using the resistivity-hydrostratigraphic 

relationship histograms (Figure 1B). 

4) The borehole lithology logs are translated into hydrostratigraphic logs; “Step 1” Figure 2. 15 

5) The hydrostratigraphic logs are regularized and three probability values, one each hydrostratigraphic unit, is directly 

computed at each regularized interval; “Step 2” Figure 2. 

6) The borehole probabilities are assigned to a grid identical to the cognitive Kasted model grid. 

7) The borehole probability grid is translated into a hard data grid, by assigning the most likely hydrostratigraphic unit to 

each grid cell. 20 

This study is divided into a total of 6 cases, or 8 sub-cases, which are designed to study how different types of uncertainty 

propagate into the hydrostratigraphic realizations using the snesim MPS algorithm. A total of 400 realizations are created, 

with 50 realizations per sub-case – see Table 1 for more details and a brief description of each case. In snesim a random 

number seed needs to be manually selected for each realization to define a random path through the modeling grid. The 

random seed convention chosen in this paper was to apply the same random seed vector to each sub-case. The vector 25 

contains 50 linearly increasing random seed numbers, ensuring consistency when comparing realizations from the individual 

sub-cases. 

 

 

 30 
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Table 1.An overview table showing information on the MPS cases along with information on number of realizations for each case 
and sub-case, and a brief description of each case. 

Case name Sub-case names Num. realizations Total num. realizations Case description 
 

Basic setup 
 

Basic modeling setup 
 

50 
 

50 
The basic setup uses boreholes as hard 
data, smooth resistivity models as soft 
data, and the cognitive Kasted model as 
a TI 

 
Case 1 

Egebjerg TI 50  
100 

Two different TIs are used to study the 
uncertainty related to the choice of TI, 
which reflects the conceptual 
geological understanding Conceptual TI 50 

 
Case 2 

 
Incomplete soft data grid 

 
50 

 
50 

The uncertainty related to the 
reconstruction of the resistivity grid is 
studied by running simulations with an 
incomplete resistivity grid 

 
Case 3 

 
Sharp resistivity models 

 
50 

 
50 

The sharp resistivity models are used 
for simulations instead of the smooth 
models, to study how the choice of 
resistivity model influences the 
hydrostratigraphic models 

 
 
 

Case 4 
 
 

 
No borehole data 

50  
 
 

100 

Simulations are run without hard data, 
to see how much the hard data 
influences the results 

 
 

Soft borehole data 
 

 
 

50 

The borehole data are used as soft 
information instead of hard by 
combining the borehole probability 
grid with the SkyTEM probability grid 
using the Tau model 

Case 5 No soft resistivity data 50 50 Simulations are run using only the 
hard data and the cognitive Kasted TI 

Total --- --- 400 --- 

2.3.1 Basic modeling setup 5 

The basic modeling setup is designed to act as the base which all other cases are built. The different sub-cases are simply 

modified versions of the basic modeling setup, each designed to study a different type of uncertainty related to 

hydrostratigraphic MPS modeling. The basic modeling setup uses the borehole data as hard information, SCI with smooth 

inversion constraints, and the cognitive hydrostratigraphic Kasted model as a TI (Figure 3A) (Table 2). The hard borehole 

logs are created from hydrostratigraphic probability logs by assigning the most probable hydrostratigraphic unit to a hard 10 

data grid. 
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2.3.2 Case 1 – Conceptual geological understanding 

The basic modeling setup uses the actual cognitive geological model of the Kasted survey area as a TI (Høyer et al., 2015), 

but what happens if a different TI is used? In Denmark, it is common practice to build 3D cognitive geological models of the 

near-subsurface. Many cognitive models exist and are publicly available. Such models can easily be adapted and used as 3D 

TIs to simulate new survey areas, provided the geological settings are similar. Case 1 is divided into two sub-cases. The first 5 

sub-case, Case1a, uses the basic setup, but in place of the cognitive Kasted model, the cognitive Egebjerg geological model 

is used as a TI (Figure 1A) (Figure 3C). The geologic environment in Egebjerg is relevant since it is partly dominated by a 

buried valley complex (Jørgensen et al., 2010). The Egebjerg model consists of a total of 72 geological units which are 

categorized accordingly to reflect the three hydrostratigraphic units of the Kasted hydrostratigraphic model. Egebjerg 

additionally contains undesired features, such as local Miocene complexes. Two such local geological environments, which 10 

do not reflect the geological setting of the Kasted area, are present. One is found south of the buried valley complex, and the 

other to the west. By cropping the model and rotating it 90 degrees counter-clockwise, a relevant TI without undesired 

geological architecture is produced (Figure 3C). It is clearly seen, by comparing Figure 3A and C that the Kasted and 

Egebjerg TIs are different. The Kasted TI is smaller, and contains smooth geological features, while the Egebjerg model is 

larger and contains coarse, block-like geological features. The important features, in relation to hydrostratigraphic modeling, 15 

are the buried valley complexes, which are present in the Egebjerg model (Figure 3C). 

The second sub-case, Case1b, concerns itself with generating and using a purely conceptual TI. The conceptual TI is created 

by using a set of hyperbolic secant functions to populate a 3D matrix and is purely mathematical in nature. The conceptual 

TI can be seen in Figure 3B and is designed to have three overall buried valleys eroded into the hemipelagic clay substratum. 

There are two narrow and shallow glacial clay valleys, and a broad and deep sand and gravel valley. One of the glacial clay 20 

valleys is a younger valley which is eroded into the older sand and gravel valley, and run roughly parallel to each other. The 

last glacial clay valley is almost orthogonal to the other valleys, and also erodes into the sand and gravel valley. The upper 

part of the TI contains a cover layer of glacial clay. The simple conceptual TI is designed to contain the main geological 

architecture of the Kasted area, the buried valley complexes. The sand and gravel valley, trending west northwest – east 

southeast, was chosen on purpose to study what happens when incorrect MP information is added to a TI. 25 
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Figure 3: An overview of the training images (TIs) which are used during MPS simulation. A horizontal cross-section and vertical 
slice is presented for each TI, portraying the hydrostratigraphic architecture; A. shows the Kasted TI, B. shows the conceptual TI, 
and C. shows the Egebjerg TI. 

Table 2: the global proportions related to each of the three TIs presented in Figure 3. 5 

 sand and gravel glacial clay hemipelagic clay 

Kasted TI 0.17 0.21 0.62 

Conceptual TI 0.17 0.22 0.61 

Egebjerg TI 0.10 0.22 0.68 

 

2.3.3 Case 2 – Incomplete soft data 

During reconstruction of the resistivity grid, it is assumed that the patterns in the partial data set contain information 

regarding the content of the data set gaps. This is true only when the incomplete grid contains a sufficient amount of data. 
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Sufficient, in this case, means that the parameter space is sampled densely enough to reflect the patterns we wish to 

reconstruct (Mariethoz and Renard, 2010). If the grid is too sparse little to no information which can help reconstruct 

missing patterns is present. Signs of mediocre data density are seen in the incomplete grids (Figure 5A and B). Artifacts from 

the DS reconstruction are present in the completed resistivity grids. The resistive valley to the west of the horizontal slices 

and vertical cross-sections in Figure 5A and B reveals a striated pattern. An alternative to reconstructing the resistivity grid 5 

beforehand is use the incomplete resistivity grids for simulation, meaning no information is present in the resistivity dataset 

gaps. Grid cells containing a resistivity model are translated into three probability values using the resistivity-

hydrostratigraphic relationship histograms (Figure 1B) (Figure 4B-D). Areas without soft resistivity data rely on the TI 

during simulation, emphasizing the fact that no actual information is present between soundings. The overall setup is 

identical to the basic setup; the only difference is the reconstructed soft data grids are interchanged for the incomplete soft 10 

data grid (Figure 4B-D). 

 

Figure 4: A presentation of the incomplete resistivity grid. Each grid is portrayed as a horizontal cross-section at 20 mbsl, and a 
vertical slice intersecting at UTMY 6230100 m A. shows the resistivity grid which is translated into three probability grids using 
the resistivity-hydrostratigraphic relationship histograms (Figure 1B). Grid cells without SkyTEM soundings are not assigned a 15 
probability value. B-D show the sand and gravel, glacial clay, and hemipelagic clay probability values, respectively. 
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2.3.4 Case 3 – Choice of resistivity model 

The choice of inversion algorithm results in different SkyTEM resistivity models. The purpose of this case is to study how 

using sharp SCI (Vignoli et al., 2015) models influences the modeling results. A common inversion approach is SCI where a 

smooth regularization is used (Constable et al., 1987). Such resistivity models have a smooth transition from resistive to 

conductive features, and vice versa. Geological layer boundaries are often not smooth in nature, meaning such soft 5 

transitions between resistivity values often do not reflect reality. Furthermore, extreme resistivity values are not presented 

correctly in the smooth model inversions. Vignoli et al. (2015) propose an SCI approach, instead of a smooth regularization 

term, a “Minimum Gradient Support” regularization term is used. Such sharp SCI models (sSCI) produces resistivity models 

with sharp layer boundaries and a better representation of certain extreme values. The setup in Case 3 is identical to the basic 

setup, except that the smooth resistivity models are interchanged for the sharp resistivity model. The DS grid reconstruction 10 

is then conducted on the sharp resistivity models, which are then translated into probability grids, and these grids are then 

used as soft data for simulation using the snesim method. 

The sharp resistivity models are different from the smooth models, but no particularly sharp layer boundaries are reflected in 

the reconstructed resistivity grid (Figure 5B). 

 15 

Figure 5: An overview of the key differences between reconstructing the resistivity grid using smooth and sharp resistivity models. 
Each grid is portrayed as a horizontal cross-section at 20 mbsl, and a vertical slice intersecting at UTMY 6230100 m A. shows the 
smooth reconstructed resistivity grid B. portrays the sharp reconstructed resistivity grid C. shows the standard deviation 
calculated from 50 stochastic reconstructions of the smooth resistivity grid D. shows the standard deviation calculated from 50 
stochastic reconstructions of the sharp resistivity grid. 20 
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One of the obvious differences is found in the resistivity patterns of the sand & gravel valley to the far west of the survey 

area. The valley itself is not significantly different, however, the small resistive patch, west of the large valley, is more 

pronounced in the sharp model and has an overall more pronounced fingerprint (Figure 5B). The sharp resistivity models 

better estimate the “true” bulk resistivity values of specific geological units, such as the resistive patch accentuated here. The 

ensemble standard deviation grid, Figure 5C and D, show a general reduction in the ambiguity of the reconstructed sharp 5 

resistivity models. This is clear from the reduction areas with large standard deviation, red colors, which are overall reduced 

in size. 

2.3.5 Case 4 – Borehole lithology logs 

This case is dedicated towards how the borehole data is handled, and how it influences the hydrostratigraphic modeling 

results. The hard borehole data is normally sparse, relative to geophysical data. Boreholes are commonly considered as 10 

“ground truth” since they directly sample the subsurface sediments or petrological units. This case is divided into two sub-

cases. The first sub-case, case4a, portrays what happens when hard data is not included in the snesim simulation. The model 

setup is therefore identical to the basic MPS setup, but without including the borehole data. 

 The second sub-case, case4b, incorporates the borehole lithology logs as soft data. The certainty of a lithological log 

varies depending on a range of factors, such as, but not limited to: drilling method, the purpose of the borehole, and sampling 15 

frequency (e.g. Barfod et al., 2016; He et al., 2014). The hydrostratigraphic probability logs, introduced in the basic 

modeling setup (“Step 2” Figure 2), are utilized in place of the hard borehole grid. The boreholes are assigned a lateral 

footprint, so the information is not only found at the borehole locations. The borehole footprint is assigned by creating a grid 

where the borehole probability values have been estimated in a radius of 200 m around each borehole using simple Kriging 

(Figure 6D-F). The tau model is then used to combine the SkyTEM (Figure 6A-C) and borehole (Figure 6D-F) probability 20 

grids (e.g. Journel, 2002; Krishnan, 2004; Remy et al., 2014). The usage of the Tau model for combining soft data grids will 

be briefly described here. Suppose we have a set of data events, 𝑫𝑖 , 𝑖 = 1, … ,𝑛, and the goal is to estimate the probability 

that a hydrostratigraphic unit (A) is present provided all data events: 

𝑷(𝑨|𝑫𝟏, … ,𝑫𝒏)            (1) 

The first step is then to define the prior probability distribution, 𝑃(𝐴), which in this case are the vertical proportions taken 25 

from each layer of the cognitive Kasted TI. Then the probability distributions, which are to be combined, are defined: 

𝑃(𝐴|𝑫1) and 𝑃(𝐴|𝑫2), where 𝑫1 is the resistivity probability grid and 𝑫2 the borehole probability grid. The 3D probability 

grids are translated into distance grids by the “probability-into-distance” transform: 

𝑥𝑜 = 1−𝑃(𝐴)
𝑃(𝐴)

, 𝑥1 = 1−𝑃(𝐴|𝑫1)
𝑃(𝐴|𝑫1)

, and 𝑥2 = 1−𝑃(𝐴|𝑫2)
𝑃(𝐴|𝑫2)

 

Then the following distance ratio is computed using the tau model expression: 30 
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where the tau values are chosen as follows: �𝜏𝑟𝑟𝑟𝑖𝑟𝑟𝑖𝑟𝑖𝑟𝑟, 𝜏𝑏𝑏𝑟𝑟ℎ𝑏𝑜𝑟� = [2,1]. The final conditional probability is computed as follows: 
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            (3) 

where the value of x is computed from Eq. (2), as follows: 
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The resulting combination of the three hydrostratigraphic probability grids is seen in Figure 6G-I. The combined probability grids are 5 

used in the basic setup, in place of the smooth probability grids. 

 

Figure 6: A visual representation of the Tau model procedure for combining the soft resistivity and borehole grids. Each grid is 
portrayed as a horizontal cross-section at 20 mbsl, and a vertical slice intersecting at UTMY 6230100 m; A-C shows the sand and 
gravel, glacial clay, and hemipelagic clay probability maps, respectively, for one DS reconstructed resistivity grid, D-F shows the 10 
200 m radius Kriged borehole probability, and G-I shows the combined resistivity grid which has been combined using a tau 
model with the values: �𝝉𝒓𝒓𝒓𝒊𝒓𝒓𝒊𝒓𝒊𝒓𝒓, 𝝉𝒃𝒃𝒓𝒓𝒃𝒃𝒃𝒓� = [𝟐,𝟏]. 
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2.3.6 Case 5 – Excluding the soft resistivity data 

The final case, Case5, illustrates the consequences of not including the soft SkyTEM resistivity information in the MPS 

simulation routine. The basic setup is simply run without the inclusion of soft data, i.e. the setup only uses the cognitive 

Kasted TI and hard borehole information. 

2.4. Comparing Simulation results 5 

Comparing a large set of extensive 3D models is a common problem encountered in stochastic MPS modeling. A common 

approach is visual comparison, which is not an objective or quantitative comparison method. Each equiprobable 

hydrostratigraphic model in this study contains 1,187,823 cells. Furthermore, a total of 400 MPS realizations were 

computed, Table 1, which makes it difficult to visually compare modeling results. This, along with advances in stochastic 

modeling tools such as MPS, motivated Tan et al. (2014) to develop a framework in which multiple 2D or 3D realizations 10 

can be compared  quantitatively. The idea is to use a distance measure, which measures the distance between two 

realizations. Realizations which are geometrically similar have small distance values, while dissimilar realizations have a 

large distance value. The comparison techniques in this study are based on the principles presented by Tan et al. (2014). In 

this study the distances between individual realizations are based on the Euclidean Distance Transforms (EDT) (Maurer et 

al., 2003). The usage of EDT as a measure for similarity will be described in more detail below. A full distance matrix is 15 

computed containing distances between each individual realization for all the different cases. The resulting 400 by 400 

distance matrix is then interpreted by itself, but is also summarized by using dimensional reduction tools, such as t-

distributed Stochastic Neighborhood Embedding (t-SNE) (Van Der Maaten and Hinton, 2008). 

2.4.1 Expected values type maps (E-type maps) 

The visual comparison can be helped by creating a so-called “expected value” type estimate grid, or E-type grid (e.g. 20 

Goovaerts, 1997; Remy et al., 2014). The idea is to summarize the realization results using an optimal visual representation. 

Each individual realization is equiprobable, and the “expected value” of the target categorical variable “conditional 

cumulative distribution function” (ccdf), 𝑍𝐸∗ , for a given cell with location, 𝒖, can be defined as follows: 

𝒁𝑬∗ (𝒖) = 𝟏

𝑳
∑ 𝒛𝒃(𝒖)𝑳
𝒃=𝟏            (4) 

where L is the number of realizations for which the E-type value is to be computed. The E-type value is an arithmetic 25 

average value of a categorical variable, displaying the most probable value at each cell location. Say the categorical variable 

can take two states, 0 and 1. The closer the E-type value is to either 1, the more certain we are, based on our realization 

results, that the value should be a 1. If the E-type value is between 0 and 1, i.e. 0.5, then half of the realizations have 

estimated 0, and the other half of the realizations have estimate 1, making it uncertain. 
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2.4.2 Euclidean Distance Transforms (EDT) – measuring similarity between 3D hydrostratigraphic realizations 

The hydrostratigraphic realizations are categorical and contain three hydrostratigraphic units. Comparing two realization 

grids, they first need to be transformed from a categorical grid into continuous Euclidean distance grids by using a Euclidean 

Distance Transform (EDT) (Maurer et al., 2003). The EDT computes the Euclidean Distances (ED) for all locations of a 

binary grid, i.e. the grid only contains two states. For a given grid cell, with n-dimensional location vector 𝒖, the ED is 5 

computed between location 𝒖, and all other locations in the grid, 𝒓𝑖 , 𝑖 = {1, … ,𝑁𝑐𝑐𝑐𝑐𝑐}, with 𝒖 ∉ 𝒓𝑖 and  𝑁𝑐𝑐𝑐𝑐𝑐  being the 

number of cells contained in the grid: 

𝑬𝑫(𝒖) = 𝐦𝐦𝐦(|𝒖 − 𝒓𝒊|𝟐)            (5) 

The EDT implementation presented by Maurer et al. (2003), uses a computationally favorable method for computing the ED 

for all locations in a binary grid. 10 

To illustrate the EDT approach for comparing realizations a 2D example case is presented. The basic modelling setup 

contains 50 realizations, i.e. 𝑁𝑟𝑐𝑟𝑐𝑖𝑟𝑟𝑟𝑖𝑜𝑟𝑐 = 50, which are going to be compared to the cognitive TI. The 2D example is 

created by selecting the horizontal cross-section at 20 mbsl, for each of the 50 basic modelling setup realizations and the 

single cognitive geological model (Figure 7A-D). Each of the 2D layers are transformed into 2D binary layers, portraying 

sand and gravel as the main variable, and glacial clay and hemipelagic clay as a background variable (Figure 7E-H). The 2D 15 

binary layers are then translated into 2D ED layers by running the EDT for each of the 50 binary layers. The resulting ED 

layers, of which three are seen in Figure 7I-L, are used to compute an absolute average ED difference between each 

realization, 𝑟𝑟𝑟𝑜𝑖𝑟𝑟𝑟𝑖𝑏𝑛𝑖, and the cognitive geological model, 𝑐𝑏𝑐.𝑚𝑏𝑚𝑟𝑜: 

𝑬𝑫𝒂𝒓(𝒄𝒃𝒈.𝒎𝒃𝒎𝒓𝒃, 𝒓𝒓𝒂𝒃𝒊𝒛𝒂𝒓𝒊𝒃𝒏𝒊) = 𝟏

𝑵𝒄𝒓𝒃𝒃𝒓
∑ � 𝑬𝑫𝑻𝑻�𝒖𝒋� − 𝑬𝑫𝒓𝒓𝒂𝒃𝒊𝒛𝒂𝒓𝒊𝒃𝒏𝒊�𝒖𝒋� �𝑵𝒄𝒓𝒃𝒃𝒓
𝒋=𝟏       (6) 

where 𝑖 ∈ {1, … ,𝑁𝑟𝑐𝑟𝑐𝑖𝑟𝑟𝑟𝑖𝑜𝑟𝑐}, in this case 𝑁𝑟𝑐𝑟𝑐𝑖𝑟𝑟𝑟𝑖𝑜𝑟𝑐=50, and 𝑁𝑐𝑐𝑐𝑐𝑐 is the number of cells in the, in this case, 2D layer. 20 

The EDav then describes the average difference in the distance to the nearest active cell. The 50 realizations are then ranked 

by the average ED differences, as seen in the Figure 7, where the realization which is closest to the cognitive geological 

model (Figure 7B, F and J) has an average ED of 240 m, while the realization which was ranked 25th closest (Figure 7C, G 

and K) has an average ED of 280 m, and lastly the realization which was farthest (Figure 7D, H and L) has an average ED of 

310 m. 25 
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Figure 7: A 2D example of the Euclidean Distance Transforms (EDT) as a measure for the similarity between categorical MPS 
realizations. In this example a set of 50 realizations, from the basic modeling setup, are compared based on the differences in EDT 
for sand & gravel units. A-D shows the hydrostratigraphic models for the TI, closest realization, 25th closest realizations, and 
farthest realization, respectively. E-H shows, in the same order as above, the binary images of the sand & gravel units of the 2D 5 
hydrostratigraphic model layers. I-L shows, in the same order as above, the Euclidean Distances layers computed from the 2D 
sand & gravel binary layers. 

From this point forward we leave the 2D example behind, and will from here on consider EDT computations on 3D 

hydrostratigraphic grids. Furthermore, the EDT computations are carried out on a set of three binary grid, one for each of the 

three hydrostratigraphic categories. The distance value between two hydrostratigraphic grids is the summed distance for each 10 

of the three hydrostratigraphic categories, ensuring that the distances values reflect the complexities related to each of the 

hydrostratigraphic categorical. 

2.4.3 Dimensional reduction using t-Distributed Stochastic Neighborhood Embedding (t-SNE) 

The average ED difference, from here on referred to as the distance between two realizations, is exhaustively computed 

between all realizations and compiled into a full 400 by 400 distance matrix. The distance matrix, DM, contains all distance 15 

values between all hydrostratigraphic realizations using Equation (6) and is defined as follows: 

𝑫𝑫𝑖,𝑗 = 𝐸𝐸𝑟𝑎�𝑟𝑟𝑟𝑜𝑖𝑟𝑟𝑟𝑖𝑏𝑛𝑖 , 𝑟𝑟𝑟𝑜𝑖𝑟𝑟𝑟𝑖𝑏𝑛𝑗� 

where 𝑖, 𝑗 = {1, … ,𝑁𝑟𝑐𝑟𝑐𝑖𝑟𝑟𝑟𝑖𝑜𝑟𝑐}. The distance matrix, DM, can be evaluated directly by comparing the distances between 

individual realizations to each other. Another option is to compute summarize the distance matrix in a table representing the 

distances between the different cases. This is achieved by organizing the distance matrix according to which case they 

belong to. In this study the distance matrix is sorted according to the order of the individual cases, as in Table 1. The distance 20 
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matrix can then be summarized, by computing the average distance for each group of realizations pertaining to a specific 

case. The concepts of distance variability and distance to cognitive model were presented by Barfod et al. (Barfod et al., 

2017), and are also used here. The concept is that the variability pertaining to specific case can be computed by computing 

the average of the distances of the 50 realizations for a given case. Another measure is the distance to the cognitive model. 

The distances between all realizations and the cognitive model are computed and provides a reference point to which the 5 

realizations are compared.  

Alternatively the distance matrix, DM, can be evaluated using dimensional reduction tools. The method used for 

dimensional reduction here is the t-distributed Stochastic Neighborhood Embedding, or t-SNE (Van Der Maaten and Hinton, 

2008). The method is probabilistic approach for visualizing high-dimensional data in 2D or 3D maps. A students-t 

distribution is centered on each object in the high-dimensional space. These high-dimensional distributions are used to define 10 

a probability distribution over all the potential neighbors of a given object in a low-dimensional space. The resulting 2D or 

3D map portrays each object as a point in space, giving a visual representation of similarity between individual points. 

3 Results 

3.1 Visual comparison of hydrostratigraphic realizations and E-Type maps 

For each of the presented cases two hydrostratigraphic realizations are presented (Figure 8), along with one ensemble E-type 15 

map (Figure 9). The ensemble E-type maps show the average value of each cell based on 50 realizations. Each of the 

hydrostratigraphic units has its own integer value: sand & gravel is “0”, glacial clay is “1”, and hemipelagic clay is “2”. The 

two realizations and E-type map of the basic modeling setup, Figure 8A, show the same overall trends as the cognitive 

geological model, Figure 3A. Namely the western sand and gravel valley striking ~N40°E, the glacial clay valley striking 

~E30°S, the large mixed sand and gravel and glacial clay valley striking ~N20°E to the south, and the small subsidiary 20 

glacial clay valley striking ~N50°E to the south. However, even though the main hydrostratigraphic architecture of the 

cognitive geological model, there are still differences in the snesim realizations. The cognitive geological model shows clear-

cut, smooth, and ordered hydrostratigraphic units. The basic modeling setup realizations reveal sporadic and random 

patterns. The sand and gravel units are placed in small lumps throughout the glacial clay units, but are not present within the 

homogenous hemipelagic clay. Patches of glacial clay units are, however, found in the homogeneous hemipelagic clay, 25 

especially in the south-east corner of the Kasted survey area (Figure 8A) (Figure 9A). The same sporadic picture is seen in 

the vertical slices of the realizations (Figure 8A), although, here an additional trend is revealed. The sand and gravel valley 

to the far west and at XUTM 570900 m, are not consistently filled with sand and gravel (Figure 8A) as in the cognitive 

geological model (Figure 3A). Furthermore, the E-type map, Figure 9A, reveals that the sand and gravel valleys are lined 

with glacial clay along the valley edges. 30 
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The Case1a realizations (Figure 8B) (Figure 9B), which uses the Egebjerg TI (Figure 3C), show the same overall trends as in 

the basic modeling setup. The subset of buried valleys mentioned above are present, however, an obvious difference is the 

coarse and block-like appearance of the Case1a realizations. This appearance is similar to the block-like appearance of the 

Egebjerg TI (Figure 3C). Furthermore, the vertical slice of the realizations and E-type map, reveals that the the sand and 

gravel valley at XUTM 570900 m is predominantly filled with glacial clay. The realizations are clearly influenced by the 5 

choice of TI, especially when Case1b is also considered (Figure 8C). The hydrostratigraphic realizations of Case1b (Figure 

8C) (Figure 9C), clearly depict the same overall buried valley trends, but the valleys are largely filled with the wrong 

hydrostratigraphic materials. The valleys in the western half of the survey area are generally filled by sand and gravel. The 

conceptual TI (Figure 3B) is dominated by a sand and gravel valley striking ~E30°S.  

The importance of reconstructing the incomplete resistivity grid is seen in the Case2 (Figure 8D) (Figure 9D). The two 10 

realizations in Figure 8D show the main buried valley features, e.g. the western sand and gravel valley. However, the 

hydrostratigraphic units are sporadic, especially in areas with no data. Patches of sand and gravel and glacial clay are 

randomly spread throughout the presented horizontal cross-section and vertical slice (Figure 8D). The E-type map also 

reveals a pattern of high certainty where soft data is present and reduced certainty in areas without soft data (Figure 9D). 

The uncertainty related to the choice of geophysical modeling procedure is portrayed in Case3. Here, snesim realizations are 15 

constrained to sharp resistivity models. Generally, the realizations (Figure 8E) are quite similar to the basic modeling setup 

realizations (Figure 8A). However, a key difference is the significant reduction or absence of patches of glacial clay in the 

homogeneous hemipelagic clay. In fact only one patch is found in the first realization (Figure 8E) in the south-west corner, 

which is not present in the second realization, and the E-type map further reveals that this is a rare occurrence (Figure 9E). 

Case4 shows the influence that the hard data has on the hydrostratigraphic realizations in two sub-cases: Case4a, where 20 

snesim simulations are run without hard data, and Case4b, where the borehole data is treated as soft information. Figure 8F 

and G shows two hydrostratigraphic realizations without hard data and with soft borehole data, respectively. These 

realizations do not differ a lot from the basic modeling setup realizations and in fact are quite similar. One key difference is 

the central glacial clay valley striking ~E30°S, which does not contain any sand and gravel to the west (Figure 8F and G). 

This is further reflected in the E-type map, where the same valley appears to be homogeneous with an average ensemble 25 

integer value of “1” corresponding to glacial clay (Figure 9F and G). Generally, the sparse nature of borehole data means 

that leaving out the borehole data, or treating it as soft data, results only in small local changes in the immediate vicinity of 

the boreholes.  

The final case, Case5, illustrates the importance of the SkyTEM soft data. The snesim simulations are run using only hard 

data and the cognitive geological model as a TI. The output realizations (Figure 8H) portray smooth and large-scale 30 

hydrostratigraphic units. The hydrostratigraphic architecture of the buried valleys is not reflected. However, the sand and 

gravel valley, to the west, does seem to protrude in the realizations (Figure 8H) and in the E-type map (Figure 9H). 
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Figure 8: The two same realizations from each case are shown, the first is realization 1/50, and the second is realization 30/50. 
Each realization is portrayed as a horizontal cross-section at 20 mbsl, and a vertical slice intersecting at UTMY 6230100 m. A. 
Shows the realization results for the Basic modelling setup, B. Shows the realization results for Case1a which uses the Egebjerg TI 
C. Shows the realization results for the Case1b in which the conceptual TI was used for simulation, D. shows the results for case2 5 
where the simulation is constrained to an incomplete soft data grid, E. shows the results for case3 where the simulation is 
constrained to the sharp resistivity models, F. shows the results for case4a where the simulation are run without borehole 
information, G. shows the results for case4b where the simulations are constrained to soft borehole data, H. shows the results for 
case5 where the simulation is run without the soft resistivity data. 
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Figure 9: A presentation of the E-type estimated maps, or E-type maps, calculated for each of the different cases. Each E-type map 
is presented as a vertical slice centered on 20 mbsl, and a vertical cross-section intersecting at UTMY 6230150m; A-H presents the 
E-type maps for the basic setup and the different cases which are summarized in Table 1. The hydrostratigraphic categories are 
related to the color scale as follows: sand and gravel = 0, glacial clay = 1, and hemipelagic clay = 2 5 
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3.2. Quantitative comparison using differences in object based Euclidean Distances as a measure for similarity 

The distances between each of the 400 realizations have been computed using eq. (6) and the full distance matrix is 

presented in Figure 10A. The distances between each realization and the cognitive geological models have also been 

computed and plotted in Figure 10B. To aid the interpretation of the distance matrix and distances to the cognitive model a 

summary table, Table 3, has been compiled and a t-SNE plot gives a visual overview (Figure 10C). 5 

The basic modeling setup constitutes a common snesim setup, with the geophysical data as soft data, boreholes as hard data, 

and a 3D geological conceptualization encased in a TI. The ensemble average variability is computed according to the 

equations presented by Barfod et al. (2017), and the resulting ensemble average variability is 10.1 m, with an average 

distance to the cognitive model of 24.3 m. This means that the Euclidean distance mismatch between the individual 

realizations related to basic modeling setup is 10.1 m, and the average difference in Euclidean distance to the nearest active 10 

cell between the realizations and the cognitive model was 24.3 m. The 2D t-SNE plot depicts the overall trends from the 

exhaustive distance matrix (Figure 10A). This means that points which are closer to each other have a smaller distance value, 

and are more similar than points which are far from each other. In the 2D t-SNE plot the point cloud of the basic modeling 

setup is found slightly off center, surrounded by the point-clouds belonging to case1a, case2, case3, case4a, and case4b  

(Figure 10C). The point-clouds belonging to case1b is isolated to the far right of the t-SNE plot, while case5 is isolated to the 15 

top left, although with some proximity to case2. 

The 3D geological conceptualization contained in the TI influence the final hydrostratigraphic realizations as illustrated in 

Case1, which is divided into two sub-cases: Case1a and Case1b. In Case1a, using a 3D cognitive geological model from the 

Egebjerg area as a TI for hydrostratigraphic simulation increases the average distance to the cognitive model to 24.9 m 

(Figure 10A) (Table 3). Furthermore, the average variability has increased to 13.6 m (Figure 10B) (Table 3). In the 2D t-20 

SNE plot (Figure 10C) this is reflected by the Case1a point cloud moving away from the basic modeling setup point, as well 

as the basic modeling setup point cloud. The other sub-case revolves around using an entirely conceptual geological model 

as a TI. The conceptual TI was designed to reflect the overall geology, yet still with some bias. The results reflect the bias 

with increased distances to the cognitive geological model, which are now centered on 25.6 m (Figure 10A) (Table 3). The 

ensemble variability has increased to 14.8 m (Figure 10B) (Table 3). The 2D t-SNE plot reveals an isolated Case1b point 25 

cloud, in the upper right-hand corner. 

The importance of proper reconstruction of the incomplete resistivity grid is illustrated in Case2, where the incomplete 

resistivity grid was used for simulation. The resulting realization ensemble have a large ensemble variability centered on 

24.1 m (Figure 10A) (Table 3). The distance to the cognitive geological model is also large, with an average value of 33.1 m 

(Figure 10B) (Table 3). The 2D t-SNE plot portrays a relatively large point cloud for Case2 (Figure 10C). 30 

In Case3 the sharp SCI models were used for simulation in place of the smooth SCI models. The realizations related to 

Case3 were the closest to the cognitive model with an average value of 21 m (Figure 10B) (Table 3). The variability of 
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Case3 realization ensemble, i.e. the distances between the realizations pertaining to Case3, is small with an average value of 

9.4 m – see Table 3. Recalling the raw hydrostratigraphic realizations (Figure 8E) and the E-type map (Figure 9E), the large 

reduction in distances could partly be related to the unambiguous simulation of hemipelagic clay patch along the 

southeastern border and the south eastern corner of the model. 

The influence of the boreholes lithology logs on the hydrostratigraphic realizations is reflected in Case4, which is divided 5 

into two sub-cases. The first sub-case, Case4a, simply does not use any information from the boreholes. The ensemble 

average variability is 10.7 m (Figure 10A) (Table 3) and the average distance to the cognitive model is 24.3 m (Figure 10B) 

(Table 3). In the second sub-case, Case4b, the boreholes are used as soft information to reflect the uncertainty of the 

borehole information. The ensemble average variability is 10.9 m, and the average distance to the cognitive model is 24.3 m. 

This illustrates how the snesim realizations are not particularly sensitive towards the sparse borehole information. 10 

 

Figure 10: A presentation of the average Euclidean distance calculations. A. shows the full distance matrix, B. shows the average 
Euclidean distances between each individual hydrostratigraphic realization and the cognitive geological model, and C. shows the 
2D t-SNE plot of the distance matrix. 
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Not including the geophysical soft data in the snesim simulations, Case5, resulted in the largest ensemble average variability 

of 40 m (Figure 10A) (Table 3). The average distances between Case5 realizations and the cognitive model was 59.3 m. This 

means that the realizations of Case5 are the most different from the rest of the realizations. The snesim realizations are 

sensitive towards not including the geophysical data, or using the incomplete resistivity grid. This underlines the importance 

of the geophysical data in relation to snesim hydrostratigraphic modeling. The 2D t-SNE plot shows an isolated point cloud 5 

for Case5. The size of the point cloud is too small, since Case5 by far has the largest ensemble variability (Figure 10C). 

Table 3: A summary table showing the average distance value for each 50 by 50 square representing a given case in the distance 
matrix (Figure 10A). The final column, labelled “Distancecog”, summarizes the distances to the cognitive geological model, 
presented as the average of each colored point cloud in Figure 10B. The distances in parenthesis represent ensemble variabilities, 
and the remaining values represent average distances between different ensembles. The unit of the average distances is meters. 10 

Distance [m] Basic setup Case1a Case1b Case2 Case3 Case4a Case4b Case5 Distancecog 

Basic setup (10.1) 12.9 16.9 24.0 12.7 11.1 11.2 49.6 24.3 

Case1a 12.9 (13.6) 18.3 26.0 15.1 14.0 13.9 51.7 24.9 

Case1b 16.9 18.3 (14.8) 27.9 17.8 18.1 18.1 52.5 25.6 

Case2 24.0 26.0 27.9 (24.1) 23.5 25.0 24.9 45.2 33.1 

Case3 12.7 15.1 17.8 23.5 (9.4) 13.6 13.6 49.6 21.6 

Case4a 11.1 14.0 18.1 25.0 13.6 (10.7) 11.1 50.7 24.3 

Case4b 11.2 13.9 18.1 24.9 13.6 11.1 (10.9) 50.6 24.3 

Case5 49.6 51.7 52.5 45.2 49.6 50.7 50.6 (40.0) 59.3 

4 Discussion 

The cognitive geological model was created based on both smooth SkyTEM inversion models and lithological logs (Høyer et 

al., 2015). The model has been simplified from a full 3D geological model containing a total of 42 unique geological units, 

to a hydrostratigraphic model containing only 3 key hydrostratigraphic units. The cognitive geological model, although 

detailed and extensive, is not the “true” geological model. The ensemble realizations should not directly reflect the cognitive 15 

model, yet the cognitive model can be thought of as a reference point in modeling space, which we would prefer our models 

to resemble.  

The results revealed the importance of the SkyTEM dataset. Not including the resistivity models in the MPS simulations, 

Case5, yielded realizations which were both the least similar to the cognitive geological model, and with a large variability 

between the individual realizations. Including the incomplete resistivity grid, Case2, improved the realization results 20 

compared to not including them at all. Yet, the ensemble variability was large and resulting realizations were ranked second 
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least similar to the cognitive geological model. The realization ensemble which was closest to the cognitive geological model 

belongs to Case3. Here, the resistivity grid was reconstructed from the sharp SCI models, which, in this case, increase the 

fingerprint of resistive extreme values, which in turn results in less ambiguous reconstructed resistivity grids; compare 

Figure 5C and D. It should be noted that the usage of block Kriging for assigning the sharp resistivity models to the 

modeling grid, resulted in smoothing of sharp vertical boundaries otherwise found in sharp SCI models. These three cases 5 

together reveal the importance of the geophysical soft data when using the snesim setup presented in this study. It should, 

however, be noted, again, that the cognitive geological model was created using smooth SkyTEM resistivity models, which 

implies that not using the SkyTEM models makes it increasingly difficult to replicate the geological architecture from the 

cognitive geological model. 

On the other hand the cases related to studying the sensitivity towards borehole information, Case4, revealed that the large-10 

scale hydrostratigraphic architecture was not changed significantly. The distance measure used in this study observes 

similarities or dissimilarities of large-scale hydrostratigraphic architecture, and is not sensitive towards local changes in 

small-scale patterns. In this study the amount of geophysical information is relatively large, meaning the relative influence of 

(few) borehole data becomes less significant. This does not mean that the borehole data are not important; they both contain 

locally accurate information and are used to estimate the regional resistivity-hydrostratigraphic relationship (Figure 1B). In 15 

other surveys where the ratio between geophysical and lithological information is smaller, the importance of the borehole 

data will increase. In relation to this study, such small-scale changes are insignificant. Yet if the realizations are to be used 

for flow simulations or predictions on a smaller scale, such smaller scales might suddenly have an important impact on 

prediction accuracy. Additionally, if such small-scale patterns are important, the size of the model grid-cells should be 

smaller to accommodate simulations of these variations. Discretizing hydrostratigraphic and groundwater models with 20 

relatively small grid-cells can be CPU demanding, depending on the total number of grid cells. 

The conceptual geological understanding has always been considered an integral part of geological modeling. In this case the 

conceptual geological understanding is implemented via the TI, which makes it easy to alter. A total of 3 different TIs are 

used for simulation in this paper, the Kasted, Egebjerg, and conceptual TIs. The results showed that models simulated using 

the Egebjerg TI, Case1a, portrayed the same overall hydrostratigraphic architecture. This opens for the possibility of using 25 

3D cognitive geological models as TIs for new survey areas, as long as the geological setting is similar. One key difference 

between the models, however, was the more block-like and coarse nature of the realizations using the Egebjerg TI, due to the 

coarseness of the Egebjerg TI. An important observation is that when a spatially dense and extensive geophysical dataset, 

such as SkyTEM, is present, the snesim realizations are not as sensitive towards the choice of TI, when the TI is relatively 

similar to the expected scenario. However, as illustrated in Case1b picking a TI which has a significant pattern which does 30 

not match the soft data results in the TI dominating the realizations. In Figure 8C and Figure 9C, it can be seen that the 

glacial clay valley, both present in the soft data variable (Figure 6B) and the cognitive Kasted geological model (Figure 3A), 
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is represented as sand and gravel. This leads to the conclusion that one needs to pay attention to the construction of the TI, 

which ideally should be a realistic depiction of the subsurface. 

The reconstruction of the resistivity grid is an important step of the snesim setup presented in this study. This was illustrated 

in Case2, where the incomplete resistivity grid was used instead of the reconstructed resistivity grid, resulting in larger 

realization variability and distance to the cognitive geological model. These realizations could have been improved by 5 

increasing the prior knowledge provided to snesim before simulation. One such option is to provide so-called vertical 

proportions, in place of solely the target global proportions. The global proportions simple give a percentage fraction of the 

different hydrostratigraphic units in the outcome realizations. The vertical proportions are defined for each simulation grid 

layer, and determine the proportions as a function of depth. This makes sense if the different units in the realizations are 

clearly linked to geological units which in turn have clear stratigraphic layering. In our case, this would have impacted the 10 

realizations by not allowing the presence of hemipelagic clay at the top of the model. Furthermore, sand and gravel and 

glacial clay would not be allowed at the bottom of the model. However, vertical proportions were not used in any other 

cases, and were therefore not used in Case2. 

Part of the considerations of this study was to utilize the DeeSse code for Direct Sampling (DS) simulation. This DS 

implementation uses an alternative method for constraining continuous auxiliary data, presented by Chugunova and Hu 15 

(2008). The method requires the construction of multivariate TI, where a categorical TI is coupled with a continuous 

auxiliary variable, which is used during simulation to constrain the soft data variable. It is important that the auxiliary 

variable reflects both the complications related to the given geophysical method, as well as the local petrophysical-

hydrostratigraphic relations. Creating such an auxiliary variable, which spatially overlaps with the TI, and reflects the 3D 

AEM data set is no trivial task. The requirements for the geophysical modelling procedure are twofold. Firstly, the 20 

categorical TI needs to be populated with resistivity values, e.g. as in Christensen et al. (2017) where a Bayesian McMC 

algorithm is used to create 1D resistivity models drawn from a posterior probability distribution. This is no straightforward 

task. Secondly, the populated resistivity model then ideally needs to be forward modelled using full 3D forward modelling 

code, which is computationally expensive. Alternatively, approximate 1D forward modelling is also an option. To our 

knowledge, such usage of an auxiliary variable for constraining a soft geophysical data variable is not widespread within the 25 

domain of AEM geophysical methods. In this study the snesim method was used, which uses the τ-model (Journel, 2002). 

The τ-model proved a more straightforward approach when combined with the method for creating resistivity-

hydrostratigraphic histograms presented by Barfod et al. (2016). 

The study presented by Barfod et al. (2017) used the alternative modified Hausdorff distance (MHD) measure for comparing 

realizations. Due to the computational burden of the method, it was difficult to create exhaustive distance computations, i.e. 30 

where all information from individual realizations is used. The usage of differences in EDT of binary translations of the 

categorical realizations for comparing the individual realizations proved to be a more computationally feasible approach. In 
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this paper an efficient algorithm for computing the EDT was used (Maurer et al., 2003). This computationally advantageous 

approach for computing the distance between two realizations allows for a full analysis of the realizations. Each realization 

is then compared based on each of the hydrostratigraphic categories and on the entire 3D objects, resulting in a detailed 

comparison. The resulting distance matrix (Figure 10A) was able to differentiate between the realizations pertaining to the 

different cases. The random number seed between cases was chosen so the first realization of each case has the same random 5 

seed; the second realization has the same seed, etc. This can be seen in the distance matrix (Figure 10A), where off diagonal 

cases have a smaller distance values along the diagonal within the given 50 by 50 sub-matrix. An example is the 50 by 50 

sub-matrix between the basic setup and Case1a, where the diagonal is clearly marked by lower distances relative to the 

remaining sub-matrix. 

5 Conclusion 10 

A hydrogeophysical data set from Kasted in Denmark was used for stochastic hydrostratigraphic simulation using the snesim 

algorithm. The main goal of this study was to further our understanding of ensemble hydrostratigraphic modeling uncertainty 

related to stochastic MPS modelling. The study was divided into 8 sub-cases designed to reflect the impact related to key 

components of the hydrostratigraphic modelling setup, i.e. the TI, borehole lithology logs, and SkyTEM resistivity models. 

The results revealed that the hydrostratigraphic realizations were sensitive first and foremost to the geophysical dataset due 15 

to its extensive nature. Not including the geophysical data in the realizations resulted in an average Euclidean distance 

variability of 40 m, and a distance to the TI of 59.3 m. Furthermore, the geophysical modeling procedure influences the 

resulting realizations. It was shown that choosing so-called sharp inversion models, in place of smooth inversion models, 

results in a realization ensemble which has similar distance based variabilities, 9.4 m and 10.1 m, respectively. However, 

using sharp models decreased the distance to the cognitive geological model from 24.3 m, to 21.6 m. The choice of a TI 20 

containing a relevant geological conceptualization is important. The cognitive Egebjerg model was used as a TI to simulate 

the hydrostratigraphic Kasted model, which yielded similar realizations to the case where the cognitive Kasted model was 

used as a TI. The Egebjerg TI contained relevant geological architecture, but if a conceptual TI is introduced containing 

overly simple geological architecture, the resulting realizations will also contain such simple geological architecture without 

small-scale variability. Finally, it was seen that the borehole lithology logs did not significantly influence the realizations. 25 

The lithology logs only carry information in the immediate vicinity of the borehole, and are sparse in comparison to the 

resistivity data. The boreholes therefore only have a minor influence on the realizations. The comparison measures used here 

mainly compare the overall large-scale architecture components of the realizations, and do not reflect small-scale changes. In 

relation to this study the lithology logs are not important. However, if the hydrostratigraphic models are used for predicting 

groundwater flow the boreholes might be important. 30 
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A B S T R A C T

Process-based modeling offers a way to represent realistic geological heterogeneity in subsurface models. The
main limitation lies in conditioning such models to data. Multiple-point geostatistics can use these process-
based models as training images and address the data conditioning problem. In this work, we further develop
image quilting as a method for 3D stochastic simulation capable of mimicking the realism of process-based
geological models with minimal modeling effort (i.e. parameter tuning) and at the same time condition them to
a variety of data. In particular, we develop a new probabilistic data aggregation method for image quilting that
bypasses traditional ad-hoc weighting of auxiliary variables. In addition, we propose a novel criterion for
template design in image quilting that generalizes the entropy plot for continuous training images. The criterion
is based on the new concept of voxel reuse—a stochastic and quilting-aware function of the training image. We
compare our proposed method with other established simulation methods on a set of process-based training
images of varying complexity, including a real-case example of stochastic simulation of the buried-valley
groundwater system in Denmark.

1. Introduction

Process-based geological models such as flume experiments (Paola
et al., 2009, 2011; Straub et al., 2009; Kim et al., 2010; Tal and Paola,
2010; Paola, 2000) and advanced computer simulations of flow and
sediment transport (Elias et al., 2001; Giri et al., 2008; Lesser et al.,
2004) are now widely used to study the effects of geological processes
in the sedimentary record. These models are known for providing more
insight into physical realism compared to rule-based models (Xu, 2014;
Lopez, 2003a), and are the de facto standard for addressing funda-
mental questions in sedimentary geology. One of the major drawbacks
with the application of process-based models in practice is that they
cannot be easily matched with the data acquired after deposition such
as drilled wells or geophysical data. This limitation is inherent to any
and all forward models, which are fully determined given well-posed
boundary conditions (e.g. sea level rise, sediment supply).
Furthermore, process-based geological models are complex as demon-
strated by Fig. 1, demand superb modeling expertise, great amount of
time (computational or laboratorial), and can be quite laborious to
design (Briere et al., 2004).

In geostatistics, the process of conditioning 3D models to data has

been actively investigated (Matheron, 1963; Mariethoz and Caers,
2014). Although the research community has developed various
modern algorithms in the past 15 years (Strebelle, 2002; Arpat and
Caers, 2007; Zhang et al., 2006, 2015; Honarkhah and Caers, 2010; El
Ouassini et al., 2008; Faucher et al., 2014; Tahmasebi et al., 2012;
Mahmud et al., 2014; Yang et al., 2016; Mariethoz et al., 2010), most
still have problems in handling the complexity of process-based
models, suffer from low computational performance, and/or depend
on non-intuitive input parameters that lack clear geological meaning.
The most recent algorithms developed for geostatistical (or stochastic)
simulation rely on training images from which multiple-point statistics
(MPS) are reproduced (Mariethoz and Caers, 2014). Compared to
alternative approaches such as object-based (Maharaja, 2008) and
surface-based or event-based (Xu, 2014) simulation, training-image-
based approaches have more flexible conditioning capabilities. In order
to exploit process-based models as training images and condition them
to data, we first need to efficiently manage their non-stationarity and
arbitrary landforms.

The term non-stationarity refers to the concept that statistics vary
with location and time. For example, the channel morphology in the
deltaic system of Fig. 1 is a function of the distance to the delta apex. It
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is expected that channels by the sea present different characteristics
compared to those evolving near the discharge point upstream in the
high lands. Previous successful attempts to model non-stationarity in
MPS simulation utilize auxiliary variables (Chugunova and Hu, 2008).
Although effective, these attempts incorporate the variables by ad-hoc
weighting; therefore, they do not scale to the complexity of 3D
geological models.

Among the most used MPS simulation algorithms that model non-
stationarity, we list Sequential Normal Equation Simulation (SNESIM)
(Strebelle, 2002), Direct Sampling (DS) (Mariethoz et al., 2010) and
Cross-correlation Simulation (CCSIM) (Tahmasebi et al., 2012). In
SNESIM, probability maps that indicate the occurrence of rock facies in
the subsurface are incorporated in the simulation via a probabilistic
model known as the Tau model (Journel, 2002; Allard et al., 2012).
Although more scientific than ad-hoc weighting, the SNESIM algorithm
does not support auxiliary variables that are not probability maps. Even
if adapted to handling arbitrary variables, SNESIM will still perform
poorly with process-based training images because of its underlying
tree structure originally developed for processing categorical values.

In DS and CCSIM, auxiliary variables are incorporated with ad-hoc
weighting. As previously mentioned, this technique does not scale with
complex 3D process-based models. Nevertheless, both algorithms
support continuous training images and present a remarkable compu-
tational speedup compared to previous alternatives in pixel-based and
patch-based stochastic simulation, respectively.

In DS, the speedup can be explained by the direct sampling of the
first pattern for which the distance to the data is below a pre-specified
threshold. If the threshold is large, the algorithm is fast but suboptimal.
If the threshold is small, the simulation of 3D models is unfeasible.
Given the resolution of process-based training images, an appropriate
threshold is hardly available.

In CCSIM, the speedup can be explained by the pasting of many
voxels (or pixels in 2D) at once. In this case, the choice of a threshold is
less important and can be fixed to a very small value for process-based
models of order 10 × 10 × 102 2 2 voxels or larger. This quality of CCSIM
is inherited from the original, seminal paper “Image Quilting for
Texture Synthesis and Transfer” by Efros and Freeman (2001) who
came up with the idea of quilting images in computer vision.

Efros and Freeman introduce a novel, simple, and efficient algo-
rithm for sampling 2D images from arbitrary reference (a. k. a.
training) images. In its simplest form, image quilting simulation
(IQSIM) consists of 1) a raster path over which patterns (i.e. sub-
images of fixed size) are pasted together with some overlap; 2) a
similarity measure between patterns already pasted in the simulation

grid and patterns in the training image; and 3) a boundary cut
algorithm (Boykov and Jolly, 2001; Boykov and Kolmogorov, 2001;
Kwatra et al., 2003) applied in order to minimize the overlap error of
the paste operation.

The Efros-Freeman algorithm addresses the texture synthesis
problem. In the same paper, the authors apply image quilting for
texture transfer by iterating the procedure until a mismatch with a
background image is below a pre-specified threshold. The texture
transfer problem is closer to the problem that is addressed in this
paper, and is closer to geostatistics in general because it involves
(spatial) data that needs to be honored. Their proposed iteration
technique utilized by CCSIM and other variants, however; becomes
computationally burdensome with 3D geological models.

Based upon the advances made by the computer vision community,
Mahmud et al. (2014) extend 2D image quilting to 3D grids and
attempt to incorporate hard data (or simply point data) along the raster
path. The authors introduce a distance to the data and propose a
weighting scheme with the distance computed in the overlap with
previously pasted patterns. This scheme has two major limitations: 1)
Distances must be normalized before they can be weighted and
summed and 2) The weights are case-dependent and are obtained by
trial and error. Although flexible, the weighting scheme proposed by
Mahmud et al, and the template splitting procedure described therein,
are unfeasible in real 3D applications.

In a similar attempt, Faucher et al. (2014) formulate a patch-based
stochastic simulation as an unconstrained optimization where the
objective function has penalty terms for hard data and local-mean
histograms. In this formulation, the weights appear directly in the
objective function and are chosen under a set of simplifying assump-
tions. Despite the very good analysis, Faucher et al assumptions may be
considered too strong for arbitrary process-based training images and
field data. Furthermore, there is no theoretical result that proves the
existence of global weights for conditioning arbitrary random fields.

Conditioning image quilting to hard data is particularly challenging
as demonstrated by all previously published attempts. The raster path
is suboptimal for this task as it does not sense the data ahead in the
simulation domain. In the extreme case, the data is clustered near the
end of the path and is invisible to the algorithm until the very last
iteration. Tahmasebi et al. (2014) alleviate the raster path issue by
incorporating data ahead of the path. The proposed solution comes
with an extra unknown parameter, there called the “co-template”, that
is not trivial to set, and yet determines the data conditioning
performance. Co-templates add an unnecessary layer of complexity to
grids with arbitrary landforms, and as it will be discussed in the next
sections, there exists a much simpler and more effective solution.

Besides the unknown weights for combining different variables and
data defined over the domain, MPS simulation algorithms usually
depend on a non-trivial list of input parameters that do not convey
geological nor physical understanding. In particular, the Efros-
Freeman image quilting algorithm requires a window (or template)
size for scanning the training image. The choice of this window can
greatly affect the quality of the realizations and there is still no good
criterion for its design.

In this paper, we propose a systematic probabilistic procedure for
data aggregation in the original Efros-Freeman algorithm. Our pro-
posed algorithm is faster than any other MPS simulation algorithm
previously published, bypasses the ad-hoc weighting limitation, and
produces visually realistic images conditioned to data. The paper is
organized as follows. In Section 2, we introduce a new method for data
aggregation and other minor modifications to the original Efros-
Freeman algorithm to accommodate hard data (e.g. wells). In Section
3, we apply the proposed algorithm to 2D process-based and 3D
process-mimicking models with real-field complexity. In Section 4, we
discuss the choice of the template size in image quilting and introduce a
novel criterion for template design. In Section 5, we conclude the work
pointing to future research directions.

Fig. 1. Flume experiment of a delta with low Froude number performed by John Martin,
Ben Sheets, Chris Paola and Michael Kelberer. Image source: https://www.esci.umn.
edu/orgs/seds/Sedi_Research.htm.
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2. Data aggregation in image quilting

In this section, we introduce a new method for data aggregation in
image quilting as an alternative to ad-hoc weighting. This method is
introduced with auxiliary variables and is extended later to condition-
ing with hard data.

2.1. Efros-Freeman algorithm

The original Efros-Freeman image quilting for unconditional
simulation is illustrated in Fig. 2. In iteration 1, a pattern “A” is
randomly selected from the training image and placed in the top left
corner of the simulation domain. In iteration 2, the sliding window
leaves an overlap region highlighted in red. This region is compared to
all regions of equal size in the training image using an Euclidean
distance as measure of similarity; the next pattern “B” is drawn at
random from a uniform distribution over a set of candidates colored in
red (e.g. the most similar patterns). The two patterns are stitched
together by means of a cut that maximizes continuity (Boykov and
Jolly, 2001; Boykov and Kolmogorov, 2001; Kwatra et al., 2003). After
the first row is filled, the second row is simulated similarly except that
there are two overlap regions instead of one. Tile by tile the puzzle is
solved. Resulting images and all the cuts performed along the path are
shown in Fig. 3.

2.2. Incorporation of auxiliary variables

Consider the setup of the problem in Fig. 4 with the introduction of
an auxiliary variable. A training image TI, an auxiliary variable AUXD
defined over the simulation domain, and a forward operator
G TI AUXTI*: → are given. The goal is to generate multiple realizations
that honor the relationship established by the auxiliary variables AUXD
and AUXTI. The operator G* approximates the mapping G used to
generate the auxiliary variable AUXD. G may be a simple mathematical
expression G G i j k= ( , , ) in terms of the spatial indices of the grid or
may consist of a series of elaborated engineering workflows that
produce a property cube over the domain of interest.

Our method for data aggregation is illustrated in 2D for clarity. We
start by placing a small window in the simulation domain along any
overlapping path (e.g. raster path). As illustrated in Fig. 5, this
placement defines a local variable AUXD i j( , )t t for every location i j( , )t t
in the path.

At a current location i j( , )t t , the local variable AUXD i j( , )t t is
compared to all local variables AUXTI i j( , )p p in the auxiliary training
image. The subscript t in i j( , )t t refers to the few tile locations in the
simulation domain whereas the subscript p in i j( , )p p refers to the many

pixel locations in the training image. Although there are as many
variables AUXTI i j( , )p p as there are pixels (or voxels in 3D), these local
comparisons are simple Euclidean distance calculations that can be
implemented very efficiently with Fast Fourier Transforms (FFTs) and
Graphics Processing Units (GPUs).

Therefore, the auxiliary distances

D p AUXD i j AUXTI i j( ) = ∥ ( , ) − ( , )∥aux t t p p
def

2
2

(1)

are computed with a convolution pass on the auxiliary training image,
similar to the procedure introduced in the original Efros-Freeman
algorithm for computing overlap distances

D p Domain i j TI i j( ) = ∥ ( , ) − ( , )∥ov t t p p
def

2
2

(2)

at the location i j( , )t t . While Daux(p) is a distance between □-shaped (i.e.
rectangular-shaped) auxiliary variables, Dov(p) is a distance between L-
shaped overlap regions.

In order to address unit and scaling issues, the distances Dov(p) and
Daux(p) are converted into ranks. For a training image with Npat

patterns, ranks are permutations of the integers N(1, 2,…, )pat . A
permutation p p p( , ,…, )N1 2 pat is a valid rank for the distance D(p) if
D p D p( ) ≤ ( )i j for all i j N1 ≤ ≤ ≤ pat. Two such permutations exist, one
for Dov(p) and another for Daux(p). In order to guarantee a smooth
transition from the previous pattern simulated in the domain and the
pattern being pasted, we introduce a tolerance for the overlap distance
and use it to define an initial subset of Nbest best candidate patterns
according to the overlap information. Such tolerance is not a sensitive
parameter of the algorithm and can be made arbitrarily small. In Fig. 6
we illustrate the two ranks on the training image and the reduced set of
N N⪡best pat best candidate patterns based on the overlap information.

Next, we introduce a relaxation technique whereby a subset of the
Nbest best candidate patterns is selected. This subset S contains
patterns that are in agreement with both the overlap information and
the auxiliary variable defined at the location i j( , )t t . We define a chain of
sets A A A⊆ ⊆ ⋯ ⊆ k1 2 with Ai for i k= 1, 2,…, containing the first Ni

best candidate patterns according to the auxiliary variable, N ≠ 01 and
N N=k pat . By denoting O the set of Nbest best candidate patterns
according to the overlap, the relaxation technique consists of iterating
i from 1 to k until the intersection S O A= ∩i i is non-empty. Let S be
the first non-empty intersection.

The patterns in S have two ranks, one associated to Dov(p) and
another associated to Daux(p). In order to draw a pattern at random we
convert the ranks into probabilities with a simple linear transforma-
tion. The conditional probability of a pattern in S given its overlap rank
rov is given by

Prob r S r k(pattern| ) = (| | − + 1)/ov ov ov (3)

Fig. 2. Efros-Freeman algorithm. Patches are extracted from the training image and pasted in the simulation domain in raster path order. A cut is performed in the overlap with the
previously pasted patch to maximize continuity. Black pixels are copied from pattern A whereas white pixels are copied from pattern B.
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with S| | the cardinality of S and kov a normalization constant. kov is the
sum of S r| | − + 1ov over all patterns in S. Similarly, the conditional
probability of the same pattern given the auxiliary rank raux is given by

Prob r S r k(pattern| ) = (| | − + 1)/aux aux aux (4)

These two probabilities are combined into Prob r r(pattern| , )ov aux with
the Tau model assuming no information redundancy (i.e. τ = 1). In
Fig. 7, all the patterns in S are assigned a color representing their

probability (e.g. S| | = 985). After a pattern is drawn, the entire
procedure is repeated for the next location in the overlapping path.

The relaxation technique can be applied to multiple auxiliary
variables. In this case, multiple chains A A A⊆ ⊆ ⋯ ⊆c c

k
c

1
( )

2
( ) ( ) for

c N= 1, 2,…, c are run in parallel instead of one. The intersection
S O A A A= ∩ ∩ ∩ ⋯ ∩i i i i

N(1) (2) ( )c is guaranteed to be non-empty for
some index i and the subset S is defined as before. Taking intersections
of large sets is a CPU demanding operation in general, however; we
exploit the fact that the maximum rank possible for a pattern is Npat

and implement a fast intersection algorithm for bounded sets with

Fig. 3. Image quilting realizations of two training images and their corresponding cut masks. Texture is reproduced in both examples. Template size for binary training image is
62 × 62 × 1 and template size for continuous training image is 48 × 48 × 1 in the example.

Fig. 4. Problem setup. Training image in the upper left is used to simulate the domain in
the bottom left. An auxiliary variable AUXD is provided over the domain as well as a
proxy G* of the forward operator G used to create AUXD.

Fig. 5. Proposed method (part I). Euclidean distance with “FFT trick” between current
tile location i j( , )t t in the domain and all pixel locations i j( , )p p in the training image.

Pattern AUXD i j( , )t t is compared to all patterns AUXTI i j( , )p p in a single pass.
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O N( )pat time complexity. In fact, the algorithm is a simple element-wise
logical & (AND) comparison between two vectors of size Npat. In
Fig. 8, we compare the traditional weighting scheme with the proposed
relaxation technique. Our method produces realizations that honor the
auxiliary variable without the specification of weights.

2.3. Incorporation of hard data

We apply the same relaxation technique to conditioning with hard
data HD i j( , )t t . Besides the distance to the overlap and to the auxiliary
variables, we define a distance

D p HD i j W TI i j( ) = ∥ ( , ) − ⊙ ( , )∥hard t t p p
def

2
2

(5)

to the point data that may exist at the current location i j( , )t t in the
simulation domain. In Eq. (5), the matrix (or tensor in 3D)W is a mask
that is only active at the pixels with datum in HD i j( , )t t , and ⊙ is the
element-wise multiplication. The ranking induced by the hard data is

combined with the other rankings through the same Tau model used
for incorporating auxiliary variables.

We introduce two additional modifications to the Efros-Freeman
algorithm to increase the quality of the hard data match. The first
modification is the replacement of the raster path by a data-first path
illustrated in Fig. 9. In this path, locations that have data are visited
first and the rest of the simulation domain is filled outwards from the
data using successive morphological dilations, a well known operation
in image processing. We stress that this path is not related to the data-
driven path described by Abdollahifard (2016), that was originally
introduced by Criminisi et al. (2003).

The data-first path when applied together with the relaxation
technique leads to perfect match in most data configurations. There
are still two scenarios in which data is not honored: 1) the data
configuration is not present in the training image and 2) the config-
uration is present in the training image but not in S due to conflicting
ranks. We propose a simple restoration of the data (i.e. we enforce
values at hard data locations) at the end of the simulation in a post-

Fig. 6. Proposed method (part II). Ranking of patterns based on overlap and auxiliary distances followed by successive relaxation of auxiliary information. Given a tolerance, the best
patterns are selected according to the overlap (e.g. 2, 3, 7, 1) and the set is intersected with a growing set of patterns (e.g. 8, 1, 3, …) until the intersection is non-empty.

Fig. 7. Proposed method (part III). Conditional probability of pasting a pattern given both overlap and auxiliary information computed from the Tau model over all patterns in the non-
empty set obtained from relaxation.
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processing step. Although this construction may introduce local
discontinuities under very complex settings, it is effective with many
realistic process-based training images.

3. Image quilting of deterministic process-based geological
models

In this section, we apply the proposed method with 2D process-
based and 3D process-mimicking models. Four applications of varying
complexity are presented: 1) stochastic simulation of meandering
rivers constrained to thickness maps, 2) spatial variability analysis
with flume experiments as proposed by Scheidt et al. (2016, 2015), 3)
subsurface modeling with moderately dense well configurations, and 4)
completion of buried valley models with SkyTEM and partial inter-
pretation.

Applications 1) and 2) serve to illustrate the efficiency of the
relaxation technique on large 3D grids and with complex process-
based training images, respectively. Application 3) highlights a known
limitation of the method in the case where hard data is moderately
dense. Finally, application 4) illustrates a real project in Denmark
where both hard data and auxiliary variables are available.

3.1. Stochastic simulation of meandering rivers

In this application, models of a meandering river generated with the
FLUMY software (Lopez et al., 2008; Lopez, 2003b) are used as
training images. Our goal is to assess the performance of the relaxation
technique with the Tau model on large 3D grids. We focus on a single
training image with 200 × 300 × 45 cells and utilize the thickness of the
basin as an auxiliary variable. This variable is introduced to minimize
the appearance of channels in areas of low sediment transport.

In our method, the quality of the realizations is still a function of the
template size, and because the choice of this parameter is complex, we
discuss it in details in Section 4 where we propose a novel criterion for
template design. By using this criterion, we select a template size of
49 × 49 × 14 and run IQSIM to obtain 50 realizations. In Fig. 10, we
observe that the thickness map constrains the placement of channels to
the center of the basin as intended. However, we also observe
illegitimate patterns near the boundary of the realizations caused by
the arbitrary landform of the model. Artifacts like these can be easily
pruned with a post-processing step for a specific geometry, but the
problem is still unsolved for arbitrarily shaped training images and
simulation domains.

A conditional simulation of the model is generated in 6 min on an

Fig. 8. Comparison of ad-hoc weighting and proposed method. Different weight configurations A, B and C leading to different conditioning results. Our method shown at the bottom left
does not require specification of weights and produces the most likely outcomes given the data. Training image size: 400 × 400 × 1, Domain size: 300 × 260 × 1, Template size:
27 × 27 × 1.

Fig. 9. Data-first path. Tiles are first pasted where hard data exists and outwards until the entire domain is filled.
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integrated Intel® HD Graphics Skylake ULT GT2 GPU of a Dell XPS 13
laptop. Our algorithm and implementation are orders of magnitude
faster than most (and probably all) other MPS simulation software in
the literature. Besides the FFT on the GPU, we exploit the shape of the
basin to save computation. For reference, alternative methods like
SNESIM require many hours to handle grids of this size.

3.2. Spatial variability analysis with flume experiments

In the flume experiment provided by the St. Anthony Falls
Laboratory (http://www.safl.umn.edu), we are given 136 overhead
shots of a delta. Our goal is to compare the spatial variability of the
given snapshots with that of image quilting realizations. We rely on the
definition of a distance between these 2D models in order to quantify
variability. In this work, the modified Hausdorff distance (Dubuisson,
1994; Huttenlocher et al., 1993) is investigated that only takes into
account the shape of geobodies deposited in the delta.

We select a template size of 26 × 26 × 1 via the criterion discussed
in Section 4 and run IQSIM with overhead shots constrained to two
auxiliary variables as illustrated in Fig. 11.

The simulation is performed with 13 such snapshots (or training
images) previously selected by clustering points in a multidimensional
scaling projection (Scheidt et al., 2015, 2016; Borg and Groenen,
2005). For performance reasons, the modified Hausdorff distance is
computed between point sets that represent the edges of the corre-

sponding geobodies as illustrated in Fig. 12. Because distances are
ultimately computed between black & white images, we further run DS
with the 13 intermediate binary images of the delta in order to compare
the proposed algorithm with an existing software that requires fine
parameter tuning.

In Fig. 13, we show the Q-Q plot between the distribution of
distances originated from the experiment and the distribution of
distances artificially created with geostatistics. Although the compar-
ison of spatial variability with the modified Hausdorff distance is
limited, we observe that both image quilting and direct sampling
approximate the natural variability in the delta reasonably well. Outlier
images exist particularly in the upper tail, and most importantly, we
observe that spatial variability is usually underestimated by geostatis-
tical simulation. This underestimation is caused by the many auxiliary
variables and constraints imposed during simulation, and is depicted
by the reduced interquartile range in the kernel density estimation plot
in Fig. 13.

3.3. Stochastic simulation with dense well configurations

In this example, we assess the performance of the proposed method
with moderately dense well configurations. The training image consists
of channels generated with the Fluvsim software (Deutsch and Tran,
2002), and 9 vertical wells are placed with equal spacing in a domain of
the same size as illustrated in Fig. 14.

Fig. 10. Image quilting realizations of a meandering river. Realizations conditioned to thickness map have channels in the center. Artifacts observed near the boundary of the basin.
Training image size: 200 × 300 × 45, Domain size: 200 × 300 × 45, Template size: 49 × 49 × 14.
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After selecting a template size of 25 × 25 × 20 via the criterion
discussed in Section 4, we run image quilting and obtain 50 realiza-
tions. Three of these realizations are illustrated in Fig. 14. We observe
that channels are correctly placed at the wells, but we also notice
discontinuity in the generated patterns. This discontinuity is caused by
the combination of the data-first path and the chosen template size,
and can be quantified with various metrics as discussed in Renard and
Allard (2013). We use the number and size of geobodies as metrics in
Fig. 15 to illustrate the difference in connectivity between the training
image and the IQSIM realizations for this well configuration.

Reducing the template size to accommodate the wells is a valid
strategy, but it increases the computational time and can diminish the
performance of the simulation to that of alternative methods.

In Fig. 16, we illustrate the ensemble average and variance of the 50
realizations. High average and low variance at the well locations are
guaranteed by design.

3.4. Completion of buried valleys with SkyTEM and partial
interpretation

A collection of buried valleys interpreted from SkyTEM measure-
ments (Sørense and Auken, 2004) in Denmark is used to illustrate the
application of our method in a case with real field complexity. In
Fig. 17, we show a single 3D model with 229 × 133 × 39 voxels
interpreted by hydrologists that are working on mapping groundwater
in the country (Thomsen et al., 2004; Høyer et al., 2015).

To test our method in this real field case, we propose an experiment
in which we assume that half of the interpretation is unavailable. In the
first case, we use the patterns in the left half of the model to simulate
the right half “L R→ ”. In the second case, we revert the setup “R L→ ”
as illustrated in Fig. 18.

In this experiment, we have hard data conditioning—the known half
of the interpretation—and the SkyTEM measurements as an auxiliary
variable. For each case, we generate 50 realizations with a template size
of 49 × 49 × 18. Realizations of the valleys are shown in Fig. 19 for the
setup “L R→ ”.

In Fig. 20, we show the average of indicator variables (a probability)
defined for the first two categories of the training image—sand &
gravel and coarse clay. The third category corresponding to the
background red color—hemipelagic clay—is omitted. We observe that
many geobodies are correctly recovered from the SkyTEM data, but
that a limited number of patterns in the training image can only
approximate the other half of the most likely interpretation.

For the case “L R→ ”, we run SNESIM with a set of tuned
parameters. Similar to the comparison of IQSIM and DS in the 2D
flume experiment, we want to emphasize that our method does not
require fine parameter tuning for producing decent results. In Fig. 21,
we illustrate the distribution of modified Hausdorff distances per
category computed between each of the 50 realizations and the most
likely interpretation from SkyTEM. The distribution obtained with the
two methods is compared on a per-category basis.

Image quilting realizations present lower distances in distribution
and better reproduce the texture of the training image. For this specific
setup, a single realization is generated in 3 min with IQSIM on an
Intel® HD Graphics Skylake ULT GT2 GPU versus 30 min with
SNESIM on an Intel® Core™ i7-6500U CPU. For completeness,
another realization is generated in 5 min with IQSIM on the same CPU.

4. Criterion for template design

In this section, we introduce a novel criterion for choosing template
configurations in image quilting. We start by motivating the criterion

Fig. 11. Image quilting realizations of an overhead shot from the flume experiment with
two auxiliary variables incorporated by proposed method. Training image size:
300 × 260 × 1, Domain size: 300 × 260 × 1, Template size: 26 × 26 × 1.

Fig. 12. Distance calculation between images. First, images are threshold to wet/dry binary images. Second, an edge filter is applied to produce a reduced set of points. Finally, the
Modified Hausdorff distance is computed between the resulting point clouds.
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with a simple example in 2D where we compare image quilting
realizations of two different training images. Next, we state the
proposed criterion as an optimization problem and derive an efficient
approximation that is solved in low CPU time. Finally, we compare the
criterion with the traditional entropy plot and assess its robustness
with basic checks and well-known training images.

In Figs. 22 and 23, we illustrate a few image quilting realizations of
2D training images with different template configurations. In this
example, template configurations are squares of the form T T( , , 1) with
T the template size in pixels. We observe that different template sizes
lead to different texture in the realizations. For the channelized training
image, increasing the template size from T = 12 to T = 63 improves the
results, whereas for the Gaussian training image, the improvement is
obtained by decreasing from T = 82 to T = 32.

The interesting observation is that a measure for template selection
based on a monotonically increasing measure (e.g. entropy (Tahmasebi
and Sahimi, 2012; Journel and Deutsch, 1993; Honarkhah and Caers,
2010)) is suboptimal. We propose a function inspired by the principle
of minimum energy from thermodynamics. This principle can be
rephrased in the context of image quilting as follows:

A good image quilting simulation pastes patterns sequentially

without overwriting what was already pasted in previous iterations.

Fig. 13. Comparison of natural variability present in the flume experiment with variability created by means of geostatistical simulation. Presence of outliers in the upper tail of the
distribution. Underestimation of spatial variability depicted by reduced interquartile range.

Fig. 14. Image quilting realizations of fluvial river channels conditioned to 9 vertical wells. Placement of channels illustrated on horizontal slices. Training image size: 250 × 250 × 100,
Domain size: 250 × 250 × 100, Template size: 25 × 25 × 20.

Fig. 15. Cumulative distribution of geobody size for a moderately dense well config-
uration. Positive skewed distributions for image quilting realizations indicate pattern
discontinuity compared to the training image.
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The motivation for this principle is better understood by consider-
ing the boundary cuts in Fig. 24. According to the principle of
minimum energy (or overwrite), the quilting algorithm should be
designed to maximize the number of black pixels in the overlap region,
which is only invaded by white pixels when there is misalignment of the
pattern coming from the training image and the patterns already
pasted along the overlapping path.

Definition (voxel reuse). The voxel (or pixel in 2D) reuse ∈ [0, 1]⥀
of an image quilting realization is the number of black voxels in the
boundary cut divided by the total number of voxels in the overlap
region.

For a fixed template size to overlap ratio (e.g. 6 ÷ 1), the voxel reuse

is a function of the template size T( )⥀ . We seek its maximum, or
alternatively, the minimum overwrite defined as the complement

T1 − ( )⥀ . Because the function is stochastic we formally state the
optimization in terms of mean voxel reuse:

T T* = argmax [ ( )]
T

⥀
(6)

We argue that, given a set of image quilting realizations generated
with template size T and their corresponding boundary cuts, the
number  T[ ( )] ∈ [0, 1]⥀ is a measure of texture reproduction.
Consequently, the multiple optima T* are also the solution to the
template design problem. In Fig. 25, we illustrate the mean voxel reuse
as a function of the template size for a few training images in our

Fig. 16. Ensemble average and variance over 50 realizations. Channels placed where indicated in the wells and corresponding low variance.

Fig. 17. Single interpretation of buried valleys from SkyTEMmeasurements. Resulting model has three categories: 0) sand & gravel—quaternary meltwater sand and sand till, Miocene
sand, and quaternary buried valleys infilled with sand, 1) coarse clay—quaternary clay till, meltwater clay and buried valleys infilled with clay and clay till, and 2) hemipelagic clay—
hemipelagic, fine grained Paleogene and Oligocene clays.

Fig. 18. Experiment setup. Half of the interpretation is discarded and then simulated with image quilting. The known half is used as hard data and the SkyTEM measurements are
incorporated as an auxiliary variable.
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library. We observe that the mean voxel reuse generalizes the Shannon
entropy to continuous training images.

The plots in Fig. 25 were generated by brute force: for each
template size T we generated 10 unconditional image quilting realiza-
tions with the same size of the training image and averaged the voxel
reuse. However, an estimate of mean voxel reuse does not require full
simulation, only a few boundary cuts performed with the training
image. We derive a fast approximation with the notion of elementary
overlapping paths as follows.

Given any 3D template configuration T T T( , , )x y z , the most simple
path that exhibits all overlap combinations has 2 × 2 × 2 tiles (or
blocks), it is shown in Fig. 26. For the vast majority of the lookups in
the training image that consider the overlaps x, y and z separately,
there exists a perfect pattern match. We can assume no overwrite

  [ ] = [ ] = [ ] = 1x y z
⥀ ⥀ ⥀ and conclude that these boundary cuts

are irrelevant to the estimate of the mean voxel reuse. On the other
hand, the combinations xy, xz, yz and xyz, at which misalignment is
likely to happen, contain valuable information (e.g. [ ]xy

⥀ is a function
of the texture).

We consider the average over a few N elementary overlapping paths
(i.e. 2 × 2 × 2 tiles) in Eq. (7) and discuss the implications of using this
average instead of averaging full image quilting realizations.

 ∑
N

[ ] ≈ 1

k

N

k⥀
=1

⥀,
(7)

The voxel reuse of an elementary overlapping path can be decom-
posed into its different overlap combinations:

Fig. 19. Image quilting realizations of buried valleys conditioned to SkyTEM measurements and known half of the basin. Training image size: 229 × 133 × 39, domain size:
229 × 133 × 39, Template size: 49 × 49 × 18.

Fig. 20. Ensemble average of indicator variables for categories 1 and 2. Single 3D model interpreted from SkyTEM illustrated in the first column for reference.
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f f f f f= + + + +⋯+x
x

y
y

z
z

xy
xy

xyz
xyz

⥀ ⥀ ⥀ ⥀ ⥀ ⥀ (8)

where fc is the fraction of the overlap volume associated to the
combination c C x y z xy xz yz xyz∈ = { , , , , , , }. Denote T T T( , , )x y z the tem-
plate size and o o o( , , )x y z the overlap. There are

T o T o T o(2 − ) × (2 − ) × (2 − )x x y y z z voxels in the path or n n n× ×x y z

for short. We can write fractions of the overlap volume Vov in terms of

these geometrical parameters, for example:

f V
V

o T T
n n n n o n o n o

= =
− ( − )( − )( − )x

x

ov

x y z

x y z x x y y z z (9)

Thus, the terms in the expansion f= ∑c C c
c

⥀ ∈ ⥀ introduced in
Eq. (8) are a product of geometric factors fc times texture terms c

⥀.
The mean voxel reuse is given by:

Fig. 21. Distance-per-category between geostatistical realizations and single 3D model interpreted from SkyTEM. Image quilting (IQSIM) presents lower distances in distribution than
single normal equation simulation (SNESIM).

Fig. 22. Image quilting realizations of Strebelle training image. Texture reproduction improves by increasing template size.

Fig. 23. Image quilting realizations of Gaussian training image. Texture reproduction improves by decreasing template size.
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⥀
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We first consider the 2D case where we have
 f f f[ ] = + + [ ]x y xy

xy
⥀ ⥀ . If instead of 2×2 tiles we had m m×x y

tiles in the path, the derived expression would be

 ∑m f m f f[ ] = ( − 1) + ( − 1) + [ ]x x y y xy
i

m m
xy i

⥀
=1

( −1)( −1)

⥀
,

x y

(11)

with the variable i looping over all tiles for which both cuts in x and y
are performed. Eq. (11) can be further simplified to

 m f m f m m f[ ] = ( − 1) + ( − 1) + ( − 1)( − 1) [ ]x x y y x y xy
xy

⥀ ⥀ (12)

if we assume that the texture is the same everywhere in the training
image (i.e. 1st-order stationary random process assumption). Notice
that the fractions fc are a function of the number of tiles m m×x y in the
realization, but are not a function of the template size T T( , )x y . Eq. (12)
can be rewritten in a simpler form  a a[ ] = + [ ]xy

⥀ 0 1 ⥀ with a0 and
a1 functions of the overlapping path size.

The effects of a0 and a1 in the mean voxel reuse plot are vertical
shift and scaling, respectively. These operations do not affect the
locations of the maxima T T* = argmax [ ( )]T ⥀ and this proves that
the use of elementary overlapping paths for template design of 2D

Fig. 24. Zoom in 2D boundary cut mask. Voxel reuse defined as the number of black pixels divided by overlap area.

Fig. 25. Mean voxel reuse (solid line) and standard deviation (colored area) for a few training images in our library. Generalization of Shannon entropy (dashed line) to continuous
training images. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 26. Elementary overlapping path. 2 × 2 × 2 tiles stitched together.

Fig. 27. Mean voxel reuse for different overhead shots of the flume experiment. All
curves match except for small fluctuations.
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stationary random processes is error-free. Although we do not prove
the result for non-stationary random processes where boundary cuts
are also a function of space, we expect the error to be very low in
practice.

This approximation with elementary overlapping paths cannot be
extended to 3D random processes without errors in general. By
following a similar derivation we can write

   a a a a[ ] = + [ ] + [ ] +⋯+ [ ]xy xz xyz
⥀ 0 1 ⥀ 2 ⥀ 4 ⥀ (13)

which is the equation of a hyperplane defined by the normal vector
a a a a( , , , ) ∈1 2 3 4 +

4 . This vector is a function of m m m( , , )x y z and there
are counter-examples where the maxima T* is altered by the over-
lapping path size. If besides stationarity we assume that the training
image is isotropic (i.e. statistics do not vary with direction), we have
    [ ] = [ ] = [ ] = [ ] = [ ]xy xz yz xyz

⥀ ⥀ ⥀ ⥀ ⥀
= and the approximation

 a a a a a[ ] = + ( + + + ) [ ]⥀ 0 1 2 3 4 ⥀
= is error-free again.

We emphasize that the mean voxel reuse criterion is a function of
both the training image and the quilting algorithm itself. To our
knowledge, there is no other criterion with such property in the
literature. In order to assess the robustness of the criterion, we perform
a few basic checks with overhead shots of the flume experiment.

The first check consists of plotting the mean voxel reuse for
different times of the experiment. In Fig. 27, we observe that the
function is preserved across time with very small fluctuations. This
result matches our expectation given that this is an autogenic deltaic
system without external forcing that could alter the texture.

The second and last check consists of choosing a few template sizes
Th and Tl for which the mean voxel reuse is high and low, respectively.
The criterion states that Th leads to good texture reproduction in image
quilting, whereas Tl does not. In Fig. 28, we illustrate the mean voxel
reuse and optimum template ranges for the Strebelle and Gaussian
training images. Fig. 22 was generated with Th = 63 and Tl = 12, and
Fig. 23 was generated with Th = 32 and Tl = 82.

5. Conclusions

In this work, we proposed a systematic probabilistic procedure for
data aggregation in MPS simulation. We implemented the procedure
within image quilting and tested it on 2D process-based and 3D
process-mimicking geological models. Our results show that the
procedure is fast, dispenses fine parameter tuning, and produces
realistically-looking realizations conditioned to auxiliary variables
and hard data.

We introduced a novel criterion for template design that generalizes
the Shannon entropy to continuous training images. The criterion is
based on the concept of voxel reuse and is the first in the literature that

is quilting-aware. We proposed an efficient approximation of the mean
voxel reuse and proved that it is error-free under stationary assump-
tions. We recognized artifacts in the image quilting realizations caused
by complex landforms in 3D. These artifacts call for a better repre-
sentation of incomplete patterns in the training image and should be
seen as a current defect of the algorithm. Another limitation that
deserves attention is that of suboptimal texture reproduction with
dense hard data configurations. Our method can work with dense
configurations, but may lead to suboptimal texture reproduction if
speed is to be maintained. Future developments should be concen-
trated on these two fronts.

Another important issue that is not addressed in this work is that of
data uncertainty. We assumed that both hard and soft data are free of
errors. For applications where measurement errors are large, the
proposed algorithm, like most other stochastic simulation algorithms
mentioned in the paper, is not appropriate.

The accompanying software was made available as a Julia package.
Documentation can be found online including examples of use and
instructions for fast simulation with GPUs: https://github.com/
juliohm/ImageQuilting.jl.
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