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Using the coupled cluster Lagrangian technique, we have determined perturbative corrections to
the coupled cluster singles and doubles (CCSD) energy that converge towards the coupled cluster
singles, doubles, and triples (CCSDT) and coupled cluster singles, doubles, triples, and quadruples
(CCSDTQ) energies, considering the CCSD state as the unperturbed reference state and the fluctua-
tion potential as the perturbation. Since the Lagrangian technique is utilized, the energy corrections
satisfy Wigner’s 2n + 1 rule for the cluster amplitudes and the 2n + 2 rule for the Lagrange multi-
pliers. The energy corrections define the CCSD perturbation series, CCSD(T–n) and CCSD(TQ–n),
which are term-wise size extensive to any order in the perturbation. A detailed comparison of the
CCSD(TQ–n) series and the CC(2)PT(n) series of Hirata et al. [J. Chem. Phys. 114, 3919 (2001)]
has been performed, revealing some deficiencies of the latter related to the target energy of the series
and its lack of size extensivity. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4862501]

I. INTRODUCTION

The iterative coupled cluster1 (CC) singles and doubles2

(CCSD) model is a robust and successful ab initio electronic
structure model that scales with system size, N, as N6. In the
CCSD model, the cluster operator is truncated at the level of
double excitations. The inclusion of triple and quadruple ex-
citations, however, is important for high accuracy electronic
structure models, and significant efforts have therefore been
invested in extending the CCSD model to include the ef-
fect of triple and quadruple3–23 excitations. The most popu-
lar approach has been to add the lowest-order triples energy
contributions from many-body perturbation theory24 (MBPT)
to the CCSD energy, resulting in non-iterative triples mod-
els that are correct through fourth order and contain some
fifth-order candidate terms with respect to the Hartree-Fock
state. These models aim at preserving the high accuracy of
the N8-scaling coupled cluster singles, doubles, and triples25

(CCSDT) model or the N10-scaling coupled cluster singles,
doubles, triples, and quadruples26 (CCSDTQ) model, in case
of quadruples inclusion, without having to undertake any re-
laxation of triples or quadruples amplitudes, respectively, and
accomplishing this using algorithms in which the scaling is
governed by the most costly of the considered non-iterative
MBPT contribution.

The most successful non-iterative triples model is the
CCSD(T) model, which was introduced over 20 years4 ago
as an a posteriori correction to the CCSD energy. Preceding
CCSD(T), alternative non-iterative triples models, e.g., the
consistent fourth-order CCSD[T] model,3 had been tainted

a)Author to whom correspondence should be addressed. Electronic mail:
janusje@chem.au.dk

from a consistent overestimation of triple excitation effects.
This glaring inadequacy27 of perturbative triples models was
alleviated with the introduction of the CCSD(T) model, which
instantly acquired major recognition and has since become
the “gold standard” of electronic structure theory.28 In the
CCSD(T) model, the perturbative treatment of triple exci-
tations is extended with respect to the CCSD[T] model by
adding a (nearly always) positive fifth-order singles energy
contribution, which delicately counterbalances5 the overes-
timation of the triples contribution entering in CCSD[T],
often boasting an almost perfect error cancellation. Nu-
merous attempts have been made at improving upon the
CCSD(T) model by considering various fifth-order MBPT
energy contributions,5–7 but the CCSD(T) model has hith-
erto remained the most successful of the approximate non-
iterative triples models. From a computational point of view,
CCSD(T)—alongside CCSD[T]—comes out superior to all
alternative triples models as it only contains the minimum
number of numerical steps that scale as N7.4

Despite the success of the CCSD(T) model, many have
challenged the lack of rigour in the derivation of the model
and as years have gone by, more and more studies have fea-
tured deficient CCSD(T) results, e.g., for cases where the
amount of static correlation involved cannot be neglected, see,
for instance, Ref. 29. The conceptual scepticism surrounding
the CCSD(T) model was alleviated with the emergence of the
so-called asymmetric triples10–12 and quadruples11, 30 models
that allowed for the CCSD(T) model to be seen in a novel
perspective. These asymmetric, non-iterative models respect
and account for the non-Hermitian nature of the CC prob-
lem; namely, while both the ordinary Schrödinger equation
and its adjoint form may be formulated as an eigenvalue prob-
lem, the resulting sets of right and left CC eigenstates are not
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identical. The asymmetric CCSD(T) model was simulta-
neously proposed by Kucharski and Bartlett10, 11 as the
�CCSD(T) model and by Crawford and Stanton12 as the a-
CCSD(T) model. The �CCSD(T) model is structurally simi-
lar to the ordinary CCSD(T) model, but expressed in terms of
left state amplitudes rather than right state cluster amplitudes
as in the CCSD(T) model. Recently, Taube and Bartlett29, 31

have revitalized the �CCSD(T) model, comparing the perfor-
mance of the model to that of the traditional CCSD(T) model
as well as to that of other related triples models. Extensions
of the above ideas to encompass corrections from quadru-
ple excitations have likewise been proposed. The CCSD(TQf)
model of Kucharski and Bartlett11 has been proposed in an
asymmetric form as �CCSD(TQf),30 and recently, general-
izations of some of these approximations to higher excitations
have been proposed by Kállay and Gauss.22, 23

The underlying philosophy behind the triples and quadru-
ples corrections to the CCSD energy discussed so far have
mostly been based on the selection of correction terms from
the MBPT expansion, in which the Hartree-Fock (HF) state
acts as the unperturbed reference state. However, if what we
are interested in is to determine corrections directly to the
CCSD energy, it is physically more sound to base these cor-
rection terms on the state in question, i.e., the CCSD state, as
the unperturbed reference state. This observation has acted as
a motivation for a plethora of studies, prominent examples of
which have made use of the equation-of-motion coupled clus-
ter (EOM-CC) engine32 as the framework for the derivation
of non-iterative energy corrections.

The development of corrections derived from the EOM-
CC problem was initiated by Stanton33 who showed how the
specific fifth-order MBPT singles term, which is added to the
CCSD[T] correction in the CCSD(T) model, from an EOM-
CC perspective has to be taken into account among all of the
MBPT fifth-order triples candidate contributions. In the anal-
ysis of Stanton, the CCSD state was considered as the zeroth-
order reference state and Löwdin’s partitioning technique34

used to develop the triples corrections. In 2000, Gwaltney
and Head-Gordon14 further developed upon the idea of deriv-
ing energy corrections using a Löwdin partitioning, resulting
in a second-order correction to the CCSD energy known as
the CCSD(2) model. Their derivation circumvented some of
the assumptions that had been inherent to Ref. 33, and which
were to some extent rooted in a traditional MBPT logic. The
following year, the second-order energy correction was re-
derived by the same authors from the application of Rayleigh-
Schrödinger perturbation theory (RSPT) to the EOM-CC
problem,15 a path which Hirata et al.16 also pursued in their
related work on deriving a general perturbation CC(m)PT(n)
hierarchy. In the CC(m)PT(n) hierarchy, the CC(2)PT(2) (or
CCSD(2)TQ) model17 is identical to the CCSD(2) model of
Ref. 15 and includes, in addition to triples corrections, also
corrections to the CCSD energy arising from quadruple ex-
citations, while the CC(2)PT(3)T and CC(2)PT(3)TQ models
(or CCSD(3)T and CCSD(3)TQ, respectively) of Ref. 18 are
third-order extensions.

A different, non-perturbative methodology has been pro-
posed by Piecuch and co-workers,19–21 taking their stand also
in the EOM-CC framework but focusing on developing lead-

ing energy corrections by making approximations to the exact
left state. This approach is denoted as a method of moments
of CC equations (MMCC) and from it so-called renormal-
ized and completely renormalized (CR) versions of, e.g., the
CCSD(T) and CCSD(TQ) models have been derived.19 These
CR-CCSD(T) and CR-CCSD(TQ) models are aimed at, and
have in many cases been successful in, recovering some static
correlation effects using only a single determinant reference
state framework. The CR methods have been extended within
a biorthogonal MMCC picture to a hierarchy of CR-CC(mA,
mB) models (e.g., the CR-CCSD(T)L model) where the energy
of a CC model truncated at excitation level mA is corrected
from excitations of level mB.20, 21

Finally, approximate non-iterative models that augment
the full CCSDT energy have also been proposed, e.g.,
the CCSDT[Q] model of Kucharski and Bartlett7 and the
CCSDT(Q) model of Bomble et al.,13 where the former model
was intuited from MBPT, while the latter was proposed fol-
lowing a strategy similar to the one Stanton33 employed to jus-
tify the CCSD(T) model. From the CC(m)PT(n) hierarchy, the
CC(3)PT(2) (CCSDT(2)Q)17 model has been proposed, while
the CR-CC(3,4) is the leading-order correction to the CCSDT
energy of the CR-CC(mA, mB) hierarchy.20, 21

In the present work, we derive triples and quadru-
ples corrections to the CCSD energy by using as engine
the technique of CC energy Lagrangians, in which clus-
ter amplitudes and Lagrange multipliers constitute the vari-
ational parameters. By expanding the Lagrangian for the
CCSDT or CCSDTQ energy around an expansion point rep-
resented by the CCSD right and left states, and performing
a Møller-Plesset partitioning of the Hamiltonian, we derive
corrections to the CCSD energy in orders of the fluctuation
potential that cover effects from triple or triple and quadru-
ple excitations, respectively. The resulting series, CCSD(T–n)
and CCSD(TQ–n), converge towards the CCSDT or CCS-
DTQ limits, depending on what target energy is used in
the derivation, and form two subseries of a general CC
Lagrangian perturbation, CC[m1]([m2]–n), hierarchy, where
[m1] is the collection of excitation levels in the cluster opera-
tor of the parent CC model, [m2] the corresponding excitation
levels of the target CC model, and n the perturbation order.

The CCSD(T–n) and CCSD(TQ–n) perturbation se-
ries are compared to the CC(2)PT(n) series, which is de-
rived within the EOM-CC framework. The major differ-
ence between the present Lagrangian-based CCSD(T–n) and
CCSD(TQ–n) series and the EOM-CC-based CC(2)PT(n) se-
ries lies in the fact that whereas the right eigenstate of the
Lagrangian-based series is parametrized in terms of an expo-
nential cluster operator, it is in the series based upon EOM-
CC theory parametrized using linear cluster operators. The
corrections to the parent CCSD energy of the Lagrangian-
based series therefore converge towards a target CC energy,
be that the CCSDT, CCSDTQ, etc., energy, depending on the
energy referenced in the derivation of the series, while the
series based on EOM-CC theory can only target the full con-
figuration interaction (FCI) energy, EFCI. Any pragmatic at-
tempts at truncating the CC(2)PT(n) series to a given excita-
tion level, e.g., triples or quadruples, will inevitably violate
the size extensivity of the EOM-CC problem due to issues
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similar to those encountered in truncated CI methods.35, 36

Furthermore, such truncated series will fail to converge to-
wards the CC energy corresponding to the truncation level.
These problems are inherent to any EOM-CC perturba-
tion series. Size extensivity problems, which are specific
to the CC(2)PT(n) series, occur due to the fact that the
chosen zeroth-order Hamiltonian is not additively separa-
ble. As additive separability of the zeroth-order Hamilto-
nian is a requirement of any size-extensive perturbation se-
ries, this stands in contrast to the similarity-transformed
Fock operator, which acts as the zeroth-order Hamiltonian
in the Lagrangian-based series, and which is indeed addi-
tively separable. As a result, the energy corrections of the
CC(2)PT(n) series are in general not size extensive, regard-
less of whether the series is truncated or not. The differences
between the CC(2)PT(n) series—with a pragmatic trunca-
tion such that corrections from excitation levels higher than
triples or quadruples are neglected—and the term-wise size-
extensive CCSD(T–n)/CCSD(TQ–n) series begin at fourth
order, owing not only to the different partitioning schemes
used, but also to the different pictures in which they are
derived.

In Sec. II, we prepare our investigation by briefly revis-
iting the concept of CC energy Lagrangians, followed by the
application of this technique to the full CCSDTQ energy. Af-
ter simplifications of the CCSDTQ energy Lagrangian from
the right and left CCSD state equations, it is expanded in
orders of the fluctuation potential and the CCSD(TQ–n) se-
ries, alongside a complementary CCSD(T–n) series, is de-
rived. Section III features comparisons between the present
Lagrangian-based CCSD(T–n) and CCSD(TQ–n) perturba-
tion series and alternative approaches based on EOM-CC
theory, i.e., the CC(2)PT(n) series and the corrections of
biorthogonal MMCC theory. Finally, a summary and conclu-
sions are presented in Sec. IV.

II. PERTURBATIVE TRIPLES AND QUADRUPLES
CORRECTIONS TO THE CCSD ENERGY

In the present section, CC energy Lagrangians are used
for determining perturbative corrections to the CCSD energy,
which constitute perturbation series that converge towards the
CCSDT or CCSDTQ energies, depending on the target en-
ergy used in the derivation. Section II A summarizes the cou-
pled cluster energy Lagrangian technique, while Sec. II B de-
scribes how the CCSDTQ Lagrangian may be parametrized
by considering the CCSD state as the expansion point and us-
ing a Møller-Plesset partitioning of the Hamiltonian. The per-
turbation expansion of the CCSDTQ energy is derived in Sec.
II C, from which combined triples and quadruples corrections
to the CCSD energy are determined that converge towards
the CCSDTQ energy in orders of the fluctuation potential.
In Sec. II C, analogous triples-only corrections to the CCSD
energy are also determined by retaining only those terms in
the energy corrections that exclusively reference triple ex-
citations. These corrections constitute the lowest-order cor-
rections of a series that converges towards the CCSDT
energy.

A. The coupled cluster energy Lagrangian technique

The CC Schrödinger equation may in the similarity-
transformed form be expressed as

exp (−T̂ )Ĥ exp (T̂ )|HF〉 = ECC|HF〉, (2.1)

where Ĥ is the electronic Hamiltonian, T̂ = ∑
i

∑
μi

tμi
τ̂μi

the cluster operator, and |HF〉 a single determinant Hartree-
Fock reference state. We reserve greek indices with sub-
scripts, {μi, ν j}, for denoting specific excitations, {μ, ν},
within manifolds at excitation levels i, j, k, l.

Projecting Eq. (2.1) against the Hartree-Fock state, 〈HF|,
gives the CC energy

〈HF| exp (−T̂ )Ĥ exp (T̂ )|HF〉 = 〈HF|Ĥ exp (T̂ )|HF〉 = ECC

(2.2)
whereas projection against the μi-th excitation, 〈μi |
= 〈HF|τ̂ †

μi
, gives the linked CC amplitude equations

〈μi | exp (−T̂ )Ĥ exp (T̂ )|HF〉 = 0 . (2.3)

The CC energy in Eq. (2.2) is not variational with respect
to the cluster amplitudes. To obtain an energy expression that
is variational, we introduce the CC Lagrangian, in which the
amplitude equations are added to the energy as constraints,
coupled via undetermined Lagrange multipliers, {t̄μi

}.37 This
gives the CC Lagrangian

L(t, t̄) = 〈HF| exp (−T̂ )Ĥ exp (T̂ )|HF〉
+

∑
i

∑
μi

t̄μi
〈μi | exp (−T̂ )Ĥ exp (T̂ )|HF〉.

(2.4)

The multipliers are determined such that the Lagrangian is
variational in all parameters, i.e., the cluster amplitudes and
multipliers are determined from the amplitude and multiplier
equations

∂L

∂t̄μi

= 〈μi | exp (−T̂ )Ĥ exp (T̂ )|HF〉

= 〈μi |Ĥ T̂ |HF〉 = 0, (2.5a)

∂L

∂tμi

= 〈HF| exp (−T̂ )[Ĥ , τ̂μi
] exp (T̂ )|HF〉

+
∑

j

∑
νj

t̄νj
〈νj | exp (−T̂ )[Ĥ , τ̂μi

] exp (T̂ )|HF〉

= 〈HF|[Ĥ T̂ , τ̂μi
]|HF〉 +

∑
j

〈t̄j |[Ĥ T̂ , τ̂μi
]|HF〉 = 0.

(2.5b)

To obtain Eq. (2.5b), we have used the following relationship:

∂Ĥ T̂

∂tμi

= [Ĥ T̂ , τ̂μi
] , (2.6)

where we have introduced the notation

Ĥ T̂ = exp(−T̂ )Ĥ exp(T̂ ) (2.7)
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for the similarity-transformed Hamiltonian as well as a short-
hand notation for the multiplier state, 〈t̄j |

〈t̄j | =
∑
νj

t̄νj
〈νj |. (2.8)

The Lagrangian in Eq. (2.4) is bilinear in the errors in the
cluster amplitudes and multipliers.

In order to derive perturbation expansions of the CC en-
ergy in orders of the fluctuation potential, we introduce a
Møller-Plesset partitioning of the Hamiltonian38

Ĥ = f̂ + �̂, (2.9)

where, assuming a canonical Hartree-Fock basis, the Fock
operator, f̂ , may be expressed as f̂ = ∑

P εP a
†
P aP , where

εP is the orbital energy of the generic P-th spin or-
bital. �̂ denotes the fluctuation potential, �̂ = ĝ − V̂HF,
where ĝ is the two-electron repulsion operator and V̂HF

= ∑
PQ VPQa

†
P aQ is the Fock potential with elements VPQ

= ∑
I ga

PQII . Here, ga
PQRS = gPQRS − gPSRQ is an antisym-

metrized two-electron integral over spin orbitals written in
Mulliken notation,38 and the set {P, Q, R, S} denotes spin
orbitals of unspecified occupation, while the index I in the
expression for the Fock potential refers to an occupied spin
orbital. In Eq. (2.9), we have omitted hnuc, which describes
the electron-independent contribution to the energy from the
nuclei.

The similarity-transformed Hamiltonian in Eq. (2.7)
may be evaluated from a Baker-Campbell-Hausdorff (BCH)
expansion38

exp (−T̂ )Ĥ exp (T̂ ) = Ĥ + [Ĥ , T̂ ] + 1

2
[[Ĥ , T̂ ], T̂ ] + · · ·

(2.10)
noticing that the expansion of the similarity-transformed Fock
operator in Eq. (2.9) terminates after two terms

f̂ T̂ = f̂ +
∑

i

∑
μi

tμi
εμi

τ̂μi
(2.11)

as all nested (i.e., double, triple, etc.) commutators between
the Fock operator and cluster operators vanish, since all clus-
ter operators commute. For �̂T̂ , on the other hand, the BCH
expansion truncates after the fifth term. In general, εμi

des-
ignates the difference in orbital energies between the virtual
and occupied spin orbitals of excitation μi. We note that in
the case of non-canonical or non-HF orbitals, the similarity-
transformed Fock operator contains additional terms. How-
ever, the approach described in the following can be easily
generalized to cope with these problems in a way similar to
that followed in Ref. 8, which handled the case of CCSD(T).

B. Parametrization of the CCSDTQ Lagrangian around
a CCSD reference point

In the CCSDTQ26 model (denoted with a shorthand no-
tation by a TQ subscript), the cluster operator, T̂ , is truncated
at the level of quadruple excitations, T̂ = ∑4

i=1

∑
μi

tμi
τ̂μi

,
giving variational parameters, {t, t̄}, at all excitation levels
ranging from singles to quadruples. Hence, we may write the

CCSDTQ Lagrangian in Eq. (2.4) as follows:

LTQ(t, t̄) = 〈HF|Ĥ T̂ |HF〉 +
4∑

i=1

〈t̄i |Ĥ T̂ |HF〉. (2.12)

The CCSDTQ Lagrangian in Eq. (2.12) may be recasted by
parametrizing it around the CCSD reference energy point.
In essence, this alternative, but analogous parametrization di-
vides the cluster operator, T̂ , at the CCSD expansion point
into a CCSD component, {∗T̂1,

∗T̂2}, which has been de-
termined from a CCSD calculation, and a component, δT̂

= ∑4
k=1 δT̂k (where δT̂k = ∑

μk
δtμk

τ̂μk
), which is to be deter-

mined. Similarly, the Lagrange multipliers consist of a CCSD
component, {∗ t̄μ1,

∗ t̄μ2}, that has been determined from the
CCSD calculation and a set, {δt̄μk

} (in the range k = 1−4),
which is to be determined. By parametrizing LTQ around the
CCSD energy point, all {δtμi

, δt̄μi
} parameters for i = 1, 2 de-

scribe corrections in the singles and doubles spaces relative
to the CCSD values, {∗tμi

, ∗ t̄μi
}. For i = 3, 4, the parameters,

{δtμi
, δt̄μi

}, parametrize the full triples and quadruples spaces,
which, naturally, have no CCSD component. Introducing the
above parameters into Eq. (2.12), the CCSDTQ Lagrangian
parametrized around the CCSD reference energy point may
be expressed as

LTQ(∗t, ∗ t̄, δt, δt̄)

= 〈HF| exp (−δT̂ )Ĥ
∗T̂ exp (δT̂ )|HF〉

+
2∑

i=1

〈∗ t̄i + δt̄i | exp (−δT̂ )Ĥ
∗T̂ exp (δT̂ )|HF〉

+
4∑

j=3

〈δt̄j | exp (−δT̂ )Ĥ
∗T̂ exp (δT̂ )|HF〉. (2.13)

In Eq. (2.13), we have introduced the CCSD similarity-
transformed Hamiltonian

Ĥ
∗T̂ ≡ exp (−(∗T̂1 + ∗T̂2))Ĥ exp (∗T̂1 + ∗T̂2). (2.14)

We note that the CCSDT25 Lagrangian parametrized around
the CCSD reference energy point is obtained by limiting δT̂ ,
and thus the δtμk

amplitudes and δt̄μk
multipliers, to the range

k = 1 − 3 in Eq. (2.13).
The CCSD amplitudes and Lagrange multipliers satisfy

the CCSD amplitude and multiplier equations

〈μi |Ĥ ∗T̂ |HF〉 = 0, (2.15a)

〈HF|[Ĥ ∗T̂ , τ̂μi
]|HF〉 +

2∑
j=1

〈∗ t̄j |[Ĥ ∗T̂ , τ̂μi
]|HF〉 = 0,

(2.15b)
with i = 1, 2. The CCSD Lagrangian is given as

LCCSD = 〈HF|Ĥ ∗T̂ |HF〉 +
2∑

i=1

〈∗ t̄i |Ĥ ∗T̂ |HF〉 . (2.16)

Since the CCSD amplitudes satisfy the amplitude equation in
(2.15a), the last term in Eq. (2.16) vanishes, but it is kept here
to make the analysis to follow more transparent.
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The CCSDTQ Lagrangian expanded around the CCSD
reference energy point may be simplified by introduc-
ing LCCSD into the Lagrangian and making use of the
fact that the CCSD amplitudes and multipliers satisfy
Eqs. (2.15a) and (2.15b). Carrying out a BCH expansion in
Eq. (2.13), we obtain

LTQ(∗t, ∗ t̄, δt, δt̄)

= 〈HF|(Ĥ ∗T̂ + [Ĥ
∗T̂ , δT̂ ]

+ 1
2 [[Ĥ

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉

+
2∑

i=1

〈∗ t̄i |(Ĥ ∗T̂ + [Ĥ
∗T̂ , δT̂ ]

+ 1
2 [[Ĥ

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉

+
4∑

j=1

〈δt̄j |(Ĥ ∗T̂ + [Ĥ
∗T̂ , δT̂ ]

+ 1
2 [[Ĥ

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉. (2.17)

The CCSD Lagrangian in Eq. (2.16) may be identified from
the Ĥ

∗T̂ contribution to the first two terms of Eq. (2.17). For
the [Ĥ

∗T̂ , δT̂ ] commutator contributions to the first two terms,
we get

〈HF|[Ĥ ∗T̂ , δT̂ ]|HF〉 +
2∑

i=1

〈∗ t̄i |[Ĥ ∗T̂ , δT̂ ]|HF〉

=
2∑

j=1

∑
νj

δtνj

{〈HF|[Ĥ ∗T̂ , τ̂νj
]|HF〉

+
2∑

i=1

〈∗ t̄i |[Ĥ ∗T̂ , τ̂νj
]|HF〉}

+
2∑

i=1

4∑
k=3

〈∗ t̄i |[�̂∗T̂ , δT̂k]|HF〉

=
2∑

i=1

4∑
k=3

〈∗ t̄i |[�̂∗T̂ , δT̂k]|HF〉, (2.18)

where �̂
∗T̂ is defined analogously to Eq. (2.14). To obtain the

first equality in Eq. (2.18), we have used that the contributions
from the δT̂3 and δT̂4 operators vanish for the first term due to
the excitation rank of the operators, while the last equality is
obtained by virtue of Eq. (2.15b) for both the single and dou-
ble excitations. Furthermore, the δt̄1 and δt̄2 contributions to
Eq. (2.17), which involve Ĥ

∗T̂ , will vanish, as the correspond-
ing terms satisfy the CCSD amplitude equations. Finally, the
HF expectation value in the first line of Eq. (2.17) consists,
apart from the zeroth-order contribution, of a term quadratic
in the singles correction. Employing the above findings, we

arrive at the following simplified expression for the CCSDTQ
Lagrangian:

LTQ(∗t, ∗ t̄, δt, δt̄)

= LCCSD +
4∑

l=1

δt̄μl
εμl

δtμl
+ 1

2 〈HF|[[�̂, δT̂1], δT̂1]|HF〉

+
2∑

i=1

{ 4∑
k=3

〈∗ t̄i |[�̂∗T̂ , δT̂k]|HF〉

+〈∗ t̄i |
(

1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉
}

+
2∑

j=1

〈δt̄j |([�̂∗T̂ , δT̂ ] + 1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ] + · · ·)|HF〉

+
4∑

k=3

〈δt̄k|(�̂∗T̂ + [�̂
∗T̂ , δT̂ ]

+ 1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉, (2.19)

where we have used Eq. (2.11) for all of the commutators
between f̂

∗T̂ and δT̂l (l = 1 − 4) to arrive at an expression that
only references the CCSD similarity-transformed fluctuation
potential.

The Lagrangian in Eq. (2.19) is variational in the cluster
amplitudes and multipliers and differentiation with respect to
the multipliers thus gives the amplitude equations for all the
involved excitation levels

εμ1δtμ1 +〈μ1|([�̂∗T̂ , δT̂ ]+ 1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ] + · · ·)|HF〉=0,

(2.20a)

εμ2δtμ2 +〈μ2|([�̂∗T̂ , δT̂ ]+ 1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ]+· · ·)|HF〉=0,

(2.20b)

εμ3δtμ3 + 〈μ3|(�̂∗T̂ + [�̂
∗T̂ , δT̂ ]

+ 1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉 = 0,

(2.20c)

εμ4δtμ4 +〈μ4|(�̂∗T̂ + [�̂
∗T̂ , δT̂ ]

+ 1
2 [[�̂

∗T̂ , δT̂ ], δT̂ ] + · · · )|HF〉 = 0,

(2.20d)

while differentiation with respect to the amplitudes gives the
corresponding multipliers for the different excitation levels

εμ1δt̄μ1 + 〈HF|[[�̂, τ̂μ1 ], δT̂1]|HF〉

+
2∑

i=1

3∑
k=1

〈∗ t̄i |([[�̂∗T̂ , τ̂μ1 ], δT̂k] + · · · )|HF〉

+
4∑

j=1

〈δt̄j |([�̂∗T̂ , τ̂μ1 ]

+[[�̂
∗T̂ , τ̂μ1 ], δT̂ ] + · · ·)|HF〉 = 0,

(2.21a)
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εμ2δt̄μ2 +
2∑

i=1

2∑
k=1

〈∗ t̄i |([[�̂∗T̂ , τ̂μ2 ], δT̂k] + · · · )|HF〉

+
4∑

j=1

〈δt̄j |([�̂∗T̂ , τ̂μ2 ]

+[[�̂
∗T̂ , τ̂μ2 ], δT̂ ] + . . .)|HF〉 = 0,

(2.21b)

εμ3δt̄μ3 +
2∑

i=1

〈∗ t̄i |([�̂∗T̂ , τ̂μ3 ] + [[�̂
∗T̂ , τ̂μ3 ], δT̂1])|HF〉

+
4∑

j=1

3∑
k=1

〈δt̄j |([�̂∗T̂ , τ̂μ3 ]

+[[�̂
∗T̂ , τ̂μ3 ], δT̂k] + · · · )|HF〉 = 0,

(2.21c)

εμ4δt̄μ4 +
2∑

i=1

〈∗ t̄i |[�̂∗T̂ , τ̂μ4 ]|HF〉

+
4∑

j=1

2∑
k=1

〈δt̄j |([�̂∗T̂ , τ̂μ4 ]

+[[�̂
∗T̂ , τ̂μ4 ], δT̂k] + · · · )|HF〉 = 0.

(2.21d)

To obtain Eqs. (2.21a) and (2.21b), we have made use of
Eq. (2.15b).

Equations (2.19)–(2.21d) describe a parametrization of
the CCSDTQ Lagrangian, amplitude, and multiplier equa-
tions for an expansion around a CCSD reference energy point,
in which the equations are fully simplified due to fact that
the CCSD parameters satisfy the CCSD cluster amplitude and
multiplier equations. Furthermore, a Møller-Plesset partition-
ing of the Hamiltonian is performed, making the parametriza-
tion well-suited for determining perturbative corrections to
the CCSD energy in orders of the fluctuation potential that
converge towards the CCSDTQ energy.

C. The CCSDTQ Lagrangian expanded in orders
of the fluctuation potential

We will now carry out a perturbation analysis in orders
of the fluctuation potential for the CCSDTQ Lagrangian in
Eq. (2.19). We thus expand the Lagrangian, the cluster ampli-
tudes, and the multipliers in orders of the fluctuation potential
as

LTQ = L
(0)
TQ + L

(1)
TQ + L

(2)
TQ + · · · , (2.22a)

δtμ = δt (0)
μ + δt (1)

μ + δt (2)
μ + · · · , (2.22b)

δt̄μ = δt̄ (0)
μ + δt̄ (1)

μ + δt̄ (2)
μ + · · · , (2.22c)

where orders in the fluctuation potential are designated inside
parentheses and LTQ converges to the CCSDTQ energy. We
denote the series in Eq. (2.22a) as the CCSD(TQ–n) series,
referencing that the expansion energy point is that for a CCSD

parent model, the target energy is the CCSDTQ energy, and
that the series is obtained using coupled cluster Lagrangian
perturbation theory to order n. Similarly, when the target en-
ergy is the CCSDT energy, we will refer to the resulting series
in CC Lagrangian perturbation theory as the CCSD(T–n) se-
ries, see the discussion below Eq. (2.14).

From the structure of the amplitude and multiplier equa-
tions in Eqs. (2.20a)–(2.21d), it is seen that both the zeroth-
order amplitudes and multipliers for excitation level one
through four vanish

δt (0)
μj

= δt̄ (0)
μj

= 0, j = 1 − 4. (2.23)

In the CCSD(TQ–n) (and similarly in the CCSD(T–n)) series,
all zeroth-order parameters are thus zero and the zeroth-order
Lagrangian is given as

L
(0)
T = L

(0)
TQ = LCCSD. (2.24)

We are interested in determining energy corrections to
the CCSD energy through fourth order in the fluctuation po-
tential. Applying the 2n + 1 and 2n + 2 rules39 for the
cluster amplitudes and multipliers, respectively, we recog-
nize that only amplitudes and multipliers to first order in
the fluctuation potential, δt (1)

μ , δt̄ (1)
μ , will contribute to energy

corrections through third order, while second-order ampli-
tudes, δt (2)

μ , in addition to first-order amplitudes and multipli-
ers, δt (1)

μ , δt̄ (1)
μ , are needed for obtaining the fourth-order en-

ergy correction. We therefore need only to determine the first
and second-order amplitudes and first-order multipliers from
Eqs. (2.20a)–(2.20d) and (2.21a)–(2.21d), respectively. Since
we know that the leading order of δtμk

for the range k = 1 −
4 is at least one, cf. Eq. (2.23), we may write the amplitude
equations in Eqs. (2.20a)–(2.20d) as

εμ1δtμ1 +
3∑

i=1

〈μ1|[�̂∗T̂ , δT̂i]|HF〉 + O(3) = 0, (2.25a)

εμ2δtμ2 +
4∑

i=1

〈μ2|[�̂∗T̂ , δT̂i]|HF〉 + O(3) = 0, (2.25b)

εμ3δtμ3 +〈μ3|�̂∗T̂ |HF〉+
4∑

i=3

〈μ3|[�̂∗T̂ , δT̂i]|HF〉 + O(3)=0,

(2.25c)

εμ4δtμ4 +〈μ4|�̂∗T̂ |HF〉+
4∑

i=3

〈μ4|[�̂∗T̂ , δT̂i]|HF〉 + O(3)=0,

(2.25d)
where we have introduced a O(p) nomenclature for denot-
ing terms of order p in the fluctuation potential. From Eqs.
(2.25a) and (2.25b), it is seen that the leading order of the
singles and doubles amplitudes is two. Since only triples and
quadruples amplitudes enter in first order, the summations in
the last terms of Eqs. (2.25c) and (2.25d) have been restricted
to include only triple and quadruple excitations. The ampli-
tude equations in Eqs. (2.25a)–(2.25d) allow us to express the
first-order amplitudes as

δt (1)
μ3

= −ε−1
μ3

〈μ3|�̂∗T̂ |HF〉, (2.26a)

δt (1)
μ4

= −ε−1
μ4

〈μ4|�̂∗T̂ |HF〉, (2.26b)
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and the second-order amplitudes as

δt (2)
μ1

= −ε−1
μ1

〈μ1|[�̂∗T̂ , δT̂
(1)

3 ]|HF〉, (2.27a)

δt (2)
μ2

= −ε−1
μ2

4∑
i=3

〈μ2|[�̂∗T̂ , δT̂
(1)
i ]|HF〉, (2.27b)

δt (2)
μ3

= −ε−1
μ3

4∑
i=3

〈μ3|[�̂∗T̂ , δT̂
(1)
i ]|HF〉, (2.27c)

δt (2)
μ4

= −ε−1
μ4

4∑
i=3

〈μ4|[�̂∗T̂ , δT̂
(1)
i ]|HF〉, (2.27d)

where δT̂
(1)
i = ∑

μi
δt (1)

μi
τ̂μi

. Evidently, when the target en-
ergy is the CCSDT rather than the CCSDTQ energy, the ef-
fect from quadruple excitations are omitted from the first-
and second-order amplitudes in Eqs. (2.26a), (2.26b), and
(2.27b)–(2.27d). This implies that in the CCSD(T–n) se-
ries, the first-order triples amplitudes are those given by
Eq. (2.26a), while the second-order singles, doubles, and
triples amplitudes are given by Eqs. (2.27a)–(2.27c), however,
with no reference to the quadruple excitations. Consequently,
these amplitudes are changed in moving from the CCSD(T–n)
to the CCSD(TQ–n) series.

Turning the attention now to the singles and doubles mul-
tipliers in Eqs. (2.21a) and (2.21b), we recognize that the lead-
ing order of both sets of multipliers will be two

δt̄μ1 = δt̄ (2)
μ1

+ O(3), (2.28a)

δt̄μ2 = δt̄ (2)
μ2

+ O(3). (2.28b)

As we are only interested in analytical expressions for en-
ergy corrections through fourth order, second-order Lagrange
multipliers are not needed, and the second-order singles and
doubles multipliers will therefore not be detailed any fur-
ther. Considering finally the determination of the triples and
quadruples Lagrange multipliers in Eqs. (2.21c) and (2.21d),
we explicitly retain only terms up to first order in the fluctua-
tion potential, giving

δt̄ (1)
μ3

= −ε−1
μ3

2∑
i=1

〈∗ t̄i |[�̂∗T̂ , τ̂μ3 ]|HF〉, (2.29a)

δt̄ (1)
μ4

= −ε−1
μ4

〈∗ t̄2|[�̂∗T̂ , τ̂μ4 ]|HF〉. (2.29b)

We are now capable of evaluating the corrections to the CCSD
energy from the Lagrangian in Eq. (2.19). We will use a E(p)

nomenclature for the energy correction to p-th order when this
has been obtained from L(p) by the application of Wigner’s
rules. Using the 2n + 1 rule for the amplitudes and the 2n
+ 2 rule for the multipliers, we recognize that only zeroth-
order amplitudes and multipliers are required for obtaining
the first-order energy correction. As the zeroth-order ampli-
tudes and multipliers vanish, cf. Eq. (2.23), we obtain

E
(1)
T = E

(1)
TQ = 0. (2.30)

For the second-order energy correction, applying Wigner’s
rules dictates that only terms containing first-order amplitudes
and zeroth-order multipliers have to be considered. From

Eq. (2.19), we thus find E
(2)
TQ as a sum of two terms; one orig-

inating from triple excitations, E
(2)
T , and one from quadruple

excitations, E
(2)
Q

E
(2)
TQ = E

(2)
T + E

(2)
Q

=
2∑

i=1

〈∗ t̄i |[�̂∗T̂ , δT̂
(1)

3 ]|HF〉 + 〈∗ t̄2|[�̂, δT̂
(1)

4 ]|HF〉.

(2.31)

Similarly, to obtain the third-order energy correction, we need
in addition to the first-order amplitudes also to consider the
first-order multipliers. From Eq. (2.19), E(3)

TQ may analogously

to Eq. (2.31) be written as a sum of a triples-only term, E
(3)
T ,

and a combined triples and quadruples term, E
(3)
Q

E
(3)
TQ = E

(3)
T + E

(3)
Q

= 〈δt̄ (1)
3 |[�̂∗T̂ , δT̂

(1)
3 ]|HF〉 + 〈δt̄ (1)

3 |[�̂∗T̂ , δT̂
(1)

4 ]|HF〉
+〈δt̄ (1)

4 |[�̂∗T̂ , δT̂
(1)

3 ]|HF〉 + 〈δt̄ (1)
4 |[�̂∗T̂ , δT̂

(1)
4 ]|HF〉.

(2.32)

Finally, the fourth-order energy correction requires first-
and second-order amplitudes and first-order multipliers. Ex-
pressing E

(4)
TQ as a sum of E

(4)
T , a triples-only term, and E

(4)
Q , a

combined triples and quadruples term, it reads

E
(4)
TQ = E

(4)
T + E

(4)
Q

= 〈∗ t̄2|[[�̂, δT̂
(1)

3 ], δT̂ (2)
1 ]|HF〉

+〈δt̄ (1)
3 |[�̂∗T̂ , δT̂

(2)
1 + δT̂

(2)
2 + δT̂

(2)
3 ]|HF〉

+〈δt̄ (1)
3 |[�̂∗T̂ , δT̂

(2)
4 ]|HF〉

+ 1
2 〈δt̄ (1)

4 |[[�̂, δT̂
(1)

3 ], δT̂ (1)
3 ]|HF〉

+〈δt̄ (1)
4 |[�̂∗T̂ , δT̂

(2)
1 + δT̂

(2)
2 + δT̂

(2)
3 + δT̂

(2)
4 ]|HF〉.

(2.33)

Equations (2.31)–(2.33) constitute the CCSD(TQ–2),
CCSD(TQ–3), and CCSD(TQ–4) corrections to the CCSD
energy of the CCSD(TQ–n) hierarchy. Recalling that the dif-
ference between the CCSD(TQ–n) and CCSD(T–n) hierar-
chies lies in the target energy of the series, CCSDTQ and
CCSDT, respectively, the CCSD(T–n) corrections may read-
ily be determined from those of the CCSD(TQ–n) hierarchy
by neglecting all terms which reference quadruple excitations.
Thus, E

(2)
T of Eq. (2.31) and E

(3)
T of Eq. (2.32) make up the

CCSD(T–2) and CCSD(T–3) corrections to the CCSD en-
ergy, respectively. The CCSD(T–4) correction may be de-
termined from Eq. (2.33) by retaining only the E

(4)
T term

and building the second-order amplitudes for excitation lev-
els two and three without any reference to quadruple excita-
tions, cf. the discussion following Eqs. (2.27a)–(2.27d). We
note how energy corrections emerging from relaxation in the
singles and doubles amplitudes relative to the CCSD values
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enter the CCSD(T–n) and CCSD(TQ–n) series at fourth or-
der. It should be further noticed that the corrections of these
two series are rigorously size extensive, term-wise even, as all
involved terms are expressed in terms of commutators.38

III. COMPARISON OF THE CCSD(TQ–n) SERIES
WITH OTHER APPROACHES

In Sec. II, we used the coupled cluster Lagrangian tech-
nique to determine perturbational corrections to the CCSD
energy, while previous derivations of such energy correc-
tions have usually been based on an EOM-CC formalism;
see Sec. I for a discussion and references. In this section,
we will compare the EOM-CC and Lagrangian formalisms in
Secs. III A and III B and perform detailed comparisons of the
CCSD(TQ–n) series of the present work with the CC(2)PT(n)
series of Hirata and co-workers16 in Sec. III C. Finally, we
compare our Lagrangian-based theory with the biorthogonal
MMCC theory of Piecuch and co-workers19–21 in Sec. III D.

A. Parametrizations in the EOM-CC
and Lagrangian formalisms

In the EOM-CC picture,32 the FCI energy may be
parametrized as

EFCI = 〈HF|L̂Ĥ
∗T̂ R̂|HF〉

〈HF|L̂R̂|HF〉 , (3.1)

where R̂ and L̂ are CI-like, linear excitation and de-excitation
operators containing components at all excitation levels, N,
i.e.,

R̂ = R0 +
N∑

i=1

∑
μi

Rμi
τ̂μi

, (3.2a)

L̂ = L0 +
N∑

j=1

∑
νj

Lνj
τ̂ †
νj

, (3.2b)

where Rμi
,Lνj

are right and left state amplitudes for the ex-
citations {μi, ν j} of excitation levels i, j, respectively, not-
ing that the set {R0,L0} refers to the Hartree-Fock state. As
a similarity transformation does not change the spectrum of
Ĥ , the FCI energy may be obtained from the expression in
Eq. (3.1), which involves not the full similarity-transformed
Hamiltonian in Eq. (2.7), but rather the CCSD similarity-
transformed Hamiltonian in Eq. (2.14). Applying the varia-
tional condition on Eq. (3.1) gives the EOM-CC eigenvalue
equations expressed in terms of Ĥ

∗T̂

〈νj |Ĥ ∗T̂ |R〉 = EFCIRνj
, (3.3a)

Lμi
EFCI = 〈L|Ĥ ∗T̂ |μi〉, (3.3b)

where |R〉 = R̂|HF〉 and 〈L| = 〈HF|L̂. In EOM-CCSD the-
ory, the CCSD left and right (ground) eigenstates are given by

〈∗L| = 〈HF| + 〈∗ t̄1| + 〈∗ t̄2|, (3.4a)

|∗R〉 = |HF〉, (3.4b)

where 〈∗L| is expressed in terms of the CCSD Lagrange
multipliers.

RSPT may be applied to the EOM-CC eigenvalue equa-
tions in Eqs. (3.3a) and (3.3b) where the left, 〈L|, and right,
|R〉, states are expanded in orders of the perturbation

〈L| ≡ 〈L(0)| + 〈δL| = 〈L(0)| + 〈δL(1)| + 〈δL(2)| + · · · ,
(3.5a)

|R〉 ≡ |R(0)〉 + |δR〉 = |R(0)〉 + |δR(1)〉 + |δR(2)〉 + · · · ,
(3.5b)

considering the CCSD left and right eigenstates, 〈∗L|
= 〈HF|∗L̂ and |∗R〉 = ∗R̂|HF〉, as the expansion point for the
perturbation series, i.e., 〈L(0)| = 〈∗L| and |R(0)〉 = |∗R〉. This
is the route taken in the derivation of the CCSD(2) model15

and the models of the CC(2)PT(n) hierarchy.16 The variational
energy in Eq. (3.1) may within this parametrization be ex-
pressed as

EFCI = 〈HF|(∗L̂ + δL̂)Ĥ
∗T̂ (∗R̂ + δR̂)|HF〉

〈HF|(∗L̂ + δL̂)(∗R̂ + δR̂)|HF〉 . (3.6)

In the Lagrangian approach, perturbation corrections to
the CCSD energy are obtained from a variational energy ex-
pression of the form

LFCI = (〈HF| + 〈∗ t̄ | + 〈δt̄ |) exp (−δT̂ )Ĥ
∗T̂ exp (δT̂ )|HF〉,

(3.7)
where δT̂ and the set {〈δt̄ |} contain cluster amplitudes and
Lagrange multipliers referencing all excitation levels and the
set {〈∗ t̄ |} contains the CCSD multipliers of Eq. (3.4a). By
parametrizing the exponential operator, exp (δT̂ ), in terms of
a linear expansion

exp (δT̂ ) = 1 + δR̂, (3.8)

we may write Eq. (3.7) as Eq. (3.6) by using Eqs. (3.4a) and
(3.4b) and making the identification

〈HF|(∗L̂ + δL̂)

〈HF|(∗L̂ + δL̂)(∗R̂ + δR̂)|HF〉
= 〈∗L| − 〈∗L|δR̂ + 〈δt̄ | − 〈δt̄ |δR̂. (3.9)

When the CC Lagrangian technique in Eq. (3.7) is used,
we have thus parametrized the right state in terms of an expo-
nential ansatz while the left state is parametrized in terms of
a linear ansatz. On the contrary, both the right and left states
are represented by linear parametrizations in the EOM-CC ap-
proach in Eq. (3.6). We note that for first-order wave function
corrections, an exponential and a linear parametrization will
produce identical results by definition, as the linear terms are
the same in the two expansions.

Examining the target energy for the approaches based
on Lagrangian and EOM-CC theory reveals how the two
approaches exhibit fundamentally different characteristics;
while the Lagrangian approach by construction converges to-
wards the target CC energy referenced in the derivation of
the series, the target energy for the EOM-CC problem in
Eq. (3.6) can only be the FCI energy. Namely, if Eq. (3.7)
is truncated at the level of quadruple excitations, we obtain
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LTQ of Eq. (2.13), for which the target energy is the CCS-
DTQ energy, cf. Eq. (2.22a). On the other hand, if Eq. (3.6) is
truncated at the level of quadruples, neither the CCSDTQ nor
the CISDTQ energy is obtained. This is so as the CISDTQ
energy is only obtained from Eq. (3.6) if Ĥ

∗T̂ is replaced by
the bare Hamiltonian, Ĥ , while for the CCSDTQ energy to
be obtained from Eq. (3.6), the CCSD similarity-transformed
Hamiltonian, Ĥ

∗T̂ , has to be replaced by an analogue CCS-
DTQ similarity-transformed Hamiltonian.

Thus, perturbation theory applied to the EOM-CC prob-
lem truncated at any given excitation level will not converge
towards the CC energy corresponding to that particular trun-
cated excitation level. It is only in the limit of inclusion of all
excitation levels that the target energy becomes well-defined,
i.e., the FCI energy, and in this limit Eq. (3.6) is nothing but
a reformulation of the FCI problem. In summary, while the
CCSD(T–n) and CCSD(TQ–n) series may be used for exam-
ining the convergence from the CCSD towards the CCSDT
and CCSDTQ energies—by exploiting their well-defined tar-
get energies—such an investigation cannot be performed us-
ing any EOM–CC series.

Finally, we note that the linear parametrizations used for
describing the left and right states in EOM-CC theory im-
ply that the energy corrections from the EOM-CC problem,
truncated at any given excitation level, will suffer from the
same size-extensivity problems as are present in truncated CI
theory.35, 36

B. Perturbation corrections to the CCSD energy
within the EOM-CC picture

In the context of determining corrections to the CCSD
energy using the EOM-CC technique, the HF state and the
composite space generated by all singly and doubly excited
states from the HF reference is traditionally referred to as the
primary CCSD space, while the complementary space, made
up from all triply, quadruply, etc., excited states, is referred
to as the secondary CCSD space. The primary and secondary
spaces may be generated by the projection operators P̂ and
Q̂ = Î − P̂ , respectively, where Î is the identity operator.

When applying RSPT to the EOM-CC problem formu-
lated as in Eqs. (3.1), (3.3a), and (3.3b), the correction to the
CCSD energy at nth-order may be obtained from the pertur-
bation series

E(n) = 〈L(0)|Ĥ (1)|δR(n−1)〉, (3.10)

where the wave function correction to the right state is ob-
tained from the recursion relation16

(E(0)
CCSD − Ĥ (0))|δR(i)〉 = Ĥ (1)|δR(i−1)〉 −

i∑
j=1

E(j )|δR(i−j )〉,

(3.11)
where E

(0)
CCSD is the CCSD energy. In Eqs. (3.10) and (3.11),

Ĥ (1) refers to the perturbation operator and Ĥ (0) to the zeroth-
order Hamiltonian.

Formulating RSPT as in Eqs. (3.10) and (3.11) means
that only corrections to the right eigenstate in Eq. (3.5b) are
considered, and the energy corrections in Eq. (3.10) will thus
satisfy a n + 1 rule. In order to obtain simplified expressions

that satisfy the 2n + 1 and 2n + 2 rules, the determination
of wave function corrections to both the left and right eigen-
states in Eqs. (3.5a) and (3.5b) is required, as was done in the
derivation of the CCSD(T–n) and CCSD(TQ–n) series where
the right state parameters (the cluster amplitudes) and the left
state parameters (the Lagrange multipliers) obeyed a 2n + 1
and 2n + 2 rule, respectively.

As is apparent from Eqs. (3.10) and (3.11), one is faced
with the problem of identifying an appropriate zeroth-order
Hamiltonian when RSPT is applied within an EOM-CC
frame. In principle, this is also true in the case of a derivation
of perturbative corrections based on the Lagrangian frame-
work, but here the Møller-Plesset partitioning is an obvious
choice. In the context of EOM-CC perturbation theory, the
natural choice is less intuitive since one often wants to im-
pose a number of requirements on the zeroth-order Hamilto-
nian. Commonly, the following two have been imposed: (i)
Ĥ (0) should return the CCSD energy, E

(0)
CCSD, when evalu-

ated within the primary CCSD space with 〈∗L| and |∗R〉 as
left and right eigenstates, and (ii) the matrix representation
of (E(0)

CCSD − Ĥ (0)) should be diagonal and contain orbital en-
ergy differences (as in ordinary MBPT) within the secondary
CCSD space. These requirements are obviously fulfilled if the
zeroth- and first-order Hamiltonians, Ĥ (0) and Ĥ (1), are de-
fined as in Ref. 16

Ĥ (0) = P̂ Ĥ
∗T̂ P̂ + Q̂

(
E

(0)
CCSD + f̂ −

occ∑
i

εi

)
Q̂, (3.12a)

Ĥ (1) = Ĥ
∗T̂ − Ĥ (0), (3.12b)

with f̂ being the Fock operator of Eq. (2.9).
In order to construct any size-extensive perturbation se-

ries, the zeroth-order Hamiltonian must be additively separa-
ble. Ĥ (0) in Eq. (3.12a), however, does not separate additively
due to the presence of projection operators in the P̂ Ĥ

∗T̂ P̂

term.38, 40 Thus, if RSPT is applied to the EOM-CC problem
in Eq. (3.6) using the partitioning scheme in Eqs. (3.12a) and
(3.12b), the form of Ĥ (0) will give rise to a perturbation se-
ries in which the size extensivity of the energy corrections
for a given order is violated, irrespective of whether any re-
strictions are imposed on the excitation level for the EOM-CC
linearly parametrized left and right states.

C. Comparison of the CC(2)PT(n)
and CCSD(TQ–n) series

The CC(2)PT(n) series has been derived in accordance
with the RSPT energy corrections in Eq. (3.10) and the
Hamiltonian partitioning in Eqs. (3.12a) and (3.12b), while
the CCSD(TQ–n) series was derived by means of the La-
grangian technique and a partitioning of the Hamiltonian into
the similarity-transformed Fock operator, f̂

∗T̂ , and fluctua-
tion potential, �̂

∗T̂ . As is readily seen from Eqs. (3.12a) and
(3.12b), the matrix representation of the perturbation opera-
tor used for deriving the CC(2)PT(n) series has no compo-
nent in the primary space, since P̂ Ĥ (1)P̂ = 0, whereas this
is not true in the case of the CCSD(TQ–n) series where
P̂ �̂

∗T̂ P̂ �= 0. This implies that the treatment of primary space
relaxation in the CC(2)PT(n) series is different from that
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in the CCSD(TQ–n) series. This difference between the
two schemes, alongside the different parametrizations, cf.
Sec. III A, inevitably leads to different paths away from
the CCSD energy expansion point in the two series, that
is, to different convergence behaviours of the two schemes.
We describe below how through third order in the per-
turbation, the energy corrections of the two series—when
CC(2)PT(n) is restricted to triple and quadruple excitations—
are identical, while the two series differ at fourth and higher
order.

Using the Lagrangian technique, energy corrections
through third order can be obtained from first-order wave
function corrections, when they are derived in accordance
with the 2n + 1 and 2n + 2 rules. As mentioned previously,
first-order corrections obtained using exponential and linear
parametrizations will be identical by construction. Further-
more, the first-order wave function correction to the CCSD
state contains only components in the triples and quadru-
ples excited manifolds, and for these components the ma-
trix representation of the (E(0)

CCSD − Ĥ (0)) operator entering in
Eq. (3.11) is given by orbital energy differences (requirement
(ii) on Ĥ (0) in Sec. III B). In the CCSD(TQ–n) series, the
matrix representation of the zeroth-order Hamiltonian (i.e.,
the similarity-transformed Fock operator) leads to orbital en-
ergy differences at all excitation levels, and orders are rigor-
ously counted in the fluctuation potential. Formulated alterna-
tively, the orbital energy differences in the triples and quadru-
ples spaces effectively identify the zeroth-order Hamiltonian
in the CC(2)PT(n) series and, hence, the fluctuation poten-
tial as the perturbation. Thus, as long as the corrections of
the CC(2)PT(n) series only contain terms that reference the
triples and quadruples spaces, this series will effectively count
orders in the fluctuation potential and be indistinguishable
from the Lagrangian-based perturbation series of the present
work.

When the n + 1 rule is used for evaluating third-order
energy corrections, the second-order correction to the wave
function, |δR(2)〉, is required, which contains also components
in the singles and doubles spaces (note that these are different
from the ones in δt(2) of the Lagrangian approach). However,
as P̂ Ĥ (1)P̂ = 0, it may be recognized from Eq. (3.10) that the
singles and doubles components of |δR(2)〉 effectively vanish
in the evaluation of E(3).

While in theory, the secondary space of the CC(2)PT(n)
series is unrestricted, a pragmatic truncation at a given exci-
tation level is in practice imposed on the series, cf. the mod-
els discussed in Sec. I. For instance, third-order quintuples
and hextuples energy corrections are in the CC(2)PT(3)TQ

model neglected by restricting the secondary space to the
level of quadruple excitations. Imposing this restriction on the
CC(2)PT(n) hierarchy, only the triples and quadruples spaces
are referenced in the energy corrections through third order,
and these are thus identical to those of the CCSD(TQ–n) se-
ries, which may also be verified by a direct comparison. How-
ever, whereas a limitation of the secondary space to the level
of quadruple excitations is artificial in the CC(2)PT(n) se-
ries, it is inherent to the CCSD(TQ–n) series, which is the
only of the two series that converges towards the CCSDTQ
energy.

When fourth-order corrections to the CCSD energy are
considered, relaxation effects in the singles and doubles
spaces are bound to enter any perturbation series constructed
on top of a zeroth-order CCSD problem, since second-
order amplitudes are required. When CC(2)PT(n) fourth- and
higher-order corrections to the CCSD energy are determined,
the P̂ Ĥ

∗T̂ P̂ part of Ĥ (0) will be referenced, and the correc-
tions will per se not be size extensive, as also noted in the
Errata41 to Ref. 16 where problems related to size extensivity
were found at orders n > 3. In conclusion, the CCSD(TQ–n)
and CC(2)PT(n) series (even when the CC(2)PT(n) series is
restricted to contain only triples and quadruples effects) thus
differ from each other at fourth and higher orders.

D. Comparison of biorthogonal MMCC
and Lagrangian-based theory

A different, non-perturbative methodology that too
makes usage of the EOM-CC engine, but which takes its stand
in approximations to the left eigenstate, 〈δL|, while keep-
ing the right eigenstate fixed at |∗R〉, has been developed
by Piecuch and co-workers.19–21 In their approach, approxi-
mations are made to 〈δL| based on the knowledge available
from the EOM-CCSD eigenvalue equation. This approach is
denoted as the MMCC and from it, CR versions of, e.g.,
the CCSD(T) and CCSD(TQ) models19 have been derived.
In an extension to MMCC theory, the so-called biorthogo-
nal MMCC formalism,20, 21 corrections to the CCSD energy
from triples and quadruples, δ0(2, 3)L and δ0(2, 4)L, respec-
tively, have been derived. These corrections are similar to the
E

(2)
T and E

(2)
Q corrections of Sec. II C, however, the denomina-

tors involved in the expressions for these energy corrections
are those of Epstein-Nesbet second-order perturbation theory,
i.e., Dμn

= ECCSD − 〈μn|Ĥ ∗T̂ |μn〉 for n = 3, 4, instead of
the orbital energy differences of Møller-Plesset perturbation
theory.

IV. SUMMARY AND CONCLUSION

We have derived a series of perturbative correc-
tions to the CCSD energy that converges towards the
CCSDT or CCSDTQ energy, depending on the target en-
ergy used in the derivation. The coupled cluster energy
Lagrangian technique has been used, considering clus-
ter amplitudes and Lagrange multipliers as variational pa-
rameters and parametrizing the target energy around a
CCSD reference energy point. In the derivation, the Hamil-
tonian has been partitioned as in Møller-Plesset pertur-
bation theory, thus considering the fluctuation potential
as the perturbation. By virtue of the Lagrangian formulation,
the resulting energy corrections satisfy a 2n + 1 rule for the
cluster amplitudes and a 2n + 2 rule for the multipliers. Ex-
plicit expressions have been derived for the energy corrections
through fourth order and these are shown to be term-wise size
extensive.

Perturbative corrections to the CCSD energy have previ-
ously been derived using the EOM-CC formalism. The major
difference between the present Lagrangian-based CCSD(T–n)
and CCSD(TQ–n) series and, e.g., the CC(2)PT(n)
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series, which is based on EOM-CC theory, lies in the
fact that the right eigenstate of the Lagrangian-based series
is parametrized in terms of an exponential cluster opera-
tor, while in the series based upon EOM-CC theory it is
parametrized using linear cluster operators. This implies that
the CC(2)PT(n) series—as well as any other perturbation
series build on top of EOM-CC theory—can only target
the FCI energy, whereas the Lagrangian-based series of the
present work may target any CC energy, depending only
on what target energy is referenced in the derivation of the
series. Furthermore, if the secondary space of an EOM-CC
perturbation series is truncated, its energy corrections will
in general not be size extensive. As an example of the
well-defined target energy of a Lagrangian-based series, the
convergence behaviour from the CCSD towards the CCSDT
energy may be investigated using the CCSD(T–n) series,
exploiting fully that the series is build on top of the CCSDT
coupled cluster Lagrangian.

Different partitioning schemes for separating the total
Hamiltonian into a zeroth-order component and a perturba-
tion have also been used in the derivation of the CCSD(T–
n)/CCSD(TQ–n) and CC(2)PT(n) series. In the Lagrangian-
based series, the similarity-transformed Fock operator acts as
the zeroth-order Hamiltonian, and since this operator sepa-
rates additively, its use leads readily to a size-extensive pertur-
bation series. On the contrary, the zeroth-order Hamiltonian
used in the derivation of the CC(2)PT(n) series is not addi-
tively separable, and the CC(2)PT(n) series gives energy cor-
rections that are not size extensive at orders n > 3. As a result,
while the CCSD(TQ–n) and CC(2)PT(n) series are identical
through third order—when a pragmatic restriction is imposed
on the latter to neglect excitations higher than quadruples—
the two series give different energy corrections at fourth and
higher orders.

As the target energies for our derived Lagrangian-based
series are well-defined, the fourth- and higher-order correc-
tions from the CCSD(T–n) and CCSD(TQ–n) series are ex-
pected to be useful in difficult cases where relaxation effects
in the singles and doubles spaces cannot be neglected, that
is, in cases where leading-order corrections from triple and
quadruple excitations are not sufficient for an adequate de-
scription. Finally, we stress the generality of the present La-
grangian framework, which is readily extended to higher-level
parent CC models.
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