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Stereology

Stereology: statistical discipline that

aims for the estimation of geometric characteristic (volume,
surface area ...) of an object X in n-dimensional Euclidean space.

is based on sections with test sets (flats, observation windows) or
projections or a combination of those.

can be seen as sampling theory for spatial data.
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Overview

I. Sampling Theory for Finite Populations
i. The Horvitz-Thompson estimator
ii. 2D cell counts

II. Design-Based Stereology
i. Sampling with isotropic uniform sections planes
ii. Sampling with planes under different designs

III. Model-Based Stereology
i. Stationary and isotropic random sets
ii. Stereology beyond means

IV. Recent Developments
i. Assessing location and orientation
ii. An application: orientation of brain cells
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Sampling Theory The Horvitz-Thompson estimator

I. Sampling Theory
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Sampling Theory The Horvitz-Thompson estimator

Warming up: Classical sampling theory I

Sampling theory for finite populations
(disregard the geometry for the moment):

Assume a population of N ∈ N units {1, 2, . . . ,N}.

Every unit i has a value of interest yi .
We are interested in the total τ = y1 + . . .+ yN .

Take a random sample S ⊂ {1, 2, . . . ,N} of n ≤ N units.

If S is representative, that is, every i has the same chance to be in S

N

1
n
∑
i∈S

yi


would be a reasonable estimator.
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Sampling Theory The Horvitz-Thompson estimator

Warming up: Classical sampling theory II

Sampling theory for finite populations:

What happens when the inclusion probabilities πi = P(i ∈ S)
are (positive but) not the same for all i?

Horvitz-Thompson estimator:

τ̂ =
∑
i∈S

yi
πi

In words: every yi has to be divided by its inclusion probability!

τ̂ is an unbiased estimator of τ .

When S is representative (all πi = n/N), τ̂ = N 1
n
∑

i∈S yi like before.
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Sampling Theory The Horvitz-Thompson estimator

Warming up: Classical sampling theory III

Sampling theory for finite populations:

How good is the Horvitz-Thompson estimator τ̂?

There is a formula for the variance of τ̂ :

Var(τ̂) = 1
2
∑
i 6=j

(πiπj − πij)
(

yi
πi
− yj
πj

)2

where πij = P(i ∈ S, j ∈ S).
When πi = αyi for all i and some α, the variance is zero!
 Sampling proportional to size:
Select the sample in such a way that πi is (approximately)
proportional to yi .
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Sampling Theory 2D cell counts

A basic stereological application: cell counts

How to count Purkinje neurons (stained blue) in the cerebellum?

100×

Pretend (for now) that this is a 2D problem.

Subdivide into a “population” of N = 10× 12 = 120 rectangles.
We consider yi = #(cells in rectangle i).
Select randomly n = 6 out of these.
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Sampling Theory 2D cell counts

1st method: simple random sampling.

Choose uniform without replacement. ⇒ πi = n/N.

100×

var(τ̂) = var

N
n
∑
i∈S

yi

 = N2

n var(y1) +

N2

n2 cov . . .

︸ ︷︷ ︸

≈0

∝ 1
n .
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Sampling Theory 2D cell counts

2nd method: systematic random sampling.
Random start. Then periodically every fifth row, fourth column. πi = n/N.

100×

The variance is now smaller, and often we have approximately

var(τ̂) = var

N
n
∑
i∈S

yi

 = N2

n var(y1) + N2

n2 cov . . .︸ ︷︷ ︸
<0

∝
(1

n

)3/2
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Sampling Theory 2D cell counts

3rd method the Porportionator

Sampling proportional to size:
Choose inclusion probabilities πi according to ’blue value’.

Gives “relevant” rectangles with many cells.
Biological appl.: 10− 20 times better variance than systematic
sampling.
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Design-Based Stereology

II. Design-Based Stereology.
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Design-Based Stereology IUR plane sampling

A problem from Geology:

How to determine the quartz content (volume fraction) in a block of
granite?

Brute force method: separate quartz from background
and measure volume: very tedious!

Use sampling! Now for an infinite population of points i with
yi = indicator if point i is quartz.
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Design-Based Stereology IUR plane sampling

Comparison to finite population sampling.
The population is now infinite,
but ideas (Horvitz-Thompson, variance reduction) still apply.
We can use that the problem is of geometric nature.

Delesse (1847):

-

volume fraction in 3D ≈ area fraction in a planar section
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Design-Based Stereology IUR plane sampling

Mathematical background
Let X be the phase of interest (quartz) in a granite block [0, 1]3.

∫ ∞
−∞

V2(X ∩ LZ ) dz = V3(X )

Vk = volume (Lebesgue measure)
in Rk .

Lz
X

z6?

Random sampling: z = uniform random “height” ξ ∈ [0, 1]:

Eξ V2(K ∩ Lξ) = V3(X ).

@
@
@I

expectation w.r.t. ξ
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Design-Based Stereology IUR plane sampling

Cavalieri estimator.

X

T

ξ

Select an interplane
distance T ∈ R.
Determine a starting
height ξ uniform random
in [0,T ].
Find all section areas
V2(X ∩ Lξ+kT ), k ∈ Z.

Eξ
∑

k∈Z V2(K ∩ Lξ+kT ) = V3(X ).

Like in classical sampling:
the variance is better than equally many hitting independent sections.
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Design-Based Stereology IUR plane sampling

Variance of the Cavalieri estimator

Example: The variance of the
Cavalieri estimator for the unit
ball in R3.
Observe the ‘Zitterbewegung’.
The extension term is of order
T 4, simple random sampling of
order T .

2 5 10 20 50 100

1e
−

09
1e

−
07

1e
−

05
1e

−
03

1e
−

01

log−log plot: Variance as function of 2/T

2/T

va
ria

nc
e

Cavalieri variance
simple random sampl.
extension term of var.              

In general: Formulas for the extension term require models.
Most commonly the ‘autocorrelation’ g (usually called covariogram)
is modeled at 0:

extension term ≈ T 4

240 ·
3g(0)− 4g(T ) + g(2T )

T 3 .
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Design-Based Stereology IUR plane sampling

Other geometric characteristics?
We collect properties of the Lebesgue measure Vn, in order to identify
desirable properties of geometric characteristics.

Vn is motion invariant, that is,

Vn(X + z) = Vn(X )

for all z ∈ Rn (translation invariance) and

Vn(ϑX ) = Vn(X )

for all ϑ in the group SOn of rigd rotations at the origin
(rotation invariance).
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Other geometric characteristics?
We collect properties of the Lebesgue measure Vn, in order to identify
desirable properties of geometric characteristics.

Vn is motion invariant,
Vn is additive, that is,

Vn(X ∪ X ′) = Vn(X ) + Vn(X ′)− Vn(X ∩ X ′).

This admits use of divide and conquer algorithms (crucial!).
Vn is increasing , that is,

X ⊂ X ′ ⇒ Vn(X ) ≤ Vn(X ′).

There are no other characteristics on all Borel sets with these three
properties!
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Design-Based Stereology IUR plane sampling

Assumptions on the object

Even surface area cannot be defined for boundaries of all Borel sets.
 restrict to objects X that satisfy stronger regularity assumptions.

In this presentation, X is always assumed to be polyconvex,
that is, X is a finite union of compact convex sets.
We write P for the class of polyconvex sets.

X

The theory also holds for so-called compact UPR -sets, which is a
much larger class.
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Design-Based Stereology IUR plane sampling

Other geometric characteristics

Disappointment:
ϕ is motion invariant, additive increasing on P ⇒ ϕ = Vn.

Relax increasing property: There are other motion invariant, additive
ϕ on P, that are increasing on convex sets in P.

Examples:
Surface area S(X ) of the boundary ∂X of X ,
Euler-Poincaré characteristic χ(X ),

n = 1: χ(X) = # components (closed intervals) of X .
n = 2: χ(X) = # components −# “holes” of X .

X χ(X) = 4 − 1 = 3.

n = 3: χ(X) = # components −# “tunnels” +# “holes” of X .
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Design-Based Stereology IUR plane sampling

Hadwiger’s characterization Theorem

Hadwiger [1957]:

In Rn there are essentially only n + 1 characteristics V0, . . . ,Vn that are
motion-invariant, additive on R and increasing on convex sets:

If ϕ : R → R is motion-invariant, additive and increasing on convex sets,
then there are c0, . . . , cn ≥ 0 with

ϕ =
n∑

i=0
ciVi .

V0, . . . ,Vn are called intrisic volumes or Minkowski functionals.
Hence: if we want to find ϕ(X ), where ϕ has the above properties, it
is enough to determine V0(X ), . . . ,Vn(X ).
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Design-Based Stereology IUR plane sampling

Intrinsic volumes: Interpretation I
Geometric interpretation:

Vn(X ) = is the volume (Lebesgue measure) of X ,
2Vn−1(X ) = S(X ) is the surface area of X

(= (n − 1)-dim. Hausdorff measure Hn−1(∂X )),
...

Vj(X ) = cn,j

∫
∂X

Hn−j−1(x) dHn−1(x) (when ∂X is smooth)
...

...
V0(X ) = χ(X ) is the Euler-Poincaré characteristic of X .

@@I elementary symmetric function
of the principal curvatures at x

n = 2: area V2, perimeter 2V1, Euler characteristic χ = V0.
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Design-Based Stereology IUR plane sampling

Intrinsic volumes: Interpretation II

Jakob Steiner [1840]: ‘Steiner formula’:

If X is compact and convex then

Vn({x ∈ Rn : dist(X , x) ≤ ε}) =
n∑

i=0
κn−iVi (K )εn−i , ε ≥ 0.

X
κk = volume of the k-dim. unit ball.

Consistent with Vk being k-dim. vol.
n = 3: V3, 2V2 = S, V0 = χ,
1
2V1(X ) = mean width of X
(convex case.)
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Design-Based Stereology IUR plane sampling

Provisional inventory. Where do we stand?

We want to estimate Vi j(X ) for some given X ∈ P in Rn.

We want to use information from sections with planes (or lines).

the Cavalieri-idea that worked for Vn does not work for j < n:

X

ξ

X

ξ

We also have to randomize orientation!
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Design-Based Stereology IUR plane sampling

Random rotations.

A uniform random rotation in R2 is given by the rotation matrix

ϑ =
(
cosϕ − sinϕ
sinϕ cosϕ

)
,

where ϕ is uniform random in [0, 2π).

A uniform random rotation in R3 is more difficult.
Our samples only require randomly rotated flats.
 enough to find a uniform normal direction for a plane

or a uniform direction for a line.
spherical coordinates give a random uniform unit vector:

u =

sin θ cosϕ
sin θ sinϕ
cos θ

 ,

with ϕ uniform in [0, 2π) and θ is (sin θ)-weighted in [0, π).
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 enough to find a uniform normal direction for a plane

or a uniform direction for a line.
spherical coordinates give a random uniform unit vector:

u =

sin θ cosϕ
sin θ sinϕ
cos θ

 ,

with ϕ uniform in [0, 2π) and θ is (sin θ)-weighted in [0, π).
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Design-Based Stereology IUR plane sampling

Sampling with flats: Crofton’s formula

Like in Cavalieri’s method, we need an integral formula relating
quantities in sections with quantities in Rn.

Write dϑ when integrating over all uniform random rotations.

Let L be a fixed k-dimensional linear subspace in Rn.

Crofton’s formula for X ∈ P, 0 ≤ j ≤ k < n.

∫
SOn

∫
L⊥

Vj
(
X ∩ ϑ(L + y)

)
dy dϑ = cn,j,kVn+j−k(X ).

The constants cn,j,k are known.

In particular j = k: "Fubini’s theorem".
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Design-Based Stereology IUR plane sampling

Sampling with IUR flats
As X is bounded, we may exclude planes lying "far out"
(i.e. restrict to |y | ≤ M for some M > 0.)

Crofton’s formula implies

EϑE|y |≤M Vj
(
K ∩ ϑ(L + y)

)
= c · Vn+j−k(K ).

The flat ϑ(L + y) is called an IUR plane (‘isotropic uniform random’)
hitting the ball b(o,M) of radius M.

Hence, we found unbiased estimators for Vn+j−k(X ) from k-dim. IUR
sections.
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Design-Based Stereology IUR plane sampling

Sampling with IUR flats in 2D and 3D

Let Lk be a k-dimensional IUR flat hitting the ball b(o,M).

For n = 2: A = area, L= perimeter, N = number of components:

A(X ) = E [(2M)L(X ∩ L1)] = E
[
(πM2)N(X ∩ L0)

]
,

L(X ) = E [(2M)πN(X ∩ L1)] .

For n = 3: S = surface area, M = integral of mean curvature:

Vol(X ) = E [(2M)A(X ∩ L2)] = E
[
(πM2)L(X ∩ L1)

]
= E

[
(4M3/3)N(X ∩ L0)

]
,

S(X ) = E [(2M)(4/π)L(X ∩ L2)] = E
[
(4πM3/3)4N(X ∩ L1)

]
,

M(X ) = E [(2M)2πχ(X ∩ L2)] .
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Design-Based Stereology IUR plane sampling

IUR flats and systematic sampling
IUR sampling is usually combined with systematic sampling:

In the plane (n = 2). For instance test lines (k = 1):

X

T

X

Steinhaus estimator for L(X ).

Angular systematic sampling.

E [πT · N(X ∩ grid)] = L(X ).

In 3D (n = 3).
Fakir sampling with 3 orthogonal random directions.
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Design-Based Stereology IUR plane sampling

Cell counts revisited I

We counted cells N(X ∩ L2) pretending that this is a 2D problem.

If L2 is IUR, what does this tell us about the 3D structure?
Crofton’s formula states E[cN(X ∩ L2)] = M(X ).
By additivity, and if the cells are convex,

M(X ) = M(
⋃

cells) = (#cells)×M(cells),

where M(cells) is proportional to the average cell mean width (!)
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Design-Based Stereology IUR plane sampling

Cell counts revisited II

Crofton’s formula does not allow to estimate V0 = χ (here: number
of particles).

It is principally impossible to estimate V0 = χ from planar sections.

1st way out: ’first-time rule’ – the disector.

2nd way out: Assumptions on particle shape to estimate M(cells).
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Design-Based Stereology Non IUR sampling

Flat sections that are not IUR.

IUR flat sections correspond to representative samples in finite
population theory.

There are situations where
a) it is not feasible to obtain sample with certain

positions/orientations of the sampling flat, for instance:

vertical sections:

central sections,
all planes contain a given direction all planes contain a given point.

b) the IUR assumption is deliberately violated, for instance to improve
variance.
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Design-Based Stereology Non IUR sampling

Vertical sections.

We restrict attention to R3 (n = 3), sections with 2-dimensional
planes Lvert2 containing the z-axis and surface area estimation.

We randomize Lvert2 ‘as uniform as possible’, that is, uniformly rotated
around z-axis, translated as before.

Crofton’s formula for IUR planes:
S(X ) = E [cL(X ∩ L2)] = E [c ′N(X ∩ L1)] .

Idea: Choose a random line L̃1 in Lvert2 that is IUR in R3,
by weighting with sin∠(L̃1, z-axis).

We thus get an unbiased estimator for S(X ) by considering

c ′′N(X ∩ L̃1).
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Design-Based Stereology Non IUR sampling

Central sections – local stereology

Again: consider R3 (n = 3) and
2-dimensional planes Lo2 containing the the origin o.

We randomize Lo2 ‘as isotropic as possible’, that is, uniformly rotated.

Crofton’s formula for IUR planes:
S(X ) = E [cL(X ∩ L2)] = E [c ′N(X ∩ L1)] .

Idea: Choose a random line L̃1 in Lo2 that is IUR in R3,
by weighting with dist(L̃1, o).

We thus get an unbiased estimator for S(X ) by considering

c ′′N(X ∩ L̃1).
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Design-Based Stereology Non IUR sampling

Quartz in granite problem revisited I.

Let X be the quartz phase in the block B.
Let L2 be an IUR plane
(rotational average not needed: ’UR’ plane).
Vol(X ) be estimated unbiasedly by A(X ∩ L2),
Vol(B) be estimated unbiasedly by A(B ∩ L2).

One is usually interested in the volume fraction Vol(X )/Vol(B).
Do not estimate this by

A(X ∩ L2)
A(B ∩ L2)

when L2 is IUR. bias!
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Design-Based Stereology Non IUR sampling

Quartz in granite problem revisited II.

Let X be the quartz phase in the block B.
Idea: Use unequal probability sampling for L2!

Let L2 = Lξ, where the height ξ ∈ R is
random with density z 7→ A(B∩Lz )

Vol(B) .

An unbiased estimator for Vol(X ) is the Horvitz-Thompson estimator

A(X ∩ Lξ)
(A(B ∩ Lξ)

Vol(B)

)−1
,

Conclusion: A(X∩Lξ)
A(B∩Lξ) now is unbiased for Vol(X)

Vol(B) .

In this example model-based stereology is preferable.
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Model-Based Stereology

III. Model-Based Stereology.
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Model-Based Stereology Stationary and isotropic random sets

Principles of model-based stereology

In contrast to design-based stereology:
The structure X ⊂ Rn is considered to be random.
 theory of random sets.

The following two properties describe ´homogeneity’ of X :
a) X is called stationary, if

the distribution of X does not change under arbitrary translations.
b) X is called isotropic, if

the distribution of X does not change under arbitrary rotations.

A stationary set X is almost surely unbounded (or ∅).
Hence, the model is always an idealization.

Model-based stereology mostly works with stationary random sets X .
Often X is also assumed to be isotropic.

M. Kiderlen Stereology 39 / 68



Model-Based Stereology Stationary and isotropic random sets

Principles of model-based stereology

In contrast to design-based stereology:
The structure X ⊂ Rn is considered to be random.
 theory of random sets.

The following two properties describe ´homogeneity’ of X :
a) X is called stationary, if

the distribution of X does not change under arbitrary translations.
b) X is called isotropic, if

the distribution of X does not change under arbitrary rotations.

A stationary set X is almost surely unbounded (or ∅).
Hence, the model is always an idealization.

Model-based stereology mostly works with stationary random sets X .
Often X is also assumed to be isotropic.

M. Kiderlen Stereology 39 / 68



Model-Based Stereology Stationary and isotropic random sets

Principles of model-based stereology

In contrast to design-based stereology:
The structure X ⊂ Rn is considered to be random.
 theory of random sets.

The following two properties describe ´homogeneity’ of X :
a) X is called stationary, if

the distribution of X does not change under arbitrary translations.
b) X is called isotropic, if

the distribution of X does not change under arbitrary rotations.

A stationary set X is almost surely unbounded (or ∅).
Hence, the model is always an idealization.

Model-based stereology mostly works with stationary random sets X .
Often X is also assumed to be isotropic.

M. Kiderlen Stereology 39 / 68



Model-Based Stereology Stationary and isotropic random sets

Principles of model-based stereology

In contrast to design-based stereology:
The structure X ⊂ Rn is considered to be random.
 theory of random sets.

The following two properties describe ´homogeneity’ of X :
a) X is called stationary, if

the distribution of X does not change under arbitrary translations.
b) X is called isotropic, if

the distribution of X does not change under arbitrary rotations.

A stationary set X is almost surely unbounded (or ∅).
Hence, the model is always an idealization.

Model-based stereology mostly works with stationary random sets X .
Often X is also assumed to be isotropic.

M. Kiderlen Stereology 39 / 68



Model-Based Stereology Stationary and isotropic random sets

Specific intrinsic volumes.

Assume that X is locally in P.
It does no longer make sense to talk about Vj(X ).

Instead define specific intrinsic volumes:

V j(X ) = ‘mean Vj per unit volume’.

More precisely for j = n:

V n(X ) = E
Vn(X ∩W )

Vn(W ) ,

which does not depend on the window W ⊂ Rn

(as long as W is compact with interior points).
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Model-Based Stereology Stationary and isotropic random sets

Specific intrinsic volumes I.

Assume that X is locally in P.
It does no longer make sense to talk about Vj(X ).

Instead define specific intrinsic volumes:

V j(X ) = ‘mean Vj per unit volume’.

More precisely for j < n

V j(X ) = lim
r→∞

E
Vj(X ∩ rW )

Vn(rW ) ,

which does not depend on the window W ⊂ Rn

(W compact, convex, intW 6= ∅, X satisfies integrability condition).
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Model-Based Stereology Stationary and isotropic random sets

Determination of specific intrinsic volumes.

By definition, Vn(X∩W )
Vn(W ) is unbiased for V n(X ).

For j < n, V j(X ) the definition requires an increasing window.

1st way out: Use the so-called principal kinematic formula.

2nd way out: If W = [a, b]n ⊂ Rn is a cube, use

E
Vj(X ∩ W̃ )

Vn(W ) = V j(X ),

where W̃ = W \ ∂+W and ∂+W is the ‘upper right’ boundary.
(Vj(X ∩ W̃ ) := Vj(X ∩W )− Vj(X ∩ ∂+W ).)

3rd way out: In certain cases use sampling with flats; see below.
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Model-Based Stereology Stationary and isotropic random sets

Specific intrinsic volumes II.
The stereological literature uses the following notation.

The case n = 1 for X ⊂ R:

LL = V 1(X ), NL = V 0(X )

for mean length fraction and mean number per unit length.

The planar case, n = 2 :

AA = V 2(X ), LA = 2V 1(X ), NA = V 0(X )

for mean area fraction, mean perimeter per unit area, and mean Euler
characteristic per unit area.

Similarily, for n = 3 :

VV = V 3(X ), SV = 2V 2(X ), MV = πV 1(X ), NV = V 0(X ).
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Model-Based Stereology Stationary and isotropic random sets

Crofton’s formula in model-based language

Due to stationarity and isotropy of X ⊂ Rn, all sections with flats are
equally ‘representative’.
Let Lk be a fixed k-dim. flat in Rn, 0 ≤ k < n.
Note that X ∩ Lk is stationary and isotropic in Lk .

Fundamental formulae of stereology for n = 2 and n = 3

For n = 2: A = area, L= perimeter, N = number of components:

AA = LL = NN , LA = πNL.

For n = 3: S = surface area, M = integral of mean curvature:

VV = AA = LL = NN , SV = 4
π

LA = 4NL, MV = 2πNA.
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Model-Based Stereology Stationary and isotropic random sets

For the last time: quartz in granite I

Delesse (1847):

-

VV = AA
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Model-Based Stereology Stationary and isotropic random sets

For the very last time: quartz in granite

Rosiwal (1898): VV = LL

volume fraction in 3D ≈
length fraction in linear sections

Glagolev (1933): VV = NN
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +
+ + + + + +

volume fraction in 3D ≈
relative number of points in quartz
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Model-Based Stereology Stereology beyond means

Excursion: why only average properties?

Let X be a collection of particles in R3, intersected by a plane L.

Mean value stereology:

2πNA = MV ,
4
πLA = SV , AA = VV .

Assumption needed:
X is stationary and isotropic and the section plane may be fixed
 model based approach.
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Model-Based Stereology Stereology beyond means

The size distribution of particles

Wicksell’s corpuscle problem:
Determine the distribution of spheri-
cal particles from planar sections.

Assume: X random collection of spheres, stationary.

Wanted:
NV = mean number of spheres per unit volume in R3,
FR= distribution function of spheres’ radii R in R3.
We can estimate:
NA mean number of spheres per unit volume in L,
Fr= distribution function of profiles’ radii r in L.

Densities: fR and fr .
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Model-Based Stereology Stereology beyond means

Relations between R and r

Two effects:
1. Given a sphere hits L, its radius Rw has

size weighted distribution: fRw (y) = 1
2ER 2yfR(y).

2. Given sphere with radius Rw = y hits L,

fr (x |Rw = y) = x
y
√

y2 − x2 , 0 ≤ x ≤ y .

=⇒ fr (x) = x
ER
∫∞

x
1√

y2−x2
fR(y)dy
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Model-Based Stereology Stereology beyond means

The integral equation and analytical unfolding

fr (x) = x
ER
∫∞

x
1√

y2−x2
fR(y)dy

First derived by [Wicksell 1925],
General proof by [Mecke & Stoyan 1980] in model-based setting.

This is an Abel integral equation with solution

1− FR(y) = 2
π (2ER)

∫∞
y

fr (x)√
x2−y2

dx .

the Abel integral is smoothing,
(corresponds to “1/2 integration”)
the unfolding problem is (moderately) ill posed
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Model-Based Stereology Stereology beyond means

Reproducing distribution

There are populations for which Er > ER (!)

Z is Rayleigh(σ)-distributed
⇐⇒ Z =

√
X 2 + Y 2, where (X ,Y ) ∼ N(o, σ2)

Density: fZ (t) = t
σ2 e−

t2
2σ2 , t ≥ 0.

Reproducing property of the Rayleigh distribution
R ∼ Rayleigh(σ) ⇐⇒ r ∼ Rayleigh(σ)

It is the only distribution with this property.

 simple parametric models. [Wicksell 1925],
[Keiding et al. 1972], mixture of χ-distributions,
[Bach 1959] related distributions.
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Model-Based Stereology Stereology beyond means

Numerical unfolding I

Shoals of algorithms have been suggested.

1. Inverse integral equation with empirical distribution “naive
estimation”

-

r

61
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0

Naive estimator

R

R ∼ Rayleigh(2) ⇒ r ∼ Rayleigh(2)
left: n = 7, F̂R compared with FR .
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Model-Based Stereology Stereology beyond means

Numerical unfolding II

2. Smoothing of the empirical distribution before unfolding
“Product integration” [Anderssen & Jakeman 1975]

-
r

(for illustration n = 7)

61

��
��
��
��
��
((
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−

0.
2

0.
0

0.
2

0.
4

0.
6

0.
8

Product integration (linear)

R

R, r ∼ Rayleigh(2), n = 100, F̂R compared with FR .

Related smoothing approaches:
kernel methods, regularization, . . .
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Model-Based Stereology Stereology beyond means

Numerical unfolding III

3. Discretization of the direct integral equation
e.g. Scheil-Schwartz-Saltykov method
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Model-Based Stereology Stereology beyond means

Conclusion: Numerical unfolding

subtle interplay of numerical and statistical problems,
the lower tail of FR is not accessible,
no method appears to be generally best,
large samples required, n ∼ 1000,
in binning methods: low number of bins ∼ 7− 10

or smoothing

Suggestion:
pilot study as input for a non-parametric method
proper study with a fitted parametric model (max. likelihood)
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Model-Based Stereology Stereology beyond means

Avoiding unfolding: typical particle properties

Estimation of mean typical sphere properties
Let Ψ(R) be a function of the radius R of a sphere, c 6≡ Ψ(0) = 0.
For instance, Ψ(R) = 4

3πR3 = sphere volume.

General: EΨ(R) = (2ER)EΨ̃(r),

with Ψ̃(x) =
∫ x
0

Ψ′(y)√
x2−y2

dy .

Moments: ERk = ck(2ER)(Erk−1) k = 0, 1, 2, . . . ,
where ck is a known constant.
Mean diameter: 2ER = π

2 (Er−1)−1, (k = 0)

Hence: EΨ(R) = 2
π

EΨ̃(r)
E(r−1)  ratio-unbiased estimator.
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Model-Based Stereology Stereology beyond means

Avoiding unfolding: total particle properties

Estimation of mean total sphere properties
Mean total Ψ-value: ΨV = E

∑
spheres in unit vol. Ψ(R).

specific total number: (Ψ = 1)
NV = (2ER)−1NA = 2

π (Er−1)NA

 NV ≈ 2
πA
∑n

i=1 r−1i “Fullman’s formula”

general: ΨV = Ψ̃A

here Ψ̃A can unbiasedly estimated by
∑

profiles in unit area Ψ̃(r).
Good statistical properties:
Consistency. Asymptotic normality (n large).
Variance estimates available (under Poisson assumptions)
[Nicholson 1970], [Watson 1971]. . . .
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Recent Developments

IV. Recent Developments.
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Recent Developments Assessing location and orientation

Location and orientation: volume tensors I

The intrinsic volumes are additive, motion invariant and increasing on
convex sets.

How can we capture location and orientation?

Idea. Center of gravity (vector-valued characteristic),
tensor of inertia (matrix-valued characteristic)

The volume tensor of X ⊂ Rn of rank r ∈ {0, 1, 2, . . .} is

Tr (X ) =
(∫

X
xi1 · · · xir dx

)n

i1,...,ir =1
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Recent Developments Assessing location and orientation

Location and orientation: volume tensors II

Tr (X ) = (
∫

X xi1 · · · xir dx)n
i1,...,ir =1

Interpretation:

rank tensor interpretation
0 T0(X ) = Vn(X ) volume

1 T1(X ) = (
∫

X x1dx , . . . ,
∫

X xndx) ∈ Rn c(X ) = T1(X)
Vn(X)

center of gravity (location)
2 T2(X ) ∈ Rn×n, entries

∫
X xixjdx matrix (orientation)

 associated ellipsoid e(X )

T2(X − c(X )) = B
(

λ1
. . .

λn

)
BT , e(X ) has half axes ∝

√
λ1, . . . ,

√
λn.
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Recent Developments Assessing location and orientation

The rank two volume tensor and the inertia tensor I
Excursion to physics: Assume that X is a rigid homogeneous solid.

Translations of X . Newton’s second law:

F = m · a

F = pulling/pushing force
m = total mass
a = acceleration (in m/s2)

Rotations of X about an axis u through c(X ).

τ = Iu · α

τ = torque (D: Drehmoment) = twisting force
Iu = moment of inertia – depends on mass distribution and axis u
α = angular acceleration (in radians/degrees per second2)
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Recent Developments Assessing location and orientation

The rank two volume tensor and the inertia tensor II

Rotations of X about an axis with direction u through c(X ).

τ = Iu · α with Iu = u>Iu.

I = inertia tensor. Let Q be the identity matrix of size n × n.

I = −2 (T2(X )− trace(T2(X ))Q) ,

Can be solved for T2(X ). Hence

X and Y be two homogeneous solids (both with density = 1).

T2(X ) = T2(Y ) ⇐⇒
X and Y have the same moments of inertia for rotations with parallel axes
through their respective centers of gravity.
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Recent Developments Assessing location and orientation

More general: Minkowksi tensors

One can define n surface tensors of rank r corresponding to
Vn−1, . . . ,V0 in the case r = 0.

These tensors are called Minkowski tensors. They are
additive,
‘compatible’ with motions,
continuous on convex sets (replacing ‘increasing’)

Alesker’s characterization theorem
Any tensor-valued function on P that is additive, compatible with motions
and continuous on convex sets is a combination of Minkowski tensors (and
the metric tensor).
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Recent Developments An application: orientation of brain cells

Application of tensors: Orientation of brain cells

Biological application: [Rafati et al. 2015]
Are the neurons in the prefrontal cortex of rats isotropic?

Assume that there are N cells Xi in the brain. We want to estimate
the average population r -tensor, r = 0, 1, 2,

T r = 1
N

N∑
i=1

Tr (Xi − xi )

where the reference point xi of particle Xi is moved to the origin.

Equivalently, we want the
mean particle volume v = T 0,

mean displacement c = T 1
T 0

,

Miles ellipsoid (mean ellipsoid) e defined analogous to e.
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Recent Developments An application: orientation of brain cells

The average tensors for a cell population
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Recent Developments An application: orientation of brain cells

Design-based estimation I

Select a simple random sample S out of the N cells in the specimen.
 use the disector! Yields approx. 100 cells.

Every cell in layer III of the prefrontal cortex selected by the disector
is investigated based on confocal microscopy images.
 vertical sections.

Overprojection problem does not allow to evaluate sections that are
almost tangential to the cell.
 local vertical sections
(i.e. vertical through a reference point: the cell’s nucleolus xi).

An integral formula exists, but 2D information yields a degerate T2,
and hence a flat e(X )
 thick local vertical sections (i.e. a slice or slab).

This design is called optical vertical rotator.
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Recent Developments An application: orientation of brain cells

Desing-based: Optical vertical rotator I
The optical vertical rotator.
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Recent Developments An application: orientation of brain cells

Desing-based: Optical vertical rotator II

(a) Focal plane through the reference point + with vertical axis.

(b), (c), (d) systematic planes with systematic test lines.
The interplane distance is 1.67µm.
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Recent Developments An application: orientation of brain cells

Model-based

Problem: The vertical slices are parallel for all cells in a block.

Way out: Model-based assumption. The cells are random, symmetric
around the vertical axis. (Justified.)

Under this assumption e is rotational symmetric.

We estimate the average population r -tensor by the average sample
r -tensor

1
n
∑
i∈S

T̂r (Xi − xi ),

where we replaced Tr (Xi − xi ) by its optical vertical rotator
estimate T̂r (Xi − xi ).
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Recent Developments An application: orientation of brain cells

Results of the model assisted approach.

Results for 2 animals, 2 blocks each:

rat 1 rat 2
parameter block 1 block 2 block 1 block 2
v volume (µm3) 473 477 815 710
c displacement (µm) 0.19 0.22 0.51 0.22
vertical semi-axis (µm) 5.24 5.17 6.16 5.61
perpendicular semi-axes (µm) 4.64 4.69 5.62 5.50

Hypothesis of isotropy (e is a ball) was rejected at level 5%.
(no further particle assumptions;
normally distributed matrix entries in T̂ 2 associated to e).
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