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Summary

This thesis is concerned with time series modelling in �nance and the unifying theme is risk

modelling in asset pricing. While all chapters in this thesis consern risk modelling in asset

pricing the papers treat risk di¤erently and consider various asset classes in substantially dif-

ferent models. In the �rst chapter the information about risk is taken from consumption data

of active investors, and this information is applied to pricing of bonds. In the second chapter

a measure of risk is constructured from the information about risk in option contracts as well

as high frequency futures return data. In the third paper the information about risk is taken

from consumption data (this time from all consumers) and utilized to price stocks on corporate

equity.

Modelling, measuring and accounting for risk is important from both a theoretical and in

particular a practical viewpoint. In practice it plays a key role in e.g. asset allocation, pric-

ing, and strategy selection. Classical asset pricing theory suggests that investors care about

future consumption, and hence care about the risk of future consumption. Yet, the Consump-

tion Capital Asset Pricing Model (CCAPM) has had great di¢culty explaining fundamental

empirical �ndings (giving rise to the so called asset pricing puzzles). The �rst chapter adds

to this literature showing that some of these asset pricing puzzles can be explained by using

consumption data of active investors, rather than consumption by the entire population. The

literature on risk measurement has been active for decades and in recent years even more so.

Much progress has been made in utilizing the information in high frequency data for forecasting

future volatility/risk. In the second chapter a model is presented, which combines the infor-

mational content in high frequency return data and option contracts, allowing for the analysis

of the relative importance of the sources of information. In corporate valuation most �nan-

cial institutions rely on the Capital Asset Pricing Model from the 1960s when accounting for

risk. This is, in general, not consistent with the notion that what investors care about is the

risk of future consumption. Much progress has been made since the 1960s in the literature

on risk measurement and risk adjustment and in the third paper I empirically investigate the

performance of a CCAPM based model for risk adjustment.

This thesis consists of three self-contained chapters. The �rst chapter "Habit-based Asset

Pricing with Limited Participation Consumption" is joint with Stig Vinther Møller. We cali-

brate and estimate a consumption-based asset pricing model with habit formation using limited

participation consumption data. Based on survey data of a representative sample of American
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households, we distinguish between assetholder and non-assetholder consumption, as well as

the standard aggregate consumption series commonly used in the CCAPM literature. We show

that assetholder consumption outperforms non-assetholder and aggregate consumption data

in explaining bond returns, bond yields, and the volatility of bond yields. We further show

that the high volatility of assetholder consumption enables the model to explain the equity

premium puzzle and the risk-free rate puzzle simultaneously for a reasonable value of relative

risk aversion.

The second chapter "Latent Integrated Stochastic Volatility, Realized Volatility, and Im-

plied Volatility: A State Space Approach" is joint with Bent Jesper Christensen. We simul-

taneously include both realized volatility measures based on high-frequency asset returns and

implied volatilities backed out of individual traded at the money option prices in a state space

approach to the analysis of true underlying volatility. We model integrated volatility as a latent

Markov process and show that our model is closely related to the constant elasticity of variance

(CEV) and Barndor¤-Nielsen & Shephard (2001) models for local volatility. We show that if

measurement noise in the observable volatility proxies is not accounted for, then the estimated

persistence of the true latent volatility process is downward biased. Implied volatility performs

better than any of the alternative realized measures when forecasting future integrated volatil-

ity. The results are largely similar across the stock market (S&P 500), bond market (30-year

U.S. T-bond), and foreign currency exchange market ($/£).

In the third chapter "Conservatism in Corporate Valuation" I use a CCAPM based risk

adjustment model, consistent with general asset pricing theory, to perform corporate valuations

of a large sample of stocks listed on NYSE, AMEX and NASDAQ. The model is di¤erent from

the standard CAPM model in the sense that it discounts forecasted residual income for risk

in the numerator, rather than trough the cost of equity, in the denominator. Further, the

risk adjustment is based on assumptions about the time series properties of residual income

return and consumption, rather than historical returns. I compare the pricing performance

of the model with the standard CAPM based valuation model, both considering the absolute

valuation errors and an investment setting, where simple investment strategies are made, based

on the results of the respective models. The CCAPM model performs substantially better than

the CAPM based model when comparing absolute valuation errors. Both models are able

to explain abnormal returns impressively well, when constructing investment strategies, but

also in this setting the CCAPM model outperforms the CAPM model in most dimensions.
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I further show that the standard CAPM and the Fama-French 3 factor based approaches to

risk adjustment substantially overestimates the cost of risk. This "error" more than o¤sets

yet another "error", committed when using analyst�s forecasts of long-term growth which are

3-4 times higher than what can be considered reasonable. Using the CCAPM approach to

valuation, the results imply that investors are very conservative in their valuation of long-term

value generation, and very conservative in risk adjusting future value generation.
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Dansk resumé (Danish summary)

Denne afhandling beskæftiger sig med tidsrækkemodellering i �nansiering, og det overordnede

tema er modellering af risiko i prisfastsættelse af aktiver. Alle kapitlerne i afhandlingen omhan-

dler modellingering af risiko i prisfastsættelse af aktiver, men de betragter forskellige aktivk-

lasser og væsentligt forskellige modeller. I første kapitel anvendes forbrug for den del af be-

folkningen, som aktivt investerer i det �nansielle marked, til at opnå information om risiko,

og til at prisfastsætte obligationer. I andet kapitel konstrueres et mål for risiko, som både

bygger på den information, der er tilgængelig i optionsdata og i højfrekvent afkastdata. I det

tredje kapitel tages information om risiko fra forbruget for hele befolkningen, og anvendes til

at prisfastsætte aktier.

Modellering, måling og risikostyring er vigtigt både teoretisk og praktisk. I praksis spiller

det en vigtig rolle i for eksempel porteføljestyring, prisfastsættelse og for strategisk beslut-

ningstagen. Klassisk teori for prisfastsættelse af aktiver viser at det investorer bekymrer sig

om er fremtidig forbrug, og dermed bekymrer de sig om risikoen i fremtidig forbrug. På trods

af dette har den forbrugsbaserede Capital Asset Pricing Model (CAPM) ikke haft succes med

at forklare empiriske fundamentaler (hvilket har givet anledning til de så kaldte asset pricing

puzzles). Det første kapitel bidrager til denne literatur ved at vise at nogle af disse puzzles kan

forklares ved at anvende forbrugsdata for aktive investorer i stedet for forbrug fra alle investorer.

Literaturen for risikostyring har været aktiv i årtier, og især i de senere år. Der er gjort store

fremskridt i udnyttelsen af informationen fra højfrekvent data til at forudsige fremtidig risiko.

I andet kapitel præsenteres en model, der kombinerer informationen fra højfrekvent data med

informationen i optionskontrakter, hvilket tillader en analyse af den relative vigtighed af de

enkelte informationskilder. I virksomhedsvurdering anvender de �este �nansielle virksomheder

stadig Capital Asset Pricing Modellen fra 1960erne til at tage højde for risiko. Generelt er dette

ikke i overensstemmelse med at investorerne bekymrer sig om fremtidigt forbrug. Der er gjort

store fremskridt i literaturen siden 1960erne, og i det tredje kapitel undersøger jeg empirisk,

hvordan en forbrugsbaseret model for CAPM kan anvendes til at tage højde for risiko.

Afhandlingen består af tre uafhængige kapitler. Det første kapitel "Habit-based Asset Pric-

ing with Limited Participation Consumption" er skrevet sammen med Stig Vinther Møller. Vi

kalibrerer og estimerer en forbrugsbaseret prisfastsættelsesmodel, som indeholder vanedannelse,

og vi anvender forbrug for den del af befolkningen, som er aktive investorer. Baseret på en

rundspørge blandt en repræsentativ gruppe af amerikanske husholdninger skelner vi mellem ak-
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tive og inaktive investorer. Til sammenligning anvender vi også forbrug for hele populationen.

Vi viser at når vi anvender forbrugsserien for aktive investorer er vi i stand til at forklare afkast

på obligationer, obligationsrenter og volatiliteten på disse væsentligt bedre. Ydderligere viser

vi at den øgede volatilitet i forbruget for aktive investorer gør modellen i stand til samtidig

at forklare equity premium puzzle og risk-free rate puzzle med en plausibel værdi for relativ

risikoaversion.

Det andet kapitel "Latent Integrated Stochastic Volatility, Realized Volatility, and Im-

plied Volatility: A State Space Approach" er skrevet sammen med Bent Jesper Christensen.

Vi inkluderer både mål for realiseret volatilitet baseret på højfrekvent afkastdata og implicit

volatilitet fra individuelle handlede at-the-money optionspriser i en state-space model til at

analysere den sande underliggende volatilitet. Vi modellerer integreret volatilitet som en uob-

serverbar Markov-process, og viser at vores model er nært beslægtet med konstant elasticitet

af varians modellen og modellen af Barndor¤-Nielsen & Shephard (2001) modellen for lokal

volatilitet. Vi viser, at hvis der ikke tages højde for målefejl i den observerbare volatilitetsproxy,

så er den estimerede persistens for den sande volatilitetsprocess for lav. Implicit volatilitet er

bedre end de alternative mål til at forecaste fremtidig integreret volatilitet. Resultaterne er

stort set ens for aktiemarkedet (S&P 500), obligationsmarkedet (30-årige U.S. T-bond) og

valutakursmarkedet ($/£).

I det tredje kapitel "Conservatism in Corporate Valuation" anvender jeg en forbrugsbaseret

CAPM model, der er konsistent med klassisk prisfastsættelsesteori, til at justere for risiko.

Jeg prisfastsætter aktier for en stor andel af aktier på NYSE, AMEX og NASDAQ. Modellen

er forskellig fra standard CAPM-modellen idet den diskonterer fremtidig residualindkomst i

tælleren i stedet for gennem et mål for egenkapitalens omkostning i nævneren. Derudover er

risikojusteringen baseret på antagelser om tidsserieegenskaberne for afkastet på residualind-

komst og forbrug, i stedet for antagelser omkring historiske afkast. Jeg sammenligner re-

sultaterne fra modellen med resultaterne fra CAPM-modellen både ved at sammenligne de

absolutte prisfejl og i et investerings-setup, hvor simple strategier er dannet på baggrund af

prisfastsættelsesresultaterne i de respektive modeller. Den forbrugsbaserede model producerer

væsentligt lavere absolutte prisfastsættelsesfejl end CCAPM modellen. Begge modeller er i

stand til at forklare abnormale afkast relativt godt, når simple investeringsstrategier betragtes,

men den forbrugsbasrede model klarer sig i de �este dimensioner bedre end CAPM-modellen.

Jeg viser ydderligere at CAPM og Fama-French 3 faktor tilgangen til risikojustering overvur-

8



derer risikoen i aktier. Denne fejl bliver mere end balanceret af en anden fejl, som begås når

analytikkerne forecaster langsigtet vækst, da disse forecasts er 3-4 gange højere end hvad der

kan betragtes som værende rimeligt. Ved at anvende den forbrugsbaserede tilgang til prisfast-

sættelse viser resultaterne, at investorerne er meget konservative når de prisfastsætter langsigtet

vækst, og også meget konservative, når de justerer fremtidig vækst for risiko.
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1. Introduction

The habit-based asset pricing model developed by Campbell and Cochrane (1999) has become

one of the most prominent models within the consumption-based framework. The model explains

countercyclical variation in equity premia and other stylized facts of the aggregate stock market.

Campbell and Cochrane balance intertemporal substitution with precautionary savings to obtain

a constant risk-free rate, while Wachter (2006) extends the model such that the risk-free rate is

time-varying. This also leads to countercyclical variation in bond risk premia, and Wachter shows

that the model has the ability to produce a reasonable �t of the means and volatilities of bond

yields.1

In this paper we extend the work of previous studies by taking into account that not all house-

holds trade and own assets. Our objective is to analyze the ability of the habit model to price

assets using the consumption of households that actually do invest in assets. In order to perform

such an analysis, we use interview data from the U.S. Consumer Expenditure Survey (CEX) and

distinguish between the consumption of households that do invest in assets and the consumption

of those that do not. For reasons of comparison, we also consider aggregate consumption, which is

typically used when working with consumption-based models.2

Focusing on the consumption of stockholders is in line with the existing literature that shows

that allowing for participation constraints helps explain stock market phenomena (Mankiw and

Zeldes, 1991; Parker, 2001; Vissing-Jørgensen, 2002; Brav et al., 2002; Malloy et al., 2009; Campbell

et al., 2010). Moreover, focusing on assetholders sheds light on the link between the investor

decisions and the macroeconomy (Korniotis and Kumar, 2010).

While previous literature primarily uses household-level data to explain stock market behavior,

we also focus the attention on the bond market. As we include the bond market in our analysis, we

follow Wachter (2006) and allow the risk-free rate to be time-varying. Furthermore, as in Campbell

and Cochrane (1999) and Wachter (2006), we use calibration and simulation techniques to evaluate

the performance of the model. In addition to that, we also consider formal econometric estimation

of the model using Generalized Method of Moments (GMM). We �nd it useful to apply di¤erent

methodologies as this allows us to test the model in di¤erent dimensions and check the robustness

of our results.

Our main contribution is to show that the assetholder/non-assetholder distinction is important

when pricing assets in the habit formation framework. With calibrated parameter values we sim-

1The NBER working paper version of Campbell and Cochrane (1999) also contains an analysis with a time-varying
risk-free rate.

2For instance, Campbell and Cochrane (1999) and Wachter (2006) both use aggregate consumption.
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ulate the model and demonstrate that it works substantially better with assetholder consumption

than with non-assetholder and aggregate consumption. The model �ts the means and standard

deviations of bond yields with much higher accuracy using assetholder consumption than it does

using the two other consumption measures. Thus, when we use the consumption of households

facing bond market risk, the ability of the model to price bonds improves substantially.

Our calibration strategy is similar to Campbell and Cochrane (1999) and Wachter (2006),

implying that we choose parameters such that we match the Sharpe ratio and risk-free rate by

construction. Interestingly, however, we �nd important di¤erences in the implied steady state risk

aversion necessary to explain the large equity premia. When using assetholder consumption, the

model only needs a steady state risk aversion of around 8 to explain the large equity premia, while

the steady state risk aversion is as high as 88 using aggregate consumption. In the original study

of Campbell and Cochrane (1999), the model needs a high steady state risk aversion of 35 to

explain the large equity premia.3 By contrast, in the limited participation setting that we apply

in this paper, the model explains the large equity premia using an economically plausible level

of risk aversion, and at the same time the model accounts for many salient features on the bond

market. The result of a more plausible level of relative risk aversion is economically intuitive as

those households that invest in asset markets are exposed to more risk than those that do not.

As a supplement to the calibration and simulation analysis, we also use GMM to estimate

the model in a cross-sectional setup based on maturity-sorted bond returns. The GMM estimation

con�rms that the model�s ability to price bonds improves when using the consumption of households

that do invest in bonds. With non-assetholder and aggregate consumption the model has great

di¢culties in explaining the cross-sectional variation in returns on maturity-sorted bonds, but with

assetholder consumption the model works reasonably well. Furthermore, we examine to what

extent the habit model has the ability to explain the size and value premiums under the three

alternative consumption measures. We �nd that assetholder consumption explains a large part of

the size premium, while aggregate and especially non-assetholder consumption fails to address the

size premium. We also show that none of the consumption measures are able to account for the

value premium. We relate this �nding to Lettau and Wachter (2007) and Santos and Veronesi

(2010) who, relying on duration-based ideas, show that the habit model is likely to generate a

growth premium rather than a value premium.

The rest of the paper is organized as follows. Section 2 brie�y outlines the model, Section

3 describes the data and gives summary statistics, Section 4 demonstrates how we calibrate and

3 In the Wachter (2006) speci�cation, the model also implies a high risk aversion of 52 at steady state.

13



simulate the model and presents results, Section 5 demonstrates how we estimate the model using

GMM and presents results, and, �nally, Section 6 concludes.

2. The model

The habit model implies that each household maximizes:

E

1
X

t=0

�t
(Ct �Xt)

1� � 1

1� 
, (1)

where �, , Ct, and Xt are, respectively, the subjective discount factor, the utility curvature para-

meter, consumption, and an external habit level. From the speci�cation of the utility function, it

follows that the relative risk aversion is given by =St where St is the surplus consumption ratio

de�ned as:

St �
Ct �Xt
Ct

:

The relative risk aversion moves countercyclically over time: when Ct is well above Xt in cyclical

upswings, the relative risk aversion decreases, and when Ct gets close to Xt in cyclical downturns,

the relative risk aversion increases. Following Campbell and Cochrane (1999) and Wachter (2006),

we specify the log of the surplus consumption ratio, st = log (St), as an autoregressive process

(throughout, lowercase letters indicate logs):

st+1 = (1� �) �s+ �st + � (st) vt+1, (2)

where � is the persistence parameter and � (st) is a sensitivity function that determines how in-

novations in consumption growth vt+1 in�uence st+1. The consumption growth process is given

by:

ct+1 � ct = g + vt+1, vt+1 � niid
�

0; �2
�

, (3)

where g and � are the mean and volatility of the log consumption growth. The sensitivity function

�(st) is speci�ed as follows:

� (st) =
1
�S

p

1� 2 (st � �s)� 1, if st � smax, 0 otherwise, (4)

where

S = �

r



1� �� b=
(5)
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is the steady state level of St and

smax = s+
1

2
(1� S

2
) (6)

is the value of st at which the expression in Eq. (4) becomes zero. With this model speci�cation,

the stochastic discount factor equals:

Mt+1 = �

�

St+1
St

Ct+1
Ct

��

= �e�fg+(��1)(st�s)+[1+�(st)]vt+1g, (7)

and the log real risk-free rate is a linear function of st:

rf;t+1 = log

�

1

Et [Mt+1]

�

= � log (�) + g �
 (1� �)� b

2
� b (st � s) . (8)

As Campbell and Cochrane (1999) have their main focus on explaining stylized facts on the equity

market, they set b = 0, which implies a constant real risk-free rate and a �at yield curve. We follow

Wachter (2006) and allow for a time-varying real risk-free rate (i.e. b 6= 0). Campbell and Cochrane

(1999) and Wachter (2006) both use aggregate consumption when they analyze the habit model�s

ability to explain asset prices. We extend their work by distinguishing between the consumption

of households that actually own and trade assets and the consumption of those that do not. Thus,

we take into account that a large group of households do not invest in assets.

2.1. The habit of assetholders

Rather than specifying a process for the habit level, Xt, we have in Eq. (2), following Campbell

and Cochrane (1999) and Wachter (2006), speci�ed a process for the log surplus consumption ratio

st = log
�

Ct�Xt
Ct

�

, which ensures that consumption is above habit at all times. To provide intuition

about what the habit level is, we can use a Taylor approximation to show that the habit level is

determined by the in�nite history of past consumption (Campbell and Cochrane (1995)):

xt+1 � �+ (1� �)
1
X

i=0

�ict�i

In our analysis of the habit model, we assume that the habit level of assetholders is given by past

consumption of assetholders.4 Alternatively, it could be appropriate to assume that the habit of

assetholders is determined by past aggregate consumption, i.e., it may possibly be the case that

assetholders compare their standard of living with the aggregate rather than other assetholders�

4Similarly, we assume that the habit level of non-assetholders is given by past consumption of non-assetholders.
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standard of living. Related to this point, Korniotis (2008) examines external habit models in which

the habit is allowed to be di¤erent from the past consumption of the investor. He develops a re-

gional risk model based on US state level consumption data and �nds supportive evidence of the

model when habit is based on the four Census regions. Following a similar approach as in Korniotis

(2008), we have analyzed models in which the habit of assetholders is based on past aggregate

consumption rather than past assetholder consumption. We �nd that the habit speci�cation based

on assetholder consumption always produces a better model �t than the aggregate habit speci�ca-

tion.5 We therefore focus the attention of this paper on the case where the habit of assetholders is

based on past assetholder consumption.

3. Data and summary statistics

Calibrating and estimating the model requires data on consumption, zero coupon bonds, in�a-

tion and prices as well as dividends on the market index. In this section we present the data as

well as summary statistics of the consumption data.

3.1. Consumption

We use quarterly aggregate real per capita consumption of non-durables and services from

the NIPA tables available from the Bureau of Economic Analysis (BEA). Assetholder and non-

assetholder consumption data is provided by Annette Vissing-Jørgensen6 and is explained in detail

in Malloy et al. (2009).7 Therefore, we will only explain brie�y the aspects of the data which are

the most relevant for the application in this paper. The assetholder and non-assetholder data set

is on a monthly frequency and contains series of consumption growth over the past 1, 2, 4, 8, 12,

16, 20, and 24 quarters. We use the series with quarterly growth, and to avoid observations with

overlapping information, we limit ourselves to a quarterly frequency of the data.8 Assetholder and

non-assetholder data is available from the �rst quarter of 1982 to the third quarter of 2004, which

limits our study to 91 observations on quarterly consumption.

Assetholder and non-assetholder consumption data is calculated based on household data from

the CEX. The data is based on interviews with 4; 500-7; 500 households per quarter, and each

household is asked to report its consumption for the past three months. Each household is inter-

viewed �ve times and the �rst interview is discarded.9 The data is corrected for changes in family

5Results available upon request.
6The data is available from http://www.kellogg.northwestern.edu/faculty/vissing/htm/research1.htm.
7Also see Battistin (2004) for further details on the survey.
8The use of overlapping observations would not be consistent with the random walk model of consumption in Eq.

(3).
9A household is also discarded from the sample if the 2nd, 3rd, or 4th interview is missing.
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size and seasonalities. The assetholders are broadly de�ned as households answering positively to

holding "stocks, bonds, mutual funds and other such securities".10 Non-assetholders are broadly

de�ned as those not "holding stocks, bonds, mutual funds and other such securities". The data set

also contains a consumption growth series for top assetholders (wealthiest third of assetholders).

However, looking at the time series properties of the quarterly consumption growth indicates that

this series has signi�cant measurement noise and we discard this series from our analysis.11

We do not have a time series of consumption growth for each household that spans the entire

sample period. As in Malloy et al. (2009), we use a time series of average consumption growth cal-

culated across the cross-section of households. For assetholders (AH) the average log consumption

growth rate is given by:

1

HAH
t

HAH
t
X

h=1

�

ch;AHt+1 � ch;AHt

�

;

where ch;AHt is household h�s consumption at time t, and HAH
t is the number of assetholders at

time t. In a similar way, the average log consumption growth rate for non-assetholders (NAH) is

given by:

1

HNAH
t

HNAH
t
X

h=1

�

ch;NAHt+1 � ch;NAHt

�

:

Table 1 shows correlations as well as �rst and second moments of the consumption series. There

are positive correlations between all consumption series. The table also shows that assetholders

have higher consumption growth than non-assetholders. The aggregate series, however, displays a

much a higher growth rate in consumption than both the assetholder and non-assetholder series.

One possible explanation is that the CEX and NIPA consumption series are measured based on dif-

ferent procedures and are therefore not directly comparable. The standard deviation of assetholder

consumption data is higher than that of non-assetholder and aggregate consumption data, which is

important because previous CCAPM studies point out that the volatility of consumption is too low

to explain the volatile asset markets. We note that the additional volatility could potentially be

due to measurement error in the CEX interview data. However, as we use the average consumption

across the cross-section of households rather than individual household consumption, we may be

able minimize the issue of measurement error.12 Of course, working with interview data makes

10Malloy et al. (2009) attempt to verify this through a probit estimation (see their appendix B). If the result of
the probit analysis is not in accordance with the answer given in the survey, then the observation is discarded from
the sample.
11One could smooth the series using �lter techniques, but the presence of noise seems too prominent for this

approach to yield trustworthy results.
12See Brav et al. (2002) for a thorough analysis on measurement error in household consumption data.
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measurement error inescapable, but as Parker (2001) points out, the CEX interview data is "the

best household-level data on consumption over time in the United States".

3.2. Prices, returns, yields and in�ation

We calculate quarterly observations on returns and price-dividend ratios using the value-weighted

NYSE/AMEX index from the Center for Research in Security Prices (CRSP). To measure in�ation,

we rely on the quarterly consumer price index (CPI) from CRSP. We use the nominal three month

yield on a quarterly frequency from the Fama Risk Free Rates database in CRSP as our measure

of the one period nominal risk-free rate. This rate is adjusted by in�ation to obtain the real three

month risk-free rate, corresponding to the risk-free rate given in Eq. (8). We use one, two, three,

four, and �ve year zero coupon bond prices both to calibrate the model and to compare model

implications to moments observed in the market. The bond data used has a quarterly frequency

and is from the Fama-Bliss Discount Bond section in the CRSP database.13 We use the in�ation

series to calculate real yields. We also use the bond and in�ation data to calculate series of one

year real bond holding returns with quarterly frequency. We follow Cochrane and Piazzesi (2005),

among others, and calculate one year holding returns as:

Rn;t = ln (Pn;t)� ln (Pn+4;t�4) ; (9)

where Rn;t is the period t one year holding return from buying a bond with n+4 periods to maturity

one year (four periods) ago, and Pn;t is the price at time t of a bond with unit pay-o¤ in n periods.

The in�ation during the year is used to calculate real holding returns.14

Finally, in the GMM estimation we use quarterly real returns on government bond portfolios

with maturities of 1, 2, 5, 7, and 10 years, also available from CRSP.

4. Calibration and simulation methods

This section �rst describes the calibration methods and results. Then we show how the calibra-

tion relies on a simultaneous simulation of the model to calculate long-term bond and stock prices.

The simulation method, in general, follows Wachter (2005) and the calibration method, in general,

follows methods described in Campbell and Cochrane (1995), Campbell and Cochrane (1999), and

Wachter (2006).

13For more information, see Fama and Bliss (1987).
14 If we use expected in�ation calculated based on, for instance, an AR(1) process, the results are very close to the

results that we obtain using ex post realized in�ation. Results are available upon request.
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4.1. Calibration

As described in Section 2, the model has six parameters to be calibrated: g; �; ; �; �, and b.

The mean consumption growth and standard deviation of consumption growth were calculated in

Section 3 to their corresponding moments in the data. Table 2 shows the calibration results for the

remaining parameters for each of the consumption growth series. The habit persistence parameter,

�, can be calibrated directly from the data without having calibrated ; �, and b. We follow the

previous literature and calibrate � to match the �rst-order autocorrelation of the price-dividend

ratio of the AMEX/NYSE index, and we obtain � = 0:9689:15 The three remaining parameters

must be calibrated jointly by e.g. minimizing an error function over choices of  and b. Since the

GMM estimation relies on moments based on real bond returns, we also calibrate the model to

match a cross section of real bond returns. We de�ne a vector with one year holding returns of

bonds calculated in the model with one to �ve years to maturity as:16

R̂n;t =
�

R̂1;t; R̂2;t; R̂3;t; R̂4;t; R̂5;t

�0
:

A similar collection of one year holding returns calculated from the data is denoted as Rn;t. We

then minimize the criterion function:

F (; b) = e0I5e,

where e = 1
T

T
X

t=1

�

R̂n;t �Rn;t

�

and I5 is a 5� 5 identity matrix, and thus we put equal weight on

the returns irrespective of the bond from which it is calculated. The utility curvature parameter,

, has large impact on the model Sharpe ratio, and therefore it is appropriate to calibrate  such

that the simulated Sharpe ratio of the aggregate market in the model equals the Sharpe ratio in

the data. The parameter b has only little impact on the Sharpe ratio, and thus the Sharpe ratio is

mainly determined from . However, since  and b both impact simulated bond holding returns,

we have to calibrate these parameters simultaneously. Thus, for each value of b we search for the

value of  which matches the empirical Sharpe ratio.

We calibrate the remaining parameter � such that at st = �s, the real risk-free rate in the model

equals the real risk-free rate in the data, i.e., we calibrate � from Eq. (8) with st = �s as:

� = exp

�

��rf + g �
 (1� �)� b

2

�

;

15This value is similar to results found in previous calibrations of the model.
16See Section 4.2 for the calculation of bond prices and Eq. (9) for the calculation of returns as a function of bond

prices.
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where �rf is the mean real risk-free rate in the data. As the formula shows, this parameter can be

calculated when  and b are known and can therefore be calculated inside the minimization routine

for each guess of  and b. From this calibration we ensure that the mean real risk-free rate in the

model (approximately) matches the mean real risk-free rate in the data.

Wachter (2006) calibrates b to match a cross section of yields which ensures a positive value

of b. Our calibration method does not ensure this by construction. However, as Table 2 shows,

we still obtain positive values of b implying an upward-sloping yield curve. Table 2 also shows

that we obtain a higher value of the utility curvature parameter, , than in previous calibrations

of this model. We get  = 3:70 for assetholders,  = 4:68 for non-assetholders, and we obtain an

intermediate value for aggregate consumption. This indicates that assetholders are less risk averse

than non-assetholders, which is likely to be the case since assetholders are de�ned as individuals

investing in risky assets and since this group is likely to have higher income than non-assetholders.17

Both Campbell and Cochrane (1999) and Wachter (2006) �nd  = 2:00, but this low value of gamma

is not con�rmed for any of our consumption series. One obvious explanation is the di¤erent sample

periods used.

The subjective discount factor, �, is higher for assetholders than for non-assetholders, which

indicates that non-assetholders are less patient. This might be one of the reasons why they do not

hold assets in the �rst place, since they are less likely to want to save up compared to assetholders.

The mean long-run surplus consumption ratio, �s, is mainly determined from the volatility of

the consumption series, which we see directly from Eq. (5). For the aggregate market we obtain

�s = �3:05, which is quite similar to the values of �2:85 found in Campbell and Cochrane (1999) and

�3:25 found in Wachter (2006). For the more volatile consumption series of non-assetholders and

in particular assetholders, we obtain much larger levels of �s = �0:93 and �s = �0:79, respectively.

Naturally, similar results are obtained for smax.

4.2. Simulation

In this section we explain how we simulate the model both in order to calibrate the model and

to assess the properties and implications of our results. Let Pn;t denote the price of a real bond (a

bond whose pay-o¤ is one unit of the consumption good) with n periods to maturity at time t. We

determine the price of such a real bond recursively by the Euler equation and can be written as:

Pn;t = Et [Mt+1Pn�1;t+1] : (10)

17The relative risk aversion in the model is given by =St, implying that the value of  is a main determinant of
the relative risk aversion.
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At maturity a real bond pays one unit of consumption implying that the boundary condition is

given as P0;t = 1. Knowing the price of the real bond, we can calculate the yield of the n period

bond at time t as:

yn;t = �
1

n
ln (Pn;t) : (11)

There is no closed form expression for yields with more than two periods to maturity, and we

therefore use numerical methods in order to calculate the bond prices. Notice that the surplus

consumption ratio, st; is the only state variable in determining real bond prices in this model and

the bond prices at time t can then be written as a function of st by substituting Eq. (7) into Eq.

(10) to obtain:

Pn (st) = Et [exp fln (�)� g �  (1� �) (�s� st)�  (� (st) + 1)�"t+1gPn�1 (st+1)] ; (12)

where "t+1 � NID (0; 1) and with boundary condition P0;t = 1. Based on Eq. (12) we simulate

prices on real bonds and construct real bond returns from Eq. (9).

In the calibration we also match the Sharpe ratio in the model with the Sharpe ratio in the

data. Since the aggregate wealth in this economy is equal to the market portfolio with dividends

equal to the aggregate consumption, we can use the price-consumption ratio to calculate the return

and Sharpe ratio on the market. To do this, we simulate the price-dividend ratio given by:

P en;t
Ct

(st) = Et

�

Mt
Ct+1
Ct

P en�1;t+1
Ct+1

(st+1)

�

= Et

2

4exp

8

<

:

ln (�) + (1� ) g �  (1� �) (�s� st)

+ (1�  (� (st) + 1))�"t+1

9

=

;

P en�1;t+1
Ct+1

(st+1)

3

5 ; (13)

where P en;t is the price at time t of an asset paying Ct+n in n periods. Notice that P
e
n;t pays no

dividends (coupons) and can thus be thought of as a zero coupon bond on future endowment.

As with real bonds, the surplus consumption ratio st is the only state variable and the relevant

boundary condition is P e0;t=Ct = 1. The price-consumption (price-dividend) ratio of the market is

now given as the in�nite sum of zero coupon bonds on future price-consumption ratios, i.e.:

Pt
Ct
=

1
X

n=1

P en;t
Ct
:

Practically, one has to choose a truncation point. So, we include 500 terms in our simulation.18

18A simulation study shows that adding more terms has little e¤ect on our results.
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We can now use the simulated price-dividend ratios to calculate the log returns as:

rmt+1 = ln
�

Rmt+1
�

� ln

�

Pt+1 + Ct+1
Pt

�

= g + ln

�

Pt+1
Ct+1

+ 1

�

� ln

�

Pt
Ct

�

: (14)

With the above equations for yields (11), real zero coupon bond prices (12), and price-dividend

ratios (13), we can calculate the unconditional Sharpe ratio in the model as:

SR =
E [rm � y1]

� (rm � y1)
: (15)

The simulation procedure can now be summarized as follows. First, we simulate 100; 000 quar-

ters of consumption data through Eq. (3) based on the parameter values of g and � from Table 1.

Secondly, we generate the time series of the surplus consumption ratio st by feeding the consump-

tion draws through Eq. (2). Thirdly, we calculate real bond prices and the price-dividend ratio

from Eqs. (12) and (13), respectively. In the �nal step, we calculate returns and the Sharpe ratio

through Eqs. (9) and (15), respectively.

To calculate the price of real zero coupon bonds (12) and the price-dividend ratios (13) of the

aggregate market, we apply the series method also applied in Wachter (2006).19 Wachter (2005)

shows that this method has signi�cant advantages over the more traditional �xed point method used

in Campbell and Cochrane (1999) and for practical purposes it is computationally more e¢cient.

Calculating the expectations in Eqs. (12) and (13) involves numerically calculating an integral on

the form:
Z 1

�1
p (v)Fdv;

where the integrand, F; is either given from Eq. (12) for calculating real zero coupon prices or

Eq. (13) for calculating the price-dividend ratio. We follow Wachter (2005) and calculate the

integral using Gauss-Legendre 40-point quadrature and bound the integral by �8 and +8 standard

deviations. We calculate the value of Pn�1 (st+1) or
P en�1;t+1
Ct+1

(st+1) at each step by interpolation on

a grid, depending on the updated state variable, st+1. We use the �nest grid on St from Wachter

(2005) which consists of 101 evenly distributed points ]0; Smax] and 900 logarithmically distributed

points between e�300 and the lowest of the 101 points on ]0; Smax]. This makes the grid relatively

�ner when S is close to zero, since asset prices are relatively more sensitive to variations of S in

19One period real yields can be calculated directly from Eq. (8), while longer maturity bond prices (or yields) and
the price-dividend ratio must be calculated using numerical methods. Appendix B in Wachter (2005) shows that the
absence of an explicit solution does not arise from the discrete time assumption.
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this region.

In Figure 1 we plot the simulated 3month and 5 year real yield curves as a function of the surplus

consumption ratio, St. The �gure shows that the yield curves for the non-assetholders are more

sensitive to changes in the surplus consumption ratio than the yield curves for assetholders. This

feature follows since b is calibrated to a higher value for non-assetholders compared to assetholders.

This also implies that for similar variation in the surplus consumption ratio, the standard deviations

of yields based on non-assetholder consumption will be larger than the ones based on assetholder

consumption.

Since b is calibrated to be positive, one would, in general, expect the 5 year yield to be above the

3 month yield and this is also con�rmed from the �gure. However, this relationship is reversed for

very small values of the surplus consumption ratio. That is, in deep recessions the model predicts

a �at or slightly decreasing yield curve. This result has also been reported in previous calibrations

and might be a feature of the model. Also notice that the model is able to predict negative real

yields, which is often observed in the data. However, the non-assetholder data seems to be able

to generate unreasonably high and low real yields with real yields in excess of 100% in extreme

recessions and �10% in extreme booms.

Next, we calculate the means and standard deviations of 3 month and 1-5 year yields for

assetholders, non-assetholders, as well as for the aggregate consumption series. Table 3 shows

the results. The 3 month yield is matched relatively well to its empirical value of 2:245% for all

consumption measures. This is expected since the calibration ensures that the risk-free rate is

matched by construction at the long-run steady state value of the surplus consumption ratio. From

the table, we also see that when using non-assetholder consumption, the model is able to match

yields slightly better than with assetholder consumption in the short end where the simulated 1

year yield is 2:578% for assetholders and 2:703% for non-assetholders, which should be compared to

2:867% in the data. However, non-assetholder consumption overshoots dramatically in the long end

of the yield curve where a value of 4:622% is simulated for the 5 year yield compared to 3:869% in

the data. With assetholder consumption the model implies a 5 year yield of 3:991%, which is very

close to its empirical value. The assetholder series also achieves better results than the aggregate

consumption series in matching mean yields.

From Table 3, we also see that the simulated standard deviations of yields are signi�cantly closer

to those observed in the data for assetholder consumption compared to those simulated for the two

other consumption series. The worst performing series in terms of matching standard deviations of

yields is the non-assetholder series. Simulating the model using assetholder consumption, we obtain
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standard deviations of 3:137% for the 1 year yield and 2:964% for the 5 year yield, compared to

2:911% and 2:823%, respectively, in the data. For all maturities the simulation using assetholder

consumption gives results for the standard deviations of yields close to the empirical data. In com-

parison, the standard deviations of yields calculated using non-assetholder consumption are around

40% larger than empirical standard deviations. We observe that the empirical standard deviations

of yields are decreasing in maturity. The model matches this feature when using assetholder and

non-assetholder consumption, but not when using aggregate consumption. Matching the decreasing

standard deviation with aggregate consumption does not seem to be possible. This result was also

found in Wachter (2006).

The top row in the table reports the sum of squared di¤erences between model simulated

moments and data moments.20 The sum of squared errors is of considerably less magnitude for both

means and standard deviations for assetholder consumption than for non-assetholder and aggregate

consumption. Overall, our hypothesis of assetholder consumption containing more information

about real bond yields is con�rmed by these results. We also point out that the ability of the

model to match data moments of real yields with assetholder consumption should be seen in the

light that the parameters are calibrated to match bond holding returns and not means or standard

deviations of yields.

Table 3 shows that in particular non-assetholder consumption and aggregate consumption pro-

duce a too steep yield curve. Therefore, if we simulate bonds with longer time to maturity, the

model will signi�cantly overshoot the observed yields for these consumption series.21 As Figure

2 illustrates, the volatility of consumption is an important factor in determining the slope of the

yield curve. High volatility implies a lower slope and this is part of the reason why the aggregate

consumption measure has a too high slope. The non-assetholder yield curve is also much steeper

than the assetholder yield curve. Once again, we see from the �gure that part of the explanation

is due to the lower volatility of non-assetholder consumption. From the �gure it is also clear that

the model produces a close to linear yield curve structure on average.

We now turn our focus to equity data. The Sharpe ratio is matched to the empirical value of

0:533 by construction. However, from Table 4 we see that the mean and standard deviation of excess

returns both seem to be matched well by all series too. In particular, the aggregate consumption

data matches these moments well. Thus, it seems that the aggregate measure of consumption

performs slightly better than the assetholder measure in explaining equity data moments while, on

20 It only includes the 1-5 year yields because we match the 3 month yield by construction.
21This feature of a too steep yield curve is also seen clearly from the results reported in Table 4 in Wachter (2006).
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the other hand, the assetholder measure explains moments of the bond market very well.22

In previous calibrations of the model a low value of the utility curvature parameter, ; does not

translate into a low value of the Arrow-Pratt measure of relative risk aversion. However, from the

last row in Table 4, we see that the relative risk aversion at steady state, = �S, needed to explain both

the risk-free rate puzzle of Weil (1989) and the equity premium puzzle of Mehra and Prescott (1985)

is about 8 for assetholder consumption data, i.e. the relative risk aversion at steady state does not

exceed 10, which is considered the maximum plausible value by Mehra and Prescott (1985). Using

aggregate consumption data, the model requires unreasonably large values of relative risk aversion,

which is consistent with the �ndings in previous literature. However, we also stress that it is not

possible to make a direct comparison because assetholder and non-assetholder consumption is from

the CEX, while aggregate consumption is from NIPA. In fact, Parker (2001) describes a number

of important di¤erences between the NIPA data and the CEX data. For instance, he argues that

�the CEX series is aggregated in a manner consistent with theory, whereas the NIPA consumption

series is not�. Furthermore, he shows that this aggregation bias lowers the measured consumption

risk when using NIPA data. This may potentially explain part of the large di¤erence we observe

in the relative risk aversion using assetholder and aggregate consumption, respectively. In the next

section, we examine the relative risk aversion of the models further.

4.3. Relative risk aversion

The previous section shows that the model performs much better when using assetholder con-

sumption compared to the conventional aggregate consumption measure. In particular, the data

implies that a reasonably low relative risk aversion is su¢cient to explain the risk premium puzzle.

Similar results have been hard to obtain in previous studies. One exception, though, is Malloy et

al. (2009) who also utilize limited participation data, but rely on recursive utility with long-run

consumption.

4.3.1. Sensitivity analysis

It is fruitful to investigate the driving factors of our results further. We therefore study the

partial e¤ect of varying the parameters by simulating the model and calculating the relative risk

aversion for a grid of values. Figure 3 shows the partial analysis for the parameters �, �,  and b.

The top left plot shows that the relative risk aversion is decreasing in the volatility of consumption

for all measures of consumption and it seems that � is a main determinant of the relative risk

aversion. The top right plot shows that for all consumption measures, the relative risk aversion

22We examine this further below using GMM.
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is decreasing in the habit persistence parameter and more so for aggregate consumption than for

limited participation consumption. For very high habit persistence the relative risk aversion is

unidenti�ed, and we therefore exclude the unidenti�ed region. The bottom left plot shows that the

relative risk aversion for all consumption measures is increasing in the utility curvature parameter

as expected, while the bottom right plot shows that the relative risk aversion is decreasing in b.

The plots for �, , and b make it clear that the relative risk aversion is much more sensitive to

changes in these parameters for the aggregate consumption compared to the limited participation

data. This indicates that the high volatility of the limited participation data makes the relative risk

aversion less sensitive to the remaining parameters. The two parameters not considered in Figure

3, g and �, have no in�uence on the relative risk aversion.

4.3.2. CRRA utility

The sensitivity analysis suggests that using the high volatility of assetholder consumption the

model is able to explain the risk premium puzzle with a reasonable low value of risk aversion. This

also indicates that the relatively low level of risk aversion we obtain is not a unique result of habit

formation preferences. Rather, it is driven by the increased consumption risk that assetholders face.

To further illustrate this, we now consider the case of CRRA utility. Assuming i.i.d. lognormal

consumption growth with mean g and volatility �, Campbell and Cochrane (1999) analyze an

approximate expression for the maximum Sharpe ratio in the CRRA model:

E [Rm �Rf ]

� (Rm �Rf )
� ��

In our setting the unconditional Sharpe ratio is 0.533, and the assetholder consumption volatility

is 0.060 (both annualized), i.e., the CRRA model requires a relative risk aversion of � � 8:8 to

explain the level of the Sharpe ratio. This shows that CRRA utility does not necessarily generate

an equity premium puzzle using assetholder consumption, especially not when we take into account

that the 80s and 90s (the major part of the period covered by the CEX) were periods of unusual

high stock returns as Parker (2001) carefully points out. This implies that the relatively low level of

risk aversion that we obtain is not driven by using habit formation preferences, but re�ects the use

of limited participation data that makes it possible to take into account that households investing

in asset markets are exposed to more risk than those that do not.23

23We note that the CRRA model with lognormality implies a �at yield curve and bond returns at all maturities are
equal to the risk-free rate. Thus, although this simple model does not necessarily imply an equity premium puzzle
when we use assetholder consumption, it would not be helpful in explaining empirical facts on the bond market,
which is the main focus of this paper.
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4.3.3. Time-variation

It is also interesting to examine how the relative risk aversion varies over time in the model.

In Figure 4 we show the time series of the relative risk aversion using aggregate and assetholder

consumption, respectively. From the �gure it is clear that the overall level of risk aversion is much

higher for aggregate consumption than for assetholder consumption. With aggregate consumption

the relative risk aversion is in the range from 54 to 174, whereas with assetholder consumption the

relative risk aversion is in the range from 6.8 to 9.3. The �gure also illustrates that we observe

very rapid variations in the relative risk aversion with aggregate consumption. As an example of

this, the relative risk aversion is about 175 in 1997 and then falls to about 75 in 2000, which is a

dramatic change in relative risk aversion within a relatively short time period. With assetholder

consumption, on the other hand, we observe much more economically plausible changes in relative

risk aversion over time. Thus, the �gure illustrates some important di¤erences in the time series

of relative risk aversion between aggregate and assetholder consumption. The �gure, however, also

shows that the two consumption measures are similar in the sense that they share the same business

cycle pattern. In fact, the correlation between the two series of relative risk aversion is as high as

0.49.

5. GMM estimation

In the previous section we have shown by calibration and simulation that the model works better

in a variety of di¤erent dimensions using assetholder consumption in comparison to non-assetholder

and aggregate consumption. In order to obtain further information about the performance of the

model under the alternative consumption measures, we now turn to formal estimation and testing

of the model using GMM. We use the following moment conditions:

0N�1 = E
h

Rt+1�e
�fg+(��1)(st�s)+[1+�(st)]vt+1g � 1

i

(16)

0 = E

�

rf;t+1 + log (�)� g +
 (1� �)� b

2
+ b (st � s)

�

(17)
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1

2
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6
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�0:5( (1� �)� b)

+( (1� �) + b(�� 2))(st � �s)

+0:5�2 [b� (st)�  � � (st)]
2

3

7

7

5

3
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5

(18)

From the unconditional Euler equation, and using the stochastic discount factor in Eq. (7), we form

the moment conditions in Eq. (16) where Rt+1 contains real gross returns on a vector of N assets.

The purpose is to examine whether the model has the ability to explain the variation in returns

on a cross section of bonds and stocks. We want to make sure that the parameters are estimated
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such that the model tries to �t the risk-free rate. Thus, using the speci�cation of the risk-free rate

in Eq. (8), we include the moment condition in Eq. (17) : We are also interested in estimating the

parameters such that the model matches the yield spread, and therefore we incorporate a moment

condition for the two period yield spread, y2;t � y1;t, in Eq. (18).
24 Taken together, the choice of

moment conditions enables us to examine whether the model has the ability to jointly explain the

returns on a cross section of bonds and stocks, the risk-free rate as well as the yield spread.

We collect the sample moment conditions in a vector gT , and we then estimate the parameters

by minimizing the objective function g0TWgT . As weighting matrix,W, we use both the identity

matrix and the statistically optimal weighting matrix of Hansen (1982). By reporting GMM es-

timates based on two alternative weighting matrices, we are able to check the robustness of our

results. When using the identity matrix, we make sure that GMM pays equal attention to all

moment conditions, which is economically appealing. Moreover, by using a pre-speci�ed weighting

matrix, such as the identity matrix, it becomes possible to compare the magnitude of the estimated

pricing errors across the di¤erent consumption measures we apply. Such a comparison is not pos-

sible when we, instead of the identity matrix, use the statistically optimal weighting matrix. This

is due to the fact that it places the highest weight on the linear combination of moments with the

lowest variance, and this linear combination may change from one consumption measure to the

next. However, the advantage of the statistically optimal weighting matrix is that it, in contrast

to the identity matrix, provides e¢cient estimates.25

There is no observable data on the st process because the habit level of the households is not a

directly observable process. In order to generate the st process, we use the steady state value as the

initial value of the process. Then based on data on consumption and a set of parameter starting

values, we obtain the st process recursively using Eqs. (2), (3) and (4) : The GMM procedure

then iterates over the parameters until convergence. We treat �,  and b as free parameters to be

estimated in the GMM system. As in Campbell and Cochrane (1999) and Wachter (2006), we �x �

to match the �rst-order autocorrelation of the price-dividend ratio because the habit model implies

that the price-dividend and surplus consumption ratios move one for one. In this way, we make

sure that our GMM results are consistent with one of the critical time series implications of the

habit model.

24See Møller (2009) for a derivation of the two period yield spread.
25When we use the identity matrix, which is a suboptimal weighting matrix in a statistical sense, the standard way

of calculating standard errors and the J-test of overidentifying restrictions does not apply. Hence, we use the general
formulas that apply to suboptimal estimates, see Chapter 11 in Cochrane (2005).
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5.1. Prespeci�ed weighting matrix

Table 5 shows the GMM results with the identity matrix. In the set of moment conditions, we

include returns on government bonds with maturities of 1, 2, 5, 7, and 10 years joint with the aggre-

gate stock market return and the SMB and HML factors of Fama and French (1993).26 Including

the moment conditions for the risk-free rate and the term spread, we have ten moment conditions

in total. This gives us seven overidentifying restrictions because there are three parameters to be

estimated.

Panel A of Table 5 gives the GMM estimates of the parameters. The subjective discount

factor � is estimated to be less than 1 for all consumption measures, which is in line with the

calibration analysis. The utility curvature parameter  is estimated to be positive, but it is not

signi�cantly di¤erent from zero for any consumption measure. As in the calibration, the overall level

of the risk aversion depends on the consumption measure. The steady state risk aversion is 15.9,

16.9, and 188.3 when using assetholder, non-assetholder, and aggregate consumption, respectively.

These levels of risk aversion are somewhat higher than in the calibration analysis, but assetholder

consumption still produces the lowest steady state risk aversion, although it is now only slightly

lower than when using non-assetholder consumption.27 Finally, we see from Panel A of Table 5

that the parameter b is estimated to be positive only when using assetholder consumption, which

implies a positive yield curve.

Now we turn to the �t of the model as presented in Panel B of Table 5. When it comes

to pricing bonds, it is clear that assetholder consumption performs much better than the two

other consumption measures. Average bond returns increase in maturity from 1.01% at the 1

year maturity to 1.72% at the 10 year maturity, but with non-assetholder as well as aggregate

consumption the model basically generates no action along the bond maturity dimension. With

non-assetholder consumption the model actually produces a slightly negative bond return curve

as the model predicted average bond returns range from 1.47% at the 1 year maturity to 1.40%

at the 10 year maturity. With assetholder consumption, on the other hand, the model predicted

average bond returns increase in maturity from 1.39% at the 1 year maturity to 1.70% at the 10

year maturity, implying that assetholder consumption improves the �t of the model, although the

pricing errors are still sizeable for short-term bonds. Besides the cross section of bond returns, the

GMM estimation also includes moments for the risk-free rate and the yield spread. We observe that

assetholder consumption generates a very close �t of the average risk-free rate, while non-assetholder

26 In the GMM estimation, the SMB and HML factors are treated as excess returns.
27As argued by Parker (2001), the sample period with CEX data is "one of unusually high returns in many years"

and adjusting for this would naturally lead to lower risk aversion estimates.
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and aggregate consumption both overestimate the level of the average risk-free rate. Furthermore,

assetholder consumption also provides a very close �t of the average term spread, but with non-

assetholder and aggregate consumption the negative GMM estimates of b imply counterfactual

negative slopes of the yield curve.

Next, we examine the stock market based moment conditions. As in the calibration, we �nd

that aggregate consumption generates a close �t of the aggregate stock market return, whereas

assetholder and non-assetholder consumption slightly underestimates the aggregate stock market

return. The table also shows that assetholder consumption works somewhat better than aggregate

consumption and much better than non-assetholder consumption in explaining the size premium.

While the assetholder consumption measure generates a reasonable �t of the size premium, none

of the consumption measures, including assetholder consumption, are able to explain the value

premium. All three consumption measures generate a negative value premium, i.e. the opposite

pattern than the one observed in the data. However, this �nding is consistent with recent literature

of Lettau and Wachter (2007) and Santos and Veronesi (2010) who show that the habit model is

likely to generate a growth premium rather than a value premium because the model implies a

higher premium on long-duration assets than short-duration assets. Hence, to the extent that it is

reasonable to characterize growth stocks as long-duration assets and value stocks as short-duration

assets, the habit model produces a growth premium rather than a value premium.

The overall evidence of the GMM estimation suggests that, regardless of consumption measure,

the model has some di¢culties in fully explaining the imposed moment conditions. The GMM

estimation also reveals that the model�s ability to price bonds strongly depends on the consumption

measure. With assetholder consumption the model does a reasonable job pricing bonds, while

with non-assetholder and aggregate consumption the model implies rather large pricing errors.

Consistent with this evidence, the J-test of overidentifying restrictions statistically rejects the

model at conventional signi�cance levels when using aggregate and non-assetholder consumption,

while with assetholder consumption the model is not rejected at a 5% level.

5.2. Statistically optimal weighting matrix

We now check the robustness of our results by using two stage e¢cient GMM. In the �rst

stage, we consistently estimate the statistically optimal weighting matrix using the parameter

estimates based on the identity matrix. In the second stage, we then use the statistically optimal

weighting matrix and obtain asymptotically e¢cient GMM estimates. The ideal outcome is that

the parameters are not only estimated with greater accuracy in the second stage, but also that the

�rst and second stage estimates do not diverge from each other by too great an extent.
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Table 6 shows the GMM results with the statistically optimal weighting matrix. Before dis-

cussing the results, we stress that the statistically optimal weighting matrix, which is given by the

inverse of the asymptotic covariance matrix, may produce extreme positive and negative weights on

the moment conditions. This also makes it potentially di¢cult to give an economic interpretation of

the results. Moreover, GMM does not try to �t the same linear combination of moment conditions

under the three alternative consumption measures. Therefore it is not possible to compare directly

the measures of �t across the models. Taking this into account, we now discuss the results in Table

6. We see when using assetholder consumption that the parameter estimates do not change by much

relative to the �rst stage estimates reported in Table 5, but the parameters are now estimated with

much higher precision. In contrast to the �rst stage estimation,  is now statistically signi�cant at

a 5% level and b is almost statistically signi�cant at a 10% level. By looking at Tables 5 and 6,

it is also clear that with non-assetholder and aggregate consumption, the e¢cient GMM estimates

are much less consistent with the �rst stage estimates. The parameter estimates change quite a

lot between the two stages. This could potentially indicate a model misspeci�cation, cf. Cochrane

(2005).

As already mentioned, we should be careful in comparing pricing errors across the three con-

sumption measures as GMM does not try to �t the same linear combination of moment conditions

and may also produce unusual weights on the moment conditions. However, it is very clear that the

parameter estimates and model �t are much more stable between �rst stage and two stage e¢cient

GMM when using assetholder consumption relative to using aggregate and non-assetholder con-

sumption. In addition, although the J-test rejects all three models, the results reported in Table 6

also suggest that assetholder consumption yields much lower pricing errors on the moments than

the two other consumption measures.

6. Conclusion

In this paper we investigate habit-based asset pricing taking into account limited asset market

participation. We use calibration and simulation techniques as well as GMM estimation to evaluate

the performance of the model. We show that the ability of the model to price bonds improves sub-

stantially when using the consumption of households that do actually invest in assets in comparison

to using the consumption of non-assetholders and aggregate consumption. In particular, with as-

setholder consumption the model provides a much better �t of means and standard deviations of

bond yields as well as bond returns compared to non-assetholder or aggregate consumption.

Furthermore, we show that the habit model with assetholder consumption has the ability to

explain the large equity premia using an economically plausible level of relative risk aversion. We
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�nd that the necessary level of relative risk aversion is only about 8 at steady state if we use the

consumption of those households who invest in asset markets. This more plausible level of relative

risk aversion is an intuitive result as those households that invest in asset markets are exposed to

more risk than ones that do not.

The main driving force behind our results is a higher level of volatility of consumption for

households investing in asset markets. We show that this higher level of volatility helps in explaining

the slope of the empirical yield curve and is necessary to achieve a reasonably low level of relative

risk aversion.
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Table 1

Summary statistics of consumption data.

AH NAH Agg.

Correlations

AH 1:0000 0:3416 0:1527

NAH 1:0000 0:1178

Agg. 1:0000

Parameters

g (%) 0:0657 �0:0975 0:5170

� (%) 3:0099 2:1906 0:3567

The �rst panel shows correlations between assetholder (AH), non-assetholder (NAH) and aggregate

(Agg.) consumption growth. The second panel shows means and standard deviations of the con-

sumption series. The quarterly consumption growth rate, g, and standard deviation of quarterly

consumption growth, �, are in percentages.
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Table 2

Calibrated parameter values.

AH NAH Agg.

Parameters

 3:6973 4:6838 4:1590

b 0:0545 0:0778 0:0319

� 0:9689 0:9689 0:9689

Derived parameters

� 0:9671 0:9568 0:9677

s �0:7933 �0:9318 �3:0466

smax �0:3956 �0:5093 �2:5477

The �rst panel shows the calibrated values of the independent parameters of the model. The second

panel shows parameters derived from the independent parameters. � is jointly determined by the

values of  and b such that at st = �s; the real risk-free rate given in Eq. (8) equals the mean real

risk-free rate in the data. �s and smax are calculated from Eqs. (5) and (6), respectively.
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Table 3

Means and standard deviations of real zero coupon bonds.

Maturity Mean Std. dev.

Data AH NAH Agg. Data AH NAH Agg.

sqr. err. � 0:2324 0:8382 2:2292 � 0:3059 8:1328 5:5686

3m 2:2450 2:2867 2:3030 2:2988 2:7793 3:1647 4:1832 3:5851

1y 2:8673 2:5780 2:7078 2:7285 2:9105 3:1373 4:1333 3:6628

2y 3:2442 2:9533 3:2244 3:3093 2:9154 3:0980 4:0630 3:7637

3y 3:5200 3:3140 3:7153 3:8975 2:8877 3:0559 3:9892 3:8609

4y 3:7294 3:6600 4:1809 4:4905 2:8548 3:0111 3:9120 3:9531

5y 3:8688 3:9915 4:6218 5:0858 2:8227 2:9636 3:8320 4:0394

The table shows means and standard deviations of real zero coupon bonds in the model and in

the data. The calibration error is calculated as the sum of squared di¤erences between simulated

moments and data moments. Mean yields are annualized and standard deviations are quarterly

standard deviations of annualized yields.
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Table 4

Statistics for the equity market.

Statistic Data AH NAH Agg.

Sharpe 0:5328 0:5329 0:5329 0:5328

E (rm � rf ) 0:0832 0:0693 0:0733 0:0861

� (rm � rf ) 0:1561 0:1300 0:1375 0:1616

= �S � 8:1735 11:8925 87:5227

Returns are continuously compounded and the mean and standard deviation of market excess

returns are annualized. The last row of the table shows the steady state relative risk aversion in

the model.

38



Table 5

GMM results with identity matrix.

Panel A: Parameter estimates

Parameter AH NAH Agg.

� 0:892 0:922 0:820

(3:195) (6:871) (2:294)

 11:381 3:478 8:874

(0:741) (0:903) (1:153)

b 0:122 �0:028 �0:175

(0:731) (�0:147) (�0:269)

Panel B: Model �t

Moment Data AH NAH Agg.

10y 1:72% 1:70% 1:40% 1:34%

7y 1:74% 1:63% 1:41% 1:30%

5y 1:57% 1:61% 1:46% 1:30%

2y 1:20% 1:47% 1:47% 1:32%

1y 1:01% 1:39% 1:47% 1:32%

3m 0:59% 0:51% 1:10% 1:08%

Spread 0:06% 0:04% �0:04% �0:45%

Market 2:67% 2:19% 2:18% 2:85%

SMB 0:41% 0:31% 0:06% 0:23%

HML 1:25% �0:08% �0:02% �0:44%

J-stat 13:34 21:36 17:29

(0:064) (0:003) (0:016)

Panel A shows parameter estimates with t-statistics in parentheses. Panel B shows the model �t.

J-stat is Hansen�s test of overidentifying restrictions with p-values in parentheses.
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Table 6

GMM results with statistically optimal weighting matrix.

Panel A: Parameter estimates

Parameter AH NAH Agg.

� 0:884 0:905 0:800

(8:404) (9:346) (6:243)

 11:530 7:138 19:627

(2:010) (1:661) (3:406)

b 0:110 0:052 �0:019

(1:610) (0:722) (�0:092)

Panel B: Model �t

Moment Data AH NAH Agg.

10y 1:72% 1:83% 0:78% �0:14%

7y 1:74% 1:75% 0:79% �0:22%

5y 1:57% 1:74% 0:84% �0:24%

2y 1:20% 1:59% 0:88% �0:24%

1y 1:01% 1:52% 0:88% �0:23%

3m 0:59% 0:55% 0:75% 1:01%

Spread 0:06% 0:04% 0:04% �0:03%

Market 2:67% 2:33% 1:80% 1:89%

SMB 0:41% 0:32% 0:11% 0:65%

HML 1:25% �0:09% �0:04% �0:48%

J-stat 20:69 20:96 17:90

(0:004) (0:004) (0:012)

Panel A shows parameter estimates with t-statistics in parentheses. Panel B shows the model �t.

J-stat is Hansen�s test of overidentifying restrictions with p-values in parentheses.
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Figure captions

Fig. 1. Bond yields as a function of surplus consumption.
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Fig. 2. Yields as a function of volatility and time to maturity.
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Fig. 3. Sensitivity analysis of the relative risk aversion. The �gure contains plots of partial

analyses of the e¤ect of changes in the parameters �, �,  and b on the relative risk aversion at

steady state.
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Fig. 4. Time-varying relative risk aversion. The �gure illustrates the time-variation in relative

risk aversion using assetholder consumption (left scale) and aggregate consumption (right scale).
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1 Introduction

The measurement and modelling of volatility using high-frequency return data has attracted

great attention in the recent literature. In this realized volatility approach, the sum of squared

high-frequency returns over an interval consistently estimates the integrated true but unob-

served (latent) volatility process, see, e.g., Andersen et al. (2001) and Barndor¤-Nielsen and

Shephard (2002b). In a related literature, implied volatility backed out from observed option

prices is considered as a forecast of subsequent realized volatility over the life of the option, see,

e.g., Christensen and Prabhala (1998) and Bollerslev and Zhou (2006). Thus, realized volatility

and implied volatility are both imperfect proxies of true underlying integrated volatility. In this

paper, we conduct a state space analysis that explicitly addresses the �ltering problem arising

using simultaneously both types of volatility proxies in an attempt to recover the stochastic

process governing true underlying volatility.

We take integrated volatility as the unobserved state variable process and adopt a �rst order

Markov speci�cation for this.1 We then introduce data on the available realized and implied

volatility measures and extend the speci�cation to a state space model. The measurement

equation says that the observed realized and implied volatility measures are noisy proxies for

true integrated volatility. Thus, the equation takes the form

0
@ RVt

IVt

1
A = �+ �

Z t

t�1
�2sds+ error;

where RVt is a realized volatility measure calculated from high-frequency asset returns over

the interval from t� 1 to t, IVt is an option-implied volatility measure pertaining to the same
period, and �2s is the true but unobserved underlying continuous time volatility process. In our

empirical implementation, we estimate both the vector � collecting the biases of the available

imperfect volatility proxies, and the vector � of sensitivities of the proxies to true integrated

volatility,
R t
t�1 �

2
s. The state equation is the transition equation for integrated volatility. The

resulting state space model is linear, so the Kalman �lter applies. The log likelihood function

is constructed from the prediction error decomposition based on the innovations from the

�lter. This allows estimating the parameters of both the true underlying volatility process

and the measurement error mechanism. We �nd empirically that a simple speci�cation where

latent integrated volatility follows an AR(1) process, and hence measured volatility is AR(1)

1This accomodates general �nite order ARMA(p; q) speci�cations for integrated volatility in the state space
framework.
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plus noise, describes the data well. In particular, the additional parameters in higher order

speci�cations for latent integrated volatility turn out insigni�cant, once measurement error is

allowed for.

We show how our approach allows the forecasting of future true but unobserved volatility,

conditionally on both realized and implied current observable proxies, whereas previous research

has focussed on the forecasting of future observable volatility proxies, such as realized volatility

or the standard error of observed returns. In an empirical application, we consider the stock

market (S&P 500), bond market (30-year U.S. T-Bond), and foreign exchange ($/£) market.

The results show that both realized and implied volatility measures contribute to the forecasting

of future true volatility, and that implied volatility in this context is a much more important

component of the optimal volatility forecast than realized volatility measures. This suggests

that option prices are more sensitive to, and hence more informative about future volatility

than observed returns, even when the latter are measured at high frequency. This makes sense

from a market e¢ciency viewpoint, since option traders have access to the historical return

record.

This paper draws on several papers within the econometrics and �nancial econometrics lit-

erature. Based on Kalman �lter estimation techniques we investigate the relationship between

and forecasting ability of volatility measures such as realized volatility, bipower volatility and

implied volatility and as such our paper is related to Canina and Figlewski (1993) who �nd

that implied volatility (IV ) has no forecasting ability of future realized volatility. Christensen

and Prabhala (1998) shows that using non-overlapping observations at a lower frequency, IV

is an important predictor of future realized volatility. Bollerslev and Zhou (2006) is a recent

contribution to this literature. Many models have been proposed for the modelling of local

volatility, such as the ARCH by Engle (1982), GARCH by Bollerslev (1986) and stochastic

volatility models. Our simple AR(1) plus noise speci�cation for realized volatility is closely

related to the CEV local volatility model, with the Heston (1993) square-root model and the

Nelson (1991) GARCH-di¤usion as special cases, and to the Lévy driven Ornstein-Uhlenbeck

(OU) model for local volatility proposed by Barndor¤-Nielsen & Shephard (2001, 2002a), hence-

forth referred to as the BNS model. In particular, Granger and Morris (1976) show that an

AR(1) plus noise model can always be rewritten as an ARMA(1,1), which is the structure for

integrated volatility implied by the CEV and BNS models for local volatility.

Recently, Hansen and Lunde (2010) consider an instrumental variable approach to the mea-

surement error in realized volatility. Instrumental variables and the state space framework are
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alternative approaches to the problem of measurement error in observable proxies, but neither

has previously been applied to the full set of available proxies, including both realized measures

and individual option-implied volatility simultaneously, and across di¤erent markets. Koop-

man et al. (2005) compare the forecasting power of realized volatility and the VIX volatility

measure in a state space analysis and conclude that VIX is more informative than realized

volatility based on daily returns, but less informative than realized volatility based on high-

frequency returns. They do not compare with bipower variation or implied volatility backed

out of traded options (VIX may be regarded as a smoothed average of such), and they do not

combine forecasts based on di¤erent proxies or consider other markets than the stock mar-

ket. Since our results show that implied volatility based on individual traded option prices is

more informative than realized measures, the indication is that individual Black-Scholes style

option-implied volatility forecasts better than VIX, and this is consistent with Andersen and

Bondarenko (2007).

The paper is laid out as follows. Section 2 introduces the state space approach, discusses

how our AR(1) plus noise model is related to the CEV and BNS models and presents general

results for the relationship between AR(1) plus noise models and ARMA(1,1) models. Section

3 discusses volatility measurement and describes our data on the stock market (S&P 500), bond

market (30-year U.S. T-Bond), and foreign exchange ($/£) market. The empirical results are

presented in Section 4, and Section 5 concludes.

2 The State Space Approach

Let St denote the asset price at time t and consider a general continuous time speci�cation of

the form

dSt = St(�tdt+ �tdW
s
t ); (1)

where �t is the instantaneous expected return, �t the local return volatility, andW
s
t a standard

Wiener process driving asset returns. In much of asset pricing, the major interest is in the

speci�cation of the process for �t. In particular, derivative pricing is based on expected cash

�ow calculations using an equivalent martingale measure where �t is replaced by the riskless

rate of interest, whereas the volatility process is unaltered and retains critical importance

for pricing purposes. The Black and Scholes (1973) and Merton (1973) speci�cation yielding

explicit option pricing formulas is the special case of constant volatility, �t � �, but abounding
empirical evidence indicates the need for a speci�cation allowing for time-varying volatility,
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including volatility clustering, i.e., positive serial dependence in volatility. Of course, volatility

is not directly observed, and even asset price observations are available only as a discrete time

record. Accordingly, empirical volatility models focus on a suitable series of volatility measures

covering consecutive discrete time intervals.

We specify a discrete time Markovian model for integrated volatility. In the sequel, both

high-frequency return data and observed option prices are used in the estimation of the model.

Integrated volatility from t� 1 to t, de�ned as

�2t =

Z t

t�1
�2sds; (2)

is of interest for several reasons. This is the relevant true volatility measure that we have a

chance of estimating with discrete time observed proxies. Furthermore, in option pricing this

is indeed the relevant volatility measure, see Hull and White (1987).

In our state space approach, we take the state variable to be the latent integrated volatility

process,

xt = �
2
t : (3)

We adopt a �rst order Markov or autoregressive (AR(1)) speci�cation for the state variable

process,

xt+1 = xt + ut+1; (4)

and write �2u for the volatility-of-volatility parameter, the variance of the zero mean, serially

uncorrelated shocks ut+1 representing the innovations in integrated volatility.
2

Let yt be a k-vector of observed volatility proxies. This could contain various realized

volatility measures based on high frequency returns, implied volatility, realized bipower vari-

ation, or other variables in the data set. The equation linking volatility proxies and true but

latent volatility is assumed to be

yt = �+ �xt + "t; (5)

where � is a k-vector of sensitivities of the proxies to true volatility, � allows for biases in the

proxies, and "t is the k-vector of measurement errors or noise terms in the volatility proxies.

The model is in state space form. Thus, (4) is the state transition equation, and (5) is

the measurement equation. While true volatility is AR(1), the data-generating mechanism for

yt is an AR(1) plus noise model, or, in the case k > 1, a VAR(1) plus noise. These models

2As will be seen later in the empirical part of the paper xt+1 is positive.
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are similar to ARMA(1,1), respectively VARMA(1,1), but there are di¤erences, as will become

apparent later. For identi�cation purposes, we normalize one of the coordinates of � to unity,

thus equating the scales of latent volatility and the associated observed proxy. The parameters

to be estimated are the remaining sensitivities in �; the biases �, the transition parameter ,

the volatility-of-volatility parameter �2u, and the measurement error variances and covariances,

say, �2i and �i;j , where var("t) =
�
�i;j�i�j

	
i;j
.

As usual, the �rst order Markov speci�cation for the latent state variable is not restrictive,

since the state space form easily accommodates higher order speci�cations through expansion

of the state vector. We write Xt for the state vector in the general case, of dimension p. Thus,

Xt replaces xt in the measurement equation (5), and � is k�p, with one coordinate normalized
for identi�cation purposes, and zero columns for components of the state vector that do not

impact current volatility proxies.

It is useful to brie�y review the operation of the general state space approach in the simple

cases where integrated volatility xt is either AR(2) or ARMA(1,1). The second order Markov

or AR(2) model for latent xt is

xt+1 = 1xt + 2xt�1 + ut+1: (6)

It is convenient to let Xt = (xt; xt�1)
0 in this case. Thus, p = 2, and the transition equation is

0
@ xt+1

xt

1
A =

0
@ 1 2

1 0

1
A
0
@ xt

xt�1

1
A+

0
@ ut+1

0

1
A : (7)

Writing Q in general for the variance-covariance matrix of the error term, say, vt+1, in the

state transition, we have in the AR(2) case vt = (ut; 0) and Q has �2u in the upper left corner

and is otherwise zero, i.e., there is only one parameter in Q. If the observed proxies yt; react to

true volatility only through its contemporaneous value xt, not the lagged xt�1; then the second

column of � is zero. As an example, with bivariate volatility proxy (k = p = 2), e.g., implied

and realized volatility, the measurement equation is

0
@ y1t

y2t

1
A =

0
@ �1

�2

1
A+

0
@ �1 0

�2 0

1
A
0
@ xt+1

xt

1
A+

0
@ "1t

"2t

1
A : (8)

Again, either �1 or �2 is normalized to unity. The parameters to be estimated are the other

component of �; the vectors � and , the volatility-of-volatility parameter �2u in Q, the variances

52



�21 and �
2
2 of the measurement errors "

1 and "2, and their correlation �1;2.

When latent integrated volatility xt is governed by an autoregressive-moving average or

ARMA(1,1) process instead of AR(1) or AR(2),

xt+1 = xt + �ut + ut+1; (9)

where � is the MA-parameter, the state vector may be taken to be Xt � (xt; ut)
0, so again

p = 2, and the transition equation is

Xt+1 =

0
@  �

0 0

1
AXt + vt+1; (10)

where vt � (ut; ut)
0. The error vt in the state vector is still serially uncorrelated, since the

integrated volatility innovation ut; is, and in this case,

Q =

2
4 1 1

1 1

3
5�2u; (11)

i.e., again there is only one parameter in Q. Like before, if the volatility proxies yt react to

current latent volatility xt, then the second column of � is zero in the measurement equation.

The state space form is preserved, and the parameters to be estimated now include �. More

generally, the state space framework accommodates any �nite order ARMA(p; q) speci�cation

for latent integrated volatility.3

Due to the assumed linearity of the state space representation, the Kalman �lter is the

natural empirical approach (see Harvey (1991) and Durbin and Koopman (2001); the appendix

provides a brief summary of the Kalman �lter recursions). The �lter provides estimates of the

unobserved xt conditionally on data through the previous time period t � 1, the �predicted�
state, Et�1[xt], and conditionally on the expanded information set including current (time

t) data yt, the ��ltered� state, Et[xt]. Assuming normal distributions for the measurement

errors "t and state shocks ut, these are conditional means, and in general they are minimum

mean squared error estimates. This allows calculating the innovations (prediction errors) in

the data sequence and the corresponding (prediction error decomposition of the) conditional

likelihood function given the initial observation y0. We maximize this likelihood to obtain our

3Our empirical work shows that low order speci�cations su¢ce, namely, the AR(1), AR(2), and ARMA(1,1)
models shown here.
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parameter estimates. In addition, we use the �ltered states Et[xt] as estimates of true but

unobserved underlying integrated volatility xt, and the predicted states Et�1[xt] as optimal

forecasts of future true volatility. This is in contrast to prior literature that has focussed on

the forecasting of future observable volatility proxies, such as realized volatility or the standard

error of observed returns, rather than forecasting true volatility itself, and has not included

individual option-implied volatility in the information set in the state space representation.

2.1 Speci�c Local Volatility Models

The model considered so far is based on the assumption that latent integrated volatility follows

an AR(1), AR(2) or ARMA(1,1) process. This will likely only be true to a certain degree

of approximation in practice. If no speci�c model for latent local volatility is adopted, it

is generally hard to say more about the process for integrated volatility, and it becomes an

empirical question whether our speci�cation is useful. Before turning to the empirical analysis,

we here consider in addition how to accommodate speci�c models for latent local volatility into

the general framework. The speci�c models are those studied also by Barndor¤-Nielsen and

Shephard (2002a), namely, the constant elasticity of variance (CEV) process and the Ornstein-

Uhlenbeck (OU) or BNS speci�cation of Barndor¤-Nielsen and Shephard (2001). Similar steps

would be taken in case of alternative models.

The CEV local volatility speci�cation is

d�2t = �(� � �2t )dt+ ��2�t dWt; (12)

where Wt is a standard Wiener process. This is a mean-reverting speci�cation, with rate of

mean reversion �, and unconditional mean or target for mean reversion of the instantaneous

variance �2t given by �. The CEV parameter is � 2 [1=2; 1], with the special cases � = 1=2 and
1 corresponding to the Heston (1993) square-root model for volatility and the Nelson (1991)

GARCH-di¤usion, respectively. The BNS local volatility speci�cation is

d�2t = �(� � �2t )dt+ dZ�t; (13)

and similarly to the CEV case, the increments dZ to the underlying driving process are mean

zero, stationary, and serially independent. The BNS speci�cation is a non-Gaussian OU-

process, i.e., Z is not a standard Wiener process. Instead, it is another time-homogeneous

Lévy process, i.e., a process with independent and stationary increments, and a special case of

54



a general subordinator, in the sense of Conley et al. (1997). A Wiener process for Z in (13)

would imply negative variances �2t with positive probability. The non-Gaussian speci�cation

may have other advantages, such as heavy tails, depending on the exact speci�cation. The

subordinator speci�cation implies that Z has positive jumps, and although the drift of �2t can

be negative, it becomes positive when �2t gets su¢ciently small, in such a manner that volatility

remains positive, as in the CEV model.4 By running the subordinator according to time index

�t instead of just t (e.g., large � means running the process faster), the OU structure implies

that the unconditional or invariant distribution of �2t is independent of �, and only depends

on the choice of subordinator process Z. This may be chosen, e.g., such that �2t has an uncon-

ditional Gamma distribution, as in the CIR case, or an inverse Gaussian distribution. In the

BNS model without leverage, the inverse Gaussian distribution for �2t implies a normal-inverse

Gaussian (NIG) distribution for returns, which has proved empirically relevant in some cases.

For other subordinators, more general return distributions are obtained, all consistent with

volatility clustering and non-normal returns, and leverage may be accommodated, too.

Barndor¤-Nielsen and Shephard (2002a) show that both in the CEV and BNS models, the

autocorrelation function for integrated volatility is

corr
�
�2t ; �

2
t+s

�
= d exp (�� (s� 1)) ; s > 0; (14)

where

d =
[1� exp f��g]2

2 [exp f��g � 1 + �] : (15)

This implies that integrated volatility follows a constrained ARMA(1,1) process (see Barndor¤-

Nielsen and Shephard (2002a) and Meddahi (2003)). Similarly, the squared returns have auto-

correlation function given by

corr
�
r2t ; r

2
t+s

�
= c exp (�� (s� 1)) ; s > 0;

where

c =
[1� exp f��g]2

6 [exp f��g � 1 + �] + 2�2 (�=!)2
: (16)

Thus, squared returns are also ARMA(1,1), but with c � d. That is, this speci�cation implies
4We work with a zero mean process, i.e., Zt = eZt� �t, in terms of the standard subordinator (or background

driving Lévy process) eZt from BNS, with positive mean �t. The drift ��dt of Zt is o¤set by the �rst term in
the drift of �2t , and the second term in the latter, ���2tdt, becomes small with �

2
t . Note that the unconditional

means of eZt and �
2
t coincide, at �, in the BNS model.
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that the latent process is more strongly serially dependent than the observed return based

proxy.

Our general state space approach accommodates ARMA(1,1) models for integrated volatil-

ity, see (9)-(11). Thus, it applies in many relevant situations, including when latent local

volatility is driven by a CEV or BNS model. It also applies outside these cases, and our results

suggest that this is empirically relevant.

2.2 The Relation Between AR(1) Plus Noise and ARMA(1,1)

Here, we present the relevant conditions for when AR(1) plus noise and ARMA(1,1) models may

be recast in terms of each other, and we show the corresponding relations between parameters

of the two models.

Starting with an ARMA(1,1) model of the form

yt = yt�1 + �wt�1 + wt; (17)

Granger and Morris (1976) (GM) show that this may be recast as an AR(1) plus noise model

of the form (4)-(5) if and only if the realizability conditions given by

1

1 + 2ARMA

> � ��
1 + �2

�
ARMA

� 0 (18)

are satis�ed. They also note that the parameters of the alternative representations satisfy the

relations

AR = ARMA; (19)

�2" = �
�

ARMA

�2w; (20)

where �2w = var(wt): This gives the �rst two of the three AR(1) plus noise parameters (; �
2
e; �

2
u)

in terms of the three ARMA(1,1) parameters (; �; �2w). The third and �nal AR(1) plus noise

parameter is �2u, but GM do not show how this is obtained from the ARMA(1,1) parameters.

We show in the appendix that in fact

�2u =
�
1 + �2

�
�2w +

�
1 + 2ARMA

� �

ARMA

�2w; (21)

hence completing the reparametrization from ARMA(1,1) to AR(1) plus noise.

The ARMA(1,1) process for integrated volatility implied by the BNS model (see (14)) has
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both ARMA and � positive (Meddahi (2003)), and so does not satisfy the GM conditions in

(18). This may be seen from either (18) or (20), since each requires that the autoregressive and

moving average parameters in the ARMA(1,1) representation be of opposite sign.

An AR(1) plus noise model of the form (4)-(5) can always be rewritten as an ARMA(1,1)

model. This is stated without proof by GM. We provide a complete proof of this assertion

in the appendix. GM also do not show the resulting ARMA(1,1) parameters in terms of the

AR(1) parameters. We show in the appendix that they are given as

ARMA = AR; (22)

�2w = �
AR
�
�2"; (23)

� =
��2" � 2AR�2" � �2u �

q
�4u + 2�

2
u�

2
"
2
AR + 2�

2
u�

2
" + �

4
"
4
AR � 2�4"2AR + �4"

2AR�
2
"

: (24)

We also show in the appendix that the natural realizability condition �2w > 0 always is satis�ed

by �2w from (23) when � is given by (24) and jj � 1.
The constrained ARMA(1,1) models for integrated volatility implied by the CEV and BNS

models in the previous subsection have the AR and MA parameters both positive. Our results

point to an AR(1) plus noise model for the volatility proxies, and this may be recast as an

ARMA(1,1) model with AR and MA parameters of opposite sign. This does not necessarily

imply a rejection of the CEV and BNS local volatility models, since it is integrated volatility

measured without any noise that are governed by ARMA(1,1) processes with positive para-

meters in these models. The possibility of measurement noise would suggest an ARMA(1,1)

plus noise for the volatility proxies. Ideally, this might provide an encompassing framework

including both the CEV, BNS, and our Markovian plus noise speci�cations. For example,

signi�cance of the estimated measurement noise variance in an ARMA(1,1) plus noise would

imply rejection of our AR(1) plus noise, since this may be recast as ARMA(1,1) even without

noise. The CEV and BNS models would be rejected if the ARMA(1,1) parameters turned out

to be of opposite sign. However, when casting the ARMA(1,1) plus noise model in state space

form, the parameters are not all identi�ed without further restrictions. A su¢cient restriction

for identi�cation is that there is no measurement noise, but the upshot is that we cannot use

the framework to distinguish between the models. Since our empirical results below show that

the AR(1) plus noise speci�cation �ts the data well, we interpret the estimates in these terms,

while brie�y remarking on their implications for the CEV and BNS models.
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3 Volatility Measurement and Data

Assume thatM+1 evenly spaced intra-daily observations for day t are available on the log-price

logSt;j . We then denote the M intra-daily continuously compounded returns by

rt;j = logSt;j � logSt;j�1; j = 1; :::;M; t = 1; :::; T; (25)

where T is the number of days in the sample. Realized volatility for day t is given by the sum

of squared intra-day returns,

RVt =

MX

j=1

r2t;j ; t = 1; :::; T: (26)

As shown by Barndor¤-Nielsen and Shephard (2002b) and Andersen et al. (2001), RVt converges

to quadratic variation, i.e., the integrated volatility plus the sum of squared price jumps during

day t. Thus, RVt is a consistent estimator of integrated volatility if there are no jumps. This is

so even in the presence of the leverage e¤ect, i.e., correlation between shocks to volatility and

returns, see Barndor¤-Nielsen et al. (2008) and Barndor¤-Nielsen et al. (2006). An alternative

estimator that retains consistency even in the presence of jumps in prices is the staggered

(skip-k, with k � 0) realized bipower variation, de�ned as

SBVt = �
�2
1

M

M � (k + 1)

MX

j=k+2

jrt;j j jrt;j�k�1j ; t = 1; :::; T; (27)

where �1 =
p
2=�. Barndor¤-Nielsen and Shephard (2004) show that realized bipower varia-

tion, i.e., the non-staggered (k = 0) version, BVt; converges to integrated volatility as observa-

tion frequency is increased,

BVt !p

Z t

t�1
�2sds as M !1:

In theory, a higher value ofM improves precision of the estimators, but in practice it also makes

them more susceptible to market microstructure e¤ects, such as bid-ask bounces, stale prices,

measurement errors, etc., introducing arti�cial (typically negative) serial correlation in returns,

see, e.g., Hansen and Lunde (2006) and Barndor¤-Nielsen and Shephard (2007). Huang and

Tauchen (2005) show that staggering (i.e., setting k � 1) mitigates the resulting bias in (27),
since it avoids the multiplication of the adjacent returns rt;j and rt;j�1 that by (25) share the

58



log-price pt;j�1 in the non-staggered (i.e. k = 0) version of (27). We follow Huang and Tauchen

(2005) and also use k = 1 in (27) in our empirical work. The choice of k has no impact on

asymptotic results, i.e., SBVt is consistent, too.

An alternative volatility proxy is implied volatility backed out from option prices. For the

construction of implied volatility, we let c denote the call option price, X the strike price, � the

time to expiration of the option, F the price of the underlying futures contract with delivery

date � periods after option expiration, and r the riskless interest rate. We use the futures

option pricing formula, see Bates (1996b) and Bates (1996a),

c(F;X; � ;�; r; �2) = e�r(�+�)[F�(d)�X�(d�
p
�2�)]; d =

ln(F=X) + 1
2�

2�p
�2�

; (28)

where � (�) is the standard normal c.d.f. and � the futures return volatility. The case � = 0

(no delivery lag) corresponds to the well-known Black (1976) and Garman and Kohlhagen

(1983) futures option formula. For general � > 0, regarding the futures contract as an asset

paying a continuous dividend yield equal to the riskless rate r, the asset price in the standard

Black and Scholes (1973) and Merton (1973) formula is replaced by the discounted futures price

e�r(�+�)F . This European style formula is here applied to American style options since early

exercise premia are very small for short-term, at-the-money (ATM, X = F ) futures options, as

noted by Jorion (1995), who applied (28) with � = 0 to the currency option market, whereas

Bates (1996b) used delivery lags � speci�c to the Philadelphia Exchange (PHLX) and the

Chicago Mercantile Exchange (CME), respectively.

Implied volatility backed out of Equation (28) is calculated under the risk neutral probability

measure. As pointed out in Bollerslev and Zhou (2006) this a¤ects coe¢cients and they show

that in a simple regression of lagged implied volatility on realized volatility the slope parameter

is downwards biased. He mentions that this could be a potential explanation why some studies

even �nd a negative relationship. It also implies that if implied volatility is the measure of

interest in (5), then the coe¢cients in the model are coe¢cients under the risk neutral measure

and in (8) �2 is a risk neutral coe¢cient amd the autoregressive coe¢cients in the state equation

are a¤ected as well.5 We do not take this into account when interpretting the parameters, as

is standard in the literature.

We consider serial $/£ and S&P 500 futures options with monthly expiration cycle traded

at the CME, and equivalent T-Bond futures options traded at the Chicago Board of Trade

5For a much more detailed treatment see e.g. Benzoni (2001), Bates (2003) and Bollerslev and Zhou (2006).
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(CBOT). The contract speci�cations do not uniquely identify the particular T-Bond serving

as underlying asset for the bond futures, requiring merely that it does not mature and is

not callable for at least 15 years from the �rst day of the delivery month of the underlying

futures. The delivery month of the underlying futures contracts follows a quarterly (March)

cycle, with delivery date on the third Wednesday of the month for currency and bond futures,

and the third Friday for stock index futures. The options expire two Fridays prior to the third

Wednesday of each month in the currency case, on the last Friday followed by at least two

business days in the month in the bond case, and on the third Friday in the stock case, except

every third month where it is shifted to the preceding Thursday to avoid �triple witching hour�

problems associated with simultaneous maturity of the futures, options, and index options.

Upon exercise, the holder of the option receives a position at the strike X in the futures, plus

the intrinsic value F �X in cash, on the following trading day, so the delivery lag is � = 3=365

(from Friday to Monday), except � = 1=365 (Thursday to Friday) every third month in the

stock case. Finally, following French (1984), � is measured in trading days when used with

volatilities (�2� in (28)) and in calender days when concerning interest rates (in r(� +�)).

Given observations on the option price c and the variables F; X; � ; �; and r, an implied

volatility (IV ) estimate can be backed out from (28) by numerical inversion of the nonlinear

equation c = c(F;X; � ;�; r; IV ) with respect to IV . Serial futures options with monthly

expiration cycle were introduced in January 1987 in the $/£ market, in October 1990 for T-

bonds and October 1987 for S&P 500. Our option price data cover the period from December

1987 through July 2006 for $/£, from December 1992 trough November 2007 for bonds, and

from December 1987 through November 2007 for S&P 500 futures options. We start our series

later than the inception times for two reasons. First, from data it seems that trading was

relatively thin just after inception and second, initially new options on T-bonds futures where

only introduced after expiration of the previous contract and therefore contracts with more

than one month to expiration were never available. We use daily closing prices of ATM calls

obtained from the Commodity Research Bureau. The US Eurodollar deposit one-month middle

rate from Datastream is used for the risk-free rate r. The �nal samples are time series of length

n of annualized IV measures from (28) with at least 6 calender days to expiration and thus,

covers overlapping periods ranging from 6 to 37 calendar days, with n = 4630 for the currency

market,6 n = 4996 for the stock market, and n = 3622 for the bond market.

6Trading in $/DM options declined near the introduction of the Euro, and for January 1999 no one-month
currency option price is available, even though quarterly contract prices are. An IV estimate is constructed by
linear interpolation between IV for December 1998 and February 1999.
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For RV , BV , and SBV , we construct data similarly to Andersen et al. (2005). Speci�cally,

we use �ve-minute observations from the CME �oor trading on the leading contracts on $/£

futures exchange rates, S&P 500 futures prices, and T-Bond futures prices. There is a total

of 80 high-frequency returns per day (rt;j from (25)) for the currency and bond markets and

93 per day for the stock market. We use the nonparametric procedure from (26) and (27) to

construct daily realized volatility measures (in annualized terms). Hence, the RV; BV and

SBV measures do not cover the same period as the IV estimates. However, we are forecasting

one-day-ahead and since IV is an estimate of expected volatility over the next month we expect

it to carry information about the one-day-ahead volatility as well. Since the overnight returns

often become very dominating when calculating the volatility measures over one day, we exclude

these in the calculation of RV; BV and SBV .

If implied volatility were given by the conditional expectation of future realized volatility,

we would expect that RV and IV had equal unconditional means, and RV higher uncon-

ditional standard deviation in the time series than IV . Since we exclude overnight returns

in our observed non-parametric volatility measures such a comparison cannot be made. Fur-

thermore, in our data we multiply annualized implied volatility by 10 and rescale all three

realized volatility measures by a common factor such that the time series averages of implied

and realized volatility agree exactly. This facilitates interpretation, since the realized measures

leave out overnight and weekend returns that presumably are re�ected in implied volatility, to

the extent that this is set by traders as a forecast of total volatility through expiration of the

option.7 Of course, matching means in this manner has no impact on information content and

the important forecasting properties that we discuss below.

7One other reason for this rescaling is that the scale of the rescaled variables improves computational e¢ciency
signi�cantly.
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Figure 1: Time series plots of daily volatility measures for S&P 500
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Figure 2: Time series plots of daily volatility measures for T-bonds
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Figure 3: Time series plots of daily volatility measures for FX
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Figure 1 shows time series plots of the four daily volatility measures through 2001 for S&P

500, Figure 2 for T-bonds and Figure 3 for $/£ FX. For all three markets it is seen that

RV exhibits the strongest �uctuations, which is expected since this measure is in�uenced by

jumps. Since IV is a measure of expected average volatility over a longer period, it should

(and does) react less to jumps, and is less volatile than the realized volatility measures. S&P

500 futures have the highest volatility of the three markets, which is observed not only in

this subsample. Further, volatility clustering is clearly present in the data, although the high

volatility periods are not identical across the three markets. The markets react very di¤erently

to the events during the year. In the beginning of the year some clear signals were seen that

the large increases on the stock market during the previous years was maybe a bouble. This

�rst resulted in increased volatility on the stock market and then increased volatility in the

government bond market, while the FX market was largely una¤ected. The September 11

teorist attacks a¤ected all three markets, but very di¤erently. Volatility increased sharply in
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the stock and FX markets, and less in the bond market. In the foreign exchange market the

increased volatility was very short lived, in the stock market it died out slowly, while in the

bond market volatility came down slowly and increased again later in the year, as a result of

the weakening of the U.S. economy. These �gures indicate that the volatility on these three

markets is clearly very di¤erent and one might reach very di¤erent conclusions when analyzing

them.

Figure 4 shows time series plots of the forecasted true volatility, i.e. x̂t+1 for S&P 500

through 2001 using both the univariate models with RV and SBV as observed volatility proxy

and the multivariate case using RV and IV as observed proxies. The forecasts of latent volatility

are positive as expected since we interpret the state variable as integrated volatility. In the

univariate models the forecasts of latent volatility are very close to the proxy used as observed

variable in the model. In the multivariate models the forecasts of the latent proxy are mostly

similar to IV. This is likely because IV is the most persistent series and is therefore the easiest

variable to forecast.
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Figure 4: Time series plots of daily forecasts of latent volatility for S&P 500
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Table 1: Summary statistics for daily data on RV, IV, BV, SBV for S&P 500, Bonds and FX. S&P 500 data covers

the period 1987.12.16-2007.11.8, bonds the period 1992.12.21-2007.11.19 and FX the period 1987.12.23-2006.7.25. IV has

been multiplied by 10 and all three realized volatility have been rescaled by a common factor such that the time series

averages of implied and realized volatility agree exactly. Descriptive statistics are reported for both level and logs.

S&P 500 (level) Bonds (level) FX (level)
RV IV BV SBV RV IV BV SBV RV IV BV SBV

Mean 1:68 1:68 0:77 0:78 0:94 0:94 0:41 0:40 0:96 0:96 0:44 0:41
Std. dev 2:53 0:61 1:16 1:16 0:95 0:19 0:47 0:46 1:28 0:27 0:59 0:47
Ex. kurt. 73:18 1:38 73:37 58:33 36:97 1:85 113:70 131:87 95:50 3:51 133:63 67:01
Skew. 6:95 1:13 6:86 6:19 4:95 0:69 8:33 9:05 7:68 1:22 8:78 6:20
Min. 0:08 0:43 0:02 0:01 0:08 0:20 0:01 0:01 0:05 0:23 0:02 0:02
Max. 42:62 4:76 19:00 17:32 11:27 2:21 8:18 8:18 25:50 3:27 13:92 8:18
Obs. 4; 996 4; 996 4; 996 4; 996 3; 622 3; 622 3; 622 3; 622 4; 630 4; 630 4; 630 4; 630

S&P 500 (ln) Bonds (ln) FX (ln)
RV IV BV SBV RV IV BV SBV RV IV BV SBV

Mean 0:05 0:46 �0:75 �0:73 �0:34 �0:08 �1:21 �1:23 �0:38 �0:08 �1:16 �1:19
Std. dev 0:89 0:34 0:91 0:92 0:71 0:20 0:77 0:75 0:75 0:27 0:75 0:73
Ex. kurt. 0:36 �0:46 0:36 0:33 0:55 2:38 1:26 0:91 1:14 0:43 1:06 0:79
Skew. 0:49 0:31 0:46 0:44 0:37 �0:34 �0:06 0:04 0:63 0:19 0:59 0:49
Min. �2:57 �0:85 �3:77 �4:46 �2:48 �1:61 �5:11 �4:50 �2:94 �1:48 �3:88 �3:80
Max. 3:75 1:56 2:94 2:85 2:42 0:79 2:10 2:10 3:24 1:19 2:63 2:10
Obs. 4; 996 4; 996 4; 996 4; 996 3; 622 3; 622 3; 622 3; 622 4; 630 4; 630 4; 630 4; 630

Summary statistics are shown in Table 1. As noted, the means of RV and IV have been

equalized within each market, but BV and the staggered version have lower mean. RV does

have higher standard deviation in the time series than IV , and the bipower measures have

standard deviations between those of RV and IV . Skewness is positive and excess kurtosis

quite large, but both nearly disappear upon log transformation (lower panel of Table 1).

As shown by Koopman et al. (2005) the VIX index is informative about future realized

volatility. Our setting can easily be extended to include this and other potentially relevant

variables (e.g. kernal based realized measures, oil prices, growth forecasts of GDP or accounting

measures like the S&P price-earning ratio). For simplicity, clarity and numerical reasons we

stick to the more classical literature and do not consider these variables.

4 Empirical Results

We now apply the state space approach from section 2 to the volatility measures described

in section 3. For the simplest speci�cation results appear in Table 2. The �rst line of the

table shows results for a straight autoregression for realized volatility, i.e., RVt is regressed on

its own lagged value. From the table, the autoregressive coe¢cient is estimated to :60. It is

signi�cantly positive, and signi�cantly less than unity. From this estimate, realized volatility is

mean-reverting, and not close to a unit root process. The measurement equation intercept, �,
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Table 2: Kalman-�lter estimation for RV, BV, SBV and/or IV as observable variables for S&P 500 using daily observations
for the period 1987.12.16-2007.11.8.

Model (S&P 500) �1 �2 �1 �2  � �21 �22 � u2 lnL (�)
AR; RV 1:6833

(0:0725)
� 1� � 0:6048

(0:0591)
� � � � 4:0633

(0:6078)
�10; 591

ARn; RV 1:6923
(0:1333)

� 1� � 0:9093
(0:0453)

� 2:3244
(0:5915)

� � 0:7088
(0:5214)

�10; 405

ARMA; RV 1:6936
(0:1336)

� 1� � 0:9092
(0:0454)

�0:5604
(0:1526)

� � � 3:7702
(0:6021)

�10; 405

AR; IV 1:6903
(0:0536)

� 1� � 0:9438
(0:0089)

� � � � 0:0411
(0:0032)

881

ARn; IV 1:7145
(0:1149)

� 1� � 0:9849
(0:0044)

� 0:0161
(0:0023)

� � 0:0113
(0:0020)

1; 210

ARMA; IV 1:7149
(0:1150)

� 1� � 0:9849
(0:0044)

�0:4400
(0:0494)

� � � 0:0361
(0:0025)

1; 210

ARn; (RV; IV ) 1:7611
(0:2812)

1:7116
(0:1074)

2:6026
(0:1127)

1� 0:9832
(0:0048)

� 3:9993
(0:6342)

0:0153
(0:0022)

�0:0133
(0:0222)

0:0125
(0:0022)

�4; 813

AR; BV 0:7680
(0:0356)

� 1� � 0:6428
(0:0546)

� � � � 0:7951
(0:1234)

�6; 517

ARn; BV 0:7728
(0:0640)

� 1� � 0:9097
(0:0389)

� 0:4320
(0:1075)

� � 0:1595
(0:0931)

�6; 339

ARMA; BV 0:7727
(0:0640)

� 1� � 0:9097
(0:0389)

�0:5307
(0:1275)

� � � 0:7405
(0:1217)

�6; 339

ARn; (BV; IV ) 0:8034
(0:1306)

1:7110
(0:1060)

1:2256
(0:0574)

1� 0:9828
(0:0045)

� 0:8208
(0:1293)

0:0152
(0:0022)

�0:0098
(0:0118)

0:0128
(0:0022)

�877

AR; SBV 0:7821
(0:0383)

� 1� � 0:6888
(0:0453)

� � � � 0:7017
(0:0897)

�6; 205

ARn; SBV 0:7859
(0:0611)

� 1� � 0:8930
(0:0426)

� 0:3268
(0:0903)

� � 0:2047
(0:1032)

�6; 066

ARMA; SBV 0:7859
(0:0611)

� 1� � 0:8930
(0:0426)

�0:4397
(0:1311)

� � � 0:6638
(0:0890)

�6; 066

ARn; (SBV; IV ) 0:8183
(0:1339)

1:7111
(0:1063)

1:2528
(0:0572)

1� 0:9829
(0:0049)

� 0:7771
(0:1089)

0:0153
(0:0022)

�0:0068
(0:0109)

0:0127
(0:0023)

�741

Note: The model estimated is either AR(1) (AR) using equations (4) and (5) with "t = 0, AR(1) plus noise (ARn)
using equations (4) and (5) with "t 6= 0 or ARMA(1,1) (ARMA) using equations (9) and (5) with "t = 0. ML estimates
are reported with robust (sandwich-formula) standard errors in parenthesis. Also reported are lnL(�), the value of the
maximized log-likelihood function. � indicates that the parameter has been �xed to the reported value.

is estimated to 1:68, to be compared to the sample average of realized volatility. This AR(1)

model for realized volatility is equivalent to setting the variance of the measurement error equal

to zero. This way, the estimated AR(1) coe¢cient may be identi�ed with  in the state space

model.

Results of relaxing the assumption of zero measurement error are reported in the second

line of Table 2. This is the AR(1) plus noise model. The change in parameter estimates is

quite dramatic. Thus, the autoregressive coe¢cient  in the latent state variable process is now

estimated to :91, much higher than the estimate of :60 in basic regression of realized volatility

on its own lag. This di¤erence suggests that the restricted model is misspeci�ed, consistent with

the notion that integrated volatility is governed by a process of the assumed autoregressive type,

whereas the volatility proxy in the data (here, realized volatility) contains measurement error.

The variance of the measurement error is estimated to 2:32, with an asymptotic standard error

of :59, reinforcing that the model restricting this parameter to zero is misspeci�ed. Formally, to

interpret this as a test of the AR(1) model against the more general state space model including

measurement error, it is necessary to account for the fact that the parameter �2 is non-negative.
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The results of Self and Liang (1987) imply that the null distribution of the squared t�ratio is
asymptotically a mixture of �2�distributions, namely, 1=2�20 + 1=2�21; so the correct critical
value for a test at level � is the (1� 2�)�quantile in the �21�distribution. In the non-standard
distribution, the p�value is not obtained by simply looking up t = 2:32=:59 in the standard

normal (or appropriate t) distribution, as usual. Instead, the correct p�value is the probability
that a �21�variate exceeds the empirical value t2, divided by 2: (In our case, we get p = 0:02
(instead of p = 0:00 based on the standard normal)). Clearly, our empirical statistic is an

extreme draw from the null distribution, so the AR(1) model without measurement error is

rejected in favor of the state space model. Finally, comparing the �rst two lines of Table 2,

the variance of the noise in the latent state process drops from 4:06 to :71 when introducing

measurement noise. Indeed, total noise variance, the sum of measurement and state noise

variances, is lower in the unrestricted model than the state noise variance in the restricted

model, thus supporting this manner of splitting the noise necessary to explain the data in two.

The results are interesting from a number of perspectives. First, the indication is that

measurement noise is part of the process speci�cation for realized volatility. Second, when

allowing for this, measured persistence in volatility increases dramatically, by a factor of 1:5.

Thus, estimates of persistence based on autocorrelations in proxy series may be misleading,

and, indeed, understated. Our results indicate much stronger persistence in true volatility

than in measured volatility, and this should matter for the application of volatility models,

e.g., to pricing, hedging, forecasting, etc..

The third line of the table reports results where the volatility proxy used is instead implied

volatility backed out from option prices. Again, a basic regression of the proxy on its own lag

is considered �rst. In this case, the coe¢cient estimate is high, at :94, already in the basic

regression, and the standard error is even smaller than in the previous models using realized

volatility. Together, the results suggest that implied volatility behaves in a manner closer to

true volatility than does realized volatility.

The fourth line reports results when using the implied volatility proxy from the third line

in the AR(1) plus noise model estimated using the Kalman �lter as in the second line. As

with realized volatility, the autoregressive coe¢cient increases when allowing for measurement

error, now to :98. In the implied volatility case, both the standard error and the estimated

measurement error variance are very small. All noise variances are smaller in the implied

volatility case, and as in the realized volatility case, the sum of measurement and state noise

variances in the AR(1) plus noise model is less than the state noise in the pure autoregression
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without measurement error.

The results so far are consistent with the notions that the AR(1) plus noise model is

more correct than the pure autoregressive model for realized volatility, that the strength of

autocorrelation in true volatility is high, and that option prices carry useful information about

the process for volatility.

The next line is for the case k = 2, i.e., using both realized volatility and implied volatility

simultaneously as proxies in the analysis.8 As in the previous estimations, it is necessary for

identi�cation purposes to restrict one of the �-coe¢cients from the measurement equation, so

as to set the scale of the latent process. We set the coe¢cient on integrated volatility �2 = 1,

so that the scale of latent volatility is that of integrated volatility. Again, the autoregressive

coe¢cient in the underlying state process is estimated to :98, as in the AR(1) plus noise model

for implied volatility. As expected, the measurement error variance in realized volatility is

slightly larger now, at 4:00, than the estimate of 2:32 obtained with realized volatility alone

determining the movements of the latent process. The two measurement errors are virtually

uncorrelated. The estimated intercepts capture the empirical means of the two data series.

The next three lines show the results when realized volatility is replaced by bipower varia-

tion. The previous results are largely con�rmed. Bipower variation is slightly more persistent

than realized volatility, and with lower state process noise and lower measurement error in the

AR(1) plus noise model. This suggests that bipower variation, by removing the jump compo-

nent of realized volatility, is closer to underlying continuous sample path volatility and that

our latent state variable captures the latter. The last three lines of the table shows that these

results are con�rmed when using staggered bipower variation for robustness against market

microstructure noise.

Table 3 shows the similar results using log-volatilities throughout. The previous results

are largely con�rmed. All 1 estimates are higher after applying the log-transform to the

volatility series, but the estimates still increase sharply when introducing measurement error.

Again, state noise drops dramatically when allowing for measurement error, and by a larger

amount than the added measurement error noise. In the staggered case, measurement and state

noises are signi�cantly negatively correlated, although with a small coe¢cient. Again, implied

volatility data produce a 1 estimate in excess of :95, whereas the realized measures when used

individually give estimates below :80, and the joint models combining implied and realized

8One can easily use more than two volatility proxies at the same time. Due to the computational complexity
we do not consider such an extended setting in this paper.
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Table 3: Kalman-�lter estimation for ln(RV), ln(BV), ln(SBV) and/or ln(IV) as observable variables for S&P 500 using
daily observations for the period 1987.12.16-2007.11.8.

Model (S&P 500) �1 �2 �1 �2  � �21 �22 � u2 lnL (�)
AR; RV 0:0568

(0:0360)
� 1� � 0:7803

(0:0102)
� � � � 0:3122

(0:0083)
�4; 181

ARn; RV 0:0731
(0:0955)

� 1� � 0:9722
(0:0048)

� 0:1698
(0:0076)

� � 0:0349
(0:0053)

�3; 730

ARMA; RV 0:0731
(0:0955)

� 1� � 0:9722
(0:0048)

�0:6333
(0:0264)

� � � 0:2606
(0:0080)

�3; 730

AR; IV 0:4651
(0:0323)

� 1� � 0:9541
(0:0060)

� � � � 0:0105
(0:0008)

4; 292

ARn; IV 0:4782
(0:0645)

� 1� � 0:9871
(0:0029)

� 0:0040
(0:0005)

� � 0:0030
(0:0004)

4; 619

ARMA; IV 0:4782
(0:0645)

� 1� � 0:9871
(0:0029)

�0:4315
(0:0443)

� � � 0:0092
(0:0006)

4; 619

ARn; (RV; IV ) 0:0916
(0:1327)

0:4768
(0:0605)

2:1895
(0:0259)

1� 0:9856
(0:0031)

� 0:2613
(0:0086)

0:0039
(0:0005)

�0:0025
(0:0015)

0:0033
(0:0005)

5; 313

AR; BV �0:7454
(0:0368)

� 1� � 0:7804
(0:0099)

� � � � 0:3256
(0:0085)

�4; 287

ARn; BV �0:7288
(0:0962)

� 1� � 0:9715
(0:0048)

� 0:1774
(0:0079)

� � 0:0373
(0:0054)

�3; 852

ARMA; BV �0:7288
(0:0962)

� 1� � 0:9715
(0:0048)

�0:6300
(0:0253)

� � � 0:2736
(0:0082)

�3; 852

ARn; (BV; IV ) �0:7100
(0:1344)

0:4767
(0:0605)

2:2181
(0:0273)

1� 0:9856
(0:0031)

� 0:2820
(0:0090)

0:0039
(0:0005)

�0:0028
(0:0017)

0:0033
(0:0005)

5; 121

AR; SBV �0:7275
(0:0379)

� 1� � 0:7905
(0:0097)

� � � � 0:3154
(0:0083)

�4; 207

ARn; SBV �0:7119
(0:0959)

� 1� � 0:9707
(0:0050)

� 0:1701
(0:0079)

� � 0:0391
(0:0057)

�3; 797

ARMA; SBV �0:7120
(0:0959)

� 1� � 0:9707
(0:0050)

�0:6170
(0:0267)

� � � 0:2676
(0:0080)

�3; 797

ARn; (SBV; IV ) �0:6918
(0:1361)

0:4768
(0:0604)

2:2450
(0:0031)

1� 0:9855
(0:0031)

� 0:2764
(0:0090)

0:0039
(0:0005)

�0:0032
(0:0016)

0:0033
(0:0024)

5; 156

Note: The model estimated is either AR(1) (AR) using equations (4) and (5) with "t = 0, AR(1) plus noise (ARn)
using equations (4) and (5) with "t 6= 0 or ARMA(1,1) (ARMA) using equations (9) and (5) with "t = 0. ML estimates
are reported with robust (sandwich-formula) standard errors in parenthesis. Also reported are lnL(�), the value of the
maximized log-likelihood function. � indicates that the parameter has been �xed to the reported value.
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Table 4: Reported results are for S&P 500 using daily observations for the period 1987.12.16-2007.11.8 Panel A: OLS
estimations of the type in equation (29). Panel B: OLS estimates as in equation (30) where the left hand side is the one
step ahead forecasted true, but latent, volatility from the indicated AR(1) plus noise model estimated in the previous
tables.

Model (S&P500) Panel A
a b c lnL (�) DW R2

RV ,IV �1:5225
(0:0633)

0:3890
(0:1945)

1:5169
(0:1634)

�10; 223 2:05 0:45

ln(RV; IV ) �0:5215
(0:0215)

0:4143
(0:0185)

1:2034
(0:0452)

�3; 637 2:12 0:68

BV ,IV �0:6649
(0:0880)

0:4380
(0:0652)

0:6519
(0:0741)

�6; 177 2:06 0:49

ln(BV ,IV ) �0:9614
(0:0503)

0:4349
(0:0131)

1:1720
(0:0350)

�3; 779 2:12 0:68

SBV ,IV �0:6065
(0:0762)

0:4930
(0:0614)

0:5962
(0:0656)

�5; 898 2:06 0:53

ln(SBV; IV ) �0:9317
(0:0338)

0:4501
(0:0181)

1:1532
(0:0454)

�3; 710 2:12 0:69

Panel B
a b c lnL (�) DW R2

ARn; RV 0:4872
(0:0275)

0:5004
(0:0091)

� �9; 224 2:19 0:38

ARn; IV 0:0999
(0:0086)

� 0:9380
(0:0049)

893 2:58 0:88

ARn; (RV; IV ) 0:1471
(0:0083)

0:0103
(0:0013)

0:8607
(0:0054)

1; 446 1:82 0:89

ARn; BV 0:2084
(0:0127)

0:5495
(0:0092)

� �5; 456 2:21 0:42

ARn; (BV; IV ) 0:1472
(0:0087)

0:0259
(0:0029)

0:8808
(0:0057)

1; 235 1:75 0:89

ARn; SBV 0:1646
(0:0117)

0:5697
(0:0085)

� �5; 015 2:20 0:48

ARn; (SBV; IV ) 0:1544
(0:0088)

0:0232
(0:0030)

0:8811
(0:0058)

1; 237 1:75 0:89

ARn; ln(RV ) 0:0056
(0:0078)

0:7591
(0:0088)

- �3; 960 2:50 0:61

ARn; ln(IV ) 0:0217
(0:0025)

- 0:9492
(0:0044)

4; 183 2:59 0:91

ARn; ln(RV; IV ) 0:0268
(0:0031)

0:0269
(0:0024)

0:8486
(0:0065)

4; 759 1:89 0:92

ARn; ln(BV ) �0:1666
(0:0105)

0:7634
(0:0088)

� �4; 080 2:48 0:61

ARn; ln(BV; IV ) 0:0159
(0:0047)

0:0192
(0:0024)

0:8596
(0:0065)

4; 641 1:81 0:91

ARn; ln(SBV ) �0:1529
(0:0101)

0:7677
(0:0086)

� �3; 970 2:46 0:62

ARn; ln(SBV; IV ) 0:0158
(0:0047)

0:0211
(0:0024)

0:8539
(0:0066)

4; 649 1:81 0:91

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.

measures all yield estimates above :98. The results indicate that there is strong persistence in

true volatility, and that this is best re�ected in implied volatility data.

Table 4 shows results of regressing future volatilities or volatility forecasts on implied and

realized volatility measures in the current information set. The �rst set of regressions in Panel

A use future realized volatility measures as dependent variables in speci�cations of the type

RVt = a+ bRVt�1 + cIVt�1 + "t: (29)

The following regressions replace RV by the other realized measures, BV and SBV . From

the results in the �rst line of the table, forecasting next day�s realized volatility, both current
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realized volatility and implied volatility have signi�cant forecasting power. Both the coe¢cient

estimate and the t-statistic are larger for implied than for realized volatility. Similar results are

found in the next lines, using log-volatilities, bipower variation instead of realized volatility,

and staggered bipower variation. The DW statistics show no indication that the regression is

misspeci�ed. The table also reports R2 statistics, showing that variables in the information set

explain a considerable portion of future realized volatility measures.

The future realized volatility measures are only proxies of true future volatility. Using our

approach, the future (next day) value of true but unobserved volatility is recursively forecast

optimally using the prediction step of the Kalman �lter. The recursive estimation procedure

uses no less than 100 observations and ensures that only information available at time t is used

when forecasting, i.e. when calculating bxt+1. The resulting forecasts are used as dependent
variables in Panel B of the table. The general format is

bxt+1 = a+ bRVt + cIVt + ut; (30)

where bxt+1 = Et[xt+1]. Again, later results in the table are for the case where RV is replaced

by the other realized measures, BV or SBV . Thus, the regression results show the role played

by current realized volatility measures and implied volatility in forming the forecast of future

volatility. Again, both realized volatility measures and implied volatility enter signi�cantly

into the forecast. The most striking feature of the results is that implied volatility is a much

more important forecasting variable relative to any of the realized volatility measures when

forecasting true volatility, compared to when forecasting the realized volatility proxies in the

�rst part of the table. This suggests that option prices re�ect information about true under-

lying volatility, whereas realized measures in addition contain considerable noise. The realized

measures still remain statistically signi�cant and relevant for forecasting true volatility. When

using logs rather than levels the conclusions are similar although the realized measures are

performing better in a statistical sense.9

Tables 5 to 7 show the similar results for bonds as those shown in Tables 2 to 4 for stocks.

The lower measurement error variance when using staggered instead of raw bipower variation

indicates that there is market microstructure noise in the bond market, and that staggering

helps alleviate this. From Tables 5 and 6 it is seen that the autoregressive parameter is

9Conclusions are similar if lagged true volatility is included on the right hand side. Both the realized and
implied measure remains statistically signi�cant and the coe¢cient on lagged true volatility is signi�cant too.
Results are similar for the bond and foreign exchange markets. Results are available from the author upon
request.
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Table 5: Kalman-�lter estimation for RV, BV, SBV and/or IV as observable variables for bonds using daily observations
for the period 1992.12.21-2007.11.19.

Model (Bonds) �1 �2 �1 �2 1 �21 �22 � u2 lnL (�)
AR; RV 0:9387

(0:0229)
� 1� � 0:3523

(0:0516)
� � � 0:7963

(0:0783)
�4; 727

ARn; RV 0:9373
(0:0423)

� 1� � 0:8895
(0:0358)

0:5575
(0:0653)

� � 0:0734
(0:0325)

�4; 593

AR; IV 0:9372
(0:0127)

� 1� � 0:8849
(0:0220)

� � � 0:0079
(0:0011)

3; 634

ARn; IV 0:9320
(0:0277)

� 1� � 0:9757
(0:0099)

0:0038
(0:0011)

� � 0:0016
(0:0008)

3; 844

ARn; (RV; IV ) 0:9254
(0:0583)

0:9326
(0:0263)

2:1706
(0:1060)

1� 0:9732
(0:0104)

0:7568
(0:0868)

0:0037
(0:0011)

�0:0102
(0:0029)

0:0017
(0:0008)

2; 509

AR; BV 0:4085
(0:0153)

� 1� � 0:5892
(0:0775)

� � � 0:1438
(0:0188)

�1; 627

ARn; BV 0:4082
(0:0223)

� 1� � 0:8389
(0:0740)

0:0652
(0:0136)

� � 0:0459
(0:0180)

�1; 510

ARn; (BV; IV ) 0:4024
(0:0284)

0:9330
(0:0254)

1:0960
(0:0893)

1� 0:9714
(0:0107)

0:1816
(0:0358)

0:0038
(0:0011)

�0:0077
(0:0031)

0:0019
(0:0009)

5; 056

AR; SBV 0:3950
(0:0162)

� 1� � 0:6417
(0:0767)

� � � 0:1224
(0:0186)

�1; 335

ARn; SBV 0:3946
(0:0227)

� 1� � 0:8409
(0:0762)

0:0490
(0:0124)

� � 0:0465
(0:0178)

�1; 231

ARn; (SBV; IV ) 0:3889
(0:0282)

0:9330
(0:0253)

1:0923
(0:1016)

1� 0:9713
(0:0107)

0:1697
(0:0363)

0:0039
(0:0011)

�0:0077
(0:0034)

0:0019
(0:0009)

5; 161

Note: The model estimated is either AR(1) (AR) using equations (4) and (5) with "t = 0 and AR(1) plus noise (ARn)
using equations (4) and (5) with "t 6= 0. ML estimates are reported with robust (sandwich-formula) standard errors in
parenthesis. Also reported are lnL(�), the value of the maximized log-likelihood function. � indicates that the parameter
has been �xed to the reported value.

Table 6: Kalman-�lter estimation for ln(RV), ln(BV), ln(SBV) and/or ln(IV) as observable variables for Bonds using
daily observations for the period 1992.12.21-2007.11.19.

Model (Bonds) �1 �2 �1 �2 1 �21 �22 � u2 lnL (�)
AR; RV �0:3405

(0:0180)
� 1� � 0:4066

(0:0179)
� � � 0:4156

(0:0119)
�3; 549

ARn; RV �0:3505
(0:0744)

� 1� � 0:9812
(0:0057)

0:3065
(0:0115)

� � 0:0071
(0:0023)

�3; 245

AR; IV �0:0854
(0:0130)

� 1� � 0:8708
(0:0251)

� � � 0:0101
(0:0017)

3; 184

ARn; IV �0:0932
(0:0319)

� 1� � 0:9785
(0:0092)

0:0052
(0:0016)

� � 0:0016
(0:0008)

3; 427

ARn; (RV; IV ) �0:3587
(0:0634)

�0:0922
(0:0301)

2:0997
(0:0625)

1� 0:9764
(0:0093)

0:3389
(0:0107)

0:0051
(0:0016)

�0:0090
(0:0019)

0:0018
(0:0008)

3; 517

AR; BV �1:2054
(0:0213)

� 1� � 0:4713
(0:0179)

� � � 0:4617
(0:0136)

�3; 740

ARn; BV �1:2126
(0:0751)

� 1� � 0:9744
(0:0071)

0:3280
(0:0126)

� � 0:0134
(0:0041)

�3; 447

ARn; (BV; IV ) �1:2254
(0:0710)

�0:0920
(0:0298)

2:3693
(0:0735)

1� 0:9760
(0:0093)

0:3916
(0:0132)

0:0052
(0:0016)

�0:0109
(0:0022)

0:0018
(0:0008)

3; 235

AR; SBV �1:2289
(0:0218)

� 1� � 0:5070
(0:0167)

� � � 0:4201
(0:0118)

�3; 569

ARn; SBV �1:2361
(0:0723)

� 1� � 0:9712
(0:0072)

0:2893
(0:0110)

� � 0:0157
(0:0041)

�3; 271

ARn; (SBV; IV ) �1:2488
(0:0667)

�0:0919
(0:0279)

2:3837
(0:0076)

1� 0:9759
(0:0077)

0:3611
(0:0123)

0:0052
(0:0012)

�0:0106
(0:0020)

0:0018
(0:0040)

3; 363

Note: The model estimated is either AR(1) (AR) using equations (4) and (5) with "t = 0 or AR(1) plus noise (ARn)
using equations (4) and (5) with "t 6= 0. ML estimates are reported with robust (sandwich-formula) standard errors in
parenthesis. Also reported are lnL(�), the value of the maximized log-likelihood function. � indicates that the parameter
has been �xed to the reported value.
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Table 7: Reported results are for Bonds using daily observations for the period 1992.12.21-2007.11.19 Panel A: OLS
estimations of the type in equation (29). Panel B: OLS estimates as in equation (30) where the left hand side is the one
step ahead forecasted true, but latent, volatility from the indicated AR(1) plus noise model estimated in the previous
tables.

Model (Bonds) Panel A
a b c lnL (�) DW R2

RV ,IV �0:6966
(0:1350)

0:2543
(0:1182)

1:4877
(0:2398)

�4; 557 2:06 0:20

ln(RV; IV ) �0:1447
(0:0150)

0:2039
(0:0310)

1:5151
(0:0954)

�3; 195 2:05 0:31

BV ,IV �0:2171
(0:0695)

0:5351
(0:1591)

0:4336
(0:1354)

�1; 548 2:20 0:38

ln(BV; IV ) �0:7390
(0:0400)

0:2827
(0:0337)

1:5069
(0:1030)

�3; 432 2:09 0:34

SBV ,IV �0:1762
(0:0629)

0:5946
(0:1440)

0:3583
(0:1206)

�1; 272 2:23 0:43

ln(SBV ,IV ) �0:7186
(0:0410)

0:3192
(0:0335)

1:4147
(0:1004)

�3; 278 2:10 0:37

Panel B
a b c lnL (�) DW R2

ARn; RV 0:5322
(0:0191)

0:3091
(0:0142)

� �4; 223 2:12 0:12

ARn; IV 0:1114
(0:0074)

� 0:8555
(0:0077)

3; 552 2:32 0:78

ARn; (RV; IV ) 0:1252
(0:0067)

0:0182
(0:0015)

0:7248
(0:0073)

3; 926 1:38 0:77

ARn; BV 0:1394
(0:0076)

0:5233
(0:0122)

� �1; 232 2:23 0:34

ARn; (BV; IV ) 0:1303
(0:0076)

0:0399
(0:0033)

0:6920
(0:0082)

3; 480 1:01 0:71

ARn; SBV 0:1157
(0:0071)

0:5754
(0:0117)

� �981 2:24 0:41

ARn; (SBV; IV ) 0:1326
(0:0083)

0:0366
(0:0037)

0:6812
(0:0090)

3; 192 0:84 0:67

ARn; ln(RV ) �0:1919
(0:0117)

0:3950
(0:0148)

� �3; 307 2:20 0:17

ARn; ln(IV ) �0:0104
(0:0018)

� 0:8514
(0:0081)

3; 130 2:40 0:76

ARn; ln(RV; IV ) �0:0115
(0:0015)

0:0437
(0:0021)

0:6818
(0:0072)

3; 974 1:60 0:80

ARn; ln(BV ) �0:5896
(0:0205)

0:4615
(0:0143)

� �3; 493 2:24 0:23

ARn; ln(BV; IV ) �0:0171
(0:0025)

0:0418
(0:0019)

0:6757
(0:0073)

3; 964 1:59 0:80

ARn; ln(SBV ) �0:5538
(0:0200)

0:4908
(0:0138)

� �3; 293 2:26 0:26

ARn; ln(BV; IV ) �0:0181
(0:0026)

0:0434
(0:0020)

0:6693
(0:0074)

3; 974 1:57 0:80

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.
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Table 8: Kalman-�lter estimation for RV, BV, SBV and/or IV as observable variables for FX using daily observations
for the period 1987.12.23-2006.7.25.

Model (FX) �1 �2 �1 �2 1 �21 �22 � u2 lnL (�)
AR; RV 0:9593

(0:0232)
� 1� � 0:2110

(0:0379)
� � � 1:5553

(0:2331)
�7; 592

ARn; RV 0:9630
(0:0765)

� 1� � 0:9765
(0:0063)

1:3299
(0:2135)

� � 0:0138
(0:0052)

�7; 420

AR; IV 0:9593
(0:0223)

� 1� � 0:9392
(0:0206)

� � � 0:0086
(0:0018)

4; 442

ARn; IV 0:9596
(0:0354)

: � 1� � 0:9770
(0:0088)

0:0030
(0:0018)

� � 0:0032
(0:0019)

4; 628

ARn; (RV; IV ) 0:9600
(0:0684)

0:9597
(0:0354)

1:8473
(0:0883)

1� 0:9769
(0:0087)

1:3893
(0:2281)

0:0030
(0:0018)

0:0007
(0:0032)

0:0032
(0:0019)

1; 546

AR; BV 0:4406
(0:0108)

� 1� � 0:2182
(0:0394)

� � � 0:3308
(0:0590)

�4; 009

ARn; BV 0:4416
(0:0340)

� 1� � 0:9750
(0:0061)

0:2818
(0:0541)

� � 0:0032
(0:0012)

�3; 836

ARn; (BV; IV ) 0:4408
(0:0315)

0:9596
(0:0354)

0:8506
(0:0384)

1� 0:9769
(0:0087)

0:2967
(0:0584)

0:0030
(0:0018)

0:0004
(0:0014)

0:0032
(0:0019)

5; 120

AR; SBV 0:4126
(0:0094)

� 1� � 0:2998
(0:0346)

� � � 0:1990
(0:0262)

�2; 832

ARn; SBV 0:4131
(0:0335)

� 1� � 0:9764
(0:0062)

0:1576
(0:0231)

� � 0:0028
(0:0008)

�2; 557

ARn; (SBV; IV ) 0:4129
(0:0301)

0:9596
(0:0353)

0:8278
(0:0343)

1� 0:9768
(0:0087)

0:1707
(0:0253)

0:0030
(0:0018)

0:0001
(0:0014)

0:0032
(0:0019)

6; 392

Note: The model estimated is either AR(1) (AR) using equations (4) and (5) with "t = 0 or AR(1) plus noise (ARn)

using equations (4) and (5) with "t 6= 0. ML estimates are reported with robust (sandwich-formula) standard errors in

parenthesis. Also reported are lnL(�), the value of the maximized log-likelihood function. � indicates that the parameter

has been �xed to the reported value.

downward biased if measurement noise is not accounted for, and even more so compared to

the results for S&P 500. Comparing the results for measurement noise the results also indicate

that measurement noise is as signi�cant in the bond futures market as in the S&P 500 futures

market. When considering the results in Panel A of Table 7 for the standard forecasting setup in

(29) one might be let to the conclusion that in the bond market IV does not contain incremental

information over the realized measures BV and SBV. On the other hand, the results in Panel B

of Table 7 of the forecasting equation (30) shows that IV is outperforming all realized volatility

proxies, when forecasting true underlying volatility.

Tables 8 to 10 show the corresponding results for the foreign exchange market. The results

for this market are largely similar to those for the stock market in Tables 2 to 4, but there are a

few notable di¤erences. The results of Table 8 indicate that if measurement error is ignored in

the estimation using realized volatility measures then the autoregressive parameter is going to

be even more downward biased than was the case for the S&P 500 and bonds market. As in the

S&P 500 market, when forecasting one period ahead volatility in the foreign exchange market

it is seen from Table 10 that IV is performing better than all realized measures irrespective of

the forecasting setup. It is also seen that di¤erently from the S&P 500 market, the realized

volatility proxies only has little explanatory power when forecasting future true volatility and

is even insigni�cant in the speci�cation in levels when implied volatility is included in the
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Table 9: Kalman-�lter estimation for ln(RV), ln(BV), ln(SBV) and/or ln(IV) as observable variables for FX using daily
observations for the period 1987.12.23-2006.7.25.

Model (FX) �1 �2 �1 �2 1 �21 �22 � u2 lnL (�)
AR; RV �0:3823

(0:0177)
� 1� � 0:4429

(0:0155)
� � � 0:4498

(0:0131)
�4; 720

ARn; RV �0:3833
(0:0637)

� 1� � 0:9755
(0:0048)

0:3241
(0:0115)

� � 0:0114
(0:0019)

�4; 347

AR; IV �0:0780
(0:0246)

� 1� � 0:9506
(0:0096)

� � � 0:0069
(0:0008)

4; 949

ARn; IV �0:0775
(0:0390)

� 1� � 0:9810
(0:0045)

0:0023
(0:0007)

� � 0:0026
(0:0008)

5; 149

ARn; (RV; IV ) �0:3818
(0:0661)

�0:0776
(0:0387)

1:6772
(0:0375)

1� 0:9807
(0:0044)

0:3646
(0:0121)

0:0023
(0:0007)

�0:0008
(0:0013)

0:0026
(0:0008)

5; 139

AR; BV �1:1589
(0:0181)

� 1� � 0:4588
(0:0152)

� � � 0:4444
(0:0129)

�4; 692

ARn; BV �1:1594
(0:0622)

� 1� � 0:9734
(0:0050)

0:3191
(0:0113)

� � 0:0128
(0:0022)

�4; 336

ARn; (BV; IV ) �1:1583
(0:0668)

�0:0776
(0:0387)

1:6942
(0:0373)

1� 0:9807
(0:0044)

0:3639
(0:0121)

0:0023
(0:0007)

�0:0009
(0:0013)

0:0026
(0:0008)

5; 141

AR; SBV �1:1905
(0:0182)

� 1� � 0:4883
(0:0144)

� � � 0:4025
(0:0110)

�4; 463

ARn; SBV �1:1926
(0:0612)

� 1� � 0:9721
(0:0052)

0:2818
(0:0097)

� � 0:0135
(0:0022)

�4; 090

ARn; (SBV; IV ) �1:1900
(0:0666)

�0:0777
(0:0386)

1:6946
(0:0363)

1� 0:9807
(0:0044)

0:3295
(0:0101)

0:0023
(0:0007)

�0:0013
(0:0013)

0:0027
(0:0007)

5; 364

Note: The model estimated is either AR(1) (AR) using equations (4) and (5) with "t = 0 or AR(1) plus noise (ARn)
using equations (4) and (5) with "t 6= 0. ML estimates are reported with robust (sandwich-formula) standard errors in
parenthesis. Also reported are lnL(�), the value of the maximized log-likelihood function. � indicates that the parameter
has been �xed to the reported value.

regression.

Table 11 shows results for the case where the AR(1) speci�cation for integrated latent

volatility is replaced by an AR(2). This is relevant since volatility is persistent, and misspeci-

�cation of the dynamic structure could bias the results. The results for all three markets show

that once measurement noise is allowed for, the AR(2) coe¢cient 2 becomes insigni�cant.

This indicates that our AR(1) plus noise speci�cation is adequate for these data. Indeed, as

noted in Section 2, AR(1) plus noise implies ARMA(1,1), and this �exible structure apparently

captures all the empirically relevant higher order features present in the volatility series.
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Table 10: Reported results are for FX using daily observations for the period 1987.12.23-2006.7.25 Panel A: OLS
estimations of the type in equation (29). Panel B: OLS estimates as in equation (30) where the left hand side is the one
step ahead forecasted true, but latent, volatility from the indicated AR(1) plus noise model estimated in the previous
tables.

Model (FX) Panel A
a b c lnL (�) DW R2

RV ,IV �0:5692
(0:0901)

0:0913
(0:0315)

1:5020
(0:1059)

�7; 371 2:01 0:13

ln(RV; IV ) �0:2141
(0:0126)

0:1881
(0:0180)

1:2361
(0:0530)

�4; 309 2:04 0:33

BV ,IV �0:2573
(0:0407)

0:1009
(0:0295)

0:6811
(0:0460)

�3; 796 2:01 0:13

ln(BV; IV ): �0:8241
(0:0213)

0:2071
(0:0177)

1:2166
(0:0538)

�4; 293 2:04 0:34

SBV ,IV �0:2587
(0:0381)

0:1291
(0:0248)

0:6443
(0:0449)

�2; 536 2:02 0:20

ln(SBV; IV ) �0:8270
(0:0222)

0:2276
(0:0181)

1:1868
(0:0530)

�4; 055 2:05 0:36

Panel B
a b c lnL (�) DW R2

ARn; RV 0:6582
(0:0221)

0:2152
(0:0141)

� �7; 148 1:93 0:04

ARn; IV 0:0861
(0:0049)

� 0:8757
(0:0049)

4; 539 2:42 0:88

ARn; (RV; IV ) 0:0701
(0:0048)

�0:0006
(0:0011)

0:8793
(0:0052)

4; 681 2:14 0:88

ARn; BV 0:3209
(0:0103)

0:2072
(0:0140)

� �3; 764 2:02 0:05

ARn; (BV; IV ) 0:0682
(0:0048)

�0:0007
(0:0023)

0:8825
(0:0051)

4; 686 2:14 0:88

ARn; SBV 0:2680
(0:0086)

0:2905
(0:0137)

� �2; 589 2:05 0:09

ARn; (SBV; IV ) 0:0670
(0:0048)

0:0011
(0:0031)

0:8804
(0:0053)

4; 692 2:14 0:88

ARn; ln(RV ) �0:2044
(0:0107)

0:4323
(0:0128)

� �4; 401 2:22 0:20

ARn; ln(IV ) �0:0067
(0:0013)

� 0:9227
(0:0045)

4; 939 2:49 0:90

ARn; ln(RV ,IV ) �0:0072
(0:0013)

0:0023
(0:0019)

0:9099
(0:0052)

5; 206 2:17 0:91

ARn; ln(BV ) �0:5934
(0:0175)

0:4477
(0:0127)

� �4; 395 2:21 0:22

ARn; ln(BV ,IV ): �0:0122
(0:0022)

0:0022
(0:0019)

0:9115
(0:0052)

5; 204 2:18 0:91

ARn; ln(SBV ) �0:5737
(0:0174)

0:4776
(0:0125)

� �4; 164 2:24 0:25

ARn; ln(SBV ,IV ) �0:0114
(0:0023)

0:0037
(0:0020)

0:9110
(0:0053)

5; 198 2:17 0:91

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.
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Table 11: Kalman-�lter estimation for AR(2) speci�cations.

Model �1 �2 �1 1 2 �21 �22 � u2 lnL (�)

AR(2)n; RV; IV , SP 1:7611
(0:2812)

1:7116
(0:1074)

2:6026
(0:1127)

0:9832
(0:0047)

3 � 10�7
(0:0001)

3:9993
(0:6342)

0:0153
(0:0022)

�0:0133
(0:0222)

0:0125
(0:0022)

�4; 813

AR(2)n; BV; IV , SP 0:8035
(0:1307)

1:7110
(0:1060)

1:2256
(0:0574)

0:9828
(0:0048)

1 � 10�7
(0:0001)

0:8208
(0:1293)

0:0152
(0:0022)

�0:0098
(0:0118)

0:0128
(0:0022)

�877

AR(2)n; SBV; IV , SP 0:8183
(0:1339)

1:7111
(0:1062)

1:2528
(0:0572)

0:9829
(0:0048)

1:3 � 10�5
(0:0001)

0:7771
(0:1089)

0:0153
(0:0022)

�0:0068
(0:0109)

0:0127
(0:0023)

�741

AR(2)n;ln(RV; IV ) ; SP 0:0916
(0:1327)

0:4768
(0:0605)

2:1895
(0:0259)

0:9856
(0:0028)

2 � 10�6
(0:0011)

0:2613
(0:0086)

0:0039
(0:0053)

�0:0025
(0:0015)

0:0033
(0:0004)

5; 313

AR(2)n;ln(BV; IV ) ; SP �0:7100
(0:1344)

0:4768
(0:0605)

2:2181
(0:0273)

0:9856
(0:0028)

1 � 10�5
(0:0011)

0:2820
(0:0090)

0:0039
(0:0005)

�0:0028
(0:0017)

0:0033
(0:0004)

5; 121

AR(2)n;ln(SBV; IV ) ; SP �0:6922
(0:1355)

0:4766
(0:0602)

2:2449
(0:0271)

0:9855
(0:0028)

2:8 � 10�6
(0:0010)

0:2764
(0:0090)

0:0039
(0:0005)

�0:0032
(0:0016)

0:0033
(0:0005)

5; 156

AR(2); ln(RV ); SP 0:0598
(0:0504)

� 1� 0:5302
(0:0169)

0:3209
(0:0164)

� � � 0:2801
(0:0079)

�3; 910

AR(2)n; ln(RV ); SP 0:0731
(0:0955)

� 1� 0:9722
(0:0048)

7:0 � 10�7

(1:0�10�6)
0:1698
(0:0076)

� � 0:0349
(0:0053)

�3; 730

AR(2); ln(IV ); SP 0:4702
(0:0457)

� 1� 0:6622
(0:0451)

0:3063
(0:0444)

� � � 0:0095
(0:0006)

4; 538

AR(2)n; ln(IV ); SP 0:4782
(0:0645)

� 1� 0:9871
(0:0026)

6:3 � 10�6
(0:0016)

0:0040
(0:0005)

� � 0:0030
(0:0004)

4; 619

AR(2); ln(BV ); SP �0:7425
(0:0508)

� 1� 0:5396
(0:0161)

0:3091
(0:0160)

� � � 0:2946
(0:0082)

�4; 037

AR(2)n; ln(BV ); SP �0:7288
(0:0962)

� 1� 0:9715
(0:0048)

1:4 � 10�5

(1:0�10�5)
0:1774
(0:0079)

� � 0:0373
(0:0054)

�3; 852

AR(2); ln(SBV ); SP �0:7247
(0:0518)

� 1� 0:5546
(0:0161)

0:2988
(0:0157)

� � � 0:2873
(0:0080)

�3; 974

AR(2)n; ln(SBV ); SP �0:7119
(0:0959)

� 1� 0:9707
(0:0050)

1:0 � 10�8

(6:3�10�6)
0:1701
(0:0078)

� � 0:0391
(0:0057)

�3; 797

AR(2)n; RV; IV , Bonds 0:9258
(0:0583)

0:9328
(0:0263)

2:1700
(0:1060)

0:9735
(0:0059)

�0:0002
(0:0054)

0:7569
(0:0868)

0:0037
(0:0011)

�0:0102
(0:0029)

0:0017
(0:0008)

2; 509

AR(2)n; BV; IV , Bonds 0:4024
(0:0284)

0:9330
(0:0254)

1:0958
(0:0893)

0:9714
(0:0066)

4:5 � 10�5
(0:0049)

0:1816
(0:0358)

0:0038
(0:0011)

�0:0077
(0:0030)

0:0019
(0:0009)

5; 056

AR(2)n; SBV; IV , Bonds 0:3889
(0:0282)

0:9330
(0:0253)

1:0923
(0:1016)

0:9713
(0:0066)

7:3 � 10�6
(0:0049)

0:1697
(0:0363)

0:0039
(0:0011)

�0:0077
(0:0034)

0:0019
(0:0008)

5; 161

AR(2)n; ln(RV; IV ), Bonds �0:3587
(0:0634)

�0:0922
(0:0301)

2:0997
(0:0625)

0:9763
(0:0053)

4:9 � 10�6
(0:0052)

0:3389
(0:0107)

0:0051
(0:0015)

�0:0090
(0:0019)

0:0018
(0:0008)

3; 517

AR(2)n; ln(BV; IV ), Bonds �1:2254
(0:0710)

�0:0920
(0:0298)

2:3693
(0:0735)

0:9760
(0:0054)

2:3 � 10�6
(0:0050)

0:3916
(0:0131)

0:0052
(0:0015)

�0:0109
(0:0022)

0:0018
(0:0008)

3; 235

AR(2)n; ln(SBV; IV ),Bonds �1:2488
(0:0710)

�0:0919
(0:0297)

2:3837
(0:0705)

0:9759
(0:0055)

6:1 � 10�6
(0:0049)

0:3611
(0:0120)

0:0052
(0:0016)

�0:0106
(0:0022)

0:0018
(0:0008)

3; 363

AR(2); ln(RV ); Bonds �0:3407
(0:0234)

� 1� 0:3037
(0:0185)

0:2531
(0:0165)

� � � 0:3889
(0:0113)

�3; 429

AR(2)n; ln(RV ); Bonds �0:3505
(0:0744)

� 1� 0:9812
(0:0041)

2:5 � 10�6
(0:0023)

0:3065
(0:0115)

� � 0:0071
(0:0023)

�3; 245

AR(2); ln(IV ); Bonds �0:0867
(0:0166)

� 1� 0:6686
(0:0730)

0:2330
(0:0672)

� � � 0:0095
(0:0016)

3; 285

AR(2)n; ln(IV ); Bonds �0:0932
(0:0319)

� 1� 0:9784
(0:0045)

2:2 � 10�5
(0:0072)

0:0052
(0:0016)

� � 0:0016
(0:0008)

3; 427

AR(2); ln(BV ); Bonds �1:2057
(0:0280)

� 1� 0:3458
(0:0191)

0:2663
(0:0171)

� � � 0:4290
(0:0124)

�3; 607

AR(2)n; ln(BV ); Bonds �1:2125
(0:0751)

� 1� 0:9744
(0:0068)

�1:4 � 10�6

(0:0003)
0:3280
(0:0126)

� � 0:0134
(0:0041)

�3; 447

AR(2); ln(SBV ); Bonds �1:2292
(0:0289)

� 1� 0:3686
(0:0184)

0:2729
(0:0168)

� � � 0:3888
(0:0108)

�3; 429

AR(2)n; ln(SBV ); Bond �1:2361
(0:0723)

� 1� 0:9712
(0:0070)

�7:0 � 10�7

(0:0002)
0:2893
(0:0110)

� � 0:0157
(0:0041)

�3; 271

AR(2)n; RV; IV , DP 0:9598
(0:0683)

0:9596
(0:0354)

1:8472
(0:0883)

0:9769
(0:0063)

�2:1 � 10�5

(0:0033)
1:3893
(0:2281)

0:0030
(0:0018)

0:0007
(0:0032)

0:0032
(0:0019)

1; 546

AR(2)n; BV; IV , DP 0:4408
(0:0315)

0:9596
(0:0354)

0:8506
(0:0384)

0:9769
(0:0063)

�8 � 10�7

(0:0033)
0:2967
(0:0584)

0:0030
(0:0018)

0:0004
(0:0014)

0:0032
(0:0019)

5; 120

AR(2)n; SBV; IV , DP 0:4129
(0:0301)

0:9596
(0:0353)

0:8278
(0:0343)

0:9768
(0:0063)

2:9 � 10�6
(0:0033)

0:1707
(0:0253)

0:0030
(0:0018)

0:0001
(0:0014)

0:0032
(0:0019)

6; 392

AR(2)n;ln(RV; IV ) ; DP �0:3818
(0:0661)

�0:0776
(0:0387)

1:6772
(0:0375)

0:9807
(0:0036)

2 � 10�7
(0:0034)

0:3646
(0:0121)

0:0023
(0:0007)

�0:0008
(0:0013)

0:0026
(0:00074)

5; 139

AR(2)n;ln(BV; IV ) ; DP �1:1583
(0:0668)

�0:0776
(0:0387)

1:6942
(0:0373)

0:9807
(0:0036)

8 � 10�7
(0:0034)

0:3639
(0:0121)

0:0023
(0:0007)

�0:0009
(0:0013)

0:0026
(0:0007)

5; 141

AR(2)n;ln(SBV; IV ) ; DP �1:1900
(0:0666)

�0:0777
(0:0386)

1:6946
(0:0363)

0:9807
(0:0036)

7 � 10�7
(0:0033)

0:3295
(0:0101)

0:0023
(0:0007)

�0:0013
(0:0013)

0:0027
(0:0007)

5; 364

AR(2); ln(RV ); DP �0:3826
(0:0226)

� 1� 0:3359
(0:0161)

0:2418
(0:0148)

� � � 0:4235
(0:0127)

�4; 581

AR(2)n; ln(RV ); DP �0:3833
(0:0637)

� 1� 0:9755
(0:0045)

3:4 � 10�6
(0:0004)

0:3241
(0:0115)

� � 0:0114
(0:0019)

�4; 347

AR(2); ln(IV ); DP �0:0780
(0:0318)

� 1� 0:7076
(0:0587)

0:2556
(0:0563)

� � � 0:0065
(0:0007)

�4; 561

AR(2)n; ln(IV ); DP �0:0775
(0:0390)

� 1� 0:9810
(0:0036)

7:0 � 10�7
(0:0036)

0:0023
(0:0007)

� � 0:0026
(0:0007)

5; 149

AR(2); ln(BV ); DP �1:1590
(0:0230)

� 1� 0:3511
(0:0160)

0:2346
(0:0147)

� � � 0:4199
(0:0125)

�4; 561

AR(2)n; ln(BV ); DP �1:1594
(0:0622)

� 1� 0:9734
(0:0049)

2:4 � 10�6
(0:0002)

0:3191
(0:0113)

� � 0:0128
(0:0022)

�4; 336

AR(2); ln(SBV ); DP �1:1908
(0:0236)

� 1� 0:3641
(0:0153)

0:2544
(0:0145)

� � � 0:3764
(0:0106)

�4; 308

AR(2)n; ln(SBV ); DP �1:1926
(0:0612)

� 1� 0:9721
(0:0050)

5:2 � 10�6
(0:0002)

0:2818
(0:0097)

� � 0:0135
(0:0022)

�4; 090

Note: The model estimated is either AR(2) (AR) using equations (7) and (5) with "t = 0 or AR(2) plus noise (AR(2)n)
using equations (7) and (5) with "t 6= 0. ML estimates are reported with robust (sandwich-formula) standard errors in
parenthesis. Also reported are lnL (�), the value of the maximized log-likelihood function. � indicates that the parameter
has been �xed to the reported value.
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We also consider the extended state space form with bivariate VAR(1) state process, thus

accommodating ARMA(1,1) integrated volatility, as would be implied by the CEV and BNS

models. Estimation results for S&P 500 appear in Table 2.10 The empirical results from

the VAR(1) speci�cation con�rm the theoretical results from Section 2, i.e., the ARMA(1,1)

parameters are exactly those implied by the estimated AR(1) plus noise model from Table 2,

and the likelihood values are the same, too, as they should be. The special case of an AR(1)

without noise can again be tested against the ARMA(1,1), and as when testing AR(1) against

AR(1) plus noise, the p�values are divided by 2. The requirement �2 � 0 from the AR(1) plus

noise model turns into � � 0 in the ARMA(1,1) parametrization. Equivalent ways of testing
autoregressive models against state space models are presented by Anderson et al. (2004). The

fact that the AR(1) plus noise estimation yields much higher coe¢cient than a straight AR(1)

matches the comparison c � d from (16) and (15), i.e., the latent process is more strongly

correlated than the observed proxies. Evidently, measured volatility is not AR(1), but rather

ARMA(1,1), or possibly ARMA(1,1) plus noise. The ARMA(1,1) speci�cation is consistent

with AR(1) integrated volatility and measurement noise, and also with ARMA(1,1) integrated

volatility and no measurement noise. Since the AR and MA parameters are of opposite sign, the

ARMA(1,1) for integrated volatility cannot be motivated by the CEV or BNS spot volatility

models in this case. These models might be consistent with an ARMA(1,1) plus noise for

measured volatility, but not all parameters are identi�ed in the state space representation of

this.

4.1 Forecasting Realized Volatility Proxies

In the previous section we consider the latent state variable (or true volatility) from the Kalman

�lter estimation as the volatility measure of interest and investigate how past information was

used when forecasting this variable one step ahead trough the Kalman �lter. In this section we

let the realized volatility measure be the measure of interest and investigate how this variable

can be forecast. We use a similar approach as above and estimate the Kalman �lter recursively

to obtain one step ahead forecasts of the state variable using only available information at the

time. We use this variable as an explanatory variable in a simple regression setup together

with the lagged value of the dependent variable11. If realized volatility is the realized measure

10We only report results for S&P 500 since similar conclusions are drawn for bonds and foreign exchange.
11We have also performed the analysis using log transformed variables and conclusisons are similar.
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of interest we use the regression equation

RVt+1 = �+ �1x̂t+1 + �2RVt + "t: (31)

RV can be replaced by either of IV, BV or SBV if those measures are of interest. From the

coe¢cients �1 and �2 we can conclude the importance of the forecasted state variable and

the lagged dependent variable in forecasting the dependent variable. The regression setup is

identical if x̂t+1 is the state variable in a bivariate version of the Kalman �lter.

Tables 12 - 14 respectively show the S&P 500, Bond and foreign exchange OLS regression

results for the case where the recursive univariate Kalman �lter is used to construct forecasts

of the state variable. The �rst three lines of each table show results for the case where realized

volatility is used as observation equation in the recursive univariate Kalman �lter to construct

forecasts of the state variable x̂t+1. In the �rst line implied volatility is the dependent variable

and it is seen that for all markets lagged implied volatility is the most informative variable, in

terms of signi�cance. In fact this is consistently so when forecasting future implied volatility

irrespective of the volatility proxy used when constructing the state variable (true volatility)

and of the market considered. For the S&P 500 the state variable from the Kalman �lter is the

most informative variable when it is obtained using BV or SBV in the observation equation,

while it is as informative as lagged RV when IV is used in the observation equation. In fact

when forecasting RV lagged RV becomes insigni�cant both when x̂t+1 is calculated from BV

and when it is calculated from SBV. This is likely because RV is a noisy measure of volatility

and the parts of it that can be forecast is likely captured better in the less noisy BV than

lagged RV. The similar argument is likely generating the result in the last line of Table 12 since

SBV is a less noisy measure than BV. In general, when a noisy measure is used to construct

x̂t+1 and it is applied to forecasting a less noisy measure then the lagged dependent variable

becomes the most important predictor variable. This is for instance the case when x̂t+1 is

constructed from BV and applied to forecasting SBV. In this particular case x̂t+1 remains a

signi�cant coe¢cient, but this signi�cance is not always observed. When RV is used to obtain

x̂t+1 and this is used to forecast SBV then x̂t+1 has an insigni�cant coe¢cient. This is likely

because RV is simply a too noisy measure as compared to SBV. When considering forecasting

power in terms of R2 the use of IV in the construction of x̂t+1 yields the highest values of

R2 irrespective of the forecasted volatility proxy. This is maybe somewhat surprising since IV

is probably the variable which is the most di¤erent from the other volatility proxies. These
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Table 12: OLS estimations of the type in equation (31)
Model (S&P500) � �1 �2 lnL (�) DW R2

IV,RV 0:1220
0:0094

0:0104
0:0018

0:9182
0:0061

910 2:55 0:88

BV,RV 0:2680
0:0151

0:1664
0:0279

0:3526
0:0494

�6; 335 2:26 0:41

SBV,RV 0:2399
0:0143

�0:0272
0:0221

0:7338
0:0393

�6; 043 2:26 0:47

RV,IV �1:6065
0:0859

1:5877
0:0559

0:3808
0:0131

�9; 977 2:04 0:45

BV,IV �0:6956
0:0384

0:6783
0:0251

0:4311
0:0128

2; 307 2:05 0:49

SBV,IV �0:6396
0:0367

0:6239
0:0243

0:4863
0:0125

�5; 734 2:05 0:53

RV,BV 0:6483
0:0334

1:6868
0:1033

�0:0273
0:0401

�10; 220 2:19 0:40

IV,BV 0:1244
0:0094

0:0242
0:0037

0:9159
0:0061

914 2:55 0:88

SBV,BV 0:2418
0:0143

0:1625
0:0514

0:5529
0:0437

�6; 039 2:26 0:47

RV,SBV 0:6203
0:0328

1:8441
0:0851

�0:0469
0:0319

�10; 125 2:16 0:42

IV,SBV 0:1236
0:0095

0:0230
0:0039

0:9172
0:0062

910 2:55 0:88

BV,SBV 0:2604
0:0146

0:9226
0:0477

�0:0847
0:0389

�6; 173 2:21 0:45

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.

results show that it contains valuable information about future realized volatility. It is further

noted that in terms of R2 IV is always the easiest variable to forecast, SBV the second easiest

and RV the hardest. This is in accordance with intuition since IV contains the least noise

of all measures, SBV contains the least noise of the realized measures and RV contains the

most. This result is maintained for all of the considered markets. In general, we conclude that

whether x̂t+1 or the lagged dependent variable is the most important for forecasting volatility

for the S&P 500 index depends on the measure of interest and the construction of x̂t+1. Most

often both variables are signi�cant and useful for forecasting.

When considering the bond market in Table 13 the results are largely similar to those for the

stock market. It is still the case that the forecast of the state variable is the most important

predictor variable when it is based on a volatility proxy with little noise and predicting a

noisy volatility proxy. Also as for the stock market both predictor variables have signi�cant

coe¢cients in most of the settings. Di¤erent from what was observed for the stock market,

when constructing x̂t+1 from Implied volatility we no longer obtain the best �t in terms of R2.

The conclusions are largely similar for the foreign exchange market with results presented in

Table 14. Across markets it is noted that the highest �t in terms of R2 is obtained in the stock

market while the lowest is obtained in the foreign exchange market.

In the Tables 15 - 17 we report results, when forecasting volatility proxies using x̂t+1

obtained by applying the bivariate observation equation in the Kalman �lter. The results are
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Table 13: OLS estimations of the type in equation (31)
Model (Bonds) � �1 �2 lnL (�) DW R2

IV,RV 0:1143
0:0076

0:0119
0:0018

0:8680
0:0083

3; 525 2:37 0:78

BV,RV 0:2018
0:0087

�0:2050
0:0155

0:9185
0:0281

�1; 529 2:24 0:38

SBV,RV 0:1776
0:0080

�0:1942
0:0132

0:9543
0:0245

�1; 227 2:23 0:45

RV,IV �0:6867
0:0737

1:5146
0:0827

0:2565
0:0160

�4; 470 2:06 0:20

BV,IV �0:2124
0:0321

0:4382
0:0357

0:5387
0:0140

�1; 541 2:21 0:38

SBV,IV �0:1709
0:0230

0:3604
0:0332

0:5981
0:0134

�1; 275 2:23 0:43

RV,BV 0:6251
0:0204

1:2623
0:0721

�0:1360
0:0317

�4; 483 2:10 0:19

IV,BV 0:1135
0:0076

0:0217
0:0037

0:8711
0:0082

3; 521 2:37 0:78

SBV,BV 0:1415
0:0078

�0:2236
0:0578

0:8422
0:0531

�1; 325 2:29 0:42

RV,SBV 0:6182
0:0202

1:3288
0:0675

�0:1394
0:0291

�4; 446 2:09 0:21

IV,SBV 0:1136
0:0076

0:0211
0:0038

0:8715
0:0082

3; 519 2:38 0:78

BV,SBV 0:1717
0:0084

0:7470
0:0634

�0:0442
0:0555

�1; 546 2:23 0:37

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.

Table 14: OLS estimations of the type in equation (31)
Model (FX) � �1 �2 lnL (�) DW R2

IV,RV 0:0621
0:0051

0:0063
0:0012

0:9293
0:0054

4; 354 2:45 0:88

BV,RV 0:3439
0:0107

0:0285
0:0199

0:1659
0:0404

�3; 934 2:05 0:05

SBV,RV 0:2824
0:0089

0:0496
0:0119

0:4206
0:0307

�2; 734 2:11 0:10

RV,IV �0:5959
0:0656

1:5728
0:0732

0:1054
0:0150

�7; 036 2:00 0:14

BV,IV �0:2803
0:0316

0:7339
0:0351

0:1006
0:0150

�3; 727 2:01 0:13

SBV,IV �0:2788
0:0241

0:6904
0:0277

0:1322
0:0150

�2; 451 2:02 0:20

RV,BV 0:7361
0:0226

0:0474
0:1122

0:2109
0:0517

�7; 255 2:05 0:05

IV,BV 0:0623
0:0051

0:0139
0:0026

0:9288
0:0055

4; 355 2:46 0:88

SBV,BV 0:2736
0:0089

0:2283
0:0310

0:5660
0:0378

�2; 716 2:12 0:11

RV,SBV 0:6741
0:0233

0:9033
0:0962

0:0687
0:0351

�7; 212 2:07 0:07

IV,SBV 0:0654
0:0052

0:0232
0:0034

0:9222
0:0057

4; 364 2:45 0:88

BV,SBV 0:3071
0:0113

0:5049
0:0508

0:1369
0:0387

�3; 887 2:07 0:07

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.
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Table 15: OLS estimations of the type in equation (31)
Model (S&P500) � �1 �2 lnL (�) DW R2

RV,{RV,IV} �1:5686
0:0894

1:6254
0:0609

0:3852
0:0134

�9; 983 2:04 0:44

IV,{RV,IV} 0:0592
0:0084

0:7916
0:0354

0:2046
0:0332

1; 121 2:10 0:89

BV,{RV,IV} �0:6787
0:0400

0:6940
0:0273

0:4350
0:0131

�6; 031 2:05 0:48

SBV,{RV,IV} �0:6127
0:0383

0:6297
0:0265

0:4933
0:0128

�5; 760 2:05 0:53

RV,{BV,IV} �1:5316
0:0890

1:5649
0:0593

0:3847
0:0135

�10; 024 2:04 0:44

IV,{BV,IV} 0:0712
0:0084

0:6487
0:0320

0:3205
0:0309

1; 090 2:16 0:89

BV,{BV,IV} �0:6599
0:0398

0:6660
0:0266

0:4352
0:0132

�6; 058 2:05 0:48

SBV,{BV,IV} �0:5928
0:0382

0:6020
0:0258

0:4946
0:0129

�5; 785 2:06 0:52

RV,{SBV,IV} �1:5547
0:0894

1:5733
0:0593

0:3847
0:0135

�10; 021 2:04 0:44

IV,{SBV,IV} 0:0648
0:0084

0:6474
0:0317

0:3232
0:0306

1; 093 2:16 0:89

BV,{SBV,IV} �0:6704
0:0400

0:6702
0:0266

0:4349
0:0132

�6; 055 2:05 0:48

SBV,{SBV,IV} �0:6023
0:0383

0:6058
0:0258

0:4941
0:0128

�5; 783 2:06 0:53

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.

both remarkably di¤erent from those obtained above, when only one volatility proxy is used to

construct x̂t+1; and very di¤erent across markets. In general we note from Tables 15 - 17 that

the �t in terms of R2 is in general higher than when only using one volatility proxy to obtain

x̂t+1. This result is not surprising since we extract information from two volatility proxies

rather than one. We also note from Tables 15 - 17 that for all markets we still obtain the best

�t for IV, second best for SBV and the worst �t for RV.

When considering the results for S&P 500 in Table 15 x̂t+1 is the most signi�cant predictor

variable only when the dependent variable is IV. In all other cases the lagged dependent variable

is the most signi�cant though x̂t+1 remains signi�cant. Since we have normalized RV and IV

to have the same mean we expect �1 and �2 to roughly sum to unity when IV is the dependent

variable and x̂t+1 is constructed from IV and RV. This is con�rmed in all tables.

In the stock market the latent factor is the most important predictor variable only when

forecasting IV. As seen from Table 16 this is not the case in the bonds market. Rather, x̂t+1

is only the most signi�cant predictor variable when forecasting realized volatility, but it also

remains signi�cant when forecasting other volatility proxies. While x̂t+1 is the most important

predictor for RV it is worth noting that R2 is relatively low when forecasting RV. Therefore this

could indicate that x̂t+1 is the best predictor because RV is very noisy and the Kalman �lter

is able to adjust for some of the noise. Results for the foreign exchange market are in Table

17. In the foreign exchange market x̂t+1 is the most important predictor variable irrespective

of the volatility proxy one tries to forecast and irrespective of the volatility proxies used.
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Table 16: OLS estimations of the type in equation (31)
Model (Bonds) � �1 �2 lnL (�) DW R2

RV,{RV,IV} �0:6525
0:0759

1:6704
0:0967

0:2329
0:0167

�4; 487 2:05 0:19

IV,{RV,IV} 0:0904
0:0075

0:3741
0:02954

0:5763
0:0256

3; 583 2:19 0:79

BV,{RV,IV} �0:1642
0:0329

0:4315
0:0414

0:5338
0:0145

�1; 561 2:21 0:37

SBV,{RV,IV} �0:1238
0:0305

0:3447
0:0384

0:5963
0:0138

�1; 293 2:24 0:43

RV,{BV,IV} �0:6048
0:0734

1:6661
0:0966

0:2331
0:0167

�4; 487 2:05 0:19

IV,{BV,IV} 0:0986
0:0076

0:1800
0:0222

0:7426
0:0192

3; 537 2:30 0:79

BV,{BV,IV} �0:1494
0:0320

0:4288
0:0418

0:5310
0:0146

�1; 563 2:21 0:37

SBV,{BV,IV} �0:1093
0:0297

0:3388
0:0387

0:5947
0:0139

�1; 295 2:24 0:43

RV,{SBV,IV} �0:5321
0:0717

1:5848
0:0952

0:2408
0:0166

�4; 497 2:06 0:19

IV,{SBV,IV} 0:1006
0:0076

0:1311
0:0193

0:7832
0:0170

3; 527 2:33 0:79

BV,{SBV,IV} �0:1320
0:0312

0:4099
0:0411

0:5347
0:0146

�1; 566 2:22 0:37

SBV,{SBV,IV} �0:0894
0:0289

0:3157
0:0381

0:5985
0:0139

�1; 299 2:25 0:43

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.

In all settings both predictor variables remain signi�cant. In general we observe that when

forecasting future proxies for volatility it depends on the market of interest and the volatility

proxy to forecast whether true latent volatility or the lagged dependent variable is the most

important variable for forecasting. In situations where true volatility is not the most important

variable for forecasting it remains statistically relevant and provides additional information over

only using a simple �rst order autoregressive setup for forecasting.
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Table 17: OLS estimations of the type in equation (31)
Model (FX) � �1 �2 lnL (�) DW R2

RV,{RV,IV} �0:5912
0:0649

1:5954
0:0736

0:1006
0:0150

�7; 032 2:00 0:14

IV,{RV,IV} 0:0452
0:0052

0:6589
0:0710

0:3254
0:0663

4; 383 2:28 0:88

BV,{RV,IV} �0:2787
0:0312

0:7449
0:0352

0:0960
0:0150

�3; 722 2:01 0:13

SBV,{RV,IV} �0:2772
0:0238

0:7013
0:0278

0:1262
0:0151

�2; 445 2:02 0:21

RV,{BV,IV} �0:5904
0:0647

1:5927
0:0734

0:1001
0:0154

�7; 032 2:00 0:14

IV,{BV,IV} 0:0445
0:0052

0:7679
0:0714

0:2213
0:0669

4; 398 2:25 0:88

BV,{BV,IV} �0:2783
0:0311

0:7436
0:0351

0:0954
0:0150

�3; 722 2:01 0:13

SBV,{BV,IV} �0:2772
0:0238

0:7006
0:0277

0:1253
0:0151

�2; 444 2:02 0:21

RV,{SBV,IV} �0:5875
0:0646

1:5940
0:0734

0:0998
0:0151

�7; 032 2:00 0:14

IV,{SBV,IV} 0:0456
0:0051

0:7849
0:0718

0:2059
0:0673

4; 400 2:24 0:89

BV,{SBV,IV} �0:2768
0:0311

0:7442
0:0352

0:0951
0:0150

�3; 722 2:01 0:13

SBV,{SBV,IV} �0:2757
0:0238

0:7012
0:0278

0:1244
0:0151

�2; 445 2:02 0:21

Note: OLS estimates are reported with standard t-test standard errors. Also reported are lnL(�), the value of the
maximized log-likelihood function.

5 Conclusion

We have introduced implied volatility backed out of individual options into the state space

approach to the �ltering problem that arises when measured volatility is an imperfect proxy

of true underlying integrated volatility. Our treatment has relied on the Kalman �lter, which

is optimal if the state space model is exactly linear. With a more general underlying volatility

process, a nonlinear �lter would be optimal, but our approach using the Kalman �lter would

still provide a useful benchmark against which to assess the value-added of generalizations. We

adopt a �rst order Markov speci�cation for integrated volatility and show that the model is

closely related to the ARMA(1,1) speci�cation implied by the CEV and BNS models for local

volatility. In deed if no measurement error is assumed in the CEV or BNS speci�cation then

the parameter estimates in the resulting ARMA(1,1) speci�cation for integrated volatility can

be obtained from the estimates obtained in our �rst order Markov speci�cation.

Our empirical results show that the serial dependence in true integrated volatility is un-

derstated if the measurement error in imperfect proxies is ignored, and more so in the bond

and foreign exchange market than the stock market. This result is in general most prominent

for RV compared to BV and SBV and always more prominent for the realized high frequency

return based measures compared to IV backed out of at the money options. Our results also

show that the implied volatility proxy backed out of observed at the money option prices carries

considerably more weight in the optimal �ltered prediction of true integrated volatility than

the various high-frequency return based volatility proxies. This conclusion applies to the stock,
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bond, and foreign currency exchange markets, alike. When forecasting realized volatility prox-

ies the optimal �ltered prediction of true integrated volatility is the most important variable

for forecasting in the foreign exchange market. In the stock and bond market it remains the

most important variable for forecasting in some settings and remains statistically signi�cant as

predictor variable in remaining settings. We further show that when forecasting future real-

ized volatility proxies it is important to include the information available in at the money call

options.
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6 Appendix

Speci�cation of AR(1) plus noise and ARMA(1,1)

To derive closed form solutions for parameters when going to and from ARMA(1,1) and

AR(1) plus noise models we �rst consider the individual models. From the measurement

equation (5) and the state equation (10), the univariate ARMA(1,1) without measurement

noise is formulated in the state space as

2
4 xt+1

wt+1

3
5 =

2
4 ARMA �

0 0

3
5
2
4 xt

wt

3
5+

2
4 wt+1
wt+1

3
5 ;

yt =
h
1 0

i
2
4 xt

wt

3
5 :

This can also be written as

(1� ARMAL) yt = (1 + �L)wt: (32)

We denote the j0th covariance as �j and the j
0th correlation as �j . The above model implies

the correlation function

�j =

8
>>><
>>>:

1; j = 0

�2+�2+�+
�2+2�+1

; j = 1

j�1�1; j � 2
: (33)

The variance of the right hand side MA(1) process is

�0 = E [(wt + �wt�1) (wt + �wt�1)]

=
�
1 + �2

�
�2w: (34)

The �rst auto-covariance of the right hand side MA(1) process is

�1 = E [(wt + �wt�1) (wt�1 + �wt�2)]

= ��2w: (35)

We do not have to calculate higher order auto-covariances since these can be stated in terms

of the �rst order auto-covariance and ARMA.

Using the notation in (4) and (5), and thus not quite similar notation as Granger and Morris
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(1976), the univariate AR(1) plus noise system in state space form is given by

xt+1 = ARxt + ut+1;

yt = xt + "t:

Thus we can also write it as

(1� ARL) yt = (1� ARL) "t + ut: (36)

The variance of the MA(1) process on the right hand side is

�0 = E [("t � AR"t�1 + ut) ("t � AR"t�1 + ut)]

=
�
1 + 2AR

�
�2" + �

2
u: (37)

The �rst auto-covariance of the right hand side MA(1) process is

�1 = E [("t � AR"t�1 + ut) ("t�1 � AR"t�2 + ut�1)]

= �AR�2": (38)

As above, we do not have to calculate higher order auto-covariances since these can be

stated in terms of the �rst order auto-covariance and AR.

ARMA(1,1) to AR(1) plus noise:

Knowing �; �w and ARMA in the ARMA(1,1) representation we can �nd expressions for

�"; �u and AR in the corresponding AR(1) plus noise representation. Comparing (36) to (32)

it is seen that for the two models to be identical we require

AR = ARMA: (39)

Furthermore the MA(1) term on the right hand side of (36) must match the MA(1) term

on the right hand side of (32). This is the case if their auto-covariance functions are identical.

Higher order (two and up) auto-covariances are identical if AR = ARMA and if the �rst order

auto-covariances are identical. Thus, we require (equating 38 and 35)

�1 = �AR�2" = ��2w: (40)
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Furthermore, for variances to be equal (equating 37 and 34)

�0 =
�
1 + 2AR

�
�2" + �

2
u =

�
1 + �2

�
�2w: (41)

Parameter solutions:

We already solved for AR in terms of ARMA in (39). Left is to �nd solutions for �" and

�u in terms of � and �w. From (40) and (39)

�2" = �
�

ARMA

�2w: (42)

Substituting this into (41) yields

�
�
1 + 2ARMA

� �

ARMA

�2w + �
2
u =

�
1 + �2

�
�2w ,

�2u =
�
1 + �2

�
�2w +

�
1 + 2ARMA

� �

ARMA

�2w:

Realizability conditions:

From (42) and �2" > 0

�2" = �
�

ARMA

�2w > 0:

Since �2w > 0 we require sign (�) 6= sign (ARMA).

From (41), (39) and the requirement of �2u > 0

�2u =
�
1 + �2

�
�2w �

�
1 + 2AR

�
�2" > 0,

�
1 + �2

�
�2w >

�
1 + 2ARMA

�
�2":

Dividing on both sides using (42) and (39) yields

�
1 + �2

�
�2w

� �
ARMA

�2w
>

�
1 + 2ARMA

�
�2"

�2"
,

1

1 + 2ARMA

> � ��
1 + �2

�
ARMA

: (43)

Since 1 + �2 > 0 and sign (�) 6= sign (ARMA) it follows that

� ��
1 + �2

�
ARMA

� 0; (44)
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and hence from (43) and (44) the realizability condition becomes

1

1 + 2ARMA

> � ��
1 + �2

�
ARMA

� 0: (45)

This result was also shown in less detail and with slightly di¤erent model set up in Granger

and Morris (1976).

AR(1) plus noise to ARMA(1,1)

In this case we know �"; �u and AR from the AR(1) plus noise representation and we can

�nd expressions for �; �w and ARMA in the corresponding ARMA(1,1) representation. Again,

to match the left hand side of (36) to the left hand side of (32) we must have

ARMA = AR:

To match the MA(1) term on the right hand side of (36) to the right hand side of (32) we

again require the relations in (41) and (40) to be satis�ed. From (40) we have

�2w = �
AR
�
�2": (46)

Substituting into (41) yields

�
1 + 2AR

�
�2" + �

2
u = �

�
1 + �2

� AR
�
�2" ,

�2AR�
2
" + �

�
�2" + 

2
AR�

2
" + �

2
u

�
+ AR�

2
" = 0:

For �2"AR 6= 0, this implies

� =
��2" � 2AR�2" � �2u �

q
�4u + 2�

2
u�

2
"
2
AR + 2�

2
u�

2
" + �

4
"
4
AR � 2�4"2AR + �4"

2AR�
2
"

: (47)

We have to show that the term inside the square root is non-negative, hence
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All terms on the left hand side are positive and it is thus su¢cient to show that

�4"
�
4AR + 1

�
� 2�4"

2
AR ,

4AR + 1 � 22AR:

For a stationary AR parameter, i.e. jARj < 1 this holds with strict inequality and for a

unit root process it holds with equality.

Realizability conditions:

We have now found the equations for the parameters of such a model respeci�cation, but

we still need to �gure out if there are any realizability conditions. We require �2w > 0 and then

from (46) we must have

sign (�) 6= sign (AR) :

From (47) we see that the denominator is of the same sign as AR. Thus if AR > 0 then

we require the numerator to be positive and vice versa if AR < 0. We now check that this is

satis�ed.

Case 1: AR > 0

We require
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Thus, the realizability condition is always satis�ed.

Case 2: AR < 0

We require
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It is su¢cient to check that

��2" � 2AR�2" � �2u �
q
�4u + 2�

2
u�

2
"
2
AR + 2�

2
u�

2
" + �

4
"
4
AR � 2�4"2AR + �4" > 0:

Following similar calculations as above shows that this is always satis�ed. Hence, we can

always go from an AR(1) plus noise model to an ARMA(1,1) model. This result was postulated

in (Granger and Morris (1976)).

We can thus conclude that we can always convert an AR(1) plus noise model to an

ARMA(1,1) model, but certain realizability conditions must be satis�ed for us convert an

ARMA(1,1) model to an AR(1) plus noise model. Closed form expressions exist for all para-

meters in terms of the parameters of the alternative model in both cases.
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1 Introduction

The theory of corporate equity valuation (in short, corporate valuation) is a cornerstone in the

accounting and �nance literature. In this paper I perform corporate valuations of a large sample

of companies listed on NYSE, AMEX and NASDAQ using a CCAPM for risk adjustment. The

model draws on a general asset pricing equation proposed by Rubinstein (1976) to separate

discounting for risk and time. Assuming return on equity follows a �rst order autoregressive

process, and that aggregate consumption grows at a constant rate, I derive a closed form

solution for the risk adjustment. I compare the performance of the CCAPM model with the

performance of a large variety of the standard CAPM and Fama-French three factor based

valuation models in two di¤erent settings. First, model implied values are compared with

market values. The best standard model produces between 27 and 59 percent higher median

absolute pricing errors compared to the CCAPM model, depending on sample and CCAPM

model assumptions. Second, a simple investment strategy is performed. Here stocks are placed

in portfolios based on whether the models suggest that the stocks are cheap or expensive. The

performance of the portfolios is measured by subsequent raw returns, risk adjusted (CAPM

and Fama-French three factors) returns, Sharpe ratios and Sortino ratios. For no measure the

CCAPM model is performing worse than the CAPM model at identifying cheap and expensive

stocks and in many settings it performs substantially better.

The results in this paper suggest that while analyst�s forecasts of long term growth rates are

upwards biased they still contain important information about fundamental company value.

This is seen when long term growth rates are used in the CCAPM model. In this they greatly

improve the ability of the model to forecast subsequent Fama-French risk adjusted return. In

the standard CAPM model the relevant information in forecasts of long term growth rates is

contaminated by the noise in the risk adjustment, and this model is in no setting able to predict

subsequent Fama-French risk adjusted returns. The CCAPM valuation model in this paper

suggests that investors are very conservative both in their valuation of long term growth and

risk adjustment of future residual income.

In practice, corporate valuation is, in general, perceived as a three step procedure. The �rst

and second steps consist of a strategic and an accounting analysis of the company. In third

step, based on the information obtained from the �rst two steps, analysts forecast earnings and

discount these to obtain their value, adjusted for risk and time. This paper focuses on the third

step which can again be seen as consisting of three elements. First, forecast earnings. Second,
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choose accounting structure. Third, discount for time and risk.

Forecasting earnings is probably the hardest part of any valuation. I follow the literature by

using analyst�s consensus forecasts from the I/B/E/S database. While this is an easy way to get

around forecasting earnings, any researcher must remain critical in any use of such forecasts

and especially of the forecasts of long-term growth rates. In any valuation course students

learn that the terminal growth rate must not exceed the growth of the general economy. If

this happens the company is assumed to take over the world. I/B/E/S data reveals analysts

forecasts of earnings up to 5 years ahead, and while 1 and 2 year ahead forecasts are in

general quite accurate, the 3-5 year forecasts are substantially upwards biased, as also noted

by Frankel and Lee (1998) and Hermann et al. (2008). In fact, these forecasts imply annual

growth rates of 13-15 percent on average through the period 1982-2008, roughly 3-4 times larger

than what is usually considered an upper limit of the nominal growth rate of the economy (4-5

percent). I show that the forecasts of long-term growth rates of earnings are necessary for the

standard CAPM and the Fama-French three-factor models, since otherwise these models would

substantially undervalue companies. The CCAPM valuation model suggests that investors are

much more conservative in their forecasts of long-term growth compared to those given by the

analysts.

As has become common in the accounting literature, I cast all valuation models in the

residual income valuation framework which provides a simple and intuitive link between the

value of corporate equity and the accounting numbers.1 ;2 Many practitioners tend to favor the

dividend discount model or the free cash �ow model. However, given the so-called clean surplus

relation, this choice of accounting structure in the valuation has no e¤ect on the valuation result.

Several advantages of the residual income model have been stated in the literature. According

to Penman and Sougiannis (1998) and Francis et al. (2000), utilizing the accrual accounting

in the residual income model, the errors committed in truncating the model (to have a �nite

forecast horizon) are reduced compared to the free cash �ow and dividend discount models.

Probably the best motivation for using the residual income model is given by Penman (2009),

who argues that residual income is a good measure of value creation, and it utilizes what

1 In the residual income valuation models the value of corporate common equity equals the current book value
of equity plus the present value of future residual income (see e.g. Feltham and Ohlson (1995) and Ohlson
(1995)).

2The RI model is well established in the literature both within �nancial statement analysis for corporate
valuation (see e.g. Ohlson (1995), Brief and Lawson (1992), and Lee et al. (1999)), principal-agent incentive
contracting (see e.g. Reichelstein (1997), Rogerson (1997), Dutta and Reichelstein (1999), and Baldenius and
Reichelstein (2005)), and optimal capital structure decissions (see Stoughton and Zechner (2007)).
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analysts forecast, i.e. earnings.

Since the development of the capital asset pricing model (CAPM) by Sharpe (1964), Lintner

(1965), and Mossin (1966), the theory of risk adjustment has received much attention, and

signi�cant theoretical progress has been made. However, CAPM is still by far the single most

frequently applied method for risk adjustment by practitioners. This is no surprise since only

few advances have been made in developing practically applicable risk adjustment models,

and even less empirical evidence has been presented on the performance of these models. In

corporate valuations two general approaches to discounting for time and risk are common. The

�rst, and most common, approach is to calculate a discount factor which is both adjusting for

risk and timing of future residual income, by the sum of a risk-free rate and a risk premium.

Usually the risk-free rate is the 10 year Treasury yield, and the risk premium is determined

from past returns, using a factor model, e.g., the CAPM or Fama-French model (the standard

models). The second approach follows Rubinstein (1976). This approach initially adjusts future

residual income for risk and then uses a risk-free rate to discount for time. This method of

adjusting for risk is broadly referred to as numerator-based discounting since adjusting for

risk is done in the numerator, rather than in the denominator as in the standard models.

Disentangling discounting for risk from discounting for time allows the analyst to investigate

the relative relevance, and I show that investors are much more conservative in their adjustment

for risk than what is implied by the standard models.

Analysts forecast earnings, and it is appealing to believe that these earnings are generated

from fundamentals of the company, and that these fundamentals are re�ected in the accounting

numbers. If this is the case, a natural approach to risk measurement is to apply accounting

data for the purpose of risk adjustment instead of (or maybe together with) past returns

which is the standard approach. Risk measurement using accounting data has received much

theoretical attention in recent years (see, e.g., Barth et al. (2001), Begley and Feltham (2002),

Christensen and Feltham (2009), Nekrasov and Shro¤ (2009) and Penman (2010)). Despite

the theoretical attention and the practical relevance, little empirical work has been done to

apply the theory for empirical studies in corporate valuation.3 The valuation model proposed

by Christensen and Feltham (2009) (CF) (the CCAPM model) also falls within this literature,

and calculates risk adjustment from the time series properties of accounting data. It further

follows Rubinstein (1976) and disentangles discounting for risk from discounting for timing of

3Nekrasov and Shro¤ (2009) conduct the only large scale empirical study I know of.
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future residual income.

I compare the CCAPMmodel with the standard model. The standard model is implemented

using the CAPM and Fama-French three factors as well as various assumptions about risk-

premia and the terminal growth rate. The CCAPM model is somewhat more complex to

implement compared to the standard models. Consistent with classical asset pricing theory the

CCAPM does not rely on historical return data and can therefore also be used for valuation of

IPOs or major investments.

The standard models in general produce value estimates that are too low compared to

market values. This is somewhat surprising considering the fact that analysts are too optimistic

about future long-term growth. The only possible explanation for this is that another but very

di¤erent error is committed in the valuation process. Since the models only have two sources

of di¢culties, namely forecasting and risk adjustment, the explanation must be found in the

risk adjustment. The standard model must be risk adjusting too much such that the error in

forecasting is more than o¤set. Indeed, considering the CCAPMmodel, investors clearly appear

more conservative in their risk adjustment than indicated by the standard model. Instead of

using analyst�s forecasts of 3-5 year growth, I can assume zero growth together with a negative

growth rate in the terminal value and obtain substantially better valuation and investment

performance than in the standard model. This supports that investors are both conservative in

their assumptions about future value creation and risk adjustment. These results are in strong

support of what Stephen H. Penman calls the wisdom, distilled from practice of fundamental

analysis over the years when he writes4

Don�t mix what you know with speculation. Anchor a valuation on what you know rather

than speculation. Beware of paying too much for growth.

The implementation of the standard model requires unreasonably large growth rates which

is at odds with this wisdom. This is corrected by applying the CCAPM model which suggests

that investors to a large extent is willing to pay for short-term value creation but less willing

to pay for uncertain future growth. Further, since the investor is quite certain about near term

value creation, he/she uses mild discounting for risk.

Robustness analysis shows that while analysts� forecasts of long-term growth are too op-

timistic, they still contain valuable information if used correctly. In the standard model, the

4See Penman (2009), chapter 1.
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information seems to be contaminated by noise in the measure of cost of equity. In contrast the

CCAPM model does not contaminate the forecasts with such noise, and including the forecasts

in the CCAPM model improves performance even further. The robustness analysis also shows

that historical factor risk premia, used in the standard models, must be calculated using a

geometric mean rather than arithmetic mean to yield su¢ciently low risk premia. Further,

if a linear relationship between model implied pricing errors and future returns is assumed,

then the CCAPM valuation model signi�cantly outperforms the standard model, as seen by

the Vuong (1989) likelihood ratio test for relative performance of non-nested models.

The empirical analysis uses companies traded on either AMEX, NYSE or NASDAQ from

1982 to 2008 with stock return data in CRSP, accounting data in Compustat, and earnings

forecasts in I/B/E/S.

The paper is related to Nekrasov and Shro¤ (2009) who derive a factor model for risk

adjustment based on accounting betas and perform a large scale empirical study which shows

that their model is able to outperform the classical CAPM in terms of absolute valuation errors.

However, their model implementation is even more data hungry than the standard CAPM and

FF based models. Additionally, it implies a constant term structure of risk adjustment. The

paper is further related to the general literature on risk measurement such as Chan and Chen

(1991) and Fama and French (1992) who argue that the book to price ratio is a determinant

of distress risk. It is also related to Fama and French (1993) and Fama and French (1996)

who argue that the book-to-price, size, and market betas are important determinants of equity

risk.5 The only persistent factor is the market factor, implying that the other factors might

not be properly linked to the fundamentals of value generation. Con�rming the results in

Nekrasov and Shro¤ (2009) and Jorgensen et al. (2011), the results in this paper show that

while the SMB and HML factors may help explaining short-term returns, they seem to have

limited success explaining fundamental company value when included in the discount factor.

The results of this paper also support Nekrasov and Shro¤ (2009) and Nekrasov (2011) in the

sense that risk of operations are explained better by important accounting variables than by

the usual Fama-French factors.

This paper contributes to the literature in several ways. First, it supports the theoretical

accounting literature, providing empirical evidence that risk adjustment, based on fundamental

5More recent empirical evidence suggests that the book to price ratio and size factors might not be as
important determinants of equity risk as initially implied (see e.g. Berk (1995), Loughran (1997), Howton and
Peterson (1998), Horowitz et al. (2000) and Chou et al. (2004)).
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asset pricing theory, is relevant not just from a theoretical point of view but also in practice.

Second, it provides practical guidelines for implementation of valuation models based on time

series econometrics and discounting for risk in the numerator. The prior literature has mostly

focused on implementation of di¤erent versions of the standard valuation model, while this

paper expands the set of practically implementable valuation models. Third, it provides an

investment-based framework for comparing valuation models instead of the standard approach

of simply comparing the values predicted by the model with the values observed in the market.

Fourth, the empirical evidence suggests that investors care about the relatively certain near

term value generation rather than more uncertain long-term value generation. As a result,

a very conservative estimate of long-term growth is su¢cient to describe the level of stock

prices. Lastly, the paper contributes to the literature on investor preferences and risk pricing

by showing that investors appear very conservative in their risk adjustment.

The remainder of the paper is organized as follows. Section 2 presents the standard and

CCAPM valuation models. Section 3 describes the data sources and sampling method. Section

4 describes the implementation method of the valuation models. Results are presented in

Section 5. Various robustness checks are reported in Section 6, and Section 7 concludes.

2 Valuation Models

In this section I present two valuation models and show how they are based on classical asset

pricing theory. In both models, the accounting is similar since they discount forecasted residual

income. The models di¤er in their adjustment for risk. In the standard model discounting for

risk is done in the denominator through a CAPM-based discount factor. The CCAPM model

di¤ers from this in three important ways. First, a closed-form expression for the risk adjustment

is derived from assumptions about the time series properties of residual income return. Second,

utilizing an important asset pricing result shown in Rubinstein (1976), discounting for risk is

done in the numerator. Third, the model disentangles discounting for risk and timing of

forecasted residual income which provides clear intuition about the relative importance of each

of these individually important quantities.

2.1 Standard Asset Pricing Literature

Let the uncertainty and homogeneous preferences of investors be represented by the standard

probability space (
;�;�). Assuming no arbitrage and mild regularity conditions, a strictly
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positive state-price de�ator (SPD) m exists such that the price at time t, Vt, of any asset in

the economy is given by

Vt =
1
X

�=1

Et [mt;t+�dt+� ] ;

where d is the dividend from the asset. The SPD discounts both for risk and time of divi-

dends. As shown in Rubinstein (1976), an alternative representation of the price separates the

adjustment for time from the adjustment for risk as

Vt =
1
X

�=1

Bt:t+� [Et [dt+� ] + Covt (dt+� ; Qt;t+� )] ; (1)

where Bt;t+� =
�

1 + rft;t+�

��1
=Et [mt;t+� ] is the date t price of a risk-less asset paying one dol-

lar at date t+� , and Qt;t+� =
mt;t+�

Bt;t+�
is the so called valuation index often used in the accounting

literature (see, e.g., Feltham and Ohlson (1999) and Christensen and Feltham (2003)). Risk

adjustment is perceived to be one of the hardest parts of corporate valuation. To address this,

further assumptions on the SPD are needed. The models take di¤erent practical approaches

to tackle this problem.

2.2 Standard CAPM Based Valuation Model

The CAPM is a single-period theory, and it can be derived in several ways. One way is to

assume that dividends on all assets are simultaneously normal, and then apply Stein�s lemma

to rewrite the single-period equivalent to (1) as

Vt = Bt:t+1
�

Et [dt+1] + Et
�

Q0
�

dMt+1
��

Covt
�

dMt+1; dt+1
�	

; (2)

where dM is the dividend of the market. Since this formula prices any asset, and therefore also

the market asset, it is straightforward to show that the expected return of any asset is given

by

Et [Rt+1] = r
f
t;t+1 +

�

Et
�

RMt+1
�

� rft;t+1
� Covt

�

RMt+1; Rt+1
�

Vart
�

RMt+1
� (3)

= rft;t+1 + rpt;t+1;
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where RM is the return on the market portfolio and rp is the risk premium.
Cov(RM ;R)
Var(RM )

is

commonly referred to as the company beta if R is the return on a company stock. This

equation states that covariance between the market and an asset determines the risk premium

of the asset. If an asset has high returns in periods where the market has low returns, then the

asset has lower expected return, implying higher asset value.

To calculate the expected return via (3) one has to calculate the company beta and the

expected excess return on the market. Section 4.1 describes the methods used for these calcu-

lations. To �nd the value of the company, using the CAPM method, beta and excess return on

the market are commonly assumed constant. I also take this approach, and I further assume a

constant risk-free rate. These are similar assumptions to those in Nekrasov and Shro¤ (2009)

and Jorgensen et al. (2011). With these assumptions the standard valuation model can be

formulated as

Vt =
1
X

�=1

Et [dt+� ]

(1 + rf + rp)
� : (4)

This is the standard dividend discount model (DDM) stating that the value of any asset is

calculated as the sum of expected future dividends discounted by the cost of equity.

Perhaps the most important criticism of the DDM, as regards to valuation, is that while a

dividend payment in e¤ect gives the investor a dollar amount it is not necessary an indication

of value generation by the �rm. A �rm could in principle borrow money to pay dividends.

Miller and Modigliani (1961) show that such a �nancing decision does not generate value.6

The so called residual income (RI) valuation (RIV) model discloses value generation in a more

tractable fashion and is therefore often preferred in corporate valuation. As shown in Feltham

and Ohlson (1995). the RIV model yields the same valuation as the DDM if the accounting

system satis�es the clean surplus relation (CSR)

bvt = bvt�1 + nit � dt; (5)

where bv is book value of equity, ni is net income and d is the dividend. That is, besides dividend

payments all changes in book value of equity must be recorded in net income. De�ning residual

6The general perception in the market seems to be in accordance with this result. However, the litterature
has argued that the value could be a¤ected for several reasons. There could be a positive tax shield e¤ect, as
shown in e.g. Modigliani and Merton (1963), Fernandez (2004) and Cooper and Nyborg (2006), or a positive
signaling e¤ect (see e.g. Miller and Rock (1985), Ofer and Siegel (1987), and Brook et al. (1998)). A possible
negative e¤ect is the leverage e¤ect (see e.g. Gordon (1989)).
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income as rit = nit �
�

rf + rp
�

bvt�1; it is easily shown that when the clean surplus relation is

satis�ed the DDM in (4) can be rewritten as the RIV model

Vt = bvt +
1
X

�=1

Et [rit+� ]

(1 + rf + rp)
� : (6)

From this equation it is seen that the value of the company is the sum of book value of equity

and future expected residual income discounted using the cost of equity.

The practical considerations involved in calculating the value of common shareholders eq-

uity, using (6), will be discussed and explained in detail in Section 4.1.

2.3 CCAPM valuation model

As for the standard model in (6), I base the CCAPM model on the CSR and use RI. However,

instead of adjusting RI for both risk and time through the discount factor in the denomina-

tor, I �rst make assumptions about the time series properties of residual income return and

consumption to obtain a closed-form expression for the risk adjustment. Second, forecasted

RI is adjusted for risk in the numerator and �nally risk adjusted RI is discounted by the risk-

free rate. Assuming the CSR (5) holds, it follows from (1) that the price of any asset can be

represented as

Vt = bvt +

1
X

�=1

Bt:t+� [Et [rit+� ] + Covt (rit+� ; Qt;t+� )] : (7)

This equation prices all assets, but further assumptions are needed for the equation to be

implementable in practice. One can proceed from this equation in various ways. As in Nekrasov

and Shro¤ (2009), one can risk adjust residual income utilizing accounting data in a factor-

model approach. In their model they use 10 years of historical accounting data to calculate

a constant risk adjustment term. Naturally, this places strong assumptions on both the data

(many consecutive years of data) and the theoretical foundation of the model (e.g. constant risk

adjustment). I take a di¤erent approach and place assumptions on the time series properties of

the variables in the model and obtain an explicit solution of the time varying risk adjustment

term.

Let ci denote a consumption index containing both the information in real aggregate con-

sumption and the price level in the economy.7 I assume investors have standard power utility

7With standard power utility the consumption index is the product of relative risk aversion and aggregate
consumption per capita plus the price index.
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u (c) = 1
1� c

1� , where  is the Arrow-Pratt measure of relative risk aversion and c is the

real consumption. It is also assumed that a Pareto e¢cient equilibrium exists. Under the

further assumption of future residual income and the consumption index being jointly normal,

Christensen and Feltham (2009) (CF) shows that (7) can be reformulated as

Vt
bvt

= 1 +
1
X

�=1

Bt;t+� [Et (ReBVt;t+� )� Covt (ReBVt;t+� ; cit+� )] ; (8)

where ReBVt;t+� =
rit+�
bvt

, rit+� = nit+� � rf1ybvt+��1; cit+� = ciRt+� + ln (pt+� ) =  ln (ct+� ) +
ln (pt+� ) and p is a price index. The consumption index is easily calculated from observed data

and an assumption about  as will be shown in Section 4.2.

Following CF, I assume a simple �rst order autoregressive model for ReBV given by

ReBVt;t+� � ReBV ot (1 + �)� = !r
�

ReBVt;t+��1 � ReBV ot (1 + �)��1
�

+ (1 + �)� "t+� : (9)

Here ReBV ot is the structural level of residual income return at the valuation date t, � is

the growth rate of the structural level of residual income return, and !r is the �rst order

autoregressive parameter determining the speed of convergence to the structural level of residual

income return. In the innovation speci�cation of the equation, I introduce a heteroschedastic

term to take account of plausibly larger(smaller) variation in errors when the residual income

return is higher(lower). The motivation behind assuming an autoregressive process with mean

reversion towards a deterministic trend is inspired by, for example, Penman (2009) and Koller

et al. (2005) who argue that, in practice, competition is often assumed to drive residual income

towards a structural level, for example, an industry average, or alternatively towards zero.

I assume that the consumption index ci follows the simple process

cit+� � cit+��1 = g + �t+� ; (10)

which is fully consistent with the standard asset pricing assumption of aggregate consumption

being log-normally distributed.8 The constant growth rate further implies constant interest

rates. The innovations in the above equations, " and �, are assumed serially uncorrelated and

8The nominal consumption index is given by c�t+� = c�
R
t+� +ln (pt+� ), where c�

R
t+� =  ln (ct+� ) , and c is the

real aggregated consumption per capita. That is, if I assume that c� is normally distributed, I implicitly assume
that c is log-normally distributed.
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can be written as
2

4

"t+�

�t+�

3

5 � N

0

@0;
�2r �ra

�ra �2a

1

A :

That is, I allow for " and � to be contemporaneously correlated to accommodate a potential

dependence between ReBV and ci.

Solving equations (9) and (10) recursively yields

ReBVt;t+� = ReBV
o
t (1 + �)

� + !�r (ReBVt;t � ReBV ot ) +
��1
X

s=0

(1 + �)��s !sr"t+��s; (11)

cit+� = cit + �g +
��1
X

s=0

�t+��s: (12)

From the equation for ReBV (11) it follows that9

Et [ReBVt;t+� ] = ReBV
o
t (1 + �)

� + !�r (ReBVt;t � ReBV ot ) ; (13)

Vart [ReBVt;t+� ] = �
2
r (1 + �)

2�
1�

�

!r
1+�

�2�

1�
�

!r
1+�

�2 : (14)

For the consumption index (12) it similarly follows that

Et [cit+� ] = cit + �g;

Vart [cit+� ] = ��
2
a:

Furthermore the covariance between the two series is given by

Covt (ReBVt;t+� ; cit+� ) = �ra (1 + �)
(1 + �)� � !�r
1 + �� !r

: (15)

That is, the risk adjustment is determined by the covariance between the residual income return

ReBV and the consumption index ci. The higher covariance, the higher is the adjustment for

risk, since the asset provides a less valuable hedge against periods with low consumption. The

risk adjustment also depends on the growth rate of the structural level of residual income return

and in the appendix it is shown that the risk adjustment increases in the growth rate if �ra > 0.

This is intuitively clear since if �ra > 0 the company provides no hedging value and a higher

9See appendix for details of the calculations in this section.
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growth rate in residual income return means that higher values of residual income return have

to be risk adjusted.10 For �ra > 0, � > 0; !r > 0 and � > 1 the risk adjustment is increasing

in !r. That is, the slower the reversion to the long run structural level, the higher the risk

adjustment. This is again an intuitive result since " becomes relatively more important if mean

reversion is slow. The covariance (risk adjustment) is converging towards growing at a rate of

�. The speed of convergence towards this growth rate is constant in �ra, increasing in �, and

decreasing in !r.

In the simple case of instant mean reversion !r = 0, then the risk adjustment is given by

Covt (ReBVt;t+� ; cit+� ) = �ra (1 + �)
� : (16)

This result is di¤erent from the result obtained in CF where the risk adjustment was solely

determined by �ra and independent of both � and � . Equation (16) implies that the risk

adjustment in this simple case with instant mean reversion in residual income return is still

determined by the growth in the structural level of residual income return and the risk adjust-

ment is time varying. This result comes from the assumption on the innovations in (9) and

re�ects the fact that in nominal terms the uncertainty about the return on equity is increased

when the structural level of residual income return is increased.

One of the major criticisms of the standard model is that it is discounting future earnings

by a constant cost of equity. Ang and Liu (2004) emphasize that this is not a reasonable

assumption, and as is seen from (15) the CCAPM model has time varying discounting for risk.

Further assumptions are needed for the model to be implemented in practice. These will

be described in Section 4.2.

3 Data and Sample

Having set the theoretical framework for valuation, this section describes the data needed

for valuation using the standard approach (described in Section 2.2) and the CCAPM model

(described in Section 2.3).

I use analyst�s one and two year consensus forecasts from the month of April which is

available through the I/B/E/S database.11 Applying analysts� forecasts of the long-term growth

10Naturally, the net e¤ect of an increase in the growth rate on company value will be positive if ReBV o
t > 0.

It is only the isolated e¤ect on the risk adjustment which will contribute negatively to the value of the company.
11The I/B/E/S manual states that consensus forecasts only contain the most resent analyst forecasts. This
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Table 1: Data sorting steps and e¤ects on the number of companies in the sample
Sorting step and sorting criterion # companies left
1: Tickers in I/B/E/S with either 1 or 2 year or LTG forecasts 16,918
2: Sort out all forecasts not done in April 16,067
3: Sort out all forecasts of non-December earnings 14,765
4: Sort out all consensus estimates based on < 3 analysts 9,658
5: Linking to Compustat and CRSP 8,262
6: Sort out all non AMEX/NYSE/NASDAQ 8,257
7: Require both 1 and 2 year forecasts 5,175
8: Require 1, 2 and LTG forecasts 3,377
9: Delete companies with invalid IBCOM (net income) 3,367
10: Companies with positive CSE 3,335
11: Non-�nancial and non-utility 2,526

Note: The table takes the I/B/E/S database as starting point and then sorts out companies based on the listed criterions.
The number of companies in the sample is measured by the number of distinct I/B/E/S tickers. The cibeslink macro
available through WRDS is used to link I/B/E/S and Compustat databases. The iclink macro available through WRDS
provides the link to the CRSP dataset. Utilities are de�ned as companies with SIC codes 4900-4949 and �nancial �rms as
companies with SIC codes 6000-6999.

(LTG) rate to the two year forecast, I calculate 3�5 year ahead earnings forecasts. The I/B/E/S
database contains April earnings per share (EPS) forecasts for 16,918 US companies (see Table

1). By applying forecasts from the month of April all companies with �nancial year following the

calender year are expected to have made their annual �nancial report public at the time of the

forecast. This mitigates information asymmetry between traders. Furthermore, analysts often

update their earnings forecasts after the release of an annual report, to re�ect their updated

information. Thus, April earnings forecasts are expected to be relatively more updated than

earnings forecasts in other months of the year. The �nancial year of most companies follows

the calendar year and I only keep these in the sample. As argued by Nekrasov and Shro¤

(2009) this ensures that betas and priced risk measures are estimated at the same point in time

each year and the analysis is simpli�ed. Table 1 shows the e¤ect of sampling on the number of

distinct tickers/companies available in the analysis.

To ensure a su¢cient quality of the consensus EPS forecasts I exclude median forecasts

based on less than three analysts. This approach is not standard in the literature and reduces

the number of distinct companies in the sample to 9,658 (see Table 1) which is a relatively

large reduction in the sample size. However, consensus estimates have little meaning if they

are based on less than three estimates.

The three databases use di¤erent unique tickers for the companies and none of these provide

should mitigate the risk of having outdated forecasts. Alternatively the detailed �les contain date stamp of
earnings forecasts. However, this �le does not track all analysts. Thus, while using the detailed data�le would
allow me to set speci�c criterion on for example age of forecasts, it also limits the number of analyst forecasts
signi�cantly.
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the link to the tickers used in the other databases. Therefore, a link between these databases is

constructed based on the cibeslink macro to link I/B/E/S to Compustat and the iclink macro

to link I/B/E/S to CRSP.12 ;13 Since the link between databases is imperfect and/or since there

are di¤erences in the variety of companies in the di¤erent databases, the sample size is reduced

to 8,262 companies (see Table 1).

Most companies in the dataset are traded on the major stock exchanges (AMEX, NYSE

and NASDAQ). I exclude companies not traded on these exchanges.

As will be shown later, the standard model is highly dependent on the estimates of LTG.

Therefore I need both 1-2 year earnings forecasts as well as the LTG rate at the time of

the valuation. If one of these forecasts is unavailable at a valuation date, I exclude that

observation from the sample. As is seen from Table 1 this reduces the sample dramatically to

3,377 companies, yielding 20,499 distinct �rm-year observations.

As in Fama and French (2001) I exclude utility (SIC codes 4900-4949) and �nancial �rms

(SIC codes 6000-6999), limiting the analysis to 14,220 �rm valuation dates and 2,526 distinct

�rm tickers spanning the period from 1982 to 2008, i.e., roughly 5.6 observations per com-

pany/ticker.

The end of year book value of common equity (CSE) (Compustat item #60), net income

before extraordinary items (net income/IBCOM) (Compustat item #237), dividends paid to

common equity (Compustat item #21) and total assets (Compustat item #6) are from the

Compustat database. The stock price (CRSP variable PRC) and shares outstanding (CRSP

variable SHROUT) are from the CRSP daily database. Betas for each company in each year

are estimated using monthly excess stock returns (CRSP) and monthly excess returns on the 3

Fama-French (FF) factors (from the Fama-French database).14 The method is brie�y described

in Section 4.1. Following Nekrasov and Shro¤ (2009) I use a 60 month sample for each calcula-

tion whenever such data is available from CRSP. If 60 months of data is not available, I allow

for a minimum of 36 months. As seen from Table 2, for most observations beta is calculated

using 60 observations and 2; 084 observations were excluded from the valuation due to lack of

data. Precisely this need for data in the standard valuation model is an often used explanation

12These macros are available trough WRDS. To link the databases to eachother I use the IDUSM dataset from
I/B/E/S and the STOCKNAMES dataset from CRSP.
13The linking quality between I/B/E/S and CRSP is based on a score from 0 to 6, where 0 is the best match.

I do not accept scores above 1 which should ensure that I only keep correctly matched �rms. A small fraction
of the I/B/E/S tickers have multiple links to CRSP tickers. In these cases I only keep the company if it has a
linking score of 0 and the score is unique.
14The returns are in excess over the 1 month Treasury rate.
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Table 2: The e¤ect of beta calculation on sample size
Criterion: No. observations
Using 60 observations 10,752
Using 36 observations 1,384
Not calculated due to 1-36 observations 2,084

Note: The table shows the number of observations for which 60 and 36 months of data are used, as well as the number of
observations for which there was less than 36 months of data. Betas are calculated based on monthly excess returns on
the security and the value weighted NYSE-AMEX-NASDAQ portfolio, high minus low and small minus big portfolios.

why multiples analysis is so popular in practice. Following the same approach, betas are also

calculated using the FF 3 factor approach. After calculation of betas the sample size is limited

to 12; 136 valuations on 1; 938 distinct companies. Contrary to Nekrasov and Shro¤ (2009) I

do not include the April return of the valuation year since the valuation is performed around

mid month and only use known information at the valuation date in my valuations. This is

mostly a choice of consistency rather than a choice of real e¤ect.

For the calculation of betas I use the one month Treasury as the risk-free rate and, as

is standard in both practice and the literature, I use 10 year treasury for discounting future

residual income. It is relatively straight forward to use the observed yield curve for discounting

at each valuation date, but this is not standard in the valuation literature. This choice is

unlikely to bias the results in favor of any of the models of interest, and it simpli�es analysis.

A number of observations are deleted during the valuation process using the CCAPM valua-

tion model, as will be described in Section 4.2. Thus, the results reported in the results section

are calculated using 9; 953 valuations on 1; 822 distinct companies. This is fewer valuations

compared to valuation papers such as Nekrasov and Shro¤ (2009) and Jorgensen et al. (2011).

There are several reasons for this. 1: I include only non-�nancial and non-utility in the sample.

2: I require each valuation to have both a 1 year and 2 year forecast as well as a forecast of

LTG. 3: I do not include consensus forecasts based on less than 3 analysts� forecast. 4: Unlike

Jorgensen et al. (2011) I require 36 observations in the calculation of betas. 5: Additional

sampling must be done to apply two distinct valuation models and not just the standard model

as in Jorgensen et al. (2011). The points 1-3 each reduce the sample signi�cantly as seen from

Table 1, while point 4 has only minor e¤ect, as implied by Table 2. As mentioned above,

the sampling choices are made to make the analysis as realistic and precise as possible. As a

robustness check I also perform the analysis relaxing the criterion in point 1 and show that

inclusion of �nancial and utility has no e¤ect on the conclusions. Further, robustness checks

show that the CCAPM model fares very well both with and without LTG.
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Table 3: Data requirements for the standard model, CCAPM model and simple forward earn-
ings multiple based valuation model.

Data: Standard CCAPM Multiples
1 month Treasury x - -
10 year Treasury x x -
Compustat x x x
I/B/E/S x x x
CRSP x - -
Fama-French x - -
NIPA - x -

Note: If the data is required, it is marked with x, and if not required, with -.

To implement the CCAPM valuation model, I need data on real consumption as well as on

the price index. The consumption data is the usual series used in the CCAPM literature. It is

obtained from the NIPA tables available from Bureau of Economic Analysis. The price index

is also available from the NIPA tables. Details on calculation of the consumption index will be

given in Section 4.2.

Table 3 shows the data requirements for the two models, and it is clear that the CCAPM

model requires less data than the standard valuation model. It is primarily the calculation of

betas in the standard model which requires a lot of historical data. Calculating betas requires

the historical return series for the stock of interest, and these are only available if the stock

has been traded for a substantial historical period.15 While, both the standard model and the

CCAPM model require I/B/E/S data, it will become apparent later that the standard model

depends much more on LTG estimates than the CCAPM model. The only data needed for

the CCAPM model compared to the standard model is the NIPA data, but this is no real

limitation since it is available from 1930 on an annual frequency and since 1952 on a quarterly

frequency.16 Both models require much more data compared to a simple foreward earnings

multiple based valuation. Such an analysis only requires the most recent accounting data and

the 1 year ahead earnings forecast.

4 Valuation Procedure

This section describes how the valuation models are implemented in practice. Both models

require a long list of practical choices and the empirical results can change a lot depending on

15 In practice many suggestions have been made as to how to solve this problem. For example one can use
betas from comparison �rms or accounting betas if available.
16Although the data is available since 1930, the quality is certainly not as good as for return data in CRSP.
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these. As a consequence, I will perform the valuation based on several di¤erent assumptions,

for instance about the growth rate in the terminal value and about the factor risk premium

estimation. While the standard model places stronger requirements on data availability, it is

practically simpler to implement than the CCAPM model. The practical decisions involved

when applying the standard model are well explained in the literature, and therefore I will only

brie�y explain how I implement this model. I will be much more detailed in describing how to

implement the CCAPM model since the current literature has very little to o¤er on this, and

since it is harder to implement.

4.1 Standard Model Procedure

The standard valuation model cast in the residual income framework is the equation (4)

Vt = bvt +
1
X

�=1

Et [rit+� ]

(1 + rf + rp)
� : (17)

While the valuation equation may appear very simple, it is nevertheless widely debated how to

implement it in practice. The valuation equation requires forecasting of residual income and

calculation of the discount factor which takes account of both discounting for time and risk.

I discuss these elements in turn. Further, the model, as stated in (17), includes an in�nite

sum. Since forecasting into the in�nite horizon is not practically feasible, a truncation point

is chosen, and a terminal value is calculated. I will conclude this section with explaining the

practical considerations involved.

4.1.1 Discounting for Time and Risk

Discounting for time and risk is done in the denominator by a discount factor called the cost

of equity. Calculating the cost of equity 1 + rf + rp can be done in several di¤erent ways. In

this paper I calculate it using

rf + rp = rf10y + � �RP;

where rf10y is the 10 year Treasury yield, � is a vector of factor sensitivities, and RP is a vector

of factor risk premia. I estimate betas at each valuation time for each �rm using up to 60

observations of monthly data in the regression

E [R]� rf1m = a+ �MKTR
M + �SMBR

SMB + �HMLR
HML + "; (18)
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Table 4: Cost of equity methods
Factors n Years 5 10 20 30 1926-
1 Factor 1F,5Y 1F,10Y 1F,20Y 1F,30Y 1F,ALL
3 Factor 3F,5Y 3F,10Y 3F,20Y 3F,30Y 3F,ALL

Note: Combinations of assumptions made about the cost of equity in the standard analysis. Rows show the number of
factors and columns the number of years of data used when calculating factor risk premia.

where rf1m is the 1 month Treasury yield, E[R] is the return on the asset of interest, RM is

excess return on the market, RSMB is excess return on the FF small minus big portfolio and

RHML is excess return on the FF high minus low portfolio. I run this equation both including

only the market factor (i.e., assuming �SMB = �HML = 0) and all three factors.

The results for betas obtained from this equation are used to calculate the cost of equity

as (when using all three factors)

rf + rp = rf10y + �MKTRP
M + �SMBRP

SMB + �HMLRP
HML;

where RPM , RPSMB and RPHML are the historical risk premium on the market, small minus

big, and high minus low portfolios, respectively.17 I calculate RPM , RPSMB and RPHML

as the geometric average over the rolling windows of 5, 10, 20 and 30 years preceding the

estimation day as well as the full period from 1926 until the month preceding the estimation

day.18 As summarized in Table 4, I obtain 10 di¤erent measures for the cost of equity for each

�rm at each valuation date.

In very rare cases the cost of equity is below 2%; and I winsorize it to 2%. This winsorization

has e¤ect more often in the 3 factor than in the 1 factor case, and more so using few observations

in the calculation of risk premia than when many observations are used.

Table 5 shows descriptive statistics of the estimated beta values. As expected, the market

portfolio has both a mean and a median of roughly 1. Even though betas on the SMB and

HML portfolios are, in general, not as large, at least the SMB factor still seems to have some

explanatory power with the expected positive sign. The betas on the market and small minus

big portfolios are positively skewed, while betas on the high minus low portfolio is negatively

skewed, re�ecting a fat lower tail, which is also seen from the quantiles.

17The cost of capital is calculated using monthly data, and then afterwards annualized.
18 In the robustness analysis, I also analyse the performance of the standard model, when using the aritmetric

average rather than the geometric average in the calculation of risk premia.
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Table 5: Descriptive statistics of betas
Descriptive statistic 1 Factor FF mkt FF smb FF hml
Mean 1.166 1.134 0.437 0.035
Median 1.069 1.078 0.339 0.128
Standard deviation 0.683 0.597 0.792 1.002
Skewness 1.516 0.895 0.794 -0.849
Kurtosis 8.113 6.611 4.873 6.066
Quantiles:
100% Maximum 7.406 5.897 5.489 5.436
98% 3.093 2.664 2.420 1.850
95% 2.426 2.179 1.881 1.429
75% 1.438 1.423 0.866 0.652
25% 0.737 0.781 -0.076 -0.454
5% 0.292 0.293 -0.685 -1.740
2% 0.097 0.051 -0.941 -2.529
0% Minimum -1.820 -2.427 -3.575 -7.062

Note: Descriptive statistics of estimated beta values. The second column reports descriptive statistics when using the
market portfolio as the only factor. Columns 3-5 report descriptive statistics when using the three FF portfolios as risk
factors.

4.1.2 Forecasting Book Value of Equity and Residual Income

The standard valuation model in (17) requires forecasts of residual income ri. To obtain these

forecasts I use the most recent book value of equity which is calculated from accounting data

for the previous year. Following Nissim and Penman (2001)

Common shareholder equity (CSE) = Common equity (#60) (19)

+ Preferred treasury stock (#227) - Preferred dividends in areas (#242).

To forecast residual income I use analysts� estimates of �ve years forecasts of net income ni

from the I/B/E/S database. Residual income for the �rst forecast year can then be calculated

directly from the residual income formula rit = nit �
�

rf + rp
�

bvt�1. Since the book value of

equity is unknown at future dates, I follow the standard practice in the literature (see, e.g.,

Frankel and Lee (1998), Claus and Thomas (2001), Gebhardt et al. (2001) and Easton (2002))

and forecast this value through the CSR (5) by assuming a constant payout ratio equal to the

current payout ratio where I calculate the current payout ratio as

Dividends Common/Ordinary (#21)

Income Before Extraordinary Items (#237)
: (20)

If the �rm has negative net income (#237), I calculate the payout ratio by dividing current

dividends with 6 percent of total assets (#6) - the historical payout ratio. If the current payout

ratio is above 100 percent, I �rst try to calculate the payout ratio by dividing current dividends
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with 6 percent of total assets. If this yields a payout ratio larger than 100 percent, I winsorize

at 100 percent to ensure that the company does not liquidate itself. Naturally, liquidation

is a valid strategy, but for valuation purpose allowing for liquidation will result in unwanted

scenarios. As an example Lockheed Martin had more or less constant nominal dividend payouts

during the years 2001-2003. In 2001 the net income was negative. In 2002 the net income was

positive but small and the payout ratio is calculated to be 243, using equation (20). In 2003

net income was positive and relatively high resulting in a payout ratio of 37 percent. A payout

ratio of 243 percent in 2002 will result in Lockheed Martin liquidating itself within the next

few years, which is of course not realistic. The winsorization strategies are only used in few

cases. In around 4 percent of the cases I calculate a payout ratio above 100 percent and divide

dividends with 6 percent of total assets instead. In around 15 percent of these cases (i.e., less

than 1 percent of all observations), I still obtain a payout ratio in excess of 100 percent, and

I then winsorize at 100 percent. Since I only winsorize for few observations, it has little e¤ect

on median results.

Having a starting value for book value of equity forecasts of net income, and a constant

payout ratio, one can forecast future book values of equity through CSR (5). With the fore-

casted book value of equity, forecasted net income and a constant cost of equity, I forecast

residual income �ve years ahead.

4.1.3 Terminal Value

The �nal element to handle in the valuation equation (17) is the in�nite sum. I assume a

truncation point and let values evolve according to a Gordon growth like formula. I follow

Jorgensen et al. (2011) and make several di¤erent assumptions for the terminal values in the

standard valuation model to accommodate for several of the suggestions made in the literature

as how to calculate terminal values. The general formula used is given by

Vt = bvt +
5
X

�=1

Et [rit+� ]

(1 + rf + rp)
� +

12
X

�=6

Et [rit+� ]

(1 + rf + rp)
� +

1

(1 + rf + rp)
12

Et [rit+12] (1 + g)

rf + rp� g ;

where g is the terminal growth rate. The third part of the above formula forecasts and discounts

residual income from 6 to 12 periods ahead. I assume an intermediate convergence period from

6� 12 periods ahead where I let residual income converge to a given level, as described below.
12 periods ahead, I calculate a terminal value based on the residual income in period 12 and
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an assumption about the growth in residual income hereafter.

The �rst approach is a no growth case (RIVC) where I assume that residual income remains

constant after the explicit forecast period if ri5 > 0 and assume g = 0 in the terminal value. If

ri5 < 0; I let residual income revert towards zero in the intermediate period and assume g = 0

in the terminal value. The second approach assumes that residual income grows 3 percent in

both the intermediate period and the terminal term (RIVG) if ri5 > 0 and otherwise lets it

revert to zero. In the terminal value g = 0:03. The third approach assumes return on equity

ni
bv reverts to the historical industry average in the intermediate period and residual income

remains constant after period 12 (RIVI). The industry de�nitions follow the Fama and French

(1997) 48 industry speci�cation. In the RIVI approach, I forecast residual income based on a

growth rate, calculated such that the return on equity equals the historical average industry

return on equity at time 12. If return on equity is non-positive at the valuation time a feasible

growth rate cannot be calculated, for the company of interest, and I let return on equity revert

linearly to the historical industry return on equity. In the terminal value, I assume g = 0. The

details are shown in the appendix.

4.2 CCAPM Model Procedure

There are several approaches by which to implement the CCAPM valuation equation in Eq.

(8)

Vt
bvt

= 1 +

1
X

�=1

Bt;t+� (Et (ReBVt;t+� )� Covt (ReBVt;t+� ; cit+� )) : (21)

Christensen and Feltham (2009) suggest using the information contained in the term structure

of interest rates to derive parameters of the model. While this is a valid and appealing approach,

it also leaves many open questions of how to implement it practically. Following their approach

involves estimating 6 parameters in a non linear equation for the term structure. Hence the

standard Nelson-Siegel model Nelson and Siegel (1987) or simple extensions of the Nelson-Siegel

model like for example the model by Svensson (1994) cannot be applied to construct the term

structure since these models have less than 6 parameters.

In this paper I take a di¤erent approach. I use historical consumption data to estimate the

time series properties of the consumption index and use industry data to determine the time

series properties of residual income return. The implementation of the model follows an 8 step

procedure:
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1. The risk-free discount rate B is assumed to be constant and simply determined by the 10

year treasury rate, as in the standard model. That is, for example for � = 2; Bt;t+2 =
1

�

1+rf
10y

�

2 :

2. Residual income can be forecasted 1 � 5 years ahead, as in the standard model, using
analysts forecasts. I choose only to use 1 and 2 year ahead forecasts in my implementation

since, as will be apparent later, the forecasts of long-term growth are unreasonably optimistic.

From these forecasts and the observed book value of equity bv, forecasted residual income

return ReBV is calculated for forecast years 1-2.

3. As in the standard model an intermediate period can be assumed. If LTG is used, this

period is from forecast year 6 to 12. Otherwise it is from forecast year 3 to 12. I do not utilize

long-term growth forecasts, and for simplicity I assume that ReBV remains constant in the

intermediate period if ReBVt;t+2 > 0 or increases to 0 if ReBVt;t+2 < 0.
19

4. Risk adjustment in (15) requires an estimate of �ra, i.e., the covariance between "t+� in

(9) and �t+� in (10). In this step I describe how to obtain the time series of "t+� and step 5

describes how to obtain the time series of �t+� . I estimate "t+� at the industry level for each

year using the �rst order autoregressive equation (omitting cross-section subscripts)

ReBVt;t+� = ReBV
o
t (1 + �)

� + !r

�

ReBVt;t+��1 � ReBV ot (1 + �)��1
�

+ (1 + �)� "t+� ;

where the LHS is a time series of ReBV form 10 years prior to the valuation date. There are

three parameters to estimate in the equation, namely the industry intercept ReBV ot , growth

in industry ReBV �; and industry mean reversion parameter !r. The regression is estimated

as a simple panel data model for each industry at each valuation date. The error term from

this regression is given by (1 + �)� "t+� ; and having estimated � I can determine the time series

of "t+� . In few cases convergence could not be reached, and in few cases j!rj � 1. These are
deleted from the sample.

5. I assume constant growth in the consumption index and use 10 years of data to estimate

the consumption index equation (10)

cit+� � cit+��1 = g + �t+� ;

This yields the time series of error terms �. The consumption index is calculated from historical

19Several other assumptions could be made. One could for example assume ReBV converges to the industry
level or ReBV could be forecasted using equation (9) when the parameters of the equation have been estimated.
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data as

cit+� =  ln (c) + ln (pt+� ) ;

where c =
�

cN

pN
+ cS

pS

�

=I, with N and S denoting non-durables and services respectively, and

I is the population. Furthermore, p = cN

cN+cS
pN + cS

cS+cN
pS , i.e., the weighted price index.20 I

assume  = 2.21

6. With results from step 4-5, I calculate �ra as the simple historical covariance between "

and �. Risk adjustment, for each industry, at each valuation date, is then calculated using the

equation for risk adjustment (15)

Covt (ReBVt;t+� ; cit+� ) = �ra (�+ 1)
�
1�

�

!r
�+1

��

1� !r
�+1

: (22)

From this relation I mathematically require � 6= �1 and practically require � > �1.22 The

parameters of the risk adjustment are constant and need to be known at the valuation date.

!r and � are known from step 4 and will be industry and year speci�c parameters. Naturally,

it would be preferable if they were �rm speci�c. Yet, while obtaining �rm speci�c parameters

is in general possible (if the historical data is available), I do not take this approach here since

I want to be able to value �rms with no historical data and �rms with limited historical (or

abrupt) data. While �ra is constant for each valuation, the covariance 22 determining the risk

adjustment will be time varying as suggested by both theoretical and empirical research.

7. Since ReBV and the risk adjustment will have di¤erent growth rates in the terminal

value, two separate terminal terms are calculated. The terminal value for ReBV is given by

the standard Gordon growth formula

TVReBV =
ReBVt;t+12 (1 + g)

rf10y � g
;

where g is, as for the standard model, a constant growth rate.

As mentioned in Section 2.3, the risk adjustment term converges towards growing at a

rate of �. Therefore, I calculate the terminal value for risk adjustment when it has converged

su¢ciently. By su¢ciently I mean at the point where the growth rate is � + 0:002 which

20Further details are in the appendix.
21This value is often used in the literature (see, e.g., Campbell and Cochrane (1999) and Wachter (2006)) and

is of only of little importance for the results.
22 In very few industries and years this is an issue. These are deleted from the sample.
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usually happens after relatively few years. If convergence is not reached within 60 years, I

truncate the model, and calculate the terminal value using a growth rate of �. This seemingly

complex treatment of the terminal value does in fact not complicate the valuation, except

computationally.

8. Finally, �rm value is calculated by adding elements of the previous steps together in the

valuation equation (21). These can be written out in more detail as

Vt
bvt

= 1 +

2
X

�=1

Et (ReBVt;t+� )
�

1 + rf10y

�� +

12
X

�=3

Et (ReBVt;t+� )
�

1 + rf10y

�� +
1

�

1 + rf10y

�12

Et (ReBVt;t+12) (1 + g)

rf10y � g

+
60
X

�=1

1
�

1 + rf10y

�� �ra (�+ 1)
�
1�

�

!r
�+1

��

1� !r
�+1

+
1

�

1 + rf10y

�60

Covt (ReBVt;t+60; cit+60) (1 + �)

rf10y � �
;

if a constant interest rate is assumed, explicit forecast period is 2 years, convergence (inter-

mediate) period continues until period 12; and risk adjustment does not converge until the

maximum possible truncation point (60 periods). If a �rm value is estimated to be negative,

it is deleted from the sample.

5 Empirical Results

To test the performance of the models in di¤erent dimensions, I test and present the empirical

performance of the models in two di¤erent settings. The �rst method for performance assess-

ment is to compare the model value with the market value. This approach of performance

evaluation is interesting since the general perception among economists is that the market, in

general, is relatively precise in pricing liquid assets. Furthermore, this is the standard perfor-

mance metric in the literature. On the other hand, as mentioned in Penman (2009), assets

could trade at far from their fair fundamental value for extended periods, but they will revert

to their fundamental value. As a result, I also use the best performing (in terms of comparing

with market values) standard model and the CCAPM model to consider the performance of

a simple trading strategy. I divide assets into portfolios based on how much they are over- or

undervalued by the market according to the models. If one model is better at identifying port-

folios with undervalued stocks earning higher returns than portfolios with overvalued stocks,

then the model is perceived to be better. Ex ante, it should be mentioned that even though a

model is out-performing in one of the above mentioned tests, it might not out-perform in the
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other. The results for the second test will only di¤er between models if companies are ranked

di¤erently, relative to the other companies, in terms of over- and undervaluation.

5.1 Comparing Model Values with Market Values

In Table 6 I report descriptive statistics of key variables used as input to the valuation models.

The dataset is split into three 9 year sub-periods, and both mean and median measures are

reported. Both mean and median price per share are decreasing through the period and this

pattern is opposite what is observed in Nekrasov and Shro¤ (2009). One explanation of this

di¤erence could be that Nekrasov and Shro¤ (2009) require each company to have 10 consecutive

yearly observations, and this could potentially introduce a strong survivorship bias in the

dataset. This explanation is further supported by the dividend payouts which are showing the

same decreasing pattern as in Nekrasov and Shro¤ (2009), but are much smaller, compared

to their reported values. All other variables show largely the same patterns and values as in

Nekrasov and Shro¤ (2009). The book value per share and the book-to-market ratio have

decreased since the eighties, re�ecting the bull market over most of the two later sub-periods.

The mean (median) dividend payout has been decreasing steadily through the period from a

high of 32:4 percent (31:9 percent) in the earliest sub-period to 14:9 percent (0 percent) in the

latest sub-period. Since these payout ratios only include dividends in the classical sense and

not other types of distributions to shareholders, e.g. buybacks, it is likely that much of this

decrease can be explained by the documented increase in share buybacks.23

The mean return on equity is increasing through the sample period, while the median

is largely unchanged.24 ;25 This pattern is matched relatively well by analysts� forecasts of

return on equity for the subsequent one and two years. It is further noted that the long-term

growth rate is increasing slightly for both mean and median through the sampling period.

Analyst�s, in general, seem to be biased towards reporting too high growth rates. Naturally,

the average growth rate in excess of 10 percent predicted for all sub periods cannot be realized

in practice. While analysts expectations about the short-term are reasonably accurate (or

23A relative increase in share repurchase is documented in Dittmar (2000) for the period 1977-1996, and in
Fama and French (2001) for the period 1978-1999.
24Beginning-of-year book value is not available for all companies since it requires accounting data from a year

before the valuation date. Therefore ROE is reported using end-of-year book value.
25 It has been shown (see Ciccone (2002)) that earnings management is more likely to take place in companies

with negative earnings which might in�uence the reported ROE numbers. However, due to the properties of
accrual accounting, this must result in lower ROE in subsequent periods. Therefore, seen over a large number
of companies and years, mean and median ROE could still be unbiased.
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Table 6: Descriptive statistics of sample �rms over three sub-periods

Model Inputs 1982-1990 1991-1999 2000-2008 1982-2008
Variables: Mean Median Mean Median Mean Median Mean Median
Price 39.694 34.000 37.214 31.250 36.328 30.590 37.466 31.750
Book value per share 25.538 18.244 16.857 10.793 19.835 10.203 20.103 11.730
Book-to-Market ratio 0.682 0.536 0.509 0.376 0.630 0.351 0.598 0.397
Dividend payout 0.324 0.319 0.239 0.188 0.149 0.000 0.224 0.170
ROE 0.106 0.139 0.125 0.134 0.145 0.129 0.128 0.134
FROE one-year-ahead 0.154 0.147 0.161 0.144 0.144 0.134 0.153 0.141
FROE two-years-ahead 0.163 0.156 0.171 0.154 0.163 0.141 0.166 0.149
LTG 0.133 0.120 0.152 0.140 0.162 0.150 0.152 0.140
Risk-free rate 0.092 0.083 0.063 0.063 0.045 0.045 0.063 0.061
Cost of equity (CAPM) 0.160 0.157 0.132 0.130 0.115 0.104 0.132 0.132
Cost of equity (FF) 0.157 0.156 0.139 0.138 0.139 0.135 0.143 0.141
No. of observations 2402 3701 3850 9953

Note: The table shows mean and median �rm-year values over three 9 year sub-periods. Price is on per share basis on
the valuation date. Book value is calculated from common shareholder equity in the beginning of the year of valuation.
Dividend payout is calculated as the annual dividends divided by reported earnings. ROE is the return on equity calculated
as reported earnings divided by end-of-year book value. FROE one-year-ahead (two-years-ahead) is forecasted return on
equity calculated as analyst�s one-year-ahead (two-years-ahead) forecast of net income in the month of April of each year
divided by forecasted end-of-year book value per share. Book value per share is forecasted through the clean surplus
relation, assuming constant dividend payout ratio. LTG is analysts� forecasts of the long-term growth rate in EPS. Risk-
free rate is the 10 year US treasury yield. Cost of Equity (CAPM) is the cost of equity, calculated using CAPM (equation
(18) with �SMB = �HML = 0). Cost of Equity (FF) is the cost of equity calculated using the FF three-factor model
(equation (18)).

moderately upward biased), forecasts of long-term growth are strongly upward biased which

has also been noted by for example Frankel and Lee (1998) and Hermann et al. (2008).

The well known decline in treasury interest rates is seen in the table too which shows that

for the �rst sub-period the average 10 year risk-free rate was 9:5% decreasing to 4:6% in the

last sub-period. A similar pattern is seen for the CAPM based cost of equity which decreases

from a mean (median) of 16 percent (15:7 percent) in the �rst sub-period to 11:5 percent (10:4

percent) in the last sub-period. Largely similar declines are seen from the �rst to the second

sub-period for the cost of equity based on the FF 3 factor model. However, from the second to

the third sub-period there is a small increase in the cost of equity.

In Table 7 I report the mean and median absolute valuation errors of the standard model

for di¤erent assumptions about the calculation of the risk premium and di¤erent assumptions

about the terminal growth rate.26 When the 3 factor model is used in calculating the cost

of equity, Table 8 shows similar results. The percentage valuation errors (PE) are calculated

as (P � V ) =P; and absolute percentage valuation errors (APE) are calculated as jP � V j =P;
where P is the market value and V is the model value. It is seen from the tables that the one

26As pointed out by Jorgensen et al. (2011), mean APE, 15% APE, and 25% APE can potentially yield a
di¤erent ranking of models when the pricing error distribution has extreme values or skewedness. 25% APE
is also called interquartile range and has been used in the literature by Liu et al. (2002) and Jorgensen et al.
(2011).
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factor approach is, in general, yielding lower errors than the three factor approach, so while the

additional factors might have explanatory power as regards to returns on stocks, they seem to

have less success explaining �rm values, through the cost of equity.

Considering PE, it is worth noting that all models price assets too low judged from the

median. That is, even though analysts� forecasts of LTG appear unreasonably high, this does

not translate into too high valuations. So while LTG appears unreasonably high, the estimates

of the cost of equity must also be too high, and the error made in the cost of equity is dominating

the error in forecasts of LTG. However, it should also be mentioned that many of the models

perform relatively well as judged from mean PE. Furthermore, a median PE of 10 percent is

still quite an impressive result.

In terms of mean APE the best performing assumption about terminal growth is the as-

sumption of industry growth in the 3 factor case, while it is not so clear for the 1 factor case.

It is also seen from mean APE that calculating the risk premia over either all data or 30 years

of data yields the best results.

Median APE is a more important measure of performance since it is not a¤ected to the same

extent by outliers. Considering median APE the industry growth rate assumption performs the

worst. The results are largely similar if assuming 0 percent and 3 percent growth rates. The

two last columns in the tables show the percentage of companies for which the valuation error

is larger than 15 and 25 percent, respectively. Also using these measures, the choice between

0 percent and 3 percent growth rate seems to make little di¤erence. Both median APE, 15%

APE, and 25% APE suggest that the risk premia should be calculated over long time series

rather than short ones. For the investment strategy analysis in the next section I take the 1

factor based model with risk premium based on 30 years of data and terminal value with 3

percent growth rate as the best performing standard model.27

For comparison, the last row of both tables shows the results for the CCAPM valuation

model. The implementation of the CCAPM model uses a very conservative estimate of zero

growth from 3 � 12 years ahead and �3 percent growth in the terminal value. While these
assumptions might seem unreasonable at �rst glance, the valuation performance is remarkable.

The model is performing on par with the best performing standard model when measured by

mean and median PE.28 However, when the more important APE measures are considered, the

27Results in the next section are largely similar using the model with 0 percent growth and risk premia
calculated using 30 years of data.
28The growth rate of �3 percent in the terminal value is deliberately chosen to make the model underprice to

the same extend as the standard model to which it will be compared in the invenstment strategy analysis, i.e.,
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Table 7: Performance meassure results for the standard model using CAPM based cost of
equity compared to the CCAPM model

1 Factor PE APE
Mean Median S.D. Mean Median S.D. 15% APE 25% APE

RIVCAll 0.289 0.404 0.504 0.495 0.462 0.334 0.877 0.783
RIVC5 -0.110 0.423 1.455 0.917 0.595 1.143 0.916 0.850
RIVC10 0.259 0.432 0.605 0.558 0.520 0.375 0.900 0.814
RIVC20 0.217 0.305 0.529 0.463 0.407 0.362 0.820 0.695
RIVC30 0.169 0.281 0.559 0.451 0.372 0.395 0.819 0.682
RIVGAll 0.068 0.288 0.785 0.557 0.432 0.573 0.850 0.734
RIVG5 -0.393 0.319 1.828 1.088 0.586 1.527 0.895 0.818
RIVG10 -0.020 0.329 1.029 0.701 0.511 0.766 0.879 0.790
RIVG20 -0.032 0.132 0.796 0.545 0.403 0.598 0.799 0.667
RIVG30 -0.126 0.104 0.883 0.561 0.359 0.707 0.776 0.628
RIVIAll 0.487 0.564 0.358 0.577 0.584 0.226 0.950 0.908
RIVI5 0.950 0.573 0.793 0.698 0.622 0.528 0.952 0.915
RIVI10 0.471 0.578 0.420 0.599 0.605 0.243 0.949 0.908
RIVI20 0.452 0.529 0.374 0.551 0.553 0.243 0.934 0.877
RIVI30 0.428 0.510 0.391 0.541 0.533 0.251 0.935 0.880
CCAPM -0.022 0.114 0.639 0.400 0.283 0.513 0.718 0.551

Note: The table presents mean, median and standard deviation of the percentage valuation errors (P � V ) =P; and of the
absolute percentage valuation errors jP � V j =P . 15% APE (25% APE ) shows the percentage of companies for which the
valuation error is larger than 15 (25) percent. All valuations for the standard model (RIV) are based on the CAPM cost
of equity. RIVC stands for constant RI, RIVG for growth in RI and RIVI for industry growth in the terminal value. The
number in the model name in each row of column 1 indicates the number of years over which the factor risk premium is
calculated and "All" stands for using all historical data, i.e., data since 1926. The last row shows results for the CCAPM
model.

CCAPM model strongly outperforms any of the standard models. The median (mean) APE is

28:3 (40) percent compared to 35:9 (56:1) percent for the RIVG30 model and 15% (25%) APE

of 71:8 (55:1) percent compared to 77:6 (66:7) percent for the RIVG30 model.

Summary results for the CCAPM model are reported in Table 9. Again, I divide the results

into the same 3 sub-periods, each of 9 years, and in the last column I report results for the

full period. The most important results are in the �rst row which shows the APE. Naturally,

the APE of the entire sample period is the same as the median APE from Table 7 and 8. It

is seen that in particular in the �rst sub-period the model produces very low pricing errors

of 23:8 percent increasing to 31:4 percent in the last sub-period. This result must be seen in

light of the fact that I have been very easy on sampling assumptions, i.e., I have not sorted out

outliers (unlike, for example Jorgensen et al. (2011)) or companies without a long time series

of data (unlike, for example Nekrasov and Shro¤ (2009)) and still a 28:4 percent median APE

is below any of their results for the standard model. This does not imply that the CCAPM

model considered in this paper outperforms the factor model considered in Nekrasov and Shro¤

(2009), only that it outperforms any version of the standard model considered in the literature

the RIVG30 model.
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Table 8: Performance meassure results for the standard model using Fama-French 3 factor
based cost of equity compared to the CCAPM mode

3 Factor PE APE
Mean Median S.D. Mean Median S.D. 15% APE 25% APE

RIVCAll 0.256 0.464 0.767 0.608 0.542 0.551 0.903 0.825
RIVC5 -0.107 0.453 1.535 0.944 0.633 1.223 0.915 0.854
RIVC10 0.108 0.448 1.088 0.723 0.573 0.831 0.904 0.832
RIVC20 0.031 0.396 1.157 0.730 0.550 0.909 0.890 0.802
RIVC30 0.053 0.370 1.071 0.679 0.514 0.841 0.881 0.790
RIVGAll 0.027 0.370 1.109 0.705 0.525 0.867 0.881 0.797
RIVG5 -0.433 0.360 2.002 1.169 0.639 1.688 0.910 0.846
RIVG10 -0.202 0.350 1.569 0.914 0.576 1.298 0.890 0.819
RIVG20 -0.322 0.270 1.641 0.958 0.568 1.377 0.882 0.805
RIVG30 -0.285 0.239 1.518 0.880 0.522 1.276 0.869 0.776
RIVIAll 0.470 0.597 0.511 0.632 0.624 0.319 0.955 0.921
RIVI5 0.326 0.589 0.893 0.733 0.649 0.622 0.955 0.914
RIVI10 0.384 0.588 0.729 0.678 0.634 0.488 0.951 0.910
RIVI20 0.345 0.563 0.746 0.667 0.617 0.499 0.942 0.893
RIVI30 0.360 0.552 0.699 0.643 0.596 0.472 0.945 0.897
CCAPM -0.022 0.114 0.639 0.400 0.283 0.513 0.718 0.551

Note: The table presents the mean, median and standard deviation of the percentage valuation errors (P � V ) =P and of
the absolute percentage valuation errors jP � V j =P . 15% APE (25% APE ) shows the percentage of companies for which
the valuation error is larger than 15 (25) percent. All valuations for the standard model (RIV) are based on the FF 3
factor cost of equity. RIVC stands for constant RI, RIVG for growth in RI, and RIVI for industry growth in the terminal
value. The number in the model name in each row of column 1 indicates the number of years over which the factor risk
premium is calculated and "All" stands for using data all historical data, i.e., data since 1926. The last row shows results
for the CCAPM model.

when using median APE as the performance metric.

The second line of Table 9 reports the median PE and it shows that the model is under-

valuing in all sub-periods. Even though APE is highest in the third sub-period, this error is

not driven by the general undervaluation of the model since under-valuation is only 2:5 percent

in this sub-period, well below roughly 15 percent for the �rst and second sub-period. The table

reveals that risk adjustment is not the reason for this general undervaluation. In fact, the

median absolute risk adjustment for period 1 � 12 (RA 1-12) and absolute terminal risk ad-

justment (RA TV) are very conservative.29 In the CCAPM literature, aggregate consumption

from the NIPA tables is well known to have too little variation to explain variation in asset

returns. This could also be the driving factor behind the lack of risk adjustment in this model.

However, if the risk adjustment of the model does not re�ect how investors risk adjust stocks,

this should result in large median APE, which is not the case.30

Recall, the CCAPM model ignores LTG and instead assumes a constant residual income

in the period from 3 � 12 years ahead and assumes �3 percent growth rate in the terminal
29Naturally, this is a median value and therefore the values away from the median are much larger both to

the positive and the negative side.
30Eliminating risk adjustment entirely from the CCAPM valuation is not a viable apporach since this increases

both APE, 15% APE, and 25% APE.
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Table 9: Summary results for the CCAPM valuation model
1982-1990 1991-1999 2000-2008 1982-2008
Median Median Median Median

APE 0.2376 0.2931 0.3137 0.2835
PE 0.1474 0.1551 0.0251 0.1144
ReBV o -0.0185 0.0000 0.0000 -0.0000
� -0.0275 0.0518 0.0926 0.0424
!r 0.6072 0.5797 0.5422 0.5711
�ra 0.0001 0.0001 0.0001 0.0001
RA 1-12 0.0088 0.0135 0.0413 0.0169
RA TV 0.0045 0.0097 0.0239 0.0116
ReBV 1-5 0.2864 0.4521 0.5112 0.4274
ReBV 6-12 0.1715 0.3871 0.5230 0.3733
ReBV TV 0.1482 0.4777 0.8484 0.4856
No. of valuations 2403 3702 3851 9953

Note: The table shows median values of the performance and key elements of the valuation using the CCAPM model.
APE are the absolute pricing errors, jP � V j =P . PE are the pricing errors, (P � V ) =P . ReBV o is the estimated industry
level of ReBV at the time of the �rst observation in the ReBV panel estimation. � is the estimated industry growth
in ReBV . �r is the estimated industry AR(1) coe¢cient. �ra = cov ("; �). RA 1-12 is the sum of discounted absolute
risk adjustment from period 1-12. RA TV is the discounted terminal absolute risk adjustment. ReBV 1-5 is the sum of
discounted ReBV in period 1-5. ReBV 6-12 is the sum of discounted ReBV for period 6-12. ReBV TV is the discounted
terminal value ReBV. The �nal row shows the number of valuations in each period.

value. The results imply that investors are not willing to pay much for highly speculative future

earnings, but instead takes on a very conservative view about value generation in the far future.

Results also imply that the standard approach to risk adjustment is greatly overstating how

much investors care about risk.

The third and fourth line of Table 9 show the median starting value for ReBV and growth

in ReBV estimated from the industry panel estimations. One would in general expect that

ReBV o is positive, but this is not con�rmed. Results for the growth rate are somewhat more

in line with what would be expected with slightly negative growth in the �rst sub-period,

re�ecting the bad state of the economy and reasonable positive values for the second and third

sub-periods. A full period structural level growth of 4:2 percent is very much in line with what

is expected.

One of the motivations behind using the residual income model instead of for example the

free cash �ow or dividend discount models is that residual income is percieved to be a better

measure of value creation. ROE is a key determinant of residual income, and Figure 1 shows

several time series of ROE measures from 1972 (the �rst relevant year for valuation using the

CCAPM valuation model) to 2008 for all companies in Compustat. It is seen that yearly

average ROE follows the business cycle through the past 40 years. ROE is low in the early

eighties which is likely the reason why the median ReBV o and � were estimated at low values

for the �rst sub-period in Table 9. This is also the reason why the mean ROE is low in the
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�rst sub-period, as shown in Table 6. The generally increasing pattern is nicely picked up by

the estimates of the CCAPM model, as seen from the increasing parameter values of ReBV o

and � in Table 9. When subtracting the 10 year Treasury yield from ROE it is seen that even

with this conservative meassure of cost of capital, companies were destroying value during the

crisis in the early eighties and in the beginning of this century.

Figure 1: Time series of yearly average return on equity of companies in the Compustat data-

base, as well as the average across all years 1972-2008. Companies are weighted according to

their relative book value of equity.
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5.2 Investment Strategy Performance

In this section I take the best of the standard models, i.e., the 1 factor model with risk premium

based on 30 years of data and 3 percent growth in terminal value, and compare it with the

CCAPM valuation model. The comparison is carried out in an investment setup where I

construct portfolios based on the model implied valuation errors and track their performance.

This can be done in many di¤erent ways, and with many di¤erent performance metrics, but

I will limit myself to a few simple methods and common performance measures. I will both

create investment strategies based on all valuations through the sample period and a recursive

investment strategy based on the valuations performed once every year. Creating investment

strategies based on all valuations for all years is closely related to the method of using mean

and median measures for performance assessment. However, this is a back-testing approach,

and since it uses all valuations performed through the sampling period in the creation of

investment strategies, one could not have traded on this strategy. Therefore I also consider

a setup where, in each year, just after the valuation is performed (end of April), I construct

portfolios based on the valuations performed only that year and track the performance of

these portfolios. This strategy could have been implemented in practice each year through the

sampling period. Further, the strategies are simple buy and hold (for a year) strategies and

therefore only in�uenced very little by trading costs. Trading costs have the same (negligible)

in�uence on all portfolios and for each model and are therefore ignored.31

As mentioned by Shumway (1997) delisting returns are important to take into account.

Stock returns and delisting returns are taken from CRSP. If a �rm is delisted during the return

period, the remaining return for the period is calculated by reinvesting in the value weighted

market portfolio. This mitigates concerns about potential survivorship bias. I apply a delisting

return of �100% for �rms that are delisted for poor performance (CRSP delisting codes 500

and 520�584) if a delisting return is not available.

It is reasonable to say that a valuation model is good if it can predict which assets are

expensive and which are cheap in the sense that if an investor invests in a cheap asset a

high return will be realized and if an investor invests in an expensive asset a low return will

be realized. According to the models, a stock is cheap if (P � V ) =P < 0 and expensive if

(P � V ) =P > 0.
Table 10 shows 1�5 year holding returns for 10 quantile portfolios,32 average beta values for

31Taxes can be ignored too since they in�uence the strategies similarly.
32As noted by Berk (2000), sorting could have important implications for the results. However, I see no reasons
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the �rms in each portfolio, and the number of stocks in each portfolio. The quantile portfolios

are created by sorting all valuations performed in the sample period, and then creating a

portfolio with each 10 percent quantile where the stocks with the 10 percent lowest values of

(P � V ) =P (cheap stocks) are placed in the Q1 portfolio and those with the highest value of

(P � V ) =P (expensive stocks) are placed in the Q10 portfolio. The 1 (or 2� 5) year return is
calculated as the return earned if the investor invests equally in each stock, in the portfolio in

the end of April of the valuation year, and holds the stock for 1 (or 2 � 5) year. That is, the
Q1 portfolio contains the cheapest stocks identi�ed through the sample period 1982-2008, and

Q10 contains the most expensive stocks.

For both the standard model and the CCAPM model there is a clear pattern of higher

returns for portfolios predicted to be cheap compared to portfolios predicted to be expensive.

This pattern is seen for any of the holding return periods. It is also seen that the cheapest

stock portfolio Q1 actually performs worse for the �rst year after the valuation compared to

the stocks in the Q2 portfolio, in particular for the CCAPM model. However, looking at the 2

year and �ve year returns it is clear that the performance of this portfolio is picking up. This

is in line with the notion that stocks will revert to their fundamental value sooner or later. If

the market �nds it very hard to realize the fundamental value of a stock, it might take more

time to actually realize that value. Another explanation of the (possibly) unexpected returns

of the Q1 portfolio is that this portfolio contains some outliers.

Both models are able to identify cheap and expensive stocks, and considering the average

betas of the portfolios, it does not seem like higher risk drives the higher return. If one believes

in the CAPM, beta is actually lower for cheap portfolios than for expensive portfolios for

both the standard and CCAPM model. The same pattern is seen for the market factor if one

believes in the 3 factor model. The SMB factor is larger for both cheap and expensive portfolios

compared to intermediate portfolios. The HML factor, on the other hand, is substantially larger

for the cheap portfolios than for the expensive portfolios, indicating that some of the higher

return can be explained by this factor.

The returns shown in Table 10 are nominal returns. These give a clear indication that

the cheap portfolios earn higher returns than expensive portfolios. Figures 2 and 3 show how

the portfolio returns evolve in excess of the return on the value weighted market portfolio.

From these �gures it is clear that for both models the cheap portfolios outperform the expen-

why it would favor one model over another in this analysis.
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Table 10: Summary return results for quantile portfolios based on the standard and CCAPM
valuation model

Standard model 1y 2y 3y 4y 5y �mkt �FFmkt �FFSMB �FFHML Obs.
Q1 (Cheap) 0.149 0.297 0.563 0.781 0.944 0.779 0.918 0.523 0.438 995
Q2 0.159 0.309 0.531 0.695 0.917 0.798 0.932 0.394 0.383 996
Q3 0.161 0.321 0.519 0.709 0.917 0.912 0.976 0.412 0.252 995
Q4 0.160 0.302 0.485 0.713 0.931 0.968 1.007 0.349 0.164 995
Q5 0.150 0.322 0.523 0.686 0.889 1.058 1.055 0.358 0.067 996
Q6 0.141 0.271 0.465 0.686 0.918 1.118 1.088 0.356 -0.014 996
Q7 0.129 0.271 0.411 0.582 0.766 1.174 1.124 0.384 -0.039 995
Q8 0.104 0.188 0.397 0.517 0.703 1.288 1.216 0.440 -0.067 995
Q9 0.092 0.188 0.246 0.347 0.455 1.480 1.334 0.533 -0.179 996
Q10 (Expensive) 0.075 0.131 0.200 0.295 0.459 1.993 1.684 0.719 -0.560 995

CCAPM model 1y 2y 3y 4y 5y �mkt �FFmkt �FFSMB �FFHML Obs.
Q1 (Cheap) 0.123 0.268 0.544 0.749 0.929 1.225 1.282 0.584 0.338 995
Q2 0.170 0.273 0.505 0.666 0.889 1.080 1.156 0.561 0.344 996
Q3 0.162 0.314 0.538 0.787 0.965 1.052 1.117 0.408 0.277 995
Q4 0.133 0.277 0.425 0.633 0.903 1.097 1.121 0.426 0.169 996
Q5 0.124 0.283 0.446 0.621 0.819 1.104 1.107 0.383 0.088 996
Q6 0.138 0.272 0.421 0.617 0.792 1.073 1.072 0.386 0.090 995
Q7 0.168 0.312 0.508 0.680 0.904 1.145 1.095 0.345 -0.059 995
Q8 0.150 0.284 0.483 0.635 0.809 1.163 1.068 0.403 -0.175 995
Q9 0.110 0.192 0.320 0.447 0.619 1.260 1.142 0.418 -0.239 996
Q10 (Expensive) 0.041 0.124 0.181 0.259 0.402 1.373 1.178 0.549 -0.393 995

Note: Based on a ranking of (P � V ) =P in each model, 10 quantile portfolios are created where Q1 is the portfolio
containing the companies with the lowest value of (P � V ) =P and Q10 contains the companies with the highest (P � V ) =P .
Each portfolio contains 10 percent of the companies in the entire sample. The table shows 1 � 5 year nominal holding
returns including distributions. The columns with ��values show the average beta for the companies in the portfolio.
The last column shows the number of observations in each portfolio.

sive portfolios and the cheap portfolios greatly outperform both the value weighted and equal

weighted market returns. It is further seen that the equal weighted market return (dashed

line) outperforms the value-weighted return, supporting the empirical studies �nding that, in

general, returns on small companies are larger than returns on large companies (i.e., the SMB

factor is relevant for explaining returns). Based on these �gures both valuation models identify

over- and under-valued stocks and seem to do so equally well.
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Figure 2: 1-5 year portfolio returns in excess of the value weighted market return for the

standard valuation model
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Figure 3: 1-5 year portfolio returns in excess of the value weighted market return for the

CCAPM valuation model
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The above results apply to a strategy that an investor could not implement in practice

since it creates the quantile portfolios based on all valuations through the sample period. In all

the following �gures I focus on strategies that could have been implemented in practice. The

valuations are made mid April each year, and based on these valuations, I construct quantile

portfolios using the usual ranking from cheap to expensive companies. This strategy is easily

implementable in practice since it only requires buying and selling stocks once a year. Since

longer term returns might be biased (due to potential bias in delisting returns), I focus mainly

on one year returns in the following.

In Figure 4 I compare 1 year excess returns over the value weighted market return for the

quantile portfolios based on both the standard and the CCAPM model. As portfolios become

more expensive the pattern of decreasing returns is very strong. In particular for the CCAPM

model, with a di¤erence in annual returns between the Q2 and Q10 portfolios of roughly 9

percent. It is clear that ranking companies each year only, using data available in that year,

still supports the notion that both the standard and the CCAPM valuation model identify

over- and under-valued companies when considering 1 year returns. However, the pattern

seems slightly more convincing for the CCAPM model.

Figure 4: 1 year portfolio returns in excess of the value weighted market return for both the

standard model and the CCAPM model
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While Figure 4 implies that both models are able to identify cheap and expensive stocks,

judged in terms of raw returns, it does not take the risk of these returns into account. As

was implied from the beta risk measures in Table 10, there seems to be a signi�cant di¤erences

between risk in the portfolios across the two models. Therefore, I compare risk adjusted returns

in the next �gures. There are several ways of adjusting for risk, but the most common method

in the literature is to consider beta risk, either using only the market factor or additionally

using the SMB and HML factors too, i.e., the 3 FF factors. I follow the method described in

Landsman et al. (2011). Firm i�s expected equity return for year t + 1 as of year t; ERit+1 is

calculated as33

ERit+1 = r
f
1y;t+1 + �

i
MKT;t+1RP

M
t+1 + �

i
SMB;t+1RP

SMB
t+1 + �iHML;t+1RP

HML
t+1 ;

in the 3 factor case and with �iSMB;t+1 = �
i
HML;t+1 = 0 and �

i
MKT;t+1 replaced by the market

beta from a standard CAPM regression in the 1 factor case. The betas (factor loadings) for each

company for each year and risk premia for each portfolio for each year were already calculated

in the implementation of the standard model and can be re-used here. The risk adjusted returns

for each company is then calculated as Rit+1�ERit+1. Knowing which portfolio an asset belongs
to and its risk adjusted return, it is straight forward to calculate the portfolio excess returns.34

When using CAPM based risk adjustment the results in Figure 5 are obtained. The pattern

of decreasing returns as portfolios become more expensive is sustained, and for the standard

model the pattern is even stronger compared to that in Figure 4. Both models indicate an

annual di¤erence between returns of Q2 and Q10 portfolios of around 8� 9 percent. For both
models the Q1 portfolio is still falling outside the usual pattern. So risk adjusting the returns

with the CAPM factor does not seem to capture the abnormal returns of this portfolio from

either model.

33 In this notation a year goes from the end of April in year t to the end of april April in year t+ 1.
34 In this implementation of risk adjusted returns, the risk adjustment is based entirely on data prior to the

investment date. Alternatively one could calculate the risk adjustment based on returns trough the holding
period which would yield information about risk of the position in the actual holding period. Indeed most
investors care about the risk of a position during the period in which they hold the position rather than during
an arbitrary past period in which they did not hold the position. However, I do not take the latter approach
since this is not standard in the litterature.
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Figure 5: 1 year portfolio returns in excess of CAPM based expected return for both the

standard model and the CCAPM model
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Risk adjusting, using the FF 3 factor approach changes the picture substantially for both

models. Results are shown in Figure 6. For both models a substantial part of the excess

returns seems to disappear when the risk adjusted returns are calculated using the FF 3 factor

model. For both models the Q2 portfolio still outperforms the portfolios with expensive stocks,

but to a less extend compared to the previous �gures. This suggests that the high returns of

cheap stock portfolios identi�ed by both models is nothing but a compensation for taking on

excessive risk, while the low returns of expensive stocks portfolios produce low returns because

they contain less risk in terms of the 3 FF factors.35

35As will be shown in the robustness analysis, the CCAPM model is able to identify cheap and expensive
stocks even in the FF 3 factor sense when analysts� estimates of LTG are utilised.
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Figure 6: 1 year portfolio returns in excess of Fama-French 3 factor based expected return for

both the standard model and the CCAPM valuation model
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From the above results an obvious strategy would seem to go long in the Q2 portfolio

and short in the Q10 portfolio. The time series of the di¤erence between the returns of these

portfolios is shown in Figure 7 for the portfolios based on the standard model and in Figure

8 for portfolios based on the CCAPM model. For both models the return is positive in most

periods, and for the portfolios based on the CCAPM model this is much more consistently so

than for those based on the standard valuation model. In particular, in the recent periods the

strategy based on the CCAPM model seems to outperform the strategy based on the standard

model. In the �gures the di¤erences between raw returns, the di¤erences between CAPM risk

adjusted returns, and the di¤erences between FF 3 factor risk adjusted returns are shown.

Interestingly, the conclusions are largely similar across measures. However, using the FF risk

adjustment seems to greatly favor the strategy based on the CCAPM model in the years 2003

and 2005, since the di¤erence in returns between Q2 and Q10 portfolios are respectively around

�40 percent and �80 percent for the standard model, whereas for the CCAPM model they

are around 0 percent and �20 percent. It is worth noting that the strategies do not seem to

be negatively a¤ected by economic crises. In particular for the crisis around 2001 the strategy

produces some of the highest returns, independently of the valuation model. Also considering
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the recent crisis which would be present in the returns for the investment made in 2008, the

performance of the strategy seems relatively una¤ected with returns around zero.

Figure 7: Time series of di¤erences between Q2 and Q10 portfolios based on the standard

model
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Figure 8: Time series of di¤erences between Q2 and Q10 portfolios based on the CCAPM

model
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In the above analysis risk adjustment has centered around adjusting returns for factor risk.

While this is a standard approach in the academic literature, it is not the standard approach

taken by investment banks and hedge funds. These institutions seem to care much more about

the variation of returns over time since this has a more direct and potentially devastating e¤ect

on their accounts. As a result the Sharpe ratio introduced in Sharpe (1965) is a widely used

measure of risk adjusted excess return. In the previous analysis only little information on this

measure has been identi�ed. For example the returns based on going long in Q2 and shorting

Q10, shown in Figures 7 and 8 give no clear indication of which return series is the most volatile.

In Figure 9 I plot Sharpe ratios for each quantile portfolio for each of the models. The

Sharpe ratios are calculated over the 27 1 year returns resulting from buying each portfolio in

the end of April and holding it until the end of April the following year. To avoid a discussion

over which risk-free interest rate to use in the calculation, I calculate the Sharpe ratio as the

return on the portfolio divided by the volatility of the portfolio, and thus I do not adjust for

any risk-free rate. Again, it is seen that based on this performance measure the Q1 portfolio

performs poorly compared to the Q2 portfolio and the Q9 and Q10 portfolios are the worst

performing portfolios. In general, the downward slope of performance seems to be preserved
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using this measure in the sense that cheap portfolios are preferred over expensive portfolios.

Again, the models perform relatively equal, and portfolios Q2-Q6 seem to perform equally well

according to this measure. That is, while the cheap portfolios have higher returns than the

mid portfolios, they also have a higher volatility.

Figure 9: Sharpe ratios for 1 year returns for each of the quantile portfolios for both the

standard and the CCAPM model
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While investors care about return volatility, it is also natural that they care more about

downside risk than upside risk. The Sharpe ratio does not distinguish between upside and

downside risk which is a common criticism of the Sharpe ratio as a performance measure. An

alternative measure that has gained much popularity recently (see, e.g., Pedersen and Satchell

(2002), Estrada (2006) and Dias (2011)) is the Sortino ratio introduced in Sortino et al. (1994).

In it�s nature it is similar to the Sharpe ratio in the sense that it adjusts returns for volatility.

However, while the Sharpe ratio penalizes returns equally for upside risk and downside risk,

the Sortino ratio only penalizes downside risk. I calculate the Sortino ratios for each portfolio

using the formula

Sortino ratio =
�R� T

q

P

IRt<T (Rt�T )

N

;

where �R is the mean return T is a threshold and N is the number of annual returns for
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which Rt < T .36 Here I choose T = 0, i.e., I only penalize if the returns are negative.37

Figure 10 shows the Sortino ratios for each portfolio and for both the standard and CCAPM

model. Interestingly, the CCAPM model, again, shows the desired decreasing pattern across

portfolios, while the standard model does not quite replicate the desired structure. This implies

that the cheap portfolios based on the standard model have substantial downside risk, while

the cheap portfolios based on the CCAPM model have upside risk. This pattern is may not

be too surprising since Figure 7 indicated that Q2 based on the standard valuation model had

substantial worse performance than Q10 for some years. This, together with the fact that the

Q2 portfolio, on average, performs substantially better than the Q10 portfolio, suggests that

there must be many periods where the Q10 portfolio is performing very poorly.

Figure 10: Sortino ratios for 1 year returns for each of the quantile portfolios and for both the

standard and the CCAPM model
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Figures 11 and 12 show Sortino ratios for each portfolio for up to 5 years holding periods,

based on the standard model and the CCAPM model respectively.38 The curves from Figure 10

36The term in the denumerator is a speci�c meassure of downside risk introduced in Sortino and der Meer
(1991), also called semideviation.
37Naturally, the choice of T has much impact on the level of the Sortino ratios, but here conclusions are the

same for any reasonable choice of T .
38As mentioned earlier, there is a potential delisting return bias in these returns.
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are replicated in the �gures for the 1 year holding period results. Interestingly, for the CCAPM

model the downward sloping pattern across portfolios is not as strong for longer holding period

returns as for the 1 year returns. The returns of portfolios based on the standard valuation

model, on the other hand, do not have a downward sloping pattern for the 1 year return, but

have a more smooth downward sloping pattern for longer holding periods. Another interesting

point to deduce from these �gures is that the return on the cheapest portfolio (Q1) is picking

up as time passes. This pattern was already seen in Table 10 and Figures 2 and 3.39 This

con�rms that it takes more time for the market to realize the value of the most under-valued

companies.

Figure 11: Sortino ratios for 1-5 year returns for each of the quantile portfolios and for the

standard model
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39Recall, those results were based on quantile portfolios using all valuations performed trough the valuation
period.
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Figure 12: Sortino ratios for 1-5 year returns for each of the quantile portfolios and for the

CCAPM model
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6 Further Robustness Checks

6.1 Including Financial and Utilities Companies

In the previous section �nancial and utility companies were excluded. The literature is mixed

on the treatment of these companies, and as a robustness check I also perform the analysis,

including these companies. Table 11 shows simple descriptive statistics of beta-values in the

increased sample, and interestingly the mean and median betas are very di¤erent in this sample

compared to the sample excluding �nancial and utility companies. Mean and median values of

the market factor in the CAPM model are roughly 0:1 lower, and they are roughly 0:05 lower

in the FF model. Betas on the SMB portfolio are about 0:1 lower, while they are about 0:2

higher on the HML factor. Notice, the sample still includes all companies analyzed in Section

5, and therefore the results suggest that �nancial and utility companies have much di¤erent

betas than the rest of the sample. In particular they have a lower market beta. This opens

up for the potential for very di¤erent performance of the valuation models in this sample. The

analysts� estimates of LTG are substantially lower in the sample including �nancial and utility

companies, with a median of 12 percent for the full period from 1982-2008, compared to 14
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Table 11: Descriptive statistics of betas
Descriptive statistic 1 Factor FF mkt FF smb FF hml
Mean 1.034 1.077 0.321 0.208
Median 0.958 1.018 0.226 0.320
Standard deviation 0.663 0.579 0.748 0.928
Skewness 1.469 0.936 0.923 -1.029
Kurtosis 8.008 6.307 5.252 6.833

Note: The table reports descriptive statistics of the calculated beta-values. The second column reports descriptive statistics
when using the market portfolio as the only factor. The columns 3-5 report descriptive statistics when using the three FF
portfolios as risk factors. Compared to Table 5 this table includes �nancial and utility companies.

percent when �nancial and utility companies are excluded. Again, this could potentially change

valuation performance of the standard model substantially.

Including �nancial and utility companies increases the sample to 14; 689 valuations on 2; 479

companies. In general, the 1 factor standard model still performs better than the FF 3 factor

model (in terms of APE), and therefore I only show valuation error results in Table 12 for

the 1 factor models. Again, the last row shows the results for the CCAPM model. The best

performing standard model (judged on median APE) is the no growth model with risk premium

calculated based on 30 years of data. However, this model still has slight undervaluation (seen

from PE), whereas the similar model with growth has no general undervaluation. Again, all

standard models are outperformed by the CCAPM model which both produces lower APE and

PE very close to 0. Also judged from the number of companies with valuation errors above 15

and 25 percent, the CCAPM model outperforms all versions of the standard model.

Figure 13 shows some of the key �gures from the analysis of returns on quantile portfolios.

The top left plot illustrates that returns, adjusted for the market factor, show a very clear

decreasing pattern across portfolios for both models. This is similar to the analysis without

�nancial and utility companies. Also similar to the previous analysis, the 3 FF factors seem to

explain much of the di¤erence in returns, which is seen from the top right plot. From the bottom

left plot both models clearly are able to identify over- and undervalued portfolios as judged

from the Sharpe ratio of one year returns. As seen from the bottom right plot, in particular,

the CCAPM model is also able to identify over- and undervalued portfolios, as judged by the

Sortino ratio. Only portfolios 1 and 6 deviate from a perfectly smooth decreasing Sortino ratio

across portfolios for the CCAPM model.

As in the previous analysis a similar decreasing pattern of Sharpe and Sortino ratios across

portfolios is obtained on portfolios held over longer horizons (at least up to 5 years). Further-

more, portfolio 1 retains its clear tendency to pick up and actually become the best performing
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Table 12: Standard model mean and median absolute percentage deviations from market values
1 Factor PE APE

Mean Median S.D. Mean Median S.D. 15% APE 25% APE
RIVCAll 0.187 0.303 0.509 0.451 0.410 0.331 0.819 0.703
RIVC5 -0.154 0.318 1.345 0.841 0.543 1.070 0.868 0.781
RIVC10 0.170 0.328 0.594 0.513 0.472 0.370 0.846 0.745
RIVC20 0.111 0.203 0.539 0.443 0.377 0.353 0.792 0.659
RIVC30 0.069 0.174 0.539 0.421 0.336 0.370 0.774 0.625
RIVGAll -0.103 0.151 0.877 0.594 0.416 0.668 0.834 0.708
RIVG5 -0.498 0.179 1.766 1.077 0.559 1.491 0.877 0.791
RIVG10 -0.164 0.187 1.064 0.718 0.489 0.813 0.857 0.755
RIVG20 -0.212 -0.010 0.888 0.621 0.439 0.683 0.822 0.702
RIVG30 -0.301 -0.052 0.942 0.633 0.396 0.772 0.800 0.663
RIVIAll 0.433 0.515 0.349 0.527 0.539 0.224 0.924 0.863
RIVI5 0.276 0.525 0.822 0.676 0.590 0.560 0.937 0.886
RIVI10 0.424 0.530 0.402 0.551 0.564 0.238 0.929 0.869
RIVI20 0.394 0.478 0.374 0.506 0.512 0.242 0.903 0.826
RIVI30 0.371 0.458 0.377 0.491 0.490 0.241 0.901 0.823
CCAPM -0.089 -0.004 0.532 0.374 0.276 0.406 0.707 0.540

Note: The table presents the mean, median and standard deviation of the percentage valuation errors (P � V ) =P and of
the absolute percentage valuation errors jP � V j =P . 15% APE (25% APE ) shows the percentage of companies for which
the valuation error is larger than 15 (25) percent. All valuations for the standard model (RIV) are based on the CAPM
cost of equity. RIVC stands for constant RI, RIVG for growth in RI and RIVI for industry growth. The number in the
model name in each row of column 1 indicates the number of years over which the factor risk premium is calculated, and
"All" stands for using all historical data, i.e., data since 1926. The last row shows results for the CCAPM model. Unlike
Table 7 this table includes �nancial and utility companies.

portfolio on a 5 year horizon. All in all, while �nancial and utility companies are quite di¤erent

from other companies in terms of factor betas and analysts� forecasts of LTG, including these

companies in the analysis does not change any of the conclusions of the analysis in Section 5,

and the CCAPM model still outperforms the standard models.
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Figure 13: Various performance meassures to compare performance of portfolios based on the

standard and CCAPM model when �nancial and utilities companies are included in the sample
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6.2 Using Forecasts of LTG in the CCAPM Valuation Model

The very high LTG forecasts are clearly crucial for the standard valuation model. Even with

these high forecasts the standard model still generally values companies too low compared

to the market value. While the LTG forecasts are needed for the standard model to get

nearly high enough estimates of �rm value, compared to the market value, it is not clear

if they also introduce noise in the model, which introduces a partial negative e¤ect to the

valuation performance. Therefore, in this section I use the LTG forecasts in the CCAPM

model. Naturally, without any further changes to the model, it will overvalue companies,

compared to market values, due to LTG forecasts being too high. To counter this, I use an

even more conservative growth rate of �5 percent in the terminal value.40 Besides this, no

40This choice of growth rate is made such that the mean pricing error remains of the same magnitude as for
the CAPM model.
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Table 13: Summary results for the CCAPM valuation model
1982-1990 1991-1999 2000-2008 1982-2008

Variables: Median Median Median Median
APE 0.2140 0.2799 0.3795 0.2955
PE -0.1087 -0.1269 -0.2790 -0.1707
ReBV o -0.0185 0.0000 0.0000 -0.0000
� -0.0275 0.0518 0.0926 0.0424
!r 0.6072 0.5797 0.5422 0.5711
�ra 0.0001 0.0001 0.0001 0.0001
RA 1-12 0.0088 0.0135 0.0413 0.0169
RA TV 0.0045 0.0097 0.0239 0.0116
ReBV 1-5 0.3935 0.5861 0.6679 0.5663
ReBV 6-12 0.4352 0.7590 0.9674 0.7386
ReBV TV 0.3150 0.7585 1.2132 0.7622
No. of valuations 2403 3702 3851 9953

Note: The table shows median values of the performance and key elements of the valuation, using the CCAPM model.
APE are the absolute pricing errors, jP � V j =P . PE are the pricing errors, (P � V ) =P . ReBV o is the estimated industry
level of ReBV at the time of the �rst observation in the ReBV panel estimation. � is the estimated industry growth
in ReBV . �r is the estimated industry AR(1) coe¢cient. �ra = cov ("; �). RA 1-12 is the sum of discounted absolute
risk adjustment from period 1-12. RA TV is the discounted terminal absolute risk adjustment. ReBV 1-5 is the sum
of discounted ReBV in period 1-5. ReBV 6-12 is sum of discounted ReBV for period 6-12. ReBV TV is the discounted
terminal value ReBV. The �nal row shows the number of valuations in each period. Compared to Table 9 the results in
this table are calculated using analysts� forecasts of LTG and assuming �5 percent growth in the terminal value.

further changes are made to the analysis compared to the one in Section 5, i.e., I do not include

�nancial and utility companies.41

The results for the CCAPM model are summarized in Table 13. The estimated values and

the risk adjustment are unchanged since these are from a regression using the same historical

data as in Section 5. Due to the large and positive estimates of LTG, the values of ReBV 1-5

and ReBV 6-12 are much higher than for the results in Section 5, and even though the terminal

growth has been decreased, from �3 percent to �5 percent, the terminal value is also increased
(can be seen from ReBV TV). Because of this the model now substantially overvalues stocks.

Even so the median APE is still substantially lower (29:6 percent) than the best performing

standard model (35:9 percent). Further, for the CCAPM model 71:7% of the valuations are

done with an error higher than 15%, comparable to 77:6% for the best standard model.42

Figure 14 shows some of the key �gures from the analysis of returns on quantile portfolios.

Again, when adjusting returns by the market factor, both models identify over- and under-

valued companies relatively well, with portfolios 2-4 strongly outperforming portfolio 9-10.

Surprisingly, for the CCAPM model this picture is largely maintained, even when adjusting

returns by the 3 FF factors, as seen from the top right �gure. This suggests that the LTG

forecasts contain important information about future performance of stocks, and that this is

41Conclusions are unchanged if these companies are included.
42Comparable results for the standard model are from Table 7.
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utilized much better in the CCAPM model compared to the standard model. Since the only

di¤erence between models is the discount factor, one natural explanation is that the informa-

tion in the LTG forecasts gets "polluted" by the noisy discount factor in the standard model.

From the bottom plots it is seen that the models seem to have equal performance as judged by

the Sharpe ratio, but when considering the Sortino ratio the downward sloping pattern is again

more clear for the CCAPM model. This suggests that it is important to distinguish between

upside and downside risk in comparing returns from portfolios based on the di¤erent models.

Figure 14: Various performance meassures to compare performance of portfolios based on the

standard and CCAPM model when analysts� forecasts of long term growth are utilized in the

CCAPM model together with an assumption of -5 percent growth in the terminal value
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It is clear from the above analysis that �5 percent growth in the terminal value is not
su¢cient to get unbiased valuation using the CCAPM model. Yet, even though value estimates

were more biased in the CCAPM model compared to the standard model, the performance in

terms of all considered performance measures was either at least comparable (Sharpe ratio and

Market adjusted returns) or better (APE, 15% APE, 25% APE, Sortino ratio and FF adjusted
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returns) than the best performing standard model. Since the CCAPM model performs very well

in terms of FF risk adjusted returns on quantile portfolios, it becomes interesting to analyze

the performance on an unbiased version of the CCAPM model using LTG. If I still only adjust

the terminal growth rate, it requires a negative growth of 15�20 percent in the terminal value.
Using the extremely conservative estimate of �20 percent growth in the terminal value, the
model only produces APE of 24:9 percent and 15% APE of 67:6 percent compared to 35:9

percent and 77:6 percent respectively for the best standard model.

The plots in Figure 15, where the CCAPM model is based on a negative growth rate of 20

percent in the terminal value, are very similar to those in Figure 14 which were based on a

negative growth rate of 5 percent. Thus, the more precise valuation using �20 percent growth
instead of �5 percent growth does not signi�cantly change the ranking of companies within a
year, and therefore it does not signi�cantly change returns based on quantile portfolios.

Figure 15: Various performance meassures to compare performance of portfolios based on the

standard and CCAPM model when analysts� forecasts of long term growth are utilized in the

CCAPM model together with an assumption of -20 percent growth in the terminal value
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If portfolio returns are tracked up to �ve years using either of these assumptions about

the terminal growth rate, the usual patterns are maintained, i.e., the downward slope across

portfolios in Sharpe and Sortino ratios, the downward slope across portfolios in risk adjusted

(and unadjusted) returns, and portfolio 1 picks up to at least become one of the best performing

portfolios after 5 years.

6.3 Arithmetic Average in Calculation of Risk Premia

In all previous analysis, I have used risk premia based on a geometric average of excess returns. I

have used geometric average since this yields much lower risk premia than a arithmetic average.

Hence, the choice was purely empirically based to obtain as good results for the standard model

as possible. That a geometric average is often needed in order to generate su¢ciently low risk

premium has also been noted in the literature (see, e.g., Koller et al. (2005) and Damodaran

(2006)). In this section, I implement the standard model where the cost of equity is calculated

from risk premia based on an arithmetic average rather than a geometric average.

Table 14 shows the results for the standard model as well as the benchmark of the CCAPM

model. The important thing to note from these results is that for all model assumptions the

standard model is underpricing more severely now than in Table 7 which used the geometric

average. Furthermore, the APE, 15% APE, and 25% APE are substantially higher. These

conclusions also hold for all FF 3 factor models, and the performance of the standard model in

an investment setup, as in Section 5.2, is not improved by using the arithmetic average.

6.4 Statistical Test for Model Selection

The ultimate test for a valuation model is one where the model is used to construct investment

strategies that can earn abnormal pro�ts, as performed in the previous sections. However,

from a theoretical point of view it is also interesting to assess the relative performance of the

models in a statistical sense. While such an analysis is very hard to perform under the very

general assumptions and tests in the previous sections it can be done if one is willing to place

further structure on the analysis. This involves making a series of more or less unreasonable

assumptions, and therefore it provides less general results and conclusions compared to the

analysis in the previous sections.

I follow the approach taken by Dechow (1994)43 and apply a Likelihood ratio test suggested

43 In particular see appendix 2 of the paper.

152



Table 14: Performance meassure results for the standard model using CAPM based cost of
equity compared to the CCAPM model

1 Factor PE APE
Mean Median S.D. Mean Median S.D. 15% APE 25% APE

RIVCAll 0.402 0.510 0.453 0.552 0.545 0.287 0.917 0.850
RIVC5 -0.008 0.486 1.357 0.892 0.629 1.031 0.935 0.884
RIVC10 0.353 0.500 0.525 0.567 0.559 0.313 0.912 0.846
RIVC20 0.313 0.402 0.483 0.497 0.464 0.321 0.874 0.764
RIVC30 0.272 0.375 0.510 0.484 0.438 0.345 0.869 0.764
RIVGAll 0.245 0.435 0.688 0.579 0.519 0.466 0.895 0.812
RIVG5 -0.291 0.407 1.774 1.076 0.616 1.447 0.917 0.853
RIVG10 0.147 0.423 0.846 0.650 0.548 0.579 0.896 0.820
RIVG20 0.121 0.283 0.721 0.534 0.430 0.518 0.824 0.710
RIVG30 0.048 0.249 0.784 0.540 0.399 0.587 0.827 0.698
RIVIAll 0.548 0.614 0.322 0.620 0.631 0.200 0.966 0.934
RIVI5 0.393 0.603 0.729 0.698 0.647 0.468 0.958 0.922
RIVI10 0.523 0.611 0.365 0.616 0.629 0.217 0.957 0.920
RIVI20 0.500 0.568 0.345 0.582 0.588 0.223 0.950 0.906
RIVI30 0.479 0.553 0.362 0.571 0.571 0.230 0.949 0.906
CCAPM -0.022 0.114 0.639 0.400 0.283 0.513 0.718 0.551

Note: The table presents the mean, median and standard deviation of the percentage valuation errors (P � V ) =P and of
the absolute percentage valuation errors jP � V j =P . 15% APE (25% APE ) shows the percentage of companies for which
the valuation error is larger than 15 (25) percent. All valuations for the standard model (RIV) are based on the CAPM
cost of equity. RIVC stands for constant RI, RIVG for growth in RI and RIVI for industry growth. The number in the
model name in each row of column 1 indicates the number of years over which the factor risk premium is calculated, and
"All" stands for using all historical data, i.e., data since 1926. The last row shows results for the CCAPM model. Unlike
Table 7, the results for the standard model have been calculated using risk premia based on an arithmetic average of
historical excess returns.

by Vuong (1989) for comparing competing non-nested models. The test provides direction

concerning which of the models are closer to the "true" data generating process.

Consider the regressions (time subscripts are excluded)

Ri = �STD + �STD
Pi

Vi;STD
+ "i;STD "i;STD � NIID

�

0; �2STD
�

;

and

Ri = �CCAPM + �CCAPM
Pi

Vi;CCAPM
+ "i;CCAPM "i;CCAPM � NIID

�

0; �2CCAPM
�

;

whereRi is the return of asset i, Pi is market price and Vi the market price of asset i as calculated

from the standard model. These regressions imply thatRi � NIID
�

�STD + �STD
Pi

Vi;STD
; �2STD

�

in the standard model case and Ri � NIID
�

�CCAPM + �CCAPM
Pi

Vi;CCAPM
; �2CCAPM

�

in the

case of the CCAPM model. For the standard model the joint density of the observations is

f (R1; :::; Rn) =
n
Y

i=1

�

1

2��2STD

�1=2

exp

(

�
e2i;STD
2�2STD

)

;
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where ei;STD = Ri � �STD � �STD Pi
Vi;STD

. The log-likelihood is

logL
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2
STD

�
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n
X
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�1
2
log
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�
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!

:

A similar log-likelihood is obtained for the CCAPM model.

The test statistic of interest is given by
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where ei;CCAPM = Ri � �CCAPM � �CCAPM Pi
Vi;CCAPM

.

The test can conclude in favor of either model. If the Z-statistic is positive and signi�cant,

the test indicates that the standard model is the "true" model, and if the Z-statistic is negative

and signi�cant, it indicates that the CCAPM model is the "true" model.

The results of the test are presented in Table 15. Under the assumptions, as in Section 5.2,

the Z-statistic is �1:8781, with a p-value of 0:0302. For the standard signi�cance level, the
test signi�cantly implies that the model of choice is the CCAPM model. If �nancial and utility

companies are included, as in Section 6.1, the test also signi�cantly chooses the CCAPM model

with a Z-statistic of �1:9205 and a p-value of 0:0274: The same conclusion is drawn if analyst�s
estimates of LTG are used in the CCAPM model together with an assumption of �5% growth

in the terminal value, as in Section 6.2, or if risk premia in the standard model are calculated

using arithmetic averages rather than geometric averages, as in Section 6.3. Not surprisingly

the smallest p-value is obtained in the model where risk premia are calculated using arithmetric
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Table 15: Vuong (1989) likelihood ratio test for model selection
Assumptions Z-statistic p-value Preferred model
As Section 5.2 �1:878 0:030 CCAPM
As Section 6.1 �1:921 0:027 CCAPM
As Section 6.2 �1:988 0:023 CCAPM
As Section 6.3 �2:070 0:019 CCAPM

Note: For a set of di¤erent assumptions the table presents the Z-statistic, calculated as in Vuong (1989), the corresponding
p-value and the favorable model as concluded from the Z-statistic and p-value.

averages since the standard model performs very poorly under this assumption.
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7 Conclusion

Analysts� forecasts of earnings growth 3-5 years ahead are without doubt too optimistic and

should be implemented in valuation models with caution. Using these optimistic forecasts in

valuation is crucial in the standard valuation model since the risk adjustment in this model

is too aggressive. The risk adjustment is so aggressive that instead of just balancing with the

error of too optimistic forecasts, it makes the standard model undervalue stocks for any set

of standard assumption about the model. Rather than trying to introduce two errors to the

model and hope for them to balance out, the results of this paper shows that lower pricing errors

can be obtained by taking a conservative approach when forecasting future growth in earnings

(ignoring analysts� forecasts of long-term growth) and use a conservative risk adjustment. The

results suggest that investors mainly care about the very certain short-term value creation

rather than uncertain value-creation far into the future and that investors prices risk of future

value creation in a very conservative manner.

Practical implementation of the CCAPM valuation model, considered in this paper, is

harder than the standard valuation model, but it requires less data and as such can be used

in more situations like, for example, pricing IPOs. In this paper the model is implemented

through 8 individually relatively simple steps, and I test the performance of the model against

a variety of CAPM and Fama-French based valuation models. The models are tested on a large

sample of US companies, using the data available when merging the Compustat, I/B/E/S and

CRSP databases through the period from 1982 to 2008.

Naturally, the most important requirement for a valuation model is that it calculates the

fundamental value of the company. Three performance metrics are considered. First, median

(absolute) valuation errors (compared to the market value) are compared between models.

Second, the fraction of valuations for which the absolute valuation error exceeds 15% or 25%

is calculated. Third, the returns from simple investment strategies based on the valuations

are considered. In terms of median (absolute) valuation errors and 15% (and 25%) absolute

valuation error, the CCAPM model greatly outperforms any version of the standard model.

When returns from the simple investment strategies are considered, the results are less clear,

but if anything they are still in favor of the CCAPM model. Considering raw returns or returns

adjusted by the market factor, both models are performing equally and very well in identifying

cheap and expensive stocks. However, when returns are adjusted for risk using the 3 Fama-

French risk factors, both models seem only to perform moderately. When considering Sortino
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ratios of the portfolios, the CCAPM model, in general, more consistently produces high values

for cheap portfolios and low values for expensive portfolios, i.e., on this measure the CCAPM

model outperforms the standard model.

In a robustness analysis I show that conclusions are unchanged whether �nancial and utility

companies are included in the sample or not. I also show that if analysts� forecasts of long-

term growth are utilized in both the standard and the CCAPM model, then the CCAPM

model clearly outperforms any version of the standard model on all performance meassures.

Large positive (negative) excess returns on cheap (expensive) portfolios based on the CCAPM

model can not be explained by either the CAPM model or the 3 Fama-French factors. This

suggests that the CCAPM model is able to utilize information contained in analysts� forecasts

of long-term growth in a much better way than the standard model. Further, the robustness

check shows that if risk premia in the standard model are calculated using an arithmetic mean

rather than the geometric mean then the performance of the standard model is even worse.

While the results of this paper are very encouraging for valuation models based on risk

adjustment in the numerator, substantial theoretical and empirical work remains to be done.

The model considered in this paper produces only little risk adjustment, and it is tempting to

infer that risk adjustment should play a role that falls somewhere between the CCAPM model

considered in this paper and the standard CAPM approach to valuation. The model here also

relies on very simple assumptions about investor preferences and time series properties of the

return on equity. Several extensions to these assumptions are natural candidates for improving

the performance of the risk adjustment.
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8 Appendix

Variance of ReBV
From the equation for ReBV (11) the variance of ReBV is given by

Vart [ReBVt;t+� ] = Et [ReBVt;t+� � Et (ReBVt;t+� )]2 = Et
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The third equality follows from " being serially uncorrelated and the last equality follows from
Pn

k=0 x
k =

1�xn+1

1�x for x 6= 1. For the consumption index (12) the variance is given by

Vart [cit+� ] = Et [cit+� � Et (cit+� )]2 = Et
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The covariance between ReBV and ci is given by

Covt (ReBVt;t+� ; cit+� ) = E [(ReBVt;t+� � Et [ReBVt;t+� ]) (cit+� � Et [cit+� ])]
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ROE convergence:
If I force RE to converge to 0 at time 12 it implies

RE12 = NI12 � �EB11 = 0, ROE12 = �E :

To achieve this, I assume that ROE grows from time 5 to 12 at a constant rate, � such that

ROE5 (1 + �)
7
= �E , � = 7

r

�E
ROE5

� 1:

With � known, I can calculate net income and book values recursively for t = 6; :::; 12 as follows

ROEt =
NIt
Bt�1

= (1 + �)ROEt�1 , NIt = (1 + �)ROEt�1Bt�1; (23)

Bt = Bt�1 + (1� �)NIt: (24)

If ROE5 is negative (NI5 < 0) the above procedure is not valid. However, I can use linear interpolation
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for ROE from ROE5 to ROE12 = �E . I can then calculate net income and book values recursively for
t = 6; :::; 12 as follows

ROEt =
NIt
Bt�1

=
�E �ROE5

7
+ROEt�1 , NIt =

�

�E �ROE5
7

+ROEt�1

�

Bt�1; (25)

Bt = Bt�1 + (1� �)NIt: (26)

If I force ROE to converge to the historical industry ROE, denoted by ROEindustry; I use the following
procedure. I let the company ROE at t = 5 grow to ROEindustry at t = 12. Industry ROE is given
from data and I can then calculate the growth rate as

ROE5 (1 + �)
7
= ROEindustry , � =

7

s

ROEindustry

ROE5
� 1:

With � known, I can calculate net income and book values recursively for t = 6; :::; 12 as in (23)-(24).

If
ROE

industry
12

ROE5
� 0, I use linear interpolation for ROE from ROE5 to ROE12=ROE

industry. I can
then calculate net income and book values recursively for t = 6; :::; 12 as in (25)-(26). Notice, this
method can result in companies having RE12 < 0. A company cannot keep running if it is losing value
and therefore if ROEindustry < �E I let ROE revert to �E instead of reversion to ROE

industry.

Construction of the consumption index:
From NIPA table 2.1 I obtain the annual population (midpoint), I. From NIPA table 2.3.4 I

obtain annual price index of non-durables PN and services PS . From NIPA table 2.3.5 I obtain annual
consumption data on non-durables CN and services CS .

The price index for consumption of both non-durables and services is calculated as a simple weighted
average of the individual price indices

p = pN
cN

cN + cS
+ pS

cS

cN + cS
:

The real aggregated consumption per capita is calculated as

accR =

�

cN

pN
+ cS

pS

�

I
:

The real consumption index is given by

ciR =
1


ln
�

accR
�

;

and the consumption index
ci = ciR + ln (p) :

Growth in limited participation aggregate consumption per capita, i.e., ln
�

accRt
accRt

�

is publicly available.
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This data could easily have been applied since, from equation (10)

cit � cit�1 = g + �t ,
ciRt + ln (pt)� ciRt�1 � ln (pt�1) = g + �t ,

1


ln
�
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1
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1
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�
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�

+ ln

�
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pt�1

�

= g + �t:

Partial e¤ects on risk adjustment
Ignoring �ra (amounts to assuming �ra > 0) in (15) yields

(�+ 1)
(�+ 1)

� � !�r
1 + �� !r

=
(�+ 1)

� � !�r
1� !r (�+ 1)�1

: (27)

Di¤erentiating with respect to � yields
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:

I can then check the inequality

(�+ 1)
�
(� � !r + ��� �!r) + !�+1r > 0:

Numerical investigation shows that for !r � 0; the inequality is satis�ed. For the less interesting
case of !r < 0 the sum of risk adjustment terms for � = 1; :::; N is always positive for 8N .

Di¤erentiating (27) with respect to !r yields

�
�
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It is seen that for � = 1; �� !r + !1r � (�+ 1)1 + 1 = 0, and there is no e¤ect of an increase in !r. For
� > 1; !r > 0 and � > 0 then !r > !

�
r and (�+ 1)

�
> �+ 1 such that

�� !r + !�r � (�+ 1)� + 1 < 0

and hence
� (�+ 1) (�� !r + !�r � (�+ 1)� + 1) > 0:

That is, the risk adjustment is increasing in !�r if there is a positive growth in the structural level of
residual income return.
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