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DIAGRAM CATEGORIES FOR U q-TILTING MODULES AT ROOTS OF UNITY

HENNING HAAHR ANDERSEN AND DANIEL TUBBENHAUER

ABSTRACT. In this paper we give a diagrammatic category (inspired by Elias’ dihedral cathedral)
that is a diagrammatic presentation of the category ofUq(sl2)-tilting modulesT for q being anl-th
root of unity. Moreover, we, following an approach of Soergel and Stroppel, introduce a grading
turningT into a graded categoryTgr. This grading is a purely “root of unity” phenomena and might
lead to new insights about the link, tangle and3-manifold invariants deduced fromT.

In addition, we also give a diagrammatic category for the (now graded) projective endofunc-
torspEnd(Tgr), indicate how our results could generalize toUq(sln) and maybe other types and
recall/collect some “well-known” facts to give a reasonably self-contained exposition.
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1. INTRODUCTION

1.1. The framework. In this paper we study the quantum groupUq(sl2) = Uq whereq is an
l-th root of unity, its category of tilting modulesT and the category of projective endofunctors
pEnd(T) combinatorially and diagrammatically.

Everything we do is completely explicit and “down to earth”,but motivated and deduced from
a general machinery that comes, from the side of representation theory, from pioneering work of
Soergel [62], Beilinson, Ginzburg and Soergel [10], Kazhdan-Lusztig [33] and Stroppel [65], and
from the side of combinatorics and diagrammatics, from Soergel [64], Khovanov-Lauda [38] and
Khovanov-Elias [20]. We expect that everything will generalize to sln (see Remarks 3.17, 3.23
and 4.39) and maybe to other types. But, of course, it will be much more complicated.

Let us motivate and explain our approach.

1.1.1. Quantum groups at roots of unity: Non-semisimplicity, modular representation theory and
affine Weyl groups.Fix a simple complex Lie algebrag. Then the finite1 dimensional representa-
tion theory of the quantum deformationUv(g) of U(g) is, for genericparameterv, semisimple and
very similar to the classical representation theory forU(g).

This drastically changes when specializingv to an l-th (we allow anyl > 2 throughout the
paper) root of unityq: The representation theory ofUq(g) is non-semisimple. This is mostly due to
the fact that the so-calledWeyl modulesat roots of unity are, in general,not simple and filtrations
by Weyl modulesdo notnecessarily split. A lot of questions remain open about the representation
theory at roots of unity. In fact, some magic happens: The representation theory ofUq(g) over
C hasmany similaritiesto the representation theory of a corresponding almost simple, simply
connected algebraic groupG over an algebraically closed fieldK of prime characteristic, see for
example [3] or [47]. On the other hand, the “combinatorics” (the irreducible characters) ofG
andUq(g) was conjectured by Lusztig (see [49] forG and [47] forUq(g)) to be related to values
at 1 of the Kazhdan-Lusztig polynomial associated to theaffineWeyl group forg. In addition,
Kazhdan and Lusztig proved later that the category of finite dimensionalUq(g)-modules (of type
1) is equivalent to a category of modules for the corresponding affineKac-Moody algebra, see [33].

This combined with the solution of Kashiwara and Tanisaki [32] of the Kazhdan-Lusztig conjec-
ture in the affine Kac-Moody case then solved the above mentioned conjecture for the irreducible
characters ofUq(g). Even closer related to our work: Soergel first conjectured in [63] and later
proved in [61] a corresponding statement about indecomposable tilting modules. In our littlesl2
case we do not need these deep results because we can work out both, the irreducible characters
and the indecomposable tilting modules,“by hand” .

Although we do not use or exploit the first relation to the algebraic groups in prime characteristic
in this paper much, we certainly use the second here by“shifting problems to infinity”: There
is “no” root of unity q anymore in Sections 3 and 4. Forg = sl2 the above means that the
“combinatorics” in our case is governed the infinite dihedral groupD∞. This is the main reason to
expect connections (as we work them out in Section 4) to Elias’ dihedral cathedral, see [19].

1.1.2. Tilting modules at roots of unity, modular categories and2 + 1-TQFT’s. It turns out, when
studying the representation theory ofUq(g), a certain category oftilting modulesT comes up

1If not otherwise stated: Modules in this paper are assumed tobe finite dimensional. There are only few exceptions
in this paper, e.g.Tq(∞) from Definition 2.24. We hope its clear from the context.
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naturally (we recall the definition in Section 2). The category T is inspired by the corresponding
category of tilting modules for reductive algebraic groupsdue to Donkin [26] (see also Ringel [58])
and shares most of its properties, see for example [1].

And, althoughT is nota semisimple category, it is a so-calledribbon (tensor) category(roughly:
It is monoidal and has duality) that behaves in many aspects similar to the semisimple monoidal
category ofUv(g)-modules. Such categories have an underlying topological behavior. In par-
ticular, as a ribbon (tensor) category it providesinvariantsof oriented, framed links and tangles
without relying on a braid presentation, see for example [71].

On the other hand, ribbon (tensor) categories that aresemisimpleand have afinite numberof
simple objects are the basic ingredients of so-calledmodular categories. The latter, as demon-
strated by Turaev [71], provide an abstract framework leading to2 + 1-TQFT’s and the Witten-
Reshetikhin-Turaev invariants of3-manifolds. Moreover, they are known to organize various al-
gebraic structures arising in for example topological quantum field theory, conformal field theory,
von Neumann algebras and vertex operator algebras (a good treatment can be found in e.g. [9]
or [71]). Thus, a basic question is how to obtain modular categories.

This is, among the connections mentioned above, another fact that makes its reasonable to study
T: As explained in details in for example [1] or [60], one can“semisimplify” T using anexplicit
process by setting so-called “negligible morphisms” to zero. The quotient is semisimple and has
only finitely many simple modules parametrized by the fundamental alcoveA0 (which we, in the
sl2 case, recall in Subsection 2.4). The quotient ofT provides therefore a modular category giving
rise to2 + 1-TQFT’s. These2 + 1-TQFT’s, by “evaluating” closed3-manifolds, provide then
invariants of3-manifolds.

1.1.3. Categorification and graded categories.A ground-breaking development towards proving
the so-calledKazhdan-Lusztig conjectureswas initiated by Soergel in [64]. He defines a com-
binatorial categoryS consisting of objects that are bimodules over a polynomial ring R. These
bimodules are nowadays commonly calledSoergel bimodulesand are indecomposable direct sum-
mands of tensor products of modules denoted byBi.

His category is additive, monoidal and graded and he proves that the Grothendieck groupK0 of
it is isomorphic to an integral form of the Hecke algebraHv(W ) associated to the Weyl groupW
of the simple Lie algebrag in question. Here the grading and the corresponding shifting functors
give on the level of Grothendieck groups rise to the indeterminatev of the Hecke algebraHv(W ).

Thus, we can say that Soergel’s constructioncategorifiesHv(W ). In fact, the categorification
works for any Coxeter groupW and its associated Hecke algebraHv(W ). For usW will be the
affine Weyl group forsl2 (i.e. the infinite dihedral groupD∞).

In fact, in the spirit of categorification outlined by Crane and Frenkel in the 90’s,gradedcate-
goriesC (or 2-categories) give rise to a structure of aZ[v, v−1]-module onK0(C). Many examples
of this kind of categorification are known. For example, Khovanov’s categorification of the Jones
polynomial (also calledsl2 polynomial) [34], Khovanov-Rozansky’s categorification of the sln
polynomial in [41] or Khovanov-Lauda and Rouquier’s categorification of Uv(g) and its highest
weight modules, see for example [38] and [59], are among the more popular ones and have opened
new directions of research.

Thus, it is natural to ask if we can introduce anon-trivial gradingon T as well. We do this
in Section 3 by using an argument pioneered by Soergel (see [62]) in the ungraded and Stroppel
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(see [65]) in the graded case for categoryO. Namely, the usage of Soergel’s combinatorial functor
Vm that gives rise to an equivalence of a block ofO (for g) and a certain full subcategory of
Mod-A. The algebraA is the endomorphism ring of theanti-dominant projectivein the block
and it can be explicitly (when the block is regular) identified with the algebra of coinvariants for
the Weyl group associated tog. This algebra can be given aZ-gradingand, as Stroppel explains
in [65], this set-up gives rise togradedversions of blocks of categoryO and the categories of
gradedendofunctors on these blocks.

In fact, as Stroppel explains in [65], her approach is a combinatorial alternative to the approach
of Beilinson, Ginzburg and Soergel given in [10].

As in the other cases above, thegrading is the crucial point: In categoryO the multiplicity
[∆q(λ) : Lq(µ)] of the simple moduleLq(µ) inside of the Verma∆q(λ) is given by evaluating the
corresponding Kazhdan-Lusztig polynomial at1. The Kazhdan-Lusztig polynomial is a polyno-
mial and not just a number and the grading ofO “explains” now the individual coefficients of these
polynomials as well.

In our case the role ofA is, as we explain in Section 3, played by an “infinite version”A∞ of a
quiver algebraAm that Khovanov and Seidel introduced in [42] in their study ofFloer homology.
Its “Koszul version” appears in various contexts related tosymplectic topology, algebraic geometry
and representation theory. In particular, it appears as a subquotient of Khovanov’s arc algebra that
he introduced in [35] to give an algebraic structure underlying Khovanov homology and whose
representation theory is known to be highly interesting as outlined in a series of papers by Brundan
and Stroppel, see [12], [13], [14], [15] and [16]. Khovanov’s arc algebra is naturally graded by
the Euler characteristic of cobordismsas Khovanov explains in [35]. This grading introduces a
grading on the subquotient that agrees with the Koszul grading onAm and thus, since we use this
grading to introduce a graded versionTgr of T (and its endofunctors), we tend to say thatT can be
given a natural grading from the viewpoint of topology and algebra.

We stress that this is apurely “root of unity” phenomenanow: The category of finite dimen-
sionalUv-modules is semisimple and has therefore no interesting grading. On the other hand, the
grading onTgr is non-trivial and gives for example rise (as mentioned above) to a “topological”
grading for similar modules of reductive algebraic groups over algebraical closed fieldsK of prime
characteristic.

Moreover, in the spirit above, graded categoryO can be used in various contexts. For example,
Stroppel explains in [66] and [67] how graded (parabolic) categoryO associated toslm+1 (or rather
the category of graded endofunctors) can be used to categorify them + 1-strand Temperley-Lieb
algebraTLv

m+1 (as conjectured by Bernstein, Frenkel and Khovanov in [11])and gives rise to a
method to obtain a generalization of Khovanov homology. Hermethod was later generalized by
Mazorchuk and Stroppel in [53] (which is “Koszul dual” to related work of Sussan [68]). It is only
indirectly known by work of Webster in [72] (or, alternatively, recent work of Cautis [18]) that (a
restriction of) their generalization agrees with Khovanov’s (and Rozansky’s for the more general
sln case) approach to link homologies.

Thus, an intriguing question is if one can use the grading onTgr to obtain new information
about invariants of links and tangles coming from the ribbonstructure ofT or about the Witten-
Reshetikhin-Turaev invariants. In fact, as we point out in Remark 3.24, the main point is that one
needs to see the structure of agraded ribbon (tensor!) category. This is a non-trivial problem:
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As we explain in Section 3, we introduce our grading onTgr block-wise. But the tensor product
does notrespect the blocks. Note that, as we deduce in Remark 3.31, each blockTgr

λ decategorifies
to the Burau representation of the braid groupB∞ with ∞-many strands (the split Grothendieck
groupK⊕

0 carries an action ofB∞).

Thus, each blockTgr
λ separatelycan be used to obtain invariants of links and tangles - there

are very explicit relations to Khovanov homology (with the path length grading we use), sutured
Khovanov homology (with the negative path length grading) and bordered Floer homology (with
Khovanov-Seidel’s original grading), see for example the work of Auroux, Grigsby and Wehrli [7]
and [8] or Stroppel [66] and [67]. Hence, each blockT

gr
λ separatelyyields information about link

and tangle invariants in thenon-root of unitycase, while the ribbon/modular structure ofT yields
the Witten-Reshetikhin-Turaev invariants. An interpretation of this is missing. Moreover, it is not
clear if the grading onTgr (which is purely a “root of unity” phenomena) and the graded (!) tensor
structure yield new and interesting information.

Life is short, but this paper isnot: Hopefully these questions will be addressed in a sequel of
this paper.

Furthermore, another open question is how our work connectsto the way more sophisticated
categorificationof the small quantum groupu+

Op
(sl2) (at a2p-th root of unity) studied by Elias,

Khovanov and Qi in [22], [37], [40] and [56]. We think that there should be a connection, but
we can not make it explicit at the moment. Moreover, a relation to Webster’s (way more general)
categorification of tensor products from [72] is also very likely, see also Remark 3.17.

1.1.4. Diagram categories, biadjoint functors and diagrammatic categorification.Recall that the
Schur-Weyl duality says that, ifV is a k dimensional vector space, then there are commuting
actions ofU(slk) andSn onV ⊗n that turn the quotientsU(slk)/I1 andK[Sn]/I2 by the kernels of
the actions into a dual pair. Ifv is an indeterminate, then the same works forUv(slk) andHv(Sn).
In the flavour of what could be calledgeometric categorification: Grojnowski and Lusztig have
categorified the dual pairUv(slk)/I1 andHv(W )/I2 using certain perverse sheaves on products of
partial flag varieties, see [27].

Later, as mentioned above, Khovanov and Lauda have categorifiedUv(slk), see [38], and not just
the finite dimensional quotientsUv(slk)/I1. Their approach, that has turned out to be very fruitful,
was to usediagrammatic categorification: They defined a certain2-categoryU(slk) consisting of
a certain type of so-called string diagrams whose (split) Grothendieck groupK⊕

0 (U(slk)) gives
the idempotented, integral forṁUv(slk)Z of Uv(slk). One of their main observations was that
theE’s andF ’s of U̇v(slk)Z behave like biadjoint(!) induction and restriction functors on certain
categories. As outlined in an even more general framework byKhovanov in [36] (although it
was folklore knowledge for some years and appears in a more rigorous form in for example [31]
or [54]), biadjoint functors have a“built-in topology” since, roughly, biadjointness means that we
can straighten out diagrams. To end this, recall that two functorsF : C → D andG : D → C
are adjoint (withF being the left adjoint ofG) iff there exist natural transformations calledunit
ι : idC ⇒ GF and counitε : FG ⇒ idD such that

(1.1.1) F
idF ◦ι //

idF

22FGF
ε◦idF // F and G

ι◦idG //

idG

22GFG
idG◦ε // G

commute.
5



In the string-2 framework (a good introduction is for example Section 2 in [43]) these equations
reveal their topological nature: If we picture the categoriesC,D as faces, the functorsF,G as
oriented strings and the natural transformations as (oftennot pictured)0-dimensional coupons, for
example

idF = D C

F

F

, idG = C D

G

G

, ι =

D

C

G F

idC

and ε =

C

D

F G

idD

(where we read from bottom to top and right to left), then the conditions in 1.1.1 are

C D

F

F

= D C

F

F

and D C

G

G

= C D

G

G
If, in addition,F is also right adjoint toG (thus, they arebiadjoint), we get similar pictures as above
(as we encourage the reader to verify). Thus, very roughly:“Biadjointness=planar isotopy”.

A main feature of theBi’s from Soergel categorification of the Hecke algebraHv(W ) is that
tensoring withBi is an endofunctor that is self-adjoint and, even stronger, aFrobenius object, i.e.
there are morphisms

Bi → R, R → Bi, Bi → Bi ⊗R Bi and Bi ⊗R Bi → Bi

pictured as (we read from bottom to top and right to left again)
R

Bi

,

Bi

R

,

Bi ⊗ Bi

Bi

and

Bi ⊗ Bi

Bi

that satisfy theFrobenius relations(plus reflections of these)

Frob1: = Frob2: = =

Thus, it is tempting to ask if one can give adiagrammaticcategorification in the spirit ofUq(sln)-
strings diagrams of Khovanov-Lauda (see [38]) for Soergel’s categorification as well. The observa-
tions from above, as Khovanov explains in Section 3 of [36], were the main reason why Khovanov
and Elias started to look for such a description.

They were (very) successful in their search and their diagrammatic categorification given in [20]
has inspired many successive work (most mentionable for this paper: Elias’ categorification of the
Hecke algebraHv(D∞) from [19] called thedihedral cathedral).

Moreover, the “down-to-earth” approach using a diagrammatic description has already led to
seminal results: As Elias and Williamson explain in Subsection 1.3 in [24], their algebraic proof
that the Kazhdan-Lusztig polynomials havepositivecoefficients forarbitrary Coxeter systems
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was discovered using the diagrammatic framework in [23] and[25]. Both papers are based on
Khovanov-Elias work (the paper [24] itselfdoes notcontain any diagram).

In our context: The combinatorics of the blocksTλ of T, as we explain in Subsection 2.5, is
mostly governed by two functorsΘs andΘt calledtranslation through thes andt-wall respectively.
Here, following Kazhdan-Lusztig approach from [33],s andt are the two reflections that generate
theaffineWeyl groupWl = 〈s, t〉 ∼= D∞ of sl2.

These functors, motivated from the categoryO analoga, arebiadjoint and satisfyFrobenius
relations. Moreover, we show in Lemma 3.8 and Theorem 3.12 that the samestill holds in the
graded setting.

Thus, it seems reasonable to expect thatT
gr
λ andpEnd(Tgr

λ ) have adiagrammaticdescription
as well. And, sinceWl

∼= D∞ (where the latter is the infinite dihedral group), it seems reason-
able to expect that these diagrammatic descriptions are related to Elias’dihedral cathedralD(∞)
from [19]. We prove this in Section 4. We point out that, even in our smallsl2 case, the diagram-
matic description, due to its “built-in” isotopy invariance and Frobenius properties (as explained
above), eases to work withTgr

λ andpEnd(Tgr
λ ).

Moreover, as we explain in Subsection 2.4, the combinatorics in our case is completely deter-
mine by the “shifts” of the fundamental alcoveA0 in one direction: This gives rise to a slight
asymmetry that we call the“dead-end condition”. This condition, as we explain in Section 4,
is the main reason why acertain quotientQD(∞) of D(∞) gives the diagrammatics behind the
(graded!) categoriesTgr

λ andpEnd(Tgr
λ ).

1.2. An outline of the paper. The outline of the paper is as follows.
• Most of Section 2 is well-known2, but we have also included some “new” observations

related to our approach (in particular, in Subsection 2.5).Section 2 is organized as:
– We recall in Subsection 2.1 some basic facts about quantum groups at roots of unity.

In particular, we recall in Definition 2.3 the algebra we are interested inUq = Uq(sl2).
– In Subsection 2.2 we recall the building blocks of the category of finite dimensional

Uq-modules, called(dual) Weyl modules∆q(i) (or ∇q(i)), their simple heads (or so-
cles)Lq(i) and recall some basic, but important, properties of these.

– In Subsection 2.3 we introduce the categoryT (and give some basic properties of it)
that we study in this paper: The category ofUq-tilting modules. In particular, we recall
the construction of theindecomposable tilting modulesTq(i). We introduce thetilting
generatorTq(∞) and itsm-th cut-offTq(≤ m) in Definition 2.24.

– In Subsection 2.4 we recall the linkage principle in Theorem2.23. This leads to a
block decomposition ofT. Furthermore, we give a classification of allUq-intertwiners
between theTq(i)’s in Proposition 2.28 that is crucial for the rest of the paper.

– In Subsection 2.5 we recall the for us most important functors calledontoT µ
λ and out

ofT λ
µ and through the wallΘs or t (see Definitions 2.30 and 2.31). Their combinatorics

(see Proposition 2.32) is crucial for us. Moreover, we introduce the categorypEnd(T)
of projective endofunctorsonT, see Definition 2.35, and deduce some properties of
it, see for example Proposition 2.38.

2Throughout the paper: “Well-known” means for us that strictly more than one person know it (not necessarily
including the authors).
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• In Section 3 we introduce a graded version ofT that we denote byTgr. The section is
organized as follows:

– We recall in Subsection 3.1 Khovanov-Seidel’sm-quiver algebraAm and introduce
in Definition 3.4 the “infinite version”A∞ (sorry for the terrible notation: This isnot
an A-infinity-algebra.) of it that gives rise to the grading on tilting modules. Both
algebras areZ-graded algebras where we, in contrast to Khovanov and Seidel, use the
Koszul grading (aka path-length grading).

– In Subsection 3.4 we give some basic facts about the categoryModgr-A of graded
(right)Am-modules and of its “infinite counterpart”Modgr-A∞.

– In Subsection 3.3 we introduce some very important functorsUeven andUodd (certain
sums of Khovanov-Seidel’s functorsUi with the Koszul grading) and show in the key
Lemma 3.8 that they are graded(!) biadjoint. We also introduce some refined versions
U t
even andU t

odd and deduce some properties of these as well.
– In the important Subsection 3.4 we first show in Propositions3.9 and 3.10 that

EndUq(Tq(≤ m)) ∼= Am and Endfs
Uq
(Tq(∞)) ∼= A∞

as algebras which introduces agradingon the left two algebras. Then we use analoga
of Soergel’s combinatorial functor that we denote byVm andV∞ to show in Theo-
rems 3.11 and 3.12 that

Tλ(≤ m) ∼= pMod-Am and Tλ(∞) ∼= pMod-A∞,

where thep indicates projective modules and theλ afixed block. Moreover, we show in
the same theorems thatUeven andUodd correspond toΘs andΘt under this equivalence.

– Using the results from Subsection 3.4, we finally introduce in Subsection 3.5Tgr as a
graded version ofT and show thatall modules inT can be equipped with a grading,
see Proposition 3.19. In addition, we show in Proposition 3.28 that the same works for
pEnd(T) as well. Using both, we refine in Proposition 3.21 and Corollary 3.27 some
of the properties from Section 2. Moreover, we show in Corollary 3.30 that there is an
isomorphism of graded ringsEndgr(id) ∼= Z(A∞), whereZ(·) denotes the center,id
is the identity functor onTgr

λ and the endomorphism ring is to be taken inpEnd(Tgr
λ ).

• Section 4 finally provides the diagrammatic interpretationof the results from before. Sec-
tion 4 is organized as:

– In order to help the reader, we recall in Subsection 4.1 some basic definition and facts
about diagrammatic categories, Karoubi envelopes and additive closures that we need.

– In Subsection 4.1 we recall in Definition 4.7 the graded(!) categoryD(∞): Elias’
beautifuldihedral cathedralD(∞) and deduce some basic properties of it.

– In Subsection 4.3 we introduce our graded(!)quotientQD(∞) of D(∞), see Defi-
nition 4.18, and show in Proposition 4.24 thatQD(∞) satisfies the relations of Kho-
vanov and Seidel’s∞-quiver algebraA∞.

– In Subsection 4.4, we give in Definition 4.25 anexplicit functorD∞ that, as we show
in Theorem 4.28 of Subsection 4.4, that this functor is anequivalenceof graded(!)
categoriesD∞ : Mat(Q̂D(∞)) → T

gr
λ .

– In the last subsection, that is, Subsection 4.5, we give an extension of the results from
before by giving adiagrammaticcategory forpEnd(Tgr) as well, see Theorem 4.37.

We point out that everything is completely“low-tech” andvery explicit. We have, hoping to help
the reader, illustrated this with manyexplicit examplesalong the way.
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2. THE TILTING CATEGORY

In this section we shall describe the categoryT we are interested in, that is, the category of finite
dimensional tilting modules for the quantum group ofsl2 at a fixed root of unityq in Q(q)3. We
sometimes also restrict to blocksTλ,Tµ of T. We point out right away our convention will be to let
λ ∈ A0 denote an element in thefundamental alcoveA0, see 2.4, whileµ will denote an element
on one of the twowalls of A0. Note thatTµ is semisimple, whileTλ is far away from being so.

Most parts of this section are known and can be found in the literature cited throughout the text.
In fact, we give a hopefully self-containing summary of the results in thesl2 case since most results
are either spread over the literature or only mentioned implicitly. But we note that we have also
included some new observations related to our context as well.

We start in Subsection 2.1 by recalling the notion ofUq, see Definition 2.3, which is obtained by
specializingLusztig’s so-calledA-form to a fixed root of unityq ∈ Q(q). Moreover, Subsection 2.1
contains some basic facts aboutUq and its modules.

In Subsection 2.2 we recall the Weyl∆q(i) and the dual Weyl∇q(i) modules and the simple
modulesLq(i). Then, in Proposition 2.7 and Corollary 2.8, we recall theirrelationship.

In Subsection 2.3 we recall the notion of tilting modules in Definition 2.13 and show some basic
properties about the category of tilting modulesTall in Proposition 2.16. Moreover, we introduce
the categoryT we are interested in, see Definition 2.17, and show some basicproperties of it in
Lemma 2.18.

Then, in Subsection 2.4, we recall in Theorem 2.23 the linkage principle in our case and use it
to classify the hom-spaces between tilting modules in Proposition 2.28 and Corollary 2.29. These
statements will be crucial in Section 3. We also introduce the indecomposable tilting modulesTq(i)
and the tilting generatorTq(∞) and discuss some properties of these, see Definition 2.24.

Last but not least, in Subsection 2.5, we introduce in Definition 2.35 the various categories of
projective endofunctors onT or its blocksTλ,Tµ, denoted bypEnd(T), pEnd(Tλ) andpEnd(Tµ).
We discuss the combinatorics of the so-calledtranslation functorsΘλ

s andΘλ
t (these are functors

in pEnd(Tλ)) in Proposition 2.32.

We note that we mostly follow Jantzen’s book [29] with our notation and conventions andv
denotes an indeterminate whileq ∈ Q(q) denotes a fixed root of unity. Furthermore, we note that
all module categories in this section are categories ofleft modules and, in contrast to Sections 3
and 4, where we read fromright to left and useright modules.

2.1. Quantum groups at roots of unity.

Definition 2.1. Thequantum special linear algebra, denoted byUv(sl2), is the associative, unital
Q(v)-algebra generated byK andK−1 andE, F subject to the relations

KK−1 = K−1K = 1,

EF − FE =
K −K−1

v − v−1
,

KE = v2EK and KF = v−2FK.

3We like to work in the cyclotomic fieldQ(q) instead ofC because it has a more combinatorial flavour, but we need
a field of characteristic zero containingq in this section.
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We denote the algebraUv(sl2) as a shorthand notation just byUv.

It is worth noting thatUv is a Hopf algebra with coproduct∆ given by

∆(E) = E ⊗ 1 +K ⊗ E, ∆(F ) = F ⊗K−1 + 1⊗ F and ∆(K) = K ⊗K.

The antipodeS and the counitε are given by

S(E) = −K−1E, S(F ) = −FK, S(K) = K−1, ε(E) = ε(F ) = 0 and ε(K) = 1.

Recall that the Hopf algebra structure allows to extend actions to tensor products of representations,
to duals of representations and there is a trivial representation.

Note that there are different, but isomorphic, possible conventions for the Hopf algebra structure.
As mentioned above, we follow Jantzen [29] and Lusztig [46].

We are interested in the root of unity case. Thus, we want to “specialize” thev of Uv to be a
root of unityq ∈ Q(q) (note our notation again:v is ageneric parameterandq is afixed root of
unity). In order to do so, we consider Lusztig’sA-form UA, see [48]. Thus, we setA = Z[v, v−1].
Furthermore, we use fora ∈ Z andb ∈ N the convention that[a] denotes thequantum integer
(with [0] = 1), [b]! denotes thequantum factorial, that is

[a] =
va − v−a

v − v−1
= va−1 + va−3 + · · ·+ v−a+1 + v−a+1 and[b]! = [0][1] · · · [b− 1][b],

and [
a
b

]
=

[a][a− 1] · · · [a− b+ 2][a− b+ 1]

[b]!
∈ A

denotes thequantum binomial. Observe that[−a] = −[a].

Definition 2.2. (Lusztig’s A-form UA) Define for allj ∈ N thej-th divided powers

E(j) =
Ej

[j]!
and F (j) =

F j

[j]!
.

ThenUA is defined as theA-subalgebra ofUv generated byK,K−1, E(j) andF (j).

Now we can specialize.

Definition 2.3. Fix a root of unityq ∈ Q(q) of orderl′ > 2. Denote byl the order ofq2, i.e. if l′

is evensetl = l′

2
and if l′ is odd setl = l′ in the following4. ConsiderQ(q) as anA-module by

specializingv to q. Define

Uq(sl2) = Uq = UA ⊗AQ(q).

We abuse notation and writeE(j) instead ofE(j) ⊗ 1. Analogously for the other generators.

Remark2.4. It is easy to check thatUA is a Hopf subalgebra ofUv. Thus,Uq inherits a Hopf
algebra structure fromUv. In particular, if one has aUq-moduleM , thenM∗ has an induced
action given by

Xf : m 7→ f(S(X)m), for X ∈ Uq, m ∈ M and f ∈ M∗ = HomUq(M,Q(q)),

4The reason why these cases are slightly different is due to the fact that[a] = 0 iff q2a = 1.
10



whereQ(q) is a Uq-module, calledtrivial , with an action induced by the antipodeε. It follows
that, ifm ∈ M is an eigenvector ofK with eigenvalueα andm∗ ∈ M∗ a dual vector with respect
to someK stable complement ofQ(q)m in M , then

(2.1.1) Km = αm ⇐⇒ Km∗ = α−1m∗.

Moreover, note that[j] = 0 ∈ Uq iff l|j. Still E(l), F (l) stay well-defined, sinceE(l) = E(l) ⊗ 1
with left part inUA (where[j] is never zero). Likewise forF (l). But this impliesEl = [l]!E(l) = 0
and again similarlyF l = 0. It also follows that we haveK2l = 1 (which can be deduced from the
equationsEl = F l = 0 together with the relations in the second and third line of Definition 2.1).

2.2. Weyl modules, dual Weyl modules and simple modules.As usual in representation theory
one wants to determine for example the simple modules by giving anexplicitdefinition of modules
whose unique simple quotients determine the simple modules. For us these are the so-calledWeyl
modules∆q(i) which play the same role as the Verma modules do in categoryO for sl2. Note that
we even use the same notation as some authors do for the Verma’s.

Definition 2.5. (Weyl, dual Weyl and simple modules) Let i ∈ N and denote by∆q(i) the i-th
Weyl module. This is thei + 1-dimensionalUq-module with a basis given bym0, . . . , mi and an
action defined by

Kmk = qi−2kmk, E(j)mk =

[
i− k + j

j

]
mk−j and F (j)mk =

[
k + j
j

]
mk+j,

with the convention thatm<0 = m>i = 0. The i-th dual Weyl module, denoted by∇q(i), is
obtained from∆q(i) by taking the dual, that is,HomUq(∆q(i),Q(q)) = ∆q(i)

∗ = ∇q(i).

It is easy to check directly that∆q(i) has aunique simple quotient(the so-calledheadof ∆q(i))
that we denote byLq(i). See also Section 4 in [5].

Example2.6. Let us illustrate the difference to the case whereq is not a root of unity. So let us fix
l = 3 = i and letq = −1+

√
−3

2
. We use thisq in a lot of examples in the following:Every timewe

fix l = 3 we work with this particularq.

The Weyl module∆q(3) is four dimensional with basis given bym0, m1, m2, m3. The action of
F on these is

Fm0 =

[
1
1

]
m1 = m1, Fm1 =

[
2
1

]
m2 = [2]m2 = −m2, Fm2 =

[
3
1

]
m3 = [3]m3 = 0.

Similar, but mirrored for the action ofE, that is

Em3 =

[
1
1

]
m2 = m2, Em2 =

[
2
1

]
m1 = [2]m1 = −m1, Em1 =

[
3
1

]
m0 = [3]m0 = 0.

Thus, we can visualize this as (the occurrence of0’s here is the main difference to the non-root of
unity case where these0’s do not appear)

(2.2.1) m3

+1 //

q−3

��
m2

0
oo

−1 //

q−1

��
m1

0 //
−1

oo

q+1

��
m0,

+1
oo

q+3

��
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where the action ofE points to the right and the action ofF to the left andK acts as a loop.

We also haveF (2)m1 = 0 andE(2)m2 = 0. Thus, theA-span of{m1, m2} is now, in contrast to
the “classical” case, stable under the action ofUq.

Another example we encourage the reader to check is

(2.2.2) m4

+1 //

q−4

��
m3

+1
oo

−1 //

q−2

��
m2

0 //
0

oo

q0

��
m1

+1 //
−1

oo

q+2

��
m0,

+1
oo

q+4

��

wherel andq are as before andi = 4. Moreover, we haveE(2)m2 = F (2)m2 = 0. Thus,∆q(4)
has the trivialUq-module spanned bym2 as a submodule.

Note that K acts on∆q(i) via the eigenvaluesq−i, q−i+2, . . . , qi−2, qi. Thus, by Equation 2.1.1,
the same is true for its dual∇q(i). Moreover, theLq(i) are self-dual, see e.g. Section 4 in [5].

Proposition 2.7. We have the following.

(a) ∆q(i) = Lq(i) iff i < l or i ≡ −1 mod l.
(b) Supposei = al+ b for somea, b ∈ N with b ≤ l− 2. Seti′ = (a+ 2)l− b− 2. Then there

exists an exact sequence

0 −→ Lq(i) −→ ∆q(i
′) −→ Lq(i

′) −→ 0.

Moreover,Lq(i
′) is the head andLq(i) is the socle of∆q(i

′).

Proof. See Corollary 4.6 in [5]. �

Corollary 2.8. We have the following.

(a) ∇q(i) ∼= Lq(i) iff i < l or i ≡ −1 mod l.
(b) Supposei = al+ b for somea, b ∈ N with b ≤ l− 2. Seti′ = (a+ 2)l− b− 2. Then there

exists an exact sequence

0 −→ Lq(i
′) −→ ∇q(i

′) −→ Lq(i) −→ 0.

Moreover,Lq(i
′) is the socle andLq(i) is the head of∇q(i

′).

Proof. This follows from the self-duality of theLq(i)’s and the fact that∗ is an exact and con-
travariant functor. �

Example2.9. Fori = 0 andl, q as in Example 2.6 we havei′ = 4. As predicted by Proposition 2.7,
the trivial submoduleLq(0) appears as a submodule of∆q(4), see 2.2.2.

We should note here that there are two different types ofUq-modules known astype1 and−1,
see for example Section 1 in [5]. For us the difference between the two types is not important in
this paper and weonlyconsiderUq-modules of type1. We only note the (more general) treatment
in Section 1 of [5] ensures that the consideration of only type 1 is still enough to get results for
both types. The following corollary is well-known and can befound for example for the general
case in Corollary 6.3 of [5].

Corollary 2.10. The set{Lq(i) | i ∈ N} is an up to isomorphisms a complete set of simple,
pairwise non-isomorphicUq-modules (of type1). �
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Remark2.11. The category of (finite dimensional)Uq-modules isfar awayfrom being semisimple.
For example, the decomposition in 2.2.1 shows that∆q(3) has only one simpleUq-submodule,
namely the one spanned by{m1, m2}. Its complement however is not aUq-submodule. Thus,
∆q(3) is indecomposable, but not simple. In fact, Proposition 2.7says that∆q(i) is never simple
whenever we are in the case (b).

2.3. Tilting modules and the tilting categoryT.

Definition 2.12. (∆- and ∇-filtration ) We say that aUq-moduleM has a∆-filtration if there
exists a descending sequence of submodules

M = F0 ⊃ F1 ⊃ · · · ⊃ Fi ⊃ . . . , and
∞⋂

i=0

Fk = 0

such that for alli = 0, 1 . . . we haveFi/Fi+1
∼= ∆q(i

′) for somei′ ∈ N. A ∇-filtration is defined
similarly, but using∇q(i

′) instead of∆q(i
′) and an ascending sequence of submodules, that is

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fi ⊂ . . . , and
∞⋃

i=0

Fk = M

such that for alli = 0, 1 . . . we haveFi+1/Fi
∼= ∇q(i

′) for somei′ ∈ N.

Note that such filtrations are unique up to reordering, see e.g. Proposition II.4.16 in [30]. More-
over, it is clear that a finite dimensionalUq-moduleM has a∆-filtration iff M∗ has a∇-filtration.

Definition 2.13. (Tilting module ) We call aUq-moduleM a tilting moduleif it has a∆- and a
∇-filtration. We say short thatM is tilting.

Note that finite dimensional tilting modulesM havefinite filtrations, i.e.FN = FN+k for some
N ∈ N and allk ∈ N.

Example2.14. Considerl = 3 again. ClearlyQ(q) = ∆q(0) ∼= ∇q(0) is tilting. Furthermore,
recall from Definition 2.5 that∆q(1) has two basis vectorsm0 andm1. Moreover,Km0 = qm0,
Em0 = 0, Fm0 = m1 andKm1 = q−1m1, Em1 = m0, Fm1 = 0. Thus, we have the tilting
module

(2.3.1) m1

1 //

q−1

��
m0.

1
oo

q+1

��

More general: Fori < l or i ≡ −1 mod l, by Proposition 2.7 and Corollary 2.8, we see that
∆q(i) = Lq(i) ∼= ∇q(i) is tilting.

Since the category ofUv-modules is semisimple it follows thatall finite dimensionalUv-modules
are tilting and this notion is somehow redundant for the non-root of unity case.

Recall that the comultiplication∆: Uq → Uq ⊗Q(q) Uq allows us to make the tensor product of
two Uq-modules into aUq-module. It is easy to see (in oursl2 case - in general this is a non-trivial
theorem, see e.g.Theorem 3.3 in [55]) that∆q(i)⊗Q(q) ∆q(i

′) has a∆-filtration with factors

(2.3.2) ∆q(|i− i′|), · · · ,∆q(i+ i′ − 2), ∆q(i+ i′), i, i′ > 0

and likewise for∇q(i)⊗Q(q)∇q(i
′). In fact, what makes the tilting modules useful is the important

point that the indecomposable tilting modules are exactly thesummands of the tensor productsof
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(dual) Weyl modules∆q(λ),∇q(λ) for λ in the so-calledfundamental alcoveA0 (for our sl2-case
see Subsection 2.4 and in general see e.g. Section 6 in [60]).

Definition 2.15. (Full tilting category ) We denote byTall the full subcategory of allUq-modules
that are tilting. We denote its class of objects byOb(Tall).

Proposition 2.16.The categoryTall has the following properties.

(a) If M,M ′ ∈ Ob(Tall), thenM ⊕M ′ ∈ Ob(Tall).
(b) If M ⊕M ′ ∈ Ob(Tall), thenM,M ′ ∈ Ob(Tall).
(c) If M,M ′ ∈ Ob(Tall), thenM ⊗Q(q) M

′ ∈ Ob(Tall).

Proof. The parts (a) is immediate, part (b) is easy to verify and leftto the reader (if he/she likes)
and the non-trivial part (c) can be deduced from 2.3.2 and thecorresponding statement for the dual
Weyl modules∇q(i). �

In fact, the categoryTall is the category one would like to understand, but it is also very compli-
cated. This motivates the definition of the category we want to consider.

Definition 2.17. (The tilting category T) LetT be the full subcategory ofTall of all finite dimen-
sional tilting modules. That is, it consists of:

• The objectsOb(T) are all finite dimensionalUq-tilting modulesM ∈ Ob(Tall).
• The morphismsHomT(M,N) are allUq-intertwinersf ∈ HomUq(M,N).

Lemma 2.18.We have the following.

(a) The categoryT is Krull-Schmidt and every indecomposable tilting inT is of the formTq(i)
for somei ∈ N.

(b) The categoryT is closed under finite sums and finite tensor products. Moreover, the cate-
goryT is additive5.

(c) LetM ∈ Ob(T). ThenM∗ ∈ Ob(T), i.e.T is closed under duals.
(d) The Weyl modules∆q(i), the dual Weyl modules∇q(i), the simple modulesLq(i) (for all

i < l or i ≡ −1 mod l) and the tilting modulesTq(i) are (for all i ∈ N) all in T.

Proof. Note that most of these statements can be verified by following for example similar state-
ments in related categories, see for example Section 1 in [28].

Part (a): Being a full subcategory of finite dimensionalUq-modulesT is clearly Krull-Schmidt.
Moreover, by Proposition 2.20, all finite dimensional indecomposable tiltings are of the formTq(i)
for somei ∈ N.

Part (b) follows from (a) and Proposition 2.16. We point out thatT is not closed under submod-
ules or quotients since for example the simpleUq-modulesLq(i) are not tilting in general.

SinceHomUq(·,Q(q)) commutes with finite sums, part (c) follows also from Proposition 2.16.

Part (d) is a direct consequence of Proposition 2.7 and Corollary 2.8. �

Remark2.19. It follows from Lemma 2.18 part (b) and (c) thatT is a rigid category(a monoidal
category with dual and certain compatibility properties).Moreover,T is even a so-calledrib-
bon (tensor) category. Furthermore,T gives rise to a so-calledmodular category(roughly: One

5In fact, the subfactors∆q(i), ∇q(i) andLq(i) of Tq(i) arenot tilting modules unlessi < l or i ≡ −1 mod l

which makes our category only additive and not abelian.
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mods out by negligible tiltings whose quantum trace is zero)and thus, gives a2 + 1-dimensional
TQFT and can be used to define the Witten-Reshetikhin-Turaevinvariants of3-manifolds. Good
treatments about this is Section 4 in [1] or Section 7 in [60].

Define, using Propositions 2.7 and 2.16 and Equation 2.3.2, afamily (Tq(i))i∈N of indecom-
posable tilting modules as follows. We start by settingTq(0) = Lq(0) = ∆q(0) ∼= ∇q(0) and
Tq(1) = Lq(1) = ∆q(1) ∼= ∇q(1). Then we denote bym0 ∈ Tq(1) any eigenvector forK with
eigenvalueq. For eachi > 1 we defineTq(i) to be the indecomposable summand of(Tq(1))

⊗i

which contains the vectorm0 ⊗ · · · ⊗m0 ∈ (Tq(1))
⊗i.

Denote by(M : ∆q(i)) ∈ N thefiltration multiplicity for anUq-tilting moduleM . It is clear by
using Equation 2.3.2 that

(2.3.3) ((Tq(1))
⊗i : ∆q(i)) = 1 and ((Tq(1))

⊗i : ∆q(i
′)) = 0 for i′ > i.

Hence,Tq(i) may also be described as the unique indecomposable summand of (Tq(1))
⊗i that

contains∆q(i). We note the following more precise statement.

Proposition 2.20.
(a) ∆q(i) = Lq(i) = Tq(i) ∼= ∇q(i) iff i < l or i ≡ −1 mod l.
(b) Supposei = al+ b for somea, b ∈ N with b ≤ l− 2. Seti′ = (a+2)l− b− 2. Then there exist
exact sequences

0 −→ ∆q(i
′) −→ Tq(i

′) −→ ∆q(i) −→ 0 and 0 −→ ∇q(i) −→ Tq(i
′) −→ ∇q(i

′) −→ 0.

(c) We haveTq(i) ∼= Tq(i
′) iff i = i′. Moreover, ifM ∈ Ob(T) is indecomposable (of type1), then

there exists ani ∈ N such thatM ∼= Tq(i).

Proof. Part (a) is clear by Proposition 2.7 and Corollary 2.8. For part (b) we use in addition
Equation 2.3.2 repeatedly for the indecomposable tiltingTq(1) = ∆q(1) from Example 2.14.

To see the first statement of (c) assume, without loss of generality, thati′ > i. Then, by Equa-
tion 2.3.3, we see that∆q(i

′) appears with multiplicity1 in Tq(i
′), but not inTq(i). Thus, they are

not isomorphic.

That every finite dimensional indecomposable tilting is of this form needs a little bit more treat-
ment. But it is a standard argument that appears in various contexts and can be adopted for example
from Section 11.2 in [28] or Section II.E.6 in [30]. �

Example2.21. Let us consider our favourite examplel = 3 again. The tilting moduleTq(2) can
be visualized by considering the tensor productTq(1)⊗Q(q) Tq(1) from 2.3.1 which looks like

⊗ m1

1 //

q−1

��
m0

1
oo

q+1

��

m1

1

��

q−1
22 m11

1 //

1

��

q−2

.. m01
1

oo

1

��
+

q0pp

m0

1

OO

q+1
22 m10

1 //

1

OO

q0 .. m00
1

oo

1

OO

q+2

pp

where we have simplified notationmij = mi ⊗ mj . By construction,Tq(2) containsm00 and it
therefore has to be the span of{m00, q

−1m10 + m01, m11} as indicated above (keep in mind that
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E, F act on tensor products via the comultiplication). This matches Proposition 2.20 part (a) since
we see that this span isomorphic toLq(2).

Remark2.22. One can in addition to part (f) show that the category of all finite dimensional pro-
jectiveUq-modules, denoted byUq-pMod, is a full subcategory ofT (see e.g. Section 5 in [1]).
The same is true for finite dimensional injectiveUq-modules:T has enough injective and projec-
tive modules. In fact, something stronger is true (see e.g. Section 5 in [1]), namely thatTq(i) is
injective and projective for alli ≥ l − 1. Hence,{Tq(i) | i ≥ l − 1} is a complete set of pairwise
non-isomorphic, projective (injective) indecomposable,finite dimensionalUq-modules.

2.4. The linkage principle and blocks. Consider the alcoveA0 and its closureĀ0 given by

A0 = {k ∈ Z | −1 < k < l − 1} and Ā0 = {k ∈ Z | −1 ≤ k ≤ l − 1}.

We callA0 thefundamental alcove. Any other alcove inZ is clearly of the formA0 + il for some
i ∈ N. Moreover, we call−1, l − 1 ∈ Ā0 −A0 walls ofA0.

We denote bys andt the reflections in these walls, i.e.

s.k = −k − 2 and t.k = −k − 2 + 2l for k ∈ Z.

Theaffine Weyl groupis Wl = 〈s, t〉 in this case. Both generators are of order2 (in the group of
permutations ofZ). Because ofst.k = s.(t.k) = s.(−k − 2 + 2l) = k − 2l, we see thatst is not
of finite order. Thus,Wl ≃ D∞ where the latter is theinfinite dihedral group. This observation
makes it reasonable to expect connections to Elias’ dihedral cathedral, see [19] or Section 4.

We denote byWl.x the orbits inZ≥−1 under the action of the affine Weyl group onx ∈ Z≥−1

where we, by convention, define the actionWl.x for x ∈ A0 + il by letting the affine Weyl group
act on theA0-part and then shift byil. For our favourite casel = 3 this can be visualized as

(2.4.1) −1 0 1 2 3 4 5 6 7 8 9

s-wall s-wall

t-wall

Dead-end

with red (or top) action bys and green (or bottom) action byt. For this restriction we can read of
the orbit of0 as0

s
→ 4

t
→ 6

s
→ 10

t
→ . . . .

The following is known as thesl2-linkage principle. In thesl2 case this can be easily derived
from Propositions 2.7 and 2.20 and Corollary 2.8. The more general highly non-trivial statement
can for example be found in Theorem 3.1 in [2].

Theorem 2.23.(Linkage principle) A simple moduleLq(i) can occur as a composition factor in
∆q(i

′), ∇q(i
′) or Tq(i

′) only if i′ ∈ Wl.i andi ≤ i′.

Proof. Use Propositions 2.7 and 2.20 and Corollary 2.8. �

The linkage principle motivates the following notational convention and definition.

Notation. We alwaysuseλ for elements in the fundamental alcoveA0 andµ for elements on the
walls of the fundamental alcovēA0 − A0. SetAi = {i′ | il − 1 < i′ < (i + 1)l − 1} = A0 + il
for eachi ∈ N. Supposeλ ∈ A0 andµ ∈ Ā0 − A0. We writeλi andµi for the unique elements
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in Ai ∩Wl.λ andĀi ∩Wl.µ. Note that, ifµ = −1, thenµ1 = µ2, µ3 = µ4 and so forth, while for
µ = l − 1 we haveµ0 = µ1, µ2 = µ3 etc. See also 2.4.1.

We define the tilting generatorTq(∞) and its cut-off’sTq(≤ m) that will play a crucial role in
Section 3. By abuse of notation, we denote them in the same wayfor all λ andµ and hope that it
is clear from the context which ones we consider.

Definition 2.24. (The tilting generator) We call for eachm ∈ N∪{∞} theUq-modules given by

Tq(∞) =
∞⊕

i=0

Tq(λi) and Tq(≤ m) =
m⊕

i=0

Tq(λi)

thetilting generatorand itsm-th cut-off, respectively. Likewise for theµ’s instead ofλ’s.

Denote byTλ for λ ∈ A0 theλ’s block ofT: All indecomposable summands of modules ofTλ

should be of the formTq(i) for i ∈ Wl.λ. We, using a similar notation on walls, have the following
decomposition.

We note again thatTq(∞) is not finite dimensional and therefore not inT, but only inTall. Still:
Its combinatorics, as we show in Subsection 3.4, governs thecategoryT. On the other hand, the
cut-offsTq(≤ m) are inT.

Lemma 2.25.We have
T =

⊕

λ∈A0

Tλ ⊕T−1⊕Tl−1

with semisimple categoriesT−1 andTl−1 equivalent to the correspondingUv-modules categories
(non-root of unity case). Moreover, for allλ ∈ A0, we have the following.

(a) The categoriesTλ are Krull-Schmidt subcategories ofT. Moreover, every indecomposable
tilting in Tλ is of the formTq(i) for somei ∈ N andi ∈ Wl.λ.

(b) The categoriesTλ are closed under finite sums and are additive categories.
(c) LetM ∈ Ob(Tλ). ThenM∗ ∈ Ob(Tλ).

Analoga of the statements (a)-(c) are also true for the categoriesT−1 andTl−1.

Proof. This is now only a combination of Theorem 2.23 and Lemma 2.18.Note thatT−1 andTl−1

are equivalent to categories ofUv-modules by Proposition 2.20 part (a). �

Notation. If it is clear from the context whichλ we consider, then we, by abuse of notation, denote
the indecomposable tilting modules forλi just byTq(λi) = Tq(i). Similarly for simple, Weyl and
dual Weyl modules and on walls.

Example2.26. Take our favourite examplel = 3 again, see 2.4.1. Then we only have twoλ’s,
namely0, 1. Moreover, we have twoµ’s, namely−1, 2.

Then the indecomposable tilting modules inT0 areTq(i) for i = 0, 4, 6, . . . as a look at 2.4.1
indicates. ForT1 they areTq(i) for i = 1, 3, 7, . . . . The two blocksT−1 andT2 are semisimple
and consist of direct sums ofTq(i) = Lq(i) for i = 5, 11, . . . and fori = 2, 8, . . . respectively.

Remark2.27. As in the usual case for an indeterminatev, we have atriangular decomposition
Uq = Uq

− Uq
0 Uq

+, see for example Section 1 of [5]. If we setB−
q = Uq

− Uq
0, then, for any

i ∈ N, the Weyl module∆q(i) has the following universal property: For anyUq-moduleM there
is an isomorphism of vector spaces

HomUq(∆q(i),M) ∼= {m ∈ M | χi(b)m, b ∈ B−
q }.
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How the characterχi : B
−
q → Q(q) is determined byi can be found in Lemma 1.1 in [5]. This

together with Definition 2.5 and Proposition 2.7 imply that

HomUq(∆q(i), Lq(j)) ∼= HomUq(∆q(i),∇q(j)) ∼= δijQ(q)

for all i, j ∈ N. In particular,

HomUq(Lq(i), Lq(j)) ∼= δijQ(q),

i.e. Schur Lemma holds in our set-up. Note that this is in facttrue for general quantum groups
overarbitrary fields, see Corollary 7.4 in [5].

In addition, we get in our case, by using Proposition 2.7 and Corollary 2.8, that

HomUq(∇q(i),∆q(i)) ∼= Q(q),

for all i ∈ N6.

The following maps are very important for us in Sections 3 and4. We call themupuλ
i , downdλi

andloopελi (or simplyui, di andεi) respectively.

Proposition 2.28.There exist up to scalars uniqueUq-intertwinersuλ
i , d

λ
i with

uλ
i : Tq(λi) → Tq(λi+1), i = 0, 1, . . . , and dλi : Tq(λi) → Tq(λi−1), i = 1, 2, . . . .

They satisfy

uλ
i+1 ◦ u

λ
i = 0 = dλi ◦ d

λ
i+1, 0 = 1, 2, . . . , and dλi+1 ◦ u

λ
i = ελi = uλ

i−1 ◦ d
λ
i , i = 1, 2, . . .

and the left dead-end relation
dλ1 ◦ u

λ
0 = 0

for eachi ∈ N andλ ∈ A0. Moreover,ελi ◦ ε
λ
i = 0 for i = 1, 2, . . . .

Proof. First let us assume that we are not in the dead-end relation (in fact, we leave it to the reader
to verify this special case), that is, the indicesi are at least1. We want to use Proposition 2.7 and
Corollary 2.8. Moreover, we note that theUq-morphisms below will only be unique up to scalars
and their precise form does not matter. We only assume that they are non-zero. In fact, by abuse
of notation, we always use the same symbols, but the maps are in general of course different.

We consider
Lq(λi) // ∇q(λi)

a // Lq(λi−1) =<BC
F b

���⑧⑧⑧
⑧⑧

// Lq(λi−1)
c // ∆q(λi)

d // Lq(λi) =<BC
F e

���⑧⑧⑧
⑧⑧

// Lq(λi)
f // ∇q(λi) // Lq(λi−1).

Hence, we see thatHomUq(∇q(λi),∆q(λi)) is one dimensional: As noted in Remark 2.27, the
hom-spaces between Weyl and dual Weyl modules are at most1-dimensional. The compositecba
ensures that the dimension is exactly1 since it spans the hom-space.

Likewise forHomUq(∆q(λi),∇q(λi)) by usingfed. Note that the compositefedcba = 0 due to
the fact that the middle row is exact. Same of course for exchanged roles of∆q(λi) and∇q(λi).

6We point out that this fails for arbitrary quantum groups. Anexplicit counterexample can be found for example in
Section 5 of [4].
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Moreover, note that the morphism from∇q(λi) to ∆q(λi) uses onlyLq(λi−1) while the other way
around uses onlyLq(λi). Thus, up to scalars, morphisms from∇q(λi) to∆q(λi) are the “same” as
morphisms from∆q(λi−1) to∇q(λi−1).

We can now construct upuλ
i and downdλi by using Proposition 2.20 as a composition of the

maps as follows.

∆q(λi) // Tq(λi)
a // ∆q(λi−1) =<BC

F b

���⑧⑧⑧
⑧⑧

// ∆q(λi−1)
c // Tq(λi−1)

d // ∆q(λi−2) =<BC
F e

���⑧⑧⑧
⑧⑧

// ∆q(λi−2)
f // Tq(λi−2) // ∆q(λi−3).

We definedλi to be the compositecba. Similar foruλ
i but using the left side of part (b) of Proposi-

tion 2.20. By the same reasoning as above we see that they are unique up to scalars.
We have to check the relations between the various upuλ

i and downdλi maps now. To see that
uλ
i+1 ◦ u

λ
i = 0 = dλi ◦ d

λ
i+1 we can simply use the second diagram above and its dual counterpart

and the fact that the rows are exact again. Now consider

Tq(λi−1)OO

id
��

∆q(λi−1)oo

Lq(λi−1)→Lq(λi−1)

��

Tq(λi)OO

id
��

//oo ∇q(λi) //

Lq(λi−1)→Lq(λi−1)

��

Tq(λi+1)OO

id
��

Tq(λi−1) // ∇q(λi−1) // Tq(λi) ∆q(λi)oo Tq(λi+1)oo

Combining everything, we see that (up to scalars)dλi+1 ◦ u
λ
i = ελi = uλ

i−1 ◦ d
λ
i 6= 0. Moreover, by

the reasoning above, theελi is an up to scalars unique non-zeroUq-morphismTq(λi) to Tq(λi) that
squares to zero.

This finishes the proof since we leave the special dead-end case to the reader. �

Corollary 2.29. Let i, i′ ∈ N. Then we have the following.

(a) Outside of walls:

HomUq(Tq(λi), Tq(λi′)) ∼=





Q(q)[ε], if |i− i′| = 0 andi = i′ 6= 0,

Q(q), if |i− i′| = 1 or i = i′ = 0,

0, if |i− i′| > 1,

whereQ(q)[ε] ∼= Q(q)[X ]/X2 denotes theQ(q)-algebra of dual numbers.
(b) On walls:

HomUq(Tq(µi), Tq(µi′)) ∼=

{
Q(q), if |i− i′| = 0,

0, if |i− i′| > 0.

Proof. Because of Proposition 2.28, we only need to verify (b). But since theTq(µi) are simple on
walls (by Proposition 2.20), part (b) follows from Remark 2.27. �

2.5. Translation functors. Setν = |λ − µ|7. Recall that there is, by Corollary 2.10 and (a) of
Proposition 2.20, a unique simple, tilting moduleTq(ν) ∼= Lq(ν) corresponding toν. Moreover,
for a fixedλ ∈ A0 denote bypλ : T → Tλ theprojection to the blockTλ functor. Similarly forµ.

7In fact,ν = |λi − µi| for all i ∈ N andν will stay in Ā0.
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Definition 2.30. (Onto and out of the wall) Givenλ andµ, we define two functors calledonto
theµ-wall T µ

λ andout of theµ-wall T λ
µ via

T µ
λ : Tλ → Tµ, M 7→ pµ(M ⊗Q(q) Tq(ν)) and T λ

µ : Tµ → Tλ, M 7→ pλ(M ⊗Q(q) Tq(ν)).

Note thatTq(ν) ∼= Lq(ν) is a simple module forν ∈ Ā0.

We are now ready to define the endofunctorsΘλ
s ,Θ

λ
t , calledtranslation through thes-wall and

t-wall respectively, whose combinatorics play an important role in Sections 3 and 4. If it is clear
whichλ we are using we, abusing notation, denote them byΘs,Θt.

Definition 2.31. (Translation through the walls) DefineΘλ
s = T λ

−1 ◦ T
−1
λ andΘλ

t = T λ
l−1 ◦ T

l−1
λ .

Proposition 2.32.For all i ∈ N we have the following (withTq(−1) = Tq(λ−1) = Tq(µ−1) = 0).

(a) The functorsT µ
λ andT λ

µ are well-defined (their definition gives tilting modules in the right
blocks), adjoints (left and right) and exact. Thus,Θλ

s andΘλ
t are exact and self-adjoint.

(b) We have

T µ
λ (Tq(λi)) ∼=

{
Tq(µi−1)⊕ Tq(µi+1), if µi > λi,

Tq(µi)⊕ Tq(µi), if µi < λi,

(recall that∆q(µi) = Lq(µi) = Tq(µi) ∼= ∇q(µi)) and

T λ
µ (Tq(µi)) ∼=

{
Tq(λi+1), if µi > λi,

Tq(λi), if µi < λi.

(c) The dead-end relationsΘλ
s (Tq(λ0)) ∼= 0,Θλ

s (Tq(λ1)) ∼= Tq(λ2), andΘλ
t (Tq(λ0)) ∼= Tq(λ1).

Moreover, we have

Θλ
s or t(Tq(λi)) ∼=

{
Tq(λi−1)⊕ Tq(λi+1), if i > 1 is odd fors and even fort,

Tq(λi)⊕ Tq(λi), if i > 0 is odd fort and even fors.

It is worthwhile to note that in the caseµ = −1 we haveµi > λi iff i is odd whereas in the case
µ = l − 1 we haveµi > λi iff i is even as a look at 2.4.1 should convince the reader.

Proof. That the functors are well-defined follows from (c) of Proposition 2.16 and Lemma 2.25,
i.e. tensor products of tilting modules are tilting modules. Thus, projecting to the corresponding
blocks gives a decomposition as in part (a) of Lemma 2.25. Theother statements in (a) can be
verified as in the usual case. For example the proof in Sections 7.1 and 7.2 of [28] can be adopted
without difficulties. Note that biadjoint functors have in addition some other nice properties, see
e.g. Section 2 in [36].

The lists in part (b) can be verified using Propositions 2.7 and 2.20, Corollary 2.8 and Theo-
rem 2.23.

Part (c) is just a direct application of the finer list of statements in (b).
For exampleΘλ

s (Tq(λ0)) ∼= 0 follows from T −1
λ (Tq(λ0)) ∼= Tq(−1) ⊕ Tq(−1) ∼= 0 while

Θλ
t (Tq(λ0)) ∼= Tq(λ1) follows from T l−1

λ (Tq(λ0)) ∼= Tq(l − 1) ⊕ Tq(µ−1) ∼= Tq(l − 1) combined
with T λ

l−1(Tq(l − 1)) ∼= Tq(λ1). This finishes the proof. �

Example2.33. To give an explicit example consider our favourite casel = 3 again. Moreover,
remember that we have calculatedTq(1)⊗Tq(1) ∼= Tq(0)⊕Tq(2) in Example 2.21 and all of these
Uq-modules are simple. Thus, forλ = 1 andµ = 2, we see thatT 2

1 (M) = p2(M ⊗Q(q) Tq(1)) and
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thereforeT 2
1 (Tq(1)) ∼= Tq(2) sinceTq(0) is not inT2. On the other hand, forλ = 0 andµ = 2, we

see thatT 2
0 (M) = p2(M ⊗Q(q) Tq(2)). But sinceTq(0) ∼= Q(q) is the trivialUq-module, we get

essentially the same result as before, namelyT 2
0 (Tq(0)) ∼= Tq(2).

If we applyT 1
2 now toTq(2) (tensor withTq(1)) we get a picture as (withTq(2) in the top row)

⊗ m2

1 //

q−2

��
m1−1

oo

q0

�� −1 // m0
1

oo

q+2

��

m1

1

��

q−1
22 m21

1 //

1

��

q−3

.. m11−1
oo

−1 //

1

��
+

q−1

��
m01

1
oo

1

��
+

q+1

pp

m0

1

OO

q+1
22 m20

1 //

1

OO

q−1

.. m10

−1 //
−1

oo

1

OO

q+1

VV
m00

1
oo

1

OO

q+3

pp

where we use the same shorthand notation as in Example 2.21. We now have to look for the
indecomposable summands in the Weyl orbit of1, namely forTq(1), Tq(3), Tq(7), . . . .

In the non-root of unity case (and also forl > 3) we have thatLq(1)⊗ Lq(2) ∼= Lq(1)⊕ Lq(3)
(recall that in those casesTq(1) = Lq(1) andTq(2) = Lq(2)).

But the result above is indecomposable: It has a unique simple submoduleLq(3) which is
spanned by{m21, q

−2m20 + m11, q
+2m10 + m01, m00} and the remaining part is clearly not a

submodule. The reason for this is thatE, F act differently in rows and columns. Thus, this is
Tq(3) and we therefore getT 1

2 (Tq(λ0)) = T 1
2 (Tq(2)) ∼= Tq(3) = Tq(λ1) as predicted.

We use the convention thatΘλ
k−tst denotes analternatingcomposition of lengthk of translation

functors starting withΘλ
t . Likewise forΘλ

k−sts.

Corollary 2.34. (The combinatorics of the translation functors) We have the following for allλ.

(a) Θλ
s ◦Θ

λ
s
∼= Θλ

s ⊕Θλ
s andΘλ

t ◦Θ
λ
t
∼= Θλ

t ⊕Θλ
t as functors.

(b) We have fori ∈ N even, that (withk ≥ 0 termsΘλ
t or s) there exist multiplicitiesmj ∈ N

(that can be zero) such that

Θλ
k−tstTq(λi) = (Θλ

s or t ◦ . . .Θ
λ
t ◦Θ

λ
s ◦Θ

λ
t )Tq(λi) ∼= Tq(λi+k)⊕

⊕

j<i+k

Tq(λj)
⊕mj

and similarly fori ∈ N odd andΘλ
k−sts. On the other hand fori ∈ N odd we have

Θλ
k−tstTq(λi) = (Θλ

s or t ◦ . . .Θ
λ
t ◦Θ

λ
s ◦Θ

λ
t )Tq(λi) ∼= Tq(λi−1+k)

⊕2 ⊕
⊕

j<i−1+k

Tq(λj)
⊕mj

and similarly fori ∈ N even andΘλ
k−sts.

Proof. The parts (a)+(b) follow directly from (c) of Proposition 2.32. �

The results above motivate the following definition. Note that the Lemmata 2.18 and 2.25 show
that the definition is well-defined: The functors we define below are endofunctors onT, i.e. they
send tilting modules to tilting modules (in the correct blocks).

Definition 2.35. A functorF : T → T is calledprojectiveif there exists a finite dimensional tilting
moduleT such thatF ∼= T ⊗Q(q) ·.

We denote bypEnd(T) the category (it follows from Lemma 2.36 that this is actually a cat-
egory) of projective endofunctorsF : T → T whose morphismsHompEnd(T)(F ,F ′) are natural
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transformationsη : F → F ′. Moreover, we denote bypEnd(Tλ) the category (it follows from
Lemma 2.36 that this is actually a category) of endofunctorsF : Tλ → Tλ that come from a
projective functor via projection to the blockTλ. Similarly for wallsµ.

Lemma 2.36. The categorypEnd(T) is additive and closed under composition and direct sums.
Furthermore, it contains the identity functor and each projective functorF ∈ Ob(pEnd(T)) is
exact. Likewise for theλ andµ versions.

Proof. ThatpEnd(T) is preserved under direct sums (showing that the category isadditive) follows
from Lemma 2.18 part (a). That functors inpEnd(T) are exact follows because tensoring over a
field always respects exact sequences.

The identity functor is projective because ofid ∼= Tq(0)⊗Q(q) ·. ThatpEnd(T) is closed under
composition follows from part (b) of Lemma 2.18 together with the fact that finite tensor products
of finite dimensionalUq-modules are finite dimensional.

The statement for theλ andµ versions follow similar by using Lemma 2.25. �

The following lemma will be very useful later. It is true in more generality (see for example
Chapter 4, Section 6 in [6]), but we restrict to our case here.Recall that a functor between additive
categoriesF : C → D is calledindecomposableif any decompositionF ∼= F1 ⊕ F2 implies that
F1

∼= 0 orF2
∼= 0.

Lemma 2.37.A projective functorF ∈ Ob(pEnd(T)) is indecomposable iffT is an indecompos-
ableUq-module. Same for theλ andµ versions. Thus,pEnd(T) is Krull-Schmidt.

Proof. Assume thatT decomposes intoT1 ⊕ T2. ThenF decomposes as

F ∼= (T1 ⊗Q(q) ·)⊕ (T2 ⊗Q(q) ·).

On the other hand, by Yoneda and the tensor-hom adjunction, theT representingF is uniquely
determined up to isomorphism. Thus, a decomposition ofF induces a decomposition ofT . This
implies, using by part (a) of Lemma 2.18, thatpEnd(T) is Krull-Schmidt. �

Proposition 2.38.The functors ontoT µ
λ , out ofT λ

µ and translation functorsΘλ
s or t are all indecom-

posable. Moreover, every functorF ∈ Ob(pEnd(T)) appears as a direct summand of a direct sum
of compositions of functorsT µ

λ or T λ
µ for someλ, µ. Every functorF ∈ Ob(pEnd(Tλ)) appears

as a direct summand of a direct sum of compositions of functorsΘλ
s or Θλ

t . Same for theµ version.

Proof. By Lemma 2.37 we see that it is enough to consider indecomposable projective functors
who are parametrized by indecomposable tiltings.

Note thatT µ
λ andT λ

µ are indecomposable by Lemma 2.37. To see thatΘλ
s or t are indecomposable

note that any non-trivial decompositionΘλ
s or t = F1 ⊕ F2 gives rise to a non-trivial idempotent

η ∈ pEnd(Θλ
s or t). By using Proposition 2.32 together with Corollary 2.29 we see that such a

natural transformation can not exist (most of theUq-intertwiners are nilpotent).

All other statements follow now from the construction of theindecomposable tilting modules
Tq(i) as a summand of a tensor product ofTq(1)’s together with part (a) of Lemmata 2.18 and 2.25
and the fact, that the indecomposable tilting modulesTq(i) form a complete set of finite dimen-
sional, pairwise non-isomorphic tilting modules, see Proposition 2.20 part (c). �
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3. THE KS QUIVER ALGEBRA AND GRADINGS

In this section we recall first in Subsection 3.1 the quiver algebras introduced by Khovanov and
Seidel in [42]. We call themKSm-quiver algebrasand denote them byAm.

Recall that the KSm-quiver algebra comes with two gradings: The one used by Khovanov and
Seidel in [42] and one given by thepath length. We always use the path length grading. Using
the path length grading, we recall in Subsection 3.2 the categories of graded (right)Am-modules,
which we denote byModgr-Am

8. Moreover, we recall/define Khovanov-Seidel’s endofunctorsUi

(Section 2b in [42]) in Subsection 3.3 with respect to the path length grading. Recall that theUi

give rise to a functorial action of the braid groupBm+1 onm+1-strands that they used to categorify
the Burau representation ofBm+1, see Subsections 2.d and 2.e in [42].

In order to relate theAm’s to our tilting categoryT, we introduce in Definition 3.4 what we
call theKS∞-quiver algebraand denote byA∞. We show in Proposition 3.10 an analogon of
Soergel’s Endomorphismensatzfrom [62].

We relateAm, A∞ andUi further to our tilting categoryT from Subsection 2.3 in Subsection 3.4.
In particular, we define functorsVm andV∞ and prove analoga ofSoergel’s Struktursatzfrom [62]
in Theorems 3.11 and 3.12. In the same theorems we show how theUi can be obtained from the
translations through the wall functorsΘs,Θt.

We use this in Subsection 3.5 to transfer the path length grading to our category of tilting mod-
ulesT which gives rise to agraded versionthat we denote byTgr. We show in Proposition 3.19
that all tilting modules inT are gradable. This grading will be essential in Section 4.

In addition, we show in Proposition 3.28 that all projectiveendofunctorsF ∈ Ob(pEnd(T))
are also gradable. Using these gradings, we refine for example Proposition 2.32 from Section 2.
Last but not least: At the end of this section we derive also some consequences for the natural
transformations between the graded(!) projective endofunctors.

Thus, by following Khovanov-Seidel [42], Bernstein-Frenkel-Khovanov [11] or Stroppel [66],
as we note in Remark 3.32, the categoriespEnd(Tgr

λ (≤ m)) (see in Subsections 3.4 and 3.5 for the
definition)categorifythem+1-strand Temperley-Lieb algebraTLv

m+1 for all m. Here the grading
“categorifies” the indeterminatev. Thus, taking the limitm → ∞, we have thatpEnd(Tgr

λ )
categorifies the Temperley-Lieb algebraTLv

∞ in ∞-many strands.

3.1. The quiver algebrasAm and A∞. Let m ∈ N. We consider the following quiver

(3.1.1) •
m dm

// •
m-1

um−1oo

dm−1

// · · ·
um−2oo

d3

// •
2

u2oo

d2

// •
1

u1oo

d1

// •
0

u0oo

havingm+ 1 vertices denoted by0, 1, . . . ,m and2m arrows

ui : i → i+1, i = 0, . . . , m− 1 and di : i → i-1, i = 1, . . . , m

that we callup and downrespectively.

Thepath algebraPm of the quiver from 3.1.1 is defined to be theQ(q)-algebra whose underlying
Q(q)-module is theQ(q)-vector space spanned by all finite paths with multiplication given by
compositionof paths if possible andzerootherwise.

8In fact, Soergel’s combinatorial functorVm, see Section 3.4, turns left into right modules - that is why we, in
contrast to Section 2, useright modules in this section and read from right to left: We think of the paths in the quiver
asapplyingmorphisms/functors to something on theright.
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The path algebraPm is aZ-gradedQ(q)-algebra9, that is

Pm =
⊕

k∈Z≥0

P k
m with P k

m = {All paths inPm of lengthk},

since we clearly haveP k
m ◦ P k′

m ⊂ P k+k′

m . We writeℓ(·) for the grading onPm (the “length”).

Since we do not use other gradings: We call allZ-graded algebras simplygraded. Moreover, an
algebra homomorphismf : A → B between graded algebrasA andB is called ahomomorphism
of graded algebras, if f(Ak) ⊂ Bk for all k ∈ Z.

Definition 3.1. (Khovanov-Seidel’sm-quiver algebra) Let Am denote the quotient algebra ob-
tained from the path algebraPm for the quiver from 3.1.1 by the defining relations

ui ◦ ui−1 = 0 = di ◦ di+1, i = 1, . . . , m− 1 and di+1 ◦ ui = ui−1 ◦ di, i = 1, . . . , m− 1

and theright dead-end relation
d1 ◦ u0 = 0.

Given two pathsp, p′ ∈ Am we writep′p instead ofp′ ◦ p. The algebraAm inherits the gradingℓ(·)
from Pm since all the relations are homogeneous.

We denote, by abuse of notation, the path of length0 that starts and ends ati also byi. Note that
thei are projectors or idempotents, becausei i = i, p i = p if p starts ini and0 else andi p = p iff p
ends ini and0 else. Moreover, they form a complete set of pairwise orthogonal idempotents, that
is 1 = 0+ 1+ · · ·+ m andi j = δ(i, j), where1 ∈ Am is the unit. Note that0 6= 0, 1 6= 1 and the
i’s arenot central form > 0, since e.g.0 = i ui 6= ui i = ui for i = 0, . . . , m− 1.

Moreover, we denote fori = 1, . . . , m by εi = ui−1di the loop that starts ati and goes viadi
to i-1 and then back viaui−1. Note that the relations imply thatεi = di+1ui (if possible, i.e. if
i + 1 ≤ m). Thus, theQ(q)-algebraAm has a basis given byi (for i = 0, . . . , m) andui (for
i = 0, . . . , m− 1) anddi, εi (for i = 1, . . . , m) with ℓ(i) = 0, ℓ(ui) = ℓ(di) = 1 andℓ(εi) = 2.

Example3.2. The algebraA0 consists just ofQ(q)-multiples of0. The algebraA1 is aQ(q)-vector
space with basis{0, 1, u0, d1, ε1} and the only non-zero multiplications of these basis elements are
0 0= 0, u0 0 = u0, 0d1 = d1 and1 1= 1, d1 1 = d1, 1u0 = u0 and finally1ε1 = ε1 = ε1 1.

The algebraA2 is of dimension9. Note that there are inclusions of algebrasι0 : A0 →֒ A1 and
ι1 : A1 →֒ A2 that send the corresponding basis elements to the ones that we denote by the same
symbols. This can be visualized as

ι0 : •
0
→֒ •

1

ε1

��

d1

// •
0

u0oo and ι1 : •
1

ε1

��

d1

// •
0

u0oo →֒ •
2

ε2

��

d2

// •
1

ε1

��u1oo
d1

// •
0

u0oo

In fact, for allm > 0, the algebraAm can be visualized as

•
m

εm

��

dm
// · · ·

um−1oo
di+1

// •
i

εi

��uioo
di

// · · ·
ui−1oo

d3

// •
2

ε2

��u2oo
d2

// •
1

ε1

��u1oo
d1

// •
0

u0oo

We note the following easy lemma.

9Note that Khovanov and Seidel use freeZ-modules instead ofQ(q)-vector spaces. In order to avoid too many
different overlapping notations, we only use theQ(q)-vector space version, but it is not a big problem to work overZ

if the reader prefers to do so.
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Lemma 3.3. There is a sequence of (non-unital!) inclusions of graded algebras

A0
�

� ι0 / A1
�

� ι1 / A2
�

� ι2 / . . . ,

whereιm : Am → Am+1 is defined byi, ui, di, εi 7→ i, ui, di, εi for all suitable indicesi.

Proof. This follows becausePm clearly includes intoPm+1 and the set of relations forAm is
included in the ones forAm+1. That these morphisms respect the grading and are injectiveis
immediate. �

This motivates the following definition.

Definition 3.4. (Khovanov-Seidel’s∞-quiver algebra) DefineA∞ to be the inductive limit of
the sequence of inclusions of graded algebras from Lemma 3.3, that is

A∞ = lim−→Am.

Note thatA∞ is a gradedQ(q)-vector space of countable dimension. Moreover,A∞ is an asso-
ciative algebra with a complete set of pairwise orthogonal idempotents{i | i ∈ N}, butA∞ is a
non-unitalalgebra, since the unit would have to be an infinite sum of thei’s. Such an algebra is
sometimes calledidempotented. Note that one can see these algebras as categories whose objects
are the idempotentsi and whose morphism spacesHom(i, j) are i A∞ j - and this is essentially
what the quiver approach is doing. Idempotented algebras turn up naturally within the setting of
(categorified) quantum groups, see for example [38].

The KS∞-quiver algebraA∞ can be visualized as

· · ·
di+1

// •
i

εi

��uioo

di

// · · ·
ui−1oo

d3

// •
2

ε2

��u2oo

d2

// •
1

ε1

��u1oo

d1

// •
0

u0oo

We point out thatA∞ only has one asymmetry coming from the right dead-end relation. Moreover,
A∞ is graded by the path lengthl(·) again due to the fact that infinite paths do not exists (the
relations imply that each non-zero path has length at most two).

In order to be able to also consider the semisimple blocksT−1 andTl−1 of our categoryT,
we also introduce another quotient of the path algebraPm, denoted byAtriv

m , (and take a limit as
above). Since the corresponding module categories should be semisimple, the quotientAtriv

m is
rather trivial and we call itKS trivialm-quiver algebra.

Definition 3.5. (Khovanov-Seidel’s trivial m-quiver algebra) LetAtriv
m denote the quotient alge-

bra obtained from the path algebraPm for the quiver from 3.1.1 by the defining relations

ui = 0 = di+1, 0 = 1, . . . , m− 1.

The algebraAtriv
m inherits the gradingℓ(·) from Pm, but this grading is trivial, that is, all of its

elements are of degree zero. In fact,Atriv
m consist only of orthogonal idempotents that we denote by

i for i = 0, . . . , m. This time the idempotents commute and form a set of pairwisenon-isomorphic,
central, orthogonal idempotents which shows thatAtriv

m is a semisimple algebra. Moreover, the
algebraAtriv

m is clearly isomorphic toQ(q)× · · · ×Q(q) (with m+ 1 factors).

Thus, the categoryModgr-A
triv
m is semisimple and all of its simple modulesQ(q) i are concen-

trated in degree zero (up to a shift). We callAtriv
m Khovanov-Seidel’s trivialm-quiver algebra.
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As before we defineKhovanov-Seidel’s trivial∞-quiver algebraviaAtriv
∞ = lim−→Atriv

m . We note
that this can be visualized as

· · · •
i

· · · •
2

•
1

•
0

where we invite the reader to check thatAtriv
m embeds intoAtriv

m+1 for all m ≥ 0 and thus, taking the
inductive limit makes sense.

For convenience we setum = d0 = ε0 = 0 for all Am andd0 = ε0 = 0 for A∞ in the following.

3.2. Combinatorics of the graded, rightAm- and A∞-modules. Recall that, ifA denotes some
Z-gradedQ(q)-algebra, then a (right)A-moduleM is calledZ-graded(or simplygraded), if

M =
⊕

k∈Z
Mk and Mk · Ak′ ⊂ Mk+k′

and anA-module homomorphism between graded modulesf : M → N is calleddegree preserv-
ing, if f(Mk) ⊂ Nk for all k ∈ Z andhomogeneous (of degreed ∈ Z) if f(Mk) ⊂ Nk+d for all
k ∈ Z.

We denote byModgr-A the category ofgraded, finitely generatedA-modules whose morphisms
from M to M ′ are given by

(3.2.1) HomModgr-A(M,M ′) =
⊕

i∈Z
HomA(M,M ′〈i〉)0,

where the zero should meandegree preservingmorphisms. Thus, all morphisms inModgr-A are
finite direct sums of homogeneous morphisms.

The endofunctor·〈s〉 : Modgr-A → Modgr-A, calledshift bys ∈ Z10 sends thek − s-th degree
part of a module to thek-th of the shiftM〈s〉, that is,M〈s〉k = Mk−s.

We use similar notions for left modules (we denote such categories by e.g.A-Modgr) or pro-
jective modules (we denote such categories by e.g.pModgr-A). We only work in categories of
(graded) finitely generated (projective) modules.

Note thatAm acts on itself from the right bypre-composition of paths and from the left by
post-composition of paths.

This makes a difference: Let us denote byPi the left ideal ofAm generated byi. Similar, iP
denotes the right ideal generated byi. We have asQ(q)-vector spaces

Pi = Q(q) i ⊕Q(q)ui ⊕Q(q)di ⊕Q(q)εi and iP = Q(q) i ⊕Q(q)ui−1 ⊕Q(q)di+1 ⊕Q(q)εi,

with homogeneous components of degree0, 1, 1, 2 (from left to right).
ThePi and theiP are gradedAm-modules (left and right respectively) that can be visualized as

Pi = · · · •
i

εi

��uioo

di

// · · · and iP = · · ·
di+1

// •
i

εi

��
· · · .

ui−1oo

Thus, thePi’s and theiP ’s are projective, since we have (as left and rightAm-modules)

Am =

m⊕

i=0

Pi and Am =

m⊕

i=0

iP.

10Because it is always confusing: In our convention a positivenumber shifts the degreeup.
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Moreover, they are all indecomposable and it is easy to see that all indecomposable left, respec-
tively right,Am-modules are of the formPi〈s〉, respectivelyiP 〈s〉, for somes ∈ Z: This follows
directly from the fact thatAm is finite dimensional. Thus, all indecomposableAm-modules are
direct summands ofAm considered as a (left or right)Am-module.

Example3.6. One easily checks that the same is true for the correspondingnotions forA∞ and
that one gets a decomposition intoiP ’s as follows (we have indicated the neighbouringiP ’s using
alternating colors and we for simplicity assume that thei below is odd)

· · ·
di+1

// •
i

εi

��uioo
di

// · · ·
ui−1oo

d3

// •
2

ε2

��u2oo
d2

// •
1

ε1

��u1oo
d1

// •
0

u0oo

We encourage the reader to draw the decomposition intoPi’s. Again, all finitely generated, graded,
projective, indecomposable rightA∞-modules are up to a shift of the formiP . Same for the left
modules and thePi’s. This can in this case be deduced directly, but is true in more generality for
idempotented algebras, see for example Proposition 5.3.1 in [39].

Moreover, we also encourage the reader to work out the decomposition ofAtriv
m andAtriv

∞ into
the corresponding (left and right) modules denoted byP triv

i andiP
triv.

3.3. Endofunctors onpModgr-Am and pModgr-A∞. SetBi = Pi ⊗Q(q) iP 〈−1〉11 for all indices
i = 1, . . . , m. Note that theBi’s are gradedAm-bimodules with the tensor productp⊗p′ of degree
l(p⊗ p′) = l(p) + l(p′) for p of degreel(p) andp′ of degreel(p′). Following Khovanov and Seidel
we define functors

Ui : pModgr-Am → pModgr-Am, Ui = · ⊗Am
Bi for i = 1, . . . , m.

Note that we have

(3.3.1) i′P ⊗Am
Pi

∼=





Q(q) i ⊕Q(q)εi, if |i− i′| = 0,

Q(q)ui, if i′ − i = 1,

Q(q)di, if i− i′ = 1,

0, if |i− i′| > 1.

This can be easily seen by considering (herei = i′ as an example)

· · ·
di+1

// •
i

εi

��
· · ·

ui−1oo ⊗Am
· · · •

i

εi

��uioo
di

// · · · ,

where we have illustrated the overlapping pieces ofiP andPi. This clearly implies

(3.3.2) Ui(i′P ) ∼=





iP 〈−1〉 ⊕ iP 〈+1〉, if |i− i′| = 0,

iP, if |i− i′| = 1,

0, if |i− i′| > 1.

We note that we can seei′P ⊗Am
Pi as a graded(!), right(!)Atriv

m -module where the action ofi kills
everything that does not start ini. Note that, in this notation,Q(q) i,Qui,Q(q)di andQ(q)εi are
all one dimensionalAtriv

m -modules, but concentrated in degrees0, 1, 1 and2 respectively.
Hence, we have as graded, rightAtriv

m -modulesQ(q)ui
∼= Q(q) i〈+1〉,Q(q)di ∼= Q(q) i〈+1〉 and

Q(q)εi ∼= Q(q) i〈+2〉.

11Note that we use a different convention than Khovanov and Seidel for the gradings by shiftingiP down by one.
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Corollary 3.7. The functorsUi : pModgr-Am → pModgr-Am satisfy the following.

(a) Ui ◦ Ui
∼= Ui〈−1〉 ⊕ Ui〈+1〉 for i = 1, . . . , m.

(b) Let i′ = i± 1 such thati, i′ ∈ {1, . . . , m}. ThenUi ◦ Ui′ ◦ Ui
∼= Ui.

(c) Ui ◦ Ui′
∼= 0 if |i− i′| > 1.

Proof. This follows directly from 3.3.2. �

Finally we set
Ueven =

⊕

1≤i,2i≤m

U2i and Uodd =
⊕

0≤i,2i+1≤m

U2i+1.

By Corollary 3.7 we see that

(3.3.3) Ueven ◦ Ueven
∼= Ueven〈−1〉 ⊕ Ueven〈+1〉 and Uodd ◦ Uodd

∼= Uodd〈−1〉 ⊕ Uodd〈+1〉.

It is clear that we can easily adopt the definition of theUi’s to theA∞ case. We denote these
functors byU∞

i for all i ∈ N>0. The reader is invited to check that these functors satisfy completely
similar relations as before.

We also defineU∞
even andU∞

odd completely analogously by taking the direct sum over alli ∈ N>0.
The reader is still invited to check that these two satisfy similar relations as in 3.3.3.

To make this observation useful, we refine the definitions of the functorsUi by factoring through
the category of graded (right)Atriv

m -modules that we denote byModgr-A
triv
m . To be precise, we

defineU t
i andU i

t via

U t
i : Modgr-Am → Modgr-A

triv
m , U t

i = · ⊗Am
Pi

and
U i
t : Modgr-A

triv
m → Modgr-Am, U

i
t = · ⊗Q(q) iP 〈−1〉.

It is immediate thatUi = U i
t ◦ U

t
i . We define even and odd versions of these refinements as before

where we useU t
even andU even

t as notations (similar for the odd versions).
The following lemma can be seen, by Remark 3.16 below, as an analogon of Stroppel’s Theorem

8.4 in [65].

Lemma 3.8. As graded functors:U t
i 〈+1〉 is the right adjoint ofU i

t , U
t
i is the left adjoint ofU i

t 〈−1〉
and similar for the even and the odd versions. Moreover, the functorsUi, Ueven andUodd are all
(graded) self adjoint.

Proof. This is a case-by-case check where we only do the first case andleave the rest to the reader.
In all cases we use that, as gradedQ(q)-vector spaces, we have

(3.3.4) HompModgr-Am(iP, i′P ) ∼=





Q(q) i ⊕Q(q)εi, if |i− i′| = 0,

Q(q)ui, if i′ − i = 1,

Q(q)di, if i− i′ = 1,

0, if |i− i′| > 1.

The isomorphism is given by mapping a pathp on the right hand side to the homomorphism
iP → i′P given by left multiplication (post-composition) withp. Note that this is a homogeneous
morphism of degreel(p).

We have to show that there are isomorphisms of graded vector spaces

HompModgr-Am(U
i
t (Q(q) i), i′P ) ∼= HompModgr-Atriv

m
(Q(q) i,U t

i 〈+1〉(i′P )),
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where we can restrict to check only for objects as above by additivity. Note that we have three
cases depending on|i − i′|. The case|i − i′| > 1 is clear, since both hom-spaces will be zero by
the discussion above.

For i = i′ the left side isHompModgr-Am(iP 〈−1〉, iP ) ∼= Q(q) i〈+1〉 ⊕ Q(q)εi〈+1〉 by 3.3.4.
Moreover, by 3.3.1 and the shift by+1, we get the same for the right side.

For i′ = i + 1 the left side givesHompModgr-Am(iP 〈−1〉, i+1P ) ∼= Q(q)ui〈+1〉 again by 3.3.4.
The right side gives, again by 3.3.1 and the shift by+1, the same result. Similar fori′ = i − 1.
Thus, we see that they are an adjoint pair. The other cases areanalogous and left to the reader.�

We again have no problems to define the∞-versions. We denote them byU∞
i andU i

∞. The
even versions of these are denoted byU even·∞

i andU i
even·∞ and similar for the odd versions.

3.4. A∞ and the tilting category T. Recall that the categoryTλ denotes theλ-block ofT for λ
in the fundamental alcoveA0, see Subsection 2.4. We fix any suchλ and denote everything using
the simplified notation without theλ’s. In particular, recall our notation from Definition 2.24 for
the tilting generatorsTq(∞) andTq(≤ m).

We denote byTλ(≤ m) the full subcategory ofTλ consisting of objects whose indecomposable
summands are all from the set{Tq(λ0), . . . , Tq(λm)} for some fixedm ∈ N.

In order to confuse the reader even more with bad notation, wealso use completely similar
notations for the wallsµ by indicating this case with a superscriptt. Note that

Tq(≤ m)t ∼=

{⊕⌊m/2⌋
i=0 Tq(µ2i), if µ = −1,⊕⌊m/2⌋
i=0 Tq(µ2i+1), if µ = l − 1,

and similarly forTq(∞)t.

Proposition 3.9. We have an isomorphism ofQ(q)-algebras

EndUq(Tq(≤ m)) ∼= Am and EndUq(Tq(≤ m)t) ∼= Atriv
⌊m/2⌋.

Proof. We are going to construct these isomorphisms explicitly. Moreover, if we simply writei for
Tq(i), then we can visualizeEndUq(Tq(≤ m)) using Proposition 2.28 for allm > 0 as

•
m

εm

��

dm
// · · ·

um−1oo
di+1

// •
i

εi

��uioo
di

// · · ·
ui−1oo

d3

// •
2

ε2

��u2oo
d2

// •
1

ε1

��u1oo
d1

// •
0

u0oo

Thus, we consider the (by Proposition 2.28 well-defined)Q(q)-algebra homomorphism

φ : Am → EndUq(Tq(≤ m)), ui 7→ ui, di 7→ di, εi 7→ εi

for all suitable indicesi. Using Corollary 2.29 we see that this is an isomorphism. Thereader is
(as usual) invite to check that the casem = 0 and the “trivial case” (where he/she can use part (b)
of Corollary 2.29) work out as well. �

The following propositions together with the Struktursatzin Theorem 3.12 show thatTq(∞)
governs the behaviour ofTλ. It fact, its endomorphism ringEndUq(Tq(∞)) is eventoo huge. We
consider insteadEndfs

Uq
(Tq(∞)): Note that morphisms inEndUq(Tq(∞)) are given by matrices

f =
⊕

i,i′∈N fi′i with fi′i : Tq(i) → Tq(i
′) and each row off consists only of finitely many non-

zero entries (this follows from Corollary 2.29). NowEndfs
Uq
(Tq(∞)) should be the (non-unital!)
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subalgebra ofEndUq(Tq(∞)) of all matrices with only finitely many non-zero rows. In other
words

Endfs
Uq
(Tq(∞)) ∼=

⊕

i,i′∈N
HomUq(Tq(i), Tq(i ′)).

It is a non-unital subalgebra since the identity matrix isnot in Endfs
Uq
(Tq(∞)). Similar of course

in the “trivial” case.

Proposition 3.10.We have an isomorphism ofQ(q)-algebras

Endfs
Uq
(Tq(∞)) ∼=

∞⊕

i,i′=0

HomUq(Tq(i), Tq(i ′)) ∼= A∞

and

Endfs
Uq
(Tq(∞)t) ∼=

∞⊕

i,i′=0

HomUq(Tq(i)t, Tq(i ′)t) ∼= Atriv
∞ .

Proof. We only show the first isomorphism and leave the other (easier) to the reader again.
By using Corollary 2.29 and the definition ofEndfs

Uq
(Tq(∞)) from above we see that, for each

f ∈ Endfs
Uq
(Tq(∞)), there exists somem ∈ N such thatfi′i = 0 for i, i′ > m.

Those matrices describe elements inEndUq(Tq(≤ m)) by “forgetting” the parts fori, i′ ≫ 0.
Thus, we have

Endfs
Uq
(Tq(∞)) ∼= lim−→EndUq(Tq(≤ m)).

By Proposition 3.9 we see that this implies

Endfs
Uq
(Tq(∞)) ∼= lim

−→
Am.

But this is just the definition ofA∞, so

Endfs
Uq
(Tq(∞)) ∼= lim−→A∞.

This isomorphism is clearly homogeneous.
We leave the “trivial case” to the reader again. This finishesthe proof. �

We are now able to relateT(≤ m) to pMod-Am and thus,Tλ to pMod-A∞. To do so we use
analoga of Soergel’s combinatorial functor (“Gold foil experiment” withM being the gold foil)
that we denote byVm andV∞. We define

Vm : T(≤ m) → Mod-Am,Vm(M) = HomUq(Tq(≤ m),M)

and

V∞ : Tλ → Mod-A∞,V∞(M) = Homfs
Uq
(Tq(∞),M) ∼=

∞⊕

i=0

HomUq(Tq(i),M)

for M in eitherOb(T(≤ m)) orOb(Tλ) respectively where the isomorphism follows from Propo-
sition 3.10. Similarly for the wallsµ where we indicate the functorsVt

m andVt
∞ (and everything

else) with superscriptst. We note that the hom-spaces above are rightAm-modules (orA∞, At
m or

At
∞-modules) bypre-composition.

Note thatΘs,Θt ∈ Ob(End(Tλ)) from Definition 2.31 clearly descent down toTλ(≤ m) for
all m ∈ N. We denote these restrictions, by abuse of notation, also byΘs,Θt. Furthermore, define
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Θi
s or t for i ∈ N>0 via (pi projects to theTq(i)-part)

Θi
s or t =

{
pi ◦Θs, if i is even,

pi ◦Θt, if i is odd,

where we use the convention that everything below0 is defined to be zero. We use the same
conventions and notations in the finite case by killing everything abovem.

Similarly: The ontoT µ
λ and out ofT λ

µ the wall functors from Definition 2.30 also descent down
to the finite case where we again denote them by the same symbols.

We consider the right side for the Struktursatz (finite and infinite) as ungraded modules/functors.
MoreoverpMod always denotes categories of projective modules.

Theorem 3.11.(Struktursatz - finite version) We have the following.

(a) The functorVm is fully faithful.
(b) The functorVm sends objectsM ∈ Ob(Tλ(≤ m)) to projectiveAm-modules and is an

equivalence betweenTλ(≤ m) andpMod-Am.
(c) We have the following commuting diagram.

Tλ(≤ m)
Vm //

Θi
s or t

��

pMod-Am

Ui

��
Tλ(≤ m)

Vm

// pMod-Am .

(d) We have the following commuting diagrams.

Tλ(≤ m)
Vm //

Θs

��

pMod-Am

Ueven

��
Tλ(≤ m)

Vm

// pMod-Am

and

Tλ(≤ m)
Vm //

Θt

��

pMod-Am

Uodd

��
Tλ(≤ m)

Vm

// pMod-Am .

(e) The same as in (a)+(b) works for the wallsµ as well by usingVt
m.

(f) We have the following commuting diagrams.

Tλ(≤ m)
Vm //

T −1
λ

��

pMod-Am

Ut
even

��

T−1(≤ m)
Vt
m

// pMod-Atriv
m

and

Tλ(≤ m)
Vm //

T l−1
λ

��

pMod-Am

Ut
odd

��

Tl−1(≤ m)
Vt
m

// pMod-Atriv
m .

(g) We have the following commuting diagrams.

T−1(≤ m)
Vt
m //

T λ
−1

��

pMod-Atriv
m

Ueven
t

��
Tλ(≤ m)

Vm

// pMod-Am

and

Tl−1(≤ m)
Vt
m //

T λ
l−1

��

pMod-Atriv
m

Uodd
t

��
Tλ(≤ m)

Vm

// pMod-Am .
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Proof. We are very careless with the indices in the proof and hope that this does not cause con-
fusion. All appearing indices should be such that everything below0 or abovem is defined to be
zero.

(a): By Proposition 2.20 part (c) and Lemma 2.18 part (a) it isenough to verify the statement
for M = Tq(i) for i = 0, . . . , m. Moreover, by using Corollary 2.29 together with the discussion
in Subsection 3.2, we see thatVm(Tq(i)) = HomUq(Tq(≤ m), Tq(i)) ∼= iP . Thus,Vm is full and
faithful.

(b): We already discussed in Subsection 3.2 that theiP ’s (for i = 0, . . . , m) form a complete
set of pairwise non-isomorphic, indecomposable projective, rightAm-modules. Thus, (b) follows
from (a).

(c): This follows by combiningVm(Tq(i)) = HomUq(Tq(≤ m), Tq(i)) ∼= iP together with 3.3.2
and part (c) of Proposition 2.32.

(d): This follows directly from (c) and the definition ofUodd andUeven.

(e): We encourage the reader to work out the “trivial cases” as well. In those cases, by part (b)
of Corollary 2.29, we see thatVt

m(Tq(µi)) ∼= Q(q) i.

(f): We do the left case and leave the right to the reader. NotethatVm(Tq(i)) ∼= iP . Thus,
using 3.3.1, we see thatU even

t Vt
m sendsTq(i) toQ(q) i ⊕Q(q)εi for eveni andQ(q)ui−1⊕Q(q)di+1

for oddi.
This, by the discussion in Subsection 3.3, is isomorphic as rightAtriv

m -modules toQ(q) i ⊕Q(q) i
andQ(q) i-1⊕Q(q) i+1 respectively. In addition,T −1

λ sendsTq(i) to Tq(µi)⊕ Tq(µi) (for i even)
or toTq(µi−1)⊕ Tq(µi+1) (for i odd). These are then sent viaVt

m to Q(q) i ⊕Q(q) i (for i even) or
Q(q) i-1⊕Q(q) i+1 (for i odd).

(g): Works as (f) and is left to the reader. �

Theorem 3.12.(Struktursatz - infinite version) We have the following.

(a) The functorV∞ is fully faithful.
(b) The functorV∞ sends objectsM ∈ Ob(T) to projectiveA∞-modules and is an equivalence

betweenTλ andpMod-A∞.
(c) We have the following commuting diagram.

Tλ
V∞ //

Θi
s or t

��

pMod-A∞

U∞
i

��
Tλ

V∞

// pMod-A∞ .

(d) We have the following commuting diagrams.

Tλ
V∞ //

Θs

��

pMod-A∞

U∞
even

��
Tλ

V∞

// pMod-A∞

and

Tλ
V∞ //

Θt

��

pMod-A∞

U∞
odd

��
Tλ

V∞

// pMod-A∞ .

(e) The same as in (a)+(b) works for the wallsµ as well by usingVt
∞.
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(f) We have the following commuting diagrams.

Tλ(∞)
V∞ //

T −1
λ

��

pMod-A∞

Ut
even

��

T−1(∞)
Vt
∞

// pMod-Atriv
∞

and

Tλ(∞)
V∞ //

T l−1
λ

��

pMod-A∞

Ut
odd

��

Tl−1(∞)
Vt
∞

// pMod-Atriv
∞ .

(g) We have the following commuting diagrams.

T−1(∞)
Vt
∞ //

T λ
−1

��

pMod-Atriv
∞

Ueven
t

��
Tλ(∞)

V∞

// pMod-A∞

and

Tl−1(∞)
Vt
∞ //

T λ
l−1

��

pMod-Atriv
∞

Uodd
t

��
Tλ(∞)

V∞

// pMod-A∞ .

Proof. The proof of (a)-(g) is similar to the proof of Theorem 3.11 byusing arguments as in
Proposition 3.10. We leave it to the reader. �

Remark3.13. Although we have not done it explicitly: We encourage the reader to work out the
translation onto and out of the wall commuting diagrams similar to part (c) of the theorems above.

We note the following corollary for completeness.

Corollary 3.14. For all λ, λ′ ∈ A0 we haveTλ
∼= Tλ′ . Thus,

T(≤ m) ∼=

l−2⊕

i=0

pMod-Am⊕
1⊕

i=0

pMod-Atriv
⌊m/2⌋ and T ∼=

l−2⊕

i=0

pMod-A∞⊕
1⊕

i=0

pMod-Atriv
∞

with semisimple categoriespMod-Atriv
m andpMod-Atriv

∞ .

Proof. This follows from Lemma 2.25 and Theorems 3.11 and 3.12 because the right hand sides
are always the same independent ofλ ∈ A0. �

Example3.15. (How to compute the images of the translation functors on Uq-morphisms)
Combining the commuting diagrams of the Theorems 3.11 and 3.12 we obtain an explicit way to
computeΘs andΘt not just on theTq(i)’s (as we already know by part (c) of Proposition 2.32),
but also on theUq-intertwiners inHomUq(Tq(i), Tq(i′)).

This follows by using 3.3.4 together withΘs ! Ueven andΘt ! Uodd. For example, given
u0 : Tq(0) → Tq(1), we can computeΘt(u0) as follows. First note thatV∞Θt(Tq(0)) ∼= 1P and
V∞Θt(Tq(1)) ∼= 1P ⊕ 1P by 3.3.2 and Theorem 3.12. By using 3.3.4 we see

Θt(u0) =

(
0
id

)
: Tq(1) → Tq(1)⊕ Tq(1).

Using the results we are going to explain in Subsection 3.5, we see that this is actually

Θt(u0) =

(
0
id

)
: Tq(1) → Tq(1)〈−1〉 ⊕ Tq(1)〈+1〉.

Remark3.16. Let g = slm+1 andp = p1 be a maximal parabolic subalgebra forS1 × Sm−1 (for a
definition see for example Chapter 9 in [28]). Denote byOp the corresponding parabolic category
O (for a definition and some properties see e.g. 9.3 in [28]). Moreover, denote byOp

0 the principle
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block. As Khovanov and Seidel show in Proposition 2.9 of [42](see also e.g. Example 1.1 in [67])
there is an equivalence of categoriesOp

0
∼= Mod-Am. Thus, by Theorems 3.11 and 3.12, we see

thatT governsOp
0 for all m.

The same is true for the projective endofunctors: As Khovanov and Seidel explain after Proposi-
tion 2.9 in [42], the functorsUi correspond to the translation through thei-th wall (note that, under
the equivalence above, theslm+1 has Weyl group generatorss1, . . . , sm and therefore translation
functors indexed byi = 1, . . . , m). Moreover,U t

i corresponds to the onto andU i
t corresponds to

the out off the wall functors.

Hence, by Theorems 3.11 and 3.12, we can say that these aregovernedby the combinatorics of
the ontoT µ

λ , the out ofT λ
µ and the throughΘλ

s or t the wall functors in our tilting case.

Another point is, as Khovanov and Seidel explain after Proposition 2.9 in [42], that the path
length grading gives rise to aKoszul gradingin the sense of [10] on theAm’s, see also Example
1.1 in [67]. The same holds forA∞. This can either be seen “by hand” or by using a more general
theory for (quotients of) not necessary finite quiver algebras that can be found for example in [52].

Remark3.17. Khovanov and Seidel’s quiver is also related to Khovanov’s arc algebraHm (for m
even) that he introduced in [35] to give an algebraic interpretation of Khovanov homology. The
arc algebra categorifies the invariant tensors ofV ⊗m whereV is the irreducible two dimensional
representation ofUv (note that there are no invariant tensors form odd). Thus, a relation to
Webster’s algebra [72] (coming from categorification of tensor products) is likely.

In addition, he together with Chen in [17] extended this categorification to the full tensor product
V ⊗m by defining a certain subquotient

∏
k A

k,m−k (this quotient can be seen as the quasi-hereditary
cover ofHm). All of these have a topological interpretation as certainalgebras consisting of
cobordisms, see e.g. Section 2 in [17], and they are graded bythe Euler characteristicof these
cobordisms.

As Chen and Khovanov explain in Section 3 in [17], theA1,m−1-part of this subquotient is graded
isomorphic toAm. Thus, by Theorems 3.11 and 3.12, we see thatT governsA1,m−1 for all m.

Moreover, this gives a hint for a combinatorial and topological generalization of our work: We
conjecture that analoga of the Theorems 3.11 and 3.12 can be proven for certain subquotients of
thesln generalizations of Khovanov’s arc algebra studied recently in e.g. [50], [51], [69] or [70].

For l = 3 we can summarize this subsection via

−1 0 1 2

↓ ↓ ↓ ↓

se
m

is
im
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le

p
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od
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se
m
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im
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Uq(sl2) → Tλ(≤ m)

∼= −1 0 1 2

↓ ↓ ↓ ↓
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p
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O
p 0

fo
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1
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p 0
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r
sl
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1

se
m
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Uq(sl2) → Tλ(≤ m)
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se
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p
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∞

p
M
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∞

se
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is
im

p
le

Uq(sl2) → T

with respect to our picture in 2.4.1.

34



3.5. The tilting category T and gradings. In this subsection we discuss the consequences of
Theorems 3.11 and 3.12 with respect to the question how the path length gradingl(·) (see Defi-
nition 3.1) of Khovanov-Seidel’s∞-quiver algebra relates to the tilting categoryT. We point out
that this is non-trivial since Theorems 3.11 and 3.12 only say thatTλ(≤ m) andTλ are isomorphic
to subcategories ofpMod-Am andpMod-A∞.

The latter two have subcategories of graded modulespModgr-Am andpModgr-A∞: Not all
modules over a graded algebraA can be given a grading, e.g. the reader is invited to check that
a finite dimensionalQ(q)[X ]-moduleM (with X of degree1) can be given a grading iffX acts
nilpotently onM . Thus, the question can be visualized as

A∞-pMod

V∞(Tλ)

gradable
tiltings

A∞-pModgr

and we want to describe the shaded region. To do so recall thatthere is aforgetful functor
forget : Modgr-A → Mod-A for every graded algebraA that forgets the grading of anA-module.
Using the forgetful functor, we say anA-moduleM ∈ Ob(Mod-A) is gradableif there exists an
A-moduleM̃ ∈ Ob(Modgr-A) such thatforget(M̃) = M . Note that, by abuse of notation, we
usually do not distinguish betweeñM andM .

Recall thatHomMod-A(M,M ′) consists of all (right)A-module homomorphismsf : M → M ′,
whileHomModgr-A(M̃, M̃ ′) consists of (right)A-module homomorphisms̃f : M̃ → M̃ ′ as in 3.2.1.
Hence, in the same vein as above, we can call anA-module homomorphismf : M → M ′ gradable,
if there existsf̃ : M̃ → M̃ ′ such thatforget(f̃) = f .

Thus, using the Theorems 3.11 and 3.12, we make the followingdefinition.

Definition 3.18. We call a (left)Uq-tilting moduleM ∈ Ob(T) gradable, if V∞(M) is a grad-
able (right)A∞-module. We call aUq-intertwinerf : M → M ′ ∈ HomT(M,M ′) gradable, if
V∞(f) : V∞(M) → V∞(M ′)) is a gradableA∞-module homomorphism.

We denote byTgr the subcategory ofT consisting of gradableUq-tilting modules and gradable
Uq-intertwiners. We use similar notations and conventions for ≤ m, for fixedλ, on walls for fixed
µ or categories of projective modules.

Luckily it turns out to be surprisingly simple in our case. Wenote that, with respect to the
example above and the rather complicated situation for gradedOp

0 discussed in e.g. Theorem 4.1
in [65], the following proposition is quite remarkable. It says that the shaded region above is
everything ofV∞(Tλ).

Proposition 3.19. Every objectM ∈ Ob(Tλ(≤ m)), every objectM ∈ Ob(Tλ) and every object
M ∈ Ob(T) is gradable. The grading of each irreducible moduleTq(i) is unique up to shifts.

Proof. We only prove the∞ case and leave the other case to the reader. We start by considering
λ ∈ A0 and discuss the semisimple case on the walls afterwards.

It is easy to check that, for any graded algebraA and any two gradableA-modulesM andM ′,
the direct sumM ⊕ M ′ is also gradable. Thus, by Lemma 2.18 part (a), it is enough toconsider
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only theTq(i)’s. As in the proof of the part (b) of Theorem 3.12 (or Theorem 3.11 in the finite
case) we see thatV∞(Tq(i)) ∼= iP . As discussed in Subsection 3.2, theiP can be given a grading
coming from the path lengthl(·). Thus, all theTq(i)’s are gradable.

On the walls: Since this is the semisimple case by Lemma 2.25,we can just assign to any
simpleV∞(Tq(µi)) a degree by demanding that all elements ofV∞(Tq(µi)) are concentrated in
this particular degree. Thus, allTq(µi) are gradable and concentrated in (up to shifts) degree zero.

The uniqueness (up to shifts) can be proven as in Lemma 2.5.3 in [10]. �

Corollary 3.20. We have isomorphisms of ungraded(!) categoriesTλ(≤ m) ∼=iso Tgr(≤ m) and
T ∼=iso T

gr. That is, also all morphisms are gradable and the gradings are unique up to a shift.

Proof. As before, it is straightforward to check that, for any graded algebraA and any two gradable
A-homomorphismsf andf ′, the direct sumf ⊕ f ′ is also gradable. Thus, by Lemma 2.18 part
(a) again together with Proposition 3.19, it is enough to consider onlyHomUq(Tq(i), Tq(i

′)). By
Corollary 2.29 we see that this space has a basis consisting of a subset ofi, ui, di andεi (in the
non-semisimple case) who are all gradable by Proposition 3.10. The semisimple case and the
uniqueness of the grading follow as before. Note that this gives only rise to an isomorphism after
collapsing the grading ofTgr since the objects inTgr, as a graded category, exists in multiple copies
for all possible shifts via〈s〉 for s ∈ Z. �

Using Corollary 3.20 and abuse of language, we do not distinguish betweenUq-tilting modules
or their graded versions.

Moreover, as a consequence of Corollary 3.20, we can choose astandard grading(since it
will be unique up to shifts) by demanding that simple tiltingmodules should be concentrated in
degree zero and proceed inductively along the quiver. Note that, by Propositions 2.7 and 2.20 and
Corollary 2.8, this induces inductively a grading onLq(i), ∆q(i) and∇q(i) as well. This choice
gives rise to the following graded refinements of Propositions 2.7 and 2.20 and Corollary 2.8.

Proposition 3.21.Supposei = al + b for somea, b ∈ N with b ≤ l− 2. Seti′ = (a+ 2)l− b− 2.
Then there exist exact sequences

0 −→ Lq(i)〈+1〉 −→ ∆q(i
′) −→ Lq(i

′) −→ 0; 0 −→ Lq(i
′) −→ ∇q(i

′) −→ Lq(i)〈−1〉 −→ 0

and

0 −→ ∆q(i
′) −→ Tq(i

′) −→ ∆q(i)〈−1〉 −→ 0; 0 −→ ∇q(i)〈+1〉 −→ Tq(i
′) −→ ∇q(i

′) −→ 0

with degree preserving morphisms.

Proof. This follows from our choice for the grading convention and the degree (under the equiva-
lence in Theorems 3.11 and 3.12) of the morphisms inHomUq(Tq(i), Tq(i ′)). To be more precise,
we know that theTq(i)’s will be, under Soergel’s combinatorial functorV∞, mapped toiP . Then
for example, as explained in Proposition 2.28, the unique morphism

Tq(i) → ∇q(i) → Tq(i+1) ! •
i+1

•
i

uioo

is of degree1. By our convention we see that moving to the left along the KS∞-quiver always
increases the degree (starting in degree zero for the first simple module). Thus,

0 −→ ∇q(i)〈+1〉 −→ Tq(i
′) −→ ∇q(i

′) −→ 0.
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All other cases follow similarly and are left to the reader. Note again that moving to the left
along the KS∞-quiver always increases the degree, but, by duality, moving right decreases the
degree. �

Example3.22. Propositions 3.19 and 3.21 provide an inductive way to compute the gradings on
theTq(i)’s and thus, on all the modules inT. Let us do an explicit example. We use our favourite
casel = 3 again and we consider the block for1 ∈ A0. We need to proceed inductively.

Hence, we consider firstLq(1) = ∆q(1) = Tq(1) ∼= ∇q(1) from 2.3.1. Since this is a simple
Uq-module, all of its elements (it is of dimension2) have to be concentrated in one fixed degree.
By our convention, this is degree zero.

We consider∆q(4) next which is5 dimensional. By Proposition 3.21 we see that it has two basis
elements in degree1 (the ones forLq(1)) and three in degree0 (the ones forLq(4)). Vice versa for
∇q(4): It has two elements in degree−1 and three in degree0.

Next we have to considerTq(4) (compare to 2.4.1). By Proposition 2.20 this is7 dimensional.
Using Proposition 3.21 and the results for∆q(4) from above, we see thatTq(4) has three elements
in degree zero and two elements in degree−1 and1 respectively. The same of course works by
using∇q(4) and the other short exact sequence as the reader is (as usual)invited to check. Thus,
we have the following table

l(·) = −1 l(·) = 0 l(·) = +1
Tq(1) 0 2 0
∆q(4) 0 3 2
∇q(4) 2 3 0
Tq(4) 2 3 2
Tq(7) 3 5 3

We encourage the reader to verify theTq(7) case illustrated above.

Remark3.23. As we already mentioned in Remark 3.17 the grading induced onthe tilting category
T comes from an Euler characteristic on a certain cobordism category associated to Khovanov’s
arc algebraHm. Thus, this is a “natural” grading from the viewpoint of topology.

As we mentioned above, we think that this should generalize in typeA. The degree will there
be given by an Euler characteristic on a certain “foam” category associated to thesln-web algebras
which generalize Khovanov’s arc algebra. See for example [44], [51], [57] or [70].

Remark3.24. The categoryT is a ribbon (tensor) category and can be truncated to a modular
(tensor) category, as noted in Remark 2.19. A intriguing question is, if we can use the grading
introduced above to obtain extra informations about the links and tangle invariants coming from
the ribbon structure or the Witten-Reshetikhin-Turaev invariants of3-manifolds. The main problem
with this is thatTgr is not a graded tensor category: One can show as in Example 3.22 thateach
Tq(i) for i > l − 1 andi 6≡ −1 mod l (thus, in the non-simple case) isnot concentrated in one
degree. But by construction, see Subsection 2.3, eachTq(i) appears as a summand ofTq(1)

⊗i.
Thus, the usual notion of graded tensor product does not work, sinceTq(1) is concentrated in one
fixed degree as explained above, butTq(1)

⊗i can not be concentrated in one fixed degree since it
containsTq(i) as a summand.

Hence, in order to makeTgr into a graded tensor category another idea is missing (but this would
be needed to define invariants of links, ribbons or3-manifolds in the sense of Witten-Reshetikhin-
Turaev, see [71]).
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We conclude this section by lifting the ontoT µ
λ , the out ofT λ

µ and the translation functorsΘs

andΘt to their graded versions (we use the same notation for these). To understand our notation,
recall that a categorỹC is called aZ-gradedcategory, if there exists a functordeg : C̃ → Z where
we considerZ as a categoryZ with one objectOb(Z) = {•} andEndZ(•) = Z. In addition,
there is aZ-action〈s〉 on the objectsO ∈ Ob(C̃), calledshift bys ∈ Z, such that a morphism
f ∈ HomC̃(O,O′) of degreed is of degreed+ s′ − s in HomC̃(O〈s〉, O′〈s′〉) (this is thefancy way
of saying that every morphism iñC has a degree which behaves additively under composition and
objects can be shifted via〈s〉). Moreover, denote byC theungraded version(after composing with
the functorforget: C̃ → C that forgets theZ-grading). We say a functorF : C → D is gradable if
there exists alift F̃ such that

C̃
F̃ //

forget

��

D̃

forget

��
C

F
// D

commutes and we say that̃F andF̃ ′ are thesame up to a shifts ∈ Z if there is a natural isomor-
phism12 betweenF̃ andF̃ ′ · 〈s〉.

As before, we are usually very careless with our distinctionof F̃ andF . We arelucky again: All
the (for us) important functors (onto, out of, through the wall and in general all projective functors)
are gradable.

Corollary 3.25. The functorsT µ
λ , T λ

µ ∈ Ob(pEnd(T)) are gradable (same in the finite case for
T µ
λ , T λ

µ ∈ Ob(pEnd(Tλ(≤ m)))). Moreover, any two lifts ofT µ
λ , T λ

µ are the same up to a shift.

Proof. This follows by using parts (f) and (g) of the Theorems 3.11 and 3.12 and the fact thatU t
i

andU i
t are graded functors (similarly in the∞ case). The uniqueness up to shifts can again be

verified as in Lemma 2.5.3 in [10] since onto and out of the wallfunctors are indecomposable as
functors by Proposition 2.38. �

Corollary 3.26. The functorsΘλ
s ,Θ

λ
t ∈ Ob(pEnd(Tλ)) are gradable (same in the finite case for

Θλ
s ,Θ

λ
t ∈ Ob(pEnd(Tλ(≤ m)))). Moreover, any two lifts ofΘλ

s or t are the same up to a shift.

Proof. We can use Corollary 3.25 since the translation through the wall functors are compositions
of the ontoT µ

λ and out ofT λ
µ the wall functors. �

We get the following refinement of Proposition 2.32.

Corollary 3.27. In the graded categoryTgr we have for alli ∈ N the following (here we use the
conventionsTq(−1) = Tq(λ−1) = Tq(µ−1) = 0).

(a) The functorsT µ
λ andT λ

µ are well-defined (their definition gives tilting modules in the right
blocks), (up to shifts) adjoints (left and right) and exact.Thus,Θλ

s andΘλ
t are exact and

graded self-adjoint.
(b) We have

T µ
λ (Tq(λi)) ∼=

{
Tq(µi−1)〈+1〉 ⊕ Tq(µi+1)〈+1〉, if µi > λi,

Tq(µi)⊕ Tq(µi)〈+2〉, if µi < λi,

12In the 2-category whose objects are graded categories, whose morphisms are graded functors between these
categories and whose2-morphisms are graded natural transformations.
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(recall that∆q(µi) = Lq(µi) = Tq(µi) ∼= ∇q(µi)) and

T λ
µ (Tq(µi)) ∼=

{
Tq(λi+1)〈−1〉, if µi > λi,

Tq(λi)〈−1〉, if µi < λi.

(c) The (left) dead-end relations giveΘλ
s (Tq(λ0)) ∼= 0, Θλ

s (Tq(λ1)) ∼= Tq(λ2) for s and for t
we getΘλ

t (Tq(λ0)) ∼= Tq(λ1). Moreover, we have

Θλ
s or t(Tq(λi)) ∼=

{
Tq(λi−1)⊕ Tq(λi+1), if i > 1 is odd fors and even fort,

Tq(λi)〈−1〉 ⊕ Tq(λi)〈+1〉, if i > 0 is odd fort and even fors.

Proof. This follows directly from Theorem 3.12 parts (d), (f) and (g) together with 3.3.1 and the
discussion in Subsection 3.3, for example Lemma 3.8. �

Proposition 3.28. All functors inpEnd(T) are gradable. Moreover, the grading is unique up to
shifts on the indecomposable projective functors.

Proof. The uniqueness on the indecomposable factors can be proven as before. Moreover, by the
Krull-Schmidt property ofpEnd(T) (see Lemma 2.36) and the easy to deduce fact that any direct
sum of gradable, additive functors in an additive category is gradable, it suffices to show that
indecomposable projective functors are gradable. By Lemma2.37 these are given by tensoring
with aTq(i) for somei ∈ N. By Proposition 3.19 all objects ofT are gradable and, by Lemma 2.18
part (b), the categoryT is preserved by finite tensor products. Thus, the indecomposable projective
functors are gradable. �

Proposition 3.28 motivates the definition ofpEnd(Tgr). EachF ∈ Ob(pEnd(Tgr)) is given by
tensoring with some graded(!) tilting moduleTF which, by Yoneda, is uniquely associated toF .
Thus, in the spirit of 3.2.1, we set

HompEnd(Tgr)(F ,F ′) =
⊕

i∈Z
HomTgr(TF , TF ′〈i〉)0,

as gradedhom-spaces of natural transformations. This is the same as saying that the category
pEnd(Tgr) is graded in the sense from above.

In order to state the proposition, we writeV∞F(Tq(∞)) short for
⊕

i V∞F(Tq(i)). This is an
A∞-bimodule via pre-composition (right) and post-composition (left) withF(·) orF (′)(·).

Moreover, recall that the superscript fs indicates that we are only considering finitely supported
homomorphisms. We have the following (similar of course forpEnd(Tgr(≤ m)) and for a fixed
λ, that is, forpEnd(Tgr

λ ) andpEnd(Tgr
λ (≤ m))).

Proposition 3.29. LetF ,F ′ be two functors inpEnd(Tgr
λ ). Then there exists an isomorphism of

gradedQ(q)-vector spaces

HompEnd(Tgr
λ
)(F ,F ′) ∼= Homfs

A∞-pModgr-A∞
(V∞F(Tq(∞)),V∞F ′(Tq(∞))).

This is an isomorphism of graded rings, ifF = F ′.
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Proof. By Proposition 2.38 it suffices to verify the statement for the functors ontoT µ
λ , out ofT λ

µ

and the translation functorsΘλ
s or t. By Theorem 3.12 part (d), (f) and (g) it suffices to show the

statement for the correspondingU ’s.

Without loss of generality, we only discuss the “even” case,that is,U t
even, U even

t andU∞
even which

correspond toT −1
λ , T λ

−1 andΘλ
s respectively. Thus, by additivity, it suffices to show the statement

for U t
i , U

i
t andUi for i > 0 even.

Fix i and assume thati ≪ m. Recall that Khovanov and Seidel have shown in Proposition
2.9 in [42] thatpMod-Am andOp

0 for slm+1 and parabolicp of typeS1 × Sm−1 are equivalent.
Moreover, as they explain below Proposition 2.9 in [42],U t

i , U
i
t andUi correspond to onto, out off

and through thei-th wall functors (the corresponding Weyl group is isomorphic to Sm).

Note now that the same holds for the graded version ofOp
0 introduced by Stroppel in [65] as she

explains in Section 1 of [67]. Thus, we can use her Theorem 1.12 in [67] to finish the proof. �

Corollary 3.30. There is an isomorphism of graded rings

Endgr(id) ∼= Z(A∞),

whereid is the identity functor onTgr
λ , Z(A∞) is the center ofA∞ and the endomorphism ring is

to be taken inpEnd(Tgr
λ ).

Proof. From Proposition 3.10 combined with Proposition 3.29. Notethat we get the centerZ(A∞)
and notA∞ itself because the endomorphism ring from Proposition 3.10is asUq-intertwiners while
the one induced from Proposition 3.29 is asA∞-pModgr-A∞-bimodule intertwiners. �

Remark3.31. It is well-known, as Khovanov and Seidel already proved in Proposition 2.8 in [42],
that the split Grothendieck groupK⊕

0 (·) = K⊕
0 (·)⊗Z[v,v−1]Q(q) (viewed as a module overZ[v, v−1]

where the formal parameterv comes for the grading) ofpModgr-Am categorifiesthe Burau repre-
sentationBm+1 of them+ 1-strand braid groupBm+1 (the action ofBm+1 is induced via functors
constructed fromUi, see Subsection 2.d in [42]). Using Theorem 3.11, we see thatthe same is true
for Tgr

λ (≤ m), that isK⊕
0 (T

gr
λ (≤ m)) ∼= Bm+1 asBm+1-modules. Note now that the limit therefore

categorifies the corresponding∞ version of the Burau representation of the braid groupB∞ with
∞-many strands.

Remark3.32. Fix slm+1 and denote bypi the parabolic forSi × Sm−i. Moreover, we denote by
Op

max =
⊕m

i=0O
pi
0 the sum. We note that, as Bernstein-Frenkel-Khovanov have conjectured in

Conjectures 1-4 in [11] and Stroppel proves in [66], parabolic categoryOp
max for slm+1 (compare

to Remark 3.16) can be used tocategorifythem+ 1-strand Temperley-Lieb algebraTLv
m+1. The

split Grothendieck groupK⊕
0 of the category of projective endofunctors onOp

max givesTLv
m+1

13.
The Grothendieck group behaves additive, i.e.

TLv
m+1

∼= K⊕
0 (pEnd(Op

max))
∼=

m⊕

i=0

K⊕
0 (pEnd(Op

i )),

and thus,pEnd(Op
1) gives a summandTL

v

m+1 of TLv
m+1 that corresponds to the “next to highest

weight” summand ofV ⊗m
1 , whereV1 is the two dimensional vector representation ofUv(sl2) , see

Section 6 of [17].

13The parameterq in the notation of Bernstein-Frenkel-Khovanov comes, as Stroppel explains, from the grading of
the categories of projective endofunctors.
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Thus, as explained in Remark 3.16, by Proposition 3.29, the same is true forpEnd(Tgr
λ (≤ m)).

Moreover, it is easy to see that the embedding of categories

pEnd(Tgr
λ (≤ m)) →֒ pEnd(Tgr

λ (≤ m+1))

gives rise to an embedding

TL
v

m+1
∼= K⊕

0 (pEnd(Tgr
λ (≤ m))) →֒ K⊕

0 (pEnd(Tgr
λ (≤ m+1))) ∼= TL

v

m+2.

If we denote byTL
v

∞ the corresponding summand of the Temperley-Lieb algebra with ∞-many
strandsi = 0, 1, . . . , then, by Proposition 3.10, we see that

K⊕
0 (pEnd(Tgr

λ ))
∼= TL

v

∞

as gradedQ(q)-algebras.

Note now the following: As Stroppel explains in Section 7 of [66] or Section 2 of [67], the
category of projective endofunctors onOp

max can be used to define link homologies. Thus, the same
holds forpEnd(Tgr

λ ), although we only see a certain restriction of the link homologies described
by Stroppel.

Moreover, it follows from work of Auroux, Grigsby and Wehrli, see [7] and [8], thatTgr
λ and

pEnd(Tgr
λ ) are related to sutured Khovanov and bordered Floer homology.

On the other hand, we are coming from the modular case. As explained in Remarks 2.19
and 3.24, the categoryTgr can be used to define link and tangle invariants in the root of unity
case and the Witten-Reshetikhin-Turaev invariance of3-manifolds. A connection of these to the
link homologies is a very interesting question in the opinion of the authors, but we do not have an
interpretation yet.

4. DIAGRAMS FOR THE TILTING CATEGORY

We start this section by recalling in Subsection 4.1 some basic notions from abstract category
theory that we use in the following, namely theadditive closure of a categoryC, denoted by
Mat(C), and theKaroubi envelope ofC, denoted byKar (C).

The diagrammatic part starts afterwards in Subsection 4.2:We recall Elias’dihedral cathedral
D(∞) in Definition 4.7 (or a slightly modified version) and show some basic properties of it.
This is the underlying diagrammatic for our (graded) tilting categoryTgr

λ and the category of its
projective endofunctorspEnd(Tgr

λ ). In fact, as we point out in Lemma 4.20, a main difference is
that the tilting story has abuild in infinity due to the fact that the center of the category is not a
polynomials ring in two variablesQ(q)[r, g] (as for the dihedral cathedral), butZ(A∞) that we can
describe diagrammatically by an“infinite” diagram category, see Corollary 4.30.

We introduce the diagrammatic category we are working with,denoted byQD(∞), in Subsec-
tion 4.3. It is a certain quotient ofD(∞) that has aglobal relation coming from the (right)dead-
end relation. We show how this diagram category relates toT

gr
λ by defining in Definition 4.25 an

explicit functor
D∞ : Mat(Q̂D(∞)) → T

gr
λ

(whereQ̂D(∞) can literally be thought of asQD(∞)) that is agraded equivalenceof categories,
see Theorem 4.28. Thus, this gives a diagrammatic description of the tilting categoryTgr

λ .

Last but not least: In Subsection 4.5, we give a diagrammaticcategoryMat fs∞(Q̂D(∞)) for
pEnd(Tgr

λ )Θ as before by giving anexplicit functorD∞ in Definition 4.35.
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The categorypEnd(Tgr
λ )Θ is the category of natural transformations between compositions of

Θs andΘt’s. By Proposition 2.38, the Karoubi envelope ofpEnd(Tgr
λ )Θ is the category we are

interested in, namely the category of all projective endofunctorspEnd(Tgr
λ ). Thus, morally at least,

we give a diagrammatic category for the projective endofunctors onTgr
λ and natural transformations

between them.

We note again our reading conventions: Since we think of a diagram as an application of certain
morphisms or functors to a module or category “living” in a marked face, we read as in Section 3
again everything fromright to left.

4.1. Some basic remarks: Diagrammatic categories and additive closures. We considerdia-
grammaticcategories in the following. In fact, what we implicitly mostly consider are so-called
string-2-categories. These categories consist of “strings” which are diagrammatic representations
of 2-morphisms that are “Poincaré dual” to the “traditional” presentation from higher category
theory (see e.g. [45]). String categories, although the idea was around before, were formalized
by Joyal and Street in [31] and are our main combinatorial/topological tool in the following. We
would like to give a good treatment of these, but in order to keep the length of the paper within
(more or less) reasonable boundaries, we encourage the reader to take a look in the rather extensive
literature (in the authors opinion, a good start is for example Section 2 in [43]).

The main advantage of these categories can be summarized as follows. They are usually given by
generators and local relationsmaking it “easy” to manipulate these2-hom-spaces combinatorially.
Moreover, they usually have a “built-inisotopy invariance” and often even further aFrobenius
structurewhich makes it even more handy to manipulate these2-hom-spaces. The categories we
consider are almost of this nice type: We have only one additional global relation, see 4.3.1,
coming from the (right) dead-end relation.

We note that, although string diagram categories have a verynatural2-categorical structure, we
phrase everything in terms of1-categories.

Furthermore, we note that weonlyuseQ(q)-linear categories. Recall that a categoryC is called
Q(q)-linear if each hom-spaceHomC(O,O′) for O,O′ ∈ Ob(C) has the structure of aQ(q)-vector
space and the composition of morphisms isQ(q)-bilinear. It is worthwhile to note that this includes
the existence of a zero morphism denoted by0. We useQ(q)-linear functorsfor such categories:
Functors which induceQ(q)-linear maps on each hom-space. And, as in Subsection 3.5, weonly
considerZ-graded categories.

Note the reason why we needQ(q)-linear categories in this section is that we need to invert2 in
order to prove the crucial Lemmata 4.12 and 4.13 and need to invert any prime for the Jones-Wenzl
projectors, see 4.15. In fact, as we point out in Remark 4.32,this is “weird” from the viewpoint of
the quiver, where we can work overZ instead ofQ.

Moreover, recall the following definition of theadditive closureof a categoryC which we think
of as the “minimum” structure that allows a matrix calculus on C.

Definition 4.1. (Additive closure of C) Given aQ(q)-linear categoryC, we define itsadditive
closure, denoted byMat(C), to be theQ(q)-linear category consisting of the following.

• The objects are finite (possibly empty), formal direct sums⊕N
i=1Oi with Oi ∈ Ob(C).

• Given two objectsO = ⊕N
k=1Ok, O

′ = ⊕N ′

k=1O
′
k, then a morphismF ∈ HomMat(C)(O,O′)

is aN ×N ′ matrixF = (fi′i) consisting of morphismsfi′i ∈ HomC(Oi, O
′
i′).
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• One can add the matrices component-wise and scalar multiplication with elements from
Q(q) is also component-wise.

• Composition of morphisms is multiplication of matrices. Here one needs to be able to add
andcompose thefi′i’s.

The reader may deduce for him/herself that this gives a category. He/she needs to check that
that “matrix multiplication” in the sense above is well-defined,Q(q)-bilinear and associative.

Example 4.2. One can think of additive closures of any categoryC as a generalization of the
algebra of matrices

⊕
N,N ′ MatN×N ′(R) over a ringR. To be precise, given any ringR, we can

seeR as a categoryR consisting of one object∗ andEndR(∗) = R. ThenMat(R) has objects
indexed by natural numbersN ∈ N and morphismsF : N → N ′ areN ×N ′ matricesF = (fi′i)
with entries infi′i ∈ HomMat(R)(N,N ′) ∼= R. Thus, we have toMat(R) ∼=

⊕
N,N ′ MatN×N ′(R).

Another category theoretical definition we need is theKaroubi envelopeKar(C) of a category
C. The reason for this is that diagrammatically defined categories arerarely idempotent complete
while the algebraically defined module categories (which wewant to describe using diagrams)
usually are. Thus, one often has to take the Karoubi envelopeof a diagrammatic category. This
is a downside of diagrammatic categories: Only in a very few cases can one give the Karoubi
envelope by a diagrammatic calculus. Insl2 on the other hand, this is usually indeed possible
(see for example [39] for a quite sophisticated descriptionof the Karoubi envelope for categorified
U̇v(sl2)Z from Khovanov-Lauda [38]). In our case we can use the so-calledJones-Wenzl projectors
to give a diagrammatic description, see Definition 4.14.

Definition 4.3. (Karoubi envelope ofC) LetC be a category andA ∈ Ob(C) be an object ofC. Let
e, e′ : A → A denote idempotents inEndC(A). TheKaroubi envelope ofC, denoted byKar (C), is
the following category.

• Objects are ordered pairs(A, e) consisting of an objectA and an idempotente ∈ EndC(A).
• Morphismsf : (A, e) → (A′, e′) in Kar (C) are all morphismsf : A → A′ of C such that

the equationsf = f ◦ e = e′ ◦ f hold.
• Compositions are induced by compositions inC.

It is immediate that this is indeed a category and that the identity of an object(A, e) is e itself.
Moreover, there is an embedding of categoriesim: C → Kar (C), calledthe image, that sendsA to
(A, id) andf : A → A′ to f : (A, id) → (A′, id).

Example4.4. An example related to our context is the following. Define a categoryT ⊗ whose ob-
jects are all (possible empty) tensor productsTq(1)

⊗i and morphisms areUq-intertwiners between
these tensor products.

Thus, an object would be for instanceTq(1) ⊗ Tq(1) from Example 2.21. This is not indecom-
posable as we already calculated in Example 2.21, becauseTq(1)⊗Tq(1) ∼= Tq(0)⊕Tq(2). Hence,
T ⊗ is not idempotent complete: The identity onTq(1)⊗ Tq(1) splits, butnot in T ⊗.

By construction, that we have recalled before Proposition 2.20, everyTq(i) appears as a direct
summand ofTq(1)

⊗i and, by part (c) of Proposition 2.20, theTq(i)’s are a complete set of indecom-
posableUq-modules. Thus,Kar (T ⊗) ∼= T. Morally: Having an explicit description ofKar (C) is
the “same” as being able to decompose objects into indecomposable objects.

4.2. The dihedral cathedralD(∞). Recall from Subsection 2.4 that the affine Weyl group in our
case isWl = 〈s, t〉 ∼= D∞. For the reader familiar with [19]: Be careful that Elias’ “root of unity
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case”does notcorrespond to our root of unity case from Section 2. This comes from the duality we
are describing here, since our root of unity corresponds to the affine case. Moreover, we slightly
rescale his “barbell forcing relation”, see BF2 4.2.3.

Following [19], we encode the two different generators using two colors. Our convention, that is
different from the one used by Elias, is thats is displayed inred andt in green. The “third color”
is for 1 ∈ Wl which is displayed aswhite colored or empty. Following Elias we start by defining
Soergel graphs. These are certainisotopy classesof colored, planar graphs that we, by abuse of
language, usuallyalwaysconsider as given by a certain representative.

Definition 4.5. (Soergel graph) A pre-Soergel graph̃G is a colored, planar graph embedded in
a rectangle[0, 1] × [0, 1] whose bottom (or source) boundary is in[0, 1] × {0} and whose top (or
target) boundary is in[0, 1] × {1}. The only vertices are univalent (calleddots) or trivalent. The
edges of a Soergel graph are colored by red (ors) and green (ort) such that at each trivalent vertex
all adjacent edges have the same color. We display dots and trivalent vertices locally as

Dots:

l(·) = 1

or

l(·) = 1

Trivalent vertices:

l(·) = −1

or

l(·) = −1

where we tend (as above) not to display thes andt. Moreover, the illustration above islocally:
Soergel graphs also include for example horizontal reflections of the ones above. In addition, given
a pre-Soergel graph̃G, we define itsdegreel(G̃) to be the sum of the local degrees as above.

A Soergel graphG is an equivalence class of pre-Soergel graphs modulo boundary preserving
isotopies of colored, planar graphs. Note that the degree isstill well-defined for a Soergel graph
and we denote it byl(G). We point out that the empty diagram, that we denote by0, is a Soergel
graph and of degreel(0) = 0.

Each Soergel graph gives rise to a bottom sequenceb(G) = bi . . . b2b1 and a top sequence
t(G) = ti′ . . . t2t1 of colorsbk, tk ∈ {s, t} by reading the colors at the bottom or top boundary
from right to left respectively. We also allow the empty sequence, if the boundary is empty (at
bottom or top). We call a Soergel graph (or a local piece of it)floating, if both boundaries are
empty. We call floating Soergel graphs consisting of only oneedgebarbells.

Our reading conventions are thus fromright to left (we think of the pictures as applying functors
to a module) andbottom to top. Moreover, we think of Soergel graphs as embedded into a rectangle
(although we rarely illustrate the boundary), and thus, it make sense to speak aboutfacesof Soergel
graphs. Each Soergel graph has a unique rightmost faceFr and a unique leftmost faceFl.

Example4.6. An example of two representatives of a Soergel graphG are

s s s t t s

s t s t s s

Fl Fr =

s s s t t s

s t s t s s

Fl Fr

Herel(G) = 4, b(G) = ssstts andt(G) = ststss. The graph above has one (green) barbell. We
have marked the unique right and leftmost faces withFr andFl respectively.
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Note that, since a Soergel graphG completely determinesb(G) and t(G), we do not display
these in our pictures anymore.

We define now Elias’dihedral cathedralD(∞). The reader familiar with [19] should be careful
since we use a slightly different convention.

Definition 4.7. (Elias’ dihedral cathedral D(∞)) We consider theQ(q)-linear, graded, monoidal
category called thefreedihedral cathedral, denote byD(∞)f , consisting of the following.

• ObjectsOb(D(∞)f ) are finite sequencesx = xi . . . x2x1 with xi ∈ {s, t}. Moreover, the
empty sequence∅ is also an object.

• The space of morphismsHomD(∞)f
(x, x′) for x, x′ ∈ Ob(D(∞)f) is theQ(q)-linear span

of all Soergel graphsG with b(G) = x andt(G) = x′.
• Composition of morphismsG′ ◦ G is defined by glueingG′ on top ofG if the boundary

matches and zero otherwise.
• The spacesHomD(∞)f

(x, x′) are gradedQ(q)-vector spaces where the degree of a Soergel
graphG is given byl(G).

• The monoidal product⊗ is, for x = xi . . . x2x1 andx′ = x′
i′ . . . x

′
2x

′
1, given by concatena-

tion x′ ⊗ x = x′x and for Soergel graphsG′ ⊗G via placingG′ to the left ofG.

Thedihedral cathedralD(∞) is the quotient category ofD(∞)f obtained by taking the quotient
of the hom-spaces by the following local (!) relations and their color-inverted (red⇆green)coun-
terparts.

Thetwo Frobenius relations:

(4.2.1) Frob1: = Frob2: = =

Theneedle relation:

(4.2.2) Needle: = 0

Thebarbell forcing relations:

(4.2.3) BF1: = 2 · − BF2: = + 2 · − 2 ·

Note that the isotopy invariance can be locally displayed via theisotopy relations:

(4.2.4) Iso1: = = Iso2: = =

together with a horizontal reflection of the two relations.

We also note that all relations are homogeneous with respectto l(G) and thus,D(∞) inherits
the grading fromD(∞)f . The⊗ also carries over toD(∞) without difficulties.

Moreover, we use the following convention: We call elementsof HomD(∞)f
(x, x′) Soergel

graphs and, on the other hand, elements ofHomD(∞)(x, x
′) Soergel diagrams(for all possible
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x, x′ ∈ Ob(D(∞)f ) = Ob(D(∞))). We call a face of a Soergel diagramemptyif it has no
internal floating Soergel diagrams (as for example barbells).

Example4.8. An example of two representatives of Soergel diagrams are

= 2 · −

Here we used the left (green) barbell forcing relation 4.2.3on the marked piece.

To get started, we note the following easy to deduce consequence.

Lemma 4.9. A Soergel diagramG that has an internal cycle that bounds an empty face is zero.

Proof. Use repeatedly the first Frobenius relations 4.2.1 as illustrated below (note that each step
reduces the number of adjacent edges of the face and we have indicated where to use the first
Frobenius relation Frob1 4.2.1 in the last step)

· · ·
Frob1
=

Frob1
=

Frob1
=

Frob1
=

Needle
= 0

until we can use the needle relation 4.2.2 to see that we get zero. �

A tree is a connected Soergel graphG with no cycles. Moreover, we call a Soergel diagram
reducedif all of its connected components are trees or barbells and all barbells are in the rightmost
face.

The following is Proposition 5.19 in [19] converted to our conventions.

Proposition 4.10. Each Soergel diagram can be written as aQ(q)-linear sum of reduced Soergel
diagrams. Thus, reduced Soergel diagrams form spanning sets of the hom-spaces ofD(∞).

Proof. Note that it follows from a repeated application of the Frobenius relations 4.2.1 that all
floating trees are barbells and, by combining Lemma 4.9 with BF1 and BF2 4.2.3, all other floating
Soergel diagrams areQ(q)-linear combinations of barbells.

Thus, we can restrict to Soergel diagrams whose only floatingcomponents are barbells.

Now, given a Soergel diagramG, we can first use BF1 and BF2 4.2.3 to expressG as a direct
sum of Soergel diagramsGi (with i = 1, . . . , k) with only barbells in the rightmost face. By
Lemma 4.9 all Soergel diagramsGi with an internal cycle are zero now.

This finishes the proof. �

We point out the following corollary. This can be compared toCorollary 5.20 in [19] and the
corresponding statement, in our case forTgr, will later be completely different, see Lemma 4.20.
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Corollary 4.11. We haveQ(q)[r, g] ∼= EndD(∞)(∅) as graded rings where the degree ofr, g is 2.

Proof. By Proposition 4.10 the map that sendsg 7→“green barbell” andr 7→“red barbell” is an
isomorphism of graded rings. To see this note that a bunch of barbells do not satisfy any extra
relations (the barbell forcing relations 4.2.3 do not give anything new). �

The following lemma is similar to 5.18 in [19] and very useful.

Lemma 4.12.Soergel diagrams satisfy

=
1

2
· +

1

2
· and =

1

2
· +

1

2
·

Proof. Use Frob1 4.2.1 on the right side followed by BF1 4.2.3 for themiddle edge. �

This implies the useful fact that we can focus on alternatingsequences (the case where the
sequence is a reduced word inD(∞)) of red and green if we go toMat(D(∞)). That is, we have
the following (similar to 5.19 in [19]).

Lemma 4.13.There are isomorphisms inMat(D(∞)) of the form14

rr ∼= r〈−1〉 ⊕ r〈+1〉 and gg ∼= g〈−1〉 ⊕ g〈+1〉.

Proof. The isomorphism for the red case is induced by

rr




1 ·

1
2
·




// r〈−1〉 ⊕ r〈+1〉
(
1
2
· 1 ·

)
// rr,

where the reader is invited to check (with Lemma 4.12 for “right◦left” and Lemma 4.9 together
with BF1 4.2.3 for “left◦right”) that the two matrices above are inverses.

Note that the scaling of the entries is crucial: The one with the barbell has to be multiplied by1
2
,

but the other one not. The green case is analogous and left to the reader. �

We need the Jones-Wenzl projectors in the following. Note that we do not need non-alternating
Jones-Wenzl projectors, since the projectors should correspond to indecomposable modules or
functors and for exampleΘt ◦Θt is not indecomposable (see Corollary 2.34).

But since we are going to work in the additive closure, Lemma 4.13 ensures that we are free to
sometimes only consider alternatingsequences in the following.

Definition 4.14. (Jones-Wenzl projectors) Denote byxk−tst a sequencexk . . . x2x1 of lengthk
that alternates in the colors red and green and starts withx1 = g (thus, ends inr iff k is even).

We define for eachi ≥ 0 the i-th green Jones WenzlprojectorJWg
i recursively as the element

of EndD(∞)(xi−tst) obtained via the convention thatJWg
0 is 0: ∅ → ∅, JWg

1 is id : g → g, JWg
2

14Recall thatMat(D(∞)) is a graded category as in Subsection 3.5 and has therefore a shift action on its objects.
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is id : rg → rg and recursion rule fori > 2 given by

. . .

. . .

JWg
i =

. . .

. . .

JWg
i−1 −

i− 2

i− 1
·

. . .

. . .

. . .

. . .

JWg
i−3

JWg
i−1

JWg
i−1

where we have only illustrated the case for oddi.
We use a similar definition for thei-th red Jones WenzlprojectorJWr

i.

Example4.15. The first four (green) Jones-Wenzl projectors are

JWg
0 = 0 and JWg

1 = and JWg
2 = and JWg

3 = −
1

2

For eachi′ > 2 we call a diagram of the form

a green alternatingi′-pitchfork (herei′ = 7). We denote it byP g
i′ and similarly forP r

i′ , which
is thei′-th red alternating pitchfork. We note thatb(P g

i′ ) as well asb(P r
i′) consist ofi′ elements.

Moreover, we writeDi(P
g
i′ ) for a bigger diagram withi ≥ i′ > 2 that has at the bottom somewhere

a green alternating pitchfork, i.e.

(4.2.5) Di(P
g
i′) = D ◦ (idx P

g
i′ idx′)

for some sequencesx, x′ and some diagramD. Similarly for red again.

Lemma 4.16.Let i ≥ i′ > 2. ThenDi(P
g
i′ ) ◦ JW

g
i = 0. Similarly for red.

Proof. This follows recursively. To see the first stepi = i′ = 3, we composeP g
3 with the second

term ofJWg
3 from Example 4.15 and obtain

−
1

2
· = −

1

2
· 2 · = −

48



by using BF2 4.2.3 and Lemma 4.9 for the first step and Frob2 4.2.1 for the second. This is exactly
minus the composite ofP g

3 with the first term ofJWg
3 and thus,D3(P

g
3 )◦JW

g
3 = P g

3 ◦JW
g
3 = 0.

Now we use induction oni and fix i′ = 3. If i > 3 andDi(P
g
3 ) hasx 6= ∅ (see 4.2.5), then the

recursion rule from Definition 4.14 (the3-pitchfork is on top of the smaller box that corresponds
to thei − 1-th Jones-Wenzl projector), show by induction that we get zero. If, on the other hand,
x = ∅, then we use a similar argument as above (we leave it to the reader who should be warned
that in this case the fraction is important). Hence, we always haveDi(P

g
3 ) ◦ JW

g
i = 0.

But the casei′ = 3 suffices as the following illustrates.

=
1

2
· +

1

2
·

Here we used Frob2 4.2.1 “backwards” on a bigger alternatingpitchfork followed by BF1 4.2.3.
We see now two smaller pitchforks and thus, the casei′ = 3 suffices to verify the lemma. �

It is easy to deduce that the Jones-Wenzl projectors are (degree zero) idempotents ofxi−tst and
xi−sts, respectively. We associate these to the corresponding alternating sequences. Moreover, by
Lemma 4.13, we can, by going toMat(D(∞)), associate to eachx ∈ Ob(D(∞)) a (shifted) direct
sum of Jones-Wenzl projectors. We denote this sum that consists of these projectors forx by JWx.
This motivates the following category.

Definition 4.17. Denote byMat(D̂(∞)) the full subcategory ofKar (Mat(D(∞))) generated by
im(JWx) for all x ∈ Ob(D(∞)).

DiagrammaticallyMat(D̂(∞)) is given very similar toMat(D(∞)), but has some extra re-
lations. For example, Lemma 4.16 says that, whenever we see apitchfork at the bottom (or its
reflection at the top) boundary, then the corresponding Soergel diagram is zero. In fact, oneshould
think that each sequencex ∈ Ob(Mat(D̂(∞))) has a (sum of) Jones-Wenzl projector(s) attached
to it. We do not picture them in order to save space and hope that the reader does not get confused.

4.3. The quotient QD(∞). We are now able to define the category whose combinatorics and
diagrammatic govern the tilting categoryTgr. Following Williamson, we call it themore than
anti-spherical quotient(or shortthe quotient) and denote it byQD(∞).

Definition 4.18. (The quotient) We denote byQD(∞)f the Q(q)-linear full subcategory of
D(∞), called“free quotient”, consisting of the following.

• ObjectsOb(QD(∞)f) are finite sequencesx = xi . . . x2x1 with xk ∈ {s, t}. Moreover,
the empty sequence∅ is also an object.

• The hom-spaceHomQD(∞)f
(x, x′) for x, x′ ∈ Ob(QD(∞)f) is theQ(q)-linear span of all

Soergel graphsG with b(G) = x andt(G) = x′ whose rightmost face is marked with the
dead-end symbol.

• CompositionG′ ◦ G is defined by glueingG′ on top ofG if the boundary matches. The
dead-end symbol is just a marker and behaves as an idempotentunder composition and can
not be moved from the rightmost face.

• The spacesHomQD(∞)f
(x, x′) are gradedQ(q)-vector spaces with degree given byl(G).

• The morphisms inHomQD(∞)f
(x, x′) satisfy the relations of the corresponding morphisms

(without the dead-end marker) isHomD(∞)(x, x
′) given in Definition 4.7.

49



ThequotientQD(∞) is the quotient ofQD(∞)f by the following extra relations which we call
the dead-end relations:

(4.3.1) DE1: = 0 DE2: = 0

We stress that we do not allow the color inverted counterparts of 4.3.1 (otherwise the whole story
would be rather trivial!). All relations are homogeneous with respect tol(G) and thus,QD(∞)
inherits the grading fromD(∞). But since the choice of a fixed “dead-end” face is global (!),the
monoidal structure⊗ from Definition 4.7 does not carry over.

In order to distinguish from the dihedral cathedral: We callthe morphisms inQD(∞) marked
Soergel diagrams.

Example4.19. An example of a Soergel diagram that is zero as a marked Soergel diagrams is

= 2 · − = 0

To see this, note that, after applying BF1 4.2.3, the two remaining parts are both zero due to
DE2 4.3.1 for the left and DE1 4.3.1 for the right (after isotopy).

To get started again, we note that following easy to deduce consequence of the dead-end re-
lations. It says, by Corollary 4.11, that wedo nothave an interesting action ofEndD(∞)(∅) - in
contrast to what takes place in Elias’ dihedral cathedral.

Lemma 4.20. Each marked Soergel diagram can be written as aQ(q)-linear sum of marked, re-
duced Soergel diagrams. Thus, marked, reduced Soergel diagrams without barbells form spanning
sets of the hom-spaces ofQD(∞). The right action ofEndD(∞)(∅) by placing barbells in the
rightmost face is the trivial action.

Proof. Use repeatedly BF1 and BF2 4.2.3 to shift all existing barbells to the rightmost region.
Then use the two dead-end relations DE1 and DE2 4.3.1 to see that only terms without barbells are
not killed. The remaining diagrams are reduced by Proposition 4.10. �

Note that, as a consequence of Lemma 4.20, a marked, reduced Soergel diagram does not have
any floating components anymore.

As before, we are usually working in the following category.Note that, by definition ofQD(∞)
as a certain quotient ofD(∞), we can easily adopt the notion (and notation) for the Jones-Wenzl
projectorsJWx from Subsection 4.2.

Definition 4.21. Denote byMat(Q̂D(∞)) the full subcategory ofKar (Mat(QD(∞))) generated
by im(JWx) for all x ∈ Ob(QD(∞)).

Thus, by using Lemma 4.13 and DE1 4.3.1, we usually can focus on alternating sequencesx
that start withg in the following.

Given a marked, reduced Soergel diagramG, we call two edgesE1, E2 face sharing, if E1

andE2 are adjacent to some common face. Marked, reduced Soergel diagramsG (with color
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alternating boundary) with face sharing edges of the same color come in four types, where we, by
Lemma 4.16, ignore diagrams with pitchforks. The first two are

(4.3.2) Type 1:

...

...

...

...

...

︸︷︷︸
k≥1

︷︸︸︷k′≥1

Type 2:

...

...

...

...

...

︸︷︷︸
k≥2

︷︸︸︷k′≥2

where the dots· · · mean an arbitrary (possible empty) diagram in between and wedo not require
the picture to by symmetric. Moreover,k, k′ are odd in Type 1 and even in Type 2. We should note
that only the first edge has to be green (otherwise the diagramis zero by DE1 4.3.1), but we allow
possible color inversion of the rest of the picture (that is,after the rightmost dots).

The other two are

(4.3.3) Type 3:

... ...

...... ...

︸︷︷︸
k≥2

︷︸︸︷k′≥0

Type 4:

...

...

where the difference between the cases 1-2 and 3-4 is that 1-2have face sharing edges for (some)
non-extremal faces, while 3-4 have face sharing edges for the leftmost face. We should note that
type 3 should also include the horizontal reflection of the first diagram in 4.3.3.

We note the following important lemma. It says that face sharing edges of the same color are
sufficient forG to be zero in the cases 1, 2 and 3.

Lemma 4.22. If a marked, reduced Soergel diagramG ∈ HomMat(Q̂D(∞))(x, x
′) has two face

sharing edges of one of the three types 1,2 or 3, then it is zero.

Proof. A case-by-case check. We assume that there is at least one such face. Recall that, while
working inMat(Q̂D(∞)), implicitly (we do not picture them) there are Jones-Wenzl projectors at
the bottom and top.

Type 1: This follows via

...

...

...

...

... =
1

2
·

...

...

...

...

... +
1

2
·

...

...

...

...

... = 0

which is an application of Frob2 4.2.1 followed by an isotopy(to get from the diagram in 4.3.2 to
the leftmost diagram), then BF1 4.2.3, Frob1 4.2.1 and Lemma4.16.

Type 2: This follows similarly to type 3 below and is left to the reader.

Type 3: Note that the number of bottom edges at the end does notmatter (as the reader is invited
to verify) and we thus, by simplicity, assume that there are none of these. In addition, we only
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illustrate the case with two dotted edges at the top since allthe others will be similar. And, without
loss of generality, we assume that this is the only face with adjacent edges of the same color.

We proceed by induction onj, wherej > 0 is the minimal number of cuts that a line drawn
from the rightmost face to the face in question needs. The case j = 1 can be deduced via

= =
1

2
· +

1

2
·

where we used Frob2 4.2.1 followed by an isotopy and BF1 4.2.3. Note that the rightmost diagram
is zero by Lemma 4.16. Thus, we continue by BF1 4.2.3

1

2
· = −

1

2
· + = = 0

where the last diagram is zero due to DE1 4.3.1. All others arezero because of Lemma 4.16, but
we need the extra relation DE1 4.3.1 for the last one to be zero.

This shows that our starting diagram was already zero. The inductionj > 1 works now in a
similar fashion where we perform the same sequence of moves until we are in a situation as the
last step above. Then we can use induction, since we have created a face with edges of the same
color, but “closer” to the rightmost face. This finishes the proof. �

We conclude the subsection by giving the diagrammatic analogue of Corollary 2.29 and of 3.3.4.
We point out that the rescaling of the generators “ε̃i = 2iεi” and “d̃i = 2idi” is mysterious.

Corollary 4.23. Let i, i′ ∈ N. Then we have the following fori, i′ 6= 0.

HomMat(Q̂D(∞))(xi−tst, xi′−tst) ∼=





Q(q) i ⊕Q(q)εi, if |i− i′| = 0,

Q(q)ui, if i′ − i = 1,

Q(q)di, if i− i′ = 1,

0, if |i− i′| > 1,

with diagrams fori = 1, 2, . . . (and possible color inverted left sides)

i =

...

...
xi xi−1 x1

xi xi−1 x1

; εi =
1

2i
·

...

...
xi xi−1 x1

xi xi−1 x1

; ui−1 =

...

...
xi−1 x1

xi xi−1 x1

; di =
1

2i
·

...

...
xi xi−1 x1

xi−1 x1

of degreel(i) = 0, l(ui) = l(di) = 1 and l(εi) = 2. In addition,HomMat(Q̂D(∞))(∅, ∅) is one
dimensional and spanned by the empty diagram0 of degreel(0) = 0.
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Proof. A case-by-case check using Lemma 4.22. ThatHomMat(Q̂D(∞))(∅, ∅)
∼= Q(q) 0 follows

from DE1 and DE2 4.3.1 since no floating diagrams can exist.
If |i− i′| > 1, then each Soergel diagram has a pitchfork or is of Type 3 4.3.3. Both are zero by

Lemmata 4.16 and 4.22.
If |i − i′| = 1, then, by Lemma 4.22 again, only diagrams of the formui or di as above can be

non-zero and these are clearly non-zero.
Last but not least: If|i− i′| = 0, then, again by Lemma 4.22, only diagrams of the formi or εi

as above can be non-zero (which they clearly are).
All of these diagrams are linear independent due to degree reasons. �

The Soergel diagrams from above satisfy the quiver relations!

Proposition 4.24.Using the notation from Corollary 4.23, we have

ui ◦ ui−1 = 0 = di ◦ di+1, i = 1, 2, . . . and di+1 ◦ ui = εi = ui−1 ◦ di, i = 1, 2, . . .

and the right dead-end relation

d1 ◦ u0 = 0.

Proof. Recall that we compose by stacking on the top. Then the dead-end-relation is exactly
DE2 4.3.1 and we leave it to the reader to draw the pictures. For ui ◦ ui−1 = 0 the corresponding
diagrams are

...

...

◦

...

...

=

...

...

= 0

which is zero, since it is of Type 3 4.3.3. The case0 = di ◦ di+1 is similar and left to the reader.
Moreoverui−1 ◦ di = εi can be verified directly as

...

...

◦
1

2i
·

...

...

=
1

2i
·

...

...

while di+1 ◦ ui = εi follows via

1

2i+1
·

...

...

◦

...

...

=
1

2i+1
·

...

...

=
1

2i
·

...

...

where we use BF2 4.2.3 together with Lemma 4.22 to see that theonly surviving term is the
“broken” one from BF2 4.2.3. This finishes the proof. �

53



4.4. QD(∞) and the tilting category Tgr: Its an equivalence! We are now ready to define the
functorD∞ that relates the diagrammatic categoryQD(∞) and the graded tilting categoryTgr.
Recall thatQD(∞) (and thereforeMat(Q̂D(∞))) is given by generators and relations. Thus, it
sufficesto defineD∞ on the generators and we show afterwards that our assignmentis well-defined.

Given a sequencex ∈ Ob(QD(∞)) of the formxi . . . x2x1 with xk ∈ {r, g} we denote bỹℓ(x)
thetotal number of color changes(including the first from empty to green), e.g.ℓ̃(g) = ℓ̃(gg) = 1,
ℓ̃(ggrgrgrr) = 6 andℓ(x) = ℓ̃(x) iff x is alternating.

Definition 4.25. (Diagrams for tilting modules) Let (as alwaysλ ∈ A0). Define aQ(q)-linear
functor

D∞ : Mat(Q̂D(∞)) → T
gr
λ

of graded categories by the following convention.

On objects (we treat degree shifted objects in the evident way):

• Send the empty sequence∅ to Tq(0).
• If x ∈ Ob(QD(∞)) is of the formxi . . . x2x1 with xk ∈ {r, g}, then define

D∞(x) = pTq(λℓ̃(x))
◦Θxi

◦ · · · ◦Θx2 ◦Θx1Tq(0),

where we use the conventionr = s, g = t andpTq(λℓ̃(x))
projects to theTq(λℓ̃(x)) part.

• Send a generalx ∈ Ob(Mat(Q̂D(∞))) to the direct sum of the images of its components.

Recall that the fivelocal generatorsare identities, dotted edges (up and down) and trivalent vertices
(merges and splits) in green and red respectively. Thus, allmarked Soergel diagrams will be
compositions of diagrams of the formD′GD with identity diagramsD andD′ and a generatorG
in between. On morphisms:

• We describe the image of marked Soergel diagramsinductively from right to left. That is,
we describe what the functor does if one has already an identity diagramD : x → x and
D∞(D) : Mk → Mk (with D∞(x) ∼= Mk) and one adds a generator to theleft.

• By construction of the image on objects and Corollaries 2.34and 3.27,Mk will be just
oneTq(λk) with some multiplicity and grading shifts and somek ∈ {0, . . . , i} giving two
cases, namelyk = l̃(x) even or odd. That is, we have

Mk = Tq(λk)〈s1〉 ⊕ · · · ⊕ Tq(λk)〈sk′〉.

Note that the translation functorsΘs andΘt act on the summands as in Corollaries 2.34
and 3.27 separately. To simplify notation, we writeΘt(Mk) = Mk+1 if k is even and
Θt(Mk) = Mk〈−1〉 ⊕Mk〈+1〉 = M̃k if k is odd and vice versa forΘs. Moreover, in the
casek = 0 we send any red generator to zero.

• The inductive description has four cases. We call thesegreen-even, green-odd, red-even
and red-oddwhere we only give the list for the first two since the other twoare similar
with exchanged conventions for even and odd. Each case has five sub-cases (for the five
generators) giving twenty cases in total. We writeD0 (even) andD1 (odd) for the two dif-
ferent cases. An important note: Since theMk’s could already consist of multiple, shifted
copies ofTq(i)’s, the entries in the matrices below are shorthand notations for matrices
themselves.
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• Basic pieces: Send the empty sequence0 to id : Tq(0) → Tq(0). Moreover, for a green
identity we assign

D0 7→ id : Mk+1 → Mk+1 and D1 7→

(
id 0
0 id

)
: M̃k → M̃k

For the up dotted edge we assign (recall the rescalingε̃k = 2kεk)

D0 7→ uk : Mk → Mk+1 and D1 7→

(
ε̃k
id

)
: Mk → M̃k

For the down dotted edge we assign (recall the rescalingd̃k = 2kdk)

D0 7→ d̃k+1 : Mk+1 → Mk and D1 7→
(
id ε̃k

)
: M̃k → Mk

For the merges and splitters in the even case we assign

D0 7→
(
0 id

)
: M̃k+1 → Mk+1 and D0 7→

(
id
0

)
: Mk+1 → M̃k+1

For the merges in the odd case we assign

D1 7→

(
0 0 id 0
0 0 0 id

)
: ˜̃Mk → M̃k

(with ˜̃Mk = Mk〈−2〉 ⊕Mk〈0〉 ⊕Mk〈0〉 ⊕Mk〈+2〉) and last but not least

D1 7→




id 0
0 id
0 0
0 0


 : M̃k → ˜̃Mk.

• “Fill up the generators to the left”: For each red identity strand to the left of the local
generators from above apply aΘs to the elements of the matrices component-wise and
likewise for green strands andΘt. This can be made explicit as explained in Example 3.15.

• If f is a homomorphismf ∈ Hom(QD(∞)), then decompose it into generators and define
D∞(f) to be the composition of its local pieces.

• Extend linearly for a generalF ∈ Hom(Mat(Q̂D(∞))).

Example4.26. The functor is explicitly defined on any generator, but rather cumbersome to work
out for bigger cases due to the inductive definition. This is in fact the power of the diagrammatic
category, that is, the sophisticated matrix calculus inT

gr
λ can be done locally by manipulating

diagrams combinatorial or topological.
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But it is easy to see (with respect to Section 3) how the assignment is for alternating sequences.
For example, we have

7→ u0 : Tq(0) → Tq(1) and 7→ d̃1 : Tq(1) → Tq(0)

and similar for all other diagrams of this kind. Moreover, wehave

7→
(
0 id

)
: Tq(1)〈−1〉 ⊕ Tq(1)〈+1〉 → Tq(1)

and

7→

(
id
0

)
: Tq(1) → Tq(1)〈−1〉 ⊕ Tq(1)〈+1〉

where we see that even the degree is preserved (on both sides the morphisms are of degree−1).
Moreover, the entries in the matrices of the list above are ingeneral already matrices. For example,
the matrix that corresponds to (hereM1 = Tq(1))

7→

(
id ε̃1 0 0
0 0 id ε̃1

)
: ˜̃M1 → M̃1

To see this note that, following the list above, the two strands (without the right dot) correspond to
a2× 2-identity matrix, while the left part corresponds to

(
id ε̃1

)
. Thus, the rules give the matrix

as above, because we have to replace the entries inductively. Likewise for the horizontally flipped
diagram.

The following lemma is one of the most important ingredientsof this subsection.

Lemma 4.27. The functorD∞ : Mat(Q̂D(∞)) → T
gr
λ is a well-defined functor ofQ(q)-linear,

graded categories.

Proof. Note that it is immediate, under the assumption that we havealready proventhat the as-
signment from Definition 4.25 does not depend on the representative we pick for a marked Soergel
diagram, thatD∞ is Q(q)-linear. That it, under the same assumption, preservation of degrees can
be read off from the list in Definition 4.25 as already indicated in Example 4.26.

Moreover, note that, by part (b) of Corollary 2.34 and part (c) of Corollary 3.27, the assignment
is well-defined on objectsx, since we sendx to a repeated application ofΘs andΘt to the trivial
Uq-moduleTq(0) together with a projection to the leading (that is, with the highesti) factorTq(i).
Thus, without taking relations into account, we get a well-defined functor from the free dihedral
cathedralD(∞)f (or rather its additive closureMat(D(∞)f)) to T

gr
λ since our assignment for the

generating Soergel diagrams areUq-intertwiners.

Thus, the main part is to show that the relations are satisfied. This is now a case-by-case check
where we only do a few as examples and leave the rest to the reader.

Frobenius and isotopy relations: A good point is, although we can also (in principle) prove
it directly from the assignment, that we do not have to check the Frobenius relations Frob1 and
Frob2 4.2.1 and the isotopy relations Iso1 and Iso2 4.2.4. The reason for this is the following.
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By part (a) of Corollary 3.27 we see thatΘs andΘt are (graded) self-adjoint functors. By a more
general principle such functors always give rise to a Frobenius structure, see e.g. Lemma 3.4
in [54] or the discussion in Section 1 in [36], and thus, satisfies Frobenius and isotopy relations.
Our assignment is a decategorification of this: We evaluate compositions of these functors at a
specific module. Thus, in order to show that the Frobenius relations Frob1 and Frob2 4.2.1 and
the isotopy relations Iso1 and Iso2 4.2.4 are preserved, we can just adopt the proof of Lemma 3.4
in [54] to our set-up.

Thus, let us just check one case of it in our set-up, namely Iso1 4.2.4. This reads locally as

D∞




◦

◦




= D∞

( )
= D∞




◦

◦




Let us for simplicity of notation assume that the right face is actually the marked face. Then the
middle isd1 : Tq(1) → Tq(0). The three pieces for the right side are

Tq(1)

ε̃1
id


 // Tq(1)〈−1〉 ⊕ Tq(1)〈+1〉

(
0 id

)
// Tq(1)

d̃1 // Tq(0)

which gives the correct result. The left side gives

Tq(1)

 0
id


 // Tq(1)〈−1〉 ⊕ Tq(1)〈+1〉

(
0 id

)
// Tq(1)

d̃1 // Tq(0)

where the first matrix follows as in Example 3.15. This gives the correct result again. We leave the
other cases (for the Frobenius and isotopy relations) to thereader.

Needle: Again for simplicity of notation, we assume that we are in the even case. We show
something stronger, namely

D∞




◦




= 0

This follows from

Mk+1


id
0


 // M̃k+1

(
0 id

)
// Mk+1
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The odd case is similar. This clearly implies the needle relation.

Dead-end 1+2: DE1 follows by construction since a red strandadjacent to the rightmost face
means applyingΘs to Tq(0) which is zero by part (c) of Proposition 2.32. The DE2 relations is

D∞


◦


 = 0

This follows from

Tq(0)
u0 // Tq(1)

d̃1 // Tq(0)

which is the dead-end relation in the tilting case (up to a scalar!).

Barbell forcing 1: We only illustrate the “harder” case (theone with equal colors) and leave the
other to the reader. And again, for simplicity of notation, we focus on

D∞




◦




= 2 · D∞




◦




−D∞




◦




The general case follows completely similar, but with bigger matrices. We have already explained
in Example 4.26 how to obtain the left two matrices. Thus, we obtain

(
id ε1 0 0
0 0 id ε̃1

)
◦




ε1 0
id 0
0 ε̃1
0 id


 =

(
2ε̃1 0
0 2ε̃1

)

for the left side. The middle (without the factor2) can be directly read off as
(
ε̃1
id

)
◦
(
id ε̃1

)
=

(
ε̃1 0
id ε̃1

)

The rightmost term is the result of applyingΘt to 2ε̃1 (which is the composite of the diagram for
the first two strands). This can be computed as explained in Section 3. Thus, we obtain

(
2ε̃1 0
0 2ε̃1

)
= 2 ·

(
ε̃1 0
id ε̃1

)
−

(
0 0

2 · id 0

)

The other case is left to the reader.

Barbell forcing 2: This is very similar to BF1 and we only sketch it here. As before we only
consider one particular case (the same as above for BF1) and leave the others for the reader to
verify (where the reader has to be careful with the subscripts for thed̃k’s!). What makes this case
similar to the other is that, up to scalars, two of the four matrices for this case are the same as
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before, namely the two of the rightmost part of BF2 4.2.3. Theremaining two are now

D∞




◦




and D∞




◦




These two cases give the matrices (be careful with the scaling!)(
2 · ε̃1 0
0 2 · ε̃1

)
and

(
0 0

2 · id 0

)

and the equation BF2 4.2.3 then reads as(
2 · ε̃1 0
0 2 · ε̃1

)
=

(
0 0

2 · id 0

)
+ 2

(
ε̃1 0
id ε̃1

)
− 2

(
0 0

2 · id 0

)

This finishes the proof, since this is clearly a functor of graded categories (the reader may check
that the assignment in Definition 4.25 is degree preserving). �

We are finally ready to state one of our main theorems.

Theorem 4.28.(Diagram categories forTgr
λ ) The functorD∞ : Mat(Q̂D(∞)) → T

gr
λ is an equiv-

alence of graded categories.

Proof. We have to show thatD∞ is full, faithful and essentially surjective.

Essentially surjective: We have to show that, given some arbitrary objectM ∈ Ob(Tgr
λ ), then

there is an objectx ∈ Ob(Mat(Q̂D(∞))) such thatD∞(x) ∼= M . To see this, note that, by part
(c) of Proposition 2.20, it is enough to verify this for indecomposableUq-modulesTq(i) in the
ungraded setting (using Proposition 3.19 the same is still true in the graded setting).

Now, because of our construction and part (b) of Corollary 2.34, we see thatD∞(xi−tst) ∼= Tq(i)
which shows that the functor is essentially surjective.

Fully faithful: By Lemmata 4.27 and 4.13 it is enough to show that

HomMat(Q̂D(∞))(x, x
′) ∼= HomT

gr
λ
(D∞(x),D∞(x′))

holds as gradedQ(q)-vector spaces for alternating sequencesx = xi−tst andx′
i′−tst. Thus, it is

enough to show that
HomMat(Q̂D(∞))(x, x

′) ∼= HomT
gr
λ
(Tq(i), Tq(i ′)).

Luckily, we have already computed both sides: The right sidewas computed in Corollary 2.29
and the left in Corollary 4.23. By our construction, the (graded) isomorphism is induced by the
assignmenti 7→ i, ui 7→ ui, di 7→ d̃i andεi 7→ ε̃i whenever this makes sense. �

Corollary 4.29. The categoryMat(Q̂D(∞)) is its own Karoubi envelope.

Proof. This follows from Theorem 4.28 because inTgr
λ

∼= Tλ every module decomposes into a
direct sum of (shifted copies of)Tq(i)’s. �

As already mentioned above in and before Lemma 4.20, in contrast to Elias’ dihedral cathedral,
the grading in our case comes from the (more sophisticated) graded ringA∞ insteadof Q(q)[r, g].
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Corollary 4.30. (Diagram categories for the center Endgr(id)) The graded ringEndgr(id) of
natural transformations inpEnd(Tgr

λ ) of the identity functorid is given by the diagonal part of
finitely supported (only a finite number of non-zero entries)matrices

(4.4.1) F : ∅ ⊕ g ⊕ rg ⊕ grg ⊕ rgrg ⊕ · · · → ∅ ⊕ g ⊕ rg ⊕ grg ⊕ rgrg ⊕ . . .

of marked Soergel diagrams with no identity diagram entry. In contrast,Endfs
Uq
(Tq(∞)) ∼= A∞ is

given by all such matrices and not just the diagonal part.

Proof. An alternating sequence of red and green of lengthi corresponds under the equivalence
from Theorem 4.28 toTq(i), since, by Proposition 4.24, the quiver relations are satisfied. This
module corresponds under the isomorphisms from Corollary 3.30 toiP . Thus, the claim follows by
Theorem 4.28 and Proposition 3.29, since (graded) equivalent categories have (graded) isomorphic
centers and the observation that anF as in 4.4.1 is a natural transformation iff it commutes with
all other suchF ’s (compare also to 4.5.2). That the center of the matrix ringis as stated above is
then an easy to deduce fact: Thei are not central (as already noted after Definition 3.1) whilethe
εi compose with everything to zero (and are therefore in the center). �

Example4.31. An immediate consequence of Corollary 4.30 is that we can also give a diagram
category for the center in the cut-off case≤ m. In those cut-off cases everything will be finite
which makes it easy to give a full description of the center interms of diagrams. We note that
1 = 0+ 1+ · · ·+ m will be central as well (recall thatAm, in contrast toA∞, is unital).

For example ifm = 2, then the center is fully classified by

∅ g rg

∅ 0 None

g ,

rg None ,

where we read the marked Soergel diagrams as starting at the sequences in the rows and ending at
the sequences in the columns. We point out again thatAm also includes the off-diagonal entries,
but Z(Am) does not. But that the table above gathers around the main diagonal is in fact, by
Corollaries 2.29 and 4.23 no coincidence.

Remark4.32. As we already said in Footnote 6 in Section 2: If the reader prefers to relax the
conditions to work overQ(q), then this is actually a problem in Section 2 since the indecompos-
able tilting modules and their hom-spaces are much more complicated in positive characteristic.
For the KS quiver algebras from Section 3 working overZ is not a huge problem, while for the
diagrammatic categoryQD(∞) we, in addition, need primes to be invertible due to Lemma 4.13
and the Definiiton of the Jones-Wenzl projectors from Definition 4.14. Thus, we have to work over
Q, also the quiver approach suggests that this can be avoided.
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4.5. Diagram categories forpEnd(Tgr
λ ). Motivated by Proposition 3.29 and Corollary 4.11 we

define in this subsection the categoryMat fs∞(Q̂D(∞))15 that gives rise to a diagrammatic presen-
tation of the projective, graded endofunctor categorypEnd(Tgr

λ ).

In fact, we have to extend the notion of the additive closure from Definition 4.1 slightly: We
denote byMat(C) literally the same category asMat(C), but we allowcountabledirect sums as
objects andfinitely supportedmatrices as morphisms.

We carefully distinguish between redr and greeng on one hand ands, t ∈ Wl on the other.
We think of analternatingsequence (of lengthi ≥ 0) of the formerxi−grg to correspond (under
Theorem 4.28) toTq(i) and ofanysequence of the latterx = xi . . . x2x1 to correspond toΘx with
Θx = Θxi

◦ · · · ◦Θx1 . Using this interpretation, we are going to make Proposition 3.29 explicit.

We define~∞ to be the sequence of alternatingxi−grg sequences

~∞ = (. . . , rgrg, grg, rg, g, ∅), ~∞i = xi−grg for i = 0, 1, . . . ,

where we, following our convention of this section, read thevector from right to left.
Moreover, given a finite sequencex = xi . . . x2x1 with xi ∈ {s, t} we define

x · ~∞ = (. . . , xrgrg, xgrg, xrg, xg, x), (x · ~∞)i = xxi−grg for i = 0, 1, . . . ,

where each entry is given by concatenation. In addition, we define

xxi−grg =
⊕

i′

x
mi′

i′−grg〈si′〉

where the multiplicitymi′ is the multiplicity of Tq(i
′) in Θx(Tq(i)) given inductively by part c

of Corollary 3.27 (from where we also get the shiftssi′). Thus, we seexxi−grg as an object
Ob(Mat(Q̂D(∞))). Note thatxx0−grg = 0 if x starts withr because ofΘs(Tq(0)) = 0.

Definition 4.33. (Mat fs∞(Q̂D(∞)): An infinity of diagrams ) Denote byMat fs∞(Q̂D(∞)) the
Q(q)-linear, graded category consisting of the following.

• ObjectsOb(Mat fs∞(Q̂D(∞))) are finite sequencesx = xi . . . x2x1 with xi ∈ {s, t} (plus
shifts). Moreover, the empty sequence∅ is also an object.

• The space of morphismsHomMat fs∞(Q̂D(∞))(x, x
′) for x, x′ ∈ Ob(Mat fs∞(Q̂D(∞))) is the

Q(q)-linear span of finitely supported (only a finite number of non-zero entries) matrices

F = (Fk′k)k,k′∈N ∈ HomMat(Q̂D(∞))(x · ~∞, x′ · ~∞)

of marked Soergel graphsFk′k : (x · ~∞)k → (x′ · ~∞)k′.
• The diagonal part ofF consists of matricesF i : (x · ~∞)i → (x′ · ~∞)i.
• Composition of morphisms is multiplication of matrices.
• The spacesHomMat fs∞(Q̂D(∞))(x, x

′) are gradedQ(q)-vector spaces where the degree is
given byl(Fk′k) (the degree or length from Definition 4.7) for each entry of matricesF .

15The double∞ symbol is justified: There are “a lot of” natural transformations due to the fact that the center of
the category is already huge.
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Remark4.34. We are interested in a diagrammatic description ofpEnd(Tgr
λ ). As before in Corol-

lary 4.30, the categoryMat fs∞(Q̂D(∞)) is “richer”: It consist of matrices whose entries are ma-
trices of marked Soergel diagrams. ButpEnd(Tgr

λ ) only sees somediagonalmatrices. The off-
diagonal entries (which are gathered around the main diagonal by Corollaries 2.29 and 4.23) exists
only in Mat fs∞(Q̂D(∞)).

Denote bypEnd(Tgr
λ )Θ the full subcategory ofpEnd(Tgr

λ ) consisting of only compositions of
Θs andΘt. Note that, by Proposition 2.38, we haveKar (pEnd(Tgr

λ )Θ)
∼= pEnd(Tgr

λ )
16. The

reader may compare this to Example 4.4. Moreover, in the spirit of Remark 4.34, we denote by
Mat fs∞(Q̂D(∞))c the subcategory ofMat fs∞(Q̂D(∞)) whose hom-spaces are

(4.5.1) HomMat fs∞(Q̂D(∞))c
(x, x′) = {F ∈ HomMat fs∞(Q̂D(∞))(x, x

′) | FG = G′F},

for G ∈ HomMat fs∞(Q̂D(∞))(x, x) andG′ ∈ HomMat fs∞(Q̂D(∞))(x
′, x′) such that entry-wise there exists

anUq-intertwinerf : M → M ′ with D∞(Gi′i) = Θx(f) andD∞(G′
i′i) = Θx′(f). The reader may

check thatMat fs∞(Q̂D(∞))c is really a subcategory.

Definition 4.35. We define a functor

D∞ : pEnd(Tgr
λ )Θ → Mat fs∞(Q̂D(∞))c

on objects (we treat shifts again in the evident way) and morphisms as

Θx 7→ x, and η : Θx → Θx′, ηTq(i) : ΘxTq(i) → Θx′Tq(i) 7→ diag(F ) = (F i)i∈N : x → x′,

wherediag(F ) is a diagonal matrix consisting of the variousF i’s and, for eachi, the matrix of
marked Soergel diagramsF i is component-wise given byi 7→ i, ui 7→ ui, di 7→ di andεi 7→ εi for
all suitable indicesi and marked Soergel diagrams as in Corollary 4.23.

Lemma 4.36. The functorD∞ : pEnd(Tgr
λ )Θ → Matfs∞(Q̂D(∞))c is a well-defined functor be-

tweenQ(q)-linear, graded categories.

Proof. As in Lemma 4.27 the linearity is clear, if we already know that the functor is well-defined.
In addition, the assignment is clearly degree preserving and, since the quiver relations are satisfied,
see Proposition 4.24, well-defined component-wise.

To see that it is well-defined note thatηTq(i) is a matrix consisting ofUq-intertwiners between
the direct summands ofΘxTq(i) andΘx′Tq(i) (for eachTq(i)). These are sums ofi, ui, di andεi
by the isomorphism of Proposition 3.10. To see that the relations are satisfied, note that, given any
Uq-intertwinerf : M → M ′, the naturality of a transformationη : Θx → Θx′ says that

(4.5.2)

ΘxM
Θxf //

ηM
��

ΘxM
′

ηM′

��
Θx′M

Θx′f
// Θx′M ′

commutes. Thus, the matrices coming from the assignment in Definition 4.35 satisfy the condi-
tion 4.5.1. �

16In fact, how to decompose aΘx into indecomposable functors is a question that could be (atleast in principle)
answered using the diagrammatic description from this subsection.
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We note that the morphisms inMat fs∞(Q̂D(∞)) are matrices of matrices and the morphisms in
Mat fs∞(Q̂D(∞))c are certain diagonal (compare to 4.5.2) matrices inMat fs∞(Q̂D(∞)).

Theorem 4.37.(Diagram categories forpEnd(Tgr
λ )) The functorD∞ is an equivalence of graded

categories.

Proof. As in Theorem 4.28, we have to show thatD∞ is full, faithful and essentially surjective.

With the work already done, this is not a big deal anymore. That D∞ is essentially surjec-
tive follows from the definition of the objects inMat fs∞(Q̂D(∞))d. That it is faithful is a direct
consequence of Proposition 3.29 combined with Theorem 4.28. ThatD∞ is full is just a direct
comparison of 4.5.1 and 4.5.2. �

Example4.38. Let us considerx = ∅ andx′ = ts. ThenΘx = id andΘx′ = Θt ◦ Θs. We
denote byTq(i)sh the moduleTq(i)〈sh〉 and likewise forg andr. Using Corollary 3.27 we see that
Θx′(Tq(0)) ∼= 0 and

Θx′(Tq(1)) ∼= Tq(1)⊕ Tq(3), Θx′(Tq(2)) ∼= Tq(1)−1 ⊕ Tq(1)+1 ⊕ Tq(3)−1 ⊕ Tq(3)+1 . . . .

Thus,x · ~∞ = ~∞ andx′ · ~∞ = (· · · , g⊕ g⊕ grg⊕ grg, g⊕ grg, r). Then Theorem 4.28 says that
a natural transformation inHompEnd(Tgr

λ
)Θ(id,Θx) is determined by what it does component-wise

~∞i → x′ · ~∞. For i = 0 there are no marked Soergel diagrams since starting in red iszero. For
i = 1 we have (up to scalars) one possible diagramg → g and thus one possible non-zero matrix

g




0




// g ⊕ grg

since there is no marked Soergel diagram from green to green-red-green (see Lemma 4.22). For
i = 2 we have two possible non-zero diagrams and thus two possiblenon-zero matrices

rg




0

0




// g−1 ⊕ g+1 ⊕ grg−1 ⊕ grg+1

where we have illustrated the sum of these two above. To determine which configurations of
matrices are legal, one picks any ofi, ui, di andεi and checks which configurations ensure that
(here withui as an illustration)

g
u1 //

F 1

��

rg

F 2

��
g ⊕ grg

Θxu1

// g−1 ⊕ g+1 ⊕ grg−1 ⊕ grg+1

commutes for alli. We note that theΘxf can be computed explicitly as explained in Subsection 4.4.
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The reader is invited to do more cases, but beware: There are plenty of them (namely∞-many).
Note that the degree shifts work out as they should since the whole natural transformation will be
of degree0.

Remark4.39. As already noted in Remarks 3.17 and 3.23, a possible extension of our work to type
An can, on the level of gradings and algebras, obtained via certain generalizations of Khovanov’s
arc algebra. A possible generalization of the diagrammaticcategories in this section could follow
from recent work of Elias and Libedinsky on universal Coxeter groups, see [21]. Using the equiv-
alence of Kazhdan and Lusztig (the one given in [33]), the underlying Coxeter groupW will for
An be the affine Weyl group, that is, the one given by the cyclic Dynkin diagram withn+ 1-nodes

•

•

•qqqqq

▼▼▼▼▼

n = 2

•

•

•

•
⑧⑧
⑧

❄❄
❄ ⑧⑧⑧

❄❄❄

n = 3

•
•

•
•

•

✐✐✐

❯❯❯
✟✟

✻✻

n = 4

••

•

• •

•
✌✌

✶✶ ✌✌

✶✶

n = 5

· · ·

where the green nodes indicate the affine nodes. The main openquestion is what the appropriate
dead-end relations(there have to be more than two) are.
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