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Summary

Fruitful cross-fertilisation between international and organisational economics
has recently advanced our understanding of both the world economy and
the organisation of �rms. The presumption that developments in the world
economy and developments in �rm organisation are interrelated has turned
popular. The present thesis contributes to this presumption. Further, the
thesis strengthens the connection between international and organisational
economics in two di�erent ways. First, parts of the thesis explicitly analyse
the link between globalisation and the organisation of �rms. These parts
of the thesis introduce modelling techniques known from organisational eco-
nomics, or more generally microeconomics, in models of international trade.
Second, other parts of the thesis apply modelling techniques known from the
theory of international trade to closed-economy contexts.

This thesis comprises four chapters. Let me brie�y provide an overview of
the relation among these chapters before this summary goes into details. To
make a long story short, the �rst two chapters, which are respectively entitled
Monotone Comparative Statics for the Industry Composition under Monop-

olistic Competition and Trade Liberalisation and Vertical Integration, deal
with �rm-level complementarities, heterogeneous �rms, and international
trade. These two initial chapters, which have been written together with
my colleague Peter Arendorf Bache, are not entirely independent from each
other since chapter two uses one key result from chapter one as a stepping
stone in one of its key proofs. From chapter three and onwards, the thesis
turns to closed-economy setups and the two last chapters are each entirely
self-contained. In chapter three and chapter four, �rm-level complementari-
ties are again in the spotlight as is �rm heterogeneity in chapter three. The
titles of chapter three and chapter four are Make-or-Buy Decisions in In-

dustry Equilibrium with Heterogeneous Firms and An Industry-Equilibrium

Analysis of the LeChatelier Principle, respectively. The latter chapter is
again joint work with Peter Arendorf Bache.

The overarching topic of the whole thesis is to analyse the outcome
when well-known ideas from microeconomics are confronted with industry-
equilibrium e�ects. To leave out all the complexities implied by strategic
interactions among �rms and keep the analysis simple, the market struc-
tures are either perfect or monopolistic competition. The remainder of this
summary goes into details about the speci�c chapters.
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The �rst chapter entitled Monotone Comparative Statics for the Industry

Composition under Monopolistic Competition lets heterogeneous �rms face
decisions on a number of complementary activities in a monopolistically-
competitive industry. An activity refers to any variable at the discretion
of the �rm. This chapter can be perceived as a response to a theoretical
modelling tradition which has been developed over the last decade within
the theory of international trade. Since models based on this tradition are
surprisingly similar in their main mechanisms and feature four fundamental
complementarities, which are emphasised in Assumption 1 of the chapter, it
is possible for us to put forward a unifying framework which is su�ciently
general to nest a long list of prominent trade models. The results obtained
from our unifying model provide strong, novel, and testable predictions for
the nested trade models. The key insight is that �rm-level complementarities
may manifest themselves much more clearly in the industry composition than
at the �rm level of analysis. At the �rm level of analysis, the response
of an individual �rm to exogenous changes in the parameters of its pro�t
maximisation problem is ambiguous due to indirect e�ects through changes
in industry competition. Only in the special cases we characterise, �rm-
level comparative statics are monotone. The centrepiece of our contribution
analyses the industry composition. Here, we provide su�cient conditions for
�rst-order stochastic dominance shifts in the equilibrium distributions of all
activities regardless of the ambiguities prevailing at the �rm level. These
su�cient conditions are either shown, or can be veri�ed, to be ful�lled for
the list of nested trade models. A technical contribution is to apply the
powerful supermodular optimisation techniques, developed by Topkis (1978)
and Milgrom and Shannon (1994), in a context of monopolistic competition.

The second chapter entitled Trade Liberalisation and Vertical Integration

builds a three-country model of international trade in �nal and intermediate
goods in order to study the relation between four di�erent types of trade
liberalisation and vertical integration. This chapter relates to a strand of
literature on the relation between trade liberalisation and vertical integra-
tion where the established results vary almost as much as the modelling
strategies. Speci�cally, we integrate the two models of international trade
by Melitz (2003) and Antràs and Helpman (2004) and let �rms be hetero-
geneous with respect to both productivity and factor intensity. The latter
source of �rm heterogeneity is a theoretical modelling response to the recent
empirical �ndings of Corcos et al. (forthcoming) who argue that �rm-level
factor intensities like capital and skill intensity are important determinants of
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the decision to vertically integrate. In our model, �nal-good producers face
decisions on exporting, vertical integration of intermediate-input production,
and whether the intermediate-input production should be o�shored to the
low-wage South. Despite the appearing complexity, the model remains highly
tractable. The main reason is the �rm-level complementarities inherent in
the frameworks on which we build. These complementarities allow us to keep
track of both the sorting of �rms into activities and comparative statics. We
�nd that due to �rm-level complementarities, the shares of �nal-good pro-
ducers that pursue either vertical integration, o�shoring, or exporting are all
increasing when the �xed costs of vertical integration, o�shoring, or export-
ing fall. Liberalisations of either �nal- or intermediate-goods trade through
decreases in variable trade costs also lead to increases in these shares. Hence,
at the industry level of analysis, the relation between vertical integration and
four di�erent types of trade liberalisation is unambiguously positive. At the
same time, one will observe individual �rms that shift away from vertical in-
tegration as part of the comparative statics mentioned above. These results
hold for a class of productivity distributions to which the Pareto distribution
belongs.

The third chapter entitled Make-or-Buy Decisions in Industry Equilib-

rium with Heterogeneous Firms puts forward an industry-equilibrium model
with heterogeneous �rms in order to analyse possible interdependencies in
�rms' decisions to outsource the production of intermediates to una�liated
business partners. The chapter basically integrates the models of Grossman
and Helpman (2002) (henceforth GH) and Melitz (2003) but abstracts from
exporting. Outsourcing requires that �rms match in the market for interme-
diates and the quality of a match determines the productivity of an outsourc-
ing relationship. Incomplete contracts imply that outsourcing relationships
su�er from holdup problems and suboptimally low levels of supplier invest-
ments. As in GH, these search and contractual frictions under outsourcing
are balanced against higher production costs under vertical integration. It
is found that interactions among �rms in both the �nal- and intermediate-
goods markets a�ect the decision to outsource. The results also show how the
prevalence of outsourcing is a�ected by many di�erent changes in the indus-
try environment and in production e�ciency. While some of these �ndings
con�rm related �ndings of GH, chapter three contributes to the literature by
achieving an equilibrium with organisational diversity and by strengthening
the empirically testable predictions considerably. The reason for this is that,
even though a given parameter change in GH may increase the likelihood of,
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say outsourcing, the prevalence of outsourcing (the observable outcome) may
very well remain completely una�ected since outsourcing may be infeasible
in the model. Further, the answer to the question of whether a given organi-
sational form is feasible in GH is highly endogenous and hard to answer in a
practical context. This lack of clear empirical guidance makes the GH model
quite di�cult to confront empirically which may explain the lack of empirical
work related to GH. One contribution of chapter three is to provide clearer
empirical guidance for testing the GH model.

The fourth and �nal chapter of this thesis is entitled An Industry-Equili-

brium Analysis of the LeChatelier Principle. Since Samuelson (1947) noticed
that key optimisation problems in the economics discipline are mathemati-
cally similar to the mathematics underlying Le Chatelier's principle in ther-
modynamics, the LeChatelier principle (henceforth LCP) has been a corner-
stone of comparative static analysis in economics. The LCP arguably has
its simplest expression when considering a pro�t-maximising �rm choosing
two inputs, say capital and labour. In this context, the LCP states that
the elasticity of �rms' labour demand with respect to the wage is smaller
in magnitude in the short run, where the level of capital is �xed, than in
the long run where capital is free to adjust. Paul A. Samuelson's original
analysis of the LCP, like almost all later studies of the same principle, relies
on a �rm operating in an exogenous competitive environment where the only
endogenous variables a�ecting the �rm's pro�ts are its own choices of inputs.
While insightful and providing a natural �rst step, such an approach is not
fully satisfying. When considering exogenous shocks that a�ect all �rms in
an industry, such as a change in the wage, precluding the adjustments of
competitors from in�uencing the choices of a given �rm is dubious at best.

Chapter four takes the next step in the analysis of the LCP by considering
the labour demand of �rms in industry equilibrium. Admittedly, our mod-
elling of the industry equilibrium is rudimentary. This is intentional as the
simplifying structure should make our main points more clear to the reader.
By considering �rms operating in a perfectly- or monopolistically-competitive
industry with free entry, we show that well-established results on the cele-
brated LCP do not extend into an endogenous competitive environment. For
instance, labour demand may be more elastic in the short run (where capital
is �xed) than in the long run even if capital and labour are either comple-
ments or substitutes in pro�ts which are the requirements for the LCP to
hold for labour demand in Milgrom and Roberts (1996). A novel insight is
that industry-equilibrium e�ects introduce an asymmetry such that the LCP
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may hold for wage increases but not for wage decreases. These results are
important for the interpretation of estimated labour-demand elasticities. Fi-
nally, we show that the LCP may hold for the total industry labour demand
in situations where it does not hold for the labour demand of individual �rms.
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Resumé

Denne ph.d.-afhandling indeholder �re kapitler, der alle analyserer konsekvens-
erne af at konfrontere velkendte problemstillinger fra mikroøkonomisk teori
med industri-ligevægtse�ekter. For at undgå unødvendig kompleksitet foku-
seres der alene på markedsstrukturerne perfekt og monopolistisk konkur-
rence. En fællesnævner for samtlige kapitler er et fokus på komplemen-
tariteter på virksomhedsniveauet. Et andet karakteristikum ved afhandlin-
gen er, at denne i vid udstrækning integrerer modelleringsteknikker fra den
nationaløkonomiske teori om verdenshandel med modelleringsteknikker kendt
fra feltet organisational economics. Kapitel et, to og �re er udfærdiget i
samarbejde med Peter Arendorf Bache fra Institut for Økonomi ved Aarhus
Universitet.

Kapitel et bærer titlen Monotone Comparative Statics for the Industry

Composition under Monopolistic Competition. I dette kapitel træ�er hetero-
gene virksomheder beslutninger vedrørende en række komplementære virk-
somhedsaktiviteter. Markedsstrukturen er monopolistisk konkurrence. Hov-
edresultatet er, at implikationerne af komplementariteterne på virksomhed-
sniveauet kan manifestere sig langt klarere på industriniveauet end på virk-
somhedsniveauet under komparativ statik. For den enkelte virksomhed er
vores resultater ofte �ertydige. Alene i specialtilfælde �nder vi, at den
komparative statik er monoton. Dernæst undersøges industrisammensæt-
ningen og kapitlet udleder tilstrækkelige betingelser for stokastisk dominans
af første orden mellem fordelingerne af aktiviteter på tværs af industriens
virksomheder. Disse resultater kan anvendes på en lang række velkendte
modeller indenfor teorien omkring verdenshandel.

Kapitel to med titlen Trade Liberalisation and Vertical Integration frem-
sætter en tre-lande-model med international handel i færdigvarer og halvfab-
rikata og analyserer sammenhængen mellem forskellige typer af handelslib-
eraliseringer og virksomheders brug af vertikal integration. Færdigvarepro-
ducenterne træ�er beslutninger vedrørende både eksport, udskibning (o�-
shoring) af arbejdsopgaver til et lavtlønsland og vertikal integration af en
leverandør af halvfabrikata. Kapitlet �nder, at sammenhængen mellem �re
forskellige typer af handelsliberaliseringer og vertikal integration målt på in-
dustriniveauet er entydig positiv. Disse stærke resultater på industriniveauet
opstår, selvom udviklingen på virksomhedsniveauet kan gå i den modsatte
retning.
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Kapitel tre med titlen Make-or-Buy Decisions in Industry Equilibrium

with Heterogeneous Firms analyserer heterogene virksomheders brug af udlici-
tering (outsourcing) af arbejdsopgaver til underleverandører. Udlicitering
medfører søgefriktioner, og produktiviteten under udlicitering afhænger af
kvaliteten af et match mellem de to samarbejdende virksomheder. Udlici-
tering giver tilmed anledning til holdup-problemer og suboptimale invester-
ingsniveauer grundet imperfekte kontrakforhold. Disse egenskaber ved udlici-
tering sammenholdes med blandt andet større faste produktionsomkostninger
under vertikal integration. De mest produktive virksomheder vælger at an-
vende vertikal integration, medens de mindst produktive virksomheder væl-
ger at udlicitere. Interaktioner mellem virksomheder på både matching- og
færdigvaremarkederne påvirker attraktiviteten af udlicitering. De opnåede
resultater viser, hvordan industriens brug af udlicitering afhænger af æn-
dringer i en lang række forskellige parametre.

Kapitel �re med titlen An Industry-Equilibrium Analysis of the LeChate-

lier Principle viser, hvordan veletablerede resultater omhandlende det såkaldte
LeChatelier-princip bryder sammen, når analysen af en virksomheds brug
af kapital og arbejdskraft tilføres industri-ligevægtse�ekter. I visse tilfælde
�nder vi, at efterspørgslen på arbejdskraft er mere elastisk på kort sigt, hvor
virksomhedens brug af kapital er fast, end på lang sigt, hvor kapitalniveauet
er �eksibelt. Vi �nder endvidere, at industri-ligevægtse�ekterne kan indføre
en asymmetri, sådan at LeChatelier-princippet holder for lønstigninger men
ikke for lønfald. Disse resultater er vigtige for tolkningen af arbejdskraft-
sefterspørgslens lønelasticitet. Til sidst vises det, at LeChatelier-princippet
kan holde på industriniveauet, selv i situationer, hvor princippet ikke holder
på virksomhedsniveauet.
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Monotone Comparative Statics for the

Industry Composition under Monopolistic

Competition

Peter Arendorf Bache∗ Anders Laugesen

October 25, 2013

Abstract

We let heterogeneous �rms face decisions on an arbitrary number

of complementary activities in a monopolistically-competitive indus-

try. The key insight is that �rm-level complementarities may manifest

themselves much more clearly at the industry level than at the �rm

level of analysis. The response of an individual �rm to exogenous

changes in the parameters of its pro�t maximisation problem is am-

biguous due to indirect e�ects through changes in industry competi-

tion. Only in special cases are �rm-level comparative statics monotone.

Turning to the industry composition, we provide su�cient conditions

for �rst-order stochastic dominance shifts in the equilibrium distribu-

tions of all activities regardless of the ambiguities prevailing at the

�rm level. Our results apply to many well-known models of interna-

tional trade and provide strong, novel, and testable predictions. A

technical contribution is to apply powerful supermodular optimisation

techniques in a context of monopolistic competition.

∗Corresponding author. Email: pbache@econ.au.dk. Both authors are a�liated with
the Department of Economics and Business, Aarhus University, Fuglesangs Allé 4, 8210
Aarhus V, Denmark. We thank Torben M. Andersen, Pol Antràs, Donald R. Davis,
Hartmut Egger, John Feddersen, Marc J. Melitz, John Morrow, Julia Nafziger, Mathieu
Parenti, Bo Sandemann, Philipp Schröder, Siri P. Strandenes, Allan Sørensen, Jacques
Thisse, along with participants at numerous seminars and conferences for useful comments.
We are grateful to the Tuborg Foundation for �nancial support. Bache also thanks Harvard
University for hospitality during a long-term visit.
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1 Introduction

More than two decades ago, Milgrom and Roberts (1990a) argued that strat-
egy and structure in modern manufacturing �rms re�ect widespread com-
plementarities among many diverse activities undertaken by �rms. Drawing
on Topkis (1978), they emphasised how such complementarities�and the
corresponding mathematical property of supermodularity�make �rms' de-
cisions exhibit monotone comparative statics. That is, the optimal levels of
the activities are monotonic in parameters of the pro�t maximisation prob-
lem that in�uence the set of available activities or the attractiveness of these
activities all else equal. Since this seminal contribution, the monotonicity
theorems developed by Topkis (1978), and later by Milgrom and Shannon
(1994) and Athey (2002), have played important roles in the comparative
statics of �rms. One reason is their virtue of focusing on the properties of the
optimisation problem that are essential for obtaining monotone comparative
statics and doing away with super�uous assumptions. For example, these
monotonicity theorems allow activities to be discrete choice variables and
the pro�t function to be nonconcave, nondi�erentiable, and discontinuous
at some points. When applying these monotonicity theorems, many studies
of �rm-level complementarities in organisational economics assume that the
competitive environment of the �rm is exogenous.1 While being convenient
and serving as a natural baseline, such partial analysis is not su�cient when
studying exogenous shocks that a�ect all �rms in an industry. In this case,
�rms are not only directly a�ected by the exogenous changes but also indi-
rectly a�ected through changes in the competitive environment. In studies of
games with strategic complementarities or substitutes, where monotonicity
theorems have also been applied, such an indirect e�ect is central.2

The present paper shows that the presence of an indirect e�ect has a
number of interesting implications for the comparative statics in a setting

1See e.g. Milgrom and Roberts (1990a, 1995), Milgrom et al. (1991), Holmstrom and
Milgrom (1994), Athey and Schmutzler (1995), and Topkis (1995).

2See Amir (2005) for a survey. Central references include Topkis (1979), Jeremy et al.
(1985), Milgrom and Roberts (1990b), Vives (1990), and Roy and Sabarwal (2010).
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of monopolistic competition among heterogeneous �rms. Our main result is
that �rm-level complementarities can manifest themselves much more clearly
in the comparative statics for the industry composition than at the �rm
level. Tests of �rm-level complementarities conducted at the industry level
may therefore be a promising empirical strategy. A technical contribution
is to reveal that monotonicity theorems can indeed be very useful in the
analysis of �rms in monopolistic competition; a workhorse market structure
in many diverse �elds of economics. Our study is closely related to the
recent literature on heterogeneous �rms in international trade for which our
results are highly relevant. Before going into details regarding this part of our
contribution, let us describe our setup and results further. Speci�cally, we
put forward a model of monopolistic competition where heterogeneous �rms
each make a combined decision on an arbitrary number of activities. Firms
endogenously enter and exit the industry. The demand level of the industry
re�ects the intensity of competition and adjusts to ensure a zero expected
value of entry. Importantly, the activities faced by �rms are complementary
with each other and with the demand level of the industry.3

At the �rm level, we investigate how the decisions of individual �rms
respond to exogenous increases in industry-wide parameters of the pro�t
maximisation problem. These parameter changes do not only have a non-
negative direct e�ect (given the demand level) on the equilibrium decisions of
individual �rms but also an indirect e�ect operating through changes in the
demand level. Only when the indirect e�ect is nonnegative and thus aligned
with the direct e�ect can we be sure that the �rm-level comparative statics
are monotone. We provide su�cient conditions for this to be the case by
restricting the nature of the exogenous changes such that the demand level
increases. The indirect e�ect is however generally ambiguous and, as a con-
sequence, so are the comparative statics at the �rm level. These results show
how an endogenous competitive environment re�nes the comparative statics
obtained in the above-mentioned studies of �rm-level complementarities in
organisational economics.

The centrepiece of our contribution is the provision of su�cient condi-
tions for monotone comparative statics for the industry composition. By
this we mean that exogenous increases in industry-wide parameters of the

3Since our focus is on the implications of complementarities, we simply assume their
existence rather than investigate how they may arise. Topkis (1995) and Mrazova and
Neary (2013) consider conditions for complementarities to arise and provide examples of
speci�c models.
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pro�t maximisation problem lead to �rst-order stochastic dominance shifts
in the equilibrium distribution of any activity across �rms. This implies that
the share of active �rms undertaking at least a given level of any activity
increases and so does the average level of any activity. The equilibrium dis-
tribution of any activity does not only depend on the levels chosen by �rms
conditional on being active (the level e�ect) but also on the endogenous se-
lection of which �rms are active (the selection e�ect). The presence of the
selection e�ect implies that monotone comparative statics at the �rm level
are neither necessary nor su�cient for monotone comparative statics for the
industry composition. We are therefore able to identify su�cient conditions
for monotone comparative statics for the industry composition regardless of
the ambiguities prevailing at the �rm level. These conditions ensure that the
level and the selection e�ects induced by changes in the demand level cancel
out. The indirect e�ect�the source of ambiguity at the �rm level�is there-
fore neutral at the industry level. This is in some sense a knife-edge result.
We also show how weaker conditions ensure monotone comparative statics
for the industry composition when the demand level is known to either rise
or fall. An implication of our results is that one may observe that many, or
even all, �rms reduce their levels of a given activity while the equilibrium
distribution of this activity shifts towards higher levels thereby increasing
the average level of this activity.4

Since the seminal work by Melitz (2003), models with monopolistic com-
petition among heterogeneous �rms have become mainstream in the liter-
ature on international trade. A vast number of these recent trade mod-
els feature �rm-level complementarities and this paper provides a unifying
framework for these. The framework is su�ciently general to encompass, at
least symmetric-market versions of, well-known contributions such as Melitz
(2003), Antràs and Helpman (2004), Helpman et al. (2004), Melitz and Otta-
viano (2008), Arkolakis (2010), Helpman and Itskhoki (2010), Helpman et al.
(2010), Amiti and Davis (2011), Arkolakis and Muendler (2011), Bernard
et al. (2011), Bustos (2011), Caliendo and Rossi-Hansberg (2012), Mayer
et al. (2011), and Kasahara and Lapham (2013). By applying monotonicity
theorems to obtain comparative statics, our mathematical techniques dif-
fer substantially from the standard approach in these studies. The mono-
tonicity theorems allow us to focus on the complementarities at the heart of

4Even though this result may seem like a theoretical curiosity, it holds in some models
of international trade. We provide one example in Section 6.4.
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these models without relying on speci�c functional forms. Our results reveal
that, in these trade models, the common assumption of Pareto-distributed
�rm-speci�c productivities represents the knife-edge case mentioned above
and therefore leads to monotone comparative statics for the industry com-
position. Further, we show how one can relax the assumption of Pareto-
distributed productivities and still get monotone comparative statics for the
industry composition in cases where the demand level is known to rise or fall.
Trade liberalisations belong to the latter category. Because our results pro-
vide strong, novel, and testable implications for many recent and well-known
models from international trade, our main result that �rm-level complemen-
tarities may manifest themselves much more clearly at the industry level than
at the �rm level is relevant for both theorists and empiricists.

Bernard et al. (2003) and Arkolakis et al. (2012) have noted the discrep-
ancy between �rm- and industry-level e�ects of trade liberalisation on �rm
markups using models with heterogeneous �rms and endogenous selection.
But, to the best of our knowledge, we are the �rst to provide a general and
thorough analysis of how �rm-level complementarities can imply monotone
comparative statics for the industry composition despite ambiguities in �rm-
level responses. In illustrating the merits of the mathematical tools behind
monotonicity theorems for analysing the above-mentioned trade models, this
paper is also related to Mrazova and Neary (2013). These two authors empha-
sise the role of supermodularity (complementarity) in shaping the sorting pat-
tern of �rms in a given equilibrium. Our approach di�ers by not only focusing
on a given equilibrium but rather conducting comparative statics across equi-
libria. Finally, Costinot (2009) examines the role of log-supermodularity in
generating comparative advantage. In the working-paper version, Costinot
(2007) considers applications to speci�c heterogeneous �rms setups. Here,
comparative statics with respect to the productivity dispersion are conducted
whereas we consider comparative statics with respect to parameters directly
a�ecting the maximisation problem of the �rms. We emphasise that, al-
though the present paper has close ties to the international-trade literature,
nothing in the formulation of our framework limits the relevance or applica-
tion of our results to trade-related issues.

The remainder of the paper is organised as follows. Section 2 brie�y
reviews the central mathematical results from Topkis (1978, 1995) and Mil-
grom and Shannon (1994) that we draw upon in our analysis as these may be
unfamiliar to some readers. Section 3 develops our framework and presents
our central assumption of complementarities. Section 4 emphasises the am-
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biguities in �rm-level responses and provides special cases with monotone
comparative statics. Next, Section 5 characterises the equilibrium distribu-
tions of activities and derives su�cient conditions for monotone comparative
statics for the industry composition. Section 6 presents concrete applications
of both our framework and results. Finally, Section 7 o�ers some concluding
remarks.

2 Mathematical Preface

Let X ⊆ Rn and T ⊆ Rm be partially ordered sets with the component-wise
order.5 For two vectors x′, x′′ ∈ Rn, we let x′∨x′′ denote the component-wise
maximum and x′ ∧ x′′ denote the component-wise minimum.6 The set X is
a lattice if for all x′, x′′ ∈ X, x′ ∨ x′′ ∈ X and x′ ∧ x′′ ∈ X. The set S ⊆ X is
a sublattice of X if S is a lattice itself. For two sets S ′, S ′′ ⊆ Rn, we say that
S ′′ is higher than S ′ and write S ′ ≤s S ′′ if for all x′ ∈ S ′ and all x′′ ∈ S ′′,
x′ ∨ x′′ ∈ S ′′ and x′ ∧ x′′ ∈ S ′. If a set becomes higher, then we say that the
set is increasing.

Let X be a lattice. The function h : X × T → R is supermodular in x on
X for each t ∈ T if for all x′, x′′ ∈ X and t ∈ T ,

h(x′, t) + h(x′′, t) ≤ h(x′ ∧ x′′, t) + h(x′ ∨ x′′, t). (1)

Supermodularity of h in x implies that the return from increasing several
elements of x together is larger than the combined return from increasing
the elements separately.7 This follows from the fact that a higher value
of one subset of the elements in x increases the value of increasing other
subsets of elements. Supermodularity thus implies that the elements of the
vector x are (Edgeworth) complements. If h is smooth, supermodularity is
equivalent with ∂2h/∂xi∂xj ≥ 0 for all i, j where i 6= j. By (1), it follows
that any function h is trivially supermodular in x when x is a single real
variable. The function h(x, t) has increasing di�erences in (x, t) if for x′ ≤ x′′,
h(x′′, t)−h(x′, t) is monotone nondecreasing in t. Increasing di�erences mean

5For x′ = (x′1, . . . , x
′
n) ∈ Rn and x′′ = (x′′1 , . . . , x

′′
n) ∈ Rn, x′ ≤ x′′ if x′i ≤ x′′i for

i = 1, ..., n and x′ < x′′ if x′ ≤ x′′ and x′ 6= x′′.
6That is, x′ ∨ x′′ = (max{x′1, x′′1}, . . . ,max{x′n, x′′n}) and x′ ∧ x′′ =

(min{x′1, x′′1}, . . . ,min{x′n, x′′n}).
7To see this, rewrite (1) into [h(x′, t) − h(x′ ∧ x′′, t)] + [h(x′′, t) − h(x′ ∧ x′′, t)] ≤

h(x′ ∨ x′′, t)− h(x′ ∧ x′′, t).
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that increasing t raises the return from increasing x and vice versa. If h is
smooth, increasing di�erences are equivalent with ∂2h/∂xi∂tj ≥ 0 for all i, j.
The following monotonicity theorem is due to Topkis (1978).

Theorem 1. Let X ⊆ Rn be a lattice, T ⊆ Rm be a partially ordered set,
S be a sublattice of X, and h : X × T → R. If h(x, t) is supermodular in x
on X for each t ∈ T and has increasing di�erences in (x, t) on X × T , then
arg maxx∈S h(x, t) is monotone nondecreasing in (t, S).

If the set of maximisers only contains one element, this unique maximiser
is nondecreasing in (t, S). In the remainder of this paper, we restrict at-
tention to cases where the set of maximisers is a nonempty and complete
sublattice.8 This implies that the set of maximisers has greatest and least
elements and Theorem 1 implies that these greatest and least elements are
nondecreasing functions of (t, S). We follow the convention of focusing on
the greatest element in the set of maximisers, e�ectively treating the max-
imiser as unique.9 The monotone comparative statics result of Theorem 1
could also be obtained under the weaker assumption that h is quasisuper-
modular in x and exhibits the single crossing property in (x, t).10 However,
the properties supermodularity and increasing di�erences more accurately
represent the standard notion of complementarity, are well-known, and are
easy to characterise for smooth functions. Therefore we use these assump-
tions throughout the main part of the paper while keeping in mind that all
our results will also hold under quasisupermodularity and the single crossing
property.

3 The Model

After paying a sunk entry cost of fe units of the numéraire, atomistic �rms
enter an industry characterised by monopolistic competition. Upon entry
into this industry, a �rm receives a productivity level, θ ∈ R+, and a vector
of characteristics, γ ∈ Rp.11 Individual �rms are fully characterised by the

8General su�cient conditions for this are found in Milgrom and Shannon (1994).
9We share this approach with Bagwell and Ramey (1994) and Holmstrom and Milgrom

(1994). All results also hold when one focuses on e.g. the least element.
10See Appendix A for formal de�nitions and a theorem.
11The distinction between what we call productivity, θ, and �rm characteristics, γ, is

made since we impose some assumptions on θ that we will not impose on γ. θ could in
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pair (θ, γ) which is a realisation of the random variables (Θ,Γ). We let Θ
and Γ be independently distributed with c.d.f. F and G, respectively. Let
productivity be a continuous variable and F be C1 on the interior of its
support. In line with labelling θ as productivity, assume that �rms with
higher θ are able to earn weakly higher pro�ts.

After observing its realisation (θ, γ), a �rm has to choose whether to
start producing or to exit the industry. If a �rm chooses to produce, it has
to make a decision, x = (x1, . . . , xn), where xi denotes the chosen level of
activity i. An activity refers to any variable at the discretion of the �rm.
The level of an activity can be either discrete or continuous. We let x ∈ X
where X ⊆ Rn is the set of all conceivable, but not necessarily available,
decisions. The setX is assumed to be a lattice which, loosely speaking, means
that undertaking a higher level of any activity may require, but importantly,
cannot prevent undertaking a higher level of another activity. Restricting
attention to lattices allows complementarities to take e�ect. The pro�tability
of the decisions in X is in�uenced by a vector of exogenous industry-wide
parameters, β ∈ B with B ⊆ Rm. Further, the actual choice set of all �rms
is restricted to a set of available decisions, S ⊆ X, with S being a sublattice
of X. Our comparative statics are going to focus on changes in (β, S) which
determines the attractiveness (all else equal) and availability of activities.

Firm pro�ts also depend on a common endogenous aggregate statistic.
We will think of and refer to this variable, A ∈ R+, as the demand level and
let �rm pro�ts be nondecreasing in A. In line with monopolistic competition
among atomistic �rms, individual �rms perceive A as exogenous.12 To get
a sense of what A could be, consider a model where identical consumers'
preferences are additively separable across varieties of a di�erentiated good.
In this case, the inverse marginal utility of income enters into the pro�t
function of �rms through the demand function and would constitute the
demand level.13 Note that A could also comprise endogenous variables such
as factor prices as long as all endogenous variables outside the control of the

principle represent any �rm characteristic that conforms to the assumptions we impose on
θ. If one wishes to analyse a situation with a single source of �rm heterogeneity, one can
simply ignore γ in the following.

12This setup also encompasses the case of perfect competition. To see this, let all
�rms share the same characteristics (θ, γ), fe = 0, and A could simply be the endogenous
price level. For our industry-level analysis to be interesting, �rm heterogeneity is however
central.

13See e.g. Section 6.3.
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�rm can be combined into the single variable A.

3.1 Pro�ts, Complementarities, and the Optimal Deci-

sion

Pro�ts, π, of a �rm with characteristics (θ, γ) depend on the decision, x, the
demand level, A, and the industry parameters, β. Formally,

π = π(x, θ, γ;A, β), (2)

where the semicolon separates �rm-speci�c from industry-wide variables.
The following assumption summarises the complementarities that are cen-
tral to our analysis.

Assumption 1. For all (θ, γ, A, β), the pro�t function, π(x, θ, γ;A, β), is
supermodular in x on X and has increasing di�erences in (x, θ), (x,A), and
(x, β) on X × R+, X × R+, and X ×B, respectively.

Supermodularity in x implies that the activities are complementary with
each other. Further, the assumption of increasing di�erences implies that
productivity, the demand level, and the elements in β are all complementary
to the n activities.14 While θ, A, and β thus in�uence �rms' decisions in
similar ways, they play very di�erent roles in our model. Productivity, θ,
is a �rm characteristic that helps us characterise the equilibrium sorting of
�rms, A is an endogenous demand level to be determined in equilibrium,
and β is a vector of exogenous parameters with respect to which we conduct
comparative statics.

Proper ordering of activity levels and parameters is crucial for pro�ts to
satisfy Assumption 1.15 Even after proper ordering, Assumption 1 may not
apply to all conceivable activities that �rms can face. However, if one can
rede�ne or reduce the decision of �rms to a form where the corresponding
pro�t function satis�es our assumptions, then our results can be applied to

14Note that β only contains those parameters that comply with Assumption 1. As other
parameters are kept constant throughout our analysis, we simply abstract from these.

15If a function is supermodular in (x1, x2), then it is not supermodular in (−x1, x2).
Such a reordering trick is useful if one activity is a substitute for all others (Milgrom and
Roberts, 1995). If a function has increasing di�erences in (x1, x2, β), then it does not have
increasing di�erences in (x1, x2,−β).
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the activities that constitute that decision.16 Consequently, we do not nec-
essarily require that all possible activities faced by �rms are complementary.
Finally, note that (2) does not have to represent a certain payo� to �rms. In
case of uncertainty after a �rm has realised its characteristics and made its
decision, the objective function (2) could be interpreted as expected pro�ts.
For an illustrative example, see Athey and Schmutzler (1995).

Faced with the pro�t function in (2), a �rm makes the optimal decision,
x∗, under the constraint that x ∈ S while taking θ, γ, A, and β as given.
Formally we have that17

x∗(θ, γ;A, β, S) = arg max
x∈S

π(x, θ, γ;A, β). (3)

Lemma 1. The optimal decision, x∗(θ, γ;A, β, S), is monotone nondecreas-
ing in (θ, A, β, S).

Lemma 1 follows readily from Assumption 1 and Theorem 1 and is simply
the manifestation of the complementarities discussed above. Importantly,
these comparative statics are partial in nature since the endogeneity of A
is ignored. In the analysis of equilibrium comparative statics, Lemma 1 is
nevertheless used repeatedly. The pro�ts obtained under the optimal decision
are denoted by π∗ which is de�ned as

π∗(θ, γ;A, β, S) ≡ π(x∗(θ, γ;A, β, S), θ, γ;A, β).

Remember that more productive �rms earn higher pro�ts and �rms earn
higher pro�ts the higher is the demand level, i.e., π∗ is nondecreasing in
(θ, A).

3.2 Entry and the Equilibrium Distributions of Activi-

ties

Firm pro�ts upon entry are bounded below by zero because when π∗ happens
to be negative, the �rm exits the industry and forfeits the sunk cost of entry.

16For an example of how to obtain a supermodular pro�t function in a speci�c case
with a core group of complementary activities and a group of additional activities, see
Milgrom et al. (1991).

17Our focus on the greatest element among maximisers in case of nonuniqueness allows
us to treat x∗ as unique. Therefore, we use "=" and not "∈" in (3).
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The expected pro�ts upon entry, Π, are thus given by

Π(A, β, S) ≡
∫∫

max{0, π∗(θ, γ;A, β, S)} dG(γ) dF (θ),

and are assumed to be �nite. We assume free entry and an unbounded pool
of potential entrants. In equilibrium, we therefore have that the expected
pro�ts upon entry are equal to the cost of entry,

Π(A, β, S) = fe. (4)

We assume the existence and uniqueness of an equilibrium with an A that
satis�es this free-entry condition.18 Then (4) pins down the endogenous de-
mand level, A, as a function of β and S. The optimal decisions of �rms
conditional on being active, the equilibrium demand level, and the distribu-
tions of productivities and characteristics together give rise to endogenous
distributions of the activities among active �rms. We denote the c.d.f. of the
equilibrium distribution of activity i by Hi(xi; β, S).19 These distributions
re�ect the industry composition and are the focus of our industry-level anal-
ysis in Section 5. Before we consider the industry level, we proceed with an
analysis of �rm-level comparative statics.

4 Firm-Level Comparative Statics

We now investigate the equilibrium responses of individual �rms to increases
in the industry-wide parameters (β, S).20 Both increases in β and increases
in S provide �rms with an incentive to increase their levels of all activities,
all else equal. Increases in β do so by increasing the relative attractiveness of
undertaking higher levels of the activities while increases in S do so by shift-
ing upwards the set of available decisions. These incentives can be brought
about in two distinct ways. By increasing β the relative attractiveness of
higher levels of activities is increased both if pro�ts associated with higher

18For a similar assumption and also discussion thereof, see Mrazova and Neary (2013).
We specify neither the forces of adjustment, such as entry of new �rms or competition
over inputs, nor the process that leads to (4) being satis�ed.

19Note that this c.d.f. does not condition on γ. It is the distribution of the activity
among all active �rms in the industry.

20In this analysis, the special properties of θ relative to γ are irrelevant and one can
abstract from θ for the remainder of this section.

23



levels increase and if pro�ts associated with lower levels decrease. Analo-
gously, the set of available decisions is shifted upwards both if higher levels
of activities become available or if lower levels become unavailable. While
these two approaches to increasing β and S are not mutually exclusive, their
distinct e�ects on �rm pro�ts will prove important.

De�nition 1. Increases in (β, S) are carried out with the carrot (stick) if
expected pro�ts upon entry, Π, increase (decrease) for a given demand level.

Let us de�ne the equilibrium decision of a �rm conditional on being active
as

x̃∗(θ, γ; β, S) ≡ x∗(θ, γ;A(β, S), β, S). (5)

From the right hand side of (5), it is clear that changes in (β, S) have a
direct e�ect on �rm decisions but, since the whole industry is a�ected, such
changes also have an indirect e�ect through changes in the demand level.
This dichotomy is important, so let us be more formal. When we consider a
change from (β′, S ′) to (β′′, S ′′), where either β or S could remain unchanged,
we make the following decomposition of the total e�ect on x̃∗.

∆x̃∗ = x∗(θ, γ;A′, β′′, S ′′)− x∗(θ, γ;A′, β′, S ′)︸ ︷︷ ︸
Direct E�ect

+ x∗(θ, γ;A′′, β′′, S ′′)− x∗(θ, γ;A′, β′′, S ′′)︸ ︷︷ ︸
Indirect E�ect

,

where A′ = A(β′, S ′) and A′′ = A(β′′, S ′′). The direct e�ect on x̃∗ is thus
the change in the decision prompted by changes in (β, S) when A is held
constant. The indirect e�ect on x̃∗ stems from A not being constant but
rather being a function of the conditions a�ecting �rms' decisions.

It follows readily from Lemma 1 that an increase in (β, S) has a non-
negative direct e�ect on the equilibrium decision, x̃∗. Regardless of whether
the carrot or the stick is employed in increasing (β, S), �rms get an incen-
tive to increase their levels of all activities. The inherent complementarities
among activities ensure that this is manifested in an increase in the opti-
mal decisions, all else equal. This is the central result in the analyses of
complementary activities in the organisational-economics papers cited in the
introduction.
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4.1 The Indirect E�ect on x̃∗

Whereas the direct e�ect of an increase in (β, S) on x̃∗ is unambiguously
nonnegative, the sign of the indirect e�ect depends on whether the carrot or
the stick is employed.

Lemma 2. The indirect e�ect on the equilibrium decision, x̃∗, is nonpositive
(nonnegative) if (β, S) is increased by use of the carrot (stick).

In general, an increase in (β, S) can thus have either a positive or a
negative indirect e�ect on x̃∗. To see this, note two things. By Lemma 1,
the sign of the indirect e�ect has the same sign as the change in the demand
level. Second, the demand level responds to satisfy the free-entry condition
(4). Whether this results in a lower or higher A depends crucially on whether
the increase in (β, S) increases or decreases expected pro�ts upon entry given
the demand level. That is, whether the increase in (β, S) is brought about
by the carrot or the stick.21

4.2 The Total E�ect on x̃∗

By combining the insights of the two preceding sections, we obtain the fol-
lowing proposition.

Proposition 1. The total e�ect on the equilibrium decision, x̃∗, is non-
negative (ambiguous) for all �rms if (β, S) is increased by use of the stick
(carrot).

The direct e�ect on the equilibrium decisions of some �rms may very well
be zero.22 In this case, it is both necessary and su�cient to have a nonneg-
ative indirect e�ect on x̃∗, in order for the total e�ect to be unambiguously
nonnegative for all �rms. In cases where (β, S) is increased by use of the
carrot, additional or more attractive activities, that is new opportunities,
may actually turn out to be a detrimental threat for some �rms as these op-
portunities become available to all �rms and thus depress the demand level.

21It is quite common in the literature to analyse introductions of new activities, meaning
changes from S′ to S′′ such that S′ ⊂ S′′ and S′ ≤s S′′. Since all of the decisions available
under S′ are also available under S′′, such introductions imply a carrot approach. The
same can be said about reductions in trade costs in many models of international trade.
Such trade liberalisations can be represented by an increase in β; see Section 6.1.

22This is e.g. the case for a �rm that, given A, maintains its decision following an
increase in S.

25



Since �rms and activities di�er in their characteristics, either of the direct
or the indirect e�ects may dominate the other for a given activity in a given
�rm.23 Despite the fewer or less attractive activities that may result from
using the stick, �rms are provided with an incentive to increase the levels of
their activities that is only reinforced by the fact that these apparently worse
conditions a�ect all �rms and therefore ease competition (A increases).

Proposition 1 highlights that analysing complementary activities in in-
dustry equilibrium re�nes the comparative statics obtained in some earlier
studies. In their analyses of complementary activities, Milgrom and Roberts
(1990a, 1995), Milgrom et al. (1991), Holmstrom and Milgrom (1994), Athey
and Schmutzler (1995), and Topkis (1995) assume that all variables that
a�ect pro�ts, but are outside the control of the �rm, are exogenous.24 As
insightful as their analyses are, this means that they do not capture the
feedback through the indirect e�ect. It is exactly this feedback from the en-
dogenous demand level which implies that the decisions of individual �rms
do not generally exhibit monotone comparative statics in (β, S) in spite of
the complementarities imposed by Assumption 1.25 Only in special cases are
the comparative statics monotone for all �rms.

The main arguments above have not depended on �rm heterogeneity be-
ing nondegenerate. Thus, the mechanisms described are still at play if the
distributions F and G are degenerate such that all �rms share the same char-
acteristics and make the same decision, x̃∗. One quali�cation to our results
must however be given. With homogeneous �rms, an increase in S will un-
ambiguously increase x̃∗. To see this, note �rst that if the initial x̃∗ becomes
unavailable, then only higher decisions are possible. Second, if the initial x̃∗

does not become unavailable, we know, by the de�nition of the strong set
order (≤s) in Section 2, that possible lower decisions available ex post were
also available ex ante. By a revealed preference argument, possible lower

23When the sign of the total e�ect is ambiguous, it may vary both across activities
within a given �rm and across di�erent �rms for a given activity. We provide an example
of this in Section 6.1.

24Our nonnegative direct e�ect on x̃∗ is completely equivalent to the �rm-level mono-
tone comparative statics obtained in these earlier studies. These papers do not feature an
indirect e�ect and therefore the total e�ect is always nonnegative.

25The reason why we do not obtain monotone comparative statics in β is that our
assumption of the pro�t function having increasing di�erences in (x, β) is partial. The
assumption holds for a given A which by no means ensures increasing di�erences in (x, β)
once we recognise the endogeneity of A. Similarly, the conditions for monotone compara-
tive statics in S only hold for a given A.
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decisions cannot be optimal after S has increased. The total e�ect of an
increase in β remains ambiguous.26

5 Industry-Level Comparative Statics

This section considers how the equilibrium distributions of activities respond
to changes in (β, S). First, let us formalise our notion of monotone compar-
ative statics for the industry composition.

De�nition 2. The industry composition exhibits monotone comparative stat-
ics when increases in (β, S) induce �rst-order stochastic dominance (FOSD)
shifts in the equilibrium distributions of all activities. That is, Hi(xi; β, S) is
nonincreasing for all levels, xi, of all activities, i = 1, . . . , n.

Consequently, monotone comparative statics for the industry composi-
tion imply that the share of active �rms that undertake at least any given
level of any activity increases. The equilibrium distributions of the activities
thus shift towards higher values of all activities and the average level of any
activity increases.

Without endogenous exit, such that all �rms choose to be active upon
entry, comparative statics for the industry composition follow directly from
the �rm-level comparative statics.27 In this case, the industry composition
exhibits monotone comparative statics if the total e�ect on x̃∗ is nonnegative
for all �rms. If the total e�ect on x̃∗ is ambiguous, then so are the com-
parative statics for the industry composition in general. In this section, we
therefore analyse the more interesting case where some �rms endogenously
shut down upon entry. With endogenous exit, the equilibrium distributions
of the activities are both a�ected by the levels of activities undertaken by
�rms conditional on being active (level e�ect) and by the endogenous se-
lection of which �rms are active (selection e�ect). The selection e�ect in-
troduces a discrepancy between the �rm-level comparative statics (the level
e�ect) and the comparative statics for the industry composition. On the one

26A good example, which �ts into our framework, is the Krugman (1979) model. As
shown by Zhelobodko et al. (2012), the total output of �rms (an activity) may either
increase or decrease following an increase in market size (β) depending on how the "relative
love of variety" varies with consumption.

27This includes the case without �rm heterogeneity.
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hand, monotone comparative statics at the �rm level do not ensure mono-
tone comparative statics for the industry composition. On the other hand,
it is possible that the industry composition exhibits monotone comparative
statics regardless of ambiguity at the �rm level.

5.1 The Equilibrium Sorting of Firms

To characterise the equilibrium distributions of activities, we consider the
sorting of �rms based on productivity. Remember that �rms with higher
productivity levels are able to earn higher pro�ts. Thus, given γ, the self-
selection of �rms into being active or exiting obeys a threshold rule with
respect to productivity; all �rms with productivities above this threshold are
active and all �rms with productivities below exit. Denoting this threshold
by θa, we have that

θa(γ;A, β, S) ≡ inf{θ : π∗(θ, γ;A, β, S) > 0}.

For the reasons discussed above, we focus on the case with endogenous exit
and assume that no draw of �rm characteristics, γ, is su�ciently favourable to
ensure that a �rm is able to produce pro�tably regardless of its productivity
draw. That is, θa(γ;A, β, S) > θ0 for all γ where θ0 ≥ 0 is the lowest possible
productivity draw.

To characterise the sorting of active �rms into the activities, consider the
cross-section of �rms in a given equilibrium. In this case, (A, β, S) are given.
By Lemma 1, we therefore know that higher productivity �rms choose weakly
higher levels of all activities, conditional on γ.28 Let θi be the lowest level of
productivity at which a �rm undertakes at least level xi of activity i, given
γ. Bounding this threshold from below by θa, it is given by

θi(xi, γ;A, β, S) ≡ max{θa, inf{θ : x∗i (θ, γ;A, β, S) ≥ xi}}. (6)

Although the sorting pattern we just described is convenient for character-
ising an equilibrium, it has some undesirable features if productivity is the
only source of �rm heterogeneity. First, the strict relationship between pro-
ductivity and the level of any activity seems unrealistically stark. Moreover,

28This pattern of �rm sorting into the various activities can be seen as a straightforward
extension of an insight of Mrazova and Neary (2013) to our case of multidimensional �rm
decisions.
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this very relationship introduces a gap between the range of available de-
cisions in S and the range of decisions observed in equilibrium.29 Given
the wide variety of �rm decisions seen in reality, such a limitation on the
observable decisions is undesirable. Allowing for additional sources of �rm
heterogeneity through Γ alleviates these issues. While the strict sorting pat-
tern based on productivity holds for a given realisation of characteristics, γ,
it does not necessarily hold across �rms with di�erent characteristics. If we
consider all �rms at once, this can break the strict relationship between the
level of a given activity and productivity and thereby increase the number of
observable decisions.30

With Θ and Γ being independently distributed, we can identify restric-
tions on the distribution of productivities, F , that give us monotone com-
parative statics for the industry composition without restricting neither the
distribution of characteristics, G, nor how γ a�ects pro�ts. These features are
comforting to the extent that many potential sources of �rm heterogeneity
are not easily observable.

5.2 The Level and Selection E�ects

On the basis of the sorting pattern described above, we now characterise
the equilibrium distributions of the activities and highlight the e�ects at
play. In the following, we focus on a particular level, xi, of activity i which
could be any of the n activities. Applying the law of large numbers, let
sa ≡ 1 − F (θa) be the share of �rms with characteristics γ that are active
and s̄a ≡

∫
sa dG(γ) be the overall share of active �rms. Similarly, let si ≡

1−F (θi) denote the share of �rms with characteristics γ undertaking at least
level xi of activity i and let s̄i ≡

∫
si dG(γ) be the corresponding share across

characteristics.31 Using these shares, the c.d.f. of the equilibrium distribution
of activity i can be expressed as

Hi(xi; β, S) = 1− s̄i(xi;A(β, S), β, S)

s̄a(A(β, S), β, S)
. (7)

29For example, if we have two binary activities, then we can have four possible decisions,
S = {(0, 0), (1, 0), (0, 1), (1, 1)}. However, if x′ = (1, 0) is the optimal decision for one
�rm, then x′′ = (0, 1) cannot be the optimal decision for some other �rm since this would
contradict Lemma 1.

30For examples where multidimensional �rm heterogeneity has this purpose, see Eaton
et al. (2011), Amiti and Davis (2011), and Kasahara and Lapham (2013).

31Note that sa ≥ si and therefore s̄a ≥ s̄i.
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Denote by ∆Hi the change in Hi induced by an increase from (β′, S ′) to
(β′′, S ′′). Using t′ = (β′, S ′) and t′′ = (β′′, S ′′) for shorthand notation, this
change can be decomposed into the level and selection e�ects mentioned
above,

∆Hi =
s̄i(xi;A

′, t′)

s̄a(A′, t′)
− s̄i(xi;A

′, t′′)

s̄a(A′, t′)︸ ︷︷ ︸
Direct Level E�ect

+
s̄i(xi;A

′, t′′)

s̄a(A′, t′)
− s̄i(xi;A

′, t′′)

s̄a(A′, t′′)︸ ︷︷ ︸
Direct Selection E�ect

+
s̄i(xi;A

′, t′′)

s̄a(A′, t′′)
− s̄i(xi;A

′′, t′′)

s̄a(A′, t′′)︸ ︷︷ ︸
Indirect Level E�ect

+
s̄i(xi;A

′′, t′′)

s̄a(A′, t′′)
− s̄i(xi;A

′′, t′′)

s̄a(A′′, t′′)︸ ︷︷ ︸
Indirect Selection E�ect

, (8)

where again, A′ = A(β′, S ′) and A′′ = A(β′′, S ′′). Remember that the (to-
tal) level e�ect is due to changes in the levels of activity i undertaken by
�rms conditional on being active. In (8), this is represented by changes in
the share of �rms undertaking at least a given level of activity i, s̄i. The
(total) selection e�ect is due to changes in the range of active �rms, which
is represented by changes in the share of active �rms, s̄a. Each of these two
e�ects have a direct component induced by changes in (β, S) for a given A
and an indirect component induced by changes in A. Together, the direct
and indirect level e�ects correspond to the �rm-level responses analysed in
Section 4. The additional e�ect of an increase in (β, S) on Hi through the
direct and indirect selection e�ects is clearly a source of discrepancy between
�rm- and industry-level comparative statics.

5.3 Monotone Comparative Statics for the Industry Com-

position

The present section provides conditions that imply monotone comparative
statics for the industry composition (∆Hi ≤ 0) in the general case where the
demand level may either rise or fall. These conditions are relaxed in the next
section by conditioning on use of either the carrot or the stick.

Let us start by considering the direct level e�ect on Hi. We know from
Section 4 that the direct e�ect of an increase in (β, S) on �rms' decisions
is nonnegative. This tends to increase the share of �rms that undertake at
least a given level of activity i, s̄i.

32 The direct level e�ect in (8) is therefore

32To see this formally, note that by Lemma 1, x∗ is nondecreasing in (θ, β, S). Thus
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nonpositive which works in favour of an FOSD shift in Hi. Since this e�ect
may actually be zero for some levels of activity i, we must ensure that the
sum of the remaining e�ects in (8) is also nonpositive. First o�, because
the demand level could be constant such that both the indirect level and
selection e�ects are zero, this requires that the direct selection e�ect is itself
nonpositive.

For the direct selection e�ect to be nonpositive, we need that the direct
e�ect on the share of active �rms, s̄a, is nonpositive. Intuitively, the marginal
active �rms have low productivities and therefore undertake low levels of the
activities conditional on being active. An increase in the share of active �rms
therefore tends to work against an FOSD shift in Hi. To ensure that the
direct e�ect of a change in (β, S) does not work in this direction, we impose
the following assumption which applies in the remainder of the paper.

Assumption 2. The direct selection e�ect in (8) is nonpositive.

This assumption implies that the direct e�ect of increases in (β, S) on the
pro�ts of the least productive active �rms must be nonpositive. Assumption
2 is often satis�ed in models of international trade since the least productive
active �rms are often not directly a�ected by the comparative statics consid-
ered. Note that under Assumption 2, (β, S) can still be increased by both
the carrot or the stick.33 Hence, Assumption 2 does not limit the �rm-level
responses to be either ambiguous or unambiguous. Further, Assumption 2
only implies that the direct e�ect on s̄a is nonpositive. The total e�ect on s̄a
could be positive due to s̄a being a�ected by the demand level as well.

Since the direct selection e�ect may also be zero, we need to ensure that
the sum of the indirect e�ects on Hi is nonpositive. An increase in A tends
to make all �rms weakly increase their levels of activity i. This makes the
indirect level e�ect nonpositive. At the same time, an increase in A will
allow some previously inactive low-productivity �rms to produce pro�tably.
The indirect selection e�ect is therefore nonnegative. These two e�ects are
reversed when A decreases but are obviously still opposing. Therefore, in

it follows from (6) that θi is nonincreasing in (β, S) given (γ,A). Therefore, si is nonde-
creasing for all γ which means that s̄i is nondecreasing.

33One the one hand, Assumption 2 is clearly satis�ed when the direct e�ect on the
pro�ts of all �rms is nonpositive (stick). On the other hand, Assumption 2 is satis�ed
for a carrot approach where the direct e�ect on the pro�ts of the least productive active
�rms is zero and the e�ect on the pro�ts of all other �rms is positive while being strictly
positive for some �rms. For an example of the latter, see Section 6.1.
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order to ensure that the sum of these indirect e�ects on Hi is nonpositive in
both cases, we must have that the indirect level and selection e�ects are ex-
actly o�setting. In other words, the percentage changes in s̄a and s̄i induced
by the change in A have to be equal.

To formulate a condition that ensure this, we utilise that productivity is
only identi�ed up to a positive monotone transformation in our setup. Given
a "primitive" productivity variable, φ, with c.d.f. FΦ, one can instead work
with any positive monotone transformation, θ = V (φ).34 Without loss of
generality we can therefore let the distribution of (transformed) productiv-
ities, F , have constant hazard rate. This merely amounts to choosing the
transformation, V , such that F (θ) = FΦ(V −1(θ)) has constant hazard rate,
λ(θ) = λ.

Proposition 2. W.l.o.g. let F have constant hazard rate. For all G, in-
creases in (β, S) induce FOSD shifts in the equilibrium distributions of all
activities if the optimal decision, x∗, and the choice to exit depend on θ and
A only through θ + Ã where Ã is a positive monotone transformation of A.

The constant hazard rate implies by construction that the density at any
productivity level is constant relative to the probability mass above it. This
means that the percentage changes (induced by a change in A) in the share
of active �rms and the share of �rms undertaking at least a given level of
activity i are equal for a given γ if the changes in the thresholds θa and
θi are equal. The conditions in Proposition 2 ensure exactly this. Further,
they ensure that the e�ect does not depend on γ, such that the conclusion
holds when aggregating over γ. For details of the proof, see Appendix B.
Applying Proposition 2 in a given context can be done in the following way.
First check that �rms' decisions and choice to exit can be expressed such
that they depend on the demand level and a transformation, θ, of primitive
productivity only through θ + Ã. A su�cient condition is that pro�ts, π,
do so.35 Next, monotone comparative statics for the industry composition
follow if this transformation of productivity has constant hazard rate.

As mentioned above, Assumption 2 does not restrict A to either rise or
fall. Therefore, the industry-level monotone comparative statics in Propo-

34This of course requires proper reformulation of the pro�t function. If pro�ts in
terms of φ are given by π̃(x, φ, γ;A, β), pro�ts in terms of θ are π(x, θ, γ;A, β) =
π̃(x, V −1(θ), γ;A, β). Assumption 1 being satis�ed for primitive productivity φ and pro�ts
π̃ then implies that Assumption 1 is also satis�ed for θ and π and vice versa.

35However, it is not necessary; see Section 6.4.
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sition 2 are independent of whether the �rm-level response is ambiguous or
not. One reason is that the indirect e�ect through the demand level, which
is the source of the possible ambiguity at the �rm level, is made neutral at
the industry level by the conditions in Proposition 2. Propositions 1 and 2
enable us to draw the somewhat surprising conclusion that �rm-level com-
plementarities can assert themselves more clearly in the composition at the
industry level than at the �rm level. This point is not only theoretically
interesting but also important to take into account when testing models that
conform to our assumptions.

5.4 Monotone Comparative Statics for the Industry Com-

position: Carrot or Stick

Once we consider increases in (β, S) where we can predict that A either falls
(carrot) or rises (stick), we no longer need to be on the knife edge where the
indirect level and selection e�ects on Hi exactly balance. This leads us to
the following proposition which is proved in Appendix C.

Proposition 3. Let θa be invariant across γ's and let the optimal decision,
x∗, and the choice to exit depend on θ and A only through θ + Ã. For
all G, increases in (β, S) by the carrot (stick) induce FOSD shifts in the
equilibrium distributions of all activities if the distribution of productivities
has nonincreasing (nondecreasing) hazard rate, λ(θ).

To understand the intuition behind Proposition 3, remember that A in-
duces the indirect level and selection e�ects through its e�ects on θi and θa,
respectively. Relative to the case with constant hazard rate, where the two
e�ects balance, a nonincreasing hazard rate puts relatively more probability
density at θa (since θa ≤ θi) which means that the indirect selection e�ect
dominates the indirect level e�ect. This works in favour of an FOSD shift
in the equilibrium distribution of activity i when A falls. Conversely, a non-
decreasing hazard rate means that the indirect level e�ect dominates which
works in favour of FOSD shifts when A increases.

5.5 Models of International Trade

In many models of international trade, the decision of �rms can be formulated
in such a way that pro�ts only depend on the primitive productivity variable,
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φ, and a demand-level variable, A, through their product Aφ.36 This arises
naturally when consumers have CES preferences, in which case A is a function
of total expenditure and a price index, but can also arise in other cases; see
Sections 6.3 and 6.4. Since many of these models otherwise conform to our
basic setup and feature complementarities as described in Assumption 1, it
is interesting to see when the conditions of Propositions 2 and 3 are satis�ed.

That pro�ts only depend on A and φ through Aφ is equivalent to pro�ts
only depending on them through θ+ logA with θ = log φ. Further, if pro�ts
only depend on the log of primitive productivity, θ, and the demand level
through θ+logA, then so do �rms' decisions and their choice to exit. Finally,
the distribution of θ having constant hazard rate is equivalent with φ being
Pareto distributed.37 Corollary 1 follows.

Corollary 1. Let pro�ts depend on primitive productivity, φ, and a demand-
level variable, A, only through their product, Aφ. The conditions of Proposi-
tion 2 are satis�ed if and only if log φ has constant hazard rate, i.e., if and
only if φ is Pareto distributed.

While the Pareto distribution is often used in these models of interna-
tional trade due to other attractive features, our result points out a novel
knife-edge property with strong implications for industry-level comparative
statics in the presence of complementarities. Further, even though this lit-
erature considers many diverse activities, many of these models can be for-
mulated such that labour input is one of these. Therefore, the comparative
statics considered, such as trade liberalisations, very often lead to the predic-
tion of FOSD shifts in the size distribution of �rms (as measured by labour
input).38

Next, it is quite easy to come up with productivity distributions that
satisfy the weaker distributional requirement in Proposition 3. If one wants
monotone comparative statics for the industry composition when employing
the carrot (stick), one just has to pick a distribution of log-productivities,
F , with a nonincreasing (nondecreasing) hazard rate. The corresponding
distribution of primitive productivities is then obtained as FΦ(φ) = F (log φ).

36This is e.g. the case in the list of nested trade models provided in the introduction.
37θ = log φ being distributed with constant hazard rate, λ, implies F (θ) = 1−e−λ(θ−θ0).

Substituting for θ gives FΦ(φ) = 1 − (φ0/φ)λ where φ0 = eθ0 is the lower bound on φ.
Thus FΦ is given by the Pareto.

38To see how this works in the basic Melitz (2003) model, see Section 6.1.
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5.6 Comparative Statics without Direct E�ects

Some parameter changes have no direct e�ects on either �rms' decisions or
their choice to exit. While this may be true for some elements of β,39 it is
obviously the case for the sunk entry cost, fe, which we will use to illustrate
the implications. First o�, the �rm-level comparative statics are determined
solely by the indirect e�ect on x̃∗. From (4) it is clear that an increase in fe
must increase A and thereby the equilibrium decisions of all �rms. At the
industry level however, things may be di�erent. Since fe does not have direct
level or selection e�ects, only the indirect e�ect matters for the industry level.
We can therefore conclude that the equilibrium distributions of the activities
are completely una�ected if the conditions in Proposition 2 hold. Further,
on the one hand, if λ(θ) is nondecreasing such that the indirect level e�ect
dominates the indirect selection e�ect, then the equilibrium distributions of
activities shift toward higher values when fe increases. On the other hand,
if λ(θ) is nonincreasing such that the indirect selection e�ect dominates,
then all of these distributions shift towards lower values regardless of the
unambiguous increase in the equilibrium decisions of all �rms.

6 Applications

The present section shows how our �rm- and industry-level results can be
applied to some existing models and to a case with more generally-formulated
preferences.40

6.1 Exporting and Labour Input

Consider a two-country Melitz (2003) model. We let the activities of the �rms
be export status, given by the indicator 1ex for exporting, and total labour
input for variable production, l. If we require that the resulting output is
optimally distributed across markets in case of exporting, then we obtain the

39See Section 6.4 for an example.
40Our results can also be applied to a number of other models from the trade literature

covering a broad range of topics which we do not treat here. Among these are Antràs and
Helpman (2004), Helpman et al. (2004), Arkolakis (2010), Amiti and Davis (2011), Bustos
(2011), Caliendo and Rossi-Hansberg (2012), and Kasahara and Lapham (2013).
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pro�t function41

π(x, θ;A, β) = (1 + 1exτ
1−σ)

1
σ l

σ−1
σ e

σ−1
σ

(θ+logA) − l − f − 1exfex, (9)

where A is a demand shifter, σ > 1 is the elasticity of substitution from
the CES preferences, τ > 1 is an iceberg trade cost, f is a �xed cost of
production, and fex is a �xed cost of exporting. Here, we de�ne θ = log φ,
with φ being the primitive productivity variable of Melitz (2003).

Now, let x = (l,1ex), X = R+ × {0, 1}, and β = (−τ,−fex).42 Then
it is easy to verify that the pro�t function, (9), is supermodular in x and
has increasing di�erences in (x, θ), (x,A), and (x, β). Hence, Assumption 1
regarding complementarities is satis�ed. Since the model otherwise conforms
to our setup, we can apply our propositions to analyse the e�ects of di�erent
types of trade liberalisation. Starting with the �rm level, we consider an
opening to trade and incremental liberalisations of trade through decreases
in τ and fex. Opening to trade implies introducing a new activity (exporting)
by moving from S ′ = R+ × {0} to S ′′ = R+ × {0, 1} which constitutes
an increase in S. Both incremental liberalisations involve an increase in
the attractiveness of exporting (an increase in β). All of these increases
in (β, S) are by means of the carrot since they have a nonnegative direct
e�ect on the pro�ts of any given �rm. Therefore we know that upon either
trade liberalisation, the demand level must fall. The indirect e�ects on the
equilibrium decisions are thus negative. This implies that the total e�ect
on the amount of labour employed in variable production is negative for
some �rms and positive for others. For example, when the iceberg trade
cost is reduced, all exporters increase their use of labour while (ex-post)
nonexporters reduce their use of labour. While the positive direct e�ect
dominates the negative indirect e�ect for exporters, nonexporters are only
a�ected by the negative indirect e�ect.43

Moving on to the industry level, we can invoke Proposition 2 since the
trade liberalisations described above have no direct e�ects on the pro�ts

41We disregard γ as productivity is the only source of �rm heterogeneity.
42Note how proper ordering is crucial.
43Referring to footnote 23, this shows that the direction of �rm-level responses may vary

across �rms for a given activity. To see that responses can vary across activities within a
given �rm, one can split total labour for variable production into that used for production
to the domestic market and the export market. Doing so, the model still conforms to our
assumptions and it can easily be veri�ed that upon a decrease in τ , exporters increase
their use of labour for production to the export market while decreasing the use for labour
for production to the domestic market.
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of the least productive �rms (which do not export) wherefore Assumption
2 holds. Thus, we know that if log-productivities, θ, have a distribution
with constant hazard rate, then trade liberalisations give rise to monotone
comparative statics for the industry composition. As mentioned in Section
5.5, this corresponds to primitive productivity, φ, being Pareto distributed.
In this case, either of the three types of trade liberalisation induces industry-
level shifts towards exporting and more labour in variable production.44 The
e�ects on the equilibrium distribution of labour input are illustrated in Figure
1.
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Figure 1: Equilibrium distribution of labour input before (dotted) and after (solid)

three trade liberalisations.

The �at parts, which occur at the share of active �rms that do not ex-
port, are due to the discrete increase in optimal labour input when exporting.
These �at parts shift downwards since the share of active �rms which do not
export decreases. It is also possible to obtain monotone comparative stat-
ics for the industry composition without the Pareto distribution. Since the
demand level is decreasing in all cases, Proposition 3 tells us that when-
ever log-productivities, θ, are distributed with nonincreasing hazard rate,
the equilibrium distributions shift towards exporting and more labour input
in variable production.

The observation that improved export opportunities are bene�cial to some
�rms and detrimental to others is a well-known result of the Melitz (2003)
model. However, our industry-level results illustrate conditions under which

44Relating to the discussion in Section 5.3, this conclusion would not be a�ected by
extending the model to include additional complementary activities.
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the industry level exhibits monotone comparative statics regardless of �rm-
level responses being ambiguous. Even though a range of �rms may downsize,
the equilibrium distribution of labour input unambiguously shifts towards
�rms becoming larger under the distributional assumptions discussed above.

6.2 Exporting and Labour-Market Frictions

Helpman et al. (2010) consider the e�ects of trade liberalisation on wage
inequality and unemployment. Workers are heterogeneous with respect to
ability and the productivity of employed workers is determined by their av-
erage ability. Firms are able to screen workers to ensure that only workers
with abilities above a chosen threshold, ac, are hired. Firms choose this
threshold along with their export status, 1ex, and the number of workers
to sample for screening, ν. As the Helpman et al. (2010) model otherwise
conforms to our setup, we only need to obtain a pro�t function of the proper
form for our results to apply in this context. Assuming that countries are
symmetric, the pro�t function can be expressed as

π(x, φ; Â, β) = (1 + 1exτ
1−σ)

1
σ νχaκc (Âφ)

σ−1
σ − bν − caξc − f − 1exfex, (10)

where Â is a demand shifter, χ, κ, c, ξ are positive parameters, and b is the
cost of sampling workers. The remaining parameters have the same inter-
pretations as in the previous example. The pro�t function, (10), with the
decision x = (ν, ac,1ex) and β = (−τ,−fex) would satisfy our assumptions
if it was not for the fact that the marginal cost of sampling workers, b, is an
endogenous variable which depends on the tightness of the labour market.
However, if we let �rms choose sampling expenditures, bν, instead of the
number of sampled workers and rewrite the pro�t function, then we get

π(x, φ;A, β) = (1 + 1exτ
1−σ)

1
σ (bν)χaκc (Aφ)

σ−1
σ − bν − caξc − f − 1exfex, (11)

where the demand level, A = Âb
−χσ
σ−1 , now contains all endogenous variables

outside the control of �rms. Letting x = (bν, ac,1ex) and β = (−τ,−fex), the
Helpman et al. (2010) model now conforms to our setup and assumptions.
The authors let productivities, φ, be Pareto distributed. We can thus apply
our industry-level results to trade liberalisations as these satisfy Assumption
2.

We �nd that opening to trade and incremental trade liberalisations through
reductions in τ or fex lead to unambiguous FOSD shifts in the industry com-
position towards more intensive screening of workers, i.e., higher levels of
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ac, higher sampling expenditures, bν, and more exporting. Further, allowing
�rms to undertake higher levels of worker screening leads to FOSD shifts
in the industry composition towards more exporting, higher sampling ex-
penditures, and more intensive screening. Since all these comparative static
exercises are by means of the carrot, we have a negative e�ect on the de-
mand level, A. All these industry-level results will therefore also hold when
θ = log φ has nonincreasing hazard rate. In Helpman et al. (2010), nonex-
porters are unable to pro�t from the trade liberalisations and thus cut down
on both sampling expenditures and screening intensity.

6.3 Additively Separable Utility and Quality

Quite general preference structures can give rise to a pro�t function that
satis�es the conditions in Propositions 2 and 3. With a slight reinterpretation
of θ as (a transformation of) quality, we show that our industry-level results
are more widely applicable than in just the case of CES preferences.

Let consumers have preferences U =
∫
φju(cj) dj with j indexing varieties

of a di�erentiated good and cj being consumption of variety j. In this case,
φj should be interpreted as quality of variety j instead of the productivity of
the �rm producing it.45 With identical consumers maximising utility subject
to the budget constraint,

∫
pjcj dj = I, where pj is the price of variety j and

I is income, the inverse demand function reads pj = Aφju
′(cj), with A being

the inverse marginal utility of income. In this case, the revenue of a �rm
reads r(qj) = Aφju

′(qj/L)qj, where qj is total output and L is market size
(the number of consumers). Now, we could go on to make assumptions on
the cost structure and then write up a pro�t function which depends on both
the choice of q, a number of additional activities, and some parameters such
that our assumptions of complementarities are met. However, we con�ne the
discussion to noting that with this revenue function, the pro�t function is well
on its way to depend on A and φ only through their product, Aφ. Drawing
upon Section 5.5, one can then easily identify distributions of quality that
can result in monotone comparative statics for the industry composition in
case the pro�t function exhibits complementarities.

45Note that in this case, φj represents quality in the sense that it scales up marginal
utility, u′(cj), or marginal willingness to pay, for a given level of consumption.
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6.4 Variable Markups

This example is based on the Melitz and Ottaviano (2008) model but ab-
stracts from trade. Consumers have quadratic preferences leading to the
linear demand function, q = L(pmax − p), where q is quantity, p is the price,
pmax is the choke price, and L is market size. Firms have constant marginal
costs given by the inverse of primitive productivity, φ−1, and no �xed costs.
In this closed-economy version of the model, the pro�t function can be writ-
ten as

π(x, φ;A, β) = Lφ−2(Aφ− x)(x− 1), (12)

where x = p/φ−1 is the relative markup of the �rm and A = pmax. Let
X = [1,∞).46 Note that φ−1 > A implies that a �rm exits.

The pro�t function is nondecreasing in A and has increasing di�erences
in (x,A). Further, optimised pro�ts are monotone nondecreasing in φ even
though pro�ts are not.47 While (12) does not have increasing di�erences in
(x, L), (12) does exhibit the single crossing property. Thus, we can still apply
our results with β = L.48 Note that L does not a�ect the optimal decision,
x∗, directly. Therefore, an increase in market size only has an indirect e�ect.
As all �rms can earn weakly higher pro�ts the higher is L given A, an increase
in L has a negative indirect e�ect on the equilibrium decision. In total, a
larger market makes all �rms strictly reduce their markups.

What about the industry level? First, note that (12) exhibits the single
crossing property in (x, φ) and that this is actually su�cient for Lemma 1.
We can therefore proceed with our analysis. The model conforms to our
setup in all other respects as well. Further, Assumption 2 is satis�ed for an
increase in L since this increase does not directly a�ect the optimal pro�ts
of the least productive �rms. Finally, since A and φ only matter for a �rm's
decision on markups and exit through Aφ and Melitz and Ottaviano (2008)
assume productivities, φ, to be distributed Pareto, the conditions of Corol-
lary 1 are satis�ed. We can therefore conclude that an increase in L implies
that the equilibrium distribution of markups shifts towards higher values.
However, this only holds in the weakest possible sense. Let θ = log φ. As the

46No �rm would want to choose a price lower than its marginal cost wherefore x ≥ 1 is
an uncontroversial restriction.

47Solving for x∗ = 1
2 (Aφ+ 1) and plugging back into (12) yields π∗ = L

4 (A− φ−1)2.
48As (12) is trivially supermodular in x, increasing di�erences in (x, β) is a su�cient

condition for the partial comparative statics in Lemma 1. The single crossing property is
both necessary and su�cient; see Appendix A.
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increase in L has zero direct e�ects on θa and θ1, the equilibrium distribu-
tion of markups is constant when primitive productivities, φ, are distributed
Pareto (θ has constant hazard rate). Even though the model features pro-
competitive e�ects of a larger market size, in that all �rms strictly reduce
their markups, the equilibrium distribution of markups is constant in L due
to selection e�ects (low-productivity �rms with low markups exit).

Since L only a�ects the equilibrium distribution of markups through the
indirect e�ects and A is decreasing, the equilibrium distribution of markups
shifts towards lower values�in line with the intuition of the pro-competitive
e�ect at the �rm level�if log-productivities are distributed with increasing
hazard rate. However, if the distribution of log-productivities has a decreas-
ing hazard rate, then the equilibrium distribution of markups shifts towards
higher values following an increase in L. In this case, su�ciently many low-
productivity �rms are driven out of business to ensure that the consumers are
going to face higher markups on average when the market size has increased.
The pro-competitive e�ects at the �rm level therefore in no way ensure that
the equilibrium distribution of markups shifts toward lower values.49

6.5 Multi-Product Firms

Bernard et al. (2011), Arkolakis and Muendler (2011), and Mayer et al. (2011)
consider heterogeneous-�rms models where �rms are allowed to sell multiple
products on each of the markets they face. The basic di�erences between
the three models are the consumer preferences and whether the number of
products on a given market is continuous or discrete. If we let markets
be symmetric and the activities be the number of products to sell on each
market, our assumptions are satis�ed in these models.50 Productivities are
assumed to be Pareto distributed such the total indirect e�ect on the indus-
try composition is zero. For reasons of tractability, Bernard et al. (2011),
Arkolakis and Muendler (2011), and Mayer et al. (2011) assume that the
choice of the number of products to sell on a given market has no e�ect on
the choice concerning other markets. One may thus argue that the pro�t

49This relates to a remark made by Arkolakis et al. (2012). However, as our criterion is
�rst-order stochastic dominance instead of monotone likelihood ratio dominance, our con-
dition of a decreasing/nondecreasing hazard rate of the distribution of log-productivities
is di�erent from theirs (log-concavity/convexity of this distribution).

50For Mayer et al. (2011) one needs to rely on the single crossing property instead of
increasing di�erences.
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function is only supermodular in the activities in the weakest possible sense
as it is simply modular. In this case, allowing �rms to export, or conducting
an incremental trade liberalisation, leaves the share of �rms selling at least
a given number of products domestically completely una�ected.51 Why then
is this an interesting application of our results? We believe for two reasons.

First, because it tells us that, even though individual �rms may scale
down the number of products sold domestically in the wake of trade liberal-
isation, the endogenous distribution of domestic products across (domestic)
�rms is not shifted towards fewer domestic products. Considering a given
�rm, Bernard et al. (2011) note: ". . . trade liberalization reduces the range of
products supplied to the domestic market." But this should be taken as the
�rm-level result that it is. From the consumers' point of view, supplied vari-
ety from domestic �rms is a�ected only through the mass of domestic �rms,
as the distribution of domestic products across (domestic) �rms is completely
una�ected. Further, one would observe an FOSD shift if log-productivities
had nonincreasing instead of constant hazard rate.

Second, maybe the activities ought not to be independent. Although it
reduces the tractability of the models, it seems more reasonable a priori that
the activities are complementary. If you are already selling a given product
on one market, then it should be easier to sell it on another market as well
since production�and to some extent (international) distribution�of the
product is already up and running. In this case of nontrivial complementar-
ity, our results of Section 5 tell us that trade liberalisation induces FOSD
shifts in the industry composition towards broader domestic product ranges.
Interestingly, this result may also arise even if you let the number of domes-
tic and export products be directly independent. The numbers of domestic
and export products could become indirectly complementary by including a
third activity, e.g. technology upgrading as in Bustos (2011), to which they
are both complementary.

7 Concluding Remarks

If one considers a given �rm in isolation, then complementarities like the
ones we analyse imply monotone comparative statics in the parameters of
the �rm's pro�t maximisation problem. This has been known at least since
Milgrom and Roberts (1990a). However, when placing �rms in a context

51Both exercises satisfy Assumption 2 when the least productive �rms do not export.
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of monopolistic competition, this may no longer be the case due to indirect
e�ects through changes in the demand level. New or better opportunities
that become available to all �rms may make a given �rm scale down exist-
ing activities even when these existing activities are complementary to the
activities a�ected. Thus, for some �rms, such opportunities may turn out to
be a threat detrimental to many dimensions of the �rms' operations.

Our main �nding is that �rm-level complementarities may manifest them-
selves much more clearly in the industry composition than in the behaviour
of individual �rms. Despite the ambiguities at the �rm level, we show that
one may very well observe that the equilibrium distributions of the activ-
ities unambiguously shift towards higher values. Key to this result is the
observation that these distributions depend not only on the activity levels
undertaken by �rms conditional on being active but also on the selection of
active �rms.

These results are important for several reasons. First, they provide gen-
eral insights on the implications of �rms-level complementarities in models of
monopolistic competition; a workhorse market structure in many strands of
the economics literature. Our industry-level results may prove particularly
useful for the new macro literature featuring heterogeneous �rms; see e.g.
Ghironi and Melitz (2005). Second, our results provide strong, novel, and
testable predictions�especially at the industry level�for a large number of
recent trade models. We believe that it will be both useful and interesting to
confront these predictions with data. On the one hand, such empirical inves-
tigations can shed light on the appropriateness of commonly-used functional
form assumptions. On the other hand, this approach is likely to complement
�rm-level and structural estimations. We leave this task for future research.
Third, we provide a �exible tool for modelling explanations of shifts in the
industry composition based on complementarities at the �rm level. Our anal-
ysis clearly shows how incentives to undertake one activity at the �rm level
may induce unambiguous shifts in the equilibrium distributions of this and
other activities at the industry level. Fourth and �nally, we have illustrated
another context in which monotonicity theorems are a powerful mathematical
tool for conducting economic analysis.
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A Quasisupermodularity and Single Crossing

Let X be a lattice and T be a partially ordered set. The real-valued function
h(x, t) is quasisupermodular in x on X if for all x′, x′′ ∈ X, h(x′, t) ≥ h(x′ ∧
x′′, t) implies h(x′ ∨x′′, t) ≥ h(x′′, t) and h(x′, t) > h(x′ ∧x′′, t) implies h(x′ ∨
x′′, t) > h(x′′, t). Hence, if an increase in a subset of the elements of x raises
h at a given level of the remaining elements, exactly the same increase in
the same subset of the elements of x will increase h when the remaining
elements also increase. In the language of Milgrom and Shannon (1994),
quasisupermodularity expresses a weak kind of complementarity between the
elements of x. The function h(x, t) satis�es the single crossing property in
(x, t) if for x′′ > x′ and t′′ > t′, h(x′′, t′) > h(x′, t′) implies that h(x′′, t′′) >
h(x′, t′′) and h(x′′, t′) ≥ h(x′, t′) implies that h(x′′, t′′) ≥ h(x′, t′′). Hence,
if an increase in x raises h when t is low, exactly the same increase in x
will raise h when t is high. One can verify by the relevant de�nitions that
any supermodular function is also quasisupermodular and any function with
increasing di�erences in (x, t) also satis�es the single crossing property in
(x, t). Let S ⊆ X. The following monotonicity theorem is due to Milgrom
and Shannon (1994).

Theorem 2. arg maxx∈S h(x, t) is monotone nondecreasing in (t, S) if and
only if h is quasisupermodular in x on X for each t ∈ T and satis�es the
single crossing property in (x, t) on X × T .

B Proof of Proposition 2

Note that a zero (total) indirect e�ect in (8) is equivalent with∫
ωae

−
∫ θa(γ;A′′,β′′,S′′)
θa(γ;A′,β′′,S′′)

λ(θ) dθ
dG(γ) =

∫
ωie
−

∫ θi(xi,γ;A′′,β′′,S′′)
θi(xi,γ;A

′,β′′,S′′) λ(θ) dθ
dG(γ), (13)

where we have used the de�nitions of s̄a and s̄i along with 1 − F (θ) =

e
−

∫ θ
θ0
λ(s) ds

. Further, we have de�ned the weights ωa = sa(γ;A′, β′′, S ′′)/s̄a(A
′, β′′, S ′′)

and ωi = si(xi, γ;A′, β′′, S ′′)/s̄i(xi;A
′, β′′, S ′′) which both integrate to one.

If λ(θ) = λ and the changes in θa and θi induced by the change in A
are the same, then the condition (13) surely holds. Further, when �rms'
decisions and their choice to exit only depend on A and θ through θ + Ã,
then θa + Ã and θi + Ã must be constant in A. This means that

θa(γ;A′′, β, S)− θa(γ;A′, β, S) = Ã′ − Ã′′ (14)
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and
θi(xi, γ;A′′, β, S)− θi(xi, γ;A′, β, S) = Ã′ − Ã′′, (15)

which together with the constant hazard rate means that (13) is satis�ed.

C Proof of Proposition 3

Note that the (total) indirect e�ect on Hi is nonpositive when∫
ωae

−
∫ θa(γ;A′′,β′′,S′′)
θa(γ;A′,β′′,S′′)

λ(θ) dθ
dG(γ) ≤

∫
ωie
−

∫ θi(xi,γ;A′′,β′′,S′′)
θi(xi,γ;A

′,β′′,S′′) λ(θ) dθ
dG(γ).

When θa is independent of γ, this reduces to

e
−

∫ θa(A′′,β′′,S′′)
θa(A′,β′′,S′′)

λ(θ) dθ ≤
∫
ωie
−

∫ θi(xi,γ;A′′,β′′,S′′)
θi(xi,γ;A

′,β′′,S′′) λ(θ) dθ
dG(γ). (16)

Because (14) and (15) hold, the length of the interval over which λ(θ) is
integrated is the same on both sides of the inequality in (16). Remember
that θi(xi, γ;A′, β′′, S ′′) ≥ θa(A

′, β′′, S ′′). Since θa(A
′′, β, S) ≥ θa(A

′, β, S)
and θi(xi, γ;A′′, β, S) ≥ θi(xi, γ;A′, β, S) hold when A falls, (16) holds for all
A′ ≥ A′′ when λ(θ) is nonincreasing. Conversely, θa(A

′′, β, S) ≤ θa(A
′, β, S)

and θi(xi, γ;A′′, β, S) ≤ θi(xi, γ;A′, β, S) hold when A rises. Hence, (16)
holds for all A′ ≤ A′′ when λ(θ) is nondecreasing. Since using the carrot
(stick) corresponds to the former (latter) case, the proposition follows.

References

Amir R, 2005. Supermodularity and Complementarity in Economics: An
Elementary Survey. Southern Economic Journal, 71(3):636�660.

Amiti M and Davis DR, 2011. Trade, Firms, and Wages: Theory and Evi-
dence. Review of Economic Studies, 79:1�36.

Antràs P and Helpman E, 2004. Global Sourcing. Journal of Political Econ-
omy, 112(3):552�580.

Arkolakis C, 2010. Market Penetration Costs and the New Consumers Margin
in International Trade. Journal of Political Economy, 118(6):1151�1199.

45



Arkolakis C, Costinot A, Donaldson D, and Rodríguez-Clare A, 2012. The
Elusive Pro-Competitive E�ects of Trade. Working Paper.

Arkolakis C and Muendler MA, 2011. The Extensive Margin of Exporting
Products: A Firm-level Analysis. Working Paper.

Athey S, 2002. Monotone Comparative Statics under Uncertainty. Quarterly
Journal of Economics, 117(1):187�223.

Athey S and Schmutzler A, 1995. Product and Process Flexibility in an
Innovative Environment. RAND Journal of Economics, 26(4):557�574.

Bagwell K and Ramey G, 1994. Coordination Economies, Advertising,
and Search Behavior in Retail Markets. American Economic Review,
84(3):408�517.

Bernard AB, Eaton J, Jensen JB, and Kortum S, 2003. Plants and Produc-
tivity in International Trade. American Economic Review, 93:1268�1290.

Bernard AB, Redding SJ, and Schott PK, 2011. Multiproduct Firms and
Trade Liberalization. Quarterly Journal of Economics, 126(3):1271�1318.

Bustos P, 2011. Trade Liberalization, Exports, and Technology Upgrading:
Evidence on the Impact of MERCOSUR on Argentinian Firms. American
Economic Review, 101(1):304�340.

Caliendo L and Rossi-Hansberg E, 2012. The Impact of Trade on Organiza-
tion and Productivity. Quarterly Journal of Economics, 127(3):1393�1467.

Costinot A, 2007. Heterogeneity and Trade. Working paper.

Costinot A, 2009. An Elementary Theory of Comparative Advantage. Econo-
metrica, 77(4):1165�1192.

Eaton J, Kortum S, and Kramarz F, 2011. An Anatomy of International
Trade: Evidence from French Firms. Econometrica, 79(5):1453�1498.

Ghironi F and Melitz MJ, 2005. International Trade and Macroeconomic
Dynamics with Heterogeneous Firms. Quarterly Journal of Economics,
120:865�915.

46



Helpman E and Itskhoki O, 2010. Labour Market Rigidities, Trade and
Unemployment. Review of Economic Studies, 77:1100�1137.

Helpman E, Itskhoki O, and Redding S, 2010. Inequality and Unemployment
in a Global Economy. Econometrica, 78(4):1239�1283.

Helpman E, Melitz MJ, and Yeaple SR, 2004. Export Versus FDI with
Heterogeneous Firms. American Economic Review, 94(1):300�316.

Holmstrom B and Milgrom P, 1994. The Firm as an Incentive System. Amer-
ican Economic Review, 84(4):972�991.

Jeremy B, Geanakoplos J, and Klemperer P, 1985. Multimarket Oligopoly:
Strategic Substitutes and Complements. Journal of Political Economy,
93:488�511.

Kasahara H and Lapham B, 2013. Productivity and the Decision to Import
and Export: Theory and Evidence. Journal of International Economics,
89(2):297�316.

Krugman P, 1979. Increasing Returns, Monopolistic Competition and Inter-
national Trade. Journal of International Economics, 9:469�479.

Mayer T, Melitz MJ, and Ottaviano GI, 2011. Market Size, Competition,
and the Product Mix of Exporters. NBER Working Paper 16959.

Melitz MJ, 2003. The Impact of Trade on Intra-Industry Reallocations and
Aggregate Industry Productivity. Econometrica, 71:1695�1725.

Melitz MJ and Ottaviano GIP, 2008. Market Size, Trade, and Productivity.
Review of Economic Studies, 75:295�316.

Milgrom P, Qian Y, and Roberts J, 1991. Complementarities, Momentum,
and the Evolution of Modern Manufacturing. AEA Papers and Proceed-
ings, 81(2):84�88.

Milgrom P and Roberts J, 1990a. The Economics of Modern Manufactur-
ing: Technology, Strategy, and Organization. American Economic Review,
80(3):511�528.

47



Milgrom P and Roberts J, 1990b. Rationalizability, Learning, and
Equilibrium in Games with Strategic Complementarity. Econometrica,
58(6):1255�1277.

Milgrom P and Roberts J, 1995. Complementarities and Fit Strategy, Struc-
ture, and Organizational Change in Manufacturing. Journal of Accounting
and Economics, 19:179�208.

Milgrom P and Shannon C, 1994. Monotone Comparative Statics. Econo-
metrica, 62(1):157�180.

Mrazova M and Neary JP, 2013. Selection E�ects with Heterogeneous Firms.
Working Paper.

Roy S and Sabarwal T, 2010. Monotone Comparative Statics for Games with
Strategic Substitutes. Journal of Mathematical Economics, 46(5):793�806.

Topkis DM, 1978. Minimizing a Supermodular Function on a Lattice. Oper-
ations Research, 26:305�321.

Topkis DM, 1979. Equilibrium Points in Nonzero-sum n-person Supermod-
ular Games. SIAM Journal of Control and Optimization, 17:773�787.

Topkis DM, 1995. Comparative Statics of the Firm. Journal of Economic
Theory, 67:370�401.

Vives X, 1990. Nash Equilibrium with Strategic Complementarities. Journal
of Mathematical Economics, 19:305�321.

Zhelobodko E, Kokovin S, Parenti M, and Thisse J, 2012. Monopolistic
Competition: Beyond the C.E.S. Econometrica, 80(6):2765�2784.

48



Chapter Two

49



Trade Liberalisation and Vertical Integration∗

Peter Arendorf Bache† Anders Laugesen

October 25, 2013

Abstract

We build a three-country model of international trade in �nal and

intermediate goods and study the relation between di�erent types

of trade liberalisation and vertical integration. Firms are heteroge-

neous with respect to both productivity and factor intensity as ob-

served in data. Final-good producers face decisions on exporting, ver-

tical integration of intermediate-input production, and whether the

intermediate-input production should be o�shored to a low-wage coun-

try. We �nd that due to �rm-level complementarities, the shares of

�nal-good producers that pursue either vertical integration, o�shoring,

or exporting are all increasing when intermediate- or �nal-goods trade

is liberalised and when the cost of vertical integration is reduced. At

the same time, one will observe individual �rms that shift away from

either vertical integration, o�shoring, or exporting. All these results
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1 Introduction

We develop a three-country model of trade in �nal and intermediate goods
in order to investigate the relation between vertical integration and liber-
alisations of international trade in �nal and intermediate goods. The re-
lationship between �nal-good producers and intermediate-good suppliers is
characterised by incomplete contracts. Final-good producers face a joint
decision on the three activities vertical integration, o�shoring, and export-
ing.1 Importantly, the model is characterised by �rm-level complementarities
between these three activities, in the sense that undertaking one of the ac-
tivities raises the gains from undertaking the others. Our main contribution
is to derive a series of strong and testable results that illustrate how these
complementarities have clear implications for the industry composition. In
particular, we �nd that the shares of �nal-good producers that pursue either
vertical integration, o�shoring, or exporting, i.e., the prevalences of these
activities, are all increasing when intermediate- or �nal-goods trade is liber-
alised and when the cost of vertical integration falls. Meanwhile, one observes
individual �rms shifting away from either vertical integration, o�shoring, or
exporting under the comparative statics mentioned above. This observation
is compatible with rising prevalences of the three activities because some
low-productivity �rms, which do not undertake any of these activities, en-
dogenously shut down due to �ercer competition.

These main �ndings relate to the ongoing discussion about the relation-
ship between trade liberalisation, or more generally competition, and vertical
integration. While elements of the popular press and the seminal studies by
McLaren (2000) and Antràs and Helpman (2004) (henceforth AH) have ac-
centuated a negative relation between trade liberalisation and vertical inte-
gration, other theoretical contributions like Grossman and Helpman (2004),
Ornelas and Turner (2008), and Conconi et al. (2012) have shown that the
relationship between trade liberalisation and vertical integration is often am-
biguous.2 This paper relates to all these studies by unveiling a clear positive

1We de�ne vertical integration (outsourcing) as the acquisition of an intermediate
input from an a�liated (una�liated) supplier. O�shoring refers to the phenomenon that
production of this intermediate input takes place in the low-wage South.

2In relation to this, Grossman and Helpman (2002) and Acemoglu et al. (2010) show
that the relation between competition and vertical integration can be ambiguous. These
theoretical results have been corroborated by the empirical evidence in Aghion et al. (2006)
and Acemoglu et al. (2010). Recent work by Alfaro et al. (2012) �nds a negative relation
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relationship between di�erent types of trade liberalisation and the prevalence
of vertical integration. Further, we show that this �nding is compatible with
ambiguities at lower levels of aggregation. First, some �rms shift away from
vertical integration in the wake of trade liberalisation. Second, the share of
�rms undertaking vertical integration domestically may decrease or increase,
partly depending on whether intermediate- or �nal-goods trade is being lib-
eralised.

Our model builds on the two prominent models of international trade by
Melitz (2003) and AH. In an important departure from AH, we accentuate
a natural complementarity between the activities vertical integration and
o�shoring.3 In addition, our model serves as a natural extension of AH for
several reasons. First, the tradeo�s governing the integration and o�shoring
decisions in the AH model, which does not include a possibility of exporting,
can reasonably be expected to depend on the export status of the �rm. One
reason is a complementarity between the activities o�shoring and exporting
for which Amiti and Davis (2011), Bas (2012), and Kasahara and Lapham
(2013) provide tentative evidence.4 Another reason is that the export decision
partly determines the scale of the �rm, which is likely to a�ect the decision to
vertically integrate.5 Consistent with these speculations, Kohler and Smolka
(2011) note that Spanish exporters are more likely than non-exporters to
pursue vertical integration and o�shoring.

Second, we extend the AH model to allow �rms within the same in-
dustry to be heterogeneous with respect to headquarter intensity as well as
productivity. Headquarter intensity refers to the elasticity of output with
respect to headquarter services, which are one input into production. Het-
erogeneity in headquarter intensity serves two main purposes. Primarily,
allowing for heterogeneity in headquarter intensity is a direct theoretical
modelling response to the empirical �ndings of for instance Corcos et al.
(forthcoming). These authors reveal that factor intensities like capital and

between trade liberalisation and vertical integration in �rm-level data.
3The underlying forces behind this complementarity are present in the AH model but

are obscured due to the desire to force the model to generate a rich equilibrium sorting
pattern based on productivity alone.

4Further, Bernard et al. (2012) note that across U.S. industries, there is a positive
correlation (0.87 and signi�cant) between the share of exporters and the share of importers
of intermediate inputs.

5Acemoglu et al. (2010) note that vertically integrated �rms are larger than non-
integrated �rms, which indicates that size may play a role in the decision to integrate.
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skill intensity�commonly used empirical proxies for headquarter intensity,
cf. Antràs (forthcoming)�exhibit considerable variation across �rms within
narrowly de�ned industries.6 Corcos et al. (forthcoming) also argue that
�rm-level capital and skill intensities are important determinants of the de-
cision to vertically integrate since the probability of intra-�rm importing
increases in these �rm-level intensities conditional on �rm productivity and
importing. These new empirical observations indicate a need for extending
the in�uential open-economy property-rights theory of the �rm, pioneered
by Antràs (2003) and AH and building on the work of Grossman and Hart
(1986), to include �rm-speci�c headquarter intensities, and our contribution
is a �rst attempt in this regard.7 Furthermore, allowing for heterogeneity in
headquarter intensity as well as in productivity is a natural way to obtain
an industry equilibrium with the wide variety of organisational decisions ob-
served by e.g. Tomiura (2007) and Kohler and Smolka (2011). An interesting
and reassuring aspect of our model is that the sorting of �rms into activities
based on their productivity and headquarter intensity is broadly consistent
with the empirical �ndings of Corcos et al. (forthcoming). However, we also
illustrate that one has to be careful when applying a conventional intuition
about the relation between headquarter intensity and vertical integration to
a �rm-level analysis of vertical integration and intra-�rm importing in an
open-economy context.

Third, our model departs from its AH backbone in dispensing with the
common assumption of Pareto-distributed �rm-speci�c productivity param-
eters in favour of a broader class of distributions that includes the Pareto.

Despite the apparent complexity of our model, it remains surprisingly
tractable. The main reason is the �rm-level complementarities inherent in
our model. Drawing on the analysis of Bache and Laugesen (2013), these
complementarities allow us to keep track of both the sorting of �rms into

6In the French �rm-level data used by Corcos et al. (forthcoming), the capital and
skill intensities of production exhibit much more variation within than across industries.
Further, within-industry heterogeneity in factor intensity is even more pronounced than
in its productivity counterpart. Bernard et al. (2003) also argue that industry is a poor
indicator of �rm factor intensity among U.S. manufacturers.

7As mentioned by Antràs (forthcoming) and Corcos et al. (forthcoming), this extension
should make the open-economy property rights model more suitable for future analyses
based on the �rm-level sourcing data which are starting to appear. Empirical tests of the
open-economy property-rights theory of the �rm have broadly provided empirical support
to the model but mostly been based on industry-level data on intra-�rm trade; see e.g.
Nunn and Tre�er (forthcoming) and the survey by Antràs (forthcoming).

53



activities and comparative statics. Compared to Bache and Laugesen (2013)
who analyse a framework that is much more generally formulated, the spe-
ci�c setup we analyse in this paper allows us to go a step further and show
that the prevalences of the three activities we consider are strictly increasing
as opposed to nondecreasing. That is, to arrive at strictly monotone com-
parative statics for the industry composition. Another innovation relative
to Bache and Laugesen (2013) is to analyse the prevalence of �rm strategies
that combine various activities such as vertical FDI. Finally, in the present
paper, we are able to derive results on the sorting of �rms in more than just
the productivity dimension.

2 Model

We build a three-country heterogeneous-�rms trade model with two sym-
metric northern (N) countries that interact through intra-industry trade in
di�erentiated �nal goods.8 In addition to the di�erentiated-goods indus-
try, which is monopolistically competitive, each northern country contains a
perfectly-competitive homogeneous-good industry. Our analysis shall focus
on the former. The third country is South (S) which does neither demand nor
produce di�erentiated goods. While South also has a perfectly-competitive
industry producing the homogeneous good, South basically serves as a pos-
sible production site for intermediate inputs to production. O�shoring de-
notes the phenomenon that a northern �nal-good producer decides to let its
production of intermediate inputs take place in South. The attraction of
producing in South is its perfectly elastic supply of labour at the relatively
low wage, wS. The northern wage is normalised to unity, wN = 1, such that
wS < 1 is also the relative wage. In general equilibrium, this wage di�er-
ence is justi�ed by a labour productivity di�erence in the production of the
freely-traded homogeneous good, q0, which is produced and consumed in all
three countries.

The preferences of the representative consumer in each N country are
represented by the utility function,

U = q0 + log

[∫
i∈ω

q(i)α di

]1/α

, 0 < α < 1,

8As mentioned in the introduction, our model builds upon Melitz (2003) and AH.

54



where q(i) denotes the quantity consumed of variety i of the di�erentiated
goods. Each �nal-good producer produces a single unique variety and ω
denotes the endogenous measure of available varieties. Demand for variety i
is given by the demand function,

q(i) = Ap(i)−σ,

where p(i) is the price, σ = 1/(1− α), and the demand shifter A is taken as
given by �rms while being endogenous in the aggregate.

2.1 Firm Entry

Prospective �nal-good �rms in N pay fE units of local labour in order to
enter the monopolistically-competitive industry and to draw a productivity,
θ, from a known distribution. This distribution, F (θ), is C1 on the interior
of its domain which is unbounded from above. We let the distribution of
log θ have nonincreasing hazard rate. Note that this is the case under the
common assumption that θ is Pareto distributed since this implies that log θ
is distributed with constant hazard rate.9 Simultaneously with the reali-
sation of θ, �rms also realise their idiosyncratic characteristic η which also
a�ects their technology of production. For reasons which will become clear
below, we refer to η by the term headquarter intensity. η is independently
distributed from θ according to the distribution G(η) which is strictly in-
creasing on its domain, η ∈ (0, 1). Upon the realisation of (θ, η), �rms make
their optimal decisions, klx, where k ∈ {O, V }, l ∈ {N,S}, x ∈ {D,X}, or
exit the industry. The decision comprises three sub-decisions. First, a make-
or-buy decision concerning procurement of an intermediate input, m. This
determines the ownership structure, k, which can be either vertical integra-
tion (henceforth integration), V , or outsourcing, O. Second, an o�shoring
decision concerning the location of the production of the intermediate input.
Through o�shoring, this input may be produced in S and used in �nal-good
production in N . This determines l ∈ {N,S} where l = S under o�shoring
and l = N otherwise. The intermediate input will never be shipped between
northern countries in equilibrium. Third, we have a decision about export-
ing. The export status, x, can either be X for exporter or D for nonexporter
or domestic �rm. If no choice of klx entails positive pro�ts, the �rm exits
the industry and forfeits its cost of entry.

9Note that log θ being distributed with nonincreasing hazard rate implies that log(θε)
is distributed with nonincreasing hazard rate for ε > 0.
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2.2 Production

Production of �nal-good variety i is given by

q(i) = θ(i)ζ(i)h(i)η(i)m(i)1−η(i), (1)

where ζ(i) ≡ η(i)−η(i)(1− η(i))−(1−η(i)). h(i) and m(i) denote investments in
headquarter services and a manufacturing intermediate input, respectively.10

In the following, we focus attention to a given �nal-good variety and drop
the index i. Investments in headquarter services, h, are undertaken by the
particular �nal-good producer, H, itself. Investments in intermediate inputs,
m, are undertaken by an intermediate-input supplier, M . Due to a perfectly
elastic supply of homogeneous M in all countries, matching is always un-
problematic for H. One unit of either input, h or m, is produced from one
unit of local labour in the country of its production. In contrast to m, h can
only be produced in the N country where H entered.

Trade in �nal and intermediate goods is costly. Iceberg costs of interna-
tional �nal-goods trade are τ > 1. We include the intermediate-goods iceberg
trade costs, τm > 1, in wS such that wS = w̃Sτm where w̃S is the relative
southern wage net of trade costs that we pin down by the homogeneous good.
Finally, production implies �xed costs, fklx, where

fklx = fk + 1S(l)fS + 1X(x)fX . (2)

The assumption 0 < fO < fV has been used extensively in the previous
literature ranging from Grossman and Helpman (2002) and AH to Antràs
and Chor (forthcoming) and we simply follow suit. 1S(l) and 1X(x) are
indicator functions for o�shoring and exporting, respectively.11 As in Amiti
and Davis (2011), o�shoring and exporting both imply discrete increases in
�xed costs since fS, fX > 0. All �xed costs are denominated in northern
labour.

10We use the term headquarter intensity for η(i) since ∂q(i)
∂h(i)

h(i)
q(i) = η(i). Skill, R&D,

and advertisement intensities have earlier been used as empirical proxies for η(i) since
h(i) is often thought of as a white-collar input to production. Antràs (2003) uses capital
intensity as an empirical proxy for η(i) since h(i) is intensive in capital in this model.

11That is, 1S(S) = 1X(X) = 1 and 1S(N) = 1X(D) = 0.
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3 The Decision

Under exporting, the �nal-good production is distributed across the two
northern markets. The �nal-good producer, H, faces the following problem
of maximising total revenue for a given level of production,

R(θ, η, h,m, x;A) = max
qD, qX

A1/σ [qαD + 1X(x) (qX/τ)α]

s.t. qD + qX ≤ θζhηm1−η,

where qD and qX denote the quantities produced for, respectively, the do-
mestic and the export markets when only qX/τ units of �nal goods arrive for
sale on the export market. The optimal allocation entails a revenue of

R(θ, η, h,m, x;A) = A1/σθαhαηmα(1−η)ζα(1 + τ 1−σ)1X(x)(1−α). (3)

The next step is to analyse the equilibrium investments in h and m. To
this end, we impose an assumption of complete asset speci�city meaning
that the inputs, h and m, are completely tailored to the production of the
particular variety under scrutiny and useless elsewhere. Importantly, we
assume that only the decision, klx, and not the subsequent production of h
and m, is contractible.12,13 After klx is chosen, H andM simultaneously and
noncooperatively determine their respective relationship speci�c investments,
h and m, while foreseeing future Nash bargaining over �nal-good revenue.
Through a process of Nash bargaining, H reaps the fraction βk of equilibrium
revenue whileM reaps the complementary fraction. Following Grossman and
Hart (1986) and Antràs (2005), we impose the following assumption about

12Since Coase (1937), it has been known that �rm boundaries are indeterminate in a
world of complete contracts. Because we want to determine �rm boundaries, we resort to
an assumption of incomplete contracting where input investments are ex-post observable
to the transacting parties but not veri�able by third parties. For an interesting extension
into partial contractibility, see Antràs and Helpman (2008).

13AH assume that k and l are contractible sub-decisions but their model does not
include the possibility of exporting. We assume that parties can contract on export status
as exports usually leave a paper trail. This trail is e.g. created from dealings with customs
and shipping agencies.
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relative bargaining power.14

βV > βO = 1/2. (4)

The inequality in (4) and the implied input-investment incentives are key for
the tradeo� between integration and outsourcing. More on this below. The
well-known intuition behind (4) is that integration entails more extensive
property rights for H and thus improved bargaining power. When choosing
their investments in h and m, H and M foresee the share of the revenue,
(3), they will receive as a consequence of the Nash bargaining. Hence, by
backwards induction, the optimal decision, klx, solves the programme,

max
k∈{O,V },l∈{N,S},x∈{D,X}

R(θ, η, hklx,mklx, x;A)− hklx − wlmklx − fklx (5)

s.t. hklx = arg max
h

βkR(θ, η, h,mklx, x;A)− h,

mklx = arg max
m

(1− βk)R(θ, η, hklx,m, x;A)− wlm.

In (5), we have implicitly used that H extracts all rents from M through a
participation fee which assures that M is left at its outside option of zero.
Consequently, the decision simply maximises joint bilateral pro�ts. By com-
bining (3) with the Nash equilibrium input investments from the constraints
in (5) and the �xed costs of production in (2), we arrive at the pro�ts of H
as a function of the decision klx,

πklx(Θ, η;A) = AΘψk(η)γl(η)(1 + τ 1−σ)1X(x) − fklx, (6)

where Θ = θσ−1, γl(η) = w
(1−η)(1−σ)
l , and

ψk(η) =
1− α[βkη + (1− βk)(1− η)]

[ 1
α
β−ηk (1− βk)−(1−η)]σ−1

.

Note that γN = 1 and ψO = (1 − α/2)(α/2)σ−1 are independent of η. Im-
mediately upon entry and the realisation of (θ, η), H chooses the decision,

14AH provide microfoundations for the inequality in (4) which is based on di�erences in
outside options. In their notation, we assume that δN = δS , i.e., an equally large fraction
of �nal-good production is lost under bargaining break-down under integration whether
or not o�shoring occurs. This simplifying assumption is shared with Antràs (2003). AH
assume that δN ≥ δS , i.e., break-down is no less costly under o�shoring.
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klx, that maximises (6) given that these pro�ts are positive. In case optimal
pro�ts,

π∗(Θ, η;A) = max
klx

πklx(Θ, η;A), (7)

are negative, H exits the industry and forfeits the �xed cost of entry. We
assume that, for all η, at least some low-productivity �rms choose not to
produce. In equilibrium, the following free-entry condition holds since the
pool of potential entrants is unbounded.

fE =

∫∫
max{0, π∗(Θ, η;A)} dF (θ) dG(η). (8)

The industry's demand level, A, is implicitly determined by (8) as a function
of all parameters.15

3.1 Input Sourcing and Headquarter Intensity

Before discussing the sorting pattern and the results of our model, we want to
make clear how headquarter intensity a�ects the attractiveness of o�shoring
and integration. First, we notice that variable pro�ts, AΘψk(η)γl(η)(1 +
τ 1−σ)1X(x), are always increasing in o�shoring because γS(η) > γN = 1 for
η ∈ (0, 1). The reason is that o�shoring lowers the marginal cost of the
intermediate-input production. All else equal, the gains from o�shoring are
higher the smaller is η since a lower headquarter intensity implies that the
intermediate good is more important in the production of the �nal good.
Formally, γS(η) is continuous and strictly decreasing in η with γS(η)→ 1 as
η → 1.

Next, we take a careful look at the decision to integrate. The equilibrium
input investments in h and m are always suboptimally low compared to
the �rst best, perfect-contracting, input investments. This holds because H
and M each cover the full marginal costs of their investments while they
reap only a fraction of the marginal gains from these investments; see (5).
The result is that either ownership structure obtains only a fraction of the
variable pro�ts that would arise under perfect contracting. The factor ψk(η)
in variable pro�ts represents the e�ciency of the relationship between H and

15Given the implicit restriction on the distribution of productivities that expected prof-
its are �nite, the existence and uniqueness of an equilibrium and A follow from the con-
tinuity and strict monotonicity of (7) in A, π∗ < 0 when A = 0, π∗ → ∞ when A → ∞,
and the intermediate value theorem.
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M . This depends on the choice of k since integration assigns H a larger
share of revenue and M a smaller share compared to outsourcing. Thus,
integration improves H's incentive to invest in h but worsens M 's incentives
to invest in m. Consequently, integration is a more e�cient relationship than
outsourcing when headquarter intensity is high but a less e�cient relationship
when headquarter intensity is low. This is the intuition behind the following
lemma which is based on Proposition 3 and its proof in Antràs and Helpman
(2008).

Lemma 1. ψV (η) is continuous and strictly increasing in η and there exists a
unique headquarter intensity, η∗ ∈ (0, 1), where ψO = ψV (η∗). Thus, η > η∗

⇔ ψV (η) > ψO and η < η∗ ⇔ ψV (η) < ψO.

Note that o�shoring involves a tradeo� between higher �xed costs and
lower marginal costs for all values of η. Integration on the other hand, only
involves a tradeo� between higher relationship e�ciency and higher �xed
costs for η ∈ (η∗, 1). For lower headquarter intensities, outsourcing achieves
higher relationship e�ciency and lower �xed costs than integration. Thus,
no �rms with η ∈ (0, η∗] choose to integrate.

3.2 Complementarities and Sorting

Complementarities between the activities faced by �rms are central to our
analysis of �rms' decisions. First o�, o�shoring and exporting are comple-
mentary for all �rms. This is because exporting involves additional sales and
o�shoring e�ectively reduces the marginal cost. Higher sales are worth more
when the goods are produced more cheaply and vice versa. Next, consider the
interaction between integration and the two other activities. Remember that
whenever integration is considered by �rms (η > η∗), it is because integra-
tion lets the �rms obtain a larger share of the variable pro�ts that would be
possible under perfect contracting. Reducing the share of variable pro�ts lost
due to incomplete contracting is obviously worth more when these variable
pro�ts are higher. This is the case both when serving an additional market
through exporting and when the marginal cost is lowered through o�shoring.
In total, whatever the η ∈ (0, 1), the activities that �rms actually consider
are complementary (�xed costs are additively separable).16 Undertaking one

16Formally, imposing the partial ordering, V > O, S > N , and X > D, the complemen-
tarities discussed follow from the pro�t function being supermodular in lx for η ∈ (0, η∗]
and in klx for η ∈ (η∗, 1).
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activity increases the gains from undertaking others. It should be noted that
due to sorting considerations, integration and o�shoring are not modelled
to be complementary in the AH model. However, such a complementarity
arises quite naturally when focusing on the essense of these activities, cf. the
discussion above.17

The activities integration, o�shoring, and exporting are not only comple-
mentary to each other, they are also complementary to productivity. Inte-
gration (when considered) and exporting are complementary to productivity
for the same reason that these activities are complementary to o�shoring;
lower marginal costs increase the gains from these activities. O�shoring is
complementary to productivity since the isoelastic demand function means
that scaling down marginal cost by a given factor, as implied by o�shoring,
is worth more when productivity is high.18,19

These properties of the pro�t function imply that given the headquarter
intensity, η, the sorting of �rms into activities obeys a cuto� rule. For all
η ∈ (0, 1), there exist productivity cuto�s for o�shoring and exporting such
that all �rms with higher (lower) productivities do (do not) undertake the
activity in question. In addition, there exists a similar productivity cuto�
for integration for η ∈ (η∗, 1). Conditioning on η, the three activities will
therefore each be associated with a productivity premium consistent with
empirical studies.20 We assume that, for all η, not all �rms undertake either
integration, o�shoring, or exporting. Hence, as in AH, the least productive
active �rms choose the decision klx = OND. Further, in order to observe a

17Compared to AH, we obtain a supermodular pro�t function through the combination
of additively separable �xed costs and the parameter restriction δN = δS mentioned in
footnote 14. When δN = δS , the sorting pattern presented by AH can only be achieved
if the �xed costs of the �rm are strictly supermodular in the o�shoring and integration
decision.

18See Mrazova and Neary (2013) for a detailed discussion of the complementarity be-
tween o�shoring and productivity in the AH model.

19Formally, the complementarity between productivity and either o�shoring or export-
ing is seen from the pro�t function having increasing di�erences in (l, x; θ) when we use
the partial ordering of activities mentioned in footnote 16. The complementarity between
productivity and integration on (η∗, 1) follows from the pro�t function having increasing
di�erences in (k; θ) on this interval.

20There is a productivity premium associated with integration in data; see Federico
(2010) and Kohler and Smolka (2011). For evidence about a size and age premium for
integration, see Acemoglu et al. (2010). Importers of intermediate goods are more pro-
ductive than nonimporters; see Bernard et al. (2012) who also discuss the well-established
exporter productivity premium.
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wide variety of organisational forms, we assume that for η close to 0 and 1,
the productivity cuto� for o�shoring and integration, respectively, is lower
than that for exporting.21

3.3 Intra-Firm Importing

Interestingly, our model delivers a pattern of �rm sorting into activities that
is broadly consistent with two empirical �ndings of Corcos et al. (forthcom-
ing) who use �rm-level import data from France to investigate the determi-
nants of the choice between intra-�rm and arm's-length importing. First,
they show that, conditional on headquarter intensity (proxied by capital and
skill intensity) and o�shoring, higher �rm-level productivity makes intra-
�rm importing more likely relative to arm's-length importing. Second, they
�nd that conditional on �rm-level productivity and o�shoring, higher �rm-
level headquarter intensity makes intra-�rm importing more likely relative to
arm's-length importing. Corcos et al. (forthcoming) interpret these empiri-
cal results as �rm-level support for the key predictions of the open-economy
property rights theory of the �rm concerning intra-�rm importing.

The �rst empirical �nding of Corcos et al. (forthcoming) squares per-
fectly with the cuto� rule described above and the implied sorting pattern in
the productivity dimension. The compliance of our model with the second
empirical �nding mentioned above is a bit more subtle.

Proposition 1. Consider the sorting of �rms into decisions in a given equi-

librium. Among the o�shoring �rms with a given headquarter intensity, the

share that also integrates is higher the higher is the headquarter intensity.

However, considering �rms with a given productivity, we may observe that

one �rm undertakes arm's-length importing while having higher headquarter

intensity than another �rm that undertakes intra-�rm importing.

Proof. See Appendix B.

The �rst part of Proposition 1 is reminiscent of an industry-level result
obtained by AH. In contrast to this, our result covers the full spectrum of

21Loosely speaking, this means that when integration and o�shoring provide the great-
est gains for �rms, these activities are more attractive than exporting. Thus, exporting is
su�ciently expensive not to be the most attractive activity for all headquarter intensities.
This guarantees that we will observe nonexporters which o�shore and nonexporters which
integrate in equilibrium. This assumption is not central for our results; see Section 4.
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headquarter intensities within a single industry. To understand the second
part of Proposition 1, consider the choice of integration conditional on o�-
shoring. A higher η increases the relationship-e�ciency of integration relative
to outsourcing, which works in the favour of intra-�rm importing. However,
a higher η also decreases the attractiveness of o�shoring, which reduces the
incentive to integrate due to the complementarity. If this latter e�ect is su�-
ciently strong, it is indeed possible that a higher η means that �rms shift from
intra-�rm importing to arm's-length importing.22 Proposition 1 illustrates
that one has to be careful when applying the conventional intuition about
the relation between η and integration, which was discussed in Section 3.1,
to a �rm-level analysis of intra-�rm importing in an open-economy context.23

4 Comparative Statics

Apart from generating a two-dimensional pattern of �rm sorting that is
broadly consistent with empirical evidence, our model gives rise to strong
predictions based on comparative static analysis of the industry composi-
tion.

De�nition 1. The prevalence of a given activity is the share of active �nal-

good �rms that pursue this activity. The prevalence of vertical FDI is the

share of active �nal-good �rms that both integrate and o�shore.

Proposition 2. Reductions in (fV , wS, fS, τ, fX) imply that the prevalences

of integration, o�shoring, and exporting strictly increase. Reductions in

(fV , wS, fS, τ) imply that the prevalence of vertical FDI strictly increases.

Proof. See Appendix A.

Proposition 2 illustrates a strong industry-level interdependence among
the activities arising from the �rm-level complementarities. In general, in-
creasing the attractiveness of any of the three activities makes the industry

22The adverse complementarity e�ect is smaller when the North-South wage gap de-
creases. Hence, the sorting pattern of �rms in our model is more likely to resonate perfectly
with the second �nding of Corcos et al. (forthcoming) when the wage gap becomes smaller.

23We note that Proposition 1 is not dependent on the inclusion of exporting into the
model. This follows from Appendix B.
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composition of �rms shift towards all three activities becoming more preva-
lent. These results may seem to be an obvious consequence of the complemen-
tarities of the model. That the results are by no means trivial is illustrated
by the following proposition.

Proposition 3. Reducing the costs associated with any one of the activities

integration, o�shoring, or exporting induces some individual �rms to shift

away from the other two activities.

Proof. See Appendix C.

Our main �ndings in Propositions 2 and 3 relate to the ongoing discus-
sion about the relation between trade liberalisation and integration. In this
strand of literature, the results vary almost as much as the modelling strate-
gies. Our contribution in this regard is twofold. First, we unveil a clear
positive relation between trade liberalisations and integration at the indus-
try level. In particular, reductions in �xed or variable costs of trade in �nal
or intermediate goods induce a shift in the industry composition towards
integration (Proposition 2).24 Second, this is not incompatible with shifts
towards outsourcing at the �rm level (Proposition 3).

To see how Propositions 2 and 3 are compatible, consider trade liberal-
isation. Apart from their direct e�ects on �rms' decisions (for a given A),
trade liberalisations result in �ercer competition (a lower equilibrium demand
level, A). The reason is that, given the demand level, liberalisation of either
kind increases the pro�ts for all �rms weakly and for some �rms strictly.
Thus, for the free-entry condition, (8), to hold, competition must toughen
and the demand level, A, falls. This tends to reduce the size of �rms and
thereby discourage integration. However, it also forces the least productive
�rms, which do not integrate, to shut down. With a nonincreasing hazard
rate of log-productivities, the net result is an increase in the prevalence of
integration.25

Even though Proposition 2 implies a clear positive relation between all
four types of trade liberalisation and integration, it should be noted that the
particular type of trade liberalisation can matter for the e�ect on integration
once we address the share of �rms which undertake northern integration,
i.e., the share of active �nal-good �rms that choose the strategy V Nx, x ∈

24Reducing the variable cost of intermediate-goods trade corresponds to lowering wS =
τmw̃S .

25For further discussion, we refer to Bache and Laugesen (2013).
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{D,X}. The formal result, which is stated below, again illustates the point
that �rm-level complementarities may manifest themselves more clearly at
higher levels of aggregation.

Proposition 4. Let productivities be Pareto distributed. Then liberalisa-

tions of intermediate-goods trade reduce the prevalence of northern integra-

tion while liberalisations of �nal-goods trade may increase the prevalence of

northern integration.

Proof. See Appendix D.

While the �rst part of Proposition 4 is in accordance with a �nding of
AH, it is important to note that our main result in Proposition 2 is not.
AH �nd that the prevalence of outsourcing rises when intermediate-goods
trade is liberalised (wS decreases). This incongruity does not depend on our
inclusion of exporting, so we abstract from this activity for the moment.
In order to accord with what is observed in data, a model has to generate
an equilibrium where all possible combinations of the outsourcing and o�-
shoring decisions, kl ∈ {ON,OS, V N, V S}, are observed. Since AH want
to achieve this (in headquarter-intensive industries) with productivity as the
only source of heterogeneity, they cannot allow integration and o�shoring to
be complementary at the �rm level. Letting �rms be heterogeneous with
respect to both productivity and headquarter intensity means that we are
able to analyse the implications of a clear-cut complementarity between the
sourcing decisions faced by �rms while generating the desired diversity of
observed organisational forms. We contribute by showing that this plausi-
ble complementarity implies an unambiguously positive relationship between
trade liberalisations and the prevalence of integration.

Finally, we analyse the e�ects of a change in the barriers to entry through
a change in fE. Like the previously analysed trade liberalisations, a decrease
in fE implies a fall in the demand level, A, due to free entry. As a conse-
quence, the productivity cuto�s for integration, o�shoring, exporting, and
vertical FDI increase meaning that �rms shift away from these activities.
However, as before, low-productivity �rms are being pushed out and the
nonincreasing hazard rate of log-productivities imply that the net e�ects on
the prevalences of the activities are positive. Further, if the distribution of
log-productivity has strictly decreasing hazard rate, the prevalences men-
tioned above strictly increase; see Bache and Laugesen (2013). These results
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relate to an existing literature on the relation between competition and inte-
gration mentioned in footnote 2 and illustrate again the discrepancy between
�rm- and industry-level comparative statics.

Although our assumptions are not necessarily controversial, let us brie�y
discuss how certain assumptions can be relaxed without a�ecting Proposition
2 crucially. First o�, assume that outsourcing does not result in symmetric
but rather generalised Nash bargaining, i.e., βO is not necessarily one half.
Proposition 2 still holds in this case if one assumes that productivities are
Pareto distributed.26 Next, relaxing the assumption that G(η) is strictly in-
creasing simply means that we cannot be sure that the e�ects in Proposition
2 are strictly positive. Nevertheless, we still know that they are nonnega-
tive, cf. Appendix A. Dispensing with the assumption that some �rms with
high and low η integrate and o�shore, respectively, without exporting simply
means that we cannot be sure that the e�ects of reducing fX on the preva-
lences of integration and o�shoring are strictly positive, nor that the e�ect
on the prevalence of exporting of reducing (fV , wS, fS) is strictly positive.
These e�ects will however still be nonnegative while all other strict results
still hold. Finally, it should also be noted that, if one removes one of the
activities integration, o�shoring, or exporting from the choice set of �rms,
Proposition 2 is still valid for the remaining activities and the relevant cost
reductions.27 Thus, the strong industry-level interdependence of e.g. export-
ing and integration implied by Proposition 2 is not lost by not allowing �rms
to o�shore.

5 Concluding Remarks

Our main contribution is to obtain strong and testable results about the in-
terdependencies among integration, o�shoring, exporting, and vertical FDI
at the industry level of analysis. Of particular interest in light of the existing
literature is the clear positive relationship between trade liberalisations and
the prevalence of vertical integration. Notably, these results are compatible

26The reason is that, in this case, ψO depends on η which means that the exit produc-
tivity cuto� does so as well. Then we need a constant hazard rate of the log-productivity
distribution to use the results of Bache and Laugesen (2013) and argue that the prevalence
of any given activity is nondecreasing in ν ≡ (−fV ,−wS ,−fS ,−τ,−fX) which is the �rst
step of the proof in Appendix A. From here, the second step proceeds as before.

27This can be shown by repeating the steps of the proof in Appendix A ignoring one of
the activities.
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with ambiguities at lower levels of aggregation. Central to our analysis are
the �rm-level complementarities we identify. Apart from the introduction of
exporting, our model is a natural extension of Antràs and Helpman (2004)
for the following reasons. First, we allow �rms within the same industry to be
heterogeneous with respect to both productivity and headquarter intensity.
This is a response to recent empirical evidence which reveals that industry
is a poor indicator for headquarter intensity and that �rm-level headquarter
intensity is an important determinant of the decision to vertically integrate.
Allowing for heterogeneity in headquarter intensity is shown to be relatively
uncomplicated even for a general distribution of headquarter intensities. We
believe that the inclusion of �rm-speci�c headquarter intensities makes the
open-economy property rights theory of the �rm more suitable for future
empirical tests based on the �rm-level data sets with input-sourcing infor-
mation which are starting to appear. Reassuringly, we obtain a sorting pat-
tern broadly in line with Corcos et al. (forthcoming). Further, we emphasise
that one has to be careful when applying the conventional intuition about
the relationship between headquarter intensity and vertical integration at the
�rm level in an open-economy context. Second, we dispense with the com-
mon assumption of Pareto-distributed �rm productivities and utilise instead
a broader class of distribution functions to which the Pareto distribution
belongs.

A Proof of Proposition 2

As an intermediate step, we establish that increases in ν ≡ (−fV ,−wS,−fS,−τ,−fX)
lead to nondecreasing prevalences of integration, o�shoring, and exporting.
This is done by drawing upon the results, in particular Proposition 3, of
Bache and Laugesen (2013) (henceforth BL). To do so, we adopt the follow-
ing ranking of the values of the three choice variables in klx: V > O, S > N ,
and X > D. Remember that the pro�t function reads

πklx(Θ, η;A, ν) = AΘψk(η)γl(η)(1 + τ 1−σ)1X(x) − fklx. (9)

Note that any increase in ν must imply that A falls since the pro�ts of all
�rms weakly increase given the level of A, the pro�ts of some �rms strictly
increase given A, and we have free entry. In the terminology of BL, an
increase in ν leads to comparative statics using the carrot. Our assumption
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that the least productive active �rms with any η choose klx = OND means
that the productivity cuto� for being active,

Θexit(η;A, ν) ≡ inf{Θ : πOND(Θ, η;A, ν) > 0} =
fO
AψO

,

is invariant across η and importantly, is not a�ected directly by changes in
ν but only indirectly through changes in A.

Let sη≤η
∗

j and sη>η
∗

j be the shares of active �nal-good �rms with η less
than or greater than η∗, respectively, that end up undertaking activity j ∈
{V, S,X}. The overall share of active �rms undertaking activity j is then
given by

sj = G(η∗)sη≤η
∗

j + [1−G(η∗)]sη>η
∗

j .

Since η∗ is not a�ected by changes in ν, we have shown that sj is nonde-

creasing in ν if we can establish that sη≤η
∗

j and sη>η
∗

j are nondecreasing in ν.
Consider �rst the latter. For η > η∗, the pro�t function, (9), is supermod-
ular in (k, l, x) and has increasing di�erences in (k, l, x; Θ), (k, l, x;A), and
(k, l, x; ν). Since our setup conforms to all the other conditions for invoking
Proposition 3 of BL for η > η∗, we conclude that sη>η

∗

j is nondecreasing in

ν with j ∈ {V, S,X}. Next, consider sη≤η
∗

j . For these values of η, we know
that no �rms choose integration and we can treat k as exogenously �xed at
k = O. Thus sη≤η

∗

V = 0. Further, for η ≤ η∗, the pro�t function with k = O
is supermodular in (l, x) and has increasing di�erences in (l, x; Θ), (l, x;A),
and (l, x; ν). We can therefore use Proposition 3 of BL to conclude that sη≤η

∗

j

with j ∈ {V, S,X} is indeed nondecreasing in ν as well. It follows that sj is
nondecreasing in ν for j ∈ {V, S,X}.28

The second step in this proof is to show that sj, j ∈ {V, S,X}, is strictly
increasing in ν. For this purpose we note that following BL, the e�ect of
ν on sj can be split into two parts: the total direct e�ect of changes in ν
(for a given A) and the total indirect e�ect due to the change in A. Both
of these are nonnegative. This follows from BL and was implicitly used in
the �rst step of this proof.29 We will show that the e�ect of ν on sj is

28The assumption that G(η) is strictly increasing is redundant for this intermediate
result.

29Following BL, it is easy to show that sj , j ∈ {V, S,X}, is strictly increasing in ν
when the distribution of log Θ (log θ) has a strictly decreasing hazard rate. We would
however like to allow for Pareto-distributed productivities, θ, i.e., a distribution of log Θ
with constant hazard rate.
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strictly positive by arguing that the total direct e�ect is strictly positive.
Since the direct e�ect of ν on the productivity cuto� for being active is zero
as argued above,30 the total direct e�ect on sj is determined by the direct
e�ect on the share of all �rms (not just active) that undertake activity j, i.e.,
the direct level e�ect in the language of BL. This share is determined by a
cuto�, Θj(η;A, ν), giving the threshold productivity for undertaking activity
j depending on the headquarter intensity, η.31 The direct e�ects of increases
in ν on the cuto�s ΘV (η;A, ν), ΘS(η;A, ν), and ΘX(η;A, ν) are nonpositive
for all η; see BL. Hence, if we can establish that these e�ects are strictly
negative, each for an interval of η, we are done.32

First, we establish that ΘV , ΘS, and ΘX are continuous functions of η
on the intervals (η∗, 1), (0, 1), and (0, 1), respectively. We will only provide
details on how to show this for ΘV as showing it for ΘS and ΘX will be
completely analogous. Let us de�ne ΘV properly. To do so, let

πk(Θ, η;A, ν) = max
lx

πklx(Θ, η;A, ν).

Note that πk is continuous in (Θ, η) since πklx is. Now, on (η∗, 1), ΘV (η;A, ν)
is given by

πV (ΘV , η;A, ν)− πO(ΘV , η;A, ν) = 0. (10)

Since the LHS of (10) is continuous in (Θ, η) and strictly increasing in Θ,33 it
follows from the implicit function theorem that ΘV , as determined by (10),
is continuous in η.

Next, we establish that ΘV → ∞ as η → η∗ from above and ΘV is
bounded from above as η → 1. Let ΘV |lx(η;A, ν) be implicitly de�ned by

30In the language of BL, the direct selection e�ect is zero.
31Note that ΘV is in�nite for η ∈ (0, η∗]. The following discussion of ΘV will therefore

only concern its behaviour on (η∗, 1).
32Remember that G(η) is strictly increasing on η ∈ (0, 1).
33That the LHS of (10) is weakly increasing in Θ follows from πklx having increasing

di�erences in (k, l, x; Θ) since this implies that πk has increasing di�erences in (k; Θ). That
it is in fact strictly increasing can be seen by writing out (10) to get

AΘ[ψV (η)γl1(η)(1+τ1−σ)1X(x1)−ψOγl2(η)(1+τ1−σ)1X(x2)]−(fV l1x1−fOl2x2) = 0, (11)

where l1x1 and l2x2 are the optimal choices of lx under k = V and k = O, respectively.
Since V > O, we have l1 ≥ l2 and x1 ≥ x2. Further, since ψV (η) > ψO for η ∈ (η∗, 1), the
square bracket on the LHS of (11) is strictly positive on (η∗, 1) and thus the LHS of (10)
is strictly increasing in Θ on (η∗, 1).
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the equation

πV lx(ΘV |lx, η;A, ν)− πOlx(ΘV |lx, η;A, ν) = 0. (12)

Let ΘV (η;A, ν) = minlx ΘV |lx. Then for �rms with productivities below ΘV ,
outsourcing is the optimal ownership structure since regardless of the �rms'
choices of lx, pro�ts are higher under O than under V . This is due to the LHS
of (12) being strictly increasing in Θ. Thus, ΘV represents a lower bound
on ΘV for all η. In a similar fashion, Θ̄V = maxlx ΘV |lx(η;A, ν) is an upper
bound on ΘV . Now, since the LHS of (12) is increasing in lx and Θ by the
supermodularity and increasing di�erences properties of πklx, respectively,
we have ΘV = ΘV |SX and Θ̄V = ΘV |ND.

34 Since the lower bound on ΘV ,
ΘV |SX → ∞ as η → η∗ from above, the same holds for ΘV . Further, as the
upper bound on ΘV , ΘV |ND is bounded from above as η → 1, so is ΘV .

35 By
similar lines of arguments, one can establish that ΘS → ∞ as η → 1, ΘS is
bounded from above as η → 0, and that ΘX is bounded from above both as
η → 0 and as η → 1.

Our assumption that some �rms with η close to 0 choose to o�shore
without exporting implies that ΘS < ΘX for η su�ciently close to 0. Further,
the assumption that some �rms with η close to 1 choose to integrate without
exporting implies that ΘV < ΘX for η su�ciently close to 1. Combined
with the properties derived above an application of the intermediate value
theorem implies that ΘV and ΘX , ΘV and ΘS, and ΘS and ΘX intersect in
the interior of (η∗, 1), (η∗, 1), and (0, 1), respectively. This means that V and
S share the same cuto� productivity for at least one value of η, as does V
and X and S and X. The �nal steps of the proof show that this implies that
these joint cuto�s must each be relevant for an interval of η, and that for
each of the activities, j ∈ {V, S,X}, at least one of its joint cuto�s is strictly
decreasing conditional on A when ν increases.

Consider the joint cuto�s for activity V . First o�, we have established
that for η su�ciently close to (but above) η∗, ΘV > ΘS,ΘX and that for
η su�ciently close to 1, ΘV < ΘS,ΘX . That is, ΘV must be equal to re-
spectively ΘS and ΘX for at least one value of η. Suppose that ΘV and ΘS

34The intuition for minlx ΘV |lx = ΘV |SX (maxlx ΘV |lx = ΘV |ND) is that integration is
promoted as much (little) as possible by other complementary activities in this case.

35Since ΘV |SX = fV −fO
AγS(η)(1+τ1−σ)(ψV (η)−ψO) and |ψV (η)− ψO| → 0 as η → η∗, it follows

that ΘV |SX →∞ as η → η∗ from above. Further, since ΘV |ND = fV −fO
A(ψV (η)−ψO) , ψV (η) >

ψO for η > η∗, and ψV (η) is increasing in η, ΘV |ND is bounded from above as η → 1.
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not equal on an interval of η. Then there must exist an η = η′ for which
ΘV (η′;A, ν) = ΘS(η′;A, ν) = Θ′ with ΘV > ΘS for η just below η′ and
ΘV < ΘS for η just above η′. First, suppose that ΘX(η′;A, ν) 6= Θ′. That
is, for (Θ, η) su�ciently close to (Θ′, η′) all �rms choose the same export
status, x. Then we must have that πV Sx(Θ

′, η′;A, ν) = πONx(Θ
′, η′;A, ν) =

πOSx(Θ
′, η′;A, ν) = πV Nx(Θ

′, η′;A, ν).36 However, this cannot be the case
since πOSx − πONx = 0 implies that πV Sx − πV Nx > 0. Second, suppose
ΘX(η′;A, ν) = Θ′. Then we must have that

πV SX(Θ′, η′;A, ν) = πOND(Θ′, η′;A, ν) = πV Nx1(Θ
′, η′;A, ν) = πOSx2(Θ

′, η′;A, ν)
(13)

for some x1, x2.
37 But as before, this cannot be true. To see why, sup-

pose (13) holds for x1 = D and x2 = X. Then πOSX − πOND = 0 im-
plies that πV SX − πV ND > 0 and we have a contradiction. If (13) holds for
x1 = X and x2 = D, then πV NX − πOND = 0 implies πV SX − πOSD > 0
and again we have a contradiction. If x1 = x2 = D, πV ND − πOND = 0
implies πV SD − πOSD > 0. But this means that πV SD(Θ′, η′;A, ν) is strictly
higher than πOND(Θ′, η′;A, ν), and due to continuity, �rms with η = η′

and Θ just below Θ′ �nd klx = V SD more pro�table than klx = OND.
But these �rms should choose OND if ΘV (Θ′, η′;A, ν) = ΘS(Θ′, η′;A, ν) =
ΘX(Θ′, η′;A, ν) = Θ′ and we have a contradiction. Finally, if x1 = x2 = X,
then πV SX − πV NX = 0 implies πOSX − πONX < 0 but by πOSX = πOND,
we thus have πONX > πOND, which, by a similar argument as before, is in-
compatible with ΘV (Θ′, η′;A, ν) = ΘS(Θ′, η′;A, ν) = ΘX(Θ′, η′;A, ν) = Θ′.
Thus, we must have that ΘV = ΘS holds for an interval of η since otherwise
we arrive at a contradiction. Arguments similar to those used above imply
that the same must hold for ΘV and ΘX and for ΘS and ΘX .

To conclude the proof of the �rst part of the proposition, note that when
ΘS = ΘV , this joint cuto� is given by

πV Sx1(ΘV , η;A, ν)− πONx2(ΘV , η;A, ν) = 0 (14)

for some x1 ≥ x2. But the LHS of (14) is strictly increasing in both Θ
and (−fV ,−wS,−fS) which means that, given A, ΘV is strictly decreasing

36Right at (Θ′, η′) �rms are indi�erent between V Sx and ONx which gives the �rst of
the equalities. For η just below η′, ΘS gives indi�erence between ONx and OSx. As ΘS

is continuous, this indi�erence at ΘS extends to η = η′ which gives the second equality.
The last equality follows from a similar argument using ΘV for η just above η′.

37The argument is completely analogous to before.
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in (−fV ,−wS,−fS). This holds for an interval of η as argued above. As
ΘV = ΘS on this interval of η, the same can be said about ΘS. Further,
when ΘV = ΘX , it is given by

πV l1X(ΘV , η;A, ν)− πOl2D(ΘV , η;A, ν) = 0 (15)

for some l1 ≥ l2. As the LHS of (15) is strictly increasing in Θ and (−fV ,−τ,−fX),
ΘV and ΘX are strictly decreasing in (−fV ,−τ,−fX), given A, on an interval
of η. Finally, when ΘS = ΘX , it is given by

πk1SX(ΘS, η;A, ν)− πk2ND(ΘS, η;A, ν) = 0 (16)

for some k1 ≥ k2. As the LHS of (16) is strictly increasing in Θ and
(−wS,−fS,−τ,−fX), ΘS and ΘX are strictly decreasing in (−wS,−fS,−τ,−fX),
given A, on an interval of η. Combining these results leads you to conclude
that whenever ν ≡ (−fV ,−wS,−fS,−τ,−fX) increases, ΘV , ΘS, and ΘX

each strictly decreases on some interval of η given A. As argued above, this
gives us the �rst part of the proposition.

That the prevalence of vertical FDI (the share of all active �nal-good �rms
that undertake both V and S) is strictly increasing in (−fV ,−wS,−fS,−τ)
is quite simple to show at this point. Note that vertical FDI only occurs for
η > η∗. First, let us de�ne the productivity cuto� for vertical FDI,

ΘV S(η;A, ν) = max{ΘV (η;A, ν),ΘS(η;A, ν)}.

This productivity cuto� is clearly nonincreasing in (−fV ,−wS,−fS,−τ) given
A. By the same arguments as above, we need to show that, given A, ΘV S

is strictly decreasing in (−fV ,−wS,−fS,−τ) on an interval of η in order to
prove the last part of the proposition. We have already established that
ΘV = ΘS on an interval of η for which they are strictly decreasing in
(−fV ,−wS,−fS) for a given A. This means that the same holds for ΘV S

on this interval of η. Finally, since ΘV > ΘS,ΘX for all η su�ciently close
to, but above, η∗, ΘV S = ΘV |SX for these η. It is easy to verify that ΘV |SX
is strictly decreasing in −τ given A, and we are therefore done.

B Proof of Proposition 1

This proof draws on results and de�nitions from Appendix A and should be
read in extension of this. Denote by sV |S(η) the share of �nal-good �rms
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with headquarter intensity η which integrate given that they are o�shoring.
To prove that sV |S is increasing in η, we �rst show that if sV |S is one for
some η, then it must be one for all higher values of η. If this is not the case,
there must exist an η′ ∈ (η∗, 1) such that ΘS(η′) = ΘV (η′) = Θ′ and for η
just above η′, ΘS < ΘV . For η just above η′, ΘS must thus be given by

πOSx1(ΘS, η;A, ν)− πONx2(ΘS, η;A, ν) = 0

for some x1 ≥ x2. This gives us

ΘS(η;A, ν) =
fOSx1 − fONx2

AψO[γS(η)(1 + τ 1−σ)1X(x1) − (1 + τ 1−σ)1X(x2)]
(17)

for η at and just above η′. Further, we have that πV Sx3(Θ
′, η′;A, ν) =

πOSx1(Θ
′, η′;A, ν) = πONx2(Θ

′, η′;A, ν) where V Sx3 is undertaken by �rms
with η = η′ and productivity just above Θ′. It must hold that x3 ≥ x1. Now,
de�ne Θ̃V as

πV Sx3(Θ̃V , η;A, ν)− πONx2(Θ̃V , η;A, ν) = 0. (18)

This gives us

Θ̃V (η;A, ν) =
fV Sx3 − fONx2

A[γS(η)ψV (η)(1 + τ 1−σ)1X(x3) − ψO(1 + τ 1−σ)1X(x2)]
. (19)

Di�erentiating (17) and (19) with respect to η gives

∂ΘS

∂η
= −ΘS

1

1− γ−1
S (1 + τ 1−σ)1X(x2)−1X(x1)

∂γS
∂η

1

γS
(20)

and

∂Θ̃V

∂η
= −Θ̃V

1

1− γ−1
S ξ−1(1 + τ 1−σ)1X(x2)−1X(x3)

(
∂γS
∂η

1

γS
+
∂ψV
∂η

1

ψV

)
,

(21)
where ξ ≡ ψV (η)/ψO > 1 since we consider η > η∗. From (20) and (21)

expressions one can see that ∂Θ̃V

∂η
(η′;A, ν) < ∂ΘS

∂η
(η′;A, ν) when using that

γS(η) and ψV (η) are strictly decreasing and strictly increasing in η, respec-
tively.38 But this means that for η just above η′, we have ΘS > Θ̃V . However,

38First, this follows directly if ∂γS∂η
1
γS

+ ∂ψV
∂η

1
ψV
≥ 0. If ∂γS∂η

1
γS

+ ∂ψV
∂η

1
ψV

< 0, it follows

from noting that 0 > ∂γS
∂η

1
γS

+ ∂ψV
∂η

1
ψV

> ∂γS
∂η

1
γS
, 0 < γ−1S ξ−1(1 + τ1−σ)1X(x2)−1X(x3) <

γ−1S (1 + τ1−σ)1X(x2)−1X(x1) < 1, and that for η = η′, ΘS = Θ̃V .
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from (18), this implies that for �rms with η just above η′ and Θ just below
ΘS,

πV Sx3(ΘS, η;A, ν)− πONx2(ΘS, η;A, ν) > 0,

which is contradictory to these �rms choosing klx = ONx2. Thus, there
must exist an η∗∗ > η∗ such that for a given η greater than η∗∗ all �rms
that o�shore also integrate and for a given η less than η∗∗ not all �rms that
o�shore also integrate. We now know that sV |S(η) = 0 for η ∈ (0, η∗] and
sV |S(η) = 1 for η ∈ [η∗∗, 1). What remains to be shown is that sV |S(η) is
monotone increasing in η on (η∗, η∗∗). To do so, note that on this interval,
ΘV > ΘS. That is, ΘV is given by

πV Sx4(ΘV , η;A, ν)− πOSx5(ΘV , η;A, ν) = 0

for some x4 ≥ x5. This gives us

ΘV (η;A, ν) =
fV Sx4 − fOSx5

AγS(η)[ψV (η)(1 + τ 1−σ)1X(x4) − ψO(1 + τ 1−σ)1X(x5)]
. (22)

Further, ΘS is given by,

πOSx6(ΘS, η;A, ν)− πONx7(ΘS, η;A, ν)

for some x6 ≥ x7. This gives us

ΘS(η;A, ν) =
fOSx6 − fONx7

AψO[γS(η)(1 + τ 1−σ)1X(x6) − (1 + τ 1−σ)1X(x7)]
. (23)

Note that x5 ≥ x6. Introducing B(η) ≡ [γS(η)(1 + τ 1−σ)1X(x6) − (1 +
τ 1−σ)1X(x7)], the cuto�s (22) and (23) can be written as

ΘV (η;A, ν) =
(fV Sx4 − fOSx5)[(1 + τ 1−σ)1X(x6) − (1 + τ 1−σ)1X(x7)γS(η)−1]

AB(η)[ψV (η)(1 + τ 1−σ)1X(x4) − ψO(1 + τ 1−σ)1X(x5)]
(24)

and

ΘS(η;A, ν) =
fOSx6 − fONx7
AψOB(η)

, (25)

respectively. First note that if one keeps B(η) constant, then (24) is decreas-
ing in η for constant (x4, x5, x6, x7). Next, for η ∈ (η∗, η∗∗), we can express
sV |S(η) as

sV |S(η) =
1− F̃ (log ΘV )

1− F̃ (log ΘS)
, (26)
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where F̃ (log Θ) = F (Θ1/(σ−1)) is the distribution of log Θ = (σ − 1) log θ.
Note �rst that for given (x4, x5, x6, x7), any e�ect of an increase in η that
does not go through B(η) will increase sV |S(η) since it reduces ΘV . Next, we
show that the e�ect of η through B on sV |S is positive as well. To see that
this is true, rewrite (26) to get

sV |S(η) = exp

{
−
∫ log ΘV

log ΘS

λ(Θ) dΘ

}
, (27)

where λ(Θ) is the hazard rate of F̃ . Now, di�erentiating (27) with respect
to B(η) gives us

∂sV |S
∂B

= sV |S

(
λ(log ΘS)

∂ log ΘS

∂B
− λ(log ΘV )

∂ log ΘV

∂B

)
.

It is clear from (24) and (25) that ∂ log ΘV

∂B
= ∂ log ΘS

∂B
< 0. Further, since the

distribution of log Θ has nonincreasing hazard rate, we know that λ(log ΘV ) ≤
λ(log ΘS) as we consider an interval where ΘV > ΘS.

39 Thus, sV |S is de-
creasing in B which means that the e�ect of η through B on sV |S is positive
for given (x4, x5, x6, x7). Thus, in total, we have shown that on the inter-
val (η∗, η∗∗), sV |S is increasing in η whenever (x4, x5, x6, x7) does not change.
However, we know that if (x4, x5, x6, x7) changes at some point as η increases,
then at this point, the value of sV |S is una�ected since ΘV and ΘS are con-
tinuous in η. Further, just above and below such points, sV |S is increasing
in η. Thus, we can conclude that sV |S is increasing in η on (η∗, η∗∗), and we
are done.

The reason we cannot say that individual �rms will unambiguously �nd
intra-�rm importing more attractive as η increases conditional on productiv-
ity is that η has two opposing e�ects on the RHS of (22). One is that ψV
increases and the other is that γS decreases. If the latter e�ect dominates for
some η ∈ (η∗, η∗∗), then we see that ΘV is above ΘS and increasing in η. But
then, for some level of productivity, a higher η will cause �rms to shift from
operating with kl = V S to kl = OS, i.e., higher headquarter intensity causes
a shift from intra-�rm importing to arm's-length importing at the �rm level.

39As log θ has nonincreasing hazard rate and σ > 1, log Θ = log θσ−1 = (σ − 1) log θ
has nonincreasing hazard rate as well.
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C Proof of Proposition 3

For η su�ciently close to 0, the cuto�s for o�shoring and exporting are given
by

πOSD(ΘS, η;A, ν)− πOND(ΘS, η;A, ν) = 0 (28)

and
πOSX(ΘX , η;A, ν)− πOSD(ΘX , η;A, ν) = 0, (29)

respectively. Next, for η su�ciently close to 1, the cuto�s for integration and
exporting are given by

πV ND(ΘV , η;A, ν)− πOND(ΘV , η;A, ν) = 0 (30)

and
πV NX(ΘX , η;A, ν)− πV ND(ΘX , η;A, ν) = 0, (31)

respectively. Now, any increase in (−fV ,−wS,−fS,−τ,−fX) results in a
reduction in A. Consider a reduction in the �xed cost associated with inte-
gration, fV . This does not a�ect the cuto� conditions (28) and (29) directly
but does so indirectly through A. Since LHS of both equations are strictly
increasing in (Θ, A), the result of the decline in A is a strict increase in the
cuto�s given by (28) and (29) for the relevant η's. That is, some �rms shift
away from o�shoring and exporting. Next, consider a reduction in the costs
associated with o�shoring, (wS, fS). Since the LHS of (30) and (31) are not
directly a�ected by these changes and strictly increase in (Θ, A), the result
is a strict increase in the cuto�s given by these two equations for the relevant
η's. That is, some �rms shift away from integration and exporting. Finally,
consider a reduction in (τ, fX). Using the same line of arguments again im-
plies that the cuto�s given by (28) and (30) are strictly increasing for the
relevant η's. That is, some �rms shift away from integration and o�shoring.

D Proof of Proposition 4

First we prove that increasing (−wS,−fS) always reduces the prevalence of
northern integration. To do so, consider for the moment the initial equilib-
rium and note that it follows from Appendix B that if ΘV ≤ ΘS for some
η = η′, then ΘV ≤ ΘS for all η ≥ η′. Next, suppose that ΘV < ΘS, then

ΘS(η;A, ν) =
fV Sx1 − fV Nx2

AψV (η)[γS(η)(1 + τ 1−σ)1X(x1) − (1 + τ 1−σ)1X(x2)]
,
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for some x1 ≥ x2, and

ΘV (η;A, ν) =
fV Nx3 − fONx4

A[ψV (η)(1 + τ 1−σ)1X(x3) − ψO(1 + τ 1−σ)1X(x4)]
,

for some x3 ≥ x4 where x2 ≥ x3. Thus, when ΘV < ΘS, the ratio is given by

ΘS

ΘV

=
(fV Sx1 − fV Nx2)[(1 + τ 1−σ)1X(x3) − ψOψV (η)−1(1 + τ 1−σ)1X(x4)]

(fV Nx3 − fONx4)[γS(η)(1 + τ 1−σ)1X(x1) − (1 + τ 1−σ)1X(x2)]
.

(32)
Since γS(η) and ψV (η) are decreasing and increasing in η, respectively, it
is obvious that the ratio in (32) is increasing in η for given (x1, x2, x3, x4).
Further, as (32) is continuous at points where (x1, x2, x3, x4) jumps, (32) is
increasing in η whenever ΘV < ΘS. Thus, if ΘV < ΘS for some η = η′′, we
have that ΘV < ΘS for all η > η′′. Let η∗∗ be given by

η∗∗ ≡ inf{η : ΘV < ΘS} = inf{η : 1 < ΘS

ΘV
}.

Then we can express the prevalence of northern integration, sV N , as

sV N =

∫ 1

η∗∗
[F (ΘS)− F (ΘV )] dG(η)

1− F (Θexit)
.

Let us show that η∗∗ is increasing in (−wS,−fS). By (32), which is valid
for η ≥ η∗∗, it is obvious that changes in A do not a�ect η∗∗. Further,
given A, increases in (−wS,−fS) reduce ΘS and does not a�ect ΘV whenever
ΘV < ΘS. It follows that η

∗∗ must rise in (−wS,−fS). Next, using the Pareto
distribution with shape parameter z(σ − 1) for F , sV N can be expressed as

sV N =

∫ 1

η∗∗
[(AΘV )−z − (AΘS)−z] dG(η)

(AΘexit)−z
. (33)

Now, note that η∗∗ increases in (−wS,−fS), that AΘV and AΘexit are unaf-
fected by changes in (−wS,−fS) for η > η∗∗, and that AΘS is decreasing in
(−wS,−fS). Thus, sV N decreases in (−wS,−fS).

Second, to show that sV N can be increasing when �nal-goods trade is
liberalised, assume that ΘX < ΘS for η ≥ η∗∗. Note that this implies that
AΘX = AΘV for an interval of η in (η∗∗, 1).40 Under these assumptions, an

40For η = η∗∗, ΘS = ΘV .
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increase in −fX has no e�ect on η∗∗, AΘS, or AΘexit in (33). However, for
the interval of η in (η∗∗, 1) where AΘX = AΘV , AΘV is decreasing and AΘV

is nonincreasing otherwise. This means that sV N increases in −fX .
We can also illustrate that sV N can be unambiguously increasing in −τ if

we relax the assumption that ΘX > ΘV for η su�ciently close to 1. Assume
that ΘX < ΘV for all η. Then x1 = x2 = x3 = x4 = X in (32) which means
that η∗∗ and ΘS

ΘV
for η ≥ η∗∗ are una�ected by τ . Expressing sV N as

sV N =

∫ 1

η∗∗
(AΘV )−z[1− ( ΘS

ΘV
)−z] dG(η)

(AΘexit)−z
,

it now follows that sV N is increasing in −τ since AΘexit is una�ected and
AΘV is decreasing.
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Abstract

This paper puts forward an industry-equilibrium model with het-

erogeneous �rms in order to analyse possible interdependencies in

�rms' decisions to outsource the production of intermediates to un-

a�liated business partners. Outsourcing requires that �rms match in

the market for intermediates, and the quality of a match determines

the productivity of an outsourcing relationship. Incomplete contracts

imply that outsourcing relationships su�er from holdup problems and

suboptimally low levels of supplier investments. These search and con-

tractual frictions under outsourcing are balanced against higher pro-

duction costs under vertical integration. It is found that interactions

among �rms in both the �nal- and intermediate-goods markets a�ect

the decision to outsource. The results also show how the prevalence of

outsourcing is a�ected by many di�erent changes in the industry en-

vironment and in production e�ciency. While some of these �ndings

con�rm related �ndings of Grossman and Helpman (2002), the present

paper contributes by analysing an industry with organisational diver-

sity and by strengthening the empirically testable predictions.

Keywords: Vertical Integration; Firm Heterogeneity; Monopolistic Competi-
tion; Industry Equilibrium; Holdups; Transaction Cost Economics

JEL Classi�cations: D23; L22

∗Department of Economics and Business, Aarhus University, Fuglesangs Allé 4, 8210
Aarhus V, Denmark. Email: alaugesen@econ.au.dk. I thank John Kennes, Alexander
Koch, Mie la Cour Sonne, Julia Swart, Allan Sørensen, Rune Vejlin, and seminar partic-
ipants in Aarhus, Copenhagen, Groningen, and Kiel for helpful comments. I am grateful
to the Tuborg Foundation for �nancial support.

82



1 Introduction

Since the 1970s, the theory of the �rm has greatly improved economists'
understanding of �rms' increasing use of outsourcing as a business strategy.1

First, the highly in�uential transaction cost economics (hereafter TCE) made
signi�cant advances by focusing attention on the integration decision �also
known as the make-or-buy decision� in models where contractual frictions
and ensuing holdup problems limit the prevalence of outsourcing.2 A more
uni�ed and formal account of the costs and bene�ts of vertical integration
can be discerned in the property rights theory of the �rm (hereafter PRT)
models by Grossman and Hart (1986) and Hart and Moore (1990). This
strand of literature argues that the costs of vertical integration are losses of
initiative at the integrated end of the transaction.

An important weakness of both TCE and PRT is that integration de-
cisions are assumed to be independent across �rms. Independence follows
from the models' focus on bilateral relationships between a producer and
a potential supplier. Even though independence is not problematic per se,
the issue is that independence is assumed instead of justi�ed by a model.
Also, it is not hard to imagine cases where the assumed independence in in-
tegration decisions can be questioned. Chinitz (1961) for instance compares
organisational forms in Pittsburgh and New York City and �nds that �rms
in Pittsburgh are much more integrated than �rms in New York City. The
proposed explanation is that Pittsburgh, built on heavy industry in e.g. the
primary metals sector, has many large companies which integrate various
support functions like accounting and legal services because they can achieve
economies of scale in these tasks internally. This tendency a�ects the organi-
sational forms of new �rms in Pittsburgh. New �rms struggle to �nd external
provision of various services and thus must integrate these production tasks.

Only few papers embed the integration decision in industry equilibrium
in order to allow for possible interdependencies in �rms' integration deci-
sions and industry-equilibrium e�ects under exogeneous parameter changes.
McLaren (2000) illustrates how vertical integration imposes a negative ex-

1We de�ne outsourcing (vertical integration) as the acquisition of a good or service
from an una�liated (a�liated) business partner. Helpman (2006) provides many references
to empirical papers which argue that �rms have disintegrated their production processes
within the last couple of decades.

2The standard line of references includes Williamson (1975, 1985), Klein et al. (1978),
and sometimes the interesting predecessor, Coase (1937).
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ternality on competitors by thinning the market for intermediate inputs and
intensifying ex-post opportunism and holdups. These interdependencies in
integration decisions facilitate multiple equilibria, and the chances of realis-
ing an equilibrium with pervasive outsourcing increase when the economy is
exposed to globalisation as thicker intermediate-input markets decrease ex-
post opportunism and holdups under outsourcing. Grossman and Helpman
(2002) (henceforth GH) also reveal interdependencies in �rms' integration
decisions in a model where search frictions as well as holdup problems de-
crease the attractiveness of outsourcing. Antràs and Helpman (2004) present
a general-equilibrium PRT model with subtle interdependencies in integra-
tion decisions via changes in a demand shifter.3

This paper puts forward an industry-equilibrium model of interdepen-
dencies in integration decisions which builds upon the modelling of �rms in
GH. In contrast to GH, we posit that �rms are heterogeneous with respect to
productivity, as in Melitz (2003), since �rms are empirically found to be very
di�erent in this respect, even within narrowly de�ned industries.4 This in-
novation allows us to achieve the within-industry diversity in organisational
forms casual empiricism con�rms but is entirely absent in GH. The obtained
organisational diversity considerably sharpens the empirical predictions rela-
tive to those of GH. The reason for this is that, even though a given parame-
ter change in GH may increase the likelihood of, say an industry equilibrium
where all �rms enter outsourcing relationships, the prevalence of outsourcing
(the observable outcome) may very well remain completely una�ected since
outsourcing may be infeasible in the relevant region of the model parameters.
In other words, the GH model has a tipping point structure and the location
of the tipping point in the parameter region is hard to locate in a practical
context. This lack of clear empirical guidance makes the GH model quite dif-
�cult to confront empirically, and not at least to refute, which may explain
the lack of empirical work related to GH. One contribution of the present
paper is to provide clearer empirical guidance where the comparative static
results about the prevalence of outsourcing are much less dependent (in all
cases but one, actually non-dependent) on the levels of various parameters.

We investigate how the prevalence of outsourcing (captured by the share
of outsourcing �rms among all �rms in the industry) is a�ected by many

3For references to a few additional papers which embed the integration decision in
industry equilibrium and allow for international trade, see the survey by Antràs and Rossi-
Hansberg (2009).

4See e.g. the survey by Bernard et al. (2012).
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di�erent changes in the industry environment and in production e�ciency.
In contrast to traditional TCE and PRT, exogenous parameter changes do
not only imply a direct e�ect on �rms but do also give rise to indirect e�ects
through changes in competition. A reassuring feature of our results is that
they are generally in line with GH's results about the likelihood that a given
organisational form will prevail entirely. Since our model contains a richer
set of parameters, our model also allows for some additional insights. For
instance, we show that the e�ect of increased competition on the prevalence
of outsourcing is nonnegative which resonates with stories often brought in
the popular press. Further, outsourcing is found to be more prevalent in
industries where �rms are more similar with respect to their productivities.

The used modelling approach relates somewhat to the approach of Antràs
and Helpman (2004) who couple the modelling of �rms in Antràs (2003)
with the modelling of �rm heterogeneity in Melitz (2003). Antràs and Help-
man (2004) model entry of solely �nal-good producers and search frictions
are non-existing since �nal-good producers face a perfectly elastic supply of
intermediate-input producers. In the present paper, the entry of intermediate-
input producers and search frictions, like those accentuated by Chinitz (1961),
play key roles in generating interdependencies in integration decisions. Mac-
chiavello (2012) has independently built a model which introduces �rm het-
erogeneity in a GH-type of model but the focus of this paper is quite di�erent
from the focus of the present paper. Macchiavello (2012) focuses on the ef-
fect of �nancial development on the integration decision and dispenses with
search and matching.

The paper is organised as follows. Section 2 sets up the model. Many
assumptions are purposefully retained from GH such that the implications of
these assumptions can be tested in the future. Section 3 presents a simpli�ed
model, nested within the model from Section 2, and results are stated. The
simpli�ed model strengthens the intuition and the results are almost identical
across the simple and the more general model. Section 4 presents the results
from the more general model in Section 2. Finally, some concluding remarks
are o�ered in Section 5.

2 Model

The economy has one monopolistically-competitive industry that produces a
continuum of �nal-good varieties indexed by i. The representative consumer
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has C.E.S. preferences leading to demand,

y(i) = Ap(i)
−1
1−α ,

where y(i) is consumption of variety i priced at p(i) and A is a demand
shifter. The parameter α ∈ (0, 1) measures the degree of product di�eren-
tiation. While endogenous in the aggregate, A is treated like a constant by
individual producers. This implies that producers perceive a constant elas-
ticity of demand equal to 1/(1− α). There is a unit measure of consumers.

The cost of �rm entry is fE units of the numéraire, labour. Upon entry,
a �rm realises its idiosyncratic productivity measure, ϕ, which is a random
draw from a known Pareto distribution of productivities, G(ϕ).5 Let ϕ0 > 0
denote the lower bound on productivities. Knowing ϕ, a �rm decides its
organisational form. The four available options are: vertically integrated �rm
(henceforth V �rm), specialised upstream supplier of intermediate inputs to
production (M �rm), and specialised downstream producer of �nal goods (S
�rm). When none of these three organisational forms are expected to be
pro�table given a �rm's ϕ, the �rm exits the industry and forfeits its cost of
entry.

First, we describe the modelling of V �rms which follows GH while allow-
ing for heterogeneity in ϕ. V �rms produce one unit of a di�erentiated �nal
good from λ

ϕ
units of labour where λ > 1 is a parameter. The �xed costs of

running a V �rm are given by fV . A given V �rm with productivity ϕ thus
chooses output, y, to maximise A1−αyα − y λ

ϕ
− fV entailing pro�ts of

πV = (1− α)A(
αϕ

λ
)
α/(1−α) − fV . (1)

Notice that V �rms are modelled according to standard textbook treatments
meaning that we assume the absence of incentive problems in integrated
�rms.

2.1 Outsourcing

Things become more interesting when we turn to M and S �rms which en-
gage in outsourcing, i.e., arm's-length transactions about intermediates. We

5The Pareto distribution is thought to be a reasonable approximation to actual �rm
productivities, at least in the right tail of the distribution; see e.g. Axtell (2001). Denote
by ϕ0 > 0 a lower bound on productivities and denote by k > 0 a shape parameter. The
distribution function of a Pareto random variable is given by G(ϕ) = 1− (ϕ0

ϕ )k for ϕ ≥ ϕ0

and G(ϕ) = 0 otherwise.
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structure the description of M and S �rms around the following sequence of
events.

• Event one: potential entrants make draws of ϕ after investing fE

• Event two: choice of organisational form and payment of �xed produc-
tion costs

• Event three: specialised �rms search for each other in the market for
intermediates

• Event four: production of intermediates

• Event �ve: specialised �rms Nash bargain over �nal-good revenue

• Event six: production and sale of �nal goods

By foreseeing this sequence of events, entrants to the industry determine the
pro�tability of M and S �rms such that these calculations can be compared
with (1) in event two and the optimal entry decision can be made in event
one. To complete the description of event one and two, we follow much of
the extant literature in assuming that fM , fS < fV such that the �xed costs
of running a V �rm are high relative to the �xed costs of running M and
S �rms. We will return to event one and two when we have derived the
expected pro�ts of M and S �rms. In event three, M and S �rms search
for each other and try to match in the market for intermediates in the in-
dustry under scrutiny. Search and matching is not always successful and is
modelled as follows. Let m and s denote the numbers of M and S �rms,
respectively, which enter the market for intermediates in event three. The
matching function, n(m, s) ≤ min{m, s}, is increasing in both arguments and
returns the number of matches. We assume for simplicity that all specialised
�rms of a given kind have the same probability of �nding a partner of the
opposite kind.6 Matching probabilities are thus calculated as n(m, s)/m and
n(m, s)/s for M and S �rms, respectively. De�ne the fraction m/s ≡ r and
let the matching function be homogeneous of degree one.7 This means that

6Random matching implies that specialised �rms of a given kind are indistinguishable
before matches are made. Hence, signalling is not possible.

7GH mention that constant or slightly increasing returns are most sensible. The empir-
ical evidence in Acemoglu et al. (2010) does not however resonate with increasing returns.
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n(m, s)/m (n(m, s)/s) is decreasing (increasing) in r. Following GH, �rms
unsuccessful in matching are forced to leave the industry.

In event four, successfully matched M and S �rms have paired up. In-
complete contracting means that the production of intermediates, which is
solely undertaken by M �rms, is non-contractible. Moreover, intermediates
are completely tailored to the intended relationship between a pair of M and
S �rms and useless elsewhere. M �rms thus choose the quantity of inter-
mediates to maximise their expected pro�ts while foreseeing future holdup
problems.8 The unit labour cost faced by M �rms in the production of inter-
mediates is 1

ϕ̃
where

ϕ̃ = ϕδMϕ
1−δ
S , 1 > δ > 1/2. (2)

ϕM and ϕS are the productivities of the M and the S �rm in an outsourcing
relationship. ϕ̃ is a�ected by ϕM since M �rms produce the intermediates. ϕS
a�ects ϕ̃ because the S �rm alternatively could have opened a V �rm during
event two and undertaken the entire production process itself. Thus, S �rms
must know about the production process and (2) simply allows some sort
of technology transfer to occur between the two kinds of specialised �rms.9

The parameter restriction on δ is imposed because ϕM is assumed to matter
most for the determination of ϕ̃; after all, M �rms produce the intermediates.
In event �ve, the M and S �rms Nash bargain over the event six �nal-good
revenue generated in their relationship. At this stage, none of the specialised
�rms have outside options meaning that holdups are inevitable. Through
a process of Nash bargaining, event six's revenue is shared with the share
ω going to the M �rm. In event six, production of one unit of a �nal-good
variety requires one unit of an intermediate speci�cally tailored to this variety.
The production of �nal goods is then sold in the �nal-goods market.

We restrict attention to a certain class of equilibria. These equilibria share
the property that �rms with ϕ draws below a cuto� level ϕ∗S decide to exit
right away since their low productivities do not allow positive pro�ts under
any organisational form. Firms with relatively low productivities between ϕ∗S
and the higher cuto� ϕ∗M decide to become S �rms. Firms with intermediate
productivity levels between ϕ∗M and the highest cuto� ϕ∗V decide to become

8The pioneering work on the holdup problem was conducted by Klein et al. (1978).
9More loosely and alternatively, one could argue that the S �rm's ability in manufac-

turing the �nal good can a�ect the revenue generated in an outsourcing relationship. (2)
captures this idea in a straightforward and rudimentary manner.

88



M �rms. Finally, �rms with productivities above the highest cuto� ϕ∗V decide
to become V �rms. The empirical evidence in e.g. Acemoglu et al. (2010) and
Kohler and Smolka (2011) �nds size and productivity premia for integrated
relative to specialised �rms. The discussion below will make it clear that the
equilibrium productivity ranking of M and S �rms is natural given (2). To
summarise, we have that ϕ0 < ϕ∗S < ϕ∗M < ϕ∗V . Hence, in ascending order of
productivity, �rms

• exit voluntarily (ϕ0 < ϕ < ϕ∗S)

• become S �rms (ϕ∗S < ϕ < ϕ∗M)

• become M �rms (ϕ∗M < ϕ < ϕ∗V )

• become V �rms (ϕ∗V < ϕ)

This sorting pattern will be relaxed in Section 3 which further indicates
that the productivity ranking of M and S �rms is innocuous. We now put all
these assumptions to use and consider what happens when two specialised
�rms are matched. If the M �rm produces x units of intermediates, the S
�rm ends up producing y = x units of a �nal good. The event six revenue
is thus p(y)y. As mentioned, this revenue is shared under Nash bargaining
in event �ve. Turning to event four, where the M �rm decides its quantity
x = y, it follows that the M �rm maximises ωp(y)y − y/ϕ̃− fM . It is found
that

y = A(αωϕ̃)1/(1−α) (3)

and

p =
1

αωϕ̃
. (4)

In (3) and (4), it is easy to detect the distortions created by incomplete con-
tracting and the resultant holdup problems; decreases in ω lead to intensi�ed
holdup problems, visible from noting the higher prices and lower quantities.10

The reason for this is that the M �rm bears the full marginal cost but cap-
tures only a fraction of the marginal gains of a larger production. Since
M �rms obtain operating pro�ts with the probability n(m, s)/m = η(r)/r,

10The joint pro�t maximising quantity, A(αϕ̃)1/(1−α), appears in the limiting case
where holdups disappear as ω approaches one.
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where η(r) = n(m, s)/s, the expected pro�ts of such a �rm with productivity
ϕM read

πM =
η(r)

r
(1− α)ωA(αω)

α
1−αϕ

δα
1−α
M

ϕ∗
M∫

ϕ∗
S

ϕ
(1−δ)α
1−α

dG(ϕ)

G(ϕ∗M)−G(ϕ∗S)
− fM . (5)

(5) re�ects two di�erent kinds of uncertainty. First, there is uncertainty
about matching, and secondly, given that a match is obtained, there is un-
certainty about the S �rm's productivity. The M �rm only knows that the
productivity of an S �rm will assume a value between ϕ∗S and ϕ∗M . In a
similar vein, the expected pro�ts of an S �rm with productivity ϕS read

πS = η(r)(1− ω)A(αω)
α

1−αϕ
(1−δ)α
1−α

S

ϕ∗
V∫

ϕ∗
M

ϕ
δα
1−α

dG(ϕ)

G(ϕ∗V )−G(ϕ∗M)
− fS. (6)

2.2 Equilibrium

In event two, an entrant compares (1), (5), and (6) and chooses the or-
ganisational form that maximises expected pro�ts given its draw of ϕ. If
max{πV , πM , πS} turns out to be negative, the �rm exits the industry and
forfeits fE. Letting Πx denote the operating pro�ts of an organisational form
x ∈ {V,M, S}, we notice that

∂ΠS

∂ϕS

ϕS
ΠS

=
(1− δ)α

1− α
<
∂ΠM

∂ϕM

ϕM
ΠM

=
δα

1− α
<
∂ΠV

∂ϕV

ϕV
ΠV

=
α

1− α
. (7)

The inequalities in (7) imply that, for a su�ciently large productivity, ϕ̂,
we see that πV (ϕ̂) > πM(ϕ̂) > πS(ϕ̂). This observation explains our earlier
mentioned sorting pattern and the sizes of fV , fM , and fS are chosen to
obtain this sorting pattern with organisational diversity. This resembles the
approach of Antràs and Helpman (2004). The event two decisions about
organisational form give rise to three equilibrium conditions,

πS(ϕ∗S) = 0, (8)

πS(ϕ∗M) = πM(ϕ∗M), (9)
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πM(ϕ∗V ) = πV (ϕ∗V ). (10)

The event one entry decisions and an unbounded pool of potential entrants
give rise to the following free-entry condition.

fE =

ϕ∗
M∫

ϕ∗
S

πSdG(ϕ) +

ϕ∗
V∫

ϕ∗
M

πMdG(ϕ) +

∞∫
ϕ∗
V

πV dG(ϕ). (11)

(8)�(11) characterise the class of equilibria we are investigating and deter-
mine the four endogenous variables ϕ∗S, ϕ

∗
M , ϕ

∗
V , and A. Unfortunately, this

system cannot be solved analytically. In Section 4, we will solve the sys-
tem using numerical methods. First, we will present a simpli�ed version of
the model which can easily be investigated analytically since this version
only contains one endogenous productivity cuto�. This simpli�ed model will
strengthen the intuition for the numerical results in Section 4 since the results
in Sections 3 and 4 are basically similar.

3 Simpli�ed Model

Three simplifying assumptions make it possible to achieve analytical results.
First, we assume that, if an M �rm �nds a match in event three, then ϕ̃ is
converted to the constant ϕ̄ > 0. Hence, all successfully matched M �rms
now face the unit labour costs 1/ϕ̄. V �rms still face the unit labour costs λ

ϕ
.

Second, ϕ̄ is assumed to be su�ciently large to prevent voluntary exit of �rms
with low productivity draws. Third, we will assume that fS = fM = fO < fV
where fO are the �xed costs of becoming specialised. These three changes
are the only changes relative to the more general setup above. Like before,
we assume a sorting pattern where not all �rms integrate.11 The industry
equilibrium then determines a unique productivity level, ϕ∗V , which makes
�rms indi�erent between integration and a specialised organisational form.
Firms with productivities above ϕ∗V integrate while �rms with productivities
below ϕ∗V pursue a specialised organisational form.

The �rst and the third assumption make it possible to rewrite the ex-
pected pro�t expressions. Now, we have

πM = (1− α)
η(r)

r
ωA(αωϕ̄)α/(1−α) − fO

11This will be the case when fV is su�ciently large or when the lower bound on pro-
ductivities, ϕ0 > 0, is su�ciently small.
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and
πS = η(r)(1− ω)A(αωϕ̄)α/(1−α) − fO.

The pro�t expression for V �rms, (1), is una�ected by the three simplifying
assumptions. The endogeneity of r ≡ m/s and the fact that η(r) and η(r)/r
are, respectively, increasing and decreasing in r ensure that

πM = πS = πO (12)

holds in equilibrium. Another equilibrium condition is

πV (ϕ∗V ) = πO. (13)

The free-entry condition reads

fE =

ϕ∗
V∫

ϕ0

πOdG(ϕ) +

∞∫
ϕ∗
V

πV dG(ϕ). (14)

The equilibrium is characterised by (12)�(14). These three conditions de-
termine the three endogenous variables ϕ∗V , r, and A. By (12), we notice
that

r =
(1− α)ω

(1− ω)
. (15)

Hence, r increases when M �rms through an increase in ω reap a larger share
of �nal-good revenue. r decreases in α since M �rms incur all intermediate-
input production costs. By (3), these costs are increasing in α. For later use,

(15) implies that the fraction (1−α)ω
1−αω ( 1−ω

1−αω ) of all specialised �rms choose to
become M (S) �rms in event two.

3.1 Comparative Statics

We now turn to comparative statics. Our discussion will focus on the share
of �rms which pursue a specialised organisational form, G(ϕ∗V ), since this is
a clear measure of the attractiveness of outsourcing. Moreover, we will focus
on the fraction of all active �rms in event four (after search and matching)
and onwards which are specialised since this measure seems more suitable for
empirical research. The fraction of successfully matched specialised �rms to
all active �rms, O, is found to be

O =
G(ϕ∗V ) 1−ω

1−αωη(r)2

G(ϕ∗V ) 1−ω
1−αωη(r)2 + 1−G(ϕ∗V )

=
1−ω
1−αωη(r)2

1−ω
1−αωη(r)2 + 1

G(ϕ∗
V )
− 1

, (16)
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where 1−ω
1−αω , as earlier mentioned, is the fraction of all specialised �rms which

choose to become S �rms in event two. (16) makes it clear that the quali-
tative e�ects of a parameter change on G(ϕ∗V ) and O are similar unless the
change involves the parameters α and ω. If G(ϕ∗V ) or O increases in a given
parameter, we say that the attractiveness of outsourcing increases.

Proposition 1. The attractiveness of outsourcing increases in the parame-

ters λ, ϕ̄, fV , and in the e�ciency in search and matching. The attractiveness

of outsourcing decreases in the parameters fO and fE.

Proof. See Appendix A.

As one could a priori expect, increases in λ and ϕ̄ make outsourcing more
attractive since increases in both parameters increase the relative produc-
tivity of specialised �rms. The e�ects of changes in the two kinds of �xed
production costs, fV and fO, are also as expected. Because only specialised
�rms need to search and match, it is seen that increases in the e�ciency
in search and matching, i.e., increases in η(r) and η(r)/r conditional on r,
increase the attractiveness of outsourcing. This �nding is consistent with
the notion that recent improvements in ICT and urban agglomeration have
made matching easier and conduced to outsourcing. Turning to fE, it is seen
that decreases in fE increase the attractiveness of outsourcing. When fE is
lowered, more �rms expect it to be pro�table to enter the industry and this
means that a given �rm needs to be more productive to be able to produce
pro�tably as a V �rm since A decreases. Note that the decrease in A caused
by the lower barriers to entry is similar to an increase in competition. This
resonates with the stories commonly seen in the popular press stating that
increases in competition are conducive to outsourcing.12

Proposition 2. Let the matching function be given by n(m, s) = hsγm1−γ ≤
min{m, s}, 0 < γ < 1. The attractiveness of outsourcing measured by G(ϕ∗V )
increases in ω if and only if 1− γ(1− α) > ω.

Proof. See Appendix A.

12This intuitive result will however not hold in the more general model where event-two
voluntary exit is attractive for some low-productivity �rms. In this model, the attractive-
ness of outsourcing is totally independent of fE given the Pareto distribution of ϕ and
C.E.S. utility.
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To get the intuition behind Proposition 2, one has to recognise the three
e�ects of changes in ω pointed out by GH. First, increases in ω increase the
revenue share reaped by M �rms; a distributive e�ect which is fundamental to
the two e�ects treated next. Secondly, increases in ω decrease the distortions
from imperfect contracting; an anti-distortionary e�ect.13 Third, increases
in ω increase r; an industry composition e�ect visible in (15).

Proposition 2 is shaped by the interplay between these three e�ects. The
anti-distortionary e�ect of increases in ω always increases the attractiveness
of outsourcing. Since revenue under outsourcing is given by A(αωϕ̄)α/(1−α), it
is seen that α determines the elasticity of revenue with respect to ω, α/(1−α).
This e�ect runs through the elasticity of demand. The anti-distortionary
e�ect of increases in ω is thus strongest when α is high and �nal-good varieties
are less di�erentiated. The industry composition e�ect of increases in ω
makes it more di�cult for M �rms to match.14 Obviously, S �rms gain from
this industry composition e�ect but, when ω is su�ciently large, this e�ect
does not matter much for the attractiveness of becoming an S �rm since S
�rms only reap a small share of revenue. The industry composition and the
distributive e�ects explain the presence of ω in the inequality, 1−γ(1−α) >
ω. ω cannot be too large if further increases in ω are to be conducive for the
attractiveness of outsourcing. The industry composition e�ect also explains
the presence of γ in this inequality. A small γ means that M �rms' matching
probability, hr−γ, is less responsive to changes in r. Under a small γ, the
industry composition e�ect of an increase in ω thus becomes less detrimental
for the attractiveness of outsourcing seen from an M �rm's point of view.
This explains why the interval of ω, over which further increases in ω are
conducive to outsourcing, decreases in γ.

Taking stock of these insights, we have that increases in ω make outsourc-
ing more attractive when holdups are su�ciently detrimental for outsourcing,
i.e., when ω is small and α is large. On the other hand, when ω approaches
one, S �rms reap only a negligible share of revenue, which makes them hard
to �nd in the matching market. More severe matching problems for M �rms
coupled with the small revenue share appropriated by S �rms means that
additional increases in ω decrease the attractiveness of outsourcing.

13Recall that revenue under outsourcing, A(αωϕ̄)α/(1−α), increases in ω. The joint
pro�t maximising revenue occurs when ω tends to one.

14r however decreases when α increases since M �rms incur all intermediate-input
production costs and these costs are increasing in α.
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4 More General Model

Now, we investigate the more general model from Section 2 using numeri-
cal methods. Again, we let the matching function be given by n(m, s) =
hsγm1−γ ≤ min{m, s} with 0 < γ < 1 meaning that η(r) = hr1−γ and
η(r)/r = hr−γ. The resulting system of equations is seen in Appendix B.
All results discussed below are generated on the basis of a calibration where
h=0.5, k=6, γ = 0.5, ω=0.6, α=0.75, δ= 0.7, λ =2, and ϕ0=1. These
parameter values are chosen because they generate an industry where one
organisational form is not totally dominating. It can be shown that the
results below are qualitatively robust to various parameter speci�cations.15

The sizes of fM,fS, fV , and fE may be varied from one comparative static
analysis to another. This is done to ensure that ϕ0 < ϕ∗S < ϕ∗M < ϕ∗V such
that the industry equilibrium exhibits organisational diversity.16 The quali-
tative e�ects of changes in a given parameter on some endogenous variable
or statistic of interest do not seem to be dependent on the speci�cation of
fM , fS, fV , and fE.

The fraction of successfully matched specialised �rms to all active �rms,
O, is given by

O =
2(G(ϕ∗M)−G(ϕ∗S))hr1−γ

2(G(ϕ∗M)−G(ϕ∗S))hr1−γ + 1−G(ϕ∗V )
.

Like before, we will say that the attractiveness of outsourcing increases in a
given parameter when O is increasing in the size of this parameter.17

15Two additional calibrations have been made: Calibration 2: h = 0.5, k = 6, γ =
0.5, ω = 0.7, α = 0.75, δ = 0.7, λ = 2, and ϕ0 = 1. Calibration 3: h = 0.5, k = 5, γ =
0.5, ω = 0.8, α = 0.8, δ = 0.8, λ = 1.9, and ϕ0 = 1. The results are also robust to the use
of a di�erent matching function, n(m, s) = hms

m+s ≤ min{m, s}. The maximisation scheme
converges nicely and the results are invariant across di�erent starting values.

16Appendix B contains a table with the various �xed costs of production and entry.
The used programming code and additional numerical results and robustness checks are
available upon request to the author.

17The results show that the qualitative e�ect of a parameter change on O and the

statistic
G(ϕ∗

V )−G(ϕ∗
S)

1−G(ϕ∗
S) , which is reminiscent of G(ϕ∗

V ) in Section 3, is the same. This does

not surprise since the latter statistic catches the e�ects of changes in matching probabilities
through changes in the cuto� productivities.
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4.1 Comparative Statics

It is expected that increases in λ, which shift the unit labour costs of V
�rms one to one, will increase the attractiveness of outsourcing and this is
supported by our model, cf. Figure 1. Importantly, the attractiveness
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Figure 1: O as a function of λ

of outsourcing increases for two di�erent reasons. First, some �rms, which
earlier produced as V �rms, turn to specialised organisational forms since
ϕ∗V increases.18 Secondly, �rm interaction in the �nal-goods market and free
entry mean that outsourcing becomes attractive to some low-productivity S
�rms (ϕ∗S decreases) which prior to the increase in λ and the ensuing increase
in A would have chosen to exit voluntarily. This more indirect but intuitive
industry-equilibrium e�ect will obviously be absent in a simpler model that
instead focuses on a bilateral relationship between a pair of M and S �rms.

The e�ects of changes in the various �xed production costs are straight-
forward. O and ϕ∗V increase in the size of fV . On the other hand, O and
ϕ∗V decrease in the size of fM since some �rms, which earlier organised as
M �rms, now turn to integration. O is also seen to decrease in the size of
fS. This is partly explained with the tendency of increases in fS to increase
ϕ∗S and hence to squeeze out S �rms at the lower end of the productivity
distribution. Small entry costs, fE, mean that many �rms will enter the
industry in event one such that intense competition will prevail. The cuto�s
ϕ∗S, ϕ

∗
M , and ϕ∗V are all found to be negative functions of fE. In contrast

to what we saw in Section 3, the attractiveness of outsourcing is completely

18Not all results will be graphically illustrated.
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una�ected by changes in fE. As argued by Bache and Laugesen (2013), this
special knife-edge result is intimately related to the assumptions of C.E.S.
preferences and Pareto-distributed productivities.

As mentioned in Section 3, we have three e�ects of changes in ω and these
e�ects (the anti-distortionary, the industry composition, and the distributive
e�ects) are not pointing in the same direction when it comes to changes in the
attractiveness of outsourcing. Following the intuition provided in Section 3,
the relation between the attractiveness of outsourcing and ω is seen to exhibit
an inverse U shape as seen in the lower panel of Figure 2.19
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Figure 2: ϕ∗S , ϕ
∗
M , and O as functions of ω in top, middle, and lower panel,

respectively

The top panel of Figure 2 graphs ϕ∗S as a function of ω and provides
support for the distributive e�ect when one focuses on potential S �rms.
The interpretation of the U-shaped relation is that ϕ∗S is decreasing in ω
for small values of ω because both the anti-distortionary and the industry
composition e�ects make the S �rm organisational form more attractive;
both revenue, A(αωϕ̃)α/(1−α), and r (not shown) increase through these two

19It ought to be mentioned that Figure 2 alone is drawn on the basis of the matching
function n(m, s) = hms

m+s ≤ min{m, s} since the behaviour is more pronounced in this
case. The reason is simply that this matching function allows for larger and unrestricted
variation in r (for h < 1) while the standard matching function, n(m, s) = hsγm1−γ ≤
min{m, s}, constrains r to lie between one quarter and four (for h = 1/2). The qualitative
results do not vary with the choice of matching function.
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e�ects. These two e�ects are however counteracted by the distributive e�ect
which dominates the other two as ω becomes su�ciently large. Concerning
M �rms, the impacts of the anti-distortionary and distributive e�ects work
in the same direction meaning that the attractiveness of becoming an M �rm
mostly increases in ω. Thus, it is seen that ϕ∗M most of all is decreasing in
the size of ω in the middle panel of Figure 2. When ω becomes su�ciently
large, the industry composition e�ect, i.e., the increase in r, makes it hard
for M �rms to achieve a match. Hence, ϕ∗M is steeply increasing over this
range of ω. Note that conditional on r, or conditional on the frictions in
search and matching, ω is an inverse measure of the extent of the holdup
problem for an M �rm. Transaction cost economics (TCE) emphasises that
the attractiveness of outsourcing is decreasing in the extent of the holdup
problem for an M �rm due to ex-ante investment ine�ciencies. The upward-
sloping part of the lower panel in Figure 2 therefore squares with TCE. But
when ω becomes su�ciently large, the industry composition e�ect, allowed
for by the present industry-equilibrium approach with search and matching,
implies that the conventional logic from TCE no longer holds.

Next, we turn to the e�ects of variations in k, i.e., changes in the disper-
sion of productivities. A small k (> α

1−α such that the expected pro�ts upon
entry are �nite) means that one is likely to see more productive �rms with
lower prices, which raises the various cuto� productivities through a lower
demand level, A. All cuto�s are therefore seen to be decreasing in the size
of k (not shown). Due to the fact that integrated �rms are more productive,
the attractiveness of outsourcing is seen to be increasing in the size of k in
Figure 3.20

Finally, we address the parameter h which positively a�ects the e�ciency
in search and matching. In line with the analysis in Section 3, the attrac-
tiveness of outsourcing increases in the size of h.

5 Conclusion

The main contribution is to derive clear and testable predictions from a
modi�ed GH model with heterogeneous �rms and organisational diversity.
A convenient feature of our results is that the comparative static results

20This echoes one �nding in Helpman et al. (2004) about the importance of horisontal
foreign direct investments versus exporting in the very di�erent context of the proximity-
concentration tradeo�.
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Figure 3: O as a function of k

about the attractiveness of outsourcing (captured by the statistic O) are
usually non-dependent on the levels of parameters. This should make the
GH model easier to test in the future. Our analysis has shown how the
attractiveness of outsourcing is a�ected by many di�erent changes in the
industry environment and in production e�ciency. The results have been
intuitive and a reassuring observation is that they are generally in line with
GH's results about the likelihood that a given organisational form will prevail
entirely. Since our model contains a richer set of parameters than the GH
model, our model also allows for some additional insights. For instance,
the e�ect of increased competition (through lower barriers to entry) on the
prevalence of outsourcing is nonnegative which resonates with stories often
brought in the popular press. Further, outsourcing is found to be more
prevalent in industries where �rms are more similar with respect to their
productivities.

A Appendix - Simpli�ed Model

Employing the Pareto distribution, the free-entry condition, (14), can be
restated as

fE = [η(r)(1− ω)A(αωϕ̄)α/(1−α) − fO](1− (
ϕ0

ϕ∗V
)k)

+ (1− α)A(
α

λ
)
α/(1−α)

kϕk0

∞∫
ϕ∗
V

ϕ
α/(1−α)−k−1

dϕ− fV (
ϕ0

ϕ∗V
)k, (17)
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where k > 0 is the shape parameter of the Pareto distribution. Following
much of the heterogeneous-�rms literature, we must ensure that expected
pro�ts upon entry are �nite through the parameter restriction k > α

1−α . In
this case, (17) reads

fE = (1−α)A(
α

λ
)
α/(1−α) kϕk0

k − α
1−α

(ϕ∗V )
α/(1−α)−k

+η(r)(1−ω)A(αωϕ̄)α/(1−α)−fO

− (
ϕ0

ϕ∗V
)k
[
η(r)(1− ω)A(αωϕ̄)α/(1−α) − fO + fV

]
. (18)

By combining (13) and (18), we obtain an implicit solution for ϕ∗V ,

Ω(fE, fO, α, fV , k, ϕ0, ω, ϕ̄, λ;ϕ∗V ) = 0,

where

Ω ≡ (fE + fO)(1−α)(ϕ∗V )
α

1−α − (1−α)(fV − fO)(ϕ∗V )
α

1−α−kϕk0
α

k(1− α)− α
− (fE + fV )η(r)(1− ω)(ωϕ̄λ)

α
1−α .

Employing the implicit function theorem, we �nd the following partials which
are used in Proposition 1.

∂ϕ∗V
∂λ

> 0,
∂ϕ∗V
∂ϕ̄

> 0,
∂ϕ∗V
∂fV

> 0,
∂ϕ∗V
∂fO

< 0,
∂ϕ∗V
∂fE

< 0.

To see that the attractiveness of outsourcing increases in the e�ciency in
search and matching, let η(r) and η(r)/r be increasing in the new parameter

h for a given r.21 Further, notice that
∂ϕ∗

V

∂h
> 0.

Finally, let the matching function be given by n(m, s) = hsγm1−γ. In this
case, we �nd that

∂ϕ∗V
∂ω

> 0 ⇐⇒ 1− ω > γ(1− α).

21This would e.g. be the case if n(m, s) = hsγm1−γ ≤ min{m, s}, 0 < γ < 1 such that
η(r) = hr1−γ or if n(m, s) = hms

m+s ≤ min{m, s} such that η(r) = hr
1+r .
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B Appendix - More General Model

Notice �rst that r ≡ m/s can be expressed as a function of the three en-
dogenous cuto� productivities. To see this, let us assume that J �rms de-
cide to enter the industry and draw a productivity. Then we know that
m = J(G(ϕ∗V )−G(ϕ∗M)), s = J(G(ϕ∗M)−G(ϕ∗S)), and

r =
(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
.

Next, we evaluate the two integrals in (5) and (6). Employing again the
Pareto distribution, we get

ϕ∗
V∫

ϕ∗
M

ϕ
δα
1−α

kϕ−k−1

(ϕ∗M)−k − (ϕ∗V )−k
dϕ =

k[(ϕ∗V )δα/(1−α)−k − (ϕ∗M)δα/(1−α)−k]

(δα/(1− α)− k)[(ϕ∗M)−k − (ϕ∗V )−k]

and

ϕ∗
M∫

ϕ∗
S

ϕ
(1−δ)α
1−α

dG(ϕ)

G(ϕ∗M)−G(ϕ∗S)
=
k[(ϕ∗M)(1−δ)α/(1−α)−k − (ϕ∗S)(1−δ)α/(1−α)−k]

((1− δ)α/(1− α)− k)[(ϕ∗S)−k − (ϕ∗M)−k]
.

Substituting into (8), (9), and (10), we get

πS(ϕ∗S) = 0⇔ h(
(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
)1−γ(1− ω)A(αω)α/(1−α)(ϕ∗S)(1−δ)α/(1−α)

k

δα/(1− α)− k
(ϕ∗V )δα/(1−α)−k − (ϕ∗M)δα/(1−α)−k

(ϕ∗M)−k − (ϕ∗V )−k
= fS,

πS(ϕ∗M) = πM(ϕ∗M)⇔ h(
(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
)1−γ(1− ω)A(αω)α/(1−α)

(ϕ∗M)(1−δ)α/(1−α)
k

δα/(1− α)− k
(ϕ∗V )δα/(1−α)−k − (ϕ∗M)δα/(1−α)−k

(ϕ∗M)−k − (ϕ∗V )−k
− fS =

h(
(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
)−γ (1− α)ωA(αω)

α/(1−α)
(ϕ∗M)δα/(1−α)

k

(1− δ)α/(1− α)− k
(ϕ∗M)(1−δ)α/(1−α)−k − (ϕ∗S)(1−δ)α/(1−α)−k

(ϕ∗S)−k − (ϕ∗M)−k
− fM ,
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πV (ϕ∗V ) = πM(ϕ∗V )⇔ (1−α)A(
αϕ∗V
λ

)
α/(1−α)−fV = h(

(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
)−γ

(1− α)ωA(aω)
α/(1−α)

(ϕ∗V )δα/(1−α)

k

(1− δ)α/(1− α)− k
(ϕ∗M)(1−δ)α/(1−α)−k − (ϕ∗S)(1−δ)α/(1−α)−k

(ϕ∗S)−k − (ϕ∗M)−k
− fM .

The free-entry condition, (11), is rather complicated. First term:

ϕ∗
M∫

ϕ∗
S

πSdG(ϕ) = h(
(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
)1−γ(1−ω)A(αω)α/(1−α)

k

δα/(1− α)− k

(ϕ∗V )δα/(1−α)−k − (ϕ∗M)δα/(1−α)−k

(ϕ∗M)−k − (ϕ∗V )−k
kϕk0

(1− δ)α/(1− α)− k
((ϕ∗M)(1−δ)α/(1−α)−k − (ϕ∗S)(1−δ)α/(1−α)−k)− fSϕk0((ϕ∗S)−k − (ϕ∗M)−k).

Second term:

ϕ∗
V∫

ϕ∗
M

πMdG(ϕ) = h(
(ϕ∗M)−k − (ϕ∗V )−k

(ϕ∗S)−k − (ϕ∗M)−k
)−γ (1− α)ωA(αω)

α/(1−α)

k

(1− δ)α/(1− α)− k
(ϕ∗M)(1−δ)α/(1−α)−k − (ϕ∗S)(1−δ)α/(1−α)−k

(ϕ∗S)−k − (ϕ∗M)−k
kϕk0

δα/(1− α)− k
((ϕ∗V )δα/(1−α)−k − (ϕ∗M)δα/(1−α)−k) + fMϕ

k
0((ϕ∗V )−k − (ϕ∗M)−k).

Third term:

∞∫
ϕ∗
V

πV dG(ϕ) = kϕk0(1−α)A(
α

λ
)
α/(1−α) 1

k − α/(1− α)
(ϕ∗V )α/(1−α)−k−fV ϕk0(ϕ∗V )−k,

where we have again used the parameter restriction k > α
1−α to make this

third term �nite in value.
The following table shows the various calibrations used for the �xed costs

of production and entry:
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λ fV fM fS

fS 18 20 17 8-20
fM 20 21 18-24 4
fV 31 30-38 25 35
fE 2 6 5 2

h fE k ω

fS 6 13 10 20
fM 7 15 11 25
fV 20 20 15 145
fE 2 0.5-4 2 6
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By considering �rms operating in a perfectly- or monopolistically-

competitive industry with free entry, we show that well-established

results on the celebrated LeChatelier principle (LCP) do not extend

into an endogenous competitive environment. For instance, labour

demand may be more elastic in the short run (where capital is �xed)

than in the long run even if capital and labour are either complements

or substitutes in pro�ts. This may also be true locally at a point

of long-run equilibrium. A novel insight is that industry-equilibrium

e�ects introduce an asymmetry such that the LCP may hold for wage
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1 Introduction

One cornerstone of comparative statics in economics is the LeChatelier prin-
ciple (LCP) which arguably has its simplest expression when considering a
pro�t-maximising �rm choosing two inputs, say capital and labour. In this
context, the LCP states that the elasticity of �rms' labour demand with re-
spect to the wage is smaller in magnitude in the short run, where the level of
capital is �xed, than in the long run where capital is free to adjust. The re-
quirement for this outcome to hold true is most clearly expressed by Milgrom
and Roberts (1996): the LCP requires capital and labour to be complements
(substitutes) in the dual sense that a reduction in the wage leads to increased
(decreased) demand for capital and that an increase (decrease) in the use of
capital leads to increased demand for labour. If this is the case, we say that
capital and labour are complements (substitutes) in demand. The LCP holds
under these conditions as capital and labour form a positive feedback system
where allowing capital to adjust magni�es the adjustment of labour demand
(Milgrom, 2006). The question then is to �gure out under which conditions
the two inputs are indeed complements or substitutes in demand.

Since Samuelson (1947) introduced the LCP into the �eld of economics,
it has been known that the LCP always holds locally (at an initial point of
long-run equilibrium) for the labour demand of a �rm considered in isolation.1

However, it quickly became clear that for nonin�nitesimal changes in wages,
the LCP does not always apply and examples that violate a global LCP now
abound; see e.g. Samuelson (1960), de Meza (1981), Milgrom and Roberts
(1994), and Milgrom and Roberts (1996). Ample attention has therefore
been devoted to formulating conditions that ensure a global version of the
LCP.2 Notably, Milgrom and Roberts (1996) argue that if capital and labour
are global complements (substitutes) in the pro�t function of the �rm under
scrutiny, then they are global complements (substitutes) in demand as well
and consequently, the LCP holds globally for labour demand. This analysis,
like most other studies of the LCP, relies on the �rm operating in an exoge-
nous competitive environment where the only endogenous variables a�ecting
the �rm's pro�ts are its own choices of inputs. While insightful and providing
a natural �rst step, such an approach is not fully satisfying. When consid-
ering exogenous shocks that a�ect all �rms in an industry, such as a change

1Locally, the two inputs are always either complements or substitutes in demand.
2See e.g. Silberberg (1974), Milgrom and Roberts (1994), Milgrom and Roberts (1996),

Roberts (1999), Suen et al. (2000), and Quah (2007).
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in the wage, precluding the adjustments of competitors from in�uencing the
choices of a given �rm is dubious at best.

The present paper takes the next step in the analysis of the LCP by con-
sidering the labour demand of �rms in industry equilibrium. In particular,
we let �rms operate in a perfectly- or monopolistically-competitive industry
with free entry. Central to our analysis is the fact that exogenous changes in
the wage now induce endogenous adjustments in the �erceness of competi-
tion. Importantly, the LCP may now fail to hold locally and we describe the
conditions under which this is the case. Assuming that capital and labour
are either global complements or global substitutes in pro�ts,3 we show that
this assumption is no longer su�cient for these inputs to be global comple-
ments or global substitutes in demand. A global LCP is therefore no longer
generally valid under these assumptions on the pro�t function. Further, our
setup features cases where the LCP holds globally when the wage increases
but not when the wage decreases. The possibilities of breakdowns and, per-
haps especially, asymmetries in the LCP call for caution in both obtaining
and interpreting estimates of labour-demand elasticities at di�erent horisons.
Finally, we note the possibility of a discrepancy between the LCP for �rms'
labour demand (as considered so far) and an LCP for aggregate labour de-
mand in the industry.

The possible discrepancy between LCPs at the �rm and industry levels
has also been noted by Koebel and Laisney (2010). These authors focus pre-
dominantly on an aggregate LCP for an industry characterised by Cournot
competition. As described above, the present paper is primarily concerned
with the implications of endogenising the competitive environment for es-
tablished results regarding the LCP for �rms' input demand. While this is
done in a setting general enough to encompass both perfect and monopo-
listic competition, our formulation of the industry equilibrium is admittedly
rudimentary. This is intentional as a comprehensive analysis of the LCP
in endogenous competitive environments is beyond the scope of this paper.
Rather, our goal is to show that, even with our simple notion of industry
equilibrium, the implications for the validity of the LCP are profound as
evident from the results outlined above.

3This is not only a way to make the relation to the existing literature transparent.
Milgrom and Roberts (1995) and Topkis (1995) argue that complementarities arise quite
naturally between the various dimensions of �rms' choices.
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2 Setup

The industry under scrutiny is characterised by either perfect or monopo-
listic competition. Firm pro�ts depend on one endogenous industry-wide
variable outside the control of individual �rms. We refer to this variable as
the demand level, A.4 Firms use two inputs in production namely capital
and labour, K and L, which are in perfectly elastic supply. That is, the
industry is small enough not to a�ect factor prices in the aggregate. Firm
pro�ts are given by

π(K,L;A, β) = R(K,L;A)− rK + βL− f,

where r is the interest rate, −β = w is the wage rate, and f is a �xed cost.5

We use the notation β = −w for expositional convenience in the following.
Since r and f will be kept constant throughout, we do not write pro�ts as
explicitly depending on these parameters. We consider symmetric equilibria
and focus on a representative �rm. We assume that the revenue function,
R, is increasing in (K,L;A) and that a higher value of A makes it more
attractive to increase K and L, all else equal. Formally, the latter property
means that R has increasing di�erences in (K;A) and (L;A) which, in turn,
implies that RLA and RKA are nonnegative if R is smooth. Subscripts denote
partial derivatives. We let K and L be either global complements or global
substitutes in the pro�t function. That is, R, and thus also π, is either super-
or submodular in K and L. Supermodularity (submodularity) implies that
RKL ≥ 0 (RKL ≤ 0) holds globally if R is smooth.

In the following, we focus on the e�ects of changes in the wage, −β, on
labour demand in the short run, where capital is �xed, and in the long run
where capital can adjust. Pro�t maximisation gives us the optimal levels of
K and L,6

L∗(K;A, β) = argmax
L

π(K,L;A, β)

4Under perfect competition, A would simply be the price. Under monopolistic com-
petition, A could e.g. be the demand shifter from the demand function arising from CES
preferences; see Section 4.

5The �xed cost can e.g. be thought of as a �xed amount of capital, f̃ , that must be
rented for production to take place, i.e., f = rf̃ . The results below will be qualitatively
similar if f also comprises a �xed amount of labour.

6We implicitly assume that the maximisers exist and treat them as unique. Existence
is ensured e.g. if K and L are both chosen from compact choice sets and π is upper
semi-continuous in K and L (Milgrom and Roberts, 1996).
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and
K∗(A, β) = argmax

K
π(K,L∗(K;A, β);A, β).

It follows from our assumptions and the monotonicity theorem of Topkis
(1978) that L∗ is increasing in (A, β). In the case where K and L are com-
plements (substitutes) in pro�ts, K∗ is increasing (decreasing) in β and L∗ is
increasing (decreasing) in K. Our analysis will make extensive use of these
properties.

2.1 Industry Equilibrium

To assess the consequences of an endogenous competitive environment, we
need to impose an equilibrium condition. We let this be free entry which
requires that

π(K,L∗(K;A, β);A, β) = 0. (1)

Assuming the existence of an equilibrium, this free-entry condition gives us
the demand level, A = A(K; β).7 Note that A(K; β) is decreasing in β as
the left-hand side of (1) is increasing in (A, β). The free-entry condition, (1),
is the natural choice for an equilibrium condition in the long run due to our
focus on perfect or monopolistic competition. In addition, it is convenient
as it only involves the already introduced pro�t function. We assume that
the free-entry condition also holds in the short run. If new �rms enter in the
short run, they do so with the same (�xed) level of capital as incumbents.
Abstracting from the possible complication of di�erent equilibrium conditions
at di�erent horisons means that all short-to-long-run e�ects arising in our
setup will solely be the consequence of capital becoming free to adjust. This
makes our analysis more directly comparable to the existing literature on the
LCP.

3 Comparative Statics

In the following, we restrict attention to cases where short-run labour demand
is well-behaved in the sense that it decreases in the wage. That is, cases where

7The existence and uniqueness of an equilibrium are guaranteed by the intermediate
value theorem if we e.g. let R(K,L; 0) = 0 and R(K,L;A) be continuous and strictly
increasing in A with R→∞ as A→∞.
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L̂∗(K; β) ≡ L∗(K;A(K, β), β) is increasing in β.8 For the LCP to hold,
the total long-run adjustment in L must exceed the short-run adjustment.
As mentioned in the introduction, this requires K and L to be either: (i)
complements in the dual sense that increasing β leads to an increase in K
in the long run and L∗ is increasing in K; or (ii) substitutes in the dual
sense that increasing β leads to a reduction in K in the long run and L∗ is
decreasing in K. Importantly, these properties have to hold when we take
the endogeneity of A into account. We refer to case (i) as K and L being
complements in demand and to case (ii) as K and L being substitutes in
demand. In either of these cases, K and L are said to be part of a positive
feedback system where the adjustment in K magni�es the adjustment in L
(Milgrom, 2006).

Consider brie�y the case of an exogenous demand level, A. Treating A as
�xed, it follows immediately from the properties of K∗ and L∗ that capital
and labour being complements (substitutes) in pro�ts implies that they are
complements (substitutes) in demand and the LCP holds globally. This is
the main result of Milgrom and Roberts (1996); a benchmark result from the
related literature in which we take o�set. As will become evident below, A
being endogenous in our setup implies that the conditions for the LCP to
hold (complements or substitutes in demand) do not translate as easily into
requirements on primitives (complements or substitutes in pro�ts).

3.1 Local LCP

To show that the endogeneity of A implies that K and L being complements
in pro�ts is not su�cient to ensure that they are also complements in demand,
let us consider the conditions under which the LCP holds locally at an initial
point of long-run equilibrium, assuming R is smooth. Since the results about
increases and decreases in β are symmetric in this context, we focus on an
increase in β, i.e., a reduction in the wage.

Consider the response in L when K is kept �xed. By the �rst-order

8This does not follow immediately as A(K;β) is decreasing in β and L∗ is increasing
in (A, β). It is however always satis�ed in the notable special case where R(K,L;A) =
AR̃(K,L) with R̃ being smooth. Such a revenue function arises under perfect competition
where A is the price. Further, under monopolistic competition, it can arise from the
combination of a production function and the demand function obtained from consumers
having additively separable preferences over varieties in the industry.
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condition for L, RL = −β, this is given by9

∂L̂∗

∂β
=

1

−RLL

(1− εRL,AεA,β), (2)

where εx,y ≡ ∂x
∂y

y
x
is used to denote the elasticity of x with respect to y.10 Let

the second-order conditions be satis�ed, wherefore RLL is negative. By our
focus on well-behaved demand functions, we know that (2) is positive. Note
that the short-run increase in L is smaller in magnitude than if A had been
exogenous (εA,β = 0).

Next, consider the total response in L when K is allowed to adjust,

dL̂∗

dβ
=
∂L̂∗

∂β
+
∂L̂∗

∂K

dK

dβ
.

The LCP holds locally if ∂L̂∗

∂K
dK
dβ

is positive when evaluated at the initial

equilibrium which corresponds to K and L being either (local) complements
or (local) substitutes in demand. By the �rst-order condition for L,11

∂L̂∗

∂K
=

RKL

−RLL

. (3)

This derivative is positive if K and L are complements in pro�ts and negative
if they are substitutes. Hence, if K and L are complements (substitutes)
in pro�ts, then the LCP holds locally only if they are also complements
(substitutes) in the sense that an increase in β increases (decreases) K when
the endogeneity of A is taken into account.12 To determine whether this is
the case, we consider the derivative,13

dK

dβ
=
RKL(1− εRL,AεA,β)
RKKRLL −R2

KL

(
1 +

εRK ,AεA,β
εRK ,LεL,β

)
, (4)

where the second-order conditions imply that RKKRLL > R2
KL. Take �rst the

case of complements in pro�ts (RKL > 0). In this case, (4) must be positive

9See Appendix A for derivation.
10Thus, εRL,A = RLAA

RL
≥ 0 and εA,β = ∂A

∂β
β
A ≥ 0. Using the �rst-order condition for L

and (1), the latter can be expressed in terms of primitives as εA,β = RLL
RAA

.
11Here, we have used that ∂π

∂K = 0 holds locally, wherefore ∂A
∂K = 0.

12In line with the existing literature, the LCP always holds trivially when dK
dβ = 0.

13For a derivation of this expression, see Appendix A.
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for the LCP to hold locally. This is only the case if εRK ,AεA,β ≤ εRK ,L|εL,β|
where all terms are positive (after taking the absolute value of εL,β). This
condition states that the positive e�ect of β through L on the marginal
revenue product of K must be larger in magnitude than the negative e�ect
through the fall in A on the marginal revenue product of K. When this is
the case, an increase in β makes �rms increase K when allowed to adjust
and (4) is positive. The LCP therefore holds locally. On the other hand,
if the negative e�ect of β through A on the marginal revenue product of K
dominates the positive e�ect through L, then K falls when allowed to adjust.
Thus, for the local LCP to hold under complements in pro�ts, K and L must
be su�ciently complementary such that the indirect e�ect of a falling demand
level is dominated by the direct complementarity e�ect through L.

Next, consider the case of substitutes in pro�ts (RKL < 0). In this case,
K always tends to fall when allowed to adjust after a wage decrease.14 The
reason is that both the decrease in A and the increase in L make the �rm
want to reduce K. Further, as established above, K and L being substitutes
in pro�ts implies that this reduction in K makes a �rm want to increase
L compared to the case where K is �xed. Locally, K and L are therefore
always substitutes in demand when they are substitutes in pro�ts. Hence,
contrary to the case of complements in pro�ts, the LCP always holds locally
when K and L are substitutes in pro�ts. Finally, by (3), it is clear that the
LCP always holds locally in a weak form when K and L are independent in
pro�ts (RKL = 0). The proposition below summarises these �ndings.15

Proposition 1. The LCP always holds locally when K and L are either
substitutes or independent in pro�ts. The LCP holds locally when K and L
are complements in pro�ts if and only if εRK ,AεA,β ≤ εRK ,L|εL,β|.

3.2 Global Considerations

As we have just seen, the general decline in A following an increase in β
may mean that K does not increase in the long run when K and L are com-
plements in pro�ts. Failure in this regard is the only reason for the LCP

14When RKL < 0, both εRK ,AεA,β and εRK ,LεL,β are positive.
15Our focus on well-behaved short-run demand functions is not crucial for obtaining

a breakdown of the local LCP. In case ∂L̂∗

∂β is negative, one gets the following results.

The local LCP always holds (in an inverted edition) when K and L are complements or
independent in pro�ts. When K and L are substitutes in pro�ts, the local LCP holds (in
an inverted edition) if and only if εRK ,AεA,β ≤ |εRK ,L|εL,β .
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to break down locally when short-run demand functions are well-behaved.
Considering a global version of the LCP, another consideration becomes rel-
evant. Since the purpose of adjusting K is to increase pro�ts, the result is a
short-to-long-run decline in A regardless of whether K increases or decreases.
Locally, the change in K has no e�ect on pro�ts (�rst-order condition) and
hence A. However, for nonin�nitesimal changes in β, this second-order e�ect
interferes with the LCP.

Let us begin by considering increases in β which mean that the wage is
reduced; a reduction in β is treated separately in Section 3.3. Let A′, Ac,
and A′′ represent the initial, short-run (constrained), and long-run values of
A, respectively. It follows that when β′ < β′′,

A′ ≥ Ac ≥ A′′.

Further, let K ′ and K ′′ denote the initial and long-run equilibrium values of
K, respectively. It follows that

L∗(K ′′;A′′, β′′)− L∗(K ′;Ac, β′′) = L∗(K ′′;A′′, β′′)− L∗(K ′′;Ac, β′′)︸ ︷︷ ︸
Indirect e�ect of change in K

+ L∗(K ′′;Ac, β′′)− L∗(K ′;Ac, β′′)︸ ︷︷ ︸
Direct e�ect of change in K

. (5)

The previous section already discussed why the direct e�ect of the change
in K could be negative in case of complements in pro�ts. Whenever non-
in�nitesimal increases in β are considered, the indirect e�ect through A of
changing K must be taken into account as well. Importantly, this e�ect is
always negative since Ac ≥ A′′ and L∗ is increasing in A. For the case of
complements in pro�ts, this is an additional reason the LCP may not hold
globally besides K moving in the wrong direction. For the case of substitutes
in pro�ts, this is a reason that the LCP may not hold globally even though
it always does so locally.

To illustrate how the indirect e�ect of the adjustment in K can result in
a discrepancy between the local and global validity of the LCP, consider the
case where K and L are independent in pro�ts. That is, let π be simultane-
ously super- and submodular in K and L. When π is smooth, this implies
πKL = 0. In this case, the LCP holds locally; see Proposition 1. However,
globally the LCP breaks down. To see why, simply note that the direct e�ect
of the change in K is zero such that (5) is given by the negative indirect
e�ect.
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Proposition 2. For nonin�nitesimal increases in β, the LCP does not hold
when K and L are independent in pro�ts and the short-to-long-run adjust-
ment in L is nontrivial.

One could easily imagine that the negative indirect e�ect of the change in
K in (5) dominates whenever K and L are su�ciently weak complements or
substitutes in pro�ts. That is, even though the LCP always holds locally for
K and L being substitutes, it may not hold globally if they are only weakly
so. The example of Section 4 con�rms this possibility.

3.3 Decreasing β: Asymmetry in the LCP

In this section, we consider nonin�nitesimal reductions in β, i.e., discrete
increases in the wage. A reduction in β implies that, in the short and the
long run, the values of A exceed the initial value of A. However, the fact that
K can adjust in the long run still implies that A must be lower in the long
run relative to the short run. When β′ > β′′, we therefore get the following
ranking of the initial, short-run, and long-run demand levels,

A′ ≤ A′′ ≤ Ac.

Note that a decrease in β reduces L in the short run due to our focus on well-
behaved demand functions. Thus, in this case, the LCP holds if L is reduced
even further in the long run. But this means that the fact that adjusting K
reduces A from the short to the long run works in favour of the LCP holding
in contrast to the case where β was increased. In certain cases, the LCP
may therefore hold for reductions in β but not for increases. The asymmetry
between increases and decreases in β with respect to the LCP can be clearly
illustrated if we revisit the case where K and L are independent in pro�ts.
In this case, (5) is again given by the negative indirect e�ect. This means
that the short-run reduction in L is magni�ed in the long run and that the
LCP holds.16

Proposition 3. For nonin�nitesimal reductions in β, the LCP holds when
K and L are independent in pro�ts.

16Note that when K and L are very close to being independent, the reduction in β
can increase K in the long run and this adjustment in K can make L fall further than
in the short run. That is, K and L can behave as substitutes in demand, regardless of
whether they are (very weak) complements or substitutes in pro�ts. Section 4 con�rms
this possibility.
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Propositions 2 and 3 give rise to the following corollary.

Corollary 1. Whether the LCP holds or not may depend on the direction of
change in β.

Again, one could imagine that, for the same reasons leading to Proposition
3, the LCP holds for reductions in β whenever K and L are su�ciently
weak complements or substitutes in pro�ts. That is, asymmetry in the LCP
may not be con�ned to the case of K and L being independent in pro�ts.
That there indeed can be asymmetries in the LCP for K and L being weak
complements or weak substitutes is con�rmed by the example of Section 4.

3.4 LCP at the Industry Level

The last point we want to make before considering an example is that the
LCP may hold at the industry level even in cases where it does not hold for
individual �rms. In order to illustrate this possibility as simply as possible,
we let expenditure in the industry be exogenously given by E. Then we get
the number of �rms as M = E/R(K,L;A) and the total use of labour in the
industry is LM = EL/R(K,L;A). It should be clear that endogenous short-
and long-run changes in M can cause discrepancies between an LCP for L
and one for LM . The following proposition makes this possibility clear.

Proposition 4. Let R(K,L;A) = AR̃(K,L). Then the LCP always holds
locally at the industry level (for LM) even though it may not do so at the
�rm level (for L).

Proof. See Appendix B.

To see the intuition for Proposition 4, recall the reason that the LCP
may not hold locally at the �rm level. When K and L are complements in
pro�ts, a breakdown happens when K fails to rise following an increase in
β. In this case, L rises less when K is allowed to adjust since a decline in K
tends to induce a decline in L (complements). However, the (short-to-long-
run) declines in K and L also tend to reduce revenue of the individual �rm
which means that the number of �rms must rise (total industry revenues
are constant). Thus, whenever there is a force working against the LCP
holding locally for individual �rms, the same force tends to increase the
number of �rms. When R(K,L;A) = AR̃(K,L), which is the case under
perfect competition and under monopolistic competition when consumers
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have additively separable utility across varieties, it turns out that the local
LCP at the industry level (for LM) always holds.

4 Example

We conclude our analysis of the LCP by considering an example that illus-
trates many of the points discussed above. Assume that the revenue function,
R(K,L;A), is obtained by combining the isoelastic inverse demand function,
p = Aqρ−1, which could originate from consumers with CES preferences
across varieties in the industry, with the production function,

q =
[
αK

σ−1
σ + (1− α)L

σ−1
σ

] σ
σ−1

, (6)

where σ > 0 is the elasticity of substitution in production and 0 < α, ρ < 1.
Pro�ts are thus given by

π = A
[
αK

σ−1
σ + (1− α)L

σ−1
σ

] ρσ
σ−1 − rK + βL− f.

Note that these assumptions give rise to a revenue function of the form
R(K,L;A) = AR̃(K,L). Capital and labour are complementary in pro�ts
(πKL > 0) when σ ∈ (0, 1

1−ρ) and substitutes (πKL < 0) for σ ∈ ( 1
1−ρ ,∞).17

When σ = 1
1−ρ , capital and labour are independent in pro�ts (πKL = 0).

First o�, following an increase (reduction) in β, L is larger (smaller) in both
the long and the short run when compared to the initial value, regardless of
whether K and L are complements, substitutes, or independent in pro�ts.18

Appendix C shows that the LCP always holds globally if K and L are su�-
ciently strong complements, σ ∈ (0, 1), regardless of whether β increases or
decreases. However, when σ ∈ (1,∞), the LCP may or may not hold and
there may be asymmetries between increases and decreases in β.

The upper half of Figure 1 depicts the total long-run adjustment relative
to the short-run adjustment in L for an increase and a reduction in the wage,
w = −β, of 20 percent for di�erent values of σ. In both cases, the LCP
holds whenever the relative adjustment is above one. For the increase in

17The concavity introduced by ρ implies that K and L are not complements in the
pro�t function for all σ > 0 even though they are always complements in the production
function.

18See Appendix C.
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β, the LCP holds whenever K and L are su�ciently strong complements or
su�ciently strong substitutes in production. When they are independent,
the LCP fails to hold (Proposition 2). Further, the LCP fails to hold when
K and L are weak complements or weak substitutes. For the reduction in β,
the LCP holds both if K and L are strong complements, σ < 1, and if they
are very weak complements, independent (Proposition 3), or substitutes in
pro�ts. For the remaining intermediate values of σ, the complementarity is
not strong enough to make K fall when β is reduced but still strong enough
to make L increase when K increases.19 This means that L increases from
the short to the long run and thus exhibits undershooting. An asymmetry
given by the fact that the LCP holds for reductions in β but not for increases
(Corollary 1) is clear in the �gure for any value of σ close to 1

1−ρ . That is,
when K and L are very weak complements or substitutes in pro�ts.

The bottom half of Figure 1 shows the total long-run adjustment relative
to the short-run adjustment in LM . Relating to the local result of Proposi-
tion 4, it is clearly seen that the LCP holds at the industry level, both for the
increase and for the decrease in β for all values of σ considered, independently
of whether the LCP holds at the �rm level or not.

5 Concluding Remarks

The present paper has shown that introduction of even very simple industry-
equilibrium e�ects have important implications for the LCP. While research
interest in the LCP has somewhat waned in recent years, our contribution
emphasises that there is more work to be done in understanding the con-
ditions under which the LCP applies in more realistic environments. More
rigorous inquiry into the implications of the speci�c nature of the competitive
environment for the validity of the LCP (both locally and globally) seems
like a promising area for future research.

19I.e., the complementarity is strong enough to dominate the negative indirect e�ect of
the increase in K; see (5).
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Figure 1: Long-run changes in L (top half) and LM (bottom half) relative to their short-
run changes for di�erent values of σ. Whenever the graph is above 1, the LCP holds.
The vertical dashed line indicates σ = 1 and the vertical solid line indicates independence
between K and L, σ = 1

1−ρ .

A Derivation of (2) and (4)

To derive (2), we total di�erentiate the �rst-order condition RL = −β with
respect to β, using that locally ∂A

∂L
= 0,

RAL
∂A

∂β
+RLL

∂L̂∗

∂β
= −1.

Rearranging, using the �rst-order condition RL = −β, gives (2).
To derive (4), we total di�erentiate the �rst-order conditions, RK = r

and RL = −β, with respect to β,

RLL
dL

dβ
+RKL

dK

dβ
= −(1− εRL,AεA,β),

RKL
dL

dβ
+RKK

dK

dβ
= −RAK

∂A

∂β
.

119



Using Cramer's Rule,

dK

dβ
=
RKL(1− εRL,AεA,β)−RAKRLL

∂A
∂β

RKKRLL −R2
KL

.

Rearranging using the de�nitions of elasticities and (2) yields (4).

B Local LCP at the Industry Level

This appendix shows that the LCP always holds locally at the industry level,
i.e., for the aggregate use of labour, LM , in the industry when R(K,L;A) =
AR̃(K,L). Due to symmetry across the homogeneous �rms, we getAR̃(K,L)M =
E. From this, we get the aggregate use of labour expressed as

LM(K; β) =
EL̂∗(K; β)

A(K; β)R̃(K, L̂∗(K; β))
.

To see that the LCP holds locally for LM , we �rst note that

∂LM

∂β
=
AER̃∂L̂∗

∂β
− ELR̃∂A

∂β
− AELR̃L

∂L̂∗

∂β

(AR̃)2

=
E(AR̃ + βL)∂L̂

∗

∂β
+ EL2

(AR̃)2
> 0,

where we have used AR̃L = −β, ∂A
∂β

= −L
R̃
, and the fact that ∂L̂∗

∂β
> 0 in the

case we consider here. The LCP will hold locally for LM if

dLM

dβ
− ∂LM

∂β
=
∂LM

∂K

dK

dβ
(7)

is positive. To see this is the case, note that

∂LM

∂K
=
AER̃∂L̂∗

∂K
− AEL(R̃K + R̃L

∂L̂∗

∂K
)

(AR̃)2

=
E

AR̃

R̃KL

−R̃LL

(
1− R̃LL

R̃
− −R̃LLLR̃K

R̃KLR̃

)
. (8)
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Now, consider dK
dβ
, which can be obtained by simplifying (4) using R = AR̃,

dK

dβ
=

R̃KL

A(R̃KKR̃LL − R̃2
KL)

(
1− R̃LL

R̃
− −R̃LLLR̃K

R̃KLR̃

)
. (9)

It is obvious that (8) and (9) have the same sign such that (7) is positive
and the LCP always holds locally at the industry level under the considered
functional form of R(K,L;A).

C Comparative Statics in the CES Example

The �rst-order conditions for K and L are given by

πK = Aρα
[
(1− α)L

σ−1
σ + αK

σ−1
σ

] ρσ
σ−1
−1
K−

1
σ − r = 0, (10)

πL = Aρ(1− α)
[
(1− α)L

σ−1
σ + αK

σ−1
σ

] ρσ
σ−1
−1
L−

1
σ + β = 0. (11)

The second-order derivatives are given by

πKK = Aρα2
[
(1− α)L

σ−1
σ + αK

σ−1
σ

] ρσ
σ−1
−2
K−

2
σ

(
ρ− 1− 1−α

ασ

(
L
K

)σ−1
σ

)
,

πLL = Aρ(1− α)2
[
(1− α)L

σ−1
σ + αK

σ−1
σ

] ρσ
σ−1
−2
L−

2
σ

(
ρ− 1− α

(1−α)σ

(
K
L

)σ−1
σ

)
,

πKL = Aρα(1− α)
[
(1− α)L

σ−1
σ + αK

σ−1
σ

] ρσ
σ−1
−2

(LK)−
1
σ

(
ρ− 1 + 1

σ

)
.

(12)

It is clear that πLL, πKK < 0 and further, we have

πLLπKK − π2
KL = A2ρ2α2(1− α)2

[
(1− α)L

σ−1
σ + αK

σ−1
σ

]2 ρσ
σ−1
−4
L−

2
σK−

2
σ[(

ρ− 1− α
(1−α)σ

(
K
L

)σ−1
σ

)(
ρ− 1− 1−α

ασ

(
L
K

)σ−1
σ

)
− (ρ− 1 + 1

σ
)2
]

= A2ρ2α2(1− α)2
[
(1− α)L

σ−1
σ + αK

σ−1
σ

]2 ρσ
σ−1
−4
L−

2
σK−

2
σ

(1− ρ)
[
2
σ
+ 1−α

ασ

(
L
K

)σ−1
σ + α

(1−α)σ

(
K
L

)σ−1
σ

]
> 0,

such that the second-order conditions are satis�ed. K and L are complements
in pro�ts, πKL > 0, if σ < 1

1−ρ and substitutes in pro�ts, πKL < 0, if σ > 1
1−ρ ;
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see (12). If σ = 1
1−σ , K and L are independent in pro�ts. The second-order

conditions hold regardless of whether K and L are substitutes, complements,
or independent in pro�ts. The free-entry condition equates optimal pro�ts,
π∗, with zero, i.e.,

π∗ = 0. (13)

From (10), (11), and (13), we derive the following long-run input demands.

KLR =

(
α
r

)σ
f ρ

1−ρ

(1− α)σ(−β)1−σ + ασr1−σ
,

LLR =

(
1−α
−β

)σ
f ρ

1−ρ

(1− α)σ(−β)1−σ + ασr1−σ
.

It follows that ∂LLR

∂β
> 0. Further, ∂K

LR

∂β
> 0 if σ < 1, ∂K

LR

∂β
< 0 if σ > 1, and

∂KLR

∂β
= 0 if σ = 1. Thus, K only rises in the long run following an increase

in β if K and L are su�ciently strong complements (σ < 1). If K and L are
only weak complements, independent, or substitutes in pro�ts (σ ∈ (1, 1

1−ρ),

σ = 1
1−ρ , and σ ∈ ( 1

1−ρ ,∞), respectively), an increase in β ultimately leads
to a reduction in K.

Using (11) and (13), the short-run value of L is implicitly determined by

rK

1− ρ

[
−β
r

α

1− α

(
LSR

K

) 1
σ

− ρ

]
− βLSR =

ρ

1− ρ
f. (14)

It follows immediately that ∂LSR

∂β
> 0. For later use, we note that when

σ > 1, (−β)(LSR) 1
σ falls when β increases. Using (14), ∂L

SR

∂K
shares sign with

1− σ − 1

ρσ

−β
r

α

1− α

(
LSR

K

) 1
σ

. (15)

Suppose that σ < 1. Then it is obvious that ∂LSR

∂K
> 0. Thus, in this case,

we have that an increase in β implies L0 < LSR < LLR and a reduction in β
implies L0 > LSR > LLR where L0 denotes the initial level of labour demand.
The LCP therefore holds for both cases. Consider next the case where β
increases and σ ∈ (1, 1

1−ρ) such that K and L are complements in pro�ts,

but only weakly so. Then we know that σ−1
ρσ

< 1 and that (−β)(LSR) 1
σ falls
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when β increases. This means that (15) is positive at K = K0. Further,
(15) changes continuously as K falls from K0 to KLR and when it hits 1 −
σ−1
ρσ

> 0, we are in the new long-run equilibrium. Thus, ∂LSR

∂K
is positive on

K ∈ (KLR, K0). But then, for σ ∈ (1, 1
1−ρ), an increase in β implies that

L0 < LLR < LSR and the LCP does not hold in this case.
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