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Abstract In the magnetic resonance community, the
usefulness of diffusion-weighted imaging is undisputed.
However, the correct interpretation of multicomponent
diffusion is not widely agreed upon, and progress in this
direction is impeded by several confounding experimen-
tal results. It is thus of great importance to resolve pos-
sible interfering factors. The objective of the present
study is to examine the influence of a cellular size
distribution. Using the Kärger equations, numerical
calculations show that even substantial cellular size
variations induce only small changes in the estimated
compartmental diffusion constants and volume fractions.

Keywords Diffusion Æ Nuclear magnetic
resonance Æ Cellular exchange time

Introduction

Although diffusion-weighted proton magnetic reso-
nance imaging is of great clinical value, for instance,
in diagnosing a stroke (Moseley et al. 1990), current
understanding of the underlying biophysics is limited.
Several candidate explanations point to the possible
role of compartmental diffusion (Szafer and coworkers
1995a, 1995b; Latour et al. 1994; Schwarez et al.
2004): biexponential or multiexponential diffusion is
ubiquitously observed in biological tissues. Whereas
there is general agreement that this is due to the
existence of two or more proton populations with
different diffusional properties, the identity of the
corresponding proton pools remains unclear (Schwarez
et al. 2004; Clark and Bihan 2000; Lee and Springer
2003). In order to make further progress it is impor-

tant to investigate the theoretical framework in which
experimental data are analyzed. This is where numer-
ical simulations (Meier 2003; Szafer 1995b; Latour
et al 1994; Stanisz et al. 1997; Regan and Kuchel
2000, 2003) play a central role, because various
physical mechanisms can be addressed individually
and under ideal conditions. One such mechanism is
the influence of heterogeneity on magnetic resonance
diffusion measurements (Johnson 1998). Postprocess-
ing of experimental data is typically done under the
assumption of a single well-defined value of physical
parameters such as the cellular diffusion constant, the
radius and permeability, but in biological material one
is likely to find a distribution of these parameters.
This may be of less importance when the two-site
exchange paradigm is just a convenient approxima-
tion, but if information on the true diffusion param-
eters is sought, the effects of polydispersity are
unknown. The purpose of this study is to introduce a
framework in which such a system can be analyzed,
and to use it to investigate the influence of cell size
polydispersity on pulsed field gradient diffusion mea-
surements. We adapted the Kärger equations to model
diffusion of water in a multicompartmental system,
with one extra cellular compartment and a number of
intracellular compartments each representing cells of
the same type but of different sizes. In this model the
cell sizes affect the signal as a result of their influence
on the cellular exchange time. Therefore we begin in
the ‘‘Theory’’ section with a discussion of the cellular
exchange time and its dependence on physical
parameters such as cell wall permeability, cell volume,
and the intracellular diffusion constant. We arrive at a
universal one-variable scaling function before special-
izing to spherical cells. For this particular cell shape
we present an exact expression relating the cellular
exchange time to the dependent variables. In the sec-
tion ‘‘Pulsed field gradient spin echo NMR diffusion’’
we detail the model and its numerical implementation.
Finally, we present our results and give our conclu-
sions.
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Theory

The cellular exchange time s is the average time spent by
a diffusing particle inside a cell, and is in general
dependent on the cell wall permeability j, the intracel-
lular diffusion constant D, the cell volume V, and the cell
geometry. Formally,

s ¼ Tshape D; j; Vð Þ; ð1Þ

where Tshape is an unknown function, the form of which
depends on the shape of the cell. Consider now the effect
of space and time transformations on s. Thus by letting
V¢=Vk3 and t¢=lt we scale all distances by k and time
by l, and therefore s¢=ls. The remaining arguments of
Tshape change according to

D0 ¼ Dk2

l
and j0 ¼ jk

l
: ð2Þ

This is valid for all choices of k and l, so we set k=V�1/3

and l=jk. After an appropriate redefinition of Tshape,
we end up with the scaling form:

s ¼ V 1=3

j
T 0shape

V 1=3j
D

� �
: ð3Þ

Starting from a function of three independent variables,
we have reduced the exchange time to a function of only
one dimensionless scaling variable x ¼ V 1=3j

�
D. More-

over, physical arguments restrict the general asymptotic
form of this function:

T 0shape xð Þ � x x!1
constant x! 0:

�
ð4Þ

Independent of the specific cell shape and in the limit
of large cell wall permeability, the exchange time is
determined by the time it takes for a molecule to
travel a distance comparable to the cell size. There-
fore, s / V 2=3

�
D, and this corresponds to the large x

limit in Eq. 4. For a vanishing cell wall permeability,
on the other hand, the exchange time is limited by the
permeability and is given by the well-known formula
s ¼ V = Ajð Þ. The area A can be converted to a quan-
tity of dimension V2/3 (multiplied by a shape-depen-
dent constant), and this yields the x fi 0 limit in
Eq. 4.

As an example, consider a spherical cell with radius
R. In that case Eq. 3 becomes

s ¼ R
j

T 0sphere
Rj
D

� �
: ð5Þ

In fact, s can be calculated exactly in this situation.
Using results from Crank (1995), we obtain

s ¼ 6
R3j2

D3

� �X1
n¼1

1

b 4
n b2

n þ x x� 1ð Þ
� �; ð6Þ

where bn(x) is given as the solution to

bn cot bnð Þ þ x ¼ 1 ð7Þ

and

x ¼ Rj
D
: ð8Þ

By reorganizing the analytical result, we can readily
verify the scaling form in Eq. 5. This expression is exact,
and numerical values for the exchange time can thus be
obtained to arbitrary precision. The result has been
compared with that from extensive Monte Carlo simu-
lations of diffusion in spherical cells, and has been found
to agree very well with the data (not shown). In addition,
one may readily verify that the asymptotic form in Eq. 4
is fulfilled. Another expression for s was given by Ash
et al. (1978) and Kärger et al. (1978), which in our
notation corresponds to

T 0sphere xð Þ ¼ x
15
þ 1

3
: ð9Þ

Figure 1 illustrates the behavior of the scaling func-
tion calculated numerically from Eqs. 5, 6, 7, and 8,
Eq. 9, and a one-term approximation from Sehy et al.
(2002). The agreement of the linear expression from
Eq. 9 with Eq. 6 is excellent, whereas the one-term
approximation is acceptable only for small x.

We emphasize that the scaling form in Eq. 3 applies
to all cell shapes, and this result may simplify studies of
the cellular exchange time for more complicated cell
shapes, such as the red blood cell studied by Regan and
Kuchel (2000).

Pulsed field gradient spin echo NMR diffusion

It is evident from Eq. 3 that any variation in D, j or R
will bring about a similar variation in cellular water
exchange times. In this section we consider the influence
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Fig. 1 Numerical calculation of the scaling function T¢sphere(x)
(Eqs. 5, 6, 7, 8), compared with the linear approximation (Eq. 9)
and a one-term approximation (Sehy et al. 2002)
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of such a variation on NMR diffusion measurements
using the Kärger equations (Kärger et al. 1988). This
model is based on the Chapmann–Kolmogorov equa-
tions and it describes the signal S ¼ S1 þ S2 þ . . .þ SN
arising from N proton exchanging compartments in a
pulsed field gradient spin echo (Tanner and Stejskal
1968; Tanner 1978; Stejskal and Tanner 1965) experi-
ment as the solution to

_Si ¼ �Diq2Si �
Si

si
þ
X
n 6¼i

Snpni

sn
; i ¼ 1; . . . ;N : ð10Þ

In this equation, Di is the diffusion constant and si the
exchange time of the ith compartment, and q=cGd for a
diffusion gradient of strength G and duration d (see
Fig. 2 for an illustration); c is the gyromagnetic ratio.
The pij designate the probability for a particle to enter
compartment j upon leaving compartment i. In order for
these equations to have an equilibrium solution, a set of
constraints must be obeyed:

pi

si
¼
X
n 6¼i

pnpni

sn
; i ¼ 1; . . . ;N ; ð11Þ

where pn=Sn(0) denotes the relative particle number of
compartment n.

It is important to note that the Kärger model is based
on a number of assumptions. Notably, each compart-
ment is essentially considered an infinite reservoir in
which free diffusion takes place. Furthermore magneti-
zation decay is not accounted for. Although this is an
important effect in practice, especially when the different
compartments have different decay rates, this is not the
main focus of the present study, but it has been
considered elsewhere (Vestergaard-Poulsen et al.
2004; Momot and Kuchel 2003). Hence, we will
neglect longitudinal and transversal relaxation in the
following. However, the results will be compared with
those from a single simulation of a two-compartment
system having different intracellular and extracellular
T2 values.

Two compartments are typically considered in mag-
netic resonance studies, corresponding, for example, to
the intracellular and extracellular space. In this case the
Kärger equations can be solved exactly (Kärger et al.
1988):

S tð Þ¼ S1 tð ÞþS2 tð Þ¼ p1*e
�q2ADC1tþp2*e

�q2ADC2t; ð12Þ

where

ADC1 2ð Þ ¼1
2 D1 þ D2 þ 1

q2
1
s1
þ 1

s2

� ��

� D2 � D1 þ 1
q2

1
s1
þ 1

s2

� �h i2
þ 4

q4s1s2

� 	1=2
!

ð13Þ

and

p�2 ¼ 1
ADC2�ADC1

p1D1 þ p2D2 �ADC1ð Þ;
p�1 ¼ 1� p�2:

ð14Þ

ADC is the apparent diffusion constant, and it depends
on q (and thus on the gradient strength), as does p*, the
corresponding volume fraction. Equations 12, 13, and
14 are frequently used when analyzing diffusion data,
and estimation of parameters of interest is achieved by
least-squares fitting.

We consider here a multicomponent system, where
each cell is represented by its own compartment. As long
as all cells are identical, this approach yields results
identical to the two-compartment model, but allowing
cells to have different properties entails new results. Here
we focus on spherical cells with a distribution of radii,
and as a consequence of Eqs. 5 and 9, the cells will differ
in the associated exchange times.

The Kärger equations in Eq. 10 are essentially rate
equations of the form _S ¼ AS with the solution
S(t)=exp(At)S(0). Here S ¼ S1; S2; . . . ; SNð Þ and A is a
time-independent matrix which can be read off directly
from Eq. 10. Thus, the signal S(t) is given by

S ¼ e � S ¼ e � exp Atð ÞS 0ð Þ; ð15Þ

where e ¼ 1; 1; . . . ; 1ð Þ. In the case of one extracellular
compartment in exchange with N�1 cellular compart-
ments, A reads

We have labeled the compartments such that sub-
script e refers to the extracellular space and i=1,...,N�1

A¼

�Deq2�1=se 1=s1 1=s2 � � � 0
pe1=se �D1q2�1=s1 0 � � � 0
pe2=se 0 �D2q2�1=s2 � � � 0

..

. ..
. ..

.

peN�1=se 0 . . . �DN�1q2�1=sN�1

2
666664

3
777775
: ð16Þ

Fig. 2 Pulse sequence diagram for a pulsed field gradient spin echo
experiment. TE is the echo time and M the time between the leading
edges of the gradients
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to the cells. We assume no direct water exchange be-
tween the cells, and a schematic illustration of such a
system, which is known as a mammillary system, is
shown in Fig. 3.

The signal S(t) is calculated as follows. We begin by
generating the radius of each cell by sampling a normal
distribution with mean radius R=6 lm and standard
deviation r. Negative radii are discarded, and the radius
is resampled from the distribution until a positive radius
is returned. The matrix A is then constructed according
to Eq. 16, and the solution is calculated from the
exponentiation of At as described by Eq. 15. We begin
with constant gradient experiments, where the signal is
calculated as a function of t with fixed q. Constant time
experiments, where the strength of the diffusion gradient
is varied, do not display a simple biexponential decay as
a function of q2. However, because of practical issues
and certain other advantages (Cabrita et al. 2002),
constant time experiments are more common than
constant gradient experiments, and therefore we will
treat them in a separate section. Simulations were per-
formed with De=1.3 lm2 s�1, Di=0.05 lm2 s�1,
se=125 ms, and the intracellular exchange time si is
calculated individually for each cell from its radius using
Eqs. 5, 6, 7, and 8. The cellular water permeability is
4.42·10�2 lm ms�1. The conditional transition proba-
bility pe i for a particle to enter a specific cell i from the
extracellular space is calculated as the relative cellular
surface area.

The constraints in Eq. 11 have the solutions

pe ¼
seP

i peisi þ se
ð17Þ

and

pe ¼
seP

i peisi þ se
; i ¼ 1; . . . ;N � 1; ð18Þ

which determine the initial value (Se 0ð Þ; . . . ; SN�1 0ð Þ).
Using these constraints and the expression for the ex-
change time in Eqs. 6, 7, and 8, we found the cellular
volume fraction to be pe=0.8 in the r=0 case (i.e., when
all cells have the same radius of 6 lm). The values of the
simulation parameters as given here were selected in a
biologically realistic range, but were not chosen to
model a specific tissue.

Results

Constant gradient experiments

We define the parameter W � r=R (sometimes known as
the coefficient of variation) as the width of the radius
distribution relative to the mean cellular radius. To
analyze the influence of cell size variations on the
interpretation of diffusion NMR measurements, we
consider the implications of fitting the biexponential
model in Eq. 12 to the numerical data. For each set of
the simulation parameters we generate the signal S(t) for

Fig. 3 Schematic illustration of a mammillary exchange system,
with a population of N�1 cells and the extracellular space (denoted
e). Water molecules do not travel directly from one cell to another,
but have to pass through the extracellular space
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Fig. 4 Variation of p�1 versus W, and q=0.1, 0.15, 0.2, 0.25, 0.4,
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intracellular volume fraction calculated from the cellular size
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t=0, 2,..., 200 ms and fit Eq. 12 to the data with p�2,
ADC1, and ADC2 as free parameters, and p�2 determined
by the normalization constraint p�1 þ p�2 ¼ 1. The indices
were chosen such that subscript 1 refers to the cellular
and subscript 2 to the extracellular compartment. We
repeated the procedure 40 times and averaged the
resulting fit parameters.

In Fig. 4 we plot p�1 versus W for q=0.1, 0.15, 0.2,
0.25, 0.4, and 1 lm�1. We observe a systematic depen-
dence of the relative compartment fractions on W,
leading to an apparently increasing cellular compart-
ment and a decreasing extracellular volume. The change
is most pronounced for high q values, where p�1 is higher
by 6% and p�2 is lower by as much as 25%, representing
a rather significant impact on the extracellular fraction.

Low q values reflect large spatial distances, and generally
in this limit p�1 ! 1 and p�2 ! 0 according to Eq. 13: in
other words, the diffusing particles effectively see only
one compartment having a volume fraction of 1 in this
limit. Therefore it is not surprising that the high-q re-
gime is more sensitive to variations in compartmental
volumes than the low-q regime.

However, the deviation of the compartment volumes
from the ideal W=0 case is only partially due to the
imposed two-compartment description: there is a real
dependence of the volumes on W which is also reflected
in these numbers. As stated earlier, we chose the
parameters such that, in the absence of any cell size
variations, the cellular fraction is exactly 0.8. However,
in this model a nontrivial cell size distribution will
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change this value, and in Fig. 4 we have included the
results from a numerical calculation of the actual
intracellular volume fraction (solid line). As can be seen,
the two lowest curves follow each other closely, but there
is a systematic overestimation (underestimation) of the
cellular (extracellular) volume fraction; however, this
effect is relatively small, and nowhere does it exceed 2%
for the cellular volume fraction. Therefore, in spite of an
underlying multicompartment system, a two-compart-
ment description appears to be sufficiently precise for
determining the cellular volume fraction.

In Fig. 5 we reorder the data from Fig. 4 and plot
them as a function of q. Again a significant systematic
dependence on W is observed. On the other hand, if we
compare the qualitative behavior of p�1 versus q with the
one expected, viz. Eq. 14, from the two-compartment

model, it is hardly distinguishable from the W=0.05
curve (data not shown).

We plot the two remaining parameters, ADC1 and
ADC2, versus W in Fig. 6. A decreasing trend is ob-
served, and we note that by far the largest effect is seen
for ADC1 (intracellular diffusion) and for the low q
values. For the largest q values, for which the apparent
diffusion constants approach the true diffusion con-
stants, the effect of a nonvanishing W on ADC1 and
ADC2 is minuscule.

We replot the data as a function of q in Fig. 7. This
figure confirms that the ADCs are most sensitive to cell
size variations for low q values. This is reasonable since
for high q values, the ADC reflects more accurately the
true diffusion constants (Eq. 13), thus reducing the
influence of the exchange times in this limit. In sum-
mary, both ADCs are generally overestimated compared
with the true diffusion constant, but increasing poly-
dispersity will decrease this overestimation, and more so
the lower the q value.

Disagreement between various groups concerning the
value of ADCs can therefore hardly be attributed to cell
size variations. More significant is the influence of too
low q values. This can itself be investigated by repeating
the experiment for several q values: only when there is
no substantial q variation in the ADCs is it comparable
to the physical diffusion constants. And in this case,
cellular size heterogeneity should only affect the esti-
mated diffusion constants minimally. In fact, it is inter-
esting to note that polydispersity tends to decrease the
overestimation of the ADCs stemming from insuffi-
ciently high q values (Fig. 8).

In Fig. 9, p�1, ADC1 and ADC2 are plotted as a
function of q for a two-compartment system with an
intracellular T2 of 25 ms and an extracellular T2 of
400 ms. All other parameters are the same as before
and W=0. As is evident from this figure, the effect of
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differing transversal relaxation times can be much more
significant than the effect of cellular polydispersity.
However, as q increases, the diffusion parameters
approach the true values.

Constant time experiments

In this section the experimentally more widespread sit-
uation of constant time experiments is studied. The
signal from the Kärger model is not biexponential in this
case, but multiexponential, but in practice a biexpo-
nential function fits very well. In the following, the signal

is obtained as a function of q from q=0 lm�1 to
q=1 lm�1, and for a range of diffusion times t=10–100
ms and polydispersities W=0.05–0.5. The same proce-
dure as in the previous section was employed: the fit
parameters ( p�1, ADC1, ADC2) from 40 realizations
were averaged, and the error bars on the curves are
standard errors. It was found that fitting the logarithm
of the data to the logarithm of Eq. 12 yielded somewhat
better fits, and this procedure was therefore adopted.

The apparent intracellular volume fraction increased
in samples of increasing polydispersity (Fig. 9), as for
the constant gradient experiments. For experiments with
small diffusion times, this reflects the behavior of the
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true intracellular volume fraction, included in Fig. 4. As
the diffusion time increases however, the apparent
intracellular volume fraction is increasingly underesti-
mated. This effect is seen even on monodisperse samples,
and in fact the relative error of p�1 for a given diffusion
time becomes smaller with increasing polydispersity.

Figure 10 shows the apparent diffusion constants as a
function of t. The intracellular diffusion constant ADC1

(D1=0.05 lm2 ms�1) is slightly overestimated for all
values of t and W. The variability in ADC1 as a function
of W is roughly similar to the variability as a function of
t. For the extracellular diffusion constant, however,
there are barely any effects of polydispersity. The
decrease in ADC2 as a function of diffusion time is
quite significant, and results in a large underestimation
of the true extracellular diffusion constant
(D2=1.3 lm2 ms�1).

For comparison, the diffusion parameters from a
two-compartment system with differing T2 relaxation
times (intracelullar T2=25 ms and extracellular
T2=400 ms) are shown in Fig. 11. The estimate of the
intracellular volume fraction is significantly modified by
the presence of two T2 components, whereas the intra-
cellular diffusion constant is quite unaffected (compare
with Fig. 10).The extracellular diffusion constant also
turns out to vary less than in the monoexponential T2

case.

Conclusions

In this study, we investigated the effect of cellular size
distributions on NMR diffusion measurements. We
found that even a relatively broad distribution of cellular
radii leads only to a relatively minor effect in the esti-
mates of diffusion constants and volume fractions in the
two-compartment model. For constant gradient experi-
ments, the influence of diffusion gradients on the ADCs
dominates. For constant gradient experiments, all
parameters ( p�1, ADC1, ADC2) were consistently over-
estimated; however, this effect was mainly due to low q
values, and in fact for the ADCs, polydispersity coun-
teracted this tendency. For constant time gradients on
the other hand, a finite diffusion time resulted in an
underestimation of the true intracellular volume frac-
tion. The apparent intracellular diffusion constant was
always larger than the true diffusion constant, whereas
the extracellular diffusion constant was always smaller
than the true extracellular diffusion constant. In both
cases however, increasing polydispersity tended to de-
crease the values of the ADCs. The results were com-
pared with those from simulations of a two-
compartment model with the same parameters but
having different T2 relaxation rates. Failure to take this
into account in the data analysis was seen to have a
much greater impact on the estimation of some of the
diffusion parameters.

We also considered the general theory of exchange
time calculations for arbitrary cell shapes. We derived a

one-variable scaling form which can be used to simplify
future studies on cellular exchange time. This scaling
form compared favorably to the results for spherical
cells, for which we also derived an exact expression
relating the exchange time to the cellular radius, the
diffusion constant, and the cell wall permeability.

Further studies are needed in order to clarify the
consequences of variations in cellular diffusion constants
and permeabilities, as well as compartmental differences
in, for example, transversal relaxation rates. It may be
interesting in this respect to compare the predictions of
the Kärger model with the outcome of first principles
Monte Carlo simulations. In addition, it is important to
acquire experimental data from biological samples
which can be well characterized on a cellular level.
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