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Abstract

Clustering, the grouping of data based on mutual similarity,

is often used as one of principal tools to analyze and un-

derstand data. Unfortunately, most conventional techniques

aim at finding only a single clustering over the data. For

many practical applications, especially those being described

in high dimensional data, it is common to see that the data

can be grouped into different yet meaningful ways. This

gives rise to the recently emerging research area of discov-

ering alternative clusterings. In this preliminary work, we

propose a novel framework to generate multiple clustering

views. The framework relies on a constrained data projec-

tion approach by which we ensure that a novel alternative

clustering being found is not only qualitatively strong but

also distinctively different from a reference clustering solu-

tion. We demonstrate the potential of the proposed frame-

work using both synthetic and real world datasets and dis-

cuss some future research directions with the approach.

1 Introduction.

Cluster analysis has been widely considered as one of
the most principal and effective tools in understanding
the data. Given a set of data observations, its objec-
tive is to categorize those observations that are similar
(under some notion of similarity) into the same cluster
whilst separating dissimilar ones into different clusters.
Toward this goal, many algorithms have been developed
by which some clustering objective function is proposed
along with an optimization mechanism such as k-means,
mixture models, hierarchical agglomerative clustering,
graph partitioning, and density-based clustering. A gen-
eral observation with these algorithms is that they only
attempt to produce a single partition over the data. For
many practical applications, especially those being char-
acterized in high dimensional data, this objective seems
to be not sufficient since it is common that the data
observations can be grouped along different yet equally
meaningful ways. For example, when analyzing a docu-
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ment dataset, one may find that it is possible to catego-
rize the documents according to either topics or writing
styles; or when clustering a gene dataset, it is found that
grouping genes based on their functions or structures is
equally important and meaningful [4]. In both these
applications and many other ones, we may see that the
natural structure behind the observed data is often not
unique and there exist many alternative ways to inter-
pret the data. Consequently, there is a strong demand
to devise novel techniques that are capable of generating
multiple clustering views regarding the data.

In the literature, several algorithms have been de-
veloped to seek alternative clusterings and it is possible
to categorize them into two general approaches: seek-
ing alternative clusterings simultaneously [13, 8, 22] and
seeking alternative clusterings in sequence [3, 6, 10, 9].
In the former approach, all alternative clusterings are
sought at the same time whereas in the latter one, each
novel clustering is found by conditioning on all previous
clusterings. From a modeling view point, the latter ap-
proach has a major advantage that it limits the number
of cluster parameters needed to be optimized concur-
rently.

In this paper, we develop a novel framework to
find multiple clustering views from a provided dataset.
Given the data and a reference clustering C(1) as in-
puts, our objective is to seek a novel alternative clus-
tering that is not only qualitatively strong but also dis-
tinctively different from C(1). The proposed algorithm
achieves this dual objective by adopting a graph-based
mapping approach that preserves the local neighbor-
hood proximity property of the data and further con-
forms the constraint of clustering independence with re-
spect to C(1). Though our research can be categorized
into the second approach of sequentially seeking alter-
native clusterings, it goes beyond the work in the litera-
ture by further ensuring that the geometrical proximity
of the data is retained in the lower mapping subspace
and thus naturally reveals clustering structures which
are often masked in the high dimensional data space.
We formulate our clustering objective in the framework
of a constrained eigendecomposition problem and thus it
has a clear advantage that a closed form solution for the
learning subspace always exists and is guaranteed to be
globally optimal. This property contrasts the proposed



framework to most existing algorithms, which solely fo-
cus on optimizing the single condition of decorrelation
and may only achieve a local optimal subspace. We
demonstrate the potential of the proposed framework
using both synthetic and real world data and empiri-
cally compare it against several major algorithms in the
literature. Finally, some future studies for our frame-
work are discussed and we shortly suggest some poten-
tial approaches to deal with them.

2 Related Work.

Though being considered related to subspace cluster-
ings [1, 15, 16, 28, 20], the problem of discovering mul-
tiple alternative clusterings is relatively young and re-
cently it has has been drawing much attention from both
data mining and machine learning communities. In [19],
the authors give an excellent tutorial regarding different
approaches to the problem. In this section, we adopt the
taxonomy that can generally divide the majority of work
in the literature into two approaches: those seeking al-
ternative clusterings concurrently and those seeking al-
ternative clusterings in sequence, and briefly review the
algorithms that closely related to our research in this
paper.

In the first approach, two algorithms named Dec-
kmeans and ConvEM are developed in [13] to find two
disparate clusterings at the same time. In Dec-kmeans,
the concept of representative vectors is introduced for
each clustering solution. Subsequently, the objective
function of the k-means method is modified by adding
terms to account for the orthogonality between mean
vectors of one clustering, with respect to the represen-
tative vectors of the other. In the ConvEM algorithm,
a similar approach is applied by assuming that the data
can be modeled as a sum of mixtures and this work as-
sociates each mixture with a clustering solution. This
leads to the problem of learning a convolution of mix-
ture distributions by which the expectation maximiza-
tion method can be employed to find the distributions’
parameters. Another algorithm called CAMI based on
mixture models is developed in [8]. However, instead of
trying to orthogonalize two sets of cluster means, CAMI
takes into account a more general concept of mutual in-
formation to quantify for the decorrelation between two
clustering models. The algorithm thus attempts to min-
imize this quantity while at the same time maximizing
the likelihood of each respective model.

In the second approach, an algorithm named
COALA is proposed in [3]. Given a known cluster-
ing, COALA generates a set of pairwise cannot-link con-
straints and it attempts to find a disparate data parti-
tion by using these constraints within an agglomerative
clustering process. The NACI algorithm developed in [9]

takes a different approach purely stemming from infor-
mation theory. Its clustering objective is thus to max-
imize the mutual information between data instances
and cluster labels of the alternative clustering while
minimizing such information between that alternate and
the provided clustering. However, instead of using the
traditional Shannon entropy [5], this work is developed
based on the use of Renyi’s entropy, with the corre-
sponding quadratic mutual information [14, 24]. Such
an approach allows the MI to be practically approxi-
mated when combined with the non-parametric Parzen
window technique [23]. Recently, this dual-optimized
clustering objective is also exploited in work [21] with
an iterative approach, in contrast to the hierarchical
technique adopted in [9]. Another line in the second ap-
proach are the algorithms developed in [6, 10, 25] which
address the alternative clustering problem via the use
of subspace projection. Work in [6] develops two tech-
niques to find an alternative clustering using orthogonal
projections. Intuitively, one can characterize a data par-
tition by a set of representatives (e.g., cluster means).
It is then possible to expect that a dissimilar partition
might be found by clustering the data in a space orthog-
onal to the space spanned by such representatives. In
the first algorithm in [6], clustering means learnt from a
given partition are used as representatives, whilst in the
second algorithm, principal components extracted from
such centroid vectors are used. A similar approach is
developed in [10] in which the transformation is applied
on the distance matrix learnt from the provided cluster-
ing. Compared to the two methods developed in [6], this
work has a benefit that it can further handle the prob-
lem of which the data dimension can be smaller than
the number of clusters (e.g., spatial datasets). Another
approach based on data transformation is developed in
[25]. This work attempts to transform the data such
that data instances belonging to the same cluster in the
reference clustering are mapped far apart in the newly
transformed space. Our research in this paper is also
to adopt the data projection approach. However, we go
beyond these related algorithms by ensuring that the
novel projection subspace is not only decorrelated from
the provided clustering solution, the local similar prop-
erty of the data is also preserved in the projection sub-
space to strongly support uncovering a novel clustering
structure behind the data.

3 Problem Definition.

We define our problem of generating multiple clustering
views from the data as follows.

Given a set X of d-dimensional data in-
stances/observations X = {x1,x2, ...,xn} and a clus-
tering solution C(1) (i.e., a data partition over X found



by any clustering algorithm) over X , we seek an algo-
rithm that can learn C(2), a novel clustering solution

from X , whose clusters C
(2)
i satisfy

⋃
i C

(2)
i = X and

C
(2)
i ∩ C

(2)
j = ∅ for ∀i 6= j; i, j ≤ K, where K is the

number of expected clusters in C
(2)
i . The quality of the

alternative clustering should be high and also be dis-
tinctively different from C(1). We will here mostly fo-
cus on the case where only a single reference clustering
is provided but the framework can be straightforwardly
extended to the general case of generating multiple al-
ternative clusterings.

4 The Proposed Framework.

4.1 Subspace Learning Objective with Con-

straint. In generating an alternative clustering, our
study in this work makes use of a subspace learning
approach. Given C(1) as a reference clustering, we aim
to map the data from the original space into a new sub-
space in which it is uncorrelated from C(1) whereas the
mapping also well captures and retains certain prop-
erties of the data. The dimension of the subspace is
usually smaller than the original one and thus the clus-
tering structure behind the data can be more easily un-
covered. Clearly, for our clustering problem, we would
like that if two instances xi and xj are close in the orig-
inal space, they should be mapped also close to each
other in the lower dimensional space. This idea is also
behind several methods including Local Linear Embed-
ding [26], Laplacian Eigenmap [18] and Locality Pre-
serving Projection [12]. However, it is worth mentioning
that these algorithms are naturally developed to learn a
single manifold embedded in a high dimensional space
and to find ways to represent it in an optimal subspace.
Our research in this work, despite sharing a similar map-
ping objective, is clearly different as we aim to seek a set
of clusters from the data and more importantly, further
require the mapping data to be uncorrelated from one
or more reference clusterings.

Following this subspace learning approach, we for-
mulate our problem using graph theory. Let G = {V,E}
be an undirected graph, where V = {v1, . . . , vn} is a set
of vertices and E = {eij} is a set of edges, each con-
necting two vertices (vi, vj). A vertex vi corresponds to
a data instance xi in the dataset X and the edge eij be-
tween vi and vj exists if the respective points xi,xj are
close to each other. Under this setting, the closeness
between xi and xj can be defined using the ℓ-nearest
neighbor concept. Specifically, we define xi to be close
to xj if it is among the ℓ-nearest neighbors of xj or vice
versa. Moreover, for the edge connecting two respec-
tive vertices vi, vj of such xi and xj , we associate Kij

(computed by the Gaussian function [9]) as a measure of

their closeness degree. For two vertices that are not con-
nected, the respective Kij is set to zero. Consequently,
we denote K as the n× n matrix having Kij as its ele-
ments and it is easy to observe that K is symmetric and
typically sparse, since each vertex is only connected to
a limited number of its nearest neighbors.

Given the weight matrix K derived from the graph
G and a reference clustering C(1), our objective is to
learn a novel set Y = {y1, . . . ,yn}, where each yi ∈ Rq

is the mapping of xi ∈ Rd, via a projection matrix

F , that optimally retains the local neighborhood prox-
imity of the original data yet taking the decorrelated
requirement over the reference solution C(1) into ac-
count. Essentially, let us denote X and Y = FTX
two matrices respectively having xi’s and yi’s as their
column vectors and let f be a column in F , then we
can consider f as a transformation vector that linearly

combines X’s dimensions into a 1-dimensional vector
yT = {y1, . . . , yn} = fTX. That means y is one feature
in the mapping space Y . We are now able to define our
subspace learning task with the following optimization
function:

argmin
f

1

2

n∑

i=1

n∑

j=1

(fTxi − fTxj)
2Kij s.t. STXT f = 0

(4.1)

in which S is a feature subspace that best captures the
reference solution C(1) and adding the constant 1/2 does
not affect our optimization objective. The constraint
STXT f = 0 (or equivalently STy = 0) is crucial since
it ensures that the mapping dimension is independent
from S. Also notice that here we assume X is pro-
jected onto f to form an R1 optimal subspace, yielding
1-dimensional vector yT = {y1, . . . , yn}. The general-
ization to q optimal dimensions will be straightforward
once we derive the solution for f and subsequently y.

Observing from Eq.(4.1) that if Kij is large (im-
plying xi and xj are geometrically close in the original
space), the objective function will be large if the two
respective points yi = fTxi and yj = fTxj are mapped
far apart. Therefore, finding an optimal vector f that
minimizes Eq.(4.1) is equivalent to optimally retaining
the local proximity of the data, subject to the constraint
STXT f = 0 to ensure the decorrelation from C(1).

4.2 Fisher Linear Discriminant for S Selection.

We now discuss how to select S, a subspace that
best captures the provided clustering solution C(1).
That means the clusters as components of C(1) can
be well discriminated when data is represented in S.
In achieving this goal, the Fisher’s linear discriminant
(FDA) can be a natural choice. Briefly, FDA is a



supervised learning technique that seeks a direction w

as a linear combination of the features over X so that
the within cluster variances are minimized while at the
same time the variances between cluster means and the
total sample mean are maximized. Mathematically, its
objective function is represented by:

max
w

wTSBw

wTSWw
(4.2)

of which SB and SW respectively being called the
between-cluster scatter matrix and within-cluster scat-
ter matrix. They are calculated by:

SB =
∑

k

nk(m
(k) −m)(m(k) −m)T and

SW =
∑

k

nk∑

i

(x
(k)
i −m(k))(x

(k)
i −m(k))T

with m(k) and m are respectively the cluster mean of
the k-th cluster and the total sample mean, and nk is
the number of instances grouped in k-th cluster. Solving
this problem results in that w is the eigenvector corre-
sponding to the largest eigenvalue of the matrix S−1

W SB .
Usually in practice, when the number of clusters is only
2, one may need only a single dimension w to capture
the solution. For a more general case where the number
of clusters is q+1, a set of q eigenvectorsw’s correspond-
ing to the q largest eigenvalues of S−1

W SB are selected.
Therefore in our approach, we choose such q eigenvec-
tors as the optimal subspace S encoding for C(1). Each
row in S corresponds to a projected data instance and
the number of columns in S equals to the number of
retained eigenvectors. Recall that the projected data
instances in S strongly support the reference cluster-
ing C(1) (i.e., highly correlated to the cluster labels in
C(1)). Consequently, by taking the orthogonal condi-
tion of STy, the newly mapped data, the yi’s, should
be decorrelated from the reference solution C(1).

4.3 Solving the Constrained Objective Func-

tion. For solving the objective function with the con-
straint in Eq.(4.1), we can use the Lagrange method.
First, let D be the diagonal matrix with Dii =

∑
j Kij

and let L = D − K, then by expanding the sum in
Eq.(4.1), we can obtain the following function:

∑

i,j

fTxiKijx
T
i f −

∑

i,j

fTxiKijx
T
j f (4.3)

=
∑

i

fTxiDiix
T
i f − fTXKXT f

= fTXDXT f − fTXKXf

= fTXLXT f

We need to put another constraint fTXDXT f = 1
to remove f ’s scaling factor. Then using the Lagrange
method with two Lagrange multipliers α and β, we solve
the following function:

L(α, β, f) = fTXLXT f − α(fTXDXT f − 1)− βSTXT f

(4.4)

For simplicity, let us denote:



L̃ = XLXT

D̃ = XDXT and

S̃ = XS

It is easy to verify that D̃ is symmetric and positive
semi-definite. Moreover, there exists D̃−1/2 and its
transpose being identical. We therefore change the
variable f = D̃−1/2z. It follows that:

fT L̃f = zT D̃−1/2L̃D̃−1/2z = zTQz

and the two constraints respectively are:

fT D̃f = zT z = 1

S̃T f = S̃T D̃−1/2z = 0

Hence, our Lagrange function can be re-written as
follows:

L(α, β, z) =
1

2
zTQz−

1

2
α(zT z− 1)− βUT z (4.5)

of which we have used UT to denote S̃T D̃−1/2 and
adding the constant 1/2 does not affect our optimization
objective. Taking the derivative of L(α, β, z) with
respect to z and setting it equal to zero give us:

δL

δz
= Qz− αz− βU = 0 (4.6)

Left multiplying UT to both sides results in β =
(UTU)−1UTQz and substituting it into Eq.(4.6), we
derive:



αz = Qz− U(UTU)−1UTQz

=
(
I − U(UTU)−1UT

)
Qz

= PQz

which is an eigenvalue problem with P = I −
U(UTU)−1UT . It is worth mentioning that PQ might
not be symmetric albeit each of its individual matrices
being symmetric. However, it is observed that PT = P
and P 2 = P , so P is a projection matrix. Conse-
quently, it is true that α(PQ) = α(PQP ) or equiva-
lently the eigenvalues of both matrices PQ and PQP
are the same. So instead of directly solving PQz = αz,
we solve PQPv = αv, with v = P−1z.

Notice that the eigenvalues αi’s of PQP are al-
ways no less than zero and the smallest eigenvalue
is indeed α0 = 0, corresponding to the eigenvector
v0 = P−1D̃1/21, where 1 is the unit vector. We thus
remove such trivial eigenvalues/vectors from the solu-
tion. Consequently, the first nontrivial eigenvector v

will correspond to the smallest non-zero eigenvalue α.
This leads to our first optimum transformation vector:

f = D̃−1/2Pv

and subsequently the optimal mapping feature yT =
fTX. Generally, in the case where we want to use
q transformation vectors to transform X into an q-
dimensional subspace Y , i.e. Y = FTX, we can select
the set of q vectors f = D̃−1/2Pv corresponding to
the q smallest positive eigenvalues of PQP . Similar to
the FDA approach, we select q equal to the number of
clusters desired for the alternative clustering C(2) minus
1. Given such novel mapping data, we apply the k-
means to obtain the alternative clustering C(2).

It is worth mentioning that our algorithm can be
extended to find multiple alternative clusterings based
on the observation that it aims to find a subspace
supporting each clustering solution. Therefore, it is
straightforward to include all subspaces of previously
found solutions as columns in the S matrix when
searching for a novel alternative clustering. Certainly,
the number of alternative clusterings can be given by the
user or we can iterate the process until the total sum
of square distances (computed in k-means) for a novel
clustering is significantly larger than those of previously
found clusterings.

5 Experiments.

In this section, we provide some initial experimental
results regarding our method, which we name ACCP
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Figure 1: Alternative Clustering returned by our al-
gorithm on the synthetic dataset (best visualization in
color)

(Alternative Clustering with Constrained Projection)
on synthetic and real-world datasets. Since our algo-
rithm explores the subspace transformation approach,
we mainly compare it against other techniques which
also adopt this direction. In particular, its clustering
performance is compared against two methods from [6]
which we denote by Algo1, Algo2 respectively and the
ADFT algorithm from [10]. For ADFT, we implement
the gradient descent method integrated with the itera-
tive projection technique (in learning the full family of
the Mahalanobis distance matrix) [29, 30]. For all algo-
rithms, including ours, we use k-means as the clustering
algorithm applied in the transformed subspace.

We evaluate the clustering results based on cluster-
ing dissimilarity and clustering quality measures. For
measuring the dissimilarity/decorrelation between two
clusterings, we use the normalized mutual information
(NMI) that has been widely used in [11, 17, 27] and the
Jaccard index (JI) which is used in [3, 10]. For measur-
ing clustering quality, we use the Dunn Index (DI) [3,

10], which is defined by DI(C) =
mini6=j{ δ(ci,cj)}
max1≤ℓ≤k{△(cℓ)}

where

C is a clustering, δ : C ×C → R
+
0 is the cluster-to-

cluster distance and △: C→R
+
0 is the cluster diameter

measure. Note that for the NMI and JI measures, a
smaller value is desirable, indicating higher dissimilar-
ity between clusterings, whereas for the DI measure, a
larger value is desirable, indicating a better clustering
quality.

5.1 Experiments on Synthetic Data. For testing
the performance of our algorithm on a synthetic dataset,
we take a popular one from [10, 3] that is often used
for alternative clusterings. This dataset consists of 4
Gaussian sub-classes, each containing 200 points in a 2-
dimensional data space. The goal of using this synthetic
dataset, when setting k = 2, is to test whether our
algorithm can discover an alternative clustering that is
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Figure 2: Clustering performance returned by four
algorithms on the Cloud data

orthogonal to the existing one. In Figure 1, we show the
clustering results returned by our algorithm. Given the
reference clustering C(1) which groups two Gaussians on
the top and two Gaussians in the bottom as each cluster
(shown in Figure 1(a)), ACCP successfully uncovers
the alternative clustering C(2) which categorizes two
Gaussians on the left and two ones on the right as
clusters (shown in Figure 1(b)).

5.2 Experiments on the UCI data. We use two
real-world datasets from the UCI KDD repository [2]
to compare the performance of our algorithm against
the other techniques. The first dataset is the Cloud
data which consists of data collected from a cloud-
seeding experiment in Tasmania in the time between
mid-1964 and January 1971. For a reference clustering,
we run the k-means algorithm (with K = 4 as the
number of clusters) and its resultant clustering is used
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Figure 3: Clustering performance returned by four
algorithms on the Housing data

as the reference solution for all algorithms. The second
dataset is the Housing data which consists information
about the housing values collected in Boston’s suburbs.
Similar to the Cloud data, we apply k-means algorithm
on this dataset and use it as the reference solution for
all algorithms. We show the clustering performance of
all techniques in Figures 2 and 3 respectively for the
Cloud and Housing data.

As observed from all figures, our algorithm performs
better than two techniques developed in [6] and the
ADFT one in [10]. Its clustering dissimilarity measuring
by the normalized mutual information and the Jaccard
Index is lower than that of Algo1, Algo2 and ADFT
whereas the clustering quality quantified by the Dunn
Index is higher. This advantage can be justified by
the approach of ACCP. Though all algorithms adopt
a linear projection technique to derive a novel subspace
that is decorrelated from the reference clustering, the



ACCP further takes into account the local neighborhood
proximity of the data by retaining that property in the
novel low dimensional subspace. The novel clustering
structure in this learnt subspace therefore is more
prominent compared to that of the other techniques
which only attempt to minimize the correlation between
two subspaces. Moreover, though the derived subspace
of all techniques is ensured to be independent from
the provided clustering, it is still possible that the
alternative learnt from that subspace might not strongly
decorrelated since there is a need to optimize for the
clustering objective function as well. This generally
explains for the difference in the NMI and JI measures
of all methods.

6 Conclusions and Future Studies.

In this paper, we have addressed an important problem
of uncovering multiple clustering views from a given
dataset. We propose the ACCP framework to learn
a novel lower dimensional subspace that is not only
decorrelated from the provided reference clustering but
the local geometrical proximity of the data is also
being retained. By the second objective, our work
goes beyond the others, which also adopt a subspace
learning approach for seeking alternative clusterings, yet
only focus on the dissimilarity property of the novel
clustering. More importantly, we have demonstrated
our dual-objective can be formulated via a constrained
subspace learning problem of which a global optimum
solution can be achieved.

Several initial empirical results of the proposed
framework over the synthetic and real world datasets
are given. Certainly, these results remain preliminary
and more experimental work should be done in order
to provide more insights into its performance. Addi-
tionally, though our framework is claimed to be capable
of finding multiple clustering views, its performance on
some suitable datasets has not been verified. Determin-
ing an ideal number of alternative clusterings still needs
to be formally addressed. We leave these problems as
an important and immediate task of the future work.

In addition to the above issues, our research in this
paper opens up some potential and interesting direc-
tions for future studies. Specifically, despite advancing
the subspace based learning approach for the alternative
clustering problem, our research has exploited a hard
constraint solution to ensure alternatives’ dissimilarity.
Such an approach might be too strict in some practical
applications and thus some novel approaches based on
soft constraints could be interesting. This implies that a
trade-off factor between two criteria of subspaces’ inde-
pendence and intrinsic data structure retaining can be
introduced, or we can constrain the subspace’s decor-

relation criteria to no less than a given threshold. In
either of the two cases, a data-adaptive learning tech-
nique is required and the compromise between two fac-
tors is worth to study both theoretically and empirically.
Furthermore, our research has not yet focused on the in-
terpretation regarding the resultant alternative cluster-
ings. This is an important problem, especially from the
user perspective. Which features are best to describe a
clustering solution and which ones are least correlated
with respect to that solution are all informative to the
user in understanding the data. Compared to a nonlin-
ear subspace learning approach [7], our research direc-
tion in this work is beneficial due to its linear subspace
learning approach. That means the linear combination
amongst the original features is explicitly represented in
the transformation matrix F . However, seeking for an
optimal and concise set of features that best character-
izes for a clustering solution is still a challenging issue
given the fact that the number of original data features
is usually huge. We believe that these open issues are
worth to be further explored and studied.
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