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a  b  s  t  r  a  c  t

We  seek  to find  the best ways  to  achieve  a  minimum  grid  with  a given  target  accuracy  in  the  computed
current  in  the  simulation  of  a diffusion  limited  chronoamperometric  experiment  at  an  ultramicrodisk
electrode.  We  present  some  results  for  direct  discretisation  on  the  cylindrical  geometry  in  (R,  Z) space
and  in  transformed  coordinates  (�, � ), comparing  four  commonly  used  transformations.  In  all  cases,
eywords:
igital simulation
inimum grid
isk electrode
inite differences

the use  of multi-point  spatial  derivative  approximations  are  explored  to  find  an optimum.  Orthogonal
collocation  is studied  in  the  two  dimensions,  and  found  less  efficient  than  an  evenly  divided  grid and
smaller  multi-point  approximations.  The  eigenvalue–eigenvector  method  is  studied  and  found  to  be
relatively  inefficient  but  was  useful  in providing  some  information  on error  waves  seen  with  three  of  the
four  transformations  used.  These  error  waves  are  not  due  to an error  propagation,  a fact  that  became
clear  from  the  eigenvalue–eigenvector  method,  which  reproduced  the  waves.

© 2012 Elsevier Ltd. All rights reserved.
. Introduction

There is constant interest in the digital simulation of electro-
hemical processes at ultramicroelectrodes of various geometries.
he early paper by Flanagan and Marcoux [1] simulated the disk
lectrode, using the simple explicit method of Feldberg [2].  At the
ime, the question was in what way the current-time behaviour
eviated from that of a plane electrode (Oldham’s “shrouded plane”
3]). This was followed by Kakihana et al. [4] (also using the explicit

ethod) and Heinze [5] (an early use of the alternating direction
mplicit method ADI [6] see the Glossary for abbreviations), still
ursuing the deviation.

It was noticed early that the ultramicrodisk and -band have an
dge problem of a current density singularity, both experimentally
7] and theoretically or by simulation [1,3,8–21], and the singu-
arity is implicit in Saito’s 1968 work [22], which is the source
or the steady state value of the current at a disk (although Saito
id not remark on the edge effect). The edge effect led Gavaghan
23] to design a mesh for the simulation of the disk that used
ery unequal intervals, concentrated not only near the disk sur-

ace but also at its edge. This type of mesh has been used by
thers subsequently for the disk itself [24,25], for a microband
26,27], arrays of disks [28], the scanning electrochemical

∗ Corresponding author. Tel.: +45 87155332; fax: +45 86196199.
E-mail addresses: britz@chem.au.dk (D. Britz), oleby@cs.au.dk (O. Østerby),

oerg.strutwolf@uni-tuebingen.de (J. Strutwolf).

013-4686/$ – see front matter ©  2012 Elsevier Ltd. All rights reserved.
ttp://dx.doi.org/10.1016/j.electacta.2012.06.009
microscope geometry [29,30], the disk recessed into a conical well
[31], the conical electrode protruding from an insulating plane [32],
the conical tip electrode [33], the disk flush with a spherical surface
[34,35], a finite length cylinder [36] and the three-dimensional case
of a finite length band [37]. In some cases, such as the disk, band and
the disk in a recess with sloping walls, conformal or quasiconformal
maps can be used to advantage, and there have been several of these
suggested for the disk [38–41] (most of these can also be applied
to the band of infinite length) and the disk in a recess with sloping
walls [42]. The above list is a small selection of a large number of
such works.

There is a need to examine methods of simulation of
chronoamperometry at these electrodes with the aim to minimise
computation time, because they all lead to two-dimensional discre-
tised grids. In the following, a number of approaches are examined,
focusing on the geometry of the circular disk flush with an insulat-
ing plane. The results can then be used for other geometries where
conformal (or quasiconformal) maps have been found, such as the
band electrode and the recessed disk [42] and, in the case of the
direct method, for other two-dimensional systems as well.

The following methods were investigated:

1. Moving m-point spatial derivative approximations in (R, Z) coor-
dinates;
2. Moving m-point spatial derivative approximations in trans-
formed coordinates;

3. Orthogonal collocation (OC);
4. The eigenvalue–eigenvector method.

dx.doi.org/10.1016/j.electacta.2012.06.009
http://www.sciencedirect.com/science/journal/00134686
http://www.elsevier.com/locate/electacta
mailto:britz@chem.au.dk
mailto:oleby@cs.au.dk
mailto:joerg.strutwolf@uni-tuebingen.de
dx.doi.org/10.1016/j.electacta.2012.06.009
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Table  1
Transformations from (R, Z) to (�, � ).

Transf. R = Z = Reference

MF
√

(1 + � 2)(1 − �2) � � Morse and Feshbach [47, p. 1292]
MWA  cos � cosh � sin � sinh � Michael, Wightman and Amatore [39]

2 1/2 � tan
sin �
cos �
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AF (1 − � ) /cos �
VB  cos � cosh �

1−�

OAS sin �/cos �

ll these were computed using finite differences (see later for
etails), and the first was also run using the finite element package
OMSOL Multiphysics®.

The example system chosen here is the potential step to a diffu-
ion limiting potential. This is a severe test of any method, because
f the sharp initial transient, which causes rather large errors at
hort times, even with methods that quickly damp errors such as
I and BDF, which were used here. The advantage of using this
est system is that exact reference values for the disk electrode
re known [43,25]. Other test systems are possible, such as linear
weep voltammetry (LSV) or cyclic voltammetry (CV). For a given
umber of steps in potential, LSV or CV will use the same cpu time
s the same number of steps in the system used here, as there
s a fixed coefficient matrix in both cases. This is also the case if
rst-order homogeneous chemical reactions are involved, the only
ifference then being in the coefficients. The transformed grids are
esigned such that there is close spacing near the electrode, which
an accommodate rather small reaction layers if present. Very fast
eactions and reactions involving concentration fronts in the bulk
way from the electrode require other methods, and are not consid-
red here. For second order homogeneous chemical reactions, the
oefficients vary with time and then the coefficient matrix must be
omputed anew at every new step, greatly increasing the cpu usage.
t was considered that the results obtained with the potential step

ill be transferable to systems requiring repeated computation
atrices.

. Theory

The reaction used as example here is the simple potential step
ith the reaction

x + e− → Red (1)

o a potential where the reaction rate is limited by diffusion.

.1. Governing equation in cylindrical coordinates

The disk geometry is illustrated in Fig. 1. Cylindrical coordi-
ates (R, Z) are used, already normalised by the disk radius a. The
artial differential equation in this system for the potential step
xperiment is
∂C

∂T
= ∂2

C

∂R2
+ 1

R

∂C

∂R
+ ∂2

C

∂Z2
(2)

Fig. 1. The disk geometry.
 � Amatore and Fosset [38]
 sinh �

1−�
Verbrugge and Baker [40]

 tan � Oleinick, Amatore and Svir [41]

in which time t and concentration c are also normalised by

T = Dt

a2

C = c

cb
,

(3)

D being the diffusion coefficient and cb the bulk concentration. For a
diffusion limited chronoamperometric experiment, the normalised
set of boundary conditions is

T ≤ 0, all R, Z : C = 1 (4a)

T > 0, R ≤ 1, Z = 0 : C = 0 (4b)

R = 0 :
∂C

∂R
= 0 (4c)

R > 1, Z = 0 :
∂C

∂Z
= 0 (4d)

R → ∞,  Z → ∞ : C = 1. (4e)

Boundary conditions (4c) and (4d) are due to symmetry around
these lines, leading to zero flux across these. They can be discre-
tised as such by using one-sided derivative approximations, as
is normally done [38,40,44].  It has been argued [45, p. 232] and
investigated later [46] that these discretisations are not needed,
as diffusion can be applied in these places, taking into account
the symmetry in the discretisation formulae (see later). This ought
to provide better accuracy as more information is made use of.
The study [46] concluded that results are identical but in the
present study, the zero gradients were nevertheless not made use
of directly, for the sake of more accurate computation and to make
the eigenvalue–eigenvector method safe to implement.

The above equations and boundary conditions lead to the direct
method, that is, discretising the pde (2) directly (and using unequal
intervals, see below). However, clearly, this is inefficient compared
to using a transformed grid, which will be described. The direct
method is included here because for some geometries, no transfor-
mations have been found and the direct method is then the only
one possible, and should be optimised.

2.2. Governing equation in transformed coordinates

Several transformations were compared in this work, as tabu-
lated in Table 1. In all cases, the new coordinates are (�, � ). The
transformation in Morse and Feshbach (MF) [47] has been used in
only one electrochemical study [48] to our knowledge. It leads to
a rather simple and elegant new pde and does concentrate points
in the critical area around (R, Z) = (1, 0) but unfortunately it was
found to perform very poorly compared to the others and will not
be mentioned further here.

Four commonly used transformations: those due to Michael,

Wightman and Amatore (MWA)  [39], Amatore and Fosset (AF) [38],
Verbrugge and Baker (VB) [40] and Oleinick, Amatore and Svir (OAS)
[41] were compared. VB was found to be the most efficient, closely
matched by OAS.
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Table  2
pde coefficients and other quantities for the transformations. For the current integrals I, C� denotes ∂C/∂� |� =0.

Quantity MWA  AF VB OAS

F sin 2 � + sinh 2 � �2 + tan 2 � sin2 � + sinh2
(

�
1−�

)
cos2 �+sin2 � sin2 �

cos2�

a� 1 1 − �2 1 1
b� − tan � −2� − tan � cot �
a� 1 cos 2 � (1 − � )4 cos 2 �

b� tanh � 0 (1 − � )2 tanh
(

�
1−�

)
− 2(1 − � )3 0

�max
�
2 1 �

2
�
2( )

cosh−1(1+L)
( )

p
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2
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b

� max cosh −1(1 + L) cos−1 1
1+L

I �
2

∫ �/2

0
cos � C� d� �

2

∫ 1

0
C� d�

The transformations above (MWA,  AF, VB and OAS) lead to a new
de of the general form

∂C

∂T
= 1

F

(
a�

∂2
C

∂�2
+ b�

∂C

∂�
+ a�

∂2
C

∂� 2
+ b�

∂C

∂�

)
(5)

nd Table 2 shows the coefficients. Note that there is an error in [45]
n the coefficients for OAS. The ranges for � can be either 0, . . .,  1 or
, . . .,  �/2; the choice has of course an impact on the transport pde
nd coefficient and current expressions; they have been chosen so
s to simplify these expressions. The table includes the maximum
alues of the transformed coordinates �max and � max (see below)
nd the expression for the current I, normalised to the steady state
urrent at a disk, as found by Saito [22].

The boundary conditions are then

 ≤ 0, all �, � : C = 1 (6a)

 > 0, � = 0 : C = 0 (6b)

 = �max : C = 1 (6c)

 = 0 :
∂C

∂�
= 0 (6d)

 = �max :
∂C

∂�
= 0. (6e)

.3. Methods

.3.1. Multi-point discretisations
Multi-point approximations to the spatial derivatives can be

pplied to the direct grid in (R, Z) or to the transformed coordi-
ates in (�, � ). This has been approached previously [44] but not
ptimised at the time. The method consists of using an m-point
pproximation to the derivatives across the (N + 1)-point row or
olumn of the grid, where m ≤ N + 1. For each position i = 0, . . .,  N + 1,
his leads to m coefficients, so that for the whole row or column,
here is an (N + 1) × m table of such coefficients for each coordinate.
or example, along a window of points, for a point indexed with i,
e find i1 and i2 such that the window xk, k = i1, . . .,  i2 is centred

n the point at i for odd m and almost so for even m.  The derivative
pproximation is then for general variable u

∂ui

∂x
≈

i2∑
k=i1

bpuk (7)

here p = k − i1 + 1 because the approximation coefficients are
ndexed from 1 to m.  Coordinate x is either � or � . For points near
he edges at � = 0 or �max (indices 0 or N�), there are several strate-
ies, see Section 3.2.3. The aim here is to optimise both N and m,
ith a target error condition in mind.
The coefficients for the approximations can be obtained eas-
ly by using the Fornberg algorithm [49] (both a C++ due to L.K.
ieniasz (private communication) and Fortran90 realisation can
e obtained from one of us (DB)). This algorithm is more accurate
1+cosh−1(1+L)
cos−1 1

1+L

�
2

∫ �/2

0
cos � C� d� �

2

∫ �/2

0
sin � C� d�

than the matrix calculation previously described [45, p. 44], that
is, it yields accurate derivatives up to higher values of m;  in this
work, m going as high as 30 have been used with good accuracy.
The Fornberg algorithm yields m coefficients over a stretch of m
points, for derivatives of a desired order (or in fact interpolation if
wanted); in the present case, first and second spatial derivatives.
These are multiplied by b� and a� for first and second derivatives
respectively along �, and b� and a� for first and second derivatives
along � , seen in (5).

2.3.2. Orthogonal collocation
OC is a special case of multi-point approximations, where

m = N + 1, that is, all points in a row or column are used, and the
points are distributed as the roots of certain polynomials, often
chosen as Jacobi polynomials [50], that exhibit close spacing at
either end of the row. Jacobi polynomial roots require cumber-
some computation, and Chebyshev polynomial roots were found
to perform equally well. Speiser and Pons applied the method to
a two-dimensional simulation [17,18], as did Parikh and Liddel
[51–53]. Descriptions of OC are normally somewhat heavy on lin-
ear algebra but in fact OC, whether in one or more dimensions,
can be simply implemented by the derivative approximation for-
mula applied to a stretch of points at xj, j = 0, . . .,  N, for the roots of
Chebyshev polynomials shifted to the range [0, 1]

x0 = 0

xj = 1
2

(1 − cos �j) (j = 1, . . . , N − 1, �j = �(2j  − 1)
2(N  − 1)

)

xN = 1

(8)

and scaling to the length desired. The application of the Fornberg
algorithm to all N + 1 points of the row and column (each with
its own  range) results in two  (N + 1) × (N + 1) matrices for each of
the first and second derivatives. These are however combined in
practice, see below.

2.3.3. Eigenvalue–eigenvector method
There is a good description of this method in Smith [54], which

is the basis of the present implementation. The method was intro-
duced into electrochemical simulations by Friedrichs et al. [55],
followed by one other work [56]. It is also described in [45, p. 182].
The method starts with the discretisation only of the space vari-
ables in (5),  leaving the left-hand side as it is. This generates a
system of ordinary differential equations. We  anticipate here the
computational information to be given later, by noting that the
two-dimensional grid of concentration points on (�, � ) is unfolded
into a one-dimensional vector of unknowns u, using a suitable

mapping function. This yields a number N = (N� + 1) × (N� + 1) of
unknowns, unfolded such that the first N� + 1 points are those for
the electrode (� = 0, j = 0, . . .,  N�) and the last N� + 1 are those for the
bulk, � = � max, same j range. These are all fixed (at zero and unity,
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espectively) and therefore their entry into the system of equations
s simply ∂uk/∂T = 0, k = 1, . . .,  N� , N − N� + 1, . . .,  N. We  then have

du
dT

= Au (9)

ith A being the matrix of coefficients from the space discretisa-
ion. The boundary conditions are included in this in that the fixed
alues are included as mentioned, and the initial values as given by
6a) are represented as u0. The equations at the edge points, � = 0,
/2 are discretised as described below and they too have the form
u/∂T = f(u). This is one reason for not using the boundary condi-
ions (6d) and (6e) directly as this does not include a time derivative
although it can be obtained). Eq. (9) has the formal solution

(T) = exp(TA) u0. (10)

This requires computing the exponential of a matrix [57]. One
ay of doing this is to use the eigenvalues and eigenvectors of

 provided that A has a complete set of eigenvectors. If X is the
atrix of all eigenvectors of A and � a diagonal matrix with the

orresponding eigenvalues in the diagonal then

X = X� (11)

r

 = X�X−1 (12)

nd

xp(TA) = X exp(T�)X−1 (13)

here exp(T�) is simply the diagonal matrix containing the expo-
entials of the eigenvalues multiplied by T (see Smith [54] or [45,
. 182] for more details). The method has the disadvantage that all
igenvectors and -values must be computed, but after this, compu-
ation of (10) for a number of wanted T is very fast. It is sometimes
ot necessary to know concentration profiles at a large number of
imes, so this method allows computing only at those times that are
anted; whereas with a time-marching simulation method, rather

mall steps in time must be taken in order to achieve a given accu-
acy. Here, the accuracy depends only on the grid intervals and the
recision to which the eigen quantities can be computed. Smith [54]
implifies the method further, by using only the eigenvalue with the
mallest magnitude (they have negative real components), because
he others do not contribute as much to the solution. This was not
sed in the present study because once the initial computations
re done, the application of (10) is very fast, so no such savings of
omputer time are needed.

It is worth noting that this method does not involve propagation,
either of the concentration values, nor errors in these, from one
tep to the next, as happens in time-marching methods such as BI
r BDF. The concentration profile for each desired time is computed
irectly without stepping in discrete time intervals, so there is no
ropagation. This point becomes relevant below in the context of
rror waves in time.

.3.4. Note on COMSOL
Due to the ease of use and its versatility, the commercial finite

lement software package COMSOL Multiphysics has been fre-
uently employed for simulation in electrochemistry, especially for
imulation of diffusional transport and kinetics at micro electrodes.
o give an impression how COMSOL Multiphysics, developed for a

ariety of physics and engineering simulations, including coupled
henomena, compares to self-written code optimised for a specific
roblem, we implemented the UMDE transient problem in COMSOL
ultiphysics using the diffusion application mode.
Fig. 2. Coarse example grid from the direct discretisation of (2).

3. Computational details

3.1. (R, Z) space simulations

Fig. 2 shows the grid used in (R, Z) space. This must have unequal
intervals, concentrated both near the electrode in the direction Z
and near the disk edge in both directions, as described by Gavaghan
[23]. Derivatives are then computed on this uneven grid, but the
coefficients for these are, as mentioned above, obtained by using
the Fornberg algorithm [49]. This leads to three sets of approxi-
mation coefficients, bR and aR for the first and second derivatives,
respectively, along R, and aZ for the second derivative along Z, so
that at the grid point indexed with (i, j) we have the semidiscretised
form of (2),

∂C

∂T

∣∣∣∣
i,j

≈
j2∑

k=j1

(
aR(j, k) + 1

Rj
bR(j, k)

)
Ci,k +

i2∑
k=i1

aZ (i, k)Ck,j (14)

for all points except the boundary points and the axis. The coef-
ficients for R can be lumped into weighting factors wR, leading
to

∂C

∂T

∣∣∣∣
i,j

≈
j2∑

k=j1

wR(j, k)Ci,k +
i2∑

k=i1

aZ (i, k)Ck,j. (15)

With these coordinates there is the problem of the term in 1/R
on the axis, where R = 0. One could simply use the condition (4c),
discretising it as one-sided approximation. It is however better to
allow diffusion in this region by using both second spatial deriva-
tives, invoking (4c) only in the sense of symmetry about the axis.
The 1/R  problem is handled as suggested by Crank and Furzeland
[12], using the Maclaurin formula

lim
R→0

(
∂2

C

∂R2
+ 1

R

∂C

∂R

)
= 2

∂2
C

∂R2
(16)

which eliminates the axis problem. The m points then straddle the
axis as described above for the left- and right-hand edges of the
transformed grids, for example (25).

There is a need to set spatial limits to the grid, making use of the
limit quantity L. This is normally set to the value 6

√
Tmax since the

seminal paper by Feldberg in 1969 [2], Tmax being the dimensionless
maximum time. For the Cottrell simulation in one dimension, this

factor leads to an outer boundary at which during the observation
time Tmax, there are no changes in concentration greater than 10−4

relative to the bulk concentration. To ensure better accuracy in the
present study, L was  always set equal to 8

√
Tmax.
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For the cylindrical space in (R, Z) maximum values Rmax and Zmax

re

Rmax = 1 + L

Zmax = L.
(17)

The computational domain for the COMSOL simulations is the
ame as for the finite difference simulations and given by Eq. (17).
riangular elements are used for creating the mesh.

Fixed spatial grids were used. Adaptive grids are possible and
ave been used, for example by Harriman et al. [58–63] and Nann
nd Heinze [64] for two-dimensional systems, but are of advantage
nly in (R, Z) space. In transformed space, there is very close spacing
here it is needed, near the electrode, accommodating almost all

pplications except sharp concentration changes away from the
lectrode, which are a special area of study, not dealt with in the
resent work.

.2. Transformed coordinates

The grids in (�, � ) transformed coordinates are divided into
espectively N� and N� intervals, evenly except in the case of
C, where the grid points are placed as the roots of Chebyshev
olynomials, as given above, in both directions and scaling to the
aximum values. In this case, we have both first and second spatial

erivatives in both coordinates, leading to lumped coefficients and
 semidiscretised form at grid point (i, j)

∂C

∂T

∣∣∣∣
i,j

≈
j2∑

k=j1

w�(j, k)Ci,k +
i2∑

k=i1

w� (i, k)Ck,j, (18)

� and w� being composites of the coefficients a� , b� and a� , b� .

.2.1. Limits
The maximum time to which the simulation is to be driven is

max. Two values of Tmax were chosen as examples: 1 and 50. The
ormer means that a simulation is driven to some observation time,
hile the latter is typically the number of dimensionless time units

or a cyclic voltammetry scan, if the (dimensionless) potential range
overs 24 units, forward, and backwards.

For the spatial limits in the case of transformed coordinates, see
able 2. These are explained in [45, p. 229] but essentially ensure
imits equivalent to those described for cylindrical coordinates, in
17).

.2.2. Time discretisation
The pde

∂C

∂T
= ∇2C (19)

s now discretised in time. The simplest method is BI [65] which
ives

C ′
k

− Ck

ıT
=  D2C ′

k (20)

r

Ck = ıT(D2C ′
k − C ′

k) (21)

here D2 denotes the discretisation of the right-hand side of (19)
s detailed above in (15) and (18) and C′ denotes the unknown con-
entration to be found. This can be expressed as the linear system

′
C = B (22)

here A is the matrix of coefficients comprising those in Table 2
or the transformed grids and in this case B is the vector of known
oncentrations.
cta 78 (2012) 365– 376 369

BI  is in itself not very efficient, producing errors first-order in
time intervals. This is raised to second order by using extrapolation
[66,67], and this was used in the present study.

For three-point BDF [68–70],  the discretisation is

′Ck − 4Ck + 3C ′
k

2ıT
= D2C ′

k (23)

or

′Ck − 4Ck = 2ıT(D2C ′
k − 3C ′

k) (24)

in which now ′C are the previous concentrations. This leads again
to a linear system as above, with B now being the composite. These
linear systems must be solved at each step forward in time. BDF
was started by a single BI step to avoid the startup problem that
BDF has [71]. Another approach was  to use the Douglas–Rachford
method [72] but modified [73], which replaces solving a big linear
system by solving two  tridiagonal systems at each time step.

BDF is also used by COMSOL Multiphysics for the time discretisa-
tion. For the current problem COMSOL Multiphysics automatically
chooses first order BDF, or BI, to start the simulation. The upper
order of BDF is restricted to five.

3.2.3. Discretisation stencils
For points near the edges in the coordinate �, several strategies

can be employed, and results are almost identical for time-
marching simulations but not for the eigenvalue–eigenvector
method, as will be explained. One strategy, which could be called
“totally one-sided” is to use discretisation stencils wholly contained
within the grid. For a given m, this means the range of the stencil for
points near the edge at � = 0 will be (j1, j2) = (0, m − 1) up to an index
equal to (m − 1)/2 (integer division). For larger indices, both j1 and
j2 will move along the range, centring the stencil on each index. As
the stencil approaches the right-hand edge at � = �max, a few points
up to that at j = N� will share the same stencil (j1, j2) = (N� − m + 1,
N�). At both � = 0 and �max, the first derivative is set equal to zero due
to (6d) and (6e), and at all interior points we have approximations
for both first and second derivatives. Note that even though the
same stencil may  be used for different indices near the edges, the
coefficients will not be the same, as they depend on the reference
index.

Another approach may  be called “partly one-sided”; it makes
use of one-sided stencils for points near, but not on, the edges as
above, but on the edges only indirectly uses (6d) and (6e). Here, the
sequence of positions on the grid, �0, �1, . . .,  �N is extended beyond
both edges to mirror positions, leading to an augmented sequence
�−p, �−p+1, . . .,  �0, �1, . . .,  �N, �N+1, . . .,  �N+p where p = (m − 1)/2.
The positions are mirror images of those inside the grid, so that
�−1 = − �1, etc. and symmetry dictates that C−� = C� . The stencil for
the index 0 and N� then straddles that edge symmetrically for odd
m and nearly so for even m, and the routine of Fornberg computes
coefficients for the second derivative (there being no first). Those
coefficients that fall outside the grid are then added to their mirror
image positions inside the grid, and the approximation finally rests
on a smaller number of points. For example, if m = 5 then the five
computed coefficients b−2, . . .,  b2 lead to

∂2
C

∂�2
≈ b−2C−2 + b−1C−1 + b0C0 + b1C1 + b2C2

= b0C0 + (b−1 + b1)C1 + (b−2 + b2)C2 (25)

so that here j1, j2 = 0 and 2, respectively. This is justified by the fact
of symmetry around the edges. For indices close to but not on the

edges, one-sided stencils can then be used, the index stretching
from 0 to m.

The two above approaches have been compared [46] and found
to lead to the same results. It might be argued that the partly
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Fig. 3. Relative % current errors for direct simulations in (R, Z) space, using a grid
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ne-sided approach makes use of more information than the totally
ne-sided, but this does not appear to make a difference.

The third approach, here called “straddling” uses stencils strad-
ling the edges for all indices close to the edges and might be
egarded as the most rational. As with the partly one-sided, the
equence of positions along � is extended at both ends, and for
ndices up to (m − 1)/2 away from the edges, straddling stencils are
sed, folding the mirrored coefficients into grid points as above. As
n example, again for m = 5, at index 1 we would have

∂2
C

∂�2
≈ b−1C−1 + b0C0 + b1C1 + b2C2 + b3C3

= b0C0 + (b−1 + b1)C1 + b2C2 + b3C3 (26)

tc. and similarly for the other edge at �max. For even m, the stencils
ere chosen such that there was one more point inside the grid

han outside it; however, even m were generally avoided.

.2.4. Computers and methods
Independent computations were performed by the three

uthors, to ensure correctness. They were run (i) under Linux on a
ell PowerEdge R210 with Xenon X3430 processor using FreePascal
nd MATLAB [74]; (ii) under Windows 7 (64 bits) on a PC equipped
ith an AMD  Athlon® II X4 processor, using the gfortran 95/2003

ompiler V.4.6 and (iii) under Linux running on an Amitech Blue-
ine PC and Intel Fortran 90/95 V.11.3. All computations were run
sing IEEE 754 Standard double precision, giving approximately
6-decimal precision. The time marching simulations were done
sing, for the time integration, three-point backward differentia-
ion formula (BDF) [68–70] started with one backwards implicit or
aasonen [65] (BI) step; and by BI with extrapolation [66,67,75];  as
ell as by the Douglas–Rachford method [72,73]. All three meth-

ds produced very similar results and those for BI/BDF are those
resented in the tables. For the time-marching simulations, the dis-
retisations result in sparse banded systems of equations, for which
he sparse solver MA28 [76,77] was initially used (but see later). For
he eigenvalue–eigenvector method, the eigenvalues and -vectors
ere computed directly from the whole matrices using the rou-

ine RGG [78], converted to Fortran 90. There are Fortran packages
vailable for sparse matrices, but these have such large overhead
n terms of computing time that they do not recommend them-
elves for the relatively modest-sized matrices encountered with
he eigenvalue–eigenvector method as used here.

In all time-marches, a (dimensionless) time interval of 0.01 was
et, having been found to be sufficient, in the sense that then, only
he grid dimensions determined the simulation accuracy.

Errors in the current are reported as relative to exact known val-
es, which were obtained using the formulae of Mahon and Oldham
43] directly, changing from the short-time formula to the long-
ime one at T = 1, and also by making use of interpolation between
he tabulated current values from [25] in the region where the

ahon-Oldham formulae cross over, to avoid the (very) small sharp
hange in the computed error at a crossover point. An error target
f 0.1% was set. This may  appear too small, given the instrumental
ccuracy of current measurement, but it was decided to target an
rror that was smaller than practical measurement for safety. It was
ecided that this error must be satisfied over the range [Tmax/10,
max]. This time range is somewhat arbitrary, and a different, for
xample larger, range might have been chosen. A referee has sug-
ested using exponentially expanding time intervals, in order to
chieve the target errors at shorter times. This has been attempted,
nd it can indeed work; however, this has two problems. When

ach step is taken with a new time interval, the matrix of coeffi-
ients must be recalculated at every step, and LU-decomposed. This
reatly increases cpu use. The fixed interval of size 0.01 was  found
o be small enough so that errors depend mainly on the spatial grid
with N = 60 over all three regions, and multipoint spatial derivative approximations
with marked m values. The dashed line shows errors computed using N = 90 and
m  = 3.

intervals, so smaller time intervals do not help. One must therefore
refine the grid. The same benefits of such a finer grid and vari-
able time intervals can be obtained with a finer grid and fixed time
intervals, at only slightly increased cpu use. Varying time intervals
also render BDF less accurate; the three-point formula used here
must be modified. Using BI with extrapolation solves this prob-
lem but necessitates extrapolation. Simulations in (R, Z) space were
also performed using the finite element program package COMSOL
Multiphysics® version 3.5a.

4. Results and discussion

Cpu times given in the tables are those for the Amitech com-
puter. They are thus to be taken as relative to each other.

4.1. Direct simulation in (R, Z) space

The grids used the same number of exponentially expand-
ing intervals N in Z and R over the disk and in R over the gap
between the disk edge and the outer boundary; that is, in prac-
tice, NZ = NA = NR − NA. This was settled on after some exploratory
computations. The notation used here is NZ × NA (NR). The simu-
lations yielded some interesting results. Firstly, it was found that
there is an optimum minimum interval of 10−5; if an order of mag-
nitude smaller or larger value is used, accuracy suffers. The problem
with a smaller value is that then the expansion factor � [45, p. 105]
becomes larger, which degrades accuracy; for larger values, the size
of the minimum interval degrades the current approximation. A
� value no more than about 1.2 was found best. It was assumed
initially that multipoint approximations to spatial derivatives, i.e.
m > 3, would be optimal. Fig. 3 shows plots for a 60 × 60(120) grid,
for some marked values of m.  It appears that from m = 5, the simula-
tion satisfies the target error expectation, both at the final T but also
for the whole range [Tmax/10, Tmax]. However, some unexpected
features of cpu time needed for the computations emerged, see
Table 3. Two things are noteworthy: firstly the very small cpu time
for three-point approximations, and secondly the difference in the
cpu sequences for even and odd m for the sparse solver, the even m
requiring significantly more cpu time than the odd m. Both effects
are undoubtedly due to the inner workings of the sparse solver
MA28. This was confirmed by reprogramming the simulations using

a whole-matrix solver, not making use of the sparse nature of the
equation system (see the cpu times in the table). These are some-
what irregular but certainly not grouped into even and odd m;  and
the case m = 3 is not special in this case.
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Table  3
Cpu time for the simulations in (R, Z) (Fig. 3) to T = 1 on a 60 × 60(120) grid for some
values of m,  solution using both the sparse and the non-sparse solver.

m cpu/s (sparse) cpu/s (non-sparse)

3 0.6 24
4 16 34
5  13 80
6  104 103
7  41 105
8  207 128
9 55 129
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we note error waves, see Fig. 7. In that figure, m = 7 has been used,
and various grid dimensions, as marked. Firstly, the waves appear to
diverge, which might indicate a slight instability. They do become
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The very short cpu time needed for three-point approximations
uggests that this may  be the optimum, but a larger number of
rid intervals is needed for the target accuracy. It was found that

 90 × 90(180) grid, using m = 3 reached the target, using 1.8 s, still
uch faster than when using m = 5 with the coarser grid. The errors

re shown as the dashed line in Fig. 3. For larger Tmax = 50, however,
 125 × 125(250) grid was required for m = 3, using about twice the
ime needed for m = 5 and a 60 × 60 grid.

As with finite differences, a high number of mesh points close
o the electrode edge and surface is desirable. In COMSOL Multi-
hysics this is achieved by using free mesh parameters instead of
he default meshing. These parameters are the maximal sizes of the
triangular) elements along the electrode surface and at the elec-
rode edge as well as expansion factors. There are limits for the
alues of the maximal elements and the expansion factors. If the
aximal element size is too small and/or the expansion factor to

igh, triangularization of the computational domain is not possi-
le. By trial and error and convergence runs, we found values of

 × 10−5 and 8 × 10−4 for the maximal element size at the elec-
rode surface and the edge point and an expansion factor of 1.1 as
n optimum. These values are for an Rmax × Zmax domain for T = 1
see Eq. (17)). The resulting mesh contains 14 215 mesh points and
5 015 degrees of freedom.

Performing simulations with a target time of T = 1 and fixed time
teps of 0.01 resulted in an error of 0.52% at the target time, taking

 s of computing time. The computing time is only roughly compa-
able to the time measured for our own code, since it does not take
nto account calculation of the current and writing the output to the
ard disk, which is done in a post-processing mode. Allowing free
ime steps controlled by the local error and using default relative
nd absolute tolerance of 0.01 and 0.001, respectively, results in a
ercentage current error of 0.29 at Tmax = 1 using in total 209 time
teps. The computing time was 27 s.

.2. Comparison of the four transformations

It is also of interest to compare the different transformation for-
ulae, but this does not appear to have been done previously. Fig. 4

ased on runs on a 13 × 13 grid with m = 7 going to T = 1, provides an
ndication; AF is clearly the least accurate and VB and OAS perform
ery similarly. Fig. 5 shows errors over a larger time scale, (but see
elow for the waves seen there). All methods converge to within
he error band of ±0.1%. Thus, all four transformations are useful
ut AF and MWA  require a finer grid and longer cpu times than the
ther two.

.2.1. Verbrugge–Baker transformation, VB
Using the VB-transformed grid divided into equal intervals, and
imulating to Tmax = 1, it was found that a 13 × 13 grid could achieve
he required accuracy with m = 7 and 9, as is seen in Fig. 6. Cpu times
or the m values 3, 4, 5, 7, 9 were, respectively 4, 8, 8, 20 and 36 ms.
he optimum m is 7; smaller and larger values lead to larger errors
Fig. 5. % errors vs. T for a 13 × 13 grid with m = 7 for the four different transforma-
tions as marked, AF, MWA,  OAS and VB (see text).

or errors that do not satisfy the demand that it holds in the range
0.1 ≤ T ≤ 1. Larger m than the optimal result in both larger errors and
longer cpu times. For this system there is no special fast execution
with three-point approximations.

One might, looking at Fig. 6, assume that for all m > 3, there has
been convergence. However, when the time scale is extended to 50,
T

Fig. 6. Relative % current errors for a grid in �, � (Verbrugge–Baker transformation)
using an evenly divided 13 × 13 grid, with marked values of m.
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arked (same number of intervals in both directions) and m = 7. The points on the
wo  curves were computed using the eigenvalue–eigenvector method for the same
rid  dimensions.

maller, though still slowly diverging, as the grid is refined. This
s not an instability due to an error propagation as one might get
sing an unstable simulation method; this is shown by the points on
wo of the curves, obtained by the eigenvalue–eigenvector method,
hich computes a current directly for each T value, without step-
ing with time intervals. This is the reason that the word “waves”

s used here, rather than “oscillation”, such as one obtains with the
rank–Nicolson method [79] applied to problems with an initial
ransient [80,81], which are indeed oscillatory error propagation
ffects. We  have no explanation for this puzzling effect, which
s clearly a property of the transformed grid. The three transfor-

ations AF, OAS and VB all produce waves, but MWA  does not,
onverging to a constant error at large T (see Fig. 5), confirming
hat the errors are a function of the grid. Fig. 7 also shows that in
rder to get the target error band, an 18 × 18 grid is needed. For
arger Tmax still, more grid points would be needed.

.3. Using whole-matrix solutions

The sparse solver package MA28 has quite some overhead and
or smallish matrices, it it often better to ignore the sparsity of the
inear system and use a non-sparse solver. This was  investigated
or the VB grid for some grid dimensions and the results are shown
n Table 4. Even for grids as large as 30 × 30, which are larger than
eeded, the non-sparse solver is faster than the sparse solver. This is
onvenient for the programmer. In the case of (R, Z) coordinates, the
ituation is not as clear. Table 3 shows that for the 60 × 60 grid, the
on-sparse solver is faster for m = 6 and 8, where the sparse solver
as seen to be slow. In that case, it was found (above) that m = 3

s particularly fast but requires a finer grid for the target accuracy,

hat is, a 90 × 90(180) grid. The system to be solved has 16 471
nknowns, which requires much memory of the computer. It was
ossible to do this with the non-sparse solver directly in (R, Z) but

t required 945 s cpu time, and a day or so of real time, as there

able 4
pu times using the sparse and the non-sparse solver for a VB grid of stated dimen-
ions, simulating with steps 0.01 to T = 1. For all, m = 7.

Grid size Cpu/s sparse Cpu/s non-sparse

13 × 13 0.024 0.013
15  × 15 0.040 0.021
18  × 18 0.076 0.041
21  × 21 0.132 0.082
25  × 25 0.280 0.188
30  × 30 0.572 0.400
� max = 0.74275 is the computed � max value, and the dashed line is for the same
interval (0.74275/13) but with 17 intervals, making � max = 0.971. This line is barely
distinguishable from that for 13 intervals and the computed � max .

was a great deal of disk swapping, understandably. Against this, the
sparse solver needed 1.7 s for the same calculation. So, generally,
for the direct simulation in (R, Z), a sparse solver such as MA28 is
advisable.

4.3.1. Spatial limits
When working on the direct grid in (R, Z), the spatial limits

are easy to define, as given by (17). When using MWA  or AF, it
is necessary to transform these limits to appropriate transformed
coordinates. In all cases including VB, the variable � has set lim-
its, either [0, 1] or more conveniently [0, �/2] (which simplifies the
governing equations), but a maximum � max must be computed as
given in Table 2. It is a function of the chosen Tmax. VB spans the
whole semiinfinite diffusion space for 0 ≤ � ≤ 1, that is, � max = 1.
It was however found that using a � max value as computed from
the formula in the table results in significantly smaller errors, even
though � max is not much less then unity. The same result could be
achieved by increasing the number of intervals in � while fixing
their lengths, up to close to unity, showing that the interval size,
and a sufficient number of them, is crucial. For efficiency, the com-
puted value of � max is best, as it requires the smallest N� . Fig. 8
shows this effect. Note the dramatic effect of a � max value that is
too small. In that case, the diffusional space is too small and the
constant boundary condition (6c) is not appropriate and leads to
larger errors.

4.4. Orthogonal collocation

Here, the whole width and height of the grid is used for the
polynomial, that is, m� = N� + 1 and m� = N� + 1, the two  not nec-
essarily being the same (although in practice they were chosen
equal). The nodes were chosen as the roots of Chebyshev poly-
nomials as explained above, scaling to the ranges � max and �max.
Fig. 9 shows the result for Tmax = 1 and it is seen that we need a grid
of at least 14 × 14 for our target accuracy in the specified range,
requiring 0.044 s of cpu time. It was  found that in general, this
method required more cpu time than using evenly spaced points
and a smaller m, although for larger Tmax, the difference is not very
great.

4.5. Eigenvalue–eigenvector method
The eigenvalue–eigenvector method was not used in the case of
the direct system in (R, Z), there being too many nodes.

A curious phenomenon was  found here. Initially, the discreti-
sations were applied in the manner called “partly one-sided” in
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Table  5
Cpu use for the stated methods using the parameter sets needed to achieve the target error band of ±0.1% in the range (0.1, . . .,  1)Tmax . For the eigenvalue–eigenvector
method, two cpu times are shown, the first being that needed for the initial computation of the eigen quantities, the second for the actual current calculations at 10 chosen
T  values.

Method (coordinate system) Tmax Grid dimensions m cpu/s Figure

(R, Z) 1 60 × 60(120) 5 13
(R,  Z) 50 60 × 60(120) 5 36
(R,  Z) 1 90 × 90(180) 3 1.8 Fig. 3
(R,  Z) 50 125 × 125(250) 3 63
VB  (�, � ) sparse 1 13 × 13 7 0.024 Fig. 6
VB  (�, � ) sparse 50 18 × 18 7 0.53 Fig. 7
VB  as above, whole-matrix 1 13 × 13 7 0.013
VB  as above, whole-matrix 50 18 × 18 7 1.4
VB  with orthogonal collocation 1 14 × 14 (15) 0.044 Fig. 9
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ection 3.2.3, using only a straddling stencil on the edges of �. It
as found that for rather large N (in fact, larger than needed for

ccurate results), eigenvalues with positive real components
ppeared, rendering the method impossible, note Eqs. (10) and (13).
t was decided then to use the “straddling” stencil discretisation,
nd this removed the problem; all eigenvalues now had negative

r zero real components. This may  be seen as somewhat academic,
ecause the problem only arose for N that were larger than needed,
ut it was considered that it is better to be on the safe side.
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(17) 0.62 Fig. 10
7 0.5, 0.004
7 2.2, 0.020 Fig. 7

The method produces almost the same current values as the
time-march (there is no contribution from the time intervals here).
It requires significantly more cpu time during the computation of
the eigenvalues and -vectors than the time-march. After this phase,
however, computing currents at a number of T values is very fast.
For small times, the method produced slightly larger errors than a
corresponding time march, and for Tmax = 1, where a time march
required a 13 × 13 grid, the eigen-method required one of size
14 × 14 to achieve the error target. At larger Tmax, no differences
were found between the methods.

All in all, the eigenvalue–eigenvector method appears to be inef-
ficient. In the context of the present paper it was useful in the
sense that it produced the points indicated in Fig. 7, confirming
that the error waves seen in the time march do not stem from
the time march itself as an error propagation effect but must be a
property of the grid when the transformations AF, VB and OAS are
used.

4.6. Cpu times and efficiency

Table 5 shows a summary of the cpu times required for the var-
ious methods with the parameters required for our target error
band. These are relative to each other, as a more modern computer
would no doubt be faster, but do provide a comparison between
the methods. When Tmax = 1 VB, m = 7, non-sparse is fastest, fol-
lowed by sparse and OC. When Tmax = 50 VB, m = 7, sparse is fastest,
followed closely by OC. OC does not however have any advantage
over an equally divided grid and a smaller m. Working in (R, Z)
space directly if that is the choice, it is possible to get down to cpu
times of a few seconds or tens of seconds. The choice may be man-
dated, if the geometry is one for which no transformation has been
found.

5. Conclusions

A general purpose simulation package as COMSOL Multiphysics
might not be as efficient as specifically written code for the rel-
atively simple problem treated here. However, in addition to the
computing time alone, one might also consider the amount of
time which goes into writing and debugging program code. Using
the graphical user interface of COMSOL Multiphysics, the diffusion
problem is specified within a couple of minutes. However, the real
strength of COMSOL Multiphysics comes into play when solving
coupled phenomena, for example diffusion and momentum trans-
port, which was  not the subject here.
Considering Table 5, clearly the most efficient method is a time-
marching method such as BI or BDF on a grid transformed with the
Verbrugge–Baker conformal map  [40], taking the least cpu time
for a grid that is sufficiently fine so as to satisfy our target error
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riteria. This was achieved using a grid in (�, � ) only 13 × 13
ith m = 7. Larger values of m did not improve the results, rather

he reverse, as oscillations set in for these. Direct solution of the
inear system, not taking into account the sparse nature of the
inear system, is most efficient here, due to the computational
verhead of the sparse solver used. The three methods, BDF, BI
nd Douglas–Rachford performed very similarly, producing almost
dentical errors.

If one wants to discretise directly on the grid in (R, Z) space, then
easonably short cpu times can be achieved using grid point distri-
utions with exponentially expanding intervals in the Z direction
rom the electrode and in both directions away from the vertical line

 = 1. There is an optimum smallest base interval, below and above
hich the computation of the total current becomes less accurate;

enerally, an expansion factor no greater than about 1.2 is best. For
his system, a sparse solver such as MA28 should be used to solve the
inear system at each iteration in time. In this study, target errors

ere achieved either using 60 intervals in all three regions in this
pace (the Z range, the R range above the electrode and that above
he insulating area beyond the electrode), with m = 5 (13 s), but a
ner grid with N = 90 and m = 3 was even faster (1.8 s), due to the

act that the sparse solver becomes very fast for that m.  Going to
max = 50, we have a choice of a 60 × 60(120) grid with m = 5 (36 s)
r a 125 × 125(250) grid and m = 3 (63 s).

Even when using VB, it is beneficial to set the value of � max to
hat calculated by the formula in Table 2, which provides signifi-
antly smaller current errors than setting � max = 1.

Orthogonal collocation was found not to be as efficient as an
ven distribution of the grid points and an m smaller than the grid
imensions in both directions, so this method does not have an
dvantage over straight VB.

Using the transformations AF, VB and OAS, waves are
bserved in the current errors. Computations with the
igenvalue–eigenvector method, which does not involve discreti-
ation in time and therefore does not involve error propagation
in time), showed that these waves are not due to instability but

ust be a result of some grid property, that is the discretisation
sing these transformations. In all these cases, the waves elicit
hat appears as a slight divergence in time, which can be made

maller by refining the grid. With MWA,  there are no such waves,
he current error converging, with time, on a constant value, which
lso can be made smaller by grid refinement. To our knowledge,
hese waves have not been remarked on previously and it is not
lear what causes them. They do not appear when discretising
irectly in (R, Z).

Finally, the eigenvalue–eigenvector method is relatively inef-
cient. The method does have the perhaps desirable feature that
nly those current values at a chosen set of times need to be com-
uted, rather than (as here) in steps of ıT = 0.01. For coarse grids,
he target errors are not attained and upon refinement of the grid to
arameters known to be sufficient from a time-march with VB, the
ethod requires rather large cpu times. The discretisation method,

hat is, the placement of discretisation stencils, is critical with this
ethod and straddling stencils should be used for points near the

dges along � to avoid problems of eigenvalues with positive real
omponents.

In the present context, the method was useful in confirming the
rror wave phenomenon and the fact that it is not due to an error
ropagation. Also, it is applicable only in those rare cases where
he linear system has constant coefficients for all times, because
he computation of the eigenvalues and eigenvectors require the

ost cpu time and if they had to be computed separately for each

hosen time, the method would become even more inefficient. This
ould be the case, for example, for a simulation where the bound-

ry conditions change with time, such as variable time steps or if
he system involves second order homogenous chemical reactions.
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Appendix A. Nomenclature

a disk radius
c concentration
cb bulk concentration
C dimensionless concentration c/cb
Ci,j dimensionless concentration at indices i and j
I dimensionless flux, see Table 2
R dimensionless radial coordinate
T dimensionless time, see (3)
ıT dimensionless time step length
Z dimensionless axial coordinate
A coefficient matrix
B RHS vector as in (22)
X matrix of eigenvectors
� matrix of eigenvalues (on the diagonal)
� transformed coordinate, see Table 1
�max maximum �, see Table 2
� transformed coordinate, see Table 1
� max maximum � , see Table 2
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lossary
DI: Alternating direction implicit (method)
DF: backward differentiation formula (method)
F: Amatore and Fosset (transformation)
I: backward implicit (method)
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MF: Morse and Feshbach (transformation)
MWA: Michael, Wightman and Amatore (transformation)
OAS: Oleinick, Amatore and Svir (transformation)

OC: orthogonal collocation (method)
pde: partial differential equation
VB: Verbrugge and Baker (transformation)
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