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Introduction

The Strominger system, originally proposed by Strominger in [10], is a system of
coupled non-linear differential equations which arise as consistency conditions in
heterotic string compactifications with flux. From a mathematical perspective, it can
be considered as a generalization of the Kähler Ricci–flat equation for the case of
non-Kähler Calabi-Yau manifolds [5]. The Strominger system is expected to play an
important role in realising the proposal of M. Reid [9] on connecting Kähler Calabi-Yau
manifolds with different topology through non-Kähler (conifold) transitions [3, 5].

To solve the Strominger system one has to specify a conformally balanced Hermi-
tian form ω on a compact Calabi–Yau threefold X — a complex threefold endowed
with a nowhere vanishing holomorphic (3, 0) form Ω — and a Hermitian-Yang-Mills
connection A on a bundle E over X . The Strominger system can be stated as [8]

F 2,0 = F 0,2 = 0, F ∧ ω2 = 0, (1)

d(||Ω||ωω2) = 0, (2)

i∂∂̄ω − α′(tr(R ∧R)− tr(F ∧ F )) = 0, (3)

where F is the curvature of A, ||Ω||ω denotes the norm of Ω with respect to ω, α′ is
a positive real number — the slope string parameter — and R is the curvature of an
arbitrary unitary connection ∇ on the tangent bundle TX . The anomaly equation (3)
imposes the topological constraint

c2(E) = c2(X). (4)

Known Solutions

Solutions of the Strominger system are provided by Kähler Calabi–Yau manifolds set-
ting E = TX . The first non-Kähler solutions were constructed in 2004 by Li and
Yau [8], by simultaneously perturbing a Kähler Ricci–flat metric on a Calabi–Yau
threefold X and a reducible Hermite–Einstein metric on E0 = TX ⊕ (⊕rj=1OX), with
r = 1, 2. In order to find solutions with irreducible connection A, the metric perturba-
tion in [8] must be combined with a deformation of the initial holomorphic structure
on E0 to an stable bundle

TX ⊕ (⊕rj=1OX) E.

Non-compact examples have also been constructed using perturbative methods by Fu,
Tseng and Yau [15] on T 2-bundles over the Eguchi-Hanson space.

The first solutions on Calabi Yau threefolds which do not admit any Kähler metric were
given by Fu and Yau [6]. They work on a T 2 bundle over a K3 surface and reduce
the system to a Monge–Ampère equation. Examples of invariant solutions on compact
nilmanifolds have been obtained by Fernandez, Ivanov, Ugarte and Villacampa in [4].

The Strominger system and the equations of motion

One question which motivated our work in [1] was wether Li–Yau’s method in [8] can
be generalised to arbitrary stable bundles which satisfy the topological constraint (4).
A result along this lines has been originally conjectured in 1986 in a slightly different
framework by Witten [12], who gave evidence for this in [13]. Moreover, in [12] it is
argued that simultaneous solutions of the Strominger system (which correspond to
the anomaly equation and the supersymmetry equations up to one loop in the physics
literature) and the equations of motion of the heterotic string effective action can
be obtained by perturbation of a stable bundle over a Kähler Calabi–Yau manifold
satisfying (4). Relying on this, a second question we addressed in [1] was wether
Li–Yau’s method actually produce simultaneous solutions of the Strominger system
and the equations of motion.

In [1] we give an affirmative answer to the first question and prove that the solutions
we obtain satisfy also the equations of motion, when the initial Kähler Ricci–flat metric
has strict SU(3) holonomy. For this, we use a result of [4], namely, a solution of the
Strominger system (the supersymmetry and anomaly equations) implies a solution of
the equation of motion if and only if the connection ∇ on TX is an SU(3) instanton,
that is, its curvature R satisfies

R2,0 = R0,2 = 0, R ∧ ω2 = 0. (5)

As pointed out in [7], equation (5) completely determines the choice of ω-unitary
connection in the anomally equation (3) up to gauge transformations. The key idea
for our result is to interpret the data given by a stable vector bundle on a Kähler
Ricci–flat Calabi-Yau threefold as providing a solution of the Strominger system in the
large radius limit. This solution is then perturbed to a solution of the system using
the implicit function theorem, provided that (4) is satisfied.

Main result

Our main result in [1] can be stated as follows.

Theorem 0.1.Let E be a degree zero holomorphic vector bundle over a compact
Calabi-Yau threefold X with Kähler Ricci–flat metric ω0. If c2(E) = c2(X) and
E is stable with respect to [ω0], then there exists λ0 � 0 and a C1 curve

(λ0,+∞) 3 λ→ (Aλ, ωλ,∇λ)

of solutions of the Strominger system such that ωλ
λ converges uniformly to ω0 when

λ→∞. Moreover, if (X,ω0) has strict SU(3) holonomy, ∇λ solves also (5) and
so it provides a solution of the equations of motion derived from the effective
heterotic string action.

The perturbative process of Theorem 0.1 leaves the holomorphic structure of E un-
changed while the one on TX is shifted by a complex gauge transformation and so
remains isomorphic to the initial one. For the proof of Theorem 0.1 we rely on a
previous result in [8], concerning the linearization of the Strominger system. The
polystable case has been treated in [2], where also some new physical applications to
string compactifications without fivebranes are given.

Idea of the proof

Note that the equations (1), (2) and (5) are invariant under rescaling of the Hermitian
form ω, but not the anomaly equation (3). Given a positive real constant λ, if we
change ω → λω and define ε := α′/λ we obtain the new system

F 2,0 = F 0,2 = 0, F ∧ ω2 = 0, (6)

d(||Ω||ωω2) = 0, (7)

i∂∂̄ω − ε(tr(R ∧R)− tr(F ∧ F )) = 0, (8)

R2,0 = R0,2 = 0, R ∧ ω2 = 0, (9)

that will be called in the following the ε-system. Therefore, any solution of the ε-
system with ε > 0 is related to the original system after rescaling. By the Donaldson-
Uhlenbeck–Yau Theorem [11], in the limit λ→∞ a solution of the ε-system is given
by a degree zero stable holomorphic vector bundle E on a Calabi-Yau threefold X with
Kähler Ricci-flat metric ω0. The next step is then to perturb the given solution with
ε = 0 to a solution with small ε > 0, i.e., with large λ. For this, we fix the holomorphic
structure on E and X and perturb ω0 into a conformally balanced Hermitian form ω
on X , the holomorphic structure ∂̄0 on TX to a different holomorphic structure

(TX, ∂̄T )→ X

and the unique Hermite-Einstein metric h0 on the bundle E, whereas we preserve
the Hermite–Einstein condition. The curvatures R and F correspond to the Chern
connections of h on E and ω on (TX, ∂̄T ).

For the perturbation, we consider a 1-parameter family of maps between suitable fixed
(Hilbert) spaces

Lε : V1 → V2,

indexed by ε ∈ R which acts on triples (h, ω, ∂̄T ) ∈ V1 and whose zero locus corre-
sponds to solutions of the ε-system. Roughly speaking, Lε is defined by sending a triple
(h, ω, ∂̄T ) to the 4-tuple given by the LHS of (6)-(9). This way, the equation Lε = 0
with ε 6= 0 corresponding to the ε-system is related to a simpler one at ε = 0 which
has a known canonical solution (h0, ω0, ∂̄0). Proving now that the differential

δ0L
0 : V1 → V2,

at the initial solution is an isomorphism, an implicit function theorem argument shows
that there is a solution of Lε = 0 nearby (h0, ω0, ∂̄0) ∈ V1 in an open neighborhood of
ε = 0 ∈ R. For the proof of this fact, we rely on a previous result in [8] concerning the
linearization of equations (7) and (8) when ε = 0.
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