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It is demonstrated that a set of local orthonormal Hartree–Fock (HF) molecular orbitals can be ob-
tained for both the occupied and virtual orbital spaces by minimizing powers of the orbital variance
using the trust-region algorithm. For a power exponent equal to one, the Boys localization function
is obtained. For increasing power exponents, the penalty for delocalized orbitals is increased and
smaller maximum orbital spreads are encountered. Calculations on superbenzene, C60, and a frag-
ment of the titin protein show that for a power exponent equal to one, delocalized outlier orbitals
may be encountered. These disappear when the exponent is larger than one. For a small penalty, the
occupied orbitals are more local than the virtual ones. When the penalty is increased, the locality
of the occupied and virtual orbitals becomes similar. In fact, when increasing the cardinal number
for Dunning’s correlation consistent basis sets, it is seen that for larger penalties, the virtual orbitals
become more local than the occupied ones. We also show that the local virtual HF orbitals are sig-
nificantly more local than the redundant projected atomic orbitals, which often have been used to
span the virtual orbital space in local correlated wave function calculations. Our local molecular or-
bitals thus appear to be a good candidate for local correlation methods. © 2011 American Institute of
Physics. [doi:10.1063/1.3590361]

I. INTRODUCTION

In a standard Hartree–Fock (HF) calculation, a set of
canonical molecular orbitals (MOs) are obtained from diag-
onalization of the Fock eigenvalue equation. The canonical
HF orbitals constitute the backbone for our qualitative under-
standing of the electronic structure of a molecular system –
for example, according to Koopmans’ theorem, the ionization
energy and the electron affinity of a molecule can be approx-
imated by canonical orbital energies for the highest occupied
MO (HOMO) and lowest unoccupied MO (LUMO), respec-
tively.

For a quantitative description, the mean-field HF model
is insufficient, and more accurate electronic structure mod-
els have to be used to describe the correlated movement of
the electrons. Using a simplistic physical description, elec-
tron correlation effects may be described in terms of the
very short-ranged electron-electron interactions leading to
Coulomb holes in the wave function, and the slightly longer
ranged interactions leading to dispersion effects. To describe
these local phenomena in an efficient manner, a basis of lo-
cal orbitals has to be used. The canonical HF orbitals are very
delocalized, and they are therefore very inefficient to use for
describing the electron correlation. In fact, when the calcu-
lation of the correlation energy is expressed in terms of the
canonical basis, a scaling wall is encountered for larger sys-
tems.

The HF energy is invariant under rotation among the oc-
cupied and among the unoccupied MOs, and this can be used
to transform the canonical orbitals to a local HF basis.1 The
simple qualitative interpretation associated with the canonical

a)Electronic mail: jansik@chem.au.dk.

orbitals is then lost, but the correlated movement of electrons
becomes more easily described and interpreted. In this paper
we discuss how a set of local occupied and unoccupied HF
orbitals can be obtained by optimizing localization functions.

A large variety of different localization procedures have
been proposed.2–15 Three localization functions are com-
monly used. The scheme attributed to Boys2–4 minimizes the
spatial extent of the MOs by maximizing the distance be-
tween the orbital centroids. This is equivalent to maximizing
the function

ξBoys =
∑

p

∑
x

〈p|x̂ |p〉2, (1)

where |p〉 refers to a set of occupied (or unoccupied) MOs
and x̂ is a component of the position operator. The scheme by
Edmiston–Ruedenberg (ER) (Refs. 5–7) maximizes the self-
repulsion energy

ξER =
∑

p

(pp|pp) (2)

and the scheme by Pipek–Mezey (PM) (Refs. 11 and 12) min-
imizes the number of atomic centers over which each MO
extends by maximizing the sum of the squares of the gross
atomic Mulliken population of the MOs,

ξPM =
∑

p

∑
A

|〈p|P̂A|p〉|2, (3)

where P̂A is the projection operator onto the space of atomic
orbitals (AOs) centered on atom A. Reference 12 gives a brief
introduction to the different localization functions and the Ja-
cobi sweep that is usually used to obtain the localized MOs.

For the occupied molecular orbitals, the above localiza-
tion functions usually have strong and isolated minima, and
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the localization functions have been successfully optimized
using a Jacobi sweep of iterations to give a set of local occu-
pied HF orbitals. For the virtual space by contrast, optimiza-
tion of localization functions does not converge rapidly to a
minimum. Convergence is slow and painful. There appear to
be many local minima and these are not well separated, as
stated by Subotnik et al.16 In general, localized virtual HF
orbitals cannot be obtained using the above localization func-
tions and a Jacobi sweep of iterations.

In the absence of localized virtual HF orbitals, projected
atomic orbitals (PAOs), where the occupied orbital space is
projected out of the AO basis, have been used to span the vir-
tual orbital space.17–32 Besides being redundant, a more severe
drawback of the PAOs is that they are much less local than the
localized occupied HF orbitals.

We have recently obtained local occupied and local vir-
tual HF orbitals by applying the least-change approach33, 34 in
combination with the three-level optimization algorithm35, 36

for the HF energy. The least-change algorithm utilizes the fact
that the solution to the Fock eigenvalue equation can be di-
vided into three parts: (1) a transformation from the AO basis
to an orthonormal basis, (2) a Hartree–Fock optimization con-
dition in the orthonormal basis, which ensures that the Fock
matrix is block-diagonal with vanishing elements between
the occupied and unoccupied HF orbitals, and (3) a canon-
ical condition, which ensures that the Fock matrix is diago-
nal with orbital energies on the diagonal. In the least-change
approach, the canonical condition is removed from the solu-
tion of the Fock eigenvalue equation, and the smallest possible
transformation matrices are determined from the AO basis to
its orthogonalized counterpart and from this orthogonalized
basis to an optimized HF basis. The least-change approach
gives a set of local orbitals because small transformations are
carried out on the local AO basis. The least-change approach
may be applied to both the valence basis optimization and the
full basis optimization in the three-level optimization algo-
rithm, giving a set of local occupied and virtual HF orbitals.33

The major problem with the least-change algorithm is that in
Part 2, the identification of the smallest transformation ma-
trix depends on the ordering of the orthonormal orbitals, i.e.,
whether an orthonormal basis function is associated with the
occupied or the unoccupied orbital space. The optimal or-
dering can be identified by examining the orbital spread for
all different orderings. The ordering that leads to the small-
est maximum orbital spread gives the least-change molecu-
lar (LCM) orbitals. When determining the LCM orbitals for
larger molecular systems, the number of orderings becomes
prohibitively large. Below we describe an algorithm which
may be carried out also for large basis sets.

Maximizing the function in Eq. (1) is equivalent to mini-
mizing the sum of the orbital variances,

ξ =
∑

p

∑
x

(〈p| (x̂ − 〈p|x̂ |p〉)2 |p〉)

=
∑

p

∑
x

(〈p|x̂2|p〉 − 〈p|x̂ |p〉2), (4)

because
∑

p〈p|x̂2|p〉 is invariant to orbital rotations among
the occupied and among the unoccupied orbitals. Minimizing

Eq. (4) does not generate a set of local virtual HF orbitals
when a Jacobi sweep of iterations is used. However, in this
paper we demonstrate that using the trust-region minimiza-
tion algorithm of Fletcher,37 a set of local virtual HF orbitals
can be obtained. As starting orbitals we use a simplified ver-
sion of the LCM orbitals, where the expensive reordering is
replaced by a simpler reordering scheme based on the overlap
between the orthonormal orbitals and the set of occupied or-
bitals. These simplified LCM orbitals are relatively local and
therefore provide a much better starting guess than the canon-
ical orbitals.

The localization function in Eq. (4) determines the set of
occupied and virtual HF orbitals which on average are most
local. However, in a correlated wave function context, the
locality of a set of orthonormal MOs is determined by the lo-
cality of the least local orbitals. To make the least local MOs
more local, we may introduce a penalty for delocalized or-
bitals. In practice this may be done by using localization func-
tions, which contain powers of the orbital variance as a mea-
sure of locality. We investigate what happens when powers of
the orbital variance is used in Eq. (4) instead of the simple or-
bital variance. We also compare the locality of our occupied
HF orbitals to Boys orbitals and LCM orbitals, and for our
virtual HF orbitals we compare to PAOs and LCM orbitals.

In Sec. II, we describe our locality function, where penal-
ties are introduced for delocalized orbitals. We also briefly
summarize the trust-region method, which is used for opti-
mizing the localization function to obtain local occupied and
unoccupied HF orbitals. We describe how the level-shifted
Newton equations entering the trust-region method may be
solved using iterative schemes and derive the linear transfor-
mation of the Hessian on a trial vector, which is required when
solving the Newton equations. Numerical test examples are
given in Sec. III to illustrate the locality of the obtained occu-
pied and virtual HF orbitals. Finally, in Sec. IV we summarize
our developments and put them in a broader perspective.

II. LOCAL ORBITALS USING POWERS OF THE
ORBITAL VARIANCE

A. Orbital variance as a localization measure

The orbital variance �p for an orbital |p〉 is defined as
its average deviation from its average position squared,

�p =
∑

x

(〈p| (x̂ − 〈p|x̂ |p〉)2 |p〉)

=
∑

x

(〈p|x̂2|p〉 − 〈p|x̂ |p〉2), (5)

and the corresponding orbital spread σp is the square root of
this number

σp = �1/2
p . (6)

The orbital variance (or spread) of orbital |p〉 is a measure
of the spatial extent of that orbital and thus of the locality of
the orbital. The sum of the variances for a set of orthonormal
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orbitals is a measure of the locality for this set

ξ =
∑

p

�p. (7)

Minimizing ξ while keeping the orbitals orthonormal gives
the set of orbitals that on average are most local.

In local correlation electronic structure methods it is im-
portant that the average orbital variance is small. However,
it is even more important that the maximum orbital variance
is small, because a single delocalized orbital will destroy the
locality of the set of orbitals as a whole. A small maximum
orbital variance can be obtained by introducing a penalty on
the orbitals with large orbital variances. This may be accom-
plished by using powers of the variance,

ξm =
∑

p

�m
p , (8)

as a measure of locality, where m is a positive integer. In-
creasing m increases the penalty for having orbitals with a
large orbital variance.

In the following we assume that we have a set of or-
thonormal occupied or virtual HF orbitals and determine the
set that minimizes ξm . We investigate the effect of increasing
the penalty (value of m) on the orbitals having a large vari-
ance, noting that in general, a decrease in the variance of one
orbital is obtained at the expense of increasing the orbital vari-
ance of another orbital. We also note that Eq. (8) for m = 1
reproduces Eq. (4), and it is therefore equivalent to the Boys
localization function.

In a HF calculation, the molecular core orbitals are in
general almost identical to the atomic core orbitals. If the
molecular core orbitals are included in the summation in
Eq. (8), the molecular valence orbitals will get undesirable
small tail coefficients referencing the core orbitals. We there-
fore exclude the molecular core orbitals from the summation
in Eq. (8) to maintain the division of electrons into core and
valence spaces.

To minimize ξm , we will use an orthogonal parameteriza-
tion of the orbitals

| p̃〉 = exp (−κ̂)a†
pσ |vac〉, (9)

κ̂ =
∑
i> j

κi j (Ei j − E ji ) =
∑

i j

κi j Ei j , (10)

Ei j = a†
iαa jα + a†

iβa jβ, (11)

where a†
pσ is a creation operator with σ denoting spin. The

summations in Eq. (10) refer either to the set of occupied or-
bitals (excluding core orbitals) or to the set of virtual orbitals.
We thus parameterize ξm in Eq. (8) as

ξ̃m(κ) =
∑

p

�̃m
p , (12)

where

�̃m
p =

(∑
x

〈 p̃|x̂2| p̃〉 − 〈 p̃|x̂ | p̃〉2

)m

. (13)

B. Trust-region minimization

The minimum of ξ̃m may be determined using a trust-
region optimization. We refer to Ref. 37 for a detailed dis-
cussion of the trust-region method. Here, we summarize the
important features of the method.

The trust-region method is built up around a second-order
Taylor series Q(κ) of ξ̃m in Eq. (12),

Qm(κ) = ξ [0]
m + κT ξ [1]

m + 1

2
κT ξ [2]

m κ, (14)

where ξ [0]
m is the value of ξ̃m at the expansion point and ξ [1]

m
and ξ [2]

m are the gradient and Hessian of ξ̃m , respectively, at
the expansion point. We assume κ = 0 at the expansion point.
The idea behind the trust-region method is to take steps only
in the region where the second-order Taylor expansion of ξ̃m

can be trusted, i.e., where the second-order expansion is a
good representation of the full expansion. This region defines
the trust-region of the second-order expansion and is a hy-
persphere of radius h around the expansion point. The trust-
region is updated during the iterative procedure depending on
how quadratic the surface is. Let us initially describe how the
optimal step is taken in the trust-region method for a trust-
radius h and then go on to describe how h is updated.

If the Hessian is positive definite and the step is smaller
than the trust radius h, then the Newton step is taken

ξ [2]
m κ = −ξ [1]

m , (15)

as it can be trusted leading to the minimum of Q(κ). At the
end of an iteration sequence, the Newton steps always become
acceptable and the iteration sequence will converge quadrati-
cally to the minimum of ξm .

If the Newton step goes beyond the trust-region, or if the
Hessian is not positive definite, then the step giving the min-
imum value of the second-order Taylor series Qm in Eq. (14)
on the boundary of the trust-region is taken. To determine this
step, we determine the minimum of the second-order surface
in Eq. (14) subject to the condition that the step has to be equal
to the trust-radius

‖ κ ‖= h. (16)

We therefore set up the Lagrangian

L(κ, μ) = ξ [0]
m + κT ξ [1]

m + 1

2
κT ξ [2]

m κ − 1

2
μ(κT κ − h2),

(17)
where μ is an undetermined multiplier. The stationary point of
the Lagrangian is obtained by solving the level-shifted New-
ton equation (

ξ [2]
m − μ1

)
κ(μ) = −ξ [1]

m . (18)

In Ref. 37, it is shown that many stationary points may be
found on the boundary, and that the one representing the min-
imum is uniquely determined, if μ is restricted to the interval
μ < ε1, where ε1 is the lowest eigenvalue of the Hessian ξ [2]

m .
We therefore need to determine the value μ for which the so-
lution to Eq. (18) satisfies

κ(μ)T κ(μ) = h2; μ < ε1. (19)
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The Newton or level-shifted Newton equations represent
a set of linear equations which may be solved using an iter-
ative algorithm. This requires that the gradient ξ [1]

m and the
linear transformation of the Hessian matrix on a trial vector
ξ [2]

m κ can be determined. In Sec. II C we describe an efficient
evaluation of these quantities.

The orbitals of the next iteration are obtained as

(| p̃〉|q̃〉...|s̃〉) = (|p〉|q〉...|s〉) exp (−κ), (20)

where κ is determined either from the Newton or level-shifted
Newton equation depending on the step that is taken.

Let us now describe how the trust-radius is updated. In
iteration n, we have determined a step κn that generates the
function value (ξm)n+1 of iteration n + 1. A prediction of this
value may be obtained from the second-order expansion,

Qm(κn) = (
ξ [0]

m

)
n + κT

n

(
ξ [1]

m

)
n + 1

2
κT

n

(
ξ [2]

m

)
nκn, (21)

where (ξm)n+1 differs from Qm(κn) through terms that are
third and higher orders in κn,

(ξm)n+1 = Qm(κn) + O
(
κ3

n

)
. (22)

Let us consider the ratio between the observed and predicted
change in the function ξm in iteration n + 1,

r = (ξm)n+1 − (
ξ [0]

m

)
n

Qm(κn) − (
ξ

[0]
m

)
n

= 1 + O
(
κ3

n

)
Qm(κn) − (

ξ
[0]
m

)
n

. (23)

The closer r is to unity, the more quadratic the surface. We
update the trust radius according to how quadratic the surface
is

if (r > 0.9), then hn+1=1.2hn;

if (0.9>r>0.5), then hn+1=hn;

if (0.5>r>0.2), then hn+1=0.7hn;

if (0.2>r ), then reject step, decrease trust-radius,

and generate new step.

The above update of the trust-radius is conservative com-
pared to usual update of the trust-region. This may increase
the number of steps in the iterative procedure, but this is not
important as there is little overhead involved in starting up a
new iteration. For optimizing ξm it is most important to move
safely on the function surface, in particular, because the low-
est eigenvalue of the Hessian may change dramatically during
the iterative procedure.

C. Determination of ξ [1]
m and ξ [2]

m κ

We will now describe how the gradient ξ [1]
m and the linear

transformation of the Hessian on a trial vector ξ [2]
m κ can be

efficiently determined. We will identify ξ [1]
m and ξ [2]

m κ from a
linear expansion of ∂ξ̃m/∂κkl . First we write ∂ξ̃m/∂κkl as

∂ξ̃m

∂κkl
= m

∑
p

�̃m−1
p

∂�̃p

∂κkl
, (24)

where �̃m
p of Eq. (13) is defined only for positive integers.

Since, we are interested in the linear expansion in κ in

Eq. (24), we start out by determining the linear expansion of
the individual terms in Eq. (24) using κ = 0 as the expansion
point,

�̃m−1
p = f [0]

p + κT f [1]
p + O(κ2), (25)

∂�̃p

∂κkl
= (

g[0]
p

)
kl

+ (
κT g[1]

p

)
kl

+ O(κ2), (26)

f [0]
p = �m−1

p , (27)

κT f[1]
p = (m − 1)�m−2

p

∑
x

(〈p|[κ̂, x̂2]|p〉

− 2〈p|[κ̂, x̂]|p〉〈p|x̂ |p〉)
= (m − 1)�m−2

p

∑
x

(2(κx2)pp − 4(κx)ppx pp),

(28)

(
g[0]

p

)
kl =

∑
x

(2〈p|[Ekl, x̂]2|p〉 − 4〈p|[Ekl, x̂]|p〉〈p|x̂ |p〉)

=
∑

x

(
2
(
x2

lkδkp − x2
klδlp

) − 4
(
xlkδkp − xklδlp

)
x pp

)
,

(29)

(κT g[1]
p )kl =

∑
x

(2〈p|[Ekl, [κ̂, x̂2]]|p〉

+ 2〈p|[κ̂, [Ekl, x̂2]]|p〉
+ 4〈p|[Ekl , x̂]|p〉〈p|[κ̂, x̂]|p〉
− 4〈p|[Ekl , [κ̂, x̂]]|p〉〈p|x̂ |p〉
− 4〈p|[[κ̂, Ekl], x̂]]|p〉〈p|x̂ |p〉)

= 2
∑

x

((κx2 − x2κ)lkδkp − (κx2 − x2κ)klδlp)

− 8
∑

x

(xlkδkp − xklδlp)(κx)pp

− 4
∑

x

((κx − xκ)lkδkp − (κx − xκ)klδlp)x pp

+1/2
∑

j

κ jk
(
g[0]

p

)
jl − 1/2

∑
j

κl j
(
g[0]

p

)
k j .

(30)

To obtain the last equality in Eq. (30) we have used the Jacobi
identity for commutators.

The gradient ξ [1]
m may now be identified as the term in

Eq. (24) which is independent of κ,(
ξ [1]

m

)
kl = m

∑
p

f [0]
p

(
g[0]

p

)
kl

= −2m Qkl�
m−1
l + 2m�m−1

k Qkl

−4m
∑

x

(�m−1
k xkk xkl − xkl xll�

m−1
l ), (31)
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where we have introduced

Q = x2 + y2 + z2. (32)

Introducing the odd component of a matrix A as

{A}o = A − A†, (33)

we may write the gradient in matrix notation as

ξ [1]
m = 2m{dia(�m−1)Q}o − 4m

{∑
x

dia(x)dia(�m−1)x

}o

,

(34)
where dia(x) means that the diagonal elements are taken out of
the matrix x. Note that for m = 1 the first term in Eq. (34) van-
ishes, because Q is a symmetric matrix. This is as expected
since the optimization of the Boys function in Eq. (1) does
not depend on Q.

The linear transformation of the Hessian on a trial vector
κ may similarly be identified from the terms in Eq. (24) which
are linear in κ,

(
ξ [2]

m κ
)

kl =
∑

p

(
m f [0]

p

(
κT g[1]

p

)
kl + mκT f[1]

p

(
g[0]

p

)
kl

)

= 2m�m−1
k (κQ − Qκ)lk − 2m�m−1

l (κQ − Qκ)kl

− 8m�m−1
k

∑
x

xlk(κx)kk + 8m�m−1
l

∑
x

xkl(κx)ll

− 4m�m−1
k

∑
x

(κx − xκ)lk xkk

+ 4m�m−1
l

∑
x

(κx − xκ)kl xll

+ 1/2
∑

j

(
κ jk

(
ξ [1]

m

)
jl

− κl j
(
ξ [1]

m

)
k j

)

+ 4m(m − 1)�m−2
k (κQ)kk Qlk

− 4m(m − 1)�m−2
l (κQ)ll Qkl

− 8m(m − 1)�m−2
k

∑
x

(κx)kk xkk Qlk

+ 8m(m − 1)�m−2
l

∑
x

(κx)ll xll Qkl

− 8m(m − 1)�m−2
k (κQ)kk

∑
y

ylk ykk

+ 8m(m − 1)�m−2
l (κQ)ll

∑
y

ykl yll

+ 16m(m − 1)�m−2
k

∑
x

(κx)kk xkk

∑
y

ylk ykk

− 16m(m − 1)�m−2
l

∑
x

(κx)ll xll

∑
y

ykl yll . (35)

Using the matrix notation of Eq. (33) we may write the linear
transformation of the Hessian on a trial vector as

ξ [2]
m κ = 2m{dia(�m−1)(κQ − Qκ)}o

− 8m{dia(�m−1)
∑

x

dia(κx)x}o

− 4m{dia(�m−1)
∑

x

dia(x)(κx − xκ)}o

− 1/2
{
κξ [1]

m

}o

+ 4m(m − 1){dia(�m−2)dia(κQ)Q}o

− 8m(m − 1){dia(�m−2)
∑

x

dia(κx)dia(x)Q}o

− 8m(m − 1){dia(�m−2)dia(κQ)
∑

y

dia(y)y}o

+ 16m(m − 1)

{
dia(�m−2)

×
( ∑

x

dia(κx)dia(x)

)(∑
y

dia

(
y
)

y
)}o

. (36)

Note that the linear transformation in Eq. (36) contains five
matrix multiplications κQ, κx, κy, κz, and κξ [1]

m .
When solving the Newton or level-shifted Newton equa-

tion, the linear equations may be preconditioned using the di-
agonal of the Hessian matrix,(

ξ [2]
m

)
kl,kl

= 2m(Qkk − Qll )
(
�m−1

l − �m−1
k

)
− 8m

∑
x

(xlk)2
(
�m−1

k + �m−1
l

)

+ 4m�m−1
k

∑
x

((xkk)2 − xll xkk)

+ 4m�m−1
l

∑
x

((xll )
2 − xll xkk)

+ 4m(m − 1)(Qlk)2
(
�m−2

k + �m−2
l

)
− 16m(m − 1)Qlk

∑
x

xlk
(
�m−2

k xkk + �m−2
l xll

)

+ 16m(m − 1)�m−2
k

(∑
x

xlk xkk

) (∑
y

ylk ykk

)

+ 16m(m − 1)�m−2
l

(∑
x

xlk xll

) (∑
y

ykl yll

)
.

(37)

We note that the gradient term in the linear transformation in
Eq. (36) does not give a contribution to the diagonal Hessian
elements because ξ [1]

m is an antisymmetric matrix.

III. RESULTS

In this section, we give examples of local occupied and
virtual HF orbitals obtained using the localization function
ξm in Eq. (8). We present localized orbitals for the follow-
ing molecules: Superbenzene (C24H12) with a B3LYP/cc-
pVTZ optimized geometry; Buckminster-fullerene (C60) with
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a B3LYP/6-31G(d,p) optimized geometry; and the I27SS do-
main of the titin protein (392 atoms) with a BP86/6-31G
optimized geometry (but with 6-31G∗ basis functions on
the three sulfur atoms and on two carbon atoms as de-
scribed in Ref. 38). We consider calculations using Dunning’s
correlation-consistent basis sets,39 cc-pVXZ for X=D,T,Q.
For C60 we only report calculations using the cc-pVDZ and
cc-pVTZ basis sets and for the titin fragment only for the cc-
pVDZ basis set. We investigate the effect of increasing m in
Eq. (8) and of increasing the cardinal number. The difficulties
encountered when optimizing the locality function ξm depend
on whether a set of occupied or a set of unoccupied HF or-
bitals are considered. We discuss the origin of this difference.
In any case, the computational cost of the localization proce-
dure is negligible compared to the total HF calculation.

A. Maximum orbital spread

The maximum orbital spread (MOS) for a set of orbitals
S is given by

MOS = max
p∈S

σp, (38)

where σp is given in Eq. (6). We use the MOS as a measure
of the locality of the set S, which refers either to the set of
occupied orbitals or to the set of virtual orbitals.

The MOSs are presented for superbenzene (Table I), C60

(Table II), and the titin fragment (Table III) for the occupied
(Occ) and virtual (Virt) HF orbitals when ξm is optimized for
m = 1, 2, . . . , 10. For the titin fragment only m = 1, 2, . . . , 5
results are reported. In Fig. 1 we present a graphical illustra-
tion of the occupied and virtual HF orbitals with maximum
orbitals spreads for superbenzene, C60, and the titin fragment
for m = 2.

1. Different molecules and different cardinal numbers

For the occupied HF orbitals, the MOS for m = 1 is sim-
ilar for X = D and X = T, while for X = Q there is a sig-

TABLE I. Maximum orbital spreads (a.u.) for localized superbenzene or-
bitals using different penalty exponents m. Also shown are maximum or-
bital spreads (a.u.) for LCM orbitals, PAO, and canonical molecular orbitals
(CMO).

cc-pVDZ cc-pVTZ cc-pVQZ

Occ Virt Occ Virt Occ Virt

1 2.288 3.004 2.292 3.261 3.012 7.614
2 2.253 2.717 2.256 2.447 2.258 2.560
3 2.226 2.263 2.228 2.317 2.239 2.337
4 2.192 2.245 2.193 2.113 2.208 2.241
5 2.170 2.234 2.171 2.064 2.192 2.177
6 2.156 2.224 2.157 2.050 2.180 2.122
7 2.146 2.213 2.146 2.040 2.171 2.079
8 2.138 2.202 2.138 2.032 2.163 2.041
9 2.131 2.194 2.132 2.025 2.157 2.021
10 2.126 2.189 2.127 2.020 2.151 2.007
LCM 3.300 4.152 3.300 4.553 3.444 5.747
PAO ... 3.550 ... 3.551 ... 3.844
CMO 7.458 10.737 7.452 11.551 7.452 12.160

TABLE II. Maximum orbital spreads (a.u.) for localized C60 orbitals using
different penalty exponents m. Also shown are maximum orbital spreads
(a.u.) for PAO and CMO.

cc-pVDZ cc-PVTZ

Occ Virt Occ Virt

1 2.281 2.868 2.285 3.212
2 2.156 2.426 2.159 2.469
3 2.128 2.349 2.131 2.310
4 2.114 2.311 2.118 2.235
5 2.100 2.288 2.101 2.189
6 2.088 2.274 2.089 2.160
7 2.080 2.263 2.081 2.140
8 2.073 2.255 2.074 2.124
9 2.068 2.249 2.069 2.112
10 2.064 2.244 2.065 2.103
PAO ... 3.469 ... 3.497
CMO 7.211 9.257 7.222 10.225

nificant increase. For example, for superbenzene with m = 1
the MOS is 2.29 (cc-pVDZ), 2.29 (cc-pVTZ), and 3.01 (cc-
pVQZ). When m increases the MOS of the occupied orbitals
decreases and becomes similar to all cardinal numbers. For
superbenzene for m = 10 we thus obtain 2.13 (cc-pVDZ),
2.13 (cc-pVTZ), and 2.15 (cc-pVQZ) for the MOS for the oc-
cupied orbitals. The similarity between the MOSs for the oc-
cupied orbitals reflects that the occupied orbitals are described
well at the cc-pVDZ level and that only small changes are in-
troduced in the occupied orbitals when the cardinal number
is increased. For larger m values the MOSs become similar,
even for molecules with rather different electronic structures.
For example, for m = 5 the MOS for the occupied orbitals in
the cc-pVDZ calculations is 2.17, 2.10, and 2.13 for super-
benzene, C60, and the titin fragment, respectively.

For the unoccupied HF orbitals, the MOS varies some-
what with the cardinal number. For m = 1 the MOS increases
with the cardinal number and outliers may be encountered.
For example, for superbenzene the MOS for the unoccupied
HF orbitals is 3.00 (cc-pVDZ), 3.26 (cc-pVTZ), and 7.61 (cc-
pVQZ), where the latter clearly is an outlier. For larger m

FIG. 1. Least local orbitals for the occupied and virtual orbital spaces for
the I27SS domain of the titin protein (left), C60 (middle), and superbenzene
(right) plotted with orbital amplitude values of 0.03 (a.u.). The calculations
were carried out using the cc-pVDZ basis and a power exponent m = 2.
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TABLE III. Maximum orbital spreads (a.u.) for localized orbitals for the
I27SS domain of the titin protein using different penalty exponents m. Also
shown are maximum orbital spreads (a.u.) for PAO and CMO.

cc-pVDZ

Occ Virt

1 2.245 3.483
2 2.188 2.644
3 2.163 2.519
4 2.153 2.467
5 2.133 2.415
PAO ... 4.710
CMO 24.754 26.334

values the MOS decreases and the outliers disappear. It is also
seen that for larger m values the MOS may become smaller for
the virtual orbitals when the cardinal number is increased. For
example, for C60 and m = 10 the MOS is 2.24 (cc-pVDZ) and
2.10 (cc-pVTZ). To understand this, recall that when the car-
dinal number is increased from X to X+1, we add atomic ba-
sis functions which have a significantly smaller orbital spread,
than the localized molecular HF orbitals for cardinal number
X . The added atomic basis functions therefore have the flex-
ibility to make the MOS smaller for cardinal number X+1
than for X .

It is also worth noticing that for larger m values the dif-
ference between the MOS for the occupied and for the vir-
tual orbitals decreases. In fact, for larger cardinal numbers the
virtual orbitals may have a smaller MOS than the occupied
orbitals. For example, for the cc-pVQZ superbenzene calcu-
lation with m = 10, the MOS is 2.15 for the occupied orbitals
and 2.01 for the virtual orbitals.

As it was also the case for the occupied orbitals, the lo-
cality of the virtual HF orbitals is nearly system independent
for larger m values and for a given basis set. For example,
for the cc-pVDZ basis and m = 5 the MOS for the virtual or-
bitals is 2.23, 2.29, and 2.42 for superbenzene, C60, and the
titin fragment, respectively.

2. Comparing local virtual orbitals with PAOs

In Tables I, II, and III, we have also reported the MOSs
for the PAOs spanning the unoccupied HF orbital space and
(only Table I) for the occupied and unoccupied LCM or-
bitals. The (redundant) PAOs in Tables I, II, and III were
constructed by projecting out the occupied orbital space from
the atomic basis functions expressed in the canonical atomic
(CA) basis, which enters level 1 of the three-level optimiza-
tion procedure.35, 36 For completeness we mention that the
MOSs for the PAOs in the standard AO basis and in the CA
basis are very similar (they differ by at most 0.1 a.u. for the
cases we have investigated).

The MOS for the LCM orbitals is significantly larger than
for our localized orbitals, while the PAO values are in between
the values for the unoccupied LCM orbitals and our local-
ized unoccupied orbitals. In general, the locality of the PAOs
seems to decrease when the size of the molecular system is in-
creased. For the cc-pVDZ basis, the MOS for the PAOs is 3.55

FIG. 2. Least local virtual orbital for power exponent m = 2 (left), and least
local PAO (right) plotted for different orbital amplitude values 0.03, 0.003,
and 0.0003 (a.u.). The calculations were carried out on the I27SS domain of
the titin protein using the cc-pVDZ basis.

for superbenzene, 3.47 for C60, and 4.71 for the titin fragment.
For the titin fragment in the cc-pVDZ basis, the MOS for the
least local PAO (4.71) is almost twice the MOS for our least
local virtual orbital in the m = 2 case (2.64). The fact that
the MOS is a meaningful measure of locality is supported by
Fig. 2, where these two orbitals are displayed for amplitude
values of 0.03, 0.003, and 0.0003. The displayed orbitals
clearly demonstrate that the least local PAO is significantly
less local than our least local virtual orbital for m = 2.

B. Detailed analysis of the local orbitals for
superbenzene

To understand what is happening when the penalty for
delocalized orbitals is increased we have in Fig. 3 displayed
the orbital spreads for the individual occupied orbitals in a
cc-pVQZ calculation for superbenzene for m = 1, 2, 5, and
10. The orbitals are ordered starting with 24 core orbitals,
followed by 54 valence orbitals. The orbital spreads for the
core orbitals are the same for all m values because the core
orbitals have been taken out of the localization function. For
the valence orbitals a wide distribution of orbital spreads is
observed for m = 1 – the minimum and maximum orbital
spreads are 1.41 and 3.01, respectively. When m is increased,
the orbital spread distribution gets much more narrow, and
for m = 10 the minimum and maximum orbital spreads are
1.68 and 2.15, respectively. Thus, when increasing m, the va-
lence orbitals with the largest orbital spreads become more
local, at the expense that the orbitals with the smallest or-
bital spreads are delocalized slightly. This conclusion is sup-
ported by the graphical representations of the orbitals with
minimum and maximum orbital spreads in Fig. 3. Clearly,
when m is increased, the orbital with the largest orbital spread
becomes more compact, while the orbital with the smallest or-
bital spread expands.
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FIG. 3. Occupied orbitals obtained with power exponents m = 1, 2, 5, and
10 in a cc-pVQZ calculation on the superbenzene molecule. The orbitals were
plotted using orbital amplitude values of 0.03 (a.u.). Left column: Orbital
spreads (a.u.) against orbital number for all (core+valence) occupied orbitals.
Middle column: Most local occupied valence orbital and associated orbital
spread. Right column: Least local occupied valence orbital and associated
orbital spread.

The virtual HF orbitals follow the same pattern as the
occupied valence orbitals. In Fig. 4 we have displayed simi-
lar plots for the virtual orbitals, restricting ourselves here to
m = 1 and m = 2. It is seen that outliers occur for m = 1.
In particular, Fig. 4 reveals the presence of one extreme out-
lier orbital with an orbital spread of 7.61, which is basically
spread out over the full molecular system. By increasing the
penalty to m = 2 the outliers disappear, and the orbital spread
distribution is narrowed, such that all virtual orbitals get an
orbital spread of about 2. As it was also discussed for the oc-
cupied orbitals above, Fig. 4 illustrates that the removal of
virtual outlier orbitals when m is increased happens at the ex-
pense that the most local virtual orbitals get delocalized. For
example, when the maximum orbital spread is decreased from
7.61 to 2.56 by increasing m, the minimum orbital spread is
increased from 0.97 to 1.63.

In Fig. 4 we have also displayed the orbital spreads for
all PAOs and plotted the PAOs with the smallest (0.86) and
largest (3.84) orbital spreads. The orbital spreads for the PAOs
are in general significantly larger than the orbital spreads for
the virtual orbitals with m = 2. It is also seen that the distri-
bution of orbital spreads is much more homogeneous for the
virtual orbitals with m = 2 than for the PAOs.

FIG. 4. Virtual orbitals obtained with power exponents m = 1 and m = 2
and the PAOs in a cc-pVQZ calculation on the superbenzene molecule. The
orbitals were plotted using orbital amplitude values of 0.03 (a.u.). Left col-
umn: Orbital spreads (a.u.) against orbital number for all virtual orbitals.
Middle column: Most local virtual orbital or PAO and associated orbital
spread. Right column: Least local virtual orbital or PAO and associated or-
bital spread.

C. Details about the optimization of the locality
functions

Optimization of localization functions has previously
been performed using a Jacobi sweep of iterations. How-
ever, this method is too simplistic for minimizing functions
of the complexity of Eq. (8). We have instead used the trust-
region method of Fletcher37 to minimize ξm . In the trust-
region method, both gradient and Hessian information is used,
and convergence to a minimum is guaranteed. Using the trust-
region method, Eq. (8) can be minimized for an arbitrary m,
for both the occupied and the unoccupied HF orbitals. The
minimization is most difficult for the unoccupied set of HF
orbitals, where many very large negative Hessian eigenvalues
are encountered in the initial iterations. During the minimiza-
tion, these negative eigenvalues vanish, and quadratic conver-
gence is obtained in the last iterations. For the occupied HF
orbitals only small negative Hessian eigenvalues are encoun-
tered in the initial iterations and these disappear fast during
the optimization. This is probably the reason that a Jacobi
sweep of iterations has been able to optimize the Boys func-
tion for the occupied orbitals.

As starting orbitals we have used a simplified version of
the LCM orbitals. For these simplified LCM orbitals the ex-
pensive procedure, where all possible orbital orderings of the
orthonormal orbitals are investigated, has been replaced by a
cheap and simple reordering scheme based on the overlap be-
tween the orthonormal AOs and the set of occupied orbitals.
The simplified LCM orbitals are not nearly as local as when
the full orbital ordering has been carried out (as it was done
for the LCM orbitals in Table I). In general, however, the
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simplified LCM orbitals are significantly more local than the
canonical orbitals, and therefore they provide a better starting
guess for generating local orbitals.

IV. SUMMARY AND PERSPECTIVE

We have demonstrated that a set of local orthonormal HF
orbitals can be obtained both for the occupied and virtual or-
bital spaces. The local HF orbitals are obtained by setting up
localization functions where not only the set of occupied (or
virtual) HF orbitals on average are most local, but where a
penalty is also imposed on delocalized orbitals. As a measure
of locality we have used the orbital variance, and penalties
are introduced by using powers of the orbital variance as a
locality measure. Our general localization function becomes
the Boys function for m = 1.

The Boys localization function has previously been suc-
cessfully optimized using a Jacobi sweep of iterations for the
occupied HF orbitals. However, the Jacobi sweep has failed
to give local virtual HF orbitals. We have demonstrated that
using the trust-region method the optimization of the Boys
function and its generalizations can be performed both for the
occupied and virtual orbital spaces.

Numerical examples have shown that the optimization of
the Boys function may lead to outlier orbitals with orbitals
spreads that are much larger than for the rest of the orbitals.
These outliers disappear when penalties are imposed on large
orbital spreads, and for larger penalties the maximum orbital
spread becomes similar to the occupied and virtual HF or-
bitals. In fact, increasing the cardinal number for Dunning’s
correlation consistent basis sets for larger penalties leads to
virtual HF orbitals, which are more local than the occupied
HF orbitals. The numerical results also demonstrate that for
larger penalties the locality of the MOs is very similar to
molecules with rather different electronic structures. Even the
MOs of superbenzene – which one would intuitively expect to
have a highly delocalized electronic structure – can be made
highly local.

Our local virtual HF orbitals are significantly more local
than the PAOs that often have been used in local correlation
wave function calculations to span the virtual orbital space.
Furthermore, our local virtual orbitals are non-redundant and
orthonormal, in contrast to the PAOs. It is important for lo-
cal correlation methods to have highly local HF orbitals for
both the occupied and virtual orbital spaces, and that no out-
lier orbitals are encountered, since outliers impede an efficient
description of local electron correlation effects. For example,
a virtual outlier orbital would have a non-vanishing charge
distribution with very many local occupied orbitals – e.g., the
virtual outlier with orbital spread 7.61 in Fig. 4 has a non-
vanishing charge distribution with all occupied orbitals. This
would prohibit an efficient use of orbital locality in local cor-
related methods. Our local HF orbitals (for m > 1) thus ap-
pear to be a good candidate for local correlation methods.
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