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Multi-qubit parity measurements are at the core of many quantum error correction schemes.
Extracting multi-qubit parity information typically involves using a sequence of multiple two-qubit
gates. In this paper, we propose a superconducting circuit device with native support for multi-qubit
parity-controlled gates (PCG). These are gates that perform rotations on a parity ancilla based on
the multi-qubit parity operator of adjacent qubits, and can be directly used to perform multi-qubit
parity measurements. The circuit consists of a set of concatenated Josephson ring modulators and
effectively realizes a set of transmon-like qubits with strong longitudinal nearest-neighbor couplings.
PCGs are implemented by applying microwave drives to the parity ancilla at specific frequencies. We
investigate the scheme’s performance with numerical simulation using realistic parameter choices and
decoherence rates, and find that the device can perform four-qubit PCGs in 30ns with process fidelity
surpassing 99%. Furthermore, we study the effects of parameter disorder and spurious coupling
between next-nearest neighboring qubits. Our results indicate that this approach to realizing PCGs
constitute an interesting candidate for near-term quantum error correction experiments.

I. INTRODUCTION

The capabilities of quantum computers and simulators
have been consistently improving over the last decades,
and experiments controlling a vast number of quantum
degrees of freedom have been performed on a variety of
platforms [1–6]. Despite this impressive progress, signifi-
cant challenges remain to be addressed in demonstrating
large-scale error-corrected quantum computing. Quan-
tum error correction (QEC) uses many physical qubits
to encode a single logical qubit so that errors can be
identified and corrected before they spread and corrupt
the computation [7]. A central requirement for many
QEC schemes is that operations on the physical qubits
that make up the logical qubit can be implemented with
sufficiently low errors, the so-called threshold for a given
QEC code [8, 9]. Depending on the specific code, the
threshold value varies [7, 10–12], and each code comes
with its own set of requirements on connectivity, gates re-
quired and strategies for ensuring fault tolerance. Several
experiments have recently demonstrated quantum error
correction using physical qubits beyond (or close to) the
relevant thresholds [13–16].

One of the most promising protocols for quantum er-
ror correction is the surface codes, due to their lenient
demand on threshold error rate and nearest-neighbor con-
nectivity [7, 17–21]. Here logical qubits are encoded on
a two-dimensional lattice of qubits, and errors can be
detected by measuring the parity of four adjacent qubits,
i.e., extracting expectation values of operators of the form
Z1Z2Z3Z4 and X1X2X3X4, where Xi and Zi are Pauli
operators acting on qubit i. These operators are the
stabilizers of the quantum error correcting code and are
equivalent to finding the parity (in an appropriate ba-
sis) of a collection of qubits [22]. Reliable measurement
of multi-qubit parity operators is thus a central feature
of implementing fault-tolerant quantum computing with
qubits [23, 24]. For several quantum computing platforms,

the error rates of state-of-the-art operations are (or close
to) being limited by the decoherence of the qubits [25–27].
Thus, to further reduce error rates towards implementing
logical qubits, there are (at least) two issues to address:
increasing the coherence of the qubits and improving the
speed/efficiency of the operations required to extract the
parity.

In the context of superconducting qubits, there are
several avenues for improving the coherence of the phys-
ical qubits. This includes advancements in the materi-
als and fabrication strategies used for superconducting
qubits, as showcased by recent experiments using, e.g.,
tantalum-based transmons [28, 29], by optimizing the
physical layout of the qubits on-chip, or by novel qubit
circuit designs that come with error-suppressing prop-
erties out-of-the-box [30], e.g. the 0-π qubit [31, 32],
the parity-protected qubit [33] or the bifluxon [34]. On
the other hand, there have also been significant improve-
ments in increasing the speed and reducing control errors
on operations with superconducting qubits [35]. This
work includes implementing and optimizing various types
of two-qubit gates [36–38], new types of coupling mech-
anisms including tunable couplers [39–42], multi-qubit
gates [43], and new control schemes [25, 44, 45]. In the
context of quantum error correction, two-qubit gates are
concatenated to implement the desired parity operations,
i.e., a four-qubit parity check (as in the surface code)
requires concatenating four two-qubit gates [13, 14].

In this paper, we propose an alternative scheme for
efficiently measuring multi-qubit parity operators with
superconducting circuits by a new coupling mechanism
that enables multi-qubit parity-controlled gates (PCG).
The system we propose consists of N qubits and a parity
ancilla, which is assumed to be initialized in its ground
state |0P 〉. The key feature of our proposal is the ability
to perform fast operations on the parity ancilla condi-

tioned on the N -qubit parity operator
⊗N

i Zi, which
allows for direct measurements of the multi-qubit par-
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ity. The notion of PCGs also has applications beyond
efficient stabilizer readout for QEC, and in particular,
PCGs naturally arise in performing specific quantum sim-
ulation tasks. For instance, multi-qubit parity operators
arise in the Kogut-Susskind Hamiltonian for Z2 lattice
gauge theories [46, 47]. Another application of PCGs is
for implementing the quantum approximate optimization
algorithm [48], which can be used to find approximate
solutions to combinatorial optimization problems that
are intractable on classical hardware. Specifically, using
parity compilation [49, 50], multi-qubit parity plays a cen-
tral role. This technique has the advantage of requiring
only nearest-neighbor connectivity with the added cost
of encoding additional constraints in multi-qubit parity
operators. Parity-controlled gates may prove useful for
implementing precisely this type of dynamics.

The paper is structured as follows: In Section II, we
review how PCGs can be used to perform operations
that are highly relevant in the context of quantum error
correction, simulation, and optimization. In Section III,
we propose a superconducting circuit device that imple-
ments PCGs efficiently. The circuit consists of multiple
concatenated Josephson ring modulators (JRM) [51, 52]
and effectively realizes a system of qubits with strong
longitudinal couplings to a parity ancilla. Specifically, we
consider the two- and four-qubit cases and use numerical
simulation to gauge performance with realistic param-
eter choices. In Section IV, we investigate the impact
of parameter disorder on device performance and the ef-
fect of unwanted next-nearest-neighbor couplings between
qubits.

II. PARITY CONTROLLED GATES

In this section, we introduce the notion of parity con-
trolled gates, that is, gates conditioned on whether a set
of qubits have an even or odd number of |1〉’s. We will
denote the Hilbert space of the qubits as HQ =

⊗
Hi,

where Hi is the Hilbert space of qubit i, and HP is the
Hilbert space of the parity ancilla. The total subspace is
then the tensor product HQ ⊗ HP . Our basic building
block for multi-qubit control is the parity controlled flip
(PCF) gate, which is parameterized by a phase ϕ and
represented by the unitary

UPCF(ϕ) = P+⊗1P+iP−⊗(cos(ϕ)XP + sin(ϕ)YP ) . (1)

Here 1P , XP , YP , ZP are parity ancilla identity and Pauli
operators and

P± =
1±

⊗N
i=1 Zi

2
, (2)

are the projectors onto subspaces of different qubit parity.
For the remainder of this paper, we will omit explicit
tensor products. As the name indicates, the purpose of
the PCF-gate is to flip the parity ancilla conditioned on
the parity of the adjacent qubits. The phase ϕ dictates

whether the flip occurs by rotating the parity ancilla
around the X- or Y -axis on the Bloch sphere.

A clear use case of the PCF-gate is a parity meter,
which can be realized by applying the gate followed by
a subsequent measurement of the parity ancilla. The
complete parity measurement process can be described
using the Kraus operators

K0 = P+ |0P 〉 〈0P | , (3)

K1 = P− |1P 〉 〈0P | . (4)

Through this measurement, we obtain information on the
parity of the adjacent qubits. The PCF-gate can also
implement a parity controlled phase (PCP) gate. This
is done using two subsequent PCF gates, which ensures
that the parity ancilla ends its evolution in its ground
state and, thus, that the system state remains in the
computational subspace. Projected on the computational
subspace, the total unitary reads

UPCP(ϕ) = 〈0P |UPCF(π)UPCF(ϕ) |0P 〉
=P+ + eiϕP− = ei

ϕ
2 e−i

ϕ
2

∏
i Zi ,

(5)

which simulates a Hamiltonian on form H ∝
∏
i Zi. It

also provides an alternative method for measuring the
multi-qubit parity (see Appendix A). As a demonstration
of its utility, consider the case where the gate is applied

to the product state |+〉⊗N = 2−1/2 (|0〉+ |1〉)⊗N with
ϕ = π/2. A simple calculation shows that the final state
becomes (ignoring an unimportant overall phase factor)

UPCP

(π
2

)
|+〉⊗N =

1√
2

(
|+〉⊗N − i |−〉⊗N

)
, (6)

which is equivalent to a N -qubit GHZ-state up to single
qubit gates. This simple example elucidates the PCP-
gates ability to generate a large amount of entanglement
with only a few physical gates.

In the following sections, we propose a superconduct-
ing circuit device capable of performing the PCF-gate
using flux tuning and microwave control pulses. Further-
more, we demonstrate its performance through numerical
simulations of the two- and four-qubit cases.

III. PHYSICAL IMPLEMENTATION

We propose a realization using superconducting cir-
cuits. The circuit consists of concatenated JRMs, a cir-
cuit element previously used in the context of quantum
amplifiers [42, 51], interleaved with large shunt capacitors.
Our scheme uses the JRM modes as the physical qubits
and parity ancilla. For example, the proposed circuit
with two qubits can be seen in Fig. 1a. Effectively, this
realizes a system of qubits longitudinally connected to
the central parity ancilla (see Appendix B for a complete
circuit analysis). The coupling strengths and qubit fre-
quencies depend on the flux applied through the JRM
loops, and by tuning this flux, the system can be brought
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Figure 1. (a) (Top) Diagram of the proposed circuit. The
system consists of two capacitively shunted Josephson ring
modulators that effectively realize two transmon-like qubits
with a strong Cross-Kerr type coupling to a third ancillary
parity qubit. (b) Qubit frequencies and their dependence
on flux. (c) Flux dependence of the couplings. Multi-qubit
operations are done with g1 = g2.

to a point where the coupling strengths are equal, i.e.,
gi = g for all i ∈ {1, ..., N}, as demonstrated for the
two-qubit case in Fig. 1b and c. By projecting the qubit
and ancilla modes onto their two lowest states, we obtain
the effective hamiltonian

H0 = −1

2
(ωP + ∆(Z1, ..., ZN )) (ZP − 1)− 1

2

N∑
i=1

ωiZi,

(7)
where ωi is the frequency of the i’th qubit, ωP is the
frequency of the parity ancilla and

∆(Z1, ..., ZN ) = −g
2

N∑
i

Zi, (8)

is the detuning of the parity ancilla arising from the
coupling to the adjacent qubits.

Before we continue, it is informative to consider how
this coupling scheme compares to other examples common-
place in superconducting circuits. The modes of the JRMs
are akin to transmons [53], so it is natural to ask how
our proposal differs from the highly successful transmon-
based architectures commonly used in state-of-the-art
quantum computing experiments. Typically, transmons
couple transversely [54, 55], i.e. through terms on the

form (b1b
†
2+b†1b2), where b(b†) is the annihilation(creation)

operator. This type of coupling can be achieved by ca-
pacitively coupling the qubits or by coupling the qubits
through a coupler, e.g., a resonator [56, 57]. Furthermore,
the coupling can be made flux tunable and can be entirely
switched off [39, 58]. The main difference between tradi-

tional coupling schemes and ours is that our coupling is

purely longitudinal, i.e., on the form b†1b1b
†
2b2. The longi-

tudinal coupling axis allows us to have strong coupling
without worrying about leakage to higher levels since

〈11| b†1b1b
†
2b2 |20〉 = 0. The coupling arises because of the

non-linearity of the Josephson inductance, the same mech-
anism that gives rise to the anharmonicity of transmons.
As such, it is not surprising that the coupling strength
is of the same order as the anharmonicity, typically a
few hundred hMHz. This is significantly larger than the
typical coupling strength between transmons, which is
on the order of tens of hMHz. The drawback of this
large longitudinal coupling is that it cannot be switched
off, even though the coupler is tunable. Our proposed
workaround is to couple the qubits to an ancillary mode,
in this case, the parity ancilla.

In the rest of the analysis, we will work in the interac-
tion picture given by |ψI〉 = exp(iH0t) |ψS〉. The coupling
strength in our scheme is large, comparable to the anhar-
monicity, which makes the control of individual qubits
more difficult. Thus, our first order of business is to inves-
tigate how single qubit control can be implemented in the
rotating frame. Consider a microwave drive applied to
qubit i at frequency ωi. The drive couples to the qubits
charge degree of freedom Qi ∝ Yi, and in the Schrödinger
picture, the driving Hamiltonian reads

Hd,S(t) = Ω(t) sin (ωit− ϕ)Yi, (9)

where Ω(t) is the pulse envelope and ϕ is the phase shift
of the drive. In the interaction picture, this becomes

Hd,I(t) = −Ω(t)

2

(
e−i(ϕ−g(ZP−1)) |0i〉 〈1i|+ h.c.

)
, (10)

after employing rotating wave approximation (RWA). In
general, this operator depends on the state of the parity
ancilla, which complicates single qubit control. This is the
price of having strongly coupled qubits. In our scheme,
the problem is circumvented by only applying single qubit
gates when the parity ancilla is known to be in its ground
state. In this case Eq. (10) reduces to

〈0P |Hd,I(t) |0P 〉 = −Ω(t)

2
(cos(ϕ)Xi + sin(ϕ)Yi) , (11)

which can perform arbitrary single-qubit rotations. In
summary, the system effectively decouples when the parity
ancilla is in its ground state, allowing for individual qubit
control and readout.

In the rest of this section, we investigate how parity-
controlled gates can be performed by applying a mi-
crowave drive to the parity ancilla.

A. Two qubit case

We now focus on the N = 2 case shown in Fig. 1a. The
coupling strength and, to a lesser extent, the qubit fre-
quencies depend on the externally applied flux, as shown
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Figure 2. (a) Drive applied to the parity ancilla qubit. The
drive is resonant with the |010〉 ↔ |011〉 and |100〉 ↔ |101〉
transitions, as indicated on the level diagram. (b) Process
fidelity error as a function of gate time between the simulated
process and the ideal PCF gate. The solid lines are simulations
including noise in the form of single qubit relaxation and
dephasing with rates Tφ = T1 = 40µs. The advanced pulse
scheme includes corrections due to AC-Stark-induced energy
shifts. (c) The shape of the applied π-pulse applied to the
parity ancilla qubit. (d) Excited state probability of the parity
ancilla during a single PCF gate for different qubit states.

in Fig. 1b and c, and the system is operated at a bias
flux so that g1 = g2 = g. We apply a drive to the parity
ancilla at the frequency ωP , which is resonant with the
parity ancilla when ∆P (Z1, Z2) = 0 corresponding to an
odd parity configuration of the qubits as shown on Fig. 2a.
In the Schrödinger picture, the driving Hamiltonian reads

Hd,S(t) = Ω(t) sin (ωP t+ ϕ)YP . (12)

Again we will switch to the interaction frame and elim-
inate counter-rotating terms using RWA. The resulting
Hamiltonian is

Hd,I(t) = −Ω(t)

2

(
e−i(ϕ+g(Z1+Z2)t/2) |0P 〉 〈1P |+ h.c.

)
.

(13)
Note that in the case of odd parity, we have (Z1 +
Z2) |ψodd〉 = 0. This time we will also assume that
|Ω/2| � |g| such that terms rotate with frequencies of |g|
or higher can be eliminated. The driving Hamiltonian
then becomes

Hd,I(t) = −P−
Ω(t)

2
(cos(ϕ)XP + sin(ϕ)YP ) , (14)

with P± as defined in Eq. (2). For a fixed phase ϕ the
time evolution operator at time T becomes

U = e−i
∫ T
0
Hd,I(t)dt

= P+ + P−e
i(cos(ϕ)XP +sin(ϕ))

∫ T
0

Ω(t)
2 dt.

(15)

After a π-pulse, where
∫ T

0
Ω(t)dt = π, we recover the PCF

unitary from Eq. (1). Until now, we have assumed that
off-resonant terms have no effect and can be eliminated
using RWA. A more realistic model can be built by ac-
counting for the AC-Stark shifts caused by the driving
by using time-averaging techniques [59]. The AC-stark-
induced errors can be corrected by slightly modifying the
pulse (see Appendix C). Undoubtedly, more sophisticated
pulse engineering techniques can provide better results.
Still, this relatively simple correction is sufficient to reach
fidelities above 99% in our case with reasonable circuit
parameters and decoherence times.

To gauge the feasibility of the proposed pro-
tocol, we have carried out numerical simulations
of the driven system by numerical integrating the
Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) equa-
tion [60]

ρ̇ = −i [Hd,I , ρ] +
∑
i

γi

(
L†iρLi −

1

2
{L†iLi, ρ}

)
, (16)

where ρ is the system density matrix, and Li are the
systems Lindblad operators with rates γi. We note in
passing that we use SciPy [61] and NumPy [62] for all
numerical experiments. Transmon-like modes such as
the ones used in this scheme are weakly anharmonic. As
such, we model the parity ancilla as a three-level system
with anharmonicity αP for simulation. We have used
parameters g = −250hMHz, αP = −100hMHz consistent
with realistic hardware parameters (see Appendix B). The
system relaxes to the ground state for low temperatures,
so we model relaxation through the annihilation operator
Lrel,i = bi, and dephasing using the number operators of

each mode Lφ,i = b†i bi. We use relaxation time T1 = 40µs
and pure dephasing time Tφ = 40µs. We use a Tukey
window function for the pulse shape and set ϕ = 0 as
shown in Fig. 2b. As expected, the parity ancilla is only
excited when the qubits are in state |01〉 or |10〉 as shown
in Fig. 2d. By subsequently measuring the parity ancilla,
we realize the parity measurement operation given in
Eq. (4). As a measure of process quality, we use the
process fidelity [63] defined as

Fpro (Esim, Eideal) = F (ρE,sim, ρE,ideal) , (17)

here Esim(Eideal) is the simulated (ideal) process, ρE is
the Choi density matrix representation [64, 65] of the

process E and F (ρ, σ) =
(
tr
√√

ρσ
√
ρ
)2

is the fidelity
[66]. The simulations show process fidelities above 99%
can be achieved in roughly 25ns (see Fig. 2c). For low gate
times, the error is dominated by coherent errors, such as
leakage and dynamical phase error, while relaxation and
incoherent dephasing limit fidelity for longer gate times.
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Figure 3. (a) Level diagram of a four-qubit plaquette. A two-
tone drive is applied to the parity ancilla, as shown. The drive
is resonant if the qubits have an odd number of excitations. (b)
Plaquette configuration with four qubits and a parity ancilla.
The four qubits couple longitudinally to the central parity
ancilla with equal strength. (c) Process fidelity as a function
of gate time for the four qubit PCF gate. The inset shows
the pulse shape used for the (basic) simulation. The advanced
simulation includes corrections to AC-Stark-induced errors.
The solid lines are simulated with decoherence in the form
of single qubit dephasing and relaxation. The rates used are
T1 = Tφ = 40µs. (d) Simulation of the GHZ-factory circuit.
The inset shows the ideal circuit and the pulse sequence used
to realize it. The plot shows the state fidelity of the output
state with the target GHZ state.

B. Four qubit case

An important feature of our scheme is its extension to
two dimensions, which we do by connecting two additional
qubits to the parity ancilla, as shown in Fig. 3b. As in
the two-qubit case, multi-qubit operations are performed
by applying a drive to the parity ancilla. In this case,
we use a two-tone drive at frequencies ω± = ωP ± g, as
shown on Fig. 3a. In the Schrödinger picture, the driving
Hamiltonian becomes

Hd,S(t) = Ω(t) (sin (ω+t− ϕ) + sin (ω−t− ϕ))YP . (18)

Note that one of the tones is resonant in the case
where ∆P (Z1, ..., Z4) = −g and the other is when
∆P (Z1, ..., Z4) = g. Eq. (8) and Fig. 2a shows that these
two cases correspond to cases where there are either 1 or
3 excitations amongst the qubits, i.e., the states with odd
parity. Switching to the interaction picture and employing

RWA, we obtain

Hd,I(t) =− Ω(t)

2
e−i(ϕ+gt(1+

∑4
i=1 Zi/2)) |0P 〉 〈1P |

− Ω(t)

2
e−i(ϕ−gt(1−

∑4
i=1 Zi/2)) |0P 〉 〈1P |

+ h.c.

≈− P−
Ω(t)

2
(cos(ϕ)XP + sin(ϕ)YP , )

(19)

where we have employed RWA a second time in the last
line to eliminate terms rotating with frequencies ∼ g.
Eq. (19) is the four-qubit version of Eq. (14), and the PCF
unitary can be realized using a single π-pulse following
the same arguments as before.

As with the two-qubit case, we have conducted nu-
merical simulations of the PCF-gate. We use a coupling
strength of g = −200hGHz consistent with realistic hard-
ware parameters (see Appendix B), and an anharmonicity
of −100hGHz. Fig. 3c shows the process fidelity of the
simulated PCF-gate with and without AC-stark compen-
sation. We achieve process fidelities above 99% in roughly
30ns. Furthermore, we have carried out simulations of
the PCP-gate. Specifically, we simulate its performance
as a GHZ-state factory, as shown on Fig. 3d, where we
apply the simulated PCP gate to create the GHZ-like
state described in Eq. (6). Here we can initialize the GHZ
state with 99% fidelity in roughly 75ns.

IV. PRACTICAL CONSIDERATIONS

We propose a physical layout using crossover junctions
as indicated on Fig. 4a. This compact design eliminates
the need for air bridges and may prove advantageous for
scalability. Furthermore, the design is easily adapted to
two dimensions.

So far, our analysis has assumed that junctions belong-
ing to the same JRM have identical EJ ’s. In practice,
fabrication imperfections will almost always allow for some
degree of parameter disorder among the junctions. The
disorder results in transverse couplings between qubits
and parity ancilla. The coupling is relatively small (on
average ∼ 50hMHz) compared to the qubit-parity ancilla
detuning and can therefore be treated as a perturbation.
Ultimately, the parameter disorder amounts to a shift in
the coupling strength between qubits and parity ancilla as
shown on Fig. 4b. Importantly, the shift is small enough
that the system can be tuned such that g1 = g2, even in
the presence of disorder.

Another issue common to qubit couplers in supercon-
ducting circuits is the unwanted coupling between non-
neighboring qubits. This issue is also present in our
scheme, although its origin differs from typical supercon-
ducting couplers. The coupling arises from higher order
correction to the Hamiltonian and is on the form g12Z1Z2

where g12 ∝ g1g2/(2ωP ). Although the parasitic coupling
is suppressed by |g/ωP | � 1, it is still significant due to
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Figure 4. (a) Sketch illustrating the proposed physical layout
of the circuit. Using cross-over junctions, as shown on the inset,
we eliminate the need for air bridges. (b) A plot of the coupling
strengths illustrating the effects of parameter disorder. The
mean and standard deviation of 200 realizations of the circuit
with randomized Josephson energies have been calculated.
Each Josephson energy is picked from a normal distribution
with mean at the ideal energy and a standard deviation of
10%. (c) Cancellation of the parasitic coupling between qubits
through off-resonant driving of the parity ancilla.

the large value of g. This coupling can be compensated
for by applying an off-resonant drive to the parity ancilla,
as demonstrated on Fig. 4c where a drive at frequency
ωP − g/2 has been applied. By tuning the amplitude,
the parasitic coupling is canceled by the driving-induced
AC-Stark shift. Similar schemes have been proposed
to compensate for unwanted couplings in other coupler
designs [67]. Additionally, we note that the parasitic cou-
pling scales as g2, whereas the gate time scale as g−1.
Thus, by reducing the coupling strength between qubits
and parity ancilla, the parasitic coupling is suppressed
while only increasing gate times moderately.

V. CONCLUSION

In this paper, we have presented a novel scheme for
implementing parity-controlled gates in superconducting
circuits. The scheme relies on a strong longitudinal cou-
pling between qubits and an ancillary parity qubit. We
have performed numerical simulations of the scheme with
realistic circuit and decoherence parameters for the two-
and four-qubit cases. In both cases, we achieve process
fidelities above 99% in the order of tens of nanoseconds.
Furthermore, we examine the effects of parameter disorder
in the junction energies and find that this only slightly
modifies the qubit-ancilla coupling. Our simulations in-
dicate that the tunability of the proposed device can
compensate for these effects. We have also demonstrated

how unwanted parasitic coupling between qubits may be
canceled by applying an off-resonant drive to the parity
ancilla.

All in all, the proposed scheme natively implements fea-
tures that are highly desirable in many areas of quantum
computing and presents an exciting test-bed for surface
codes and specific quantum simulation and optimization
schemes.

VI. ACKNOWLEDGEMENTS

The authors thank András Gyenis for enlightening dis-
cussions on the proposed device. KSC and NTZ acknowl-
edge support from the Independent Research Fund Den-
mark. MK gratefully acknowledges support from the
Danish National Research Foundation, the Danish Coun-
cil for Independent Research — Natural Sciences, Villum
Foundation (grant 37467) through a Villum Young Inves-
tigator grant.

Appendix A: Parity readout using the PCP-gate

In the main text, we proposed performing a PCF gate
followed by measurement of the parity ancilla to measure
the multi-qubit parity operator

∏
i Zi. In this section,

we propose an alternate scheme that instead involves
measuring one of the qubits, say qubit 1, for concreteness.
This may prove advantageous since the system effectively
decouples while the parity ancilla is in its ground state,
and it is straightforward to perform qubit measurements
in this case. This alternate readout protocol involves a
single PCP gate sandwiched between single-qubit gates
on qubit 1. Specifically:

U1 = H1S
†
1UPCP

(π
4

)
H1, (A1)

where H1 = (X1 + Z1)/
√

2 is the Hadamard gate and
S1 = diag(1, i) the phase gate. It can be seen that this
unitary allows for parity measurements by considering

U†1Z1U1 =
∏
i Zi. Thus, after a single U1 gate, the parity

information is encoded in qubit one and can be mea-
sured. The measurement may change the state of qubit
1; however, this can be undone by subsequently applying

U†1 .

Appendix B: Circuit

The circuit we propose is shown in Fig. 1a. The circuit
consists of three large capacitors coupled through four
Josephson junctions in a ring configuration. This section
shows how our system reduces to a chain of three modes
with strong, independently tunable longitudinal couplings
between neighboring qubits. For convenience, we will
work in units where 2e = ~ = 1.
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Figure 5. (a) Frequencies of qubits and parity ancilla com-
puted using naive RWA, second order perturbation theory
using Schrieffer wolf transformation (SW) and exact diagonal-
ization. (b) Comparison of coupling strengths between RWA,
perturbative and exact diagonalization approaches.

The first step is to define the coordinates in terms of the
node fluxes of the circuit. We write this transformation
as 

φ1

φ2

φP
θ1

θ2

 =
1

2


1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 1 −1
1 1 0 0 −1 −1
0 0 1 1 −1 −1



ϕ1

ϕ2

ϕ3

ϕ4

ϕ5

ϕ6

 , (B1)

where the ϕi’s are the node fluxes, and φi and θi constitute
the chosen coordinates. In these coordinates, the potential
energy takes the form

V =

2∑
i=1

−4EJi

(
cosφi cosφP cos θi cos

φxi
4

− sinφi sinφP sin θi sin
φxi
4

)
,

(B2)

where we have defined the normalized external flux φx1 =
2πΦx/Φ0. The kinetic energy is

K = ECP q
2
P +

2∑
i=1

(
ECiq

2
i + ẼCiQ

2
i

)
, (B3)

where we have defined the canonical conjugate momenta
{φi, qi} = {θi, Qi} = {φP , qP } = 1, where {·, ·} denotes
the Poisson bracket. The charging energies are given by

ECi =
1

8(CQi + CJi)
, (B4)

ECP =
1

8(CP + CJ1 + CJ2)
, (B5)

ẼCi =
1

8CJi
, (B6)

(B7)

where i ∈ {1, 2}. The device is operated near φxi = 0,
meaning that the potential has a minimum at φi = θi =
φP = 0. Therefore we assume that the wavefunction is
reasonably localized around this point, and we can approx-
imate the potential by its Taylor expansion. The system
then reduces to a system of coupled anharmonic oscilla-
tors and is quantized by introducing the ladder operators
b± =

(
ζ−1/2φ∓ iζ1/2q

)
/
√

2, where ζ =
√
EC/(2EJ) is

the modes characteristic impedance. After expanding,
the Hamiltonian becomes

H =ECP q
2
P + 4

2∑
i=1

ciEJi

(
φ2
P

2
− φ4

P

24

)

+

2∑
i=1

(
ECiq

2
i + 4ciEJi

(
φ2
i

2
− φ4

i

24

))

+

2∑
i=1

(
ẼCiQ

2
i + 4ciEJi

(
θ2
i

2
− θ4

i

24

))

−
2∑
i=1

ciEJi
(
φ2
iφ

2
P + φ2

i θ
2
i + φ2

P θ
2
i

)
+ 4

2∑
i=1

siEJiφiθiφP ,

(B8)

where we have introduced ci = cos (φxi/4) and si =
sin (φxi/4) to ease notation. In the following, we will
work with a basis of eigenstates for the quadratic Hamil-
tonian and treat off-diagonal, which consists only of cubic
and quartic terms, as a perturbation. We denote the diag-
onal part of the Hamiltonian as HD =

∑
αEα |Eα〉 〈Eα|

and the off-diagonal as HX . Projecting onto the rele-
vant subspace, where the parity ancilla and qubits are
restricted to their two lowest eigenstates and the θ-modes
are in their ground states, yields a Hamiltonian on the
form

HD = −1

2

(
ωP −

g1

2
Z1 −

g2

2
Z2

)
(ZP − 1)− 1

2

2∑
i=1

ωiZi,

(B9)

with the unperturbed frequencies ωP and ωi, and un-
perturbed coupling strengths gi. The primary mech-
anism behind the strong longitudinal coupling is the
quartic interaction since the diagonal part of φ2

Pφ
2
i ∝

(b†P bP + 1)(b†φibφi + 1). However, the off-resonant inter-
actions of HX introduce energy shifts which can be ap-
proximated using standard perturbation techniques. To
second order in HX , the corrections are

E(2)
α =

∑
β 6=α

|〈Eα|HX |Eβ〉|2

Eα − Eβ
, (B10)

where the β runs over all states, not only those in the
relevant subspace. These energy shifts modify the cou-
pling strengths and mode frequencies. This is shown on
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Fig. 5, which demonstrates a significant discrepancy be-
tween the naive RWA approach, where the off-diagonal
terms are eliminated, and the exact diagonalization of
the system. The second-order perturbative approach is
much closer to the exact diagonalization and captures
the coupling strength’s flux dependence. Furthermore,
the quartic interaction terms introduce a small parasitic
coupling between the qubits, which can be canceled by
applying an off-resonant driving, as described in the main
text.

In our numerical simulations, we are only interested
in the lowest N levels of each mode, where N = 3 for
the parity ancilla, N = 2 for the qubits, and N = 1 for
the θ modes. We compute the energy shifts of each level
according to Eq. (B10) using the lowest N + 2 levels of
each mode, thus including all shifts due to interactions
with higher levels. We wish to choose the external flux
biases so that gi = g for all i by numerically minimizing
Var(gi). Although it is possible to diagonalize the system
for two qubits numerically, this becomes unfeasible in
the four-qubit case for the hardware used for this work
since the total dimension of the Hilbert space becomes
5 · 44 · 34 ∼ 105 dimensional. As such, we rely on the
perturbative approach for diagonalization.

For the simulations of the two-qubit system, we have
used the capacitances C1 = C2 = 22fF, CP = 19fF
and CJ1 = CJ2 = 4fF, together with junction energies
EJ1 = 10hGHz and EJ2 = 11hGHz. This give an optimal
flux bias of Φx1/Φ0 = φx/(2π) ≈ 0.06 and Φx2 = 0 with
a coupling strength of roughly 280hMHz, and frequencies
ranging from 7.0− 7.4hMHz for the qubit and 9.8hMHz
for the parity ancilla, as seen on Fig. 1c. For the four-
qubit case, we use Josephson energies EJ1 = EJ2 =
13hMHzand EJ3 = EJ4 = 12hMHz with capacitances
C1 = C3 = CP = 13fF, C2 = C4 = 15fF and CJi = 4fF
for i = 1, ..., 4. In this case, the qubit frequencies are all
between 8.8hGHz and 9.6hGHz, while the parity ancillas
frequency is 15hGHz. The coupling strength between
qubits and parity ancilla is 214hMHz. In both the two-
and four-qubit cases, the theta modes have frequencies
between 19.4hGHz and 20.6hGHz.

Appendix C: Accounting for AC-stark shifts

The rotating frame Hamiltonian given by Eq. (14) only
holds in the limit where |Ω/g| → 0. Furthermore, when
driving the |0〉 −→ |1〉 transition of a weakly anharmonic
qubit, such as the transmon-like qubits of our system,
one also drives the |1〉 −→ |2〉 transition off-resonantly.
The off-resonant driving of specific transitions leads to
AC-stark shifts of the levels, ultimately leading to phase
errors if not accounted for.

In this section, we demonstrate a simple technique
for suppressing this type of error using time-averaging
techniques. Intuitively, this can be considered a more
sophisticated version of RWA. To gauge the effect of
leakage, we model the parity ancilla as an anharmonic

oscillator with anharmonicity α. This means modifying
Eq. (7):

H0 =−
∑
i

ωiZi/2

+ (ωP + ∆P ) b†P bP +
α

2
b†P bP (b†P bP − 1),

(C1)

where b†P and bP are the parity ancilla creation and an-
nihilation operators. Since there are only longitudinal
couplings and no driving on the qubits, it is not necessary
to include the higher energy levels of the qubit degrees of
freedom. We show that the AC-stark-induced errors can
be accounted for by changing the phase of the driving
pulse. It is convenient to define the projection onto the
relevant subspace

P = P+ |0P 〉 〈0P |+ P− (|0P 〉 〈0P |P + |1P 〉 〈1P |) . (C2)

If the qubits are in an even parity state, this projects onto
the ground state of the parity ancilla, and if the qubits
are in an odd parity state, it projects onto the two lowest
states instead.

1. Two qubit case

We apply a drive to the parity ancilla coupled to two
qubits at frequency ωd. In the Schrödinger picture, the
Hamiltonian reads

HS = H0 +Hd, (C3)

is the free Hamiltonian of the system and

Hd = iΩ(t) sin(ωdt− φ(t))(b† − b). (C4)

We now switch to a frame defined by

|ψ(t)〉R = V (t) |ψ(t)〉S , (C5)

with V (t) = exp
(
i
∫ t

0
HR(t)dt

)
and

HR(t) = H0 +Hac(t), (C6)

where

Hac = δP (t)b†P bP −
δQ(t)

2

∑
i

Zi, (C7)

is introduced to cancel AC-stark shifts induced by the
driving term. Crucially, the rotating frame Hamiltonian
depends only on diagonal single qubit operators, and we
can therefore switch between this frame and the lab frame
using only virtual rotation. It is also worth noting that
in the relevant subspace, we have

PHacP = δQ (P2 − P0) |0P 〉 〈0P |+ δPP− |1P 〉 〈1P | ,
(C8)
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where Pn is the projector onto the qubit subspace of
Hamming weight n. We now choose the driving frequency

as ωd = ωP and the phase as φ(t) = ϕ −
∫ t

0
δP (t′)dt′.

Switching to the rotating frame and eliminating terms
rotating with frequencies of 2|ωd|, we find

Hd,I =V HdV
† −Hac

=
Ω(t)

2

(
b†(t) + b(t)

)
−Hac,

(C9)

where for compactness, we have defined

b(t) = e−i(∆P t+ϕ)
(
|0P 〉 〈1P |+

√
2e−iαt |1P 〉 〈2P |

)
.

(C10)

Computing the effective time-averaged Hamiltonian [59]
and projecting onto the relevant subspace yields

PHeffP =HXY (t, ϕ)

+

(
δQ(t) +

Ω(t)2

4g

)
(P0 − P2) |0P 〉 〈0P |

−
(

Ω(t)2

2α
+ δP (t)

)
P− |1P 〉 〈1P | .

(C11)

By setting

δQ(t) =− Ω(t)2

4g
, (C12)

δP =− Ω(t)2

2α
. (C13)

we thus recover Eq. (14).

2. Four qubit case

In the four-qubit case, we apply a two-tone drive to the
parity ancilla on the form

Hd = iΩ(t) (sin(ω3t− φ3(t)) + sin(ω1t− φ1(t))) (b† − b),
(C14)

where we choose ωd = ωm + δm and ωs = g + gac, where
|gac| � |g| is a small correction to the effective cou-
pling strengths that arise due to AC-stark shifts of off-
resonantly driven transitions. Switching to the rotating
frame defined as before but with

Hac(t) = (δP,1(t)P1 + δP,3(t)P3) b†P bP −
δQ(t)

2

∑
i

Zi.

(C15)
Again we switch to a frame rotating with HR(t) = H0 +

Hac(t), this time choosing φi(t) = ϕi −
∫ t

0
δP,i(t

′)dt′. For
the moment, ϕi is an undetermined constant phase. In
the interaction picture, the Hamiltonian becomes identical
to Eq. (C9) with

b(t) = 2e−i(∆t+ϕ) cos(gt)
(
|0〉 〈1|P +

√
2e−iαt |1〉 〈2|P

)
.

(C16)

Here we have implicitly used that

exp
(
i(∆± g)t+

∫ t
0
Hac

)
∼ exp (i(∆± g)t) for the

purposes of time-averaging, when acting on the subspace
where ∆ ± g 6= 0. In the following, we will drop the
explicit time dependence for compactness. The effective
Hamiltonian projected onto the relevant subspace
becomes

PHeffP =− P1
Ω

2
(cos(ϕ−)XP + sin(ϕ−)YP )

− P3
Ω

2
(cos(ϕ+)XP + sin(ϕ+)YP )

+

4∑
n=0

δn,0Pn |0P 〉 〈0P |

+
∑

m∈{1,3}

δm,1Pm |1P 〉 〈1P |

(C17)

with

δ0,0 =− δ4,0 = 2δQ +
Ω2

3g
(C18)

δ1,0 =− δ3,0 = δQ +
Ω2

8g
(C19)

δ1,1 =δQ − δP,1 −
Ω2

8g
− Ω2

2α
− Ω2

2α− 4g
(C20)

δ3,1 =− δQ − δP,3 +
Ω2

8g
− Ω2

2α
− Ω2

2α+ 4g
. (C21)

By setting

δQ =− Ω2

6g
(C22)

δP,1 =− Ω2

4g
− Ω2

2α
− Ω2

2α− 4g
(C23)

δP,3 =δQ +
Ω2

8g
− Ω2

2α
(C24)

the effective Hamiltonian reads

PHeffP =− P1
Ω

2

(
cos(ϕ−)XP + sin(ϕ−)YP +

Ω

12g

)
− P3

Ω

2

(
cos(ϕ+)XP + sin(ϕ+)YP −

Ω

12g

)
(C25)

After a π-pulse, we achieve a slight variation on the PCF
gate:

UPCF (ϕ) =P+ + ieiχP1 (cos(ϕ1)XP + sin(ϕ1)YP )

+ ie−iχP3 (cos(ϕ3)XP + sin(ϕ3)YP ) ,

(C26)

where χ =
∫ T

0
Ω(τ)2/(24g)dτ . For parity measurements,

this unitary serves precisely the same function as that of
Eq. (1) since the phases become irrelevant once the parity
ancilla is measured. The PCP may be realized using a
two-pulse sequence, the first with ϕ1 = ϕ3 = π, and the
second with ϕ1 = ϕ− 2χ and ϕ3 = ϕ+ 2χ.
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