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ABSTRACT
TSNE and UMAP are two of the most popular dimensionality
reduction algorithms due to their speed and interpretable low-
dimensional embeddings. However, while attempts have been made
to improve on TSNE’s computational complexity, no existingmethod
can obtain TSNE embeddings at the speed of UMAP. In this work,
we show that this is indeed possible by combining the two ap-
proaches into a single method. We theoretically and experimentally
evaluate the full space of parameters in the TSNE and UMAP algo-
rithms and observe that a single parameter – the normalization – is
responsible for switching between them. This, in turn, implies that
a majority of the algorithmic differences can be toggled without
affecting the embeddings. We discuss the implications this has on
several theoretic claims underpinning the UMAP framework, as
well as how to reconcile them with existing TSNE interpretations.

Based on our analysis, we propose a new dimensionality re-
duction algorithm, GDR, that combines previously incompatible
techniques from TSNE and UMAP and can replicate the results
of either algorithm by changing the normalization. As a further
advantage, GDR performs the optimization faster than available
UMAP methods and thus an order of magnitude faster than avail-
able TSNE methods. Our implementation is plug-and-play with
the traditional UMAP and TSNE libraries and can be found at
https://github.com/Andrew-Draganov/GiDR-DUN.

1 INTRODUCTION
Dimensionality Reduction (DR) algorithms are invaluable for qual-
itatively inspecting high-dimensional data and are widely used
across scientific disciplines. This includes tasks such as visualizing
single-cell RNA-sequence data [22], understanding molecular dy-
namics [19], and classifying toxicological data [10], to name a few.
At a broad level, DR algorithms accept a high-dimensional input
and find a faithful embedding in a lower-dimensional space. This
embedding aims to preserve similarities among the 𝑛 points, where
similarity is measured by distances in the corresponding spaces.
This implies a quadratic run time, as DR algorithms must compare
all 𝑛2 high- and low-dimensional pairwise similarities before we
can be certain of the embedding quality.

Recent gradient-based methods have improved this run time by
performing the optimization on only the relevant entries of the

similarity matrix. Among these, TSNE [20, 21] and UMAP [11] are
by far the most popular due to their improved speed and clusterable
embeddings. Both algorithms operate similarly. They establish anal-
ogous similarity measures, find an embedding through gradient
descent, and even share comparable loss functions. Despite these
similarities, TSNE and UMAP have several key differences. First,
although both methods obtain qualitatively similar results, UMAP
prefers large inter-cluster distances while TSNE leans towards large
intra-cluster distances. Second, UMAP runs significantly faster as
it no longer needs to partition the low-dimensional space during
every epoch of gradient descent like TSNE does. While attempts
have been made to improve on TSNE’s computational complexity
[9, 17], there has not yet been a method that can obtain both TSNE
and UMAP embeddings at the speed of UMAP.

We believe that this is in part due to their radically different
presentations. While TSNE is introduced from a computational
perspective, UMAP is instead introduced with a deep foundation in
category theory and topology. Despite this, many of the algorith-
mic choices in UMAP and TSNE are presented without theoretical
justification, making it difficult to know which components of each
algorithm are necessary. For example, UMAP suggests that the
KL-divergence is a natural objective function due to its underlying
theory. However, it is unclear whether this is a necessary choice;
indeed we show that one can minimize the Frobenius norm in
both TSNE and UMAP and obtain equivalent embeddings. Such
questions can also be raised for many other algorithmic compo-
nents such as the normalization, symmetrizations, and initialization
requirements, which we will discuss in later sections.

In this paper, we make the argument that the differences in both
the embeddings and computational complexity between TSNE and
UMAP can be attributed to a single algorithmic choice – the nor-
malization factor. We come to this conclusion by first identifying
every framework and implementation difference between the two
methods, thus defining both algorithms as a set of on/off switches
across the space of these parameters. Under this lens, we imple-
ment TSNE and UMAP in a common library, giving us the ability
to study the effect that each such choice has on the embeddings.
We show both quantitatively and qualitatively that the majority of
these parameters have no distinguishable effect on the resulting em-
beddings, with the exception of the normalization of the pairwise
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dataset TSNE 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 UMAP 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃

MNIST

Fashion MNIST

Coil-100

Table 1: GDR recreates both TSNE and UMAP embeddings by changing the normalization and corresponding gradients.

similarity matrices 𝑃 and 𝑄 . This is substantiated through theoreti-
cal discussion, where we analyze the effect that the normalization
has on the resulting gradient descent schema. Thus, we show that
making each algorithm compatible with the other’s normalization
is a sufficient condition for UMAP to give TSNE embeddings and
for TSNE to give UMAP embeddings.

This leads us to the conclusion that many of the differences be-
tween TSNE and UMAP are negligible and, in turn, brings several
claims regarding the necessary components of each algorithm into
question. Furthermore, we believe that UMAP’s theoretic foun-
dation does not depend on the normalization, raising questions
on whether TSNE can be interpreted under UMAP’s topological
framework.

Based on this analysis we propose GDR, a DR algorithm that
can perform either TSNE or UMAP depending on the choice of
normalization. Since the normalization is a sufficient condition for
switching between the algorithms, we are then free to make compu-
tationally efficient choices among the remaining hyperparameters.
Due to this, GDR is particularly amenable to parallelization, run-
ning at UMAP speed despite making fewer estimates in many of
the gradient calculations. We experimentally validate that GDR
can simulate both methods through a thorough quantitative and
qualitative evaluation. Furthermore, our method is faster than any
available version of UMAP and TSNE.

In summary, our contributions are as follows:

(1) We perform the first broad analysis of the conceptual and
algorithmic differences between TSNE and UMAP, showing
the effect of each algorithmic choice on the embeddings.

(2) We propose GDR, an optimization algorithm that effectively
reproduces both TSNE and UMAP embeddings depending
on a single input parameter.

(3) We show that GDR is faster than available UMAP methods
and thus significantly faster than all TSNE methods.

(4) We release simple, plug-and-play implementations of GDR,
TSNE and UMAP that can each toggle all of the hyperparam-
eters we’ve identified.

2 RELATEDWORK
GDR falls into a broad category of gradient-based DR approaches,
characterized by minimizing a non-convex objective using variants
of gradient descent. The basic steps in TSNE and UMAP consist of
finding nearest neighbors in the high-dimensional space, obtaining
similarity matrices 𝑃 and 𝑄 between pairs of points in high- and
low-dimensions, and optimizing 𝐾𝐿(𝑃 | |𝑄) with gradient descent.
These steps are discussed in more detail in Section 3.

There exist several variations to these methods. We first men-
tion that when discussing TSNE, we are referring to [20], which
established the nearest neighbor and sampling speed improvements.
Since this paper, a popular subsequent development was presented
in [9], wherein Fast Fourier Transforms were used to accelerate the
comparisons between points. Another approach based on TSNE is
the LargeVis algorithm, proposed in [17], which modifies the em-
bedding functions to satisfy a graph-based Bernoulli probabilistic
model of the low-dimensional dataset. As the more recent algo-
rithm, UMAP has not had as many variations yet. One promising
direction, however, has been to extend the second step of UMAP as
a parametric optimization on neural network weights [16].

Many of these approaches utilize the same optimization struc-
ture where they iteratively attract and repel points. While most
perform their attractions similarly along nearest neighbors in the
high-dimensional space, the repulsions are the slowest operation
and each method approaches the repulsions differently. The TSNE
method we are discussing samples repulsions by utilizing Barnes-
Hut trees to sum their effects of distant points. The work in [9] in-
stead calculates repulsive forces with respect to specifically chosen
interpolation points, cutting down on the O(𝑛 log𝑛) requirement
of the tree calculations at every gradient step. UMAP and LargeVis,
on the other hand, simplify the repulsion sampling by only calculat-
ing the gradient with respect to a constant number of points. These
repulsion techniques are, on their face, incompatible with one an-
other, i.e., several modifications have to be made to each algorithm
before one can interchange the repulsive force calculations.
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While modifying the algorithms is more challenging, there have
been several papers that attempt to explain the difference between
TSNE and UMAP by looking at other design choices. The authors
in both [5] and [6], make the argument that the necessary-and-
sufficient condition for switching between their embeddings is the
difference in initialization. Namely, TSNE randomly initializes the
low dimensional embedding whereas UMAP calculates a Laplacian
Eigenmap [2] embedding before beginning the optimization. We
have been unable to reproduce these results across datasets and
optimization criteria, a topic we discuss later in our results.

Several other works have compared the UMAP and TSNE embed-
dings through a more theoretical analysis [3, 4]. The authors in [4]
find that UMAP’s true optimization calculates a different value than
is proposed in the original paper. This is in line with our findings,
where we show that UMAP only converges when performing a
constant number of gradient calculations per epoch despite requir-
ing an O(𝑛) number of repulsions according to its derivations. A
similar argument is made in [3], where TSNE and UMAP are ana-
lyzed through their attractive and repulsive forces. We expand on
the key finding developed there, that the ratio between attractions
and repulsions is fundamental to the structure of the embedding.
Indeed, we show that these repulsions and attractions are solely
determined by the choice of normalization, thus giving a practical
treatment of their proposed ideas.

Lastly, we also mention the state-of-the-art implementations of
both TSNE and UMAP. We implement the Barnes-Hut variant of
TSNE and the traditional version of UMAP in order to do controlled
comparisons.We note that our implementations are faster than both
the traditional scikit-learn and umap-learn implementations.
We also note that there exist several implementations specifically
designed for the computing model of the GPU which can be found
in the RAPIDS AI framework [14, 18].

3 COMPARISON OF TSNE AND UMAP
We begin by formally introducing the TSNE and UMAP DR algo-
rithms. Let 𝑋 ∈ R𝑛×𝐷 be a high dimensional dataset of 𝑛 points
and let 𝑌 ∈ R𝑛×𝑑 be a previously initialized set of 𝑛 points in
lower-dimensional space such that 𝑑 ≪ 𝐷 . Our aim is to first define
similarity measures between the points in each space and then find
the embedding 𝑌 such that the pairwise similarities in 𝑌 match
those in 𝑋 .

To do this, both algorithms define high- and low-dimensional
non-linear functions 𝑝 : 𝑋 × 𝑋 → [0, 1] and 𝑞 : 𝑌 × 𝑌 → [0, 1],
forming pairwise similarity matrices 𝑃 (𝑋 ) and𝑄 (𝑌 ), both in R𝑛×𝑛 .
Each element 𝑝𝑖 𝑗 ∈ 𝑃 represents similarity between 𝑥𝑖 and 𝑥 𝑗 , while
each 𝑞𝑖 𝑗 ∈ 𝑄 represents similarity between 𝑦𝑖 and 𝑦 𝑗 . Formally,
define 𝑝 and 𝑞 as

𝑝𝑡𝑠𝑛𝑒
𝑗 |𝑖 (𝑥𝑖 , 𝑥 𝑗 ) =

exp(−𝑑 (𝑥𝑖 , 𝑥 𝑗 )2/2𝜎2𝑖 )∑
𝑘≠𝑙 exp(−𝑑 (𝑥𝑘 , 𝑥𝑙 )2/2𝜎2𝑘 )

𝑞𝑡𝑠𝑛𝑒𝑖 𝑗 (𝑦𝑖 , 𝑦 𝑗 ) =
(1 + ||𝑦𝑖 − 𝑦 𝑗 | |22)

−1∑
𝑘≠𝑙 (1 + ||𝑦𝑘 − 𝑦𝑙 | |22)−1

(1)

𝑝
𝑢𝑚𝑎𝑝

𝑗 |𝑖 (𝑥𝑖 , 𝑥 𝑗 ) = exp
(
(−𝑑 (𝑥𝑖 , 𝑥 𝑗 )2 + 𝜌𝑖 )/𝜏𝑖

)
𝑞
𝑢𝑚𝑎𝑝

𝑖 𝑗
(𝑦𝑖 , 𝑦 𝑗 ) =

(
1 + 𝑎( | |𝑦𝑖 − 𝑦 𝑗 | |22)

𝑏
)−1

,

(2)

where 𝑑 (𝑥𝑖 , 𝑥 𝑗 ) is the high-dimensional distance function, 𝜎 and 𝜏
are point-specific variance scalars, 𝜌𝑖 = min𝑗≠𝑖 𝑑 (𝑥𝑖 , 𝑥 𝑗 ), and 𝑎 and
𝑏 are constants. Note that the denominators in the TSNE functions
in Equation 1 are

∑
𝑃 and

∑
𝑄 . We thus refer to TSNE’s similarity

functions as being normalized while UMAP is unnormalized.
In practice, we can assume that 2𝜎2

𝑖
is functionally equivalent

to 𝜏𝑖 , as they are both chosen such that the entropy of the result-
ing distribution is equivalent. The high-dimensional 𝑝 values are
defined with respect to the point in question but are symmetrized
by applying symmetrization functions. Without loss of generality,
let 𝑝𝑖 𝑗 = 𝑆 (𝑝 𝑗 |𝑖 , 𝑝𝑖 | 𝑗 ) for some symmetrization function 𝑆 . Going
forward, we write 𝑝𝑖 𝑗 and 𝑞𝑖 𝑗 without the superscripts when dis-
cussing them as the general high- and low-dimensional similarity
functions.

Given these pairwise similarities in the high- and low-dimensional
spaces, TSNE and UMAP attempt to find the embedding𝑌 such that
𝑄 (𝑌 ) is closest to 𝑃 (𝑋 ) under some cost function. Both similarity
matrices, up to normalization, carry a probabilistic interpretation,
allowing both TSNE and UMAP to model the dimensionality re-
duction problem as minimizing the KL divergence 𝐾𝐿(𝑃 ∥𝑄). This
gives us the following loss functions:

L𝑡𝑠𝑛𝑒 =
∑︁
𝑖≠𝑗

𝑝𝑖 𝑗 log
𝑝𝑖 𝑗

𝑞𝑖 𝑗
(3)

L𝑢𝑚𝑎𝑝 =
∑︁
𝑖≠𝑗

[
𝑝𝑖 𝑗 log

𝑝𝑖 𝑗

𝑞𝑖 𝑗
+ (1 − 𝑝𝑖 𝑗 ) log

1 − 𝑝𝑖 𝑗
1 − 𝑞𝑖 𝑗

]
(4)

In essence, TSNE minimizes the KL divergence of the entire pair-
wise similarity matrix since both 𝑃 and 𝑄 sum to 1 under TSNE.
UMAP instead defines Bernoulli probability distributions {𝑝𝑖 𝑗 , 1 −
𝑝𝑖 𝑗 }, {𝑞𝑖 𝑗 , 1 − 𝑞𝑖 𝑗 } and sums the KL divergences between the 𝑛2

pairwise probability distributions 1. Under these interpretations,
we can think of 𝑃 and 𝑄 as defining a graph over the points 𝑋 and
𝑌 , with edges 𝑒𝑖 𝑗 being equal to the similarity values 𝑝𝑖 𝑗 or 𝑞𝑖 𝑗 . The
probabilities in TSNE’s normalized case are then akin to asking
“when we sample a random edge, what is the probability that we
pick 𝑒𝑖 𝑗 ?”. Alternatively, the unnormalized UMAP variant asks “for
the specific pair of points 𝑖 and 𝑗 , what is the probability that the
edge 𝑒𝑖 𝑗 exists?”. As discussed in [20], we can interpret the gradient
descent problem as a set of springs along each edge 𝑒𝑖 𝑗 , with the
spring constant being determined as a function of their high- and
low-dimensional similarities 𝑝𝑖 𝑗 and 𝑞𝑖 𝑗 .

3.1 Gradient Calculations
We now describe and analyze the gradient descent approaches
in TSNE and UMAP in order to identify why their embeddings
have different intra- vs. inter-cluster distances. First, notice that
the gradients of each algorithm change substantially due to the
differing normalizations. In TSNE, the gradient can be written as

𝜕L𝑡𝑠𝑛𝑒

𝜕𝑦𝑖
= −4

∑︁
𝑗≠𝑖

(𝑝𝑖 𝑗 − 𝑞𝑖 𝑗 )𝑞𝑖 𝑗𝑍 (𝑦𝑖 − 𝑦 𝑗 ), (5)

where 𝑍 =
∑
𝑘≠𝑙 (1 + ||𝑦𝑘 − 𝑦𝑙 | |22)

−1 is the normalization factor
for the low-dimensional kernel. This is often represented as an

1We note that both TSNE and UMAP set the diagonals of 𝑃 and𝑄 to 0, as they would
otherwise trivially equal 1
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TSNE UMAP

Figure 1: Visualization of the repulsive forces in TSNE (left)
and UMAP (right). In TSNE, we calculate the repulsion for
representative points and use this as a proxy for nearby
points, giving O(𝑛) total repulsions acting on each point. In
UMAP, we calculate the repulsion to a pre-defined number
of points and ignore the others, giving O(1) per-point repul-
sions. Bright red points are those for which the gradient is
calculated; arrows are the direction of repulsion.

attractive and repulsive force with

𝜕L𝑡𝑠𝑛𝑒

𝜕𝑦𝑖
= −4(A𝑡𝑠𝑛𝑒

𝑖 + R𝑡𝑠𝑛𝑒
𝑖 ) =

= −4

∑︁
𝑗, 𝑗≠𝑖

𝑝𝑖 𝑗𝑞𝑖 𝑗𝑍 (𝑦𝑖 − 𝑦 𝑗 ) −
∑︁
𝑘,𝑘≠𝑖

𝑞2
𝑖𝑘
𝑍 (𝑦𝑖 − 𝑦𝑘 ) ]

UMAP also describes, separating its gradient into attractive and
repulsive terms, as

A𝑢𝑚𝑎𝑝

𝑖
=
∑︁
𝑗, 𝑗≠𝑖

−2𝑎𝑏∥𝑦𝑖 − 𝑦 𝑗 ∥2(𝑏−1)2

1 + ∥𝑦𝑖 − 𝑦 𝑗 ∥22
𝑝𝑖 𝑗 (𝑦𝑖 − 𝑦 𝑗 ) (6)

R𝑢𝑚𝑎𝑝

𝑖
=

∑︁
𝑘,𝑘≠𝑖

2𝑏

𝜖 + ∥𝑦𝑖 − 𝑦𝑘 ∥22
𝑞𝑖𝑘 (1 − 𝑝𝑖𝑘 ) (𝑦𝑖 − 𝑦𝑘 ) . (7)

In practice, TSNE and UMAP optimize their loss functions by
iteratively applying these attractive and repulsive forces. It is un-
necessary to calculate each such force to effectively estimate the
gradient, however, as the 𝑝 (𝑥𝑖 , 𝑥 𝑗 ) multiplicative factor in both
the TSNE and UMAP attractive forces decays exponentially. Based
on this observation, both approaches establish a nearest neighbor
graph [20] 𝐺 = (𝑋, E) in the high-dimensional space, where edges
represent nearest neighbor relationships from 𝑥𝑖 to 𝑥 𝑗 and vice
versa. It then suffices to only perform attractions between points
𝑦𝑖 and 𝑦 𝑗 if their corresponding 𝑥𝑖 and 𝑥 𝑗 are nearest neighbors.

This sampling scheme does not transfer to the repulsions, how-
ever, as the Student-t distribution has a heavier tail. This means
that repulsions must be calculated evenly across the rest of the
points. TSNE does this by calculating a Barnes-Hut tree across 𝑌
for every epoch. If 𝑦 𝑗 and 𝑦𝑘 are both in the same cell then we as-
sume 𝑞𝑖 𝑗 = 𝑞𝑖𝑘 , allowing us to only calculate ∼ log(𝑛) similarities
and apply them across the rest of the points. TSNE thus estimates
all 𝑛 − 1 repulsions by performing one such estimate for each cell
in 𝑌 ’s Barnes-Hut tree. UMAP, on the other hand, simply obtains
repulsions by sampling points uniformly and only applying those
repulsions. These repulsion schemas are depicted in Figure 1.

Given these attractive and repulsive forces, TSNE and UMAP
proceed by performing gradient descent on the points. TSNE does
this by collecting all of the gradients and performing momentum
gradient descent across the entire dataset whereas UMAP moves
each point immediately upon calculating its forces. Beyond this,
there are multiple other differences in their gradient descent strate-
gies. First, the TSNE learning rate stays constant over the course
of training while UMAP linearly decreases the learning rate. Sec-
ond, TSNE’s gradients are further strengthened by adding a ”gains“
term which scales gradients based on whether they point in the
same direction from epoch to epoch2. We refer to TSNE’s gradient
descent methodology as gradient amplification.

We draw the reader’s attention to the fact that the 𝑗 and 𝑘
iterands represent different samplings. Specifically, 𝑗 represents
𝑖’s nearest neighbor whereas 𝑘 is a random point with respect to 𝑖 .
We mention this to emphasize that the 𝑝𝑖 𝑗 ’s in UMAP’s attractive
force have been precomputed during the nearest neighbor graph
construction whereas the corresponding 𝑝𝑖𝑘 ’s are unknown during
the gradient descent process. In practice, UMAP estimates the 𝑝𝑖𝑘
values by substituting the available 𝑝𝑖 𝑗 ’s in instead. We also note
that in practice UMAP does not explicitly multiply by 𝑝𝑖 𝑗 and 1−𝑝𝑖𝑘 .
Instead, it samples the attractions and repulsions proportionally
to these multiplicative scalars. We refer to this as scalar sampling.
TSNE, however, calculates its gradient by performing the relevant
multiplications.

3.2 The Principal Difference
Given the above gradient derivations, it may be surprising to know
that TSNE evaluates O(𝑛2) repulsive forces during an epoch while
UMAP only calculates O(𝑛) of them. Both of their gradients are
defined as the sum over all 𝑖 ≠ 𝑗 so one should expect that they
perform similar numbers of repulsions during optimization. As can
be seen in Figure 1, however, TSNE estimates all 𝑛 − 1 repulsive
forces acting on each point while UMAP simply sums the repulsions
from a constant number of points. TSNE estimates the 𝑛 − 1 repul-
sions by fitting a Barnes-Hut tree [1] to 𝑌 at every gradient descent
step; this allows groups of distant points to be treated as a single
point with larger weight. Importantly, this additional step induces
the principal speed discrepancy between the two approaches, with
TSNE spending the majority of the time fitting the Barnes-Hut trees
in low-dimensional space. Does this mean that TSNE could employ
only a constant number of repulsions as well? If not, what changes
should be made such that TSNE can optimize at UMAP’s speeds?

We make the argument that the change in normalization is the
fundamental difference between the two algorithms in terms of
both their speeds and their resulting embeddings. First, note that
the UMAP repulsive force in Equation 7 is inversely quadratic
with respect to the low-dimensional distance, leading to extreme
repulsions between points that are too close in the low-dimensional
space. This comes directly as a consequence of the log(1 − 𝑞𝑖 𝑗 )
term in the unnormalized KL divergence, since

2This term has not been mentioned in the literature but is present across common
TSNE implementations
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Figure 2: Gradient relationships between high-dim and low-dim distances for TSNE and UMAP. The dotted line represents
the locations of magnitude-0 gradients. Since the X and Y axes are the same in every image, if two images have 0-magnitude
gradients then this solution satisfies any of the cost functions. Thus, TSNE and UMAP under both the KL-divergence and
Frobenius norm share many of their minima. The top-left image is a recreation of the original gradient plot in [21].
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Figure 3: Average angle in radians between repulsive forces calculated by TSNE Barnes-Hut trees and UMAP’s point sampling
over the course of training. This verifies that the gradients between the normalized and unnormalized optimization criteria
consistently point in the same direction.

𝜕 log(1 − 𝑞𝑖 𝑗 )
𝜕𝑦𝑖
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·
𝜕𝑞𝑖 𝑗

𝜕𝑦𝑖

=
1

1 + 1

1 − 𝑎∥𝑦𝑖 − 𝑦 𝑗 ∥2𝑏

·
𝜕𝑞𝑖 𝑗

𝜕𝑦𝑖

=
1 + 𝑎∥𝑦𝑖 − 𝑦 𝑗 ∥2𝑏

𝑎∥𝑦𝑖 − 𝑦 𝑗 ∥2𝑏
·
𝜕𝑞𝑖 𝑗

𝜕𝑦𝑖
,

where the term in the numeratorwill cancel after expanding 𝜕𝑞𝑖 𝑗/𝜕𝑦𝑖 .
This inverse relationship to the distance is inherently unsta-

ble and is handled computationally by adding an 𝜖 additive term.
Nonetheless, UMAP still receives unwieldy repulsion values and
has to additionally manage this by clipping the gradients and using
non momentum-based gradient methods. This difference in mag-
nitudes can also be seen in Figure 2, where we plot the gradient
magnitude as a function of high- and low-dimensional distances
(for a constant number of points). Notice that the repulsive values
of UMAP under the KL-divergence far exceed those in TSNE. This
means that applying gradient amplification does not interact well
with unnormalized gradients, as the momentum term will latch

on to these extreme repulsions and destabilize the optimization
process.

Beyond this edge case, the normalization’s more important effect
is on the magnitude of the average gradient. We see that TSNE’s
attractive and repulsive forces only cancel one of the two normaliza-
tion factors that are present. Namely, the𝑍 =

∑
𝑘≠𝑙 (1+∥𝑦𝑘−𝑦𝑙 ∥2)−1

cancels the normalization in 𝑞𝑖 𝑗 , but the normalization in the re-
maining 𝑝𝑖 𝑗 and 𝑞𝑖 𝑗 term still remains. In essence, this means that
each TSNE attractive and repulsive force is inversely proportional
to the number of points. UMAP, on the other hand, has no such
normalization factor. In practice, this creates the effect that UMAP’s
gradients are at least a factor of 𝑛 stronger than the corresponding
TSNE ones and explains the seemingly contradictory repulsion
methodologies where UMAP calculates a constant number of re-
pulsions per point while TSNE estimates all 𝑛 − 1.

As discussed in the above paragraphs, the normalization goes
hand-in-hand with the gradient-descent strategy. Intuitively, mini-
mizing TSNE’s loss without gradient amplification does not move
the points at all while minimizing UMAP’s loss with gradient ampli-
fication is highly unstable. For this reason, normalizing the pairwise
similarity matrices will imply performing gradient amplification
going forward (and vice versa).
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Normalization Initialization Distance function Symmetrization Sym Attraction Scalars

𝑃,𝑄 normalized 𝑌 initialization
High-dim

distances calculation
Setting 𝑝𝑖 𝑗 = 𝑝 𝑗𝑖

Attraction(𝑦𝑖 , 𝑦 𝑗 (
applied to both

Values for
𝑎 and 𝑏

TSNE Yes Random 𝑑 (𝑥𝑖 , 𝑥 𝑗 ) (𝑝𝑖 | 𝑗 + 𝑝 𝑗 |𝑖 )/2 No 𝑎 = 1, 𝑏 = 1
UMAP No Lapl. Eigenmap 𝑑 (𝑥𝑖 , 𝑥 𝑗 ) −min𝑘 𝑑 (𝑥𝑖 , 𝑥𝑘 ) 𝑝𝑖 | 𝑗+𝑝 𝑗 |𝑖−𝑝𝑖 | 𝑗𝑝 𝑗 |𝑖 Yes Grid search

Table 2: A full list of the differences between TSNE and UMAP that we analyze in Tables 5, 4 and 8.

4 GDR
We now present GDR— an algorithm that can recreate both TSNE
and UMAP embeddings at speeds faster than available UMAP meth-
ods. The key observation is noticing that the only necessary change
between TSNE and UMAP is the normalization. Given this context,
our algorithm follows the UMAP optimization procedure except
that we (1) replace the scalar sampling by iteratively processing
attractions/repulsions and (2) perform gradient descent outside of
the gradient-collection for-loop. The first change accommodates
the gradients under normalization since the normalized repulsive
forces do not have the 1 − 𝑝𝑖𝑘 term that UMAP samples propor-
tionally to. The second change allows for performing momentum
gradient descent for faster convergence in the normalized setting.
Due to these algorithmic changes, GDR is particularly amenable
to parallelization – allowing us to calculate the objective functions
with fewer approximations.

Given that we follow the UMAP optimization procedure, GDR
defaults to recreating the UMAP embeddings. In the case of repli-
cating TSNE, we can simply normalize the 𝑃 and 𝑄 matrices and
scale the learning rate by 𝑛/𝑘 . This scaling allows us to simulate
the gradient magnitudes from all 𝑛 − 1 repulsions while only cal-
culating a constant number of them, essentially circumventing the
need to fit a Barnes-Hut tree during each epoch. Intuitively, this
only works if the angle between the TSNE and UMAP repulsions
is consistently small. We experimentally validate this to be the
case by plotting the average angle between the TSNE Barnes-Hut
repulsions and the UMAP sampled repulsions in Figure 3. Across
datasets, we see that the direction of the repulsion remains con-
sistent throughout the optimization process, implying that we can
safely calculate the repulsion with respect to a constant number of
points and then scale its magnitude accordingly. Going forward, we
refer to GDR as𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 if it is in the unnormalized setting and
as 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 if it is in the normalized setting. Thus, 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃

has similar gradients to UMAP and 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 has similar gradi-
ents to TSNE; we refer the reader to Figure 2 for a depiction of
these gradient magnitudes across distances and loss functions. For
smoother convergence, we toggle the gradient amplification with
the normalization as discussed in Section 3.1.

By implementing the UMAP optimization protocol such that
the normalization can be toggled, we are free to choose whichever
optionswe like across the other settings. Aswill be shown in Section
5, the remaining algorithmic choices in Table 2 are negligible across
datasets and metrics. Thus, we can choose whichever are most
efficient. GDR therefore defaults to TSNE’s asymmetric attraction
and 𝑎, 𝑏 scalars along with UMAP’s distance-metric, initialization,
nearest neighbors, and 𝑝𝑖 𝑗 symmetrization.

As previously mentioned, most values of 𝑝𝑖𝑘 are unavailable to
us during optimization since we only calculated the 𝑃 matrix for
nearest neighbors in the high-dimensional space. We standardize
the UMAP approximation of 𝑝𝑖𝑘 ≈ 𝑝𝑖 𝑗 by setting 𝑝𝑖𝑘 = 𝑝𝑖 𝑗 ∀ 𝑝𝑖𝑘 ,
where 𝑝𝑖 𝑗 is the mean value of 𝑃 (for known values in 𝑃 ).

4.1 GDR with the Frobenius Norm
Recall that the 1 − 𝑝𝑖𝑘 scalar is a direct consequence of the KL-
divergence in the unnormalized setting. We must then replace
the KL divergence with another loss function if we want to avoid
unnecessary estimations. Although the KL divergence has been
used across gradient-based DR methods [9, 11, 17, 20, 21], we find
that one can also optimize the squared Frobenius norm without
sacrificing quality:

L(𝑋,𝑌 ) =
∑︁
𝑖, 𝑗

(𝑝 (𝑥𝑖 , 𝑥 𝑗 ) − 𝑞(𝑦𝑖 , 𝑦 𝑗 ))2

This presents us with the following attractive and repulsive
forces acting on point 𝑦𝑖

A 𝑓 𝑟𝑜𝑏−𝑡𝑠𝑛𝑒
𝑖

= −4
∑︁
𝑗

𝑝𝑖 𝑗𝑍 (𝑞2𝑖 𝑗 + 2𝑞3𝑖 𝑗 ) (𝑦𝑖 − 𝑦 𝑗 )

R 𝑓 𝑟𝑜𝑏−𝑡𝑠𝑛𝑒
𝑖

= 4
∑︁
𝑗

𝑍 (𝑞3𝑖 𝑗 + 2𝑞4𝑖 𝑗 ) (𝑦𝑖 − 𝑦 𝑗 )

A 𝑓 𝑟𝑜𝑏−𝑢𝑚𝑎𝑝

𝑖
= −4

∑︁
𝑗

𝑝𝑖 𝑗𝑞
2
𝑖 𝑗 (𝑦𝑖 − 𝑦 𝑗 )

R 𝑓 𝑟𝑜𝑏−𝑢𝑚𝑎𝑝

𝑖
= 4

∑︁
𝑗

𝑞3𝑖 𝑗 (𝑦𝑖 − 𝑦 𝑗 )

Although the squared Frobenius norm in Tables 4, 5 and 9 loses
the KL-divergence’s probabilistic interpretation and has a signif-
icantly different gradient formula, it yields similar embeddings.
Nevertheless, the Frobenius norm shares the same KL-divergence’s
minimum (namely 𝑝𝑖 𝑗 = 𝑞𝑖 𝑗 ) and preserves the property that a
majority of the gradient space has magnitude zero (deep blue area
in Table 2). On the other hand, the Frobenius norm is easier to
optimize as it avoids the 1−𝑝𝑖𝑘 scaling factor. Lastly, the Frobenius
norm gradients3 provide a convenient function for the attractions
and repulsions in the unnormalized setting. However, we do not
default to minimizing the Frobenius norm in GDR as we aim to
produce TSNE and UMAP embeddings with minimal changes.

3We wrote the gradients under the assumption that 𝑎 = 𝑏 = 1, although they are
simple to calculate in the general setting as well.
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5 RESULTS
In our experiments we validate a number of claims and show that
our GDR not only accurately reproduces the results of both TSNE
and UMAP, but also consistently outperforms the best versions
of each algorithm in terms of speed. The experiments proceed as
follows. First, Section 5.1 confirms that most of the hyperparam-
eters identified in Table 2 have a negligible effect on both TSNE
and UMAP. Second, Section 5.2 confirms that the normalization is
the primary difference between TSNE and UMAP. This leads to the
conclusion that normalization allows GDR to toggle between the
outputs of the two algorithms. Finally, Section 5.4 presents an effi-
ciency comparison and shows the advantages of GDR. Specifically,
we highlight that our method runs at least as fast as our optimized
version of UMAP, implying that it significantly outperforms the
traditional UMAP library as well as all available TSNE methods.
We also show, quantitatively and qualitatively, that the embeddings
obtained by GDR are indistinguishable from those that TSNE and
UMAP would produce. We run the experiments on an Intel Core i9
10940X 3.3GHz 14-Core processor and 256 GB of RAM.

Metrics.We employ standard measures for clustering and dimen-
sionality reduction to quantitatively evaluate the embeddings.

We report the kNN-accuracy, i.e., the accuracy of a k-NN classifier,
to assert that objects of a similar class remain close in the embedding.
Assuming that intra-class distances are smaller than inter-class dis-
tances in the high-dimensional space, a high kNN-accuracy implies
that the method effectively preserves similarity during dimension-
ality reduction. Unless stated otherwise, we choose 𝑘 = 100 in-line
with prior work [11].

We study embedding consistency by evaluating KMeans clus-
tering on datasets that have class labels. We report cluster quality
in terms of homogeneity and completeness [15]. Homogeneity is
maximized by assigning only data points of a single class to a single
cluster. Completeness serves as homogeneity’s symmetric counter-
part and is maximized by assigning all data points of a class to a
cluster. Both metrics lie within the range [0, 1]. A good clustering
solution must then balance achieving high homogeneity with high
completeness, as either metric can be trivially set to 1 at the expense
of the other being 0. For brevity, we report the V-measure, the aver-
age between the homogeneity and completeness. This metric simply
relies on the labeling and does not take the point locations into
account. As such, it is invariant to the biases inherent in KMeans
and serves as a more objective measure than KMeans loss.

Additionally, we note that dimensionality reduction methods
are often judged by their qualitative ability to make good dataset
visualizations. This is difficult to quantify, so we use our best judge-
ment when saying that two embeddings with comparable metrics
”look“ similar.

Datasets. In our evaluation, we use six standard datasets used
in dimensionality reduction. In particular, we employ the popu-
lar MNIST [8], Fashion-MNIST [23], CIFAR [7], Coil [13] image
datasets, the Google news [12] text embedding dataset and the
Swiss Roll synthetic dataset. Table 3 reports the main data charac-
teristics. Most of the datasets assume the Euclidean distance metric
with the sole exception being the Google News dataset using the
cosine distance.

Dataset 𝑛 𝑐 𝐷 Type

MNIST [8] 60 000 10 784 Images
Fashion-MNIST [23] 60 000 10 784 Images
CIFAR-10 [7] 60 000 10 3 072 Images
Coil-100 [13] 7 200 100 49 152 Images

Swiss Roll 5 000 – 3 Synthetic
Google News [12] 350 000 – 300 Text embeddings
Table 3: Datasets used in our evaluation, 𝑛 samples, 𝑐 classes,
𝐷 dimensions. Swiss Roll and Google News are unlabeled.

5.1 TSNE & UMAP paramater study
In this set of experiments, we show that the normalization is the
main parameter responsible for the differences between TSNE and
UMAP. Our first step is to show that the settings other than the
normalization do not significantly affect the embeddings. In the
first columns of Tables 4, 8 and Table 5, we report the original
settings for each algorithm as described in Table 2. Every other
column, then, shows the result of switching that specific parame-
ter to its swapped setting. For example, the initialization column
implies that TSNE was initialized with Laplacian Eigenmaps while
UMAP was initialized from a random distribution, since these are
the opposites of their default settings. Comparing to the default
algorithms’ embeddings, we see that none of the parameters im-
pose an immediately visible effect on the resulting images. Table 5
shows that the parameter modifications do not significantly affect
the kNN-accuracy or V-measure. The largest changes can be seen in
the Frobenius norm, the initialization, and the symmetric attraction.
We discuss each of these below.
Frobenius Norm. We observe stronger repulsions than the KL-
divergence in the normalized setting, as seen in Table 2. This im-
poses slightly more separation between dissimilar points in the
low-dimensional space and makes for tighter clusters of similar
points. Despite this qualitative change, the metrics across datasets
are largely invariant to the change to Frobenius norm.
Initialization. Initialization naturally affects the layout of the
points due to the highly non-convex objective function. While
the relative positions of the clusters change based on the random
initializations, the relevant intra-cluster distances remain consis-
tent. Namely, clusters that are far apart can be placed anywhere in
the embedding as long as they maintain sufficient distance from one
another. This is a clear reflection of the large areas of 0-magnitude
gradients in every plot in Figure 2. In either case, there does not
seem to be a discernible change in quality between the two initial-
izations, leading us to prefer the Laplacian Eigenmap initialization
on small datasets (< 100𝐾) due to its predictable output and ran-
dom initialization on large datasets (> 100𝐾 ) due to computational
concerns.
Symmetric attraction. If we enable symmetric attraction, 𝑦 𝑗 is at-
tracted to𝑦𝑖 when we attract𝑦𝑖 to𝑦 𝑗 ; otherwise, the attraction only
gets applied onto 𝑦𝑖 . Thus, switching from asymmetric to symmet-
ric attraction is functionally similar to scaling the attractive force by
2. That leads to tighter clusters in the case of TSNE, whose clusters
are generally spread out across the embedding. However, UMAP
already tends to have tighter clusters than TSNE, so symmetric
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Swapped setting
Original setting Frobenius Initialization Pseudo-distance Symmetrization Sym attraction Scalars

Table 4: Effect of the algorithm settings from Table 2 on MNIST. In each case, the parameter is changed from its default to its
other option. For example, the initialization column initializes TSNE with Laplacian Eigenmaps, UMAP randomly and GDR
randomly – the opposite of each algorithm’s default. The rows are TSNE,𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 , UMAP, and𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 from top to bottom.

Algorithm Original Frobenius Initialization Pseudo-distance Symmetrization Sym attraction Scalars Algorithm mean
UMAP 95.4 96.7 96.6 94.4 96.7 96.6 96.5 96.3±1.0
𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 96.2 96.2 96.4 96.7 96.6 96.5 95.8 96.3±0.3
TSNE 95.1 94.7 95.2 96.0 94.9 94.8 95.1 95.1±0.4
𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 96.1 96.3 95.6 96.1 96.1 96.3 96.1 96.1±0.2
Parameter
mean dev.

-0.3 0.1 0.0 0.1 0.4 -0.7 0.4

(a) kNN-accuracy

Algorithm Original Frobenius Initialization Pseudo-distance Symmetrization Sym attraction Scalars Algorithm mean
UMAP 82.5 87.0 84.6 82.2 82.5 83.5 82.2 83.5±1.6
𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 84.0 85.4 82.1 85.2 85.1 83.3 81.2 83.8±1.5
TSNE 70.9 71.8 70.7 73.9 70.8 80.7 73.5 73.2±3.3
𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 67.8 71.9 61.3 63.0 68.4 72.7 68.8 67.7±3.9
Parameter
mean dev.

-1.4 2.2 -2.4 -1.0 1.3 -1.0 1.4

(b) V-score

Table 5: kNN-accuracy (𝑘 = 100) and V-score onMNIST for each parameter. Algorithmmean showsmean and confidence inter-
vals on all the algorithmic changes. GDR successfully produces TSNE and UMAP embeddings across the settings. Parameter
mean deviation shows the average difference between each value and the algorithmmean. A value close to 0means no impact.

TSNE Our TSNE UMAP Our UMAP
731.5 ± 22.3 430.3±42.5 71.2 ± 0.8 38.9±0.5

Table 6: Runtimes (in seconds) for the original TSNE and
UMAP algorithms vs. our implementations of TSNE and
UMAP on the MNIST dataset.

attraction plays a smaller role both qualitatively and quantitatively.
We thus chose to implement GDR with asymmetric attraction as it
adequately recreates UMAP embeddings, better approximates the
TSNE outputs, and is also quicker to optimize.

We only show the effect of single hyperparameter changes for
combinatorial reasons. In our experiments, however, we see no sig-
nificant difference between applying one hyperparameter change
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or any other number of them. Furthermore, there are a few hyper-
parameters that we do not include in the main body of this paper,
as they both have no effect on the embeddings and are the least
interesting. These include exact vs. approximate nearest neighbor
calculation, gradient clipping, and the number of epochs.

In order to evaluate each of the above changes, we re-implemented
the TSNE and UMAP algorithms such that each individual setting
can be easily enabled or disabled. There are a few incompatibilities
that wewould like to mention, however. The fact that UMAP applies
gradients inside the optimization loop is incompatible with both
momentum gradient descent and the change in normalization. This
is due to the fact that both of these rely on scalars that are gathered
over the course of the entire epoch, and thus are unavailable to
us during the optimization loop. As such, both the normalization
and gradient amplification were evaluated on a variant of UMAP in
which gradients are collected across the epoch and then applied. Al-
though this means that we are not completely isolating the settings
in question, we find that collecting gradients vs. applying them
immediately does not change the resulting embedding in any of
our experiments, giving us sufficient confidence that the analysis
is still relevant.

5.2 Effect of Normalization
We now analyze the effect that the normalization has on the em-
beddings. Across experiments, TSNE in the unnormalized setting
induces significantly more separation between the clusters in a
manner similar to UMAP. The representations are fuzzier than the
UMAP ones, however, as we are still performing repulsions with
respect to every other point, causing the embedding to fall closer
to the mean of the multi-modal distribution. We draw the reader’s
attention to the fact that TSNE without normalization creates more
interpretable embeddings on the Fashion-MNIST and Swiss Roll
datasets, as seen in Table 7.

We see a much more extreme effect when performing UMAP in
the normalized setting. Recall that the UMAP algorithm approxi-
mates the 𝑝𝑖 𝑗 and 1−𝑝𝑖𝑘 gradient scalars by sampling the attractions
and repulsions proportionally to 𝑝𝑖 𝑗 and 1− 𝑝𝑖 𝑗 , which we referred
to as scalar sampling. However, the gradients in the normalized
setting (as seen in Equation 5) still have the 𝑝𝑖 𝑗 scalar on attractions
but lose the 1 − 𝑝𝑖𝑘 scalar on repulsions. The UMAP optimization
schema, then, imposes an unnecessary weight on the repulsions in
the normalized setting as the repulsions are still sampled accord-
ing to the no-longer-necessary 1 − 𝑝𝑖𝑘 scalar. Accounting for this
requires dividing the repulsive forces by 1 − 𝑝𝑖𝑘 , but this (with the
momentum gradient descent and stronger learning rate) leads to a
highly unstable training regime, as can be seen by the normalized
UMAP cells of Table 7.

This implies that stabilizing UMAP in the normalized setting
requires removing the sampling and instead directly multiplying by
𝑝𝑖 𝑗 and 1 − 𝑝𝑖𝑘 . Indeed, this is exactly what we do in GDR. Under
this change and only this change, 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 obtains embeddings
that are effectively identical to those that UMAP returns under
its default parameters. Additionally, this is a simple paradigm to
parallelize as the resulting blocks are consistent in complexity.

5.3 Theoretical Implications
Here we discuss how the above results fit into UMAP’s theoretical
framework. Much of UMAP’s foundation is developed to justify the
existence of a locally-connected manifold in the high-dimensional
space under the UMAP pseudo-distance metric 𝑑 . Recall that this
pseudo-distance metric is defined such that the distance from point
𝑥 𝑗 to 𝑥𝑖 is equal to 𝑑 (𝑥𝑖 , 𝑥 𝑗 ) = 𝑑 (𝑥𝑖 , 𝑥 𝑗 ) −𝑚𝑖𝑛𝑘≠𝑖𝑑 (𝑥𝑖 , 𝑥𝑘 ). This is
clearly no longer a true distance metric and thus requires significant
work before it can accommodate the locally-connected manifold
arguments that UMAP is built on. Despite this clean foundation,
however, our experimental results in Tables 4, 8, and 5 show that
the embedding quality is not contingent on the pseudo-distance
metric. We see three options for what this could mean. The first
is that the datasets we have chosen are not ones for which the
pseudo-distance metric is necessary. This seems unlikely, however,
as we are operating across data domains and dimensionalities. The
second option is that the algorithm’s reliance on gradient descent
and highly non-convex criteria deviates enough from the theoretical
discussion that the pseudo-distance metric loses its applicability.
The last option is that this pseudo-distance metric, while insightful
from a theoretical perspective, is not a necessary calculation in
order to achieve the final embeddings.

We further investigate which algorithmic changes are compat-
ible with the theoretical framework. For example, UMAP chose
the KL divergence as a natural method for minimizing the differ-
ence between probability distributions. However, this choice was
made arbitrarily and we see no reason that the Frobenius norm
cannot be substituted for the KL divergence. Interestingly, Table 2
shows that optimizing the Frobenius norm gives significantly dif-
ferent attractive and repulsive forces. This adds nuance to the claim
that UMAP is finding the single embedding that reproduces the
high-dimensional manifold, as the embeddings for the Frobenius
norm and KL divergence both satisfy the theoretical criteria despite
having very different gradient descent processes. Furthermore, Ta-
ble 2 shows that the zero-gradient areas between the KL divergence
and the Frobenius norm strongly overlap, implying that a local
minimum under one loss satisfies the other loss as well.

Additionally, we raise the question of whether the choice of
normalization can fit into UMAP’s theory. If the normalization does
not break the assumptions in [11, Sec. 2,3] of the original UMAP
paper, we posit that the interpretation of UMAP as finding the best
fit to the high-dimensional data manifold extends to TSNE under
our formulation as well, as long as TSNE’s gradients are calculated
under the pseudo-distance metric in the high-dimensional space.

5.4 GDR vs. TSNE/UMAP
Given the analysis of the TSNE and UMAP parameters, we compare
the original algorithms with GDR’s outputs. Namely, we aim to
show that the outputs of𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 and𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 are function-
ally equivalent to UMAP’s and TSNE’s respectively. This can be seen
qualitatively in Table 4, where we see that GDR reproduces TSNE
and UMAP embeddings across hyperparameters. This is similarly
evident in the metrics, where 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 replicates UMAP and
𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 replicates TSNE for both kNN accuracy and K-means
V-score in Tables 5 and 9. We cannot compare GDR to TSNE and
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MNIST Fashion-MNIST Swiss Roll

TSNE
Normalization

UMAP
Normalization

TSNE
Normalization

UMAP
Normalization

TSNE
Normalization

UMAP
Normalization

TSNE

UMAP

GDR

Table 7: Effect of changing the normalization on theMNIST, Fashion-MNIST, and Swiss Roll datasets. Notice that GDR success-
fully recreates both the TSNE and UMAP results. We use Laplacian Eigenmap initializations for consistent orientation.

Swapped setting
Original setting Frobenius Initialization Pseudo-distance Symmetrization Sym attraction Scalars

Table 8: Effect of the algorithm settings from Table 2 on Fashion MNIST embeddings. The rows are TSNE, 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 , UMAP,
and 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 from top to bottom.

UMAP under differing normalizations, as that is the setting dic-
tating which algorithm GDR is emulating. Thus, across all of the
identified hyperparameters and settings, our method satisfactorily
reproduces the embeddings for both TSNE and UMAP.

5.5 Runtime Analysis
We now turn to analyzing our method’s runtime vs. that of TSNE
and UMAP. Our implementations of TSNE and UMAP compute
the exact same pre-processing steps and perform the same approxi-
mate nearest neighbor calculations. Therefore, we stick with the

precedent set in [11] and [17] and simply compare total runtimes
rather than accounting for the various nearest-neighbor search
implementations. As a side note, our implementations of UMAP
and TSNE are about 2× faster than the standard implementations.
We compare our code with the originals in Table 6.

We see that GDR consistently reaches state-of-the-art runtimes
as compared to the existing dimensionality reduction algorithms.
GDR operates at least as fast as our optimized UMAP implemen-
tation and several orders of magnitude faster than our optimized
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Algorithm
Fashion
MNIST Coil-100 Cifar-10

kNN
Accuracy

UMAP 78.0±0.5 80.8±3.3 24.2±1.1
𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 77.3±0.7 77.4±3.4 23.8±1.1
TSNE 80.1±0.7 63.2±4.2 28.7±2.5

𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 78.6±0.6 77.2± 4.4 25.6±1.1

V-score

UMAP 60.3±1.4 89.2±0.9 7.6±0.4
𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 61.7±0.8 91.0±0.6 8.1±0.6
TSNE 54.2±4.1 82.9±1.8 8.5±0.3

𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 51.7±4.7 85.7±2.6 8.0±3.7
Table 9: Algorithm mean of kNN-accuracy and V-score as
in Table 5 for Fashion MNIST and Coil-100. GDR replicates
UMAP and TSNE results across datasets.
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Figure 4: CPU runtimes for TSNE, UMAP, 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 , and
𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 on common benchmark datasets. Note that we
did not run TSNE on Google News as it does not converge in
a reasonable amount of time.

Barnes-Hut TSNE implementation. This is due to multiple improve-
ments over the existing algorithms. First, we have removed TSNE’s
reliance on the Barnes-Hut trees to calculate repulsions across all
of the points, instead only calculating O(1) repulsions and scaling
the resulting force appropriately. This resolves the primary speed
discrepancy between the TSNE and UMAP optimization loops. Sec-
ond, the symmetric attraction operation requires additional force
computations – deprecating this choice eases gradient calculations
and memory access. Additionally, GDR sets the scalars 𝑎 = 𝑏 = 1,
significantly simplifying gradient computations, especially under
the Frobenius norm loss function. Lastly, by uniformly calculating
one repulsion for each attraction, we remove UMAP’s need for
sampling multiple repulsions for each point while also simplifying
the load distribution when parallelizing.

Figure 5 shows that GDR is consistent across data sizes. Further-
more, our speed over UMAP visibly improves as the dataset grows.
The same is not the case for the dimensionality of the dataset, as
evidenced in Figure 6. This is due to the fact that our speed im-
provement occurs during the optimization process, which is largely

Figure 5: Runtimes for our implementations of TSNE and
UMAP vs. 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 , and 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 as the size of MNIST
grows. Up/Down sampling was done uniformly over points
and noise was added when upsampling so as to avoid dupli-
cates. Allmethods ran for 500 epochs.Wedid not showTSNE
runtimes here as they do not converge on the larger sizes.

Figure 6: Runtimes for our implementations of TSNE and
UMAP vs. 𝐺𝐷𝑅 𝑇𝑆𝑁𝐸 , and 𝐺𝐷𝑅 𝑈𝑀𝐴𝑃 as the dimensionality
of MNIST grows. Up/Down sampling was done uniformly at
random along the 784 dimensions. All methods ran for 500
epochs.

decoupled from the dimensionality of the high-dimensional dataset.
We also mention that UMAP is significantly faster than any avail-
able TSNE implementation. Thus, performing as well as UMAP is a
sufficient condition for obtaining the fastest available implementa-
tion of TSNE. We refer the reader to [11] for further analysis of the
speed comparisons between UMAP and various TSNE methods.

We remark that UMAP obtains speed improvements due to the
scalar sampling procedure, wherein they only sample attractions
and repulsions according to 𝑝𝑖 𝑗 and 1 − 𝑝𝑖𝑘 (the latter of which is
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Dataset Original Frobenius Init. Pseudo-distance Symmetrization Sym attraction Scalars

kNN-accuracy
Fashion-MNIST -0.7 1.1 -0.4 -0.3 0.4 -0.8 0.7

Coil-100 0.8 -6.9 -2.8 3.7 2.3 1.1 1.8
Cifar-10 -0.3 2.2 -1.0 -0.2 0.8 -1.3 -0.1

V-score
Fashion-MNIST -1.3 2.5 1.5 -0.8 -1.6 -0.8 0.4

Coil-100 0.0 -1.9 -0.2 1.0 0.9 -0.5 0.7
Cifar-10 -0.3 1.4 -0.3 -0.3 0.1 -0.4 -0.1

Table 10: Parameter mean deviation as in Table 5 for Fashion-MNIST, Coil-100 and Cifar-10. A value close to 0 implies that
the parameter does not affect the embeddings.

only ever estimated). GDR, however, operates at the same speed as
UMAP despite explicitly calculating attractions and repulsions.

6 CONCLUSION
We presented GDR, a dimensionality reduction algorithm that can
recreate TSNE and UMAP by toggling just one hyperparameter.
This came as a result of studying all of the algorithmic differences
between TSNE and UMAP and identifying which ones are responsi-
ble for the speed and embedding discrepancies. By analyzing each
of these hyperparameters, we obtain speed at least as fast as UMAP
but with greater flexibility than either previous method.

During this analysis, we also raised several questions regarding
the theoretical implications that this hyperparameter analysis has
on gradient-descent dimensionality reduction algorithms. Namely,
we believe that many of the identified choices can be revisited.
For example, does the KL divergence induce a better optimization
criterium than the Frobenius norm? What other loss functions
should one investigate? Are there other similarity measures 𝑝 and
𝑞 that permit simpler loss functions or optimization procedures?
We believe that through identifying all of the components of the
gradient-descent algorithms, we facilitated future research into
identifying optimal choices for each.

REFERENCES
[1] Josh Barnes and Piet Hut. 1986. A hierarchical O (N log N) force-calculation

algorithm. Nature 324, 6096 (1986), 446–449.
[2] Mikhail Belkin and Partha Niyogi. 2003. Laplacian eigenmaps for dimensionality

reduction and data representation. Neural computation 15, 6 (2003), 1373–1396.
[3] Jan Niklas Böhm, Philipp Berens, and Dmitry Kobak. 2020. A unifying perspective

on neighbor embeddings along the attraction-repulsion spectrum. arXiv preprint
arXiv:2007.08902 (2020).

[4] Sebastian Damrich and Fred A Hamprecht. 2021. On UMAP’s true loss function.
Advances in Neural Information Processing Systems 34 (2021).

[5] Dmitry Kobak and George C Linderman. 2019. UMAP does not preserve global
structure any better than t-SNE when using the same initialization. bioRxiv
(2019).

[6] Dmitry Kobak and George C Linderman. 2021. Initialization is critical for pre-
serving global data structure in both t-SNE and UMAP. Nature biotechnology 39,
2 (2021), 156–157.

[7] Alex Krizhevsky, Geoffrey Hinton, et al. 2009. Learning multiple layers of features
from tiny images. (2009).

[8] Yann LeCun and Corinna Cortes. 2010. MNIST handwritten digit database.
http://yann.lecun.com/exdb/mnist/. (2010). http://yann.lecun.com/exdb/mnist/

[9] George C Linderman, Manas Rachh, Jeremy G Hoskins, Stefan Steinerberger, and
Yuval Kluger. 2019. Fast interpolation-based t-SNE for improved visualization of
single-cell RNA-seq data. Nature methods 16, 3 (2019), 243–245.

[10] Mario Lovrić, Tomislav Ðuričić, Han TN Tran, Hussain Hussain, Emanuel Lacić,
Morten A Rasmussen, and Roman Kern. 2021. Should We Embed in Chemistry?
A Comparison of Unsupervised Transfer Learning with PCA, UMAP, and VAE
on Molecular Fingerprints. Pharmaceuticals 14, 8 (2021), 758.

[11] Leland McInnes, John Healy, and James Melville. 2018. Umap: Uniform man-
ifold approximation and projection for dimension reduction. arXiv preprint
arXiv:1802.03426 (2018).

[12] Tomas Mikolov, Kai Chen, Greg Corrado, and Jeffrey Dean. 2013. Efficient
estimation of word representations in vector space. arXiv preprint arXiv:1301.3781
(2013).

[13] Sameer A Nene, Shree K Nayar, Hiroshi Murase, et al. 1996. Columbia object
image library (coil-100). (1996).

[14] Corey J Nolet, Victor Lafargue, Edward Raff, Thejaswi Nanditale, Tim Oates,
John Zedlewski, and Joshua Patterson. 2021. Bringing UMAP closer to the speed
of light with GPU acceleration. In AAAI, Vol. 35. 418–426.

[15] Andrew Rosenberg and Julia Hirschberg. 2007. V-measure: A conditional entropy-
based external cluster evaluation measure. In EMNLP-CoNLL. 410–420.

[16] Tim Sainburg, Leland McInnes, and Timothy Q Gentner. 2020. Parametric UMAP
embeddings for representation and semi-supervised learning. arXiv preprint
arXiv:2009.12981 (2020).

[17] Jian Tang, Jingzhou Liu, Ming Zhang, and Qiaozhu Mei. 2016. Visualizing large-
scale and high-dimensional data. In TheWebConf. 287–297.

[18] RAPIDS Development Team. 2018. RAPIDS: Collection of Libraries for End to End
GPU Data Science. https://rapids.ai

[19] Francesco Trozzi, Xinlei Wang, and Peng Tao. 2021. UMAP as a dimensionality
reduction tool for molecular dynamics simulations of biomacromolecules: a
comparison study. The Journal of Physical Chemistry B 125, 19 (2021), 5022–5034.

[20] Laurens Van Der Maaten. 2014. Accelerating t-SNE using tree-based algorithms.
JMLR 15, 1 (2014), 3221–3245.

[21] Laurens Van der Maaten and Geoffrey Hinton. 2008. Visualizing data using t-SNE.
Journal of machine learning research 9, 11 (2008).

[22] Ruizhi Xiang,WencanWang, Lei Yang, ShiyuanWang, Chaohan Xu, and Xiaowen
Chen. 2021. A Comparison for Dimensionality Reduction Methods of Single-Cell
RNA-seq Data. Frontiers in genetics 12 (2021).

[23] Han Xiao, Kashif Rasul, and Roland Vollgraf. 2017. Fashion-mnist: a novel
image dataset for benchmarking machine learning algorithms. arXiv preprint
arXiv:1708.07747 (2017).

http://yann.lecun.com/exdb/mnist/
https://rapids.ai

	Abstract
	1 Introduction
	2 Related Work
	3 Comparison of TSNE and UMAP
	3.1 Gradient Calculations
	3.2 The Principal Difference

	4 GDR
	4.1 GDR with the Frobenius Norm

	5 Results
	5.1 TSNE & UMAP paramater study
	5.2 Effect of Normalization
	5.3 Theoretical Implications
	5.4 GDR vs. TSNE/UMAP
	5.5 Runtime Analysis

	6 Conclusion
	References

