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Summary in English

The development of floating offshore wind turbines (FOWTs) presents new modeling
challenges due to coupled system dynamics, complex hydrodynamics and the addition
of a mooring system for station keeping. Pilot and pre-commercial installations of
FOWTs have been done since 2009, proving the technical feasibility. For FOWTs,
the technical feasibility is only part of the enabler, and the price ultimately determines
if FOWTs will become a major source of energy. The economical deployment of
FOWTs relies heavily on precise and efficient modeling techniques for optimization
of the system.

Many commercial, open-source and in-house codes have been developed from
the early 2000s. Most codes are developed from the wind engineering community
to include the floating foundation or from the offshore engineering community to in-
clude the turbine. Although many codes exist, the level of publicly available details
varies greatly. Furthermore, to understand the underlying physics of the fully-coupled
FOWT system, transparent models with explicit formulations of the equations of mo-
tion are scarce.

The focus of the present thesis is to understand and develop efficient modeling
techniques for four main areas: (1) structural dynamics, (2) reaction loads extraction,
(3) hydrodynamic modeling and (4) control of FOWTs.

(1) The structural dynamics of the fully-coupled FOWT system are derived for
the Efficient Low-order Wind turbine Simulation (ELWiS) model by analytical dy-
namics using the Euler-Lagrange method. It is shown that the Euler-Lagrange method
is practical for obtaining the linear equations of motion (EOM). When deriving the
linear EOM it is important to perform the linearization at the last step (or at the kinetic
energy step) to preserve all the true linear terms including the gyroscopic couplings
between the rotor and support structure. If the system is not linearized, the number
of terms grows rapidly with the complexity of the system, resulting in the 17-DOF
ELWiS model being computationally heavy and impossible to run on PCs. Therefore,
the linear model is preferred and used, which provides a near perfect match with the
results obtained from FAST.

(2) Three methods (‘Internal’, ‘AuxDOFs’ and ‘d’Alembert’) for extracting the
reaction loads throughout the main components of the wind turbine have been pre-
sented. The ‘Internal’ method is based on the internal loads principle, whereas the
remaining two are based on the external loads principle (accounting for inertia loads).
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The methods are verified with a model of a uniform cantilever beam containing 10
DOFs and with a full FOWT system against FAST. The ‘Internal’ method is not
recommended for two main reasons: (i) The method relies on the second and third
derivatives of the mode shapes for obtaining the moments and shear forces in the
Euler-Bernoulli beam theory. These derivatives are difficult to obtain accurately for
beams with rapid changes of the cross section like the blade root. (ii) The ‘Internal’
method relies on the deformation of the components to evaluate the reaction loads
making it incapable of obtaining reaction loads in directions where the components
are considered rigid. The ‘d’Alembert’ method provides an efficient and precise way
to obtain the reaction loads when compared with FAST.

(3) In the later part of the thesis, emphasis has been on developing a semi-
analytical hydrodynamic model that agrees well with the high-fidelity potential flow
results. This has been obtained through the commonly known linear hydrostatic restor-
ing stiffness matrix and analytical integration of the Morison added mass providing the
full 6-by-6 added mass matrix. For the heave added mass, four different equivalent
volumes are proposed and integrated for a cylinder with a fixed heave plate at the bot-
tom. It is found that the novel Type 4, consisting of a torus volume above the heave
plate provides the most accurate and robust results comparing with the results from po-
tential flow theory. The semi-analytical Morison wave loads in the frequency domain
are combined with the McCamy-Fuchs analytical solution of the diffraction problem.
This proposed McCamy-Fuchs-Morison (MFM) hybrid model applies the horizontal
McCamy-Fuchs wave loads for the vertical cylinders of the foundation while the semi-
analytical Morison wave loads are applied for the vertical and horizontal loads on the
heave plates. This proposed 6 dimensional semi-analytical first-order wave load trans-
fer function is found to agree well with potential flow wave loads for all frequencies,
allowing for efficient early stage design optimization without the need of obtaining
the computationally costly potential flow hydrodynamic properties.

(4) An appropriate use case for the proposed semi-analytical MFM model is a
novel heave plate tuned mass damper (HPTMD). The HPTMD consists of heave plates
mounted at the bottom of each outer column of the OC4 semi-submersible foundation
through bars acting as an equivalent spring. The HPTMDs are shown to efficiently
suppress the foundation heave and roll and tower side-side responses, when deep in-
stantiations are implemented that avoid most of the wave loading.
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Resumé på dansk

Udviklingen af flydende havvindmøller (FOWTs) præsenterer nye udfordringer for
modellering af disse på grund af koblet dynamik, kompleks hydrodynamik og tilfø-
jelsen af et fortøjningssystem til at holde positionen. Pilotprojekter og præ-kommercielle
installationer af FOWTs er blevet udført siden 2009, hvilket har bevist den tekniske
gennemførlighed. Den tekniske gennemførlighed er kun delvist nok til at gøre FOWTs
til en stor del af energiforsyningen, hvor prisen i sidste ende er afgørende. For at
sikre en økonomisk udrulning af FOWTs og for at kunne optimere systemet, er det
afgørende at have præcise og effektive modelleringsteknikker.

Siden de tidlige 00’ere er der udviklet flere kommercielle, open-source og interne
koder til modellering af FOWTs. De fleste koder er udviklet i vindmølleindustrien,
hvor det flydende fundament er tilføjet eller udviklet udviklet i offshore-industrien,
som har tilføjet en vindmølle til deres modeller. Selvom der findes mange koder, så
er niveauet af offentligt tilgængelige detaljer varierende. Derudover er det småt med
transparente koder med eksplicitte formuleringer af bevægelsesligningerne (EOM),
som tillader en grundlæggende forståelse af den underliggende fysik.

Fokus for denne afhandling er at forstå og udvikle effektive modelleringsteknikker
for fire hovedområder: (1) strukturel dynamik, (2) beregning af reaktionslaster, (3) hy-
drodynamik og (4) kontrol af FOWTs.

(1) Den strukturelle dynamik af det fuldt koblede FOWT system er udledt for
den Effektive Lavordens Vindmølle Simulerings (ELWiS) model med analytisk dy-
namik ved brug af Euler-Lagrange metoden. Det er blevet vist, at denne metode er
praktisk anvendelig til at opnå lineære EOM. Det er vigtigt, at lineariseringen sker
som det sidste (eller efter opstilling af den kinetiske energi) for at bevare alle sande
lineære led inklusiv den gyroskopiske kobling mellem rotoren og supportstrukturen.
Hvis systemet ikke bliver lineariseret, vil antallet af led vokse hurtigt sammen med
kompleksiteten af systemet og resultere i at ELWiS modellen med 17 frihedsgrader
vil være for beregningstung til at køre på en PC. Derfor er den lineære model fore-
trukket og brugt, for hvilken der er et næsten perfekt match med resultater fra FAST.

(2) Tre modeller (‘Internal’, ‘AuxDOFs’ and ‘d’Alembert’) er præsenteret til
beregning af reaktionslaster i hovedkomponenterneaf vindmøllen. Metoden ‘Internal’
er baseret på de interne lasters princip, hvor de resterende to er baseret på de eksterne
lasters princip (indeholdende inertilaster). Metoderne er verificeret med en model af
en udkraget bjælke med 10 frihedsgrader og for et fuldt FOWT system sammenholdt
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med resultater fra FAST. Metoden ‘Internal’ er ikke anbefalet at bruge af to hovedår-
sager: (i) Metoden er afhængig af den anden og den tredje afledte af modalformerne
til at beregne momenter og forskydningskræfter i Euler-Bernoulli bjælketeori. Disse
er svære at opnå præsist for strukturer med store lokale tværsnitsvariationer, som er
tilfældet for vingeroden. (ii) Metoden ‘Internal’ er afhængig af at deformationerne
af komponenten er tilgængelige, hvilket gør den ude af stand til at beregne reaktion-
slasten i de retninger, hvor komponenten er antaget stiv. Metoden ‘d’Alembert’ tilve-
jebringer en effektiv og præsis måde at beregne reaktionslasterne sammenlignet med
FAST.

(3) Fokus i den senere del af afhandlingen har været på at udvikle en semian-
alytisk hydrodynamisk model, som stemmer godt overens med resultater fra poten-
tialstrømning af høj fidelitet. Modellen er sammensat af den almindelig kendte an-
alytiske hydrostatiske stivhedsmatrice samt analytisk integration af Morison tillægs-
masse, som tilvejebringer den fulde 6 × 6 tillægsmassematrice. For tillægsmassen
ved sætningsbevægelser (vertikal retning) er fire forskellige ækvivalente volumener
foreslået og integreret for en cylinder med en såkaldt heave plate på bunden. Den nye
Type 4, der består af en torus volumen over denne heave plate, har vist sig at være den
mest præsise og robuste sammenlignet med resultater fra potentialstrømningsteori.
De analytiske Morison bølgelaster i frekvensdomænet er kombineret med McCamy-
Fuchs analytiske løsning af diffraktionsproblemet. Denne foreslåede McCamy-Fuchs-
Morison (MFM) hybridmodel anvender de horisontale McCamy-Fuchs bølgelaster på
de vertikale cylindre, og de semianalytiske Morison bølgelaster er anvendt på de
førnævnte heave plates. Den foreslåede seksdimensionale, semianalytiske, første-
ordens bølgelastoverførselsfunktion stemmer godt overens med overførselsfunktion
for potentialstrømnings bølgelaster. Dette muliggør effektive design optimering på
et tidligt stadie uden brug af beregningstunge hydrodynamiske modeller baseret på
potentialstrømningsteori.

(4) En god anvendelse af den foreslåede semianalytiske MFM model er under-
søgelsen af en ny heave plate tunet massedæmper (HPTMD). HPTMDen består af de
førnævnte heave plates monteret under bunden af hver ydre cylinder af OC4 halvt ned-
sænkbare platformen med en stang imellem cylindrene og de førnævnte heave plates,
som fungerer som en ækvivalent fjeder. Det er vist at HPTMDen effektivt dæmper
fundamentets sætnings- og rulningsbevægelser samt tårnets laterale vibrationer, hvis
de førnævnte heave plates er monteret dybt, hvor de undgår det meste af bølgelasterne.
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CHAPTER 1
Introduction

This chapter will introduce the necessary background and basic concepts as a foun-
dation for understanding the following chapters that will focus on the specific imple-
mentations chosen for the project.

1.1 Background
Floating offshore wind turbines (FOWTs) are gaining more commercial interest [1, 2]
as the need for electricity keeps rising with the electrification of many sectors of our
society [3, 4]. Of the electricity generation in Europe, 50% is expected to be covered
by wind energy as shown in Figure 1.1.

Figure 1.1: EU27 Electricity production mix to 2050. Source: WindEurope [2].

FOWTs enable wind energy to be economically harnessed in regions with deep
waters far beyond the economic limit of bottom fixed offshore wind turbines which
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2 Introduction

is perceived to be 60 meters water depth [5]. It is estimated that 80% of the worlds
offshore wind resources are located at waterdepths beyond 60 meters waterdepth and
South Korea, Japan, Norway, France and United Kingdom are predicted to be the top
five markets for FOWTs [5]. So far, the commissioned FOWT projects have only con-
sisted of either one or up to a handfull of FOWTs per project. However, these projects
have demonstrated the technical feasibility and structural survivability in the rough
offshore environments and they are characterized by some of the highest capacity fac-
tors due to the strong and consistent wind far offshore. The disclosed projects in the
coming years are however taking the technology from demonstrator projects of up to
50 MW to full scale commercial projects in the GW class as shown in Figure 1.2.

Figure 1.2: FOWT installations worldwide to 2030. Source: GWEC [5].

Many different technical solutions for the floating foundation have been demon-
strated and a huge amount have been proposed [6] by a variety of developers from
the offshore oil and gas industry, shipbuilders, universities and startup companies.
Each concept can be constructed in a mix of steel and concrete where companies with
expertise within each material have proposed many concepts utilizing each material’s
advantages. These advantages include material costs, local sourcing, construction pro-
cesses, scalability and installation methods. The different foundations can be catego-
rized into three main categories based on the method of stabilization, namely ballast-,
buoyancy- and mooring-stabilized. Examples of these include: the spar-type (ballast
stabilized), semi-submersible (Semi-Sub), barge (buoyancy stabilized) and tension leg
platform (TLP) (mooring stabilized). The stabilization methods can be mixed in a va-
riety of ways to take the benefits from each method. A good example of this is the
Danish concept tetra-spar [7] demonstrated in Norway [8].

An illustration of examples of the three main floating foundation types (TLP,
Semi-Sub and Spar) are shown in Figure 1.3 together with an onshore land-based and
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an offshore bottom-fixed monopile for comparison.

Figure 1.3: Overview of wind turbine systems with different foundation types.

Although the first full scale demonstrator was commissioned in 2009 and the
market is perceived to be in the start of the pre-commercial phase and the commercial
phase is expected to begin around 2026, the industry is still maturing this new tech-
nology. The price is expected to decrease by 65% in 2030 compared to 2020 and in
2050, the price is expected to become comparable with that of bottom-fixed offshore
wind turbines as shown in Figure 1.4.

In order to facilitate the cost optimization of the FOWT system, quick and precise
modeling techinques of the complete system are needed. The more precise and fast
the survivability and structural integrity of the FOWT system can be evaluated, the
more optimization can be done. Ultimately, the structural integrity is verified against
the structural reaction loads to the exposure of environmental loads like wind and
waves during the 25 to 30 years of design life. Therefore, it is crucial to have a correct
estimation of the reaction loads from the structural response of the system. The control
system of FOWTs play a vital role in reducing the structural response leading to the
reaction loads and thereby the cost.

The following will give an overview of the state of the art within these three main
topics of this thesis: (1) FOWT modeling, (2) Reaction loads analysis and (3) FOWT
hydrodynamics and control.
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Figure 1.4: Wind energy cost reduction. Source: GWEC [2].

1.2 Modeling of floating offshore wind turbines

Different levels of coupling between the wind turbine and the floating foundation have
been used to design FOWTs. The methods can be divided into four overall categories:
‘Decoupled’, ‘Sequentially coupled’ , ‘Indirectly coupled’ and ‘Fully coupled’ as il-
lustrated in Figure 1.5

Decoupled Sequentially coupled Indirectly coupled Fully coupled

FASTlinkTurbine

Turbine

Turbine

Foundation
+

Mooring

Foundation
+

Mooring

Foundation
+

Mooring

Wave Loads
MF , CF , KF

Loads
Ma,∞

Loads
Loads

Kinematics

Figure 1.5: Overview of the levels of coupling between the wind turbine and the
floating foundation systems.
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The ‘Decoupled’ method is often used for a very first design of the floating foun-
dation. The method consists of the turbine manufacturer providing interface loads of
the turbine from turbulent wind simulations with a fixed tower base. The interface ex-
treme and fatigue equivalent loads are then used by the foundation designer together
with general turbine data to create a first design of the foundation and mooring system.
This first design is then used in one or more of the following modeling methods. The
‘Sequentially coupled’ method works by the foundation designer providing the wave
and buoyancy loads, mass matrix MF (including hydrodynamic added mass Ma,∞),
damping matrix CF (linear and/or quadratic hydrodynamic damping) and the linear
buoyancy and mooring stiffness matrix KF . The turbine designer then simulates the
wind turbine with the given input for different design cases and provides the tower
base reaction loads to the foundation designer, either as extreme and fatigue equiva-
lent loads or time series. The ‘Indirectly coupled’ method takes the mass matrix of
the foundation MF as well as the initial buoyancy loads from the foundation model
and feeds the turbine model. The foundation kinematics is then provided by the wind
turbine model to the foundation simulation tool for each time step. The foundation
model then calculates the hydrodynamic and mooring loads and the hydrodynamic
added mass matrix Ma,∞ for the foundation and feeds this information back to the
wind turbine simulation tool. This exchange of information between simulation tools
can be handled by softwares like FASTlink [9] to ensure the correct format of the re-
quired information. The ‘Fully coupled’ method handles all the FOWT components
in one software and solves the system simultaneously.

Often, the tools are existing models from the marine engineering community ex-
tended to handle the turbine or from the wind engineering community extended to
handle the floating foundation. Modeling FOWTs present new simulation challenges
compared to bottom fixed offshore wind turbines. FOWTs have more advanced hydro-
dynamics and introduce a new subsystem in the mooring system for station keeping
and possibly stability in the case of a TLP. This challenge is being tackled by both
the marine and wind engineering communities to improve the modeling capabilities
into each others field’s of expertise. Because of this and due to proprietary knowledge
and industry secrets, the levels of detail of the models of the wind turbine designer
and foundation designer are highest for the component they are responsible for as
illustrated in Figure 1.6.

This split of responsibility introduces complexity and increases conservatism and
results in a less optimal design. For a full load set for designing a FOWT system, many
simulations for various load cases are required by the standards [10, 11, 12]. The num-
ber of time series of up to 60 minutes each can amount to a total beyond 30 000 design
load cases (DLCs). A ‘Fully coupled’ modeling approach with sufficient details and
levels of fidelity is therefore desired to be able to simulate the DLCs with acceptable
computational costs.

1.2.1 Fully coupled structural modeling

A variety of modeling techniques have been used for wind turbine systems throughout
the years. The level of fidelity and the computational cost is always the trade-off
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Low detail turbine

Low detail
foundation

High detail turbine

High detail
foundation

Turbine designer Foundation designer

Figure 1.6: Overview of the detail levels of the wind turbine and foundation systems
for the turbine and foundation designers.

that must be evaluated when selecting the suited model for a given task. Three main
methods are used to a great extend: (1) the finite element method (FEM), (2) multi-
body-dynamics (MBD) and (3) mixed multi-body and modal dynamics.

Examples of finite element based models include HawC2 [13], developed at the
Technical University of Denmark (DTU) and SIMA [14] developed at the Norwe-
gian University of Science and Technology (NTNU) as well as the commercial soft-
ware OrcaFlex [15]. The HawC2 code is developed by the wind turbine engineering
community and expanded to include a floating foundation whereas the SIMA code is
developed by the marine engineering community and extended to include a wind tur-
bine. The commercial code OrcaFlex is used extensively by the foundation designers
and has been extended to include a wind turbine for fully coupled simulations. The
OrcaFlex code has also been used to develop the coupling software FASTLink.

Multi-body codes like ADAMS [16], Alaska [17] and Simpack [18] have been
used to model land based wind turbines. The MBD codes can be seen as a variant of
the FEM codes in the sense that they devide the structure into a number of elements
to describe the system vibrations. The MBD codes does this subdeviding the structure
into descrete bodies with a body-fixed reference frame in which the flexible defor-
mations can be described. The connection with the neighbouring element is included
through constraint equations for the specific type of joint. MBD codes are especially
well suited for the simulation of the drivetrain including individual gears and axles.
The MBD codes may also include modal-based formulations of the flexible blades and
tower as both Alaska and Simpack have done [19]. The modal-based FLEX5 [20, 21]
and the MBD codes have been compared with field tests of a 2 MW land-based wind
turbine with good agreements [19]. The MBD code ADAMS have also been used as
a high-fidelity verification of the modal-based code FAST [22]. Simpack have been
used to simulate the WindCrete [23] spar-type FOWT and the ActiveFloat [24] semi-
sub FOWT with the IEA 15 MW reference turbine [25] with good comparison to
FAST [26].

In addition to the mentioned mixed multi-body and modal-based models FLEX5
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and FAST, the Bladed [27] model is widely used. The modal-based models are a con-
densed version of the FEM models, describing the vibrations of the blades and tower
by a select number of mode shapes capturing the most important natural frequencies
of the system. The mode shapes are often obtained by a FEM model of the blades and
tower including inertia and stiffness couplings in the boundary conditions to achieve
the coupled frequencies of the system. In FAST, the BModes module [28] estimates
the mode shapes of the blades and tower including centrifugal effects. The reduction
of the system DOFs to typically 1-3 DOFs per component, in two directions, dras-
tically reduces the computational time compared to the high-fidelity FEM or MBD
codes.

To reduce the computational time further for the modal-based models, linearized
frequency domain representations of the system with a minimum of DOFs have been
developed [29, 30, 31, 32, 33, 34]. These models include the fundamental global
DOFs of the foundation and possibly also the tower fore-aft DOF. The models are
proposed as an efficient tool for initial design and optimization of the FOWT structure
including the foundation and tower [35, 36, 37, 34].

1.2.2 Aerodynamic loads

The wind engineering community like the one at DTU originally developed the sim-
ulation capabilities in the 1970s and 80s around the aerodynamics of the land based
wind turbines. Later it became apparent that the effects of structural vibrations and
aerodynamic damping were crucial to include and thus aero-elastic simulation capa-
bilities were developed and validated. The industry standard for simulating aerody-
namic loads is the Blade Element Momentum (BEM) theory originally developed by
Glauert [38] in 1935 for airplane propellers and later also used for gyroplanes and he-
licoptors [39, 40]. Throughout the years, the classical quasi-static BEM theory have
been expanded to account for global dynamic wake effects [41] and local dynamic
stall effects [42, 43, 44] through filter equations. The application of the BEM theory
to wind turbines is well described by Hansen [45]. The BEM theory has been verified
for FOWTs [46, 47] against Computational Fluid Dynamics (CFD) with good results.

1.2.3 Mooring systems

The mooring system of a FOWT is a new component compared with the bottom fixed
counterparts. This system is used for station keeping and for a TLP it also serves as the
dominating stabilization method. Generally, two categories of mooring systems can
be defined, namely catinary and taut mooring. The catinary mooring system consists
of a slack cable with a portion lying on the seabed from the anchor all the way to
the fairlead at the floating foundation. When the fairlead end of the mooring line is
moved away from the anchor, a portion of the line is lifted from the seabed and thereby
creating a horizontal restoring force. For catinary mooring systems, the portion that
is lying on the seabed is made long enough so that all of the cable is never lifted
from the seabed and anchors that can mainly take horizontal loads can be used. In
the case of taut mooring systems, all of the mooring line is lifted from the seabed and
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vertical loads on the anchor are always present. A hybrid between the two systems is
called semi-taut, where a portion of the mooring line is a chain at the anchor end and
sometimes with clump masses near the anchor. The remaining part of the mooring
line is often some variant of nylon and the last part near the fairleads can be changed
to chain.

The cost of the mooring system depends on many things like the water depth,
seabed conditions, and environmental conditions as well as the specific type of moor-
ing system. Much innovation has been made to reduce the mooring system cost like
coupled mooring [48] and a lot of variations in the line types and concepts [49].

Like the structural model of the turbine and foundation, the mooring system can
be modeled using various techniques. For the catinary mooring system, the chain
mooring line can be described by basic catinary equations [50] assuming no bending
or torsional stiffness. Statically, the shape of the mooring line is determined by the rel-
ative distance between the anchor and fairleads. For FOWTs, Jonkman [51] developed
these basic catinary equations to include axial stiffness and seabed friction for the full
nonlinear quasi-static force-displacement relation. Various dynamic mooring system
models have been proposed using FEM [52], finite difference [53] and lumped-mass
[54] models. The FEM and lumped-mass models have been compared with test data
and the lumped mass model in OrcaFlex [55] with good agreements.

The impact of the mooring dynamics on the turbine loads and mooring line loads
have been investigated by simulating full load sets or partial load sets using linear,
quasi-static and dynamic mooring system modeling [56, 57, 58, 59]. The conclusion
has been that the dynamic effect has a very limited impact on the turbine loads and
that it provides damping that slightly lowers some turbine loads. For the mooring line
loads, the opposite is true and here it is crucial to include the dynamic effect to obtain
realistic loads.

The linearization of the nonlinear force-displacement relation of the mooring sys-
tem at an operational point, can be done nummerically by central-difference scheme
or similar from the quasi-static model. Alternative analytical expressions have been
proposed [60]. Efficient linearized modeling of a dynamic mooring system has been
proposed [61, 62] and used for moored offshore structures [63] and FOWTs [33, 36].
The model uses the change of the catinary shape at different positions to estimate the
relative fluid-structure velocity and uses stochastic linearization to achieve the linear
hydrodynamic drag loads on the mooring line.

1.3 Reaction loads of floating offshore wind tur-
bines

Extracting the reaction loads in all relevant parts of the FOWT structure is one of
the main motivations for establishing the simulation capacity. The reaction loads from
FEM and MBD codes are an integral part of the methods, whereas for the modal-based
codes, the reaction loads can be determined in different ways. Generally, the reaction
loads can be determined in two ways independent of the structural model: (1) from
internal loads and (2) from external loads including inertia loads by the d’Alemberts
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principle. The principle can be exemplified by Eq. (1.1), showing the classic equation
of motion of a 1-DOF system:

mq̈(t) + cq̇(t) + kq(t) = f(t) (1.1a)
cq̇(t) + kq(t)︸ ︷︷ ︸

Internal loads

= f(t)−mq̈(t)︸ ︷︷ ︸
External loads

(1.1b)

where m, c and k are the mass, stiffness and structural damping constants, q is the
generalized coordinate and f is the external force. Rearranging Eq. (1.1a) leads to
Eq. (1.1b) where the internal loads are collected on the left hand side (LHS) and the
external loads including inertia loads are collected on the right hand side (RHS). The
modal-based models use mode shapes to define the displacement field of the blades
and tower where the bending moment and shear force involves the second and third
derivative of the mode shapes, respectively. The accuracy of the mode shape deriva-
tives directly influences the loads. For complex structures like the blades the cross
section properties close to the blade root change rapidly and the mode shape might
not capture this to a sufficient accuracy.

In the modal-based models, the mode shapes are used to represent the displace-
ment field and the first derivative are used to calculate the rotations. ELWiS uses the
first Φ′(x) = dΦ(x)

dx and second Φ′′(x) = d2Φ(x)
dx2 derivative of the mode shape Φ(x) to

compute the blade and tower modal stiffness coefficients k =
∫ l

0 EI(x) (Φ′′(x))2 +

N(x) (Φ′(x))2 dx. Most other modal based codes estimate the modal stiffness co-
efficients k = mω2 based on the modal mass m =

∫ l

0 µ(x)Φ(x)
2dx and natural

frequency ω from the eigenanalysis and thereby omitting the use of the less accurate
second derivative of the mode shape. Therefore, the original mode shape is fitted to
increase the accuracy of the mode shape and not it’s derivatives. Furthermore, it is
difficult to include effects from the structural damping, whereas it is possible to in-
tegrate the external loads from the distributed loads at the deformed positions along
each component. Finally, the internal loads are only available in flexible members,
and forces within rigid bodies in the model can only be determined by the external
loads.

The integration of the external loads needs to be done with care so that important
effects like the deformed location of the distributed loads are included. To achieve
a practical and effective loads model, it is crucial not to use excessive computational
time to evaluate the loads by having a suboptimal extraction method.

1.4 Hydrodynamics and control of floating offshore
wind turbines

The hydrodynamics of FOWTs are different from those of bottom-fixed offshore wind
turbines with, e.g., monopile foundations. The reason is the large, slow motions of the
floating foundation and complex geometry. Some floating foundations can be reduced
to simple shapes like cylinders and box shapes in order to use simple hydrodynamic
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models, but these still need to be calibrated to properly represent the hydrodynamic
loads. The large, slow motions of the floating foundation also challenge the control
system, where negative damping might lead to instabilities of the pitch motion if the
blade pitch controller is not tuned properly.

Next, the wave modeling will be discussed, followed by the hydrodynamic loads.
Finally, an overview of some control aspects for FOWTs will be given.

1.4.1 Waves

The wave kinematics are often obtained by linear, Airy waves [64], but for increasing
steepness of the waves, the nonlinear effects start to become important. Similarly,
for decreasing water depth, the waves become longer and linear wave theory is also
violated. For FOWTs, the water depth is large and therefore, the steepness is the main
contributing factor for the validity of the different wave theories. Figure 1.7 [65] show
the validity range of different wave theories.

Figure 1.7: Ranges of validity for various wave theories. The horizontal axis is a
measure of shallowness while the vertical axis is a measure of steepness [65]. The
marked sea states are for 200 m water depth.
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Four regular waves from small to extreme waves are plotted in Figure 1.7 for
the period T and the wave height H . As seen in Figure 1.7, the four regular waves
belong to the Stokes 2nd order wave theory. The Stokes 2nd order waves change the
cosine shape of the linear Airy waves by adding another component having twice the
frequency of the Airy wave. The two components are given as [64]:

η1(X1) =
H

2
cos(kX1) (1.2a)

η2(X1) =
kH2

16

(
3 coth3(kh)− coth(kh)

)
cos(2kX1) (1.2b)

where X1 is along the direction of the wave velocity, h is the water depth, and k is the
wave number found through the dispersion relation ω2

g = kh tanh(kh). ω = 2π
T is

the wave frequency and g is the gravitational acceleration.
The four regular waves are given in Figure 1.8 for both Airy waves (η1) and

Stokes 2nd order waves (η1 + η2):

Figure 1.8: Comparison of first and second order wave height for four different regular
waves at 200 [m] water depth.

1.4.2 Hydrodynamic loads
Hydrodynamic loads on bottom-fixed surface-piercing piles like offshore monopiles
for wind turbines are often obtained by the classical Morison equation [66]. This the-
ory calculates the horizontal wave loads based on added mass coefficients and drag co-
efficients, making it semi-emperical since the coefficients need to be calibrated against
experiments. The added mass coefficient has two purposes: (1) to estimate the inertia
part of the wave loads and (2) to estimate the added inertia to the vibrating structure.
The Froude-Krylov part of the wave load has a unit coefficient. The Morison formula
estimates the quadratic drag load based on the relative fluid-structure velocity. The
semi-empirical Morison equation allows for higher order wave theory to be used as
well as the nonlinear effect from integrating the wave loads to the instantaneous wave
height through methods like Wheeler stretching [67]. The semi-empirical Morison
equation is based on the strip theory, which assumes slender cylinders with a diameter
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infinitely smaller than the wavelength. This assumption neglects diffraction effects
which as a rule of thumb [68] occurs when the wave length λ = 2π

k is less than 5
times the diameter D: λ < 5D.

McCamy & Fuchs [69] derived an exact analytical solution to the diffraction
problem for fixed, surface piercing piles at finite water depth under regular, linear
waves.

The hydrodynamic loads for FOWTs are often modeled by a combination of
potential flow parameters from numerical boundary element method solvers compli-
mented by drag loads from the Morison equation. Potential flow boundary element
method solvers include commercial software like WAMIT [70], Ansys AQWA [71]
and WADAM [72] as well as open source software like NEMOH [73] and HAMS
[74]. These codes take an arbitrary geometry and solve the radiation-diffraction prob-
lem in the frequency domain and output frequency dependent added mass and radia-
tion damping as well as wave load transfer functions.

The commercial boundary element method solvers are able to provide the quadratic
transfer functions (QTF) to model the second-order wave loads. The second-order
difference-frequency or drift wave loads contribute to the mean displacement, but have
very little effect [75] on the OC3 spar [76]. Second order sum-frequency or springing
loads on a TLP increase pitch and heave response [77] and might therefore be impor-
tant to include to obtain realistic loads in, e.g., the tower. Furthermore, third-order
ringing loads may be important to obtain realistic pitch and tower respose for systems
with a high pitch/bending natural frequency like a TLP [78].

For large wavelength to diameter ratio λ/D and if viscous effects are negligible,
the Morison equation is equivalent to potential flow hydrodynamics [50]. To evaluate
the importance of viscous effects, two non-dimensional fluid dynamic numbers are
used [79], namely the Reynolds number Re and the Keulegan-Carpenter numberKC:

Re =
V D

ν
, KC =

V T

D
(1.3)

where V = πH
T

cosh(k(z+h))
sinh(kh) is the amplitude of the fluid velocity (with z being the

depth from the mean sea level), D is the diameter, ν is the kinematic viscosity of the
fluid and T is the wave period. Viscous effects become important when the KC num-
ber exeeds 2. A graphical representation of the regions of important hydrodynamic
effects is given in Figure 1.9 [80, 65].

1.4.3 Structural vibration suppression
Control of FOWTs presents new challenges for the turbine blade pitch control system
due to the low-frequency pitch motions of the foundation. The pitching motion of the
foundation changes the relative wind speed at the rotor, and if the blade pitch control
system reacts faster than the pitching motion, a negative damping occurs. This can be
prevented by simply lowering the frequency of the blade pitch controller [81, 82]. The
slow reaction of the pitch system can then be compensated by changing the generator
torque controller from constant power to constant torque in the above-rated control
region. However, this has an impact on the electrical system since the power fluctuates
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Figure 1.9: Four different waves are plotted in the non-dimensional ratios between
viscous, inertial and diffraction loads [80, 65]. Region IV is a mix of diffraction and
drag and region VI is pure drag.

more at above-rated wind speeds. Another solution is to add damping by an additional
pitch control algorithm based on measurement of the tower top velocity [83].

Similar to land-based wind turbines, the tower vibrations are excited by uneven
wind speeds on the rotor area. On land, this might be due to the topology of the sur-
rounding area leading to higher winds in one area of the rotor. In wind farms, the wake
of an upwind turbine covering parts of the rotor area and the turbulence variations in
wind speed can also lead to one area of the rotor being temporarily subjected to higher
or lower winds. Finally, the tower also provides a constant area of low wind due to the
drag loads on the tower. Having one or more areas of the rotor with higher or lower
wind speeds will lead to a force being exerted on the turbine with each passing of the
blades. The frequency will therefore be three times that of the rotor speed named 3P.
To avoid excess fatigue damage, the structural frequencies of the system needs to be
at some safe distance away from the 3P frequency. As the 3P frequency changes from
start-up of the wind turbine to the rated rotor speed, some natural frequencies might
be crossed when the rotor is speeding up. In that case, a frequency band of the rotor
frequency might be avoided by pitching the blades out at wind speeds that lead to
the problematic frequency band. When the wind speed has picked up to enable rotor
speeds above the frequency band, the blades are pitched back and the rotor speed is
rapidly increased to above the problematic frequency band. Figure 1.10 shows the
variation of the rotor speed 1P and three times the rotor speed 3P from cut-in wind
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speed to rated wind speed for the NREL 5MW turbine [84] on the OC3 spar floating
foundation [76]:

Figure 1.10: Normaliced power spectral density (PSD) functions of von Kàrmàn [85]
turbulence spectrum and four different JONSWAP [86] wave spectrum. Colored areas
reprecent the frequency range of the rotor speed (1P) and three times the rotor speed
(3P) from cut-in to cut-out rotor speeds. The vertical lines are selected frequencies
at rated rotor speed of the OC3 spar floating foundation [76] and the NREL 5 MW
turbine [84].

Figure 1.10 also shows the normalized power spectral density (PSD) functions
of the von Kàrmàn [85] turbulence spectrum and four different JONSWAP [86] wave
spectrums. Lastly, some foundation frequencies and turbine frequencies are visualized
as vertical lines for the values at the rated rotor speed. To avoid the waves exciting
the foundation frequencies, the pitch frequency of the foundation needs to be below
the lowest frequency of the waves on the site. For the NREL 5 MW turbine, the tower
fore-aft and side-side frequencies are in the middle of the interval of the 3P frequency,
meaning that rotor speeds leading to the 3P frequency crossing the tower frequencies
might need to be avoided in order to lower the tower fatigue damage.

The tower vibrations are also excited by wave loading on the foundation. For
large wind-wave misalignment, the side-side vibrations with low aerodynamic damp-
ing are excited. To mitigate this, tuned mass dampers (TMDs) have been proposed for
a barge type FOWT [87]. An improved version of the TMD, an inerter-enhanced TMD
has been used to suppress side-side vibrations with improved results over the regular
TMD [88]. Furthermore, the TMD and inerter-enhanced TMD both showed positive
impact on the blade edgewise and foundation roll vibrations. Tuned liquid column
dampers (TLCDs) have been used in a similar manner as the TMDs also showing
great performance for the suppression of in-plane vibrations [89]. Common for these
damper solutions is that they are placed at the tower top where space is limited and
although they do decrease the foundation vibrations, they do not do this effectively.
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Placing the TMD in the foundation of a spar-type FOWT has been proposed
without much effect on the vibrations of either the tower or foundation [90]. However,
if multiple TMDs are placed in the spar and nacelle, the effect is improved [91]. For
low-frequency foundation motion control, the above mentioned vibration absorbers
will generally fail and hydrodynamic strategies like a combined wind-wave energy
system are preferred. Two combined wind-wave systems have been proposed and
nummerical simulation capabilities have been developed [92]. It has been shown, that
for a well designed power take-off (PTO) system, the foundation pitch motions can be
suppressed [93]. A novel hybrid wind-wave energy converter has been modeled and
evaluated [94] for a modified version of the coupled 10 MW DTU wind turbine on the
Nautilus semi-submersible floating foundation [95]. The wave energy converters are
located at each of the four outer columns. The study finds that the combined wind and
wave energy system reduces the pitch motion and nacelle accelerations significantly
compared to the original system. The heave plate was also proposed to be used as
a wave energy converter although its motion control effect was not investigated [96].
Another use of a wave PTO system for a Semi-Submersible Platform called the Tuned
Heave Plate (THP) system has also been investigated [97]. The frequency was tuned
to the platform heave frequency and it was found to efficiently suppress the platform
heave motions. Nevertheless, for FOWTs, a solution that can simultaneously control
tower side-side vibration and foundation motion is yet to be sought.

Figure 1.11 provides an overview of the mentioned combined wave energy con-
verters and floating platforms.

a) b) c) d)

Figure 1.11: Overview of the combined floater and wave energy systems from previ-
ous research. a) Tuned heave plate system [97]. b) Combined wind and wave energy
system of the Nautilus semi-sub [94] with detached heave plates. c) OC4 semi-sub
with wave energy point absorbers [93]. d) Two types of combined wind-wave energy
systems [92].

1.5 Objective of the thesis
The objective of this study is to carry out fundamental research on fully coupled,
efficient, time-domain simulation tools for the many sub-modules of FOWT model-
ing. The developed models will be presented with the highest level of transparency
through explicit linear equations of motion (EOM) and mathematical formulations for
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fundamental understanding of the underlying physics. By having explicit EOM, the
specific coupling terms of the system matrices, coupling the different components of
the FOWT system can be investigated and quantified, like the gyroscopic effect and
the tower coupling with the foundation pitch motions. The efficient model enables
early stage design and controller optimization as well as concept evaluation of new
ideas for foundation and damper designs. Developing an in-house efficient model also
allows for easy and flexible expansion of the model for new features and capabilities.
A detailed and thorough description of reaction loads extraction methods within the
modal-based modeling framework will be presented. The efficient, robust and accu-
rate loads extraction method based on the external loads principle will be given in
great detail. Novel analytical solutions to the well known and widely used Morison
equation hydrodynamics will be established and combined with the McCamy-Fuchs
diffraction theory to obtain a frequency-domain wave load model capable of obtaining
accurate results across all frequencies. This theory will be used for performance inves-
tigation of a novel separated heave plate tuned mass damper capable of suppressing
both low-frequency foundation and higher-frequency tower responses.

1.6 Outline of the thesis

Chapter 1 presents the introduction and motivation of the whole thesis, where the
background, objectives, and structure are addressed.

Chapter 2 describes the details of the 17-DOF Efficient, Low-order Wind turbine
Simulation (ELWiS) model. It discusses how the equations of motion are derived as
well as showing the implementation of the turbulence and aerodynamic models. Fi-
nally, mooring loads and system lineaization are discussed.

Chapter 3 presents three reaction load calculation methods for modal-based FOWT
models. The basic principle, the advantage, the disadvantage and potential improve-
ment of each method are explained.

Chapter 4 presents hydrodynamics and control of FOWTs. A novel analytical formu-
lation of the well known Morison equation is established and combined with McCamy-
Fuchs wave loads for a semi-analytical frequency-domain hydrodynamic model. A
novel separated heave plate tuned mass damper is modeled and the performance is
evaluated.

Chapter 5 provides the general conclusion drawn from this study and possible fu-
ture extensions.

Appendix A provides the detailed descriptions of the system matrices of the 17-DOF
ELWiS model.

Appendix B provides the Coleman transformation of the system matrices of the 17-
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DOF ELWiS model.

Appendix C provides the analytical integration of the Morison hydrodynamics of a
vertical cone frustum.

Appendix D contains the enclosed journal paper: "The influence of gyroscopic effects
on dynamic responses of floating offshore wind turbines in idling and operational con-
ditions".

Appendix E contains the enclosed journal paper: "Reaction loads analysis of floating
offshore wind turbines: methods and applications".

Appendix F contains the enclosed journal paper: "A semi-analytical hydrodynamic
model for floating offshore wind turbines (FOWT) with application to a FOWT heave
plate tuned mass damper".

Appendix G contains the enclosed conference paper: "The influence of different
mooring line models on the stochastic dynamic responses of floating wind turbines".
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CHAPTER 2
The 17-DOF Efficient

Low-order Wind turbine
Simulation (ELWiS) model

This chapter describes the developed 17-DOF Efficient Low-order Wind turbine Sim-
ulation (ELWiS) model used throughout the project. The motivations for developing
ELWiS is threefold: (1) to understand the fundamentals of the fully-coupled FOWT
system by having an explicit structural model, (2) establish an efficient time-domain
model to enable early stage design optimization by implementing efficient aerody-
namic and hydrodynamic models. (3) Having an in-house model allows for easy and
flexible expansion of the model for exploration of new concepts and ideas for floating
foundations or novel damper designs.

2.1 Overview of the ELWiS model
The ELWiS model consists of many sub-modules that take various input data, con-
nect with several other modules and are run at different stages of the simulation. To
help create an overview of the complex system, the most relevant modules and their
primary inputs and outputs are illustrated in Figure 2.1

Three overall categories are defined by the vertical columns as ‘Data’, ‘Pre-
Prosessor’ and ‘Time integration’. ‘Data’ refers to input data of various forms and
from various sources. To set up the structural model, first the equations of motion
(EOM) are derived by the Euler-Lagrange method (involving the red boxes) as de-
scribed in Section 2.3 and in detail in Appendix D [98]. The system EOM are derived
once and then loaded for each simulation and initialized in the ‘Pre-Processor’ with
the input data from the blades, drivetrain, nacelle, tower and foundation as well as
hydrodynamic data from a boundary-element-method solver like NEMOH. The ini-
tialized EOM are then passed on to the ‘Time integration’ stage as a function handle
and updated at each step of the time integration scheme chosen.

The hydrodynamics (involving the blue boxes) are initialized in the ‘Pre-Processor’
to convert the foundation inputs to a hydrodynamic model including the chosen ra-
diation model and wave loads model. The details of the radiation model are given
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Data Pre-Processor Time integration
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Tower
Nacelle

Drivetrain
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Mooring system
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MF , ...

A∞ , Kb
B(ω)

TP1(ω)

Turbulence
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DB(r)
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Wind
V0

V0 , Iref

Sea state

Outputs List

Tp , Hs , βW

Figure 2.1: Overview of the sub-modules of the ELWiS model.

in Subsection 4.2.2 and Appendix D [98, 99] where the state-space system matrices
(Ar, Br, Cr) are fed into the hydrodynamic loads solver in the ‘Time integration’
step. The ‘Waves’ ‘Pre-Processor’ module takes wave load transfer function TP1(ω)
input from NEMOH to form the first-order wave loads. Alternatively, if the hybrid
Morison-McCamy-Fuchs model is chosen, the wave loads are semi-analytically gen-
erated as detailed in Subsection 4.2.4 and Appendix F.

The mooring system loads (involving the black boxes with thick lines) are dis-
cussed in Subsection 2.6 and a study on the influence of the mooring dynamics on the
turbine loads is given in Appendix G [59]. Details of the implementation are given in
the authour’s master’s thesis [100]. The mooring system is treated as an external load
in ELWiS where kinematics (q̇(t), q(t))) are input to the mooring loads model and
then the linear, quasi-static or dynamic mooring loads are returned depending on the
choice of model.

The post-processing of the reaction loads (involving the green boxes) in the tur-
bine structure is performed during the simulations by matrix multiplications. The
matrix multiplication is of the time varying external loads and system kinematics with
the developed reaction loads matrices DB(r) and DT (h) for reaction loads along the
blades and tower depending on the choice of outputs to generate. This methods is
described in Chapter 3 and in Appendix E.

The ‘Turbulence’ and ‘Aerodynamics’ modules are described in Section 2.4 and
2.5, respectively. The conversion of the distributed aerodynamic loads to generalized
loads on the generalized coordinates is described in [98] and the ‘Control’ and ‘Grav-
ity’ modules are described in the author’s master’s thesis [100].
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2.2 General description of the structural model

The structural model is build up from the fixed coordinate system (CS) (X1, X2, X3)
with origin at the center of gravity (COG) of the system at rest as illustrated in Figure
2.2:

replacements

x1

x1

x2

x3 x3

X1

X1X2

X2

X3X3

X′
1 X′

1X′
2

X′
2

X′
3 X′

3

LB

HT

hT

hG

hb

Ψ1(t)

Ω(t)

q2(t)

q3(t)

q1(t)

q5(t)

q6(t)

q4(t)

q7(t)
q8(t)

q11(t) q12(t)

q13(t)

q14(t) q15(t)

q16(t)

q17(t)

−θC

θT

MSL

Figure 2.2: Definition of the degrees of freedom q1(t), . . . , q17(t) and the three coor-
dinate systems (CS).

The COG of the system is located at a distance hG below the mean sea level
(MSL). The bottom of the foundation is located at a distance hb below the global
CS. Six degrees of freedom (DOF) define the rigid-body motions of the foundation,
i.e., three translations (surge q11(t), sway q12(t) and heave q13(t)) as well as three
rotations (roll q14(t), pitch q15(t) and yaw q16(t)). The local moving tower CS (X ′

1,
X ′

2, X ′
3) is located at the tower interface with the foundation at a distance hT above

the global CS. Three DOFs define the tower vibrations through mode shapes, namely
the tower fore-aft q7(t) and side-side q8(t) and tower torsion q17(t) within the local
moving CS. The mode shapes used are normalized to 1 at the tower top leading to
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22 The 17-DOF Efficient Low-order Wind turbine Simulation (ELWiS) model

the tower top fore-aft and side-side displacements being q7(t) and q8(t) directly as
illustrated in Figure 2.2. The undisplaced tower top is located at a distance equal to
the tower height HT from the tower base.

As seen in Figure 2.3 the nacelle COG is located at a downwind distance r and
height hn from the tower top centerline in the local moving nacelle CS (not shown).

replacements

GeneratorGearbox
Main shaft High speed shaft

q9(t) q10(t)f9(t) f10(t)

s

hs

r

θT

hn

θ1

θ2

Figure 2.3: Schematic representation of a flexible drivetrain with a gearbox having an
odd number of gear stages.

The main shaft CS (not shown) is fixed with respect to the moving nacelle CS
and is located at a distance hs above the tower top and rotated by the main shaft tilt
angle θT . The drivetrain consists of two DOFs q9(t) and q10(t) and two auxiliary
DOFs θ1 and θ2 that vanish during the derivations due to the assumption of massless,
rigid gears. q9(t) is the rotor azimuthal angle deviation from the rated position Ω0t
at a given rated rotor speed Ω0 at the time t. The azimuthal position Ψj(t) of blade j
relative to the nacelle-fixed main shaft CS is then given by:

Ψj(t) = Ω0t+ q9(t) + (j − 1)
2π

3
, j = 1, 2, 3 (2.1)

Similarly, the deviation from the rated rotor speed Ω0 is q̇9(t) leading to the total
rotor speed Ω(t) = Ω0 + q̇9(t). The generator DOF q10(t) is the deviation from
the rated generator azimuthal position NΩ0 for a gearbox having an odd number of
gear stages and a gear ratio of N . The generator torque f10(t) is defined as positive
in the negative generator DOF. The rotor torque f9(t) is defined as positive in the
same direction of the rotor DOF q9(t). Both the main shaft and the high speed shaft
are considered flexible, but due to the assumption of the massless, rigid gears, an
equivalent drivetrain stiffness can be derived.

The hub COG is located at an upwind distance of s from the main shaft CS. The
hub COG is defined as the crossing point of all blades pitch axis. The local rotating
blade CS (x1, x2, x3) is located at the blade root, which is at a distance of the hub
radius rH from the hub center. The local rotating blade CS is rotated from the nacelle-
fixed main shaft CS by the azimuth angle, the blade pre-cone angle θC and lastly the
individual blade pitch angle βj(t). Within the local rotating blade CS, the flapwise
vibrations are defined by an uncoupled mode shape and the DOF qj(t) for j = 1, 2, 3.
The edgewise vibrations are also defined by an uncoupled mode shape and the DOF
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qj+3(t) for j = 1, 2, 3. The blade tip is at a distance of the blade length LB from
the blade root and the mode shapes are normalized like for the tower to define the tip
displacements directly.

To understand the kinematics of the system, the position vector rB,j(x3, t) of a
blade cross section along the pitch axis x3 is given as an example since this involves
going through all coordinate transformations:

rB,j(x3, t) =



q11
q12
q13


+TF








q7
q8

hT +HT


+TTo





0
0
hs


+TT







−s
0
0


+TB,j






0
0
rH


+Tβ,j



uB1,j(x3, t)
uB2,j(x3, t)

x3















(2.2)

where uB1,j(x3, t) = ΦBF (x3)qj(t) is the blade flapwise displacement in the x1 di-
rection at a distance x3 from the blade root and uB2,j(x3, t) = −ΦBE(x3)qj+3(t) is
the blade edgewise displacement in the x2 direction at a distance x3 from the blade
root. ΦBF (x3) and ΦBE(x3) are the flapwise and edgewise mode shapes. TF is
the transformation matrix from the foundation CS to the global CS, TTo is the trans-
formation matrix from the nacelle CS to the tower CS, and TS is the transformation
matrix from the main shaft CS to the tower CS. TT is the transformation matrix from
the main shaft CS to the nacelle CS, TB,j is the transformation matrix from the pitch
bearing CS to the main shaft CS, and Tβ,j is the transformation matrix from the blade
CS to the pitch bearing CS.

The transformation matrices are defined as:

TF = T1T2T3

T1 =



1 0 0
0 cos q14 − sin q14
0 sin q14 cos q14


 , T2 =




cos q15 0 sin q15
0 1 0

− sin q15 0 cos q15


 , T3 =



cos q16 − sin q16 0
sin q16 cos q16 0

0 0 1




TTo = T4T5T6

T4 =



1 0 0
0 cos θTS − sin θTS

0 sin θTS cos θTS


 , T5 =




cos θTF 0 sin θTF

0 1 0
− sin θTF 0 cos θTF


 , T6 =



cos q17 − sin q17 0
sin q17 cos q17 0

0 0 1




TS = TToTT

TT =




cos θT 0 sin θT
0 1 0

− sin θT 0 cos θT


 , TB,j =



1 0 0
0 cosΨj − sinΨj

0 sinΨj cosΨj






cos θC 0 sin θC
0 1 0

− sin θC 0 cos θC




Tβj =



cos(−βj) − sin(−βj) 0
sin(−βj) cos(−βj) 0

0 0 1




(2.3)

where θTF (t) = Φ′
TFHq7(t) is the fore-aft rotational angle of the tower top and

θTS(t) = −Φ′
TSHq8(t) is the side-side rotational angle of the tower top. Φ′

TFH =
dΦTF (X′

3)
dX′

3

∣∣∣
X′

3=HT

and Φ′
TSH =

dΦTS(X′
3)

dX′
3

∣∣∣
X′

3=HT

are the derivative of the fore-aft

mode shape ΦTF and side-side mode shape ΦTS evaluated at the tower top, respec-
tively. The last mode shape used in the ELWiS model is the tower torsion mode
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shape ΦTT defining the torsional rotation of the tower at a given location X ′
3 as

θTT = ΦTT q17(t).

2.3 Equations of motion by the Euler-Lagrange
approach

The equations of motion (EOM) of the FOWT system is obtained by the Euler-Lagrange
method [101]. This method relies on the definitions of the kinetic energy T and po-
tential energy U of the system to form the Lagrangian L = T −U . The Lagrangian is
then differentiated in the following manner to form the EOM:

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= f(t)−Csq̇(t) (2.4)

where f(t) is the external load vector and Cs is the structural damping matrix.
After the derivatives in Eq. (2.4) are done, the non-linear terms can be removed

to form the linear EOM:

M(t)q̈(t) +C(t)q̇(t) +K(t)q(t) = f(t) (2.5)

where M(t), C(t) and M(t) are the mass, damping and stiffness matrix of the system,
respectively. Although the matrices are linearized, the non-linear terms related to the
azimuthal angle are kept to capture the rotation of the blades (both azimuth and blade
pitch angle), making the system matrices time dependent. The time dependence is
therefore a consequence of the the rotating CS of the blades, and the time dependency
of the matrices are only present in the coupling between the blades and the remaining
structure with the exception of the gravitational stiffening effect of the blades. The
linear EOM of the system for the case of β1 = β2 = β3 = θT = θC = 0 are given in
Appendix A.

If the non-linear terms are not removed, the EOM take the form given in Eq. (2.6):

M(q, t)q̈(t) +Csq̇(t) +Ks(t)q(t) = RE(q̇,q, t) + f(t) (2.6)

where M(q, t) is now the time and displacement dependent matrix and Ks(t) is the
time dependent structural stiffness matrix. Although the system is non-linear, the
structural stiffness Ks(t) and structural damping Cs matrices are still linear due to
the linear mode shapes and the definition of the vibrations in the local coordinate
systems. The residual vector RE(q̇,q, t) is the collection of the non-linear terms
related to gyroscopic, centrifugal stiffening and spin-softening terms.

Many rotating coordinate systems and the fact that the velocity is squared to form
the kinetic energy T and then differentiated first with respect to the generalized co-
ordinates q(t) and their time derivatives q̇(t) and then with respect to time, makes
the Euler-Lagrange approach quickly increase the number of terms in the EOM. This
has been encountered throughout the development of the ELWiS model. At first, the
EOM were derived by hand, enabled by linearizing the velocity before forming the

Christian Elkjær Høeg 24



Equations of motion by the Euler-Lagrange approach 25

kinetic energy as done in previous studies for aero-elastic models of fixed wind tur-
bines [102, 103]. It was observed, that for EOM derived with the velocity defined in
the local CS of the blades, the gyroscopic effects were missing in the resulting EOM
when linearizing the velocity before forming the kinetic energy. Furthermore, it was
observed that if the velocity of the blades were defined in the global CS, part of the
gyroscopic effect were correct, but the stiffness matrix was false. This led to a big
study [98] of the derivation procedure given in Appendix D. It was found that defining
the velocity of the blades in either the global CS or the local blade CS resulted in the
true linear EOM when linearizing at the last step of the derivations. As also shown in
[98], the ELWiS model compares well with FAST [22] when using the linear EOM.
Afterwards, the development of a non-linear structural model for ELWiS was done.
As mentioned, the Euler-Lagrange method quickly increases the number of terms in
the EOM and this was encountered when developing the non-linear structural model
of ELWiS. Four levels of non-linear models were developed. First the full non-linear
model with all terms kept and then a non-linear model where gyroscopic, centrifugal
stiffening and spin softening terms related to the foundation velocities alone were re-
moved. These terms made up most of the terms in the EOM and were expected to have
a minimal impact due to the small velocities compared to the rotor speed. Both models
were also derived with all trigonometric terms simplified by small angle assumptions
of the foundation and tower rotations, i.e. cos q ≈ 1 and sin q ≈ q with q being a
rotational DOF. The file sizes of the EOM can indicate the increase of terms when
not linearizing the model and Figure 2.4 shows how the full non-linear model had a
file size over 1000 times that of the linear EOM for the 17-DOF floating foundation
model.

Figure 2.4: The size of the files holding the complete EOM information normalized
by the linear EOM (Linear). The (SmallAngle - 1) and (NonLin - 1) designates the
non-linear, small angle and complete non-linear EOM without the terms related only
to the support structure velocities. (SmallAng - 2) and (NonLin - 2) are the complete
non-linear, small angle and full non-linear EOM.
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The 11-DOF fixed foundation model did not increase as much as the 17-DOF
model and this also shows how the additional three foundation rotations makes the
number of terms ‘explode’. Preliminary results showed that the impact of the non-
linear terms were very small and that most of the impact came from the non-linear
terms related to the rotor speed and that the small angle assumption had almost no
influence on the results. The most affected responses were the blade flapwise and
edgewise, tower side-side and torsion, but in all cases, the impact was small. However,
the impact on the computational time was big as the non-linear model not including
the foundation rotational velocity terms took 18 times longer to simulate compared
with the linear model, and the full non-linear 17-DOF model was not able to run on
a system with only 64 GB of RAM. At that level, the point of a modal based model
was also lost and since the remaining models did not show large improvements over
the linear model, the development of this module was scrapped. The later study on
the reaction loads in Appendix E confirmed, that the non-linear EOM were indeed
true when comparing the inertia loads on the blades using two different external loads
methods and results from FAST. The results are shown in Figure 12 in Appendix E.
Again, the time consumption of the non-linear load model relying on the EOM derived
by the Euler-Lagrange method was increased beyond practical usability and only the
small angle version were successfully run. The two methods will be discussed in
greater detail in Chapter 3.

If a non-linear model should be derived, the Kanes method [104], used to derive
the EOM in FAST, is believed to be a good choice since this method relies on the
inertia loads as have been efficiently obtained for the ELWiS model in Appendix E for
load evaluation.

2.4 Turbulence

Turbulence in the ELWiS model is generated using either a single-step [105] or multi-
step [106] auto-regressive (AR) model developed from the generalized von Kàrmàn
spectrum [85].

F (k) =
1√
π

Γ(γ)

Γ(γ − 1
2 )

σ2
ul

[1 + (kl)2]γ
(2.7)

where k = ω/V0, γ = 5/6, l = Γ(1/3)
Γ(1/2)Γ(5/6)λ, λ = DRotor, and Γ() is the gamma

function. The downwind turbulence standard deviation σu = V0Iref is defined by the
product between the mean wind speed V0 and the turbulence intensity factor Iref . The
spectrum can also be given as a function of frequency ω instead of the wavenumber k:

S(ω) =
1√
π

Γ(γ)

Γ(γ − 1
2 )

σ2
ul[

1 +
(

ω
V0
l
)2

]γ (2.8)

Christian Elkjær Høeg 26



Turbulence 27

2.4.1 Single-step auto-regressive model

The single-step AR model was used in previous works [98] in Appendix D and [107,
108]. The single step AR model estimates the 3D turbulencevj,i =

[
uj,i vj,i wj,i

]⊤
of each of the m points in each cross section of the turbulence cylinder. Each point
is having the position vector rj,i =

[
xi yj zj

]⊤ where it should be noted that the
xi coordinate is the only difference between the separate cross sections of the tur-
bulence cylinder. ui =

[
v⊤
1,i v⊤

2,i . . . v⊤
m,i

]⊤
is the collection of all turbulence

components for each point in the cross section at the ith time step. The turbulence
components ui of the ith time step is based on the previous step ui−1 and white noise
input ξi:

ui = Aui−1 +Bξi (2.9)

where A is the recurrence matrix and B is the input matrix. Both A and B are based
on the covariance matrix of one cross section with itself C0 = E[uiu

⊤
i ] and the

covariance matrix between two cross-sections Ck = E[uiu
⊤
i−k] with k = λ/∆x steps

apart in the downwind direction with ∆x = V0∆t:

Ck = E[uiu
⊤
i−k] =




...
...

...
... E[vp,iv

⊤
q,i−k]

...
...

...
...


 =




...
...

...
... R(rp,i − rq,i−k)

...
...

...
...


 (2.10)

where the subscripts p and q denote two points in the two cross-sections. The covari-
ance matrix C0 is calculated similar to Ck, but with the covariance tensors along the
diagonal being auto covariance tensors R(rp,i − rp,i) = σ2

uI. The covariance tensor
R of two points separated by the vector r = rp,i − rq,i−k is given by:

R(r) = E[v(r0 − r)v(r0)
⊤] = σ2

u

(
[f(r)− g(r)]

rr⊤

r⊤r
+ g(r)I

)
(2.11)

where r = |r| and f(r) and g(r) are the lengthwise and transverse correlation, respec-
tively:

f(r) =
2

Γ(1/3)

( r

2l

)1/3

K1/3

(r
l

)
, g(r) = f(r)− 2

Γ(1/3)

( r

2l

)4/3

K−2/3

(r
l

)

(2.12)

where K1/3() is the modified Bessel function of the second kind of order 1/3 and
similarly, K−2/3() is of order −2/3.

The recurrence matrix A can be found through the relation:

A = ΦAD
1/k
A Φ−1

A (2.13)
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where ΦA is the modal matrix and DA is the diagonal eigenvalue matrix of the matrix
KA = C⊤

k C
−1
0 . Similarly, the input matrix B is found by:

B = ΦBD
1/2
B Φ−1

B (2.14)

where ΦB is the modal matrix and DB is the diagonal eigenvalue matrix of the matrix
KB = C0 −AC0A

⊤.
After the turbulence cylinder have been created, the transverse and vertical turbu-

lence components are modified to meet the reduced standard deviations of σv = 0.7σu

and σw = 0.5σu.

2.4.2 Multi-step auto-regressive model

The multi-step AR model was used in the later work in Appendix E. This model
improves on the single step model by including n previous steps s =

[
s1 . . . sn

]

at an arbitrary downwind distance to evaluate the current step:

ui = Awi +Bξi (2.15)

where the recurrence matrix A =
[
A1 . . . An

]
is now a collection of the relevant

recurrence matrices for each included previous step and wi =
[
ui−s1 . . . ui−sn

]
.

The recurrence matrix A and the input matrix B are now based on the covariance
matrix of the ith cross-section Cuu = E[uiu

⊤
i ], the covariance matrix of all n previous

steps at arbitrary downwind distances Cww = E[wiw
⊤
i ] and the covariance matrix

between the ith cross-section and all n selected previous steps Cuw = E[uiw
⊤
i ]. The

recurrence matrix A is now found by:

A = CuwC
−1
ww (2.16)

and the input matrix B can then be found through:

B = ΦBD
1/2
B Φ−1

B (2.17)

where ΦB is the modal matrix and DB is the diagonal eigenvalue matrix of the matrix
KB = Cuu −ACwwA

⊤.
The frozen turbulence field is either interpolated during the simulation or pre-

processed using rotational sampled turbulence [109]. The rotational sampled turbu-
lence is more computationally efficient and takes up less disk space whereas the in-
terpolation during simulations allows for very non-steady rotor speeds that will occur
during shutdown simulations. Generally, the AR model is very efficient compared to
the industry standard Mann [110, 111] and Kaimal [112] models. The frozen turbu-
lence cylinder simulated by the multi-step AR model for a single seed used in Ap-
pendix E with s =

[
1 2 4 8

]
is shown in Figure 2.5.

The out-of plane velocity of the center point in the turbulence field is shown in
Figure 2.6.
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Figure 2.5: Turbulence field out-of-plane velocity at time step i based on the previous
fields at distance V0∆t, 2V0∆t, 4V0∆t and 8V0∆t. Field discretization contains one
center node plus 16 evenly distributed radial lines with 5 equidistant points each for a
total of 81 points. The data points in the turbulence field are marked with black dots.
The circular dashed lines mark the skipped fields for estimating the ith field.

Figure 2.6: Turbulence out-of-plane velocity for the center point of the rotor plane.
a) Normalized velocity as a function of the downwind distance normalized by the
correlation length λ. b) Fast Fourier transform. c) Power spectral density compared to
the von Kàrmàn spectrum.

2.5 Aerodynamic loads

The aerodynamic loads are calculated using either the classical, quasi-static blade
element momentum (BEM) model or the unsteady BEM model with dynamic inflow
[45]. In both cases, the BEM model includes tip loss, turbulent wake state and skewed
wake corrections. The classical BEM model is derived from airplane propeller theory
[38], and the unsteady BEM model is modified by gyrocopter theory to cope with yaw
misalignment of any angle [39]. Both BEM models ultimately estimate the effective
local wind speed Ve and the flow angle ϕ at a given point along each blade:

tanϕ =
V1

V2
, Ve(x3) =

√
V 2
1 + V 2

2 (2.18)
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where V1 and V2 are the axial and tangential local wind speeds as shown in Figure 2.7.

x1

x2

(Rotor plane)

ϕ
α

β + θ

β + θ
c

Ve
V1

V2

pl

pd

pN

pT

pm

Figure 2.7: Definitions of the 2D distributed aerodynamic loads, effective wind veloc-
ity Ve, angles and airfoil cord length c.

2.5.1 2D aerodynamic loads
The effective local wind speed Ve and the flow angle ϕ can be converted into dis-
tributed lift pl and drag pd loads. The lift and drag loads can then be transformed into
normal pN and tangential pT distributed loads and integrated along each blade to get
the total aerodynamic loads as described in Appendix D and E. As seen in Figure 2.7,
the distributed aerodynamic moment pm is also determined from the 2D airfoil data.
The flow angle ϕ is the sum of the angle of attack α, the blade twist θ and the blade
pitch angle β. The distributed lift pl, drag pd and moment pm loads are given by the
2D airfoil data as:

pl(x3, α) =
1

2
ρAV

2
e (x3)c(x3)Cl(α) (2.19)

pd(x3, α) =
1

2
ρAV

2
e (x3)c(x3)Cd(α) (2.20)

pm(x3, α) =
1

2
ρAV

2
e (x3)c(x3)Cm(α) (2.21)

where ρA is the air density, c(x3) is the airfoil chord length and Cl(α), Cd(α) and
Cm(α) are the lift, drag and moment coefficients of the given airfoil, respectively.
The normal pN and tangential pT distributed loads are found by 2D coordinate trans-
formation:
[
pN
pT

]
=

[
cosϕ sinϕ
sinϕ − cosϕ

] [
pl
pd

]
(2.22)

2.5.2 Momentum theories
The BEM model couples the global effects of the fluid dynamic interaction between
the wind turbine and the wind with the local 2D aerodynamic lift and drag. The turbine
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thrust force T exerted on the wind makes the wind slow down and expand behind the
turbine. This is captured by 1D momentum theory where the wind turbine is seen
as a infinetly thin disc that provides frictionless drag. The thrust force is given by the
pressure drop∆p over the disc and the area A, T = ∆pA. The pressure is increased in
front of the disc to above the ambient pressure p0 far upwind by half the pressure drop.
Right behind the disc, the pressure is below the ambient pressure and it increases to
ambient pressure again far downwind. The pressure drop is given by Bernoulli’s law
for a streamline passing through the disc, ∆p = 1

2ρA(V
2
0 −V 2

d ). The expansion of the
wake is illustrated in Figure 2.8 where the wind moves along parallel streamlines from
far upwind with the velocity V0 to far downwind with the wind speed Vd. The wind
speed at the turbine Va is the mean of V0 and Vd. By conservation of mass, the tube of
parallel streamlines expands from the area A0 far upwind to Ad far downwind. The
aerodynamic moment the wind turbine exerts on the wind creates a counter rotating
wake behind the turbine which is captured by angular momentum theory. The wake
rotates opposite to the rotor speed as illustrated by the spiral in Figure 2.8.

V0

A0

T

M

Ω

A

Vd

Ad

p0

p0

Figure 2.8: Visualization of the expanding wake by the change of 1D axial momentum
from the turbine thrust T and the counter-rotating wake by the change of angular
momentum from the turbine moment M .

2.5.3 Blade element momentum (BEM) models
The effective wind speed Ve is estimated differently by the two BEM models as shown
in Figure 2.9

Classical BEM

In the classical BEM theory, the relative axial velocity V1 and the relative tangential
velocity V2 are given by:

V1(x3, t) = (1− a)V0 + v1(x3, t)− u1(x3, t) (2.23)
V2(x3, t) = (1 + a′)Vrot(t) + v2(x3, t)− u2(x3, t) (2.24)

where v1(x3, t) and v2(x3, t) are the normal and tangential velocity of the turbulence.
u1(x3, t) and u2(x3, t) are the normal and tangential velocity of the blade from struc-
tural vibrations. Vrot = rΩ(t) cos θC is the tangential rotational speed at the radial
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(Rotor plane)(Rotor plane)V0

aV0

Classical BEM Unsteady BEM

a′Vrot

w

ϕϕ

VrotVrot

VeVe

plpl

V0

Wn

Wt

W

Figure 2.9: Visualization of the expanding wake by the change of 1D axial momentum
from the turbine thrust T and the counter-rotating wake by the change of angular
momentum from the turbine moment M .

distance r = rH + x3 from the hub center. The induced velocity w is acting in the
negative lift direction perpendicular to the relative wind speed and is split up in an ax-
ial and tangential part. The axial induction factor a including two cases for inclusion
of the Galuert’s turbulent wake state correction and the tangential induction factor a′

are found by:

a =





1
4F sin2 ϕ

σCN
+1

, for a ≤ 1
3

a+ (1−a)2

1− 1
4
(5−3a)a

4F sin2 ϕ
σCN

+1
, for a > 1

3

, a′ =
1

4F sinϕ cosϕ
σCT

− 1
(2.25)

where σ(x3) =
nBc(x3)
2πx3

is the solidity and F is the Prandtl’s tip loss factor defined as:

F =
2

π
arccos(e−f ), f =

nb

2

LB − x3

x3 sinϕ
(2.26)

where nB is the number of blades. It can be seen, that F = 1 at the hub (x3 = 0) and
F = 0 at the blade tip (X3 = LB). The normal CN and tangential CT coefficients are
given by 2D transformation of the lift Cl and drag Cd coefficients:
[
CN

CT

]
=

[
cosϕ sinϕ
sinϕ − cosϕ

] [
Cl

Cd

]
(2.27)

If the rotor is not perpendicular to the wind speed, the Pitt and Peters’ [113, 114,
115] skewed wake correction modifies the axial induction factor to account for the
effect of the aerodynamic restoring moment:

a = a

[
1 + 15

π

64

r

RRotor
tan

(χ
2

)
cos(Ψj − θ0)

]
, χ = (0.6a+1)γ (2.28)

where RRotor is the radius of the rotor and γ is the angle between the undisturbed
wind speed V0 =

[
V0 0 0

]⊤ and the rotor plane normal n = TFTSe1, found by

cos γ = e⊤1 n where e1 =
[
1 0 0

]⊤ is the unit vector of the rotor plane normal in
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the local shaft CS. θ0 is the azimuth angle where the blade is deepest into the wake,
found by tan θ0 = n2

−n3
where n2 and n3 are the second and third component of the

rotor normal vector n. χ is the the angle between the rotor normal and the wake wind
speed Va [116] as shown in Figure 2.10.

(Rotor plane)
V0

V0V0

aV0 ∨ Wn

2aV0 ∨ 2Wn

n

χ

γ
Ω

Va

Vd

Figure 2.10: Skewed wake correction parameters.

Unsteady BEM

The relative wind speed in the unsteady BEM model is given by:

V = V′
0 +VRot +W + v − u (2.29)

[
V1(x3, t)
V2(x3, t)

]
=

[
V ′
0,1

V ′
0,2

]
+

[
0

rΩ(t) cos θC

]
+

[
Wn(x3, t)
Wt(x3, t)

]
+

[
v1(x3, t)
v2(x3, t)

]
−
[
u1(x3, t)
u2(x3, t)

]

(2.30)

The local undisturbed wind velocity is given by V′
0 = T⊤

B,jT
⊤
ST

⊤
F

[
V0 0 0

]⊤.
The normal Wn and tangential Wt components of the induced velocity vector W are
given by:

Wn = W cosϕ, Wt = W sinϕ (2.31)

The unsteady BEM estimates the local wake velocity on the assumption that the
lift force is the only effect creating the induced velocity W . The induced velocity acts
in the opposite direction of the distributed lift force pl and is given by:

W =
−nBpl

4πρArF |V′
0 + fgWn|

(2.32)

where F is the Prandtl’s tip loss factor and the normal component of the induced
velocity is Wn =

[
Wn 0 0

]⊤.
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The turbulent wake correction is introduced by the factor fg:

fg =

{
1, for a ≤ ac
ac

a

(
2− ac

a

)
, for a > ac

(2.33)

with ac ≈ 0.2 [117]. The axial induction factor is estimates as a = |V0|−|Va|
|V0| with

Va =
[
V ′
0,1 +Wn V ′

0,2 0
]⊤

. The skewed wake correction is accounted for by:

W = W0

[
1 + 15

π

64

r

RRotor
tan

(χ
2

)
cos(Ψj − θ0)

]
(2.34)

where W0 = W
[
cosϕ sinϕ

]⊤ is the uncorrected induced velocity found by Eq.
(2.32). The angle between the rotor normal vectorn and the resulting wind speed after

the rotor Va is given by cosχ =
V⊤

a T⊤
B,je1

|Va| evaluated at r/R = 0.7 and is constant
along the blade.

Dynamic wake

The dynamic effect of the wake is captured by a first order filter of the quasi-static
wake W i

qs from Eq. (2.32) and the previous time step W i−1
qs to form H :

H = W i
qs + kτ1

W i
qs −W i−1

qs

∆t
(2.35)

where k = 0.6 and the time constant τ1 and the later used τ2 are given by:

τ1 =
1.1

1− 1.3a

RRotor

V0
, τ2 = τ1

[
0.39− 0.26

(
r

RRotor

)2
]

(2.36)

The value of the axial induction factor to estimate τ1 must not exceed 0.5. An
intermediate value W i

int and the final value W i of the induced velocity can now be
found from the previous step (W i−1

int and W i−1):

W i
int = H + (W i−1

int −H)e
−∆t
τ1 (2.37)

W i = W i
int + (W i−1 −W i

int)e
−∆t
τ2 (2.38)

2.6 Mooring system loads
The mooring system implementation in ELWiS is described in the author’s master’s
thesis [100] and has been further used to investigate the influence of mooring dynamics
on the stochastic response of a spar-type [76] FOWT in Appendix G [59]. The first
mooring system model is the quasi-static model presented in [51] and is illustrated
in Figure 2.11. This model includes the full non-linear force-translation relation of a
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Linear Quasi-Static

Figure 2.11: Overview of the linear and quasi-static [51] mooring system models
implemented in ELWiS.

Lumped-Mass

Figure 2.12: Overview of the lumped-mass mooring system model [54] implemented
in ELWiS.
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single 2D mooring line with uniform line properties including line axial stiffness and
seabed friction.

First, the kinematics of the fairleads are used to form a 2D plane with coordinates
of the anchor and fairleads to solve the non-linear equations by a Newton-Raphson
iteration scheme. The loads from each mooring line on the fairleads are then trans-
formed back into the loads on the 6-DOFs of the FOWT structure. The quasi-static
model is used to form the linear mooring loads model by estimating the equivalent
linear stiffness matrix by a central-difference numerical differentiation scheme. The
quasi-static model is also used to initiate the line configuration for the implemented
lumped-mass model [54] illustrated in Figure 2.12.

The 3D lumped-mass model includes effects from structural vibrations of the
mooring line with structural damping, seabed interactions and hydrodynamic loads
by the Morison equation. The seabed interactions include horizontal Coulomb fric-
tion and a vertical spring-damper system activated when the mooring line penetrates
deeper than the static indentation of the seabed. The system is solved by a Runge-
Kutta 2nd order time integration scheme with a subdivided time step of the general
ELWiS model. The lumped-mass model has not been optimized to run efficiently. The
lumped-mass model with 18 lumped masses for each of the three mooring lines of the
OC4 semi-sub [118] with seven sub-divisions of the ELWiS time step ∆t = 0.02 s re-
sults in additional time of running the model over the quasi-static model with a factor
100. Consequently, the running time of the mooring loads using lumped-mass model
is 1.1 times real time while the total simulation is 1.25 times real time. As the results
for the spar-type FOWT showed [59], the dynamic model has a slight damping effect
on the turbine response, lowering the fatigue and ultimate loads. The opposite is true
for the fairlead loads which are drastically increased by the dynamics of the mooring
system, confirmong previous studies [56, 57, 58].

2.7 System linearization

The time-variant nonlinear ELWiS model can be linearized to evaluate different as-
pects of the model like natural frequencies and damping ratios of the included vibra-
tion modes. Linearized properties also enable frequency domain analysis which can
be used for very efficient initial system sizing and concept evaluation. The parts of
the ELWiS model that have been linearized are the structural system matrices and
the mooring system at an arbitrary position. The linearized mooring system is only
consists of the stiffness parameters in ELWiS, but might be expanded to include hy-
drodynamic drag done by previous studies [33, 36]. The aerodynamic loads of the
ELWiS model have been linearized in a master’s thesis [119]. The hydrodynamic
loads implemented in ELWiS are by default defined in the frequency domain except
for the quadratic drag loads from the Morison equation. Finally, the control system
can also be represented in the frequency domain [120], but is not dealt with here.
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2.7.1 System matrices linearization

The system matrices have been linearized during EOM derivation using the Euler-
Lagrange method, however the time-varying terms related to the rotor position are
kept. To make a time-invariant system, the Coleman transformation [121] is applied
using multi-blade coordinates [122, 123] included in the generalized coordinate vector
r(t) as described in Appendix B. The resulting equations of motion of the transformed
system takes the form:

M0r̈(t) +C0ṙ(t) +K0r(t) = f0(t) (2.39)

where the time-invariant system matrices M0, C0 and K0 and the transformed force
vector f0 are defined as:

M0 = µQ⊤(t)M(t)Q(t) (2.40a)

C0 = µQ⊤(t)C(t)Q(t) + 2µQ⊤(t)M(t)Q(t)R (2.40b)

K0 = µQ⊤(t)K(t)Q(t) + µQ⊤(t)C(t)Q(t)R + µQ⊤(t)M(t)Q(t)R2 (2.40c)

f0(t) = µQ⊤(t)f(t) (2.40d)

where µ, Q and R are defined in Appendix B. The time-invariant system matrices
can then be used to investigate the system frequencies as a function of rotor speed in
the absence of aerodynamic and hydrodynamic loads other than the linear hydrostatic
restoring stiffness. These results are presented in a Campbell diagram [124] for the
OC3 Spar [76] and compared with results from FAST [125] in Figure 2.13.

2.7.2 Aerodynamic load linearization

To evaluate the realistic response in the frequency domain, the aerodynamic loads first
need to be linearized as have been performed for ELWiS [119]. The aerodynamic
loads are linearized using Taylor expansion to the first order at a steady state opera-
tional point

(
q̄, ¯̇q9, β̄

)
resulting in the aerodynamic load being represented as:

fa(t) = fa,0 + fa,Turb(t)−Caq̇(t) + cβ∆β (2.41)

where fa,0(V0) is the steady state aerodynamic load vector,Ca(V0) is the aerodynamic
damping matrix, fa,Turb(V0, t) is the turbulence load vector and cβ(V0) is the partial
aerodynamic load gradients vector with respect to the change of blade pitch angle.
The damping ratios of the ELWiS model are given in terms of both total damping and
pure aerodynamic damping for each vibration mode in Figure 2.14

2.7.3 Hydrodynamic load linearization

The hydrodynamic loads included in the ELWiS model are linear, except the quadratic
drag loads from the Morison equation. If the quadratic drag loads and aerodynamic
loads are ignored, a frequency domain model of the 6-DOF rigid body DOFs, flexible
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Figure 2.13: Campbell diagrams of the Spar FOWT system with tower torsion DOF
included (‘ELWiS’) marked with (——, ◦), and not included (‘ELWiS, NoTT’) marked
with (– – –, ×), as well as the results from FAST (‘FAST’) [125] marked with ( , �).
Two different blade orientations are considered: a) all blades at zero pitch angle and
b) all blades pitched to feather.
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Figure 2.14: Damping ratios of the ELWiS model [119]. Both total and pure aerody-
namic damping is given for each vibration mode.
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Figure 2.15: Comparison between the response amplitude operator (RAO) amplitude
and phase of the Potential Flow results from Nemoh (P), the Morison results (M) and
the McCamy-Fuchs results (MF), both with an incoming wave angle βW = 30◦. a)
translation amplitudes, b) rotation amplitudes, c) translation phases and d) rotation
phases.
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tower fore-aft and side-side DOFs is easily obtained containing the frequency depen-
dent added mass and radiation damping matrices obtained from a boundary-element-
method based solver like NEMOH [73]. Multiplying with the frequency domain wave
loads per unit wave amplitude to obtain the Response Amplitude Operator (RAO) is
often done to evaluate the hydrodynamics of a floating structure and will be described
further in Subsection 4.2.5. An example of the RAO for the spar type FOWT system
with the numerical NEMOH results and the results from a combination of the semi-
analytical Morison equation (for the added mass) and the analytical McCamy-Fuchs
(for the wave loads) is given in Figure 2.15.

The hydrodynamic drag loads fd(t) were planned to be linearized by equivalent
drag coefficients Cd for the 6-DOFs of the foundation. The equivalent drag coeffi-
cients are calculated by requiring the energy dissipated during one time period T of
the harmonic motion of the system to be equal for the linear and non-linear drag loads:
∫ T

0

(f0,i − Cd,ij q̇10+j(t)) q̇10+i(t)dt =

∫ T

0

fd,i(t)q̇10+i(t)dt, i, j = 1, . . . , 6

(2.42)

where Cd,ij is the i, j th entry of the equivalent damping matrix of the linearized hy-
drodynamic drag loads and f0,i is a constant force. However, this method was not
stable close to the natural frequencies of the 6-DOFs of the foundation and has not
been developed further.

The stochastic linearization method [126] has been used previously in several
studies [127, 120]. Other methods are also proposed, including a method assuming
the hydrodynamic loads to be within the inertia region and vibrations of small dis-
placements around the equilibrium position [31].

2.8 Computaional time comparison with FAST
As the ELWiS model consists of many sub-modules and each sub-module might have
several choices of models, the computational time of the ELWiS model highly depends
on the input to the model. As a quantification of the computational time of the ELWiS
model, two load cases for the OC3 Spar [76] are considered.

The first load case is a step input of the wind at 15 m/s in still water with no
initialization time and 10 minutes of simulation. The aerodynamic model is set to use
the classical BEM model as described previously in Section 2.5. The hydrodynamic
model is set to the combined potential flow and Morison drag using the convolution
integral with 60 s memory time for the radiation loads as described in Section 4.2.
The spar is divided into 240 Morison elements by the target element length of 0.5 m
for the 120 m design draft. The mooring loads model is set to the quasi-static model.
The output list consists of only the kinematics of the system (q(t), q̇(t)) and the pitch
angle, so no post processing of the structural loads. The time step is set to that of
FAST at ∆t = 0.0125 s. As seen from Figure 2.16, the ELWiS model is about 20%
faster than FAST and is running at about five times real time compared to four times
real time for FAST.

41 December 2022



42 The 17-DOF Efficient Low-order Wind turbine Simulation (ELWiS) model

The other load case involves one hour of simulation with turbulent wind and
irregular waves with ten minutes of initialization time. The time step is increased
to the usual ∆t = 0.02 s and the aerodynamic model is set to the unsteady BEM
with dynamic wake. Turbulence is generated using the multi-step AR model with
s =

[
1 2 4 8

]
and each cross section having 81 points as described in Section

2.4. The hydrodynamic model is set to the combined potential flow and Morison drag
with the rational approximation of the radiation loads as described in Section 4.2.2
and Appendix D. The wave loads and wave kinematics are generated using N = 1000
subdivisions of the JONSWAP spectrum as described in Section 4.1. The mooring
loads model is again set to the quasi-static model. The output list is extended from the
previous list to have all six reaction loads for nine positions along the tower and blade
1 using d’Alembert’s principle as described in Chapter 3.

As seen from Figure 2.16, the calcluations of hydrodynamic loads are signif-
icantly quicker due to the use of rational approximation, and the time spent on post
processing is increased a lot since a lot of reaction loads are requested to be calculated.
The turbulence and first-order waves are generated at below 1% of the simulation time
combined. For comparison, the second-order sum and difference loads are generated
at about 8% of the simulation time.

Figure 2.16: The computational time used for different sub-modules in ELWiS for two
load cases with different settings. The step input wind load case is compared with the
time use of FAST.

2.9 Summary

This Chapter presents the overall structure of the Efficient Low-order Wind turbine
Simulation (ELWiS) model and describes the structural part of the equations of mo-
tion (EOM), as well as the turbulence and aerodynamics. The EOM are derived using
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analytical dynamics by the Euler-Lagrange method. The final EOM are linearized
with respect to the generalized coordinates at the zero point q = q̇ = 0, and thus the
mass, gyroscopic, stiffness matrices can be extracted. The non-linear terms relating to
the azimuth position and velocity of the rotor are kept fully non-linear to preserve the
description of the rotating blades at varying rotor speeds. It should be noted that the
nonlinearities in the aerodynamic and hydrodynamic load vectors on the right hand
side of the equation are retained. It has been demonstrated that the Euler-Lagrange
method provides a practical way of deriving the system EOM, but if the system is
not linearized, the number of terms grows rapidly with the complexity of the system,
resulting in the 17-DOF ELWiS model being computationally heavy and even impos-
sible to run on PCs. Therefore, the linear model is preferred and used, which provides
a near perfect match with the results obtained from FAST. It has further been shown,
that the linearization throughout the derivations of the EOM needs to be done at the
last step (or at the kinetic energy step) to preserve all the true linear terms includ-
ing the gyroscopic couplings between the rotor and support structure. Previously for
bottom-fixed wind turbines, the linearization has been done early in the derivations,
already linearizing the velocity terms defining the kinetic energy in the Lagrangian of
the Euler-Lagrange equation. This has lead to the gyroscopic effect not being captured
and for bottom-fixed wind turbines, this might be a small error.

The implementations of two efficient turbulence models are given, and the choice
between the efficient rotationally sampled and full frozen turbulence cylinder interpo-
lated during the simulations is discussed. The implementation of both the classical
blade element momentum (BEM) model and the unsteady BEM model including dy-
namic inflow are presented.

A short description of the mooring system models is also given and finally, the
linearizations of the EOM, aerodynamic and hydrodynamic loads are discussed. The
linearization of floating offshore wind turbine (FOWT) models have been gathering
more research interest lately with the goal of establishing and using frequency-domain
models of FOWTs. The precision of the frequency-domain models depend on the
linearization of the non-linear structural dynamics, aerodynamics and quadratic hy-
drodynamic Morison drag. The ElWiS model is not developed for frequency domain
simulations, but could be through the referenced linearization of the aerodynamics and
hydrodynamic drag loads.

Lastly, the time-domain simulations of a step input wind in still water and a load
case with turbulent wind and irregular waves are simulated. The computational time of
ELWiS running in MATLAB is compared with FAST running in compiled FORTRAN
code. For a comparable setup of the models, ELWiS is running at five times real time
and approximately 20% faster than FAST for the step input load case. By choosing the
more efficient models in ELWiS while increasing the number of reaction loads being
post processed, the load case involving turbulent wind and irregular waves is running
at almost eight times real time.
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CHAPTER 3
Reaction loads analysis

In this chapter, the reaction load extraction methods implemented in ELWiS will be
presented and discussed. Full details of the three methods are given in Appendix
E. The motivation for developing multiple the reaction loads extraction models for
ELWiS is threefold: (1) to study the advantages and disadvantages of previously de-
veloped methods and (2) develop precise, robust and efficient reaction loads extraction
methods and (3) add to the scarce information on the reaction loads extraction possi-
bilities within the modal-based modeling framework.

Figure 3.1 provides an overview of the available reaction loads. Figure 3.1(a)
includes the 6-dimensional reaction load vector at four critical locations: (1) the blade
root RBjR(t), (2) the main shaft at the hub center RMSH(t), (3) The tower top
RTT (t), (3) The tower base RTB(t). Figure 3.1(b) shows the 6-dimensional blade
reaction load vector RBj(l, t) at an arbitrary distance l from the blade root. Figure
3.1(c) shows the 6-dimensinal main shaft reaction load vector RMS(ls, t) at an arbi-
trary distance ls from the hub center along the main shaft in the downwind direction.
Figure 3.1(d) shows the 6-dimensional tower reaction load vector RT (h, t) at an arbi-
trary height h from the tower base. In the following Sections, the three methods (one
based on the internal loads principle and two based on the external loads principle) for
obtaining the reaction loads are briefly presented.

3.1 Internal loads method
The internal loads method is the simplest and most straightforward of the three meth-
ods and is based on the Euler-Bernoulli beam theory and St. Venant torsional theory
used to derive the EOM of the ELWiS model. The six internal reaction loads at an
arbitrary height X ′

3 along the tower are given by:

RT,Int(X
′
3, t) =




−EITF (X
′
3)

∂3ΦTF (X′
3)

∂X′3
3

q7(t)

−EITS(X
′
3)

∂3ΦBE(X′
3)

∂X′3
3

q8(t)

0

−EITS(X
′
3)

∂2ΦTS(X′
3)

∂X′2
3

q8(t)

EITF (X
′
3)

∂2ΦTF (X′
3)

∂X′2
3

q7(t)

GK(X ′
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∂ΦTT (X′
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∂X′
3

q17(t)




(3.1)

— 45 —



46 Reaction loads analysis

X1

X2

X3
x1

x2

x3

X′
1

X′
2

X′
3

l
h

ls
(a)

(b) (d)

(c)

Nacelle

Hub

RBjR,1RBjR,2

RBjR,3

RBjR,4

RBjR,5

RBjR,6

RBj,1

RBj,2

RBj,3

RBj,4
RBj,5

RBj,6

RMSH,1

RMSH,2

RMSH,3

RMSH,4

RMSH,5

RMSH,6

RMS,1

RMS,1

RMS,2

RMS,3

RMS,3
RMS,4

RMS,4RMS,5

RMS,6

RMS,6

RTT,1

RTT,1

RTT,2

RTT,2

RTT,3

RTT,3

RTT,4

RTT,4

RTT,5

RTT,5

RTT,6

RTT,6

RTB,1

RTB,2

RTB,3
RTB,4

RTB,5

RTB,6

RT,1

RT,2

RT,3 RT,4

RT,5

RT,6

Figure 3.1: Definitions of the reaction loads in different substructures of the FOWT.
(a) Reaction loads at critical locations: blade root, main shaft hub center, tower top
and tower base. (b) Blade reaction loads at an arbitrary location along the blade from
the blade root. (c) Main shaft reaction loads at an arbitrary location along the rotating
shaft from the hub center. (d) Tower reaction loads at an arbitrary height along the
tower.
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where EITF (X
′
3), EITS(X

′
3) and GK(X ′

3) are the tower stiffnesses in the fore-aft,
side-side and torsional directions, respectively. As seen, the axial tower load can not
be determined since no axial vibrations of the tower are included in the ELWiS model.

Similarly, the six internal blade reaction loads at an arbitrary distance x3 along
the blade are given by:

RBj,Int(x3, t) =




−EIBF (x3)
∂3ΦBF (x3)

∂x3
3

qj(t)

−EIBE(x3)
∂3ΦBE(x3)

∂x3
3

(−qj+3(t))

0

−EIBE(x3)
∂2ΦBE(x3)

∂x2
3

(−qj+3(t))

EIBF (x3)
∂2ΦBF (x3)

∂x2
3

qj(t)

0




, j = 1, 2, 3 (3.2)

where EIBF (x3) and EIBE(x3) are the blade stiffnesses in the flapwise and edge-
wise directions, respectively. As seen, the axial and torsional blade loads can not
be determined since no axial or torsional vibrations of the blades are included in the
ELWiS model.

Finally, the internal main shaft reaction loads RMS,Int(t) are given by:

RMS,Int(t) =
[
0 0 0 −kD(q9 − q10

N )−cD(q̇9 − q̇10
N ) 0 0

]⊤
(3.3)

where N is the gear ratio and kD and cD are the equivalent stiffnesses and damping
coefficients of the drivetrain, respectively. As the shafts and gears are assumed to
be massless in the ELWiS model and only the torsional DOFs are included, the only
available load is the main shaft torsional moment that is constant along the main shaft.

3.2 Method of auxiliary DOFs

The method of auxiliary DOFs is the first of the two methods to evaluate the reaction
loads based on the external applied loads principle, as indicated by Eq. (1.1b). This
method evaluates the loads at each of the four critical locations by adding six auxiliary
DOFs at the critical location as shown in Figure 3.2. The six DOFs represent three
translations (q18(t), q19(t) and q20(t)) in the local CS and three rotations (q21(t),
q22(t) and q23(t)) about the local CS axes.

The EOM including only the inertia terms are derived for all components above
the critical location in the sequence of the local coordinate systems from the founda-
tion to the blades. For example, for the blade root reaction loads, the only component
impacted by the auxiliary DOFs is the blade. On the other hand, for the reaction loads
at the tower base, the tower, nacelle, generator, hub and blades are all included when
deriving the EOM with the auxiliary DOFs included. The inertia terms are found by
only including the kinetic energy in the Lagrangian when deriving the EOM by the
Euler-Lagrange method. The blade position vector including the six auxiliary DOFs
at four different critical locations (tower base, tower top, main shaft at the hub center
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Figure 3.2: Overview of the coordinate systems and DOFs of the ELWiS FOWT
model. (a) The blades, tower and floating foundation DOFs of the ELWiS model
marked with red. (b) The three sets of auxiliary DOF vectors qA = [q18, . . . , q23]

⊤

for reaction loads extraction at three critical locations: green for blade root, blue for
tower top and magenta for tower base. (c) The two drivetrain DOFs of the ELWiS
model marked with red, as well as the auxiliary DOF vector qA = [q18, . . . , q23]

⊤ for
reaction loads extraction at the hub center marked cyan.
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and blade root), used for deriving the EOM of the 23-DOF system, is respectively
given as:

rB,j(x3, t) =



q11
q12
q13


+TF






q18
q19

hT + q20


+TA







q7
q8
HT


+TTo





0
0
hs


+TT
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0
0


+TB,j






0
0
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+Tβ
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(3.4)

where the auxiliary DOFs are marked with magenta color for the tower base, blue
color for the tower top, cyan color for the main shaft at the hub center and green
color for the blade root, as the change from the original expression for the 17-DOF
ELWiS model in Eq. (2.2). The transformation matrix due to pre cone angle θC is
denoted TθC . For the main shaft at the hub center, the azimuthal angle Ψj(t) =
Ω0t + q9(t) + (j − 1)2π3 , j = 1, 2, 3, is split into the collective azimuthal angle
Ψ(t) = Ω0t + q9(t) and the individual blade j th angle θj = (j − 1)2π3 , and included
through the transformation matrices TAZ(Ψ(t)) and Tθj , respectively.

TA(q21(t), q22(t), q23(t)) is the Euler angle [128] coordinate transformation ma-
trix due to the three auxiliary rotational DOFs:

TA(q21, q22, q23) =



1 0 0
0 cos(q21) − sin(q21)
0 sin(q21) cos(q21)






cos(q22) 0 sin(q22)
0 1 0

− sin(q22) 0 cos(q22)





cos(q23) − sin(q23) 0
sin(q23) cos(q23) 0

0 0 1




(3.5)

For each of the four cases discussed above, substituting the system kinetic energy
into the Euler-Lagrange equation [101] leads to the EOMs of this 23-DOF system. The
resulting 23-by-23 mass, gyroscopic and stiffness matrices and the 23-dimensional
residual vector are illustrated in Figure 3.3. Note that the gyroscopic matrix G23DOF ,
the stiffness matrix K23DOF and the residual vector RE23DOF originate exclusively
from the system kinetic energy, representing the terms related to Coriolis acceleration
and centripetal acceleration, respectively. In Figure 3.3, the hatched parts indicate the
coupling terms relating the original 17 DOFs with the six auxiliary DOFs, and are
used for reaction loads extraction.

The four critical locations are tower base (TB), tower top (TT), main shaft at the
hub center (MSH) and the j th blade root (BjR). The final expressions for the reaction
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Figure 3.3: The 23-by-23 mass, gyroscopic and stiffness matrices, with the hatched
[6× 17] submatrices indicating the coupling terms relating the original 17 DOFs with
the six auxiliary DOFs. The hatched [6 × 1] subvector of the residual vector RE23 is
only present for blade root reaction loads extraction.

loads at the four critical locations are given as:

RTB(t) = fTB(t) −
(
MTB(t)q̈(t) + GTB(t)q̇(t) + KTB(t)q(t)

)
(3.6a)

RTT (t) = fTT (t) −
(
MTT (t)q̈(t) + GTT (t)q̇(t) + KTT (t)q(t)

)
(3.6b)

RMSH(t) = fMSH(t) −
(
MMSH(t)q̈(t) + GMSH(t)q̇(t) + KMSH(t)q(t)

)
(3.6c)

RBjR(t) = fBjR(t) − (MBjR(t)q̈(t) + GBjR(t)q̇(t) + KBjR(t)q(t)) + REBjR(t), j = 1, 2, 3

(3.6d)

where fTB(t), fTT (t), fMSH(t) and fBjR(t) are the 6-dimensional external load vec-
tors, due to gravity and aerodynamics, at the tower base, the tower top, the hub center
and the blade root, respectively.

3.3 Method of d’Alembert’s principle

The second method based on the external applied loads principle is described in this
subsection. This method, the method of d’Alembert’s principle, extracts the reaction
loads at an arbitrary location (the reference point) along the tower and blades by in-
tegrating the external loads from the reference point to the top of the tower or tip of
the blades. For the tower, the tower top reaction forces RF

TT (t) and moments RM
TT (t)

from the method of auxiliary DOFs are applied, and the only external loads along
the tower are the gravitational acceleration gT (t) and the inertia loads due to struc-
tural acceleration aT (t). The aerodynamic drag loads are not included in the ELWiS
model, but would otherwise be added as well. For the blades, the aerodynamic loads
are integrated together with the gravity and inertia loads. The loads are evaluated at
their displaced position as illustrated in Figure 3.4 by the local vectors r′T (X

′
3, t) for

the local tower position and r′Bj(x3, t) for the local blade position.

The tower reaction forces RF
T (h, t) and moments RM

T (h, t) at an arbitrary loca-
tion (the reference point), i.e. a distance h from the tower base as shown in Figure
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Figure 3.4: Position of a tower segment and position of a blade segment.

3.1(d), can then be obtained as:

RF
T (h, t) =

∫ HT

h

µT (X′
3)

(
gT (t) − aT (X′

3, t)
)
dX′

3 + RF
TT (t) (3.7a)

RM
T (h, t) =

∫
HT

h

µT (X′
3)


r′Th(X

′
3, h, t) ×

(
gT (t) − aT (X′

3, t)
)
−




0

0

r2TW (X′
3)ω̇T,3(X

′
3, t)





 dX′

3

+ r′TT (h, t) × RF
TT (t) + RM

TT (t) (3.7b)

where r′Th(X
′
3, h, t) = r′T (X

′
3, t) − r′T (h, t) is the position vector of a tower cross-

section at X ′
3 with respect to the reference point, in the deformed tower configuration.

r′TT (h, t) = r′T (HT , t)− r′T (h, t) is the position vector of the tower top with respect
to the reference point, in the deformed tower configuration. r2TW (X ′

3) is the radius of
the tower wall at the distance X ′

3 from the tower base and ω̇T,3(X
′
3, t) is the angular

acceleration along the tower about the X ′
3 axis.

The external loads along the blade originate from the gravitational acceleration
gBj(t), the structural acceleration aBj(x3, t), as well as the normal pN,j(x3, t), tan-
gential pT,j(x3, t) distributed aerodynamic loads and the distributed momentma,j(x3, t).
The blade reaction forces RF

Bj(l, t) and moments RM
Bj(l, t) at an arbitrary location

(the reference point), i.e. a distance l from the blade root as shown in Figure 3.1(b),
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can then be obtained as:

RF
Bj,Ext(l, t) =

∫ LB

l
µB(x3)

(
gBj(t) − aBj(x3, t)

)
+T⊤

β




pN,j(x3, t)

−pT,j(x3, t)

0


 dx3 (3.8a)

RM
Bj,Ext(l, t) =

∫ LB

l
r′Bjl(x3, l, t)×

(
µB(x3)

(
gBj(t) − aBj(x3, t)

)

+T⊤
β




pN,j(x3, t)

−pT,j(x3, t)

0



)

+




0

0

ma,j(x3, t)


 dx3

(3.8b)

where r′Bjl(x3, l, t) = r′Bj(x3, t) − r′Bj(l, t) is the position of a blade cross-section
with respect to the reference point, in the deformed configuration.

The integrals of the continuous systems in Eq. (3.7) and Eq. (3.8) are discretized
for efficient numerical implementation in ELWiS. The discretizations of the tower and
blades are shown in Figure 3.5.

The tower reaction loads in Eq. (3.7) at the reference point (at the distance h from
the tower base) are found through a product between the inertia matrix AT (h, t) and
the load vector sT (h, t).

RT,Ext(h, t) =

[
RF

T (h, t)
RM

T (h, t)

]
≈

[
MT (h)I[3×3] −MT (h) 0[3×nT ] I[3×3] 0[3×3]

J̃T (h, t) −j̃T (h, t) −jTY (h) r̃′TT (h, t) I[3×3]

]

︸ ︷︷ ︸
AT (h,t)[6×(3+3nT +nT +3+3)]




gT (t)
aT (h, t)
ω̇T,3(h, t)
RF

TT (t)
RM

TT (t)




︸ ︷︷ ︸
ŝT (h,t)[(3+3nT +nT +3+3)×1]

(3.9)

The inertia matrix AT (h, t) is defined in the deformed state at time t for the tower
inertia constants from the reference point h to the tower top. MT (h) is the mass of the
tower from the reference point to the tower top and J̃T (h, t) is the skew symmetric
matrix of the first mass moment of inertia of the tower from the reference point to
the tower top in the deformed state. Similarly, MT (h) is a vector of the mass and
j̃T (h, t) is a vector of the first mass moment of inertia of the elements beyond the
reference point. jTY (h) is a vector of the mass moment of inertia about the X ′

3 axis
of the elements above the reference point. r̃′TT (h, t) is the skew symmetric matrix
of the vector r′TT (h, t) for the position of the tower top from the reference point in
the deformed state. The load vector ŝT (h, t) is defines the accelerations and external
loads at the element centers for the elements above the reference point.

The inertia matrix AT (h, t) and the load vector ŝT (h, t) are unique for each
location along the tower to extract reaction loads and both are time-dependent. To
make the reaction loads extraction computational efficient, the time-dependent part
of the inertia matrix AT (h, t) = AT,0(h) + AT,1(h)q7(t) + AT,2(h)q8(t) is split
into three parts and the only time-dependent terms are found to be the tower fore-aft
q7(t) and side-side q8(t) DOFs. The load vector ŝT (h, t) = BT,tot(h)sT (t) for each

Christian Elkjær Høeg 52



Method of d’Alembert’s principle 53

(a) (b)

X′
1X′

2

X′
3

X′
3,1

X′
3,n

X′
3,NT

∆X′
3,1

∆X′
3,n

∆X′
3,NT

X′′
3,1

X′′
3,n

X′′
3,nT

∆X′′
3,1

∆X′′
3,n

fT,1

fT,2

fT,3

h

x1

x2

x3

l

x3,1

x3,n

x3,N

x′
3,1

x′
3,n

x′
3,N

∆x3,1

∆x3,n

∆x3,N

∆x′
3,1

∆x′
3,n

fBj,1

fBj,2

fBj,3

Figure 3.5: (a) Tower discretization. The whole tower is discretized into NT elements,
with X′

3 being the vector containing the distances from the tower base to the NT

element centers. The remaining tower from the reference point (a distance h from the
tower base) to the tower top is discretized into nT elements, with X′′

3(h) being the
vector containing the distances from the referecne point to the nT element centers. (b)
Blade discretization. The lengths related to the blade elements for the whole blade are
illustrated to the right of the blade, while the lengths related to the remaining blade
from the reference point (distance l from blade root) to blade tip are illustrated to the
left of the blade.

given reference point h can be found by the product between the interpolation matrix
BT,tot(h) and the load vector for the whole tower sT (t). Using these definitions and
rearranging Eq. (3.9) for a vector of n reference points h =

[
h1 h2, . . . , hn

]
leads

to:

RT,Ext(h, t) =



AT,0(h1)BT,tot(h1) AT,1(h1)BT,tot(h1) AT,2(h1)BT,tot(h1)

...
AT,0(hn)BT,tot(hn) AT,1(hn)BT,tot(hn) AT,2(hn)BT,tot(hn)




︸ ︷︷ ︸
DT (h)[6n×3(3+3NT +3+3)]




sT (t)
sT (t)q7(t)
sT (t)q8(t)




︸ ︷︷ ︸
s′T (t)[3(3+3NT +NT +3+3)×1]

(3.10)
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where DT (h) is independent on time and can be constructed in the pre-processing
part of ELWiS. More details can be found in 2.4 of Appendix E.

Similar to the tower reaction loads, the blade reaction loads in Eq. (3.8) can be
implemented numerically by the product between the inertia matrix ABj(l, t) and the
load vector ŝBj(l, t):

RBj,Ext(l, t) =

[
RF

Bj,Ext(l, t)

RM
Bj,Ext(l, t)

]

≈
[
MBj(l)I[3×3] −MBj(l) ∆x′

3,p(l) 0[3×nB,Aero]

J̃Bj(l, t) −j̃Bj(l, t) r̃′Bjl(l, t) ∆x′
3,m(l)

]

︸ ︷︷ ︸
ABj(l,t)[6×(3+3nBj,Acc+2nBj,Aero+nBj,Aero)]




gBj(t)

aBj(l, t)

p1,j(l, t)

p2,j(l, t)

ma,j(l, t)




︸ ︷︷ ︸
ŝBj(l,t)[(3+3nBj,Acc+3nBj,Aero)×1]

(3.11)

The components MBj(l), MBj(l), J̃Bj(l, t) and j̃Bj(l, t) are the blade mass, el-
ement mass, first mass moment of inertia and element first mass moment of inertia of
the blade above the reference point at a distance l from the blade root. ∆x′

3,p(l) is
the matrix storing the element length vector of the remaining blade, for integrating the
normal and tangential aerodynamic forces. r̃′Bjl(l, t) is a matrix constructed to calcu-
late three moments due to the flapwise p1,j(l, t) and edgewise p2,j(l, t) aerodynamic
loads on each element, defined as:
[
p1,j(l, t)
p2,j(l, t)

]
=

[
cos(−βj(t)) sin(−βj(t))

− sin(−βj(t)) cos(−βj(t))

] [
pN,j(l, t)

−pT,j(l, t)

]
(3.12)

ma,j(l, t) is a vect or containing the aerodynamic moment about the x3 axis on all the
elements above the reference point.

Similar to the tower, the inertia matrix ABj(l, t) and load vector ŝBj(l, t) are
unique for each location along the blade to extract reaction loads and both are time-
dependent. The time-dependent part of the inertia matrix ABj(l, t) = ABj,0(l) +
ABj,1(l)qj(t) +ABj,2(l)qj+3(t) is split into three parts and the only time-dependent
terms are found to be the blade flapwise qj(t) and edgewise qj+3(t) DOFs. The load
vector ŝBj(l, t) = BBj,tot(l)sBj(t) for each given reference point l can be found by
the product between the interpolation matrix BBj,tot(l) and the load vector for the
whole blade sBj(t). Using these definitions and rearranging Eq. (3.11) for a vector of
n reference points l =

[
l1 l2, . . . , ln

]
leads to:

RBj,Ext(l, t) =



ABj,0(l1)BBj,tot(l1) ABj,1(l1)BBj,tot(l1) ABj,2(l1)BBj,tot(l1)

...
ABj,0(ln)BBj,tot(ln) ABj,1(ln)BBj,tot(ln) ABj,2(ln)BBj,tot(ln)




︸ ︷︷ ︸
DBj(l)[6n×3(3+3NBj,Acc+3NBj,Aero)]




sBj(t)
sBj(t)qj(t)

sBj(t)qj+3(t)




︸ ︷︷ ︸
s′Bj(t)[3(3+3NBj,Acc+3NBj,Aero)×1]

(3.13)

where DBj(l) is independent on time and can be constructed in the pre-processing
part of ELWiS. More details can be found in ‘Appendix C’ of Appendix E.
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3.4 Verification
In Appendix E, the three methods for extracting reaction loads in ELWiS have been
first verified for a uniform cantilever beam with up to 10 modes included. The mode
shapes are found analytically [129] to eliminate the errors associated with the deriva-
tives of the mode shape used in the ‘Internal’ loads method. It was found that the
‘Internal’ method did not perform well compared with the two external loads meth-
ods that agreed well for any given number of modes included. As more DOFs were
included, the ‘Internal’ method approached the two external loads methods and the
moment distributions along the beam were almost indistinguishable for 10 DOFs. The
shear force distribution along the beam had a worse agreement between the ‘Internal’
and the two external loads methods. For both moment and shear force, the tip loads
were falsely zero for the ‘Internal’ method due to boundary conditions of the mode
shapes.

Next, for the NREL 5 MW turbine [84] on the OC3 spar-type floating foundation
[76], three tower and two blade reaction loads along the tower and blades have been
compared. In Figure for the three methods in ELWiS with the results from FAST.
Figure 3.6 shows the results from the three methods implemented in ELWiS together
with the results from FAST. The load case is a step input of a steady wind speed of 15
m/s in still waters.

Figure 3.6: Reaction loads distribution at t = 3.25 s along the tower height and
blade length from ‘Internal’ (—) and ‘d’Alembert’ (– – –), as well as the tower base and
blade root loads (◦) and tower top load (×) based on ‘AuxDOFs’. The corresponding
results from FAST (++) are also shown. For the tower X ′

3 torque in (c), result from
a modified version of ‘d’Alembert’, by rotating the 6-dimensional reaction load vector
from the tower (X ′

1, X
′
2, X

′
3)- CS to the local deformed tower CS, is also shown ( ).

The results in Figure 3.6(a) and Figure 3.6(d) show that the ‘Internal’ method is
very bad at estimating the shear forces which makes sense since the shear force relies
on the third derivative of the mode shape. The ‘Internal’ method generally performs
well for the tower bending moment, but for the blade bending moment, the loads
towards the root is poorly represented. Again, this is explained by the rapid stiffness
change towards the blade root as well as the mode shape polynomial not capturing the
curvature well. The ‘d’Alembert’ method agrees very well with FAST, except for the
tower torque in Figure 3.6(c). Two versions of the ‘d’Alembets’ method are shown in
Figure 3.6 for all results, i.e. the standard version in the non deformed CS (marked
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with – – –) and one rotated into the deformed CS along the blade (marked with ).
The tower torque results are most impacted by the coordinate transformation and the
distribution matches well with FAST with a constant offset. The ‘AuxDOFs’ method
agrees well with the ‘d’Alembert’ method as expected, although a small deviation is
seen for the tower torque.

A comparison of the blade torque is shown in Figure 3.7 between the ‘d’Alembert’
method, ‘AuxDOFs’ method, FAST and a version of the ‘AuxDOFs’ method using the
small angle assumptions (cos θ ≈ 1 and sin θ ≈ θ) and thereby including some non-
linearities. Note that the ‘Internal’ method is not able to produce reaction loads in
this direction and is therefore not included. The results clearly show how the ‘AuxD-

Figure 3.7: Comparison of blade root x3 moment (torque) from the two external meth-
ods and FAST. ‘AuxDOFs’ includes both a linear version (Lin) and a non-linear ver-
sion (SmallAng) using the small angle assumptions (cos θ ≈ 1 and sin θ ≈ θ). (a)
Time-domain results. (b) Frequency-domain results.

OFs’ and the ‘d’Alembert’ methods are indeed equivalent when they both include
non-linearities. The ‘AuxDOFs’ method becomes increasingly computationally heavy
when more non-linear terms are included as also discussed in Section 2.3. Therefore,
the full model without the small angle assumptions is not practically feasible to run.

3.5 Summary

This Chapter presents an overview of the three methods (‘Internal’, ‘AuxDOFs’ and
‘d’Alembert’) for extracting the reaction loads throughout the main components of
the wind turbine. The details are available in Appendix E. One correction over the
paper in Appendix E is given in Eq. (3.11) where the paper falsely writes the normal
pN,j(l, t) and tangential pT,j(l, t) aerodynamic loads and not the flapwise p1,j(l, t)
and edgewise p2,j(l, t) aerodynamic loads with the coordinate transformation of the
blade pitch angle βj(t). The methods are verified with a model of a uniform cantilever
beam containing 10 DOFs and with a full FOWT system against FAST. The ‘Internal’
method is not recommended for two main reasons: (1) the method relies on the second
and third derivatives of the mode shapes for obtaining the moments and shear forces
in the Euler-Bernoulli beam theory. These derivatives are difficult to obtain accurately
for beams with rapid changes of the cross section like the blade root. (2) the ‘Internal’
method relies on the deformation of the components to evaluate the reaction loads
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making it incapable of obtaining reaction loads in directions where the components
are considered rigid.

The two external loads methods are shown to be inherently equivalent if a sim-
ilar level of non-linearities are included. The ‘d’Alembert’ method provides an effi-
cient and precise way to obtain the reaction loads when compared with FAST. For the
tower, the ‘d’Alembert’ method uses the tower top reaction loads from the ‘AuxDOFs’
method. The two methods are thereby linked for the tower reaction loads, and at the
tower top, the reaction loads are by definition the same from the two methods.
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CHAPTER 4
Hydrodynamics and control

of FOWTs

This chapter describes the waves and hydrodynamics implemented in the ELWiS
model. Emphasis is on the novel efficient implementation of well known and widely
used methods as well as a novel analytical added mass equivalent volume for heave
plates. The last part showcases the use of this knowledge in both areas to develop a
novel damper. This damper suppresses both low-frequency foundation heave as well
as pitch response and the vibration dominated by 1st tower bending mode in either
direction.

4.1 Waves
Wave loads on FOWTs start with defining the waves themselves. For Morison wave
loads, the kinematics of the waves are essential for calculating diffraction, Froude-
Krylov and viscous drag wave loads. First, the wave kinematics of regular, linear
waves will be defined and then the wave spectrum and sum of harmonics technique
will be used to simulate realistic irregular ocean waves.

4.1.1 Regular waves
Using linear wave theory [64], the wave profile η(X, βW , t) and dynamic pressure
pD(X, βW , t) as a function of the position X =

[
X1 X2 X3

]⊤, incoming wave
angle βW and time t can be calculated as:

η(X, βW , t) = ηa cos (ωt− φW (X, βW )) (4.1a)
pD(X, βW , t) = ρW gηaKp(X3, k) cos (ωt− φW (X, βW )) (4.1b)

where ηa = H
2 is the wave amplitude (half the wave height H), ω = 2π

T is the wave
frequency (related to the wave period T ) and k is the wavenumber found through the
dispersion relation ω2

g = kh tanh(kh). The wavenumber is related to the wavelength
λ = 2π

k , which will be used later to evaluate the limit of the validity of the Morison
equation wave loads. ρW is the density of seawater and h is the water depth from the
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Figure 4.1: Definitions of heights, wavelength and velocity distributions for regular,
linear waves.

mean sea level (MSL) to the seabed. The definitions of the heights and wavelength
are visualized in Figure 4.1.

The wave phase φW (X, βW ) is dependent on the horizontal location and the
wavenumber k:

φW (X, βW ) = k(X1 cosβW +X2 sinβW ) (4.2)

and Kp(X3, k) is the pressure attenuation factor describing the pressure variation
along the depth:

Kp(X3, k) =
cosh(k(X3 + h− hG))

cosh(kh)
(4.3)

where hG is the distance from MSL to the global coordinate system (X1, X2, X3).
The wave velocity vector vW (X, βW , t) =

[
vW,1 vW,2 vW,3

]⊤ is calculated as:

[
vW,1(X, βW , t)
vW,2(X, βW , t)

]
=

[
cosβW

sinβW

]
ωηaKh(X3, k) cos (ωt− φW (X, βW )) (4.4a)

vW,3(X, βW , t) = −ωηaKv(X3, k) sin (ωt− φW (X, βW )) (4.4b)

where Kh(X3, k) and Kv(X3, k) are the horizontal and vertical attenuation factors
describing the horizontal and vertical velocity variation along the depth:

Kh(X3, k) =
cosh(k(X3 + h− hG))

sinh(kh)
(4.5)

Kv(X3, k) =
sinh(k(X3 + h− hG))

sinh(kh)
(4.6)

The horizontal and vertical attenuation factors are also visualized in Figure 4.1.
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The wave acceleration vector aW (X, βW , t) =
[
aW,1 aW,2 aW,3

]⊤ is calcu-
lated as:
[
aW,1(X, βW , t)
aW,2(X, βW , t)

]
= −

[
cosβW

sinβW

]
ω2ηaKh(X3, k) sin (ωt− φW (X, βW )) (4.7a)

aW,3(X, βW , t) = −ω2ηaKv(X3, k) cos (ωt− φW (X, βW )) (4.7b)

4.1.2 Wave spectrum
Realistic waves offshore at the location of the wind farms are a combination of many
wave frequencies and wave directions. To convert regular waves into irregular waves,
a spectrum defining the energy content at each given wave frequency is used. A com-
monly used spectrum is based on the measurement campaign of the Joint North Sea
Wave Observation Project (JONSWAP). The one-sided JONSWAP spectrum [86] for
unidirectional waves is defined as:

S(ω) = AγSPM (ω)γα, α = e
− 1

2

(
ω−ωp
σωp

)2

(4.8)

where Aγ = 1 − 0.287 ln(γ) is the normalizing factor. SPM (ω) is the Pierson-
Moskowitz spectrum [130]:

SPM (ω) =
5

16
H2

s

ω4
p

ω5
e
− 5

4

(
ω
ωp

)−4

(4.9)

where Hs is the significant wave height, ωp = 2π
Tp

is the peak spectral frequency with
Tp being the peak spectral period. The spectral width parameter σ and the peak shape
parameter γ are given by [131]:

σ =

{
0.07, for ω ≤ ωp

0.09, for ω > ωp

, γ =





5, for Tp√
Hs

≤ 3.6

e
5.75−1.15

Tp√
Hs , for 3.6 <

Tp√
Hs

< 5

1 for 5 ≤ Tp√
Hs

(4.10)

The discretization of the wave spectrum for the sum of harmonics method used
to generate the wave time series is done with N evenly spaced frequencies from a
lower frequency limit ωl and a cut-off frequency ωc. This forms the vectors ω =[
ωl, ωl +

∆ω1+∆ω2

2 , . . . , ωc

]
, ∆ω =

[
∆ω1,∆ω2, . . . ,∆ωN

]
andS(ω) =

[
S1, S2, . . . , SN

]
.

The discretization of the wave spectrum is visualized in Figure 4.2.
In practice, it is recommended to set the cut-off frequency limit to ωc = (2g/Hs)

1/2

in order to avoid unphysical first order wave loads [131].
To check the discretization of the wave spectrum, the definition that the signifi-

cant wave height Hs is equal four times the standard deviation of the wave height ση

can be calculated as:

Hs = 4ση = 4

[∫ ∞

0

S(ω)dω

] 1
2

≈ 4
(
S⊤∆ω

) 1
2 (4.11)
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JONSWAP
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ωjωp
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Figure 4.2: Discretization of the JONSWAP [86] and comparison to the Pierson-
Moskowitz [130] spectrum.

Figure 4.3: Four different JONSWAP [86] wave spectrums.

A comparison of the four JONSWAP wave spectrums used throughout this thesis
are shown in Figure 4.3:

The four sea states have the same steepness from the relation Tp = 2π
ωp

=√
180Hs

g [132] with ωp being the peak frequency and g being the gravitational ac-
celeration.

4.1.3 Irregular waves

The conversion of the wave spectrum into irregular waves the time domain can be done
by inverse FFT, rational approximation with filtering or sum of harmonics. Irregular
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waves are simulated in ELWiS by sum of harmonics using matrix products. The wave
height at nWh horizontal locations, given by the vectorsX1 =

[
X1,1, X1,2, . . . , X1,nWh

]⊤

and X2 =
[
X2,1, X2,2, . . . , X2,nWh

]⊤, can be calculated as:

η(t) =

N∑

j=1

ηj cos(ωjt− φW,j(X1,X2, kj) + ǫj) (4.12a)

= [η ◦ cos(−φW + ǫ)][nWh×N ] cos(ω
⊤t)[N×nt]

− [η ◦ sin(−φW + ǫ)][nWh×N ] sin(ω
⊤t)[N×nt] (4.12b)

where η[nWh×N ] = 1[nWh×1]

√
2(S(ω)◦∆ω)◦

1
2 is the matrix of the wave height con-

tributions from each frequency within the vector ω[1×N ] and the frequency discretiza-
tion steps ∆ω[1×N ]. ◦ is the Hadamard product (element-wise product) and ◦ 1

2 is the
Hadamard power, i.e., ◦ 1

2 is the square root taken at the element level. The vector of
wave phasesφW with size [nWh×N ] is defined as φW = (X1 cosβW +X2 sinβW )k
where k[1×N ] is the vector of wavenumbers. ǫ[nWh×N ] is a matrix containing all N
random phases duplicated nWh times and t[1×nt] is the time vector containing the
times for the nt time steps. In Eq. (4.12b), the trigonometric relation cos(a + b) =
cos(a) cos(b)− sin(a) sin(b) has been used to split different sized arrays into separate
products.

Similar to the wave heights at nWh horizontal locations, the dynamic pressure
at a specific horizontal location (X1 and X2) and along the depth at nFd locations
X3 =

[
X3,1, X3,2, . . . , X3,nFd

]⊤ is calculated as:

pD(t) =ρW g

N∑

j=1

ηjKp,j(X3, kj) cos(ωjt− φW,j(X1, X2, kj) + ǫj) (4.13a)

=ρW g

{
[η ◦Kp ◦ cos(−φW + ǫ)][nFd×N ] cos(ω

⊤t)[N×nt]

− [η ◦Kp ◦ sin(−φW + ǫ)][nFd×N ] sin(ω
⊤t)[N×nt]

}
(4.13b)

where η[nFd×N ] = 1[nFd×1]

√
2(S(ω) ◦ ∆ω)◦

1
2 is the matrix of the wave height

contributions. The vector of wave phases φW with size [nFd × N ] is defined as
φW = 1[nFd×1] (X1 cosβW +X2 sinβW )k. Kp(X3,k) is the [nFd × N ] is the
pressure attenuation matrix describing the pressure variation along the depth:

Kp(X3,k) = cosh((X3 + h− hG)k) ⊘
(
1[nFd×1] cosh(hk)

)
(4.14)

where ⊘ is the Hadamard division.
The horizontal and vertical wave velocities and accelerations can be calculated
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using the same wave height and wave phase as for the dynamic pressure:

vW,h(t) = [ω ◦ η ◦Kh ◦ cos(−φW + ǫ)][nFd×N ] cos(ω
⊤t)[N×nt]

− [ω ◦ η ◦Kh ◦ sin(−φW + ǫ)][nFd×N ] sin(ω
⊤t)[N×nt] (4.15a)

vW,3(t) =− [ω ◦ η ◦Kv ◦ sin(−φW + ǫ)][nFd×N ] cos(ω
⊤t)[N×nt]

− [ω ◦ η ◦Kv ◦ cos(−φW + ǫ)][nFd×N ] sin(ω
⊤t)[N×nt] (4.15b)

aW,h(t) =−
[
ω◦2 ◦ η ◦Kh ◦ sin(−φW + ǫ)

]
[nFd×N ]

cos(ω⊤t)[N×nt]

−
[
ω◦2 ◦ η ◦Kh ◦ cos(−φW + ǫ)

]
[nFd×N ]

sin(ω⊤t)[N×nt] (4.15c)

aW,3(t) =−
[
ω◦2 ◦ η ◦Kv ◦ cos(−φW + ǫ)

]
[nFd×N ]

cos(ω⊤t)[N×nt]

+
[
ω◦2 ◦ η ◦Kv ◦ sin(−φW + ǫ)

]
[nFd×N ]

sin(ω⊤t)[N×nt] (4.15d)

where:

Kh(X3,k) = cosh((X3 + h− hG)k) ⊘
(
1[nFd×1] sinh(hk)

)
(4.16a)

Kv(X3,k) = sinh((X3 + h− hG)k)⊘
(
1[nFd×1] sinh(hk)

)
(4.16b)

are the horizontal and vertical attenuation matrices.
An example of the horizontal wave velocity along the 120 m depth of the spar

[76] as a function of time is given in Figure 4.4.

4.2 Hydrodynamic loads

The hydrodynamic loads in the ELWiS model are calculated as a combination of po-
tential flow theory and Morison drag loads or pure Morison loads with dynamic pres-
sure for heave wave loads. For large wavelength to diameter ratio λ/D and if viscous
effects are negligible, the Morison equation is equivalent to Potential Flow [50]. As a
rule of thumb [68], the Morison wave loads are valid for wavelengths larger than five
times the diameter, λ > 5D.

In the following, the generalized coordinate vector qF (t) of the 6-DOF rigid
body motions (surge q11(t), sway q12(t), heave q13(t), roll q14(t), pitch q15(t) and
yaw q16(t)) of the foundation are extracted from the 17-DOF generalized coordinate
vector q(t):

qF (t) =
[
q11(t) q12(t) q13(t) q14(t) q15(t) q16(t)

]⊤ (4.17)

The load vectors and system matrices are therefore of size [6] and [6×6], respectively.
The total hydrodynamic load in terms of a combination of potential flow and

Morison drag is:

fPM
h (t) = fr(t)−A∞q̈F (t)︸ ︷︷ ︸

radiation

+ fPW (t)︸ ︷︷ ︸
diffraction

+ fb0 −KhsqF (t)︸ ︷︷ ︸
buoyancy

+ fd(t)︸︷︷︸
drag

(4.18)
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Figure 4.4: Horizontal wave velocity along the 120 m depth of the OC3 spar[76] as a
function of time for four different sea states.

where fr(t) is the radiation loads, A∞ is the infinite-frequency limit added mass and
fPW (t) is the wave loads from the diffraction problem. fb,0 is the static buoyancy force
vector at the initial position, Khs is the hydro-static stiffness matrix and fd(t) is the
Morison drag load vector.

For the case of a pure Morison hydrodynamic model, the total hydrodynamic
load is:

fMh (t) = −AM q̈F (t)︸ ︷︷ ︸
added mass

+ fMW (t)︸ ︷︷ ︸
wave

+ fb0 −KhsqF (t)︸ ︷︷ ︸
buoyancy

+ fd(t)︸︷︷︸
drag

(4.19)

where AM is the zero-frequency limit added mass matrix derived from the Morison
equation and calibrated to the potential flow zero-frequency added mass matrix A(0).
fMW (t) is the Morison wave load vector.

Finally, the hydrodynamic model using Morison equation complimented by hor-
izontal McCamy-Fuchs [69] wave loads for some or all parts of the foundation is:

fMF
h (t) = −AM q̈F (t)︸ ︷︷ ︸

added mass

+ fMF
W (t)︸ ︷︷ ︸

diffraction

+ fb0 −KhsqF (t)︸ ︷︷ ︸
buoyancy

+ fd(t)︸︷︷︸
drag

(4.20)

where fMF
W (t) is wave load vector which is either the pure McCamy-Fuchs wave load

model or a combination of McCamy-Fuchs and Morison wave loads (McCamy-Fuchs
model for some parts of the foundation and Morison for the remaining).
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4.2.1 Hydrostatics
The hydrostatic restoring stiffness matrix [68] can be determined by the sum of contri-
butions from the metacentric height KMetacentric

hs and the surface area together with
the first and second area moment of inertias KArea

hs,j of each j th body:

Khs = KMetacentric
hs +

nBodies∑

j=1

KArea
hs,j (4.21)

The metacentric contribution only enters the diagonal for the roll and pitch DOF’s:

KMetacentric
hs = ρW g




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 hBGVS 0 0
0 0 0 0 hBGVS 0
0 0 0 0 0 0




(4.22)

where VS is the total submerged volume of the foundation and hBG = hB − hG is
the metacentric height calculated as the difference between the height of the center
of buoyancy hB and the height of the total center of gravity hG. The surface area
contribution of the j th body is given as:

KArea
hs,j = ρW g




0 0 0 0 0 0
0 0 0 0 0 0
0 0 Awp,j −yjAwp,j xjAwp,j 0
0 0 −yjAwp,j Ixx,j + y2jAwp,j −xjyjAwp,j 0
0 0 xjAwp,j −xjyjAwp,j Iyy,j + x2

jAwp,j 0
0 0 0 0 0 0




(4.23)

where Awp,j is the water plane area, Ixx,j and Iyy,j are the second area moment of
inertia about the X1- and X2-axis, respectively. Figure 4.5 shows that the horizontal
distances to the area center of body j from the reference point are given by xj and yj
in the X1 and X2 directions, respectively.

4.2.2 Potential flow
The potential flow hydrodynamics are solved in the frequency domain by the boundary-
element-method based solver NEMOH [73]. As potential flow neglects viscous ef-
fects, the drag loads are not accounted for by this theory and needs to be accounted
for by other theories. The output from NEMOH consists of four elements: hydrostatic
restoring stiffness matrix Khs, first-order wave transfer function TP1(ω, βW ) and the
frequency dependent added mass A(ω) and added damping B(ω) matrices.

Figure 4.6 shows an example of the panel mesh used in NEMOH for the OC4
semi submersible floating foundation.
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X1

X2
X3

Awp,j

xj

yj

Figure 4.5: Top view of the OC4 semi submersible floating foundation. The location
of the j th surface piercing area used to calculate the hydrostatic stiffness matrix is
shown by a thick full line. The remaining surface piercine areas and fully submersed
areas are marked by dashed lines.

Figure 4.6: Panel mesh used in NEMOH [73] for the OC4 Semi Submersible floating
foundation. Colors indicate the depth below mean sea level.

Wave loads

The wave transfer function and the radiation frequency response function are defined
in the frequency domain and will have to be converted for time-domain simulations.
The wave transfer function is a function of both the frequency ω and the wave angle
βW . The conversion to time domain can be done by inverse FFT, rational approxima-
tion or sum of harmonics with a given wave spectrum S(ω). The sum of harmonics is
implemented for unidirectional waves in ELWiS using matrix products.

The total potential flow wave force fPW (t) is the sum of the first-order fP1
W (t),
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second-order difference-frequency fP2d
W (t) and sum-frequency fP2s

W (t) loads:

fPW (t) = fP1
W (t) + fP2d

W (t) + fP2s
W (t) (4.24)

The first-order wave loads are calculated by the complex first-order wave load transfer
function TP1(ω, βW ) of the size [6×N ] with the amplitude |TP1| and phase φP1:

fP1
W (t) =

N∑

j=1

|TP1
j,βW

|ηj cos(ωjt− φP1
j,βW

+ ǫj) (4.25a)

=
(
|TP1| ◦ η ◦ cos(−φP1 + ǫ)

)
[6×N ]

cos(ω⊤t)[N×nt]

−
(
|TP1| ◦ η ◦ sin(−φP1 + ǫ)

)
[6×N ]

sin(ω⊤t)[N×nt] (4.25b)

where η[6×N ] = 1[6×1]

√
2(S(ω) ◦∆ω)◦

1
2 is the matrix of the wave height contribu-

tions from each frequency within the vector ω[1×N ] and the frequency discretization
steps ∆ω[1×N ]. ǫ[6×N ] is a matrix containing all N random phases duplicated 6 times
and t[1×nt] is the time vector containing the times for the nt time steps. In Eq. (4.25b),
the trigonometric relation cos(a + b) = cos(a) cos(b) − sin(a) sin(b) has been used
to split different sized arrays into separate products.

The second-order difference-frequency wave loads fP2dN
W (t) can be approxi-

mated by the first-order wave load transfer function TP1(ω) using the Newman ap-
proximation [133]:

fP2dN
W (t) =2




N∑

j=1

|TP1
j,βW

|◦ 1
2 ηj cos(ωjt− φP1

j,βW
+ ǫj)




◦2

(4.26a)

=2

{(
|TP1|◦ 1

2 ◦ η ◦ cos(−φP1 + ǫ)
)
[6×N ]

cos(ω⊤t)[N×nt]

−
(
|TP1|◦ 1

2 ◦ η ◦ sin(−φP1 + ǫ)
)
[6×N ]

sin(ω⊤t)[N×nt]

}◦2
(4.26b)

This approximation assumes that the important information is on the diagonal of the
second-order difference-frequency wave load transfer function TP2d. The Newman
approximation is practical when the second-order difference-frequency wave load
transfer function is not available or if computational efficiency is important.

The full second-order difference-frequencywave loads are calculated by the com-
plex second-order wave load quadratic transfer function (QTF) TP2d(ω1, ω2, βW ) of
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the size [6×N ×N ] with the amplitude |TP2d| and phase φP2d:

fP2d
W (t) =

N∑

j=1

N∑

k=1

|TP2d(ωj , ωk, βW )|ηjηk cos [(ωj − ωk)t

−φP2d(ωj , ωk, βW ) + ǫ(ωj)− ǫ(ωk)
]

(4.27a)

=

N∑

k=1

{
|TP2d

j | ◦ (ηηk) ◦ cos
[
−φP2d

k + ǫ− ǫk

]}
[6×N ]

cos
[
(ω − ωk)

⊤t
]
[N×nt]

−
{
|TP2d

k | ◦ (ηηk) ◦ sin
[
−φP2d

k + ǫ− ǫk

]}
[6×N ]

sin
[
(ω − ωk)

⊤t
]
[N×nt]

(4.27b)

Eq. (4.27b) could further be rewritten to eliminate the remaining sum, but this would
lead to a matrix of size [N2×nt] which takes up too much ram for large numbers of N
and nt. The sum frequency wave loads can be calculated similarly as in Eq. (4.27b):

fP2s
W (t) =

N∑

k=1

{
|TP2s

k | ◦ (ηηk) ◦ cos
[
−φP2s

k + ǫ+ ǫk

]}
[6×N ]

cos
[
(ω + ωk)

⊤t
]
[N×nt]

−
{
|TP2s

k | ◦ (ηηk) ◦ sin
[
−φP2s

k + ǫ+ ǫk

]}
[6×N ]

sin
[
(ω + ωk)

⊤t
]
[N×nt]

(4.28)

An example of a second-order difference-frequency wave load QTF is given in
Figure 4.7

Radiation loads

The radiation frequency response function H(ω) is a complex matrix where the real
part is related to the frequency dependent added damping B(ω) and the imaginary
part is related to the frequency dependent added mass A(ω):

H(ω) = B(ω) + iω(A(ω)−A∞) (4.29)

where A∞ is the infinite-frequency limit added mass. In order to convert the radi-
ation frequency response function to the time domain, two methods can be chosen:
convolution integral or rational approximation of H(ω).

To use the convolution integral, first the frequency response function H(ω) needs
to be converted into an impulse response function K(t) which is done by a cosine
transform using a trapezoidal integration method [135]:

K(t) =
2

π

∫ ∞

0

B(ω) cos(ωt)dω (4.30)

≈∆ω

π

[
B(0) +B(N∆ω) cos(N∆ωt) +

N−1∑

k=1

2B(k∆ω) cos(k∆ωt)

]
(4.31)
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Figure 4.7: Second-order difference-frequency wave load quadratic transfer function
(QTF) of the MIT/NREL TLP [134].

The convolution integral can now be performed to obtain radiation damping
force:

fr(t) = −
∫ t

t−tMemo

K(t− τ)q̇F (τ)dτ ≈ −KtMemoq̇F,tMemo(t, tMemo)∆t (4.32)

where the integral has been truncated to only include the last tMemo seconds to save
simulation time. In MATLAB, the convolution integral is most efficiently performed
by matrix multiplication as indicated in Eq. (4.32) where:

KtMemo =
[
K(0) K(∆t) K(2∆t) . . .

K(tMemo −∆t) K(tMemo)
]
[6×6

tMemo
∆t ]

(4.33)

is a collection of all the relevant parts of the impulse response function. KtMemo is
independent of time and can be constructed in the preprocessor. The collection of the
relevant foundation velocities q̇F,tMemo(t, tMemo) from the current time step t to the
time step tMemo seconds before is defined as:

q̇F,tMemo(t, tMemo) =
[
q̇⊤
F (t) q̇⊤

F (t−∆t) q̇⊤
F (t− 2∆t) . . .

q̇⊤
F (t− tMemo +∆t) q̇⊤

F (t− tMemo)
]⊤
[6

tMemo
∆t ×1]

(4.34)
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and needs to be updated every time step.
An example of an impulse response function is given in Figure 4.8 for the OC4

Semi-Sub:

Figure 4.8: Impulse response functions for the OC4 semi-submersible [118]. Surge
K11 and heave K33 in the left graph and pitch K55 and yaw K66 in the right graph.

Alternatively to the convolution integral is the rational approximation of the fre-
quency response function H(ω) which allows the radiation damping load fr(t) to be
solved by an equivalent system of coupled first-order differential equations. The ra-
tional approximation of each entry of H(ω) is done as:

Hij(ω) ≈ H̃ij(s) =
Pij(s)

Qij(s)
, s = iω, i, j = 1, . . . , 6 (4.35a)

Pij(s) = pij,0s
mij + pij,1s

mij−1 + . . .+ pij,mij−1s+ pij,mij

Qij(s) = snij + qij,1s
nij−1 + . . .+ qij,nij−1s+ qij,nij

}
(4.35b)

where the parameters pij,0, pij,1, . . . , pij,mij and qij,1, qij,2, . . . , qij,nij are all real.
The integer orders mij and nij of the polynomial functions Pij(s) and Qij(s), can be
chosen freely with the only restriction mij < nij .

The input-output relationship between the foundation velocities and the radiation
damping forces can now be expressed as:

fr,i(t) =

6∑

j=1

pij,0
dmyij(t)

dtmij
+ pij,1

dmij−1yij(t)

dtmij−1
+, . . . ,+pij,mij−1

dyij(t)

dt
+ pij,myij(t)

(4.36a)

dnijyij(t)

dtnij
+ qij,1

dnij−1yij(t)

dtnij−1
+ . . .+ qij,nij−1

dyij(t)

dt
+ qij,nijyij(t) = q̇10+j(t)

(4.36b)

with yij(t) being an auxiliary function (without physical interpretation). Eq. (4.36a)
is the so-called output differential equation, and Eq. (4.36b) is the filter differential
equation. Eq. (4.36b) can be written in the state-space form as:

d

dt
zr(t) = Arzr(t) +Brq̇F (t) (4.37a)

fr(t) = Crzr(t) (4.37b)
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where zr(t) is the state vector containing all the auxiliary functions yij(t) and their
time derivatives. Ar and Br are the coefficient matrices. The detailed expressions of
zr(t), Ar and Br are given in Appendix B. Similarly, Eq. (4.36a) can be written in
the matrix form as in Eq. (4.37b), with the coefficient matrix Cr being given in [98]
in Appendix D.

Figure 4.9: Comparison between the rational approximation of the radiation frequency
response function, marked with – – –, with results from potential flow by NEMOH [73],
marked with ——, of the OC4 semi-submersible [118]. a) Added mass A11 and potential
damping B11 for the surge DOF. b) Added mass A55 and potential damping B55 for
the pitch DOF.

4.2.3 Morison equation

The classical Morison equation [66] for the horizontal distributed load is shown in
Eq. (4.38):

pMorison,i(X3, t) =
1

2
ρWCDD(X3)vrel,i(X3, t)|vrel,i(X3, t)|

︸ ︷︷ ︸
pdrag

(4.38a)

+ ρW (CA + 1)
π

4
D(X3)

2aW,i(X3, t)
︸ ︷︷ ︸

pwave

(4.38b)

− ρWCA
π

4
D(X3)

2aF,i(X3, t)
︸ ︷︷ ︸

padd

, i = 1, 2 (4.38c)

As indicated in Eq. (4.38), the Morison load contains contributions from viscous
drag, wave load and added mass load. The viscous drag load is calibrated by the drag
coefficient CD which needs to be experimentally determined. The Morison diffarac-
tion part of the wave load in Eq. (4.38b) is calibrated by the added mass coefficient
CA whereas the Froude-Krylov part is constant at 1.

The vertical hydrodynamic load can be calculated by a similar format as the
horizontal Morison load:
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F3(X3, t) =
1

2
ρWCD

π

4
D2(X3)vrel,3(X3, t)|vrel,3(X3, t)|

︸ ︷︷ ︸
Fdrag,3

(4.39a)

+ ρWCAZVEq(X3)aW,3(X3, t) +Ap(X3)pD(X, t)︸ ︷︷ ︸
Fwave,3

(4.39b)

− ρWCAZVEq(X3)aF,3(X3, t)︸ ︷︷ ︸
Fadd,3

(4.39c)

where V3Eq is the zero-frequency limit heave added mass equivalent volume and Ap

is the heave wedded surface area. CAZ is the heave added mass coefficient that needs
to be calibrated.

The vertical wave load is estimated to be of the same form as the horizontal
wave loads with a modified Froude-Krylov load calculated by the dynamic pressure
pD(X, t).

Morison added mass of a vertical cylinder

For a body i being a vertical cylinder, the surge and sway added masses are calculated
by the added mass load part Eq. (4.38c) of Morison equation as: The surge and sway
added mass for body i is calculated by the Morison equation as:

A11,i = A22,i =ρWCA,i
π

4
D2

i

∫ z2,i

z1,i

dX3 = ρWCA,i
π

4
D2

i (z2,i − z1,i) (4.40)

where the equivalent volume VR = π
4D

2
i (z2,i − z1,i) is the volume of the cylinder

itself.
Likewise, the surge-pitch and sway-roll coupling added masses for body i are

calculated as:

A15,i = −A24,i =ρWCA,i
π

4
D2

i

∫ z2,i

z1,i

X3dX3 = ρWCA,i
π

8
D2

i [z
2
2,i − z21,i] (4.41)

Finally, the pitch and roll added masses are calculated as:

A55,i = A44,i =ρWCA,i
π

4
D2

i

∫ z2,i

z1,i

X2
3dX3 = ρWCA,i

π

12
D2

i [z
3
2,i − z31,i] (4.42)

Heave added mass

The heave added mass for body i is calculated similarly as the added mass of a cylinder
and follows directly from Eq. (4.39c):

A33,i = ρWCAz,iVEq,z (4.43)
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where the difference is the heave equivalent volume VEq,z = V Bot
Eq,z+V Top

Eq,z with V Bot
Eq,z

and V Top
Eq,z being the heave equivalent volume at the bottom and top of the cylinder

or heave plate, respectively. Four different types of heave equivalent volumes are
visualized in Figure 4.10:

Type 1 Type 2 Type 3 Type 4

CAZ = 0.96 CAZ = 0.67 CAZ = 0.72 CAZ = 0.82 CAZ = 0.90

D1

D1

D2

H
H

R

r1r1

r2

TLP Semi-Sub

Figure 4.10: Four types of heave equivalent added mass volumes.

The heave equivalent volume at the bottom of the cylinder or heave plate is a half
sphere for all four types:

V Bot
Eq,z =

π

12
D3

1 (4.44)

The top heave equivalent volume is defined for type 1 as a half sphere:

V Top,1
Eq,z =

π

12
D3

1 (4.45)

For Type 2, a small half sphere with a diameter equal to the upper cylinder diam-
eter D2 is subtracted from the volume calculated in Eq. (4.45):

V Top,2
Eq,z =

π

12

(
D3

1 −D3
2

)
(4.46)

For Type 3, the volume cut away by the upper cylinder is subtracted from the
volume calculated in Eq. (4.45):

V Top,3
Eq,z =

∫ r1

r2

πD(r)H(r)dr =
π

12

(
D2

1 −D2
2

)3/2
(4.47)

where D(r) = 2r, H(r) = (r21 − r2)1/2, r1 = D1

2 and r2 = D2

2 .
For Type 4, the top equivalent volume consists of the upper, outer quarter of a

torus:

V Top,4
Eq,z =

∫ R

0

πD(r)H(r)dr =
π

12

[
(D1 −D2)

3 +
3π

4
D2 (D1 −D2)

2

]
(4.48)
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where D(r) = r2 + r, H(x) = (R2 − r2)1/2 and R = r1 − r2.
A comparison between the four types of heave added mass equivalent volumes

are given in Figure 2 in Appendix F. It is found that type four provides the closest
match for a D2/D1 ratio between zero and one. At the boundaries, the four types all
defaults to a sphere for a submerged disc and a half sphere for a truncated, surface
piercing cylinder.

Total added mass

For a floater with nB bodies, the total surge and sway added masses are the sum of the
added masses of all bodies:

A11 =

nB∑

i=1

A11,i A22 =

nB∑

i=1

A22,i (4.49)

The total surge-pitch and sway-roll added mass couplings are the sum of the
added mass couplings of all nB bodies:

A15 = A51 =

nB∑

i=1

A15,i A24 = A42 =

nB∑

i=1

A24,i (4.50)

The total pitch and roll added masses are the sum of the added masses of all nB

bodies:

A55 =

nB∑

i=1

A55,i + x2
iA33,i A44 =

nB∑

i=1

A44,i + y2iA33,i (4.51)

The coupling added mass between the roll and pitch are defined as:

AM
45 = AM

54 =

nB∑

i=1

−xiyiA
M
33,i (4.52)

The total heave-pitch and heave-roll added mass couplings are the sum of the
added mass couplings of all nB bodies:

A35 = A53 =

nB∑

i=1

xiA33,i A34 = A43 =

nB∑

i=1

−yiA33,i (4.53)

The total yaw added mass is defined as:

A66 =

nB∑

i=1

x2
iA22,i + y2iA11,i (4.54)

The total surge-yaw and sway-yaw added mass couplings are the sum of the
added mass couplings of all nB bodies:

A16 = A61 =

nB∑

i=1

yiA11,i A26 = A62 =

nB∑

i=1

−xiA22,i (4.55)
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For a symmetric floating foundation design, the following couplings vanish if
evaluated at the vertical COG center line: AM

16 = AM
61 = AM

26 = AM
26 = AM

35 =
AM

53 = AM
34 = AM

43 = AM
45 = AM

54 = 0.
For a general floater, the total added mass matrix can now be constructed as:

AM =
∑nB

i=1




AM
11,i 0 0 0 AM

15,i −yiA
M
11,i

AM
22,i 0 −AM

24,i 0 xiA
M
22,i

AM
33,i yiA

M
33,i −xiA

M
33,i 0

AM
44,i + y2iA

M
33,i −xiyiA

M
33,i −xiA

M
42,i

Sym. AM
55,i + x2

iA
M
33,i −yiA

M
51,i

x2
iA

M
22,i + y2iA

M
11,i




(4.56)

Comparing the analytical results of the OC4 Semi-Submersible [118], using Type
4 for the heave added mass, with the results from Nemoh is given in Eq. (28) of
Appendix F. Comparing the semi-analytical results of the OC3 Spar [76] with the
results from Nemoh:

AM ⊘A(0) =




1.000 0.9432
1.000 0.9432

1.000
0.9431 1.037

0.9431 1.037
−




(4.57)

where the surge/sway added mass has been calibrated to the Potential Flow values by
setting CA = 0.9889988 and the heave added mass has been calibrated by setting
CAz = 0.9589124.

Comparing the semi-analytical results of the MIT/NREL TLP [134] with the
results from Nemoh:

AM ⊘A(0) =




1.000 0.8597
1.000 0.8597

1.000
0.8590 1.119

0.8590 1.119
−




(4.58)

where the surge/sway added mass has been calibrated to the Potential Flow values by
setting CA = 0.8880351 and the heave added mass has been calibrated by setting
CAz = 1.058687.

Morison wave loads in the frequency domain - Cylinder and Heave plate

The horizontal distributed wave load in Eq. (4.38b) and vertical distributed wave load
in Eq. (4.39b) can be integrated over the given geometry to find the magnitude of
the wave load. The phase for a given horizontal and vertical location can be found
by linear wave theory given in Section 4.1.1. In the following, the wave loads for a
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cylinder and heave plate as shown in Figure 4.11 will be derived from the Morison
equation in the frequency domain. The wave loads for the cone frustum shown in
Figure 4.11 are given in Appendix C.

D1 D1

D2 D2 D2

Cylinder Heave plate Cone frustum

z1 z1 z1

z2

z2

z2

pFK
W,3

pFK
W,3

pFK
W,3

pDI
W,3

pDI
W,3

pDI
W,3

pFK
W,3 pFK

W,3

pDI
W,3 pDI

W,3

pW

pW

pW

Figure 4.11: The wave load distributions for the horizontal loads pW and vertical
diffraction pDI

W,3 and Froude-Krylov pFK
W,3 loads. Three generic geometries are in-

cluded: (1) Cylinder, (2) Heave plate and (3) Cone frustum.

The horizontal distributed Morison wave loads from Eq. (4.38b) can be rewritten
into the frequency domain. By using the wave acceleration from linear wave theory
in Eq. (4.7a) and integrating along the depth, the horizontal wave load amplitudes (in
two horizontal directions X1- and X2-) for body i are given by:
[|TM

1,i |(ω)
|TM

2,i |(ω)

]
= ρW (CA + 1)

π

4

∫ z2,i

z1,i

D2
i (X3)

[
āW,1(X3, ω)
āW,2(X3, ω)

]
dX3 (4.59)

where āW,1 and āW,2 are the wave acceleration amplitudes per unit wave height:
[
āW,1(X3, ω)
āW,2(X3, ω)

]
= −ω2

[
cosβW

sinβW

]
cosh(k(X3 + h− hG))

sinh(kh)
(4.60)

The wave load amplitudes of body i for a constant diameter Di(X3) = Di then
become:
[|TM

1,i |(ω)
|TM

2,i |(ω)

]
= −ρW (CA + 1)

π

4
D2

i ω
2

[
cosβW

sinβW

]
[sinh(k(X3 + h− hG))]

z2,i
z1,i

k sinh(kh)
(4.61)

The horizontal wave load phase is equal to the wave phase φW (Xi, βW ) plus π
2

since the wave acceleration is ahead of the wave velocity and cos(θ) = sin(θ + π
2 ):

φM
1,i = φM

2,i = φW (Xi, βW ) +
π

2
(4.62)

The heave wave load amplitude is calculated from the heave Morison wave load
in Eq. (4.39b), the vertical wave acceleration in Eq. (4.7b) and the dynamic pressure
in Eq. (4.1b)

|TM
3,i |(ω,X3) = ρWCAzVEq(X3)āW,3(X3, ω) +Ap(X3)p̄D(X3, ω) (4.63)
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where the dependence on the depth indicates that the heave load should be evaluated
for each horizontal area of, e.g., a heave plate. The wetted area Ap(X3) needs to
be multiplied with the negative sign of the normal vector pointing away from the
structure. This way, the pressure load on top of the heave plate acts in the negative
heave direction and the load on the bottom of the heave plate acts in the positive heave
direction. āW,3(X3, ω) and p̄D(X3, ω) are the amplitudes per unit wave height of the
vertical wave acceleration and the dynamic pressure given by:

āW,3(X3, ω) = −ω2 sinh(k(X3 + h− hG))

sinh(kh)
(4.64)

p̄D(X3, ω) = ρW g
cosh(k(X3 + h− hG))

cosh(kh)
(4.65)

The vertical wave load phase φM,3 is equal to the wave phase φW (Xi, βW ) since
the vertical acceleration and dynamic pressure are in phase with each other:

φM
3,i = φW (Xi, βW ) (4.66)

The amplitudes of the wave load moment of a vertical cylinder are calculated
similar to the horizontal wave force:
[|TM

4,i |(ω)
|TM

5,i |(ω)

]
= ρW (CA + 1)

π

4

∫ z2,i

z1,i

D2
i (X3)X3

[
−āW,2(X3, ω)
āW,1(X3, ω)

]
dX3 (4.67)

With a constant diameter, the amplitudes of the wave load moments become:

[|TM
4,i |(ω)

|TM
5,i |(ω)

]
= −ρW (CA+1)

π

4
D2

i ω
2

[
− sinβW

cosβW

]
k [X3 sinh(kX3)]

z2,i
z1,i

− [cosh(X3k)]
z2,i
z1,i

k2 sinh(kh)

(4.68)

For a floater with nB bodies, the semi-analytical model of the Morison wave load
transfer function can then be written as:

TM =




TM
1 (ω)

TM
2 (ω)

TM
3 (ω)

TM
4 (ω)

TM
5 (ω)

TM
6 (ω)



=

nB∑

i=1




|TM
1,i |(ω)e−iφM

1,i

|TM
2,i |(ω)e−iφM

2,i

|TM
3,i |(ω)e−iφM

2,i

|TM
4,i |(ω)e−iφM

2,i + yi|TM
3,i |(ω)e−iφM

3,i

|TM
5,i |(ω)e−iφM

1,i − xi|TM
3,i |(ω)e−iφM

3,i

xi|TM
2,i |(ω)e−iφM

2,i − yi|TM
1,i |(ω)e−iφM

1,i




(4.69)

Figure 3 and Figure 4 in Appendix F contains a comparison between the wave
load transfer functions for the OC4 Semi-Submersible foundation [118] generated by
Nemoh, Morison, McCamy-Fuchs as will be described next and a combination of
Morison and McCamy-Fuchs. The results show that for low frequency, the semi-
analytical Morison results compare well with Nemoh whereas for high frequencies,
the analytical McCamy-Fuchs result compare well. The semi-analytical McCamy-
Fuchs-Morison-combined hybrid model compares well for the entire frequency range
and provides the best overall representation of the wave loads.
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4.2.4 McCamy-Fuchs wave loads
The McCamy-Fuchs wave load model gives an analytical solution of the distributed
first-order diffraction loads on a rigid, surface-piercing, bottom-fixed cylinder of di-
ameter Di. :

pMF
W,i (t) =

4ρW gηa
k

A

(
k
Di

2

)
cosh(k(X3 + h− hG))

cosh(kh)
cos(ωt− φMF

i ) (4.70)

where:

A

(
k
Di

2

)
=

[
J ′2
1

(
k
Di

2

)
+ Y ′2

1

(
k
Di

2

)]− 1
2

(4.71)

tan(φMF
i − φW (Xi, βW ) +

π

2
) =

J ′
1

(
kDi

2

)

Y ′
1

(
kDi

2

) (4.72)

and J ′
1 is the derivative of the first-order Bessel function of the first kind found through

the relation 2J ′
1 = J0 − J2. Similarly, Y ′

1 is the derivative of the first-order Bessel
function of the second kind found through the relation 2Y ′

1 = Y0 − Y2. To find the
phase φMF

i , it is important to use the four-quadrant inverse tangent. The reason for
the added π/2 in Eq. (4.72) is that the original expression in [69], is for wave heights
given by η(t) = H

2 sin(φW (Xi, βW )− ωt) = H
2 cos(ωt− φW (Xi, βW ) + π

2 ).
Integrating Eq. (4.70) along the depth of body i of the foundation gives the hori-

zontal wave force on body i:

fMF
W,i (ω, t) =

∫ z2

z1

pMF
W,i (t)dX3

=
4ρW gηa

k2 cosh(kh)
A

(
k
Di

2

)
[sinh(k(z2 + h− hG))

− sinh(k(z1 + h− hG))] cos(ωt− φMF,i)

(4.73)

Similarly, the wave moment for body i can be calculated from Eq. (4.70):

mMF
W,i (ω, t) =

∫ z2

z1

X3p
MF
W,i (t)dX3

=
4ρW gηa

k3 cosh(kh)
A

(
k
Di

2

)
[z2k sinh(k(z2 + h− hG))

− z1k sinh(k(z1 + h− hG))

− cosh(k(z2 + h− hG))

+ cosh(k(z1 + h− hG))] cos(ωt− φMF,i)

(4.74)

The horizontal wave force amplitudes of body i then become:
[|TMF

1,i (ω)|
|TMF

2,i (ω)|

]
=

[
cosβW

sinβW

]
|fMF

W,i (ω)| (4.75)
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The horizontal wave moment amplitudes of body i then become:
[|TMF

4,i (ω)|
|TMF

5,i (ω)|

]
=

[
− sinβW

cosβW

]
|mMF

W,i (ω)| (4.76)

Finally, for a floater with nB bodies, the McCamy-Fuchs wave load transfer func-
tion becomes:

TMF =




TMF
1 (ω)

TMF
2 (ω)

TMF
3 (ω)

TMF
4 (ω)

TMF
5 (ω)

TMF
6 (ω)



=

nB∑

i=1




|TMF
1,i (ω)|e−iφMF

i

|TMF
2,i (ω)|e−iφMF

i

0

|TMF
4,i (ω)|e−iφMF

i

|TMF
5,i (ω)|e−iφMF

i

xi|TMF
2,i (ω)|e−iφMF

i − yi|TMF
1,i (ω)|e−iφMF

i




(4.77)

4.2.5 Response Amplitude Operator (RAO)
One way of evaluating the impact of the wave loads on the response without running
time-domain simulations is to calculate the response in the frequency-domain. The
frequency-domain model is linked to the equations of motion (EOM) defined in the
time domain:

M(t)q̈(t) +C(t)q̇(t) +K(t)q(t) = fW (t) (4.78)

where M(t), C(t) and K(t) are the time-varying mass, damping and stiffness matri-
ces. q(t) is the generalized degrees of freedom (DOF) vector and fW (t) is the wave
load vector. The time-varying responses to regular wave loads are assumed to take a
steady-state form as:

q(t) = q̂(ω)eiωt, q̇(t) = iωq̂(ω)eiωt, q̈(t) = −ω2q̂(ω)eiωt (4.79)

fW (t) = T(ω)η(ω)eiωt (4.80)

where q̂(ω) is the complex amplitude of the DOF vector and η(ω) is the wave ampli-
tude. T (ω) is the wave load transfer function given by either Eq. (4.69) or Eq. (4.77)
or a combination of both. Inserting into the time-domain EOMs and solving for q̂(ω):

q̂(ω) =

H(ω)︷ ︸︸ ︷(
−ω2M(ω) + iωC(ω) +K

)−1

f̂W (ω)︷ ︸︸ ︷
T(ω)︸ ︷︷ ︸

RAO

η(ω) (4.81)

As indicated in Eq. (4.81), the RAO is the product between the system transfer
function H(ω) and the wave load transfer function T(ω), and the frequency-domain
wave load f̂(ω) is the product between the wave load transfer function and the wave
amplitude.

To simplify the frequency-domain model, the system in [98] is reduced to an 8-
DOF system containing only the six rigid-body DOFs (q11(t) to q16(t)) representing
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surge, sway, heave, roll, pitch and yaw, respectively and the fore-aft q7(t) and side-
side q8(t) tower DOFs:

q(t) =
[
q11 q12 q13 q14 q15 q16 q7 q8

]⊤ (4.82)

The RAO for the system using potential flow hydrodynamics for the radiation-
diffraction problem is defined as:

RAOP (ω) =

{
−ω2

(
M+

[
A(ω) 06×2

02×6 02×2

])
(4.83)

+iω

(
C+

[
B(ω) 06×2

02×6 02×2

])
+K

}−1 [
TP (ω)
0[2×1]

]
(4.84)

where M, K and C are the linear system mass, stiffness and structural damping ma-
trices, respectively. A(ω) is the [6 × 6] frequency-dependent added mass matrix and
B(ω) is the frequency-dependent radiation damping matrix.

The RAO for the system using the semi-analytical Morison hydrodynamic model
for the radiation-diffraction problem, previously derived in Section C.2, is written as:

RAOM (ω) =

[
−ω2

(
M+

[
AM 06×2

02×6 02×2

])
+ iωC+K

]−1 [
TM (ω)
0[2×1]

]
(4.85)

whereAM is the [6×6] zero-frequency limit added mass matrix. As seen, the Morison
hydrodynamic model misses the frequency-dependent added mass A(ω) and radiation
damping B(ω) matrices that combined describes the radiation problem. This is only
represented by the zero-frequency limit added mass matrix AM .

A comparison of the RAO defined for both the potential flow, the semi-analytical
Morison and the semi-analytical McCamy-Fuchs-Morison-combined hybrid model is
given in Figure 5 and Figure 6 in Appendix F. For low frequency response, the Mori-
son formulation is sufficient to obtain results with an acceptable deviation. However,
for high frequencies above the diffraction limit of λ = 5D, the McCamy-Fuchs-
Morison-combined hybrid model is needed to obtain realistic tower response at the 1st

coupled tower natural frequency in the fore-aft or side-side directions.

4.3 Heave, roll and tower damping using a novel
separated heave plate as a tuned mass damper

As a use case of the novel efficient implementation of the well known and widely used
hydrodynamic models, a novel heave plate tuned mass damper (HPTMD) is investi-
gated next. The HPTMD consists of a heave plate attached to each outer column of
the OC4 semi-submersible [118] through an elastic bar element acting as an equivalent
spring. The water around the submerged heave plate provides added mass and damp-
ing and thereby eliminating the need for expensive dashpods needed for traditional
tuned mass dampers. As described in Section 4 in Appendix F, the developed semi-
analytical McCamy-Fuchs-Morison (MFM) model is used for the hydrodynamics of
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the semi-submersible foundation and the hydrodynamics of the HPTMDs is modeled
by the classical Morison equation. A schematic representation of one HPTMD is
shown in Figure 4.12.

HHP

hHP

xHP

zHP

DHP

kHP

q13(t)

qHP (t)

X1

X2
X3

Figure 4.12: Schematic representation of the heave plate tuned mass damper (TMD).

As detailed in Section 3.1 and Section 3.2 in Appendix F, the developed MFM
model provides realistic hydrodynamic loads for both low-frequency and high-frequency
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Figure 4.13: Comparison of the response of the semi-submersible foundation with-
out heave plate TMD’s (SemiSub) and two foundations with different designs of the
TMD’s. The two design both have a depth below SWL of hHP = 70 [m], a side
length of the footprint triangle of L = 70 [m] and a drag and added mass coefficient
of Cd,HP = 4.8 and Ca,HP = 0.95. The first design have a diameter of DHP = 15
[m] (TMD 15/70/70), the second design have a diameter of DHP = 25 [m] (TMD
25/70/70). The load case is normal production with turbulent wind at 12 [m/s] with a
turbulence intensity factor of Iref = 0.12 and irregular waves with a peak period of
Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an incoming wave angle
of βW = 30◦.
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parts of the wave spectrum exciting the low-frequency foundation responses and high-
frequency tower responses. The MFM model thereby enables the whole system to
be optimized in an efficient way for early stage design without having to solve the
radiation-diffraction problem by WAMIT [70] or similar. The study in Section 4.3
Appendix F investigates four configurations of the HPTMD with two diameters of the
heave plates. It is found that the HPTMDs always suppress heave and tower side-
side responses, whereas the roll response is increased for a shallow installation of the
heave plates. For deep installations, the HPTMDs effectively suppresses heave, roll
and tower side-side responses. Moving the HPTMD as far away from the center col-
umn increases the effectiveness of the damper. Figure 4.13 show the results from the
configuration with the HPTMDs installed deep and furthest away from the center.

It is seen in Figure 4.13 a) that the mooring line 1 fairlead tension is almost un-
changed by the HPTMDs. This is because the angle of the mooring line at the fairlead
position is close to horizontal and thereby not affected much by vertical movement of
the fairlead. The heave and roll response of the foundation are both suppressed by the
HPTMDs as seen in Figure 4.13 b) and Figure 4.13 c). The tower side-side response in
Figure 4.13 c) is clearly being suppressed by the HPTMDs. The HPTMDs are tuned
to 90% of the tower natural frequency since this has been proven to give better results
compared to tuning it to the natural frequency directly. The natural frequency of the
tower side-side is increased by the HPTMDs and by as much as 1 rad/s for the 25
m diameter of the HPTMDs. This might also prove beneficial for tuning the coupled
tower natural frequency above the 3P range and making a stiff-stiff tower. A stiff-stiff
tower will minimize fatigue damage by avoiding 3P excitations from the wind on the
tower.

4.4 Summary

This Chapter presents the implementation of Airy wave kinematics and the hydrody-
namic models available in ELWiS. The linear wave kinematics are efficiently imple-
mented for irregular sea states by the sum of harmonics method using matrix mul-
tiplications. The potential flow hydrodynamics is implemented as the high-fidelity
linear hydrodynamic model of ELWiS. The radiation damping is implemented in the
time-domain by the conventional convolution integral through matrix multiplications.
The radiation damping is also implemented efficiently through the rational approxi-
mation of the frequency response function formulated in a state-space form. Irregular
first- and second-order wave loads from potential flow are implemented efficiently
by matrix multiplications as well as the Newman approximation of the second order
difference-frequency loads.

The linear hydrostatic restoring stiffness matrix is implemented analytically. The
well known and widely used Morison equation is implemented in the time domain
as originally proposed. The Morison wave loads are also analytically integrated and
presented in the frequency domain. The analytical integration of the Morison added
mass provides the full 6-by-6 added mass matrix. For the heave added mass, four
different equivalent volumes are proposed and integrated for a cylinder with a fixed
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heave plate at the bottom. It is found that the novel Type 4, consisting of a torus
volume above the heave plate provides the most accurate and robust results comparing
with the results from potential flow theory.

The analytical Morison wave loads in the frequency domain is combined with
the McCamy-Fuchs analytical solution of the diffraction problem. This proposed
McCamy-Fuchs-Morison (MFM) hybrid model applies the horizontal McCamy-Fuchs
wave loads for the vertical cylinders of the OC4 semi-submersible foundation while
the analytical Morison wave loads are applied for the vertical and horizontal loads
on the heave plates. The added mass coefficients of the Morison wave loads need
to be calibrated, making the MFM model semi-analytical. This proposed 6 dimen-
sional semi-analytical first-order wave load transfer function is found to agree well
with potential flow wave loads for all frequencies. The response amplitude operators
of the MFM model are also shown to agree well for all frequencies when compared
with potential flow results. This allows for efficient early stage design optimization
without the need of obtaining the computationally costly potential flow hydrodynamic
properties.

An appropriate use case for the proposed semi-analytical MFM model is a novel
heave plate tuned mass damper (HPTMD). The HPTMD consists of heave plates
mounted at the bottom of each outer column of the OC4 semi-submersible foundation
through bars acting as an equivalent spring. The water surrounding the submerged
heave plate provides added mass and damping to the heave plate making the use of
expensive dashpods needed for traditional tuned mass dampers. The HPTMDs are
shown to efficiently suppress the foundation heave and roll and tower side-side re-
sponses for deep installations that avoid most of the wave loading. The HPTMDs also
increase the frequency of the 1st tower side-side natural frequency. This might be use-
ful to avoid this frequency to get too close to the rotor 3P frequency where most of the
fatigue loads on the turbine originate from (due to uneven aerodynamic loads on the
rotor).
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CHAPTER 5
Conclusions and Future

Directions

The focus of the present study is to develop efficient and rigorous theoretical models
for floating offshore wind turbine (FOWT) simulations in the time domain. Four main
areas of interest have been addressed: (1) Fully-coupled structural modeling, (2) re-
action loads extraction methods, (3) efficient semi-analytical hydrodynamic modeling
and (4) control of FOWTs.

5.1 Conclusions
(1) The equations of motion (EOM) of the Efficient Low-order Wind turbine Simu-
lation (ELWiS) model are derived using analytical dynamics by the Euler-Lagrange
method. It has been demonstrated that the Euler-Lagrange method provides a practi-
cal way of deriving the system EOM, but if the system is not linearized, the number
of terms grows rapidly with the complexity of the system, resulting in the 17-DOF
ELWiS model being computationally heavy and impossible to run on PCs. Therefore,
the linear model is preferred and used, which provides a near perfect match with the
results obtained from FAST. It has further been shown, that the linearization through-
out the derivations of the EOM needs to be done at the last step (or at the kinetic
energy step) to preserve all the true linear terms including the gyroscopic couplings
between the rotor and support structure. Previously for bottom-fixed wind turbines,
the linearization has been done early in the derivations, already linearizing the velocity
terms defining the kinetic energy in the Lagrangian of the Euler-Lagrange equation.
This has lead to the gyroscopic effect not being captured and for bottom-fixed wind
turbines, this might be a small error.

(2) An overview of the three methods (‘Internal’, ‘AuxDOFs’ and ‘d’Alembert’)
for extracting the reaction loads throughout the main components of the wind turbine
has been presented. The methods are verified with a model of a uniform cantilever
beam containing 10 DOFs and with a full FOWT system against FAST. The ‘Internal’
method is not recommended for two main reasons: (i) the method relies on the second
and third derivatives of the mode shapes for obtaining the moments and shear forces
in the Euler-Bernoulli beam theory. These derivatives are difficult to obtain accurately
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for beams with rapid changes of the cross section like the blade root. (ii) the ‘Internal’
method relies on the deformation of the components to evaluate the reaction loads
making it incapable of obtaining reaction loads in directions where the components
are considered rigid. The two external loads methods are shown to be inherently
equivalent if a similar level of non-linearities are included. The ‘d’Alembert’ method
provides an efficient and precise way to obtain the reaction loads when compared with
FAST. For the tower, the ‘d’Alembert’ method uses the tower top reaction loads from
the ‘AuxDOFs’ method. The two methods are thereby linked for the tower reaction
loads, and at the tower top, the reaction loads are by definition the same from the two
methods.

(3) Pre-processing of irregular wave kinematics and first- and second-order wave
loads are presented with the efficient implementation of the sum of harmonics method,
using matrix multiplications. The radiation damping is implemented in the time-
domain by the conventional convolution integral through matrix multiplications. The
radiation damping is also implemented efficiently through the rational approximation
of the frequency response function formulated in a state-space form. Emphasis has
been on developing a semi-analytical hydrodynamic model that agrees well with the
high-fidelity potential flow results. This has been obtained through the commonly
known linear hydrostatic restoring stiffness matrix and analytical integration of the
Morison added mass providing the full 6-by-6 added mass matrix. For the heave
added mass, four different equivalent volumes are proposed and integrated for a cylin-
der with a fixed heave plate at the bottom. It is found that the novel Type 4, consisting
of a torus volume above the heave plate provides the most accurate and robust re-
sults comparing with the results from potential flow theory. The analytical Morison
wave loads in the frequency domain is combined with the McCamy-Fuchs analytical
solution of the diffraction problem. This proposed McCamy-Fuchs-Morison (MFM)
hybrid model applies the horizontal McCamy-Fuchs wave loads for the vertical cylin-
ders of the OC4 semi-submersible foundation while the analytical Morison wave loads
are applied for the vertical and horizontal loads on the heave plates. The added mass
coefficients of the Morison wave loads need to be calibrated, making the MFM model
semi-analytical. This proposed 6 dimensional semi-analytical first-order wave load
transfer function is found to agree well with potential flow wave loads for all frequen-
cies. The response amplitude operators of the MFM model are also shown to agree
well for all frequencies when compared with potential flow results. This allows for
efficient early stage design optimization without the need of obtaining the computa-
tionally costly potential flow hydrodynamic properties.

(4) An appropriate use case for the proposed semi-analytical MFM model is a
novel heave plate tuned mass damper (HPTMD). The HPTMD consists of heave plates
mounted at the bottom of each outer column of the OC4 semi-submersible foundation
through bars acting as an equivalent spring. The water surrounding the submerged
heave plate provides added mass and damping to the heave plate eliminating the need
of expensive dashpods needed for traditional tuned mass dampers. The HPTMDs
are shown to efficiently suppress the foundation heave and roll and tower side-side
responses for deep installations that avoid most of the wave loading. The HPTMDs
also increase the frequency of the 1st tower side-side natural frequency. This might be
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useful to avoid this frequency to get too close to the rotor 3P frequency where most of
the fatigue loads on the turbine originate from (due to uneven aerodynamic loads on
the rotor).

5.2 Future Directions

(1) The linearization of floating offshore wind turbine (FOWT) models has been gath-
ering more research interest lately with the goal of establishing and using frequency-
domain models of FOWTs. The precision of the frequency-domain models depend on
the linearization of the non-linear structural dynamics, aerodynamics and quadratic
hydrodynamic Morison drag. The ElWiS model is not developed for frequency-
domain simulations, but could be through the referenced linearization of the aero-
dynamics and hydrodynamic drag loads. Furthermore, the efficient modeling of flex-
ible foundations have been investigated lately by reduced-order modeling techniques
within FAST through the SubDyn module. As the foundations are increasing in size
and are optimized for low material use, the vibrations of the foundation will be of
greater importance. Hence a development of a flexible foundation model will be of
great value. If a non-linear structural model is desired, the Kane’s method or sim-
ilar should be used to practically derive the EOM over the Euler-Lagrange method.
Multi segment mooring can be modeled by the implemented quasi-static and lumped
mass mooring system models in ELWiS by adding an outer loop of nodal force sum
minimization. This allows for semi-taught mooring and other mooring system config-
urations as well as coupled mooring systems with multiple floating foundations.

(2) The reaction loads within the structural members of the foundation for the
FOWT system are not implemented within this project although the ‘d’Alembert’
method is applicable here as well. This is due to the fact that the flexibility of the
foundation is neglected and thereby limiting the validity of the reaction loads of this
component. However, if a flexible foundation is developed within the modal-based
modeling framework, the expansion of the reaction loads module by the ‘d’Alembert’
method developed within this project will provide a robust and efficient method for
loads extraction.

(3) The semi-analytical hydrodynamic model implemented in ELWiS is only able
to take into account vertical cylinders, vertical cylinders with heave plates and vertical
cone frustums. To include more complex shapes of the foundation, horizontal mem-
bers would be the natural place to expand the semi-analytical hydrodynamic model
and eventually members of arbitrary orientation. For a model with a flexible founda-
tion, the modal-based approach like the SubDyn module in FAST has been verified
against OrcaFlex for the TetraSpar floating foundation using a pure Morison formu-
lation. For semi-submersible floating foundations, the outer columns might be well
represented by a rigid body formulation for which a multi-member potential flow for-
mulation would be simple to implement. A multi-member potential flow formulation
allows for interaction effects of the radiation damping to be captured. For the arm
structure of a semi-submersible foundation, the multi-member potential flow model
might also be used, but a pure Morison formulation is believed to be sufficient if the
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members are slender. For efficient modeling of the outer columns, the semi-analytical
hydrodynamic model is believed to provide sufficient accuracy for early stage design
optimizations.

(4) Optimal tuning for the proposed HPTMD will further allow for a thorough
evaluation of the feasibility of this system. The effectiveness of the proposed increas-
ing of the 1st tower natural frequency by the HPTMD to avoid 3P resonance should
also be further investigated in order to draw firm conclusions. Furthermore, the effi-
cient nonlinear modeling of Tuned Liquid Dampers (TLD) through modal-based for-
mulation of the liquid kinematics has not yet been confirmed to work for FOWTs.
This would allow for more precise damping effects to be efficiently incorporated in
evaluating the design loads of the FOWTs.
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APPENDIX A
System Matrices of the

17-DOF ELWiS model

The system matrices of the 17-DOF ELWiS model is presented here for the case β1 =
β2 = β3 = θT = θC = 0. The integrated inertia constants of the blades and tower
that are present in the system matrices are defined as:

MB =

∫ LB

0

µB(x3)dx3, m0 =

∫ LB

0

µB(x3)ΦBF1(x3)ΦBE2(x3)dx3, m7 =

∫ HT

0

µT (X
′
3)Φ

2
TF (X

′
3)dX

′
3

JB1 =

∫ LB

0

µB(x3)x3dx3, m1 =

∫ LB

0

µB(x3)Φ
2
BF1(x3)dx3, m8 =

∫ HT

0

µT (X
′
3)Φ

2
TS(X

′
3)dX

′
3

JB2 =

∫ LB

0

µB(x3)x
2
3dx3, m2 =

∫ LB

0

µB(x3)Φ
2
BE2(x3)dx3, m9 =

∫ HT

0

µT (X
′
3)ΦTF (X

′
3)dX

′
3

MT =

∫ HT

0

µT (X
′
3)dX

′
3, m3 =

∫ LB

0

µB(x3)ΦBF1(x3)dx3, m10 =

∫ HT

0

µT (X
′
3)ΦTS(X

′
3)dX

′
3

JT1 =

∫ HT

0

µT (X
′
3)X

′
3dX

′
3, m4 =

∫ LB

0

µB(x3)ΦBE2(x3)dx3, m11 =

∫ HT
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µT (X
′
3)ΦTF (X

′
3)X

′
3dX

′
3

JT2 =

∫ HT
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µT (X
′
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′2
3 dX ′
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∫ LB
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∫ HT
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µT (X
′
3)ΦTS(X
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′
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′
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∫ LB
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(A.1)

where MB and MT are the mass of the blades and tower, respectively. JB1, JB2,
JT1 and JT2 are the first and second mass moment of inertia of the blades and tower,
respectively. JTY is the tower torsional mass moment of inertia. m0, . . . ,m6 are the
inertia constants related to the blades andm7, . . . ,m14 are the inertia constants related
to the tower.

The system matrices to be presented below are divided into submatrices repre-
senting the blades DOFs, the support structure DOFs and the coupling between them.
For better grasping the couplings, the DOFs vector of the system is provided here:

q(t) =
[

Flapwise︷ ︸︸ ︷
q1 q2 q3

Edgewise︷ ︸︸ ︷
q4 q5 q6︸ ︷︷ ︸

Blades

Tower︷ ︸︸ ︷
q7 q8

Drivetrain︷ ︸︸ ︷
q9 q10

Foundation︷ ︸︸ ︷
q11 q12 q13 q14 q15 q16

TT︷︸︸︷
q17︸ ︷︷ ︸

Support structure

]⊤
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104 System Matrices of the 17-DOF ELWiS model

(A.2)

where the tower fore-aft and side-side DOFs are labeled as ‘Tower’ and the tower
torsion is labeled as ‘TT’.

B.1 Mass matrix

The mass matrix M(t) of the 17-DOF model is written as:

M(t) =




MB M⊤
SB(t)

MSB(t) MS


 (A.3)

MB (the mass matrix of the blades) and MS (the mass matrix of the support
structure) are respectively given by:

MB =




m1

m1 0

m1

m2

0 m2

m2




[6×6]

(A.4)

MS =




0

0

M15,7

0

−Φ′
TFHJTT1

0

M11,7

0

0

0

M7

MSSY

MSSY

0

M14,8

0

M12,8

0

Φ′
TSHJG

−Φ′
TFHJR

M8

0

0

0

JR

0

0

0

0

JR

0

0

0

−JG

0

0

0

JG

0

0

M15,11

0

0

0

Mtot

JTT1

JTT1

0

M14,12

0

Mtot

0

0

−JTT1

0

Mtot

JRY

JRY

0

J14

sym.

0

0

J15

JY Y

J16

J17



[11×11]

(A.5)
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where the parameters in MS are defined as:

M7 = m7 +M0 +Φ′2
TFH

[
JNP +

JR
2

+MN (h2
n + r2) +MR(h

2
s + s2)

]
+ 2Φ′

TFHJTT2

M8 = m8 +M0 +Φ′2
TSH(JNR + JR + JG +MNh2

n +MRh
2
s) + 2Φ′

TSHJTT2

M11,7 = M0 +m9 +Φ′
TFHJTT2

M12,8 = M0 +m10 +Φ′
TSHJTT2

M14,12 = MFhF −MThT − JT1 −MNhN −MRhR

M15,7 = m11 +MRhR +MNhN +MRhR + hTm9 +Φ′
TFH

[
JNP +

JR
2

+MN (hNhn + r2) +MR(hRhs + s2)

]

M14,8 = −m12 −MNhN −MRhR −m10hT − Φ′
TSH [JR + JG + JNR +MNhNhn +MRhRhs]

M15,11 = JT1 −MFhF +MThT +MNhN +MRhR

J14 = JG + JR + JNR + JFR + JT2 + 2JT1hT +MFh
2
F +MTh

2
T +MNh2

N +MRh
2
R

J15 =
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2

+ JNP + JFP + JT2 + 2JT1hT +MFh
2
F +MTh

2
T +MN(h2

N + r2) +MR(h
2
R + s2)

J16 = MNr2 +MRs
2 + JNY +

JR
2

+ JFY + JTY

J17 = m14 +MNr2 +MRs
2 + JNY +

JR
2

+ JFY

MSSY = JTT1 +Φ′
TSH(MNhnr −MRhss)

JY Y = m13 +MNr2 +MRs
2 + JNY +

JR
2

+ JFY

JRY = m13 + JTT1 +Φ′
TSH(MNrhn −MRhss)

(A.6)

with JR = 3JB2 + JH + 3MBr
2
H + 6JB1rH being the rotor mass moment of inertia

about the main shaft where JH is the hub mass moment of inertia of the hub about
the axis along the main shaft and rH is the hub radius to the blade root from the hub
center. MR = 3MB + MH is the rotor mass where MH is the hub mass, M0 =
3MB +MH +MN is the total tower top mass and Mtot = M0 +MT +MF being
the total mass of the system. hR = hT +HT + hs is the height from the global COG
to the rotor center and hN = hT +HT + hn is the height from the global COG to the
nacelle COG. JTT1 = MNr −MRs and JTT2 = MNhn +MRhs are the first mass
moment of inertia of the rotor nacelle assembly about two axes.

MSB(t), representing the inertia couplings between the blades and the support
structure, is given by:

M⊤
SB(t) =




m3 +Φ′
TFH (m5,1 +m3hTB,1) 0 0 0 m3 0 0 0 m5,1 +m3hFB,1 m̄5,1 + m̄3,1rH m̄5,1 + m̄3,1rH

m3 +Φ′
TFH (m5,2 +m3hTB,2) 0 0 0 m3 0 0 0 m5,2 +m3hFB,2 m̄5,2 + m̄3,2rH m̄5,2 + m̄3,2rH

m3 +Φ′
TFH (m5,3 +m3hTB,3) 0 0 0 m3 0 0 0 m5,3 +m3hFB,3 m̄5,3 + m̄3,3rH m̄5,3 + m̄3,3rH
−Φ′

TFHm̄4,1s −Φ′
TFH(m4hTB,1 +m6)−m4,1 m6 +m4rH 0 0 −m4,1 −m̄4,1 m6 +m4hFB,1 −m̄4,1s m4,1s m4,1s

−Φ′
TFHm̄4,2s −Φ′

TFH(m4hTB,2 +m6)−m4,2 m6 +m4rH 0 0 −m4,2 −m̄4,2 m6 +m4hFB,2 −m̄4,2s m4,2s m4,2s
−Φ′

TFHm̄4,3s −Φ′
TFH(m4hTB,3 +m6)−m4,3 m6 +m4rH 0 0 −m4,3 −m̄4,3 m6 +m4hFB,3 −m̄4,3s m4,3s m4,3s



[6×11]

(A.7)

where:

Cj(t) = cos Ψj(t), Sj (t) = sinΨj(t)

hFB,j = hR + Cj(t)rH, hTB,j = hs + Cj(t)rH

m3,j(t) = m3Cj(t), m̄3,j (t) = m3Sj(t)

m4,j(t) = m4Cj(t), m̄4,j (t) = m4Sj(t)

m5,j(t) = m5Cj(t), m̄5,j (t) = m5Sj(t)






, j = 1, 2, 3 (A.8)
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B.2 Gyroscopic matrix
The gyroscopic matrix G(t) of the 17-DOF model is written as:

G(t) =




0 GBS(t)

GSB(t) GS


 (A.9)

GS , the skew-symmetric gyroscopic matrix of the support structure, is given by:

GS = Ω




0 0 0 0 0 0 0 0 0 Φ′
TFH(JR − JGN) Φ′

TFH(JR − JGN)
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 JR − JGN JR − JGN

−Φ′
TFH(JR − JGN) 0 0 0 0 0 0 0 JGN − JR 0 0

−Φ′
TFH(JR − JGN) 0 0 0 0 0 0 0 JGN − JR 0 0



[11×11]

(A.10)

where the red terms are missing in the ‘No Gyro model’.
GBS(t), representing the gyroscopic coupling from the support structure to the

blades (flapwise vibration), is given by:

GBS(t) = Ω




−2Φ′
TFH (m̄5,1 + m̄3,1rH ) 0 0 0 0 0 0 0 −2(m̄5,1 + m̄3,1rH ) 2(m5,1 + m3,1rH ) 2(m5,1 + m3,1rH )

−2Φ′
TFH (m̄5,2 + m̄3,2rH ) 0 0 0 0 0 0 0 −2(m̄5,2 + m̄3,2rH ) 2(m5,2 + m3,2rH ) 2(m5,2 + m3,2rH )

−2Φ′
TFH (m̄5,3 + m̄3,3rH ) 0 0 0 0 0 0 0 −2(m̄5,3 + m̄3,3rH ) 2(m5,3 + m3,3rH ) 2(m5,3 + m3,3rH )

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0




[6×11]

(A.11)

where the red terms are missing in the ‘No Gyro model’.
GSB(t), representing the gyroscopic coupling from the blades (edgewise vibra-

tion) to the support structure, is given by:

GSB(t) = Ω




−Φ′
TFH(m̄5,1 − m̄3,1rH) −Φ′

TFH(m̄5,2 − m̄3,2rH) −Φ′
TFH(m̄5,3 − m̄3,3rH) −2Φ′

TFHm4,1s −2Φ′
TFHm4,2s −2Φ′

TFHm4,3s
0 0 0 2m̄4,1(1 + Φ′

TSHhs) 2m̄4,2(1 + Φ′
TSHhs) 2m̄4,3(1 + Φ′

TSHhs)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 2m̄4,1 2m̄4,2 2m̄4,3

0 0 0 −2m4,1 −2m4,2 −2m4,3

0 0 0 −2m̄4,1hR −2m̄4,2hR −2m̄4,3hR

−m̄5,1 − m̄3,1rH −m̄5,2 − m̄3,2rH −m̄5,3 − m̄3,3rH −2m4,1s −2m4,2s −2m4,3s
−m5,1 −m3,1rH −m5,2 −m3,2rH −m5,3 −m3,3rH −2m̄4,1s −2m̄4,2s −2m̄4,3s
−m5,1 −m3,1rH −m5,2 −m3,2rH −m5,3 −m3,3rH −2m̄4,1s −2m̄4,2s −2m̄4,3s



[11×6]

(A.12)

where the gray terms are wrongly introduced in the ‘No Gyro model’, and they should
be zeros in the correct model (the ‘Gyro model’).

B.3 Stiffness matrix
The stiffness matrix K(Ω, t) of the 17-DOF model is written as:

K(Ω, t) =



KB(Ω, t) 0

KSB(t) KS


 (A.13)

Christian Elkjær Høeg 106



107

The stiffness matrix of the blades, KB , is given by:

KB(Ω, t) =




kBF (Ω,Ψ1(t))
kBF (Ω,Ψ2(t)) 0

kBF (Ω,Ψ3(t))
kBE(Ω,Ψ1(t))−m2Ω

2

0 kBE(Ω,Ψ2(t))−m2Ω
2

kBE(Ω,Ψ3(t))−m2Ω
2



[6×6]

(A.14)

with the spin softening terms included.
The stiffness matrix of the support structure is given by:

KS =




kTF

kTS

kD −kD
N

0

− kD
N

kD
N2

0

0

0

0

0 0

0

kTY




[11×11]

(A.15)

with kD = kLSSkHSSN2

kLSS+kLSSN2 being the equivalent drivetrain stiffness.
KSB(t), representing the stiffness coupling from the blades to the support struc-

ture, is given by:

KSB(t) = Ω2




Φ′
TFH(m5,1 +m3,1rH) Φ′

TFH(m5,2 +m3,2rH) Φ′
TFH(m5,3 +m3,3rH) Φ′

TFHm̄4,1s Φ′
TFHm̄4,2s Φ′

TFHm̄4,3s
0 0 0 m4,1(1 + Φ′

TSHhs) m4,2(1 + Φ′
TSHhs) m4,3(1 + Φ′

TSHhs)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 m4,1 m4,2 m4,3

0 0 0 m̄4,1 m̄4,2 m̄4,3

0 0 0 −m4,1hR −m4,2hR −m4,3hR

m5,1 +m3,1rH m5,2 +m3,2rH m5,3 +m3,3rH m̄4,1s m̄4,2s m̄4,3s
m̄5,1 + m̄3,1rH m̄5,2 + m̄3,2rH m̄5,3 + m̄3,3rH −m4,1s −m4,2s −m4,3s
m̄5,1 + m̄3,1rH m̄5,2 + m̄3,2rH m̄5,3 + m̄3,3rH −m4,1s −m4,2s −m4,3s



[11×6]

(A.16)

where the red terms are missing in the ‘No Gyro model’.
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APPENDIX B
Coleman transformation of

the 17-DOF ELWiS model

The final equations of motion of the 17-DOF ELWiS model take the form:

M(t)q̈(t) +C(t)q̇(t) +K(t)q(t) = f(t) (B.1)

where M(t), C(t) and K(t) are the time-dependent mass, damping and stiffness ma-
trices, respectively. f(t) is the generalized load vector and q(t) is the generalized
degrees of freedom:

q(t) =
[

Flapwise︷ ︸︸ ︷
q1 q2 q3

Edgewise︷ ︸︸ ︷
q4 q5 q6︸ ︷︷ ︸

Blades

Tower︷ ︸︸ ︷
q7 q8

Drivetrain︷ ︸︸ ︷
q9 q10

Foundation︷ ︸︸ ︷
q11 q12 q13 q14 q15 q16

TT︷︸︸︷
q17︸ ︷︷ ︸

Support structure

]⊤

(B.2)

where the tower fore-aft and side-side DOFs are labeled as ‘Tower’ and the tower
torsion is labeled as ‘TT’.

The DOFs related to the blades can be expressed in the global CS by Coleman
transformation [121] using multi blade coordinates [122, 123]:

qj(t) = a10(t) + a11(t) cosΨj(t) + b11(t) sinΨj(t), j = 1, 2, 3 (B.3a)

qj+3(t) = a20(t) + a21(t) cosΨj(t) + b21(t) sinΨj(t), j = 1, 2, 3 (B.3b)

The generalized coordinate vector can then be related to the multi blade coordinates
by:

q(t) = Q(t)r(t) (B.4)

where:

r(t) =
[
a10 a11 b11 a20 a21 b21 q7 q8 q9 q10 q11 q12 q13 q14 q15 q16 q17

]⊤

(B.5)
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110 Coleman transformation of the 17-DOF ELWiS model

The transformation matrix Q(t) from the multi blade coordinates to the local general-
ized blade coordinates is defined as:

Q(t) =



Q1(t) 0

Q1(t)
0 I[11×11]


 , Q1(t) =



1 cosΨ1(t) sinΨ1(t)
1 cosΨ2(t) sinΨ2(t)
1 cosΨ3(t) sinΨ3(t)


 (B.6)

The transformation matrix Q(t) has the following properties [123]:

Q−1 = µQ⊤(t), µ =



µ1 0

µ1

0 I11×11


 , µ1 =

1

3



1 0 0
0 2 0
0 0 2


 (B.7a)

Q−1Q̇ = R, R =



R1 0

R1

0 011×11


 , R1 = Ω



0 0 0
0 0 1
0 −1 0


 (B.7b)

The time derivatives of the transformation matrix Q can then be calculated as
Q̇ = Q(t)R and Q̈ = Q(t)R2. The resulting equations of motion of the transformed
system takes the form:

M0r̈(t) +C0ṙ(t) +K0r(t) = f0(t) (B.8)

where the time-invariant system matrices and the transformed force vector are defined
as:

M0 = µQ⊤(t)M(t)Q(t) (B.9a)

C0 = µQ⊤(t)C(t)Q(t) + 2µQ⊤(t)M(t)Q(t)R (B.9b)

K0 = µQ⊤(t)K(t)Q(t) + µQ⊤(t)C(t)Q(t)R + µQ⊤(t)M(t)Q(t)R2 (B.9c)

f0(t) = µQ⊤(t)f(t) (B.9d)

By complex eigenanalysis, the mode shapes, phases, damping and natural fre-
quencies can be obtained.

Christian Elkjær Høeg 110



APPENDIX C

Analytical integration of the
Morison hydrodynamics of a

cone frustum

C.1 Morison added mass of a vertical cone frus-
tum

The surge and sway added masses for body i are calculated by the Morison equation
as:

A11,i = A22,i =ρWCA,i
π

4

∫ z2,i

z1,i

D2(X3)dX3

=− ρWCA,i
π

4

∫ D2,i

D1,i

u2

2a
du = ρWCA,i

π

24a
(D3

1,i −D3
2,i) (C.1)

where D(X3) = D1 − 2a(X3 − z1) and a = D1−D2

2(z2−z1)
.

Likewise, the surge-pitch and sway-roll coupling added masses for body i are
calculated as:

A15,i = −A24,i =ρWCA,i
π

4

∫ z2,i

z1,i

D2(X3)X3dX3

=− ρWCA,i
π

4

∫ D2,i

D1,i

u2

2a

(
z1,i −

u−D1,i

2a

)
du

=ρWCA,i
π

24a

(
z1,iD

3
1,i − z2,iD

3
2,i +

1

8a
(D4

1,i −D4
2,i)

)
(C.2)
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Finally, the pitch and roll added masses for body i are calculated as:

A55,i = A44,i = ρWCA,i
π

4

∫ z2,i

z1,i

D2(X3)X
2
3dX3

= −ρWCA,i
π

4

∫ D2,i

D1,i

u2

2a

(
z1,i −

u−D1,i

2a

)2

du

= ρWCA,i
π

24a

(
z21,iD

3
1,i − z22,iD

3
2,i +

1

4a
(z1,iD

4
1,i − z2,iD

4
2,i)

+
1

40a2
(D5

1,i −D5
2,i)

)

(C.3)

C.2 Morison wave loads in the frequency domain
for a cone frustum

The horizontal wave load amplitudes for body i with a cone frustum D(X3) = D1 −
2a(X3 − z1) with a = D1−D2

2(z2−z1)
are:

[|TM
1,i |(ω)

|TM
2,i |(ω)

]
= ρW (CA + 1)

π

4

∫ z2,i

z1,i

D2
i (X3)

[
āW,1(X3, ω)
āW,2(X3, ω)

]
dX3 (C.4a)

= −ρW (CA + 1)
π

4

ω2

k sinh(kh)

[
cosβW

sinβW

]
[I1 + I2] (C.4b)

where:

I1 =

[(
D2

2 +
a2

2k2

)
sinh

(
k(z2 + h− hG)

)

−
(
D2

1 +
a2

2k2

)
sinh

(
k(z1 + h− hG)

)] (C.5a)

I2 =
a

k

[
D2 cosh

(
k(z2 + h− hG)

)
−D1 cosh

(
k(z1 + h− hG)

)]
(C.5b)

For the cone frustum, the amplitudes of the wave load moments are:

[|TM
4,i |(ω)

|TM
5,i |(ω)

]
= −ρW (CA+1)

π

4

[
− sinβW

cosβW

]
ω2

k2 sinh(kh)
(I1 + I2 + I3 + I4) (C.6a)
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where:

I1 = k
[
z2D

2
2 sinh(k(z2 + h− hG))− z1D

2
1 sinh(k(z1 + h− hG))

]
(C.7a)

I2 = −
[(
D2

2 − z2D2a
)
cosh(k(z2 + h− hG))

−
(
D2

1 − z1D1a
)
cosh(k(z1 + h− hG))

] (C.7b)

I3 = − a

2k
[(4D2 − z2a) sinh(k(z2 + h− hG))

− (4D1 − z1a) sinh(k(z1 + h− hG))]
(C.7c)

I4 = −3a2

2k2
[cosh(k(z2 + h− hG))− cosh(k(z1 + h− hG))] (C.7d)

The heave wave load is a sum of the Diffraction and Froude-Kriloff parts:

|TM
3,i | = |TM,D

3,i |+ |TM,FK
3,i | (C.8)

where the Diffraction part depends on the added mass definition (elaborated below)
whereas the Froude-Kriloff part is defined by:

|TM,FK
3,i | =

∫ z2

z1

πD(X3)p̄D(X3, ω)adX3

=
ρW gπa

cosh(kh)

∫ z2

z1

D(X3) cosh(k(bZ + z1 + h− hG))dX3

=
ρW gπa

k cosh(kh)
(I1 + I2) (C.9)

where:

I1 =(D2 sinh(kz2)−D1 sinh(kz1)) (C.10a)

I2 =
2a

k
(cosh(kz2)− cosh(kz1)) (C.10b)

The heave Diffraction part of the wave force for the cone frustum is based on
the assumption that the heave added mass does not change with the slope of the cone.
Therefore, the heave added mass should be equivalent to that of the horizontal heave
plate added mass previously derived. This will be used to verify the derived simplified
functions. Three different types of heave equivalent volumes for the cone frustum are
visualized in Figure C.1.

For Type 2, the top heave equivalent volume is obtained by integrating infinitesi-
mal volumes, i.e. the area of a hemisphere A = 2πr2 times the thickness adX3 with
the radius r(X3) = r1 − a(X3 − z1):

V Top,2
Eq,z = 2π

∫ z2

z1

r2(X3)adX3 = 2πR3

∫ 1

0

(d− b)2db =
π

12

(
D3

1 −D3
2

)
(C.11)

where r1 = D1

2 , r2 = D2

2 , R = r1 − r2, Z = z2 − z1, a = R
Z , b = X3−z1

Z
and d = r1

R . The coordinate transformation and substitution functions lead to the
following expression of the X3 coordinate in terms of b:

X
(2)
3 = bZ + z1 (C.12)
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Type 2 Type 3 Type 4

D1

D2

D(X3)

HH

R

R

r(X3)

r1

r2
r1

a Z
1

z1

z2

Figure C.1: Three types of heave equivalent added mass integration volumes for the
cone frustum.

For Type 3, the top heave equivalent volume is obtained by integrating the thin
walled cylinder volume with diameter D(X3), the height H(X3) and thickness adX3:

V Top,3
Eq,z =

∫ z2

z1

H(X3)πD(X3)adX3

= −2πR3d3
∫ − r2

r1

−1

(1− c2)
1
2 cdc =

π

12

(
D2

1 −D2
2

) 3
2 (C.13a)

D(X3) = 2(r1 − a(X3 + z1)) = 2R

(
r1
R

− X3 + z1
Z

)
(C.13b)

H(X3) =

[
r21 −

(
D(X3)

2

)2
] 1

2

= R

[
2r1
R

X3 + z1
Z

−
(
X3 + z1

Z

)2
] 1

2

(C.13c)

where c = (b− d)/d. Here the X3 coordinate is expressed in term of c as:

X
(3)
3 = (c+ 1)dZ + z1 (C.14)

For Type 4, the top heave equivalent volume is obtained by integrating the cylin-
der volume similarly to Type 3 with the same diameter D(X3), but with a different
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definition of the height H(X3):

V Top,4
Eq,z =

∫ z2

z1

H(X3)πD(X3)adX3

= 2πR3

∫ 1

0

(
1− e2

) 1
2

(r2
R

+ e
)
de

=
π

12

[
(D1 −D2)

3 +
3π

4
D2 (D1 −D2)

2

]
(C.15a)

D(X3) = 2(r2 + R− a(X3 + z1)) = 2R

[
r2
R

+

(
1− X3 + z1

Z

)]
(C.15b)

H(X3) =

[
R2 −

(
D(X3)

2
− r2

)2
] 1

2

= R

[
1−

(
1− X3 + z1

Z

)2
] 1

2

(C.15c)

where e = 1− b. Here the X3 coordinate is expressed in term of e as:

X
(4)
3 = (e− 1)Z + z1 (C.16)

With the equivalent volumes of the added mass for the three types defined for the
cone frustum, the distributed wave loads can now be integrated to get the closed form
solutions. For Type 2, the heave diffraction wave force amplitude is obtained using
the heave Morison wave load and the vertical wave acceleration:

|TM,D2
3,i |(ω) =ρWCAz

∫ z2

z1

V Top,2
Eq,z (X3)āW,3(X3, ω)dX3

=− ω2ρWCAz2πR
3

sinh(kh)

∫ 1

0

(d− b)2 sinh(k(bZ + z1 + h− hG))db

=− ω2ρWCAzπ

sinh(kh)
(I1 + I2 + I3) (C.17)

where:

I1 =
a

2k
(D2

2 cosh(kz2)−D2
1 cosh(kz1)) (C.18a)

I2 =
2a2

k2
(D2 sinh(kz2)−D1 sinh(kz1)) (C.18b)

I3 =
4a3

k3
(cosh(kz2)− cosh(kz1)) (C.18c)

A new type, Type 1 of the top heave equivalent volume, can also be defined. Type 1
is similar to Type 2, except that a hemisphere with radius r2 is added. Therefore, the
heave wave force amplitude for Type 1 can be written as:

|TM,D1
3,i |(ω) = |TM,D2

3,i |(ω)− ω2ρWCAz
π

12
D3

2

sinh(k(z2 + h− hG))

sinh(kh)
(C.19)

115 December 2022



116 Analytical integration of the Morison hydrodynamics of a cone frustum

The Type 3 and 4 equivalent volumes both include a square root which will not
disappear by doing integration by parts as for Type 2. Therefore, the hyperbolic sine
will be approximated by a Taylor series:

sinh(x) =
∞∑

n=1

x2n

(2n+ 1)!
≈ x+

x3

3!
+

x5

5!
(C.20)

where only the first three terms have been included.

The heave diffraction wave force amplitude for Type 3 is calculated for each term
in the Taylor series as:

|TM,D3
3,i |(ω) = ρWCAz

∫ z2

z1

V Top,3
Eq,z (X3)āW,3(X3, ω)dX3

=
ω2ρWCAz2πR

3d3

sinh(kh)

∫ − r2
r1

−1

(1− c2)
1
2 c sinh(kz′(c))dc (C.21a)

≈ ω2ρWCAz2πR
3

sinh(kh)

[∫ − r2
r1

−1

(1− c2)
1
2 c(kz′(c))dc

+

∫ − r2
r1

−1

(1− c2)
1
2 c

(kz′(c))3

3!
dc

+

∫ − r2
r1

−1

(1− c2)
1
2 c

(kz′(c))5

5!
dc

]

= −ω2ρWCAzπ

sinh(kh)
[kI1 + k3I2 + k5I3] (C.21b)

where z′(c) = d(c+ 1)Z + z1 + h− hG is the local coordinate system located at the
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seabed and:
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Here z′1 = z1 + h− hG is used. The heave diffraction wave force amplitude for
Type 4 is calculated for each term in the Taylor series as:

|TM,D4
3,i |(ω) = ρWCAz

∫ z2
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V Top,4
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where z′(e) = (e − 1)Z + z1 + h − hG is the local coordinate system located at the
seabed and:
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C.3 Analytical Morison wave loads for a spar-type
FOWT compared with potential flow wave loads

The analytical Morison wave loads in the frequency domain derived in this Appendix
together with the results from Section C.2 are used to calculate the full analytical wave
load transfer functions of the OC3 spar [76]. The results are compared in Figure C.2
with those obtained from NEMOH [73].

As seen, the analytical Morison wave loads agree with NEMOH results excel-
lently up until the diffraction effects becomes important at λ = 5D (indicated by the
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Figure C.2: Comparison between the analytical Morison (M) and McCamy-Fuchs
(MF) wave load transfer functions with results from potential flow by NEMOH [73]
of the OC3 spar [76]. a) Magnitude of forces. b) Magnitude of moments. c) Phase of
forces. d) Phase of moments.

vertical black dashed line). At higher frequencies, the Morison wave loads overesti-
mate the wave loads as expected.

The magnitudes of the heave loads are further investigaed in Figure C.3 for Type
1 to 4. All types have been calibrated with the appropriate heave added mass coeffi-
cient of CAz,1 = 0.5679, CAz,2 = 0.6804, CAz,3 = 0.8248, CAz,4 = 0.9589. Still,
the heave wave loads get increasingly better going from Type 1 to Type 4 as seen in
Figure C.3 a). In Figure C.3 b), the diffraction part of the heave wave load is compared
although the dominating component in the heave wave load is the Froude-Kriloff load
(due to the dynamic pressure). As seen, Type 1 is almost 3.5 times too large at the
diffraction limit whereas Type 4 is much closer. All four types overestimate the heave
wave load at around 0.6 [rad/s]. Comparing with the full numerical integration results,
Type 3 and 4 both show poor results when using the Taylor series-expansion-based ap-
proximated results. Including up to 30 terms in the Taylor series of the hyperbolic sine
function did not show converged results. The results in Figure C.3 for Type 3 and 4
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120 Analytical integration of the Morison hydrodynamics of a cone frustum

Figure C.3: Comparing four types of analyticasl heave wave loads with the equivalent
nummerical integration and the potential flow results from NEMOH [73]. a) Full
heave force with both diffraction and Foude-Kriloff. b) Only diffraction part.

are obtained by simply evaluating the hyperbolic sine at 3/5 of the cone height Z . This
makes the hyperbolic sine constant and therefore it is moved outside the integration
and Type 3 and 4 are reduced to the following expressions:
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The influence of gyroscopic effects on dynamic responses of floating 
offshore wind turbines in idling and operational conditions 
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A B S T R A C T   

The present paper investigates the significance of gyroscopic effects on responses of floating offshore wind 
turbines (FOWTs). A 17-degree-of-freedom (DOF) FOWT model is rigorously developed using the Euler-Lagrange 
approach. Based on rational approximation of the radiation loads, an extended state-space formulation is then 
established for the coupled mechanical-hydrodynamic-controller system, enabling very efficient time-domain 
simulations. Different strategies for deriving linear system equations of motion (EOMs) within the Euler- 
Lagrange framework are evaluated, with the focus of highlighting the correct procedure for capturing the full 
gyroscopic couplings in linear EOMs. Monte Carlo simulations are performed on three scenarios, i.e. no aero-
dynamics, idling FOWTs and operational FOWTs. It is observed that gyroscopic couplings significantly influence 
the tower torsion (and possibly foundation yaw depending on the foundation type) of FOWTs without aero-
dynamic loads, and the spar-type FOWT is most sensitive to gyroscopic effects among the three concepts 
considered (although the TLP can be similarly sensitive). The aerodynamic loads are the dominating loads for 
both idling and operational FOWTs, and the gyroscopic effect becomes less significant although it still plays a 
more important role in operational FOWTs than idling FOWTs. Excluding the gyroscopic effect leads to non- 
negligible overestimation of the tower torsion of the operational FOWT. This study unfolds the correct deriva-
tion procedure, the mathematical formulas, the physical mechanism and the influence/significance regarding the 
gyroscopic effects in FOWTs, which also acts as a useful guideline for developing in-house reduced-order FOWT 
models.   

1. Introduction 

Floating offshore wind turbines (FOWTs) are believed to be the most 
cost-effective and reasonable solution for far offshore areas with water 
depth larger than 60 m (Jonkman, 2007). Several types of floating 
foundations have been proposed and are under proof-of-concept in-
vestigations, through numerical simulation or scaled model testing 
(Bachynski et al., 2013). Among these, four concepts have gained most 
R&D attentions, i.e. spar-buoy, tension-leg platform (TLP), 
semi-submersible and barge (Pérez-Collazo et al., 2015; Jonkman and 
Matha, 2011). Prototypes with various foundation concepts have been 
developed for demonstration purposes, including WindFloat, Fukushima 
floating wind farm, Floatgen demonstrator and Hywind Scotland. 

A FOWT is subject to combined stochastic wind (aerodynamic) and 
wave (hydrodynamic) loads as well as loads from mooring lines. The 
wind/wave induced motions of the floating foundation (three trans-
lational motions, i.e. surge, sway and heave, and three rotational 

motions, i.e. pitch, roll and yaw) will lead to increased structural re-
sponses (and thus increased fatigue damage) compared with land-based 
wind turbines due to the effect of large inertia and gravity, especially for 
the tower (Jonkman and Matha, 2010). This requires a rigorous dynamic 
model that couples structural dynamics, aerodynamic loads, hydrody-
namic loads, controller dynamics and mooring loads, for accurately 
assessing the system behavior (Butterfield et al., 2005; Borg et al., 2014). 

Several tools are available for simulating aero-hydro-servo-elastic 
FOWT systems and have been bench-marked against each other (Jonk-
man and Musial, 2010; Robertson et al., 2014). Some models (e.g. FAST 
(Jonkman and Buhl, 2005), HAWC2 (Larsen and Hansen, 2007), 
BLADED (Bossanyi, 2003) and FLEX5 (Øye, 2001)) are originally 
onshore wind turbine models that have been expanded to include a 
floating foundation, and others, e.g. SIMO/RIFLEX (Ormberg et al., 
2011) have been developed by the offshore engineering community to 
include a wind turbine system. Further, there are reduced-order models 
developed specifically for FOWTs, such as the Simplified Low-Order 
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Wind turbine (SLOW) model (Lemmer, 2018) and the Cambridge model 
(Lupton, 2015). In FAST, FLEX5 and BLADED, a combined 
modal/multibody-dynamics formulation is used, which is an efficient 
way of capturing the global dynamics of the system. The high-fidelity 
models, e.g. HAWC2 and SIMO/RIFLEX, use a mixed 
multibody-dynamics/finite element formulation, capturing higher 
modes and geometric non-linearities that become important in the 
design of wind turbines with increasing blade and tower lengths. FAST 
also has the option to include a finite element formulation for the blades 
to get higher fidelity for the response and loads. The SLOW model only 
involves 6 degrees of freedom (DOFs) capturing the 2D out-of-plane 
motions, and is quite computationally efficient and robust for 
controller design and parametric optimization (Lemmer et al., 2020). 
The Cambridge model is a 12-DOF model including 6 rigid-body DOFs of 
the foundation together with the flapwise and edgewise deformations of 
the three blades, but neglects the tower flexibility. The model is line-
arized and used in the frequency domain for preliminary evaluation of 
FOWTs (Lupton and Langley, 2019). Comparing with the 
design-oriented high-fidelity models, the reduced-order models, e.g. the 
SLOW and Cambridge models, have the advantage of computational 
efficiency, transparency of the formulations and equations, as well as 
flexibility in implementation (state-space or frequency-domain formu-
lation). Therefore, this type of model might be preferred for specific 
research or application purposes such as preliminary controller design 
and quick load analysis. Recently, a highly-tailored 2-DOF model has 
been developed (Souza and Bachynski, 2019), aiming at revealing the 
mechanism of the changes in surge and pitch decay periods of FOWTs for 
varying wind speeds. 

Besides the mechanical model, both aerodynamic load modelling 
(Hansen, 2015; De Vaal et al., 2014) and hydrodynamic load modelling 
are essential in simulating system responses. Especially for FOWTs, 
fluid-structure interaction between the water and the moving founda-
tion must be well accounted for. Morison’s equation (Morison et al., 
1950) is widely used and represents the hydrodynamic loads well, even 
for complex floating structures such as the semi-submersible founda-
tions when comparing with test results (Van Phuc and Ishihara, 2007). 
Morison’s equation has an inertial, and a viscous, term. The inertial 
term, which includes the Froude-Krylov excitation and the 
zero-frequency added mass, tends to agree well with potential theory for 
low frequencies (Kvittem et al., 2012). However, for high-frequency 
waves, diffraction loads become important and Morison’s equation 
starts to deviate from the potential flow theory. To incorporate the 
numerically-solved results from the potential flow theory into the 
time-domain FOWT model, 6-by-6 convolution integrals are needed 
using the impulse response functions of the radiation loads (Cummins, 
1962), which is quite computationally inefficient. Convolution integrals 
can be avoided by rational approximations of the frequency response 
functions, as already applied in hydrodynamic modelling for ships 
(Kristiansen et al., 2005), moored floating structures (Jordán and 
Beltrán-Aguedo, 2004), wave energy converters (Nielsen et al., 2013), 
floating bridges (Xu et al., 2018) and floating wind turbines (Duarte 
et al., 2013; Høeg and Zhang, 2019). This enables the radiation loads to 
be efficiently solved in the time domain together with the FOWT model, 
in terms of an extended state-space formulation. Computational fluid 
dynamics (CFD) models have also been used to verify the potential flow 
theory for floating platforms of wind turbines such as TLP (Nem-
atbakhsh et al., 2015), or to investigate the heave plates for spar heave 
damping (Subbulakshmi and Sundaravadivelu, 2016). Although being a 
promising alternative, CFD models are yet computationally too expen-
sive for running numerous time domain simulations during the struc-
tural integrity assessment of FOWTs. 

From a mechanics point of view, a significant difference between 
FOWTs and their bottom-fixed counterparts is that the gyroscopic effect 
plays a much more important role for FOWTs. This is due to the low 
resistance of the system against pitch and yaw movements, leading to 
much larger pitch and yaw motions of the floating foundation. The 

foundation pitch angular velocity, combined with the rotor spin speed, 
induces gyroscopic moments acting on the foundation yaw motion and 
the tower torsional vibration. Similarly, the foundation yaw angular 
velocity, combined with the rotor spin speed, induces gyroscopic mo-
ments acting on the foundation pitch motion and the tower fore-aft vi-
bration. Due to the gyroscopic effects, the above-mentioned motions are 
highly coupled, and they are actually also slightly coupled to the blade 
vibrations. 

To date, few studies have investigated the gyroscopic effects on 
FOWTs. A 7-DOF rigid-body dynamic model was developed for a spar- 
type FOWT, and the rotor gyroscopic effects were examined for an 
idling FOWT without aerodynamic loads (Al-Solihat et al., 2019). 
However, the model fails to capture the elastic tower and blades re-
sponses (which will also couple to the spar through the gyroscopic ef-
fects), and the operational FOWT was not examined. A similar 6-DOF 
rigid-body dynamic model was developed in the frequency domain for 
a vertical-axis FOWT mounted on a semi-submersible foundation, and 
the gyroscopic effects were examined in terms of the response amplitude 
operators (RAOs) (Blusseau and Patel, 2012). Time-domain simulations 
of the system subjected to realistic wind and wave loads were not per-
formed, and flexibility in the tower and blades was again ignored. In a 
real-time hybrid testing campaign of a semi-submersible FOWT (Bach-
ynski et al., 2015), the wave loads and floater response were physically 
tested in a wave basin while the aerodynamic loads were simulated and 
applied by an actuator. The gyroscopic moments were also calculated in 
the numerical model and applied to the physical model by the actuator 
(Bachynski et al., 2015). The inclusion of gyroscopic moments was 
shown to reduce the standard deviation of the spar yaw response. 
However, a deeper insight into the gyroscopic coupling effect and its 
mechanism was not provided. As seen, a comprehensive study including 
modelling, quantification and evaluation of the gyroscopic effects on 
responses of horizontal-axis FOWTs in different conditions (parked or 
operational), is still lacking. 

The present paper aims to address this knowledge gap through 
rigorous modelling and extensive time-domain simulations. In the first 
part of the paper (Sections 2 and 3), an efficient time-domain FOWT 
model in terms of an extended state-space formulation is established, 
which exhibits the advantages of a reduced-order model while incor-
porating the full coupling between structural dynamics and hydrody-
namics. This enables performing a large number of Monte-Carlo 
simulations of the fully-coupled FOWT system with acceptable compu-
tational cost, which is needed for evaluating the influence of gyroscopic 
effects on system responses in different load case scenarios with different 
environmental conditions. The second part of the paper (Sections 4 and 
5) focuses on investigating the significance of gyroscopic effect on re-
sponses of FOWTs. Different strategies within the Euler-Lagrange 
framework for deriving linear system EOMs are evaluated, explicitly 
highlighting the differences in the gyroscopic matrix (and some terms in 
the stiffness matrix) resulting from the different strategies. The correct 
strategy for capturing the full gyroscopic coupling is identified and 
compared with a more simplified strategy that only partially captures 
the gyroscopic coupling. Extensive Monte Carlo simulations are per-
formed on three different scenarios, i.e. FOWTs without aerodynamic 
loads, FOWTs in idling condition and FOWTs in operational condition, 
and various environmental conditions are considered. It is found that the 
gyroscopic moments dominate the tower torsional and spar yaw re-
sponses of the spar-type FOWT without aerodynamic loads, while for the 
semi-submersible FOWT only the tower torsion is influenced by the 
gyroscopic effects. The spar-type FOWT is most sensitive to gyroscopic 
effects due to its low yaw inertia. For idling and operational FOWTs, the 
responses are dominated by aerodynamic loads and the gyroscopic ef-
fects have less remarkable influence. Nevertheless, the gyroscopic 
coupling still play a more important role in operational FOWTs than 
idling FOWTs. Tower torsion of the operational FOWT is most remark-
ably influenced by the gyroscopic effects. 
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2. Mechanical modelling of the 17-DOF FOWT system 

A 17-DOF aero-hydro-servo-elastic FOWT model is developed using 
the Euler-Lagrange approach in analytical dynamics, where a combined 
multi-body and modal based formulation is used for expressing the 
system energies. The main reasons for developing our own in-house 
model are: (1) Include the tower torsional DOF (that is missing in 
many available soft wares) in a FOWT model accounting for its full 
coupling with other DOFs in a rigorous manner; (2) Provide in-depth 
and transparent explanation/guidance on how to develop in-house 
reduced-order FOWT models; (3) It will enable examining different 
derivation strategies for obtaining linear system matrices by comparing 
the explicitly given system matrices. This model includes the coupled 
blades-drivetrain-tower-foundation vibrations, nonlinear aeroelasticity, 
nonlinear quasi-static mooring cable model, as well as controller dy-
namics from the collective blade pitch and generator torque controllers. 

2.1. Overview of the model 

The DOFs and coordinate systems (CS) of the FOWT model are 
defined in Fig. 1 and Fig. 2. The motions of the floating foundation are 
described in the global fixed CS (X1X2X3)- with its origin at the global 
center of gravity (COG) of the FOWT system at rest. The tower de-
formations are described in the moving tower CS (X’

1X’
2X’

3)- with its 
origin at the tower base. The blade deformations are defined in the local 
moving blade CS (x1x2x3)- with its origin at the center of the hub. 

The blades and tower are modelled as Euler-Bernoulli beams. As 
shown in Fig. 1, each blade is related with two DOFs qj(t) and qj+3(t), j =

1,2, 3, indicating the flapwise and edgewise tip displacements, respec-
tively. The tower motions are defined by the translational DOFs q7(t)
and q8(t) indicating the fore-aft and side-side vibrations, respectively, as 
well as the tower torsional DOF q17(t). The tower torsional moment 
often drives the design of the tower top sections where bending mo-
ments are small compared with the bottom sections, and thus including 
the tower torsional DOF may be important. The drivetrain shown in 
Fig. 2 is modelled using St. Venant torsional theory by the DOFs q9(t)

and q10(t), denoting the deviations of the angular positions at the hub 
and at the generator from the rated angular positions Ω0t and NΩ0t, 
respectively, with Ω0 being the rated rotor spin speed and N being the 
gear ratio. As a result, Ω(t) = Ω0 + q̇9(t) is the actual rotor speed. The 
gearbox and gears are considered rigid and massless, and the stiffness 
coefficients kLSS and kHSS of the massless low speed shaft and high speed 
shaft are obtained from the St. Venant theory. The azimuthal angle of 
blade j relative to the nacelle is then written as: 

Ψj(t)=Ω0t+ q9(t)+ (j − 1)
2π
3
, j= 1, 2, 3 (1) 

The floating foundation is modelled by 6 rigid-body DOFs, q11(t), 
q12(t), q13(t), q14(t), q15(t) and q16(t), specifying surge, sway, heave, roll, 
pitch and yaw motions, respectively. The geometric parameters shown 
in Figs. 1 and 2 are:  

HT  Tower length hT  Height from the global COG to 
the tower bottom 

LB  Blade length hG  Global COG depth from the 
mean sea level (MSL) 

hb  Height from the global COG to the 
foundation bottom 

hn  Height from tower top to the 
nacelle COG 

s Rotor overhang along the main shaft hs  Height from the tower top to 
the main shaft 

r Distance from the tower center line 
to the nacelle COG    

2.2. Formulating the equations of motion 

Multi-body-based formulation has been performed for the total ki-
netic energy and total potential energy of the system, and EOMs of the 
FOWT are derived using the Euler-Lagrange equation (Pars, 1979): 

d
dt

(
∂L
∂q̇

)

−
∂L
∂q

= fa + fg + fh + fm + fgen − Csq̇ (2)  

where L = T − U, with T and U being the system kinetic and potential 
energies, respectively. q(t) is the 17-dimensional DOFs vector. On the 
right hand side of Eq. (2) are the aerodynamic loads fa(q̇(t), β(t), t) (with 
β(t) being the collective blade pitch angle), gravity loads fg(q(t), t), hy-
drodynamic loads fh(q̈(t),q̇(t),q(t),t), mooring loads fm(q(t),t), generator 
torque fgen(q̇10) and the structural damping matrix constructed by a 
modal damping model Cs. 

2.2.1. Kinetic energy 
The system kinetic energy is defined as: 

Please remove this one and only use the one below for Eq. (3)

T =
1
2
∑3

j=1

∫ LB

0
μB(x3)vT

B,jvB,jdx3 +
1
2
MHvT

HvH +
1
2
ωT

HJHωH +
1
2

ωT
GJGωG

+
1
2
MNvT

NvN +
1
2

ωT
NJNωN +

1
2

∫ HT

0
μT
(
X’

3

)[
vT

TvT + r2
T

(
X’

3

)
ω2

TY

]
dX’

3

+
1
2
MFvT

FvF +
1
2
ωT

FJFωF (3)  

where μB(x3), μT
(
X’

3
)

and rT
(
X’

3
)

are the distributed mass of the blades 
and tower and the radius of the tower shell, respectively. MH, MN and MF 
are the mass of the hub, nacelle and foundation, respectively. JH(t), 
JG(t), JN(t) and JF(t) are the mass moment of inertia matrices of the hub, 
generator, nacelle and foundation defined in the global CS, respectively. 
vB,j(x3, t), vH(t), vN(t), vT(X3, t) and vF(t) are the velocity vectors of the 
blade, hub, nacelle, tower and foundation in the global CS, respectively. 
ωH(t), ωG(t), ωN(t) and ωF(t) are the angular velocity vectors of the hub, 
generator, nacelle and foundation in the global CS, respectively. ωTY

(
X’

3,

t
)

is the angular velocity of the tower torsional deformations. In the 
following, a detailed description of selected velocity vectors are given. 
For the remaining components and the time dependent mass moment 

Fig. 1. Definition of the degrees of freedom q1(t),…, q17(t) and the three co-
ordinate systems (CS). 
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matrices, the details are provided in Appendix A. 
The velocity vector vB,j(x3, t) of a blade cross section (at a distance x3 

from the hub center) for blade j, is the time derivative of the position 
rB,j(x3, t), which is defined in the global CS as:  

where the axial deformations of the blade uB3,j(x3, t) and tower uT3
(
X’

3, t
)

are neglected in the present study. The out-of-plane and in-plane de-
formations uB1,j(x3, t) and uB2,j(x3, t) of the blades, and the fore-aft and 
side-side deformations uT1

(
X’

3, t
)

and uT2
(
X’

3, t
)

of the tower in Eq. (4), 
are defined using a modal based formulation:  

where ΦBF1(x3) and ΦBF2(x3) are the out-of-plane and in-plane compo-
nents of the first flapwise mode. ΦBE1(x3) and ΦBE2(x3) are the out-of- 
plane and in-plane components of the first edgewise mode. The 3D na-
ture of the blade mode shapes results from the structural pre-twist (also 

possibly the blade pitch angle) coupling the out-of-plane and in-plane 
vibrations. In the present study, however, the blade deformation field 
is simplified by assuming the blade flapwise and edgewise modes to be 
the pure out-of-plane and in-plane modes, respectively. That means 

uB1,j(x3, t) = ΦBF1(x3)qj(t) and uB2,j(x3, t) = − ΦBE2(x3)qj+3(t) are 
employed here, indicating decoupled blade bending modes. Imple-
mentation of the 3D blade mode shapes in the 17-DOF FOWT model and 
investigation of their influence on the system dynamics will be per-
formed in the near future. ΦTF

(
X’

3
)

and ΦTS
(
X’

3
)

are the first fore-aft and 
side-side tower mode shapes used to describe the tower deformations in 
Eq. (5). 

TF, TTo, TT, TBj and Tβ are the coordinate transformation matrices 
from the foundation to the global CS, the nacelle to the tower CS, the 
rotor shaft to the nacelle CS, blade j’s CS to the rotor shaft CS and from 
the pitched blade CS to blade j’s CS, respectively: 

Fig. 2. Schematic representation of a flexible drivetrain with a gearbox having an odd number of gear stages.  

TF = T1T2T3

T1 =

⎡

⎣
1 0 0
0 cos q14 − sin q14
0 sin q14 cos q14

⎤

⎦,T2 =

⎡

⎣
cos q15 0 sin q15

0 1 0
− sin q15 0 cos q15

⎤

⎦,T3 =

⎡

⎣
cos q16 − sin q16 0
sin q16 cos q16 0

0 0 1

⎤

⎦

TTo = T4T5T6

T4 =

⎡

⎣
1 0 0
0 cos θTS − sin θTS
0 sin θTS cos θTS

⎤

⎦,T5 =

⎡

⎣
cos θTF 0 sin θTF

0 1 0
− sin θTF 0 cos θTF

⎤

⎦,T6 =

⎡

⎣
cos θTY − sin θTY 0
sin θTY cos θTY 0

0 0 1

⎤

⎦

TS = TToTT

TT =

⎡

⎣
cos θT 0 sin θT

0 1 0
− sin θT 0 cos θT

⎤

⎦,  TB,j =

⎡

⎣
1 0 0
0 cos Ψj − sin Ψj
0 sin Ψj cos Ψj

⎤

⎦

⎡

⎣
cos θC 0 sin θC

0 1 0
− sin θC 0 cos θC

⎤

⎦,Tβ =

⎡

⎣
cos( − β) − sin( − β) 0
sin( − β) cos( − β) 0

0 0 1

⎤

⎦

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6)   

rB,j(x3, t) =

⎡

⎣
q11
q12
q13

⎤

⎦+ TF

⎛

⎝

⎡

⎣
uT1(HT , t)
uT2(HT , t)

hT + HT + uT3(HT , t)

⎤

⎦+ TTo

⎛

⎝

⎡

⎣
0
0
hs

⎤

⎦+ TT

⎛

⎝

⎡

⎣
− s
0
0

⎤

⎦+ TB,jTβ

⎡

⎣
uB1,j(x3, t)
uB2,j(x3, t)

x3 + uB3,j(x3, t)

⎤

⎦

⎞

⎠

⎞

⎠

⎞

⎠ (4)   

uB1,j(x3, t) = qj(t)ΦBF1(x3) − qj+3(t)ΦBE1(x3),

uT1
(
X’

3, t
)
= q7(t)ΦTF

(
X’

3

)
,

uB2,j(x3, t) = qj(t)ΦBF2(x3) − qj+3(t)ΦBE2(x3)

uT2
(
X’

3, t
)

= q8(t)ΦTS
(
X’

3

)

⎫
⎬

⎭
(5)   
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with θT being the tilt angle of rotor shaft and θC being the blade pre-cone 
angle, as shown in Figs. 1 and 2. TS is the transformation matrix from the 
main shaft to the tower CS. As seen, the Euler angle transformation 
matrices (Shabana, 2003) are employed in the present study. 

The angular velocity of the hub is defined as:   

In Eqs. (6) and (7), the tower top fore-aft, side-side and torsional 
rotations (θTF(t), θTS(t), θTY(t)) about the X’

2, X’
1 and X’

3 axis respectively, 
and the associated rotational velocities (ωTF(t), ωTS(t), ωTY(t)) are ob-
tained based on the Euler-Bernolli beam theory: 

θTF(t) = Φ’
TFHq7(t), θTS(t) = − Φ’

TSHq8(t), θTY(t) = q17(t)
ωTF(t) = Φ’

TFHq̇7(t), ωTS(t) = − Φ’
TSHq̇8(t), ωTY (t) = q̇17(t)

⎫
⎬

⎭
(8)  

with Φ’
TFH and Φ’

TSH being the first derivative of the tower mode shapes 

evaluated at the tower top, i.e. Φ’
TSH =

⃒
⃒
⃒
⃒
dΦTF(X’

3)
dX’

3

⃒
⃒
⃒
⃒
X’

3=HT 

and Φ’
TSH =

⃒
⃒
⃒
⃒
dΦTS(X’

3)
dX’

3

⃒
⃒
⃒
⃒
X’

3=HT

. 

2.2.2. Potential energy 
The system potential energy is defined as: 

U =
1
2
∑3

j=1

(
kBF,jq2

j + kBE,jq2
j+3

)
+

1
2
kLSS(θ1 − Ω0t − q9)

2 

+
1
2

kHSS(θ2 − NΩ0t − q10)
2
+

1
2
kTFq2

7 +
1
2
kTSq2

8 +
1
2
kTY q2

17 (9)  

where θ1(t) and θ2(t) are the angular positions of the low- and high- 
speed shafts at the gearbox as illustrated in Fig. 2. These two auxiliary 
variables will be eliminated by kinematic relations, and thus will not add 
extra DOFs to the system. The blade flapwise modal stiffness kBF(Ω,Ψj)

and the tower fore-aft modal stiffness kTF are expressed as:  

with EIBF(x3) and EITF
(
X’

3
)

being the blade flapwise and tower fore-aft 
bending stiffness, respectively. M0 is the total tower top mass. The 
detailed expression of M0 is explained in the paragraph after Eq. (42) in 
Appendix B. g(Ψj) = [0 0 1 ]TT

B,jT
T
T[0 0 g ]T = g(cosΨjcosθCcosθT 

− sinθCsinθT) is the gravitational acceleration component in the x3- di-
rection of blade j. The blade edgewise modal stiffness kBE(Ω,Ψj) and the 
tower side-side modal stiffness kTS can be determined in a similar 

manner. Further, the tower torsional stiffness kTY is obtained based on 
the St. Venant torsional theory as: 

kTY =

∫ HT

0
GK
(
X’

3

)
(

dΦTY
(
X’

3

)

dX’
3

)2

dX’
3 (11)  

with GK
(
X’

3
)

being the torsional stiffness of the tower. 

2.2.3. Equations of motion and the control systems 
Substitution of Eqs. (3) and (9) into Eq. (2) gives the nonlinear EOMs 

of the 17-DOF FOWT system, and subsequently performing linearization 
(as will be elaborated in Section 4) leads to the linear system equations: 

M(t)q̈(t) + (G(t)+Cs)q̇(t)+K(t)q(t)= fa(t) + fg(t)+ fh(t)+ fm(t) + fgen(t)
(12)  

with M(t), G(t), K(t) being the mass, gyroscopic and stiffness matrices, 
respectively. For the case of θT = θC = β = 0, the matrices are explicitly 
given in Appendix B. 

The control system of the FOWT is comprised of both a collective 
blade pitch and a generator torque controller as defined in (Jonkman 
et al., 2009). The generator torque controller is dominating at wind 
speeds below the rated wind speed, and the pitch controller is domi-
nating above the rated wind speed. A full-span collective pitch controller 
is included in the 17-DOF model with time delay (due to the inertia of 
the actuator) modelled by a 1st order filter of β(t) (Zhang, 2015). The 
pitch demand is specified by a PI controller with feedback from q9(t) and 
q̇9(t). A gain-scheduled PI controller is used for this model, i.e. the 
controller gains are dependent on the blade pitch angle (Jonkman et al., 
2009). 

Furthermore, the variable speed generator torque controller is 
implemented as in (Jonkman et al., 2009) where the generator torque is 
computed as a tabulated function of the filtered generator speed incor-
porating five control regions. The two main regions are the optimal 
power region below the rated wind speed where the tip speed ratio is 
kept constant at the optimal value, and above rated where the generator 
torque is kept constant according to (Jonkman, 2010). 

3. Loads on the 17-DOF FOWT model 

3.1. Aerodynamic, gravity and mooring loads 

The aerodynamic loads on the blades are calculated by the classical 
blade element momentum theory (Hansen, 2015). Three corrections 
have been implemented, i.e. Prandtl’s tip loss, Glauert’s turbulent wake 
state, and Pitt and Peters’ skewed wake corrections. Non-linear 

kBF
(
Ω,Ψj

)
=

∫ LB

0
[EIBF(x3)

(
d2ΦBF1(x3)

dx2
3

)2

+
(
Ω2cos2θC − g

(
Ψj
) )
∫ LB

x3

μB(ζ)ζdζ
(

dΦBF1(x3)

dx3

)2
]

dx3

kTF =

∫ HT

0

[
EITF

(
X’

3

)
(

d2ΦTF
(
X’

3

)

dX’2
3

)2

− g

⎛

⎜
⎝M0 +

∫HT

X’
3

μT(ζ)ζdζ

⎞

⎟
⎠

(
dΦTF

(
X’

3

)

dX’
3

)2
⎤

⎥
⎦dX’

3

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(10)   

ωH(t) =

⎡

⎢
⎣

q̇14
0
0

⎤

⎥
⎦+T1

⎡

⎢
⎣

0
q̇15
0

⎤

⎥
⎦+T1T2

⎡

⎢
⎣

0
0

q̇16

⎤

⎥
⎦+ TF

⎛

⎜
⎝

⎡

⎣
ωTS
0
0

⎤

⎦+ T4

⎡

⎣
0

ωTF
0

⎤

⎦+ T4T5

⎡

⎣
0
0

ωTY

⎤

⎦+ TS

⎡

⎢
⎣

Ω0 + q̇9
0
0

⎤

⎥
⎦

⎞

⎟
⎠ (7)   
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quasi-static aeroelasticity is considered by introducing the blade veloc-
ity (with contributions from the spar, tower and drivetrain) into the 
effective wind velocity (Zhang, 2015). The rotational sampled turbu-
lence is simulated using an auto-regressive (AR) model (Krenk et al., 
2012; Zhang et al., 2014) with the mean wind speed V0 and the turbu-
lence intensity factor Iref as inputs. The turbulence modelling (before the 
rotational sampling) is based on Taylor’s hypothesis of frozen turbu-
lence. Calibrated from the theoretical covariance structure (Batchelor, 
1953), the first order AR model performs a first-order filtering of the 
white noise input, resulting in continuous, non-differentiable sample 
curves of the turbulence field. 

As illustrated in Fig. 3(a), the distributed lift pL, drag pD and moment 
mj are found from 2D aerodynamic properties of the blade section as a 

function of the effective wind velocity Ve, the angle of attack α and the 
chord length c. The angle of attack is found by subtracting the blade 
pitch angle β and the blade pre-twist angle θ from the flow angle φ. The 
flapwise and edgewise modal loads on the blades are then calculated 
using the normal and tangential distributed aerodynamic loads pN,j(x3,

β(t), q(t), t) and pT,j(x3,β(t),q(t), t): 

fa,j(t)=
∫ LB

0

(
cos(− β)pN,j(x3,t)+sin(− β)pT,j(x3,t)

)
ΦBF1(x3)dx3

fa,j+3(t)=
∫ LB

0

(
− sin(− β)pN,j(x3,t)+cos(− β)pT,j(x3,t)

)
ΦBE2(x3)dx3

⎫
⎪⎪⎬

⎪⎪⎭

j=1,2,3

(13) 

The rotor aerodynamic loads above are transmitted to the tower and 
the foundation by first calculating the force and moment vectors at the 

blade root, accounting for the distributed aerodynamic moment mj(x3,

β(t), q(t), t): 

f j(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

∫ LB

0
pN,j(x3, t)dx3

−

∫ LB

0
pT,j(x3, t)dx3

0

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, mj(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∫ LB

0
pT,j(x3, t)x3dx3

∫ LB

0
pN,j(x3, t)x3dx3

∫ LB

0
mj(x3, t)dx3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(14)  

and then transferring the loads to the tower top and to the foundation 
DOFs:  

where fa,T(t) contains the two forces acting at q7(t) and q8(t) and the 
torsional moment acting at q17(t). fa,F(t) contains the three forces and 
three moments acting at the foundation DOFs q11(t),q12(t),…,q16(t). ’∼ ’ 

denotes the skew matrix of a vector and is used to create the cross 
product of two vectors by matrix multiplication. Vectors rTR and rFR are 
illustrated in Fig. 3(b) and obtained as: 

rTR(t)=TTo

⎛

⎝

⎡

⎣
0
0
hs

⎤

⎦+ TT

⎡

⎣
− s
0
0

⎤

⎦

⎞

⎠, rFR(t)=TF

⎛

⎝

⎡

⎣
q7
q8

hT + HT

⎤

⎦+ rTR(t)

⎞

⎠

(16) 

The gravity loads from the blade and tower mass are transferred to 
the blades, tower and foundation in the same way as for the aero-
dynamic loads. The gravity loads of the hub, nacelle and floating 

Fig. 3. Definitions of the aerodynamic loads and physical distances. (a) 2D distributed aerodynamic loads, effective wind velocity Ve, angles and airfoil cord length c. 
(b) physical distances from the foundation rFR and tower top rTR to the hub center. 

fa,T(t) =
∑3

j=1

⎡

⎢
⎣

1 0 0

0 1 0

0 0 0

⎤

⎥
⎦TSTB,jf j +

∑3

j=1

⎡

⎢
⎢
⎢
⎢
⎣

0 Φ’
TFH 0

− Φ’
TSH 0 0

0 0 1

⎤

⎥
⎥
⎥
⎥
⎦

(
r̃TRTSTB,jfj + TSTB,jmj

)

fa,F(t) =
∑3

j=1

[
TFTSTB,jfj

r̃FRTFTSTB,jf j + TFTSTB,jmj

]

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(15)   

C.E. Høeg and Z. Zhang                                                                                                                                                                                                                       



Ocean Engineering 227 (2021) 108712

7

foundation are acting at their respective centers of gravity and trans-
ferred to the tower and foundation DOFs. 

The non-linear quasi-static model detailed in (Jonkman, 2010) is 
used for the mooring cables and incorporated into the 17-DOF model. It 
takes into account the weight and axial stiffness of the cable as well as 
the seabed friction using the basic catenary equation, which is solved by 
a Newton-Raphson iteration scheme. All dynamic effects, i.e. the inertia 
and structural damping of the cable, hydrodynamic drag and added 
mass, and dynamic seabed and anchor interaction, are ignored. How-
ever, cable dynamics have been shown to be insignificant for the FOWT 
responses, although the cable responses are influenced significantly 
(Høeg and Zhang, 2018). Since the present paper focuses on the gyro-
scopic effect on FOWT responses, the computationally-efficient quasi--
static mooring model is considered appropriate. 

3.2. Hydrodynamic loads 

The hydrodynamic load fh(t) in Eq. (12) can be composed by con-
tributions from waves (diffraction), platform movements (radiation), 
buoyancy (hydrostatics), as well as hydrodynamic drag: 

fh(t) =

⎡

⎢
⎣

0[10×1]
fr(t) − M∞q̈F(t) + fw(t) + fb0 − KhsqF(t) + fd(t)

0

⎤

⎥
⎦ (17)  

where M∞ and Khs are the added mass matrix at infinitely high fre-
quency and the hydrostatic restoring matrix, respectively. fr(t), fw(t), fb0 
and fd(t) are the 6-dimentional radiation loads (excluding − M∞q̈F(t)), 
wave loads, buoyancy loads and hydrodynamic drag loads, respectively. 
qF(t) = [ q11(t) q12(t) q13(t) q14(t) q15(t) q16(t) ]T is the position 
vector of the foundation. 

3.2.1. Convolution integral part of the radiation loads 
The convolution integral part of the radiation loads, i.e. the radiation 

loads excluding − M∞q̈F(t), can be expressed as (Cummins, 1962; Fal-
tinsen, 1990): 

fr,i(t)= −

∫ t

0
hij(t − τ)q̇10+j(τ)dτ, i, j= 1,…, 6 (18)  

where hij(t) is the causal impulse response function of the radiation load 
relating the jth input to the ith output. More speciffically, Eq. (18) de-
notes the contribution to the radiation damping force in the (10+ i)th 

DOF due to the motion in the (10+ j)th DOF. It can be obtained by the 
cosine transform of the frequency-dependent hydrodynamic added 
damping Ch,ij(ω): 

hij(t)=
2
π

∫ ∞

0
Ch,ij(ω)cos(ωt)dω, i, j= 1,…, 6 (19)  

where Ch,ij(ω) is the (i, j) component of the frequency-dependent po-
tential damping matrix and is the real part of the corresponding fre-
quency response function Hij(ω)

Hij(ω)=Ch,ij(ω) + iω
(
Ma,ij(ω) − M∞,ij

)
(20)  

with i being the imaginary unit. Ma,ij(ω) is the (i, j) component of the 
frequency-dependent added mass matrix. M∞,ij is the (i, j) component of 
M∞. 

3.2.2. Rational approximation 
Instead of solving the computationally inefficient convolution in-

tegrals in Eq. (18), the radiation load fr,i(t) can be represented by an 
equivalent system of coupled first-order differential equations (Taghi-
pour et al., 2008; Perez and Fossen, 2009; Nielsen et al., 2013; Zhang 
et al., 2017) and be solved along with the FOWT equations of motion Eq. 
(12). The method is based on a replacement of each entry Hij(ω) of the 
frequency response matrix, with an approximating rational function 
H̃ij(s): 

Hij(ω)≈ H̃ij(s) =
Pij(s)
Qij(s)

, s = iω, i, j = 1,…, 6 (21)  

Pij(s) = pij,0smij + pij,1smij − 1 + … + pij,mij − 1s + pij,mij

Qij(s) = snij + qij,1snij − 1 + … + qij,nij − 1s + qij,nij

}

(22)  

where the parameters pij,0, pij,1,…, pij,mij and qij,1, qij,2,…, qij,nij are all real. 
The integer orders mij and nij of the polynomial functions Pij(s) and Qij(s), 
can be chosen freely with the only restriction mij < nij. Each frequency 
response function Hij(ω) will be fitted independently and with inde-
pendent orders (mij, nij) of the rational function H̃ij(s). Different methods 
for performing the approximation were discussed in (Taghipour et al., 
2008). In the present paper, the invfreqs function in Matlab is used due 
to its good performance in stability. Here the difference between mij and 
nij is fixed to be one, i.e. mij = nij − 1. The best integer orders are chosen 
from the R2 value, by evaluating different values of nij (from 2 to 20). 
Furthermore, larger weighing factors are placed on the low frequency 
part of the frequency response function during the approximation, so 
that the low frequency contents are more accurately represented. 

The input-output relationship between the foundation velocities and 
the radiation damping forces Eq. (18) can now be expressed as:  

with yij(t) being an auxiliary function (without physical interpretation). 
Eq. (23) is the so-called output differential equation, and Eq. (24) is the 
filter differential equation. Eq. (24) can be written in the state-space 
form as: 

d
dt

zr(t) =Arzr(t) + Brq̇F(t) (25)  

where zr(t) is the state vector containing all the auxiliary functions yij(t)
and their time derivatives. Ar and Br are the coefficient matrices. The 
detailed expressions of zr(t), Ar and Br are given in Appendix B. Simi-
larly, Eq. (23) can be written in the matrix form: 

fr(t)=Crzr(t) (26)  

with the coefficient matrix Cr being given in Appendix C. 
Combining Eqs. (25) and (26) with the state-space form of Eq. (12) as 

well as the EOM of the pitch controller, an extended state-space 
formulation of the coupled mechanical-hydrodynamic-controller 

fr,i(t)=
∑6

j=1
pij,0

dmyij(t)
dtm

ij
+ pij,1

dmij − 1yij(t)
dtmij − 1 +,…,+pij,mij − 1

dyij(t)
dt

+ pij,myij(t), i = 1,…, 6 (23)  

dnij yij(t)
dtnij

+ qij,1
dnij − 1yij(t)

dtnij − 1 + … + qij,nij − 1
dyij(t)

dt
+ qij,nij yij(t) = q̇10+j(t), i, j = 1,…, 6 (24)   
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system is established, which can be solved by the 4th-order Runge-Kutta 
method. 

3.2.3. Wave loads (diffraction loads) 
The diffraction loads on the spar are calculated by summing up the 

contributions from all frequency components: 

fw,i(t) =
∑J

j=1

⃒
⃒Ti
(
ωj
)⃒
⃒ηjcos

(
ωjt − ϕi

(
ωj
)
+ εj

)
, i = 1,…, 6 (27)  

with 
⃒
⃒Ti(ωj)

⃒
⃒ and ϕi

(
ωj
)

being the magnitude and phase of the transfer 
function Ti(ωj) of the wave excitation forces on the spar, respectively. εj 

is a random phase uniformly distributed in [0,2π]. The wave amplitude 
ηj is calculated as: 

ηj =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

2SJ
(
ωj
)
Δωj

√

(28)  

with SJ(ωj) being the JONSWAP spectrum (Hasselmann et al., 1973). 

3.2.4. Hydrostatic loads 
The hydrostatic loads are composed of two parts, i.e. the heave 

buoyancy force and the hydrostatic restoring matrix. The heave buoy-
ancy force is simply calculated as: 

fb0,3 = ρW gVS (29)  

where ρW is the mass density of seawater, g is the gravitational accel-
eration and VS is the volume of the submerged part of the spar when it is 
upright and at the design draft. The hydrostatic restoring matrix consists 
of stiffness coefficients for the heave, roll and pitch displacements 
(Faltinsen, 1990):  

Khs = ρW g

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0
π
4

D2
1 0 0 0

0 0 0 hBGVS +
πD4

1

64
0 0

0 0 0 0 hBGVS +
πD4

1

64
0

0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(30)  

where hBG is the vertical distance between the buoyancy center and the 
global COG, and D1 is the diameter of the upper part of the spar. 

3.2.5. Hydrodynamic drag loads- Morison’s equation 
Viscous damping, which is not considered in the potential flow 

theory, is modelled by the drag term in Morison’s equation (Faltinsen, 
1990). The distributed hydrodynamic drag loads along X1 and X2 di-
rections are: 

pd,i(X3, t) =
1
2

ρW CDD(X3)
(
vW,i − vF,i

)
|vW − vF |, i= 1, 2 (31)  

where CD is the viscous drag coefficient, and3 D(X3) is the diameter of 
the spar as a function of the depth. vW,i and vF,i are respectively the 
horizontal water particle velocity (Svendsen and Jonsson, 1982) and the 
foundation velocity along the foundation depth:  

vW(X3, t)=

[
vW,1

vW,2

]

=

[
cosβW

sinβW

]
∑J

j=1
ωjηj

cosh
[
kj(X3 +h − hG)

]

sinh
(
kjh
) cos

(
ωjt+ εj

)

vF(X3, t)=

[
vF,1

vF,2

]

=

⎡

⎢
⎣

q̇11(t)+X3q̇15(t)

q̇12(t) − X3q̇14(t)

⎤

⎥
⎦

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

(32)  

with βW being the angle of the incoming wave about the X3 axis which is 
zero for waves propagating along the X1 axis. kj(ωj) is the wave number 

found through the dispersion relationship 
ω2

j
g = kj(ωj)tanh[kj(ωj)h], and h 

is the water depth. The total hydrodynamic drag loads on the spar are 
obtained by integrating Eq. (31) over the submerged part of the spar: 

fd(t)=
∫ hG

− hb

[
pd,1(X3, t) pd,2(X3, t) 0 − pd,2(X3, t)X3 pd,1(X3, t)X3 0

]T dX3

(33)  

4. Capture the full gyroscopic coupling in the linear EOMs of the 
system 

In deriving Eq. (12), all the nonlinear terms in the EOMs are kept till 
the step of using the Euler-Lagrange equation, after which linearization 
is performed on the left hand side of the EOMs to extract the system 
matrices M(t), G(t) and K(t). In principle, the established nonlinear 
EOMs can be directly used for simulating system responses. However, 
linearized EOMs with explicit system matrices are preferred due to its 
compact format and its significantly improved computational efficiency 
(the nonlinear EOMs without any simplifications are actually compu-
tationally too heavy for running many simulations). In the present 
paper, linearization involves two sequential sub-steps: (1) assumption of 
small rotations/angles, i.e. cos q ≈ 1 and sin q ≈ q with q being one of 
the rotational DOFs (as well as the tower fore-aft and side-side top ro-
tations); (2) second and higher order terms, e.g. qiqj, are numerically 
smaller than the first order terms, thus being neglected. It should be 
noted that in this study the nonlinearities (nonlinear dependence on 
DOFs) involved in the load vectors are retained. 

Since the linearization is performed at the very last step, all possible 
coupling effects in the mechanical model are retained, leading to the 
correct linear EOMs (correct system matrices) of the system with the full 
gyroscopic coupling in the gyroscopic matrix G(t) (between the blades, 
tower and spar) being correctly captured. Actually, it is proved through 
our derivation that removing third and higher order terms (after intro-

Table 1 
The consequences of different linearization strategies on the resulting linear EOMs. The column marked with ∗ is designated ‘Gyro model’ and the column marked with 
∗ ∗ is designated ‘No Gyro model’, the results from which are to be compared in Section 5. ‘Missing’ means that the whole indicated block matrix is missing while 
‘False’ means that some components in the indicated block matrix are wrong.    

Linearize at the last step Linearize velocities Remove higher order Small angle assumption   

Global CS* Local CS Global CS Local CS** Global CS Local CS Global CS Local CS 

GS  Eq. (46) Correct Correct Correct Missing Correct Correct Correct Correct 
GBS & GSB  Eqs. (47) & (48) Correct Correct False False False False Correct Correct 
KSB  Eq. (52) Correct Correct False False False False Correct Correct 
KS  Eq. (51) Correct Correct False Correct Correct Correct False Correct  
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ducing the small angle assumptions) in the system kinetic energy will 
lead to the same correct EOMs as well. Although in this paper the ve-
locity vectors are described in the global CS as indicated by Eq. (4), it is 
also proved that describing them in the local CS will lead to the same 
correct EOMs, as long as the ‘linearization’ operation is performed at the 
kinetic energy or at the last step. In Table 1, these two linearization 
strategies that lead to the correct EOMs are summarized in the first two 
columns. In the following, the correct linear EOMs derived on the basis 
of the global CS (as described in Section 2) are denoted the ‘Gyro model’, 
the system matrices of which have been given in Appendix B for the case 
of θT = θC = β = 0. 

A more straightforward strategy for deriving linear system EOMs is 
to linearize the velocity vectors of all structural components before 
formulating the system kinetic energy Eq. (3), which will significantly 
simplify the derivation procedure. This can be further classified into two 
strategies, i.e. velocity vectors defined in the local CS, or ‚ ve-
locity vectors defined in the global CS. However, both strategies un-
fortunately lead to some errors in the obtained gyroscopic matrix G(t)
and stiffness matrix K(t), although the mass matrix M(t) is always 
correct. 

Strategy (local CS based formulation with linearized velocity 
vectors) results in an incorrect G(t) and some missing off-diagonal terms 
in K(t). As shown in Eq. (46) in Appendix B, G(t) is constructed as a 
block matrix with four blocks. The lower block GS is a skew-symmetric 
gyroscopic matrix of the support structure (tower and spar), indicating 
the full gyroscopic couplings between tower fore-aft rotation, tower 
torsion, spar pitch and spar yaw motions, which are especially important 
for FOWTs. GS is captured by the ‘Gyro model’, but is completely 
missing in this strategy , as indicated by the red color in Eq. (46). 
Further, the block GBS(t) represents the gyroscopic couplings from the 
support structure vibrations to the blade flapwise vibration, and strategy 

misses a factor of ‘2’ in all the non-zero terms in GBS(t). The other 
off-diagonal block, GSB(t), represents the gyroscopic couplings from the 
blade edgewise vibrations to the support structure vibrations. Strategy 

falsely results in non-zero terms in the first three columns of GSB(t), 
which should be zero in the correct matrix, as indicated by the grey color 
in Eq. (48). As for the stiffness matrix K(t), it is also constructed as a 
block matrix as shown in Eq. (49). Strategy correctly captures the 
blocks KB(Ω, t) and KS, but misses the terms in the first three columns of 
KSB(t) as indicated by the red color in Eq. (52). This implies that the 

stiffness coupling from the blade flapwise vibration to the support 
structure vibration is missing in strategy . The consequences of this 
linearization strategy are summarized in the fourth column of Table 1. 
For fixed-foundation wind turbines, these missing gyroscopic coupling 
effects are insignificant due to the restrained motion of the foundation as 
well as the large torsional stiffness of the tower. Hence, this strategy has 
actually been employed for developing an aero-servo-elastic model of a 
fixed-foundation wind turbine [38, 39], due to its simplified and more 
operable derivation procedure. It should also be noted that in FAST, the 
tower torsion DOF is not included for the fixed-foundation wind turbine 
model, and thus these gyroscopic couplings are not accounted for as 
well. In the following, the linear EOMs derived using strategy are 
denoted the ‘No Gyro model’. In Section 5, the FOWT responses from the 
‘No Gyro model’ will be compared with those from the ‘Gyro model’, 
under different load cases (scenarios). 

On the other hand, strategy ‚ (global CS based formulation with 
linearized velocity vectors) leads to the correct gyroscopic matrix Gs of 
the support structure. However, it results in incorrect GBS(t), GSB(t) and 
KSB(t), as in the case of strategy . More critically, additional diagonal 
terms on the tower and spar DOFs in KS are falsely introduced by 
strategy ‚ , which will alter the system eigenfrequencies. Thus, this 
linearization strategy should be avoided in all situations. The conse-
quences of this linearization strategy is summarized in the third column 
of Table 1. 

An intermediate linearization strategy could be to remove the second 
and higher order terms in the velocity vectors, while keeping the sine 
and cosine terms (from the coordinate transformations) unchanged. It 
can be implemented either in the global CS or the local CS, resulting in 
the same linear EOMs. This strategy corresponds to a partial lineariza-
tion of the velocity vectors, as illustrated in the fifth and sixth columns in 
Table 1. To obtain the linear EOMs, small angle assumptions (cosq ≈ 1 
and sin q ≈ q) are introduced at the very last step. This strategy provides 
a slightly more simple and operable derivation procedure than the 
correct strategies (the first and second columns in Table 1), but is still 
much more demanding than strategy (the fourth column in Table 1). 
As indicated in Table 1, it turns out that Gs and KS are correctly 
captured, but GBS(t),GSB(t) and KSB(t) are incorrect. Actually, the 
resulting GBS(t),GSB(t) and KSB(t) matrices are identical to those from 
strategy and strategy . 

Finally, another partial linearization strategy could be to only 

Table 2 
Parameters employed in the 17-DOF spar-type FOWT model.  

Parameter Value Unit Parameter Value Unit Parameter Value Unit 

MB  1.761× 104  kg m0  1.072× 103  kg kTF  2.366× 106  N/m 

MH  5.678× 104  kg m1  8.726× 102  kg kTS  2.407× 106  N/m 

MN  2.400× 105  kg m2  1.356× 103  kg kTY  2.164× 109  Nm/rad 

MT  2.497× 105  kg m3  2.050× 103  kg Khs(3, 3) 3.337× 105  N/m 

MF  7.466× 106  kg m4  2.922× 103  kg Khs(4, 4) 1.289× 109  Nm/rad 

JB1  3.711× 105  kgm m5  8.710× 104  kgm hT  88.01 m 

JB2  1.227× 107  kgm2 m6  1.160× 105  kgm hF  11.90 m 

JH  1.159× 105  kgm2 m7  3.612× 104  kg hBG  15.95 m 

JG  5.341× 102  kgm2 m8  3.524× 104  kg hG  78.01 m 

JNR  0 kgm2 m9  6.510× 104  kg hb  41.99 m 

JNP  0 kgm2 m10  6.397× 104  kg HT  77.60 m 

JNY  2.608× 106  kgm2 m11  3.628× 106  kgm LB  61.50 m 

JT1  8.341× 106  kgm m12  3.575× 106  kgm D1  6.500 m 

JT2  3.980× 108  kgm2 m13  4.014× 105  kg D2  9.400 m 

JTY  1.822× 106  kgm2 m14  1.795× 105  kg VS  8.029× 103  m3 

JS  4.229× 109  kgm2 kBF(1.267,0) 1.915× 104  N/m Φ’
TFH  0.02484 - 

JFY  1.642× 108  kgm2 kBE(1.267,0) 6.940× 104  N/m Φ’
TSH  0.02604 -  
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introduce the small angle assumptions (cos q ≈ 1 and sin q ≈ q) in the 
velocity vectors. This strategy, when used in the global CS (as indicated 
in the seventh column in Table 1), introduces additional incorrect di-
agonal terms in KS, same as in strategy ‚ , and should therefore be 
avoided. However, when this partial linearization strategy is used in the 
local CS, it actually leads to the correct EOMs. Therefore, this simplified 
derivation procedure in the local CS enables faster derivation of the 
EOMs of large and complex systems, while still ensuring the correct 
gyroscopic couplings and avoiding errors in the diagonal of the stiffness 
matrix KS. This strategy is indicated in the last column of Table 1. 

In addition to Table 1, a flowchart (Figure 20) is provided in Ap-
pendix D, visualizing all the different strategies mentioned in this sec-
tion. Additionally, two more strategies similar to strategy and 

strategy are shown in Appendix D, but with the order reversed, i.e. 
higher order terms (e.g. qiqj) are removed first and the small angle as-
sumptions (cos q ≈ 1 and sin q ≈ q) are then introduced. By simplifying 

the velocities in this order, some higher order terms are kept throughout 
the derivations. However, these two strategies still lead to false EOMs 
and are not recommended. Nevertheless, they are included in the 
flowchart so that all possible strategies with different combinations of 
simplification steps are presented in Figure 20. 

Only the ‘Gyro model’ and the ‘No Gyro model’ are further investi-
gated in Section 5. 

5. Results and discussions 

5.1. 17-DOF model verification 

Data from the NREL 5 MW reference wind turbine (Jonkman et al., 
2009) were used to calibrate the wind turbine system, and the spar-type 
floating foundation (OC3-Hywind spar) together with the mooring line 
parameters were taken from (Jonkman, 2010). The mode shapes for the 
blades and tower are taken from the cert test files in FAST, which were 

Fig. 4. Rational approximation of the radiation loads for the surge and pitch DOFs. (a) Added mass and potential damping for the surge DOF. (b) Added mass and 
potential damping for the pitch DOF. 

Fig. 5. Comparison of the steady-state responses between the 17-DOF model ( − ), the 17-DOF model without blade pitch in the structural matrices ( − − ), FAST (∘) 
and FAST without structural pre-twist (× ). 
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obtained from the BModes (Bir, 2005) module of FAST. Table 2 shows 
the calculated parameters employed in the 17-DOF FOWT model. The 
expressions of the inertia constants of the blades and tower are given in 
the beginning of Appendix B, and the corresponding expressions of the 
stiffness parameters were given in subsection 2.2.2. 

The hydrodynamic added mass matrix, the potential damping matrix 

and the transfer functions for the diffraction loads are obtained by linear 
potential flow theory using the software NEMOH (Babarit and Del-
hommeau, 2015). From NEMOH, the added mass matrix (with element 
Ma,ij(ω)) and potential damping matrix (with element Ch,ij(ω) ) at 
discrete frequencies are obtained. Following the procedure in subsection 
3.2.2, rational approximation is performed on each frequency response 
function Hh,ij(ω) (Eq. (20)). 

Fig. 4(a) and (b) show the rational approximation (with the order (m,

n) = (3, 4)) for the radiation forces in surge and pitch directions, in 
terms of the added mass and potential damping, respectively. The fitting 
goodness of the rational approximation has an R2 value of 0.991 and 
0.996 for the surge and pitch DOFs, respectively, indicating rather good 
agreement. Furthermore, the poles and zeros of the rational approxi-
mation of the frequency response functions, Hh,11(ω) and Hh,55(ω), are 
also shown in Fig. 4(a) and (b) in the upper right corners of the 
respective graphs. As seen, the fitted rational functions have negative 
real parts of the poles, leading to stable solutions. 

Fig. 6. Comparison of the transient responses of the blade flapwise tip displacement (a), tower fore-aft top displacement (b) and spar pitch motion (c) spar yaw (d) 
between the 17-DOF model and FAST, in both time and frequency domains. 

Table 3 
Various environmental conditions considered in the simulations.  

External load Name Description 

Aerodynamic No aero Aerodynamic loads turned off  
Aero V0 = [6, 9, 12, 15, 20, 25, 50] m/s,  Iref = 0.12  

Waves Low Hs = 1 m,  Tp = 4.3 s,  βW = [0∘, 30∘]

Med Hs = 5 m,  Tp = 9.6 s,  βW = [0∘, 30∘]

High Hs = 10 m,  Tp = 13.5 s,  βW = [0∘, 30∘]

Ext Hs = 17 m,  Tp = 17.7 s,  βW = [0∘, 30∘]

Table 4 
Three different load cases (scenarios) considered for evaluating the influence of gyroscopic effects.  

Load case Wind speed(s) Turbulence Wake model Waves Other IEC DLC 

No aero - - - Low, Med, High, Ext Ω0 = [0, 5] rpm  None 
Idling V0 = 50 m/s  Iref = 0.12  None Low, Med, High, Ext β = [65, 70, 75, 80, 85, 90]∘  6.1a 
Operational V0 = [6, 9, 12, 15, 20, 25] m/s  Iref = 0.12  BEM Low, Med, High, Ext None 1.1/1.2  
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Using the 4th order Runge-Kutta method with a time step of 0.02s, 
simulations of the 17-DOF model are performed. The FAST model is set 
up with θT = θC = 0 and the yaw controller and yaw DOF turned off, in 
order to match the 17-DOF model setup. Additionally, the aerodynamics 
in FAST are set to the classical BEM model using AeroDyn v15 (Jonkman 
et al., 2015), the inflow wind is steady without wind shear, and the 
tower potential flow and hub loss effects are turned off. The 
skewed-wake correction model is set to Pitt and Peters’ as in the 17-DOF 
model. Finally, the hydrodynamics are modelled in a similar way as in 
the 17-DOF model, but with the convolution integral for the radiation 
loads. The time step is 0.125s, with a 4th order Adams-Bashforth 
Adams-Moulton scheme used for numerical time integration. For the 
model comparisons in this Section 5.1, the 17-DOF model also uses a 
convolution integral to calculate the radiation loads with an equal 60s 
memory time as in FAST. This setup means that the main differences 
between the models are the additional second modes for the blade 
flapwise, tower fore-aft and side-side vibrations as well as the missing 
tower torsion DOF in FAST. These additional second modes in FAST 
should in principle be switched off for more fair comparison. However, 
our simulation results indicate that they have negligible influence on the 
responses of the spar-type FOWT, and thus they are kept on. On the other 
hand, it should be noted that the 2nd tower modes have remarkable 
influence on the dynamics of the TLP FOWT. 

The steady-state responses of the model are compared with those 
from FAST (Jonkman et al., 2009), for wind speeds ranging from cut-in 
(3 m/s) to cut-out (25 m/s). Very good agreement were obtained for all 
responses (both structural responses and non-structural responses). The 
results of 17 output variables are shown in Fig. 5. The largest deviation is 
seen for the blade tip edgewise displacement, but as shown, if the 
structural pre-twist is turned off in FAST, the results match again. On the 
other hand, this only introduces negligible changes in other responses in 
FAST. The blade edgewise response is not of great interest in the present 
study. Therefore, the simplification made in Section 2.2.1, where the 
structural pre-twist has been ignored in the structural matrices, is 
considered acceptable. The yaw response also deviates from FAST and 

mostly around the rated wind speed where the displacements and ro-
tations are largest. This could be due to the fact that FAST is a nonlinear 
model (with up to about 20∘ rotations (Jonkman, 2007)) and that the 
17-DOF model is linearized at q = 0. Finally, a comparison of the 
17-DOF model, with and without the blade pitch angle β included in the 
structural matrices, are performed. The results are almost unchanged, 
except for the blade edgewise response where results above rated (with 
β > 0) are slightly lower for the case of neglecting the blade pitch angle 
in the structural matrices. It should be noted that the statistical results in 
subsections 5.2 and 5.4 do not include the blade pitch angle in the 
structural matrices. 

In addition to the steady-state responses, transient responses to a step 
input, i.e. mean wind speed of 15 m/s at t = 0, are evaluated and 
compared with those from FAST. The initial rotor speed is 12.1 rpm and 
the pitch and generator torque controllers are turned on. Wind shear and 
wave loads are not considered. In Fig. 6, only the blade flapwise vi-
bration, tower fore-aft vibration, spar pitch motion and spar yaw are 
shown. The agreement of the blade flapwise, tower fore-aft and spar 
pitch are excellent in both time and frequency domains, indicating that 
the 17-DOF model accurately captures the global dynamics of a FOWT 
system. The spar yaw response deviates most, and like the steady-state 
response in Fig. 5, this might be due to the fact that some non-
linearities are not accounted for in the 17-DOF model. Furthermore, the 
17-DOF model also includes the tower torsion DOF, enabling the eval-
uation of full gyroscopic effects on the FOWT responses under different 
load cases. 

Various environmental conditions are considered in the following 
simulations and are summarized in Table 3. For the aerodynamic loads, 
seven different mean wind speeds and one turbulence intensity are 
considered. For the hydrodynamic loads, four different irregular sea 
states (with four different combinations of the significant wave height Hs 
and peak wave period Tp) are considered, corresponding to low, me-
dium, high and extreme wave conditions. 

Table 4 summarizes the load cases (scenarios) simulated in the 
following subsections. The ‘No aero’ scenario is investigated in 

Fig. 7. Response comparison of spar-type FOWTs with aerodynamic loads turned off. Three cases are considered, i.e. 0 rpm, 5 rpm and 5 rpm with ‘No Gyro model’. 
High wave condition, βW = 30∘. (a) Tower top fore-aft displacement. (b) Tower top torsion. (c) Foundation yaw motion. 
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subsection 5.2, where the aerodynamic loads are turned off and the rotor 
speed is either 0 or 5 revolution per minute (rpm), and both the pitch 
and generator torque controllers are turned off. The idling scenario is 
investigated in subsection 5.3. It is similar to, but not equal to, the design 
load case (DLC) 6.1a in the IEC61400-3 (International Electrotechnical 
Commission (IEC), 2009). This load case includes a 50-year extreme 
mean wind speed of 50 m/s and an extreme sea state with a significant 
wave height Hs = k2Hs,50 = 1.09⋅15.6 m = 17.0 m (International Elec-
trotechnical Commission (IEC), 2009). The 15.6 m 50-year significant 
wave height is taken as the maximum value for a site off the coast of 
Norway with a 200 m water depth (Li et al., 2013). It should be noted 
that in the present study, Hs = 17.0 m is chosen for the extreme wave 
condition (‘Ext’ in Table 3) that is used for all three load cases as in 
summarized in Table 4. The aerodynamic loads are calculated without 
using the blade element momentum theory, i.e. no iterations. In order to 
generate gyroscopic loads, the blades are pitched to angles between 65∘ 

and 90∘, and the resulting rotor speed varies approximately linearly 
between 5.4 rpm to − 0.2 rpm. Finally, the operational scenario (normal 
power production) is investigated subsection 5.4. It is similar to, but not 
equal to, the DLC 1.1 or DLC 1.2 in IEC61400-3 (International Electro-
technical Commission (IEC), 2009) for evaluating the ultimate or fatigue 
loads, respectively. 

Different types of foundations have different natural frequencies and 
different resistance against pitch and yaw rotations. Therefore, in sub-
section 5.2 the semi-submersible (Robertson et al., 2014) and the TLP 
(Matha, 2010) are also simulated besides the spar, in order to compare 
the significance of the gyroscopic effects in these three foundations. The 
semi-submersible platform, for the NREL 5 MW wind turbine, is chosen 
as the OC4 semi-submersible platform. This platform has three offset 
columns (each with a diameter of 12.0 m) and one main column (with a 
diameter of 6.5 m) at the center, to which the wind turbine is mounted. 
The offset columns are spaced 50.0 m between each other. For each of 
them, a 24.0 m-diameter heave plate is mounted at the bottom. The 
height of the heave plate is 6.0 m and the total draft is 20.0 m. The 
pontoons and cross members, connecting the columns, were disregarded 

in the hydrodynamic modelling in the present study. The TLP platform 
for the NREL 5 MW wind turbine is chosen as the MIT/NREL tension leg 
platform with one 18.0 m-diameter column whose draft is 47.9 m. The 
MIT/NREL TLP has four spokes at the bottom, and each of them has two 
mooring lines attached. The four spokes were disregarded in the hy-
drodynamic modelling. The semi-submersible and TLP FOWT models 
are also established by using the 17-DOF model explained in Sections 2 
and 3, and are verified by comparing with FAST results as well (not 
shown here), with the 2nd tower modes of the TLP FOWT being 
switched off in FAST. 

For each of the three load cases, Monte Carlo simulations are per-
formed, and ultimate and fatigue-related loads/responses are statisti-
cally estimated. For the tower fore-aft base moment and tower torque, a 
fatigue equivalent load (Hendriks and Bulder, 1995) (or damage 
equivalent load) is calculated for comparison. A fatigue equivalent load 
is defined as the constant load amplitude at Neq load cycles that leads to 
the same damage as that caused by time varying load series. Obtained 
from rainflow counting (rainflow function in Matlab), the range and 
number of load cycles are used to estimate the fatigue equivalent loads 
with Neq = 107 cycles and an S–N slope being m = 4. On the other hand, 
the standard deviation is used for spar pitch and yaw responses instead, 
because the foundation is considered to be rigid (thus the damage can 
not be defined). As for the ultimate loads/responses, they are estimated 
based on the extreme value extrapolation from the obtained time his-
tories with a Gumbel distribution and an exceedance probability of 3.8×

10− 7, as detailed in (Høeg and Zhang, 2018). 

5.2. FOWTs with aerodynamic loads turned off 

First, aerodynamic loads on the rotor are turned off (while the 
floating platform is subjected to irregular waves) in order to isolate the 
gyroscopic effects. Two different rotor spin speeds are considered, i.e. 0 
rpm and 5 rpm. Additionally, for the 5 rpm case, the ‘No Gyro model’ 
described in Section 4 is also evaluated, in order to highlight the 

Fig. 8. Response comparison of semi-submersible FOWTs with aerodynamic loads turned off. Three cases are considered, i.e. 0 rpm, 5 rpm and 5 rpm with ‘No Gyro 
model’. High wave condition, βW = 30∘. (a) Tower top fore-aft displacement. (b) Tower top torsion. (c) Foundation yaw motion. 
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significance of capturing the full gyroscopic coupling in the linear EOMs. 
Fig. 7 compares the responses from the above-mentioned cases of 0 

rpm, 5 rpm, as well as 5 rpm with ‘No Gyro model’ for spar-type FOWTs. 

It is seen from Fig. 7(a) that the tower fore-aft vibration is almost un-
changed when Ω changes from 0 rpm to 5 rpm, which is also the case for 
the spar pitch motion (not shown here). This is because the dominating 

Fig. 9. Response comparison of TLP FOWTs with aerodynamic loads tuned off. Three cases are considered, i.e. 0 rpm, 5 rpm and 5 rpm with ‘No Gyro model’. High 
wave condition, βW = 30∘. (a) Tower top fore-aft displacement. (b) Tower top torsion. (c) Foundation yaw motion. 

Fig. 10. Comparison of the gyroscopic moment, hydrodynamic moment and mooring moment on the yaw DOF for the 5 rpm in both time and frequency domains. 
Aerodynamic loads are turned off. High wave condition, βW = 30∘. (a) Spar. (b) Semi-submersible. (c) TLP. 
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excitation is the wave load, which directly excites the spar pitch and the 
tower fore-aft responses (due to their inertia coupling), regardless of Ω. 
On the contrary, the tower torsion and spar yaw responses are signifi-
cantly changed as shown in Fig. 7(b) and (c). This is due to the change of 
system gyroscopic matrix G(t) and stiffness matrix K(t) when Ω changes 
from 0 rpm to 5 rpm, where the skew-symmetric gyroscopic matrix GS 
(Eq. (46)) of the support structure plays the most important role. For the 
5 rpm case, GS in Eq. (46) is non-zero, and the full gyroscopic coupling of 
the four modes, i.e. tower fore-aft, tower torsion, spar pitch and spar 
yaw, takes place. As a result, the mechanical energy flows from the spar 
pitch and tower fore-aft modes (the directly excited modes) to the spar 
yaw and tower torsional modes (the indirectly excited modes). 

As shown in Fig. 7(b), the tower torsion is more significantly excited 
when Ω changes from 0 rpm to 5 rpm (with the gyroscopic effects fully 
represented). The Fourier amplitude spectrum shows that the spectral 
peaks at the spar pitch and tower fore-aft eigenfrequencies are much 
higher for the 5 rpm case than the 0 rpm case, indicating gyroscopic 
coupling. The spectral peak at the spar yaw eigenfrequency is also 
increased when Ω increases to 5 rpm, implying that energy also flows 
from the spar yaw mode to the tower torsional mode mainly due to their 
indirect coupling through GS (their direct coupling through MS and the 
load vector are the same for both 0 rpm and 5 rpm). Furthermore, the 
results of the 5 rpm with ‘No Gyro model’ are almost identical to those of 
the 0 rpm case, due to the fact that the ‘No Gyro model’ misses the gy-
roscopic matrix GS as explained in Section 4. Actually, the two results 
slightly differ at the higher frequencies, i.e. tower fore-aft and blade 
flapwise related frequencies, since the ‘No Gyro model’ partially cap-
tures the gyroscopic couplings GBS(t) and GSB(t), while they are zero 
matrices for the 0 rpm case. Fig. 7(c) shows the corresponding com-
parison of the spar yaw motion. Similarly, the spar yaw motion is more 
significantly excited when Ω changes from 0 rpm to 5 rpm, with the two 
spectral peaks corresponding to spar pitch and yaw eigenfrequencies 
much higher for the 5 rpm case. Furthermore, the results of the 5 rpm 
with ‘No Gyro model’ agree well with the 0 rpm case, indicating the 
missing gyroscopic matrix GS in the ‘No Gyro model’. 

Fig. 8 shows the corresponding comparisons for semi-submersible 
FOWTs. Similar to the spar, the tower fore-aft response shown in 

Fig. 8(a) is almost unchanged when the rotor speed changes to 5 rpm. 
Fig. 8(b) indicates that the tower torsion of the semi-submersible FOWT 
is significantly excited as Ω increases from 0 rpm to 5 rpm, similar to that 
in Fig. 7(b). The difference between the results from ‘Gyro model’ and 
‘No gyro model’ are also similar to Fig. 7(b). Therefore, it is concluded 
that although the tower torsion amplitudes are smaller for the semi- 
submersible FOWT, the gyroscopic effects play a similarly important 
role in the tower torsion for both foundation types. Contrarily, Fig. 8(c) 
reveals the main difference between the semi-submersible and the spar, 
i.e. the yaw response of the semi-submersible is almost unchanged by 
the gyroscopic effects. This is because the semi-submersible is much 
more exposed to wave loads which dominate the yaw motion. In addi-
tion, the yaw mass moment of inertia and added mass are much larger 
than the spar, implying larger resistance to yaw motions and thus less 
influence from the gyroscopic effects. 

Fig. 9 shows the comparisons for the TLP FOWTs. As seen, the 
foundation pitch and tower fore-aft eigenfrequencies are increased a lot 
compared with the other two concepts, due to the taut mooring lines. 
Fig. 9(a) shows that the frequency distribution of the tower fore-aft 
response is also quite different from the spar and the semi- 
submersible. Nevertheless, the gyroscopic effects have consistently 
negligible influence on the tower fore-aft response. Fig. 9(b) confirms 
the similar observations as in Figs. 7(b) and Fig. 8(b), i.e. the gyroscopic 
effects have noticeable influence on the tower torsion. The foundation 
yaw response, on the other hand, is hardly influenced by the gyroscopic 
effects, which is similar to the semi-submersible. However, it should be 
noted that this is not always the case for the TLP. The misaligned wave 
(βW = 30∘) here directly excites the in-plane vibrations that couple to 
the yaw motion, due to the rotor overhang and downwind location of the 
nacelle COG. Since the yaw DOF of the TLP is undamped without 
aerodynamic loads, the indirect pumping of energy from the misaligned 
wave significantly excites the yaw eigenvibration (resonance), and the 
gyroscopic effects become minor. For aligned waves, the tower torsion 
and foundation yaw responses of the TLP turn out to resemble those in 
Fig. 7 for the spar, and the gyroscopic effects exhibit larger influence on 
the foundation yaw motion. 

Without aerodynamic loads, the only dominating excitation for the 

Fig. 11. Comparison of the response statistics between the 0 rpm and 5 rpm cases of the spar-type FOWT with aerodynamic loads turned off, βW = 30∘. (a) Ultimate 
tower base fore-aft moment; (b) Ultimate tower torsional moment; (c) Ultimate spar pitch angle; (d) Ultimate spar yaw angle; (e) Fatigue equivalent tower base fore- 
aft moment; (f) Fatigue equivalent tower torsional moment; (g) Standard deviation of the spar pitch angle; (h) Standard deviation of the spar yaw angle. 
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tower torsion of these three types of FOWTs is the gyroscopic moment 
(resulted from the terms in gyroscopic matrix GS and the tower fore-aft 
and foundation pitch velocities), since the hydrodynamic loads and 
mooring loads are always absent for this DOF. Normally, the generator 
torque also results in tower torsion (and foundation yaw) due to the 
shaft tilt. In the present numerical example, the tilt angle is set to zero, 
thus eliminating the influence from the generator controller. 

To further reveal the contributions from different excitation sources 
on the foundation yaw DOF of the three foundation concepts, Fig. 10 
compares the gyroscopic moment, the hydrodynamic moment, and the 
mooring line-induced moment on the foundation yaw DOF for the 5 rpm 
case (with the accurate ‘Gyro model’). The gyroscopic moment is 
extracted by moving the relevant terms from the gyroscopic matrices GS, 
GBS(t) and GSB(t) and the velocity vector to the right hand side of Eq. 
(12). It is seen from Fig. 10(a) that the mooring moment has the most 
significant contribution to the spar yaw load. The gyroscopic moment 
has a smaller magnitude, and is almost out of phase with the mooring 
moment. The hydrodynamic drag-induced moment has negligible 
contribution to the spar yaw response. Fig. 10(b), on the other hand, 
shows that the semi-submersible yaw motion is excited almost purely by 
the hydrodynamic moment, which also explains the almost identical 
yaw responses for the three cases shown in Fig. 8(c). Finally, Fig. 10(c) 
shows that the dominating moment acting on the TLP yaw DOF is the 
mooring moment, resulting from the large yaw eigenvibration that is 
indirectly excited by the misaligned wave as explained in regard to Fig. 9 
(c). The hydrodynamic drag moment is almost absent, and the gyro-
scopic moment is slightly visible with the main frequency content at the 
TLP pitch frequency. 

Since the gyroscopic effects influence the spar-type FOWT most 
significantly (although the TLP FOWT will be similarly influenced with 
aligned wave), only results of the spar-type FOWT are shown in the 
remaining parts of the paper. 

Fig. 11 summarizes the influence of gyroscopic effects on the load 
and response statistics of the spar-type FOWT with aerodynamic loads 
turned off, by comparing the 0 rpm and 5 rpm cases. For each sea state, 
100 different realizations (each with a 1200 s time duration) are 
generated for Monte-Carlo simulation and statistics. Tower base fore-aft 
moment, tower torque, as well as spar pitch angle and spar yaw angle are 
evaluated and shown in Fig. 11, in terms of both the ultimate loads/ 
responses and the fatigue-related loads/responses. In accordance with 
the time series in Fig. 7, the results in Fig. 11 indicate that the tower fore- 
aft and spar pitch responses are almost identical for the 0 rpm and 5 rpm 
cases, even when taking into account the uncertainties in the wave 
loads. On the contrary, the tower torsion and spar yaw responses are 
significantly increased when the rotor speed increases from 0 rpm to 5 
rpm due to the gyroscopic effects, both in terms of the ultimate response 
and the fatigue-related response. The differences (in percentage) of the 
response statistics between the 0 rpm and 5 rpm cases are summarized in 
the first column of Table 5, where the minus sign indicates a larger ul-
timate response or fatigue-related response for the 5 rpm case and the 
plus sign indicates a larger response for the 0 rpm case. 

5.3. FOWT in idling conditions 

Next, the spar-type FOWTs in idling conditions are investigated with 
the aerodynamic loads accounted for. The aerodynamic loads are 
calculated directly using the aerodynamic lift and drag coefficients on 
the blade sections without the iterations through the BEM method. The 
blades are pitched to a constant angle, and six different values of the 
constant pitch angle β between 65∘ and 90∘ are considered as shown in 
Table 4. Thus, the time-varying blade pitch controller is turned off. The 
generator torque controller is also turned off. The wind speed is chosen 
as the 50-year extreme of 50 m/s with Iref = 0.12 for a class IC site in IEC 
61400-1 (International Electrotechnical Commission (IEC), 2005). The 
rotor speed is dependent on the constant pitch angle applied, and varies Ta
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between 5.4 rpm (for β = 65∘) and − 0.2 rpm (for β = 90∘). Both the 
‘Gyro model’ and ‘No Gyro model’ are used to simulate the responses of 
the idling spar-type FOWT, for revealing the significance of gyroscopic 
effects. 

Fig. 12 compares the results from the ‘Gyro model’ and the ‘No Gyro 
model’ for the idling FOWT subjected to one realization of the high wave 
condition (‘High’ in Table 3) with the incoming wave angle βW = 0∘. 
The blade is pitched to an angle of β = 65∘, so that the results with a 
relatively large rotor speed are shown. Fig. 12(a) shows that the tower 
top fore-aft response is very slightly lower for the ‘No Gyro model’ 
compared with the ‘Gyro model’. Although still insignificant, the 

difference in tower fore-aft response shown in Fig. 12(a) is more 
noticeable than that in the ‘No aero’ load case (Fig. 7(a)) in Section 5.2. 
It is seen that the spectral peaks at the spar yaw and tower fore-aft 
frequencies are slightly lower for the ‘No Gyro model’. Further, due to 
the large blade pitch angle, the fore-aft aerodynamic damping turns out 
to be low (the fore-aft eigenvibration is effectively excited), in contrast 
to the operational load case shown in Section 5.4. 

Fig. 12(b) shows that the difference in the tower torsional response is 
much less significant than that in Fig. 7(b). From the Fourier amplitude 
spectrum, the change in the frequency contents of tower torsion 
compared with Fig. 7(b) is clear at the blade edgewise backward and 

Fig. 12. Response comparison between the ‘Gyro model’ and the ‘No Gyro model’ for the idling FOWT. High wave condition, V0 = 50 m/s, Iref = 0.12, βW = 0∘. (a) 
Tower top fore-aft displacement. (b) Tower torsion. (c) Spar yaw motion. 

Fig. 13. Comparison of contributions from different excitation sources on the tower torsional DOF and on the spar yaw DOF for the idling FOWT. High wave 
condition, V0 = 50 m/s, Iref = 0.12, βW = 0∘. (a) Aerodynamic and gyroscopic moments on the tower torsional DOF. (b) Aerodynamic, gyroscopic, hydrodynamic 
drag induced- and mooring line induced-moments on the spar yaw DOF. 
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forward whirling modes. This is due to the change of the blade pitch 
angle from β = 0∘ to β = 65∘, resulting in changed system matrices. For 
the ‘No Gyro model’, the spectral peak at the spar pitch frequency is 
slightly higher than that in the ‘Gyro model’. On the other hand, the 
spectral peaks at the wave peak, spar yaw and blade edgewise backward 

and forward whirling frequencies are lower for the ‘No Gyro model’. 
Lastly, Fig. 12(c) shows that the spar yaw is only insignificantly influ-
enced by the gyroscopic effects for idling FOWTs, in contrast to the re-
sults in Fig. 7(c). For the ‘No Gyro model’, the spectral peak at the wave 
peak and spar yaw eigenfrequency are slightly lower. 

Fig. 14. Comparison of response statistics between the ‘No Gyro model’ and the ‘Gyro model’ for the idling spar-type FOWT, turbulent wind with a mean wind speed 
of 50 m/s, Iref = 0.12, blade pitch angle of 65∘, 70∘, 75∘, 80∘, 85∘, 90∘, and four different sea states considered, βW = 0∘. (a) Fatigue equivalent tower base fore-aft 
moment; (b) Fatigue equivalent tower torsional moment; (c) Standard deviation of the spar pitch angle; (d) Standard deviation of the spar yaw angle. 

Fig. 15. Response comparison between the ‘Gyro model’ and the ‘No Gyro model’ for the operational FOWT. Extreme wave condition, V0 = 15 m/s, Iref = 0.12, 
βW = 0∘. (a) Tower top fore-aft displacement. (b) Tower torsion. (c) Spar yaw motion. 
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For better understanding the results in Figs. 12 and 13 compares the 
contributions from different excitation sources on the tower torsional 
DOF and spar yaw DOF of the idling FOWT (with the accurate ‘Gyro 
model’). As shown in Fig. 13(a), the only two torsional moments acting 
on the tower torsional DOF are the aerodynamic moment and the gy-
roscopic moment. The aerodynamic moment is of much larger magni-
tude than the gyroscopic moment. This explains the smaller difference in 
tower torsion between the ‘Gyro model’ and the ‘No Gyro model’ in 
Fig. 12(b) than in Fig. 7(b). Nevertheless, the two spectral peaks (at the 
wave and tower fore-aft frequencies) in the Fourier amplitude of the 
gyroscopic moment on torsional DOF confirm the presence of the gy-
roscopic coupling. Next, Fig. 13(b) compares the aerodynamic moment, 
the gyroscopic moment, the hydrodynamic drag-induced moment and 
the mooring line-induced moment on the spar yaw DOF. The mooring 
moment is of the largest amplitudes, because it is the reaction to the 
large spar yaw response (excited due to resonance as the aerodynamic 
damping is low here). This can be confirmed by the large spectral peak at 
spar yaw eigenfrequency in the Fourier amplitude of the mooring 
moment. The aerodynamic moment is also of much larger amplitudes 
than the hydrodynamic moment and the gyroscopic moment, although 
smaller than the mooring moment. The gyroscopic moment is most 
insignificant, which explains the insignificant difference between the 
‘Gyro model’ and ‘No Gyro model’ in Fig. 12(c). 

It should be emphasized that the aerodynamic loads in Fig. 12 
correspond to the idling FOWT with a fixed pitch angle of β = 65∘ and a 
resulting rotor speed of 5.4 rpm. The aerodynamic loads will be much 
smaller for the idling FOWT with fully feathered blades (β = 90∘). 
However, in this case the rotor speed is also close to zero and conse-
quently the gyroscopic effects are vanishing. 

Fig. 14 compares the response statistics of ‘Gyro model’ and ‘No Gyro 
model’ for the idling spar-type FOWT, in terms of the fatigue equivalent 

loads for the tower fore-aft base moment and tower torque, and standard 
deviations for the spar pitch and yaw responses. Six blade pitch angles 
and four different irregular sea states from Table 3 are considered. For 
each sea state, 10 realizations are generated, resulting in 2 × 4 × 6 ×

10 = 480 simulations. Fig. 14(a) shows that the difference in the fatigue 
equivalent tower fore-aft moment between the two models is almost 
zero at β = 90∘, and becomes more significant as the blade pitch angle β 
decreases due to the increased rotor speed (therefore the enhanced gy-
roscopic effects). The ‘No Gyro model’ consistently underestimates the 
fore-aft load (although insignificant), and the largest difference 1.62% 
takes place at β = 65∘. The spar yaw standard deviations in Fig. 14(d) 
exhibit a similar tendency as in Fig. 14(a), with a largest difference being 
2.08% at β = 65∘. The fatigue equivalent tower torsional moment and 
spar pitch standard deviation in Fig. 14(b) and (c) are hardly influenced 
by the gyroscopic effects, with the largest underestimation by the ‘No 
Gyro model’ being 1.05% and 1.21%, respectively. Although gyroscopic 
effect is seen to play a very insignificant role for idling FOWTs, attention 
may still need to be paid since the results from ‘No Gyro model’ are on 
the unsafe side. 

5.4. FOWT in operational (power production) conditions 

Finally, FOWTs in operational conditions are investigated, with the 
aerodynamic loads acting on the rotating blades and wave loads acting 
on the floating spar. Both the pitch controller and the generator 
controller are turnd on. For the NREL 5 MW wind turbine, the rated rotor 
spin speed during power production is Ω0 = 12.1 rpm. This is the mean 
value around which the actual rotor speed Ω(t) slightly fluctuates. Ω0 =

12.1 rpm is used in the following simulations of both the ‘Gyro model’ 
and the ‘No Gyro model’. The results are then compared to reveal the 
significance of capturing the full gyroscopic coupling in the linear EOMs 

Fig. 16. Response comparison between the ‘Gyro model’ and the ‘No Gyro model’ for the operational FOWT. Extreme wave condition, V0 = 15 m/s, Iref = 0.12, 
βW = 30∘. (a) Tower top fore-aft displacement. (b) Tower torsion. (c) Spar yaw motion. 
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for operational FOWTs. 
Fig. 15 compares the results from the ‘Gyro model’ and the ‘No Gyro 

model’ for the operational FOWT subjected to one realization of the 
extreme wave condition (with the incoming wave angle βW = 0∘). The 
mean wind speed is V0 = 15 m/s and the turbulence intensity is Iref =

0.12. Wind shear is not considered in the present study. Tower top fore- 
aft displacement, tower torsion and spar yaw motion are evaluated. In 

general, the differences between the results from the two models (‘Gyro 
model’ and ‘No Gyro model’) are less significant comparing with those 
in Fig. 7, especially for the tower torsion and spar yaw responses. The 
differences in tower torsion and spar yaw responses are, however, more 
significant than those in Fig. 12, due to the increased rotor speed from 
5.4 rpm to 12.1 rpm (and thus the enhanced gyroscopic effects). The 
tower fore-aft vibration in Fig. 15(a) is almost identical for the two 

Fig. 17. Comparison of contributions from different excitation sources on the tower torsional DOF and on the spar yaw DOF for the operational FOWT. Extreme wave 
condition, V0 = 15 m/s, Iref = 0.12, βW = 0∘. (a) Aerodynamic and gyroscopic moments on the tower torsional DOF. (b) Aerodynamic, gyroscopic, hydrodynamic 
drag induced- and mooring line induced-moments on the spar yaw DOF. 

Fig. 18. Comparison of the tower response statistics between the ‘No Gyro model’ and the ‘Gyro model’ for the operational FOWT, turbulent wind with a mean wind 
speed of 6, 9, 12, 15, 20, 25 m/s, and four different sea states considered, βW = 0∘. (a) Ultimate tower base fore-aft moment; (b) Ultimate tower torsional moment; (c) 
Fatigue equivalent tower base fore-aft moment; (d) Fatigue equivalent tower torsional moment. 
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models, which is also the case for the spar pitch motion (not shown 
here). This is in accordance with the results in Fig. 7(a), due to the same 
reason that these two modes are directly excited by the wave loads (and 
aerodynamic loads). The aerodynamic damping present in the tower 
fore-aft and spar pitch modes of an operational FOWT further eliminates 
the influence from the gyroscopic effects. As the aerodynamic damping 
in an idling FOWT is lower, the gyroscopic effects on the tower fore-aft 
response are actually slightly less suppressed, as already shown in 
Fig. 12(a). 

Fig. 15(b) demonstrates that there is obvious difference in the tower 
torsional response between the two models, although much less 
remarkable comparing with that in Fig. 7(b). As shown in the Fourier 
amplitude spectrum, the ‘No Gyro model’ underestimates the spectral 
peak at the spar pitch eigenfrequency comparing with the ‘Gyro model’, 
indicating the consequence of the missing gyroscopic matrix GS (and 
thus the gyroscopic coupling between the spar yaw and tower torsional 
modes) in the ‘No Gyro model’. On the other hand, the ‘No Gyro model’ 
slightly overestimates the spectral peak at the wave peak frequency. It 
also overestimates the higher-frequency components (mainly related to 
the drivetrain eigenfrequency), confirming that the ‘No Gyro model’ 
only partially (incorrectly) captures the gyroscopic coupling between 
the blades (that couple to drivetrain) and the tower torsional mode. 

The spar yaw responses in Fig. 15(c) from the two models exhibit 
similar difference as in Fig. 15(b), except that there are no high- 
frequency components in the spar yaw response. As shown in the 
Fourier amplitude spectrum, the ‘No Gyro model’ slightly un-
derestimates the spectral peak at the spar pitch eigenfrequency and 
overestimates the spectral peak at the wave peak frequency. 

In order to evaluate the wave misalignment effect, Fig. 16 compares 
the results from the same two models (‘Gyro model’ and ‘No Gyro 
model’) as in Fig. 15, but with a wave misalignment angle of βW = 30∘. 
The differences between the results from the two models are similar to 
those in Fig. 15, indicating a similar influence from the gyroscopic ef-
fects. The tower fore-aft responses in Fig. 16(a) look almost the same as 
in Fig. 15(a), except that the amplitude is slightly smaller due to the 
reduced wave energy supplied in the for-aft direction. In Fig. 16(b) and 
(c), the spectral peak at the wave frequency is seen to be higher than in 
Fig. 15(b) and (c), due to the coupling between the tower torsion and 
spar yaw with the FOWT in-plane vibrations (which are excited by the 
misaligned waves). The ‘No Gyro model’ noticeably underestimates this 
wave-induced spectral peak for tower torsion. 

In accordance with Figs. 10 and 13, Fig. 17 compares the contribu-
tions from different excitation sources on the tower torsional DOF and 
on the spar yaw DOF of the operational FOWT (with the accurate ‘Gyro 
model’). The environmental conditions are exactly the same as in 
Fig. 15. Fig. 17(a) shows that the only two torsional moments acting on 
the tower torsional DOF are the aerodynamic moment and the gyro-
scopic moment (extracted by moving the relevant terms from the left 
hand side to the right hand side of Eq. (12)), with the aerodynamic 
moment being much more significant. This is somewhat similar to the 
observations in Fig. 13(a), except that the gyroscopic moment here is of 
larger magnitudes than that in Fig. 13(a), due to the increased rotor 
speed. For both idling and operational FOWTs, the dominating excita-
tion on tower torsion is the aerodynamic loads, and the gyroscopic ef-
fects become less important comparing with the ‘No aero’ load case. On 
the other hand, the gyroscopic effects for operational FOWTs are more 

Fig. 19. Comparison of the spar response statistics between the ‘No Gyro model’ and the ‘Gyro model’ for the operational FOWT, turbulent wind with a mean wind 
speed of 6, 9, 12, 15, 20, 25 m/s, and four different sea states considered, βW = 0∘. (a) Ultimate spar pitch angle; (b) Ultimate spar yaw angle; (c) Standard deviation 
of the spar pitch angle; (d) Standard deviation of the spar yaw angle. 
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significant than for idling FOWTs. As seen from the Fourier amplitude 
spectrum, the aerodynamic moment contains frequency components 
from the turbulence spectrum, 1P, wave peak frequency and drivetrain 
eigenfrequency. The gyroscopic moment contains frequency compo-
nents from the spar pitch eigenfrequency and the wave peak frequency, 
which agree with the response spectrum in Fig. 15(b). 

Fig. 17(b) compares the aerodynamic moment, the gyroscopic 
moment, the hydrodynamic moment and the mooring moment on the 
spar yaw DOF. It is observed that the aerodynamic moment and the 
mooring moment (dominated by the spar pitch and yaw eigen-
frequencies) have the most significant contributions to the spar yaw 
loads on an operational FOWT. The gyroscopic moment is still much 
more significant than the hydrodynamic drag-induced moment as in 
Fig. 10(b), but not comparable with the aerodynamic moment, even 
though the rotor speed is increased from 5 rpm at idling to 12.1 rpm at 
power production. 

Figs. 18 and 19 compare the response statistics of the ‘No Gyro 
model’ and the ‘Gyro model’ for an operational FOWT. Six different 
mean wind speeds and four different sea states as shown in Table 3 are 
considered, and 100 realizations (each with 1200 s time duration) for 
each environmental condition are generated for Monte Carlo simulation 
and response statistics. This leads to 2 × 4 × 6 × 100 = 4800 simula-
tions. The fatigue equivalent loads and the ultimate loads/responses are 
obtained using the same methods as in Section 5.2 for Fig. 11. The re-
sults in Fig. 18(a) and (c) indicate that the tower fore-aft response is 
almost identical for the ‘No Gyro model’ and the ‘Gyro model’, even 
taking into account the load uncertainties. This agrees well with the 
observation from the time series in Fig. 15. On the other hand, the dif-
ference in the tower torsional response between the two models are 
more significant. It is seen from Fig. 18(b) and (d) that the ‘No Gyro 
model’ consistently overestimates the tower torsional response when the 
mean wind speed is above 6 m/s. The differences (in percentage) of the 
tower response statistics between the two models are summarized in 
Table 5, where the plus sign indicates a larger ultimate response or 
fatigue-related response from the ‘No Gyro model’. The ‘No Gyro model’ 
overestimates the tower torsional ultimate response up to 17.00% and 
the fatigue equivalent tower torsional moment up to 12.76%. 

Similar to Fig. 18(a) and (c), Fig. 19(a) and (c) indicate that the spar 
pitch response is almost identical for the ‘No Gyro model’ and the ‘Gyro 
model’, even accounting for the load uncertainties. The difference in the 
spar yaw response is more significant between the two models, as shown 
in Fig. 19(b) and (d). For mean wind speed above 9 m/s, the ‘No Gyro 
model’ consistently overestimates the spar yaw response, in accordance 
to the findings from Fig. 18(b) and (d). For low wind speed (6 m/s and 9 
m/s), there is no clear tendency, which might be due to the more sig-
nificant influence from the generator controller and the reduced rotor 
speed in the below-rated region. The differences (in percentage) of the 
spar response statistics between the two models is also summarized in 
Table 5. The ‘No Gyro model’ overestimates the spar yaw ultimate 
response up to 15.56% and the standard deviation of yaw up to 8.71%. 

6. Conclusions 

This paper investigates the influence of gyroscopic couplings on 
stochastic dynamic responses of a spar-type FOWT in both parked and 
operational conditions. A 17-DOF FOWT model (with controllers) is 
rigorously developed using the Euler-Lagrange approach and verified by 
comparing with FAST. A state-space representation of the radiation 

loads is established, which combined with the 17-DOF FOWT model 
results in an extended state-space formulation of the coupled 
mechanical-hydrodynamic-controller system for very efficient time- 
domain simulations. 

Within the Euler-Lagrange framework, different strategies for 
deriving linear system EOMs have been investigated and evaluated. The 
system mass matrix is always correctly captured. The full gyroscopic 
coupling of the mechanical model can only be correctly captured when 
the ‘linearization operation’ is performed at the last step or at the kinetic 
energy formulation (regardless of formulating in the local or global CS), 
leading to the correct ‘Gyro model’. Linearizing all velocity vectors 
(formulated in the local CS) before substituting into the kinetic energy 
provides a significantly simplified and more operable derivation pro-
cedure. However, the gyroscopic matrix of the support structure is 
missed and some gyroscopic coupling terms between the blades and the 
support structure are incorrect, leading to the ‘No Gyro model’ that 
partially captures the gyroscopic effects. Linearizing velocity vectors 
that are formulated in the global CS results in false diagonal terms in the 
stiffness matrix, and should be avoided in all situations. 

From extensive Monte-Carlo simulations, it is found that the gyro-
scopic effects significantly influence tower torsion of the FOWTs without 
aerodynamic loads, for all three foundation types considered regardless 
of the yaw inertia. In terms of foundation yaw, the spar-type FOWT is 
most sensitive to gyroscopic effects while the semi-submersible is 
insensitive, and the sensitivity of the TLP FOWTs depends on the 
incoming wave direction. For idling and operational FOWTs, the re-
sponses are dominated by aerodynamic loads and the gyroscopic effects 
have less significant influence. Nevertheless, the gyroscopic coupling is 
more important for operational FOWTs due to the larger rotor speed. 
The ‘No Gyro model’ overestimates tower torsional ultimate response of 
the operational FOWT up to 17.00% and the fatigue equivalent tower 
torsional moment up to 12.76%, which may impact the design of tower 
top sections. On the other hand, the tower fore-aft response of idling 
FOWTs is very slightly underestimated if gyroscopic effects are not 
considered. 
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Appendix A. Definitions of velocities and inertia matrices of the FOWT subsystems 

The velocity vectors vH(t), vN(t), vT
(
t,X’

3
)

and vF(t), of the hub, nacelle, tower and foundation, are the time derivative of the respective position 
vectors: 
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where hF is the height from the global COG to the foundation COG. The angular velocity vectors of the generator, nacelle and foundation are defined 
as: 
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The mass moment of inertia matrices JH(t), JG(t), JN(t) and JF(t) are defined as: 

JH(t) =TFTS
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where JH and JG are the mass moment of inertia of the hub and generator, respectively. JNR, JNP, JNY , JFR, JFP and JFY are the mass moment inertia of the 
nacelle and foundation about the three principal axes, respectively. 

Appendix B. System matrices of the 17-DOF FOWT model 

The integrated inertia constants of the blades and tower that are present in the system matrices are defined as: 
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where MB and MT are the mass of the blades and tower, respectively. JB1, JB2, JT1 and JT2 are the first and second mass moment of inertia of the blades 
and tower, respectively. JTY is the tower torsional mass moment of inertia. m0,…,m6 are the inertia constants related to the blades and m7,…,m14 are 
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the inertia constants related to the tower. 
The system matrices to be presented below are divided into submatrices representing the blades DOFs, the support structure DOFs and the coupling 

between them. For better grasping the couplings, the DOFs vector of the system is provided here: 
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⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Support structure

⎤

⎥
⎥
⎦

T

(38)  

where the tower fore-aft and side-side DOFs are labeled as ‘Tower’ and the tower torsion is labeled as ‘TT’. 

B.1 Mass matrix 

The mass matrix M(t) of the 17-DOF model is written as: 

M(t)=
[

MB MBS(t)
MSB(t) MS

]

(39) 

MB (the mass matrix of the blades) and MS (the mass matrix of the support structure) are respectively given by: 

MB =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

m1 0 0 0 0 0
0 m1 0 0 0 0
0 0 m1 0 0 0
0 0 0 m2 0 0
0 0 0 0 m2 0
0 0 0 0 0 m2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

[6×6]

(40)  

MS =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

M7 0 0 0 M7,11 0 Φ’TFH(MRs − MNr) 0 MFP 0 0
0 M8 − Φ’TSHJR Φ’TSHJG 0 M8,12 0 MSR 0 MSY MSY
0 − Φ’TSHJR JR 0 0 0 0 JR 0 0 0
0 Φ’TSHJG 0 JG 0 0 0 − JG 0 0 0

M11,7 0 0 0 M0+MT +MF 0 0 0 MSP 0 0
0 M12,8 0 0 0 M0+MT +MF 0 M12,14 0 MNr − MRs MNr − MRs

Φ’TSH(MRs − MNr) 0 0 0 0 0 M0+MT +MF 0 MRs − MNr 0 0
0 MSR JR − JG 0 M14,12 0 J14 0 JRY JRY

MFP 0 0 0 MSP 0 MRs − MNr 0 J15 0 0
0 MSY 0 0 0 MNr − MRs 0 JRY 0 J16 JYY
0 MSY 0 0 0 MNr − MRs 0 JRY 0 JYY J17

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[11×11]

(41)  

where the parameters in MS are defined as: 

M7 =m7 +M0 +Φ’
TFH

2
[

JNP +
JR

2
+MN

(
h2

n + r2)+MR
(
h2

s + s2)
]

+2Φ’
TFH(MNhn +MRhs), J16 =MNr2 +MRs2 + JNY +

JR

2
+ JFY + JTY

M8 =m8 +M0 +Φ’
TSH

2( JNR +JR + JG +MNh2
n +MRh2

s

)
+2Φ’

TSH(2MNhn +2MRhs), J17 =m14 +MNr2 +MRs2 + JNY +
JR

2
+ JFY

J14 = JG + JR + JNR + JFR + JT2 +2JT1hT +M0h2
R +MFh2

F +MT h2
T +MN

(
h2

n +2hRhn
)
+MR

(
h2

s +2hRhs
)
, JYY =m13 +MNr2 +MRs2 + JNY +

JR

2
+ JFY

J15 =
JR

2
+ JNP + JFP +JT2 +2JT1hT +M0h2

R +MFh2
F +MT h2

T +MN
(
h2

n +2hRhn + r2)+MR
(
h2

s +2hRhs + s2), JRY =m13 +MNr − MRs+Φ’
TSH(MNrhn − MRhss)

MFP =m11 +M0hR +MNhn +MRhs +hT m9 +Φ’
TFH

[

JNP +
JR

2
+MN

(
h2

n +2hRhn + r2)+MR
(
h2

s +hRhs + s2)
]

, MSY =MNr − MRs+Φ’
TSH(MNhnr − MRhss)

MSR = − m12 − M0hR − MNhn − MRhs − m10hT − Φ’
TSH

[
JR + JG + JNR +MN

(
h2

n +hRhn
)
+MR

(
h2

s +hRhs
)]
, MSP = JT1 +M0hR − MFhF +MT hT +MNhn +MRhs

M12,14 =M14,12 =MFhF − M0hR − JT1 − MT hT − MNhn − MRhs, M8,12 =M12,8 =M0 +m10 +Φ’
TSH(MNhn +MRhs)

M7,11 =M11,7 =M0 +m9 +Φ’
TFH(MNhn +MRhs) 

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(42)  

with JR = 3JB2 + JH being the rotor mass moment of inertia about the main shaft, MR = 3MB + MH being the rotor mass, and M0 = 3MB+ MH+ MN 
being the total tower top mass. hR = hT + HT + hs is the height from the global COG to the rotor center. 

MBS(t) and MSB(t), representing the inertia couplings between the blades and the support structure, are given by: 
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MBS(t) = MT
SB(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m3 + Φ’
TFH

(
m5,1 + hsm3

)
0 0 0 m3 0 0 0 m5,1 + m3hR m5,1 m5,1

m3 + Φ’
TFH

(
m5,2 + hsm3

)
0 0 0 m3 0 0 0 m5,2 + m3hR m5,2 m5,2

m3 + Φ’
TFH

(
m5,3 + hsm3

)
0 0 0 m3 0 0 0 m5,3 + m3hR m5,3 m5,3

− Φ’
TFHm4,1s − Φ’

TFH

(
m4,1hs + m6

)
− m4,1 m6 0 0 − m4,1 − m4,1 m6 + m4,1hR − m4,1s m4,1s m4,1s

− Φ’
TFHm4,2s − Φ’

TFH

(
m4,2hs + m6

)
− m4,2 m6 0 0 − m4,2 − m4,2 m6 + m4,2hR − m4,2s m4,2s m4,2s

− Φ’
TFHm4,3s − Φ’

TFH

(
m4,3hs + m6

)
− m4,3 m6 0 0 − m4,3 − m4,3 m6 + m4,3hR − m4,3s m4,3s m4,3s

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[6×11]

(43) 

where: 

m5,j(t) =m5cosΨj(t),m5,j(t) = m5sinΨj(t),m4,j(t) = m4cosΨj(t),m4,j(t) = m4sinΨj(t), j = 1, 2, 3 (44)  

B.2 Gyroscopic matrix 

The gyroscopic matrix G(t) of the 17-DOF model is written as: 

G(t) =
[

0 GBS(t)
GSB(t) GS

]

(45) 

GS, the skew-symmetric gyroscopic matrix of the support structure, is given by: 

GS = Ω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0 0 0 0 Φ’
TFH(JR − JGN) Φ’

TFH(JR − JGN)

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 JR − JGN JR − JGN

− Φ’
TFH(JR − JGN) 0 0 0 0 0 0 0 JGN − JR 0 0

− Φ’
TFH(JR − JGN) 0 0 0 0 0 0 0 JGN − JR 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[11×11]

(46)  

where the red terms are missing in the ‘No Gyro model’. 
GBS(t), representing the gyroscopic coupling from the support structure to the blades (flapwise vibration), is given by: 

GBS(t) = Ω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− 2Φ’
TFHm5,1 0 0 0 0 0 0 0 − 2m5,1 2m5,1 2m5,1

− 2Φ’
TFHm5,2 0 0 0 0 0 0 0 − 2m5,2 2m5,2 2m5,2

− 2Φ’
TFHm5,3 0 0 0 0 0 0 0 − 2m5,3 2m5,3 2m5,3

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[6×11]

(47)  

where the red terms are missing in the ‘No Gyro model’. 
GSB(t), representing the gyroscopic coupling from the blades (edgewise vibration) to the support structure, is given by: 
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GSB(t) = Ω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− Φ’
TFHm5,1 − Φ’

TFHm5,2 − Φ’
TFHm5,3 − 2Φ’

TFHm4,1s − 2Φ’
TFHm4,2s − 2Φ’

TFHm4,3s
0 0 0 2m4,1

(
1 + Φ’

TSHhs
)

2m4,2
(
1 + Φ’

TSHhs
)

2m4,3
(
1 + Φ’

TSHhs
)

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 2m4,1 2m4,2 2m4,3

0 0 0 − 2m4,1 − 2m4,2 − 2m4,3

0 0 0 − 2m4,1hR − 2m4,2hR − 2m4,3hR

− m5,1 − m5,2 − m5,3 − 2m4,1s − 2m4,2s − 2m4,3s
− m5,1 − m5,2 − m5,3 − 2m4,1s − 2m4,2s − 2m4,3s
− m5,1 − m5,2 − m5,3 − 2m4,1s − 2m4,2s − 2m4,3s

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[11×6]

(48) 

where the grey terms are wrongly introduced in the ‘No Gyro model’, and they should be zeros in the correct model (the ‘Gyro model’). 

B.3 Stiffness matrix 

The stiffness matrix K(Ω, t) of the 17-DOF model is written as: 

K(Ω, t) =
[

KB(Ω, t) 0
KSB(t) KS

]

(49) 

The stiffness matrix of the blades, KB, is given by: 

KB(Ω, t)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

kBF(Ω,Ψ1(t)) 0 0 0 0 0
0 kBF(Ω,Ψ2(t)) 0 0 0 0
0 0 kBF(Ω,Ψ3(t)) 0 0 0
0 0 0 kBE(Ω,Ψ1(t)) − m2Ω2 0 0
0 0 0 0 kBE(Ω,Ψ2(t)) − m2Ω2 0
0 0 0 0 0 kBE(Ω,Ψ3(t)) − m2Ω2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

[6×6]

(50)  

with the spin softening terms included. 
The stiffness matrix of the support structure is given by: 

KS =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

kTF 0 0 0 0 0 0 0 0 0 0

0 kTS 0 0 0 0 0 0 0 0 0

0 0 kD − kD
N 0 0 0 0 0 0 0

0 0 − kD
N

kD
N2 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 kTY

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[11×11]

(51)  

with kD = kLSSkHSSN2

kLSS+kLSSN2 being the equivalent drivetrain stiffness. 
KSB(t), representing the stiffness coupling from the blades to the support structure, is given by: 
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KSB(t) = Ω2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Φ’
TFHm5,1 Φ’

TFHm5,2 Φ’
TFHm5,3 Φ’

TFHm4,1s Φ’
TFHm4,2s Φ’

TFHm4,3s
0 0 0 m4,1

(
1 + Φ’

TSHhs
)

m4,2
(
1 + Φ’

TSHhs
)

m4,3
(
1 + Φ’

TSHhs
)

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 m4,1 m4,2 m4,3

0 0 0 m4,1 m4,2 m4,3

0 0 0 − m4,1hR − m4,2hR − m4,3hR

m5,1 m5,2 m5,3 m4,1s m4,2s m4,3s
m5,1 m5,2 m5,3 − m4,1s − m4,2s − m4,3s
m5,1 m5,2 m5,3 − m4,1s − m4,2s − m4,3s

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[11×6]

(52) 

where the red terms are missing in the ‘No Gyro model’. 

Appendix C. State-space formulation of the hydrodynamic radiation loads 

The state vector and the coefficient matrices in Eq. (25) are respectively expressed in the block format as: 

zr(t)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

zr,11(t)
⋮

zr,16(t)
zr,21(t)

⋮
zr,66(t)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, Ar =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ar,11 … 0 0 … 0
⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 … Ar,16 0 … 0
0 … 0 Ar,21 … 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮
0 … 0 0 … Ar,66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, Br =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Br,11
⋮

Br,16
Br,21

⋮
Br,66

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(53)  

where the blocks are written as: 

zr,ij(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

yij(t)

d
dt

yij(t)

d2

dt2yij(t)

⋮

dnij − 2

dtnij − 2yij(t)

dnij − 1

dtnij − 1yij(t)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[nij×1]

, Ar,ij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 … 0 0

0 0 1 … 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 … 0 1

− qij
nij

− qij
nij − 1 − qij

nij − 2 … − qij
2 − qij

1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[nij×nij]

,

Br,ij =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

0 0 0 0 0 0

δ(j − 1) δ(j − 2) δ(j − 3) δ(j − 4) δ(j − 5) δ(j − 6)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

[nij×6]

, i, j = 1,…, 6

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(54)  

with δ(x) =

{
1, if x = 0
0, if x ∕= 0

}

. 

The coefficient matrix Cr in Eq. (26) is expressed as: 

Cr = [Cr,11 … Cr,16 Cr,21 … Cr,66 ]

Cr,ij =

⎡

⎢
⎣

0[(i− 1)×nij ][
pij,mij pij,mij − 1 … pij,1 pij,0 0 … 0

][
pij,mij pij,mij − 1 … pij,1 pij,0 0 … 0

]

[1×nij]
0[(6− i)×nij ]

⎤

⎥
⎦

[6×nij]

, i, j = 1,…, 6

⎫
⎪⎪⎬

⎪⎪⎭

(55)  

where the subscript i on the right hand side of Eq. (55) denotes the non-zero row of Cr,ij. 
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Appendix D. Different strategies for deriving linear system EOMs 

A flowchart visualizing all possible linearization strategies with different combinations of simplification steps is given in Fig. 20.

Fig. 20. Different strategies and the corresponding consequences in deriving linear system EOMs.  
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A B S T R A C T

This paper investigates methods for reaction loads extraction in floating offshore wind turbines (FOWTs) within
the modal-based aeroelastic modeling framework. Three methods belonging to two different principles (internal
and external loads) are presented, where the two external load principle-based methods (‘AuxDOFs’ and
‘d’Alembert’) are rigorously developed for extracting 6-dimensional reactions loads at different cross sections.
Verification and evaluation of the developed methods are performed using three different structural systems,
as well as comparison with FAST. It is shown that ‘AuxDOFs’ and ‘d’Alembert’ methods are preferred over the
internal load method due to the significantly improved accuracy and the ability to extract reactions in rigid
substructures. Finally, the developed methods are applied to evaluate the influence of tower torsional degree
of freedom (DOF) on FOWT loads for four different types of foundations, considering different load cases.
Extensive simulation results indicate that neglecting the tower torsional DOF in the modal-based simulation
tools can lead to underestimation of FOWT loads.

1. Introduction

Floating offshore wind turbines (FOWTs) are subjected to stochastic
wind and wave loads throughout their lifetime that they need to be
designed to withstand. Initially, a turbine is designed for a given set
of wind and marine conditions according to the IEC standards (IEC,
2019a,b,c). An example of this process has been shown for the design
of the 10 MW DTU reference wind turbine model (Bak et al., 2013).
When assessing a new site for the deployment of a certified type
turbine where some of the wind or marine conditions are exceeded,
the comparison of the extreme loads and fatigue equivalent loads of the
critical components are evaluated. If the extreme and fatigue equivalent
loads are below or at the levels of those used for the original design,
the rotor nacelle assembly can be used for the given site. On the other
hand, the tower and foundation are often site specific and even location
specific within the park. Assessing the extreme and fatigue equivalent
loads is a time consuming exercise, and one of recent efforts is to
create surrogate models trained from high-fidelity load databases (Dim-
itrov et al., 2018). Nevertheless, the conventional way of doing site
assessment is to run simulations over a full design load basis using
(high-fidelity) aeroelastic simulation tools. These tools take the external
loads on the structure and calculate the system responses. The reaction
loads are then obtained by post-processing the responses, and converted
into ultimate and fatigue loads for each critical component.

∗ Corresponding author.
E-mail addresses: ceh@cae.au.dk (C.E. Høeg), zili_zhang@tongji.edu.cn (Z. Zhang).

The external loads on the FOWT systems consist of gravity loads,
aerodynamic loads on the blades and hydrodynamic loads on the
foundation and mooring system. The blade element momentum theory
(BEM), developed from airplane propeller theory (Glauert, 1935), has
been used to model the aerodynamic loads on wind turbines with fair
accuracy (Hansen, 2015; De Vaal et al., 2014; Apsley and Stansby,
2020). Several corrections have been developed taking into account tip-
loss, turbulent wake state, skewed wake, dynamic inflow and dynamic
stall for more realistic aerodynamic loads. The corrections have been
validated against field tests of operating fixed wind turbines like the
Tjaereborg wind turbine in 1995 (Hansen, 2015) and verified by CFD
for floating wind turbines (De Vaal et al., 2014; Apsley and Stansby,
2020). Note that high-fidelity CFD simulations are more accurate than
BEM method, but are currently too computationally expensive to be
employed for aeroelastic simulations. The final aerodynamic loads,
including aerodynamic damping effect due to structural vibrations,
are obtained by integrating the distributed loads on blade elements
along the blades. Hydrodynamic loads are often modeled by potential
flow theory (Faltinsen, 1990; Newman, 2017) or the Morison equa-
tion (Morison et al., 1950) or a combination of both. A combination
allows for including the viscous quadratic drag to complement the
inviscous potential flow hydrodynamics. The drag coefficient must be
determined experimentally or by computational fluid dynamics (Benitz
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et al., 2015). Another important aspect to consider during the design
of a floating foundation is vortex induced vibrations (VIV). The design
should make sure that VIV does not occur at the present current
velocities at the site. The topic of VIV is of great interest and requires
further research by means of CFD simulations or model tests, No VIV
model is included in the current design tools since the phenomenon
should be avoided altogether according to Yin et al. (2022). Never-
theless, further research is needed but beyond the scope of this work.
The frequency response functions (FRFs) from potential flow theory
can be pre-calculated by open source software like NEMOH (Babarit
and Delhommeau, 2015) or commercial softwares like WAMIT (Lee,
1995), Ansys AQWA (Ansys, 2013) and WADAM (Wadam, 2010). The
hydrodynamic potential damping of the FRFs can be converted into the
time domain by a cosine transformation, and radiation damping loads
are calculated by convolution integral (Cummins, 1962). Alternatively,
the FRFs can be approximated by rational approximations (Taghipour
et al., 2008; Zhang et al., 2017). The rational functions are then con-
verted into coupled first order ordinary differential equations that can
be efficiently solved in the time domain to get the radiation damping
loads (Duarte et al., 2013; Høeg and Zhang, 2019, 2021). The mooring
system is often considered as an external load on the floating founda-
tion although it is a structural element of the system. The mooring lines
can be modeled quasi-statically (Masciola et al., 2013) or dynamically.
The involved dynamics include cable dynamics normally modeled by
the lumped-mass method (Hall and Goupee, 2015) or the finite ele-
ment method (FEM) (Antonutti et al., 2018; Chen et al., 2021), and
hydrodynamics modeled by the Morison equation. To achieve correct
loads for the mooring lines the dynamic model is needed, whereas the
quasi-static model is sufficient for turbine loads (Hall et al., 2014; Høeg
and Zhang, 2018).

The combined external loads on the FOWT system result in struc-
tural responses, and the reaction loads of the structural components
can then be extracted for structural design. These reaction loads need
to be obtained for designing blades, drivetrain, tower, foundation and
mooring system with sufficient structural integrity. Many simulation
tools have been developed over the years to provide the design loads
for the FOWT components. Most tools are developed for bottom fixed
wind turbines and upgraded with floating foundations. Among these
are FAST (Jonkman and Buhl, 2005), Bladed (Bossanyi, 2007) and
FLEX5 (Øye, 1996, 2001) that are modal based, and HawC2 (Larsen
and Hansen, 2007) that is FEM based. The FEM codes use beam
elements and continued research is done to reduce the number of
elements needed by new element formulations (Couturier and Skjoldan,
2018). For the certification process, the static and dynamic properties
of the blades need to be determined experimentally and the FEM
model needs to be validated accordingly (Grinderslev et al., 2020).
Other tools are developed from the maritime engineering commu-
nity such as SIMA (Ormberg et al., 2011) and OrcaFlex (Orcina Ltd,
2022), which are also based on FEM. Recently, the development of
a modal-based model for flexible foundations within OpenFAST using
the SubDyn (Damiani et al., 2015) module has been verified against
the FEM-based OrcaFlex code (Thomsen et al., 2021) with satisfactory
results. The study shows the applicability of modal-based models for
complex floating support structures. Note that for global dynamic
load simulations using aero-elastic codes, the above-mentioned lower
fidelity beam-based FE or modal-based models are used as common
practice with sufficient accuracy. The higher-fidelity shell or solid
element FE models are reserved for detailed design evaluations since
these can include details down to the bolt pretension, fillet radius,
local imperfections, local composite fiber layout, nonlinear materials
and more, but with a significant computational cost. Furthermore,
several low-order in-house tools are also developed, including the
SLOW model (Lemmer, 2018) and the model by Lupton (2015), both of
which are modal based and can be used for time- and frequency-domain
analysis. Very low-order frequency domain models (linear) have been
published recently including the QuLAF model (Pegalajar-Jurado et al.,

2018) and the model by Wang et al. (2017a) for efficient load es-
timations during initial sizing. A semi-analytical frequency domain
model (Hegseth and Bachynski, 2019) is also developed and used for
integrated design optimization of a spar FOWT (Hegseth et al., 2020).
Other use of linearized models, like the frequency domain models,
are for stability analysis and controller/damper design. The Hansen
model (Hansen, 2003, 2007) with blade torsional degrees of freedom
(DOFs), is developed for stability analysis (stall induced vibrations and
classical flutter) of onshore turbines. Zhang et al. also developed a
modal-based 13-DOF model including tower torsional DOF for bottom
fixed turbines (Zhang, 2015), aiming for optimal design of blades and
tower dampers (Zhang et al., 2016). Different modal-based models
mentioned above have different levels of fidelity, and Table 1 provides
an overview of the available DOFs in those models.

Different modeling techniques require different methods for extract-
ing the internal reaction loads. For FEM-based models (HawC2, SIMA
and OrcaFlex), the extraction of nodal reaction loads is an integral part
of the method, i.e. using the nodal displacements together with the
element stiffness and damping matrices. For the modal-based models,
extraction of the internal reaction loads is less straightforward. A simple
but highly approximated approach (as demonstrated in the following
sections) is to use the mode shape derivatives at an arbitrary cross
section. To extract all six reaction loads, at least four vibration modes
need to be included for each structural component. Alternatively, the
reaction loads can be calculated from the external (including inertia)
loads, where the inertia loads are resulted from the structural accel-
erations. The equations of motion (EOMs) of the modal-based models
can be derived by two different methods. Kane’s method (Kane and
Levinson, 1985) (used in FAST) is based on the equilibrium of the
generalized active forces (external loads and internal reaction loads)
with the inertia forces, and the structural accelerations at any position
must to be established in deriving the EOMs (Jonkman, 2003; Sarkar
and Fitzgerald, 2021). The Euler–Lagrange method (Pars, 1979), on
the other hand, avoids establishing the accelerations in deriving the
EOMs (by using the system potential and kinetic energy). This method
was used to derive the EOMs in the Efficient, Low-order Wind turbine
Simulation tool (ELWiS) (Høeg and Zhang, 2021) developed by us.
Our previous work (Høeg and Zhang, 2021) employed a reaction load
extraction method based on the second and third derivatives of the
mode shapes. However as will be shown below, this method suffers
from several drawbacks, and improved methods are needed for reaction
load extraction. For that, the accelerations need to be established as an
extra step during post processing.

The FOWT models by Wang et al. (2017a) and Lupton (2015)
do not account for the reaction loads and only provide structural
responses. The SLOW model (Lemmer, 2018) only estimates the tower
bending moment along the tower, based on the second derivative of
the tower fore–aft mode shape. Similarly, the QuLAF (Schløer et al.,
2018) and Hegseth and Bachynski (2019) models only estimate the
fore–aft tower force and bending moment. For the higher-fidelity FOWT
simulators in Table 1, i.e. Bladed, FLEX5 and FAST, the theory, for-
mulation and procedure for reaction load extraction are not well de-
scribed/documented in the existing literature, hindering a transparent
use of the tools and a deep understanding of the load extraction meth-
ods. Therefore, an investigation on the reaction load extraction and
analysis for FOWTs is of need. Furthermore, the influence/importance
of the tower torsional DOF on the reaction loads of FOWTs has not been
investigated in the literature. As seen in Table 1, only ELWiS (Høeg
and Zhang, 2021) and Bladed (Bossanyi, 2007) FOWT models include
the tower torsional DOF, but the torsional DOF in Bladed is only
available through the multi-member tower model (Bossanyi, 2007). The
BModes (Bir, 2005) module of FAST 8 highlights that FAST (Jonkman
et al., 2009) neglects the torsional DOF of both the blades and tower.
The recent addition of a high-fidelity blade simulation module called
BeamDyn (Wang et al., 2017b) has been validated against test data, and
compared with the in-house version of HawC2 called BHawC (Guntur
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Table 1
Overview of available DOFs in modal-based low-order simulation tools. ‘()’ for the Bladed model refers to the fact that the tower torsional DOF is only available through a
multi-member tower model.

DOF names Wang Hegseth QuLAF SLOW Zhang Lupton ELWiS Hansen FAST FLEX5 Bladed
(Wang
et al.,
2017a)

(Hegseth
and
Bachynski,
2019)

(Pegalajar-
Jurado
et al.,
2018)

(Lemmer,
2018)

(Zhang,
2015)

(Lupton,
2015)

(Høeg and
Zhang,
2021)

(Hansen,
2003,
2007)

(Jonkman
and Buhl,
2005)

(Øye, 1996,
2001)

(Bossanyi,
2007)

Foundation surge (rigid) ✓ ✓ ✓ ✓ – ✓ ✓ – ✓ ✓ ✓
Foundation sway (rigid) – – – – – ✓ ✓ – ✓ ✓ ✓
Foundation heave (rigid) – – ✓ ✓ – ✓ ✓ – ✓ ✓ ✓
Foundation roll (rigid) – – – – – ✓ ✓ – ✓ ✓ ✓
Foundation pitch (rigid) ✓ ✓ ✓ ✓ – ✓ ✓ – ✓ ✓ ✓
Foundation yaw (rigid) – – – – – ✓ ✓ – ✓ ✓ ✓
Tower fore–aft – 1st 1st 1st 1st, 2nd 1st 1st 1st, 2nd 1st, 2nd 1st, 2nd 1st, 2nd, 3rd
Tower side–side – – – – 1st, 2nd 1st 1st 1st, 2nd 1st, 2nd 1st, 2nd 1st, 2nd, 3rd
Tower torsion – – – – 1st – 1st 1st – – (1st)
Nacelle yaw (rigid) – – – – – – – – ✓ ✓ ✓
Nacelle tilt – – – – – – – – – 1st –
Generator rotation (rigid) – – – – ✓ – ✓ – ✓ ✓ ✓
Main shaft x-axis bending – – – – – – – 1st – 1st –
Main shaft y-axis bending – – – – – – – 1st – 1st –
Rotor rotation (rigid) – – – ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
Blade flapwise – – – – 1st 1st 1st 1st, 2nd 1st, 2nd 1st, 2nd 1st, 2nd, 3rd
Blade edgewise – – – – 1st 1st 1st 1st 1st 1st, 2nd 1st, 2nd, 3rd
Blade torsion – – – – – – – 1st – – –

Total DOFs 2 3 4 5 13 15 17 18 22 28 34

et al., 2017) owned by Siemens Gamesa. Comparing with the modal-
based ElastoDyn module in FAST, BeamDyn increased the accuracy of
the frequency contents in the blade in-plane and tower side–side vibra-
tions, but not the tower top torque. On the other hand, the high-fidelity
BHawC model that includes tower torsional DOF captured the tower
top torque well. Only two studies (Zhao and Maisser, 2006; Makarios
et al., 2016) looked at the seismic response of the wind turbine tower
(with lumped inertia at top), and indicated the importance of the tower
torsional mode on the seismic-induced tower top loads. The reason for
the sparse attention on this aspect might be due to the tower torsional
frequency being very high for short and stiff towers and therefore
regarded unimportant. However, the development of taller towers have
lead to the decrease of torsional frequency. It will also be decreased
dramatically for cable stayed towers (Park et al., 2013). Furthermore,
for the new concept of multi rotor design (Filsoof et al., 2021), the
tower torsional frequency is at or lower than the fore–aft and side–
side frequencies. These concepts are developed for, but not limited to
onshore turbines. Hence, the influence of tower torsional DOF on the
reaction loads of FOWTs should be revealed.

The present paper comprehensively investigates reaction loads anal-
ysis of FOWTs within the modal-based modeling framework. The aim
is two folds: (1) to present three different methods for extracting
reaction loads with rigorous mathematical formulations; (2) to apply
the developed methods for evaluating the influence/significance of
tower torsional DOF on the reaction loads of FOWTs. In Section 2,
three methods for extracting reaction loads will be developed based on
two basic principles, i.e. internal loads and external loads. The internal
load principle is based on the beam theory (used to derive the EOMs),
and it requires the second and third derivatives of the mode shapes
of the blades and tower together with the cross sectional stiffness.
The external load principle uses the applied loads plus the inertia
loads to extract the reaction loads, and two slightly different methods
are presented with efficient numerical implementation procedure. In
Section 3, the developed methods will be verified and evaluated using
a uniform tower model, a FOWT system model with uniform tower and
blades, and a FOWT system model with realistic tower and blades. It
is shown that the two external load methods are preferred over the
internal load method due to the significantly improved accuracy and
the ability to extract reactions in rigid substructures. In Section 4,
the developed methods are applied to evaluate the influence of tower
torsional DOF on FOWT loads for four different types of foundations.

It is shown that the idling load case exhibits the largest difference
in FOWT loads when including the tower torsional DOF. The tower
top torque is increased significantly, while the main shaft bending
moment is also clearly increased. Similar but less significant results are
observed for the operational and grid loss cases. Therefore, neglecting
the torsional DOF in the modal-based simulation tools can lead to
underestimation of FOWT loads.

2. Methods for reaction loads extraction

2.1. Basic principles of the reaction loads extraction

Methods for extracting the reaction loads at different cross-sections
within the structural system are needed for producing the wind turbine
design loads, as well as design assessment for different design alter-
natives. Within the modal-based FOWT modeling framework (such as
the multi-body ELWiS model (Høeg and Zhang, 2021)), two different
methodologies can be employed for extracting the reaction loads from
the model outputs. In the first methodology, the reaction loads are
directly obtained from the internal loads that are calculated from
the structural deformation (and deformation velocities). In the second
methodology, the reaction loads are indirectly obtained from the ex-
ternal loads (including the inertia loads), since the external loads need
to balance the internal loads at all times. The principle is conceptually
indicated by Eq. (1), showing the classic equation of motion (EOM) of
a 1-DOF system (Nielsen, 2004):

𝑚𝑞 + 𝑐�̇� + 𝑘𝑞 = 𝑓 (1a)

𝑐�̇� + 𝑘𝑞
⏟⏟⏟

Internal loads

= 𝑓 − 𝑚𝑞
⏟⏟⏟

External loads

(1b)

with 𝑚, 𝑐 and 𝑘 being the mass, structural damping and structural
stiffness of the system, respectively. 𝑞 is the generalized coordinate,
and 𝑓 is the applied external load. For a FOWT system, the external
load will have contributions from aerodynamic, gravity, hydrodynamic,
mooring and controller loads, where the aerodynamic and gravity loads
impact the blades and tower reaction loads directly. The classic version
of the EOM Eq. (1a) can be reformulated into Eq. (1b), where the
internal loads are on the left hand side (LHS) and the external loads
(including the inertia load based on d’Alembert’s principle) are on right
hand side (RHS). The reaction loads can be represented (and obtained)
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by either the internal loads or the external loads, corresponding to the
two different methodologies.

For a FOWT system, the tower reaction loads 𝐑𝑇 (ℎ, 𝑡) at an arbitrary
height ℎ, the main shaft reaction 𝐑𝑀𝑆 (𝑙𝑠, 𝑡) at an arbitrary distance 𝑙𝑠
from the hub center, and the blade reaction 𝐑𝐵𝑗 (𝑙, 𝑡) at an arbitrary
distance 𝑙 from the blade root are respectively expressed as:

𝐑𝑇 (ℎ, 𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑅𝑇 ,1(ℎ, 𝑡)
𝑅𝑇 ,2(ℎ, 𝑡)
𝑅𝑇 ,3(ℎ, 𝑡)
𝑅𝑇 ,4(ℎ, 𝑡)
𝑅𝑇 ,5(ℎ, 𝑡)
𝑅𝑇 ,6(ℎ, 𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦

, 𝐑𝑀𝑆 (𝑙𝑠, 𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑅𝑀𝑆,1(𝑙𝑠, 𝑡)
𝑅𝑀𝑆,2(𝑙𝑠, 𝑡)
𝑅𝑀𝑆,3(𝑙𝑠, 𝑡)
𝑅𝑀𝑆,4(𝑙𝑠, 𝑡)
𝑅𝑀𝑆,5(𝑙𝑠, 𝑡)
𝑅𝑀𝑆,6(𝑙𝑠, 𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦

,

𝐑𝐵𝑗 (𝑙, 𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑅𝐵𝑗,1(𝑙, 𝑡)
𝑅𝐵𝑗,2(𝑙, 𝑡)
𝑅𝐵𝑗,3(𝑙, 𝑡)
𝑅𝐵𝑗,4(𝑙, 𝑡)
𝑅𝐵𝑗,5(𝑙, 𝑡)
𝑅𝐵𝑗,6(𝑙, 𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦

, (2)

which are demonstrated in Fig. 1. The tower reaction loads 𝐑𝑇 (ℎ, 𝑡)
are shown in Fig. 1(d), the main shaft loads 𝐑𝑀𝑆 (𝑙𝑠, 𝑡) are shown in
Fig. 1(c), and the blade reaction loads 𝐑𝐵𝑗 (𝑙, 𝑡) are shown in Fig. 1(b).
Note that the components of each reaction load vector are defined
following the local coordinate system (CS) of the substructure. For
example in Fig. 1(b), the components of 𝐑𝐵𝑗 (𝑙, 𝑡) follow the blade
(𝑥1, 𝑥2, 𝑥3)- CS.

In the following sections, the reaction loads in Eq. (2) will be calcu-
lated using both the methodology of internal loads and the method-
ology of external loads, as highlighted in Eq. (1b). The reactions
obtained from internal loads are denoted 𝐑𝑇 ,𝐼𝑛𝑡(ℎ, 𝑡), 𝐑𝑀𝑆,𝐼𝑛𝑡(𝑙𝑠, 𝑡) and
𝐑𝐵𝑗,𝐼𝑛𝑡(𝑙, 𝑡), while 𝐑𝑇 ,𝐸𝑥𝑡(ℎ, 𝑡), 𝐑𝑀𝑆,𝐸𝑥𝑡(𝑙𝑠, 𝑡) and 𝐑𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡) denote those
obtained from external loads.

Besides the reaction loads at an arbitrary location along the struc-
tural component (Eq. (2)), the loads at some critical locations are
usually design driven and thus of importance. These include the tower
base loads 𝐑𝑇𝐵(𝑡), the tower top loads 𝐑𝑇𝑇 (𝑡), the main shaft hub center
loads 𝐑𝑀𝑆𝐻 (𝑡) and the blade root 𝐑𝐵𝑗𝑅(𝑡) loads (for blade number 𝑗),
defined as:

𝐑𝑇𝐵(𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑅𝑇𝐵,1(𝑡)
𝑅𝑇𝐵,2(𝑡)
𝑅𝑇𝐵,3(𝑡)
𝑅𝑇𝐵,4(𝑡)
𝑅𝑇𝐵,5(𝑡)
𝑅𝑇𝐵,6(𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦

, 𝐑𝑇𝑇 (𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎣

𝑅𝑇𝑇 ,1(𝑡)
𝑅𝑇𝑇 ,2(𝑡)
𝑅𝑇𝑇 ,3(𝑡)
𝑅𝑇𝑇 ,4(𝑡)
𝑅𝑇𝑇 ,5(𝑡)
𝑅𝑇𝑇 ,6(𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦

,

𝐑𝑀𝑆𝐻 (𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑅𝑀𝑆𝐻,1(𝑡)
𝑅𝑀𝑆𝐻𝑇 ,2(𝑡)
𝑅𝑀𝑆𝐻,3(𝑡)
𝑅𝑀𝑆𝐻,4(𝑡)
𝑅𝑀𝑆𝐻,5(𝑡)
𝑅𝑀𝑆𝐻,6(𝑡)

⎤
⎥⎥⎥⎥⎥⎥⎦

, 𝐑𝐵𝑗𝑅(𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎣

𝑅𝐵𝑗𝑅,1(𝑡)
𝑅𝐵𝑗𝑅,2(𝑡)
𝑅𝐵𝑗𝑅,3(𝑡)
𝑅𝐵𝑗𝑅,4(𝑡)
𝑅𝐵𝑗𝑅,5(𝑡)
𝑅𝐵𝑗𝑅,6(𝑡)

⎤
⎥⎥⎥⎥⎥⎥⎦

(3)

whose locations and orientations are demonstrated in Fig. 1(a) with
an exploded view of system components. The dotted lines indicate the
connections between the components.

Each of the reaction load vectors in Eqs. (2) and (3) consists of three
forces and three moments. Thus, each 6-dimensional vector can be split
into two 3-dimensional sub-vectors, 𝐑𝐹 with three forces and 𝐑𝑀 with
three moments.

2.2. Methodology 1: reaction loads obtained from the internal loads

In this section, the procedure of obtaining the reaction loads directly
from the internal loads is outlined. The modal-based multi-body ELWiS
FOWT model (Høeg and Zhang, 2021) is based on the Euler–Bernoulli
beam theory for establishing the EOMs for the blades and tower. The

Fig. 1. Definitions of the reaction loads in different substructures of the FOWT. (a)
Reaction loads at critical locations: blade root, main shaft hub center, tower top and
tower base. (b) Blade reaction loads at an arbitrary location along the blade from the
blade root. (c) Main shaft reaction loads at an arbitrary location along the rotating
shaft from the hub center. (d) Tower reaction loads at an arbitrary height along the
tower.

bending moment and shear force at a given cross-section can be ob-
tained from the curvature and its derivative. For example for the blade,
the flapwise bending moment 𝑀2(𝑥3, 𝑡) (corresponding to 𝑅𝐵𝑗,5(𝑙, 𝑡) in
Eq. (2)) and shear 𝑄1(𝑥3, 𝑡) (corresponding to 𝑅𝐵𝑗,1(𝑙, 𝑡)) following the
sign and CS definitions in Fig. 1(b) are (Nielsen, 2004):

𝑀2(𝑥3, 𝑡) = 𝐸𝐼(𝑥3)
𝜕2𝑢1(𝑥3, 𝑡)

𝜕𝑥23
, 𝑄1(𝑥3, 𝑡) = −𝐸𝐼(𝑥3)

𝜕3𝑢1(𝑥3, 𝑡)
𝜕𝑥33

(4)

where 𝐸𝐼(𝑥3) is the bending stiffness about the 𝑥2- axis as a function
of the location 𝑥3, and 𝑢1(𝑥3, 𝑡) is blade flapwise deflection. Note that
the plus or minus signs in Eq. (4) are dependent on the definition of
CS and thus are not generic. The tower bending moment and shear are
obtained in a similar manner.

For tower torsion, the torque (corresponding to 𝑅𝑇 ,6(ℎ, 𝑡) in Eq. (2)
and Fig. 1(d)) is given by St. Venant torsional theory (Nielsen, 2004):

𝑀3(𝑋′
3, 𝑡) = 𝐺𝐾(𝑋′

3)
𝜕𝜃(𝑋′

3, 𝑡)
𝜕𝑋′

3
(5)

where 𝐺𝐾(𝑋′
3, 𝑡) is the tower torsional stiffness about the 𝑋′

3 axis at
the location 𝑋′

3 (or equivalently ℎ), and 𝜃(𝑋′
3, 𝑡) is the twist angle of

the tower.
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In the ELWiS model (Høeg and Zhang, 2021), the blade and tower
deflections are defined using a modal based formulation with pre-
scribed mode shapes (Eq. (5) in Høeg and Zhang (2021)). An overview
of the ELWiS model setup is given in Fig. 2. Three different CSs are
defined. The motions of the floating foundation are described in the
fixed CS (𝑋1, 𝑋2, 𝑋3)-, with its origin fixed at the interaction of the
tower centerline and the horizontal plane passing the global center of
gravity (COG) of the FOWT system at rest. The tower deformations
are described in the moving tower CS (𝑋′

1, 𝑋
′
2, 𝑋

′
3)- with its origin

fixed at the tower base, and blade deformations are defined in the
moving blade CS (𝑥1, 𝑥2, 𝑥3)- with its origin fixed at the blade root. The
17 degrees of freedom (DOFs) 𝐪(𝑡) =

[
𝑞1(𝑡),… , 𝑞17(𝑡)

]⊤ of the ELWiS
model are indicated and marked with red color in Fig. 2. Furthermore,
four different sets of a 6-dimensional auxiliary DOF vector (as will be
elaborated in Section 2.3), 𝐪𝐴(𝑡) =

[
𝑞18(𝑡),… , 𝑞23(𝑡)

]⊤, are also shown in
Fig. 2(b) and (c). 𝐪(𝑡) and 𝐪𝐴(𝑡) are listed as:

𝑞𝑗 (𝑡), 𝑗 = 1, 2, 3 Blade flapwise tip displacements
𝑞𝑗+3(𝑡), 𝑗 = 1, 2, 3 Blade edgewise tip displacements
𝑞7(𝑡) and 𝑞8(𝑡) Tower top fore–aft and side–side

displacements
𝑞9(𝑡) and 𝑞10(𝑡) Rotor and generator position deviation from

the rated position
𝑞11(𝑡) to 𝑞16(𝑡) Foundation surge, sway, heave, roll, pitch

and yaw
𝑞17(𝑡) Tower top torsion
𝑞18(𝑡) to 𝑞23(𝑡) Auxiliary DOFs representing three

translational and three rotational DOFs at
the critical location for loads extraction

For describing the tower deformations, the first fore–aft and side–
side tower bending mode shapes (𝛷𝑇𝐹 (𝑋′

3) and 𝛷𝑇𝑆 (𝑋′
3)), as well as

the tower torsional mode shape 𝛷𝑇𝑌 (𝑋′
3), have been prescribed (Høeg

and Zhang, 2021). These mode shapes are shown in Fig. 7. Following
Eqs. (4) and (5), the tower reaction loads can be obtained from the
internal loads as:

𝐑𝑇 ,𝐼𝑛𝑡(𝑋′
3, 𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝐸𝐼𝑇𝐹 (𝑋′
3)

𝜕3𝛷𝑇𝐹 (𝑋′
3)

𝜕𝑋′3
3

𝑞7(𝑡)

−𝐸𝐼𝑇𝑆 (𝑋′
3)

𝜕3𝛷𝐵𝐸 (𝑋′
3)

𝜕𝑋′3
3

𝑞8(𝑡)

0

−𝐸𝐼𝑇𝑆 (𝑋′
3)

𝜕2𝛷𝑇𝑆 (𝑋′
3)

𝜕𝑋′2
3

𝑞8(𝑡)

𝐸𝐼𝑇𝐹 (𝑋′
3)

𝜕2𝛷𝑇𝐹 (𝑋′
3)

𝜕𝑋′2
3

𝑞7(𝑡)

𝐺𝐾(𝑋′
3)

𝜕𝛷𝑇𝑌 (𝑋′
3)

𝜕𝑋′
3

𝑞17(𝑡)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

with the signs being determined according to the definitions of the CS
in Fig. 1(d) and DOFs in Fig. 2(a). 𝐸𝐼𝑇𝐹 (𝑋′

3), 𝐸𝐼𝑇𝑆 (𝑋′
3) and 𝐺𝐾(𝑋′

3)
are the tower bending stiffness in the fore–aft, side–side directions and
the torsional stiffness, respectively. As can be seen in Eq. (6), the tower
axial deformation is not considered in the ELWiS model and therefore,
the axial force 𝑁3(𝑋′

3, 𝑡) = 𝐸𝐴(𝑋′
3)

𝜕𝑢3(𝑋′
3 ,𝑡)

𝜕𝑋′
3

is not available from the
internal loads methodology.

Similarly, for defining the blade deformations, the first flapwise and
edgewise blade bending modes have been prescribed, while the blade
axial and torsional deformations are neglected. Following Eq. (4), the

Fig. 2. Overview of the coordinate systems and DOFs of the ELWiS FOWT model.
(a) The blades, tower and floating foundation DOFs of the ELWiS model marked with
red. (b) The three sets of auxiliary DOF vectors 𝐪𝐴 = [𝑞18 ,… , 𝑞23]⊤ for reaction loads
extraction at three critical locations: green for blade root, blue for tower top and
magenta for tower base. (c) The two drivetrain DOFs of the ELWiS model marked
with red, as well as the auxiliary DOF vector 𝐪𝐴 = [𝑞18 ,… , 𝑞23]⊤ for reaction loads
extraction at the hub center marked cyan. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

blade reaction loads can be obtained from the internal loads:

𝐑𝐵𝑗,𝐼𝑛𝑡(𝑥3, 𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝐸𝐼𝐵𝐹 (𝑥3)
𝜕3𝛷𝐵𝐹 (𝑥3)

𝜕𝑥33
𝑞𝑗 (𝑡)

−𝐸𝐼𝐵𝐸 (𝑥3)
𝜕3𝛷𝐵𝐸 (𝑥3)

𝜕𝑥33

(
−𝑞𝑗+3(𝑡)

)

0

−𝐸𝐼𝐵𝐸 (𝑥3)
𝜕2𝛷𝐵𝐸 (𝑥3)

𝜕𝑥23

(
−𝑞𝑗+3(𝑡)

)

𝐸𝐼𝐵𝐹 (𝑥3)
𝜕2𝛷𝐵𝐹 (𝑥3)

𝜕𝑥23
𝑞𝑗 (𝑡)

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, 𝑗 = 1, 2, 3 (7)

with the signs being determined according to the definitions of CS in
Fig. 1(b) and DOFs in Fig. 2(a). 𝐸𝐼𝐵𝐹 (𝑥3) and 𝐸𝐼𝐵𝐸 (𝑥3) are the bending
stiffness in the flapwise and blade edgewise directions respectively.
𝛷𝐵𝐹 (𝑥3) and 𝛷𝐵𝐸 (𝑥3) are the blade flapwise and edgewise mode shapes
respectively, and are shown in Fig. 7. As can be noted from Eq. (7), in
addition to not having the axial load, the torsional load in the blade is
also not available.
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Eqs. (6) and (7) represent the reaction loads of the tower and the
blade at an arbitrary location. Therefore, it is easy to expand them in
a vector format, so that reaction loads at various locations along the
tower height ℎ or the blade length 𝑙 can be extracted. One big disadvan-
tage of the internal loads methodology is that it requires information of
the curvature (or derivative of the twist angle) to calculate the bending
moment (or torque). This means that if the substructure is considered
rigid, it will result in the bending moment (or torque) being falsely
calculated to be zero.

In the ELWiS model, the main shaft and the generator shaft of the
drivetrain have been modeled as homogeneous torsional bars, with only
two torsional DOFs (𝑞9(𝑡) and 𝑞10(𝑡) in Fig. 2(c)). The resulting EOMs of
the 2-DOF drivetrain model can be extracted from the 17-dimensional
EOMs given in Høeg and Zhang (2021), with 2-by-2 mass, stiffness and
damping matrices on the LHS, similar to the format of Eqs. (1a). Then,
based on the internal loads methodology, the reaction loads can be
obtained by the LHS of Eqs. (1b). For the main shaft, this leads to the
following 6-dimensional reaction load vector:

𝐑𝑀𝑆,𝐼𝑛𝑡(𝑡) =
[
0 0 0 −𝑘𝐷(𝑞9 −

𝑞10
𝑁 )−𝑐𝐷(�̇�9 −

�̇�10
𝑁 ) 0 0

]⊤
(8)

where 𝑘𝐷 and 𝑐𝐷 are the equivalent drivetrain stiffness and damping
coefficients, respectively, and 𝑁 is the gearbox gear ratio (Høeg and
Zhang, 2021). The torque is constant along the shaft since the drivetrain
shafts and gears are considered massless.

2.3. Method of auxiliary DOFs

This section and next section deal with extracting the reaction loads
using the methodology of external loads, with two different methods
being elaborated in depth. In this section, the method of auxiliary DOFs
will be elaborated, aiming at extracting the reaction loads at critical
locations (tower base, tower top, main shaft at the hub center, blade
root), as listed in Eq. (3) and shown in Fig. 1(a). For each critical
location, six auxiliary DOFs corresponding to the six reaction load
components are introduced. Fig. 2(b) and (c) facilitate revealing the
basic idea of the method of auxiliary DOFs. The six auxiliary DOFs are
termed as 𝑞18(𝑡),… , 𝑞23(𝑡), and can be collected into the auxiliary DOF
vector 𝐪𝐴(𝑡) =

[
𝑞18(𝑡),… , 𝑞23(𝑡)

]⊤. As a result, the system now has a total
number of 17+6 = 23 DOFs with the six auxiliary DOFs introduced. The
EOMs of this 23-DOF system are then derived using a similar procedure
as in Høeg and Zhang (2021), i.e. the Euler–Lagrange approach (Pars,
1979). The difference here is that only the kinetic energy of the system
is substituted into the system Lagrangian, without accounting for the
system potential energy. This is because the kinetic energy represents
the inertia of the system, corresponding to the inertial loads on the
RHS of Eq. (1b) as one part of the external loads. The system potential
energy, on the other hand, provides the stiffness terms on the LHS of
Eq. (1b), and is thus not needed in the external loads methodology.
Furthermore, as will be shown below, not all components need to be
accounted for in calculating the system kinetic energy.

For the case of the critical location being at the tower base, corre-
sponding to the auxiliary DOFs marked with magenta color in Fig. 2(b),
the position vector of a blade cross section expressed in the global CS
becomes:

𝐫𝐵,𝑗 (𝑥3, 𝑡) =
⎡
⎢⎢⎣

𝑞11
𝑞12
𝑞13

⎤
⎥⎥⎦
+ 𝐓𝐹

⎛
⎜⎜⎝

⎡⎢⎢⎣

𝑞18
𝑞19

ℎ𝑇 + 𝑞20

⎤⎥⎥⎦
+ 𝐓𝐴

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑢𝑇 1(𝐻𝑇 , 𝑡)
𝑢𝑇 2(𝐻𝑇 , 𝑡)

𝐻𝑇 + 𝑢𝑇 3(𝐻𝑇 , 𝑡)

⎤⎥⎥⎦
+ 𝐓𝑇 𝑜

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
ℎ𝑠

⎤⎥⎥⎦

+𝐓𝑇

⎛⎜⎜⎝

⎡⎢⎢⎣

−𝑠
0
0

⎤⎥⎥⎦
+ 𝐓𝐵,𝑗

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
𝑟𝐻

⎤⎥⎥⎦
+ 𝐓𝛽

⎡⎢⎢⎣

𝑢𝐵1,𝑗 (𝑥3, 𝑡)
𝑢𝐵2,𝑗 (𝑥3, 𝑡)

𝑥3 + 𝑢𝐵3,𝑗 (𝑥3, 𝑡)

⎤⎥⎥⎦

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠
(9)

where 𝐓𝐴(𝑞21(𝑡), 𝑞22(𝑡), 𝑞23(𝑡)) is the Euler angle (Shabana, 2003) co-
ordinate transformation matrix due to the three auxiliary rotational

DOFs:

𝐓𝐴(𝑞21, 𝑞22, 𝑞23) =
⎡⎢⎢⎣

1 0 0
0 cos(𝑞21) − sin(𝑞21)
0 sin(𝑞21) cos(𝑞21)

⎤⎥⎥⎦

⎡⎢⎢⎣

cos(𝑞22) 0 sin(𝑞22)
0 1 0

− sin(𝑞22) 0 cos(𝑞22)

⎤⎥⎥⎦

⋅
⎡⎢⎢⎣

cos(𝑞23) − sin(𝑞23) 0
sin(𝑞23) cos(𝑞23) 0

0 0 1

⎤⎥⎥⎦
(10)

In Eq. (9), 𝐓𝐹 (𝑞14(𝑡), 𝑞15(𝑡), 𝑞16(𝑡)), 𝐓𝑇 𝑜(−𝛷′
𝑇𝑆𝐻𝑞8(𝑡), 𝛷′

𝑇𝐹𝐻𝑞7(𝑡), 𝑞17(𝑡)),
𝐓𝑇 (𝜃𝑇 ) and 𝐓𝛽𝑗 (𝛽𝑗 (𝑡)) are the transformation matrices for the founda-
tion, tower top rotation, shaft tilt and blade pitch angles, respectively,
as given in Eq. (6) of Høeg and Zhang (2021). 𝐓𝐵,𝑗 (𝛹𝑗 (𝑡), 𝜃𝐶 ) is the
transformation matrix due the blade azimuthal 𝛹𝑗 (𝑡) and pre cone
𝜃𝐶 angles (Høeg and Zhang, 2021). The heights, distances and dis-
placement fields for the ELWiS model shown in Fig. 2 are listed and
elaborated as:

ℎ𝑇 Distance from the global center of gravity to
the tower base

𝐻𝑇 Tower height
ℎ𝑠 Distance from the tower top to the main

shaft
𝑠 Rotor overhang along the main shaft
𝑟𝐻 Hub radius
𝑢𝑇 1(𝐻𝑇 , 𝑡) = 𝑞7(𝑡) Tower top fore–aft displacement
𝑢𝑇 2(𝐻𝑇 , 𝑡) = 𝑞8(𝑡) Tower top side–side displacement
𝑢𝑇 3(𝐻𝑇 , 𝑡) = 0 Tower top axial displacement
𝑢𝐵1,𝑗 (𝑥3, 𝑡) =

𝛷𝐵𝐹 (𝑥3)𝑞𝑗 (𝑡)
Blade flapwise displacement in the 𝑥1
direction at distance 𝑥3 from the blade root

𝑢𝐵2,𝑗 (𝑥3, 𝑡) =
−𝛷𝐵𝐸 (𝑥3)𝑞𝑗 (𝑡)

Blade edgewise displacement in the 𝑥2
direction at distance 𝑥3 from the blade root

𝑢𝐵3,𝑗 (𝑥3, 𝑡) = 0 Blade axial displacement in the 𝑥3 direction
at distance 𝑥3 from the blade root

The velocity vector of the blade cross section follows by the time
derivative of Eq. (9), from which the kinetic energy of one blade can
be obtained by integrating along the blade length (Høeg and Zhang,
2021). As seen from Eq. (9), the six auxiliary DOFs are placed such that
they result in the tower base rigid body motions, which are experienced
by the structural components from the tower base up to the blades.
Therefore in calculating the system kinetic energy, only the tower,
nacelle, generator, hub and three blades are accounted for in this case,
while the floating foundation is disregarded.

As for the critical location being at the tower top, corresponding to
the auxiliary DOFs marked with blue color in Fig. 2(b), the position
vector of a blade cross section expressed in the global CS becomes:

𝐫𝐵,𝑗 (𝑥3, 𝑡) =
⎡⎢⎢⎣

𝑞11
𝑞12
𝑞13

⎤⎥⎥⎦
+ 𝐓𝐹

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑢𝑇 1(𝐻𝑇 , 𝑡)
𝑢𝑇 2(𝐻𝑇 , 𝑡)

ℎ𝑇 +𝐻𝑇 + 𝑢𝑇 3(𝐻𝑇 , 𝑡)

⎤⎥⎥⎦
+ 𝐓𝑇 𝑜

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑞18
𝑞19
𝑞20

⎤⎥⎥⎦
+ 𝐓𝐴

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
ℎ𝑠

⎤⎥⎥⎦

+𝐓𝑇

⎛⎜⎜⎝

⎡⎢⎢⎣

−𝑠
0
0

⎤⎥⎥⎦
+ 𝐓𝐵,𝑗

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
𝑟𝐻

⎤⎥⎥⎦
+ 𝐓𝛽

⎡⎢⎢⎣

𝑢𝐵1,𝑗 (𝑥3, 𝑡)
𝑢𝐵2,𝑗 (𝑥3, 𝑡)

𝑥3 + 𝑢𝐵3,𝑗 (𝑥3, 𝑡)

⎤⎥⎥⎦

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠
(11)

where 𝐓𝐴(𝑞21(𝑡), 𝑞22(𝑡), 𝑞23(𝑡)) has been given in Eq. (10), although the
physical meanings of these DOFs are different. As seen from Eq. (11),
the six auxiliary DOFs are placed such that they result in the nacelle
rigid body motions, which are experienced by the structural compo-
nents from nacelle at the yaw bearing up to the blades. Therefore
in calculating the system kinetic energy, only the nacelle, generator,
hub and three blades are accounted for in this case, while the floating
foundation and tower are disregarded.

As for the critical location being at the hub center (main shaft), cor-
responding to the auxiliary DOFs marked with cyan color in Fig. 2(c),



Ocean Engineering 266 (2022) 112952

7

C.E. Høeg and Z. Zhang

Fig. 3. The 23-by-23 mass, gyroscopic and stiffness matrices, with the hatched [6×17] submatrices indicating the coupling terms relating the original 17 DOFs with the six auxiliary
DOFs. The hatched [6 × 1] subvector of the residual vector 𝐑𝐄23𝐷𝑂𝐹 is only present for blade root reaction loads extraction.

the position vector of a blade cross section expressed in the global CS
becomes:

𝐫𝐵,𝑗 (𝑥3, 𝑡) =
⎡⎢⎢⎣

𝑞11
𝑞12
𝑞13

⎤⎥⎥⎦
+ 𝐓𝐹

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑢𝑇 1(𝐻𝑇 , 𝑡)
𝑢𝑇 2(𝐻𝑇 , 𝑡)

ℎ𝑇 +𝐻𝑇 + 𝑢𝑇 3(𝐻𝑇 , 𝑡)

⎤⎥⎥⎦
+ 𝐓𝑇 𝑜

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
ℎ𝑠

⎤⎥⎥⎦
+ 𝐓𝑇

⎛⎜⎜⎝

⎡⎢⎢⎣

−𝑠
0
0

⎤⎥⎥⎦

+𝐓𝐴𝑍

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑞18
𝑞19
𝑞20

⎤⎥⎥⎦
+ 𝐓𝐴𝐓𝜃𝑗𝐓𝜃𝐶

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
𝑟𝐻

⎤⎥⎥⎦
+ 𝐓𝛽

⎡⎢⎢⎣

𝑢𝐵1,𝑗 (𝑥3, 𝑡)
𝑢𝐵2,𝑗 (𝑥3, 𝑡)

𝑥3 + 𝑢𝐵3,𝑗 (𝑥3, 𝑡)

⎤⎥⎥⎦

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠
(12)

where the transformation matrix due to pre cone 𝜃𝐶 is denoted 𝐓𝜃𝐶 .
The blade azimuthal angle 𝛹𝑗 (𝑡) = 𝛺0𝑡+ 𝑞9(𝑡) + (𝑗 −1) 2𝜋3 , 𝑗 = 1, 2, 3, has
been split into the collective azimuthal angle 𝛹 (𝑡) = 𝛺0𝑡+ 𝑞9(𝑡) and the
blade angle 𝜃𝑗 = (𝑗 −1) 2𝜋3 , with corresponding transformation matrices
𝐓𝐴𝑍 (𝛹 (𝑡)) and 𝐓𝜃𝑗 , respectively. Note that the angular position 𝜃𝑗 of
blade 𝑗 from the rotating main shaft CS is distributed evenly by 120◦

and is time independent. As seen from Eq. (12), the six auxiliary DOFs
are placed such that they result in the rotor rigid body motions, which
are experienced by the structural components from hub center up to
the blades. Therefore in calculating the system kinetic energy, only the
hub and three blades are accounted for in this case, while the floating
foundation, tower, nacelle and generator are disregarded.

Lastly, for the auxiliary DOFs located at the blade root correspond-
ing to the green-color auxiliary DOFs in Fig. 2(b), the position vector
of a blade cross section expressed in the global CS becomes:

𝐫𝐵,𝑗 (𝑥3, 𝑡) =
⎡
⎢⎢⎣

𝑞11
𝑞12
𝑞13

⎤
⎥⎥⎦
+ 𝐓𝐹

⎛
⎜⎜⎝

⎡
⎢⎢⎣

𝑢𝑇 1(𝐻𝑇 , 𝑡)
𝑢𝑇 2(𝐻𝑇 , 𝑡)

ℎ𝑇 +𝐻𝑇 + 𝑢𝑇 3(𝐻𝑇 , 𝑡)

⎤
⎥⎥⎦
+ 𝐓𝑇 𝑜

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0
0
ℎ𝑠

⎤
⎥⎥⎦
+ 𝐓𝑇

⎛
⎜⎜⎝

⎡
⎢⎢⎣

−𝑠
0
0

⎤
⎥⎥⎦

+𝐓𝐵,𝑗

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
𝑟𝐻

⎤⎥⎥⎦
+ 𝐓𝛽

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑞18
𝑞19
𝑞20

⎤⎥⎥⎦
+ 𝐓𝐴

⎡⎢⎢⎣

𝑢𝐵1,𝑗 (𝑥3, 𝑡)
𝑢𝐵2,𝑗 (𝑥3, 𝑡)

𝑥3 + 𝑢𝐵3,𝑗 (𝑥3, 𝑡)

⎤⎥⎥⎦

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠
(13)

As seen from Eq. (13), the six auxiliary DOFs are placed such that
they result in the blade root rigid body motions, which are experienced
by the whole blade. Therefore in calculating the system kinetic energy,
only one blade is accounted for in this case.

For each of the four cases discussed above, substituting the system
kinetic energy into the Euler–Lagrange equation (Pars, 1979) leads to
the EOMs of this 23-DOF system. The resulting 23-by-23 mass, gyro-
scopic and stiffness matrices and the 23-dimensional residual vector
are illustrated in Fig. 3. Note that the gyroscopic matrix 𝐆23𝐷𝑂𝐹 , the
stiffness matrix 𝐊23𝐷𝑂𝐹 and the residual vector 𝐑𝐄23𝐷𝑂𝐹 originate
exclusively from the system kinetic energy, representing the terms re-
lated to Coriolis acceleration and centripetal acceleration, respectively.
In Fig. 3, the hatched parts indicate the coupling terms relating the
original 17 DOFs with the six auxiliary DOFs, and are used for reaction
loads extraction. The final expressions for calculating the tower base,
tower top, main shaft at the hub center and blade root reaction loads
are:

𝐑𝑇𝐵(𝑡) = 𝐟𝑇𝐵(𝑡) −
(
𝐌𝑇𝐵(𝑡)�̈�(𝑡) +𝐆𝑇𝐵(𝑡)�̇�(𝑡) +𝐊𝑇𝐵(𝑡)𝐪(𝑡)

)
(14a)

𝐑𝑇𝑇 (𝑡) = 𝐟𝑇𝑇 (𝑡) −
(
𝐌𝑇𝑇 (𝑡)�̈�(𝑡) +𝐆𝑇𝑇 (𝑡)�̇�(𝑡) +𝐊𝑇𝑇 (𝑡)𝐪(𝑡)

)
(14b)

𝐑𝑀𝑆𝐻 (𝑡) = 𝐟𝑀𝑆𝐻 (𝑡) −
(
𝐌𝑀𝑆𝐻 (𝑡)�̈�(𝑡) +𝐆𝑀𝑆𝐻 (𝑡)�̇�(𝑡) +𝐊𝑀𝑆𝐻 (𝑡)𝐪(𝑡)

)

(14c)
𝐑𝐵𝑗𝑅(𝑡) = 𝐟𝐵𝑗𝑅(𝑡) −

(
𝐌𝐵𝑗𝑅(𝑡)�̈�(𝑡) +𝐆𝐵𝑗𝑅(𝑡)�̇�(𝑡) +𝐊𝐵𝑗𝑅(𝑡)𝐪(𝑡)

)

+ 𝐑𝐄𝐵𝑗𝑅(𝑡), 𝑗 = 1, 2, 3 (14d)

where 𝐟𝑇𝐵(𝑡), 𝐟𝑇𝑇 (𝑡), 𝐟𝑀𝑆𝐻 (𝑡) and 𝐟𝐵𝑗𝑅(𝑡) are the 6-dimensional external
load vectors, due to gravity and aerodynamics, at the tower base, the
tower top, the hub center and the blade root, respectively. Note that
each of these external load vectors is expressed in the corresponding
local substructure CS, and has also been calculated from the deformed
system configuration. They represent 𝑓 in Eq. (1b). The remaining
terms on the RHS of Eq. (14) represent the inertia loads −𝑚𝑞 in Eq. (1b).
𝐌𝑇𝐵(𝑡), 𝐌𝑇𝑇 (𝑡), 𝐌𝑀𝑆𝐻 (𝑡) and 𝐌𝐵𝑗𝑅(𝑡) correspond to 𝐌17𝐴 in Fig. 3
for the four different critical locations, respectively. Similar definitions
apply to 𝐆17𝐴, 𝐊17𝐴 and 𝐑𝐄𝐴. As seen, the RHS contains terms related
to the position, velocity and acceleration of the generalized coordi-
nates, due to the fact that the acceleration of the blades consists of
contributions from gyroscopic and centrifugal effects. The details of the
matrices 𝐌𝑇𝐵 , 𝐆𝑇𝐵 and 𝐊𝑇𝐵 for tower base loads extraction are given
in Appendix B.

Note that only the residual vector 𝐑𝐄𝐵𝑗𝑅(𝑡) for
blade root reaction loads (in Eq. (14d)) is non-zero, with
the detailed expression 𝐑𝐄𝐵𝑗𝑅(𝑡) = 𝛺(𝑡)2𝐶𝜃𝐶[
−𝑆𝜃𝐶 (𝑟𝐻𝑀𝐵 + 𝐽𝐵1) 0 𝐶𝜃𝐶 (𝑟𝐻𝑀𝐵 + 𝐽𝐵1) 0 − 𝑆𝜃𝐶 (𝑟𝐻𝐽𝐵1 + 𝐽𝐵2) 0

]⊤
for blade pitch angle 𝛽𝑗 = 0. Here 𝛺(𝑡) = 𝛺0 + �̇�9(𝑡) is the actual rotor
speed, 𝐶𝜃𝐶 = cos(𝜃𝐶 ) and 𝑆𝜃𝐶 = sin(𝜃𝐶 ). The blade mass 𝑀𝐵 and blade
first and second mass moment of inertia 𝐽𝐵1 and 𝐽𝐵2 respectively, have
been given in Eq. (37) of Høeg and Zhang (2021). 𝐑𝐄𝐵𝑗𝑅(𝑡) is present
due to the centripetal effects of a single rotating blade. For Eq. (14b)
to Eq. (14c), the corresponding 𝐑𝐄𝐴 are all zero since the three evenly
distributed blades cancel out the centripetal terms.

2.4. Method of d’Alembert’s principle

The method of d’Alembert’s principle, which also belongs to the
external loads methodology (RHS of Eq. (1b)), is elaborated in this sec-
tion. The basic idea is to integrate the external aerodynamic and gravity
loads as well as the inertia loads (based on d’Alembert’s principle) along
the substructures. This method is more general than the method of
auxiliary DOFs, as it can produce reaction loads at an arbitrary location,
as listed in Eq. (2) and shown in Fig. 1(b)(c)(d). However, it should
be noted that for obtaining the tower reaction loads at an arbitrary
location, the tower top reaction loads 𝐑𝑇𝑇 (𝑡) in Eq. (14b) obtained
by the method of auxiliary DOFs (Section 2.3) are needed, as will be
elaborated below.

2.4.1. Tower loads
The distributed external force per unit length 𝐟𝑇 (𝑋′

3, 𝑡) on the tower
is the sum of the gravitational and inertial forces:

𝐟𝑇 (𝑋′
3, 𝑡) =

⎡⎢⎢⎣

𝑓𝑇 ,1(𝑋′
3, 𝑡)

𝑓𝑇 ,2(𝑋′
3, 𝑡)

𝑓𝑇 ,3(𝑋′
3, 𝑡)

⎤⎥⎥⎦
= 𝜇𝑇 (𝑋′

3)
(
𝐠𝑇 (𝑡) − 𝐚𝑇 (𝑋′

3, 𝑡)
)

(15)
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where 𝜇𝑇 (𝑋′
3) is the tower mass per unit length, 𝐠𝑇 (𝑡) =

𝐓⊤
𝐹
[
0 0 −𝑔

]⊤ is the gravitational acceleration vector in the local
tower (𝑋′

1, 𝑋
′
2, 𝑋

′
3)- CS, and 𝐚𝑇 (𝑋′

3, 𝑡) is the tower acceleration vector
in the local tower CS as defined in Appendix A. In addition to the
distributed forces, the tower also experiences external forces resulted
from the substructures above the tower. These are applied at the tower
top as the tower top reaction forces 𝐑𝐹

𝑇𝑇 (𝑡), which is the 3-dimensional
sub-vector of 𝐑𝑇𝑇 (𝑡) in Eq. (14b).

The tower reaction forces 𝑹𝐹
𝑇 (ℎ, 𝑡) at an arbitrary location (the

reference point), i.e. a distance ℎ from the tower base as shown in
Fig. 1(d), can then be obtained as:

𝐑𝐹
𝑇 (ℎ, 𝑡) = ∫

𝐻𝑇

ℎ
𝜇𝑇 (𝑋′

3)
(
𝐠𝑇 (𝑡) − 𝐚𝑇 (𝑋′

3, 𝑡)
)
𝑑𝑋′

3 + 𝐑𝐹
𝑇𝑇 (𝑡) (16)

Similarly, the tower reaction moments at the reference point, i.e. a
distance ℎ from the tower base, is expressed as:

𝐑𝑀
𝑇 (ℎ, 𝑡) = ∫

𝐻𝑇

ℎ
𝜇𝑇 (𝑋′

3)
(
𝐫′𝑇ℎ(𝑋

′
3, ℎ, 𝑡) ×

(
𝐠𝑇 (𝑡) − 𝐚𝑇 (𝑋′

3, 𝑡)
)

−
⎡
⎢⎢⎣

0
0

𝑟2𝑇𝑊 (𝑋′
3)�̇�𝑇 ,3(𝑋′

3, 𝑡)

⎤
⎥⎥⎦

⎞
⎟⎟⎠
𝑑𝑋′

3 + 𝐫′𝑇𝑇 (ℎ, 𝑡) × 𝐑𝐹
𝑇𝑇 (𝑡) + 𝐑𝑀

𝑇𝑇 (𝑡)

(17)

where:

𝐫′𝑇ℎ(𝑋
′
3, ℎ, 𝑡) =

⎡
⎢⎢⎢⎣

𝑢𝑇 1(𝑋′
3, 𝑡)

𝑢𝑇 2(𝑋′
3, 𝑡)

𝑋′
3 + 𝑢𝑇 3(𝑋′

3, 𝑡)

⎤⎥⎥⎥⎦
−
⎡⎢⎢⎢⎣

𝑢𝑇 1(ℎ, 𝑡)
𝑢𝑇 2(ℎ, 𝑡)

ℎ + 𝑢𝑇 3(ℎ, 𝑡)

⎤⎥⎥⎥⎦
(18)

is the position vector of a tower cross-section at 𝑋′
3 with respect to

the reference point, in the deformed tower configuration. As seen,
𝐫′𝑇ℎ(𝑋

′
3, ℎ, 𝑡) is obtained by subtracting the two position vectors that

are expressed in the local tower CS. 𝐫′𝑇𝑇 (ℎ, 𝑡) = 𝐫′𝑇ℎ(𝐻𝑇 , ℎ, 𝑡) is the
corresponding position vector at the tower top (with respect to the
reference point). A general local position vector of a tower cross-section
at the deformed configuration is illustrated in Fig. A.1 in Appendix A.
The axial deformation 𝑢𝑇 3(𝑋′

3, 𝑡) is neglected in the present study, and
the fore–aft and side–side deformations, 𝑢𝑇 1(𝑋′

3, 𝑡) and 𝑢𝑇 2(𝑋′
3, 𝑡), are

defined as Høeg and Zhang (2021):

𝑢𝑇 1(𝑋′
3, 𝑡) = 𝛷𝑇𝐹 (𝑋′

3)𝑞7(𝑡), 𝑢𝑇 2(𝑋′
3, 𝑡) = 𝛷𝑇𝑆 (𝑋′

3)𝑞8(𝑡) (19)

Substituting Eq. (19) into Eq. (18) provides:

𝐫′𝑇ℎ(𝑋
′
3, ℎ, 𝑡) =

⎡
⎢⎢⎢⎣

(
𝛷𝑇𝐹 (𝑋′

3) −𝛷𝑇𝐹 (ℎ)
)
𝑞7(𝑡)(

𝛷𝑇𝑆 (𝑋′
3) −𝛷𝑇𝑆 (ℎ)

)
𝑞8(𝑡)

𝑋′
3 − ℎ

⎤
⎥⎥⎥⎦
,

𝐫′𝑇𝑇 (ℎ, 𝑡) =
⎡⎢⎢⎢⎣

(
1 −𝛷𝑇𝐹 (ℎ)

)
𝑞7(𝑡)(

1 −𝛷𝑇𝑆 (ℎ)
)
𝑞8(𝑡)

𝐻𝑇 − ℎ

⎤⎥⎥⎥⎦
(20)

𝑟𝑇𝑊 (𝑋′
3) in Eq. (17) is the radius of the tower shell, and �̇�𝑇 ,3(𝑋′

3, 𝑡)
is the angular acceleration of the tower about the local tower 𝑋′

3 axis:

�̇�𝑇 ,3(𝑋′
3, 𝑡) = 𝛷𝑇𝑌 (𝑋′

3)𝑞17

+
[
0 0 1

]
𝐓⊤
3

⎛⎜⎜⎝

⎡⎢⎢⎣

0
0
𝑞16

⎤⎥⎥⎦
+ 𝐓⊤

2

⎛⎜⎜⎝

⎡⎢⎢⎣

0
𝑞15
0

⎤⎥⎥⎦
+ 𝐓⊤

1

⎛⎜⎜⎝

⎡⎢⎢⎣

𝑞14
0
0

⎤⎥⎥⎦

⎞⎟⎟⎠

⎞⎟⎟⎠

⎞⎟⎟⎠
(21)

Finally, 𝐑𝑀
𝑇𝑇 (𝑡) in Eq. (17) is the tower top reaction moment vector,

which is the remaining 3-dimensional sub-vector of 𝐑𝑇𝑇 (𝑡) in Eq. (14b).
In order to implement Eqs. (16) and (17) numerically, the con-

tinuous system needs to be reformulated as a discrete system with
a number of elements. As shown in Fig. 4, the whole tower is dis-
cretized into 𝑁𝑇 elements, and the 𝑁𝑇 -dimensional vector of the
distances from the tower base to the 𝑁𝑇 element centers is defined
as 𝐗′

3 = [𝑋′
3,1,… , 𝑋′

3,𝑛,… , 𝑋′
3,𝑁𝑇

]. The corresponding 𝑁𝑇 -dimensional

Fig. 4. Tower discretization. The whole tower is discretized into 𝑁𝑇 elements, with
𝐗′

3 being the vector containing the distances from the tower base to the 𝑁𝑇 element
centers. The remaining tower from the reference point (a distance ℎ from the tower
base) to the tower top is discretized into 𝑛𝑇 elements, with 𝐗′′

3 (ℎ) being the vector
containing the distances from the reference point to the 𝑛𝑇 element centers.

vector of element lengths of the 𝑁𝑇 elements is defined as 𝚫𝐗′
3 =

[𝛥𝑋′
3,1,… , 𝛥𝑋′

3,𝑛,… , 𝛥𝑋′
3,𝑁𝑇

]. Moreover, for the remaining part of the
tower from the reference point to tower top, a new local CS is defined
with origin at the reference point. This CS has the third coordinate
defined as 𝑋′′

3 = 𝑋′
3 − ℎ. The remaining tower is discretized into 𝑛𝑇

elements, and the 𝑛𝑇 -dimensional vector of element center distances
from the reference point is defined as 𝐗′′

3 (ℎ) = [𝑋′′
3,1,… , 𝑋′′

3,𝑛,… , 𝑋′′
3,𝑛𝑇

],
as shown in Fig. 4. Note that the vector 𝐗′′

3 (ℎ) is equal to the last 𝑛𝑇
entries of the vector 𝐗′

3 minus ℎ, except for the first entry 𝑋′′
3,1 where

the 𝑛th element of 𝚫𝐗′
3 might be cut as illustrated in Fig. 4. The element

lengths of the remaining tower, collected in the 𝑛𝑇 -dimensional vector
𝚫𝐗′′

3 (ℎ) = [𝛥𝑋′′
3,1,… , 𝛥𝑋′′

3,𝑛,… , 𝛥𝑋′
3,𝑁𝑇

], are equal to the last 𝑛𝑇 entries
of 𝚫𝐗′

3, except for the first entry 𝛥𝑋′′
3,1.

The continuous system in Eq. (16) can then be reformulated into a
discrete system for numerical implementation as:

𝐑𝐹
𝑇 (ℎ, 𝑡) ≈ 𝑀𝑇 (ℎ)𝐠𝑇 (𝑡) −𝐌𝑇 (ℎ)𝐚𝑇 (ℎ, 𝑡) + 𝐑𝐹

𝑇𝑇 (𝑡) (22)

in which:

𝑀𝑇 (ℎ) = 𝝁𝑇 (ℎ)⋅∆𝐗′′
3 (ℎ) (23a)

is the total mass of the remaining tower, with 𝝁𝑇 (ℎ) being the [1 × 𝑛𝑇 ]
sized vector of the mass per unit length at the center of each element.
𝐌𝑇 (ℎ) in Eq. (22) is given by:

𝐌𝑇 (ℎ) =
⎡⎢⎢⎣

𝚫𝐦𝑇 𝟎 𝟎
𝟎 𝚫𝐦𝑇 𝟎
𝟎 𝟎 𝚫𝐦𝑇

⎤⎥⎥⎦[3×3𝑛𝑇 ]
(24)

where 𝚫𝐦𝑇 (ℎ) is a [1 × 𝑛𝑇 ] sized vector of element masses, defined as:

𝚫𝐦𝑇 (ℎ) = 𝝁𝑇 (ℎ)◦𝚫𝐗′′
3 (ℎ) (25)
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with ◦ being the Hadamard product. Note that the acceleration vector
𝐚𝑇 (ℎ, 𝑡) in Eq. (22) is of size [3𝑛𝑇 × 1], as the element vector 𝐗′′

3 (ℎ) has
the size [𝑛𝑇 × 1] and the first 𝑛𝑇 entries of 𝐚𝑇 (ℎ, 𝑡) correspond to the
accelerations in the 𝑋′

1− direction. Correspondingly, the remaining 2𝑛𝑇
entries of 𝐚𝑇 (ℎ, 𝑡) consist of 𝑛𝑇 accelerations in the 𝑋′

2− direction and
𝑛𝑇 accelerations in the 𝑋′

3− direction.
Similarly, the continuous system in Eq. (17) can be reformulated

into a discrete system as:

𝐑𝑀
𝑇 (ℎ, 𝑡) ≈ �̃�𝑇 (ℎ, 𝑡)𝐠𝑇 (𝑡) − 𝐣𝑇 (ℎ, 𝑡)𝐚𝑇 (ℎ, 𝑡) − 𝐣𝑇𝑌 (ℎ)�̇�𝑇 ,3(ℎ, 𝑡)

+ �̃�′𝑇𝑇 (ℎ, 𝑡)𝐑
𝐹
𝑇𝑇 (𝑡) + 𝐑𝑀

𝑇𝑇 (𝑡) (26)

where �̃�𝑇 (ℎ, 𝑡) is the skew symmetric matrix for the first mass moment
of inertia vector, of the remaining tower. The gravitational acceleration
vector 𝐠𝑇 (𝑡) of the size [3 × 1] is the same at all positions, and thus it
allows for the product of the element position vectors and masses to be
summed up (resulting in the first mass moment of inertia vector) before
performing cross product with 𝐠𝑇 (𝑡). �̃�𝑇 (ℎ, 𝑡) is defined as:

�̃�𝑇 (ℎ, 𝑡) =

⎡
⎢⎢⎢⎢⎣

0 −𝚫𝐦𝑇 ⋅ 𝐫′𝑇ℎ,3 𝚫𝐦𝑇 ⋅ 𝐫′𝑇ℎ,2
𝚫𝐦𝑇 ⋅ 𝐫′𝑇ℎ,3 0 −𝚫𝐦𝑇 ⋅ 𝐫′𝑇ℎ,1
−𝚫𝐦𝑇 ⋅ 𝐫′𝑇ℎ,2 𝚫𝐦𝑇 ⋅ 𝐫′𝑇ℎ,1 0

⎤
⎥⎥⎥⎥⎦[3×3]

(27a)

=
[
�̃�𝑇 ,0(ℎ) + �̃�𝑇 ,1(ℎ)𝑞7(𝑡) + �̃�𝑇 ,2(ℎ)𝑞8(𝑡)

]
[3×3] (27b)

where 𝐫′𝑇ℎ,3(𝐗
′′
3 + ℎ, ℎ, 𝑡) is the [1 × 𝑛𝑇 ] sized vector containing the

third components of 𝐫′𝑇ℎ(𝑋
′
3, ℎ, 𝑡) defined in Eq. (20)a, turning out to

be exactly vector 𝐗′′
3 when 𝐗′′

3 + ℎ is inserted instead of 𝑋′
3. The first

and second components of Eq. (20)a are similarly converted into row
vectors 𝐫′𝑇ℎ,1 and 𝐫′𝑇ℎ,2 by the use of 𝐗′′

3 , and are proportional to the
tower DOFs 𝑞7(𝑡) and 𝑞8(𝑡), respectively. Eq. 27a can be further reor-
ganized into Eq. 27b consisting of three parts, i.e. the time-invariant
�̃�𝑇 ,0(ℎ), and the time-varying �̃�𝑇 ,1(ℎ)𝑞7(𝑡) and �̃�𝑇 ,1(ℎ)𝑞8(𝑡).

𝐣𝑇 (ℎ, 𝑡) in Eq. (26) is constructed in a similar manner as �̃�𝑇 (ℎ, 𝑡),
except that the dot product becomes the Hadamard product, given as:

𝐣𝑇 (ℎ, 𝑡) =

⎡⎢⎢⎢⎢⎣

𝟎 −𝚫𝐦𝑇 ◦𝐫′𝑇ℎ,3 𝚫𝐦𝑇 ◦𝐫′𝑇ℎ,2
𝚫𝐦𝑇 ◦𝐫′𝑇ℎ,3 𝟎 −𝚫𝐦𝑇 ◦𝐫′𝑇ℎ,1
−𝚫𝐦𝑇 ◦𝐫′𝑇ℎ,2 𝚫𝐦𝑇 ◦𝐫′𝑇ℎ,1 𝟎

⎤⎥⎥⎥⎥⎦[3×3𝑛𝑇 ]

(28a)

=
[
𝐣𝑇 ,0(ℎ) + 𝐣𝑇 ,1(ℎ)𝑞7(𝑡) + 𝐣𝑇 ,1(ℎ)𝑞8(𝑡)

]
[3×3𝑛𝑇 ]

(28b)

which is multiplied by the [3𝑛𝑇 × 1] sized acceleration vector 𝐚𝑇 (ℎ, 𝑡).
The matrix 𝐣𝑇𝑌 (ℎ) in Eq. (26) has a row vector 𝚫𝐦𝑇 ◦𝐫◦2𝑇𝑊 containing

the second mass moment of inertia of the individual elements (of the
remaining tower) about 𝑋′

3- axis. 𝐣𝑇𝑌 (ℎ) is given as:

𝐣𝑇𝑌 (ℎ) =
⎡
⎢⎢⎣

𝟎
𝟎

𝚫𝐦𝑇 ◦𝐫◦2𝑇𝑊

⎤
⎥⎥⎦[3×𝑛𝑇 ]

(29)

with 𝐫𝑇𝑊 (ℎ) being a [𝑛𝑇 ×1] sized vector of the tower wall mean radius.
◦2 is the Hadamard power of two operator, meaning that each element
of the vector 𝐫𝑇𝑊 (ℎ) is squared individually. As seen in Eq. (29),
the second mass moment of inertia about 𝑋′

3- axis is independent of
the DOFs, and thus 𝐣𝑇𝑌 (ℎ) is time invariant. Furthermore, �̇�𝑇 ,3(ℎ, 𝑡)
in Eq. (26) is the [𝑛𝑇 × 1] sized vector containing tower angular
accelerations about 𝑋′

3- axis.
�̃�′𝑇𝑇 (ℎ, 𝑡) in Eq. (26) is the skew symmetric matrix of the tower top

position vector 𝐫′𝑇𝑇 (ℎ, 𝑡) given in Eq. (20)b, so that the cross product
with the tower top forces 𝐑𝐹

𝑇𝑇 (𝑡) is realized. �̃�′𝑇𝑇 (ℎ, 𝑡) can be organized
as:

�̃�′𝑇𝑇 (ℎ, 𝑡) = �̃�′𝑇𝑇 ,0(ℎ) + �̃�′𝑇𝑇 ,1(ℎ)𝑞7(𝑡) + �̃�′𝑇𝑇 ,2(ℎ)𝑞8(𝑡) (30)

where �̃�′𝑇𝑇 ,0(ℎ) is the time-invariant matrix related to the term 𝐻𝑇 − ℎ
in Eq. (20)b. �̃�′𝑇𝑇 ,1(ℎ) and �̃�′𝑇𝑇 ,2(ℎ) are the matrices related to the term
(1 −𝛷𝑇𝐹 (ℎ)) and (1 −𝛷𝑇𝑆 (ℎ)), respectively.

Combining Eqs. (22) and (26) leads to the complete 6-dimensional
tower reaction load vector:

𝐑𝑇 ,𝐸𝑥𝑡(ℎ, 𝑡) =
⎡⎢⎢⎣
𝐑𝐹
𝑇 (ℎ, 𝑡)

𝐑𝑀
𝑇 (ℎ, 𝑡)

⎤⎥⎥⎦

≈
⎡
⎢⎢⎣
𝑀𝑇 (ℎ)𝐈[3×3] −𝐌𝑇 (ℎ) 𝟎[3×𝑛𝑇 ] 𝐈[3×3] 𝟎[3×3]
�̃�𝑇 (ℎ, 𝑡) −𝐣𝑇 (ℎ, 𝑡) −𝐣𝑇𝑌 (ℎ) �̃�′𝑇𝑇 (ℎ, 𝑡) 𝐈[3×3]

⎤
⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐀𝑇 (ℎ,𝑡)[6×(3+3𝑛𝑇 +𝑛𝑇 +3+3)]

⋅

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐠𝑇 (𝑡)
𝐚𝑇 (ℎ, 𝑡)

�̇�𝑇 ,3(ℎ, 𝑡)

𝐑𝐹
𝑇𝑇 (𝑡)

𝐑𝑀
𝑇𝑇 (𝑡)

⎤⎥⎥⎥⎥⎥⎥⎥⎦[(3+3𝑛𝑇 +𝑛𝑇 +3+3)×1]

(31)

which provides the six reaction loads at a given distance ℎ from the
tower base. Using Eqs. 27b, (28b) and (30), matrix 𝐀𝑇 (ℎ, 𝑡) in Eq. (31)
can be rewritten as:

𝐀𝑇 (ℎ, 𝑡) =
[
𝐀𝑇 ,0(ℎ) + 𝐀𝑇 ,1(ℎ)𝑞7(𝑡) + 𝐀𝑇 ,2(ℎ)𝑞8(𝑡)

]
(32)

in which:

𝐀𝑇 ,0(ℎ) =

[
𝑀𝑇 𝐈[3×3] −𝐌𝑇 𝟎[3×𝑛𝑇 ] 𝐈[3×3] 𝟎[3×3]

�̃�𝑇 ,0 −𝐣𝑇 ,0 −𝐣𝑇𝑌 �̃�′𝑇𝑇 ,0 𝐈[3×3]

]
(33a)

𝐀𝑇 ,1(ℎ) =

[
𝟎[3×3] 𝟎[3×3𝑛𝑇 ] 𝟎[3×𝑛𝑇 ] 𝟎[3×3] 𝟎[3×3]
�̃�𝑇 ,1 −𝐣𝑇 ,1 𝟎[3×𝑛𝑇 ] �̃�′𝑇𝑇 ,1 𝟎[3×3]

]
(33b)

𝐀𝑇 ,2(ℎ) =

[
𝟎[3×3] 𝟎[3×3𝑛𝑇 ] 𝟎[3×𝑛𝑇 ] 𝟎[3×3] 𝟎[3×3]
�̃�𝑇 ,2 −𝐣𝑇 ,2 𝟎[3×𝑛𝑇 ] �̃�′𝑇𝑇 ,2 𝟎[3×3]

]
(33c)

are the time-invariant matrix components of 𝐀𝑇 (ℎ, 𝑡). 𝐀𝑇 ,0(ℎ) is un-
related to any DOFs, whereas the matrices 𝐀𝑇 ,1(ℎ) and 𝐀𝑇 ,2(ℎ) are
multiplied with the tower DOFs 𝑞7(𝑡) and 𝑞8(𝑡), respectively.

The vector on the RHS of Eq. (31) containing the accelerations and
tower top reactions, is defined for the given reference point (a distance
ℎ from the tower base). The gravity vector and tower top reaction loads
do not change with ℎ, but the accelerations 𝐚𝑇 (ℎ, 𝑡) and �̇�𝑇 ,3(ℎ, 𝑡) do.
For multiple reference points, the calculations of 𝐚𝑇 (ℎ, 𝑡) and �̇�𝑇 ,3(ℎ, 𝑡)
for each distance ℎ will become unnecessarily computationally heavy.
Recall that the vector 𝐗′′

3 (ℎ) is equal to the last 𝑛𝑇 elements of the vector
for the whole tower 𝐗′

3, with the exception of the first entry. Therefore,
it is smarter to calculate the acceleration vectors 𝐚𝑇 (𝐗′

3, 𝑡) and �̇�𝑇 ,3(𝐗′
3, 𝑡)

(of sizes [3𝑁𝑇 × 1] and [𝑁𝑇 × 1], respectively) only once, and then to
perform interpolation to get the vectors 𝐚𝑇 (ℎ, 𝑡) and �̇�𝑇 ,3(ℎ, 𝑡) (of sizes
[3𝑛𝑇 × 1] and [𝑛𝑇 × 1], respectively).

Interpolation of 𝐚𝑇 (ℎ, 𝑡) and �̇�𝑇 ,3(ℎ, 𝑡) can be performed as:

[
𝐚𝑇 (ℎ, 𝑡)
�̇�𝑇 ,3(ℎ, 𝑡)

]

[(3𝑛𝑇 +𝑛𝑇 )×1]
=

⎡⎢⎢⎢⎢⎣

𝐁𝑇 ,𝐴𝑐𝑐 (ℎ) 𝟎
𝐁𝑇 ,𝐴𝑐𝑐(ℎ)

𝐁𝑇 ,𝐴𝑐𝑐 (ℎ)
𝟎 𝐁𝑇 ,𝐴𝑐𝑐 (ℎ)

⎤⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐁𝑇 ,𝐴𝑐𝑐,𝑡𝑜𝑡(ℎ)[4𝑛𝑇 ×4𝑁𝑇 ]

⋅

[
𝐚𝑇 (𝐗′

3, 𝑡)

�̇�𝑇 ,3(𝐗′
3, 𝑡)

]

[(3𝑁𝑇 +𝑁𝑇 )×1]

(34)

where 𝐁𝑇 ,𝐴𝑐𝑐 (ℎ) is the linear interpolation matrix interpolating the 𝑁𝑇
discretized tower accelerations in one direction, a subset of 𝐚𝑇 (𝐗′

3, 𝑡),
into the 𝑛𝑇 discretized tower elements (from the reference point to
tower top). The 𝑛𝑇 tower angular accelerations �̇�𝑇 ,3(ℎ, 𝑡) are obtained
from the 𝑁𝑇 tower angular accelerations �̇�𝑇 ,3(𝐗′

3, 𝑡) using the same
𝐁𝑇 ,𝐴𝑐𝑐 (ℎ) matrix.
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Substituting Eq. (34) into Eq. (31), the tower reaction load vector
becomes:

𝐑𝑇 ,𝐸𝑥𝑡(ℎ, 𝑡) = 𝐀𝑇 (ℎ, 𝑡)
⎡⎢⎢⎣

𝐈[3×3] 𝟎
𝐁𝑇 ,𝐴𝑐𝑐,𝑡𝑜𝑡

𝟎 𝐈[6×6]

⎤⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐁𝑇 ,𝑡𝑜𝑡(ℎ)[(3+4𝑛𝑇 +6)×(3+4𝑁𝑇 +6)]

⎡⎢⎢⎢⎢⎢⎢⎣

𝐠𝑇 (𝑡)

𝐚𝑇 (𝐗′
3, 𝑡)

�̇�𝑇 ,3(𝐗′
3, 𝑡)

𝐑𝑇𝑇 (𝑡)

⎤⎥⎥⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

𝐬𝑇 (𝑡)[(3+3𝑁𝑇 +𝑁𝑇 +3+3)×1]

(35)

where 𝐁𝑇 ,𝑡𝑜𝑡(ℎ) is the total interpolation matrix, and 𝐬𝑇 (𝑡) is a input vec-
tor related to the whole tower that only needs to be evaluated once. If
reaction loads at multiple locations defined by a vector 𝐡 =

[
ℎ1,… , ℎ𝑛

]
are required, Eq. (35) allows for a very convenient calculation of the
[6𝑛×1] sized reaction loads vector 𝐑𝑇 ,𝐸𝑥𝑡(𝐡, 𝑡), by stacking the products
of matrices 𝐀𝑇 (ℎ, 𝑡) and 𝐁𝑇 ,𝑡𝑜𝑡(ℎ):

𝐑𝑇 ,𝐸𝑥𝑡(𝐡, 𝑡) =
⎡⎢⎢⎣

𝐑𝑇 ,𝐸𝑥𝑡(ℎ1, 𝑡)
⋮

𝐑𝑇 ,𝐸𝑥𝑡(ℎ𝑛, 𝑡)

⎤⎥⎥⎦[6𝑛×1]
=
⎡⎢⎢⎣

𝐀𝑇 (ℎ1, 𝑡)𝐁𝑇 ,𝑡𝑜𝑡(ℎ1)
⋮

𝐀𝑇 (ℎ𝑛, 𝑡)𝐁𝑇 ,𝑡𝑜𝑡(ℎ𝑛)

⎤⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐂𝑇 (𝐡,𝑡)[6𝑛×(3+3𝑁𝑇 +3+3)]

𝐬𝑇 (𝑡) (36)

Using Eq. (32), Eq. (36) can be rearranged:

𝐑𝑇 ,𝐸𝑥𝑡(𝐡, 𝑡) =
⎡⎢⎢⎢⎣

𝐀𝑇 ,0(ℎ1)𝐁𝑇 ,𝑡𝑜𝑡(ℎ1) 𝐀𝑇 ,1(ℎ1)𝐁𝑇 ,𝑡𝑜𝑡(ℎ1) 𝐀𝑇 ,2(ℎ1)𝐁𝑇 ,𝑡𝑜𝑡(ℎ1)
⋮

𝐀𝑇 ,0(ℎ𝑛)𝐁𝑇 ,𝑡𝑜𝑡(ℎ𝑛) 𝐀𝑇 ,1(ℎ𝑛)𝐁𝑇 ,𝑡𝑜𝑡(ℎ𝑛) 𝐀𝑇 ,2(ℎ𝑛)𝐁𝑇 ,𝑡𝑜𝑡(ℎ𝑛)

⎤
⎥⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐃𝑇 (𝐡)[6𝑛×3(3+3𝑁𝑇 +3+3)]

⋅

⎡⎢⎢⎢⎣

𝐬𝑇 (𝑡)
𝐬𝑇 (𝑡)𝑞7(𝑡)
𝐬𝑇 (𝑡)𝑞8(𝑡)

⎤
⎥⎥⎥⎦

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝐬′𝑇 (𝑡)[3(3+3𝑁𝑇 +𝑁𝑇 +3+3)×1]

(37)

where only a time-invariant matrix 𝐃𝑇 (𝐡) needs to be calculated in
the pre-processor. 𝐃𝑇 (𝐡) can be reduced if a subset of the six available
reaction loads are requested for the given positions 𝐡. This can be done
by pre-multiplying 𝐃𝑇 (𝐡) in Eq. (37) by a selection matrix.

2.4.2. Blade loads
The distributed external force per unit length 𝐟𝐵𝑗 (𝑥3, 𝑡) on blade 𝑗 is

the sum of the gravitational, inertial and aerodynamic forces:

𝐟𝐵𝑗 (𝑥3, 𝑡) =
⎡⎢⎢⎣

𝑓𝐵𝑗,1(𝑥3, 𝑡)
𝑓𝐵𝑗,2(𝑥3, 𝑡)
𝑓𝐵𝑗,3(𝑥3, 𝑡)

⎤⎥⎥⎦
= 𝜇𝐵(𝑥3)

(
𝐠𝐵𝑗 (𝑡) − 𝐚𝐵𝑗 (𝑥3, 𝑡)

)
+
⎡⎢⎢⎣

𝑝𝑁,𝑗 (𝑥3, 𝑡)
−𝑝𝑇 ,𝑗 (𝑥3, 𝑡)

0

⎤⎥⎥⎦
(38)

where 𝜇𝐵(𝑥3) is the blade mass per unit length. 𝐠𝐵𝑗 (𝑡) is the gravity
vector and 𝐚𝐵𝑗 (𝑥3, 𝑡) is the blade cross-section acceleration vector at 𝑥3
distance from the blade root (detailed in Appendix A.2), both expressed
in the local blade CS. 𝑝𝑁,𝑗 (𝑥3, 𝑡) and 𝑝𝑇 ,𝑗 (𝑥3, 𝑡) are the normal and
tangential aerodynamic forces per unit length on the blade. Note that
the blades also experience aerodynamic moment 𝑚𝑎,𝑗 (𝑥3, 𝑡) per unit
length about the 𝑥3- axis. Then, the blade reaction forces and moments
at an arbitrary reference point (with distance 𝑙 from the blade root) can
be calculated as:

𝐑𝐹
𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡) = ∫

𝐿𝐵

𝑙
𝜇𝐵(𝑥3)

(
𝐠𝐵𝑗 (𝑡) − 𝐚𝐵𝑗 (𝑥3, 𝑡)

)
+
⎡⎢⎢⎣

𝑝𝑁,𝑗 (𝑥3, 𝑡)
−𝑝𝑇 ,𝑗 (𝑥3, 𝑡)

0

⎤⎥⎥⎦
𝑑𝑥3 (39a)

𝐑𝑀
𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡) = ∫

𝐿𝐵

𝑙
𝐫′𝐵𝑗𝑙(𝑥3, 𝑙, 𝑡) ×

⎛⎜⎜⎝
𝜇𝐵(𝑥3)

(
𝐠𝐵𝑗 (𝑡) − 𝐚𝐵𝑗 (𝑥3, 𝑡)

)

+
⎡⎢⎢⎣

𝑝𝑁,𝑗 (𝑥3, 𝑡)
−𝑝𝑇 ,𝑗 (𝑥3, 𝑡)

0

⎤⎥⎥⎦

⎞⎟⎟⎠
+
⎡⎢⎢⎣

0
0

𝑚𝑎,𝑗 (𝑥3, 𝑡)

⎤⎥⎥⎦
𝑑𝑥3 (39b)

where 𝐫′𝐵𝑗𝑙(𝑥3, 𝑙, 𝑡) = 𝐫′𝐵𝑗 (𝑥3, 𝑡) − 𝐫′𝐵𝑗 (𝑙, 𝑡) is the position of a blade
cross-section with respect to the reference point, in the deformed
configuration, where 𝐫′𝐵𝑗 (𝑥3, 𝑡) has been defined by Eq. (A.8) in Ap-
pendix A. Efficient numerical implementation of the blade reaction
loads in Eq. (39) is done similarly to that of the tower, and the details
are given in Appendix C.

2.4.3. Rotating and non-rotating main shaft loads
The main shaft loads along the rotating shaft are obtained by a

simple coordinate transformation of the hub center loads 𝐑𝑀𝑆𝐻 (𝑡) in
Eq. (14c) that is based on the method of auxiliary DOFs in Section 2.3.
This is due to the fact that the shafts and gearbox gears are considered
massless in the ELWiS model. Hence, the main shaft loads along the
rotating shaft can be written as:

𝐑𝑀𝑆 (𝑙𝑠, 𝑡) =
[

𝐈[3×3] 𝟎[3×3]
�̃�′𝑀𝑆 (𝑙𝑠) 𝐈[3×3]

]
𝐑𝑀𝑆𝐻 (𝑡) (40)

where �̃�′𝑀𝑆 (𝑙𝑠) is the [3 × 3] skew symmetric matrix for the position
vector 𝐫′𝑀𝑆 (𝑙𝑠) =

[
𝑙𝑠 0 0

]⊤ of a main shaft cross-section (𝑙𝑠 from the
hub center along the rotating shaft), as shown in Fig. 1.

Another relevant coordinate transformation of the hub center load
vector is to transform it into a non-rotating CS. This will require an
additional transformation matrix 𝐓𝐴𝑍 (𝛹 (𝑡)) related to the azimuthal
angle 𝛹 (𝑡) = 𝛺0𝑡 + 𝑞9(𝑡) of the main shaft:

𝐑𝑀𝐵(𝑙𝑏, 𝑡) =
[

𝐈3×3 𝟎[3×3]
�̃�′𝑀𝐵(𝑙𝑏) 𝐈3×3

] [
𝐓𝐴𝑍 𝟎3×3
𝟎3×3 𝐓𝐴𝑍

]
𝐑𝑀𝑆𝐻 (𝑡) (41)

which results in the non-rotating main shaft loads at a cross-section 𝑙𝑏
from the hub center. �̃�′𝑀𝐵(𝑙𝑏) is the [3 × 3] skew symmetric matrix for
the position vector 𝐫′𝑀𝐵(𝑙𝑏) =

[
𝑙𝑏 0 0

]⊤ of a main shaft cross-section
at 𝑙𝑏 from the hub center along the non-rotating shaft CS.

The rotating and non-rotating shaft loads 𝐑𝑀𝑆 (𝑙𝑠, 𝑡) and 𝐑𝑀𝐵(𝑙𝑏, 𝑡)
are useful for the design of e.g. the main shaft and the main bearing,
respectively.

3. Verification and evaluation

This section provides an extensive verification and evaluation of
the three methods described in Sections 2.2–2.4. In the following, the
internal load method in Section 2.2 is denoted ‘Internal’, while the two
external load methods in Sections 2.3 and 2.4 are denoted ‘AuxDOFs’
and ‘d’Alembert’, respectively.

First, a simple 10-DOF model of a uniform tower is used for showing
the convergence of results with respect to the employed number of
modes, as well as the discrepancy between ‘Internal’ and the two
external methods when the number of modes is low. The 10-DOF model
is used exclusively to verify the implemented load extraction methods
and do not represent a realistic structure. For the verification, the 10-
DOF model with a uniform structure was employed to eliminate the
errors associated with the definition of the mode shapes since analytical
mode shapes are available. Next, the ELWiS FOWT model is used for
further verification of the methods, where for the tower and blades
with both analytical mode shapes (for a uniform structure) and realistic
mode shapes have been considered.

3.1. 10-DOF model of a uniform tower

A 10-DOF model is established for a uniform planar tower with a
constant mass per unit length 𝜇 and bending stiffness 𝐸𝐼 . The Euler–
Lagrange equation is used for deriving the EOM of the 10-DOF system,
by subtracting the kinetic energy 𝑇 = ∫ 𝐻𝑇

0 𝜇𝑢2(𝑋′
3, 𝑡)𝑑𝑋

′
3 and potential

energy 𝑈 = ∫ 𝐻𝑇
0 𝐸𝐼

(
𝜕2𝑢(𝑋′

3 ,𝑡)
𝜕𝑋′2

3

)2
𝑑𝑋′

3. The transverse displacement of

the tower is defined as 𝑢(𝑋′
3, 𝑡) =

∑10
𝑛=1 𝛷𝑛(𝑋′

3)𝑞𝑛(𝑡) where the ten
mode shapes of a uniform beam can be found analytically (Singiresu,
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Fig. 5. Comparison of tower shear force from different methods, with the number of DOFs increasing from one to ten. (a) Time histories of the tower base shear force. (b)
Distribution of the tower shear force along the tower height at 𝑡 = 3 [s]. Reaction loads at the tower base (◦) and tower top (×) are obtained from ‘AuxDOFs’. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

2010), and the 10 DOFs are collected in the DOF vector �̂�(𝑡). The
resulting system matrices becomes 10-by-10 diagonal matrices (due to
orthogonality conditions) with the modal masses and stiffnesses �̂�𝑖 =
𝜇 ∫ 𝐻𝑇

0 𝛷2
𝑖 (𝑋

′
3)𝑑𝑋

′
3 and �̂�𝑖 = 𝐸𝐼 ∫ 𝐻𝑇

0 𝛷′′2
𝑖 (𝑋′

3)𝑑𝑋
′
3, 𝑖 = 1,… , 10.

For ‘Internal’ method, the tower reaction load vector, in accordance
with Eq. (6), becomes:

�̂�𝑇 ,𝐼𝑛𝑡(𝑋′
3, 𝑡) = 𝐸𝐼

10∑
𝑛=1

[
−𝛷′′′

𝑛 (𝑋′
3)𝑞𝑛(𝑡) 0 0 0 𝛷′′

𝑛 (𝑋
′
3)𝑞𝑛(𝑡) 0

]⊤

(42)

where 𝛷′′
𝑛 (𝑋

′
3) =

𝜕2𝛷𝑛(𝑋′
3)

𝜕𝑋′2
3

and 𝛷′′′
𝑛 (𝑋′

3) =
𝜕3𝛷𝑛(𝑋′

3)
𝜕𝑋′3

3
.

As for ‘AuxDOFs’ method, the explicit expressions of the hatched
submatrices �̂�𝑇𝐵 , �̂�𝑇𝐵 and �̂�𝑇𝐵 (of size [6 × 10]), conceptually illus-
trated in Fig. 3 for tower base load extraction, become:

�̂�𝑇𝐵 =

⎡
⎢⎢⎢⎢⎢⎢⎣

�̂�1 �̂�2 �̂�3 �̂�4 �̂�5 �̂�6 �̂�7 �̂�8 �̂�9 �̂�10
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

�̂�11 �̂�12 �̂�13 �̂�14 �̂�15 �̂�16 �̂�17 �̂�18 �̂�19 �̂�20
0 0 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

,

�̂�𝑇𝐵 = �̂�𝑇𝐵 = 𝟎[6×10] (43)

where �̂�10+𝑖 = ∫ 𝐻𝑇
0 𝛷𝑖(𝑋′

3)𝑋
′
3𝑑𝑋

′
3, 𝑖 = 1,… , 10.

Then, the expression for the tower base reaction load vector, corre-
sponding to Eq. (14a), becomes

�̂�𝑇𝐵(𝑡) = 𝐟𝑇𝐵(𝑡) − �̂�𝑇𝐵(𝑡) ̈̂𝐪(𝑡) (44)

Finally, as for ‘d’Alembert’ method, the tower reaction load vec-
tors at multiple locations can be obtained by Eq. (37) following the
procedure in Section 2.4.1:

�̂�𝑇 ,𝐸𝑥𝑡(𝐡, 𝑡) = �̂�𝑇 (𝐡)�̂�′𝑇 (𝑡) (45)

In the numerical example, a tower structure with �̂�𝑇 = 100 m,
𝜇 = 4227.75 kg/m and 𝐸𝐼 = 3.42 × 1011 Nm2 is used. The tower is
subjected to a constant force 𝑓𝑇𝑇 = 1000 N (in 𝑋′

1- direction) and a
moment �̂�𝑇𝑇 = 100000 Nm (around 𝑋′

2- direction) at the tower top.

Fig. 5 shows how the results of tower shear force converge with
increasing numbers of employed modes (DOFs), where Fig. 5(a) il-
lustrates the time histories of the base shear and Fig. 5(b) illustrates
the shear force distribution along the tower at 𝑡 = 3 s. As seen
from Fig. 5(a), the two external methods, ‘AuxDOFs’ and ‘d’Alembert’,
agree perfectly with each other for any number of employed DOFs.
On the other hand, there is deviation between ‘Internal’ method and
the external methods, and the deviation diminishes with increasing
modes. The deviation is largest for one DOF where shear forces from
‘AuxDOFs’ and ‘d’Alembert’ methods have an non-zero offset at 𝑡 = 0 s.
The shear force should be zero at 𝑡 = 0 s, as is the case for ‘Internal’.
This offset from ‘AuxDOFs’ and ‘d’Alembert’ methods switches sign with
every added DOF and approaches zero as more modes are employed.
The mean value of base shear from the external methods is almost
invariant with increasing DOFs, and the mean value from ‘Internal’
converges to that as more DOFs are employed. The standard deviations
from ‘Internal’ and the external methods are very close to each other
regardless of the number of DOFs.

Fig. 5(b) shows that the distributions of shear force along the tower
from ‘Internal’ and ‘d’Alembert’ methods also converge with increasing
number of DOFs. Note that for ‘Internal’, the force at tower top is
always zero, because the boundary conditions for the mode shapes
require

𝜕3𝑢(𝑋′
3 ,𝑡)

𝜕𝑋′3
3

||||𝑋′
3=𝐻𝑇

≡ 0 as illustrated in Fig. 7(a). The difference in

tower base force between ‘Internal’ and ‘d’Alembert’ methods switches
sign for every added DOF. With increasing number of DOFs, the shape
of the shear force distribution also changes. This is due to the fact
that the impulsive force and moment at the tower top excite all modes
included in the model, so adding more DOFs will lead to more high-
frequency vibrations. Nevertheless, this unrealistic load case has the
advantage of revealing the convergence of force distribution from dif-
ferent methods when more modes are included. Furthermore, the tower
top and bottom forces by ‘AuxDOFs’ agree perfectly with ‘d’Alembert’
regardless of the employed DOFs.

Fig. 6(a) shows the time histories of base moment from different
methods. A faster convergence tendency (with more DOFs) is observed
comparing with the shear force. The moments calculated from ‘Internal’
generally agree better with the two external methods comparing with
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Fig. 6. Comparison of tower reaction moment from different methods, with the number of DOFs increasing from one to ten. (a) Time histories of the tower base moment. (b)
Distribution of the tower reaction moment along the tower height at 𝑡 = 3 [s]. Reaction moments at the tower base (◦) and tower top (×) are obtained from ‘AuxDOFs’. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

that in Fig. 5(a). Note that the two external methods are less sensitive to
the chosen beam theory, since they do not rely on

𝜕3𝑢(𝑋′
3 ,𝑡)

𝜕𝑋′3
3

|||| to calculate
shear force. On the other hand, it is expected that by using Timoshenko
beam theory, the shear force predicted by ‘Internal’ can agree better
with the external methods.

Fig. 6(b) shows the moment distribution along the tower, and a
better fit and faster convergence between ‘Internal’ and ‘d’Alembert’
is seen comparing with Fig. 5(b). The tower top moment is zero for
‘Internal’, due to the boundary condition of

𝜕2𝑢(𝑋′
3 ,𝑡)

𝜕𝑋′2
3

||||𝑋′
3=𝐻𝑇

≡ 0 as

shown in Fig. 7(a). Same as in Fig. 5(b), the tower top and bottom
moments calculated by ‘AuxDOFs’ agree perfectly with ‘d’Alembert’
regardless of the employed DOFs. As more DOFs are added, the moment
distributions from ‘Internal’ and ‘d’Alembert’ match better and are
almost indistinguishable with 10 DOFs, except at the tower top where
the constant difference �̂�𝑇𝑇 remains. Although analytical mode shapes
are available and used for the simple uniform tower, the conclusions
from this subsection is also applicable to the modal-based models where
the mode shapes have been obtained from the beam-element-based FE
models.

3.2. Full-coupled FOWT system with uniform tower and blades (analytical
mode shapes)

As demonstrated in Section 3.1, there is offset between ‘Internal’ and
the two external methods for the case with only one DOF, and results
converge with increasing DOFs. In this subsection, the fully-coupled
ELWiS FOWT model is set up using uniform tower and blades with
the same analytical mode shapes (Singiresu, 2010) as in Section 3.1.
The analytical mode shape and its derivatives are shown in Fig. 7(a).
The present subsection aims to evaluate the load extraction methods
in a fully-coupled FOWT system while using analytical mode shapes
(without numerical errors). Realistic mode shapes (with numerical
errors) of the tower and blades of the FOWT system, shown in Fig. 7(b)
and (c), will be investigated in the next subsection.

The ELWiS model is simulated with aerodynamics, hydrodynam-
ics, gravity load as well as controllers turned on for a spar-type
FOWT (Jonkman, 2010). The load case is a step input, i.e. 15 m/s

steady wind at 𝑡 = 0 when the FOWT (with rated rotor speed) is at
the undisplaced position in still water. The time histories of reaction
loads at the tower base and at blade 1 root are compared in Fig. 8(a).
The two external method agree very well with each other. The reaction
loads from ‘Internal’ are offset from the external methods, similar to
the 1-DOF results observed in Figs. 5(a) and 6(a). The tower base
loads in Fig. 8(a) are generally overestimated by ‘Internal’ compared
to the external methods, whereas the blade root loads are generally
underestimated by ‘Internal’. The deviations between ‘Internal’ and
the external methods are larger for the reaction forces than for the
reaction moments, consistent with the observations from Figs. 5(a) and
6(a). Although both tower and blades are modeled using 1 DOF, the
reaction moments predicted by different methods actually agree well.
Note that there are some insignificant deviations between ‘d’Alembert’
and ‘AuxDOFs’ methods in blade root flapwise bending moment (𝑥2-
moment). This deviation might be due to the nonlinear interpolation
matrix 𝐀𝐵𝑗 (𝑙, 𝑡) in Eq. (C.1) for ‘d’Alembert’, as opposed to the linear
matrices 𝐌𝐵𝑗𝑅(𝑡), 𝐆𝐵𝑗𝑅(𝑡) and 𝐊𝐵𝑗𝑅(𝑡) and the linear vector 𝐑𝐇𝐒𝐵𝑗𝑅(𝑡)
in Eq. (14d) for ‘AuxDOFs’.

The reaction load distributions along the tower and the blade (at
𝑡 = 3.25) are shown in Fig. 8(b). Same as in Fig. 5(b) and Fig. 6(b), the
reaction forces and moments at the tower top obtained by ‘Internal’
are strictly zero in Fig. 8(b), due to the boundary conditions of the
analytical mode shape in Fig. 7(a). Significant deviations are observed
for the force distributions between ‘Internal’ and ‘d’Alembert’, whereas
the moment distributions agree well. The tower torque is also falsely
calculated as zero at tower top by ‘Internal’, due to the boundary
condition of

𝜕𝜃(𝑋′
3 ,𝑡)

𝜕𝑋′
3

||||𝑋′
3=𝐻𝑇

≡ 0 shown in Fig. 7(a).

3.3. Fully-coupled FOWT system with realistic mode shapes

In this section, the ELWiS FOWT model is established with realistic
mode shapes shown in Fig. 7(b) and (c) for NERL 5 MW reference
turbine (Jonkman et al., 2009). The tower and blade mode shapes are
from the cert test files in FAST 8 (Jonkman and Buhl, 2005) obtained
using the BModes module (Bir, 2005).

The tower base and blade 1 root reaction loads for the three
methods are compared in both time and frequency domains in Fig. 9.
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Fig. 7. Transverse mode shape and the associated derivatives, as well as a torsional mode shape with its first derivative. (a) Mode shape (and the derivatives) of a uniform beam
used for the 10-DOF tower and ELWiS FOWT model. (b) Mode shape (and the derivatives) of the blade of the NREL 5 MW wind turbine. (c) Mode shapes of the tower of the
NREL 5 MW wind turbine. The corresponding normalized bending stiffness of the three structural components are shown in (d), (e) and (f).

Fig. 8. Comparison of reaction loads of the ELWiS FOWT model (with uniform tower and blades) from the three load extraction methods (‘Internal’, ‘d’Alembert’ and ‘AuxDOFs’).
(a) Time histories of reaction loads at tower base and blade 1 root, including tower base 𝑋′

1 force, tower base 𝑋′
2 moment, tower base 𝑥′3 moment, blade root 𝑥1 force and blade

root 𝑥2 moment. (b) Reaction loads distributions at 𝑡 = 3.25 s along the tower height and the blade length. Reaction loads at the tower base and blade root (◦), as well as tower
top (×) are obtained from ‘AuxDOFs’. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Furthermore, the corresponding results from FAST (Jonkman and Buhl,
2005) are also shown. The results from ‘Internal’ deviate a lot com-
paring with other methods (‘d’Alembert’, ‘AuxDOFs’ and FAST), except
for the tower base fore–aft moment (Fig. 9(b)) and toque (Fig. 9(c)).
Actually, the comparisons of tower base fore–aft moment and torque
are very similar to those in Fig. 8(a) despite the different amplitudes.
On the other hand, the deviation in blade flapwise base moment

Fig. 9(e) is much larger than that in Fig. 8(a). The tower base and
blade root reaction forces in Fig. 9(a) and (d) predicted by ‘Internal’
exhibit negative values while the other results exhibit positive values.
This can be explained by the change of sign of the third derivative of the
tower and blade mode shapes in Fig. 7(b) and (c) when approaching the
tower base and blade root. Generally, the FAST results in Fig. 9 agree
excellently with the two external methods, both in time and frequency
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Fig. 9. Comparison of tower base and blade 1 root reaction loads of the ELWiS FOWT model (with realistic tower and blades mode shapes) from three different methods, as well
as the corresponding results from FAST 8 (Jonkman and Buhl, 2005). The tower and blade mode shapes are obtained from BModes (Bir, 2005). (a) tower base 𝑋′

1 force (fore–aft
force), (b) tower base 𝑋′

2 moment (fore–aft moment), (c) tower base 𝑥′3 moment (torque), (d) blade root 𝑥1 force (flapwise force) and (e) blade root 𝑥2 moment (flapwise moment).
(a) to (e) are the time-domain results and (f) to (j) are the corresponding frequency-domain results (Fourier amplitudes).

Fig. 10. Reaction loads distribution at 𝑡 = 3.25 s along the tower height and blade length from ‘Internal’ (—) and ‘d’Alembert’ (– – –), as well as the tower base and blade root
loads (◦) and tower top load (×) based on ‘AuxDOFs’. The corresponding results from FAST (+ +) are also shown. For the tower 𝑋′

3 torque in (c), result from a modified version
of ‘d’Alembert’, by rotating the 6-dimensional reaction load vector from the tower (𝑋′

1 , 𝑋
′
2 , 𝑋

′
3)- CS to the local deformed tower CS, is also shown ( ). (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)

domains. It is also worth noting that although the Fourier amplitudes
from ‘Internal’ exhibit offset in the curves, the predicted dominating
frequency contents agree well with the other methods.

The load distributions along the tower and the blade (at 𝑡 = 3.25
s) are compared in Fig. 10. The sign of tower 𝑋′

1- and blade 𝑥1- forces
close to tower base and blade root from ‘Internal’ is opposite with the
other methods. This is due to the third derivative of the mode shapes
in Fig. 7b and c having the wrong sign in this region. The bending
moment distributions generally agree better. The blade 𝑥2- moment
(flapwise moment) distribution varies dramatically towards the blade
root for ‘Internal’. This is due to the rapid change of stiffness in the
blade root area (see Fig. 7(e)) as well as the fact that the mode shape
polynomial does not capture the curvature well. All these results clearly
indicate the drawback of ‘Internal’, i.e. it is very sensitive to small
numerical errors (due to fitting) in the employed mode shapes and the
corresponding derivatives.

In Fig. 10, the two external methods agree well with FAST, except
for tower 𝑋′

3- torque. This might be caused by three things: (1) the
reaction loads in FAST are defined in the local rotated CS following the
deformed tower and blades. (2) ELWiS model includes the tower torsion
DOF (while FAST does not). (3) the tower top loads in ELWiS model
are obtained by ‘AuxDOFs’ method that is based on the linearized
system matrices as described in Section 2.3. In order to test the first

cause of the deviation, a modified version of ‘d’Alembert’ is added,
which is realized by rotating the 6-dimensional reaction load vector
(at each location along the tower) from the tower (𝑋′

1, 𝑋
′
2, 𝑋

′
3)- CS into

the local deformed (rotated) tower CS. The details of the modified
‘d’Alembert’ method is given in Appendix D. The resulting load dis-
tributions are plotted in Fig. 10 using dotted green lines. As seen, the
coordinate transformed tower torque distribution turns out to have the
same variational tendency as FAST. The distribution is still offset by a
constant value, resulting from the remaining two causes. For the other
load distributions, the coordinate transformed results are almost the
same as the original ‘d’Alembert’, indicating that tower torque is most
significantly affected by the CS orientation.

Next, Fig. 11 compares the reaction loads at the main shaft hub
center (in the rotating shaft CS) from ‘Internal, ‘AuxDOFs’ and FAST.
The results based on ‘AuxDOFs’ agree excellently with FAST. ‘Internal’
can only provide the main shaft torque as indicated in Eq. (8), and it
matches very well with the other two methods because there are no
mode shapes involved for the shaft, as indicated in Eq. (8).

Finally, to investigate the influence of the non-linear effects from
the blade displacements, the blade root 𝑥3- torque is shown in Fig. 12.
Note that ‘Internal’ is not able to provide the blade torque as indicated
in Eq. (7). As seen, the two external methods exhibit slightly larger
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Fig. 11. Comparison of main shaft hub center loads in the rotating CS from ‘Internal’, ‘AuxDOFs’ and FAST. (a) to (d) Time-domain results. (g) to (j) Frequency-domain results.

Fig. 12. Comparison of blade root 𝑥3 moment (torque) from the two external methods and FAST. ‘AuxDOFs’ includes both a linear version (Lin) and a non-linear version (SmallAng)
using the small angle assumptions (cos 𝜃 ≈ 1 and sin 𝜃 ≈ 𝜃). (a) Time-domain results. (b) Frequency-domain results.

differences in predicting the blade root torque comparing with the pre-
viously discussed reaction loads. Comparing with the FAST, ‘AuxDOFs’
(which has been linearized in Eq. (14)) agree worse than ‘d’Alembert’
(which is inherently a non-linear method). Then, a non-linear version of
‘AuxDOFs’ (simplified by introducing small angle assumptions) is also
introduced for the blade 𝑥3- torque to demonstrate that the two external
methods indeed match when they both include nonlinearities. As seen,
the results from the non-linear ‘AuxDOFs’ and ‘d’Alembert’ agree better,
verifying that the two external methods are inherently equivalent and
provide comparable results with FAST.

4. Application in evaluating the influence of tower torsional DOF
on FOWT loads

In this section, the influence of tower torsional DOF on the FOWT
loads will be evaluated. The goal is to evaluate how the FOWT loads
are changed when the tower torsional DOF is included or not. In the
following, the FOWT model accounting for tower torsional DOF is
denoted ‘TT’, while the model without tower torsional DOF is denoted
‘NoTT’. It has been shown that ‘Internal’ is sensitive to small errors in
the fitted mode shapes and incapable of extracting load components
when the substructure is rigid. Hence, ‘Internal’ will not be used in
this section. The reaction loads will be evaluated at critical locations at
the blades, main shaft and tower. Therefore, ‘AuxDOFs’ is used instead
of ‘d’Alembert’. At the hub center and tower top, ‘d’Alembert’ is per
definition equal to ‘AuxDOFs’ anyway.

4.1. Model and simulation setup

FOWTs with three different floating foundations and a reference
Land-based wind turbine are to be considered. The same Land-based
turbine (Jonkman et al., 2009) is used and installed on top of the
tension leg platform (TLP) (Matha, 2010), semi-submersible (Semi-
Sub) (Robertson et al., 2014) and spar-type (Spar) (Jonkman, 2010)
floating foundations, although with slightly modified tower for Semi-
Sub and Spar. A summary of the main dimensions and natural periods
(with rigid rotor) of the four wind turbine systems are given in Table 2.

The foundation yaw natural periods of the TLP and Spar are much
lower than that of the Semi-Sub, due to the much lower mass moment
of inertia. Hence, in terms of yaw, the Semi-Sub is closest to the Land-
based. In terms of foundation pitch, the TLP is the most stiff and
most comparable to the Land-based. The control system of the Land-
based and TLP are identical. For the Semi-Sub and Spar, the pitch and
generator torque controllers have been modified to work with the low
frequency pitch motion, preventing control system negative damping.

Potential flow hydrodynamics are obtained using the boundary-
element-method-based solver NEMOH (Babarit and Delhommeau, 2015).
The radiation loads for different foundations are represented by ra-
tional approximations for computational efficiency (Høeg and Zhang,
2019, 2021). Morison’s drag (Morison et al., 1950) is added with
horizontal wave velocities generated using linear wave theory (Svend-
sen and Jonsson, 1982). The mooring loads are calculated quasi-
statically (Jonkman, 2007), as it has been shown that the dynamic
mooring loads have very little effects on the turbine loads of a spar-type
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Table 2
Main parameters and characteristics of the four different foundation types used for simulations.

Parameter Unit Land-based TLP Semi-Sub Spar

Foundation weight including ballast [ton] – 8600 13 473 7466
Foundation yaw mass moment of inertia [kg m2] – 3.614 × 108 1.226 × 1010 1.642 × 108
Yaw hydrodynamic added mass moment of inertia [kg m2] – 0 5.002 × 109 0
Ground or waterline diameter (s) [m] 6.5 14 6.5/12 6.5
Center of gravity from ground/mean sea level [m] 63.9 −32.8 −9.9 −78.0
Center of buoyancy from ground/mean sea level [m] – −23.9 −13.2 −62.0
Water depth [m] – 200 200 320
Total draft [m] – 47.89 20 120
Unstretched mooring line length [m] – 151.73 835.5 902.2
Foundation surge natural period [s] – 60.6 108.0 123.9
Foundation heave natural period [s] – 2.3 17.2 30.8
Foundation pitch natural period [s] – 3.6 25.2 29.8
Foundation yaw natural period [s] – 10.3 76.6 8.3

FOWT (Høeg and Zhang, 2018). The aerodynamic loads are calculated
using the classical blade element momentum (BEM) theory (Hansen,
2015) with tip loss, turbulent wake state and skewed wake correc-
tions. Turbulence is generated using a multi-step auto-regressive (AR)
model (Krenk and Møller, 2019), which improves upon the single-step
AR model (Krenk, 2011) used in previous works (Høeg and Zhang,
2021; Zhang et al., 2014). The frozen turbulence field is interpolated
during the simulation rather than pre-processed rotational sampled
turbulence (Connell, 1982). This allows for non-steady rotor speeds
that will occur during shutdown simulations. Time-domain simulations
are performed by establishing an extended state-space formulation
combining the system EOM with the rational approximation of the
radiation loads (Høeg and Zhang, 2021). The 4th-order Runge–Kutta
method is used with a time step of 𝛥𝑡 = 0.02 s.

Four different load cases are considered. First, a normal operational
load case is defined with 𝑉0 = 12 m∕s and turbulence intensity of 𝐼𝑟𝑒𝑓 =
0.1. Irregular (JONSWAP (Hasselmann et al., 1973)) unidirectional
waves are simulated at an incoming wave angle of 𝛽𝑊 = 0◦ and with a
significant wave height of 𝐻𝑠 = 10 m and a peak period of 𝑇𝑝 = 13.5 s.
This load case is similar to DLC 1.1 and DLC 1.2 in IEC61400-3-1 (IEC,
2019b). Next, an idling load case is considered, with 𝑉0 = 50 m∕s
turbulent wind (𝐼𝑟𝑒𝑓 = 0.1) and extreme waves of 𝐻𝑠 = 17 m and
𝑇𝑝 = 17.7 s, similar to DLC 6.1a in IEC. During idling, the blades are
pitched to feather at all times. Furthermore, two different fault cases are
considered, i.e. grid loss and blade seize. Previous studies (Bachynski
et al., 2013; Jiang et al., 2014) have shown that the fault cases result in
the largest loads around the rated wind speed. The grid loss concerns a
loss of electrical grid connection at 𝑇𝐹 = 400 s, followed by a shutdown
event after a delay of 𝑇𝑑𝑒𝑙𝑎𝑦 = 0.1 s. The wind speed for this load
case is chosen to be 𝑉0 = 12 m∕s (the rated speed is 11.4 m/s), and
the turbulence intensity is 𝐼𝑟𝑒𝑓 = 0.1. The same wave condition as
for the operational case is used. The second fault load case, blade
seize, concerns a pitch actuator fault where one blade is seized and
thereby prevented from pitching. This event is simulated to occur at
five different time instants, i.e. 𝑇𝐹 = 396 s, 397 s,… , 400 s, and followed
by a shutdown event with a delay of 𝑇𝑑𝑒𝑙𝑎𝑦 = 0.1 s. The reason for
simulating five different occurrence time instants of blade seize is that
the tower torque resulting from the seized blade is highly dependent
on the azimuthal position at the time of fault (Jiang et al., 2014). The
five different time instants with one second apart lead to an almost
uniform distribution of the azimuth given the rated rotor speed of
𝛺0 = 12.1 rpm. The wind and wave conditions used for the blade
seize load case are the same as for grid loss. Those two fault cases are
similar to DLC 2.1 in the IEC. Table 3 summarizes the four load cases.
Each load case is simulated with four foundation types and 50 seeds,
and both FOWT models with and without the tower torsional DOF are
considered, resulting in a total number of (3 + 5) × 4 × 50 × 2 = 3200
simulations.

4.2. Identification of system natural frequencies

For better interpretation of the time simulation results below, Camp-
bell diagrams (Campbell, 1924) that demonstrate the system natural
frequencies (in the fixed CS) as a function of rotor speed, are es-
tablished. The FOWT system has been linearized at the undisplaced
position 𝐪(𝑡) = 𝟎, after which the system matrices are converted into
time-invariant matrices by Coleman transformation (Hansen, 2003),
facilitating complex eigenvalue analysis. Here, the aerodynamic damp-
ing, hydrodynamic drag and radiation damping are not considered. For
conciseness, only results of the TLP are presented in Fig. 13, where
Fig. 13(a) corresponds to all blades at zero pitch angle and Fig. 13(b)
corresponds to all blades being pitched to feather. These represent the
system dynamics at both the operational and idling load cases, whereas
the two fault cases are a combination of them. FOWT models with
tower torsional DOF (denoted as ‘TT’) and without tower torsional DOF
(denoted as ‘NoTT’) are considered and compared.

As seen in Fig. 13(a), the flapwise backward whirling frequency
of the TLP (denoted by the cyan color lines), at the operational rotor
speed of 𝛺0 = 12.1 rpm, is lowered slightly when accounting for
the tower torsional DOF (‘TT’) comparing with ‘NoTT’. The symmetric
flapwise frequency (denoted by the blue color lines) is however not
changed comparing ‘TT’ with ‘NoTT’. In Fig. 13(b), the frequency of the
edgewise backward whirling mode (denoted by magenta color curves)
is lowered substantially at the mean idling rotor speed of 𝛺𝐼𝑑𝑙𝑖𝑛𝑔 =
−1.18 rpm, comparing ‘TT’ with ‘NoTT’. On the other hand, the blade
edgewise forward whirling frequency (denoted by green color curves) is
almost unchanged. The symmetric edgewise frequency (denoted by red
color curves) is lowered slightly for ‘TT’ at the mean idling rotor speed,
but almost unchanged at other rotor speeds. Note that the backward
whirling mode, for both flapwise and edgewise, is sometimes referred
to as the asymmetric yaw mode due to the vertical axis of symmetry.
Likewise the forward whirling mode is sometimes referred to as the
asymmetric pitch mode due to the horizontal axis of symmetry.

4.3. Simulation results of the reaction loads

Fig. 14 compares the tower top torque from ‘TT’ and ‘NoTT’, for the
four foundation types when the turbine is under normal
operational condition. In the time domain, the results from the FOWT
model with tower torsional DOF (‘TT’) have slightly larger load peaks
comparing with ‘NoTT’, as seen for all four foundation types. The high
aerodynamic damping of the yaw motions of the rotor during normal
operation is the reason for the small impact of the tower torsional DOF.
The frequency-domain results in Fig. 14 show that the model with ‘TT’
has increased energy around 15.4 rad/s corresponding to the tower tor-
sional frequency (indicated by black dashed vertical lines). This tower
torsional frequency is reproduced by the system eigenvalue analysis
shown in the table in Fig. 13(a). The slightly separated dashed and
solid cyan lines around 3.4 rad/s correspond to the flapwise backward
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Table 3
Load cases (scenarios) considered for evaluating the influence of the tower torsion DOF.

Load case Wind speed (s) Turbulence Wake model Waves Sim. time Other IEC DLC

Operational 𝑉0 = 12 m∕s 𝐼𝑟𝑒𝑓 = 0.1 BEM 𝐻𝑠 = 10 m, 𝑇𝑝 = 13.5 s, 𝛽𝑊 = 0◦ 𝑡 = [−600 1200] s None 1.1/1.2
Idling 𝑉0 = 50 m∕s 𝐼𝑟𝑒𝑓 = 0.1 None 𝐻𝑠 = 17 m, 𝑇𝑝 = 17.7 s, 𝛽𝑊 = 0◦ 𝑡 = [−600 1200] s 𝛽1 = 𝛽2 = 𝛽3 = 90◦ 6.1a
Grid loss 𝑉0 = 12 m∕s 𝐼𝑟𝑒𝑓 = 0.1 BEM 𝐻𝑠 = 10 m, 𝑇𝑝 = 13.5 s, 𝛽𝑊 = 0◦ 𝑡 = [−600 800] s 𝑇𝐹 = 400 s, 𝑇𝑑𝑒𝑙𝑎𝑦 = 0.1 s 2.1
Blade seize 𝑉0 = 12 m∕s 𝐼𝑟𝑒𝑓 = 0.1 BEM 𝐻𝑠 = 10 m, 𝑇𝑝 = 13.5 s, 𝛽𝑊 = 0◦ 𝑡 = [−600 800] s 𝑇𝐹 = 396,… , 400 s, 𝑇𝑑𝑒𝑙𝑎𝑦 = 0.1 s, Blade 1 seized 2.1

Fig. 13. Campbell diagrams of the TLP FOWT system with tower torsion DOF included (‘TT’ model) marked with (– – –), and not included (‘NoTT’ model) marked with (——).
Two different blade orientations are considered: (a) all blades at zero pitch angle and (b) all blades pitched to feather. The vertical dashed black line marks the rated rotor speed
𝛺0 = 12.1 rpm in (a) and the mean rotor speed during idling of 𝛺𝐼𝑑𝑙𝑖𝑛𝑔 = −1.18 rpm in (b). The included modes are: tower fore–aft (To. FA), tower side–side (To. SS), backward
whirling flapwise (BW flap), symmetric flapwise (Sym flap), forward whirling flapwise (FW flap), backward whirling edgewise (BW edge), symmetric edgewise (Sym edge) and
forward whirling edgewise (FW edge). The tables include the frequencies in rad/s at (a) rated rotor speed and (b) idling rotor speed, and the tower torsion (TT) frequency is also
given. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 14. Comparison of tower top torque between ‘TT’ and ‘NoTT’. Load case: Operational, 𝑉0 = 12 m∕s, 𝐼𝑟𝑒𝑓 = 0.1, 𝐻𝑠 = 10 m, 𝑇𝑝 = 13.5 s and 𝛽𝑊 = 0◦. The time series of the
four foundation types are shown in (a) Land-based, (b) TLP, (c) Semi-Sub and (d) Spar. (e) to (h) are the corresponding frequency-domain plots (from FFT). The vertical lines
represent natural frequencies from Campbell diagram (𝛽1 = 𝛽2 = 𝛽3 = 0◦): flapwise backward whirling for ‘TT’ (– – –) and ‘NoTT’ (——) , as well as the tower torsion frequency
(– – –). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

whirling frequency of the system with ‘TT’ and ‘NoTT’, respectively, obtained from the Campbell diagram in Fig. 13(a). Furthermore, we
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Fig. 15. Comparison of tower top torque between ‘TT’ and ‘NoTT’. Load case: Idling, 𝑉0 = 50 m∕s, 𝐼𝑟𝑒𝑓 = 0.1, 𝐻𝑠 = 17 m, 𝑇𝑝 = 17.7 s and 𝛽𝑊 = 0◦. The time series of the four
foundation types are shown in (a) Land-based, (b) TLP, (c) Semi-Sub and (d) Spar. (e) to (h) are the corresponding frequency-domain plots (from FFT). The vertical lines represent
natural frequencies from Campbell diagram (𝛽1 = 𝛽2 = 𝛽3 = 90◦): edgewise backward whirling for ‘TT’ (– – –), edgewise forward whirling ‘NoTT’ (——) , as well as the tower torsion
frequency (– – –). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 16. Comparison of tower top torque between ‘TT’ and ‘NoTT’. Load case: Grid loss, 𝑉0 = 12 m∕s, 𝐼𝑟𝑒𝑓 = 0.1, 𝐻𝑠 = 10 m, 𝑇𝑝 = 13.5 s, 𝛽𝑊 = 0◦ and 𝑇𝐹 = 400 s. The time series
of the four foundation types are shown in (a) Land-based, (b) TLP, (c) Semi-Sub and (d) Spar. (e) to (h) are the corresponding frequency-domain plots (from FFT). The vertical
lines represent natural frequencies from Campbell diagram. For 𝛽1 = 𝛽2 = 𝛽3 = 0◦: flapwise backward whirling ‘TT’ (– – –), and ‘NoTT’ (——) , as well as tower torsional frequency
(– – –). For 𝛽1 = 𝛽2 = 𝛽3 = 90◦: edgewise backward whirling ‘TT’ (– – –), edgewise forward whirling ‘NoTT’ (——) and tower torsional frequency (– – –). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

also investigated the influence of tower torsional stiffness on the torque
load by lowering the stiffness to 30% and 10% of the original value.
From the Campbell diagrams (not shown here), a softer tower in
torsion results in lowered flapwise backward and forward whirling
frequencies at all rotor speeds, implying an enhanced coupling between
the blades and support structure. The same operational load case as for
Fig. 14 is simulated (not shown here). 30% torsional stiffness results in
noticeable increase in tower top torque for the Land-based and Semi-
Sub comparing ‘TT’ with ‘NoTT’, whereas 10% torsional stiffness results
in decreased top torque for all foundation types.

Next, the idling load case is investigated, where all three blades are
pitched to feather at all times during simulation. The tower top torque
is shown in Fig. 15 for the four foundation types. The time-domain
plots (a) to (d) clearly show that the tower top torque load increases
significantly for the ‘TT’ model comparing with the ‘NoTT’ model,
especially for the Land-based and Semi-Sub. This is due to different
magnitudes of foundation yaw moment of inertia and thus the level
of coupling between blade edgewise and foundation yaw vibrations.
For the Land-based, the foundation is fixed and thereby no edgewise-
yaw coupling is possible. The Semi-sub has a large yaw moment of



Ocean Engineering 266 (2022) 112952

19

C.E. Høeg and Z. Zhang

Fig. 17. Comparison of tower top torque between ‘TT’ and ‘NoTT’. Load case: Blade seize, 𝑉0 = 12 m∕s, 𝐼𝑟𝑒𝑓 = 0.1, 𝐻𝑠 = 10 m, 𝑇𝑝 = 13.5 s, 𝛽𝑊 = 0◦ and 𝑇𝐹 = 397 s. The time series
of the four foundation types are shown in (a) Land-based, (b) TLP, (c) Semi-Sub and (d) Spar. (e) to (h) are the corresponding frequency-domain plots (from FFT). The vertical
lines represent natural frequencies from Campbell diagram. For 𝛽1 = 𝛽2 = 𝛽3 = 0◦: flapwise backward whirling ‘TT’ (– – –), and ‘NoTT’ (——) , as well as tower torsional frequency
(– – –). For 𝛽1 = 𝛽2 = 𝛽3 = 90◦: edgewise backward whirling ‘TT’ (– – –), edgewise forward whirling ‘NoTT’ (——) , as well as tower torsional frequency (– – –). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

inertia resulting in very weak edgewise-yaw coupling for the ‘NoTT’
model. By enabling the tower torsional DOF (‘TT’), the Land-based and
Semi-sub have a much stronger coupling between blade edgewise and
tower torsional vibrations, leading to dramatically increased tower top
torque. On the other hand, for the TLP and Spar, the coupling between
the blade edgewise and foundation yaw is already strong for ‘NoTT’
model, and the inclusion of tower torsional DOF (‘TT’) only slightly
enhance the coupling effect and thus the tower torque. Furthermore,
contrary to the operational case, the rotor yaw motions have very low
aerodynamic damping, further enhancing the large impact of the tower
torsional DOF.

In the frequency-domain plots Fig. 15(e) to (h), the ‘TT’ results
exhibit a clear peak around 18.8 rad/s corresponding to tower torsional
natural frequency, which is also consistent with the black dashed
line obtained by the Campbell diagram Fig. 13(b). Comparing with
Fig. 14(e) to (h), the torsional natural frequency is increased (from 15.4
rad/s), since for the idling condition the tower torsional vibration is
coupled to edgewise vibration rather than flapwise. Furthermore, it is
interesting to note that two distinct spectral peaks corresponding to two
distinct modes are presented in the tower torque response of the ‘TT’
model and ‘NoTT’ model, respectively. The ‘NoTT’ model has a peak
around 7.0 rad/s corresponding to the edgewise forward whirling mode
(indicated by green solid lines obtained by the Campbell diagram). On
the other hand, the ‘TT’ model has a peak around 5.8 rad/s correspond-
ing to the edgewise backward whirling mode (indicated by magenta
dashed lines). Therefore, both the extra peak at the torsional frequency
and the coupling to a distinct edgewise whirling mode, contribute to
the significantly increased tower torque of the ‘TT’ model.

Fig. 16 compares the tower top torque for the grid loss load case
(see Table 3) for the four foundation types, in both time and frequency
domains. The grid loss takes place at 𝑡 = 400 s, and then the collective
pitch angle is changed from a mean of approximately 4 degrees to
90 degree (full feather) in about 10.8 s. This means that the system
response can be divided into three regions: normal operation, shutdown
and idling where the conditions prior and post shutdown have been
discussed in Figs. 14 and 15, respectively. In Fig. 16(a) to (d), the
peak loads are found in the shutdown region where the deceleration of

the rotor speed is largest. The peak loads are noticeably larger for the
‘TT’ model than the ‘NoTT’ model, again indicating the importance of
including the tower torsional DOF in the FOWT model. Moreover, the
loads in the idling region are also significantly larger for the ‘TT’ model.
In the frequency-domain plots (Fig. 16(e) to (d)), the spectral peaks at
the flapwise backward whirling frequency are very similar comparing
‘TT’ with ‘NoTT’, consistent with the findings in Fig. 14 because the
flapwise backward whirling components in Fig. 16 mainly originate
from the operational region. On the other hand, the ‘TT’ model has
a large peak corresponding to the edgewise backward whirling mode,
while the ‘NoTT’ model has a much lower peak corresponding to the
edgewise forward whirling mode. This is consistent with findings in
Fig. 15 because the edgewise whirling components in Fig. 16 mainly
originate from the idling region. Moreover in the ‘TT’ model, two
peaks corresponding to two tower torsional natural frequencies can
be observed around 15.4 rad/s and 18.8 rad/s, respectively, since the
grid loss load case involves two turbine configurations (tower torsion
coupled to flapwise and edgewise, respectively). The peak at 15.4 rad/s
originating from operational region is much more visible.

Fig. 17 compares the tower top torque for the blade seize load case,
in both time and frequency domains. The tower top torque during
shutdown with one blade seized and the remaining two pitching to
feather is highly dependent on the azimuthal position of the rotor at
the time of fault, and 5 different fault time 𝑇𝐹 has been considered (see
Table 3) for Monte Carlo simulations in the following. Only results of
𝑇𝐹 = 397 s are presented in Fig. 17. From the time-domain results (a) to
(d), it is seen that the peak loads during shutdown are slightly increased
when the tower torsional DOF is accounted for (‘TT’ model). For TLP
and Semi-sub, the ‘TT’ model also exhibit much larger vibrations than
the ‘NoTT’ model in the idling region. The frequency-domain results in
Fig. 17(e) to (h) exhibit similar observations as in Fig. 16(e) to (h). The
edgewise whirling peak around 5.7 rad/s (backward whirling) for the
‘TT’ model are larger than those around 6.9 rad/s (backward whirling)
for the ‘NoTT’ model, although the difference is smaller than those in
Fig. 16. The tower torsional natural frequency around 15.4 rad/s is also
visible for the ‘TT’ model, mainly contributing to the increased loads
in the idling region.
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Fig. 18. Comparison of the reaction load statistics for the four load cases, considering 50 random seeds for each load case. Ratio between results from the ‘TT’ model and the
‘NoTT’ model is used as indicator. The mean values of load extremes are shown as (a) blade 1 root edgewise moment 𝑅𝐵1𝑅,4, (b) tower base side–side moment 𝑅𝑇𝐵,4, (c) tower
top torque 𝑅𝑇𝑇 ,6 and (d) main shaft 𝑥2 moment 𝑅𝑀𝑆𝐻,5 at the hub center. (e) to (h) present the corresponding fatigue equivalent loads.

4.4. Monte Carlo simulation and load statistics

Finally, Fig. 18 compares the load statistics when the tower tor-
sional DOF is accounted for or not, based on Monte Carlo simulations
using 50 random seeds for each load case (operational, idling, grid loss
and blade seize). Ratio between results from the ‘TT’ model and ‘NoTT’
model is used as the indicator, i.e. a ratio larger than 1.0 indicates
larger load statistics from the ‘TT’ model. Fig. 18(a) to (e) show the
mean values of load extremes, while (e) to (h) show the corresponding
fatigue equivalent loads (Hendriks and Bulder, 1995).

For the operational case, the tower top torque is most noticeably
influenced by including the tower torsional DOF, while the blade
root edgewise moment, tower base side–side moment (very slightly
increased) and main shaft moment are hardly influenced. As shown in
Fig. 18(c) and (g), the tower torque load statistics from the ‘TT’ model
are increased for all foundation types, especially for TLP and Spar (up
to around 7%). The idling load case exhibits the largest difference in
load statistics between the ‘TT’ model and ‘NoTT’ model, especially for
tower top torque and main shaft bending at hub. The extreme tower
top torque Fig. 18(c) when accounting for the tower torsional DOF (‘TT’
model) is increased by 13%–24%, and the fatigue equivalent tower top
torque Fig. 18(g) is increase by 24%–41% for the four foundation types.
Consistent with the findings in Fig. 15, the Land-based and Semi-Sub
have larger increase in torque load with the reason being given below
Fig. 15. The main shaft bending moment also exhibits a clear increase
for the ‘TT’ model, except for TLP.

For the grid loss case, almost no change in the blade root edgewise
and tower base side–side bending moments are observed. The tower
top torque from the ‘TT’ model is increased both for extreme and
fatigue equivalent loads. The main shaft bending moment is increased
for the floating foundations, but decreased for the Land-based. Finally,
the blade seize case exhibits the smallest change in the load statistics.
The tower top torque is mostly increased for both extreme and fatigue
equivalent loads when accounting for the tower torsional DOF, with
the TLP and Spar being more notably influenced. Interestingly, the
main shaft bending moment is lowered in both extreme and fatigue
equivalent loads for all foundation types.

5. Conclusions

This paper presents the theory for reaction loads extraction of float-
ing offshore wind turbines (FOWTs). Within the modal-based FOWT
modeling framework (such as our ELWiS 17-DOF FOWT model), three
different methods, ‘Internal’, ‘AuxDOFs’ and ‘d’Alembert’, have been
rigorously established for extracting 6-dimensional reaction loads at
different cross-sections of the FOWT system. ‘Internal’ method is the
most straightforward, but highly relies on the derivatives of the mode
shapes. The two novel methods, ‘AuxDOFs’ and ‘d’Alembert’, are both
conceptually based on the inertia loads being part of the external loads.
‘AuxDOFs’ method requires the introduction of six auxiliary DOFs at a
critical location and the derivation of EOMs of the extended 23-DOF
system, facilitating the reaction load extraction at the tower base, tower
top, blade root and main shaft at the hub. The basic idea of ‘d’Alembert’
method is to integrate the external loads (including inertia loads)
along the substructures, and matrix formulations of the discretized
system have been derived for very efficient numerical implementation.
‘d’Alembert’ enables extracting reaction loads at an arbitrary location,
but for tower load extraction it requires the tower top loads from
‘AuxDOFs’.

The results from the three methods on a uniform tower example con-
verge with increasing numbers of employed modes. The two external
methods always agree with each other, while ‘Internal’ exhibits large
deviation when the number of DOFs is low, and is always restricted by
the boundary conditions of mode shapes. Bending moments generally
agree better than shear forces. Furthermore, the three methods together
with FAST results, have been compared using the fully-coupled FOWT
model with realistic mode shapes. The two external methods agree
excellently with FAST except for tower torque, probably due to the
loads in FAST being defined in the rotated CSs and the missing torsional
DOF in FAST. Results from ‘Internal’ deviate a lot with the other
methods (except for the fore–aft moment), and the shear forces are
falsely predicted with wrong signs due to the inaccurate third derivative
of mode shapes (from polynomial fitting). The two external methods
are also able to extract reaction loads in rigid substructures (without
flexible DOFs), which is not possible by ‘Internal’.
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The developed load extraction methods (more specifically the
‘AuxDOFs’ method) are then applied for evaluating the influence of
tower torsional DOF on FOWT loads. Four different foundation types
(TLP, Semi-Sub, Spar and Land-based) as well as four load cases are
considered. The idling load case (with low aerodynamic damping)
exhibits the largest difference in FOWT loads when including the tower
torsional DOF (‘TT’ model) or not (‘NoTT’ model). The extreme tower
top torque is increased up to 24% and the fatigue equivalent torque
increased up to 41% when the torsional DOF is accounted for in the
model, attributing to the introduced torsional eigenvibration and the
coupling to a distinct edgewise whirling mode. The main shaft bending
moment is also clearly increased. As for both the operational and grid
loss load cases, the tower torque load is slightly increased for the
‘TT’ model. Therefore, the developed load extraction methods facilitate
demonstrating the importance of including the tower torsional DOF in
FOWT loads especially for the idling case.
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Appendix A. Acceleration vectors of the tower and the blade

A.1. Tower

The acceleration vector of a tower cross-section expressed in the
local tower CS is:

𝐚𝑇 (𝑋′
3, 𝑡) = �̈�′𝑇 0 + �̇�′

𝑇 × 𝐫′𝑇 +𝛀′
𝑇 ×

(
𝛀′

𝑇 × 𝐫′𝑇
)
+ 2𝛀′

𝑇 × �̇�′𝑇 + �̈�′𝑇 (A.1)

with �̈�′𝑇 ,0(𝑡) being the acceleration of the tower base expressed in the
local tower CS:

�̈�′𝑇 0(𝑡) = 𝐓⊤
𝐹
d2

d𝑡2
𝐫𝑇 0(𝑡), 𝐫𝑇 0(𝑡) =

⎡⎢⎢⎣

𝑞11
𝑞12
𝑞13

⎤⎥⎥⎦
+ 𝐓𝐹

⎡⎢⎢⎣

0
0
ℎ𝑇

⎤⎥⎥⎦
(A.2)

where 𝐫𝑇 0(𝑡) is the position of the tower base expressed in the global
CS, and 𝐓𝐹 is the transformation matrix due to foundation rotations.
The foundation surge, sway and heave DOFs 𝑞11(𝑡), 𝑞12(𝑡) and 𝑞13(𝑡),
have been shown in Fig. 2. The double time derivative of 𝐫𝑇 0(𝑡) can
be done to directly obtain the acceleration in the global CS, which is
then transformed into the local tower CS by 𝐓⊤

𝐹 . Furthermore, the local
position, velocity and acceleration vectors of the tower cross-section
with respect to the tower base are defined as:

𝐫′𝑇 (𝑋
′
3, 𝑡) =

⎡⎢⎢⎢⎣

𝑞7𝛷𝑇𝐹 (𝑋′
3)

𝑞8𝛷𝑇𝑆 (𝑋′
3)

𝑋′
3

⎤⎥⎥⎥⎦
, �̇�′𝑇 (𝑋

′
3, 𝑡) =

⎡⎢⎢⎢⎣

�̇�7𝛷𝑇𝐹 (𝑋′
3)

�̇�8𝛷𝑇𝑆 (𝑋′
3)

0

⎤⎥⎥⎥⎦
,

Fig. A.1. Position of a tower segment.

�̈�′𝑇 (𝑋
′
3, 𝑡) =

⎡⎢⎢⎢⎣

𝑞7𝛷𝑇𝐹 (𝑋′
3)
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0
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(A.3)

where the time derivatives are performed directly on the three compo-
nents of 𝐫′𝑇 (𝑋

′
3, 𝑡) to obtain the components of �̇�′𝑇 (𝑋

′
3, 𝑡) and �̈�′𝑇 (𝑋

′
3, 𝑡),

regarding the local CS to be fixed and time-invariant.
Lastly, 𝛀′

𝑇 (𝑡) and �̇�′
𝑇 (𝑡) in Eq. (A.2) are the angular velocity and

acceleration of the local tower CS expressed in the local tower CS:
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𝑇 (𝑡) = 𝐓⊤

3

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0
0
�̇�16

⎤
⎥⎥⎦
+ 𝐓⊤

2

⎛
⎜⎜⎝

⎡
⎢⎢⎣

0
�̇�15
0

⎤
⎥⎥⎦
+ 𝐓⊤

1

⎡
⎢⎢⎣

�̇�14
0
0

⎤
⎥⎥⎦

⎞
⎟⎟⎠

⎞
⎟⎟⎠
, �̇�′

𝑇 (𝑡) =
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𝑇 (𝑡) (A.4)

where the time derivatives are done for each component individually,
similar to Eq. (A.3).

A.2. Blade

The acceleration vector of a blade cross-section expressed in the
local blade 𝑗 CS is:

𝐚𝐵𝑗 (𝑥3, 𝑡) = �̈�′𝐵𝑗,0+ �̇�′
𝐵𝑗 ×𝐫′𝐵𝑗 +𝛀′

𝐵𝑗 ×
(
𝛀′

𝐵𝑗 × 𝐫′𝐵𝑗
)
+2𝛀′

𝐵𝑗 × �̇�′𝐵𝑗 + �̈�′𝐵𝑗 (A.5)

with �̈�′𝐵𝑗,0(𝑡) being the acceleration of the blade root expressed in the
local blade 𝑗 CS:

�̈�′𝐵𝑗,0(𝑡) = 𝐓⊤
𝛽 𝐓
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Fig. A.2. Position of a blade segment of blade j.

𝐫𝐵𝑗,0(𝑥3, 𝑡) in Eqs. (A.6) is the position of the blade root illustrated in
Fig. A.2, which is expressed in the global CS. Similar to the tower base
position 𝐫𝑇 0(𝑡) in Eq. (A.2), double time derivative of 𝐫𝐵𝑗,0 is performed
to obtain the acceleration in the global CS, which is then transformed
into the local rotating blade CS. 𝛀′

𝐵𝑗 (𝑡) and �̇�′
𝐵𝑗 (𝑡) in Eq. (A.5) are the

angular velocity and acceleration of the local blade 𝑗 CS expressed in
the local blade 𝑗 CS:
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�̇�′
𝐵𝑗 (𝑡) =

d
d𝑡

𝛀′
𝐵𝑗 (𝑡) (A.7b)

where the time derivative of the angular velocity in (A.7a) is di-
rectly performed for each component, without taking into account the
rotations of the local blade 𝑗 CS, similar to Eqs. (A.3) and (A.4).

Lastly, the local position 𝐫′𝐵𝑗 (𝑥3, 𝑡), velocity �̇�′𝐵𝑗 (𝑥3, 𝑡) and accelera-
tion 𝐣′𝐵𝑗 (𝑥3, 𝑡) vectors of the blade cross-section with respect to the blade
root, expressed in the local blade 𝑗 CS, are given as:

𝐫′𝐵𝑗 (𝑥3, 𝑡) =
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⎢⎢⎢⎣

𝛷𝐵𝐹1(𝑥3)�̇�𝑗 (𝑡)
−𝛷𝐵𝐸2(𝑥3)�̇�𝑗+3(𝑡)

0

⎤⎥⎥⎥⎦
,

�̈�′𝐵𝑗 (𝑥3, 𝑡) =
⎡⎢⎢⎢⎣

𝛷𝐵𝐹1(𝑥3)𝑞𝑗 (𝑡)
−𝛷𝐵𝐸2(𝑥3)𝑞𝑗+3(𝑡)

0

⎤⎥⎥⎥⎦
(A.8)

Appendix B. Details of the hatched sub-matrices 𝐌𝑻𝑩(𝒕), 𝐆𝑻𝑩(𝒕)
and 𝐊𝑻𝑩(𝒕) in Fig. 3 and Eq. (14a)

B.1. 𝐌𝑇𝐵(𝑡)

𝐌𝑇𝐵(𝑡), representing the mass coupling between the 17 DOFs with
the six tower bottom auxiliary DOF, is written as:

𝐌𝑇𝐵(𝑡) =
[
𝐌𝑇𝐵,𝐵(𝑡) 𝐌𝑇𝐵,𝑆

]
[6×17] (B.1)

where 𝐌𝑇𝐵,𝐵(𝑡) is the time-varying part representing the coupling with
the blades DOFs (Eq. (B.2) is given in Box I)
with 𝐶𝑗 = cos𝛹𝑗 (𝑡), 𝑆𝑗 = sin𝛹𝑗 (𝑡), 𝑗 = 1, 2, 3.

𝐌𝑇𝐵,𝑆 is the time-invariant part representing the coupling with the
support structure DOFs (Eq. (B.3) is given in Box II)

with 𝐽𝑅 = 3𝐽𝐵2 + 𝐽𝐻 + 3𝑀𝐵𝑟2𝐻 + 6𝐽𝐵1𝑟𝐻 being the rotor mass
moment of inertia about the main shaft axis. �̄�𝑁 = 𝑀𝑁 (𝐻𝑇 + ℎ𝑁 ),
�̄�𝑅 = 𝑀𝑅(𝐻𝑇+ℎ𝑠) and ℎ𝑅 = ℎ𝑇+𝐻𝑇+ℎ𝑠, and the remaining parameters
are:

𝐽1 = 𝐽𝑅 + 𝐽𝐺 + 𝐽𝑁𝑅 +𝑀𝑅(ℎ2𝑠 +𝐻𝑇 ℎ𝑠) +𝑀𝑁 (ℎ2𝑁 +𝐻𝑇 ℎ𝑁 ) (B.4a)
𝐽2 = 𝐽𝑅 + 𝐽𝐺 + 𝐽𝑁𝑅 + 𝐽𝑇 2 + 𝐽𝑇 1ℎ𝑇 +𝑀𝑁 (ℎ𝑇 +𝐻𝑇 + ℎ𝑁 )(𝐻𝑇 + ℎ𝑁 )

+𝑀𝑅(ℎ𝑇 +𝐻𝑇 + ℎ𝑠)(𝐻𝑇 + ℎ𝑠) (B.4b)

𝐽3 = 𝐽𝑁𝑃 +
𝐽𝑅
2

+𝑀𝑁 (ℎ2𝑁 +𝐻𝑇 ℎ𝑁 + 𝑟2) +𝑀𝑅(ℎ2𝑠 +𝐻𝑇 ℎ𝑠 + 𝑠2) (B.4c)

𝐽4 = 𝐽𝑇 1 +𝑀𝑅(𝐻𝑇 + ℎ𝑠) +𝑀𝑁 (𝐻𝑇 + ℎ𝑛) (B.4d)

𝐽5 = 𝐽𝑁𝑃 +
𝐽𝑅
2

+ 𝐽𝑇 2 + 𝐽𝑇 1ℎ𝑇 +𝑀𝑁
(
(ℎ𝑇 +𝐻𝑇 + ℎ𝑁 )(𝐻𝑇 + ℎ𝑁 ) + 𝑟2

)

+ 𝑀𝑅
(
(ℎ𝑇 +𝐻𝑇 + ℎ𝑠)(𝐻𝑇 + ℎ𝑠) + 𝑠2

)
(B.4e)

𝐽6 = 𝑀𝑁 𝑟2 +𝑀𝑅𝑠
2 + 𝐽𝑁𝑌 +

𝐽𝑅
2

(B.4f)

B.2. 𝐆𝑇𝐵(𝑡)

𝐆𝑇𝐵(𝑡), representing the gyroscopic coupling between the 17 DOFs
with the six tower bottom auxiliary DOF, is written as:

𝐆𝑇𝐵(𝑡) = 𝛺
[
𝐆𝑇𝐵,𝐵(𝑡) 𝐆𝑇𝐵,𝑆

]
[6×17] (B.5)

with 𝛺 = 𝛺0 + �̇�9(𝑡). 𝐆𝑇𝐵,𝐵(𝑡) is the time-varying part representing the
coupling with the blades DOFs (Eq. (B.6) is given in Box III)
and 𝐆𝑇𝐵,𝑆 is the time-invariant part representing the coupling with the
support structure DOFs (Eq. (B.7) is given in Box IV)

B.3. 𝐊𝑇𝐵(𝑡)

𝐊𝑇𝐵(𝑡), representing the stiffness coupling between the 17 DOFs
with the six tower bottom auxiliary DOF, is written as:

𝐊𝑇𝐵(𝑡) = 𝛺2 [𝐊𝑇𝐵,𝐵(𝑡) 𝟎
]
[6×17] (B.8)

where 𝐊𝑇𝐵,𝐵(𝑡) is the time-varying part representing the coupling with
the blades DOFs (Eq. (B.9) is given in Box V)

Appendix C. Efficient numerical implementation of the blade re-
action loads extraction in Section 2.4.2

Discretization of blade 𝑗 for numerical implementation of Eq. (39)
is illustrated in Fig. C.1. The whole blade is discretized into 𝑁𝐵𝑗,𝐴𝑐𝑐
and 𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 numbers of elements for calculation of the accelerations
and the aerodynamic loads, respectively. Accordingly, a 𝑁𝐵𝑗,𝐴𝑐𝑐 - di-
mensional vector 𝐱3,𝐴𝑐𝑐 and a 𝑁𝐵𝑗,𝐴𝑒𝑟𝑜- dimensional vector 𝐱3,𝐴𝑒𝑟𝑜 for
the element center positions are established, respectively. The corre-
sponding vectors of element lengths are 𝚫𝐱3,𝐴𝑐𝑐 (of size [1 × 𝑁𝐵𝑗,𝐴𝑐𝑐 ])
and 𝚫𝐱3,𝐴𝑒𝑟𝑜 (of size [1 ×𝑁𝐵𝑗,𝐴𝑒𝑟𝑜]), respectively.

For the remaining part of the blade from the reference point (dis-
tance 𝑙 from blade root) to blade tip, it is discretized into 𝑛𝐵𝑗,𝐴𝑐𝑐
and 𝑛𝐵𝑗,𝐴𝑒𝑟𝑜 numbers of elements for calculation of the accelerations
and the aerodynamics loads, respectively. The vectors of the element
center positions (with respect to the reference point) are 𝐱′3,𝐴𝑐𝑐 (of size
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𝐌𝑇𝐵,𝐵 (𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑚3 𝑚3 𝑚3 0 0 0
0 0 0 −𝐶1𝑚4 −𝐶2𝑚4 −𝐶3𝑚4
0 0 0 −𝑆1𝑚4 −𝑆2𝑚4 −𝑆3𝑚4
0 0 0 𝑚6 + 𝑚4(𝑟𝐻 + 𝐶1(𝐻𝑇 + ℎ𝑠)) 𝑚6 + 𝑚4(𝑟𝐻 𝑚6 + 𝑚4(𝑟𝐻

+𝐶2(𝐻𝑇 + ℎ𝑠)) +𝐶3(𝐻𝑇 + ℎ𝑠))
𝐶1𝑚5 + 𝑚3(𝐻𝑇 + ℎ𝑠 + 𝐶1𝑟𝐻 ) 𝐶2𝑚5 + 𝑚3(𝐻𝑇 + ℎ𝑠 + 𝐶2𝑟𝐻 ) 𝐶3𝑚5 + 𝑚3(𝐻𝑇 + ℎ𝑠 + 𝐶3𝑟𝐻 ) −𝑆1𝑚4𝑠 −𝑆2𝑚4𝑠 −𝑆3𝑚4𝑠

𝑆1(𝑚5 + 𝑚3𝑟𝐻 ) 𝑆2(𝑚5 + 𝑚3𝑟𝐻 ) 𝑆3(𝑚5 + 𝑚3𝑟𝐻 ) −𝐶1𝑚4𝑠 −𝐶2𝑚4𝑠 −𝐶3𝑚4𝑠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦[6×6]

(B.2)

Box I.

𝐌𝑇𝐵,𝑆 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝛷′
𝑇𝐹𝐻 (𝑀𝑁ℎ𝑁 + 𝑚9 0 0 0 𝑀0 +𝑀𝑇 0 0 0 𝐽4 + (𝑀0 0 0
+𝑀𝑅ℎ𝑠) +𝑀0 +𝑀𝑇 )ℎ𝑇

0 𝛷′
𝑇𝑆𝐻 (𝑀𝑁ℎ𝑁 0 0 0 𝑀0 +𝑀𝑇 0 −𝐽4 − (𝑀0 0 𝑀𝑁 𝑟 −𝑀𝑅𝑠 𝑀𝑁 𝑟 −𝑀𝑅𝑠

+𝑀𝑅ℎ𝑠) +𝑀0 + 𝑚10 +𝑀𝑇 )ℎ𝑇
𝛷′

𝑇𝐹𝐻 (𝑀𝑅𝑠 −𝑀𝑁 𝑟) 0 0 0 0 0 𝑀0 +𝑀𝑇 0 𝑀𝑅𝑠 −𝑀𝑁 𝑟 0 0
0 −𝛷′

𝑇𝑆𝐻𝐽1 𝐽𝑅 −𝐽𝐺 0 −𝐽4 0 𝐽2 0 �̄�𝑅𝑠 − �̄�𝑁 𝑟 �̄�𝑅𝑠 − �̄�𝑁 𝑟
−𝑚12 − �̄�𝑁 − �̄�𝑅

𝛷′
𝑇𝐹𝐻𝐽3 + �̄�𝑅 0 0 0 𝐽4 0 𝑀𝑅𝑠 −𝑀𝑁 𝑟 0 𝐽5 0 0
+𝑚11 + �̄�𝑁

0 𝛷′
𝑇𝑆𝐻 (𝑀𝑁ℎ𝑁 𝑟 0 0 0 𝑀𝑁 𝑟 −𝑀𝑅𝑠 0 (𝑀𝑅𝑠 0 𝐽6 + 𝐽𝑇𝑌 𝐽6 + 𝑚13

−𝑀𝑅ℎ𝑠𝑠) +𝑀𝑁 𝑟 −𝑀𝑅𝑠 −𝑀𝑁 𝑟)ℎ𝑅

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦[6×11]

(B.3)

Box II.

𝐆𝑇𝐵,𝐵(𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0

0 0 0 2𝑆1𝑚4 2𝑆2𝑚4 2𝑆3𝑚4

0 0 0 −2𝐶1𝑚4 −2𝐶2𝑚4 −2𝐶3𝑚4

0 0 0 −2𝑆1𝑚4(ℎ𝑠 +𝐻𝑇 ) −2𝑆2𝑚4(ℎ𝑠 +𝐻𝑇 ) −2𝑆3𝑚4(ℎ𝑠 +𝐻𝑇 )

0 0 0 −2𝐶1𝑚4𝑠 −2𝐶2𝑚4𝑠 −2𝐶3𝑚4𝑠

0 0 0 −2𝑆1𝑚4𝑠 −2𝑆2𝑚4𝑠 −2𝑆3𝑚4𝑠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦[6×6]

(B.6)

Box III.

𝐆𝑇𝐵,𝑆 =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 𝐽𝑅 − 𝐽𝐺𝑁 𝐽𝑅 − 𝐽𝐺𝑁

𝛷′
𝑇𝐹𝐻 (𝐽𝐺𝑁 − 𝐽𝑅) 0 0 0 0 0 𝐽𝐺𝑁 − 𝐽𝑅 0 0

⎤⎥⎥⎥⎥⎥⎥⎦
[6×11]

(B.7)

Box IV.

𝐊𝑇𝐵,𝐵(𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 𝐶1𝑚4 𝐶2𝑚4 𝐶3𝑚4
0 0 0 𝑆1𝑚4 𝑆2𝑚4 𝑆3𝑚4
0 0 0 −𝐶1𝑚4(𝐻𝑇 + ℎ𝑠) −𝐶2𝑚4(𝐻𝑇 + ℎ𝑠) −𝐶3𝑚4(𝐻𝑇 + ℎ𝑠)

𝐶1(𝑚5 + 𝑚3𝑟𝐻 ) 𝐶2(𝑚5 + 𝑚3𝑟𝐻 ) 𝐶3(𝑚5 + 𝑚3𝑟𝐻 ) 0 0 0
𝑆1(𝑚5 + 𝑚3𝑟𝐻 ) 𝑆2(𝑚5 + 𝑚3𝑟𝐻 ) 𝑆3(𝑚5 + 𝑚3𝑟𝐻 ) 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
[6×6]

(B.9)

Box V.

[1 × 𝑛𝐵𝑗,𝐴𝑐𝑐 ]) and 𝐱′3,𝐴𝑒𝑟𝑜 (of size [1 × 𝑛𝐵𝑗,𝐴𝑒𝑟𝑜]), respectively. The corre-
sponding vectors of element lengths are 𝚫𝐱′3,𝐴𝑐𝑐 (of size [1 × 𝑛𝐵𝑗,𝐴𝑐𝑐 ])
and 𝚫𝐱′3,𝐴𝑒𝑟𝑜 (of size [1 × 𝑛𝐵𝑗,𝐴𝑒𝑟𝑜]), respectively.

The complete 6-dimensional blade reaction load vector are calcu-
lated in a similar manner as for the tower in Eq. (31), given as:

𝐑𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡) =
⎡⎢⎢⎣
𝐑𝐹
𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡)

𝐑𝑀
𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡)

⎤⎥⎥⎦
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Fig. C.1. Blade discretization. The lengths related to the blade elements for the whole
blade are illustrated below the blade, while the lengths related to the remaining blade
from the reference point (distance 𝑙 from blade root) to blade tip are illustrated above
the blade.

≈
⎡
⎢⎢⎣
𝑀𝐵𝑗 (𝑙)𝐈[3×3] −𝐌𝐵𝑗 (𝑙) 𝚫𝐱′3,𝑝(𝑙) 𝟎[3×𝑛𝐵,𝐴𝑒𝑟𝑜]

�̃�𝐵𝑗 (𝑙, 𝑡) −𝐣𝐵𝑗 (𝑙, 𝑡) �̃�′𝐵𝑗𝑙(𝑙, 𝑡) 𝚫𝐱′3,𝑚(𝑙)

⎤⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐀𝐵𝑗 (𝑙,𝑡)[6×(3+3𝑛𝐵𝑗,𝐴𝑐𝑐+2𝑛𝐵𝑗,𝐴𝑒𝑟𝑜+𝑛𝐵𝑗,𝐴𝑒𝑟𝑜 )]

⋅

⎡⎢⎢⎢⎢⎢⎣

𝐠𝐵𝑗 (𝑡)
𝐚𝐵𝑗 (𝑙, 𝑡)
𝐩𝑁,𝑗 (𝑙, 𝑡)
−𝐩𝑇 ,𝑗 (𝑙, 𝑡)
𝐦𝑎,𝑗 (𝑙, 𝑡)

⎤⎥⎥⎥⎥⎥⎦[(3+3𝑛𝐵𝑗,𝐴𝑐𝑐+3𝑛𝐵𝑗,𝐴𝑒𝑟𝑜)×1]

(C.1)

where the vectors 𝐚𝐵𝑗 (𝑙, 𝑡), 𝐩𝑁,𝑗 (𝑙, 𝑡), 𝐩𝑇 ,𝑗 (𝑙, 𝑡) and 𝐦𝑎,𝑗 (𝑙, 𝑡) are the dis-
cretized versions of their continuous counterparts in Eq. (39). Note that
while 𝐩𝑁,𝑗 (𝑙, 𝑡), 𝐩𝑇 ,𝑗 (𝑙, 𝑡) and 𝐦𝑎,𝑗 (𝑙, 𝑡) have the size of [𝑛𝐵𝑗,𝐴𝑒𝑟𝑜 × 1], the
acceleration vector 𝐚𝐵𝑗 (𝑙, 𝑡) is of size [3𝑛𝐵𝑗,𝐴𝑐𝑐 ×1], similar to the format
of tower acceleration 𝐚𝑇 (ℎ, 𝑡) in Eq. (22).

𝑀𝐵𝑗 (𝑙) in Eq. (C.1) is the mass of the remaining blade (from distance
𝑙 to the blade tip). 𝐌𝐵𝑗 (𝑙) is the [3 × 3𝑛𝐵𝑗,𝐴𝑒𝑟𝑜] sized matrix of element
masses. 𝑀𝐵𝑗 (𝑙) and 𝐌𝐵𝑗 (𝑙) are calculated in a similar way as for the
tower given in Eq. (23a) and (24), respectively. The skew symmetric
matrix �̃�𝐵𝑗 (𝑙, 𝑡) (of size [3 × 3]), for the first mass moment of inertia
vector of the remaining blade, is established in a same format as
Eq. 27a. Correspondingly, matrix 𝐣𝐵𝑗 (𝑙, 𝑡) (of size [3 × 3𝑛𝐵𝑗,𝐴𝑒𝑟𝑜]) is
constructed in a same format as Eq. (28a). Furthermore, 𝚫𝐱′3,𝑝(𝑙) is a
matrix storing the element length vector of the remaining blade, for
integrating the normal and tangential aerodynamic forces 𝐩𝑁,𝑗 (𝑙, 𝑡) and
𝐩𝑇 ,𝑗 (𝑙, 𝑡). Similarly, 𝚫𝐱′3,𝑚(𝑙) is a matrix storing the element length vector
for integrating the aerodynamic moments 𝐦𝑎,𝑗 (𝑙, 𝑡). 𝚫𝐱′3,𝑝(𝑙) and 𝚫𝐱′3,𝑚(𝑙)
are defined as:

𝚫𝐱′3,𝑝(𝑙) =
⎡⎢⎢⎣

𝚫𝐱′3,𝐴𝑒𝑟𝑜(𝑙) 𝟎
𝟎 𝚫𝐱′3,𝐴𝑒𝑟𝑜(𝑙)
𝟎 𝟎

⎤⎥⎥⎦[3×2𝑛𝐵𝑗,𝐴𝑒𝑟𝑜]
,

𝚫𝐱′3,𝑚(𝑙) =
⎡⎢⎢⎣

𝟎
𝟎

𝚫𝐱′3,𝐴𝑒𝑟𝑜(𝑙)

⎤⎥⎥⎦[3×𝑛𝐵𝑗,𝐴𝑒𝑟𝑜]
(C.2)

Finally, �̃�′𝐵𝑗𝑙(𝑙, 𝑡) is a matrix defined as:

�̃�′𝐵𝑗𝑙(𝑙, 𝑡) =

⎡
⎢⎢⎢⎢⎣

𝟎 −𝐫′𝐵𝑗𝑙,3(𝑙, 𝑡)◦𝚫𝐱
′
3,𝐴𝑒𝑟𝑜(𝑙)

𝐫′𝐵𝑗𝑙,3(𝑙, 𝑡)◦𝚫𝐱
′
3,𝐴𝑒𝑟𝑜(𝑙) 𝟎

−𝐫′𝐵𝑗𝑙,2(𝑙, 𝑡)◦𝚫𝐱
′
3,𝐴𝑒𝑟𝑜(𝑙) 𝐫′𝐵𝑗𝑙,1(𝑙, 𝑡)◦𝚫𝐱

′
3,𝐴𝑒𝑟𝑜(𝑙)

⎤
⎥⎥⎥⎥⎦[3×(2𝑛𝐵𝑗,𝐴𝑒𝑟𝑜)]

(C.3)

which is constructed to calculate three moments due to the normal
and tangential aerodynamic forces. 𝐫′𝐵𝑗𝑙,1(𝑙, 𝑡), 𝐫′𝐵𝑗𝑙,2(𝑙, 𝑡) and 𝐫′𝐵𝑗𝑙,3 are
the three rows of the [3 × 𝑛𝐵𝑗,𝐴𝑒𝑟𝑜] sized matrix 𝐫′𝐵𝑗𝑙(𝐱

′
3,𝐴𝑒𝑟𝑜 + 𝑙, 𝑙, 𝑡) =

𝐫′𝐵𝑗 (𝐱
′
3,𝐴𝑒𝑟𝑜 + 𝑙, 𝑡) − 𝐫′𝐵𝑗 (𝑙, 𝑡)𝟏[1×𝑛𝐵𝑗,𝐴𝑒𝑟𝑜] with 𝟏 being a unit vector of size

[1 × 𝑛𝐵𝑗,𝐴𝑒𝑟𝑜]. As seen, 𝐫′𝐵𝑗𝑙(𝐱
′
3,𝐴𝑒𝑟𝑜 + 𝑙, 𝑙, 𝑡) is the discretized version of

𝐫′𝐵𝑗𝑙(𝑥3, 𝑙, 𝑡) in Eq. (39b).
Similar to Eq. (32), matrix 𝐀𝐵𝑗 (𝑙, 𝑡) in Eq. (C.1) can be rewritten as:

𝐀𝐵𝑗 (𝑙, 𝑡) =
[
𝐀𝐵𝑗,0(𝑙) + 𝐀𝐵𝑗,1(𝑙)𝑞𝑗 (𝑡) + 𝐀𝐵𝑗,2(𝑙)𝑞𝑗+3(𝑡)

]
(C.4)

in which:

𝐀𝐵𝑗,0(𝑙) =
⎡⎢⎢⎣
𝑀𝐵𝑗 (𝑙)𝐈[3×3] −𝐌𝐵𝑗 (𝑙) 𝚫𝐱′3,𝑝(𝑙) 𝟎[3×𝑛𝐵,𝐴𝑒𝑟𝑜]

�̃�𝐵𝑗,0(𝑙) −𝐣𝐵𝑗,0(𝑙) �̃�′𝐵𝑗𝑙,0(𝑙) 𝚫𝐱′3,𝑚(𝑙)

⎤⎥⎥⎦
(C.5a)

𝐀𝐵𝑗,1(𝑙) =
⎡⎢⎢⎣
𝟎[3×3] 𝟎[3×3𝑛𝐵,𝐴𝑐𝑐 ] 𝟎[3×2𝑛𝐵,𝐴𝑒𝑟𝑜] 𝟎[3×𝑛𝐵,𝐴𝑒𝑟𝑜]

�̃�𝐵𝑗,1(𝑙) −𝐣𝐵𝑗,1(𝑙) �̃�′𝐵𝑗𝑙,1(𝑙) 𝟎[3×𝑛𝐵,𝐴𝑒𝑟𝑜]

⎤⎥⎥⎦
(C.5b)

𝐀𝐵𝑗,2(𝑙) =
⎡⎢⎢⎣
𝟎[3×3] 𝟎[3×3𝑛𝐵,𝐴𝑐𝑐 ] 𝟎[3×2𝑛𝐵,𝐴𝑒𝑟𝑜] 𝟎[3×𝑛𝐵,𝐴𝑒𝑟𝑜]

�̃�𝐵𝑗,2(𝑙) −𝐣𝐵𝑗,2(𝑙) �̃�′𝐵𝑗𝑙,2(𝑙) 𝟎[3×𝑛𝐵,𝐴𝑒𝑟𝑜]

⎤⎥⎥⎦
(C.5c)

are the time-invariant matrix components of the matrix
𝐀𝐵𝑗 (𝑗, 𝑡). 𝐀𝐵𝑗,0(𝑙) is unrelated to any DOFs, whereas 𝐀𝐵𝑗,1(𝑙) and 𝐀𝐵𝑗,2(𝑙)
are multiplied with 𝑞𝑗 (𝑡) and 𝑞𝑗+3(𝑡), respectively.

In the following, the procedure of obtaining blade reaction loads at
multiple reference points is outlined. For a given reference point, the
acceleration vector 𝐚𝐵𝑗 (𝑙, 𝑡) (with size [3𝑛𝐵𝑗,𝐴𝑐𝑐 × 1]) for the remaining
blade can be obtained from interpolation of the acceleration vector
for the whole blade 𝐚𝐵𝑗 (𝐱3,𝐴𝑐𝑐 , 𝑡) (with size [3𝑁𝐵𝑗,𝐴𝑐𝑐 ]), as shown in
Eq. (C.6a). Similarly, the aerodynamic load vectors 𝐩𝑁,𝑗 (𝑙, 𝑡), 𝐩𝑇 ,𝑗 (𝑙, 𝑡)
and 𝐦𝑎,𝑗 (𝑙, 𝑡) (all of size [𝑛𝐵𝑗,𝐴𝑒𝑟𝑜 × 1]) can be obtained from interpo-
lation of the corresponding vectors for the whole blade 𝐩𝑁,𝑗 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡),
𝐩𝑇 ,𝑗 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡) and 𝐦𝑎,𝑗 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡) (all of size [𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 × 1]), as shown in
(C.6b):

𝐚𝐵𝑗 (𝑙, 𝑡) =
⎡
⎢⎢⎣

𝐁𝐵𝑗,𝐴𝑐𝑐 (𝑙) 𝟎
𝐁𝐵𝑗,𝐴𝑐𝑐 (𝑙)

𝟎 𝐁𝐵𝑗,𝐴𝑐𝑐 (𝑙)

⎤
⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐁𝐵𝑗,𝐴𝑐𝑐,𝑡𝑜𝑡(𝑙)[3𝑛𝐵𝑗,𝐴𝑐𝑐×3𝑁𝐵𝑗,𝐴𝑐𝑐 ]

𝐚𝐵𝑗 (𝐱3,𝐴𝑐𝑐 , 𝑡)

(C.6a)

⎡
⎢⎢⎣

𝐩𝑁 (𝑙, 𝑡)
−𝐩𝑇 (𝑙, 𝑡)
𝐦𝑎(𝑙, 𝑡)

⎤
⎥⎥⎦[3𝑛𝐵𝑗,𝐴𝑒𝑟𝑜×1]

=
⎡
⎢⎢⎣

𝐁𝐵𝑗,𝐴𝑒𝑟𝑜(𝑙) 𝟎
𝐁𝐵𝑗,𝐴𝑒𝑟𝑜(𝑙)

𝟎 𝐁𝐵𝑗,𝐴𝑒𝑟𝑜(𝑙)

⎤
⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐁𝐵𝑗,𝐴𝑒𝑟𝑜,𝑡𝑜𝑡(𝑙)[3𝑛𝐵𝑗,𝐴𝑒𝑟𝑜×3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 ]

⋅
⎡⎢⎢⎣

𝐩𝑁 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡)
−𝐩𝑇 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡)
𝐦𝑎(𝐱3,𝐴𝑒𝑟𝑜, 𝑡)

⎤⎥⎥⎦[3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜×1]

(C.6b)

where 𝐁𝐵𝑗,𝐴𝑐𝑐 (𝑙) and 𝐁𝐵𝑗,𝐴𝑒𝑟𝑜(𝑙) are the linear interpolation matrices in
each direction for the acceleration vector and the aerodynamic load
vectors, respectively. Substituting Eq. (C.6) in to Eq. (C.1), the blade
reaction load vector becomes:

𝐑𝐵𝑗,𝐸𝑥𝑡(𝑙, 𝑡) = 𝐀𝐵𝑗 (𝑙, 𝑡)
⎡
⎢⎢⎣

𝐈[3×3] 𝟎
𝐁𝐵𝑗,𝐴𝑐𝑐,𝑡𝑜𝑡(𝑙)

𝟎 𝐁𝐵𝑗,𝐴𝑒𝑟𝑜,𝑡𝑜𝑡(𝑙)

⎤
⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙)[(3+3𝑛𝐵𝑗,𝐴𝑐𝑐+3𝑛𝐵𝑗,𝐴𝑒𝑟𝑜 )×(3+3𝑁𝐵𝑗,𝐴𝑐𝑐+3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 )]

⋅

⎡⎢⎢⎢⎢⎢⎣

𝐠𝐵𝑗 (𝑡)
𝐚𝐵𝑗 (𝐱3,𝐴𝑐𝑐 , 𝑡)
𝐩𝑁 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡)
−𝐩𝑇 (𝐱3,𝐴𝑒𝑟𝑜, 𝑡)
𝐦𝑎(𝐱3,𝐴𝑒𝑟𝑜, 𝑡)

⎤⎥⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐬𝐵𝑗 (𝑡)[(3+3𝑁𝐵𝑗,𝐴𝑐𝑐+3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 )×1]

(C.7)

where 𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙) is the total interpolation matrix, and 𝐬𝐵𝑗 (𝑡) is a input
vector related to the whole blade 𝑗 that only needs to be evaluated once.
If reaction loads at multiple locations defined by a vector 𝐥 =

[
𝑙1,… , 𝑙𝑛

]
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are required, Eq. (C.7) allows for a very convenient calculation of the
[6𝑛×1] sized reaction loads vector 𝐑𝐵𝑗,𝐸𝑥𝑡(𝐥, 𝑡), by stacking the products
of matrices 𝐀𝐵𝑗 (𝑙, 𝑡) and 𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙):

𝐑𝐵𝑗,𝐸𝑥𝑡(𝐥, 𝑡) =
⎡⎢⎢⎣

𝐑𝐵𝑗,𝐸𝑥𝑡(𝑙1, 𝑡)
⋮

𝐑𝐵𝑗,𝐸𝑥𝑡(𝑙𝑛, 𝑡)

⎤⎥⎥⎦[6𝑛×1]
=

⎡⎢⎢⎣

𝐀𝐵𝑗 (𝑙1, 𝑡)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙1)
⋮

𝐀𝐵𝑗 (𝑙𝑛, 𝑡)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙𝑛)

⎤⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐂𝐵𝑗 (𝐥,𝑡)[6𝑛×(3+3𝑁𝐵𝑗,𝐴𝑐𝑐+3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 )]

𝐬𝐵𝑗 (𝑡)

(C.8)

Eq. (C.8) can be rearranged in a similar way as Eq. (37) using
Eq. (C.4):

𝐑𝐵𝑗,𝐸𝑥𝑡(𝐥, 𝑡) =
⎡
⎢⎢⎢⎣

𝐀𝐵𝑗,0(𝑙1)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙1) 𝐀𝐵𝑗,1(𝑙1)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙1) 𝐀𝐵𝑗,2(𝑙1)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙1)
⋮

𝐀𝐵𝑗,0(𝑙𝑛)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙𝑛) 𝐀𝐵𝑗,1(𝑙𝑛)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙𝑛) 𝐀𝐵𝑗,2(𝑙𝑛)𝐁𝐵𝑗,𝑡𝑜𝑡(𝑙𝑛)

⎤
⎥⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐃𝐵𝑗 (𝐥)[6𝑛×3(3+3𝑁𝐵𝑗,𝐴𝑐𝑐+3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 )]

⋅

⎡
⎢⎢⎢⎣

𝐬𝐵𝑗 (𝑡)
𝐬𝐵𝑗 (𝑡)𝑞𝑗 (𝑡)
𝐬𝐵𝑗 (𝑡)𝑞𝑗+3(𝑡)

⎤
⎥⎥⎥⎦

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐬′𝐵𝑗 (𝑡)[3(3+3𝑁𝐵𝑗,𝐴𝑐𝑐+3𝑁𝐵𝑗,𝐴𝑒𝑟𝑜 )×1]

(C.9)

where only a time-invariant matrix 𝐃𝐵𝑗 (𝐥) needs to be calculated in
the pre-processor. 𝐃𝐵𝑗 (𝐥) can be reduced if a subset of the six available
reaction loads are requested for the given positions 𝐥. This can be done
by pre-multiplying 𝐃𝐵𝑗 (𝐥) in Eq. (C.9) by a selection matrix.

Appendix D. Modified (rotated) version of the ‘d’Alembert’
method

The rotation of the tower reaction load vector (from the original
‘d’Alembert’ method in Section 2.4.1) is done by pre-multiplying a
transformation matrix 𝐓𝑇 𝑜,ℎ(ℎ, 𝑡) due to the three tower rotations at
each location along the tower. The transformation matrix is reduced
by small angle assumptions (cos 𝜃 ≈ 1 and sin 𝜃 ≈ 𝜃) to:

𝐓𝑇 𝑜,ℎ(ℎ, 𝑡) ≈

⎡⎢⎢⎢⎢⎣

1 𝛷𝑇𝑌 (ℎ)𝑞17(𝑡) −𝛷′
𝑇𝐹 (ℎ)𝑞7(𝑡)

−𝛷𝑇𝑌 (ℎ)𝑞17(𝑡) 1 −𝛷′
𝑇𝑆 (ℎ)𝑞8(𝑡)

𝛷′
𝑇𝐹 (ℎ)𝑞7(𝑡) 𝛷′

𝑇𝑆 (ℎ)𝑞8(𝑡) 1

⎤⎥⎥⎥⎥⎦
(D.1)

where 𝛷′
𝑇𝐹 (𝑋

′
3) =

𝑑𝛷𝑇𝐹 (𝑋′
3)

𝑑𝑋′
3

and 𝛷′
𝑇𝑆 (𝑋

′
3) =

𝑑𝛷𝑇𝑆 (𝑋′
3)

𝑑𝑋′
3

. Note that the
transformation matrix is from the tower (𝑋′

1, 𝑋
′
2, 𝑋

′
3)- CS to the local ro-

tated tower CS, resulting in a transpose compared to the transformation
matrix 𝐓𝑇 𝑜(𝑡) in Eq. (9).

𝐓𝑇 𝑜,ℎ(ℎ, 𝑡) is then pre-multiplied onto the forces and moments, re-
spectively. Since the small angle assumptions are used, the matrix can
be divided into four parts. One part is not related to any DOF and is
simply a identity matrix. The three remaining parts, 𝐓𝑇 𝑜,1, 𝐓𝑇 𝑜,2 and
𝐓𝑇 𝑜,3, are related to the tower DOFs 𝑞8(𝑡), 𝑞7(𝑡) and 𝑞17(𝑡), respectively.
Adding this rotation to Eq. (37) and rearranging leads to:

𝐑′
𝑇 ,𝐸𝑥𝑡(𝐡, 𝑡) =

⎡⎢⎢⎢⎣

𝐀′
𝑇 (ℎ1) 𝐓𝑇 𝑜,1(ℎ1)𝐀′

𝑇 (ℎ1) 𝐓𝑇 𝑜,2(ℎ1)𝐀′
𝑇 (ℎ1) 𝐓𝑇 𝑜,3(ℎ1)𝐀′

𝑇 (ℎ1)
⋮ ⋮ ⋮ ⋮

𝐀′
𝑇 (ℎ𝑛) 𝐓𝑇 𝑜,1(ℎ𝑛)𝐀′

𝑇 (ℎ𝑛) 𝐓𝑇 𝑜,2(ℎ𝑛)𝐀′
𝑇 (ℎ𝑛) 𝐓𝑇 𝑜,3(ℎ𝑛)𝐀′

𝑇 (ℎ𝑛)

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐃′
𝑇 (𝐡)[6𝑛×4⋅3(3+3𝑁𝑇 +3+3)]

⋅

⎡⎢⎢⎢⎢⎣

𝐬′𝑇 (𝑡)
𝐬′𝑇 (𝑡)𝑞8(𝑡)
𝐬′𝑇 (𝑡)𝑞7(𝑡)
𝐬′𝑇 (𝑡)𝑞17(𝑡)

⎤⎥⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

𝐬′′𝑇 (𝑡)[4⋅3(3+3𝑁𝑇 +𝑁𝑇 +3+3)×1]

(D.2)

where:

𝐀′
𝑇 (ℎ) =

[
𝐀𝑇 ,0(ℎ)𝐁𝑇 ,𝑡𝑜𝑡(ℎ) 𝐀𝑇 ,1(ℎ)𝐁𝑇 ,𝑡𝑜𝑡(ℎ) 𝐀𝑇 ,2(ℎ)𝐁𝑇 ,𝑡𝑜𝑡(ℎ)

]
(D.3)

A similar rotation of the blade reaction loads (from the ‘d’Alembert’
method in Section 2.4.2) can be set up as in Eq. (D.2). For the blade, no
torsional DOF is defined, reducing the size of the corresponding 𝐃′

𝐵𝑗 (𝐥)
to be three times that of 𝐃𝐵𝑗 (𝐥) (of the non-rotated blade reaction loads).
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A semi-analytical hydrodynamic model for floating offshore wind turbines1

(FOWT) with application to a FOWT heave plate tuned mass damper2
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Abstract6

This paper proposes a semi-analytical McCamy-Fuchs-Morison (MFM) hybrid hydrodynamic model for very efficient7

simulations of FOWT responses without resorting to potential flow solvers. First, closed-form expressions of the 6-8

by-6 added mass matrix and 6-dimensional complex wave load transfer function are derived based on the Morison9

equation. Comparison of the wave load models show that the pure Morison model over predicts high-frequency wave10

loads above the diffraction limit, while the pure McCamy-Fuchs model performed poorly at low frequencies due to the11

existence of heave plates. The MFM hybrid model resolves both issues and gives good agreement with the potential12

flow theory at all frequencies. The proposed MFM hybrid model is then employed to a representative application13

case, i.e. a semi-submersible FOWT installed with HPTMDs. It is shown that implementing a deep installation of the14

HPTMDs effectively suppresses foundation roll, heave responses and tower side-side vibrations.15

Keywords: floating offshore wind turbine; hydrodynamic model; semi-analytical model; heave plate; tuned mass16

damper; multi-body hydrodynamics17

1. Introduction18

Modeling of hydrodynamics is one of the most important topics for FOTWs. Hydrodynamic loads for FOWTs19

are most often modelled using potential flow theory [1, 2] that solves the diffraction-radiation problem, supplemented20

by Morison drag. The frequency response functions (FRFs) from potential flow theory can be pre-calculated by21

boundary-element-method-based solvers, such as the open source software NEMOH [3] or commercial softwares22

WAMIT [4], Ansys AQWA [5] and WADAM [6]. By a cosine transformation, the hydrodynamic potential damping23

of the FRFs can be converted into the time domain, and convolution integral [7] is used to calculate the radiation24

damping loads. To improve the computational efficiency in the time domain, the FRFs can be approximated by rational25
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approximations [8, 9], which are subsequently converted into coupled first order ordinary differential equations for26

efficiently calculating the radiation damping loads in time domain [10, 11, 12].27

For initial sizing [13] or integrated design optimization [14] during preliminary design phase, the potential flow28

hydrodynamic model is computationally too heavy when large number of different foundation designs need to be29

evaluated by solving the diffraction-radiation problem. Therefore, analytical or semi-analytical hydrodynamic models30

are needed for this purpose. McCamy and Fuchs [15] derived an exact analytical solution to the diffraction problem for31

fixed, surface piercing piles at finite water depth under linear regular waves. The linear McCamy-Fuchs theory have32

been applied to a bottom fixed offshore wind turbine on a 9-m monopile [16], and compared with the classical Morison33

model [18] as well as the Morison-Rainey slender body model [17] which adds two inertia terms to the Morison34

equation to account for non-slenderness and local diffraction. For the given site (20 m water depth and a diffraction35

limit corresponding to wave period T = 5.4 s), it was shown that Morison and Morison-Rainey models resulted in36

similar results while the the McCamy-Fuchs theory predicted a 15% reduction in tower damage equivalent fatigue37

loads, indicating the importance of diffraction effects for the given site. The McCamy-Fuchs theory was also used38

to replace the potential flow model for a a spar-type FOWT, in order to perform efficient frequency-domain analysis39

and design optimization [14]. However, the inherent assumption of surface piercing piles may make it infeasible40

to use McCamy-Fuchs theory for other types of floating foundations such as the semi-submersible. Moreover, it is41

impossible to calibrate the McCamy-Fuchs wave load model because it is based on exact analytical solutions.42

It is well-known that the semi-empirical Morison equation [18] is based on the strip theory, which assumes slender43

cylinders with a diameter infinitely smaller than the wavelength. The Morison equation contains contributions from44

viscous drag load (due to the relative fluid-structure velocity), wave load and added mass load. There are two parts45

in the wave load, i.e. the equivalent diffraction part that is calibrated by the added mass coefficient and the Froude-46

Krylov part that is with a unit coefficient. The added mass coefficient can also be employed to simulate the loads from47

the cylinder movements thereby making hydro-elasticity possible. However, the added mass for cylinder movements48

neglects the radiation from the generated outgoing waves, which may be important at specific frequencies of the49

forced vibrations. The assumption of infinitely small diameter compared to the wavelength implies that the Morison50

equation becomes less accurate as the wave frequency increases. As a rule of thumb [19], the Morison equation is51

expected to be valid for wavelengths larger than five times the cylinder diameter, i.e. λ > 5D. For large wavelength to52

diameter ratio λ/D and if viscous effects are negligible, the Morison equation is indicated to be equivalent to potential53

flow hydrodynamics [2].54

Morison equation [18] led to generally reasonable results for a TLP [20] with a wave spectrum cut-off frequency55

of ωc = (2g/Hs)1/2 [21]. However, the pitch response is larger compared with that from potential flow model despite56

2



that the wave spectrum has been truncated, due to the relative high pitch frequency (2.25 rad/s). After calibrating the57

added mass coefficients, a fair agreement between the Morison equation and the potential flow theory was obtained for58

a semi-submersible floating foundation [22]. Integrating the Morison loads at the instantaneously displaced position59

during the simulations did not have a big impact on the responses. Further, it was shown that Morison equation60

worked well for a semi-submersible when comparing to scaled test results [23]. The accuracy was further improved61

by including nonlinear wave kinematics (2nd order stokes waves). Some other efforts have been made to improve the62

applicability of the Morison hydrodynamic model for FOWTs. For a TLP, the second-order sum-frequency wave loads63

are important in order to obtain realistic loads [24, 20]. The extended Morison equation by Rainey [17] was used to64

simulate the second-order sum-frequency wave loads on a TLP [25]. The study also proposed a semi-analytical model65

combining the Morison-Rainey model and the model proposed by Huang & Taylor [26]. The semi-analytical model66

was proved to better capture the sum-frequency wave loads at higher frequencies compared to the Morison-Rainey67

model. Recently, frequency-dependent Morison added mass and damping coefficients for a semi-submersible FOWT68

were proposed as an improvement to the Morison hydrodynamics [27]. It was shown that agreement with experiment69

was improved when predicting the surge free decay.70

All the above-mentioned work dealt with applying the Morison equation in the time-domain simulation. No efforts71

have been made to develop Morison-based frequency-domain hydrodynamic models that can replace the potential flow72

hydrodynamic model during the preliminary design stage. To have a frequency-domain model, linearization of the73

Morison quadratic drag needs to be performed, and a common practice is the stochastic linearization [28] through74

an iterative procedure [29]. This method was also employed together with McCamy-Fuchs wave load model to form75

a frequency-domain model of a spar FOWT [14]. Similarly, the quadratic drag term was linearized for an efficient76

frequency-domain FOWT model [13], which gave fair agreement with results from the non-linear time-domain FAST77

[30] model. The McCamy-Fuchs theory [16] works very well in giving the frequency-domain model for the horizontal78

wave forces, but cannot provide the vertical wave forces. Moreover, it is inapplicable to the horizontal force predicting79

for components like horizontal braces and heave plates, due to its inherent assumption of surface piercing pile. On the80

other hand, the Morison equation is believed to be able to resolve these two issues, especially regarding hydrodynamics81

of the heave plates that are necessary parts of a semi-submersible FOWT.82

Heave added mass and drag coefficients are the most important hydrodynamic parameters of a heave plate, and83

they actually depends on the radial position on the heave plate, the Keulegan–Carpenter number and the ratio between84

the heave plate diameter and the column diameter [31]. The distributed coefficients have been obtained by Fourier85

averaging of CFD simulation result, and empirical expressions (dependent on the radial position) of the distributed86

added mass and drag coefficients can be fitted [31]. Nevertheless, the hydrodynamic coefficients of the heave plates as87
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a whole is more widely used for analysing the response of the floating structure. The heave added mass, to which the88

added mass coefficient should be calibrated, is calculated as the product between water density and the added mass89

equivalent volume. For a cylinder, the heave added mass equivalent volume at the bottom is often considered equal to90

a hemisphere [1]:91

VEq =
π

12
D3

1 (1)

with D1 being the diameter of the heave plate. Sarpkaya [32] proposed the added mass equivalent volume of a92

submerged disk to be an ellipsoid with a = b = D1/2 and c = D1/π:93

VEq =
4π
3

abc =
1
3

D3
1 (2)

which was also applied to a heave plate on a cylinder [33]. For a separated heave plate mounted at a vertical circular

cylinder [34], the equivalent volume was proposed to be a ellipsoid subtracting a cylinder with the height of an

equivalent sphere and a spherical cap:

VEq =
1
3

D3
1

︸︷︷︸
Ellipsoid

− π
24

(D1 − z)2 (2D1 + z)
︸                       ︷︷                       ︸

Spherical cap

− π
8

D2
2z

︸︷︷︸
Cylinder

=
1
3

D3
1 −
π

12

(
D3

1 − (D2
1 − D2

2)3/2
)

(3)

where z =
√

D2
1 − D2

2. The ellipsoid shape has also been used to evaluate the heave added mass of two heave plates

on a cylinder [35]. The equivalent volume was modified by subtracting the volume of the cylinder and the ellipsoidal

cap that the column is blocking [35]:

VEq =
1

12


4D3

1︸︷︷︸
Ellipsoid

−
(
2D3

1 − 3πD2
1ẑ + π3ẑ3

)
︸                      ︷︷                      ︸

Ellipsoid cap

− 3πD2
2ẑ︸ ︷︷ ︸

Cylinder



=
1

12

(
2D3

1 + 3πD2
1ẑ − π3ẑ3 − 3πD2

2ẑ)
)

=
1
6

(
D3

1 +
(
D2

1 − D2
2

)3/2
)

(4)

where ẑ = 1
π

√
D2

1 − D2
2. Although different types of the added mass equivalent volume have been proposed, a com-94

parison of their accuracy has not been performed. Further, the frequency-domain heave wave model for a foundation95

with or without heave plate has not been derived in the literature.96

Vibration and motion control of FOWT has become an increasingly relevant research topic in the past decade.97
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Different strategies have been used for different components. For relatively high-frequency vibrations of the tower,98

especially the side-side vibration with low aerodynamic damping excited by misaligned wind and wave, installing99

tuned vibration absorbers are the most effective strategy. Tuned mass damper (TMD) [36], inerter-enhanced TMD100

[37] and tuned liquid column damper (TLCD) [38] have been proposed to be installed at the tower top, and were101

shown to be effective in damping tower vibrations. Placing the TMD in the foundation of a spar-type FOWT [39, 40]102

were also proposed, but the effectiveness was worse than installing the device at tower top. On the other hand, for103

controlling very slow motion of the foundation, the above-mentioned vibration absorbers will fail, and hydrodynamic104

strategies, such as the hybrid system combining FOWT with a wave energy converter with different configurations105

[42], are preferred. It was shown that by properly designing the power take-off (PTO) system, the installed wave106

energy converter could suppress the foundation pitch motion [43]. A novel hybrid wind-wave energy system [45]107

was proposed based on the 10 MW Nautilus semi-submersible FOWT [46], and it was shown that the added wave108

energy converter effectively reduced the foundation pitch motion and nacelle accelerations. The heave plate was109

also proposed to be used as a wave energy converter although its motion control effect was not investigated [41].110

More recently, the tuned heave plate (THP) was proposed as a wave energy converter installed to a semi-submersible111

platform [44], which also effectively reduces the foundation heave motion. Nevertheless, for FOWTs, a solution that112

can simultaneously control tower side-side vibration and foundation motion is yet to be sought.113

The present paper investigates a semi-analytical frequency-domain hydrodynamic model for fast simulations of114

FOWT responses, which can also be conveniently implemented in the time domain. Three novel contributions are:115

(1) the closed-form expressions of the 6-by-6 fully-coupled added mass matrix and 6-dimensional complex wave load116

transfer function derived based on the Morison equation; (2) the proposed hybrid hydrodynamic model combining117

McCamy-Fuchs theory with semi-analytical Morison model; (3) the application of the hybrid hydrodynamic model118

for performance evaluation of a novel heave plate tuned mass damper (HPTMD) in a semi-submersible FOWT. In119

Section 2, the semi-analytical Morison-based frequency-domain hydrodynamic model is derived, which consists of120

the added mass matrix and wave load transfer function. The heave added mass of a body consisting of a cylinder and121

a fixed heave plate is investigated with four different types of equivalent volume compared. In Section 3, the semi-122

analytical hydrodynamic model derived in Section 2 is evaluated and compared with potential flow model as well as123

the McCamy-Fuchs model. A McCamy-Fuchs-Morison (MFM) hybrid model is subsequently proposed, resolving124

the the issue in low-frequency wave loads of pure McCamy-Fuchs and the high-frequency issue of pure Morison125

model. In Section 4, the semi-analytical MFM hybrid model is employed to a representative application case, i.e. a126

semi-submersible FOWT installed with HPTMDs. The MFM model efficiently provide the performance evaluation127

of the HPTMDs in both frequency and time domains. Section 5 gives the conclusion.128
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2. Semi-analytical hydrodynamic load model129

In our previous work, a combination of potential flow theory and Morison drag was mainly used for perform-130

ing time-domain simulations [12]. In the present study, different hydrodynamic load models will be compared and131

evaluated using the ELWiS model, especially the semi-analytical hybrid model proposed here.132

The total hydrodynamic load vector (a 17-dimensional vector for our ELWiS model) in terms of a combination of133

potential flow hydrodynamics and Morison drag can be written as:134

fPM
h (t) = fr(t) − A∞q̈F (t)︸             ︷︷             ︸

radiation

+ fP
W(t)︸︷︷︸

diffraction

+ fb0 −KhsqF (t)︸           ︷︷           ︸
buoyancy

+ fd(t)︸︷︷︸
drag

(5)

where fr(t) is the radiation load vector, A∞ is the infinite-frequency limit added mass matrix and fP
W(t) is the wave135

load vector from the diffraction problem. fb,0 is the static buoyancy force vector at the initial position, Khs is the136

hydro-static stiffness matrix and fd(t) is the Morison drag load vector.137

For the case of a pure Morison hydrodynamic model, the total hydrodynamic load vector is written as:138

fM
h (t) = −AMq̈F (t)︸      ︷︷      ︸

added mass

+ fM
W (t)︸︷︷︸
wave

+ fb0 −KhsqF(t)︸           ︷︷           ︸
buoyancy

+ fd(t)︸︷︷︸
drag

(6)

where AM is the zero-frequency limit added mass matrix derived from the Morison equation. AM should be calibrated139

to the potential flow zero-frequency added mass matrix A(0). fM
W (t) is the Morison wave load vector.140

Finally, a hydrodynamic model using Morison equation complimented by horizontal McCamy-Fuchs wave load141

for some or all parts of the foundation is also considered. The total hydrodynamic load vector is thus written as:142

fMF
h (t) = −AMq̈F(t)︸      ︷︷      ︸

added mass

+ fMF
W (t)︸︷︷︸

diffraction

+ fb0 −KhsqF(t)︸           ︷︷           ︸
buoyancy

+ fd(t)︸︷︷︸
drag

(7)

where fMF
W (t) is the wave load vector which is either the pure McCamy-Fuchs wave load model or a combination of143

McCamy-Fuchs and Morison wave loads (McCamy-Fuchs model for some parts of the foundation and Morison for144

the remaining). As seen, the only difference with Eq. (6) is the wave load vector.145
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2.1. Morison equations146

The classical Morison equation [18] for the horizontal distributed force (force per unit length) is written as:

pM
j (X3, t) =

1
2
ρWCDD(X3)vrel, j(X3, t)|vrel, j(X3, t)|

︸                                         ︷︷                                         ︸
pdrag

(8a)

+ ρW (CA + 1)
π

4
D(X3)2aW, j(X3, t)

︸                                  ︷︷                                  ︸
pwave

(8b)

− ρWCA
π

4
D(X3)2aF, j(X3, t)

︸                          ︷︷                          ︸
padd

, j = 1, 2 (8c)

where ρW is the density of seawater, D(X3) is the diameter of the cylinder as a function of the depth. j = 1, 2147

correspond to two horizontal directions X1 and X2. vrel, j(X3, t) is the relative velocity between the horizontal water148

particle velocity and the horizontal foundation velocity along the foundation depth. aW, j(X3, t) is the horizontal water149

particle acceleration and aF, j(X3, t) is the horizontal foundation acceleration. As indicated in Eq. (8), the Morison150

hydrodynamic force contains contributions from viscous drag, wave load and added mass load. The viscous drag151

force is calibrated by the drag coefficient CD which needs to be experimentally determined. The Morison equivalent152

diffraction part of the wave load in Eq. (8b) is calibrated by the added mass coefficient CA, whereas the Froude-Krylov153

part is constant at 1.154

The Morison vertical hydrodynamic force (in Newton) can be calculated using a similar format as in Eq. (8):

FM
3 (X3, t) =

1
2
ρWCD

π

4
D2(X3)vrel,3(X3, t)|vrel,3(X3, t)|

︸                                              ︷︷                                              ︸
Fdrag,3

(9a)

+ ρWCAzVEq,z(X3)aW,3(X3, t) + Ap(X3)pD(X, t)︸                                                    ︷︷                                                    ︸
Fwave,3

(9b)

− ρWCAzVEq,z(X3)aF,3(X3, t)︸                           ︷︷                           ︸
Fadd,3

(9c)

where VEq,z is the zero-frequency limit heave added mass equivalent volume (heave equivalent volume for short), and155

four different ways of calculating VEq,z will be proposed in subsection 2.2.2. Ap is the heave wedded surface area.156

vrel,3(X3, t) is the relative velocity between the vertical water particle velocity and the vertical foundation velocity along157

the foundation depth. aW,3(X3, t) is the vertical water particle acceleration and aF,3(X3, t) is the vertical foundation158

acceleration.159

Similar to the horizontal wave force (per unit length) in Eq. (8b), the vertical wave force (in Newton) in Eq.160
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(9b) consists of the equivalent diffraction part and the Froude-Krylov part. The equivalent diffraction part needs to161

be calibrated by the heave added mass coefficient CAz, and the Froude-Krylov part here is calculated by the dynamic162

pressure pD(X, t) instead.163

2.2. Semi-analytical added mass matrix164

2.2.1. Added mass components of a vertical cylinder from the horizontal Morison force165

For a body i being a vertical cylinder, the surge and sway added masses are calculated by the added mass load part

Eq. (8c) of Morison equation as:

AM
11,i = AM

22,i =ρWCA,i
π

4
D2

i

∫ z2,i

z1,i

dX3 = ρWCA,i
π

4
D2

i (z2,i − z1,i) = ρWCA,iVR (10)

where the equivalent volume VR =
π
4 D2

i (z2,i − z1,i) is the volume of the cylinder itself. CA,i and Di are the horizontal166

added mass coefficient and the diameter of body i.167

Likewise, the surge-pitch and sway-roll coupling added masses for body i are calculated as:

AM
15,i = −AM

24,i =ρWCA,i
π

4
D2

i

∫ z2,i

z1,i

X3dX3 = ρWCA,i
π

8
D2

i [z2
2,i − z2

1,i] (11)

Finally, the pitch and roll added masses are calculated as:

AM
55,i = AM

44,i =ρWCA,i
π

4
D2

i

∫ z2,i

z1,i

X2
3dX3 = ρWCA,i

π

12
D2

i [z3
2,i − z3

1,i] (12)

2.2.2. Heave added mass168

The heave added mass for body i follows directly from Eq. (9c):169

AM
33,i = ρWCAz,iVEq,z (13)

where CAz,i is the vertical (heave) added mass coefficient of body i. Different from the cylinder volume VR in Eq. (10),170

the heave equivalent volume VEq,z in Eq. (13) is given by171

VEq,z = VBot
Eq,z + VTop

Eq,z (14)

with VBot
Eq,z and VTop

Eq,z being the heave equivalent volume at the bottom and top of the cylinder or heave plate, respec-172

tively. In the present paper, we propose four different ways of calculating VTop
Eq,z for a cylinder with a heave plate. The173

8



four different types of heave equivalent volumes are visualized in Figure 1.

Type 1 Type 2 Type 3 Type 4

CAz = 0.96 CAz = 0.67 CAz = 0.72 CAz = 0.82 CAz = 0.95

D1

D1

D2

H
H

R

r1r1

r2

TLP Semi-Sub

Figure 1: Four types of heave equivalent volumes VEq,z marked by the hatched area.

174

Being the same for all four types in Figure 1, the heave equivalent volume at the bottom of the cylinder or heave175

plate, VBot
Eq,z, is a half sphere:176

VBot
Eq,z =

π

12
D3

1 (15)

with D1 being the bottom diameter.177

For Type 1, the top heave equivalent volume is simply defined as a half sphere:178

VTop,1
Eq,z =

π

12
D3

1 (16)

For Type 2, a small half sphere with a diameter equal to the upper cylinder diameter D2 is subtracted from the179

volume calculated in Eq. (16):180

VTop,2
Eq,z =

π

12

(
D3

1 − D3
2

)
(17)

For Type 3, the volume cut away by the upper cylinder is subtracted from the volume calculated in Eq. (16):181

VTop,3
Eq,z =

∫ r1

r2

πD(r)H(r)dr =
π

12

(
D2

1 − D2
2

)3/2
(18)

where D(r) = 2r, H(r) = (r2
1 − r2)1/2, r1 =

D1
2 and r2 =

D2
2 .182

9



For Type 4, the top equivalent volume consists of the upper, outer quarter of a torus:183

VTop,4
Eq,z =

∫ R

0
πD(r)H(r)dr =

π

12

[
(D1 − D2)3 +

3π
4

D2 (D1 − D2)2
]

(19)

where D(r) = r2 + r, H(x) = (R2 − r2)1/2 and R = r1 − r2.184

For the proposed four types of VTop
Eq,z , the corresponding heave added mass coefficient CAz is calibrated as CAz =185

A33,Nemoh

ρW VEq,z
with A33,Nemoh being calculated from the potential flow theory-based software Nemoh [3]. Figure 2 shows the186

resulting CAz as a function of D2
D1

. It is shown that the four models result in a same CAz at D2
D1
= 0. Type 2, 3 and 4 also187

result in a same CAz at D2
D1
= 1, while Type 1 is off by 50% right before the heave plate turns into a cylinder since Type188

3 only assumes the upper volume to vanish at D2
D1
= 1. When D2

D1
varies between 0 corresponding to a circular plate189

and 1 corresponding to a cylinder, Type 4 clearly has the most constant value, especially when D2
D1

is within 0.2 to 0.7.190

The other 3 types lead to much more varying values in the same interval with Type 1 being the worst.191

Figure 2: Heave added mass coefficient CAz as a function of the ratio D2
D1

for the proposed four types of heave equivalent volumes.
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2.2.3. The total added mass matrix192

For a floater with nB bodies, the total surge and sway added masses are the sum of the added masses of all bodies:

AM
11 =

nB∑

i=1

AM
11,i AM

22 =

nB∑

i=1

AM
22,i (20)

with AM
11,i and AM

22,i being defined in Eq.(10). The total surge-pitch and sway-roll coupling added masses are the sum

of AM
15,i and AM

24,i in Eq. (11) from all nB bodies:

AM
15 = AM

51 =

nB∑

i=1

AM
15,i AM

24 = AM
42 =

nB∑

i=1

AM
24,i (21)

The total pitch and roll added masses can be calculated as:

AM
55 =

nB∑

i=1

AM
55,i + x2

i AM
33,i AM

44 =

nB∑

i=1

AM
44,i + y2

i AM
33,i (22)

where xi and yi are the coordinates of center of gravity (COG) of body i with respect to the global COG (the origin of193

the global coordinates system). AM
33,i, AM

44,i and AM
55,i have been defined in Eq. (13) and (12). The coupling added mass194

between the roll and pitch are defined as:195

AM
45 = AM

54 =

nB∑

i=1

−xiyiAM
33,i (23)

Further, the total heave-pitch and heave-roll coupling added masses are calculated by contributions of AM
33,i from

all nB bodies:

AM
35 = AM

53 =

nB∑

i=1

xiAM
33,i AM

34 = AM
43 =

nB∑

i=1

−yiAM
33,i (24)

The total yaw added mass is calculated as:

AM
66 =

nB∑

i=1

x2
i AM

22,i + y2
i AM

11,i (25)

Finally, the total surge-yaw and sway-yaw coupling added masses are calculated by contributions of AM
11,i and AM

22,i
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from all nB bodies, respectively:

AM
16 = AM

61 =

nB∑

i=1

yiAM
11,i AM

26 = AM
62 =

nB∑

i=1

−xiAM
22,i (26)

For a symmetric floater design, the following coupling terms vanish if evaluated at the vertical COG line: AM
16 =196

AM
61 = AM

26 = AM
26 = AM

35 = AM
53 = AM

34 = AM
43 = AM

45 = AM
54 = 0. For a general floater, the total added mass matrix can be197

constructed as:198

AM =

nB∑

i=1



AM
11,i 0 0 0 AM

15,i −yiAM
11,i

AM
22,i 0 −AM

24,i 0 xiAM
22,i

AM
33,i yiAM

33,i −xiAM
33,i 0

AM
44,i + y2

i AM
33,i −xiyiAM

33,i −xiAM
42,i

Sym. AM
55,i + x2

i AM
33,i −yiAM

51,i

x2
i AM

22,i + y2
i AM

11,i



(27)

For the OC4 Semi-Submersible floating foundation [48], comparison between the semi-analytical added mass199

matrix with the corresponding Nemoh [3] result is performed. The surge/sway added masses have been calibrated200

to the potential plow-based result from Nemoh, by setting CA =

[
0.66 0.50 1.25

]
for the outer column top, outer201

column bottom and the center column, respectively. The heave added mass coefficient has been calibrated as CAz =202

0.9442265 for all columns of the foundation. After calibrating CA, the other terms in the added mass matrix (including203

the coupling added masses and the roll, pitch and yaw added masses) are obtained automatically. Eq. (28) shows the204

ratios of the components of the semi-analytical added mass matrix with respect to those from Nemoh. As seen, the205

translation-rotation couplings are off by up to 3.3%, while the roll and pitch added mass error is below 4%. The206

yaw added mass error is almost eliminated. Note that the translation-rotation couplings are believed to have a minor207

influence on the dynamic response than the diagnoal ones.208

AM ⊘ A(0) =



1.000 0.967

1.000 0.968

1.000

1.009 1.035

1.001 1.029

1.001



(28)
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2.3. Semi-analytical wave load model209

2.3.1. Wave kinematics from linear wave theory210

From linear wave theory [47], the wave dynamic pressure pD(X, βW , t) as a function of the position X =
[
X1 X2 X3

]⊤
,

incoming wave angle βW and time t can be written as:

pD(X, t) = ρWgηaKp(X3, k) cos (ωt − φW(X, βW )) (29)

where ηa =
H
2 is the wave amplitude (half the wave height H), ω = 2π

T is the wave frequency (related to the wave211

period T ) and k is the wave number found through the dispersion relation ω2

g = kh tanh(kh). g is the gravitational212

acceleration and h is the water depth. The wave phase φW(X, βW ) is dependent on the horizontal location and the wave213

number k:214

φW (X, βW) = k(X1 cos βW + X2 sin βW ) (30)

and Kp(X3, k) is the pressure attenuation factor describing the pressure variation along the depth:

Kp(X3, k) =
cosh(k(X3 + h − hG))

cosh(kh)
(31)

with hG being the global center of gravity (COG) depth from the mean sea level (MSL). The wave acceleration vector

aW(X, βW , t) =
[
aW,1 aW,2 aW,3

]⊤
is given by:


aW,1(X, βW , t)

aW,2(X, βW , t)

 = −

cos βW

sin βW

ω
2ηaKh(X3, k) sin (ωt − φW (X, βW)) (32a)

aW,3(X, βW , t) = −ω2ηaKv(X3, k) cos (ωt − φW(X, βW)) (32b)

where Kh(X3, k) and Kv(X3, k) are the horizontal and vertical attenuation factors describing the horizontal and vertical

velocity and acceleration variations along the depth:

Kh(X3, k) =
cosh(k(X3 + h − hG))

sinh(kh)
(33a)

Kv(X3, k) =
sinh(k(X3 + h − hG))

sinh(kh)
(33b)

13



2.3.2. Semi-analytical frequency-domain model of the Morison wave loads215

The horizontal distributed Morison wave forces from Eq. (8b) can now be rewritten into the frequency domain.216

By using the wave acceleration in Eq. (32a) and integrating along the depth, the horizontal wave force amplitudes (in217

two horizontal directions X1- and X2-) for body i are given by:218


|T M

1,i(ω)|
|T M

2,i(ω)|

 = ρW (CA + 1)
π

4

∫ z2,i

z1,i

D2
i (X3)


|aW,1(X3, ω)|
|aW,2(X3, ω)|

 dX3 (34)

where |aW,1| and |aW,2| are the wave acceleration amplitudes per unit wave height:219


|aW,1(X3, ω)|
|aW,2(X3, ω)|

 = −ω
2


cos βW

sin βW


cosh(k(X3 + h − hG))

sinh(kh)
(35)

With a constant diameter Di(X3) = Di, the horizontal wave force amplitudes of body i become:220


|T M

1,i(ω)|
|T M

2,i(ω)|

 = −ρW(CA + 1)
π

4
D2

iω
2


cos βW

sin βW


[sinh(k(X3 + h − hG))]z2,i

z1,i

k sinh(kh)
(36)

The horizontal wave force phase is equal to the wave phase φW(Xi, βW ) plus π2 , since the wave acceleration is221

ahead of the wave velocity and cos(θ) = sin(θ + π2 ):222

φM
1,i = φ

M
2,i = φW (Xi, βW) +

π

2
(37)

The heave wave force amplitude is obtained from the heave Morison wave load in Eq. (9b), the vertical wave223

acceleration in Eq. (32b) and the dynamic pressure in Eq. (29)224

|T M
3,i(ω, X3)| = ρWCAzVEq,z(X3)|aW,3(X3, ω)| + Ap(X3)|pD(X3, ω)| (38)

where the dependence on the depth X3 indicates that the heave load should be evaluated for each horizontal area of

e.g. a heave plate. The heave equivalent VEq,z has been elaborated in subsection 2.2.2. The wedded area Ap(X3) needs

to be multiplied with the negative sign of the normal vector pointing away from the structure. This way, the pressure

load on top of the heave plate acts in the negative heave direction and the load on the bottom of the heave plate acts in

the positive heave direction. |aW,3(X3, ω)| and |pD(X3, ω)| are the amplitudes per unit wave height of the vertical wave
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acceleration and the dynamic pressure, respectively, given by:

|aW,3(X3, ω)| = −ω2 sinh(k(X3 + h − hG))
sinh(kh)

, |pD(X3, ω)| = ρWg
cosh(k(X3 + h − hG))

cosh(kh)
(39)

The vertical wave force phase φM,3 is equal to the wave phase φW (Xi, βW) since the vertical acceleration and225

dynamic pressure are in phase with each other:226

φM
3,i = φW(Xi, βW ) (40)

The amplitudes of the wave load moments of body i (a vertical cylinder) are obtained in a similar way as the227

horizontal wave force:228 
|T M

4,i(ω)|
|T M

5,i(ω)|

 = ρW (CA + 1)
π

4

∫ z2,i

z1,i

D2
i (X3)X3


−|aW,2(X3, ω)|
|aW,1(X3, ω)|

 dX3 (41)

With a constant diameter Di, the amplitudes of the wave load moments become:229


|T M

4,i(ω)|
|T M

5,i(ω)|

 = −ρW (CA + 1)
π

4
D2

iω
2


− sin βW

cos βW


k [X3 sinh(kX3)]z2,i

z1,i − [cosh(X3k)]z2,i
z1,i

k2 sinh(kh)
(42)

For a floater with nB bodies, the semi-analytical model of the Morison wave load transfer function can then be230

written as:231

TM(ω) =



T M
1 (ω)

T M
2 (ω)

T M
3 (ω)

T M
4 (ω)

T M
5 (ω)

T M
6 (ω)



=

nB∑

i=1



|T M
1,i(ω)|e−iφM

1,i

|T M
2,i(ω)|e−iφM

2,i

|T M
3,i(ω)|e−iφM

3,i

|T M
4,i(ω)|e−iφM

2,i + yi|T M
3,i(ω)|e−iφM

3,i

|T M
5,i(ω)|e−iφM

1,i − xi|T M
3,i(ω)|e−iφM

3,i

xi|T M
2,i(ω)|e−iφM

2,i − yi|T M
1,i(ω)|e−iφM

1,i



(43)

2.4. The McCamy-Fuchs wave load model232

The McCamy-Fuchs wave load model gives an analytical solution of the distributed first-order diffraction loads233

on a rigid, surface-piercing, bottom-fixed cylinder of constant diameter Di. :234

pMF
W,i (t) =

4ρWgηa

k
A

(
k

Di

2

) cosh(k(X3 + h − hG))
cosh(kh)

cos(ωt − φMF
i ) (44)
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where:

A
(
k

Di

2

)
=

[
J′21

(
k

Di

2

)
+ Y′21

(
k

Di

2

)]− 1
2

(45a)

tan(φMF
i − φW (Xi, βW) +

π

2
) =

J′1
(
k Di

2

)

Y′1
(
k Di

2

) (45b)

and J′1 is the derivative of the first-order Bessel function of the first kind found through the relation 2J′1 = J0 − J2.235

Similarly, Y′1 is the derivative of the first-order Bessel function of the second kind found through the relation 2Y′1 =236

Y0 − Y2. To find the phase φMF
i , it is important to use the four-quadrant inverse tangent. The reason for the added237

π/2 in Eq. (45b) is that the original expression in [15] is for wave height given by η(t) = H
2 sin(φW(Xi, βW) − ωt) =238

H
2 cos(ωt − φW (Xi, βW) + π2 ).239

Integrating Eq. (44) along the depth of body i gives the horizontal wave force on body i:

f MF
W,i (ω, t) =

∫ z2

z1

pMF
W,i (t)dX3

=
4ρWgηa

k2 cosh(kh)
A

(
k

Di

2

)
[sinh(k(z2 + h − hG)) − sinh(k(z1 + h − hG))] cos(ωt − φMF,i) (46)

Similarly, the wave moment for body i can be calculated from Eq. (44):

mMF
W,i (ω, t) =

∫ z2

z1

X3 pMF
W,i (t)dX3

=
4ρWgηa

k3 cosh(kh)
A

(
k

Di

2

)
[z2k sinh(k(z2 + h − hG)) − z1k sinh(k(z1 + h − hG))

− cosh(k(z2 + h − hG)) + cosh(k(z1 + h − hG))] cos(ωt − φMF,i)
(47)

The horizontal wave force amplitudes of body i then become:240


|T MF

1,i (ω)|
|T MF

2,i (ω)|

 =


cos βW

sin βW

 | f
MF

W,i (ω)| (48)

The wave moment amplitude of body i can be written as:241


|T MF

4,i (ω)|
|T MF

5,i (ω)|

 =


− sin βW

cos βW

 |m
MF
W,i (ω)| (49)
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Finally, for a floater with nB bodies, the McCamy-Fuchs wave load transfer function become:242

TMF =



T MF
1 (ω)

T MF
2 (ω)

T MF
3 (ω)

T MF
4 (ω)

T MF
5 (ω)

T MF
6 (ω)



=

nB∑

i=1



|T MF
1,i (ω)|e−iφMF

i

|T MF
2,i (ω)|e−iφMF

i

0

|T MF
4,i (ω)|e−iφMF

i

|T MF
5,i (ω)|e−iφMF

i

xi|T MF
2,i (ω)|e−iφMF

i − yi|T MF
1,i (ω)|e−iφMF

i



(50)

3. Evaluation of the semi-analytical hydrodynamic model243

3.1. Comparison of the wave load transfer functions244

Figure 3: Comparison between the wave load transfer function amplitude and phase of the Potential Flow results from Nemoh and the analytical
Morison results, both with an incoming wave angle βW = 30◦. a) force amplitudes, b) moment amplitudes, c) force phases and d) moment phases.

Figure 3 shows the comparison of the wave load transfer functions for the OC4 Semi-Submersible floating foun-245

dation [48] obtained from: (1) potential flow theory through the boundary-element-method-based solver NEMOH246

[3], (2) semi-analytical Morison load model Eq. (43), and (3) numerical integration of Eq. (8b) and Eq. (9b). In the247
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figure legend, the results corresponding to these three cases are indicated by P, M and M,Num, respectively. From248

the results in Figure 3, it is seen that the difference between the semi-analytical Morison wave load model and the nu-249

merical integration method is indistinguishable, verifying the analytical derivations in subsection 2.3.2 as well as the250

0.5 m element discretization used in numerical integration. Nevertheless, it should be noted that the semi-analytical251

model is much more computationally efficient than the numerical integration method, and it has no mesh dependency252

(convergence) issue. Noticeably, it is shown that the Morison wave load model agrees very well with the potential253

flow hydrodynamics when the wave frequency is below the diffraction limit (marked with the vertical dashed line).254

However, the Morison wave load model leads to overestimated load amplitudes at higher frequencies beyond the255

diffraction limit. As a consequence, this will probably lead to overestimation of responses of some of the structural256

components, as will be shown in the following sections. Note that for all the remaining parts of the paper, the Morison257

wave load model exclusively refers to the semi-analytical model.258

Figure 4: Comparison between the wave load transfer function amplitude and phase of the Potential Flow results from Nemoh and the analytical
Morison results, both with an incoming wave angle βW = 30◦. a) force amplitudes, b) moment amplitudes, c) force phases and d) moment phases.

Next, Figure 4 shows the comparison of the wave load transfer functions obtained from: (1) the same potential259

flow results as in Figure 3, (2) the pure McCamy-Fuchs wave load model, and (3) a hybrid model combining McCamy-260

Fuchs wave loads (for center column and the upper part of the outer columns) with semi-analytical Morison model261
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(for the wave loads on the heave plates). In the figure legend, the results corresponding to these three cases are262

indicated by P, MF and MFM, respectively. As seen from Figure 4, the pure McCamy-Fuchs model captures the263

high-frequency wave loads quite well even though interactions between the columns are not accounted for by the264

model. However, the pure McCamy-Fuchs model overestimates the low-frequency wave loads (below the diffraction265

limit). This is because the horizontal wave loads on the heave plates poorly resemble the McCamy-Fuchs assumption266

of a bottom-fixed and surface piercing fixed pile, i.e. the heave plate will have dominating effects from the edges267

where water can pass through. On the other hand, the hybrid model where the semi-analytical Morison model is used268

for wave loads on the heave plates, results in excellent agreement with the potential flow hydrodynamics for both269

frequencies below and above the diffraction limit. This McCamy-Fuchs-Morison-combined hybrid model resolves270

the issue in low-frequency wave loads of pure McCamy-Fuchs as well as the high-frequency issue of pure Morison271

model. Further, comparing with the potential flow hydrodynamics, this semi-analytical hybrid model is significantly272

more computationally efficient. In the following, this model is termed MFM hybrid model.273

3.2. Response Amplitude Operator (RAO)274

One way of evaluating the impact of the wave load models on the system responses without running time-domain275

simulations is to calculate the responses in the frequency domain. The frequency-domain model is linked to the276

equations of motion (EOM) defined in the time domain:277

M(t)q̈(t) + C(t)q̇(t) +K(t)q(t) = fW(t) (51)

where M(t), C(t) and K(t) are the time-varying mass, damping and stiffness matrices. q(t) is the degrees of freedom

(DOF) vector and fW(t) is the wave load vector. The time-varying responses to a regular wave (with the frequency ω)

are assumed to take a steady-state form:

q(t) = q̂(ω)eiωt, q̇(t) = iωq̂(ω)eiωt, q̈(t) = −ω2q̂(ω)eiωt, fW (t) = T(ω)η(ω)eiωt (52)

where q̂(ω) is the complex amplitude of the DOF vector and η(ω) is the wave amplitude. T(ω) is the wave load

transfer function given by either Eq. (43) or Eq. (50) or a combination of both. Inserting into the time-domain EOMs

and solving for q̂(ω), we have:

q̂(ω) =

H(ω)︷                                ︸︸                                ︷(
−ω2M(ω) + iωC(ω) +K

)−1

f̂W (ω)︷     ︸︸     ︷
T(ω)

︸                                       ︷︷                                       ︸
RAO

η(ω) (53)
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As indicated in Eq. (53), the Response Amplitude Operator (RAO) is the product between the system transfer278

function H(ω) and the wave load transfer function T(ω), and the frequency-domain wave load f̂(ω) is the product279

between the wave load transfer function and the wave amplitude. To simplify the frequency-domain model, the280

17-DOF system in [12] is reduced to an 8-DOF system containing only the six rigid-body DOFs (q11(t) to q16(t))281

representing surge, sway, heave, roll, pitch and yaw, respectively and the tower fore-aft q7(t) and side-side q8(t)282

DOFs, i.e. q(t) =
[
q11 q12 q13 q14 q15 q16 q7 q8

]⊤
.283

The RAO for the system using potential flow hydrodynamics for the radiation-diffraction problem is written as:284

RAOP(ω) =

−ω
2

M +


A(ω) 06×2

02×6 02×2



 + iω

C +


B(ω) 06×2

02×6 02×2



 +K



−1 
TP(ω)

0[2×1]

 (54)

where M, K and C are the linear system mass, stiffness and structural damping matrices, respectively. A(ω) is the285

[6×6] frequency-dependent added mass matrix and B(ω) is the frequency-dependent radiation damping matrix. TP(ω)286

is the wave load transfer function from the potential flow solver.287

The RAO for the system using the semi-analytical Morison hydrodynamic model, previously derived in subsec-288

tions 2.2 and 2.3, is written as:289

RAOM(ω) =

−ω
2

M +


AM 06×2

02×6 02×2



 + iωC +K



−1 
TM(ω)

0[2×1]

 (55)

where AM is the [6 × 6] zero-frequency limit added mass matrix derived in subsection 2.2. As seen, the frequency290

dependency of the added mass matrix as well as the whole radiation damping B(ω) matrix are not accounted for in291

the Morison hydrodynamic model. TP(ω) is the wave load transfer function derived in Eq. (43).292

Finally, the RAO for the system using a MFM hybrid model consisting of Morison added mass matrix and MFM293

wave load model (McCamy-Fuchs-Morison-combined wave loads) is written as:294

RAOMFM (ω) =

−ω
2

M +


AM 06×2

02×6 02×2



 + iωC +K



−1 
TMFM (ω)

0[2×1]

 (56)

where TMFM (ω) is the wave load transfer function that is a combination of Eq. (43) and Eq. (50). For the structural295

damping matrix C in all three cases, the tower fore-aft and side-side DOFs have an additional 5% and 0.1% critical296

damping, respectively to account for aerodynamic damping.297

Figure 5 shows the RAO comparison between the potential flow hydrodynamic model and the Morison hydrody-298

20



Figure 5: Comparison between the response amplitude operator (RAO) amplitude and phase of the Potential Flow results from Nemoh and the
analytical Morison results, both with an incoming wave angle βW = 30◦ . a) translation amplitudes, b) rotation amplitudes, c) translation phases
and d) rotation phases.

namic model. At low frequencies, the RAO results agree well with each other, for both transnational and rotational299

motions. However, the response amplitudes at the high-frequency regions (ω ≥ 1.5 rad/s) are over-predicted by300

the Morison hydrodynamic model. This is consistent with the magnitudes of the transfer functions in Figure 3, al-301

though less significant here due to the filtering effect from the system transfer function H(ω). From the Morison302

hydrodynamic model, the amplitude of the tower side-side response at tower side-side natural frequency (around 2.7303

rad/s) is larger compared to that at the roll natural frequency (around 0.25 rad/s). However from the potential flow304

hydrodynamic model, the tower side-side response amplitude is actually larger at roll frequency than at the tower305

frequency. Therefore, the use of Morison hydrodynamic model will lead to overestimation of resonance response of306

tower side-side vibration.307

Figure 6: Comparison between the response amplitude operator (RAO) amplitude and phase of the Potential Flow results from Nemoh and the
analytical Morison results, both with an incoming wave angle βW = 30◦ . a) translation amplitudes, b) rotation amplitudes, c) translation phases
and d) rotation phases.

Figure 6 shows the RAO comparison between the potential flow hydrodynamic model (same as in Figure 5) and308

the MFM hybrid hydrodynamic model. As seen, the MFM hybrid model exhibits an excellent agreement with the309

potential flow results for all frequencies. The tower side-side response amplitude is very well predicted by the MFM310
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model, indicating the importance of including diffraction effects for the evaluation of tower responses to waves.311

3.3. Time-domain simulations312

It has been shown in subsection 3.1 that the Morison wave load model overestimates the higher-frequency loads313

beyond the diffraction limit of λ = 5D, and results in the overestimation of tower side-side responses at the tower314

natural frequency (subsection 3.2). This subsection provides a more in-depth evaluation through time-domain sim-315

ulations. In the simulations below, the mean wind speed is 12 m/s, the turbulence intensity factor is Ire f=0.12, the316

peak period Tp and the significant wave height Hs are 13.5 s and 10 m, respectively, and the incoming wave angle is317

βW = 30◦. The time series of the irregular wave surface elevation is generated using the sum of harmonics method.318

When using the Morison hydrodynamic model, only harmonics up to a certain cut-off frequency should be included319

to avoid the inclusion of unphysical first order wave loads. This limit is advised to be equal to ωc = (2g/Hs)1/2 [21],320

which for the OC4 FOWT considered in the present paper becomes ωc = 1.4 rad/s. Nevertheless, we would like to321

investigate how the chosen cut-off frequency influences the response when using the Morison wave load model.322

Figure 7 compares the tower side-side vibrations from the potential flow model and from the Morison hydrody-323

namic model, in both time domain and frequency domain (FFT). Nine different values of the cut-off frequency ωc324

ranging from 1.5 rad/s to 5.0 rad/s have been evaluated for the Morison hydrodynamic model. For the potential flow325

model, ωc is fixed at 5 rad/s. It is seen from Figure 7(a), (b) and (c) that for ωc ≤ 3.0 rad/s, the Morison wave load326

model results in more significant tower responses than the potential flow model. This can be more clearly explained327

by the FFT results, showing an overestimation of resonance response at the tower natural frequency. Besides, the328

frequency contents between 2.0 rad/s to 2.5 rad/s are also overestimated by the Morison wave load model, although329

this part has a minor influence on the response time histories. Reducing ωc to 2.5 rad/s for the Morison wave load330

model leads to a much better agreement, as also shown in Figure 7(c). Further reducing ωc down to 1.5 rad/s results331

in an underprediction of the frequency contents between 1.5 rad/s to 2.0 rad/s, as seen in Figure 7(d). ωc = 2 rad/s332

leads to the best agreement between the potential flow and Morison models. Finally, the MFMF hybrid model is also333

shown in Figure 7(e). A same cut-off frequency of 5.0 rad/s as in the potential flow model is used, and the agreement334

is satisfactory showing no sign of unphysical resonance responses.335

Based on the observations in Figure 7, Figure 8 compares the different responses of the system from (1) the336

potential flow model, (2) the pure Morison model and (3) the McCamy-Fuchs-Morison combined hybrid model. For337

the potential flow and the hybrid models, ωc is 5 rad/s, while for the pure Morison model ωc is chosen to be 2338

rad/s. As seen, for fairlead 1 tension, foundation heave and roll responses, as well as the tower side-side responses,339

results from the three models agree quite well, justifying the chosen values of ωc. The pure Morison wave load340

model underestimates the high-frequency responses of foundation heave, although the influence on the time history is341
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Figure 7: Comparison of the tower side-side response to turbulent wind at 12 [m/s] with a turbulence intensity factor of Ire f = 0.12 and irregular
waves with a peak period of Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an incoming wave angle of βW = 30◦. Potential flow
waves at a cut off frequency ωc of 5.0 [rad/s] compared with Morison waves and hydrodynamics at different cut-off frequencies from ωc = 1.5 to
ωc = 5.0 [rad/s]. a) Potential flow versus Morison at ωc = 5.0 and ωc = 4.5 [rad/s]. b) Potential flow versus Morison at ωc = 4.0 and ωc = 3.5
[rad/s]. c) Potential flow versus Morison at ωc = 3.0 and ωc = 2.5 [rad/s]. d) Potential flow versus Morison at ωc = 2.0 and ωc = 1.5 [rad/s]. e)
Potential flow versus McCamy-Fuchs at ωc = 5.0 [rad/s]. 23



Figure 8: Comparison of the response to turbulent wind at 12 [m/s] with a turbulence intensity factor of Ire f = 0.12 and irregular waves with a
peak period of Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an incoming wave angle of βW = 30◦. Potential flow waves at a cut off
frequency ωc of 5.0 [rad/s] compared with Morison waves and hydrodynamics at ωc = 2.0 [rad/s]. a) Fairlead 2 tension. b) Foundation heave. c)
Foundation roll. d) Tower side-side.
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minor. Although the pure Morison wave load model with ωc = 2 rad/s can reproduce the potential flow response (the342

reference) for the present example, the chosen value of ωc can not be generalized. On the other hand, the MFM hybrid343

model does not suffer from the sensitivity issue of cut-off frequency (a same cut-off frequency as for the potential flow344

model can be used), and is believed to be a good replacement of potential flow model when a fast model is required,345

e.g. during early stage design. In Section 4, only the MFM hybrid model is used.346

4. Heave plate tuned mass damper (HPTMD) for a semi-submersible FOWT347

In this section, a novel concept of using the heave plate as the tuned mass damper (HPTMD) is proposed for348

the semi-submersible FOWT. The performance of the HPTMD is evaluated using our ELWiS model [12], with the349

hydrodynamic loads on the HPTMD and the foundation being calculated using the semi-analytical MFM hybrid model350

developed in this paper.351

4.1. Equations of motion of the coupled foundation-HPTMD system352

In practice, three HPTMDs need to be installed in a semi-submersible FOWT, one for each outer column. In353

Figure 9, only one HPTMD is sketched. The secondary heave plate, which acts as the vibration absorber, is connected354

to the outer column through an elastic element (an equivalent spring) with spring stiffness kHP. The secondary heave355

plate together with the spring form the HPTMD, while the sea water provides additional added mass and the damping356

mechanism to the HPTMDs. As shown in Figure 9, the diameter, the height and the depth w.r.t the MWL of the357

heave plate are denoted DHP, HHP and hHP, respectively. Thus, the volumn of the heave plate is VHP =
π
4 D2

HPHHP.358

The global coordinates of the COG of the heave plate are xHP, yHP and zHP, respectively. The EOMs of the coupled359

foundation-HPTMD system can be derived by the Euler-Lagrange equation. Since the foundation is already included360

in the ELWiS model [12], only the contributions from the HPTMD is elaborated here:361

d
dt

(
∂L
∂q̇c

)
− ∂L
∂qc
= g



0

0

ρWVHP − mHP

0

0

0

ρWVHP − mHP



+

∫ −zHP+
HHP

2

−zHP− HHP
2



pM(X3, t)

rHP(t) × pM(X3, t)

0


dX3 + FM,3



0

0

1

rHP(t) × ez

1



(57)
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Figure 9: Schematic representation of the heave plate tuned mass damper (TMD).

where the DOF vector is qc(t) =
[
q11 q12 q13 q14 q15 q16 qHP

]⊤
with qHP being the relative heave displace-362

ment of the secondary heave plate with respect to the outer column. mHP is physical mass of the secondary heave363

plate. pM(X3, t) is the distributed horizontal hydrodynamic load vector on the heave plate, and FM,3 is the vertical364

hydrodynamic force (in Newton) on the heave plate, both of which will be elaborated below. ez =

[
0 0 1

]⊤
, and365

rHP(t) is the position of the heave plat:366367

rHP(t) =



q11

q12

q13


+ TF



xHP

yHP

qHP − zHP


(58)

with TF being the coordinate transformation matrices from the foundation to the global coordinate system [12]. The368

Lagrangian in Eq. (57) is constructed by the kinetic THP and potential energy UHP. Here UHP =
1
2 kHPq2

HP and369

THP =
1
2 vT

HP(t)mHPvHP(t) with vHP(t) being the velocity of the heave plate that is the time derivative of rHP(t) in370
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Eq. (58), i.e. vHP(t) = d
dt rHP(t).371

The resulting mass matrix from the left hand side of Eq. (57) becomes:372

MHP =



mHP 0 0 0 zHPmHP −yHPmHP 0

mHP 0 −zHPmHP 0 xHPmHP 0

mHP yHPmHP −xHPmHP 0 mHP

(y2
HP + z2

HP)mHP + JHP −xHPyHPmHP −xHPzHPmHP yHPmHP

(x2
HP + z2

HP)mHP + JHP −yHPzHPmHP −xHPmHP

sym. (x2
HP + y2

HP)mHP + JHPY 0

mHP



(59)

where JHP =
1

12 mHP
(

3
4 D2

HP + H2
HP

)
and JHPY =

1
8 mHP D2

HP are the mass moment of inertia and yaw mass moment of inertia

of the heave plate, respectively. The damping and stiffness matrices are given by:

CHP =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0



, KHP =



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 kHP



(60)

The MFM hybrid model is used for the semi-submersible foundation, while the pure Morison model is used for

the secondary heave plate. The distributed horizontal hydrodynamic load vector on the heave plate, pM(X3, t) =[
pM,1(X3, t) pM,2(X3, t) 0

]⊤
in Eq. (57), is obtained from the Morison equation as:

pM, j(X3, t) =
1
2
ρwCd,HPDHP(vW, j − vHP, j)|vW, j − vHP, j|

+ ρw(CA,HP + 1)
π

4
D2

HPaW, j − ρwCA,HP
π

4
D2

HPaHP, j, j = 1, 2 (61)

where Cd,HP and CA,HP are the horizontal drag coefficient and added mass coefficient of the heave plate, respectively.373
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The vertical hydrodynamic force (in the heave direction) on the heave plate, FM,3 in Eq. (57), is calculated as:

FM,3 =
1
2
ρwCdz,HP

π

4
D2

HP(vW,3 − vHP,3)|vW,3 − vHP,3|

+
(
aW,3 − aHP,3

)
AzHP +

π

4
D2

HP pb − π4 D2
HP pt (62)

where Cdz,HP is the heave drag coefficient. pb(t) and pt(t) are the dynamic pressure from the waves at the bottom and374

top of the heave plate, respectively. In the limiting case of zero thickness, pb(t) and pt(t) cancel each other. AzHP is the375

heave added mass of the heave plate in the same format as in Eq. (13). For the secondary heave plate of the HPTMD376

(which is not directed attached to the outer column), the heave equivalent volume VEq,z follows the definition of type377

1 in Figure 1, and hence VEq,z = VBot
Eq,z + VTop

Eq,z =
π
12 D3

HP +
π
12 D3

HP =
π
6 D3

HP. Therefore, AzHP becomes378

AzHP = ρWCAz,HP
π

6
D3

HP (63)

with CAz,HP being the heave added mass coefficient of the heave plate.379

The added mass matrix due to the presence of the HPTMD can now be constructed from Eqs. (57), (61) and (62)380

as:381

Ma = AHP



1 0 0 0 zHP −yHP 0

1 0 −zHP 0 xHP 0

0 0 0 0 0

z2
HP 0 −xHPzHP 0

z2
HP −yHPzHP 0

Sym. x2
HP + y2

HP 0

0



+ AzHP



0 0 0 0 0 0 0

0 0 0 0 0 0

1 yHP −xHP 0 1

y2
HP −xHPyHP 0 yHP

x2
HP 0 −xHP

Sym. 0 0

1


(64)

where AHP is the horizontal added mass given by AHP = ρWCA,HPVHP.382

4.2. Preliminary design of the HPTMD383

Three HPTMDs are installed in a semi-submersible FOWT, one for each outer column. In the present study, the384

mass of the heave plate is simply designed to match the mass of the displaced seawater, i.e. mHP = ρWVHP. It is385

important to note that the total effective mass of the HPTMD includes contributions from both the physical mass mHP386

and the heave added mass AzHP. This is different from the traditional TMD whose effective mass is solely from the387

28



physical mass. Then, tuning the HPTMD to 90% of the first tower fore-aft frequency ωT F , the stiffness coefficient of388

the spring can be determined as kHP = (0.9ωT F)2(mHP +AzHP). In practice, a bar can be used as the spring connecting389

the secondary heave plate with the outer column, the equivalent diameter dEq of which can is as:390

dEq = 2

√
kHPLBar

πE
(65)

where LBar = hHP − hdra f t is the length of the bar, with hDra f t being the design draft of the semi-submersible (hDra f t =391

20 m for the OC4 Semi-Sub). E = 210 GPa is the Young’s modulus of steel.392

Table 1: Values of the heave plate spring stiffness and equivalent bar diameter for the combinations of design investigated.

DHP = 15 [m] DHP = 25 [m]
CAz,HP = 0.50 CAz,HP = 0.95 CAz,HP = 0.50 CAz,HP = 0.95

kHP [N/m] 4.95×106 9.35×106 2.28×107 4.32×107

dEq(hHP = 40 m) [mm] 24.5 33.7 52.6 72.4
dEq(hHP = 70 m) [mm] 38.7 53.2 83.1 114.4

For this study, different values of the parameters of the HPTMD are considered as summarized in Table 1, i.e.393

DHP = 15 m and 25 m, hHP = 40 m and 70 m, CAz,HP = 0.95 and 0.5. Since hDra f t = 20 m, the resulting length of394

the bar becomes LBar = 20 m and 50 m for hHP = 40 m and 70 m, respectively. The heave added mass coefficient395

CAz,HP = 0.95 (with the corresponding heave drag coefficient Cdz,HP = 4.8) has been chosen that is similar to the OC4396

Semi-Sub. A reduced value CAz,HP = 0.5 is also considered, and in practice a reduced value might be achieved by397

perforating the heave plate [50, 51]. Perforated heave plate will also have an increased heave drag coefficient, and398

corresponding value of Cdz,HP = 10 is paired with CAz,HP = 0.5 here.399

In the following simulations, four configurations of the HPTMD are evaluated and compared through both frequency-400

domain and time-domain simulations. (1) Configuration 1: depth hHP = 40 m (thus LBar = 20 m), 50 m spacing401

between two heave plates (equal to the spacing between the center lines of two outer columns), CAz,HP = 0.95,402

Cdz,HP = 4.8. (2) Configuration 2: depth hHP = 70 m (thus LBar = 50 m), 50 m spacing between two heave plates,403

CAz,HP = 0.95, Cdz,HP = 4.8. (3) Configuration 3: depth hHP = 70 m (thus LBar = 50 m), 70 m spacing between two404

heave plates (equal to the spacing between the outer edge of two columns), CAz,HP = 0.95, Cdz,HP = 4.8. (4) Configu-405

ration 4: depth hHP = 40 m (thus LBar = 20 m), 50 m spacing between two heave plate, CAz,HP = 0.50, Cdz,HP = 10.406

For each configuration, two different values of the heave plate diameter DHP are considered, i.e. DHP = 15 m and 25407

m.408

4.3. Performance evaluation in the frequency domain409

First, the impact of the HPTMDs on the wave load transfer functions are compared in Figure 10. Figure 10(a)410

shows the results of Configuration 1. In the figure legend, the notation definitions are as follows. For example, T MFM
1 ,411
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Figure 10: Comparison of the Morison wave load transfer function at an incoming wave angle of βW = 30◦ between the semi-submersible
foundation without dampers and four different TMD designs with two heave plate diameters at DHP = 15 [m] and DHP = 25 [m]. The heave plates
are have different depth from SWL hHP , length of the footprint side L and the drag and added mass coefficients Cd,HP and CAz,HP . a) hHP = 40 [m],
L = 50 [m], Cd,HP = 4.8, CAz,HP = 0.95. a) hHP = 70 [m], L = 50 [m], Cd,HP = 4.8, CAz,HP = 0.95. a) hHP = 70 [m], L = 70 [m], Cd,HP = 4.8,
CAz,HP = 0.95. a) hHP = 40 [m], L = 50 [m], Cd,HP = 10, CAz,HP = 0.50.
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T MFM
15/40,1 and T MFM

25/40,1 denote the transfer functions (magnitude) of the 1st DOF of the foundation-HPTMD system (i.e.412

surge), without HPTMD, with 15 m-diameter HPTMDs and with 25 m-diameter HPTMDs, respectively. T MFM
15/40,7 and413

T MFM
25/40,7 denote the transfer functions of the heave plate relative motions of the 15 m-diameter HPTMD and the 25414

m-diameter HPTMD, respectively. As seen, the HPTMDs at 40 m below MSL (hHP = 40 m) do not influence the415

surge and sway loads, but lead to the increased heave load acting on the foundation at the second peak of the curve,416

especially the 25 m-diameter HPTMD. Regarding the wave moments, the wave yaw moment (T MFM
6 , T MFM

15/40,6 and417

T MFM
25/40,6) is not influenced by the HPTMD, while the pitch and roll wave moments are slightly increased.418

Figure 10 (b) shows the results of Configuration 2, i.e. increasing the depth of the heave plates from 40 m to 70 m.419

As seen, when the heave plates are installed deeper in the sea, the negative influence on the heave, pith and roll wave420

loads is diminished. Comparing the black curves in Figure 10 (a) and (b), the wave load on the HPTMD itself is also421

reduced. Figure 10(c) shows the results of Configuration 3, i.e. keeping the heave plates at the 70 m depth and moving422

them further away from the center with a side spacing increased from 50 m to 70 m. As seen, the heave load on the423

foundation is further reduced while the wave loads on the other DOFs are almost unchanged. Finally, Figure 10(d)424

shows the results of Configuration 4, i.e. same as Configuration 1 but with a reduced heave added mass coefficient.425

This leads to a significant reduction in heave, roll and pitch wave loads comparing with Figure 10(a), when the heave426

plates are both placed at the 40 m depth.427

Figure 11: Attenuation factors for pressure Kp, horizontal Kh og vertical Kv along the depth from the seabed to MSL for four different wave periods.
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To better understand the influence of HPTMD installation depth on the wave loads acting on the coupled system,428

Figure 11 shows the pressure, horizontal and vertical attenuation factors Kp(X3, k) (Eq. (31)), Kh(X3, k) and Kv(X3, k)429

(Eq. (33)). Four different wave frequencies are evaluated, i.e. Tp = 4.3 s, 9.6 s, 13.5 s and 17.7 s. Figure 11 clearly430

show that the larger wave periods result in deeper penetration of wave influence, i.e. as depth increases, the attenuation431

factors decrease slower than that for the small wave periods. For Tp = 4.3, the attenuation factors are almost zero432

when the depth exceeds 30 m. On the other hand, for Tp = 13.5 (the one used in all the simulations), the attenuation433

factors decrease much slower, e.g. Kv(X3, k) is reduced from around 0.4 to 0.2 when moving the heave plate from 40434

m to 70 m below MSL.435

Although Figure 10 already demonstrates the influence of HPTMDs on the wave load transfer functions, the RAOs436

as the indicator of system responses are also of interest. Figure 12 compares the RAOs of the foundation (introduced437

in Section 3.2) without and with HPTMDs. Figure 12(a) shows the results from Configuration 1. As seen, the peak438

at the tower frequency of the uncontrolled system is split up into two smaller peaks at two sides, when HPTMDs439

are installed. The 25 m-diameter HPTMD results in a larger distance between the two peaks than the 15 m-diameter440

HPTMD. The heave frequency is lowered with a smaller peak when HPTMDs are introduced. The pitch and roll441

frequencies are also shifted towards left. Figure 12(b) shows the results from Configuration 2, which are quite similar442

to those in Figure 12(a), while the pitch and roll response peaks are even slightly smaller. Figure 12(c) shows the443

results from Configuration 3, where one of the split tower peaks is further shifted towards right comparing with444

Configurations 1 and 2. For both 15 m- and 25 m-diameter HPTMDs, the pitch and roll responses are clearly lowered.445

Finally, the results from Configurations 4 are shown in Figure 12 (d). Configurations 4 leads to the least change of the446

system frequencies, while exhibiting a similar qualitative impact on the RAOs as the other configurations.447

4.4. Performance evaluation in the time domain448

In this section, performance of those 4 different configurations of HPTMD is evaluated in the time domain using449

a realistic wind and wave condition. The same load condition as in subsection 3.3 is applied, i.e. V0 = 12 m/s,450

Ire f = 0.12, Tp = 13.5 s, Hs = 10 and βW = 30◦ with JONSWAP spectrum [49] being used. The total simulation time451

is 4200 s with the first 600 s being discarded.452

Figure 13 shows the results from Configuration 1, corresponding to the RAO results in Figure 10(a). Fairlead 1453

tension, foundation heave, foundation roll and tower side-side vibration are compared with or without HPTMDs. As454

seen in Figure 13(a), the fairlead tension is almost unchanged by the HPTMDs. On the contrary, the heave response455

in Figure 13(b) is significantly mitigated, where the 25 m-diameter HPTMD has a larger response reduction efficacy456

than the 15 m-diameter HPTMD. Unfortunately, the roll response in Figure 13(c) is increased when HPTMDs are457

installed, and the larger diameter deteriorates the roll response even more. The tower side-side vibration, which is of458
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Figure 12: Comparison of the response amplitude operator (RAO) for the Morison wave load transfer function at an incoming wave angle of
βW = 30◦ between the semi-submersible foundation without dampers and four different TMD designs with two heave plate diameters at DHP = 15
[m] and DHP = 25 [m]. The heave plates are have different depth from SWL hHP , length of the footprint side L and the drag and added mass
coefficients Cd,HP and CAz,HP . a) hHP = 40 [m], L = 50 [m], Cd,HP = 4.8, CAz,HP = 0.95. a) hHP = 70 [m], L = 50 [m], Cd,HP = 4.8,
CAz,HP = 0.95. a) hHP = 70 [m], L = 70 [m], Cd,HP = 4.8, CAz,HP = 0.95. a) hHP = 40 [m], L = 50 [m], Cd,HP = 10, CAz,HP = 0.50.
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Figure 13: Comparison of the response of the semi-submersible foundation without heave plate TMD’s (SemiSub) and two foundations with
different designs of the TMD’s. The two design both have a depth below SWL of hHP = 40 [m], a side length of the footprint triangle of L = 50
[m] and a drag and added mass coefficient of Cd,HP = 4.8 and Ca,HP = 0.95. The first design have a diameter of DHP = 15 [m] (TMD 15/40),
the second design have a diameter of DHP = 25 [m] (TMD 25/40). The load case is normal production with turbulent wind at 12 [m/s] with a
turbulence intensity factor of Ire f = 0.12 and irregular waves with a peak period of Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an
incoming wave angle of βW = 30◦ .
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great concern, is clearly reduced by the HPTMD, and the 25 m-diameter HPTMD is slightly more effective. Note that459

for the responses in the along-wind direction, i.e. tower fore-aft vibration and spar pitch motion, the responses are460

almost unaffected.461

Figure 14: Comparison of the response of the semi-submersible foundation without heave plate TMD’s (SemiSub) and two foundations with
different designs of the TMD’s. The two design both have a depth below SWL of hHP = 70 [m], a side length of the footprint triangle of L = 50
[m] and a drag and added mass coefficient of Cd,HP = 4.8 and Ca,HP = 0.95. The first design have a diameter of DHP = 15 [m] (TMD 15/70),
the second design have a diameter of DHP = 25 [m] (TMD 25/70). The load case is normal production with turbulent wind at 12 [m/s] with a
turbulence intensity factor of Ire f = 0.12 and irregular waves with a peak period of Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an
incoming wave angle of βW = 30◦ .

Figure 14 shows the results from Configuration 2, corresponding to the RAO results in Figure 10(b). Again, the462
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fairlead tension is almost uninfluenced. The heave response in Figure 14(b) is further suppressed for both diame-463

ters comparing with Figure 13(b), indicating the gain of installing the HPTMD at a deeper location. Furthermore,464

the roll response that was increased by Configuration 1 in Figure 13(c), is effectively reduced by Configuration 2,465

indicating another gain of installing the HPTMD deeper. From Figure 14(d), it is seen that the efficacy of HPTMD466

in tower side-side vibration is also slightly improved comparing with Figure 13(d). In short, the deep installation467

configuration (hHP = 70 m) improves the performance of HPTMD in all aspects, although posing a more challenging468

implementation in practice.469

Figure 15 shows the results from Configuration 3, corresponding to the RAO results in Figure 10(c). By moving470

the HPTMDs from the center of the column to the outer edge of the column (side spacing increased from 50 m to 70471

m), a further performance improvement is obtained comparing with that in Figure 10(c). This is due to the increased472

effective mass moment of inertia of the three-HPTMD system. However, it might be more challenging to realize this473

configuration in practice.474

Finally, Figure 16 shows the results from Configuration 4, corresponding to the RAO results in Figure 10(d). The475

results are similar to those in Figure 13, i.e. the foundation heave and tower side-side vibration are suppressed while476

the foundation roll is increased. Actually, the performance of Configuration 4 is slightly worse than Configuration 1.477

Therefore, perforating the heave plates may not be a good solution for the HPTMD.478

5. Conclusions479

This paper proposes a McCamy-Fuchs-Morison (MFM) hybrid hydrodynamic model for very efficient simulations480

of FOWT responses without resorting to potential flow solvers. The MFM hybrid employs the McCamy-Fuchs model481

for horizontal wave loads on the cylinders, while using the derived semi-analytical Morison models for the remaining482

parts of the hydrodynamic loads, which results in quite good agreement with the potential flow hydrodynamic model483

at all frequencies.484

Analytical expressions of the 6-by-6 hydrodynamic added mass matrix as well as the wave load transfer function485

have been derived based on the Morison equation in both horizontal and vertical (heave) directions. Those combined486

result in a frequency-domain Morison model for floating foundations that does not require boundary-element-based487

numerical methods. The surge/sway and heave added mass coefficients need to be calibrated, thus making the model488

semi-analytical. For obtaining the heave added mass of a body consisting of a cylinder and a fixed heave plate, four489

different types of heave equivalent volumes have been proposed with analytical formulas derived. Type 4 consisting of490

a torus turns out to be the best in terms of robustness and accuracy. The pure Morison wave transfer function predicts491

the low-frequency wave loads quite well, but overestimates the high-frequency wave loads above the diffraction limit.492
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Figure 15: Comparison of the response of the semi-submersible foundation without heave plate TMD’s (SemiSub) and two foundations with
different designs of the TMD’s. The two design both have a depth below SWL of hHP = 70 [m], a side length of the footprint triangle of L = 70
[m] and a drag and added mass coefficient of Cd,HP = 4.8 and Ca,HP = 0.95. The first design have a diameter of DHP = 15 [m] (TMD 15/70/70),
the second design have a diameter of DHP = 25 [m] (TMD 25/70/70). The load case is normal production with turbulent wind at 12 [m/s] with a
turbulence intensity factor of Ire f = 0.12 and irregular waves with a peak period of Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an
incoming wave angle of βW = 30◦ .
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Figure 16: Comparison of the response of the semi-submersible foundation without heave plate TMD’s (SemiSub) and two foundations with
different designs of the TMD’s. The two design both have a depth below SWL of hHP = 40 [m], a side length of the footprint triangle of L = 50
[m] and a drag and added mass coefficient of Cd,HP = 10 and Ca,HP = 0.50. The first design have a diameter of DHP = 15 [m] (TMD 15/40/C),
the second design have a diameter of DHP = 25 [m] (TMD 25/40/C). The load case is normal production with turbulent wind at 12 [m/s] with a
turbulence intensity factor of Ire f = 0.12 and irregular waves with a peak period of Tp = 13.5 [s], a significant wave height of Hs = 10 [m] and an
incoming wave angle of βW = 30◦ .
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while the computational efficiency is significantly improved.497

As a representative application case, the developed semi-analytical MFM model is then used for performance498

evaluation of a novel heave plate tuned mass damper (HPTMD) on response suppression of a semi-submersible FOWT.499

Three HPTMDs are proposed to be installed to a semi-sub, one for each outer column. The sea water provides500

additional added mass and the damping mechanism to the HPTMD, thus eliminating the expensive dashpots that are501

needed for traditional TMDs. Four preliminary design configurations have been considered and evaluated. It is seen502

that the HPTMDs can always effectively suppress foundation heave response and the tower side-side vibrations. A503

shallow installation however leads to the increase in the foundation roll response. Implementing a deep installation504

of the HPTMDs results in the suppress of roll responses, and the heave and tower responses are also further reduced.505

This application case demonstrates the relevance and value of the semi-analytical MFM model, especially during the506

early state design of FOWTs.507
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Abstract. Mooring line modelling plays an important role in predicting the dynamic response 

of the floating offshore wind turbines (FOWTs), especially under extreme load conditions. 

This paper investigates the influence of different mooring line models on the stochastic 

dynamic responses of a spar-type FOWT. A 16-degree-of-freedom (16-DOF) aero-hydro-

servo-elastic model for the spar-type FOWT is first established using Euler-Lagrangian 

approach, taking into consideration the full coupling of the blade-drivetrain-tower-spar 

vibrations, a collective pitch controller and a generator controller. Three different mooring line 

models have been established and incorporated into the 16-DOF model, namely the linear 

spring model, the quasi-static model and the lumped-mass model, the last of which include the 

hydrodynamic loads, inertial force and damping force of the mooring cable. Stochastic 

dynamic analysis of the coupled FOWT-mooring line system is carried out using 3 different 

turbulent wind conditions and 4 different sea states and a total of 2160 10-min simulations. The 

mean value, the standard deviation and the extrapolated extreme value of the structural 

responses (blades, tower and mooring cable) as well as the fatigue equivalent loads are 

compared for the three different mooring line models.  

1.  Introduction 

When designing floating offshore wind turbines (FOWTs), the load calculation of the structural 

components requires time-domain simulations of the fully coupled system, taking into consideration 

the structural dynamics, aerodynamics, hydrodynamics and controller actions. The mooring lines of a 

FOWT connect the floating platform with the seabed, holding the device in the desired location and 

influence the global dynamics of the FOWT system. For calculating the mooring loads on the floating 

platform due to the platform movements, three different methods can be used, i.e. linear stiffness 

method, quasi-static method and nonlinear dynamic method. These mooring line models will have 

different influence on the loads and responses of the FOWT, and the influence will be significantly 

different under different environmental conditions. Most design codes use the computationally 

efficient quasi-static mooring model, but this model ignores the dynamic effects of the mooring 

system. The more computationally-heavy lumped mass model also requires a more sophisticated 

model and many more details of the mooring system to set up the model. The simplicity of the simple 

models also enables more easy communication between the foundation designer and turbine designer 

e.g. through lookup tables with the non-linear force displacement relationship of the mooring system. 

A comprehensive assessment of the effect of mooring line models on the stochastic dynamic responses 

of the FOWT is needed to evaluate the possible benefit of a more detailed mooring system model 

might bring. Some studies have been carried out on the influence of the mooring dynamics on the 

loads of floating turbines [1,2], but a comprehensive evaluation on the stochastic responses (in terms 
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of mean value, standard deviation, fatigue loads and extreme responses) of the FOWT under different 

wind and wave conditions including extreme waves is sparse. The purpose of the present paper is two-

fold: 1) to present a newly developed 16-DOF aero-hydro-servo-elastic model of the FOWT, which is 

the basis for evaluating different mooring line models when fully-coupled simulation is carried out, 

and also for investigating structural control of FOWT in the future research. 2) To investigate the 

influence of different mooring line models on the stochastic dynamic responses of a FOWT. Different 

combinations of the stochastic wind and wave conditions are to be considered with large number of 

random seeds. The focus is on how different mooring line models will influence the obtained 

stochastic responses of the FOWT components and the mooring cables, which are very important for 

the reliability-based design of FOWTs.  

2.  16-DOF aero-hydro-servo-elastic model of the FOWT 

As a basis for evaluating different mooring line models using fully-coupled time domain simulations, 

we developed a 16-DOF reduced-order aero-hydro-servo-elastic model for the FOWT system. This 

model takes into consideration the full coupling of blade-drivetrain-tower-spar vibration, nonlinear 

aeroelasticity and nonlinear wave-spar interaction, as well as pitch and generator controllers. Figure 1 

shows the degrees of freedom (DOFs) of the 16-DOF aero-hydro-servo-elastic FOWT model, and the 

three different coordinate systems for describing different DOFs of the system.  

The blades and tower are modelled as Euler-Bernoulli beams. Each blade is related with two DOFs 

𝑞𝑗(𝑡) and 𝑞𝑗+3(𝑡), 𝑗 = 1,2,3, indicating the flap-wise and edgewise tip displacements, respectively. 

The tower motions are defined by the translational DOFs 𝑞7(𝑡) and 𝑞8(𝑡), indicating the fore-aft and 

side-side vibrations, respectively. The drivetrain is modelled by DOFs 𝑞9(𝑡) and 𝑞10(𝑡) using St. 

Venant torsional theory. The azimuthal angle of each of the three blades is described as:  

 

Figure 1: Definition of DOFs of the 16-DOF FOWT model. 
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Ψj(𝑡) = Ω𝑡 + 𝑞9(𝑡) + (𝑗 − 1)
2𝜋

3
, 𝑗 = 1,2,3   (1) 

 

The spar is modeled by 6 rigid DOFs, 𝑞11(𝑡), 𝑞12(𝑡), 𝑞13(𝑡), 𝑞14(𝑡), 𝑞15(𝑡) and 𝑞16(𝑡), specifying 

surge, sway, heave, roll, pitch and yaw motions of the spar, respectively. Multi-body based 

formulation has been carried out for the total kinetic energy and total potential energy of the system, 

and equations of motion of the FOWT are derived using the Euler-Lagrange equation:  
𝑑

𝑑𝑡
(

𝜕𝑇

𝜕�̇�
) −

𝜕𝑇

𝜕𝒒
+

𝜕𝑈

𝜕𝒒
= 𝒇𝑎 + 𝒇ℎ + 𝒇𝑔 + 𝒇𝑚 + 𝒇𝑔𝑒𝑛 − 𝑪𝑠�̇�   (2) 

 

where 𝑇 and 𝑈 are the kinetic and potential energies of the system, 𝒒 and �̇� are the position and 

velocity vectors of the system DOFs, 𝒇𝑎, 𝒇ℎ, 𝒇𝑔, 𝒇𝑚 and 𝒇𝑔𝑒𝑛 are the aerodynamic loads, 

hydrodynamic loads, gravity loads, mooring system loads and generator torque, respectively. 𝑪𝑠 is the 

structural damping matrix. The kinematic energy of the system is defined as: 

𝑇(𝒒(𝑡), �̇�(𝑡)) =
1

2
∑ ∫ 𝜇𝐵𝒗𝐵𝑗

𝑇 𝒗𝐵𝑗
𝑇 𝑑𝑥3 + 𝐽𝐻

1

2
(Ω + �̇�9)

𝐿𝐵

0
 2 + 𝐽𝐺

1

2
(𝑁Ω + �̇�10)3

𝑗=1  2 +
1

2
(𝑀𝑁 +

𝑀𝐻)𝒗𝑁
𝑇 𝒗𝑁 +

1

2
∫ 𝜇𝑇

𝐻𝑇

0
𝒗𝑇

𝑇 𝒗𝑇𝑑𝑋3
′ +

1

2
𝑀𝑆(�̇�11

2 + �̇�12
2 + �̇�13

2 ) +
1

2
𝐽𝑆(�̇�14

2 + �̇�15
2 ) +

1

2
(𝐽𝑆𝑌 + 𝐽𝑁𝑌)�̇�16

2          (3) 

 
Table 1: Definitions of distributed mass, component mass and component mass moment of inertia. 

𝐽𝐺 Generator mass moment of inertia 𝑀𝐻 Hub mass 

𝐽𝐻 Hub mass moment of inertia 𝑀𝑁 Nacelle mass 

𝐽𝑁𝑌 Nacelle mass moment of inertia about 

yaw axis 

𝑀𝑆 Spar mass 

𝐽𝑆 Spar mass moment of inertia about pitch 

and roll axis 

𝜇𝐵(𝑥3) Blade mass per unit length 

𝐽𝑆𝑌 Spar mass moment of inertia about yaw 

axis 

𝜇𝑇(𝑋3
′ ) Tower mass per unit length 

 

The tower velocity as a function of the tower height is given by: 

𝒗𝑇(𝑋3
′ , �̇�(𝑡), 𝑡) = (𝜑𝑇𝐹�̇�7 + �̇�11 + (ℎ𝑇 + 𝑋3

′ )�̇�15)𝒊 + (𝜑𝑇𝑆�̇�8 + �̇�12 − (ℎ𝑇 + 𝑋3
′ )�̇�14)𝒋 + +�̇�13𝒌  

(4) 

where 𝜑𝑇𝐹(𝑋3
′ ) and 𝜑𝑇𝑆(𝑋3

′ ) are the first mode shapes of the tower fore-aft and side-side directions, 

respectively. 𝒊, 𝒋 and 𝒌 are the unit vectors describing the orientation of the global fixed coordinate 

system. The nacelle velocity is given by: 

𝒗𝑁(�̇�(𝑡), 𝑡) = (�̇�7 + �̇�11 + ℎ𝑅�̇�15)𝒊 + (�̇�8 + �̇�12 − ℎ𝑅�̇�14)𝒋 + +�̇�13𝒌   (5) 

 

The blade velocity as a function of the blade length is given by: 

 
𝒗𝐵𝑗(𝑥3, 𝒒(𝑡), �̇�(𝑡), 𝑡)

= [�̇�7 + �̇�11 + ℎ𝑅�̇�15 + (�̇�15 cos Ψ𝑗 + �̇�16 sin Ψ𝑗)𝑥3 + 𝜑𝐵𝐹�̇�𝑗]𝒊′′(𝑡)

+ [
(�̇�8 + �̇�12 − ℎ𝑅�̇�14 − 𝑠�̇�16) cos Ψ𝑗 + (�̇�13 + 𝑠�̇�15) sin Ψ𝑗 − (Ω + �̇�9)𝑥3   

−𝜑𝐵𝐸 �̇�𝑗+3
] 𝒋′′(𝑡)

+ [−(�̇�8 + �̇�12 − ℎ𝑅�̇�14 − 𝑠�̇�16) sin Ψ𝑗 + (�̇�13 + 𝑠�̇�15) cos Ψ𝑗 − Ω𝜑𝐵𝐸 �̇�𝑗+3]𝒌′′(𝑡) 

 (6) 

where 𝜑𝐵𝐹(𝑥3) and 𝜑𝐵𝐸(𝑥3) are the blade flap-wise and edgewise mode shapes, and 𝒊′′(𝑡), 𝒋′′(𝑡) and 

𝒌′′(𝑡) are the unit vectors describing the local moving coordinate system of the blades. The total 

potential energy 𝑈 of the system is defined by the structural stiffness matrix 𝑲𝑠: 

𝑈(𝒒(𝑡)) =
1

2
𝒒𝑇(𝑡)𝑲𝑠𝒒(𝑡)    (7) 

where 𝑲𝑠 includes centrifugal stiffening in the rotating blades.  

The aerodynamic loads 𝒇𝑎(�̇�(𝑡), 𝛽(𝑡), 𝑡) are modelled using the modified blade element 

momentum (BEM) theory, and are a function of the system velocity �̇�(𝑡) as well as the collective 
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Figure 2: Comparison of steady state responses between FAST and the 16-DOF 

model at different wind speeds. 

blade pitch angle 𝛽(𝑡). The hydrodynamic loads 𝒇ℎ(𝒒(𝑡), �̇�(𝑡), �̈�(𝑡), 𝑡) are modelled using Morrison’s 

equation. The irregular waves are modelled using linear wave theory and the Joint North Sea Wave 

Project (JONSWAP) spectrum. Using Eq. (2), the equations of motion of the FOWT become: 

 

𝑴(𝑡)�̈�(𝑡) + 𝑪(𝑡)�̇�(𝑡) + 𝑲(𝑡)𝒒(𝑡) = 𝒇𝑎 + 𝒇ℎ + 𝒇𝑔 + 𝒇𝑚 + 𝒇𝑔𝑒𝑛  (8) 

 

Further, a collective pitch controller is implemented by a gain-scheduled PI controller keeping the 

rpm the rotor at the rated value, and the delay of the pitch actuator is modelled by a 1st order filter. The 

generator controller is implemented by a torque-rpm relationship in five different control regions. 

Eq. (9) is combined with the filter equation of the pitch controller, and solved by a 4th order Runge-

Kutta time integration scheme. The simulated steady state responses of this 16-DOF model are 

compared with that from FAST [9] and [3], for wind speeds from cut-in (3 m/s) to cut-out (25 m/s). 

Good agreement has been obtained for all responses, and the results of some DOFs are shown in 

Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
   

Nonlinear time domain simulations subjected to turbulent winds and irregular waves have also 

been carried out, which in general shows good agreement as well. As an example, the flapwise blade 

tip response of blade 1 is compared in Figure 3, where the stochastic load inputs to the 16-DOF model 

and FAST are not identical, but with same intensity levels. The mean and standard deviations are 

given in the left plot of Figure 3 and the right plot shows the FFT of the response. It should also be 

noted that the modelling of the rotational sampled turbulence is also different in the 16-DOF model 

Figure 3: Comparison of dynamic responses between FAST and the 16-DOF model at 15 m/s 

turbulent wind (𝑰𝒓𝒆𝒇 = 𝟎. 𝟏𝟎) and irregular waves (𝑯𝒔 = 𝟔. 𝟎 𝒎, 𝑻𝒑 = 𝟏𝟎 𝒔). 
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and FAST, where we have used an AR model following the procedure in [4]. Nevertheless, the 

acceptable agreement of the time domain simulation results further verifies the 16-DOF, which is to be 

coupled to different mooring line models in the following sections. 

3.  Different mooring line models  

As shown in Figure 4a), the simplest mooring line model used is a linear spring model linearized 

around a given spar location and orientation using basic catenary equations for solving the line forces. 

The quasi-static model [5] expands the linearized model to update the line forces for every given 

position and orientation of the spar, to obtain the non-linear force-displacement relationship. Neither 

the linear spring nor quasi-static model takes the cable dynamics and hydrodynamics into account.  

 

 
Figure 4: Schematic representation of the mooring line models. a) linear spring and quasi-static, b) lumped mass. 

The lumped mass model [6] of the mooring cable, sketched in Figure 4b), takes the full cable 

dynamics and hydrodynamics into account as well as seabed interactions by a vertical spring-damper 

system. The cable is split into 𝑁𝑒 elements and 𝑁𝑒 + 1 nodes from the anchor to the floating platform. 

The hydrodynamics on the cable is calculated using Morison’s equation as well. 

Figure 5: Free body diagram of the mooring line lumped masses and the forces on them. 

As illustrated in Figure 5, the equations of motion for one lumped mass are written as: 

 

[𝑴𝑖 + 𝑴𝑎,𝑖 ]�̈�𝑖 = 𝒕𝑖 − 𝒕𝑖−1 + 𝒄𝑖 − 𝒄𝑖−1 + 𝒘𝑖 + 𝒃𝑖 + 𝒅𝑡,𝑖 + 𝒅𝑛,𝑖  (9) 

 

where 𝑴𝑖 and 𝑴𝑎,𝑖 are the mass and hydrodynamic added mass of the cable. 𝒕𝑖, 𝒕𝑖−1, 𝒄𝑖 and 𝒄𝑖−1 are 

the structural tension and damping in the cable on either side of the lumped mass. 𝒘𝑖 is the 

gravitational force on the cable minus the buoyancy of the cable in water. 𝒃𝑖 is the seabed interaction 

with both vertical stiffness and damping as well as horizontal friction. 𝒅𝑡,𝑖 and 𝒅𝑛,𝑖 are the tangential 

and normal hydrodynamic drag on the cable. The position, velocity and acceleration vectors of the 

lumped masses are defined as 𝒓𝑖, �̇�𝑖 and �̈�𝑖 respectively. The system is solved by a 2nd order Runge-

a) b) 
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Kutta scheme where the time step in the FOWT model has been divided by 5 in order to ensure 

numerical stability of the RK2 solver. The forces acting on the floating platform is solved by the 

equations of motion of the last lumped mass and transformed from the local cable coordinate system to 

the global coordinate system and finally forming the loads on the platform 𝒇𝑚. 

To validate the quasi-static and lumped mass models, a comparison with the experimental results in 

[7] has been made. Figure 6 illustrates the fairlead tensions due to harmonic fairlead motions with 

different periods, as well as the quasi-static results. All results from the present study agree quite well 

with that from [7], and deviations of the maximum tensions are within 3%. The largest deviation is 

observed at the left side of the hysteresis loop for high frequency fairlead excitation (1.58s), where 

snap loads occur. 

 
Figure 6: Dynamic fairlead tension due to harmonic fairlead displacements with time periods of 1.58 s, 3.16 s, 

4.74 s. a) the lumped mass model presented in this work, b) experimental results from [5]. 

4.  Stochastic dynamic responses from the fully-coupled analysis 

Coupling the 16-DOF FOWT model with the mooring line models, extensive simulations have been 

carried out in order to evaluate the influence of the different mooring line models on the stochastic 

responses of structural components of the FOWT.  

4.1. Response time-series 

First, the free decay (no external wind and wave loads) of the spar surge and pitch motions are 

compared using the quasi-static and lumped mass models, as shown in Figure 7. It is seen that the free 

decay of the surge motion has a higher damping when using the lumped mass model because this 

model takes the hydrodynamic drag on the mooring cables into account. On the other hand, the free 

decay of the spar pitch is virtually unchanged because the mooring system is attached close to the 

rotation centre of the FOWT.  

 

Figure 7: Comparison of free decay of the FOWT in still water and with aerodynamics turned off, using the 

quasi-static (QS) and lumped mass (LM) mooring line models. a) spar surge motion, b) spar pitch motion. 

a) b) 

b) a) 
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Next, the impact of the different mooring line models on the stochastic dynamic response of the 

FOWT and mooring cables is investigated by simulations with different wind and wave conditions. 

The wind and wave conditions used in the present study are shown in Table 2. 

Table 2: Wind and wave conditions used for stochastic dynamic analysis of the fully-coupled system 

External load Abbreviation Description 

Wind - 𝑉0 = 9 m/s 𝐼𝑟𝑒𝑓 = 0.12  

- 𝑉0 = 12 m/s 𝐼𝑟𝑒𝑓 = 0.12  

- 𝑉0 = 15 m/s 𝐼𝑟𝑒𝑓 = 0.12  

Wave Low 𝐻𝑠 = 2 m 𝑇𝑝 = 5.5 s 𝛽 = −30°, 0°, 30° 

Med 𝐻𝑠 = 6 m 𝑇𝑝 = 10 s 𝛽 = −30°, 0°, 30° 

High 𝐻𝑠 = 10 m 𝑇𝑝 = 12.5 s 𝛽 = −30°, 0°, 30° 

Ext 𝐻𝑠 = 15.24 m 𝑇𝑝 = 17 s 𝛽 = −30°, 0°, 30° 

 

where 𝑉0 is the mean wind speed, 𝐼𝑟𝑒𝑓 is the turbulence intensity,  𝐻𝑠 is the significant wave height,  

𝑇𝑝 is the peak wave period, and 𝛽 is the angle between the wind and wave directions. For each load 

combination in Table 2, 20 seeds (realizations of the external load) and three mooring line models are 

used, resulting in a total of 2160 10-min simulations.  

It has been observed that the mooring line models have insignificant influence on the blades, tower 

and spar responses (time-series not shown here), and this observation will be elaborated further in 

terms of fatigue loads and extrapolated extreme responses. The reason for the insignificant influence is 

that the mooring system is attached very close to the rotation centre of this specific spar-type FOWT, 

and the thus cable dynamics hardly influences structural responses of the wind turbine components.  

However, cable tensions are highly influenced by the cable dynamics. One simulation result (under 

extreme wave conditions) of the fairlead cable tension is presented in Figure 8, for both mooring line 2 

(waves acting perpendicularly) and mooring line 3. Figure 8a) shows small deviations in the fairlead 

tensions of mooring line 2 when using the three mooring line models. This is because the cable is not 

dynamically excited when the wave loads are acting perpendicular to the mooring line. On the other 

hand, Figure 8b) shows a significant difference in the fairlead tensions of mooring line 3 when using 

the lumped mass model which takes into consideration of cable dynamics, compared to the linear 

spring and quasi-static models. In this case, using the linear spring or quasi-static models will lead to 

non-conservative results for the mooring line design. It should also be mentioned that the simulation 

time when using the lumped mass model is about 6-7 times higher than the quasi-static model. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 8: Cable tensions at the fairleads compared for the three mooring line models: Linear spring (Lin), quasi-static (QS) 

and lumped mass (LM). The fully-coupled models are subjected to the same 15 m/s turbulent wind (𝑰𝒓𝒆𝒇 = 𝟎. 𝟏𝟐) and 

irregular waves (𝑯𝒔 = 𝟏𝟓. 𝟐𝟒 𝒎, 𝑻𝒑 = 𝟏𝟕 𝒔, 𝜷 = 𝟑𝟎°).  a) Mooring line 2 (waves acting perpendicularly), b) Mooring line 

3. 

a) b) 
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4.2. Fatigue equivalent loads 

To evaluated the influence of mooring dynamics on the fatigue loads of the turbine components 

and mooring cables, the fatigue equivalent loads are calculated according to [8], for the blade root 

flap-wise moment, tower base fore-aft moment and fairlead tension of mooring cable 3. The fatigue 

equivalent loads are based on 10^7 cycles and for the steel components (tower and mooring cables) a 

S-N slope of 4 is used whereas a slope of 9 is used for the blades. All load combinations in Table 2 

have been considered, and only the comparisons for the cases of aligned wind and waves (𝛽 = 0°) are 

shown here. Figure 9 shows the fatigue equivalent loads from the 20 seeds of each wind-wave 

combination (𝛽 = 0°). The turbine components (blades, tower) loads are well within 1% when using 

the linear spring, quasi-static and lumped mass mooring line models, as illustrated in Figure 9a) and 

b). This again shows that the responses of the turbine components are hardly influenced by different 

mooring line models for this specific spar-type FOWT, even under the extreme wave conditions. On 

the other hand, the fatigue loads of mooring cables (Figure 9c) are highly impacted by the dynamics 

from the lumped mass model, where the lumped mass model predicts up to 68% higher fatigue 

equivalent loads comparing with the other two models, under the extreme wave condition.  

 
Figure 9: Fatigue equivalent loads, a) blade root flap-wise moment, b) tower base fore-aft moment, c) cable tension at 

fairlead 3. 

4.3. Extrapolated extreme responses 

The extreme loads with a 50-year return period of the blades, tower and mooring cables are estimated 

by extreme value extrapolations, for the different load combinations in Table 2 according the IEC 

61400-1 guideline. For the extrapolations, a Gumbel distribution is used to fit the data. The data used 

for extrapolations are selected based on 1-minute block maxima, so as to have more data points for 

fitting and extrapolating from a limited number of time series (20 for each load combination). Figures 

10, 11 and 12 show the extrapolated extreme responses of the blade root flap-wise moment, tower base 

fore-aft moment and mooring cable 3 tension, respectively. 

The differences in the extreme responses of the blades and tower are generally within 1% when 

comparing the linear spring model with the quasi-static model. The differences in the extreme 

b) a) 

c) 
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responses of the blade and tower are within 2% when comparing the lumped mass model with the 

quasi-static model, except for one extrapolation of the blade root flap-wise moment at 15 m/s and low 

waves. This deviation can be due to the statistical uncertainty and is not considered a general 

tendency. Therefore, it once again shows that whether nonlinear cable dynamics is considered or not 

in the mooring line mode does not impact the responses of the turbine components for this FOWT, 

even in terms of the extrapolated extreme responses. On the other hand, when using the lumped mass 

model, the extrapolated extreme responses of cable tensions are more than 9% higher compared to that 

from the quasi-static model. Moreover, the extreme cable tensions are up to 13% lower when using the 

linear spring model compared to the quasi-static model. Therefore, mooring line models do 

significantly impact the extreme responses of the mooring cable.  

 

 

 

Figure 10: Extreme value extrapolation of blade root flap-wise moment, a) extrapolation of responses for 15 m/s and 

extreme waves, b) overview of all extrapolations 

a) b) 

Figure 11: Extreme value extrapolation of tower base fore-aft moment, a) extrapolation of responses for 15 m/s and extreme 

waves, b) overview of all extrapolations 

a) b) 

Figure 12: Extreme value extrapolation of cable tension at fairlead 3, a) extrapolation of responses for 15 m/s and extreme 

waves, b) overview of all extrapolations 

a) b) 
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5.  Conclusions 

A 16-DOF aero-hydro-servo-elastic model is established for the spar-type FOWT, taking into 

account the full coupling of the blade-drivetrain-tower-spar vibrations, a collective pitch controller and 

a generator controller, and nonlinear aeroelasticity and hydrodynamics. The simulation results from 

this 16-DOF model agree very well with that from FAST, and the model is considered a good basis for 

evaluating different mooring line models when fully-coupled simulations are carried out. Three 

different mooring line models (namely the linear spring, quasi-static and lumped mass models) are 

presented and validated, and are then coupled to the 16-DOF model.   

Fully-coupled simulations have been carried out to evaluate the influence of different mooring line 

models on the stochastic responses of the FOWT components and the mooring cables, under different 

turbulent wind and irregular wave conditions. In total 2160 numbers of 10-min simulations have been 

carried out. It is found that the blades and tower responses are little affected by the mooring cable 

dynamics for this specific spar-type FOWT. The differences are within 2% when using the linear 

spring model or quasi-static model compared to the dynamic lumped mass model, in terms of the 

mean values, standard deviations, fatigue equivalent loads and the extreme responses. However, the 

mooring cable tensions are seen to be increased significantly when using the lumped mass model 

compared with the quasi-static model, by up to 68% for the fatigue loads and 9% for the extreme 

loads. The quasi-static model is therefore considered acceptable for estimating the blades and tower 

loads, but highly unconservative for the cable tensions especially under extreme wave conditions. A 

dynamic mooring line model, such as the lumped mass model, is needed for carrying stochastic 

dynamic analysis and reliability-based design of mooring cables.  
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