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Abstract: Limiting shape distortions and residual stresses are of utmost importance when 
ensuring the structural integrity and the quality of fibre-reinforced thermoset composites. This 
paper presents a novel method for 3D thermo-chemical-mechanical analysis of pultrusion 
processes to analyse process-induced stresses and deformations. As opposed to established 
methods that rely on coupling a 3D transient Eulerian thermo-chemical analysis with a 
Lagrangian mechanical analysis, this framework presents a novel method to simultaneously 
solve for all variables in the same Eulerian domain. As demonstrated in the paper, the framework 
benefits from significant improvements in computation times (a reduction of 95% compared to 
established methods) without sacrificing solution accuracy.  
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1. Introduction 

Pultrusion is a continuous process for the manufacture of composite profiles with a constant 
cross-section. In conventional thermoset pultrusion processes [1–4], the fibre material is drawn 
through a resin bath or an impregnation chamber, directly followed by a heating die. During 
impregnation, the fibre material is saturated with resin and in the heating die, an exothermic 
chemical curing reaction is initiated. As the resin crosslinks, it shrinks and contracts. The 
chemical shrinkage, the thermal history of the composite part, as well as mismatches in the 
constitutive properties of the profile layup, all contribute to process-induced stresses and shape 
distortions in the profile. To limit process defects such as curing cracks and excessive warpage, 
thermo-chemical-mechanical (TCM) simulation models of pultrusion processes are of high 
importance to investigate this multiphysical behaviour. 

State-of-the-art TCM simulation models for the assessment of process-induced stresses and 
strains in pultrusion processes couple a 3D transient Eulerian thermo-chemical analysis together 
with a 2D plane strain or 3D Lagrangian mechanical analysis (Baran et al. [5, 6]). This approach 
allows one to perform a segregated mechanical analysis by letting a cross section or part of the 
profile travel through the thermal and cure history. This approach is pioneering of I is kind, but 
it relies on interpolation between two separate domains, and it is inherently limited to a 
reduction of the actual 3D displacement field. 

In the present study, we present a novel numerical framework for coupled TCM analysis in full 
3D. In this novel method, the stress, as well as the thermal and chemical strain increments, are 
accumulated by integrating along the streamlines of the material flow (see Fig. 1). While this 
essentially resembles the traditional Eulerian approach typically reserved for fluid mechanics, 
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similar concepts have already been used for a variety of other continuous manufacturing 
processes such as friction stir welding [7], wire drawing [8], etc. 

 

Figure 1. Cut-view of the pultrusion setup that served as the test case for the simulation model. 
The setup was originally developed by Chachad et al. [9] and later adapted by Baran et al. [5, 

6]. The profile was drawn from left to right. 

2. Method 

The test case for the numerical framework in this paper was based on the experimental studies 
by Chachad et al. [9] that also served as the basis for Baran et al. [5, 6]. The test case concerned 
the pultrusion of a 25.4 × 25.4 mm2 epoxy profile that was reinforced with unidirectional glass 
fibres. In this case study, the profile was pre-impregnated in a resin bath before entering the 
0.915 m long die and it was advanced with a pulling speed of 20 cm/min. The temperature of 
the die was controlled using three individual heater units as well as a cooler. The configuration 
is depicted in Fig. 1. Since the test case in this paper does not deviate in any way from Baran et 
al. [5, 6], we only summarise the already established methods and list the most essential input 
data. Therefore, the reader is referred to [5, 6] for the extensive amount of input data needed 
from material values, process conditions, and relevant die and profile dimensions. 

2.1 Material derivative 

The material derivative that relates the rate of change of a physical quantity moving along a 
streamline with velocity, 𝑣!, is the starting point for the steady-state Eulerian formulation: 
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where repeated indices imply summation and (		)! 	= 	𝜕(		)/𝜕𝑥!  denotes partial differentiation 
as Eq. (1) indicates. In this paper, we seek a stationary solution, meaning that the temporal term, 
𝜕(		)/𝜕𝑡	 = 	 (		),& 	= 	0, is omitted. In pultrusion processes, only the profile-advancing pulling 
speed contribute to the velocity tensor 𝑣) 	= 	 𝑣*+,,  once the fibre material has entered the 
straight part of the pultrusion die. As such, all streamlines of the material flow are parallel to the 
𝑥)-axis as Fig. 1 indicates. The same principle applies to resin-injection pultrusion when 
considering parts of the profile that are some distance away from inlet ports. 

2.2 Thermo-chemical model 

Utilising the material derivative, conservation of energy and species (degree-of-cure) implies: 
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where 𝑇 is the temperature and 𝛼 is the degree of cure. 𝐾!-  and 𝜌𝑐* are the effective thermal 
conductivity tensor and thermal capacity of the composite profile. Finally, 𝑅/ is the cure rate 
given by an Arrhenius equation and 𝑆.  is the heat generated from the exothermic cure reaction 
(cf. Eqs. (3-4) in [5]). 

2.3 Mechanical model 

In the steady-state formulation, equilibrium is based on stress rates rather than total stress. 
Accordingly, we seek to find velocities (displacement rates) instead of displacements. The stress 
rates must fulfil a conventional static equilibrium condition: 

�̇�!-,- + �̇�! = 0                   (3) 

where �̇�!  is the rate of any external forces. A conventional constitutive law is used to establish a 
relationship between the strain rates and displacement rates (velocities): 

�̇�!- = 𝐿!-0,:𝜖0̇, − 𝜖0̇,
*1=,  𝜖!̇- =

)
2
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where 𝜖0̇,3 = 𝜖0̇, − 𝜖0̇,
*1  denotes the elastic part of the strain rate and 𝜖0̇,

*1  is the rate of the 
process-induced strains. The instantaneous stiffness tensor, 𝐿!-0,, was based on the self-
consistent field micromechanics (SCFM) for orthotropic composites by Bogetti and Gillespie [10], 
while the resin modulus was characterised with a modified cure-hardening instantaneous linear 
elastic (CHILE) approach that included thermal softening [5, 6] (see Eq. (11) and Appendix A in 
[5]). 

2.3.1 Process-induced strain rates 

Instead of formulating process-induced strains as incremental quantities as in Baran et al. [5, 6], 
the chemical shrinkage and thermal expansion/contraction were expressed as rate-measures, 
𝜖0̇,
*1 = 𝜖0̇,45 + 𝜖0̇,&5. By utilising the principle of the material derivative (Eq. (1)), the contribution 

to the process-induced strain rate from thermal expansion was given by the relation: 

𝜖!̇-&5 = 𝛼!-&5�̇� = 𝛼!-&5𝑣*+,,
".
"'!

                 (5) 

while thermal expansion coefficients, 𝛼!-&5, are given in Eqs. (18-19) in [5]. The strain rate 
introduced by the chemical shrinkage rate is given by: 

𝜖1̇45 = ?1 + 𝑉65�̇�
$ − 1 = ?1 + 𝑉65𝑣*+,,𝜕𝛼/𝜕𝑥)$ − 1,  𝜖!̇-45 = 𝛼!-45𝜖1̇45           (6) 

where 𝑉65 is the total volumetric shrinkage of the resin after complete cure. The coefficients, 
𝛼!-45, relating the isotropic resin shrinkage and the anisotropic shrinkage, can be derived from 
Eqs. (16-17) in [5]. 

2.4 Numerical framework and solution method 

The commercial simulation software package COMSOL Multiphysics®[11] was used to solve the 
governing equations. The first part of the solution scheme was to solve for the conservation of 
energy and species in Eq. (2). Equivalent to Baran et al. [5, 6], we assumed a one-way coupling 
to the subsequent mechanical analysis, so the first solution step did not deviate from the 
established literature [12, 13]. Once the thermal and cure histories were calculated, the process-
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induced strain rates were estimated based on Eqs. (5-6). As the total process-induced strains 
were needed to evaluate the constitutive properties of the profile, the strain increments were 
integrated along streamlines of the material flow (Eq. (1)). As an example, the operation for 
obtaining the thermal strain is resembled by the integral: 

𝜖!-&5 =
)

7%&''
∫ 𝜖!̇-&5	d𝑥
'#
8                   (7) 

which was determined by solving a convective equation where the strain rate entered as a 
source term: 

𝑣*+,,
"9!"

()

"'#
= 𝜖!̇-&5                  (8) 

Basically, this step is equivalent to the procedure for obtaining the degree of cure in Eq. (2) based 
on the material derivative. Once the process-induced strain and strain rates were determined, 
the displacement rates (velocities) were calculated by solving the equilibrium condition in Eq. 
(3). As appropriate boundary and contact conditions to the pultrusion die needed to be 
enforced, the equilibrium condition coupled to the streamline integration operation for 
accumulating the strain rates. 

3. Results 

Fig. 2 (Page 5) illustrates the thermal and cure histories of the profile. Fig. 3 (Page 6), depicts the 
process-induced thermal and chemical strain as well as the associated stresses. Figs. 2-3 present 
results for both the top and centre of the profile and compare to all data available in Baran et 
al. [6] for verification. Fig. 4 (Page 6) illustrate stress fields throughout the cross section for the 
location 𝑥	 = 	7.3	m that correspond to Fig. 15 in Baran et al. [6]. Finally, Table 1 lists elapsed 
computation times for the framework presented in Section 2 compared to state-of-the-art 
methods [5, 6]. 

The thermal and cure histories presented in Fig. 2 together with the process-induced stresses 
and strains in Fig. 3 confirm that the new framework presented in Section 2 reached the same 
results as the established methods. This includes all strain and stress components in and outside 
the pultrusion die. 

Based on the elapsed computation times in Table 1, it is clear that the new numerical framework 
presents a significant improvement in efficiency compared to existing 3D methods. The 
calculation time was reduced by 95% when the two 3D methods were compared in the case 
study. While the 3D-2D method that relied on a reduction of the displacement field based on a 
plane-strain assumption (Baran et al. [5]) was still significantly faster (45 s), the new framework 
enabled fast 3D simulation with reasonable computation times on a laptop. 

Table 1: Calculation times for all steps (16 GB, 2.8 GHz, Core i7, 7700HQ laptop). Pre- and post-
die regions were excluded from this example. The full 3D mesh was composed of 20,000 2nd-
order brick elements, which was used as the basis for all three examples. 

 2D-3D, Baran et al. [5] 3D-3D, Brain et al. [6] 3D (This paper) 

Calculation time 45 s 1920 s 98 s 
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4. Conclusion 

This study concerned the development of a new numerical framework for the simulation of 
process-induced stress and deformation in thermoset pultrusion processes. The framework is 
based on stationary formulations where increments are accumulated by integration along 
streamlines. We observed a reduction in computation times of 95% compared to the existing 
frameworks that rely on coupling Eulerian and Lagrangian methods. 

The framework presented enables fast 3D computation of process-induced stress and strains 
even on a laptop computer. This new achievement is important as it allows for future studies of 
how out-of-plane effects such as the profile-advancing pulling force affect process-induced 
stress and strains. 
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Figure 2. Full temperature and cure histories at the centre (dark blue) and at top (light blue) of 
the profile. Ref. refers to data obtained from Baran et al. [6] in which the same example was 

calculated. 
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Figure 3. Full strain and stress histories at the centre (dark blue) and at top (light blue) of the 
profile. The (		)))- component is the longitudinal direction, while (		)))- and (		)))-components 

are the transversal directions. Ref. refers to data obtained from Baran et al. [6] in which the 
same example was calculated. 

 

Figure 4. Stationary stress fields at 𝑥) 	= 	7.3	m (measured from the entrance to the die). For 
reference, the same stress fields can be seen in Fig. 15 in Baran et al. [6]. 
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