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Abstract

The aim of this dissertation is to examine the role that a combination of different modes

of transport can play in increasing the efficiency and effectiveness of urban mobility.

To facilitate multimodal transport, several crucial investigations are required such as

synchronising between modes of transport. This dissertation contains four self-contained

projects related to operational multimodal vehicle routing problems in passenger and

goods transport. Study topics include school bus routing problems involving passenger

transport and bicycle repositioning problems involving bicycle transfers within cities.

Mathematical formulations are provided and the proposed formulations are solved by

exact and heuristic algorithms. A general result of this dissertation is that multimodal

transport not only has some positive environmental effects, but can also increase passenger

satisfaction.
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Resumé

Formålet med denne afhandling er at undersøge den rolle, som en kombination af forskel-

lige transportformer kan spille for at øge efficiensen og effektiviteten af mobilitet i byer.

For at fremme multimodal transport er det vigtigt at foretage undersøgelser af fx synkro-

nisering mellem transportformer. Afhandlingen indeholder fire selvstændige projekter,

som relaterer sig til operationelle multimodale ruteplanlægningsproblemer inden for passager-

og godstransport. Undersøgelsesemnerne omfatter dels planlægning af ruter for skole-

busser, hvilket involverer passagertransport, og dels planlægning af omfordeling af by-

cykler. I afhandlingen præsenteres matematiske formuleringer, og de foresl̊aede formu-

leringer løses ved hjælp af eksakte og heuristiske algoritmer. Et generelt resultat af denne

afhandling er, at multimodal transport ikke kun har nogle positive miljømæssige effekter

men ogs̊a kan bidrage til øget tilfredshed blandt passagererne.
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Summary

The central theme of this dissertation is multimodal vehicle routing problems focusing

on integrating different modes of transport for urban mobility. This dissertation consists

of four self-contained papers that address different issues related to school bus routing

problems (Paper 1, Paper 2, and Paper 3) and bicycle repositioning problems (Paper 4).

In providing a school bus service for students, a variety of factors are considered,

which can generally be divided into two categories: the service provider’s perspective and

the passengers’ perspective. This means that while the service provider tries to reduce

the large expenses, passengers are passionate about the level of service. In the first three

studies in this dissertation, passenger convenience and fairness in serving all students are

investigated by considering both school bus travel and students walking as two modes of

transport.

Solving the service-oriented single-route school bus routing problem: Exact and heuris-

tic solutions focus on making the service more efficient for students. The goal of this paper

is to select pickup points among students’ home addresses and bus stops, which are within

the students’ allowed walking distance and to generate a route that passes through the

selected pickup points. The objective of the problem is to minimise the total walking

distance of the students from their home addresses to the selected pickup points such that

the total travelled distance by a school bus does not exceed a given maximum distance.

The problem is solved by both exact and heuristic algorithms on a set of real-world and

benchmark data.

The service-oriented school bus routing problem: Route first–cluster second is an ex-

tension of the first paper in which a number of school buses with limited capacities are

available to transport students between their homes and school. This problem aims to

find and select pickup stops for students and to generate routes for school buses through

the selected stops. In this study, a mathematical formulation is proposed to minimise the

total walking distance of students between their home addresses and the pickup points,

such that the total route length for each vehicle does not exceed a given maximum. This

problem is solved by a metaheuristic algorithm employing the route first-cluster second

heuristic in each iteration to find the best feasible solution.
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In The cumulative school bus routing problem: Polynomial-size formulations, equity

and fairness in serving students in school bus routing plannings are investigated. It is

assumed that a number of vehicles transport students back to their homes from school

every afternoon. The objective of the problem is to generate a number of routes that

minimise the sum of arrival times for all students which consists of the time that the stu-

dents spend on school buses from a school to drop-off points and the total walking time

of the students from the drop-off points to their home locations. In this paper, six differ-

ent polynomial-size mathematical formulations are proposed that are different in graph

definitions and decision variables. The obtained results from the different formulations

are compared in terms of computation time and optimality gaps.

Bicycle repositioning problem with integration of private vehicle and public transport

addresses bicycle repositioning problems by considering the integration of one private ve-

hicle and public transport to rebalance bicycles among stations. Bicycle-sharing systems

are a successful businesses among sharing systems, and one of the crucial factors in their

success is the availability of bicycles at the stations. Bicycle-sharing providers utilise

special vehicles or trucks to rebalance bicycles from the stations with extra bicycles to

the stations with insufficient bicycles to meet the demands of their customers. However,

using private vehicles to reposition the bicycles interferes with the green mobility vision

of the bicycle-sharing system, and it is also expensive. In this paper, the possibility of

using an extra and available capacity of public transport to reposition the bicycles is

investigated. The objective of the proposed model is to minimise the repositioning costs

(consisting of handling costs and travel costs) and reduce the deviation of the stations’

inventory levels from their target inventory levels. The proposed algorithm to solve the

problem is a matheuristic algorithm, which has been validated by a series of tests on

real-life data from Bergen City Bikes in Norway. The results show that using public

transport is beneficial in the bicycle repositioning problem.

The specific modelling frameworks presented in this dissertation are to address some

of the challenges in the development of multimodal transport that have not been studied

before. The obtained results show that integrating different modes of transport in urban

mobility benefit the system.
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CHAPTER 1

Introduction
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1.1 Background and motivation

Transport is an indispensable part of any society. Advances in transport have changed

the lives of individuals and the way societies are organised, so transport services have a

great influence on the development of civilisations. Consequently, cities today are looking

for means and policies to ensure efficient and effective urban mobility for passengers and

goods.

Besides the significant socioeconomic benefits, transport systems have significant en-

vironmental consequences. On one side, transport activities support increasing mobility

demands for passengers and freight, while on the other side, transport activities are as-

sociated with negative environmental impacts. There have been increased environmental

concerns in recent years, which have led to conservation of resources and improving energy

efficiency through advanced planning and technical features.

Furthermore, traffic congestion is a significant problem in many cities, and there is

no single quick-fix solution for the problem. A reduction in environmental issues and

traffic congestion can be obtained by moving goods and passengers to other modes. In

passenger transport, such a combination of transport modes typically implies increased

use of public transport to replace individual car travel. Public transport has a lower

environmental impact than driving a private car since it can carry multiple passengers.

In modern cities, combining different transport modes has become crucial to guarantee

a fast and sustainable flow of people and goods. In recent years, there has been growing

attention to providing models and solving transport planning problems in multimodal

transport networks because of environmental effectiveness and the overall efficiency ob-

tained from using multiple modes of transport. As a result, multimodal transport has

become a hot research topic for practitioners and researchers in the global logistics sec-

tor, as it can increase customer satisfaction and decrease transport costs, road congestion,

and environmental pollution. Despite the importance of multimodality in modern cities,

a unified view of the topic is currently missing. In this dissertation, multimodal vehicle

routing problems for both goods and passenger transport over short distances are being

discussed.

1.1.1 Multimodal transports

Transporting goods and passengers in multiple modes is known as multimodal transport.

As opposed to straight door-to-door service, where entities (goods and passengers) are

picked up and delivered in one vehicle, a multimodal transport system involves a variety of

modes. For instance, rail networks, ferries, and roads are used for long-distance transport,
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while public transport and ride-sharing are used for short-distance. Multimodal transport

systems can be viewed as multi-layered networks, in which different modes are not seen

as isolated layers, but as a set of interconnected layers.

In freight transport, the terms intermodality and multimodality can often be used

interchangeably; however, some differences of nuance exist. Based on the European Con-

ference of Ministers of Transport (ECMT), the term multimodality refers to a carriage of

units by at least two different transport modes (Reis & Macário, 2019). In multimodality,

different units may also use different modes and may not necessarily be considered the

same type. The term intermodality refers to a special situation in multimodality whereby

two or more modes of transport are used to transport the same loading unit or a vehicle

route in an integrated manner, without loading or unloading, in a transport chain. In

other words, by changing transport modes, only the loading units or the road vehicles are

switched, while the goods remain in the same transport containers (Song & Panayides,

2012).

Recently, passenger transport systems have been subjected to fundamental changes in

structure and dynamics due to various new travel options. In many European or North

American cities, travellers can choose not only between private car ownership and different

forms of public transport services but can also participate in ride-, car- or bicycle-sharing

programmes. However, an essential attribute of these shared mobility modes is that they

are always used in combination with other transport modes, which is the main criterion

for intermodal or multimodal mobility services. An example of multimodal transport is

people who ride bicycles or drive to a public transport station and board the subway

from there.

According to Petersen (2009), in passenger transport, people who often combine dif-

ferent transport modes show intermodal mobility patterns. In contrast, sharing a ride

to a destination and returning by train would be classified as a multimodal trip. Thus,

people who use multiple modes for their trips are considered multimodal travellers, while

people who use only one mode (such as a private car) are considered unimodal travellers.

In summary, multimodal transport is defined as a mobility service that is characterised

by flexible usage and a combination of different transport modes based on the situation

and the available transport means. Similarly, intermodal transport is defined as a mul-

timodal mobility service that also includes a flexible combination of transport modes on

one route.

In general, transport can be split into three segments: first-mile (i.e., the pickup

process), long haul (i.e., the long-distance transport), and last-mile (i.e., the delivery

process). In passenger transport, the available modes for first and last-mile transport can

be divided into foot, bicycle, car, bus, and train. Bus and train are usually used as local
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public transport, while walking, biking, and driving provide individual mobility options.

Typically, when using public transport, one will also need to use individual transport to

reach and depart the nearest bus stop, making public transport multimodal by nature.

In most urban areas, public transport is used by a large number of commuters in

everyday life, and many passengers are affected by its daily operation. As a result,

improving the quality of interchange in public transport would have considerable positive

effects.

There is greater complexity in multimodal vehicle routing problems compared to uni-

modal ones due to the fact that multimodal transport is structured differently and has

different characteristics and approaches for solving the problem.

Multimodal transport should be performed smoothly and without a significant in-

crease in cost or time to make this alternative transport viable and practical for passen-

gers and goods. As a result, some issues should be considered in a multimodal transport

(Petersen, 2009). To provide successful multimodal interchanges, it is crucial to un-

derstand the requirements of both passengers and goods. For example, passengers can

transfer between modes by themselves. However, there are some difficulties which make

interchanges inconvenient for passengers. To have better experience with interchanges, it

would be preferable to have well-matched arrival and departure times. At interchanges,

passengers prefer short walking distances, intuitive paths, and easily accessible waiting

areas. In transporting goods, handling equipment and tools for transferring are needed.

At transport points, extra space or a temporary storage area is often necessary for trans-

porting goods. Consequently, the objectives and constraints considered in multimodal

transport of passengers are not identical to those in goods transport.

Therefore, efficient planning and scheduling are critical issues in multimodal transport.

Managing multimodal vehicle routing problems with multiple resources, such as trains,

buses, metros, public bicycles, and walking, requires handling a number of interacting

decisions simultaneously. These include selecting the transport mode and the service

type, planning the load, assigning the load to each mode, sizing the fleet of these multiple

resources, and scheduling the transport service, all of which make the problem much more

complex. In detail, multimodal vehicle routing problems consist of various interrelated

sub-problems at strategic, tactical, and operational decision levels under the responsibility

of multiple decision-makers. In this dissertation, operational-level decisions related to

multimodal vehicle routing problems in urban mobility for passengers and goods are

studied.
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1.1.2 Vehicle routing problems

Vehicle routing problems have been studied in the literature for many years. Most of

the studies on vehicle routing problems are unimodal transport, in which the entities

(passengers and goods) are delivered using a single mode of transport, like vehicles.

The vehicle routing problem (VRP) involves finding the optimal set of routes to be

performed by a fleet of vehicles to serve a given number of customers. It is one of

the most important combinatorial optimisation problems, which is also NP-hard. The

VRP was first introduced by Dantzig & Ramser (1959) under the name of the truck

dispatching problem. The authors described a real-world application concerning the

delivery of gasoline from a bulk terminal to a large number of service stations by a fleet

of trucks. The authors proposed the first mathematical programming formulation as well

as a heuristic method that started with an initial solution where each vehicle services

only one station. A few years later, Clarke & Wright (1964) proposed an effective greedy

heuristic that improved the Dantzig-Ramser approach, now known as the savings method.

After these two models, hundreds of models and algorithms were proposed for optimal

and approximate solutions to different versions of the VRP. A classical vehicle routing

asks for a set of delivery routes for vehicles to start at a central depot which services all

the nodes and minimises the total travelled distances by the vehicles. The demand at

each node is assumed to be deterministic, and each vehicle has a known capacity. Thus

the Travelling Salesman Problem (TSP) is a special case of the vehicle routing problem

with a single vehicle of infinite capacity. A wide body of literature exists on the VRP

problem (see e.g. Laporte & Osman, 1995; Laporte, 2007; Toth & Vigo, 2014).

Based on the study by Toth & Vigo (2014), the VRP has different variations, which

are categorised into a number of problems, like a Capacitated Vehicle Routing Problem

(CVRP), a Pickup and Delivery Problem (PDP), a Dial-A-Ride Problem (DARP) and

some others.

The CVRP is one of the most studied versions of the VRP, which consists of a single

depot, a set of customers, and a fleet of vehicles with a specific capacity. The aim is to

plan routes for vehicles that start from the depot and to service a number of customers

as efficiently as possible.

In the PDP, there are a set of nodes that are considered as either pickup or delivery,

where single or multiple entities are transferred from the pickup points to the delivery

nodes by a fleet of vehicles. The pickup and delivery of passengers also known as the

DARP in the literature have some variations, like school bus routing problems, carpooling,

demand-responsive transportation, and others. In passenger transport, whereas in goods

transport, the quality of the service is highly considered since the people are the main
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customers, and their convenience is vital.

Vehicle routing problems are typically solved by using both heuristic and exact al-

gorithms. Exact algorithms have been extensively studied and are considered adequate

for instances of moderate size, whereas heuristic algorithms are considered promising for

very large instances. Since exact algorithms cannot guarantee optimal solutions within a

limited time, especially as the number of nodes increases, heuristic algorithms are used

to solve large-sized instances.

Heuristic algorithms are designed for solving problems more quickly with approximate

solutions when exact methods are too slow to find optimal solutions. Heuristics aim to

efficiently generate good approximate solutions. They do not find optimal solutions,

or at least do not guarantee optimality (Zanakis et al., 1989). According to Toth &

Vigo (2014), heuristic algorithms are classified as constructive heuristics, improvement

heuristics, meta-heuristics, and hybrid heuristics.

Constructive heuristic methods begin with an empty solution and extend it repeatedly

until the final solution is reached. However, there is no improvement step involved in the

process, so the final solution is considered a good solution.

Improvement heuristic algorithms start with a feasible solution, and then it is im-

proved by applying successive small changes. There are several popular improvement

algorithms, such as 2-opt, 3-opt, k-opt, etc. As a general term, k-opt is a tour improve-

ment algorithm, which starts with an initial tour, and it improves the tour incrementally

by exchanging k edges in the tour with k other edges, such that a shorter tour is achieved.

In recent years, metaheuristics become more dominant than constructive algorithms.

Metaheuristics are procedures that find, generate, or select a partial search algorithm

(heuristic) that is adequate for solving combinatorial problems, especially when informa-

tion is incomplete or imperfect or computation time is limited. Metaheuristic algorithms

are iterative processes that guide and subordinate heuristics by combining different con-

cepts intelligently to explore and exploit the search space, and learning strategies are used

to structure information so that near-optimal solutions can be found efficiently. Meta-

heuristics are classified into two methods: local search and population-based methods.

Local search heuristics take a solution as input, modify the solution by performing

a sequence of operations and produce a new, hopefully, improved solution. These meta-

heuristic algorithms modify the existing solution to achieve the desired result by evaluat-

ing the effects of changing a given solution. The most common local search metaheuristics

are greedy randomised adaptive search procedure (GRASP), Tabu search, variable neigh-

bourhood search, and simulated annealing.

Population-based metaheuristics start with a set of initial solutions which are usu-

ally referred to as the population. Then a set of solutions are iteratively selected and
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combined to generate new solutions. The most important members of population-based

metaheuristics are evolutionary algorithms and genetic algorithms which are inspired by

the principles of natural evolution.

Hybrid heuristics are promising methods for obtaining more robust and better so-

lutions, which are achieved by combining mathematical programming and/or different

metaheuristics like large neighbourhood search, exact mathematical programming tech-

niques, decomposition, cooperation, intensification, and diversification.

Hybrid heuristic algorithms have many variants and one of them is called matheuris-

tics, which is a combination of metaheuristics and mathematical programming. Accord-

ing to Ball (2011) and Talbi (2013), combinations or hybridisations of matheuristics can

be classified into three approaches: 1) decomposition approaches, where the problem

is decomposed into sub-problems to be solved optimally; 2) improvement heuristics or

metaheuristics, where the mathematical programming model will be used to improve an

initial solution obtained by some heuristic or metaheuristic method; and 3) approaches

employing mathematical programming models to provide approximate solutions, in that

a relaxation of the problem towards optimality is solved.

A Memetic algorithm (MA) is another type of hybridisation algorithm and is an ex-

tension of the traditional genetic algorithm. The MA algorithm is now widely used as a

synergy of evolutionary or any population-based approach with separate individual learn-

ing or local improvement procedures for problem search. It uses local search heuristics

to reduce the likelihood of premature convergence.

The literature regarding exact methods for CVRPs can generally be split into two

categories: flow-based and set partitioning formulations. Flow-based formulations contain

decision variables that are associated with each edge in a network. The objective is to

choose the best combination of the edges (routes) which has a minimum cost. The classical

exact algorithms are Branch-and-Bound (BB) and Branch-and-Cut (BC) algorithms. The

BB is based on tree search methods, and it has been considered the most effective exact

approach for CVRPs for many years. The idea behind BC algorithms is to first solve

a linear relaxation of a model which might provide non-integer solutions, and then add

further linear constraints to the model to find solutions with integer values, and finally

obtain an optimal solution. The BC algorithm is based on a combination of the branch-

and-bound and cutting plane methods. Cutting planes are generated inequalities that

are satisfied by all feasible integer points but violated by the existing fractional solution.

The idea is to reduce the number of nodes in the search tree by getting as tight bounds

as possible in each node. For a thorough introduction to exact algorithms, see Toth &

Vigo (2014). Set partitioning formulations use a possibly exponential number of binary

variables. Column Generation (CG) methods (also known as branch-and-price when
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embedded in a branch-and-bound framework) have been successful at solving a wide

variety of vehicle routing problems. A CG algorithm begins with a master problem, which

is a small and manageable part of a problem (specifically, a few of the columns). Often

the master problem is stated as a set partitioning problem on which column generation is

applied. When the optimal solution to the master problem is found, a new variable (i.e. a

column or a path) with a negative reduced cost should be found and added to the master

problem. Such a column is found by solving a sub-problem, sometimes called the pricing

problem. Solving the sub-problem is an implicit enumeration of all feasible paths. The

CG process terminates when the optimal objective of the sub-problem is non-negative.

For more details about CG algorithms, see Desrosiers & Lübbecke (2005).

1.2 Focus of this study

To limit the scope of the research, this dissertation focuses on two main topics related to

vehicle routing problems. The first topic focuses on multimodality in School Bus Routing

Problems (SBRPs), where walking and travelling by school buses are considered as modes

of transport. In the second topic, Bicycle Repositioning Problems (BRPs) are discussed,

which involve an integration of one private vehicle and public transport in bicycle-sharing

systems.

School bus routing problems Studies on SBRPs date back to Newton & Thomas

(1969), which indicates their critical difficulty. In a SBRP, several school buses pick up

students from definite stops and deliver them to their schools. In this type of problem,

which is a special case of the DARP, the destination of all (or some) passengers is the same.

School buses run during the weekdays and have two services; one is in the morning from

the students’ houses or bus stops to a school and reversely in the afternoon. According

to Park & Kim (2010), school bus routing problems differ between rural and urban areas

due to residential scatter patterns. In a rural area, students’ houses are considered as

pickup points, but in an urban area, only bus stops are considered as pickup points, so

some papers study urban or rural areas separately.

In SBRPs, on one hand, children’s convenience and safety are vital, on the other

hand, the operational costs of a school bus are high for governments. Therefore, finding

a single model, which may handle both the service providers’ expenses and the passenger

convenience is hard. Some important constraints related to SBRPs are limitations on the

maximum passenger riding time, hard time windows at delivery locations, and a maximum

allowed walking distance. The riding time emphasises the importance of limiting the

amount of time that students spend travelling on school buses. Besides, the maximum
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allowed walking distance prevents students from walking too far from home. Hard delivery

time windows at schools concern the rule that students should not be delivered to school

earlier or later than a specific time (Toth & Vigo, 2014). There are some objectives in

SBRPs, such as minimising operating costs or maximising the level of service for the

children.

There are some different sub-problems related to SBRPs like bus stop selection, bus

route generation, bus schedules, and school bell adjustment (Park & Kim, 2010). In bus

stop selection, the problem explores through predefined stops either the bus stops or the

students’ home addresses to find the best possible stops. Generating bus routes, which

is similar to the VRP, is one of the core sub-problems in finding routes for school buses

from a depot, picking up students from stops, and going to school(s) (Ellegood et al.,

2020). The school bus scheduling problem is also addressed when routes are created

based on time windows for student pick-ups and/or deliveries. Mixed loading problems

are explored in some studies when elementary-, secondary- and high-school students need

to be transported to different schools, and setting the starting and ending times of schools

is also important. Various sub-problems of the SBRP have been studied separately or

in combination, and avid readers are referred to Park & Kim (2010) and Ellegood et al.

(2020) for more information.

Bicycle repositioning problems Nowadays, sharing systems become more common,

and the Bicycle Sharing System (BSS) is no exception. In general, the BSS, which is

operated by the public sector or a private company, has a number of bicycles around

the city, and it allows people to rent a bicycle from one location, use it for a short time

period, and then return it to either the same or a different station. Bicycle Sharing Blog

(2021) reports that there are more than 7 million bicycles in bicycle-sharing systems,

and because they offer many benefits, more people choose to use them as a means of

transport, especially for short distances.

The first generation of BSS dates back to Amsterdam in 1965, where approximately

fifty bicycles known as White Bicycles were placed around the inner city to be used

for free. In the first few months following its launch, this bicycle-sharing system was

terminated due to thefts or damage to bicycles. Thirty years later, the next generation

of the BSS began in Copenhagen, Denmark, in 1995, which was the first organised large-

scale BSS, known as Bycykler København. The bicycles at Bycykler København have

special designs with non-standard parts, and fixed stations and lockers to prevent theft

and damage. Nowadays, the latest generation of the BSS system integrates advanced

information systems and network technology as well as GPS tracking and real-time mobile

communication technology. Therefore, the centralised control centre has access to real-
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time data regarding the stations’ status, as well as the ability to track the location of

bicycles and to send that information to an interested customer via the mobile app or

the internet. With the introduction of this new technology, bicycle-sharing has become

more convenient in modern society, increasing its popularity (Zu, 2016).

One of the success factors of BSS is that they are practical, especially in the first or

last mile of transport. Daily commuters can save time and the stress of travelling through

congested traffic and avoid the pressure and cost of finding parking. In addition, those

using bicycles for short-distance travel can enjoy the benefits of physical exercise. Further,

tourists can enjoy the city without having to deal with multiple bus transfers, taxi fares,

and sore feet. Lastly, bicycle-sharing systems reduce traffic jams and pollution. Since a

BSS not only provides individual users with a convenient, affordable mode of transport

but can also benefit the city and the public, this system is becoming increasingly popular

in modern cities, as evidenced by the number of such systems that have been implemented

around the world.

The success of the BSSs also depends heavily on the availability of bicycles. In other

words, the availability of bicycles is critical as it impacts customer satisfaction which is

also very important for bicycle providers. An empty station prevents a customer from

renting a bicycle, while at the same time, a full station blocks a customer from returning

one. To address this issue, the number of bicycles at each station should be maintained

at a certain level. For this purpose, the bicycles can be removed from the stations that

face a surplus and be transferred to the stations that suffer deficiency. The process of

redistributing bicycles among stations is called rebalancing or repositioning. Usually, the

process of rebalancing the number of bicycles is done using a fleet of vehicles to move

bicycles between stations.

There are two general types of BRPs: static and dynamic. The static bicycle repo-

sitioning problem, which is the focus of this dissertation, involves deploying a fleet of

vehicles to redistribute shared bicycles at night when real-time usage is assumed to be

negligible. The static BRP determines the route of each vehicle and the number of bicy-

cles to be loaded and unloaded at each station. Dynamic bicycle repositioning, like static

bicycle repositioning, aims to redistribute shared bicycles by a fleet of vehicles. It differs

from static bicycle relocation in that dynamic bicycle relocation occurs throughout the

day and takes into account real-time usage of the system, so route and loading/unloading

decisions depend on the time of day.
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1.3 Structure of the dissertation

This dissertation consists of four self-contained chapters. The paper of Chapter 1, which

has been presented at a CORAL seminar in May 2020, has been published in a special

issue on facility location problems in the Euro Journal of Transport and Logistics. The

second chapter is a single-author paper, and the first version of it is finished. The paper

of third chapter is submitted to a special issue of Networks in August 2022. The fourth

chapter has been presented at the NORS annual conference in Bergen, in November 2021,

at a CORAL seminar in May 2022, and at the VeRoLog conference in Hamburg, in June

2022. Because all papers are written for publication, they are self-contained, so they can

be read independently.

All four chapters 2-5 address and highlight the importance of integrating different

modes of transport. The three chapters 2-4 focus on school bus routing problems, and

the last one (Chapter 5) is related to the bicycle repositioning problem.

The three chapters related to school bus routing problems have some similarities and

common assumptions. For instance, the starting and ending stop of the school buses

are located at schools. In our network, streets have two directions, and the routes are

accessible for students to walk between their homes and stop points. The real-life data

gathered and generated for the models was obtained through a database of the region

in Norway with the addresses of all the students attending to the public educational

system. In the real-life data, the distance between any two points is the straight line

distance which is calculated based on the Haversine formula. The data instances related

to these three chapters are available at www.github.com/Far-naz/SchoolBusRouting.

1.4 Highlight of each chapter and main contributions

In this section, the most important highlights of each chapter are presented.

Chapter 2: Solving the service-oriented single-route school bus routing prob-

lem: Exact and heuristic solutions In this research, the model aims to reduce pas-

sengers’ inconvenience by minimising the distance that students walk to pickup points

from their homes. This is in contrast to the conventional school bus routing problem

which is primarily concerned with minimising operating costs.

The main problem in the proposed model is to determine pickup points and generate

a single route for a school bus. The potential pickup points are located within the allowed

walking distance of the students from their home addresses. Students’ home addresses as

well as bus stops can serve as pickup points. The school bus starts from a school, visits
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the pickup points, and brings all picked up students to the school. Generating a route

should be such that the total route distance does not exceed a given maximum.

As a result, if the allowed walking distance is zero, then all the students must be

picked up from their home addresses. However, choosing the stop points among both the

students’ home addresses and the bus stops is a new feature in the school bus routing

problem, i.e., based on our knowledge, no single article concerning the SBRP addresses

this possibility. In the literature, pickup points are typically selected just from bus stops

or the students’ home locations and not from both of them.

A Mixed Integer Linear Programming (MILP) model is provided for the proposed

problem. An exact algorithm is used to solve the problem, where the problem is first

solved without subtour elimination constraints, and then violated subtour elimination

constraints are added recursively to the model until the solution is a route without any

subtours.

Besides the exact algorithm, two heuristic algorithms are also implemented, which

are based on Lagrangian relaxation and dynamic programming, to solve the mid-sized

and large-sized data. The experiments are based on benchmark data sets and real-life

data from Norwegian schools. Based on the results, dynamic programming offers better

solutions than Lagrangian relaxations. According to the obtained experiments, increasing

the maximum route distance makes the service more efficient for students since they need

to walk shorter distances from their homes to pickup points.

Chapter 3: The service-oriented school bus routing problem: Route first—

cluster second This paper is an extension of the first paper by considering multiple

school buses with identical capacity. The objective of the model is to minimise the total

walking distances of the students such that for each school bus, the onboard number of

students and the travelled route distance for each vehicle do not exceed given maximum

values.

The main contribution of this paper is to provide a compact MILP model for the

serviced-oriented SBRP, and its focus is on the student convenience while there is a

limitation on the capacity and the total travelled distances by the school buses. Moreover,

because of the NP-hard nature of the problem, a metaheuristic algorithm is also proposed

to solve mid-sized and large-sized instances. Finally, in order to investigate the effect of

different objectives on both student convenience and the service provider’s expenses, the

objective of the proposed model in this project is compared with the objective of the

conventional SBRP.

In this study, a metaheuristic algorithm of multi-start iterated local search is proposed,

where the route first–cluster second heuristic algorithm is operated in each iteration. The
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route first–cluster second heuristic algorithm is famous for both node routing problems

and arc routing problems and consists of two phases. In the first phase, a single giant

route is generated that visits all students by relaxing both the capacity of the vehicles and

the limitation on route distance. The second phase consists of separating or clustering the

giant route into a number of routes such that the constraints on capacity and maximum

travelled route distance are satisfied for each vehicle.

Chapter 4: The cumulative school bus routing problem: Polynomial-size for-

mulations The main focus of this paper is on planning and scheduling school buses,

and the objective is to minimise the sum of arrival times for all students from a school

to their home addresses. This objective is different from the conventional SBRP, which

is minimising the total travelled distance by a fleet of vehicles and as such is focusing

on the service providers. In the cumulative school bus routing problem, however, the

emphasis is on providing a service for students by minimising the sum of arrival times

for the students. The arrival time for each student contains the time that the student

spends on a school bus from the school to a stop point and the walking time from the

stop point to the home. In this problem, the selection of stop points and the planning of

routes for the school buses are the main sub-problems. In this paper, as in the first two

papers, students’ potential pickup points are among the students’ home addresses and

bus stops that are located within the students’ allowed walking distance.

With the new objective introduced in this paper, we present a new model that ad-

dresses fairness and equity in student services. Besides, six different compact formula-

tions are proposed and compared. The formulations are different in graph definitions

and decision variables. Finally, a sensitivity analysis of the proposed model on different

parameters is reported.

Chapter 5: Bicycle repositioning problem with integration of private vehi-

cle and public transport This study addresses one of the operational decisions in a

bicycle-sharing system, specifically the static bicycle repositioning problem. In bicycle-

sharing systems, the availability of bicycles at stations is one of the important success

factors, and it is significant in improving the level of service. To address this issue, a

fleet of vehicles is allocated to reposition the bicycles throughout the stations. However,

repositioning by means of vehicles creates a burden on the environment due to vehicle

emissions. Thus, in this paper, we propose to use the spare capacity of public transport

for the relocation of sharing bicycles as an environmentally friendly solution.

The objective of the proposed model is to minimise the weighted sum of the operating

costs, which consist of the travel costs and the handling costs, and the deviations of the
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stations’ inventory levels from their target values, subject to an operational time horizon

and a limited capacity of a vehicle and public transport.

This is the first article in the bicycle repositioning problem that investigates a com-

bination of a private vehicle and public transport to reposition and rebalance bicycles in

a BSS.

In this paper, a time-based mathematical formulation is provided, which handles the

synchronisation between a private vehicle and public transport. To solve the problem, an

adaptive matheuristic algorithm is implemented, which consists of two phases, where the

first phase provides a route for the vehicle with a heuristic algorithm, and in the second

phase, by a mathematical formulation tries to minimise the deviations of the stations’

inventory levels from their target values.

In order to validate the algorithm, the model is tested on a set of real-life data from

the bicycle-sharing system of Bergen City Bike and a set of simulated data. The results

show that the integration of a private vehicle and public transport is beneficial.

In summary, the main contribution of this chapter is to provide a mathematical formu-

lation for joint scheduling and routing of a single vehicle and public transport in bicycle

repositioning problems.
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CHAPTER 2

Solving the Service-Oriented Single-Route School

Bus Routing Problem: Exact and Heuristic Solutions

History: This chapter is published in a special issue of the Euro Journal of Transporta-

tion and Logistics, 2021. It was also presented at a CORAL Ph.D. seminar in May

2020.
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Farnaz Farzadnia∗, Jens Lysgaard∗
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Aarhus University, Denmark

Abstract

This paper addresses a school bus routing problem, which is classified as a

location-allocation-routing problem. The problem consists of selecting pickup loca-

tions, allocating students to them, and generating a route that traverses between

them. The proposed model is for a single school and a single-route. The objective

is to find the subset of pickup stops aiming to minimise the total distance walked

by all students from their homes to the respective pickup stops, subject to an upper

bound on the route distance of connecting selected stops. We present exact and

heuristic algorithms which are developed based on a layered graph. Computational

results are conducted on a series of generated benchmark instances and test data

from Norway that demonstrate a good performance of the proposed approach.

Keywords: School bus routing, public transportation, location routing, gener-

alised travelling salesman problem, layered network.

2.1 Introduction

This paper considers the service-oriented single-route school bus routing problem (SO-

SR-SBRP). The school bus routing problem (SBRP) is a variant of the Vehicle Routing

Problem (VRP), where students must be picked up from the stop points by the school bus

to get to their school at the school ringing time. In this paper a single vehicle is considered,

starting and ending its route at the school and available for picking up all students from

stop points. The objective is to minimise the total walking distance of students from their

homes to their respective pickup locations, while a total driving distance for the school

bus does not exceed a given maximum. There is a limitation in walking distance for

each student, which defines the area where the student must be picked up. This area of

walking distance includes the student’s residential address, possibly some other students’

16



residential addresses, and some bus stops. Therefore, by decreasing the walking distance,

the possible pickup points will be reduced, and if the maximum walking distance is zero,

the students must be picked up from their homes. According to Park & Kim (2010), in

rural areas, students are usually picked up from their homes, while in densely populated

urban areas, it is more common that students walk a defined distance to catch the school

bus.

In the transportation of goods, objective functions like the number and type of ve-

hicles and routing costs are generally considered as performance measures. However,

transportation of people has some different characteristics compared with problems in-

volving pickup and delivery of goods. As SBRP is part of the public sector services,

its definition is more complicated than vehicle routing problems (see Bowerman et al.,

1995).

In SBRP, the choice of optimality criterion becomes controversial. On one hand, the

children’s convenience and safety are vital. One of the factors that can influence conve-

nience and safety is the distance that students should walk from their homes to the pickup

locations, and walking distance is generally considered as a quality service measure. As

such, high-quality solutions can be achieved if students are picked up from their home

addresses rather than from bus stops. Indeed, the quality service factor(s) should be

considered in terms of additional constraint(s) or objective(s) when formulating models

for passenger transport (see Toth & Vigo, 2014). On the other hand, the operational

costs of running a school bus are highly expensive for the government. Therefore, finding

a solution, which may handle both the service provider’s expenses and students’ con-

venience, makes a problem hard. In the proposed model, in order to consider student

convenience, the objective is to minimise the total walking distance of students, while

limiting the school bus travel distance to handle the expenses of the transit system. The

proposed model has more focus on providing the good quality service for students who are

the sensitive group of people and need more care and safety. This is also the background

for including the term ‘Service-Oriented ’ in the name of the introduced problem. On the

other hand, the reduced focus on the bus route length is reflected by the fact that in the

proposed SO-SR-SBRP, there is no distinction between a shorter and a longer bus route,

as long as its length does not exceed the given maximum.

The SO-SR-SBRP has three interrelated problems, first to determine the pickup

points, the second problem is to assign each student to a pickup point, and finally,

to determine the route which visits the pickup points while satisfying the constraint on

route distance, which is called a location-allocation-routing (LAR) approach. In general,

the combination of bus stop selection and bus route generation falls into the class of

location-routing problems (LRP), where it is an NP-hard problem, there are no known
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polynomial time algorithms that can find an optimal solution for every problem instance

(see e.g. Park & Kim, 2010).

Here, in the bus route generation, we assumed that there is a single vehicle with

unlimited capacity which is able to pick up all students of one school who are eligible

to ask for the school bus. In this case, the generating bus route is categorised as the

travelling salesman problem that starts and ends at the depot/school and visits several

stops to pick up one or several students.

This paper focuses on opportunities to make use of students’ residential addresses as

well as bus stops as potential stop points to solve the problem. However, the number of

potential stop points is dependent on the covering area of each student, which is given

by the maximum walking distance, as in the Covering Salesman Problem (CSP) and

introduced by Current & Schilling (1989). If the maximum walking distance is zero, the

problem turns into a routing problem picking up all students from their homes, such that

the total travel distance does not exceed the maximum route length. Alternatively, if the

covering area of a student contains at least one bus stop, the pickup point for the student

can be either the residential address or one of the bus stops. Moreover, if one of the stop

points (residential address or bus stop) covers more than one student, it is possible that

the students join in one single stop point where they all will be picked up.
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Legend:

Figure 2.1: Structure of a solution obtained by the proposed formulation

A schematic overview of the proposed SO-SR-SBRP is provided in Figure 2.1. In the

solution shown, students 1, 2 and 4 are picked up from their home addresses, students 7

and 8 walk to bus stop number 6 to be picked up there, and students 5, 9 and 10 walk
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to the home address of student 4 to be picked up there together with student 4.

The rest of this paper is organised as follows. The relevant literature is presented

in Section 2.2. The methodology including mathematical modelling and algorithms is

described in Section 2.3. The results obtained from the computational experiments are

reported in Section 2.4. Finally, the conclusions are given in Section 2.5.

2.2 Literature review

The general literature review about SBRP are studied in Park & Kim (2010) and Ellegood

et al. (2020), where the different sub-problems and criteria that are considered in the

school bus routing problem are explained in details.

In the research by Bowerman et al. (1995), they proposed multi-objective optimisation

based on different criteria to reduce the total bus route distance, the total walking distance

by students to bus stops, and load and length balancing between the routes. They used

the allocation-routing-location (ARL) approach, which is first introduced by Chapleau

et al. (1985), where they first group students into clusters by a set covering algorithm,

and then generate a school bus route by a travelling salesman problem algorithm. They

solved a problem with 138 students in Ontario. However, in their problem, they do not

consider the residential places as one of the potential stop points, so the students have

to get to one of the bus stops.

In Mart́ınez & Viegas (2011), the SBRP for students living in Lisbon is solved by

implementing a two-phase MILP solution method in a LAR approach. In the first phase,

to find the bus stops and to assign students to them, they solve a model based on

a capacitated p-median problem where the objective is to minimise the total walking

distance subject to the maximum walking distance for each student and a given maximum

number of students in each stop based on the bus capacity in a multi-vehicle model. In

the second phase, which aims to generate the routes, the objective of the model is to

minimise the total route costs including both fixed and variable costs of the vehicles.

In Riera-Ledesma & Salazar-González (2012), the multi-vehicle travelling purchaser

problem (MV-TPP) is proposed, which is the generalisation of an open VRP, to model

the SBRP with stop selection and route generation. In the model, there are number of

students who have the same destination, the fixed vehicle cost, and the model simulta-

neously consider the three interrelated sub-problems (LAR approach): selecting the bus

stops, allocating the students to the selected stops, and generating the routes by a fleet of

homogeneous vehicles starting from the depot and ending at the school, without return-

ing to the depot. The objective of the model is to minimise both the total route distance

and the total walking distance of students to the allocated bus stops. They add valid
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inequalities and implement a cutting plane algorithm in a branch-and-cut procedure for

solving the problem in acceptable computational time for instances with up to 125 bus

stops and 125 students. Moreover, Riera-Ledesma & Salazar-González (2013) worked on

the MV-TPP to minimise both the total routing distance and the total walking distance

by the students to the stop points. In their proposed model, they consider bounds on

the maximum ride time, the maximum number of visited bus stops, and the minimum

number of students. All these three constraints, that are related to each route, are con-

sidered as the quality of the service in the model. For solving the problem, they applied

branch-and-price to several versions of a set partitioning formulation.

In Schittekat et al. (2013), a model is proposed where the objective value is to minimise

the total route distance in the real-life problem of students in the region of Belgium, and

the maximum walking distance by students is 750 meters. They applied the location-

routing-allocation (LRA) approach, where they first select the stop points, then generate

the routes which visit the selected stop points, and finally assign students to the stop

points. They implement a hybrid GRASP and VND algorithm to select stop points and

minimise the route distance and then solve the student allocation sub-problem by an

exact algorithm. They test their model with 800 students and 80 stops.

The school bus routing problem discussed in Kinable et al. (2014) developed a branch-

and-price algorithm based on a set covering formulation, and their algorithm can im-

prove the results for the benchmark instances released in Schittekat et al. (2013). They

also stated that such formulations can perform better when the number of students is

larger than the number of bus stops (like the one proposed in Riera-Ledesma & Salazar-

González, 2013), and increasing the number of stops can be handled more efficiently by

adding valid inequalities to the set covering formulation (which is proposed in Kinable

et al., 2014).

In Ren et al. (2019), a two-stage algorithm is proposed for solving the SBRP with

mixed load, where the objective is to minimise the total commuting time, including total

walking distance by students from their homes to stop locations, the travel time, and the

service time at stops. The first step aims to find the stop locations and to minimise the

number of stops subject to different walking accessibilities, and in the second step, they

implement an ant colony optimisation algorithm to minimise the total travel time of the

bus route.

In Calvete et al. (2020), a model for SBRP is proposed for minimising the total

route distance by all the buses, while the distance that students can walk is constrained.

They introduced a matheuristic approach, called it PALS, and tested it on a set of 112

instances. In order to minimise the objective, they used the partial-allocation-routing

approach. They first create a feasible solution by MILP to select a subset of bus stops,

20



and partially allocate the students to the selected bus stops, then construct the initial

routes to pick up allocated students. They try to allocate the remaining students to the

current routes, or increase the number of students in the initial allocation solution. This

procedure runs repeatedly until all of the students are allocated to the routes.

The introduced SO-SR-SBRP is also close to the Ring Star Problem (RSP), which has

an application in a circular-shaped transportation and telecommunication infrastructure

(see Labbé et al., 2013), and to the problem proposed in Beasley & Nascimento (1996).

The route starts and ends at the depot and it visits some of the stops. These stops are

customers’ addresses or terminals. Each customer is part of the route or is assigned to

a stop that is part of the route. The aim of RSP is to locate a simple route through

the selected subset of stops in a network to minimise the cost of connecting stops in the

route and the allocated costs from the customers not in the route to the stops on the

route. However, in the SBRP, selecting potential stop points for each of the students

is part of the model, whereas in the RSP, the allocated costs show the distance from

students’ homes to the stop points on the route, and there are not any restrictions on

which students can be assigned to which stops (see Riera-Ledesma & Salazar-González,

2012; Schittekat et al., 2013).

Among different variations in the school routing problem, for simplicity in explaining

the proposed model, we consider the single school bus which picks up all of the students to

a single school with no time windows. The main contribution of this paper is to present

a new approach to pickup all students from stop points within their allowed walking

distance, and to apply valid inequalities to strengthen the linear programming relaxation.

Besides, we implemented two heuristic algorithms to solve the proposed problem. To our

knowledge, this is the first approach that minimises the total walking distance by students

to the stop points, while treating the maximum total routing distance as a constraint.

This problem arises from practical experience in school bus systems in the area called

Innlandet in Norway. There are a number of students in each school who request the

school bus to transport them to school.

2.3 Methodology

In this section, we describe the proposed algorithms, one exact and one heuristic, to

solve the presented model. Due to the NP-hardness of the problem, it must be expected

that exact methods cannot obtain optimal solutions for large-sized instances of the pro-

posed SO-SR-SBRP model in reasonable computational time. Therefore, the focus of

this research has been on obtaining a computationally feasible heuristic approach.

The required input data can be described in terms of an undirected graph G = (V,E)
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with vertex set V and edge set E. Vertex set V with |V | = n contains a depot node 0,

m student nodes, and b = n −m − 1 bus stop nodes. Each student node represents the

home address of a student, and each bus stop node represents the location of a bus stop.

For each edge in E, the travelling distance (walking or driving) along the edge is given.

In graph G, any node may serve as a pickup location for several passengers. However,

for modelling purposes as detailed in the following, we have found it convenient to dupli-

cate nodes in order to obtain a graph where any node (except for the depot node) can

serve as a pickup node for only one specific passenger. This results in the auxiliary graph

that we now introduce. All of the remaining modelling elements in the paper are based

on this auxiliary graph, in which several nodes will represent the same physical location

whenever a node in V has been duplicated.

Specifically, both the exact and the heuristic algorithm are based on an auxiliary

graph H = (NH , EH) with node set NH and edge set EH , which we construct as follows.

The node set NH is partitioned into m+1 clusters, where for j = 1, . . . ,m, the student

cluster Sj ⊂ NH contains the possible pick up nodes for student j. In addition, we have

the depot cluster S0 = {0} which just contains the depot node. Each student cluster Sj

consists of student j’s home address and all other nodes which are within the allowed

walking distance WMax from student j’s home address. As such, picking up student j at

any node in Sj implies that student j will walk a distance of at most WMax in order to be

picked up. Generally, a student cluster may contain other students’ homes as well as bus

stops, and also the school if it is within the allowed distance. For ease of presentation,

we will use the terminology that a student is picked up also in the case that the student

walks to school and therefore in reality is not transported by the bus.

The same physical location may be represented by nodes in different clusters, which

will be the case if two or more passengers can be picked up at the same physical location.

In any case, a distinct node in NH is used for each combination of passenger and pickup

location. For each student j and each node i ∈ Sj, we let wi denote the walking distance

from student j’s home address to node i. In addition, we define w0 = 0. As two nodes

i and k may represent the same physical location but for two different passengers, wi

and wk for such a pair of nodes may very well take different values, representing the two

passengers’ respective walking distance to the shared physical pickup location of nodes i

and k.

The edge set EH contains edges that connect nodes in different clusters. Since only

one node in each cluster should be visited, there are no edges which connect two nodes

in the same cluster. We let dij denote the travel distance along each edge {i, j} ∈ EH .

The advantage of constructing this auxiliary graph, where the same physical location

may be represented by several nodes, is that it enables us to use modelling and algorithmic
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elements for a related problem with a similar structure, namely the Equality Generalized

Travelling Salesman Problem (E-GTSP), which is considered in Fischetti et al. (1997).

In the E-GTSP, partitioning of a graph into clusters is given as input, and the problem is

to determine a minimum cost route which starts and ends at a depot and visits exactly

one node in each of the clusters.

0
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WMax

(a) Original graph
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43

S4
0
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(b) Auxiliary graph

Figure 2.2: Example of transformation of original graph to auxiliary graph. There are
four students represented by white circles and two bus stops represented by gray circles,
and the school is node 0. In Figure (a), the dashed circle around each student node
contains the possible pickup nodes for that student. In Figure (b), each student cluster
(S1, S2, S3, S4) contains copies of the original nodes where the student can be picked up.

Figure 2.2 shows an example of an original graph and the corresponding auxiliary

graph. There are four students (1,2,3,4), two bus stops (5,6) and the depot (0). In

Figure 2.2a, the allowed walking distance WMax by each student results in the dashed

circle around each student node, which may contain other possible pickup points than the

student’s home address. The school is in the allowed walking area of student 1. Student

2 can be pickup either from his/her home address or bus stop 5. The pickup locations for

student 3 and 4 are the same; they can be picked up from any of their two home addresses

or bus stop 6. Figure 2.2b, which is the auxiliary graph corresponding to Figure 2.2a,

contains four student clusters S1, S2, S3, S4 and S0 as the cluster of the depot/school.

The cycle in Figure 2.2a describes the actual route between physical locations, while the

cycle in Figure 2.2b connects the corresponding pickup locations in the auxiliary graph.

In this example, student 1 will get to school by foot, student 2 will be picked up from

bus stop 5, and both students 3 and 4 will be picked up from student 3’s home address.

In the auxiliary graph, the school bus visits a copy of node 3 in both clusters S3 and S4,

while physically it visits just one place to pick up two students.

In the auxiliary graph H, we must also determine a route that visits exactly one node

in each of the clusters, thereby picking up each student. Given that the depot cluster

is included, the route will also contain the depot node. We utilise these similarities in
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the proposed solution methods. In comparison to E-GTSP, the objective function of the

SO-SR-SBRP is to minimise the total walking distance for all students, whereas the route

distance is just limited by an upper bound.

In the remainder of this section, both exact and heuristic procedures will be discussed

in more detail.

2.3.1 Exact algorithm

Based on the auxiliary graph, we can now define a mathematical model of the SO-SR-

SBRP. We define these decision variables:

yi =

1 if node i ∈ NH is visited

0 otherwise

xij =

1 if edge {i, j} ∈ EH is traversed on the route

0 otherwise

Moreover, for any S ⊂ NH , we let δ(S) denote the set of edges with exactly one end

vertex in S, where for |S| = 1 we write δ(i) instead of δ({i}). Furthermore, for any

F ⊂ EH we let x(F ) denote
∑

{i,j}∈F xij.

Using these definitions, we can formulate the SO-SR-SBRP as follows.

min
∑
i∈NH

wiyi (2.1)

s.t.:
∑
i∈Sj

yi = 1 ∀j ∈ {0, . . . ,m}, (2.2)

x(δ(i)) = 2yi ∀i ∈ NH , (2.3)∑
{i,j}∈EH

dijxij ≤ DMax , (2.4)

x(δ(
⋃
i∈M

Si)) ≥ 2 ∀M ⊂ {1, . . . ,m}, (2.5)

xij ∈ {0, 1} ∀{i, j} ∈ EH , (2.6)

yi ∈ {0, 1} ∀i ∈ NH . (2.7)

The objective Eq. (2.1) minimises the total walking distance. Constraint Eq. (2.2)

ensures that exactly one node is visited in each cluster. In Eq. (2.3) it is ensured that the

degree equals two for a node if the node is visited, otherwise the degree is zero. Constraint
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Eq. (2.4) ensures that the bus route length does not exceed DMax . Constraints Eq. (2.5)

are generalised subtour elimination constraints (GSECs) which ensure, for each subset

of clusters excluding the depot cluster, that this subset of clusters is connected to its

complementary subset of clusters. This eliminates the possibility of a subtour being

formed by any subset of clusters. Finally, Eq. (2.6) and Eq. (2.7) ensure the integrality

of all decision variables.

For solving Eq. (2.1)–Eq. (2.7), we proceed as follows. First, we temporarily disregard

the GSECs Eq. (2.5) and solve the LP relaxation of the remaining problem. From here,

we repeatedly separate violated GSECs, add them to the LP, and reoptimise the LP. This

is done until the LP solution satisfies all GSECs. The separation of GSECs for a given

LP solution can be done efficiently by shrinking each cluster into a single node, on which

violated GSECs can be separated using max-flow computations. This process in itself is

closely related to a conventional approach to solving the LP relaxation of the Dantzig-

Fulkerson-Johnson (DFJ) formulation of the TSP (see e.g. Crowder & Padberg, 1980).

When the LP solution satisfies all GSECs, we impose integrality constraints and follow

the method proposed in Pferschy & Staněk (2017), where GSECs are now iteratively

identified (in the form of Eq. (2.5)) from the solution to the Integer Linear Program

(ILP), and added to the ILP which is then re-optimised, until the ILP solution satisfies

all GSECs. When this process terminates, the ILP solution is the optimal solution to

Eq. (2.1)–Eq. (2.7).

We would like to note that it would certainly be possible to implement a more ad-

vanced algorithm for this purpose. However, it is worth emphasising that the approach

by Pferschy & Staněk (2017) was found in their paper to be quite efficient despite its

convenient implementation. Moreover, we have strengthened their approach by also run-

ning the separation on fractional solutions at the root node, before imposing integrality.

This contributes to an improved performance of the overall algorithm. The resulting

exact algorithm is considered to be sufficient for this paper, as we do not expect that

improving the exact algorithm would result in different overall conclusions.

2.3.2 Heuristic algorithm

In this section, we will explain our heuristic for solving the SO-SR-SBRP based on the

auxiliary graph as described in the first part of the section 2.3. The heuristic involves two

phases, where the first is a construction phase and the second is an improvement phase.

Details of the two phases are given in the following.
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The construction phase

The construction phase consists of two steps. First, we heuristically determine the se-

quence in which the students are picked up. Secondly, for the given student sequence, we

determine the pickup location for each student.

In the first step, we heuristically determine the students’ pickup sequence. To do

so, suppose that each of the students can only be picked up from their home addresses.

Under this condition, we can determine the shortest route by solving a TSP given by

the depot and the m home addresses. We solve this TSP heuristically by the farthest

insertion heuristic followed by a 2-opt improvement heuristic (see e.g. Golden et al.,

1980). In this way, we obtain the initial sequence of the students. Indeed, other heuristic

TSP solution is also possible to be implemented to find the initial route, but here we

focus on describing the algorithm.

On this initial route, the total walking distance of students is zero, as they are all

picked up from their home addresses. Consequently, if the initial route is feasible, it is

also optimal. However, the route may be infeasible as its total driven distance may exceed

DMax . In this case, we move on to the next step to find a feasible solution.

In the second step, we create a layered network that consists of a sequence of clusters

and the depot at both ends. The obtained layered network is depicted in Figure 2.3 and

has the same structure as the network in Figure 5 in Fischetti et al. (1997).

S0 S1 S2 · · · Sm S ′
0

Figure 2.3: The layered network. Cluster Sj contains the potential pickup locations for
student j = 1, . . . ,m. The first and the last cluster represent the depot.

For the m students, we have the student clusters S1, . . . , Sm, and the route starts at

the depot in cluster S0, visits one node in each student cluster and then ends at the depot

in cluster S ′
0 (which is a copy of S0) in Figure 2.3. The order of the clusters is given by

the student sequence from the first step. As such, any path from S0 to S ′
0 in Figure 2.3

represents a route where the pickup location for each student j is given by the node which

is visited in Sj on the path.
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For the given student sequence, we are interested in determining the optimal com-

bination of pickup locations. This can be described as the problem of determining the

shortest path from S0 to S ′
0 in the layered network, where, for j = 1, . . . ,m, the cost of

visiting a node in Sj is given by student j’s walking distance to that node. The path

must be determined subject to the total travel distance constraint, i.e., the total travel

distance along the edges of the path cannot exceed DMax .

This problem can be formulated as a restricted version of Eq. (2.1)–Eq. (2.7), where

only a subset of the edges in EH are permitted to be traversed. Indeed, the sequence of

student clusters in the layered network implies that only edges connecting adjacent layers

can be used. This simplifies the problem to determine the shortest path from S0 to S ′
0 in

the layered network, subject to a single total travel distance constraint.

For such a weight constrained shortest path problem, several approaches are possi-

ble as described in e.g. the overview and review by Dumitrescu & Boland (2001). We

have implemented two algorithms as described in the following, where the Lagrangian

relaxation method is heuristic, and the dynamic programming method is exact.

Lagrangian relaxation Given the special structure of this restricted problem, we use

the Lagrangian relaxation method in Handler & Zang (1980) for the purpose of finding a

feasible heuristic solution. More formally, we let X = (xij) denote the vector of decision

variables xij in Eq. (2.1)–Eq. (2.7) and define the following:

f(X) =
∑

{i,j}∈EH

wi + wj

2
xij (2.8)

g(X) =
∑

{i,j}∈EH

dijxij −DMax (2.9)

L(λ,X) = f(X) + λg(X) (2.10)

For any X representing a path from S0 to S ′
0 in the layered network, f(X) takes

the value of the objective function Eq. (2.1), and g(X) is the violation of Eq. (2.4).

In accordance with the algorithm in Handler & Zang (1980), we solve a sequence of

shortest path problems in the layered graph for varying values of λ with the objective of

minimising L(λ,X). On termination, among the obtained solutions with g(X) ≤ 0, we

use the solution with the smallest value of f(X) as the resulting heuristic solution.

Dynamic programming For the given student sequence, we can determine the op-

timal path from S0 to S ′
0 in the layered network by the use of dynamic programming.

The implementation in this paper combines elements of the general description of a label
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setting algorithm in Dumitrescu & Boland (2001) and the pulling algorithm in Desrochers

et al. (1992). The preference for a pulling algorithm is due to the fact that we find it

computationally convenient to generate all labels at a single node before generating labels

at other nodes. Stated in relatively general terms, the algorithm proceeds as follows.

For any student j = 1, . . . ,m and any node i ∈ Sj, we create labels representing

different paths from the depot in S0 to node i. Each label is of the form (W p
i , D

p
i ), where

p is the label index, W p
i is the total walking distance of students implied by the pickup

points on the pth path, and Dp
i is the total travel distance along the pth path.

Any path ending at node i contains an arc (k, i), where k ∈ Sj−1, as its last arc.

Hence, we can build labels at node i by extending all labels at nodes in Sj−1 towards

node i. Specifically, the qth label (W q
k , D

q
k) at node k ∈ Sj−1 can be extended to a label

for node i with W q
k + wi and Dq

k + dki as the total walking distance and travel distance,

respectively, for the path to node i. In the pulling algorithm, we generate all possible

extensions into node i before generating extensions into other nodes.

Only non-dominated labels are kept at the individual node. If two labels (W p
i , D

p
i )

and (W q
i , D

q
i ) are identical (W

p
i = W q

i and Dp
i = Dq

i ), we keep only one of them. Among

different labels, (W p
i , D

p
i ) is kept only if there does not exist another label (W q

i , D
q
i )

satisfying W q
i ≤ W p

i and Dq
i ≤ dpi .

The pulling algorithm is initialised by the label (0, 0) at the depot node in S0, and

it ends by generating the single label (W0, T0) at the depot node in S ′
0 representing the

optimal path, obtained by extending from all labels at nodes in Sm and choosing the

one with the minimum total walking distance among those satisfying the travel distance

limit.

It is important to note that the algorithm is not guaranteed to find a feasible solution,

i.e., a route that satisfies the DMax constraint, even if there exists such a solution. When

there is a tight upper bound on the total route distance, the sequence of the students

must be optimal or near optimal such that the algorithm can provide a feasible solution

for that sequence of students. As such, depending on the heuristic sequence of students

obtained in the construction phase, the algorithm may or may not provide a feasible

solution even if one exists.

The improvement phase

We have implemented two procedures for improving a solution, as described in more

detail in the following.

Pickup locations For a given student sequence, we consider one student at a time and

determines the best pickup location for this student. For any student j, the best pickup
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location in cluster Sj can be determined by choosing the one that minimises the walking

distance for student j, subject to the restriction that the total travel distance does not

exceed DMax . The procedure iterates through all students and terminates when it is not

possible to improve the solution by changing a single pickup location.

We note that this procedure is applied only after the Lagrangian relaxation method

for constructing a solution, as the dynamic programming construction method in itself

optimises the choice of pickup locations.

Student sequence For a given student sequence and associated pickup locations, we

attempt to determine a shorter route that visits the same pickup locations. This problem

in itself is a TSP, for which several improvement methods are possible. We use a classical

2-opt improvement heuristic for attempting to improve the route through the given pickup

locations.

This procedure is applied after the Lagrangian relaxation method as well as after the

dynamic programming method.

The steps of the heuristic

We can now summarise the steps in the proposed heuristic as shown in the pseudo-code

in Algorithm 2.1. Initially (line 1), we determine a route through the depot and all home

addresses, and this is concluded to be optimal (line 3) if its length does not exceed DMax .

Otherwise, we repeatedly go through two stages as follows. The first stage is concerned

with determining pickup locations for the current student sequence, this is done either by

the Lagrangian heuristic followed by an improvement step (lines 7–8), or by the dynamic

programming algorithm (line 10). In the second stage, we attempt to shorten the route

through the current pickup locations (line 12). This is repeated as long as the second

stage shortens the route.

2.4 Computational experiments

In this section, we are going to further describe the data and the computational results

which are provided by the proposed models.

2.4.1 Data preparation

We tested the proposed problem on series of both real and randomly generated sample

data. To our knowledge, there are no other benchmark instances that represent this

problem in the literature, so we have generated a number of test instances for this purpose.
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Algorithm 2.1 The steps of the heuristic

1: Determine a route through the depot and the home addresses of all students using
farthest insertion and 2-opt

2: if initial route is feasible then
3: Stop. The initial route is optimal
4: else
5: while No improvement do
6: if use Lagrangian then
7: For the given student sequence, use the Lagrangian relaxation heuristic for

determining the pickup locations
8: Attempt to improve the choice of pickup locations by the Pickup locations

method
9: else
10: For the given student sequence, use the dynamic programming algorithm for

determining the optimal pickup locations
11: end if
12: Attempt to improve the sequence of the current pickup locations by the 2-opt

method. Any improvement defines a new student sequence
13: end while
14: end if

A case study is conducted based on a number of schools in Norway. The schools

are located in both urban and rural areas. Those students who are entitled to require

transportation by school bus were registered in a system. The summarised results are

provided in Tables 2.1–2.3.

For the generation of sample data, we followed the general ideas in Solomon (1987)

and Fadda et al. (2021) with respect to the use of different geographical distributions of

locations. Three sets of instances with uniformly distributed locations, clustered loca-

tions, and a mix of uniformly distributed and clustered locations, respectively are defined

by Solomon (1987). Moreover, from the topological characteristics considered in Fadda

et al. (2021), a set of mono-polar instances is defined where there is a single main cluster

of locations and a few sparse locations around it.

For the randomly geographical locations, we consider a square region with a 50 kilo-

metre side length in Euclidean space. In this region, 100 and 200 points are generated

randomly, and one of the points is selected randomly as the depot. We generate one depot

node, ⌊α(n− 1)⌋ nodes as students’ home addresses, and the rest as bus stop locations,

where n is the total number of nodes, and α ∈ {0.15, 0.25, 0.50, 1.00}. For example, if

α = 0.15 and n = 101, it means that one point is a depot, 15 nodes are students’ home

addresses, and the rest are bus stops. If we let α = 1.00, all of the nodes except the depot

are considered as students’ home addresses. Tables 2.4 and 2.5 summarise the results for

instances with 100 and 200 points, respectively. It is important to note that the purpose
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of experimenting with a large number of nodes is to test the robustness of the algorithm

to solve the problem. However, it does not mean that students should be allowed a large

walking distance or that all of them should take a school bus with a large capacity to get

to school.

For clustered (C) and mixed (RC) distributions of locations, we generated test in-

stances by choosing specific locations from Solomon’s benchmark data. In these two sets

of instances, we have n = 101 with the first node as a depot, and ⌊α(n − 1)⌋ students’
addresses were chosen randomly among the remaining 100 locations. The results of these

sets of data are summarised in Tables 2.6 and 2.7.

For mono-polar (MP) distribution of locations, we consider a square region with 10

kilometre side length. In this set of data, we have n = 101 with the first node as a

depot, and ⌊α(n−1)⌋ students’ addresses were chosen randomly and the rest as bus stop

locations. As in Fadda et al. (2021), for the single main cluster with 80% of the locations,

we generate the coordinates by a Student’s t distribution with 3 degrees of freedom, and

the remaining 20% of the locations are generated from a Uniform distribution.

2.4.2 Numerical results

This subsection summarises the results obtained by our computational experiments on

the sets of data described in Subsection 2.4.1. All of the computational results were

performed on a Windows platform running an Intel(R) Core(TM) i5-8250U CPU @ 1.60

GHz laptop PC with 8 GB RAM. The algorithms were implemented in C, C++, and

C#.Net, and we used CPLEX (version 12.9) in the exact algorithm for solving LP and

ILP problems.

Tables 2.1–2.8 present the results, where each line shows information for experiments

with a single instance. The information is an instance identification (ID), number of bus

stops (b), the maximum walking distance for each student (WMax ), the maximum route

distance for the bus (DMax ), followed by three columns for each solution method: z∗ is

the total walking distance of students from their home addresses to pickup points in km,

z∗% is the gap in percent between the identified solution and the optimal solution (for

the instances where the exact solutions are zero but the heuristic results are greater than

zero, we use a ‘—’, and for the instances where both the exact and heuristic solutions

are zero, we use 0.0%), and CPU is the overall running time in seconds. In the exact

solver, we also set an upper bound cut off to disregard solutions that are greater than

the specific value. To that end, the obtained solution by dynamic programming is given

as an upper bound to the exact algorithm, and the resulting computational time for the

exact algorithm is provided in the CPU2 column.

The ID in Tables 2.1–2.3 shows the index of the row, whereas in Tables 2.4–2.8, the
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ID is given in the format of G α i, where G is the distribution type of geographical

locations, α is the fraction of students in percentage, and i is the index of the instance

within that combination of G and α. For Tables 2.1–2.3, the number of students is fixed

for all instances in the individual table and just specified in the caption. The number of

bus stops (b) is changing by different value of WMax , in this case, when WMax = 0, the

number of potential bus stops is zero, because students should be picked up from their

homes. Therefore, by increasing the value of WMax the number of potential bus stops will

increase.

Empty entries in the last three columns indicate that the exact method was not able

to obtain the optimal solution within a computing time of thirty minutes.

A special situation occurs whenWMax = 0. In these cases, each student must be picked

up at the home address, so any feasible solution will have z∗ = 0. For presentational

convenience, we let HomeTSP denote the TSP defined by all students’ home addresses

and the depot, where the objective is the minimisation of the bus route length. The

HomeTSP is the problem solved in the first step of the heuristic. Similarly, when running

the exact method for WMax = 0, we use the HomeTSP objective. In the corresponding

rows, we use a ‘—’ for DMax to indicate that this constraint is inactive.

Tables 2.1–2.3 represent case studies at three schools where 10, 17 and 25 students

requested the school bus, respectively. We used the Haversine formula for determining

the distance between any two nodes in these data.

As shown in the tables, for a fixed WMax and decreasing values of DMax , the total

walking distance increases correspondingly, as expected. Generally, the different pairs of

z∗ and DMax show how the overall transportation effort can be shared between students’

walking to pickup locations and bus driving. The HomeTSP, which is shown in the first

line of each of Tables 2.1–2.3, is solved to optimality by all three methods.

The results also show that the dynamic programming algorithm tends to perform bet-

ter than Lagrangian relaxation with respect to solution quality but also requires slightly

longer computational times. Indeed, dynamic programming produced optimal solutions

to all those instances in Tables 2.1–2.3 where the exact method provided solutions. In-

stances with relatively smallDMax values were not all solved by the exact method, whereas

the other two methods solved all instances relatively quickly.

Tables 2.4–2.5 show the results for the instances with random locations. Here, the

largest HomeTSP instances are not solved to optimality by the heuristic. For a few

instances, the deviation from optimality of the HomeTSP solution itself makes it necessary

for the heuristic to use a certain amount of student walk to obtain a feasible solution.

For example, for the instance R200 100 1 in Table 2.5, the optimal HomeTSP solution

has a route length of 534.85, so when we consider the next instances R200 100 2 with
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DMax = 550 and R200 100 3 with DMax = 545, the optimal HomeTSP solution for

R200 100 1 could still be used as a feasible solution, hence this would also be available

for the heuristic if only the HomeTSP could be solved to optimality, or close to that, at

the beginning of the heuristic. However, when DMax is smaller then the optimal total

route value for the HomeTSP, it is necessary to introduce a certain amount of student

walk just to obtain a feasible solution.

Moreover, for relatively small values of DMax we notice that the exact method did

not provide a solution within the given time limit. In Table 2.4, when the number of

students is less than 50, the dynamic programming algorithm performs in many cases as

well as the exact method with respect to the objective value, and when the number of the

students increased, it produced solutions which were fairly close to the optimal solution.

Similarly, Table 2.5 also depicts that when the number of students is less than 50, the

dynamic programming algorithm provided optimal or near-optimal solutions, but when

all of the 200 points represent students, both the Lagrangian relaxation and the dynamic

programming version of the heuristic did not perform well.

Tables 2.6–2.7 show the results for category C and RC. As for the random data,

computational results for category C show that the heuristic methods perform fairly well

with less than 50 students, but when the number of students increases and becomes more

than the number of bus stops, the heuristic methods do not provide results which are

close to the exact solutions.

Finally, the results of MP are considered in Table 2.8. Overall, the general tendency

for the exact method is that it performs better on instances with smaller values of WMax

and larger values of DMax . Moreover, for those instances which are solved by the exact

method, the heuristics tend to provide smaller percentage gaps for smaller number of

students, and the Dynamic programming heuristic generally provides smaller percentage

gaps than the Lagrangian relaxation heuristic.

By comparing the CPU2 and the CPU values for the exact method across all tables,

we conclude that it can be a significant advantage to input a heuristic solution to the

exact method, although there are some instances where this is not the case.

As a closing comment, we note that in addition to the special case represented by the

HomeTSP, we have another special case where α = 1, representing that all nodes, except

for the depot, are students’ home addresses. In particular, on the instances in Table 2.7

with α = 1, the heuristics did not achieve good objective values. In these cases, the order

of students that is obtained by the optimal solution is not the order of students provided

by the heuristic solution to the HomeTSP. This deficiency can be investigated more in

further research.
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Table 2.1: Computational Results of School with m = 10

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

1 0 0 — 195.13 0.0 0.01 195.13 0.0 0.00 195.13 0.02 0.02

2 126 1 193 1.19 0.0 0.03 1.19 0.0 0.04 1.19 0.83 0.31

3 126 1 192 1.77 6.6 0.02 1.66 0.0 0.03 1.66 0.84 0.53

4 126 1 191 2.94 10.1 0.02 2.67 0.0 0.03 2.67 9.63 4.88

5 126 1 190 5.35 5.9 0.02 5.05 0.0 0.03 5.05 175.17 80.52

6 240 1.6 193 1.19 0.0 0.13 1.19 0.0 0.28 1.19 2.96 0.23

7 240 1.6 192 1.77 6.6 0.08 1.66 0.0 0.19 1.66 5.74 0.84

8 240 1.6 191 2.74 4.6 0.07 2.62 0.0 0.20 2.62 6.76 6.23

9 240 1.6 190 3.97 0.0 0.06 3.97 0.0 0.18 3.97 198.48 154.77

10 240 1.6 189 7.85 0.10 7.15 0.25

11 385 2.5 193 1.19 0.0 0.42 1.19 0.0 0.95 1.19 23.67 0.23

12 385 2.5 192 2.17 30.7 0.34 1.66 0.0 1.02 1.66 18.65 1.00

13 385 2.5 191 2.17 0.0 0.33 2.17 0.0 0.94 2.17 37.73 1.58

14 385 2.5 190 2.82 2.9 0.29 2.74 0.0 0.96 2.74 20.97 3.49

15 385 2.5 189 3.86 18.8 0.32 3.25 0.0 0.99 3.25 53.99 10.92

16 385 2.5 188 3.86 0.0 0.33 3.86 0.0 0.93 3.86 63.24 7.27

17 385 2.5 187 4.44 0.7 0.35 4.41 0.0 0.93 4.41 82.89 14.93

18 385 2.5 186 5.03 0.0 0.40 5.03 0.0 0.96 5.03 67.47 12.04

19 385 2.5 185 6.28 2.6 0.33 6.12 0.0 0.94 6.12 285.34 104.67

20 385 2.5 184 7.83 0.35 7.82 1.67

21 385 2.5 183 12.39 0.63 11.58 0.91

22 385 2.5 182 18.44 0.52 18.44 1.48
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Table 2.2: Computational Results of School with m = 17

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

1 0 0 — 117.35 0.0 0.00 117.35 0.0 0.00 117.35 0.03 0.02

2 168 1 117 0.30 15.4 0.09 0.26 0.0 0.35 0.26 5.42 0.18

3 168 1 115 1.67 16.0 0.07 1.44 0.0 0.32 1.44 22.11 4.77

4 168 1 114 2.02 7.4 0.07 1.88 0.0 0.81 1.88 18.87 7.44

5 168 1 112 4.16 8.1 0.08 3.85 0.0 0.77 3.85 265.28 253.83

6 168 1 111 5.51 0.10 5.51 0.90

7 328 1.6 117 0.30 15.4 0.79 0.26 0.0 1.80 0.26 11.99 0.16

8 328 1.6 116 0.88 0.0 0.56 0.88 0.0 7.75 0.88 16.44 2.65

9 328 1.6 115 1.34 5.5 0.57 1.27 0.0 1.81 1.27 25.17 2.26

10 328 1.6 113 2.46 0.0 0.60 2.46 0.0 1.65 2.46 102.55 42.81

11 328 1.6 111 4.02 0.5 0.76 4.00 0.0 1.62 4.00 1578.71 787.55

12 328 1.6 110 5.15 0.78 5.11 1.62

13 328 1.6 109 6.46 0.65 6.05 1.85

14 328 1.6 108 7.63 0.58 7.63 6.61

15 328 1.6 107 10.14 0.97 10.14 6.16

16 548 2.5 117 0.30 15.4 4.08 0.26 0.0 12.58 0.26 186.82 0.50

17 548 2.5 115 1.34 5.5 4.29 1.27 0.0 11.15 1.27 415.41 13.28

18 548 2.5 113 2.46 0.8 4.26 2.44 0.0 11.90 2.44 816.34 92.62

19 548 2.5 111 3.81 1.3 4.73 3.76 0.0 65.65 3.76 760.96

20 548 2.5 109 5.81 9.27 5.67 17.86

21 548 2.5 107 8.10 5.85 7.80 10.10

22 548 2.5 105 10.78 7.22 10.59 16.04

23 548 2.5 103 21.55 4.61 20.99 8.39
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Table 2.3: Computational Results of School with m = 25

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

1 0 0 — 30.40 0.0 0.00 30.40 0.0 0.00 30.40 0.10 0.07

2 67 1 30 0.30 36.4 0.11 0.22 0.0 1.07 0.22 18.30 1.29

3 67 1 29 0.99 6.5 0.11 0.93 0.0 0.89 0.93 33.79 8.67

4 67 1 28 3.38 0.12 2.43 0.67

5 67 1 27 3.81 0.09 3.45 0.68

6 125 1.6 30 0.30 36.4 0.57 0.22 0.0 8.89 0.22 10.37 1.20

7 125 1.6 29 1.37 47.3 0.59 0.93 0.0 6.54 0.93 68.01 8.77

8 125 1.6 28 2.12 26.2 0.57 1.68 0.0 5.45 1.68 802.84

9 125 1.6 27 5.22 0.60 2.76 7.52

10 125 1.6 25 5.22 0.65 4.77 5.79

11 125 1.6 23 9.02 0.73 8.95 2.65

12 125 1.6 22 15.92 0.45 13.87 1.98

13 276 2.5 30 0.30 36.4 4.90 0.22 0.0 62.35 0.22 81.83 1.47

14 276 2.5 29 1.37 47.3 3.87 0.93 0.0 36.61 0.93 378.81 8.30

15 276 2.5 28 2.12 26.2 3.85 1.68 0.0 35.14 1.68 316.13

16 276 2.5 27 5.22 3.94 2.76 53.32

17 276 2.5 25 5.22 2.86 4.77 25.96

18 276 2.5 23 7.01 2.28 6.87 9.42

19 276 2.5 22 9.48 2.08 8.86 3.42

20 276 2.5 21 12.52 1.79 11.91 2.33

21 276 2.5 20 18.14 2.12 17.67 8.38

22 276 2.5 19 26.16 2.06 23.19 7.31

23 276 2.5 18 33.71 1.97 31.32 0.56
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Table 2.4: Computational Results on Category Random 100

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

R100 15 1 0 0 — 188.44 0.0 0.04 188.43 0.0 0.04 188.43 0.04 0.03

R100 15 2 3 2.5 187 2.40 0.0 0.00 2.40 0.0 0.00 2.40 0.28 0.09

R100 15 3 6 3 185 4.83 18.7 0.00 4.07 0.0 0.00 4.07 0.17 0.10

R100 15 4 6 3 182 9.48 0.0 0.00 9.48 0.0 0.00 9.48 0.28 0.07

R100 15 5 9 4 180 9.03 0.0 0.00 9.03 0.0 0.00 9.03 0.55 0.11

R100 15 6 15 5 175 12.05 6.6 0.01 11.30 0.0 0.00 11.30 1.65 0.25

R100 15 7 15 5 170 20.40 18.7 0.09 17.18 0.0 0.03 17.18 1.22 0.39

R100 25 1 0 0 — 215.21 0.0 0.09 215.21 0.0 0.02 215.21 0.03 0.01

R100 25 2 0 1.5 212 4.43 3.5 0.05 4.28 0.0 0.02 4.28 0.34 0.11

R100 25 3 7 2.5 210 6.15 9.8 0.02 5.60 0.0 0.02 5.60 0.35 0.19

R100 25 4 18 3 205 14.18 2.4 0.03 13.85 0.0 0.02 13.85 1.30 0.54

R100 25 5 23 3.5 200 22.29 0.0 0.02 22.29 0.0 0.02 22.29 1.54 0.67

R100 25 6 27 5 195 29.65 0.0 0.02 29.65 0.0 0.02 29.65 17.87 10.59

R100 25 7 40 5.5 192 33.58 10.1 0.02 33.58 10.1 0.05 30.51 186.76 180.44

R100 50 1 0 0 — 291.75 0.1 0.18 291.75 0.1 0.18 291.55 1.14 0.68

R100 50 2 0 2 290 1.61 0.0 0.17 1.61 0.0 0.15 1.61 3.22 1.49

R100 50 3 13 3 285 6.22 30.4 0.17 5.72 19.9 0.16 4.77 7.21 6.09

R100 50 4 20 4 280 10.15 16.7 0.19 8.87 2.0 0.20 8.70 70.66 56.91

R100 50 5 28 5 275 12.23 1.9 0.22 12.11 0.9 0.22 12.00 466.39 384.02

R100 50 6 34 5 270 16.16 5.8 0.20 16.16 5.8 0.22 15.28 213.65 72.35

R100 100 1 0 0 — 398.73 3.5 2.23 398.73 3.5 2.23 385.32 0.45 0.25

R100 100 2 0 3 385 9.17 2251.3 2.52 9.17 2251.3 2.52 0.39 21.68 9.41

R100 100 3 0 3 380 13.96 348.9 4.42 13.39 330.5 3.49 3.11 17.35 4.95
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Table 2.5: Computational Results on Category Random 200

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

R200 15 1 0 0 — 249.30 0.0 0.10 249.30 0.0 0.04 249.30 0.01 0.01

R200 15 2 9 1 248 2.21 0.0 0.06 2.21 0.0 0.06 2.21 0.07 0.05

R200 15 3 9 2 245 3.70 0.0 0.05 3.70 0.0 0.05 3.70 0.29 0.16

R200 15 4 24 3 242 5.67 9.2 0.05 5.20 0.0 0.12 5.20 0.16 0.39

R200 15 5 48 3 240 7.16 26.3 0.07 5.67 0.0 0.12 5.67 1.03 0.21

R200 15 6 81 4 235 11.92 15.3 0.07 10.34 0.0 0.17 10.34 7.18 6.36

R200 25 1 91 0 — 295.93 0.4 0.29 295.93 0.4 0.27 294.81 1.08 0.87

R200 25 2 10 1 295 1.42 — 0.30 1.42 — 0.29 0.00 1.28 1.05

R200 25 3 10 2 290 6.94 61.0 0.26 5.69 32.1 0.30 4.31 16.90 17.76

R200 25 4 38 3 288 7.63 60.6 0.30 6.18 30.2 0.36 4.75 33.54 32.12

R200 25 5 72 3 285 8.36 18.1 0.36 8.36 18.1 0.46 7.08 89.28 72.32

R200 25 6 0 4 280 12.43 25.5 0.51 10.98 10.9 0.65 9.90 201.15 220.15

R200 50 1 0 0 — 420.25 4.1 4.54 420.25 4.1 4.38 403.55 0.45 0.40

R200 50 2 0 1 418 2.37 — 4.43 2.07 — 4.61 0.00 2.29 3.00

R200 50 3 24 2 412 6.63 — 4.60 6.41 — 4.84 0.00 29.69 29.49

R200 50 4 38 2 410 8.65 — 4.28 8.41 — 4.47 0.00 7.82 7.82

R200 50 5 38 3 405 11.37 — 4.60 10.31 — 4.35 0.00 8.09 8.33

R200 50 6 68 4 400 13.21 430.8 4.30 13.21 430.8 6.46 2.49 78.84 49.30

R200 100 1 0 0 — 556.21 37.8 28.20 556.21 37.8 27.04 534.85 57.85 44.07

R200 100 2 0 2 550 4.67 — 26.84 4.26 — 27.00 0.00 16.15 7.74

R200 100 3 0 3 545 8.16 — 26.84 7.13 — 30.73 0.00 4.15 3.99
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Table 2.6: Computational Results on Category C

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

C 15 1 0 0 — 266.40 0.0 0.00 266.40 0.0 0.00 266.40 0.02 0.13

C 15 2 17 3 266 2.00 100.0 0.03 1.00 0.0 0.02 1.00 0.10 0.04

C 15 3 17 3 255 9.83 0.0 0.01 9.83 0.0 0.00 9.83 0.16 0.13

C 15 4 21 4 263 2.00 0.0 0.00 2.00 0.0 0.00 2.00 0.07 0.04

C 15 5 21 4 258 6.00 0.0 0.02 6.00 0.0 0.00 6.00 0.10 0.10

C 15 6 21 4 252 14.43 4.3 0.01 13.83 0.0 0.00 13.83 0.25 0.24

C 15 7 21 4 250 17.43 0.0 0.01 17.43 0.0 0.01 17.43 0.30 0.25

C 15 8 21 4 248 21.43 0.0 0.01 21.43 0.0 0.00 21.43 0.40 0.21

C 25 1 0 0 — 265.83 0.0 0.00 265.83 0.0 0.00 265.83 0.06 0.05

C 25 2 22 3 265 3.00 50.0 0.02 2.00 0.0 0.01 2.00 0.17 0.23

C 25 3 22 3 259 8.00 33.3 0.01 6.00 0.0 0.01 6.00 0.64 0.34

C 25 4 22 3 249 18.00 0.0 0.03 18.00 0.0 0.01 18.00 5.64 4.95

C 25 5 22 3 247 22.00 10.0 0.02 22.00 10.0 0.01 20.00 4.62 3.32

C 25 6 25 4 261 5.00 25.0 0.02 4.00 0.0 0.01 4.00 0.67 0.19

C 25 7 25 4 246 24.00 9.1 0.02 23.61 7.3 0.01 22.00 29.68 23.33

C 25 8 25 4 243 30.61 0.0 0.02 30.61 0.0 0.01 30.61 76.73 63.80

C 50 1 0 0 — 422.05 0.0 0.02 422.05 0.0 0.02 422.05 0.19 0.19

C 50 2 29 3 400 17.00 41.7 0.05 15.00 25.0 0.04 12.00 36.56 28.96

C 50 3 29 3 390 27.00 22.7 0.06 26.00 18.2 0.04 22.00 104.22 90.60

C 50 4 29 3 383 37.00 16.2 0.06 36.00 13.1 0.04 31.83 360.64 361.71

C 50 5 37 4 375 42.21 13.4 0.07 42.04 13.0 0.07 37.21 1318.19 1537.11

C 50 6 37 4 370 50.21 0.07 50.04 0.05

C 50 7 45 5 360 57.85 0.11 53.61 0.14

C 100 1 0 0 — 505.62 0.6 0.22 505.62 0.6 0.21 502.67 4.76 3.85

C 100 2 0 3 503 4.00 — 0.38 2.00 — 0.26 0.00 82.20 37.73

C 100 3 0 3 495 10.00 0.37 8.00 0.29

C 100 4 0 3 485 17.00 0.50 16.00 0.29

C 100 5 0 4 470 30.24 0.39 30.00 0.32

C 100 6 0 4 460 47.24 0.46 40.24 0.33
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Table 2.7: Computational Results on Category RC

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

RC 15 1 0 0 — 304.31 0.0 0.00 304.31 0.0 0.00 304.31 0.02 0.02

RC 15 2 9 3 304 2.00 0.0 0.01 2.00 0.0 0.00 2.00 0.09 0.06

RC 15 3 9 3 295 12.00 0.0 0.00 12.00 0.0 0.00 12.00 0.12 0.11

RC 15 4 13 4 304 2.00 0.0 0.00 2.00 0.0 0.00 2.00 0.16 0.05

RC 15 5 13 4 290 14.00 0.0 0.00 14.00 0.0 0.00 14.00 0.20 0.06

RC 15 6 21 5 301 6.00 5.0 0.00 4.00 0.0 0.00 4.00 0.22 0.10

RC 15 7 21 5 285 19.00 0.0 0.00 19.00 0.0 0.00 19.00 0.36 0.16

RC 25 1 0 0 — 400.32 0.0 0.00 400.32 0.0 0.00 400.23 60.07 0.07

RC 25 2 10 3 400 2.00 0.0 0.01 2.00 0.0 0.00 2.00 0.63 0.16

RC 25 3 10 3 397 4.00 10.0 0.01 3.00 5.0 0.01 2.00 0.28 0.14

RC 25 4 10 3 387 11.00 0.0 0.01 11.00 0.0 0.01 11.00 0.55 0.32

RC 25 5 13 4 389 9.00 4.5 0.01 8.61 0.0 0.00 8.61 0.61 0.26

RC 25 6 13 4 386 11.00 0.0 0.02 11.00 0.0 0.01 11.00 0.68 0.35

RC 25 7 13 4 382 16.61 0.0 0.01 16.61 0.0 0.01 16.61 0.66 0.34

RC 50 1 0 0 — 451.43 1.4 0.03 451.43 1.4 0.02 445.18 0.17 0.09

RC 50 2 11 3 448 5.00 — 0.03 3.00 — 0.03 0.00 0.57 0.55

RC 50 3 11 3 430 24.00 41.2 0.04 24.00 41.2 0.03 17.00 7.64 7.23

RC 50 4 11 3 428 30.00 57.9 0.04 30.00 57.9 0.02 19.00 9.05 7.90

RC 50 5 12 4 442 9.00 200.0 0.04 8.61 187.0 0.02 3.00 0.65 1.45

RC 50 6 12 4 440 12.61 173.5 0.05 10.00 116.9 0.03 4.61 2.75 1.13

RC 100 1 0 0 — 659.83 2.6 0.19 659.83 2.6 0.18 643.27 0.68 0.62

RC 100 2 0 3 643 16.00 1500.0 0.38 15.00 1400.0 0.22 1.00 3.87 4.70

RC 100 3 0 3 633 27.00 237.5 0.37 27.00 237.5 0.29 8.00 31.66 22.38

RC 100 4 0 3 631 31.00 210.0 0.48 30.00 200.0 0.33 10.00 31.72 64.29

RC 100 5 0 3 627 37.00 164.3 0.39 36.00 157.1 0.31 14.00 108.46 85.53
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Table 2.8: Computational Results on Category MP

ID b WMax DMax Lagrangian relaxation Dynamic programming Exact

z∗ z∗% CPU z∗ z∗% CPU z∗ CPU CPU2

MP 15 1 0 0 — 22.51 0.0 0.01 22.51 0.0 0.00 22.51 0.04 0.02

MP 15 2 0 0.5 22 0.85 0.0 0.01 0.85 0.0 0.01 0.85 0.36 0.33

MP 15 3 57 1 22 0.63 14.5 0.03 0.55 0.0 0.08 0.55 1.70 0.12

MP 15 4 57 1 20 3.17 17.7 0.03 2.69 0.0 0.06 2.69 396.67 289.29

MP 15 5 57 1.5 20 2.50 33.7 0.26 1.87 0.0 0.53 1.87 132.69 9.80

MP 15 6 57 1.5 18 3.91 0.21 3.91 0.25

MP 15 7 64 2 16 7.05 0.59 6.47 0.67

MP 25 1 0 0 — 50.81 0.2 0.01 50.81 0.2 0.01 50.73 0.20 0.13

MP 25 2 53 0.5 50 0.88 15.8 0.03 0.84 10.5 0.03 0.76 12.12 8.24

MP 25 3 53 0.5 49 2.24 16.3 0.02 1.93 0.1 0.02 1.93 307.63 254.01

MP 25 4 34 1 49 1.38 3.8 0.22 1.34 0.8 1.03 1.33 814.94 446.86

MP 25 5 34 1 47 3.92 0.12 3.71 0.26

MP 25 6 34 1.5 45 6.69 0.70 6.41 3.00

MP 25 7 56 2 42 12.88 2.16 12.88 6.87

MP 50 1 0 0 — 68.16 0.5 0.13 68.16 0.5 0.12 67.80 1.70 1.62

MP 50 2 28 0.5 67 1.21 127.9 0.15 0.83 56.2 0.20 0.53 131.97 146.76

MP 50 3 28 0.5 65 2.50 38.1 0.16 2.50 38.1 0.30 1.81 757.46 614.86

MP 50 4 28 1 65 2.91 0.56 2.20 3.43

MP 50 5 38 1.5 62 4.83 2.66 4.77 16.44

MP 50 6 42 2 60 5.78 8.04 5.45 145.91

MP 50 7 44 2.5 58 7.97 16.89 7.77 155.84

MP 100 1 0 0 — 96.62 0.9 1.86 96.62 0.9 1.82 95.75 0.64 1.02

MP 100 2 0 0.5 95 1.85 293.6 1.90 1.25 166.0 2.42 0.47 517.17 431.61

MP 100 3 0 1 90 6.19 3.33 5.51 23.39

MP 100 4 0 1.5 87 8.91 11.62 7.99 149.19

41



2.4.3 Trade-offs

In this subsection, we compare the proposed SO-SR-SBRP to conventional types of mod-

els, in particular to the TSP and the CSP.
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Figure 2.4: SO-SR-SBRP solutions for WMax = 2.5

Both the CSP and SO-SR-SBRP contain a parameter which specifies the maximum

distance that each student is allowed to walk, but these two problems have different

objectives. We can visually represent the trade-off between the two objectives as in

Figure 2.4, which is obtained from the data of Table 2.1 whereWMax = 2.5. The horizontal

axis shows the total route distance travelled by the bus, and the vertical axis shows the

total walking distance by students. The dashed vertical lines depict the different DMax in

the table, and the squares show the total route distance and the total walking distance

of the SO-SR-SBRP solutions obtained by the exact method. The rightmost square

represents the solution to the HomeTSP, i.e., where there is no upper limit on the bus

route length. If we had extended the curve as far as possible to the left, it would have had

its end point representing the CSP solution, i.e., where the bus route length is minimal for

the given WMax . While we have not produced the optimal CSP solution, we just wish to

emphasise that in general, the extreme leftmost solution along the curve would represent

the CSP solution. Our main message is that in between these two extremes given by

the CSP and the HomeTSP, we can produce a potentially large number of SO-SR-SBRP
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solutions, by varying DMax , which represent different trade-offs between bus route length

and students’ total walking distance. It is then a management decision to identify the

preferred solution while considering the trade-off between the total walking distance and

the total route distance.

2.5 Conclusions

This paper has introduced, modelled and solved the service-oriented single-route school

bus routing problem, where a bus route is designed in order to minimise the total walking

distance of students from their homes to pickup points. A solution involves a set of pickup

points, chosen among bus stops and students’ home addresses, from where the students

must be picked up, as well as the bus route visiting those pickup points. The paper has

formulated the new model and developed a heuristic, in two variations, together with an

exact method for solving this problem.

By computational experiments, we have verified the effectiveness of the proposed

approach on both real-world instances and randomly generated instances. The proposed

heuristic algorithm has been able to solve instances with up to 200 students, while the

exact algorithm cannot always provide solutions in a reasonable time. Moreover, the

results enable providers of the transportation services to make a qualified trade-off and

decide which configuration is preferred while considering students’ walking distance as

well as bus route length.
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CHAPTER 3

The Service-Oriented School Bus Routing Problem:

Route First–Cluster Second

History: This chapter is an extension of Chapter 2 and is a single-author paper. A

long abstract of this paper has been accepted at the 24th EURO Working Group on

Transportation Meeting, EWGT 2021, September 2021, Aveiro, Portugal.
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Route First–Cluster Second

Farnaz Farzadnia
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Aarhus University, Denmark

Abstract

The Service-Oriented School Bus Routing Problem (SO-SBRP) focuses on the

convenience of the students while also considering the limitations of service providers

like the number of school buses, the bus capacity, and the distance travelled by each

school bus. The objective of the proposed model is to minimise the total walking

distance of all students from their homes to their assigned pickup points. The po-

tential pickup points for students can be selected from either their home addresses

or the bus stops which are located within their allowed walking distance. This paper

provides a mathematical model and proposes a route first–cluster second heuristic

algorithm to solve the problem. Finally, computational experiments are reported.

Keywords: Transport; school bus routing; public transport; route first–cluster

second heuristic

3.1 Introduction

Every year, a number of papers are published on school bus routing problems, demon-

strating the significance of this problem. School bus service providers consider a variety

of factors in providing the service, which generally can be divided into two categories:

the operator’s perspective and the passengers’ perspective. While the service providers

have to deal with large expenses such as the number of vehicles and the route expenses,

passengers are passionate about improving the level of services, such as reducing the ride

time and walking distance. It is possible to reduce the total route distance, but it has

a direct effect on the total walking distance for the students and causes inconvenience.

Therefore, it is challenging to consider both criteria simultaneously (Toth & Vigo, 2002).

The SBRP is classified as a Location-Routing problem, which involves selecting nodes

from which students are picked up in the morning or dropped off in the afternoon and
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generating routes for a given number of buses that visit the selected nodes. This study

presents a service-oriented school bus routing problem that focuses on students’ conve-

nience by reducing the walking distance for all students from their homes to the assigned

pickup points while keeping a maximum amount distance travelled by each school bus. In

this article, pickup points are identified among locations, students are assigned to them,

and routes are created so that they begin and end at a school to pick up all students.

In this model, the students can be picked up not only from their home locations but

also from bus stops or at other students’ home addresses, subject to the maximum walk-

ing distance. When students are picked up somewhere other than their homes, some of

the students may join together at one of the stops located within their allowed walking

distance, which could be a bus stop or one of the students’ homes.

The contribution of this paper is (1) to define a Mixed Integer Linear Programming

(MILP) formulation for the SO-SBRP that considers the students’ convenience, while

there is a limitation on the total service time and capacity of each vehicle, (2) to provide

a heuristic algorithm to solve real size problems by implementing the route first–cluster

second heuristic algorithm, (3) and to compare different objectives on the school bus

routing problem and investigate the effect of them on the convenience of passengers.

The rest of the article is organised as follows. The literature review is provided in

Section 3.2. In Section 3.3, the mathematical formulation is presented. In Section 3.4, the

approach to solving the problem is explained. The computational results, which consist

of data preparation and the final results will be discussed in more detail in Section 3.5.

Finally the conclusion is in Section 3.6.

3.2 Literature review

The SBRP is also close to the Capacitated m-Ring Star Problem (CmRSP), which is

proposed by Baldacci et al. (2007). The Ring Star Problem (RSP) is introduced by

Labbé et al. (2013) and has applications in telecommunication networks. The aim of the

RSP is to set a tour that starts and ends at a depot, passes through some nodes that

can be either transition points (also called Steiner nodes) or customers, and then assigns

non-visited customers to the nodes that are on the tour. The objective of the RSP is

to minimise the total route distance and the assignment costs of the customers that are

not on a route to the nodes that are located on the tour. In the CmRSP, the number

of routes, called m, is predefined, and each tour cannot exceed the defined capacity to

service the customers. In the CmRSP, the students can be assigned to any node, whereas

in the SBRP, each student can be assigned to only a subset of bus stops.

There are two literature reviews in the SBRP that explain and summarise various
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assumptions, constraints, and solution methods in contemporary research (Park & Kim,

2010; Ellegood et al., 2020). In the SBRP, there are some articles that concentrate on

minimising the total travel distance in the objective with a fixed upper bound on the

total walking distance in the constraints. For instance, in the study by Schittekat et al.

(2013), the authors implemented a hybrid greedy randomised adaptive search procedure

and variable neighbourhood descent to solve the SBRP with school data from a city in

Belgium, and to solve the same problem Kinable et al. (2014) proposed an exact branch-

and-price algorithm. Calvete et al. (2020) developed a matheuristic algorithm to solve the

problem. In their proposed algorithm, feasible solutions were constructed by successively

selecting bus stops, partially assigning students, computing the routes, allocating all the

students, and applying local search procedures.

In the research by Bektaş & Elmastaş (2007), the authors proposed an Integer Linear

Programming (ILP) model based on the open VRP, in which the vehicles do not return

to the depot after serving the last student. They solved the real-world single-route school

bus routing problem for transporting students in an elementary school in central Ankara,

Turkey. They considered a capacity constraint for vehicles and a maximum travel distance

constraint for students, and the objective is to minimise the bus operating cost.

In the study by Bowerman et al. (1995), the authors proposed multi-objective op-

timisation based on different criteria to reduce the total bus route distance, the total

walking distance by students to bus stops, and the load and length balancing between

the routes. They used the Allocation-Routing-Location approach, which is first intro-

duced by Chapleau et al. (1985), where they first grouped students into clusters by a

set covering algorithm and then generated a school bus route by a travelling salesman

problem algorithm. They solved a problem of one school with 138 students in Ontario.

In the research by Riera-Ledesma & Salazar-González (2012), the authors solved the

SBRP by minimising both the total routing distance and the total walking distance of all

students. They formulated the problem as a multi-vehicle travelling purchaser problem,

which is a generalisation of the open VRP. In their proposed model, the students can only

be picked up from bus stops, and the objective is to minimise the total route distance

travelled by school buses and the total walking distance of the students at the same

time. They proposed a branch-and-cut algorithm, and they could solve 125 students

to optimality. In the study Riera-Ledesma & Salazar-González (2013), the proposed

problem in Riera-Ledesma & Salazar-González (2012) is extended by including additional

constraints on the maximum distance travelled by each student, on the maximum number

of stops visited by each vehicle, and on the minimum number of students picked up by

each vehicle. Their proposed algorithm was a branch-and-cut-and-price algorithm, and

they could solve the problem with up to 100 students to optimality.
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The proposed problem in this paper is an extension of the research by Farzadnia

& Lysgaard (2021) where the service-oriented school bus routing problem is considered

but with a single vehicle and in a single route. In reality, however, more than one bus

is needed to transport all the students of one school. Hence, this paper expands the

formulation to multiple vehicles with limited capacity and limited travel distances.

Some articles solve the SBRP with a number of buses with different approaches, like

the decomposition strategy. One of the heuristic decomposition strategies is the route

first–cluster second heuristic algorithm, which is introduced by Beasley (1983). In the

route first–cluster second heuristic algorithm, at first, a single giant route is generated by

relaxing a given maximum route length and capacity of vehicles, and then it is split into

the number of feasible clusters (routes). According to Ellegood et al. (2020), this method

is implemented by Newton & Thomas (1969) and Bodin & Berman (1979). Another

heuristic decomposition method is the cluster first–route second, where the pickup points

are clustered at the first stage, and then the route for each cluster is generated. The

latter method is implemented by Schittekat et al. (2013), Campbell et al. (2008), and

Bowerman et al. (1995). Yet another decomposition principle is implemented by Guo

& Samaranayake (2022) to solve large data by decoupling the bus routing and student

matching problems and using a set of heuristic-based edge pruning techniques.

This paper applies the route first–cluster second heuristic algorithm and considers

both the students’ home addresses and the bus stops as the potential stops. In this

method, at first, a route is created that only visits students at their home addresses, and

secondly, the route is split into a number of feasible routes by dynamic programming.

3.3 Mathematical formulation

This section presents the mathematical formulation for the SO-SBRP.

A graph G = (N,A) is defined, where N is the set of nodes that contains the students’

home addresses, a school, and bus stops, and A is the set of arcs that connect the nodes.

In the SBRP, there are a number of vehicles with a given capacity to transfer students.

The total operation time of each vehicle is also limited, as the students must be at school

before the school’s ringing time. Pickup points can be either at home locations or at

one of the bus stops that are within students’ walking distance. Increasing the walking

distance allows the students to be picked up from more than just their homes. If the SO-

SBRP with a fleet of vehicles is formulated on the original network, it would be necessary

to allow multiple students to be picked up at the same node. For modelling purposes, it

is found to be more convenient to use an auxiliary graph GH , where at most one student

can be picked up at any node. The graph GH = (NH , AH) with node set NH and arc set
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AH is constructed as follows.

The node set NH consists of |S|+1 clusters, where S is the set of students and for each

student j, the student cluster Cj ⊂ NH contains the possible pick up nodes for student

j. In addition, there is the depot cluster C0 = {0} which just contains the depot node.

Each student cluster Cj consists of student j’s home address and all other nodes which

are within the allowed distance WMax from student j’s home address. As such, picking

up student j at any node in Cj implies that student j will walk a distance of at most

WMax to be picked up. In general, a student cluster may contain other students’ homes

as well as bus stops, and also the school if it is within the allowed distance. For ease of

presentation, we will use the terminology that a student is picked up also in the case that

the student walks to school and therefore in reality is not transported by the bus.

The same physical location may be represented in several clusters. This possibility is

due to the allowed walking distance that makes it possible for two or more students to

be picked up at the same physical location. Nonetheless, a distinct node in NH is used

for each of the students at the same location.

After a feasible solution of the SO-SBRP on the auxiliary network is obtained, it

can be converted to a feasible solution on the original network, by replacing the indices

of nodes in the tour(s) of the school buses with their respective indices in the original

network.

The advantage of constructing this auxiliary graph is that it enables us to use mod-

elling and algorithmic elements for a related problem with a similar structure, namely

Generalised VRP (GVRP), which is introduced by Ghiani & Improta (2000), and it is a

generalisation of the Equality Generalised Travelling Salesman Problem (E-GTSP), which

is considered in Fischetti et al. (1997). In the GVRP, partitioning of a graph into clusters

is given as input, and the problem is to determine a minimum cost routes that start and

end at a depot and visit exactly one node in each of the clusters.

The following notations are used in the rest of the paper.
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Sets and parameters

GH = (NH , AH) is the auxiliary graph

NH = {0, 1, . . . , n} is set of nodes, where 0 is a school, and n is the total number of stops

AH = {(s, t) : s ∈ Ci, t ∈ Cj, i, j ∈ S, i ̸= j} is the set of arcs in the auxiliary graph

S Set of students

Ci Student cluster i that contains all the pickup points of student i

Wi The walking distance from student j’s home to node i, where i ∈ Cj

K Set of vehicles

Q The capacity of each vehicle

DMax The maximum total travel distance for each vehicle

WMax The maximum allowed walking distance for each student

dij The travel distance from node i to node j, where i, j ∈ NH

Decision variables

xk
ij is a binary variable, which is equal to 1, if arc (i, j) ∈ AH is traversed

by vehicle k; otherwise, it is zero

zki is a binary variable, which is equal to 1, if node i ∈ NH is visited

by vehicle k; otherwise, it is zero
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The following is the three-index MILP formulation for the SO-SBRP.

min
∑
k∈K

∑
i∈NH

Wiz
k
i (3.1)

s.t.:
∑
k∈K

∑
i∈Cs

zki = 1 ∀s ∈ S, (3.2)∑
k∈K

zk0 ≤ |K|, (3.3)∑
j∈NH

xk
ij = zki ∀i ∈ NH ,∀k ∈ K, (3.4)∑

j∈NH

xk
ij =

∑
j∈NH

xk
ji ∀i ∈ NH ,∀k ∈ K, (3.5)∑

i∈NH

zki ≤ Q ∀k ∈ K, (3.6)∑
(i,j)∈AH

dijx
k
ij ≤ DMax ∀k ∈ K, (3.7)

+ Subtour elimination inequalities (3.8)

xk
ij ∈ {0, 1} ∀(i, j) ∈ AH ,∀k ∈ K, (3.9)

zki ∈ {0, 1} ∀i ∈ NH ,∀k ∈ K. (3.10)

In this formulation, the objective function (3.1) is to minimise the sum of walking

distance of all students from their home addresses to the pickup points. Constraint (3.2)

ensures that each student is picked up at one of the stops in the student cluster. Con-

straint (3.3) shows the maximum number of vehicles that can depart from the school.

Constraint (3.4) ensures that vehicle k leaves node i after visiting it. Constraint (3.5)

ensures flow conservation for vehicle k. Constraint (3.6) ensures that the total number

of students on each vehicle does not exceed the capacity of vehicle k. Constraint (3.7)

ensures that the total travelled distance by vehicle k will not exceed the given value of

DMax. Constraints (3.9) and (3.10) are the domain of decision variables.

For the subtour elimination inequalities, the Miller et al. (1960) (MTZ) inequality

constraints are applied. This formulation needs a decision variable uk
i which shows the

accumulated number of students on vehicle k after visiting node i ∈ NH . The lifted

version of the MTZ capacity constraints are introduced by Desrochers & Laporte (1991)

and are as follows:

uk
i − uk

j +Qxk
ij + (Q− 2)xk

ji ≤ Q− 1 ∀i, j ∈ NH ,∀k ∈ K (3.11)

As explained earlier, by defining the auxiliary graph, only one of the nodes in each
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cluster can be visited. In this case, Kara & Bektaş (2003) defined a new version of

the MTZ capacity constraints for the Generalised Vehicle Routing Problem (GVRP),

considering the cluster of nodes, and then Pop et al. (2012) studied stronger lower bound

inequalities than the formulation described by Kara & Bektaş (2003) for the cluster-

based MTZ capacity constraints. Before introducing and adding the subtour elimination

inequalities to the proposed model, for brevity, cluster-based variables are defined as

follows:

ûk
i , is the accumulated number of the students after visiting cluster i by vehicle k, and

x̂k
ij =

∑
e∈Ci

∑
g∈Cj

xk
eg ∀i, j ∈ {C1, . . . , C|S|},∀k ∈ K

can also be defined, which is equal to 1, if an arc is used from student cluster Ci to student

cluster Cj, otherwise it is zero. These variables can be used in the following constraints:

ûk
i − ûk

j +Qx̂k
ij + (Q− 2)x̂k

ji ≤ Q− 1 ∀i, j ∈ {C1, . . . , C|S|},∀k ∈ K (3.12)

ûk
i ≥ x̂k

i0 + (Q− 1)x̂k
0i ∀i ∈ {C1, . . . , C|S|},∀k ∈ K (3.13)

Now, Constraints (3.12–3.13) can be added to the SO-SBRP formulations. The pro-

posed MILP formulation provides the optimal school bus routing planning for a small

number of nodes, but solving large-scale instances is intractable when using commercial

solvers. Therefore, solving the SO-SBRP at a large scale in a computationally tractable

manner requires utilising heuristic methods. The following section describes the proposed

metaheuristic algorithm for solving the SO-SBRP efficiently.

3.4 Methodology

This paper proposes a metaheuristic approach to explore the solution space by the Multi-

Start Iterated-Local Search (MS-ILS) algorithm. In the MS-ILS, the route first–cluster

second procedure is operated cyclically to get the feasible solution. The route first–cluster

second procedure contains two phases, where the aim of the first phase is to generate a

solution that contains the giant route, which shows the sequence of passengers by relaxing

the capacity of the vehicles and the maximum operating time. In the second phase, the

giant route from the first phase is partitioned into a number of feasible routes that

satisfy the maximum number of vehicles, the capacity, and the maximum operating time

of each vehicle. This heuristic method is also called order first–split second, originally

proposed by Beasley (1983), who observed that the second phase problem is a standard

52



shortest path problem and can thus be solved in O(n2) time. Prins (2009) described how

to improve tour splitting approaches to obtain better solutions, and in another study,

Prins et al. (2014) showed how it can efficiently be embedded in a constructive heuristic

and metaheuristic. The multi-start evolutionary local search, which is defined by Prins

(2009), is the procedure of splitting a route into a number of routes continuously until no

improvement is found. After each split, a local search is applied for each obtained route.

The local search iterations help to improve the solution. In the next step, a perturbation

function is applied. After generating a giant route, the splitting procedure starts again

with the new giant route. This process is repeated until the stopping criteria are satisfied.

The splitting heuristic algorithm in this paper has two-stage procedures: (1) solve the

Travelling Salesman Problem (TSP) with one vehicle to obtain a giant route that visits

all the students at their home addresses, (2) select stop points and assign the students to

them and then split the giant tour into feasible routes.

The structure of the proposed heuristic method is depicted in Figure 3.1. Figure 3.1a

is a giant route and Figure 3.1b is the solution that is obtained by partitioning the giant

tour into two feasible routes. In both Figure 3.1a and Figure 3.1b, the black-filled square

represents the school, where the vehicles start and end their travels. The squares are

students’ locations, and the circles are bus stops (the filled circles are visited and unfilled

ones are non-visited bus stops). In this example, the possible pickup stops for student 1,

are B1, B8, and 1, which means that student 1 can be picked up from either B1, B8, or

his/her home location. In Figures 3.1a–3.1b, the giant route, which can be traversed by

bus, is represented by solid lines, and the dashed lines represent that the students must

walk to an allocated stop. In Figure 3.1a, the capacity of the bus is relaxed or considered

unlimited, and the total route distance which is travelled by bus is also ignored. Therefore,

a single bus starts from the depot and visits students 1,. . ., and 5 in the same sequence.

The obtained route from the splitting procedure is depicted in Figure 3.1b. Now,

suppose that there are two vehicles with a capacity of three passengers. One of the buses

starts and visits the bus stop B1 to pick up student 1, and then picks up student 2 at the

student’s home. The second bus starts from the school and visits only the home address

of student 4. The location of student 4 is within the walking distance of both students

3 and 5, and in the shown solution, students 3 and 5 walk to student 4’s home address

where all three students 3, 4, and 5 get on the bus at the same time. The solution in

Figure 3.1b shows a possible final solution with two routes.

The outline of the proposed model is presented in Algorithm 3.1. The input data are

the nodes (the school, students’ home locations, and bus stops), and the result of the

algorithm is the final solution for the problem. The MS-ILS algorithm goes through a

number of iterations that are defined by nIter. At first, the algorithm needs initialisation
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Figure 3.1: Structure of a solution obtained by our formulation

(Lines 1-3). In each iteration, a single giant route, called R, is generated in Line 5. In

Line 6, after the giant route is obtained, it will be split into a feasible solution S that

satisfies the constraints. Splitting algorithms may provide a solution that requires more

vehicles than a given maximum, which results in an infeasible solution. If the splitting

procedure cannot provide a feasible solution, the algorithm will try to generate another

route. When a feasible solution is obtained, in Line 8, the local search is performed as an

intensification step and an attempt to improve the obtained solution. If the local search

algorithm can find a better solution, it will save it. In the end, the algorithm returns the

best-obtained solution during the iterative process.

Algorithm 3.1 Multi-Start Iterated-Local Search Algorithm
Data: N
Result: S∗

1: i← 0
2: S∗ ← {}
3: f(S∗)← +∞
4: while i ̸= nIter do
5: R← GenerateRoute(N, i, S∗)
6: S ← Split(R)
7: if feasible then
8: S

′ ← LS(S)
9: if f(S

′
) ≤ f(S∗) then

10: S∗ ← S
′

11: end if
12: end if
13: i← i+ 1
14: end while

Generate route For generating the route, the Large Neighbourhood Search algorithm

is applied. This consists of two main operators: destroy and repair. In the destroy
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operator, a number (q) of nodes are randomly removed from the route and added to the

end of the removal list. In the next step, in the repair operator, the nodes listed on the

removal list are selected from the beginning of the removal list and then added one by

one to the route by a greedy algorithm. In the repair operator, the greedy algorithm tries

to find the best position for each node to be inserted into the route. The best position

has a minimum increase in route length. When a node from the removal list is inserted

in its best position in the route, it will be removed from the removal list, and then the

best position for the next node on the removal list is calculated. This process continues

until all of the nodes on the removal list are added to the route.

Split In this phase, the obtained giant route R is split into several feasible routes, such

that each route’s distance does not exceed the maximum route distance, and the number

of students on board does not exceed the capacity of the vehicle. This paper follows the

split procedure explained by Prins (2009) and Prins et al. (2014).

The split procedure starts when the giant route containing all students is obtained.

The goal of splitting is to determine a partition, which consists of a set of feasible routes,

with a minimum cost. For this purpose, the cost of a partition is defined, which is the total

walking distance of students, as equal to the sum of walking distances of the corresponding

routes. A set of different routes between any two students is then examined to determine

the pickup points for each student and the total walking distance. For example, to create

a route between students ri and rj, a tour that starts and ends at a depot and contains

the students from the student ri to rj (with the same visiting order as in the giant tour)

is created, like Rij = {0, ri, ri+1, ..., rj, 0}, where 0 is a depot. Note that in each route, the

number of students must not exceed the given capacity (Q). Now, the minimum walking

distance for any route like Rij can be calculated. When the total route length of Rij is

less than or equal to DMax, the total walking distance is zero, or it can be determined

by implementing dynamic programming. The objective of the dynamic programming is

to find the minimum walking distance while keeping the total routes’ length less than

the maximum given DMax. In the dynamic programming algorithm three values for each

node ri are maintained: the minimum walking distance Wi, the route distance Di, and

the predecessor Pi to keep track of the visited nodes within a route.

See Farzadnia & Lysgaard (2021) for more details on the calculation of the dynamic

programming to determine the minimum walking distance with the given sequence of

students and the upper bound on the total route distance.

After collecting the feasible routes and their walking distances, the giant route is

partitioned into a number of routes such that the selected routes have the shortest total

walking distance.
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Improvement phase The improvement heuristics include intra-route and inter-route

algorithms, which are also implemented within a same order. The intra-route procedures

work on a single route at the time (2-Opt and swap), while inter-route procedures modify

several routes simultaneously (exchange and relocation). In each improvement heuristic,

when a best move is found, it is implemented and then a next move is explored.

The 2-opt heuristic tries to improve a single route by replacing two of its arcs with two

other arcs and iterates until no further improvement is possible. The swap is implemented

by swapping the positions of two stops on a single route. These two procedures do not

change the pick-up points for the students. Moreover, only moves that keep the route

feasible are accepted.

In the exchange improvement heuristic, two nodes on different routes are selected,

swapped, and placed in their best positions on the new routes. The best position is a

place where the route has a smaller total walking distance while the total route distance

is feasible. Since two nodes are swapped, the capacity usage of the vehicles within the

selected routes will not be changed. The relocation improvement heuristic explores the

possibility of removing a node from a route and adding it to another route, and in this

process, moves that cause infeasibility are ignored.

In this paper, the First Improvement Local Search is used, which is only exploring the

procedures until any improving solution is found, then it replaces the current solution.

Therefore, the four procedures run iteratively until the algorithm cannot find any im-

provement. The procedure then proceeds to the next local search heuristic and evaluates

the next move.

3.5 Computational results

The proposed problem was tested on real-life data from Innlandet in Norway. Here, the

computational experiments on the set of data are described. All of the computational

results were performed on a Windows platform running an Intel(R) Core(TM) i7-1260P

CPU @ 2.10 GHz laptop PC with 16 GB RAM. The algorithms were implemented in

C#.Net, and for solving the exact algorithm CPLEX (version 12.9) is used.

Table 3.1 presents the results, where each line shows information for experiments with

a single instance. The distance between any two nodes in the data are calculated by the

Haversine formula. The first six columns show information about the instances, where

|S| shows the number of students, and NH is the total number of stops, followed by three

columns for each solution method: TR is the total route distance travelled by the buses

in km, z∗ is the total walking distance of students from their home addresses to pickup

points in km, and CPU is the overall running time of algorithms in seconds.
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A special situation occurs when WMax = 0. In this case, each student must be picked

up at the home address, so any feasible solution will have z∗ = 0. By increasing the value

of WMax , the number of potential stops, which consists of the home addresses and bus

stops, will be increased.

Empty entries in the exact columns indicate that the exact method was not able to

obtain the optimal solution within a computing time of one hour.

The results in Table 3.1 show that the exact algorithm cannot solve the medium-

sized and large instances to optimality within the given time of one hour. The heuristic

algorithm, in comparison, can produce feasible solutions within a short computation time.

The heuristic results that are equal to the optimal results of the exact algorithm are in

bold text.

Table 3.2 shows the effects of walking distances for students in school bus routing

problems when the different objectives of minimising walking distances, routing distances,

or both with the same weights, are considered. Table 3.2 contains three columns for each

of the three different objectives, including the total walking distance (TW) and the total

route distance travelled by the vehicles (TR). The routes’ lengths are provided in the

parenthesis. This table shows the instance in one of the schools where 20 students are

eligible to have a service with different configurations computed.

Table 3.2 shows that the differences between the route distances vary depending on

the study objective. For example, in row 1, the second objective, which is minimising

the total route distances, has a total route length of 71.23 km, where one of the route

lengths is 2.94 km, and the other is 68.28 km. As a result, there is a large difference in the

distance that students travel on these two routes. Comparatively, the total route distance

for the first objective with minimising the total walking distance is 80.68 km, which is

longer than the other two objectives (71.23 km for both models with the objective of

minimising the total routing or total routing and walking), but the difference between

the routes in the first objective (which are 38.8 km and 41.81 km) is shorter than those

for other objectives.

In Table 3.2, rows 3 and 4 have the same number of vehicles and maximum walking

distance as rows 1 and 2, but the maximum capacity of the vehicle is 10 passengers

instead of 20. The results show that when the capacity is tight, the routes’ lengths are

more equal than when the capacity is large. Therefore, adding tighter capacity and other

constraints, like a limitation on the route distance, can help the model provide balanced

routes.
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Table 3.1: Computational results for real-life instances

Exact Heuristic

|S| WMax Q DMax |K| NH TR z* CPU TR z* CPU

10 0.00 20 115 2 11 219.55 0 0.19 205.13 0.00 0.04

10 0.50 20 112 2 48 221.09 0.30 12.84 220.20 0.30 149.27

20 0.00 20 45 2 21 79.96 0 6.37 72.60 0.00 0.13

20 0.20 20 41 2 40 79.89 0 17.52 72.97 0 0.01

20 0.50 20 40.5 2 64 0.28 >3600 72.43 0.28 0.02

20 1.00 20 40 2 110 0.52 >3600 71.99 0.52 0.07

20 2.00 20 38 2 253 1.86 >3600 69.71 1.66 0.27

20 2.00 20 37 2 253 68.83 3.63 0.14

25 0.00 20 25 2 26 50.00 0 0.04 31.11 0.00 0.03

25 0.20 20 23 2 120 44.459 1.88 2683.79 33.36 1.88 0.50

25 1.00 20 20 2 300 32.91 0.00 15.37

25 1.00 20 19 2 300 31.65 1.89 6.47

25 1.50 20 17 2 523 29.88 2.87 136.11

75 0.00 40 32 2 76 63.99 0 7.94 86.79 0.00 10.33

75 0.50 40 42 2 358 83.67 0.12 12.33

75 1.00 40 41 2 848 70.30 2.14 12.75

75 1.00 40 40 2 848 67.13 4.47 13.88

75 0.00 40 32 3 110 93.89 0 90.00 70.91 0.00 61.11

75 1.00 40 30 3 848 85.51 0.64 70.46

75 1.00 40 29 3 848 84.31 8.15 67.72

89 0.00 50 55 2 90 109.96 0 3.29 93.52 0.00 42.54

89 1.00 50 50 2 885 99.90 0.17 284.86

89 0.00 50 37 3 90 110.95 0 22.36 99.78 0.00 68.55

89 1.00 50 35 3 552 103.38 2.86 418.77

120 0.00 60 67 2 121 133.97 0 21.94 112.11 0.00 9.76

120 0.50 60 65 2 800 112.06 0.48 259.09

120 0.50 40 70 3 800 134.32 0.00 147.53

120 0.00 30 55 4 121 220 0 463.09 146.42 0.00 3.03

120 0.50 30 53 4 800 142.29 0.31 103.73

120 1.00 30 50 4 1983 139.32 2.83 400.87
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Table 3.2: Comparing different objective results of the SBRP

Total walking Total routing Total routing and walking

|S| WMax Q |k| DMax TW TR TW TR TW TR

20 0.0 20 2 43 0.00 80.68 (38.8, 41.81) 0.00 71.23 (2.94, 68.28) 0.00 71.23 (2.94, 68.28)

20 0.2 20 2 41 0.00 79.89 (38.91,40.98) 0.65 70.76 (2.94, 67.81) 0.104 71.06 (2.94, 68.10)

20 0.0 10 2 43 0.00 80.61 (38.8, 41.81) 0.00 71.45 (41.49, 29.96) 0.00 71.45 (41.49, 29.96)

20 0.2 10 2 41 0.00 73.62 (32.62,41.00) 0.80 70.89 (29.6, 41.29) 0.104 71.28 (41.31, 29.97)

3.6 Conclusion

In this study, the service-oriented school bus routing problem is investigated. The aim of

the problem is to pick up students from stop points that are located within the students’

allowed walking distance, and schedule and plan a fleet of school buses with identical

capacity to visit the stop points to pick up the students. The objective of the proposed

model is to minimise the total walking distance of the students while there is a given

upper bound on the total route distance travelled by each vehicle. To solve the problem,

a route first–cluster second heuristic algorithm is proposed. According to the experiments,

it is possible to provide a student-centred service by emphasising reducing students’ total

walking distances and limiting the route length.
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CHAPTER 4

The Cumulative School Bus Routing Problem:

Polynomial-Size Formulations

History: This chapter has been prepared in collaboration with Tolga Bektaş and Jens

Lysgaard. It has been submitted to Networks in August 2022.
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Abstract

This paper introduces the Cumulative School Bus Routing Problem (CSBRP),

which concerns the transport of students from a school using a fleet of identical

buses. The objective of the problem is to select a drop-off point for each student

among potential locations within a certain walking distance and to generate routes

such that the sum of arrival times of all students from their school to their homes

is minimised. The paper describes six polynomial-size Mixed Integer Linear Pro-

gramming (MILP) formulations based on original and auxiliary graphs, and the

formulations are numerically compared on real instances. The paper reports the

results of computational experiments performed to evaluate the performance of the

proposed models.

Keywords: school bus routing; public transport; integer programming; fairness;

multimodal transport; minimum latency

4.1 Introduction

School buses are the most preferred and frequently used transport system of commut-

ing for students (Johansson et al., 2012). There are several advantages to transporting

students by bus, including safety, maintaining punctuality, promoting student activity,

as well as environmental benefits associated with reducing traffic and pollution. Several

operational decisions are associated with routing school buses, such as travel routes, stop

selections, and stop numbers, collectively referred to as school bus routing problems. Fol-

lowing what appears to be the first study by Newton & Thomas (1969) on school bus

routing, numerous studies have appeared to address various issues.
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Of particular interest is the study by Bowerman et al. (1995) which lists efficiency,

effectiveness, and equity as important criteria in school bus routing problems. Efficiency

takes into account service costs, while effectiveness measures a level of service for all

eligible students. Equity relates to fairness of the service among the students, which is a

crucial but often neglected issue in school bus routing problems (Park & Kim, 2010).

In this paper, we describe a variant of the school bus routing problem, namely the

cumulative school bus routing problem (CSBRP), with a focus on service times for stu-

dents. The problem consists of using a fleet of identical school buses to plan for the

daily transport of students from one school to their homes. The problem involves se-

lecting a drop-off point for each student that is within a certain walking distance from

the student’s home, as well as generating routes that start from the school and visit the

selected drop-off points to deliver the students to their homes. Selecting the stop points

and generating the routes should be such that the sum of arrival times for the students

at their homes is minimised. We consider a fixed time for the bus departure from school.

The objective of the problem is to minimise the total (i.e., the sum of) arrival times

of the students at their homes when travelling from their school. This is equivalent to

minimising the average arrival time. For a fixed departure time from school, the arrival

time for each student is determined by the time spent on a school bus plus the walking

time from a drop-off point to the student’s home. The objective of the CSBRP differs

from the classical sum of route lengths, which is intended to minimise the operator’s

costs. According to Campbell et al. (2008), minimising the total route distance may not

properly reflect the need for equity and fairness.

The primary focus of this research is passenger-centric with the objective of minimising

the total sum of the arrival times for all students, as opposed to the operators’ perspective,

whose objective is to minimise total operating costs. In our proposed objective, fairness

means providing a service to all students, not just a few, so that everyone can benefit.

As a result, it is possible that some students will need to walk to their homes from a

drop-off point in order to reduce the total sum of arrival times. Therefore, this definition

of fairness may differ from the effectiveness of a system that aims to reduce students’

total walking distances.

The goal of this paper is to provide mathematical formulations for the CSBRP and

solve the problem with a real-life data set. To this end, we propose and computation-

ally compare six polynomial-size mixed-integer linear programming formulations for the

CSBRP, based on different definitions of graphs and decision variables.

The remainder of this paper is organised as follows. A review of the relevant literature

presented in Section 4.2. In Section 4.3, the six mathematical formulations are provided.

Computational analysis, which consists of data preparation, results, and sensitivity anal-
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ysis, is presented in Section 4.4. Conclusions with suggestions for future research are

given in Section 4.5.

4.2 Literature review

A comprehensive literature review of the SBRP until 2009 is conducted by Park & Kim

(2010), and the review with contemporary research is updated by Ellegood et al. (2020),

showing that this problem still attracts the attention of many researchers from the first

time that it was studied by Newton & Thomas (1969).

The SBRP is a special case of pickup and delivery problems, as the students are picked

up from different locations and delivered to one location. It should be noted that pickup

and delivery of people, referred to as Dial-A-Ride Problems (DARP), is different from

pickup and delivery of goods since passenger convenience must be considered as well as

operational costs. Literature reviews of the various models and methodologies associated

with the DARP can be found in Cordeau & Laporte (2007) and Ho et al. (2018).

The SBRP is also similar to the m-Ring Star Problem (m-RSP), introduced by Bal-

dacci et al. (2007), which has applications in telecommunication problems. The goal of

the m-RSP is to provide m tours by either visiting customers or transition nodes, so that

the total route cost, together with assignment cost for customers who are not visited on

any tours, can be minimised. However, in the m-RSP, the customers without an assigned

node in the tour can be assigned to any nearest node in the tours, while in the SBRP,

students’ potential drop-off points are restricted to the stops that are located within stu-

dents’ allowed walking distance. Moreover, our proposed objective is different from the

m-RSP.

According to the study by Park & Kim (2010), the main sub-problems of SBRPs

are described as follows: bus stop selection, bus route generation, bus route schedules,

school bell time adjustment, and strategic transport policy. This article focuses on a

combination of two sub-problems: selecting stops and planning efficient routes for a fleet

of vehicles. The combination of these two sub-problems is also categorised as location-

routing problems in the literature (see e.g., Nagy & Salhi (2007)).

In summary, according to Park & Kim (2010), SBRPs are studied with different ob-

jectives and constraints, and sometimes they are considered together or interchangeably.

The common objectives are to minimise the number of buses, the total travelled dis-

tance by all vehicles, or the total walking distance of all students. Some of the studied

constraints are limitations on maximum allowed walking distance of students, maximum

pick-ups at each stop, or maximum operating time for each vehicle. As an example, Bektaş

& Elmastaş (2007) proposed an Integer Linear Programming (ILP) model to solve the
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real-world single school bus routing problem for transporting students of an elementary

school in central Ankara, Turkey. They considered a capacity constraint for vehicles and

a maximum travel distance constraint for vehicles, with the objective of minimising the

bus operating cost. Other studies with the objective of minimising the total route costs

are Kinable et al. (2014), Schittekat et al. (2013) and Guo & Samaranayake (2022).

There are some objectives and constraints in SBRPs that are in conflict. For instance,

reducing the total distances travelled by buses results in the students walking longer

distances. As such, some of the articles address these conflicting terms in their objective

like in the studies by Bowerman et al. (1995), Riera-Ledesma & Salazar-González (2012),

Ren et al. (2019) and Calvete et al. (2022).

Five mathematical models were provided by Riera-Ledesma & Salazar-González (2013),

which were the three-index variables formulation, the set partitioning formulation based

on the Dantzig-Wolfe decomposition, and the next three models enriching the set parti-

tioning by adding additional inequalities and defining compact versions of the set parti-

tioning formulation. The objective of their proposed model was to minimise the sum of

the routing cost and the assignment cost of students to stop points. For effective load bal-

ance between routes, a given maximum number of stops per vehicle and a given maximum

distance and time that students spent in each vehicle were considered as constraints.

In the study by Pacheco et al. (2013), the objective is to minimise the maximum

bus ride length in order to increase equity between passengers. However, in relation to

school bus routing, it should be noted that minimising the maximum ride length only

minimises the duration of the longest route, whereas the cumulative school bus routing

problem, which is the objective of our proposed model, also considers the arrival times at

all intermediate students, which can vary considerably if many students are served early

or late on their routes (Ngueveu et al., 2010).

However, there is little research on minimising the total arrival time for all students

in SBRPs. The arrival time is considered separately for each student, and it differs from

the total travel times of the vehicles. The accumulated arrival times include the time

students spend on school buses from school to drop-off points, as well as the walking time

of the students from the drop-off points to their homes. In other words, the accumulated

arrival times is the sum of the arrival times of all students from a school to their homes.

This type of consideration is also referred to as fairness among all students to get to their

home after school since it involves the arrival times of all students.

One of the first articles that bring the idea of cumulative travel distance was intro-

duced by Fischetti et al. (1993) in the delivery man problem, where an objective was

to minimise the total arrival times to the customers. This type of problem arises when

priority is given to customer satisfaction. A new formulation for the Cumulative CVRP

64



(CCVR) was defined by Ngueveu et al. (2010), which is a generalisation of the travelling

repairman problem by including the capacity for a fleet of homogeneous vehicles, and

in the literature, it is also known as a minimum latency problem. In another study,

Lysgaard & Wøhlk (2014) proposed the set partitioning formulation for the CCVRP, and

they solved the problem by a branch-and-cut-and-price algorithm.

Minimising the cumulative arrival times is also critical in delivering humanitarian aid

when disasters strike, in order to save lives and ensure that essential supplies arrive fast

(Campbell et al., 2008).

In this paper, we describe and numerically compare six compact mathematical models

for the CSBRP, which are different in graph definition and decision variables, in the

same spirit as some similar studies in the literature that compare compact models. For

instance, the classification and comparison of polynomial formulations for the Asymmetric

Travelling Salesman Problem have been studied by Öncan et al. (2009) and Roberti &

Toth (2012).

In the study by Yuan et al. (2021), the authors provided four compact formulations for

the Generalised Travelling Salesman Problem (GTSP) with time windows, which has an

application in last-mile delivery problems. In their study, a set of nodes is partitioned into

a number of clusters, which represent the possible delivery locations associated with each

customer, and the objective is to find the minimum travel cost by a single vehicle, such

that each cluster is visited exactly once. They compared four models based on results

obtained by Linear Relaxation and the branch-and-bound scheme which was implemented

in CPLEX. Unlike their research, our proposed model examines another objective of

SBRP. Moreover, in our proposed model, the drop-off points for the students are not

totally separated, since some of the stops can be shared among several students within a

defined walking distance.

4.3 Mathematical modelling

This section defines and presents six polynomial-size mathematical models for the CSBRP,

with two based on the original and four on an auxiliary graph. Those defined on the orig-

inal graph use three-index variables, using, for subtour elimination, either Miller-Tucker-

Zemlin (MTZ) type constraints Miller et al. (1960), or those based on single-commodity

flow in line with Gavish and Graves (GG) (Gavish & Graves, 1978). The formulations

based on the auxiliary graph use either two- or three-index formulations, again using ei-

ther MTZ or GG-type subtour elimination constraints. The models on the original graph

are explained in Subsection 4.3.1, and the models on the auxiliary graph are explained

in Subsection 4.3.2.
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4.3.1 The CSBRP models on an original graph

The CSBRP is defined on a directed graph G = (N,A), where N is the set of nodes,

which contains a school node {0}, S is the set of student locations, B the set of bus

stops, and A = {(i, j) : i, j ∈ N, i ̸= j} is the set of arcs. A fleet of identical school

buses, the index set of which is denoted by K, each of capacity of Q, start from the

school and drop off all students picked up from the school. The travel time between

any two nodes is denoted by dij for any (i, j) ∈ A. For each student s ∈ S, the subset

Us ⊂ N shows a set of potential stops reachable by student s, and are the potential

drop-off points (student’s home location, other students’ home locations, and bus stops)

within an allowable walking distance WMax from a student’s home. We denote wsi as the

walking time of student s ∈ S between node i ∈ Us and the home address of student s.

When WMax = 0, students must be dropped off at their home addresses, and when

WMax is greater than zero, students may be dropped off at locations other than their

home addresses. In this case, some potential stop points will likely be shared among a

number of students. For instance, when stop k is located within the walking distance

of both students s and t, both subset Us and Ut will contain stop k. If a drop-off stop

is shared between a number of students, each should have the same opportunity to be

dropped off there at any time by school buses. By this assumption, it is possible that one

stop is visited by a number of vehicles at different times, just as it is possible to deliver

multiple students by the same vehicle in one visit to a stop point. This possibility is also

referred to as multiple visits of one node.

In the following subsections, we are going to provide self-contained models for the

CSBRP. For each model, we first define the decision variables and then the related for-

mulation.

Model 1: Three-index formulation on the original graph based on MTZ

The following is the definition of decision variables that are used for the three-index

formulation on the original graph, and the subtour eliminations are based on MTZ con-

straints.

Decision variables

xk
ij is a binary variable, which is equal to 1, if arc (i, j) ∈ A is traversed by vehicle

k; otherwise, it is zero.

yki is a binary variable which is equal to 1 if vehicle k visits node i ∈ N ; otherwise,

it is zero.

zksj is a binary variable which is equal to 1 when student s ∈ S is dropped off at stop

j ∈ Us by vehicle k; otherwise, it is zero.
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τ ki is a non-negative value that shows the arrival time at node i of vehicle k, if vehicle

k visits node i; otherwise, it is zero.

The objective of the model is:

min
∑
k∈K

∑
s∈S

∑
i∈Us

(τ ki + wsi)z
k
si (4.1)

which calculates the arrival time of each student separately. As explained earlier, it is

also possible that several students are dropped off at one node by the same vehicle or

by different vehicles at different times. Therefore, we cannot uniquely determine and use

the time of visit for each node.

In order to make the objective function (4.1) linear, we define a new decision variable

ts which is a positive value and shows the arrival time of student s.

min
∑
s∈S

ts +
∑
k∈K

∑
s∈S

∑
i∈Us

wsiz
k
si (4.2)

s.t.:
∑
k∈K

∑
i∈Us

zksi = 1 ∀s ∈ S, (4.3)

ts ≥ τ ki −M(1− zksi) ∀s ∈ S,∀i ∈ Us,∀k ∈ K, (4.4)∑
k∈K

yk0 = |K|, (4.5)∑
j∈N

xk
ij = yki ∀i ∈ N,∀k ∈ K, (4.6)∑

i ̸=j∈N

xk
ij =

∑
i ̸=j∈N

xk
ji ∀i ∈ N,∀k ∈ K, (4.7)

zksi ≤ yki ∀s ∈ S,∀i ∈ Us,∀k ∈ K, (4.8)∑
s∈S

∑
i∈Us

zksi ≤ Q ∀k ∈ K, (4.9)

τ ki + dij − (1− xk
ij)T ≤ τ kj ∀i ∈ N, ∀j ∈ N \ {0, i},∀k ∈ K, (4.10)

xk
ij ∈ {0, 1} ∀(i, j) ∈ A,∀k ∈ K, (4.11)

zksi ∈ {0, 1} ∀s ∈ S,∀i ∈ Us,∀k ∈ K, (4.12)

yki ∈ {0, 1} ∀i ∈ N,∀k ∈ K, (4.13)

ts ≥ 0 ∀s ∈ S, (4.14)

τ ki ≥ 0 ∀i ∈ N,∀k ∈ K. (4.15)

The objective function (4.2) is to minimise the sum of arrival times for all students
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that contains the time that all students spend on the vehicle up to the drop-off stops and

the total time of walking from the drop off stops to their home addresses. Constraint (4.3)

shows that each student is dropped off at only one of the stops in the defined subset.

Constraint (4.4) shows the arrival time of student s to node i by vehicle k, where M is a

sufficiently large value. Constraint (4.5) shows the number of vehicles that depart from

the school. Constraint (4.6) ensures that if vehicle k visits a stop, it leaves the visited

stop. Constraint (4.7) shows the flow of each vehicle at each node i. Constraint (4.8)

avoids the assignment of students to a non-visited stop. Constraints (4.9) ensures that the

maximum number of onboard students on each vehicle cannot exceed the vehicle capacity.

Constraint (4.10) shows the arrival time consistency and imposes the time connectivity

for each vehicle, and also eliminates subtours in the same way as shown in Desrochers &

Laporte (1991). Constraints (4.11–4.15) show the domains of the decision variables.

According to Constraint 4.5, the number of vehicles is fixed to |K|. As a result of

the triangle inequality, students can arrive at their homes earlier if they are transported

directly via a shortest path from the school to their home address rather than sharing

a route with others. In general, if the triangle inequality is satisfied, a larger number of

vehicles will reduce the total sum of arrival times for the students. However, we would

like to identify the solution by using a fixed number of vehicles.

Constraint (4.10) can be strengthened as below, as shown in Desrochers & Laporte

(1991) for the distance-constrained VRP:

τ ki + dij − (1− xk
ij)T + (T − dij − dji)x

k
ji ≤ τ kj ∀i ∈ N,∀j ∈ N \ {0, i}, ∀k ∈ K (4.16)

where T is a sufficiently large value, for which a bound is given below:

Proposition 1 In Constraint (4.16), it is valid to state that T ≥ R1 +
∑Q

i=1 Ri, where

Ri is the ith largest travel time between any pair of nodes in N .

Proof. We seek a small value for T such that it does not cut off any optimal solutions.

If both xk
ij and xk

ji are zero, then Constraint (4.16) reads τ ki +dij−T ≤ τ kj for any k ∈ K.

Given that τ kj ≥ 0, then T ≥ τ ki +dij. As a result, we are looking for the largest value for

the arrival time, or more precisely a relatively small value that is larger than any arrival

times within the routes. The largest arrival time within routes is also the same as the

arrival time of the last student who is dropped off by the school bus. Considering the

school buses’ capacity, the maximum number of students on the school buses is limited

to Q. If there are Q students on board, the arrival time of the last student on a route is

less than or equal to the sum of the Q largest travel times between any pair of arcs. To

make sure that the value of T is larger than the largest possible arrival time as given by

the Q largest travel times, we add the value of R1.
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Model 2: Three-index formulation on the original graph based on GG

In this formulation, we are going to show the three-index formulation on the original

graph based on GG inequalities.

Decision variables

xk
ij is a binary variable, which is equal to 1, if arc (i, j) ∈ A is traversed by vehicle

k; otherwise, it is zero.

yki is a binary variable, which is equal to 1 if node i ∈ N is visited by vehicle k;

otherwise, it is zero.

zksj is a binary variable, which is equal to 1 when student s ∈ S is dropped off at

stop j ∈ Us by vehicle k; otherwise, it is zero.

fk
ij is a non-negative value that represents the number of students who traverse arc

(i, j) ∈ A by vehicle k. If arc (i, j) is not traversed by vehicle k, then the value is zero.

min
∑
k∈K

(
∑

(i,j)∈A

dijf
k
ij +

∑
s∈S

∑
i∈Us

wsiz
k
si) (4.17)

s.t.:
∑
k∈K

∑
i∈Us

zksi = 1 ∀s ∈ S, (4.18)∑
k∈K

∑
j∈N

xk
0j = |K|, (4.19)∑

j∈N

xk
ij = yki ∀i ∈ N,∀k ∈ K, (4.20)∑

j∈N

xk
ji =

∑
j∈N

xk
ij ∀i ∈ N,∀k ∈ K, (4.21)

zksi ≤ yki ∀s ∈ S,∀i ∈ Us,∀k ∈ K, (4.22)∑
s∈S

zksi ≥ yki ∀i ∈ N, ∀k ∈ K, (4.23)∑
j∈N

fk
ji −

∑
j∈N

fk
ij =

∑
s∈S

zksi ∀i ∈ N \ {0},∀k ∈ K, (4.24)

fk
ij ≥ xk

ij ∀(i, j) ∈ A, j ̸= 0,∀k ∈ K, (4.25)

fk
0j ≤ Qxk

0j ∀j ∈ N,∀k ∈ K, (4.26)

fk
ij ≤ (Q− 1)xk

ij ∀(i, j) ∈ A, j ̸= 0,∀k ∈ K, (4.27)

xk
ij ∈ {0, 1} ∀(i, j) ∈ A,∀k ∈ K, (4.28)

zksi ∈ {0, 1} ∀s ∈ S,∀i ∈ Us,∀k ∈ K, (4.29)

yki ∈ {0, 1} ∀i ∈ N,∀k ∈ K, (4.30)

fk
ij ≥ 0 ∀(i, j) ∈ A,∀k ∈ K. (4.31)
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The objective function (4.17) minimises the sum of arrival times for all students; this

contains the time that all students spend on the vehicle up to the drop-off stops and the

total time of walking from the drop-off stops to their home addresses. Constraint (4.18)

shows that the students are dropped off only at one of the stops in their subset. Con-

straint (4.19) shows the number of vehicles that depart from the school. Constraint (4.20)

ensures that if vehicle k visits a stop, then it leaves the stop. Constraint (4.21) shows

the flow of each vehicle at each node i. Constraint (4.22) avoids to assign students to

a non-visited stop. Constraint (4.23) ensures that vehicle k must drop off a student in

node i if the vehicle visits node i. Constraint (4.24) ensures that at each visited stop,

at least one student is dropped off. Constraints (4.25–4.27) show the maximum number

of on board students on each vehicle. Constraints (4.28–4.31) show the domains of the

decision variables.

Note that the objectives of function (4.2) and function (4.17) are the same, but they

calculate the sum of the arrival times of the students in different ways. The objective

function (4.2) is keeping track of the arrival time of the students separately, while the

objective function (4.17) is calculating the total arrival time of the students by multiplying

the number of onboard students who are passing the same arc by the travel time of the

arc.

4.3.2 The CSBRP models on an auxiliary graph

As explained earlier, we assume that multi-visits of the nodes are allowed in our models.

One of the ways to model this condition is to decompose the graph into clusters with

a separate cluster for each student, and impose the requirement that each node can be

visited at most once in each cluster. To decompose the graph, we first duplicate nodes to

obtain a graph where any node, except for the school node, can serve as a drop-off node

for only one specific student. We call this new graph the Auxiliary Graph, where the

same physical location may be represented by several nodes in different clusters. This is

the case whenever a node in N has been duplicated. We then partition the nodes in the

auxiliary graph into clusters, similar to the Generalised Vehicle Routing Problem (GVRP)

as introduced by Ghiani & Improta (2000), which is a generalisation of the capacitated

VRP. The GVRP is also a generalisation of the GTSP, for which ILP formulations appear

in Laporte & Nobert (1983) and Fischetti et al. (1997).

The GVRP takes as input a graph partitioned into clusters, and determines the routes

that start and end at the school, visit exactly one node in each cluster, and yield the

minimum total travel cost (see e.g. Baldacci et al., 2010; Bektaş et al., 2011).

The auxiliary graph GH = (NH , AH) is constructed as follows. The node set NH is

partitioned into (nonempty and disjoint) |S|+ 1 clusters, in which cluster Cj consists of
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Figure 4.1: Schematic view of the potential stops for three students on the original and
auxiliary graphs in the CSBRP

the home address of student j ∈ S and copies of other nodes from N that are within

the allowed walking distance (WMax ) from student j’s home address. As such, a distinct

node in NH is used for each combination of student and drop off location. For each

student j ∈ S and each node i ∈ Cj, we let Wi denote the walking time between the

home address of student j and node i. In addition, we define W0 = 0. Note that Wi

is the walking time, and it differs from WMax , which is the maximum walking distance

that the students are allowed to walk, and WMax is used in finding the potential stops for

the students in the models. Since two nodes i and k in different clusters may represent

the same physical location but for two different students, Wi and Wk for such a pair

of nodes may very well take different values, representing the two students’ individual

walking times from the shared physical drop off location to their respective homes. The

arc set AH = {(i, j) : i ∈ Cu, j ∈ Cv, ∀u, v ∈ S, u ̸= v} contains arcs that only connect

nodes between different clusters, with dij denoting the travel time on arc (i, j) ∈ AH and

dii′ = 0 for node i and its copy i′ in a different cluster as they share the same physical

location.

Figure 4.1 shows a schematic view of the potential stops for the students in both the

original graph and the auxiliary graph, where there are five nodes, i.e., the school (0) and

three students (1, 2, and 3) displayed by circles and two bus stops (4 and 5) displayed

by squares. Figure 4.1a shows that there are four subsets Uj for j = {0, 1, 2, 3} in the

original graph, one for the school and the rest are the potential stops for the students.

The dashed circle around each student shows the maximum allowed walking distance, and

the nodes within each subset indicate the potential drop-off points for the corresponding

student. For instance, the drop-off points for student 1 include stop 1, the home address

of student 1, and bus stop 4. The drop-off points for students 2 and 3 are the same, such

that both students can be dropped off at bus stop 5, and at the home address of student
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2 or 3. Figure 4.1b depicts the resulting clusters of drop-off points in the auxiliary graph,

which has four clusters and where the student clusters of 2 and 3 (C2, C3) are separated.

The original node numbers are used for indicating the physical location of the nodes in

the auxiliary graph, but it should be emphasised that any two clusters in GH are node

disjoint, so that, e.g., node 2 in C2 and node 2 in C3 are two different nodes in NH .

Model 3: Two-index formulation on the auxiliary graph based on MTZ

The following model is the two-index formulation on the auxiliary graph and the subtour

eliminations are based on capacity MTZ inequalities.

Decision variables

xij is a binary variable, which is equal to 1 if arc (i, j) ∈ AH is traversed; otherwise,

it is zero.

zi is a binary variable, which is equal to 1 if node i ∈ NH is visited; otherwise, it is

zero.

τi is a non-negative value that shows the arrival time to node i ∈ NH if node i is

visited; otherwise, it is zero.

ωi is a non-negative value that shows the number of students on a vehicle immediately

before visiting node i ∈ NH . If node i is not visited, then the value is zero.

min
∑
i∈NH

τi +
∑
i∈NH

Wizi (4.32)

s.t.:
∑
i∈Cs

zi = 1 ∀s ∈ S, (4.33)∑
j∈NH

x0j = |K|, (4.34)∑
j∈NH

xij = zi ∀i ∈ NH \ {0}, (4.35)∑
j∈NH

xji =
∑
j∈NH

xij ∀i ∈ NH , (4.36)

ωj − ωi +Qxij + (Q− 2)xji ≤ Q− 1 ∀i, j ∈ NH \ {0}, i ̸= j, (4.37)

τi + dij − (1− xij)T ≤ τj ∀i ∈ NH , ∀j ∈ NH \ {0, i}, (4.38)

xij ∈ {0, 1} ∀(i, j) ∈ AH , (4.39)

zi ∈ {0, 1} ∀i ∈ NH , (4.40)

τi ≥ 0 ∀i ∈ NH , (4.41)

0 ≤ ωi ≤ Q ∀i ∈ NH . (4.42)
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The objective function (4.32) is to minimise the sum of arrival times, which contains

the time that all students spend on the vehicles up to the drop-off stops and the total time

of walking from the drop-off stops to their home addresses. Constraint (4.33) ensures that

the students are dropped off at only one of the stops in their cluster. Constraint (4.34)

ensures that |K| vehicles start travelling from the school. Constraint (4.35) ensures that

a vehicle leaves stop i ∈ NH after visiting stop i. Constraint (4.36) illustrates the flow

of the vehicles at each node i. Constraint (4.37) imposes the capacity control based on

MTZ inequalities. Constraint (4.38) shows the arrival time consistency and imposes the

connectivity for each vehicle. Constraints (4.39–4.42) show the domains of the decision

variables.

Now, by formulating the model as a GVRP, we can use the cluster-based MTZ con-

straints in our formulation that are defined first by Kara & Bektaş (2003), and then the

stronger and lifted version of the MTZ capacity constraints for cluster-based formulations

for the GVRP are introduced by Pop et al. (2012). Therefore, instead of Constraint (4.37),

we can take advantage of using the cluster-based formulations in our model. To show the

cluster-based capacity constraint based on MTZ inequalities, let us first define ui as the

number of students on the vehicle which visits cluster i, where i ∈ S.

For simplicity in demonstration, we define the following variables:

d̂ij =
∑
g∈Ci

∑
e∈Cj

dgexge ∀i, j ∈ S (4.43)

x̂ij =
∑
g∈Ci

∑
e∈Cj

xge ∀i, j ∈ S. (4.44)

Therefore, the lifted capacity constraints for the cluster-based formulations are as

follows:

uj − ui +Qx̂ij + (Q− 2)x̂ji ≤ Q− 1 ∀i, j ∈ S, i ̸= j, (4.45)

ui ≥ 1 + (Q− 1)x̂0i ∀i ∈ S, (4.46)

ui ≤ Q ∀i ∈ S. (4.47)

It is now possible to replace Constraints (4.37) and (4.42) with Constraints (4.45)-

(4.47) in Model 3. We note that Constraint (4.38) also eliminates subtours, except for

when dij = 0. In this case, inequalities (4.37) would serve to prohibit any subtours

forming.

It is also possible to derive an alternative version of Constraint (4.38) which uses a

variable ti as the arrival time to cluster i ∈ S instead of arrival time to a single node.
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Proposition 2 The constraint

ti + d̂ij − (1− x̂ij)T ≤ tj ∀i ∈ S ∪ {0},∀j ∈ S \ {i} (4.48)

is a valid inequality for cluster-based time connectivity in the CSBRP.

Proof. If x̂ij = 0, it means that there is not any connection between two clusters,

then d̂ij = 0. Therefore, we will have the following valid inequality for any two clusters

that are not connected.

ti − T ≤ tj, i ∈ S ∪ {0},∀j ∈ S \ {i} (4.49)

When x̂ij = 1, it means that there is a route connection between clusters i and j.

Any cluster i may be on the first, intermediate, or last visit of a vehicle tour. If cluster i

is the first visited cluster after the school, then the arrival time to cluster i is d̂0i, which

shows the travel time from the school to the visited node inside cluster i. If cluster j is

visited right after cluster i, then the arrival time to cluster j is the arrival time to cluster

i and the travel time between the visited nodes of two clusters, which is equal to d̂ij.

Therefore, ∀i, j ∈ S, Constraint (4.48) is valid.

Proposition 3 The constraint

ti − tj + d̂ij − d̂ji + T (x̂ij + x̂ji) ≤ T ∀i ∈ S ∪ {0},∀j ∈ S \ {i} (4.50)

is a valid lifted version of Constraint (4.48).

Proof. We seek the largest value of αji such that

ti + d̂ij − (1− x̂ij)T + αjix̂ji ≤ tj ∀i ∈ S ∪ {0}, ∀j ∈ S \ {i} (4.51)

is valid. If x̂ji = 0, this constraint is obviously satisfied for any value of αji. If x̂ji = 1,

then x̂ij = 0, and we obtain the following constraint:

ti − T + αji ≤ tj i ∈ S ∪ {0},∀j ∈ S \ {i}, (4.52)

which provides the desired result as tj ≤ ti − d̂ji.
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Proposition 4 The constraint

ti ≥ d̂0i +
∑
g∈Ci

∑
j∈S\{i}

∑
e∈Cj

(Pe + deg)xeg ∀i ∈ S (4.53)

is valid for the CSBRP.

Proof. Assume that Pk is the length (in time) of the shortest path from the school up

to node k ∈ NH . For any i ∈ S, the lower bound of ti is d̂0i, when a node inside cluster i

is the first visited stop right after the school. In the case, when cluster i is not the first

stop after the school, then ti is greater than or equal to the shortest path (in time) from

the school to any visited node before cluster i and a travel time between the visited node

and a node inside cluster i. Therefore, Constraint (4.53) can be obtained.

In model 3, we can substitute Constraint (4.38) with Constraints (4.50) and (4.53).

Besides, we can use the value of T as explained in Proposition 1.

Model 4: Two-index formulation on the auxiliary graph based on GG

The following is the two-index formulation on the auxiliary graph and the subtour elim-

inations are based on GG inequalities. This formulation is inspired by Fischetti et al.

(1993).

Decision variables

xij is a binary variable, which is equal to 1 if arc (i, j) ∈ AH is traversed; otherwise,

it is zero.

zi is a binary variable, which is equal to 1 when node i ∈ NH is visited; otherwise, it

is zero.

fij is a non-negative value, which shows the number of onboard students on arc

(i, j) ∈ AH . If arc (i, j) is not traversed, then the value is zero.
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min
∑

(i,j)∈AH

dijfij +
∑
i∈NH

Wizi (4.54)

s.t.:
∑
i∈Cs

zi = 1 ∀s ∈ S, (4.55)∑
j∈NH

x0j = |K|, (4.56)∑
j∈NH

xij = zi ∀i ∈ NH \ {0}, (4.57)∑
j∈NH

xji =
∑
j∈NH

xij ∀i ∈ NH , (4.58)∑
j∈NH

fji −
∑

j∈NH\{0}

fij = zi ∀i ∈ NH \ {0}, (4.59)

fij ≥ xij ∀(i, j) ∈ AH , j ̸= {0}, (4.60)

f0j ≤ Qx0j ∀j ∈ NH , (4.61)

fij ≤ (Q− 1)xij ∀i, j ∈ NH \ {0}, (4.62)

xij ∈ {0, 1} ∀(i, j) ∈ AH , (4.63)

zi ∈ {0, 1} ∀i ∈ NH , (4.64)

fij ≥ 0 ∀(i, j) ∈ AH . (4.65)

The objective function (4.54) is to minimise the sum of arrival times of all students

that contains the time that the students spend on the vehicle up to the drop-off stops

and the total time of walking from the drop off stops to their home addresses. In this

objective, the total arrival time of the students is obtained by calculating the number of

students on each arc. Constraint (4.55) shows that the students are dropped off only at

one of the stops in their cluster. Constraint (4.56) shows |K| vehicles start travelling from
the school. Constraint (4.57) ensures that when a vehicle visits stop i ∈ NH , it will depart

from it. Constraint (4.58) shows a flow of vehicles at each node i. Constraints (4.59-4.62)

impose the subtour elimination based on Gavish and Graves. Constraints (4.63–4.65)

show the domains of the decision variables.

Model 5: Three-index formulation on the auxiliary graph based on MTZ

In the following, we are going to introduce the three-index formulations on the auxiliary

graph with the lifted version of cluster-based MTZ inequalities.
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Decision variables

xk
ij is a binary variable, which is equal to 1 if arc (i, j) ∈ AH is traversed by vehicle

k; otherwise, it is zero.

zki is a binary variable, which is equal to 1 when node i ∈ NH is visited by vehicle k;

otherwise, it is zero.

tki is a non-negative value, which shows the arrival time of vehicle k to cluster i. If

cluster i is not visited, then the value is zero.

uk
i is a non-negative value, which shows the number of students on vehicle k before

visiting cluster i. If cluster i is not visited by vehicle k, then the value is zero.

min
∑
k∈K

∑
s∈S

tks +
∑
k∈K

∑
i∈NH

Wiz
k
i (4.66)

s.t.:
∑
k∈K

∑
i∈Cs

zki = 1 ∀s ∈ S, (4.67)∑
k∈K

zk0 = |K|, (4.68)∑
j∈NH

xk
ij = zki ∀i ∈ NH ,∀k ∈ K, (4.69)∑

j∈NH

xk
ij =

∑
j∈NH

xk
ji ∀i ∈ NH ,∀k ∈ K, (4.70)∑

i∈NH

zki ≤ Q ∀k ∈ K, (4.71)

uk
j − uk

i +Qx̂k
ij + (Q− 2)x̂k

ji ≤ Q− 1 ∀i, j ∈ S, i ̸= j, (4.72)

uk
i ≥ 1 + (Q− 1)x̂k

0i ∀i ∈ S, (4.73)

tki − tkj + d̂kij − d̂kji + T (x̂k
ij + x̂k

ji) ≤ T ∀i, j ∈ S, i ̸= j, (4.74)

tki ≥ d̂k0i +
∑
g∈Ci

∑
j∈S\{i}

∑
e∈Cj

(Pe + deg)x
k
eg ∀i ∈ S, (4.75)

xk
ij ∈ {0, 1} ∀(i, j) ∈ AH ,∀k ∈ K, (4.76)

zki ∈ {0, 1} ∀i ∈ NH ,∀k ∈ K, (4.77)

0 ≤ uk
i ≤ Q ∀i ∈ S,∀k ∈ K, (4.78)

tki ≥ 0 ∀i ∈ S ∪ {0},∀k ∈ K. (4.79)

The objective function (4.66) is to minimise the sum of arrival times for all students

that contains the time that the students spend on the vehicle up to the drop-off stops

and the total time of walking from the drop off stops to their home addresses. Con-

straint (4.67) shows that the students will drop off in only one of the stops in their own
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cluster. Constraint (4.68) shows that |K| vehicles will depart from the school. Con-

straint (4.69) illustrates that after vehicle k visits node i, it will depart from the stop.

Constraint (4.70) illustrates the flow of each vehicle at each node i. Constraints (4.71–

4.73) ensure that the maximum number of onboard students on each vehicle cannot exceed

the vehicle capacity. Constraints (4.74) and (4.75) show the arrival time consistency and

impose the connectivity for each vehicle. Constraints (4.76–4.79) show the domains of

the decision variables.
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Model 6: Three-index formulation on the auxiliary graph based on GG

The following is the three-index formulation on the auxiliary graph with GG subtour

elimination constraints.

Decision variables

xk
ij is a binary variable, which is equal to 1, if arc (i, j) ∈ AH is traversed by vehicle

k; otherwise, it is zero.

zki is a binary variable, which is equal to 1 if node i ∈ NH is visited by vehicle k;

otherwise, it is zero.

fk
ij is a non-negative value which indicates the number of onboard students, if vehicle

k travels arc (i, j); otherwise, the value is zero.

min
∑
k∈K

∑
(i,j)∈AH

dijf
k
ij +

∑
k∈K

∑
i∈NH

Wiz
k
i (4.80)

s.t.:
∑
k∈K

∑
i∈Cs

zki = 1 ∀s ∈ S, (4.81)∑
k∈K

zk0 = |K|, (4.82)∑
j∈NH

xk
ij = zki ∀i ∈ NH ,∀k ∈ K, (4.83)∑

j∈NH

xk
ij =

∑
j∈NH

xk
ji ∀i ∈ NH ,∀k ∈ K, (4.84)∑

i∈NH

zki ≤ Q ∀k ∈ K, (4.85)∑
j∈NH

fk
ji −

∑
j∈NH\{0}

fk
ij = zki ∀i ∈ NH \ {0}, ∀k ∈ K, (4.86)

fk
ij ≥ xk

ij ∀(i, j) ∈ AH \ {0},∀k ∈ K, (4.87)

fk
0j ≤ Q ∀j ∈ NH , (4.88)

fk
ij ≤ (Q− 1)xk

ij ∀i, j ∈ NH \ {0},∀k ∈ K, (4.89)

xk
ij ∈ {0, 1} ∀(i, j) ∈ AH ,∀k ∈ K, (4.90)

zki ∈ {0, 1} ∀i ∈ NH ,∀k ∈ K, (4.91)

fk
ij ≥ 0 ∀(i, j) ∈ AH ,∀k ∈ K. (4.92)

The objective function (4.80) is to minimise the sum of arrival times for all students

that contains the arrival time that the students spend on the vehicle up to the drop

off stops and the total time of walking from the drop off stops to their home addresses.

Constraint (4.81) shows that the students are dropped off in only one of the stops in their
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cluster. Constraint (4.82) shows |K| vehicles will depart the school. Constraint (4.83)

illustrates that after vehicle k visits node i, it will depart from it. Constraint (4.84)

illustrates the flow of each vehicle at each node i. Constraints (4.85–4.89) show that

the maximum number of on board students on each vehicle cannot exceed the vehicle

capacity. Constraints (4.90–4.92) show the domains of the decision variables.

In summary, an overview of the six proposed models is depicted in Figure 4.2.

Cumulative School Bus Routing Models

Original Graph Auxiliary Graph

2-index 3-index3-index

MTZ

Model 3

GG

Model 4

MTZ

Model 5

GG

Model 6

MTZ

Model 1

GG

Model 2

Figure 4.2: The overview of the models

4.4 Computational results

In this part, we are going to show the computational results of the six mathematical

formulations for the CSBRP. In Subsection 4.4.1, the data preparation is discussed, and

the final results are provided in Subsection 4.4.2.

4.4.1 Data preparation

The proposed model was tested on real-life data from Innlandet in Norway. The dataset

contains the locations of different schools, the students’ home addresses, and the bus

stops. To calculate the travel time between any pair of nodes, we used the Haversine

distance metric, and we assumed that school buses have a speed of 30 (km/h) and the

walking speed for the students is 5 (km/h). There are two school buses with capacity

of 20 students. Different number of school buses and capacities are also investigated for

sensitivity analysis.
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All models are applied to certain small-sized instances, which are for the schools where

the number of students is in the set {7, 10, 13, 15, 16, 22}. For each number of students,

we selected five different schools that serve the same number of students.

Here, the computational experiments on the set of data are described. All of the com-

putational results were performed on a Windows platform running an Intel(R) Core(TM)

i5-8250U CPU @ 1.60 GHz laptop PC with 8 GB RAM. All the instances were solved by

default settings of CPLEX (version 12.9), and the maximum running time is one hour.

4.4.2 Computational results

In this section, we analyse the performance of the six mathematical formulations. Ta-

ble 4.1 shows aggregated results for five different sets of schools. In Table 4.1, |S| is
the number of students, WMax is the maximum allowed walking distance, |N | is the av-

erage number of nodes in models which are defined by the original graph, and |NH | is
the average number of nodes for models defined by the auxiliary graph. Note that the

total number of nodes in each instance refers to the number of potential stops, which

primarily refers to students’ home addresses and bus stops. An increase in the allowed

walking distance causes a rise in the number of nodes (both |N | and |NH |), especially
|NH | is larger than |N | when the allowed walking distance is greater than zero, because

of copying the shared stops.

The other columns of Table 4.1 describe the obtained results for each model. #opt

represents the number of instances (out of five schools) that reach optimality within the

given time, CPU represents the average computation time (in seconds) for instances that

reach optimality within one hour, and if the total computation time for all five instances

is over one hour, then that value is displayed by ‘—’. obj shows the average optimal or

upper bound values (in hours). GAP is the average percentage of optimality gaps only for

those instances that do not reach optimality within one hour. Note that the optimality

gap reflects the difference between the best known bound and the objective value of the

best solution. For each instance, we indicate which model performs best, according to

the following rule: First we prioritise the average optimality gap, and as a second priority

for tie-breaking we use the average CPU time. For the best model, we put a ∗ after the

gap if this is the only model that solves all five instances. Otherwise, we put the relevant

number in bold.

All of the reported results are based on the introduced lifted version of the time

connectivity and capacity constraints.

Based on the obtained results, the maximum number of students that the models can

solve to optimality is less than 22 students, and we stop running the models for larger

instances. In general, among all the instances, Models 2, 3, and 4 perform better than
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the other models.

Model 1 shows the worst performance even for very small-sized instances like 7 stu-

dents. As a result of the existence of big M in the formulation, this model is weaker in

computation. Consequently, we stop running Model 1 for instances with larger than 10

students.

According to Table 4.1, it appears that the computation time of the models is strongly

dependent on both the number of students and the maximum walking distance, such that

by increasing these two criteria, the average computation time for all the models also

increases. Based on the average computation times, Model 3 performs well only on very

small instances like 7 and 10 students, while Model 4’s performance is superior when

there are more than 10 students. Model 3 and Model 4 are both based on a 2-index

formulation.

On average, the number of instances that reach optimality is larger with Model 4 than

with the other models.

Table 4.2 shows the detail of the instances with 13 students. The columns of the tables

are Id which is the school index, N and NH are the number of nodes in the original and

the auxiliary graph respectively, z∗ is the optimal or upper bound value, CPU/GAP

shows the computational time (CPU in seconds) if the solution time is less than an hour

or the optimality gap (GAP in percentage) if the solution time exceeds one hour.

To test the computation time of the models, we started running the models with

WMax = 0, which means that all the students must be dropped off at their home addresses.

Then we increased the value of WMax to check the obtained results and compare the

performance of the models in obtaining the results with their computation times and

the optimality gaps. As depicted in Table 4.2, by increasing the value of WMax, the

computation time of the models is increased as well. We stopped running the models

when the models cannot solve the problem within one hour.

Table 4.2 shows how increasing the number of nodes causes increased computation

times and optimality gaps. Especially the computation times of Models 5 and 6 are

sensitive to the number of nodes. In comparing Model 3 and Model 5, which both are

based on MTZ inequalities on the auxiliary graph, it is evident that the optimality gaps

in Model 5 are larger than in Model 3. For instance, in school number 5 with WMax = 0.3,

the reported gap for Model 3 is 16.64% and for Model 5 is 20.93%. In comparing Model

4 and Model 6, both of which are based on GG inequalities on the auxiliary graph, it

is depicted that the optimality gap and computation time in Model 4 is smaller than in

Model 6. When comparing Model 4 and Model 6 with Model 2, all of which are based on

GG inequalities but differ in decision variables and graph definitions, Model 4 is superior

to Model 2 both in terms of running time and optimality gaps.
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Table 4.2: The instance with 13 students

Model 2 Model 3 Model 4 Model 5 Model 6

Id WMax |N | CPU/GAP z∗ |NH | CPU/GAP z∗ CPU/GAP z∗ CPU/GAP z∗ CPU/GAP z∗

1 0.0 14 148.76 3.76 14 23.09 3.76 1.35 3.76 851.99 3.76 12.01 3.76

2 0.0 14 10.03 1.62 14 0.18 1.62 2.32 1.62 0.70 1.62 10.42 1.62

3 0.0 14 244.50 1.54 14 7.69 1.54 0.90 1.54 84.27 1.54 2.67 1.54

4 0.0 14 60.98 4.97 14 1.12 4.97 7.37 4.97 13.44 4.97 40.66 4.97

5 0.0 14 29.29 1.70 14 214.22 1.70 4.39 1.70 13.94% 1.70 18.24 1.70

1 0.1 20 82.74 3.75 24 144.30 3.75 16.19 3.75 3113.11 3.75 48.99 3.75

2 0.1 18 6.82 1.62 32 0.39 1.62 16.79 1.62 1.34 1.62 32.21 1.62

3 0.1 19 31.29 1.54 28 989.29 1.54 22.52 1.54 8.20% 1.54 88.43 1.54

4 0.1 15 851.99 4.97 35 1.50 4.97 2.94 4.97 13.29 4.97 43.14 4.97

5 0.1 15 26.14 1.70 25 9.47% 1.70 25.09 1.70 16.90% 1.70 104.52 1.70

1 0.2 24 1194.52 3.75 30 1520.20 3.75 134.23 3.75 10.43% 3.75 319.55 3.75

2 0.2 18 6.75 1.62 32 0.44 1.62 16.88 1.62 1.41 1.62 32.84 1.62

3 0.2 22 52.88 1.54 32 1344.34 1.54 27.29 1.54 9.06% 1.54 214.12 1.54

4 0.2 18 5.38 4.97 38 5.30 4.97 6.39 4.97 29.83 4.97 151.40 4.97

5 0.2 16 65.733 1.70 36 14.99% 1.70 317.99 1.70 18.49% 1.70 389.29 1.70

1 0.3 28 1106.42 3.75 38 5.55% 3.75 569.81 3.75 13.01% 3.75 2210.54 3.75

2 0.3 18 5.16 1.62 44 0.70 1.62 12.68 1.62 1.31 1.62 44.38 1.62

3 0.3 34 332.01 1.54 52 4.57% 1.54 165.69 1.54 14.63% 1.54 1197.71 1.54

4 0.3 21 15.25 4.97 41 10.51 4.97 17.12 4.97 81.34 4.97 130.92 4.97

5 0.3 19 94.804 1.70 44 16.64% 1.70 727.45 1.70 20.93% 1.70 738.92 1.70

1 0.5 36 3.86% 3.746 54 7.96% 3.745 3.71% 3.745 11.78% 3.745 5.73% 3.745

2 0.5 20 9.26 1.619 54 1.725 1.619 12.05 1.619 13.42 1.619 49.00 1.619

3 0.5 59 6.79% 1.522 92 7.44% 1.522 5.23% 1.522 12.63% 1.522 12.58% 1.522

4 0.5 33 62.98 4.967 61 83.57 4.967 216.96 4.967 555.18 4.967 659.15 4.967

5 0.5 27 275.532 1.702 56 19.11% 1.702 2.00% 1.702 21.35% 1.702 2346.58 1.702

In order to guarantee the performance reliability of models, more data should be

checked, and we have not relied on just one observation in this paper. Therefore, a

good performance of Model 4 can be attributed to its characteristics. It is possible to

investigate the effect of different distributions of the nodes on the performance of the

models as further research.

4.4.3 Sensitivity analysis

For a sensitivity analysis, we run Model 4, as it performed better in comparison to other

models. All of the instances in this section are based on the instances with 15 students

in five schools. Figures 4.3 and 4.4 report the effect of the number of vehicles and the

capacity of the vehicles on the computational time and the obtained objectives.

Figure 4.3a shows the effect of the number of vehicles (|K|) and the allowed walking

distance (WMax) on the computation time of Model 4. When only one vehicle is available,

the average computation time is more than one hour, which we did not report in the

figure. However, it is evident from Figure 4.3a that by increasing the number of vehicles,
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the computation time is decreased. As a result, the model can provide a solution faster

when there are more vehicles than when there is only one. Figure 4.3a also depicts that

the computation time is also dependent on the value of WMax. The reason is that as the

number of potential stops increases, selecting stops and generating routes becomes more

complicated for the model.
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Figure 4.3: Comparison between CPU time based on number of vehicles and capacity of
vehicles over different allowed walking distances
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Figure 4.4: Comparison between obtained objective based on number of vehicles and
capacity of vehicles over different allowed walking distances

According to Figure 4.3b, computation times tend to increase as WMax increases. The

figure also illustrates that when the vehicle capacity is limited, the computation time is

increased. For instance, when WMax = 0.4 with two available vehicles, the computation

time of the model to provide a solution with a vehicle’s capacity of 8 passengers is 2,500(s)

while with a capacity of 10 passengers is 1,500(s).

Figure 4.4 illustrates how the objective value varies in relation to the number of
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vehicles and their capacity and different walking distances. Based on Figure 4.4a, a

larger number of vehicles available for transporting students reduces the sum of student

arrival times. In Figure 4.4b, which is also based on two available vehicles, a smaller

capacity of the vehicles increases the total arrival time of students. Due to the vehicles’

limited capacity, the vehicles must travel longer route distances to deliver all the students

to their drop-off points, resulting in longer total arrival times.

According to Figures (4.4a-4.4b), the total sum of arrival times for the students are

the same over different walking distances. This happens since all of the students are

dropped off at their home addresses and they do not require to walk, which can also seen

in Figure 4.6b.

Analysing the CSBRP against the conventional SBRP

In this subsection, we compare our proposed model with the conventional school bus

routing problem. While the objective of our proposed model is to minimise the sum of

arrival times of the students at their homes, the objective of the conventional SBRP is

to minimise the total time or distance travelled by the buses.

In order to compare the results, we calculated the sum of arrival times of the students

from a solution obtained from the conventional SBRP problem, and call it converted total

arrival times. Additionally, we calculated the total travel times by the school buses using

a solution obtained from the cumulative school bus routing problem, and call it converted

total travel times.

Figure 4.5 compares the average CPU time of the conventional SBRP and the CSBRP

for 15 students in five different schools. It is depicted that the cumulative SBRP takes

longer to run than the conventional SBRP, even though both models are based on two-

index formulations with GG inequalities as subtour elimination, and only their objective

functions are different.

Figure 4.6a shows a comparison between the obtained results based on the cumulative

school bus routing problem, and the converted total arrival times of the students from the

SBRP. Based on Figure 4.6a, in general, the total arrival times in the SBRP are higher

than the CSBRP, and the total arrival times increase with increasing allowed walking

distances.

As shown in Figure 4.6b, the total walking time of the students is influenced by the

value of WMax. In addition, the total walking time is greater in the SBRP in comparison

to the CSBRP, as in the SBRP, the total travel time by the buses is more important than

student convenience.

Figures 4.7-4.8 show the obtained results from the CSBRP and the SBRP respectively.

The results include the drop-off points of ten students with a maximum allowed walking
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Figure 4.5: CPU time differences between the conventional SBRP and the CSBRP
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Figure 4.6: Comparison between the obtained results from the SBRP and the CSBRP

distance of 0.4(km) and the generated routes for two school buses with a capacity of 10

passengers.

In Figure 4.7, the black square is the school and blue circles are the students’ home

addresses. This figure shows that all of the students are dropped off at their home

addresses. There are two generated routes (in dashed blue and solid orange lines) where

the total walking time of the students is zero, and the sum of arrival times for the students

is 7.42(h). As it is depicted, the obtained routes are not necessarily the shortest routes,

especially the blue dashed route. This example also shows that the shortest route may

not minimise the total sum of the arrival times for the students.

In Figure 4.8, the school is displayed by a black square, the students’ home addresses

are blue circles and the drop-off bus stops are red triangles. It should be noted that in

the conventional SBRP, the routes are closed tours that start and end at the school or
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Figure 4.7: The obtained result from the CSBRP model for ten students

Figure 4.8: The obtained result from the SBRP model for ten students
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a depot. Besides, two routes from the model are displayed in Figure 4.8 by dashed blue

and solid orange lines, where in the dashed line route, only student 8 is dropped off, and

the other students are travelling on the solid line route. The number of bus stops for

these ten students with WMax = 0.4 is 25, but in the figure only the visited drop-off stops

are displayed. In this solution, not all students are dropped off at their home addresses.

Specifically, students number 2, 4, and 10 are dropped off at their home addresses, while

student number 1 is dropped off at student 2’s home address and the other students are

dropped off at the bus stops. The students who are dropped off at places other than their

home addresses should walk to their homes. In Figure 4.8, the converted total arrival

times for the students is 25.65(h), the total walking time of the students is 0.35(h), and

the total travelled time is 6.53(h).

In the SBRP, the two converted travel times are very different (6.422(h) and 0.113(h)),

while the two converted travel times obtained from the CSBRP are more similar (3.55(h)

and 3.86(h)) and as such avoid a long travel time for any individual student.

4.5 Conclusion

In this paper, we introduced a new objective for the school bus routing problem which

has a focus on equity and fairness in the arrival time of students at their home addresses,

when being transported by school buses from the school. We introduced six different

mathematical formulations for the problem that differ in network design and decision

variables. We also introduced lifted time constraints in the cluster-based formulations.

Finally, the models’ performance is compared on the set of real-life instances. We also

compared our proposed model with the conventional school bus routing problem which has

a focus on minimising the total time of travel. The results show that in the conventional

SBRP, students have to walk larger distances, and on average the students arrive later

at their homes, while the objective of the cumulative school bus routing problem is to

minimise the sum of arrival times of all students at their homes.

We can clearly observe that the MILP approach in this paper is only able to solve

the smallest instances to optimality within the given time limit. Therefore, as further

research, it can be investigated how to design exact and heuristic algorithms to solve the

cumulative school bus routing problem for large-size instances.
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CHAPTER 5

Bicycle Repositioning Problem with Integration of

Private Vehicle and Public Transport

History: This chapter has been prepared in collaboration with Ahmad Hemmati and

Jens Lysgaard. It has been submitted to Computers & Operations Research in 2022.

It was also presented at the annual conference of the Norwegian Operations Research

Society (NORS) in November 2021 in Bergen, Norway, at a CORAL Ph.D. seminar in

May 2022, and at the VeRoLog conference in June 2022 in Hamburg, Germany.
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Abstract

The Bicycle Repositioning Problem with Integration of Private Vehicle and Pub-

lic Transport (BRP-IPVPT) concerns routing and scheduling a single vehicle to

relocate bicycles such that part of the operation can be carried out by public trans-

port. In bicycle-sharing systems, there are several bicycle stations, which are lo-

cated throughout the city, and users can rent the bicycles automatically, use them,

and return them to any of the stations. Each bicycle station has a defined level of

inventory, and the number of bicycles varies throughout the day. Lack of bicycles

in stations leads to dissatisfaction among customers. To address this issue, there

are vehicles assigned to move bicycles from stations that have more bicycles than

needed to stations that face shortages. However, using vehicles to balance the bicy-

cles around the city is expensive, and it interferes with the bike-sharing operation’s

mission as a green transport service. Our proposed model integrates the use of a

single vehicle and public transport to perform the repositioning operations. This

paper presents mathematical formulations and proposes an adaptive matheuristic

algorithm for solving the BRP-IPVPT. We also test our model on a real-life bicycle

sharing system in the city of Bergen, Norway. Computational experience shows

that integrating public and private transport can be beneficial.

Keywords: Transport; bicycle sharing system; bicycle repositioning; matheuristic;

public transport

5.1 Introduction

Bicycle sharing systems (BSSs) have become more commonplace in recent years. Ac-

cording to the Bicycle Sharing Blog (2021), the number of shared bicycles is more than
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ten million by mid-2021, which shows that it is a successful business. BSS is also very

well known for connecting first- and last-mile trips with public transport systems (Böcker

et al., 2020; Chang et al., 2021), allowing customers to use the bicycle as a mode of

transport to reach their destination.

The BSS is composed of several bicycle sharing stations located throughout the city.

Each station has a certain number of bicycle racks where the bicycles can be rented or

returned. Users can find the closest bicycle station by using Global Positioning System

(GPS) on their smartphone, and the bicycle can be unlocked by scanning and sending the

code to the bicycle sharing application. Then users can ride the bicycles to their destina-

tions and return the bicycles in the bicycle racks, which are marked by the application.

One of the crucial reasons that make the bicycle sharing system successful is the

availability of bicycles. Ideally, a bicycle is available near the user’s current location when

the user needs one. If users cannot find bicycles in their area, they may either walk to

reach other nearby bicycle stations or change their minds and use other transport modes

to get to their destination. Consequently, the number of dissatisfied users increases, which

negatively impacts the bicycle sharing business development. A high usage rate in the

number of bicycles in each station during the day is normal. However, a problem occurs

in case of shortages at some stations while other stations may have an excessive number

of bicycles. This might happen more near public stations, like train stations and metro

stations, where public transport connects with residential areas or workplaces. One of

the solutions that can fulfil the deficiencies is to relocate bicycles. The bicycles can either

automatically be relocated by the customers who are using them, or bicycle provider

companies can relocate the bicycles by vans or special vehicles through the city. It is

possible that the number of bicycles at each bicycle station changes during the day and

goes beyond its target inventory level. At some stations, the number of bicycles may

exceed the target level, referred to as a surplus, while at other stations, it may fall below

the target level, referred to as a deficit. If there is a surplus or deficit in one station, it is

called imbalanced, otherwise it is called balanced. One of the operational level decisions

in bicycle repositioning problems (BRPs) is how many bicycles must be removed from or

placed to stations, and which routes the vehicles should drive to minimise the number of

shortages or surplus among the bicycle stations and the total vehicle operational cost.

Relocating bicycles can be done either at night when bicycle usage is low, which is

called static repositioning, or it can occur during the day when bicycle usage rate is high,

which is called dynamic repositioning. In this paper, we investigate opportunities and

feasibility of using available public transport, which operates according to a predeter-

mined route and schedule, for relocating the bicycles. The BRP-IPVPT is an extension

of the standard BRP that also takes into account the flexibility of the use of available
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space in public transport. Due to the fact that the bicycle sharing systems may have

some overlap stations with the public transport systems, it is now widely accepted that

public transport and cycling are in most cases complementary partners in the multimodal

transport chain. There are several practical attempts to smooth the carrying of bicycles

in public transport, e.g., using the inside area of the train as in the city of Copenhagen, or

putting racks on the outside of the bus as in the Czech Republic and Portland, or adding

bicycle trailers, as in the city of Stuttgart, for moving the bicycles (Cerny & Daggers,

2016). As such, there are some possibilities for rebalancing bicycles by using available

public transport.

Repositioning the bicycles by public transport services may benefit the whole trans-

port system (Ghilas et al., 2018). In particular, when two systems are integrated ef-

ficiently, even when electric vehicles are used, both communities benefit as it reduces

the shortage of bicycles at stations and reduces congestion. Moreover, bicycles can be

repositioned during the daytime by using the underutilized space of public transports or

during the off-peak period of public transports (Shui & Szeto, 2020). The availability of

bicycles where and when needed is one of the important factors that turns the BSS into

a successful business with a good effect on health and green mobility. In addition, the

marginal cost of using public transport for transporting bicycles is very limited, given

that the public transport system is operating in any case.

Due to this insight, public transport operators nowadays play an important role in

promoting and facilitating the transfer of bicycles to and from their lines. If successful

integration is achieved between modes, repositioning vehicles to transfer the bicycles

will likely be fewer, and then public transport will be more efficient. Additionally, the

frequency of cycling and the catchment area for public transport will likely increase as

well. These types of integration take into account the collaboration of the whole city

system and run in contrast to the traditional focus on the traditional multi-user mass

transport. According to European Cycling Federation (2017), cities have successfully

implemented bicycle sharing systems over time, however, municipalities could explore

alternative models and investigate the possibility of creating a potential multi-player

ecosystem that can generate best-service solutions for citizens and cities.

With the possibility of using the public transport services, repositioning of bicycles are

operated directly or indirectly. In the former case, the bicycles can be relocated directly

by using the public transport between stations that are part of the public transport

system. In the latter case, the public transport is used as part of the transport, and the

rebalancing vehicles are responsible for transferring the bicycles to other stations that

are not accessible by the public transport.

Based on our knowledge, the bicycle repositioning problems that are studied by now
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are all based on private vehicles (see e.g., Raviv et al. (2013), Pal & Zhang (2017), Liu

et al. (2018)). In this study, we focus on the static repositioning problem, which has the

advantage of allowing for the use of low-used people transport systems (e.g., urban rails

off-peak hours). The static repositioning of bicycles in the system helps to set up the next

day’s inventory. To gain better insight into the use of public transport in the BRP, we

assume in the proposed model that there are a number of bicycle stations, a single vehicle

and a single public transport available for relocating bicycles. The total operating time

is limited and we want to analyse the possibility of transporting bicycles by both private

vehicle and public transport while minimising the weighted sum of total operating cost

as well as the deviation of the stations’ inventory from their target inventory ranges at

the end of the planning time horizon.

The bicycle repositioning problem is first proven to be an NP-hard problem by Benchi-

mol et al. (2011). For solving the BRP-IPVPT, we propose an adaptive matheuristic

algorithm which in general terms uses the framework of Adaptive Large Neighbourhood

Search (ALNS) combined with a mixed integer linear programming (MILP) model. More

specifically, we propose a two-phase heuristic in which we first solve the routing part by

heuristic algorithms and then solve the loading and unloading subproblem by a MILP

model.

The contributions of this paper are threefold. First, we formulate the bicycle reposi-

tioning problem with the integration of public transport as a MILP model. Second, we

proposed an adaptive matheuristic algorithm that solves real-world instances efficiently.

Finally, we assess the operational benefits of the proposed multimodal rebalancing system

by applying the proposed algorithm to several generated and real-life instances.

The rest of this paper is organised as follows. Relevant literature is presented in Sec-

tion 5.2. The methodology including mathematical modelling is described in Section 5.3.

Section 5.4 describes the adaptive matheuristic algorithm framework. The results ob-

tained from the computational experiments are reported in Section 5.5. Finally, the

conclusions are given in Section 5.6.

5.2 Literature review

In this section, we review the research on bicycle repositioning problems. Generally, the

single vehicle bicycle repositioning problem is a variant of the one-commodity pickup

and delivery travelling salesman problem (1-PDTSP) (Erdoğan et al., 2014; Szeto et al.,

2016). Based on the study by Erdoğan et al. (2014), there are some differences between

1-PDTSP and the static BRP, where in the BRP, there is no need to visit all of the

nodes, the number of loaded and unloaded bicycles are decision variables rather than
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parameters, and commodity cannot flow through the depot. However, there are some

articles that modified the 1-PDTSP formulation to model and solve the BRP (see e.g.

Raviv et al., 2013; Erdoğan et al., 2014; Pal & Zhang, 2017).

BRPs also have some similarities with the Inventory Routing Problem (IRP), which

involves the integration and coordination of two activities in the supply chain: inventory

management and vehicle routing. The IRP addresses the distribution of one product

from a single facility to a set of customers over a specified planning period. In a literature

review by Coelho et al. (2014), there are more discussions about the IRP from the time

when it was introduced.

Another closely related problem to BRP is the Swapping Problem (SP), which is an

NP-hard problem, and it is introduced by Anily & Hassin (1992). The objective of the SP

is to minimise the total travel route of a vehicle with unit capacity, which is rearranging

items of known types from their original nodes to their requested nodes. However, in the

SP model, objects may belong to more than one type, which is a not the case in the BRP.

There are two literature reviews about a shared mobility system (see e.g., Laporte

et al. (2015) and Laporte et al. (2018)), where the authors discuss the operational research

issues in car and bicycle-sharing systems. They also give a review on both the static and

dynamic characteristics of vehicle repositioning problems. There is a recent literature

review about bicycle-sharing systems by Shui & Szeto (2020), where the authors focus on

presenting a new planning process for bicycle-sharing services as well as introducing the

research gap and provision of future research direction. Based on their research, no paper

addresses the problem of integrating the repositioning of bicycles by the public transport

system. According to Shui & Szeto (2020), relocating bicycles by public transport would

result in fewer repositioning vehicles being required.

There are two types of bicycle-sharing systems in the literature: station based and

free-floating. Station-based bicycle sharing (SBBS) usually has special docking stations

and kiosks machines. Ideally, there should be enough vacant lockers in this type of bicycle

sharing system, so that users can return the bicycles when they reach their destinations.

In contrast, in a free-floating bicycle sharing system (FFBSS), bicycles do not need bicycle

docks and can be parked freely. In the following, we review some of the studies of these

two types of bike-sharing systems.

In the research by Raviv et al. (2013), the static bicycle sharing system is studied and

the authors provide two models: the arc based formulation and the time-index formula-

tion. The objective of the problem is to minimise the weighted sum of total operating

costs and stations’ penalty costs. The penalty cost is a convex function with a stochastic

characteristic and it is introduced by Raviv & Kolka (2013). However, their problem

is based on a single target inventory, which restricts the number of loaded or unloaded
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bicycles at each station. This problem is addressed by Erdoğan et al. (2014). The authors

propose the model in which the inventory of each station must be within the predeter-

mined inventory interval. Thus the number of bicycles that will be loaded or unloaded

from one station is not restricted to a single value, but rather lies in a range. In the

study of Ho & Szeto (2017), they also apply the time-index formulation proposed by Ra-

viv et al. (2013) but using a penalty function, which is proposed by Forma et al. (2015).

They propose a hybrid large neighbourhood search, where they show that their proposed

algorithm obtains better results than with a 3-step matheuristic algorithm proposed by

Forma et al. (2015). A summary of the recent literature review on the station-based static

bicycle repositioning problem is provided in Table 5.1. The review articles are summarised

according to the number of vehicles which they consider in their proposed mathemati-

cal formulations, the maximum number of bicycle stations they test their model, the

objective of their proposed model, and the method they use to solve the problem.

Table 5.1: Summary of literature on static repositioning bicycle problems.

Article Fleet size Stations Objective Methodology

Raviv et al. (2013) multi 60 min. the weighted sum of total operat-
ing cost and stations’ penalty cost

MIP

Erdoğan et al. (2014) single 50 min. the total travel and handling costs Benders decomposition and branch-
and-cut

Rainer-Harbach et al. (2015) multi 700 min. deviation from the target, vehicle
route and loading activities

Metaheuristic GRASP and PILOP
and VNS

DellÁmico et al. (2014) multi 116 min. total cost Branch-and-cut

DellÁmico et al. (2016) single 500 min. total cost Metaheuristic algorithm based on
Destroy and Repair

Forma et al. (2015) multi 200 min. the weighted sum of total travel
time and penalty cost

3-step matheuristic

Schuijbroek et al. (2017) multi 135 min. the total makespan of vehicles MIP based on Clustering Problem

Szeto et al. (2016) single 300 min. the weighted sum of unmet cus-
tomer demand and operational time on
the vehicle

CRO

Ho & Szeto (2017) multi 518 min. the weighted sum of total travel
time and penalty cost

Hybrid large neighbourhood search
metaheuristic

Bulhões et al. (2018) multi 200 min. total cost Branch-and-cut and iterated local
search metaheuristic

This paper single 60 min. the weighted sum of total operat-
ing cost and deviation of stations inven-
tory from target inventory ranges

Adaptive matheuristic

In the free-floating bicycle sharing system, Pal & Zhang (2017) introduce a MILP

formulation to solve a multiple-vehicle static complete rebalancing problem. The objec-

tive of the problem is to minimise the total makespan of the vehicles which is equivalent

to minimising the maximum rebalancing time of the fleet of rebalancing vehicles. They

introduce a hybrid nested large neighbourhood search with a Variable Neighbourhood

Decent (VND) algorithm. In complete rebalancing, the model should handle multiple

visits of one station since some of the stations have a large demand that is not covered

by a one time visit. In order to address this issue, the authors propose a decomposed

network, in which each node is copied into several nodes, each with one unit of imbalance.

96



By decomposing a network, they can formulate their model as a 1-commodity pickup and

delivery problem. They show that their proposed algorithm can solve 148 instances. In

another research in FFBSS (Liu et al., 2018), the authors classify the stations into easy

and difficult to reach, and define different penalties depending on how convenient it is

to get the bikes, which is not considered in the study by Pal & Zhang (2017). In Liu

et al. (2018), the objective is to minimise the weighted sum of total unmet bike demand

and vehicles’ total operational time and an inconvenience level of getting bikes from the

system. Their proposed model has some modification from the time-index formulation

proposed by Raviv et al. (2013) with a different objective function, and their proposed

model allows the vehicles to start from different depots. They propose an enhanced ver-

sion of Chemical Reaction Optimisation (CRO) to solve the problem. The computational

experiments are conducted on instances with up to 400 nodes and 2 depots.

In Shui & Szeto (2018), the authors investigate the dynamic green bike repositioning

problem. The objective of their problem is to minimise the weighted sum of total unmet

demand of bicycles at the stations and fuel and CO2 emission costs of the repositioning

vehicle over the time horizon. To handle the dynamic nature of the problem, they divide

the problem into a set of stages and at each stage solve a static repositioning problem.

They conclude that the large time horizon can increase the total unmet demand of bicycles

and total fuel and CO2 emission costs.

All of the above-mentioned studies on bicycle repositioning problems do not consider

using public transport’s spare capacity for bicycle repositioning outside of peak hours.

However, there are some studies on the integration of public transport and freight where

it is shown that integration of these transport streams would enhance service quality and

profitability. This includes, for instance, transporting freight requests from their origins

to their corresponding destinations, where the requests can use scheduled passenger trans-

port services as a part of their journeys (Ghilas et al., 2018). According to their results,

using the scheduled line to deliver freight could save up to 30% with regards to operating

costs. Moreover, Mourad et al. (2021) study the problem of pickups and deliveries with

autonomous robots, where autonomous robots and passengers both use scheduled lines,

while passengers have higher priority in using public transport. In a related work of Häll

et al. (2009), the authors introduce an arc based MIP formulation to solve an integrated

Dial-a-Ride Problem (DARP), where some part of each dial-a-ride request can be carried

out by a fixed route service. However, the authors do not include the schedule of the

public transport in their fixed route service.

Our proposed model is a modification of a time-index formulation of Raviv et al.

(2013). We consider an inventory level interval instead of one single inventory level value

for each bicycle station like Erdoğan et al. (2014). Our model also supports multi-visit
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of one station by both a vehicle and a public transport, as well as the synchronisation of

a vehicle with the given time table of the public transport. To our knowledge, this is the

first paper that analyses the possibility of repositioning bicycles via public transport.

5.3 Mathematical formulation

In this section, we provide the notation and mathematical formulation of the BRP-

IPVPT. The BRP-IPVPT can be defined on a graph G = (N,E,A) where N is a set of

stations, E is a set of (undirected) edges between the stations, and A is a set of (directed)

arcs between the stations. Each station has an initial inventory level as well as a target

inventory level interval at the end of the planning time horizon. The depot is assumed

to have no initial and target inventory. Besides, we assume that during the day, bicycles

are removed or added at known rates by either the user or the operator, for example,

because of repair. This known rate (Rit) which is considered as a parameter does not

provide any stochastic feature to the problem as it is known beforehand by the system.

There is one vehicle with a capacity of Q, and the cost and travel time of the vehicle is

given for each edge. The vehicle starts its travel at the beginning of the planning time

horizon from the depot. Then the vehicle visits bicycle stations to rebalance the stations

until the end of the planning time horizon. There is one public transport that has a

capacity of QP to carry the bicycles. The public transport has a definite route with a

given departure time at each station. Since there should be a synchronisation between

the public transport and the vehicle, the proposed model is defined as a time-index for-

mulation, which is provided in Subsection 5.3.2. The purpose of choosing a time-index

formulation is to have a synchronisation between a schedule of a public transport and a

vehicle. It is assumed that there are no bicycles on the vehicle or public transport at the

beginning and end of the planning time horizon. Therefore, at the first station of the

public transport, only a loading activity can happen. We also assume that the public

transport has a fixed operating cost, as it has a scheduled plan to follow for transferring

passengers. In addition, we assume the repositioning could take place when a public

transport has sufficient capacity to carry the bicycles and the transporting of bicycles

does not disrupt passenger trips. The objective is to determine the route for the vehicle

and the quantities of bicycles loaded and unloaded at each visited station to minimise a

weighted sum of deviation of the stations’ inventory from their target inventory ranges

and the total operating costs. Deviation of stations inventories result from the inventory

levels at stations being outside the target inventory ranges, and operating costs consist

of travel costs and handling costs.
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5.3.1 Notations

The following notations are used throughout the paper.

Sets and parameters

N Set of bicycle stations, N = {0, 1, . . . , n} where node 0 represents a depot

Q Capacity of the vehicle

QP Capacity of the train to carry bicycles

T The planning time horizon

S0
i The initial number of bicycles at station i

S+
i The maximum target inventory level at bicycle station i at time T

S−
i The minimum target inventory level at bicycle station i at time T

DP The weight of deviation factor for stations that are outside the target inventory

µ The weight of travel cost and handling cost

L The loading cost of a bicycle onto the vehicle

U The unloading cost of a bicycle from the vehicle

LP The loading cost of a bicycle onto the public transport*

UP The unloading cost of a bicycle from the public transport*

Cij The travel cost of the vehicle from node i to node j

Tij The travel time of the vehicle from node i to node j, including a fixed loading and

unloading time at node i

P A directed path, P = (v1, v2, . . . , vp) which the train follows. All nodes on the path

are elements of N

Di Departure time of the public transport at station vi ∈ P , where 0 ≤ Di ≤ T

Rit The removed or added rate of bicycles by either users or an operator at station i at

station i during period (t− 1, t]

*For simplicity, we neglect any loading and unloading time for the public transport

Decision variables

xijt is a binary variable which equals to 1, if the vehicle starts to travel from node i

at time t to node j, and 0 otherwise

yijt is an integer variable which equals the number of bicycles carried by the vehicle from

node i to node j starting from node i at time t. If the vehicle does not start to

travel from node i at time t to node j, i.e., xijt = 0, then yijt = 0

yLit is the number of bicycles loaded onto the vehicle at node i at time t

yUit is the number of bicycles unloaded from the vehicle at node i at time t

zvi is an integer variable which is equal to the number of bicycles carried by

the public transport travelled directly from node vi ∈ P at departure time of Di to

node vi+1 ∈ P

zLvi is the number of bicycles loaded onto the public transport at node vi ∈ P at time Di

zUvi is the number of bicycles unloaded from the public transport at node vi ∈ P at time Di

sit is an integer variable which shows the inventory level at node i during period [t, t+ 1)

b+i , b
−
i the deviation (surplus or deficit) number of bicycles at station i from its target inventory

99



5.3.2 The time-index formulation for BRP-IPVPT

min.µ(
∑
i∈N

∑
j∈N

∑
t∈T

Cijxijt +
∑
i∈N

∑
t∈T

(L.yLit + U.yUit ) +
∑
vi∈P

(LP.zLvi + UP.zUvi))+

DP
∑
i∈N

(b−i + b+i ), (5.1)

s.t:
∑
j∈N

x0j0 = 1, (5.2)∑
j∈N,t≥Tji

xji,t−Tji
=

∑
j∈N

xijt ∀i ∈ N,∀t ∈ {1, ..., T − 1}, (5.3)

∑
i∈N

∑
i ̸=j∈N,t+Tij>T

xijt = 0 ∀t ∈ T, (5.4)

∑
i∈N

∑
j∈N

yij0 = 0, (5.5)∑
j∈N,t≥Tji

yji,t−Tji
−

∑
j∈N

yijt = yUit − yLit ∀i ∈ N,∀t ∈ {1, . . . , T}, (5.6)

yijt ≤ Qxijt, ∀i, j ∈ N,∀t ∈ T, (5.7)

zv0 = zLv0 , (5.8)

zvi−1
− zvi = zUvi − zLvi ∀vi ∈ P, (5.9)

zvi ≤ QP ∀vi ∈ P, (5.10)

si0 = S0
i ∀i ∈ N, (5.11)

S−
i − b−i ≤ siT ≤ S+

i + b+i ∀i ∈ N, (5.12)

xijt ∈ {0, 1} ∀i, j ∈ N, ∀t ∈ T, (5.13)

yijt ≥ 0 ∀i, j ∈ N,∀t ∈ T, (5.14)

yUit , y
L
it ≥ 0 ∀i, j ∈ N, ∀t ∈ {0, . . . , T}, (5.15)

zvi ≥ 0 ∀vi ∈ P, (5.16)

zUvi , z
L
vi
≥ 0 ∀vi ∈ P, (5.17)

sit ≥ 0 ∀i ∈ N, ∀t ∈ T, (5.18)

b−i , b
+
i ≥ 0 ∀i ∈ N. (5.19)

In this formulation, the objective function is (5.1) to minimise the weighted sum of

(1) the total operating costs, which includes the total travel costs for the vehicle and the

handling costs of the activities, and (2) the deviation of stations’ inventory from the target

inventory intervals at each station, where the total deviation at stations is
∑

i∈N(b
−
i +b+i ).

The coefficient µ and DP are weighting factors controlling the relative importance of the

respective terms. Constraint (5.2) ensures that the vehicle starts from the depot at the
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beginning of the planning time horizon. Constraint (5.3) ensures the flow conservation

of the vehicle. Constraint (5.4) eliminates travels that exceed the planning time horizon.

Constraint (5.5) ensures that the vehicle is empty at time zero. Constraint (5.6) shows the

conservation of inventory on the vehicle. Constraint (5.7) shows the number of bicycles

onboard the vehicle should not exceed the capacity of the vehicle. Constraint (5.8)

ensures that at the first station, public transport can not unload but only load bicycles,

as there are no bicycles on the public transport initially. Constraint (5.9) describes the

conservation of inventory on public transport. Constraint (5.10) shows that the number

of bicycles on public transport must not exceed the capacity of the public transport.

Constraint (5.11) sets the initial inventory level of all stations. Constraint (5.12) shows

that the inventory level at the end of the planning time horizon should match the target

inventory level, where any deviation from the target interval is measured by the deviation

variables b+i = siT − S+
i and b−i = S−

i − siT . The constraints (5.13)–(5.19) show the

domains of the decision variables.

The following constraints show the inventory balance in each station at each time:

sit = sit−1 +Rit + yUit − yLit + zUvi − zLvi ∀i ∈ N,∀t ∈ {1, . . . , T}, vi ∈ P, t = Di (5.20)

sit = sit−1 +Rit + yUit − yLit ∀i ∈ N, ∀t ∈ {1, . . . , T}, vi ̸∈ P, t ̸= Di (5.21)

These two constraints explained that if the node and time is equal to the station

and departure time of the public transport, we have Constraint 5.20, otherwise, we have

Constraint 5.21

It should be noted that the time in this formulation is discrete, and we assume that

all of the loading and unloading operations happen in an instant.

5.4 Solution method

In this section, we describe in detail our proposed algorithm to solve the BRP-IPVPT.

As described in Section 5.3, the objective of the BRP-IPVPT is to minimise the weighted

sum of the total operating cost and the deviation of the stations’ inventory from their

target inventory ranges. We propose a matheuristic algorithm, which is a hybridisation

of metaheuristics and mathematical programming. Our proposed algorithm decomposes

the problem into two parts. The first part decides on the routing part and the second

part decides on the number of loaded and unloaded bicycles by both the vehicle and the

public transport, which leads to obtaining the total deviation of the stations’ inventory

from target inventory range at the end of the planning time horizon. We propose an

Adaptive Matheuristic (AMH) which is illustrated in Subsection 5.4.1, that handles the
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first part in an iterative process. In each iteration of the AH, a new route is generated

based on subheuristic algorithms that are explained in Subsection 5.4.2. Then the new

route is given to a modified mathematical model, described in Subsection 5.4.3, which

deals with the second part.

5.4.1 The proposed AMH algorithm

The framework of our proposed AMH algorithm is derived from the ALNS as introduced

by Røpke & Pisinger (2006). In our AMH framework we have several subheuristic algo-

rithms (subheuristics), which are operated by removing some nodes and reinserting them

back into the solution. In each iteration, the subheuristics can be selected randomly

or sequentially. To increase robustness in choosing the subheuristic, each is assigned a

weighted score based on its historic performance in finding a solution. As a consequence,

the algorithm is able to select the most promising subheuristic in subsequent iterations.

Algorithm 5.1 presents a pseudo-code of the AMH algorithm. The input data is the

stations (nodes), and the result of the algorithm is the final solution for the problem.

We generate an initial feasible solution in Line 1. The weights of the subheuristics are

initialised to equal weights in Line 2. These weights will be updated in Line 14. To assess

the performance of subheuristics, the total number of iterations is divided into a number of

segments (SegNo) and within each segment, there are several iterations (IterNo). During

a segment, we collect the scores (a performance measure) of the subheuristics and the

number of times that we use them (Lines 4 and 5). Within each iteration, one subheuristic

is selected based on its weight where h is an index of the selected subheuristic (Line 7).

The subheuristics are meant to provide a feasible route (Line 8) for the modified MILP

model, which is responsible for determining the handling cost and the total deviation from

target inventory range (Line 9). The subheuristics and the MILP model are described in

Subsection 5.4.2 and Subsection 5.4.3, respectively. The acceptance criteria of solutions

(Line 10) are derived from the Simulated Annealing (SA) algorithm. After a definite

number of non-improving iterations, we run the perturbation function to escape from the

local optimum (Line 15).

More details are provided in the following paragraphs.

Initial solution

Our proposed AMH begins with an initial feasible solution. In the initial solution, the

vehicle starts from the depot and then visits a selection of random bicycle stations until

the total operating time of the selected nodes does not exceed the given planning time

horizon. Each station i has an initial inventory level S0
i . The imbalance value of a bicycle
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Algorithm 5.1 Adaptive matheuristic algorithm

Data: nodes
Result: s

1: s← generate solution(nodes)
2: Initialise(w)
3: while i ≤ SegNo do
4: score← 0
5: count← 0
6: while j ≤ IterNo do
7: h← select heuristic(w)
8: s′ ← Subheuristic(s, h)
9: s← MILP(s′)
10: scoreh ← check solution(s)
11: counth ← counth + 1
12: j ← j + 1
13: end while
14: w ← update heuristics weight(w, score, count)
15: s← perturbation(s)
16: i← i+ 1
17: end while

station i is ui ∈ [S0
i − S+

i , S
0
i − S−

i ], and if the minimum and maximum target inventory

are equal (S−
i = S+

i ), the imbalanced value of station i is ui = S0
i − S+

i . A positive

imbalance value indicates that the station has surplus inventory or a supply value, and a

negative value indicates that the station has a deficit inventory or a demand value.

We represent a solution in one vector with all stations, where the visited stations are

separated from non-visited stations. The first part of the vector, which is interpreted

as a route, consists of visited stations, and their order indicates the sequence in which

the vehicle visits them. The second part of the vector consists of stations that are not

visited, and the order of them has no interpretation. In the second part of the vector, it

is possible to have copies of nodes to allow multi-visits of the stations. In addition to the

route vector, we define a vector that indicates stations’ supply or demand value and is

called a supply vector. The route and supply vectors have the same size, which is equal

to the total number of stations plus one as a separator. Figure 5.1 exemplifies two vectors

of a solution, in which the route vector consists of visited stations, and the supply vector

shows the visited stations’ supply or demand values, and the second part of the route

vector, placed after the separating ‘x’, shows non-visited stations. In this example, the

first node in the route vector is the depot where the vehicle starts from, then the vehicle

visits station 1 which has a supply of 1, then station 2 is visited which has a supply of -1

(i.e., a demand of 1). The last visited station is station 4 which has a supply of -2. The

second part contains the non-visited stations {5, 6, 7}.
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Visited Non-visited

Route vector 0 1 2 3 4 x 5 6 7

Supply vector 0 1 -1 2 -2 x -2 1 1

Figure 5.1: An example of a solution with two vectors of route and supply. The first part
is the visiting stations, and the second part shows the non-visited stations.

Selection of subheuristics

By assigning weights to each subheuristic, we are able to select the most promising one

in the next iterations. Within each segment, the subheuristics are selected based on the

roulette wheel selection principle.

Check solution

The acceptance criteria in our proposed algorithm are based on SA. The algorithm mea-

sures the quality of a new solution in each iteration. A better solution is always accepted,

whereas a worse solution is accepted with a certain probability which depends on how

much the solution is worse in terms of obejctive value as well as on a temperature param-

eter. After each segment, the temperature is decreased by ω. For more details on SA in

general we refer to Eglese (1990). The performance of the SA algorithm is strongly de-

pendent on the initial temperature, as a high temperature allows the algorithm to escape

from local optima. To determine the initial value of the temperature, we set up a warm-up

procedure, which accepts worse solutions by a probability of p. The warm-up procedure

can be implemented as an independent procedure before the iterations start. After a new

solution is obtained, a score is assigned to the corresponding subheuristic based on its

performance in comparison to the best solution. Here, we define three different scores

that are shown in Table 5.2.

Table 5.2: Score adjustment parameters.

Parameter Description

σ1 The new best solution is obtained

σ2 if a new solution outperforms the current solution

σ3 if a new solution is accepted by the SA

Update weights

The weights of subheuristics are updated at the end of each segment, and in order to use

them for the next segment, we need to know about their performance scores in the current
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segment. In order to gather the performance scores of subheuristics, the scores are reset

to zero at the beginning of each segment. The weights of the subheuristics are calculated

by Eq. (5.22), where wih is the weight of the hth subheuristic in the ith segment, and

wi+1,h is the weight of the hth subheuristic in the (i + 1)th segment. The adjustment

factor θ lies in the interval [0, 1], which defines that the weight of the subheuristic h

in the next segment is a weighted sum of its current weight and its performance in the

current segment. In the next segment, the weights of subheuristics are based more on

their historical performance when the value of θ is closer to 0, and when the value of θ

is closer to 1, the weights of subheuristics are based more on the obtained scores in the

current segment.

wi+1,h = (1− θ)wih + θ(scoreih/countih), (5.22)

Perturbation algorithm

In the perturbation algorithm, the strategy is to change the search area in order to escape

from local optima. After κ non-improving iterations, we run an extra set of γ iterations.

In each iteration, we randomly select nodes from the solution’s vectors and reinsert them

in other positions (either in the first or second part of the vectors). We accept solutions

regardless of their quality during the perturbation iterations.

5.4.2 Subheuristic algorithms

In this part, we explain in more detail the subheuristic algorithms, which are designed to

provide a new route for a vehicle. Subheuristics consist of removal and insertion operators,

which are inspired by Røpke & Pisinger (2006). As we explained in Subsection 5.4.1, one

solution is represented by two vectors of route and supply. In both removal and insertion

operators, when one station is selected in the route vector, its corresponding supply or

demand value in the supply vector must be selected as well. The removal operators

consist of selecting q nodes and adding them to the so-called removal list. The parameter

q ∈ [q1, q2] shows the number of nodes to be removed. The nodes in the removal list

are then removed from their current positions and inserted into the second part of the

vectors. Therefore, in the removal operators, the nodes are not completely removed from

the vectors, instead they are just repositioned from their current position to the second

part of the vectors. The two removal operators that are used in our algorithm are listed

below:

Randomly removal This operator randomly selects one station from the first part of

the route vector and then adds it to the removal list. This operator runs q times.
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Similar removal The goal of this operator is to select stations that are similar in terms

of certain aspects. The operator randomly selects one station from the route vector and

adds it to the removal list. The rest of the stations are added to the removal list by the

following repetitive search. Selecting one node r randomly from the removal list, then

for all nodes that have ui ≥ 0 and are not in the removal list, we calculate the value of

similarity by Eq. (5.23):

ϕi = αCir + β(DP |ur − ui|), (5.23)

where ϕi shows the similarity value of station i to station r, and Cir is the travel cost

between station i and r. At the end, the node which has the smallest value of similarity

(ϕ = mini ϕi) to node r is selected and then inserted into the removal list. We note that

small values of ϕ should be interpreted as high degrees of similarly.

In the insertion operators, there is an insertion candidate list, which involves all the

stations in the second part of the vector. The inserting operators try to insert the stations

of the candidate list in their best insertion position in the route vector. The possible

insertion positions involve both the first part and second part of the route vector. If the

selected node is inserted in the first part, it means that the node is visited inside the

route, otherwise, the station is not visited. Therefore, visiting and not visiting a station

result in two different objectives, and the best insertion position is the place that has

the minimum objective value. When inserting a node in the first part is infeasible, the

objective will be set to infinity. Among the potential insertion nodes, one node will be

selected for insertion in its best position. The selection of a node is described in two

insertion operators below. After inserting the selected node in its best position, it will

be removed from the candidate list, and the searching process will be started for the

remaining candidate nodes. The operation stops searching when no more stations can

be inserted into the route vector. Throughout the search procedure, whenever the best

insertion position for a selected node is found, the obtained solution and its objective

are listed in a hash table. When a search process is finished, among the listed solutions,

we select the solution that has the minimum objective value. The goal of this process

is to let the operator search all the local search areas before choosing a final solution in

the insertion operator. Here, there are two greedy insertion operators, that are described

below.

Greedy insertion The goal of this operator is to select and insert a node from the

candidate list in its best position. At first, for all nodes in the candidate list, we calculate

the objective values by inserting each node in different positions in the route vector. The

position which yields the smallest objective for the node will be considered as the best
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insertion position. Then the node which has the smallest objective will be selected for

insertion. By inserting the node in its best position, it will be removed from the candidate

list. This process continues until all nodes in the candidate list are tried for insertion in

the solution vector.

Regret insertion In the regret insertion, like the greedy insertion, we are searching to

select and insert nodes, such that the obtained solution has a minimum objective value.

For each node in the candidate list, we calculate the objective value of inserting the node

in different positions in the route vector. The positions which have the best objective

value and second best objective value are selected for each station, and the difference

between their objective values is calculated. Then the station which has a maximum

difference value between the best and the second best objective value will be selected

to be inserted in its best position in the route vector. Like the greedy insertion, the

operation will be iterated for all of the nodes in a candidate list, and in each iteration

only one node is inserted in its best insertion position.

The total deviation of stations from target inventory range

To calculate the total objective in both the greedy insertion and the regret insertion,

we need to calculate the total travel cost and the deviation of stations inventory that

are outside of the target inventory level at the end of the planning time horizon. To

calculate the total deviation of the stations’ inventory from their target inventory ranges,

we use two different heuristic algorithms, where the first one is applied when the target

inventory interval is tight, i.e., when the minimum and maximum target inventory levels

have the same value. The second heuristic is applied when there is a difference between

the minimum and maximum target inventory level.

The total deviation from target for single value inventory level First we need

to determine the number of loaded or unloaded bicycles at the visited stations. We let

STVLi denote the Station To Vehicle Load (i.e., the number of bicycles loaded from the

station onto the vehicle) at node i and determine its value as follows:

STVLi =


min(ui, Q− l), if ui > 0

−min(−ui, l), if ui < 0

0, if ui = 0

where l represents the number of bicycles on the vehicle when it arrives at node i. The

three cases for determining STVLi can be explained as follows:
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• If the visited station has a supply ui > 0 of bicycles, we let the vehicle load all the

ui bicycles or use the remaining capacity Q− l on the vehicle, whichever is smaller.

• If the visited station has a supply ui < 0 of bicycles, i.e., it has a demand of

−ui bicycles, we let the vehicle unload min(−ui, l) bicycles, i.e., the smaller of the

station’s demand and the number of bicycles onboard the vehicle. This is equivalent

to loading −min(−ui, l) bicycles, where we consider loading a negative quantity to

correspond to unloading its absolute value.

• If the visited station is balanced, no loading and unloading is performed.

Moreover, we set STVLi = 0 if node i is not visited by the vehicle.

Having determined STVLi for all stations, we calculate the remaining quantities oi =

ui − STVLi for each station i.

Subsequently, we determine the loading and unloading quantities for the public trans-

port, using the remaining quantities after the vehicle route as supply/demand input for

the public transport. Using this input, the calculations are done for the public transport

in the same way as for the vehicle, except that we consider the public transport to have

unlimited capacity.

Subsequently, we update the remaining quantities oi of all of the stations after the

loading and unloading operations of the public transport. Finally, we compute the devi-

ation value for each station i as |oi − S+
i |.

Both the vehicle and the public transport are assumed to be empty at the beginning

of their routes, and it is set as a target that they are also empty at the end of the planning

time horizon. As such, the number of onboard bicycles on the vehicle and the train after

completing their routes is associated as a deviation.

The sum of the |oi − S+
i | values for all stations, together with the penalties for the

two ending stations for the vehicle and the train, respectively, gives the total deviation

from target inventory for the route.

The total deviation from target inventory for a range of inventory levels In

this case, we do not have a single value that represents the imbalance value of the stations,

but instead we have a range of values. For instance, consider a station with an initial

inventory level of 6 and with a range [4, 6] of target inventory level. Then its supply

values are {0, 1, 2} as it may supply any of these values and end with a final inventory

level in the given range. Similarly, if the initial inventory level is 2 with the same range

[4, 6] of target inventory level, the supply values are {−4,−3,−2}. To calculate the total

deviations of stations inventory from the target inventory range, we consider the midpoint

of the range for the supply values as ui and calculate the STVL values for all the stations
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based on these values (in our generated data, we have an odd number of values in any

such range, obtained by setting a midpoint plus/minus a given deviation, so that the

midpoint is uniquely determined).

5.4.3 Mixed integer linear programming

As we mentioned in the description of the algorithm, the subheuristics are providing a

route by a set of removal and insertion operators. Now by having a route, we can calculate

the handling cost and the actual total deviation of stations from target inventory for the

given route with an exact algorithm. The mathematical formulation is a modified version

of the time-index formulation of Section 5.3.

A network flow optimisation problem is presented in Erdoğan et al. (2014) for solving

deviations from targets. However, in their proposed model, each station can be visited

at most once, which differs from ours. Therefore, to obtain the optimal deviation cost,

the revised version of MILP is introduced in here. The modified MILP model is provided

in Eqs. (5.24)-(5.40). All of the parameters and sets that are defined for BRP-IPVPT

are also applied in the modified MILP model. In the objective function, TC represents

the total travel cost which is calculated based on the provided route and now serves

as a constant in this modified model. Moreover, as the route is already given in this

formulation, several of the original decision variables now have known values and can be

removed from the formulation. This applies to all xijt decision variables. Moreover, we

simplify the notation and change the decision variable yijt to yt where t represents the

now known departure time of the vehicle from the station where it is known to depart

at time t. Therefore, at any time t where xijt = 0, then yt = 0. Similarly, the decision

variables of yLit and yUit can be replaced by yLt and yUt .

In the modified MILP model, the objective function (5.24) is to minimise the deviation

of the stations from the target inventory range, and the handling cost, while the total

travel cost TC is given as a constant value.
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Decision variables for the modified MILP

yt is the number of bicycles, which are carried by the vehicle at time t

yLt is the number of bicycles loaded onto the vehicle at time t

yUt is the number of bicycles unloaded from the vehicle at time t

min.µ(TC +
∑
t∈T

(L.yLt + U.yUt )+∑
vi∈P

(LP.zLvi + UP.zUvi)) +DP
∑
i∈N

(b−i + b+i ) (5.24)

s.t.: yi = 0 ∀i ∈ T , (5.25)

yt−1 −
∑
j∈N

yt = yUt − yLt ∀t ∈ T, (5.26)

yt ≤ Q ∀t ∈ T, (5.27)

zv0 = zLv0 , (5.28)

zvi−1
− zvi = zUvi − zLvi ∀vi ∈ P, (5.29)

zvi ≤ QP ∀vi ∈ P, (5.30)

si0 = S0
i ∀i ∈ N, (5.31)

sit = sit−1 +Rit + yUt − yLt + zUvi − zLvi ∀i ∈ N,∀t ∈ {1, ..., T}, vi ∈ P,t = Di

(5.32)

sit = sit−1 +Rit + yUt − yLt ∀i ∈ N,∀t ∈ {1, ..., T}, vi ̸∈ P,t ̸= Di

(5.33)

S−
i − b−i ≤ siT ≤ S+

i + b+i ∀i ∈ N, (5.34)

yt ≥ 0 ∀t ∈ T, (5.35)

yUt , y
L
t ≥ 0 ∀t ∈ T, (5.36)

zvi ≥ 0 ∀vi ∈ P, (5.37)

zUvi , z
L
vi
≥ 0 ∀vi ∈ P, (5.38)

sit ≥ 0 ∀i ∈ N,∀t ∈ T, (5.39)

b−i , b
+
i ≥ 0 ∀i ∈ N. (5.40)

5.5 Results and discussion

We conducted extensive tests in order to investigate the integration of the public transport

in the BRP, as well as to assess the performance of our proposed AMH algorithm. The
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description of the data instances is in Subsection 5.5.1, and the parameter tuning that

is used in the algorithm is explained in Subsection 5.5.2. For this experiment, we only

used small to medium-sized instances since the trend is clearly evident and the MILP

approach cannot consistently reach optimality in every instance. Subsection 5.5.3 presents

the obtained results as well as their sensitivities to different parameters.

5.5.1 Data instances

Two sets of instances are used to evaluate the efficiency and efficacy of the AMH heuris-

tic. In the first set of data, we have developed new data instances, since the model is

relatively complicated. Most of the real-life instances that are presented in the literature

are including the travel time matrix, such that selecting and locating the public transport

stations among nodes cannot reflect the public transport line. In public transport, the

travel time between stations differs from vehicles, and the stations cannot be selected

randomly, as there should be a meaningful path among the stations, which cannot be

extracted solely from travel time matrices. Therefore, using these real-life instances will

not lead to a very meaningful comparison for our proposed model. Instead, we need to

define a train path that represents a public transport’s path in city centres. The new

data set is inspired by the 1-commodity pickup and delivery problem, where the location

of stations is generated randomly by a uniform distribution. The coordinates of the sta-

tions are generated over a 400 × 400 units square in Euclidean space, where the depot is

located in the centre.

As the computation time of the model is highly dependent on the number of stations

and the planning time horizon, we provide data instances that can be solved by the MILP

model. These instances contain a small and medium sized number of stations as well as

different planning time horizons. These optimal solutions are useful for validating the

heuristic solutions that are obtained by the AMH algorithm.

The total number of nodes is between 20 and 60. We limit the public transport

path to contain only three nodes in order to avoid excessive time spent on handling

bicycles in several nodes in the public system. However, the number of nodes and the

path pattern of the public transport are strategic and tactical decisions, which could be

an interesting topic for future research. For the vehicle, we assume that travel costs are

equal to Euclidean distances and that travel time between any two nodes is the Euclidean

distance between them divided by 100. The initial inventory levels at the stations are

randomly assigned, and we assumed all of the stations had the same target inventory

levels S+, such that the following conditions are satisfied:
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S0
0 = 0∑

i∈N\{0}

S0
i = (|N | − 1)S+

The µ = 1, and DP per bicycle is 200 for the stations that are outside of the target

inventory level at the end of the planning time horizon. The reason is that we wanted to

put more emphasis on reducing the deviations of stations’ inventory from target inventory

levels rather than the operating cost. According to Rainer-Harbach et al. (2015) the main

priority of bicycle sharing providers is to minimise deviations of stations inventory rather

than the operating cost which to a large extent is fixed, as the workers are usually paid

for the whole day in any case. In these instances, the emphasis is on both the operating

cost and the deviations of stations from target inventory to investigate the effect of using

the public transport on both operating cost and deviations of stations inventory from

target inventory range. The planning time horizon is between 10 to 50 units of time.

There is a capacity range of 10 to 20 bicycles for the vehicle. In total, we test our model

on 150 different instances from this data set.

In the next set of data, we analyse the performance of the BRP-IPVPT on a real-life

data set, which is based on the bicycle sharing system of Bergen City Bike, in the city

of Bergen, Norway. There are around 620 bicycles at 102 bicycle stations in Bergen. We

collected the real-time data from the Bergen City Bike website1. The data was collected

on five different days, twice each day at 7 AM and 7 PM. The data set contains the

number of bicycles available in each station that we considered as the initial inventory

level.

Asymmetric travel times (in seconds) between the stations are obtained from the Open

Street Map2. To reflect the real situation, we added 100 seconds to the travel times as

the parking, loading, and unloading times.

The objective of this real-world data set is to evaluate the effect of using one public

transport line on the repositioning of bicycles. Our study area consists of 45 stations

located within 600 × 600 square metres. This study considers the first five stations on

the city light train line located in the area of the study. The departure times of stops

of the light train are collected from the website of Skyss3. Figure 5.2 shows the bicycle

stations, denoted by pins, where red pins are the bicycle stations that are located at the

light train’s stops, and the solid red line is the light train’s path which has five stops.

It should also be noted that the bicycle stations’ and the light train stops’ locations are

1https://bergenbysykkel.no/en/open-data/realtime
2http://project-osrm.org/
3https://www.skyss.no/
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very close to each other (less than 1 minute of walking time), and we select the light train

stops’ locations as the shared stations.

Figure 5.2: The study area of bicycle stations in the city of Bergen, Norway

For each data instance, we calculated the target inventory level based on the capacity

of the stations and the available bicycles. The initial planning time horizon is considered

as the total operating time that the vehicle needs to rebalance the system, and then we

perform a sensitivity analysis to explore the influence of the public transport in shorter

planning time horizons. In this data set, the capacity of the vehicle and the light train is

20. The results are reported in Table 5.7.

The parameter values are {µ, L, U, LP, UP,DC} = {1/1000, 1, 1, 1, 1, 1}, which show

that there is more emphasis on minimising the deviation of station inventory levels rather

than the operating cost.

The data sets for our problem are available at www.github.com/Far-naz/BRP-IPVPT.

The instances follow the naming convention N T Q, where N shows the number of sta-

tions, T is the planning time horizon and Q is the vehicle capacity. The instances, where

a public transport is used, have an added P index.

5.5.2 Parameter tuning

We implemented all algorithms in Python 3.8. For solving the MILP model, we used

a Python-MIP package version 1.13.0 with its default settings. All experiments were

conducted on an Intel Core i7-6700 CPU with 3.40GHz speed and 16GB RAM. Table 5.3

lists the parameters that are used in the AMH, including their brief descriptions and the
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values that are used in this article. The parameters are obtained based on an analysis of

the solutions, and we selected those that provide better solutions on average.

Table 5.3: Parameters used in the AMH

Parameter Description value

SegNo The number of segments 50

IterNo The number of iterations inside one segment 100

p The probability of accepting worse solutions in the warm-up procedure 0.7

ω The cooling degree for the SA algorithm 0.9995

σ1 The score of accepting a new best solution 1

σ2 The score of accepting a new solution 3

σ3 The score of accepting a new worse solution by the SA 5

θ The adjustment factor in updating weights of subheuristics 0.2

κ The number of segments with non-improvement solutions 3

γ The extra set of iterations inside the perturbation function 20

α First similarity parameter in the similar removal operator 0.5

β Second similarity parameter in the similar removal operator 0.5

q The number of removals q1 = 2, q2 = 5

Figure 5.3 shows the weights of four subheuristics in different segments for the instance

50 20 20 P . The weight of subheuristics shows their performance in finding solutions

compared to the current one. The four subheuristics consist of two removal operators:

random and similar, and two insertion operators: greedy and the regret. It can be

seen from Figure 5.3 that the subheuristics with the random removal and the greedy

insertion perform well in this instance, while the similar removal and regret insertion

perform poorly. In this example, the greedy insertion ranks slightly higher than the

regret insertion by similar removal, and both strategies are used almost equally often

together.

5.5.3 Numerical results

In this section, we provide the results on the generated set of BRP-IPVPT instances.

These sets are generated from the data described in Section 5.5.1. For each instance,

the proposed algorithm was run five times, and the MILP model was run once with

a 3600 seconds time limit. The detailed results of these experiments are presented in

Tables 5.4-5.6.

Each table contains the ID of the instance, as well as the MILP and AMH results. The

MILP’s columns show the optimal value or the obtained upper bound and the instances

that reach optimality within the time limit have a bold objective value. The CPU column

shows the running time of the MILP algorithm in seconds. In the AMH’s columns, Avg
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Figure 5.3: The weight of four subheuristics in different segments

is the average objective, Min is the minimum objective value among the 5 runs, and

the percentage gap of the average and the minimum objective values are represented by

AvgGAP% and MinGAP%, respectively. The average running time of the AMH is shown

in seconds in the CPU column. The value of the average gap is computed by GAP% =

100(Avg-Best)/Avg, where Best can be either the optimal or the upper bound solution

found by the MILP model. A negative value in average and minimum gaps means that

the AMH provides a better solution than the upper bound obtained by MILP within

3600s.
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Table 5.4: Computational results for instances with different planning time horizons and
capacity of 10

MILP AMH

ID UB/Obj CPU(s) Avg Min AvgGAP% MinGAP% CPU(s)

20 10 10 6303.74 55.96 6303.74 6303.74 0.00 0.00 36.88

20 20 10 3762.16 1340.93 3762.16 3762.16 0.00 0.00 55.84

20 30 10 2540.25 3600.00 2371.72 2354.88 −7.11 −7.87 72.21

20 40 10 2767.53 3600.00 2264.97 2244.45 −22.19 −23.31 83.49

20 50 10 2550.42 3600.00 2244.45 2244.45 −13.63 −13.63 99.92

30 10 10 7502.56 153.02 7502.56 7502.57 0.00 0.00 56.49

30 20 10 5366.92 1483.26 5366.92 5366.92 0.00 0.00 85.89

30 30 10 5763.96 3600.00 3529.25 3523.94 −63.32 −63.57 108.18

30 40 10 4751.12 3600.00 2823.07 2790.49 −68.30 −70.26 131.35

30 50 10 5365.92 3600.00 2652.99 2631.25 −102.26 −103.93 158.63

40 10 10 9309.31 324.55 9309.31 9309.32 0.00 0.00 73.18

40 20 10 6846.68 3600.00 6716.36 6591.55 −1.94 −3.87 103.82

40 30 10 6889.67 3600.00 4538.40 4136.98 −51.81 −66.54 141.33

40 40 10 6163.94 3600.00 3014.27 2856.29 −104.49 −115.80 174.85

40 50 10 5461.94 3600.00 2786.17 2730.25 −96.04 −100.05 210.06

50 10 10 13781.47 571.79 13 781.48 13 781.48 0.00 0.00 87.16

50 20 10 10531.14 3600.00 9973.99 9728.98 −5.59 −8.25 135.98

50 30 10 12677.36 3600.00 7035.56 6892.30 −80.19 −83.94 190.34

50 40 10 10836.89 3600.00 4520.01 4057.88 −139.75 −167.06 241.15

50 50 10 10121.04 3600.00 3170.57 3065.24 −219.22 −230.19 291.5

60 10 10 13037.99 637.98 13 037.99 13 037.99 0.00 0.00 108.07

60 20 10 11354.66 3600.00 10 010.44 9908.07 −13.43 −14.60 176.20

60 30 10 11764.87 3600.00 7478.82 7428.87 −57.31 −58.37 249.90

60 40 10 13165.97 3600.00 5772.32 5554.74 −128.09 −137.02 320.42

60 50 10 11718.66 3600.00 4348.86 4155.49 −169.47 −182.00 382.25

Average: −53.76 −58.01
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Table 5.5: Computational results for instances with different planning time horizons,
capacity of 10, and public transport

MILP AMH

ID UB/Obj CPU(s) Avg Min AvgGAP% MinGAP% CPU(s)

20 10 10 P 4603.61 15.06 4603.61 4603.61 0.00 0.00 40.32

20 20 10 P 2911.47 942.61 2911.47 2911.47 0.00 0.00 59.82

20 30 10 P 2135.94 3600.00 2135.95 2135.95 0.00 0.00 71.68

20 40 10 P 2196.02 3600.00 2124.15 2094.07 −3.38 −4.87 90.61

20 50 10 P 2875.46 3600.00 2100.53 2094.07 −36.89 −37.31 112.12

30 10 10 P 7102.56 103.76 7102.57 7102.57 0.00 0.00 49.85

30 20 10 P 5399.75 3600.00 4973.64 4973.64 −8.57 −8.57 85.97

30 30 10 P 4108.23 3600.00 3380.16 3380.16 −21.54 −21.54 127.27

30 40 10 P 5182.62 3600.00 2672.98 2620.52 −93.89 −97.77 158.54

30 50 10 P 4773.99 3600.00 2664.34 2631.25 −79.18 −81.43 199.32

40 10 10 P 8969.68 275.05 8980.43 8969.69 0.12 0.00 68.14

40 20 10 P 7457.02 3600.00 6583.24 6477.59 −13.27 −15.12 111.99

40 30 10 P 6912.52 3600.00 4331.92 4107.66 −59.57 −68.28 155.43

40 40 10 P 6589.97 3600.00 2981.52 2847.69 −121.03 −131.41 199.83

40 50 10 P 7210.95 3600.00 2771.54 2711.06 −160.18 −165.98 247.94

50 10 10 P 13781.48 713.53 13 781.48 13 781.48 0.00 0.00 125.39

50 20 10 P 12741.35 3600.00 9691.39 9653.82 −31.47 −31.98 217.51

50 30 10 P 10511.65 3600.00 6880.72 6607.66 −52.77 −59.08 310.80

50 40 10 P 9743.58 3600.00 4381.26 4238.71 −122.39 −129.87 403.92

50 50 10 P 10234.69 3600.00 3122.66 2996.68 −227.76 −241.53 502.73

60 10 10 P 13037.99 2055.06 13 037.99 13 037.99 0.00 0.00 163.86

60 20 10 P 12994.50 3600.00 9832.79 9711.43 −32.15 −33.81 283.06

60 30 10 P 12412.85 3600.00 7311.96 7045.06 −69.76 −76.19 419.32

60 40 10 P 12706.43 3600.00 5677.17 5548.63 −123.82 −129.00 562.25

60 50 10 P 12084.92 3600.00 4289.41 4156.50 −181.74 −190.75 711.95

Average: −57.57 −60.99

Tables 5.4-5.5 show the result of the BRP-IPVPT for different number of stations and

planning time horizons. Table 5.5 is the result of the same instances in Table 5.4 but

by considering public transport. Tables 5.4-5.5 indicate that in most cases, the AMH

provides the same solution as the MILP model, but in shorter times. For the instances

where the MILP model is not solved to proven optimality within the time limit, AMH

instead provides the solutions with a relatively shorter time. Tables 5.4-5.5 also show the

sensitivity of the objective value to the planning time horizon. Expanding the planning

time horizon yields a decrease in the objective value. This explains that if all bicycles

must be repositioned, a larger planning time horizon is needed. In Table 5.5, the average

gap is -57.57%, whereas -53.76% in the Table 5.4. It is difficult to explain the impact of
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Table 5.6: The result of the instances with the different vehicle’s capacity and a planning
time horizon of 10

MILP AMH

ID UB/Obj CPU(s) Avg Min AvgGAP% MinGAP% CPU(s)

20 10 20 6303.74 11.37 6303.74 6303.74 0.00 0.00 40.48

20 10 6 6639.54 2.74 6639.55 6639.55 0.00 0.00 50.80

20 10 4 6970.05 1.91 6970.05 6970.05 0.00 0.00 51.77

20 10 20 P 4603.61 21.63 4603.61 4603.61 0.00 0.00 40.41

20 10 6 P 4676.74 3.42 4676.74 4676.74 0.00 0.00 54.07

20 10 5 P 4874.06 11.92 4874.06 4874.06 0.00 0.00 40.49

30 10 20 7502.56 47.76 7502.57 7502.57 0.00 0.00 56.33

30 10 2 8302.56 1.17 8302.57 8302.57 0.00 0.00 78.12

30 10 20 P 7102.56 140.36 7102.57 7102.57 0.00 0.00 49.74

30 10 4 P 7102.56 5.60 7102.57 7102.57 0.00 0.00 78.64

40 10 20 9309.32 79.09 9309.32 9309.32 0.00 0.00 72.97

40 10 4 9309.33 19.20 9309.33 9309.33 0.00 0.00 102.46

40 10 20 P 8969.69 363.24 8991.17 8969.69 0.24 0.00 68.08

40 10 2 P 9369.69 3.71 9495.47 9369.69 1.32 0.00 105.83

50 10 20 13781.48 128.05 13 781.48 13 781.48 0.00 0.00 86.97

50 10 6 13817.99 78.11 13 817.99 13 817.99 0.00 0.00 128.16

50 10 20 P 13781.48 788.24 13 781.48 13 781.48 0.00 0.00 125.94

50 10 6 P 13817.99 68.15 13 817.99 13 817.99 0.00 0.00 125.30

60 10 20 13037.99 250.22 13 037.99 13 037.99 0.00 0.00 104.22

60 10 6 13045.18 178.79 13 045.18 13 045.18 0.00 0.00 164.78

60 10 20 P 13037.98 1564.60 13 037.99 13 037.99 0.00 0.00 162.34

60 10 6 P 13045.18 173.55 13 045.18 13 045.18 0.00 0.00 163.13

Average: 1.56 0.00

the planning time horizon on the average optimality gap, as the MILP model is unable

to provide solutions within the limited time, and our AMH can provide better objectives

than the upper bound in this short time. However, the value of the average gap in

Table 5.5 reflects the complexity of the MILP model to solve the problem when the

public transport is considered.

Table 5.6 shows the results of the instances with different vehicle capacities and a

planning time horizon of 10. The tighter the vehicle’s capacity leads to higher objective

values in optimal solutions compared to instances with larger capacities. The main cause

is that the vehicle has fewer opportunities to find loading and unloading stations based

on its spare capacity. In this experiment, only those instances that reach optimality are

considered. In order to examine the sensitivity of the results to the vehicle capacity, we
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vary the capacity according to the following procedure. First, we set the capacity to a

high value and observe the maximum used capacity in the solution (the maximum used

capacity is the maximum number of vehicles on the vehicle on any arc in the solution).

Then another instance is generated where the capacity is one less than the maximum

used capacity in the given solution. This repeats for a number of instances, where only

the capacity varies. The experiment is started with a high capacity of 20, and then it is

decreased until the capacity is at most 4. For example, in the instance of ID 20 10 20,

the greatest value on board is 7, which means that for the given planning time horizon,

we can get the same objective value as long as the vehicle capacity is in the interval

from 7 to 20, both values included. However, if the capacity is lower than 7, the result

leads to a larger objective value. This is because the vehicle has less available capacity

to carry bicycles, which results in a higher deviation from the target inventory or more

travel expenses. As a result, when the vehicle’s capacity is tighter, the objective value is

higher.
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Figure 5.4: Computation time of the AMH in seconds

Figure 5.4 shows how increasing the size (the number of stations × the planning time

horizon) affects the running time. Figure 5.4 also compares the computational time of the

instances with and without considering public transport. According to the results, the

computational time of the instances increases linearly as the number of stations and the

planning time horizon increase. Moreover, considering public transport also affects the

running time of the algorithm. The primary reason is the extra complexity induced by

the flexibility of using available stops on public transport, specifically the synchronisation

between the vehicle and the public transport in terms of loading and unloading at the

stations and the schedule of the public transport.
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In relation to the absolute running times of the AMH, we find it relevant to note that

the execution speed of Python is significantly slower than other well-known programming

language like C, C++ or Java.
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Figure 5.5: The average percentage savings by considering public transport in the BRP

Figure 5.5(a) shows a comparison of the best solutions based on the objective of the

BRP-IPVPT, which is the weighted sum of total operating cost and the deviations of sta-

tions inventory from target, with and without considering public transport. According

to the results, there are potential savings by considering public transport in repositioning

bicycles, and the average saving ranges from 1% to 20% depending on the number of

stations. With regard to different planning time horizons, Figure 5.5(b) shows that the

average savings range from 4% to 9%. In addition, this figure indicates that the public

transport can increase the average savings in the different planning time horizons. The

details for Figures 5.5(a)- 5.5(b) are available by the authors upon request. Interestingly,

there are more significant savings by repositioning bicycles by public transport, particu-

larly when the number of the stations is less, which can be explained by the density of

stations in the area of study (which is 400 × 400). The explanation is that in an area

with a large number of stations, the travel time between stations is shorter, so that the

vehicle can visit more stations.

It should be noted that the design of the path, schedule, and the pattern of public

transport as well as the storage areas in the public transport involve tactical decisions that

are not taken into account in this study, where the focus lies primarily on the operational

cost of the proposed system.

Table 5.7 shows the result of the real-life data set of three different planning time

horizons. The first five sets of instances are based on morning data, and the rest are

based on evening data. Table 5.7 has columns ID, which is the index of the instance, Obj.

which is the objective value, and Dev. which is the deviation from the target inventory

of the stations. In addition, the table contains a column that shows the percentage of
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Table 5.7: The results of the real-life instances

T= 14400s T=7200s T= 3600

|P |=0 |P |=0 |P |=10 |P |=0 |P |=10

ID Obj. Dev. Obj. Dev. Obj. Dev. Saving% Obj Dev. Obj Dev. Saving%

1 11.26 0 9.11 2 7.218 0 20.73 51.66 48 41.702 38 19.28

2 7.88 0 17.88 10 16.20 9 9.42 87.58 96 81.68 78 6.73

3 7.86 0 11.29 4 9.29 2 17.69 69.54 66 61.63 60 11.37

4 8.10 0 15.25 8 15.25 8 0.29 69.79 66 63.69 61 6.74

5 8.78 0 21.34 14 14.38 7 32.61 95.72 92 70.70 67 26.13

6 8.77 0 21.40 14 14.39 7 32.75 109.59 106 86.71 83 20.87

7 9.48 0 31.34 24 19.47 12 37.87 123.71 120 97.66 94 21.06

8 7.99 0 13.23 6 11.22 4 15.20 65.65 62 63.65 60 3.04

9 8.86 0 21.31 14 18.39 11 13.71 91.94 88 85.60 82 6.89

10 8.09 0 19.29 12 16.29 9 15.52 99.70 96 87.66 84 12.07

Avg. 19.58 13.62

savings when the model is using public transport. All the results are obtained by the

heuristic algorithm.

Table 5.7 shows that by setting the operating time horizon to 14400 seconds, a single

vehicle can rebalance the stations in all the instances.

In Table 5.7, we compare the effect of using the light train in repositioning the bicycles

in two other planning time horizons (7200s and 3600s). For each planning time horizon,

we also compare the results with and without considering the light train in repositioning

the bicycles. The columns that have |P |=0 show the result without using the light train,

and the columns which have |P |=10 mean that the light train with its two-direction travel

is considered, which consist of 10 stations. In two-direction travels of the light train, the

first 5 stations are visited in 10 minutes and after 40 minutes the light train visits the stops

in reverse order. The results show that using public transport for repositioning bicycles

is efficient (savings of 19.58% and 13.62%, respectively, in the objective function). The

results indicate that the savings are less when the planning time is short since the model

has to provide more synchronisation between the vehicle and light train stops’ departure

times within a short period; instead, the vehicle can reposition the bicycles itself. By

examining the morning and evening results separately, we can see that there are on

average more savings in the evenings than in the mornings, because the average of the

deviations are more in the evenings than in the mornings. The comparison of them may

give the providers some insight into the best time for repositioning.
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5.6 Conclusions

We have introduced, modelled and solved the BRP-IPVPT to analyse the possibility

of transporting bicycles using the public transport systems. We propose an adaptive

matheuristic algorithm by decomposing the problem into two parts, where the first part

creates a route for a vehicle, and the second part calculates the total deviation of stations’

inventory from the target inventory level interval at the end of the planning time horizon.

To investigate the performance of the algorithm, we have generated several sets of BRP-

IPVPT instances. Compared to the instances for which optimality is reached by the MILP

model within the time limit, the proposed adaptive matheuristic algorithm performs well

in finding all solutions for 150 instances with small gaps and in reasonable time. Besides

the computational complexity that is described in this paper, we should note that the

performance of the BRP-IPVPT maybe highly depend on the position of the public

transport and their schedules. In addition, strategic and tactical decisions need to be

investigated. In particular, the available places for the bicycles inside the public transport,

and the available route and scheduling of the public transport should be considered

as well. In general, the numerical results show that the model can provide by using

public transport an average of 7% saving across a number of scenarios with different

numbers of stations and different planning time horizons. It is evident from these results

that using a small number of stations in public transport could reduce the deviations

of station inventories, which consequently increase the satisfaction of the users, while

the vehicle needs to travel less distance, which can have a positive influence on the

environment. In addition, the results from this study of integration of private and public

transport in the static bicycle repositioning problem can be used in other applications.

This research can be considered as a first step in the direction of integrating the public

transport system into the operation of bicycle-sharing systems. In future research, it may

be considered to use multiple public transport paths with various schedules, where the

effect of different patterns of the public transport system may be investigated. Moreover,

it can be considered a further research topic to investigate the dynamic and stochastic

versions of the proposed model.
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Öncan, T., Altınel, I. K., & Laporte, G. (2009). A comparative analysis of several asym-

metric traveling salesman problem formulations. Computers & Operations Research,

36 , 637–654.

Pacheco, J., Caballero, R., Laguna, M., & Molina, J. (2013). Bi-objective bus routing:

An application to school buses in rural areas. Transportation Science, 47 , 397–411.

Pal, A., & Zhang, Y. (2017). Free-floating bike sharing: Solving real-life large-scale static

rebalancing problems. Transportation Research Part C: Emerging Technologies , 80 ,

92–116.

Park, J., & Kim, B.-I. (2010). The school bus routing problem: A review. European

Journal of Operational Research, 202 , 311–319.

Petersen, H. (2009). Decision support for planning of multimodal transportation with

multiple objectives . Ph.D. thesis Technical University of Denmark.

128
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