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Abstract. Decaying dark matter models provide a physically motivated way of channeling
energy between the matter and radiation sectors. In principle, this could affect the predicted
value of the Hubble constant in such a way as to accommodate the discrepancies between
CMB inferences and local measurements of the same. Here, we revisit the model of warm
dark matter decaying non-relativistically to invisible radiation. In particular, we rederive the
background and perturbation equations starting from a decaying neutrino model and describe
a new, computationally efficient method of computing the decay product perturbations up
to large multipoles. We conduct MCMC analyses to constrain all three model parameters,
for the first time including the mass of the decaying species, and assess the ability of the
model to alleviate the Hubble and σ8 tensions, the latter being the discrepancy between the
CMB and weak gravitational lensing constraints on the amplitude of matter fluctuations on
an 8h−1 Mpc−1 scale. We find that the model reduces the H0 tension from ∼ 4σ to ∼ 3σ and
neither alleviates nor worsens the S8 ≡ σ8(Ωm/0.3)0.5 tension, ultimately showing only mild
improvements with respect to ΛCDM. However, the values of the model-specific parameters
favoured by data is found to be well within the regime of relativistic decays where inverse
processes are important, rendering a conclusive evaluation of the decaying warm dark matter
model open to future work.
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1 Introduction

The nature of dark matter continues to be among the most puzzling mysteries of modern
physics even more than a century after its discovery. Despite significant progress, the scientific
community remains agnostic about many of its properties. In particular, it is assumed stable
in the standard ΛCDM model. However, browsing the Standard Model of particle physics, one
realizes that the majority of elementary particles are unstable and that stability is actually the
exception and usually enforced by kinematics or some symmetry. Since no such restrictions
on dark matter are known, it is natural to question its stability.

In the recent years, decaying dark matter models have received renewed interest as
proposed solutions to the 4.1σ discrepancy1 between the value of H0 as inferred from Planck
CMB observations, H0 = 67.27±0.60 km s−1 Mpc−1 [3], and that from local measurements by

1The discrepancy varies with the choice of local Universe observation. While tip of the red giant branch
calibration of SNIa measurements give a value closer to the Planck estimate [1], certain data combinations
can increase the tension by up to 6σ [2].
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the SH0ES collaboration, H0 = 73.2± 1.3 km s−1 Mpc−1 [4] as well as the ≈ 3σ discrepancy
in S8 ≡ σ8(Ωm/0.3)0.5, where σ8 denotes amplitude of matter fluctuations at 8h−1 Mpc−1

scales, as inferred from Planck CMB observations, S8 = 0.834 ± 0.016 [3], and that from a
joint analysis of the weak lensing surveys KIDS1000+BOSS+2dfLenS, S8 = 0.766+0.020

−0.014 [5]2.
It is not yet definitively clear whether these tensions arise from systematic errors, but their
robustness against different local probes suggests that new physics may be required to explain
the inconsistencies. It is with this motivation that we revisit decaying dark matter models
and investigate their relation to the tensions.

Decaying dark matter models can be broadly classified by the nature of the decaying par-
ticle (cold, or warm/hot dark matter) and the decay products (visible, massive or massless).
Decays into visible decay products are strongly constrained by CMB observations [9–11], and
arguably the most studied model is that of decaying cold dark matter (DCDM) with invisible
radiation as decay products. Although studies of the latter originated several decades ago
(e.g. [12–14]), analyses including the full solutions of the perturbed Boltzmann equations first
arrived in the last ten years with references [15], [16] and [17, 18], who used the 2013, 2015
and 2018 data releases of Planck, respectively, to constrain the parameters of a DCDM model
with invisible radiation (dark radiation) as decay products. The strongest result, obtained
in the latter, shows an alleviation of the Hubble tension by about 1σ, and several other
studies of cold dark matter decaying to invisible radiation agree on the ability to reduce the
tension [19–22]. Cold dark matter decaying to massive products has also seen considerable
effort, with notable progress in the works [23, 24], the formalism of which became conven-
tion in the later works of references [25–27], until the recent references [28, 29] adopted a
formalism more closely resembling that used in the massless decay product literature and
concluded that decays with massive final states can alleviate the S8 tension down to 1.3σ3.

Decaying dark matter models are often grouped into those that decay at late times (i.e.
well after recombination) and at early times (i.e. prior to recombination). Reference [30]
argue that early time decays cannot alleviate the Hubble tension because they reduce power in
the small-scale CMB damping tail, which is well constrained by data. On the other hand, [26,
28] argue that late-decaying cold dark matter fails to alleviate the Hubble tension, especially
if both BAO and SNIa data is included. Furthermore, several findings agree that the tensions
cannot be solved simultaneously by only altering early or late time dynamics [17, 21, 28], and
the decaying cold dark matter models must be supplemented by additional extensions if they
are to satisfactorily address both tensions (e.g. [31]). A non-cold decaying species evades
this roadblock, at least in principle, since it introduces both early and late time changes to
ΛCDM. Indeed, the early expansion history is altered due to the species being relativistic
during radiation domination at early times, in contrast to the usual decaying cold dark matter
models, and the late time history is altered through the decay.

Due to modelling similarities, the history of the analysis of decaying non-cold dark
matter is naturally intertwined with that of decaying neutrinos. Studies of decaying massive
neutrinos emerged several decades ago (e.g. [32, 33] and references therein) when it was
realized that finite neutrino lifetimes may significantly relax the bounds on the neutrino
mass sum (for the most recent constraints, see [34–37]). It is only recently, with the work of
reference [38], that decaying warm dark matter (DWDM) has been investigated explicitly.
In the latter, the DWDM was seen to alleviate the Hubble tension by a modest amount,

2The tensions have been heavily reviewed in the literature; see, for example, references [2, 6–8].
3However, this is including a prior on S8 from the local measurements, and noting that Bayesian model

selection still favours ΛCDM.
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but it is still unclear exactly how it compares to the cold decaying species or other proposed
solutions.

In this work, the recently derived and fully general decaying neutrino Boltzmann hier-
archy of reference [36] will be the starting point of our analysis. In particular, we will show
that in the case of massless decay products and when disregarding inverse decay processes,
the decaying neutrino equations of [36] reduce exactly to the decaying warm dark matter
equations used in [38], and, by extension, to those used in the recent work [34]. In addition,
we provide an approximate analytical expression for the solution to the background equa-
tions of motion for both the decaying particle and the decay products. A main contribution
is a new method of computing the integrals appearing in the decay product perturbations,
which is a bottleneck in the calculations [34, 38], removing the need to truncate the collision
terms at a low multipole. Furthermore, we conduct Markov chain Monte Carlo (MCMC)
analyses with both the initial density, lifetime and for the first time the DWDM mass in
order to determine the regions of parameter space preferred by data. Lastly, we discuss the
implications for both the H0 and S8 tensions.

This article is structured as follows. In section 1.1 we give an explanation of the effect
of decaying dark matter models on H0. In section 2, we introduce the decaying neutrino
model of [36] from which our equations derive, and present the final equations to be solved.
In section 3, we illustrate example solutions at the background and perturbative levels and
discuss the impact of the decays on the CMB and matter power spectra. In section 4, we
obtain parameter constraints from MCMC analyses and discuss the impact of DWDM on
the H0 and S8 tensions, after which we conclude on our findings in section 5.

1.1 Why does decaying dark matter increase H0 relative to ΛCDM?

Decaying dark matter models, be they cold or warm, are all seen to increase the Hubble
constant H0 relative to its ΛCDM value. This result is usually seen directly from a Markov
chain Monte Carlo parameter inference. In this section, we detail the physical intuition
behind this increase. The effect is illustrated on figure 1. Here, the fractional change in the
Hubble parameter is given for a DWDM model with decaying particle mass m = 10 eV along
with a DCDM model and a purely massless dark matter species parametrized by a shift in
the effective number of neutrino species ∆Neff. All models have been matched such that they
contribute an additional radiation density today corresponding to ∆Neff = 0.5 (consequently,
they have the same cosmological constant) and the warm and cold decaying models use the
same decay rate of Γ = 108 km s−1 Mpc−1 and Γ = 106 km s−1 Mpc−1 for the top and bottom
panels, corresponding to decays occurring before and after recombination, respectively. Also
indicated on the figure is the scale factor arec of recombination. Furthermore, the acoustic
scale is fixed near its observational value θs = 1.042143 [3] in order to allow H0 to vary; we
find this to be a natural choice since θs is highly constrained, model independently, by Planck
data [3].

As is seen on the top panel with pre-recombination decays, at early times, the Hubble
parameters of the DWDM and dark radiation models are larger than the ΛCDM and DCDM
models, since the former introduce additional relativistic energy density, which dominates in
the early Universe (note that the parameters used in the figure are such that the DWDM
species becomes non-relativistic at around a ≈ 10−4, hence its relativistic energy contribu-
tion). Contrarily, the DCDM species only contributes radiation energy through its decay
products, so its early-time value of H is similar to that from a ΛCDM cosmology. In the bot-
tom panel, the early DWDM energy density is smaller because the decay happens later and
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Figure 1. Relative change in the Hubble parameter H as computed by class [39] for several models,
as a function of scale factor a. The red, yellow and green lines represent a warm decaying species with
mass m = 10 eV, a dark radiation species with radiation density corresponding to ∆Neff = 0.5 today
and a cold decaying species, respectively. The decaying models use the same decay rate of Γ = 108

km s−1 Mpc−1 and Γ = 106 km s−1 Mpc−1 for the top and bottom panels, respectively, and have
their densities fixed such that their decay products contribute additional radiation corresponding to
∆Neff = 0.5 today. The acoustic scale is fixed at θs = 1.042143, and the value of H0 is inferred from
self-consistency.

we fix the final energy in the sector; as we will argue, this diminishes the late-time decrease
in H(z). In this sense, the early-time values of H indicate that the DWDM model can be
seen as an interpolation between DCDM and pure ∆Neff; a theme we will explore further in
section 3. Once the DWDM species becomes non-relativistic, the Hubble parameters of the
DWDM and DCDM models converge, after which they in turn converge to the ∆Neff model
after decaying into massless decay products. Furthermore, in all three models, H converges
to the ΛCDM value just after this time since the additional radiation redshifts into negligence
during the epoch of matter domination.

The reason for the late-time increase in H can be understood by an argument from
references [6, 8, 40]. The acoustic scale θs is related to the sound horizon at last scattering
rs(z∗) and the comoving angular diameter distance DA(z∗) to recombination by

θs = rs(z∗)
DA(z∗)

, where rs(z∗) =
∫ ∞
z∗

cs(z′)
H(z′)dz′ and DA(z∗) =

∫ z∗

0

1
H(z′)dz′,

with cs denoting the sound speed. As mentioned, the ∆Neff and DWDM models have a
larger value of H(z) in the early, radiation dominated Universe, since they both include
additional relativistic components, as does the DCDM model once the decay sets in and
produces dark radiation. This increase in H(z) for z > z∗ yields a decreased sound horizon
at last scattering, as can be seen by its integral representation, since the sound speed is
dependent on ωb alone [8]. Consequently, to keep θs fixed, the angular diameter distance to
recombination DA(z∗) must increase, which implies an increased value of H(z) for z < z∗.
Since H(z) falls off rapidly with decreasing z, the largest contribution to the integral comes
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from H(z) at small z, explaining the sudden increase in H for late times seen in figure 1.
The upshot is that all models predict a larger ∆H0 ≡ H0 −H0,ΛCDM relative to the value at
recombination ∆H(z∗), which illustrates their collective ability to increase the value of H0
as interpolated from a measurement around the epoch of recombination.

2 Theory

In this section, we show how the formalism of a DWDM species can be derived from a
decaying neutrino model and present the set of Boltzmann equations governing its evolution
at both background level and to first order in perturbation theory.

2.1 Physical system

A fundamental model enabling a decaying dark matter species is equivalent to the decaying
neutrino model studied in reference [36], where a universal interaction between two neutrino
species and a light scalar particle is introduced via the effective Lagrangian

Lint = gijνiνjφ, (2.1)

where gij = g is a universal coupling constant. This interaction term permits three 2 + 2
scattering processes and a single 2 + 1 decay-type process,

νν ↔ νν, νφ↔ νφ, νν ↔ φφ︸ ︷︷ ︸
scattering

, νH ↔ νl + φ︸ ︷︷ ︸
decay

where, in the latter, the subscripts H and l indicate particles with heavy and light masses,
respectively. The three scattering processes have been studied extensively, e.g. in refer-
ences [41, 42]. In this work, we disregard the contributions from these and focus only on
the decay process. As argued in reference [36], the interaction rate of the scattering pro-
cesses scales as Γscatter ∼ gT 4 (focusing on a single neutrino species). On the other hand,
the rest frame decay rate of the decaying particle is Γdec = g2mH/4π [36], assuming it is a
Majorana particle. Crucially, for non-cold dark matter populations, this is time-dilated by
the Lorentz factor γ = EH/mH , where EH = (m2

H + p2)1/2 is the energy of a single particle
with rest mass mH and momentum p. Given that the mean momentum of a relativistic
particle in the early Universe is p ≈ 3.15T [43], and taking this as a suggestive momentum of
the population, we get a temperature dependence of the decay interaction rate on the form
Γdec ∼ 1/(m2

H +T 2)1/2. Contrary to the interaction rate of the scattering processes, this rate
increases with time. We therefore expect a late time epoch where the decays dominate and
scattering can be neglected. Reference [36] show that at around g = 10−10, the decay process
dominates for all temperatures below roughly 107 eV, so the scattering processes may well
be neglected in this small-g regime.

Despite being derived from a decaying neutrino model, our analysis is agnostic about
the particle physics realization of the decaying species. The model agnosticism is a powerful
asset of our model, implying that the current analysis applies to many examples found in the
literature, such as early hot dark sectors [44], sterile neutrino decays into majorons and the
subsequent decays of majorons into neutrinos [45, 46], as well as neutrino decays realized by a
range of particle physics models [37, 47, 48]. The only immediate restriction is in the choice
of initial conditions, although it is straightforward to implement changes to these initial
conditions in our code if desired. In this work, we will take a Fermi-Dirac distribution with
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the Standard Model bath temperature as initial condition for the decaying particle, scaled by
some constant degeneracy parameter, as realizable for example through the Dodelson-Widrow
mechanism [49]. Alternatively, it has been shown that given a sufficiently large mixing angle
and a lepton asymmetry close to zero, the eV-scale decaying sterile neutrinos may indeed
thermalize with the Standard Model bath, justifying taking a Fermi-Dirac initial distribution
with a temperature T ≈ TSM [50]. As for the decay products φ, we assume that the entire
population stems from the decays. This is realizable in most of the mentioned models [38],
and since we restrict ourselves to the regime of small coupling strengths, any φ production
through the scattering interactions will be negligible. Finally, note that the decaying species
is only expected to make up a fraction fdwdm = Ωdwdm/Ωdm of all dark matter. Therefore,
it escapes the lower bounds on its mass, typically of a few keV, as provided e.g. by Lyman-α
studies and the Tremaine-Gunn bound [51].

The phenomenology of the species depends heavily on whether it decays while relativistic
or while non-relativistic. In particular, if the species decays appreciably while relativistic,
the inverse decay process νl + φ → νH will be energetically feasible, and once a substantial
population of decay products has been established, it will commence at a similar rate to the
decay [36]. On the other hand, if νH is non-relativistic, the energy of its decay products will
redshift faster than its own, suppressing the rate of the inverse decay. The nature of the
decay may be classified through the relativity parameter [52],

α = 3.5
(mH

eV

)2 τ

106 yr , (2.2)

where τ = 1/Γdec denotes the lifetime. Indeed, since a massive species becomes non-
relativistic roughly at a temperature Tnr ≈ mH/3.15, it follows that the particle largely
decays while relativistic if α . 1 and decays non-relativistically otherwise. In this work,
we will only consider non-relativistic decays, and an evaluation of α will therefore guide our
choice of prior ranges when conducting Bayesian inference in section 4.

2.2 Boltzmann equations

In this section, we present the equations of motion arising from the proposed Lagrangian
(2.1). As usual, we expand the metric in terms of small perturbations around a homogeneous
and isotropic background [53],

ds2 = a(τ)2 [−dτ2 + (δij + hij(x, τ)dxidxj)
]
,

where τ denotes conformal time and we will work in synchronous gauge for the entirety of
this paper. Furthermore, we expand the distribution function fi(x, Pµ, τ) (giving the number
count per infinitesimal phase space volume) in terms of a homogeneous, isotropic part f i(p, τ)
and a small inhomogeneous part Ψi(x,p, τ),

fi(x, Pµ, τ) = f i(p, τ) [1 + Ψi(x,p, τ)] ,

where Pµ denotes the four-momentum, p the three-momentum and i indexes some species.
The fundamental equation governing the evolution of the metric and the distribution func-
tions is the relativistic Boltzmann equation [36],

Pµ
∂fi
∂xµ

− ΓνρσP ρP σ
∂fi
∂P ν

= εi
a2

(
dfi
dτ

)
C

, (2.3)
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where Γνρσ denotes the Christoffel symbols, mi the mass of the i’th species, εi ≡ a(p2
i +m2

i )1/2

the comoving single particle energy and the collision term on the right hand side is derived
from the interactions specified in the last section. Since the latter has been worked out by
reference [36], we will not reiterate it here explicitly. By substituting the perturbed ansatz
of the metric and distribution functions and equating terms of same order in the above, one
obtains independent sets of evolution equations for the homogeneous, isotropic quantities
(the background quantities) and the first order inhomogeneous, anisotropic quantities (the
perturbed quantities). In the next subsections, we discuss these equations individually.

2.2.1 Background equations
As mentioned above, reference [36] computed the collision term on the right hand side of
equation (2.3). In the special case of massless decay products and excluding inverse decays
and quantum statistical effects, the evolution of the homogeneous and isotropic part of the
decaying particle distribution function fH , given in equation (4.12) of reference [36], reduces
to

∂fH(q1)
∂τ

= −a
2mHΓ
ε1

fH(q1) (2.4)

where qi ≡ a|pi| and the decay rate Γ is related to the coupling constant by Γ = g2mH/4π.
By integrating over a−4d3q1ε1 this can be recast in terms of the evolution of the energy
density as

dρH
dτ + 3aH(ρH + pH) = −aΓmHnH , (2.5)

with pH denoting the homogeneous and isotropic pressure and nH the number density of the
decaying species. Note that the right hand side contains the factor mHnH , and not ρH , as
usually seen in the equations of a decaying cold species [16, 17]. Of course, for small values of
q, ρ = mn, so the above generalizes the DCDM equation. As we will see, tracking the energy
density of the decay products requires knowing the distribution function fH(q) at each value
of the comoving momentum q, so we have numerically implemented equation (2.4) rather
than the integrated equation (2.5).

Taking the special case for the decay products is less trivial and involves some analytical
work. We present the full derivation in appendix A. In particular, we combine the two decay
products νl and φ into a single fluid, henceforth dubbed dark radiation, with distribution
function fdr ≡ (2f l + fφ)/2 being the spin-weighted sum of decay products (the factor 1/2
balances the fact that we have implicitly removed a spin-factor 2 from the decaying species).
The resulting equation for the background distribution function is

dfdr(q2)
dτ = 2a2mHΓ

q2
2

∫ ∞
q1−

dq1
q1
ε1
fH(q1), q1− =

∣∣∣∣a2m2
H

4q2
− q2

∣∣∣∣ . (2.6)

The nontrivial lower integral bound provides some interesting physical insight: It converges
to infinity in the limits q2 → 0 and q2 →∞, and has a minimum at q2 = amH/2. That is, the
integration region is largest exactly when the two decay products receive the same momentum.
This can be understood from the kinematics of the decay; momentum conservation requires
that each decay product be created with momentum p = mH/2, which then redshifts with
the inverse scale factor. Hence, a single decay at scale factor aD populates a momentum
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bin with q = aDmH/2, and, among other things, we expect the peak of the decay product
distribution fdr(q2) to correlate with the time at which most particles decayed. Ultimately, we
conclude that it is in fact the lower integral bound q1− that enforces momentum conservation
in practice, and therefore stress the importance of a robust way to implement it numerically.

For the analysis of this paper, however, it is sufficient to track only the energy density
of the dark radiation. Since the lower integral bound itself depends on the momentum q2,
the integration requires some analytical work, which is again detailed in appendix A. In the
end, we arrive at the expected result

dρdr
dτ + 4aHρdr = aΓmHnH . (2.7)

We note that equations (2.4), (2.5) and (2.7) agree simultaneously with the decaying dark
matter equations in reference [38] and the decaying neutrino equations in reference [34].

The factor 1/ε1 in equation (2.4) means that the distribution function fH decays at
different rates for each momentum bin, which is a direct manifestation of time dilation. As a
consequence, the equation has no closed analytical solution in terms of elementary functions
for a given power law Universe a(t) = κt2/3+3w for some dominant equation of state parameter
w, with t denoting cosmic time. However, since we model only a non-relativistically decaying
species, one can assume a stable evolution while relativistic and then expand the equation in
q/ε while non-relativistic. This approximation scheme, detailed further in appendix B, admits
an analytically closed expression for the densities at all times, from which an approximate
relation between the total energy density parameter Ω0,dwdm+dr of the decaying sector today
and the initial energy density

Ω0,dwdm+dr = Ωini,dwdm
κΓ exp(Γtnr)

a(tnr)

(
t

5+3w
3+3w
nr E −2

3+3w
(Γtnr)− t

5+3w
3+3w

0 E −2
3+3w

(Γt0)
)
, (2.8)

where Ek(x) denotes the generalized exponential integral of variable order k, a(tnr) ≈
3.15T/m is the scale factor of the non-relativistic transition and Ωini,dwdm ≡ ρH,inia

4
ini/ρcrit

denotes the total current energy density parameter of the decaying sector if the decaying
species were stable [15]. This solution omits any feedback of the DWDM species on the scale
factor evolution. For realistic values of the total densities of the decaying sector, however,
we find that the error induced by this is only a few percent. In practice, we find that (2.8)
predicts the correct final density within a factor ≈ 4 for the relevant regions in parameter
space, which is satisfactory for use as a starting point in the shooting algorithm of class.

2.2.2 Perturbation equations
In this section, we present the equations for the distribution function inhomogeneities and
isotropies to first order in perturbation theory. As usual, we decompose the Fourier trans-
forms of the distribution function perturbations Ψi(k, qi, τ) in terms of Legendre polynomials
P`(k̂ · q̂i),

Ψi(k, qi, τ) =
∞∑
`=0

(−i)`(2`+ 1)Ψi,`(k, qi)P`(k̂ · q̂i),
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and obtain an infinite sequence of equations for the multipole moments Ψi,`,

Ψ̇i,0(qi) = −qik
εi

Ψi,1(qi) + ḣ

6
∂ ln f i(qi)
∂ ln qi

+ C(1)
0 [Ψi(qi)]

Ψ̇i,1(qi) = qik

εi

(
−2

3Ψi,2(qi) + 1
3Ψi,0(qi)

)
+ C(1)

1 [Ψi(qi)] (2.9)

Ψ̇i,2(qi) = qik

εi

(
−3

5Ψi,3(qi) + 2
5Ψi,1(qi)

)
− ∂ ln f i(qi)

∂ ln qi

(
2
5 η̇ + 1

15 ḣ
)

+ C(1)
2 [Ψi(qi)]

Ψ̇i,`(qi) = k

2`+ 1
qi
εi

[`Ψi,`−1(qi)− (`+ 1)Ψi,`+1(qi)] + C(1)
` [Ψi(qi)], ` ≥ 3,

where dots denote derivatives with respect to τ , h ≡ hii(k, τ) is the trace of the Fourier
transformed metric perturbation and, due to the possibility of a dynamical background dis-
tribution, the effective collision terms C(1)

` [Ψi(qi)] contain two terms,

C(1)
` [Ψi(qi)] ≡

1
f i

(
dfi
dτ

)(1)

C,`

− 1
f i

df i
dτ Ψi,`.

In the case of the decaying particle, the two terms in the above exactly cancel [36], so there
are no collision terms when disregarding inverse processes. This is a direct manifestation of
the fact that the decay is a background process.

In the case of the decay products, one can use the fact that they are massless to average
the Boltzmann equation over dq q2qfdr(q) so that one escapes explicit calculations of the
momentum dependent perturbations Ψdr(q) in favour of the momentum averaged quanti-
ties [53],

Fdr(k, τ) ≡ rdr

∫
q2dq qfdr(q, τ)Ψdr(k, q, τ)∫

q2dq qfdr(q, τ)
. (2.10)

After decomposing these in terms of Legendre polynomials, the resulting infinite sequence of
equations for the multipole moments Fdr,` is

Ḟdr,0 = −kFdr,1 −
2
3rdrḣ+

(
dFdr
dτ

)(1)

C,0

Ḟdr,1 = k

3Fdr,0 −
2k
3 Fdr,2 +

(
dFdr
dτ

)(1)

C,1
(2.11)

Ḟdr,2 = 2k
5 Fdr,1 −

3k
5 Fdr,3 + 4

15rdr
(
ḣ+ 6η̇

)
+
(

dFdr
dτ

)(1)

C,2

Ḟdr,` = k

2`+ 1 (lFdr,`−1 − (`+ 1)Fdr,`+1) +
(

dFdr
dτ

)(1)

C,`

, ` ≥ 3.

The advantage of the momentum averaging is of course that one does not need to track
individual momentum bins for each multipole moment of the perturbations, but only the
momentum averaged perturbation at each multipole, reducing a large part of the computa-
tional cost of solving the equations numerically.
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Reference [36] worked out the perturbation collision terms for the decay products in
details. In appendix C, we carry out the momentum integration to obtain the momentum
averaged collision terms appearing in the hierarchy above. The result is(

dFdr
dτ

)(1)

C,`

= ṙdr

∫∞
0 dq q2fH(q)ΨH(q)F`(q/ε)∫∞

0 dq q2fH(q)
, (2.12)

where ṙdr ≡ d(ρdra
4/ρcrit)/dτ = rdr aΓmHnH/ρdr. A similar result was obtained in refer-

ence [38]. Here, the scattering kernel F`(x) is the integral

F`(x) ≡ (1− x2)2

2

∫ +1

−1

P`(u)
(1− xu)3 du.

The momentum integral (2.12) over the decaying particle distribution is expensive to evaluate
numerically, particularly so if one evaluates the kernel F`(x) by explicit integration, as has
been done in previous works. However, the integral in F` may be computed analytically
using equation (7.228) of reference [54],∫ +1

−1

P`(u)
(z − u)µ+1 du = 2(z2 − 1)−µ/2

Γ(1 + µ) e−iπµQµ` (z),

where Γ denotes the Gamma function and Qµ` denotes the associated Legendre polynomial
of the second kind. Using this, substituting z = x−1 and setting µ = 2, we find

F`(x) = 1− x2

2x Q2
`

(
1
x

)
.

Ordinarily, with z real, Q2
` (z) is only defined for |z| < 1. In our case, z = 1/x is evaluated at

x = q/ε, where q, ε denote comoving momentum and energy, respectively. Therefore, we will
generally have z > 1, and must extend the domain of Q2

` by analytic continuation, choosing
a branch without branch cuts on the positive real axis. One such exists; it has the branch
cut (−∞,−1), well outside the domain of interest.

Q2
` can be written in terms of the hypergeometric function and inherits a useful recur-

rence relation from it [55],

(`− 2)Q2
` (z) = (2`− 1)zQ2

`−1(z)− (`+ 1)Q2
`−2(z)

which the scattering kernel in turn inherits directly,

(`− 2)F`(x) = (2`− 1) 1
x
F`−1(x)− (`+ 1)F`−2(x). (2.13)

It is valid for ` ≥ 3, since the left hand side vanishes with ` = 2. The values for ` = 0, 1, 2
are therefore computed individually; written out, they are

F0(x) = 1, F1(x) = x, F2(x) = x(5x2 − 3) + 3(x2 − 1)2 tanh−1(x)
2x3 .

As it turns out, forwards recurrence is unstable for almost all values of interest so in these
cases we switch to backwards recurrence using Miller’s algorithm [56]. This provides an
efficient method of computing F`(x) with potentially large lmax, since the amount of terms
in F`(x) increases rapidly with the multipole.
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3 Numerical solutions

We have implemented the equations described in the last section in the code class++, a
translation of the Einstein-Boltzmann class to the programming language C++. In this
section, we describe our implementation, present sample solutions and discuss the impact of
the model on observables. Unless otherwise is stated explicitly, the figures in this section are
produced with a background ΛCDM cosmology, a decay constant Γ = 108 km s−1 Mpc−1 and
an energy density scaled such that the contribution from the decay products to Neff today is
0.5.

3.1 Background equations

In this subsection, we detail the numerical implementation of the background equations. The
code evolves the decaying species as a non-cold dark matter species and takes as input a decay
constant Γ (or lifetime τ = Γ−1), its mass m and one of several parameters measuring the
energy density of the decaying sector; in this work, we will mainly use the contribution of the
decaying species to the effective number of neutrino species at initial time, Neff,ini, because it
has a somewhat straightforward interpretation. Since the decaying species is relativistic and
assumed to have decayed a negligible amount at initial time, Neff,ini is directly related to the
initial energy density. In order to close the Friedmann equation, both the initial and final
energy density must be known: Our code finds one from the other self-consistently using a
shooting algorithm.

In order to trace the exponentially decaying distribution function fH(q) beyond the
point at which it becomes smaller than machine precision, we instead evolve its natural
logarithm, whose magnitude is always well within machine precision. This allows the compu-
tation of ratios of exponentially decaying quantities even long after the distribution function
fH(q) is below machine precision by expanding the ratio with a suitable constant before
exponentiating ln fH . Important examples are the equation of state w and moments of the
perturbed distribution function such as δ and θ.

Contrary to the case of stable non-cold dark matter species (and decaying cold dark
matter, as we will see below) the shape of the distribution function also changes with time.
Since the sourcing of the perturbations depends on this (2.9), we also record it across the
momentum grid at each point in conformal time. The logarithmic derivative of ln fH(q) is
computed by interpolation; this is particularly straightforward since we solve directly for
ln fH(q). To combat potential stiffness of this system of equations, we employ the stiff
integrator ndf15 in class also for the background computations.

Figure 2 shows the decaying particle distribution function fH(q) at different scale fac-
tors around the decay time for three masses m = 0.1 eV, 1.0 eV and 10.0 eV. For the masses
m = 0.1 eV and m = 1.0 eV, it is clearly seen that the distribution function at large momenta
decays slower than at small momenta, which was also predicted from the momentum depen-
dent denominator in equation (2.4). This non-uniform decay is a defining characteristic of
decaying warm dark matter as opposed to decaying cold dark matter. Indeed, for the latter,
the single particle energy is made up only of the mass, ε = mHa, and equation (2.4) reduces
to ḟH(q) = −amHΓfH(q), such that each momentum bin has the same exponential decay
constant. Physically, the delayed decay of the particles with large momenta is of course a
manifestation of the time dilation of their lifetime. However, with increasing mass, the warm
particles converge to the decaying cold dark matter limit. As seen on figure 2, this already
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Figure 2. DWDM distribution functions for Γ = 108 km s−1 Mpc−1 and three masses at different
scale factor values. It is seen that the m = 0.1 eV and m = 1.0 eV species display non-uniform decay;
the distribution function at large momenta survives longer due to time dilation of the lifetime. On
the other hand, the m = 10.0 eV species approaches the DCDM limit and therefore decays roughly
uniformly across the momenta. Note that the momenta on the first axis are normalized by the
temperature of the species today, Tdwdm,0, taken to be equal to the neutrino temperature today.

starts to set in at m = 10.0 eV, for which the decay occurs almost uniformly across the
momentum bins.

The energy density of the decaying species is obtained by straightforward integration
of the distribution function. Figure 3 illustrates the energy density ρH of a Γ = 106 km s−1

Mpc−1, m = 10.0 eV DWDM species, its rest mass energy density mHnH and the decay
product energy density ρdr as a function of the scale factor, all scaled by a3. Evidently,
the DWDM energy density redshifts as ρH ∝ a−4 while relativistic, turning non-relativstic
around anr ≈ 3.15T0/mH marked by the vertical dashed line in the figure, after which it
converges to the rest mass energy and subsequently decays exponentially after a small period
of ρH ∝ a−3 redshifting. The decay product energy density increases steadily during decay
and simply redshifts as a−4 after the decay is complete. Insofar as the decay process happens
instantaneously, then, the evolution of the total energy density ρtot of the decaying sector
consists of three consecutive epochs:

• ρtot ∝ a−4 while the decaying particle is relativistic.

• ρtot ∝ a−3 between the non-relativistic transition and the onset of decay. During this
time, the energy of the decaying species is dominated by its rest mass energy mHnH .

• ρtot ∝ a−4 after the completion of the decay.
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Figure 3. Evolution of the background densities for a DWDM species with m = 10.0 eV and Γ = 106

km s−1 Mpc−1. The DWDM energy density converges to the rest mass energy as the species becomes
non-relativistic, and decays exponentially at a later point.

This scaling is characteristic of the warm dark matter decay. The middle section of a−3

redshifting distinguishes it from a model of pure dark radiation, and the initial section of a−4

redshifting distinguishes it from cold dark matter decay. The balance between the two first
sections can be tuned by the mass and decay constant. Consequently, the DWDM model
constitues a smooth interpolation between DCDM and added Neff models; a phenomenon we
will see again later.

3.2 Perturbations

In this subsection, we detail the numerical implementation of the perturbations and show
sample solutions, starting with the decay products. The works [28, 37, 38] set the dark
radiation collision terms to zero for ` > 3 since they are expensive to calculate directly and
induce only a small error in the predicted CMB spectrum (although we find that it incurs
sizable errors in species-specific quantities such as δdr and θdr). However, with the recurrence
relation (2.13), the computation time of the collision integrals is reduced immensely, and we
can evaluate the full collision terms up to the maximum ` of the dark radiation hierarchy
with only a very marginal increase in runtime. The first panel in figure 4 illustrates the
momentum averaged decay product perturbations Fdr for k = 0.2 Mpc−1 and ` values up to
` = 5 in a run with mH = 10.0 eV and Γ = 108 km s−1 Mpc−1. It is seen that the ` = 1
multipole overtakes the ` = 0 multipole and dominates around the non-relativistic transition
and onwards, where the higher ` moments oscillate with an approximate period 2π/k and
decay slowly. In the second panel, we show the collision terms (2.12), computed with the fast
recurrence relation. At all times, the magnitudes of the collision terms decrease drastically
with `, and they all decay exponentially at the onset of the decay. Evidently, it is a decent
approximation to truncate the collision term computation at some adequate ` value for this
set of model parameters. This approximation is expected to become worse at small masses
of the decaying particle, but we find that even for masses down to 0.01–0.1 eV, there is an
appreciable gap between each subsequent ` moment of the collision term. Nonetheless, since
the computation time is almost negligible, we still compute them for all ` values.

As for the decaying species, since its perturbed Boltzmann hierarchy (2.9) is identical to
the hierarchy of a stable species in synchronous gauge, we evolve it like an ordinary non-cold
species, but with a dynamical value of the logarithmic derivative d ln fH/d ln q obtained from
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Figure 4. Decay product perturbations in a run with mH = 10.0 eV and Γ = 108 km s−1 Mpc−1 at
the scale k = 0.2 Mpc−1. Top panel: Conformal time evolution of the first six Legendre components
of the momentum averaged perturbations to the decay product distribution function. It is seen that
the moments decrease with increasing `, with the exception of the ` = 1 multipole, which dominates
at late times. Bottom panel: Conformal time evolution of the Legendre components of the collision
terms (2.12). Apparently, it is fair to approximate their vanishing (at least for this specific set of
parameter values) above some adequate ` value, but we still compute them in the following due to
the computational efficiency of the recurrence relation computation based on (2.13).

the background solution. By inspecting the hierarchy in synchronous gauge, it is seen that
the latter always occurs as a front factor to the source terms from the metric. In particular,
we find that d ln fH/d ln q departs from its static Fermi-Dirac value, −qeq(1 + eq)−1, by
increasing gradually from large momenta downward. Since it is negative initially, the effect
is a gradual reduction of its magnitude at large momenta, which manifests in a reduced
sourcing from the metric terms. The physical interpretation of this phenomenon is that the
population that at any point has not decayed yet will be increasingly dominated by large-q
particles which cluster less than their slower counterparts. In effect, the perturbations ΨH(q)
are reduced at large q relative to the stable case.

The consequences this has for the integrated overdensity δ, the velocity divergence θ
and anisotropic stress σ is shown on figure 5, where the perturbations of an m = 10.0 eV,
Γ = 108 km s−1 Mpc−1 DWDM species, its decay product, a Γ = 108 km s−1 Mpc−1 DCDM
species and a m = 10.0 eV stable non-cold species (NCDM) are compared. From examining
the δ perturbations of the DWDM, DCDM and NCDM species in the figure and elsewhere,
we report three features of the clustering of decaying species:

• Decaying cold dark matter clusters exactly as much as stable cold dark matter. This
has been known for a long time [15], and we simply repeat it to set a context for the
points below.

• Decaying warm dark matter clusters less than decaying cold dark matter. This comes
as no surprise, since it is well known that warm dark matter clusters less than cold
dark matter, and the decay cannot affect this.

– 14 –



100 101 102 103 104

10−5

10−3

10−1

101

103

|δ
|

DWDM
DCDM
NCDM
DR (DWDM)

100 101 102 103 104

10−3

100

|θ
|

100 101 102 103 104

τ

10−6

10−3

|σ
|

Figure 5. Evolution of the integrated moments of the perturbed distribution functions of a variety
of species for k = 0.2 Mpc−1 with conformal time. The DWDM and DCDM models share the decay
constant Γ = 108 km s−1 Mpc−1 and have energy densities scaled such that their decay products
contribute ∆Neff = 0.5 today. The stable non-cold species (NCDM) is given the same parameters as
the DWDM species, e.g. a mass m = 10 eV. It is seen that the DWDM species clusters less than both
its stable counterpart and the cold decaying species.

• Decaying warm dark matter clusters less than stable warm dark matter. This final point,
which is evident from figure 5, is non-trivial, and is a consequence of the mentioned
fact that the large momentum part of the decaying population survives longest, so the
mean momentum of the population increases as it undergoes decay.

In the above, the first point is a special case of the third point: In the DCDM limit, the entire
population decays at the same rate, so the mean momentum is constant, and the relative
clustering mimics that of a stable species. Ultimately, therefore, the decaying warm species
provides a structure formation pattern that generalizes both stable warm dark matter and
decaying cold dark matter.

Reference [38] found that the relative overdensity δ of the decaying warm species con-
verged to that of a decaying cold species. We have found that this behaviour results from
not computing the physical densities beyond the point at which they become smaller than
machine precision due to decay (which is remedied in the current work with the rescaling
scheme described in section 3.1). Due to the rather long runtimes of the model, it is tempting
to employ the standard fluid approximation for non-cold species in class [57], however, one
must be careful not to use the exact fluid approximation scheme for a stable species, since
the continuity equation of the decaying sector deviates from the former. In appendix D, we
sketch how to correctly implement the fluid approximation for the decaying warm species.
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Figure 6. CMB TT and EE spectrum relative to the ΛCDM spectrum for the m = 10 eV DWDM
model, a ∆Neff model and a DCDM model. The decay constants of the decaying models is Γ = 108 km
s−1 Mpc−1, and the models have been matched so as to contribute radiation energy density equivalent
to ∆Neff = 0.5 today. This choice of parameters ensures a decay before recombination, and hence a
substantial impact on the CMB spectrum.

In particular, we find that it produces significantly erroneous values for the species specific
perturbations (although only a negligible impact on the predicted CMB spectrum since the
density parameter of the decaying sector is relatively small) whilst giving only a very marginal
decrease in runtime. Accordingly, we refrain from using the fluid approximation in the rest
of this work.

3.3 Observable effects

We shall now discuss the effects of the model on the cosmic microwave background spec-
trum and the matter power spectrum. We fix the following cosmological parameters:
ωb = 0.022382, ωcdm = 0.12010, As = 2.100549 · 10−9, ns = 0.966049, τreio = 0.054308
and chose to fix the acoustic scale 100θs = 1.042143 instead of H0, as in section 1.1, since
the former is well constrained by CMB data. Furthermore, we adjust the energy densities of
the models such that their contribution to the radiation energy density today is ∆Neff = 0.5.

Figure 6 illustrates the effect of the DWDM model on the CMB spectrum. The figure
also shows the impact of a ∆Neff model and a DCDM model with decay constant Γ = 108 km
s−1 Mpc−1, which ensures that both decaying models have decayed before recombination.
The effect on the CMB is small for decays that occur after recombination, so we do not show
it. Intuitively, the DWDM effect on the CMB can be understood as a combination of the
effects it inherits from the two other models, being the limiting cases for small and large
masses. At large scales, there is an increased Integrated Sachs Wolfe effect [15, 16]; at small
scales, there is a well-documented reduction in anisotropy characteristic of dark radiation [58]
present through its decay products. Altogether, the particular impact of DWDM is seen to
interpolate between that of DCDM and ∆Neff, as expected.

Figure 7 shows the relative difference in matter power spectra P (k) between the ΛCDM
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Figure 7. Matter power spectrum for the DWDM model compared with ∆Neff and DCDM models.
The model parameters are the same as those in figure 6.

model and m = 1.0, 10.0 eV DWDM models, a ∆Neff dark radiation model and a DCDM
model. As usual, the decaying models have the same decay constant, Γ = 108 km s−1 Mpc−1,
and are matched to contribute the same radiation density ∆Neff = 0.5 at late times. Clearly,
especially at large scales, the DWDM models interpolate between the DCDM and ∆Neff
models. The overall trend is that all models increase large scale power. The DCDM model
increases small-scale power due to the strong small-scale clustering of cold dark matter4,
whereas the DWDM and ∆Neff models suppress small-scale clustering, which can be under-
stood by an argument similar to their suppression of small-scale anisotropies [58]. Note that
the power in the m = 1.0 eV DWDM model approaches the ∆Neff values at large scales,
while the m = 10.0 eV DWDM model approaches that of DCDM at large scales, but at small
scales, they both lean towards the ∆Neff value. This is most likely due to a reduction in
power when the decaying species is relativistic.

4 Parameter constraints

In this section, we conduct MCMC analyses to obtain posterior distributions for the param-
eters of the DWDM model. The implementation detailed in the last section includes a set
of precision settings, such as the number of momentum bins of the decaying species and the
multipoles where the Boltzmann hierarchies are truncated. Increasing these yield more accu-
rate results at the expensive of increasing the execution time. Since a single computation can
take anywhere between a few seconds and many minutes depending on these, we have chosen
13 momentum bins and truncate the hierarchies at `max = 13, for a runtime of ≈ 15 seconds
per model (on the 8 cores of the Apple M1 Pro) and a maximum error in the predicted C`’s
around 1%.

We compute posterior distributions with likelihoods based on two datasets. Our baseline
Dbase consists of the following data sets:

• Planck 2018 (including high-` TTTEEE, low-` TT, EE and lensing) [3],

• BAO (including BOSS DR12 [59] and low redshift data from the 6dF survey [60] and
the BOSS main galaxy sample [61]).

4This effect naturally opposes the tendency of the relativistic decay products to reduce small-scale structure.
With the model parameters chosen here, the cold dark matter clustering wins slightly, but e.g. in [15, 16],
small-scale structure is also reduced within the DCDM model.
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For the second set of likelihoods, we add supernova data from the Pantheon compilation [62]
in order to confront the model with local Universe observations. Together, these two datasets
correspond to the first two tests in the comparison of proposed tension solutions in refer-
ence [6]. When employing Pantheon data and comparing with the local SH0ES H0 measure-
ment, one should be careful not to alter the late Universe dynamics affecting the calibration
of the SNIa data, as discussed in reference [63]; if this is done, the most correct approach is
to use the calibration of the intrinsic SNIa magnitude Mb as the target observable [63, 64].
However, for all interesting areas in parameter space, the DWDM model does not introduce
radical changes to the luminosity distance at the small redshifts relevant to the calibration,
so we keep H0 as the tension target also when including Pantheon data.

As for the cosmological parameters scanned over, those pertaining to the decaying
species are detailed in the next subsection; otherwise we take the usual set of ΛCDM param-
eters {

ωb, ωcdm, H0, ln 1010As, ns, τreio
}
.

In particular, for each of the two dataset combinations described above, we have run six
Markov chains using the MontePython code [65, 66] and checked for convergence both
through a Gelman-Rubin criterion of R − 1 . 0.05 and by ensuring that the posteriors
only vary negligibly with additional running time. The complete two and one-dimensional
marginalized posterior distributions can be seen as triangle plots in appendix E, and the
resulting parameter constraints are summarized in table 4, also in appendix E.

4.1 Decay parameters

In this section, we present and discuss posterior distributions focusing on the parameters
specific to the DWDM model, namely the initial density, parametrized as Neff,ini,dwdm, the
lifetime τ and the decaying particle mass, m5. The priors we have chosen are

Neff,ini,dwdm ∈ [0, 3], log10 τ/yr ∈ [2, 6], m/eV ∈ [0.001, 500].

While the Neff,ini,dwdm and m priors are fairly generous, the lifetime prior lies at somewhat
small values of τ , roughly corresponding to the short-lived regime of the DCDM model in
references [16, 17]. Although we expect the very long-lived region of parameter space to also
be viable, small lifetimes constitute the relevant regime for addressing the H0 tension [17], and
ultimately, this regime is not necessarily short-lived for a DWDM species due to time dilation
of the lifetime. Figure 8 illustrates posteriors for and correlations between the aforementioned
parameters specific to the DWDM model. First and foremost, we observe that all one-
dimensional posteriors obtain their maximum values at an endpoint of the prior range (with
the exception of the Planck+BAO lifetime due to poor binning). Thus, we find no detection
of a decaying warm species, although the data does admit a modest component of DWDM.
All constraints on these parameters are therefore upper bounds, and can be found in table 1.
In the very short-lived limit, data will be unable to constrain the lifetime, so we expect the
lifetime posterior to plateau at values below the lower endpoint on the prior, as is the case for
the short-lived DCDM model [17]. Decreasing the lower prior bound therefore adds arbitrarily
much posterior volume, so we can obtain no meaningful upper bound on log10 τ . The other

5We note that the decaying species is added on top of a fixed amount of dark radiation and a single
massive neutrino species corresponding to Neff = 3.046, in accordance with the recommendation from Planck
measurements [3].
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Figure 8. Marginalized posterior distributions for the three cosmological parameters introduced
with the warm decaying species using two datasets as described in the text. Note the bump on the
lifetime posterior, which is characteristic of decaying dark matter models; it is also seen in the DCDM
model [17] and in the DWDM model of [38]. Note also that the peak in τ for Planck+BAO is an
artefact of the binning used in the analysis of the Markov chain; its posterior actually peaks at the
lower prior bound like it does with the added Pantheon data.

parameters of course evade this issue since they have a physically motivated lower bound of
zero; however, due to the long tail in the m posterior, we also expect our constraint on the
mass to vary slightly with the upper prior bound (for example, reference [34] use a physically
motivated upper bound on the mass prior and thereby find much tighter constraints on m).

Another issue inherent in the DWDM posterior comes from a volume effect: When
the abundance Neff,ini,dwdm approaches 0, the lifetime and mass parameters must become
unconstrained, giving a significant boost to the posterior volume around Neff,ini,dwdm ≈ 0.
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Neff,ini,dwdm log10 τ/yr m× 102 [eV]
Planck+BAO < 0.105 < 3.06 < 1.23

+Pantheon < 0.109 < 3.29 < 0.82

Table 1. Constraints on DWDM parameters derived from MCMC analyses described in the text.
The uncertainties indicate 1σ intervals, corresponding to a 68% confidence level. As explained in the
text, the log10 τ constraints are prior dependent and therefore not directly meaningful.
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Figure 9. Two-dimensional marginalized posterior over the decaying species mass m and lifetime
τ for the baseline dataset Planck+BAO (red) and the baseline including Pantheon data (blue). In
the scratched area, the decays are relativistic, and inverse decay processes must be modelled for an
accurate description of the physics. We have defined this region as that below the α = 1 line, with α
denoting the relativity parameter (2.2).

As a consequence, when marginalized over the lifetime and mass, the posterior will unfairly
favour the Neff,ini,dwdm ≈ 0 region6. Profile likelihood methods have proven very succesful
at evading such volume effects (e.g. [67–69]), but we leave a further investigation of the
consequence for the DWDM model open to future work.

On figure 9, the two-dimensional mass–lifetime posterior distributions are shown again,
along with the region α < 1, where α is the relativity parameter introduced in equation
(2.2), and we recall that relativistic decays correspond to the region α < 1. It is seen that
an appreciable area of the posterior volume is contained in the regime of relativistic decays;
especially if one extrapolates to smaller lifetimes. Moreover, the best-fit points lie deep in
the area of relativistic decays. Since our model is not physically meaningful in this regime,
one could exclude it by employing a prior corresponding to the region of non-relativistic
decays, as was done in reference [34]. However, in order to properly investigate whether the
apparent favorization of the relativistic regime is an artefact of the current model’s inability
to describe the physics or if it is actually favoured by data, a complete implementation of the
model including inverse decays, and possibly quantum statistical effects, should be developed.
We leave this opportunity for future work.

6This phenomenon is common in ΛCDM extensions since they must, by definition, include some abundance
parameter such that any additional model parameters become unconstrained at the vanishing of the former.
Early dark energy models are a typical example; for an investigation using a profile likelihood, see reference [67].
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Figure 10. Two-dimensional posterior distributions of H0 and the three DWDM model parameters
described in the text for two datasets.

4.2 H0 and σ8 tensions

In this section, we study the impact of the DWDM model on the value of the Hubble constant
H0 and σ8 and assess to what extent it is able to alleviate the associated cosmological tensions.

Firstly, we highlight the impact of each of the three model parameters Neff,ini,dwdm,
log10 τ and m on the marginalized H0 posterior in the two-dimensional posteriors shown
in figure 10. The initial energy density, parametrized as Neff,ini,dwdm, correlates positively
with H0. This can be understood from the arguments evoked in section 1.1: Additional
early radiation increases H(z) before recombination, which requires H(z) to increase after
recombination in order to fix the CMB peak position enforced model independently by ob-
servations. Within the uncertainties, the lifetime is seem to be largely uncorrelated with H0.
The decaying species mass m also seems to be rather uncorrelated with H0, although the
H0 posterior widens at smaller masses7. Actually, the lack of correlation between m and H0
gives an interesting corollary, namely that the limiting models of DCDM and ∆Neff should
approximately achieve the same best-fit value of H0, a result that is more or less corroborated
by the current literature [2, 6, 17].

To illuminate this conclusion further, figure 11 shows the one-dimensional marginal-
ized posterior distributions for H0 for a ΛCDM model, a DWDM model where the mass
is marginalized away, DCDM and ∆Neff models as well as the local H0 measurement from
the SH0ES collaboration. It is immediately seen that all of the DWDM, DCDM and ∆Neff
models admit larger values of H0 than ΛCDM. Furthermore, the posteriors of these models
peak at the same H0 value, with DWDM and ∆Neff having larger widths than DCDM, all
as expected from the non-correlation between H0 and the mass parameter of DWDM just
discussed.

We now wish to compute concrete quantitative statistics illuminating the alleviation of
the tensions and the quality of the fit to data. Firstly, we compute the Gaussian tension
between the posteriors on the parameters xD ∈ {H0, σ8} and reference values xref, defined

7Reference [38] found that large masses yielded slightly larger best-fit H0 values; however, this correlation
was not significant compared to the uncertainties in the analysis. References [34, 46] also only find very weak
correlations between m and H0.
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Figure 11. One-dimensional marginalized posterior distribution for H0 for different cosmological
models: A ΛCDM model, a DWDM model with, a short-lived DCDM model and the value from the
local measurement by the SH0ES collaboration [4]. The DWDM, dcdm and ∆Neff models are seen
to display similar predictions for H0.

Data H0 [km s−1 Mpc−1] GT(H0) ∆χ2

Planck+BAO 68.73+0.81
−1.3 2.7σ −4.5

Planck+BAO+Pantheon 68.65+0.83
−1.2 2.8σ −1.1

Table 2. Results for the DWDM model from the MCMC runs described in the text. The last
columns represent the difference in χ2 values for the DWDM and ΛCDM models at their best-fit
points, ∆χ2 = χ2

min,DWDM − χ2
min,ΛCDM.

as [70],

GT(xD) = xD − xref√
σ2
D + σ2

ref

, (4.1)

where x and σ denote mean values and standard deviations, respectively. To this end, we
employ the concrete value [4]

H0 = 73.2± 1.3 km s−1 Mpc−1, (4.2)

which is at a 4.1σ Gaussian tension with the value inferred from the Planck collaboration,
H0 = 67.27 ± 0.60 km s−1 Mpc−1 [3]. The Gaussian tension fails as a measure of the
tension when the model posterior departs from Gaussianity. This can be generalized using
the difference of maximum a posteriori metric QDMAP from reference [70], but since we
find mainly Gaussian one-dimensional H0 posteriors, we refrain from computing this. The
results are presented in table 2, where it is seen that the H0 tension is alleviated by 1.3σ
and 1.4σ with and without Pantheon data, respectively. Since this is a modest alleviation,
we conclude that the non-relativistically decaying DWDM model cannot resolve the Hubble
tension. In order to also quantify the quality of the fit to the entire dataset, we compute
the difference in χ2 values at the best-fit points between the DWDM model and the ΛCDM
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Model H0 [km s−1 Mpc−1] GT(H0) S8 GT(S8) ∆χ2

DCDM 68.64+0.45
−0.81 3.2σ 0.828+0.016

−0.018 2.2σ −0.5

DWDM 68.73+0.81
−1.3 2.7σ 0.825+0.014

−0.014 2.2σ −4.5

∆Neff 68.66+0.63
−1.0 3.0σ 0.825+0.011

−0.011 2.4σ −3.9

Table 3. Planck 2018 + BAO comparison of the DWDM model and its two limits, the (short-lived)
DCDM model and a model with pure additional dark radiation parametrized as ∆Neff, in terms of their
ability to alleviate the H0 and S8 tensions, and their overall fit to the data, ∆χ2 = χ2

min−χ2
min,ΛCDM.

model, also given in the table8. It is seen from the difference in χ2 values with respect to
ΛCDM that the model provides a fair fit to both datasets, with a small preference of the
DWDM model over ΛCDM in terms of its ability to fit the data, although this must be the
case for any model containing ΛCDM in some limit (see, e.g. [6]). Since MCMC methods are
very inefficient at finding best-fit points [69], we have used a simulated annealing approach,
based on reference [72], as the optimization algorithm. We generally find an improvement
of around 0.5–1 χ2 degrees of freedom relative to the MCMC best-fit with this approach.
Table 3 provides the same statistics but for a fixed Planck+BAO dataset and for the DWDM
model as well as its two limiting models, the decaying cold dark matter and pure, invisible
radiation ∆Neff. As mentioned, the H0–mass contour in figure 10 indicates that the mass and
Hubble constant are largely uncorrelated. Since the mass is the parameter that interpolates
the DWDM model between its limits, one therefore expects the DCDM and ∆Neff models to
predict similar values for H0, and indeed, as can be seen from the results in the table, this
is what we find. Furthermore, since the best-fit point for DWDM lies in the ∆Neff limit, the
minimum χ2 values are similar.

To assess the impact of the DWDM model on the S8 tension, figure 12 illustrates the
(Ωm, σ8) posteriors of the DWDM model and its two limiting models as well as the ΛCDM
model and that obtained from the recent year 3 data release of the Dark Energy Survey
(DES) collaboration [73]. It is seen that the ΛCDM, DWDM, DCDM and ∆Neff models
share a lower bound on σ8, corresponding to the ΛCDM limit, and the three latter models
all admit larger upper bounds on σ8. Contrary to several of the best proposed solutions to
the H0 tension, we do not expect the DWDM model and its limits to worsen the tension in
σ8 appreciably.

Since the σ8 posterior is highly non-Gaussian, as seen on figure 12, the Gaussian tension
is not an appropriate measure of the discrepancy with the value from the DES collaboration.
We therefore reparameterize the σ8 parameter as S8 ≡ σ8(Ωm/0.3)0.5, yielding a fairly Gaus-
sian posterior [73]. The level of the tension is then estimated using the mean value and 68
% confidence limits of the recommended fiducial 3 × 2 pt value of S8 obtained by the DES
collaboration,

S8 ≡ σ8(Ωm/0.3)0.5 = 0.776± 0.017, (4.3)
8Sometimes the difference in χ2 values is incremented by double the amount of extra parameters in the

theory such that it becomes the difference in Akaike Information criteria (AIC) [71]. We do not use this here
since, for example, the penalty of having the mass parameter could be avoided by fixing it to its best fit,
equivalent to a model of pure radiation.
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Figure 12. Two-dimensional marginalized posteriors of the current matter density parameter Ωm

and σ8 for the ΛCDM model, the locally measured posterior from the fiducial 2 × 2pt year 3 data
release of the DES collaboration [73] as well as the DWDM model, the short-lived DCDM model, and
a ∆Neff model. To reduce clutter, only the 2σ contours, corresponding to a 95 % confidence level, are
shown for the latter three models.

which is at a 2.5σ Gaussian tension with the value from CMB measurements by Planck,
S8 = 0.834± 0.016 [3]. The corresponding values for the DCDM, DWDM and ∆Neff models,
along with the resulting Gaussian tension measures, are shown in table 3. These numbers
corroborate the conclusion from figure 12 that the models neither alleviate the S8 tension nor
worsen it. It was shown in reference [28] that a decaying cold dark matter model with massive
decay products could alleviate the S8 tension, which can be understood as a consequence of
the finite free-streaming length of the massive decay products. Since the DWDM model is a
generalization of decaying cold dark matter, we also expect the DWDM model to be able to
alleviate the S8 tension if one allows for massive decay products. In this case, the DWDM
model becomes one of only few models to actually help both the H0 and S8 tensions. We
leave the study of decaying warm dark matter with massive decay products for future work.

5 Conclusion

In this work, we have performed a comprehensive study of non-relativistically decaying warm
dark matter (DWDM) with dark radiation decay products. There exist several realistic
particle physics realizations of the model [38], and we have shown explicitly how it arises
from a universal interaction between two neutrino-like species and a light scalar particle
based on reference [36]. A key feature is that its lifetime is time dilated due to the non-
negligible momentum of the species, resulting in delayed decays compared to a decaying
cold dark matter species. Interestingly, this characteristic causes the at any point surviving
population to become increasingly dominated by particles of large comoving momenta, which
diminishes their tendency to cluster relative to the corresponding stable species.

The background evolution of the decaying sector can largely be grouped into an early,
relativistic epoch, followed by an intermediate period where the species has become non-
relativistic but has not yet decayed, and then finally an epoch after the decay where the sector
again redshifts like radiation due to the energy deposited in the dark radiation decay products.
This flexible juggling of equation of states in the decaying sector provides substantial freedom
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in its impact on the expansion history. An approximate analytical solution to the background
equation, valid to about 10%, is presented, which is useful for brief estimates of the time
evolution of the species. Moreover, we derived a recurrence relation, in the multipole order,
of the decay kernel F`(x) that appears in the collision term of the momentum averaged
decay product perturbations. With this, the computation of the decay product collision
term becomes a strongly sub-dominant contribution to the total computation time in the
Einstein-Boltzmann solver, although the impacts of the collision term on observables such as
the C`’s rapidly become negligible with increasing multipole.

Since the decaying species is relativistic in the early Universe, it contributes additional
radiation energy density and increases the Hubble parameter at early times. As a conse-
quence, the Hubble parameter today is increased in order to anchor the acoustic scale at
recombination to observations. With this motivation, we have conducted MCMC analyses in
order to investigate the ability of the warm decaying model to alleviate the Hubble and S8
tensions, and find a rather mild alleviation of around ∼ 1–2σ for H0 and no S8 alleviation,
using Planck 2018 as well as BAO and Pantheon data. On the one hand, the DWDM species
converges to a decaying cold dark matter (DCDM) species in the limit of large masses. On
the other hand, it converges to pure dark radiation in the limit of small masses, since the de-
cay then becomes kinematically unfeasible. Consequentially, the DWDM species interpolates
between the DCDM and dark radiation models as a function of its mass, which is also evident
from its effects on the CMB and matter power spectra. Interestingly, we find H0 to be largely
uncorrelated with the DWDM mass. Since the latter interpolates the model between DCDM
and dark radiation, we obtain as a corollary that DCDM and ∆Neff models should have
similar impacts on the Hubble tension, which we show is corroborated by data. With the
MCMC analyses, we find that a modest population of a DWDM species is compatible with
data. Furthermore, data prefers small masses and lifetimes, corresponding to a fast decay
and convergence to a model of dark radiation. However, in this area of parameter space, the
DWDM particle decays while still relativistic, such that inverse decays and their quantum
statistical corrections become important [36]. In order to properly establish the complete
behaviour of the DWDM model and its relation to observational data, then, these processes
should be taken into account. Since this is a difficult and expensive numerical undertaking,
we leave it open for future work.

Reproducibility. The code used to obtain the results in this paper is available at
https://github.com/AarhusCosmology/CLASSpp_public on the master branch with SHA
03be0ef1e0f8b5bacce975eb9e58661e4d9a7e5f. The version of MontePython 3.5 used,
as well as parameter files and plotting scripts is available at https://github.com/
AarhusCosmology/montepython_public on the branch with the arXiv ID of this paper.
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A Derivation of background equations of motion

In this appendix, we present a derivation of the background equations (2.6) and (2.7) of the
combined dark radiation species, starting from the equations for the individual species in
reference [36]. With the latter, after discarding inverse decay and quantum statistics terms
and taking the massless limit, we have

∂fdr(q2)
∂τ

= ∂f l(q2)
∂τ

+ 1
2
∂fφ(q2)
∂τ

= g2a2m2
H

2πq2
2

∫ ∞
q1−

dq1
q1
ε1
fH(q1), (A.1)

with the integral limit q1− =
∣∣a2m2

H/4q2 − q2
∣∣. Here, we employed the definition fdr =

(2f l + fφ)/2. From the above, one obtains (2.6) with the usual definition Γ = g2/4π.
To obtain the equation for the energy density, we integrate the above over 4πa−4dq2 q

3
2.

The left hand side becomes the usual dρdr/dτ + 4aHρdr, while the right hand side becomes

4πa−4
∫ ∞

0
dq2q

3
2
g2a2m2

H

2πq2
2

∫ ∞
ql
1−

dq1
q1
ε1
f(q1) = 2g2m2

H

a2

∫ ∞
0

dq2q2

∫ ∞
ql
1−

dq1
q1
ε1
f(q1).

Now, the dq1 integral does not reduce on its own, and the lower integral bound ql1− contains
a q2-dependence which prevents us from evaluating the dq2 integral. However, we can relax
the lower bound to 0 by introducing a Heavyside step function in the integrand,∫ ∞

q1−
dq1 =

∫ ∞
0

dq1Θ(q1 − q1−)Θ(q1+ − q1),

where the latter is trivial in the massless limit, q1+ =∞, but important nonetheless. Indeed,
reference [36] derive the identity (A.24),

Θ(q1 − q1−)Θ(q1+ − q1) = Θ(q2 − qH2−)Θ(qH2+ − q2)

which allows us to translate the dq1 integral bounds into bounds on the dq2 integral given
by qH2± = (ε1 ± q1)/2. Ultimately, we get the conversion∫ ∞

0
dq2

∫ ∞
ql
1−

dq1 =
∫ ∞

0
dq1

∫ qH
2+

qH
2−

dq2, (A.2)
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where we note that the order of integration must be reversed since the dq2 bounds now
depend on q1. Using this, the right hand side of the equation of motion becomes

2g2m2
H

a2

∫ ∞
0

dq1
q1
ε1
f(q1)

∫ qH
2+

qH
2−

dq2q2. (A.3)

Now we can carry out the dq2 integral explicitly,∫ qH
2+

qH
2−

dq2q2 =
(qH2+)2 − (qH2−)2

2 = ε21 + q2
1 + 2ε1q1 − ε21 − q2

1 + 2ε1q1
23 = ε1q1

2 .

Substituting this in (A.3) gives for the right hand side,

2g2m2
H

a2

∫ ∞
0

dq1
q1
ε1
f(q1)

∫ qH
2+

qH
2−

dq2q2 = g2m2
H

a2

∫ ∞
0

dq1q
2
1f(q1)

= g2m2
H

a2
a3

4πnH ,

where nH again denotes the particle number density of the decaying particle. Equating the
right and left hand sides of the equation of motion now finally gives

ρ̇dr + 4aHρdr = g2m2
Ha

4π n = aΓmHnH . (A.4)

Comparing this with the evolution of the density of the decaying particle (2.5), we see that
the total comoving energy density is conserved in the decaying sector.

B Approximate solution to background equations

In this appendix, we expound on the analytical solution presented in section 2.2.1. We assume
a power law Universe a(t) = κt2/3+3w with equation of state parameter w and t denoting
cosmic time. To first order in q1/mHa, the warm decaying species reduces to decaying cold
dark matter, and in that case, the momentum dependence disappears, and one obtains the
concrete solution

fH(q, t) = fH(q, ti) exp (−Γ(ti − t))

where ti denotes some reference time. Here, the time evolution and momentum dependence
decouple, so one can integrate directly over momentum to obtain the evolution of the inte-
grated quantities

nH(t) = nH(ti) exp (−Γ(ti − t)) , ρH(t) = ρH(ti) exp (−Γ(ti − t)) .

The decay product energy density can be obtained by integrating over (2.7),

ρdr(t) = ρdr(ti)
(
a(ti)
a(t)

)4
+ Γ
a(t)4

∫ t

ti

dt′ρH(t′)a(t′)4.
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For a power law Universe a(t) = κt2/3+3w for some constant κ, we find

ρdr(t) = ρdr(ti)
(
a(ti)
a(t)

)4
+ ρH(ti)

a(ti)3

a(t)4 κΓ exp(Γti)
(
t

5+3w
3+3w

i E −2
3+3w

(Γti)− t
5+3w
3+3wE −2

3+3w
(Γt)

)
,

(B.1)

where Ek(x) denotes the generalized exponential integral of variable order k. We note that
for w = 1/3, corresponding to a radiation dominated Universe, the order of the exponen-
tial integrals become k = −1/2 and a series of identities relate them to the error function
through which one recovers the solution found in reference [17]. Taking the limit t/ti →∞,
corresponding to the case where the entire population has decayed away, we can write the
above in terms of the contribution to the radiation energy density today, expressed as an
equivalent neutrino number,

∆Neff ≡ Neff
ρdr(t)a(t)4

ρν,0
= Neff

ρ̃H,0
ρν,0

κΓ
(

5 + 3w
3 + 3w

)
Γ

−2
3+3w , (B.2)

where Γ(x) denotes the Gamma function, ρ̃H,0 ≡ ρH(tini)a3
ini is the density of the decaying

species today if it were cold and stable, and we assume no initial population of decay products.
Here, one notes the characteristic scaling ∆Neff ∝ Γ

−2
3+3w : Fast decays yield small final state

densities and vice versa, since the decay products redshift faster than the parent particle.
The DCDM approximation holds after the species has become non-relativistic. Since

we restrict ourselves to the area in parameter space where the species decays only after this,
we can assume that only a negligible amount of decays take place prior to the non-relativistic
transition. Hence, we can take the reference time ti to equal the non-relativistic transition
time tnr, as defined through the scale factor anr ≡ a(tnr) ≈ 3.15T/m, with boundary condition
ρdr(tnr) = 0. Using this, we can directly relate the initial densities to the final densities,
yielding a useful starting point for the shooting algorithm of class which iteratively adjusts
the two in order to obtain self-consistency [15]. Firstly, the energy density of the decaying
species at the non-relativistic transition is evaluated by assuming ρH ∝ a−4 redshifting prior
to an instantaneous transition, giving ρH(tnr) = ρH(tini)a4

ini/a
4
nr. With this, and for simplicity

assuming no initial population of decay products, (B.1) leads directly to (2.8). From the
latter, one sees that the dependence on the assumed dominant equation of state parameter w
manifests mainly through the generalized exponential integrals which define the ”shape” of
the decay. Thus, in estimating the final density parameter, this dependence has only a small
impact, inasmuch as the majority of the decay is not ongoing today. In practice, we find the
values of the final density parameters to be within a factor 5 at relevant parameter values when
assuming radiation and matter dominance, respectively. In the numerical implementation,
we have used w = 1/3, corresponding to a radiation dominated background, since then the
order of the generalized exponential integrals is −1/2, and they can be rewritten in terms of
the complementary error function. This can be seen by relating E−1/2(x) to E1/2(x) using
the recurrence relation of the generalized exponential integrals (8.19.12 of [74]), relating the
latter to the upper incomplete Gamma function Γ(k, x) with equation (8.19) of [74] and
finally relating the upper incomplete Gamma function to the complementary error function,
for example with equation (13.93) of [75]. In the end, we find

E−1/2(x) = exp(−x)
x

+ 1
2x3/2 Γ

(
1
2 , x

)
= exp(−x)

x
+
√
π

2x3/2 erfc(
√
x).

– 32 –



Since the complementary error function is implemented in most numerical libraries, this is
the form we use. Lastly, one could expand the generalized exponential integrals in Γtnr � 1
and Γt0 � 1, corresponding to non-relativistic decays occurring before today, since this is
the scope of the current work. However, we have found that considerable precision is lost
when using large decay constants or small masses such that the decay occurs close to the
non-relativistic transition, so we have used the full solution instead. As stated in the main
text, we find that (2.8) predicts the correct final density within a factor 5 or so.

C Derivation of perturbation equations of motion

In this appendix, we derive the expression (2.12) for the momentum averaged decay product
collision term. To first order, the perturbed combined distribution function is

fdr ≡ fdr(q, τ)(1 + Ψdr(k, q, τ))(k, q, τ) =
(
f l(1 + Ψl) + 1

2fφ(1 + Ψφ)
)

= f l + 1
2fφ + f lΨl + 1

2fφΨφ,

in Fourier space, implicitly defining the combined perturbation

Ψdr ≡
2f lΨl + fφΨφ

2f l + fφ
.

In reference [36], the full Boltzmann equation for Ψl and Ψφ are given. Here, we carry out
the momentum averaging and write out the Boltzmann equation for the integrated hierarchy
(2.11), using the definition (2.10). Taking the time derivative of this definition gives four
terms,

Ḟdr,`(q2) = ṙdr

∫
q2

2dq2 q2fdr(q2)Ψdr,`(q2)∫
q2

2dq2 q2fdr(q2)

− rdr

∫
q2

2dq2 q2fdr(q2)Ψdr,`(q2)(∫
q2

2dq2 q2fdr(q2)
)2 ∫

q2
2dq2 q2ḟdr(q2)

+ rdr

∫
q2

2dq2 q2ḟdr(q2)Ψdr,`(q2)∫
q2

2dq2 q2fdr(q2)
(C.1)

+ rdr

∫
q2

2dq2 q2fdr(q2)Ψ̇dr,`(q2)∫
q2

2dq2 q2fdr(q2)
.

A thorough calculation will show that the first two terms cancel; indeed, this is the reason
for including the rdr factor in the definition, as first done by reference [33]. Next, we will
see that a part of the fourth term cancels the third term. Firstly, we note that the collision
term receives two contributions. The last term contains the total derivative of Ψdr,`: With
the exception of the collision term, this integral is a standard calculation (e.g. [53]) with the
result shown in equations (2.11). As such, we focus instead on the momentum average of the
collision term.

Noting that

dΨdr,`
dτ =

2f lΨ̇l,` + fφΨ̇φ,`

2f l + fφ
,
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and writing the collision terms for the species l and φ from [36] in the massless limit, the
combined momentum dependent collision term is

C(1)
` [Ψdr(q2)] =

2f l(q2)C(1)
` [Ψl(q2)] + fφ(q2)C(1)

` [Ψφ(q2)]
2f l(q2) + fφ(q2)

= 2a2mHΓ
q2

2fdr(q2)

∫ ∞
q1−

dq1
q1
ε1
fH(q1) (ΨH,`(q1)P`(cosα∗)−Ψdr,`(q2)) (C.2)

where we recall the definitions ε1 = (a2m2
H + q2

1)1/2, Γ = g2mH/4π and

q1− =
∣∣∣∣a2m2

H

4q2
− q2

∣∣∣∣ , cosα∗ = ε1
q1
−
a2m2

H

2q1q2
. (C.3)

In the integrand of (C.2), we see two terms. In the last one, Ψdr,` is evaluated at q2, and
not the integration variable q1. The integral over q1 in that term is thus proportional to the
derivative of the background distribution, as seen from (2.6). Due to the negative sign, this
exactly cancels the third term in the total derivative of the momentum averaged perturbation
(C.1). We therefore find that the only addition to the time derivative of the momentum
averaged perturbations (relative to its free variant [53]) is the first term in the integrand of
(C.2),

Ḟdr,`(q2) ⊃
(

dFdr
dτ

)(1)

C,`

≡ 4πrdr
ρdr

∫
dq2 q

3
2fdr(q2)

(
2a2mHΓ
q2

2fdr(q2)

∫ ∞
q1−

dq1
q1
ε1
fH(q1)ΨH,`(q1)P`(cosα∗)

)

= 8πa2mHΓ
ρcrit

∫ ∞
0

dq2

∫ ∞
q1−

dq1
q1q2
ε1

fH(q1)ΨH,`(q1)P`(cosα∗) ≡ 8πa2mHΓ
ρcrit

I.

As was done in appendix A, we can extend the dq1 lower bound to zero if we introduce a
Heavyside step function in the integrand to enforce the correct bounds. This time, we will
rewrite it in terms of the argument of the Legendre polynomial, cosα∗ with relation (A.24)
from reference [36], ∫ ∞

q1−
dq1 =

∫ ∞
0

dq1Θ(1− cos2 α∗).

Using this, the integral part of the perturbation becomes

I =
∫ ∞

0
dq2

∫ ∞
0

dq1Θ(1− cos2 α∗)q1q2
ε1

fH(q1)ΨH,`(q1)P`(cosα∗). (C.4)

By substituting the q2 variable for u ≡ cosα∗, given in equation (C.3), this gives

I =
∫ ∞

0
dq1

∫ u+

u−
du Θ(1− u2)q

2
1a

4m4
H

4ε41
fH(q1)ΨH,`(q1) P`(u)(

1− q1
ε1
u
)3

with the u-bounds

u− = lim
q2→0

u(q2) = −∞, u+ = lim
q2→∞

u(q2) = ε1
q1
.
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Since u− < −1 and u+ > +1, the du integral bounds are completely controlled by the
Heaviside step function, allowing the simplification to

I =
∫ ∞

0
dq1q

2
1fH(q1)ΨH,`(q1)a

4m4
H

4ε41

∫ +1

−1
du P`(u)(

1− q1
ε1
u
)3

≡
∫ ∞

0
dq1q

2
1fH(q1)ΨH,`(q1)a

4m4
H

2ε41
F`(q1/ε1)(
1− q2

1/ε
2
1
)2 , (C.5)

where we have defined the scattering kernel

F`(x) =
(
1− x2)2

2

∫ +1

−1
du P`(u)

(1− xu)3 . (C.6)

Finally, we can reduce the kinematical factor in equation (C.5),

a4m4
H

2ε41
1(

1− q2
1/ε

2
1
)2 = a4m4

H

2
(
ε21 − q2

1
)2 = 1

2 ,

giving

I = 1
2

∫ ∞
0

dq1q
2
1fH(q1)ΨH,`(q1)F`(q1/ε1).

Hence, we get the collision term,(
dFdr
dτ

)(1)

C,`

= 8πa2mHΓ
ρcrit

(
1
2

∫ ∞
0

dq1q
2
1fH(q1)ΨH,`(q1)F`(q1/ε1)

)
. (C.7)

This can be rewritten with the equation of motion for the decay product energy density (2.7),
yielding the expression(

dFdr
dτ

)(1)

C,`

= ṙdr

∫∞
0 dq q2fH(q)ΨH,`(q)F`(q/ε)∫∞

0 dq q2fH(q)
, (C.8)

using ṙdr = ρ−1
crit d(ρdra

4)/dτ = rdr amHΓnH/ρdr. This is the final expression for the decay
product perturbations, and matches the result found by reference [38]. Lastly, we emphasize
two advantages of evolving the equations using this expression:

• The collision term is independent of the dark radiation background distribution function
fdr. Therefore, instead of tracking the distribution function itself, one needs only to
evolve the energy density ρdr according to equation (2.7).

• By computing only the momentum averaged perturbations, one escapes the need to
evolve the momentum dependent perturbed distribution functions on a momentum
grid, significantly reducing the required computation time.
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D Fluid approximation

The fluid approximation for non-cold species, originally introduced in [57], is an approxima-
tion used to truncate the massive relic hierarchy at a given time for each mode, in order
to reduce computation time. More precisely, upon switching on the fluid approximation, all
information of the distribution function perturbations Ψ of the DWDM particle is given up;
instead, one evolves the first three integrated perturbations δ, θ, σ, approximating a trun-
cation correction in the σ equation [57]. By default, this is done for a given k mode when
kτ > 32 in class. Importantly, the equations used for δ and θ are the continuity and Euler
equations, respectively (hence the name of the approximation). Although a usual continuity
equation holds for the entire decaying sector, the energy in the decaying species is of course
not conserved due to the decay, and the fluid equations must be modified accordingly. The
continuity equation for the entire decaying sector is

δ̇ = −
(

1 + P

ρ

)(
θ + ḣ

2

)
− 3H

(
δP

δρ
− P

ρ

)
δ, (D.1)

with all quantities representing sums over the DWDM and dark radiation contributions,

ρ = ρH + ρdr, p = pH + pdr, δ = δρH + δρdr
ρH + ρdr

.

From this, we may find an expression for the continuity equation of the DWDM overdensity
δH = δρH/ρH alone. Isolating δH in equation (D.1) and using the equation of motion for the
` = 0 moment of the dark radiation perturbation Ḟdr,0, one arrives at

δ̇H = − (1 + w)
(
θH + ḣ

2

)
− 3H

(
δpH
δρH

− w
)
δH −

(
dFdr
dτ

)(1)

C,0
,

where w denotes the DWDM equation of state parameter and the collision term is given
by equation (2.12). As expected, the collision term takes into account the energy that is
removed from the DWDM perturbations due to the decays. A similar equation holds for θH ,
whose loss is determined by the ` = 1 collision term, and likewise for all higher moments.

Unfortunately, even with the correct conservation equations, the fluid approximation
cannot work for the DWDM species. In order to compute the dark radiation collision terms,
one needs the DWDM distribution function perturbations ΨH,`(q) which are not tracked in
the fluid approximation. The simplest way out is to estimate the dark radiation collision
terms by approximating the DWDM particle as a non-relativistic DCDM particle, in which
case one can show that [38](

dFdr
dτ

)(1)

C,0
→ ṙdrδH ,

(
dFdr
dτ

)(1)

C,1
→ ṙdrθ

k
,

(
dFdr
dτ

)(1)

C,`

≈ 0 (` ≥ 3).

This should work reasonably well if the DWDM particle is heavy or very non-relativistic.
In either case, since the fluid approximation is usually turned on when the majority of the
DWDM population is depleted, the collision terms should play little role in the evolution of
the perturbations, and the DCDM approximation should suffice. An interesting side effect
of the DCDM approximation will be that δH may now converge completely toward δcdm.

Figure 13 shows the evolution of the density δ and velocity θ perturbations for the
k = 0.2 Mpc−1 mode of a m = 10 eV, Γ = 108 km s−1 Mpc−1 DWDM species as in figure 5,
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Figure 13. Same as figure 5, but switching on the fluid approximation for the decaying species
at kτ0, marked by the vertical black line. Due to the DCDM approximation, the decaying species’
density perturbation converges strongly to that of cold dark matter, and the velocity divergence is
diminished.

but with the fluid approximation described in this section switched on at the default trigger
value kτ0 = 32. Among other things, the DWDM overdensity is seen to converge to the
DCDM faster than without the fluid approximation. In any case, applying the approximation
will not invalidate any observable results, since the absolute perturbations δρ, which are
negligibly small sufficiently long after decay, generally enter the equations instead of the
relative perturbations δ. On the other hand, the increase in efficiency obtained from switching
on the approximation is negligible; for the runs here, the difference in run time was less
than 5% for a range of triggers. In conclusion, therefore, the fluid approximation, although
applicable, was not found to be advantageous for the DWDM species.
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E Posterior distributions

Parameter DWDM ∆Neff DCDM

102ωb 2.246+0.019
−0.021 2.247+0.015

−0.017 2.247+0.016
−0.016

ωcdm 0.1216+0.0018
−0.0029 0.1215+0.0015

−0.0025 0.1209+0.0011
−0.0018

H0 68.73+0.81
−1.3 68.66+0.63

−1.0 68.64+0.45
−0.81

ln 1010As 3.057+0.016
−0.019 3.056+0.015

−0.016 3.061+0.012
−0.019

ns 0.9732+0.0059
−0.0081 0.9723+0.0049

−0.0061 0.9755+0.0042
−0.0072

τreio 0.05779+0.0075
−0.0085 0.05764+0.0066

−0.0079 0.05971+0.0058
−0.0093

σ8 0.8186+0.016
−0.021 0.8174+0.0071

−0.0088 0.8224+0.0061
−0.011

χ2
min − χ2

min,ΛCDM −4.5 −3.9 −0.5

Table 4. Results for base parameters from the MCMC runs for the DWDM, DCDM and ∆Neff
models using the baseline Planck 2018 + BAO dataset combination. The values represent mean values
of the posteriors with 68 % significance intervals.
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Figure 14. Triangle plot of the DWDM marginalized posteriors with Planck+BAO and
Planck+BAO+Pantheon data.
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Figure 15. Triangle plot of the DCDM marginalized posteriors with Planck+BAO data.
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Figure 16. Triangle plot of the ∆Neff marginalized posteriors with Planck+BAO data. Note that
the Neff parameter has a lower bound of 2.038, since we run class with one massive neutrino species
and two massless ones, the latter contributing Neff = 2.038, such that the extra radiation is on top of
the radiation density in the ΛCDM model.
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