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Abstract

We employ and combine a number of recent developments in vibrational structure

methods to push their current size limitations towards molecules with tens of modes

and showcase their availability for the maleimide molecule. In particular, we assess the

use of different rectilinear vibrational coordinates, namely normal coordinates (NCs),

hybrid optimized and localized coordinates (HOLCs), and flexible adaptation of local

coordinates of nuclei (FALCON) coordinates. These different coordinate parametriza-

tions are employed in conjunction with the adaptive density-guided approach (ADGA)

to generate potential energy surfaces (PESs). A screening procedure is furthermore

introduced, which provides estimates of the importance of individual terms in the PES

resulting in significant reductions in the computational cost of the PES construction.

We find that all three sets of coordinates provide approximately the same level of ac-

curacy in vibrational structure calculations and report fundamental excitation energies

with a mean absolute deviation of less than 12 cm−1 when compared to experimen-

tal data. We expect that similar accuracy in vibrational structure calculations can be

achieved for molecules of larger size using the proposed procedures.
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Introduction

A great deal of work, aiming at accurate calculations of vibrational spectra from vibrational

wave function methods, has been carried out for small molecules of a few atoms, within

the last decades. In these studies, accuracy of the vibrational states to within a few cm−1

has been achieved, see, for instance, recent theoretical studies on vibrational spectra for

formic acid.1,2 Within recent years, a large number of algorithmic improvements for the

accurate calculation of vibrational spectra from anharmonic vibrational wave functions have

been suggested. These improvements target virtually all steps in the procedure. In this

work, we showcase the possibilities and limitations of current state-of-the-art methods within

vibrational structure calculations, using the maleimide molecule (c.f. fig. 1) as a case study.

In particular we, for the first time, assess and combine a number of schemes to improve

the accuracy/cost ratio of anharmonic vibrational wave function calculations for systems

with tens of modes. In doing so, we aim at pushing the size limitations of these types of

calculations.

Two distinct bottlenecks can be identified in obtaining vibrational spectra from anhar-

monic vibrational wave functions, namely generating a suitable potential energy surface

(PES) and performing a correlated vibrational structure calculation. The developments that

aim to resolve these bottlenecks can therefore be categorized on whether they target (i) gen-

eration of the PES, (ii) calculation of the vibrational wave function, or (iii) both aspects.

A full account of all recent developments goes beyond the scope of the present introduction

but we will, in the following, briefly review the developments applied in this work.

Many different approaches that target point (i) have been introduced over the years

and one such development is the so-called adaptive density-guided approach (ADGA),3–8

which aims at calculating only those points on the PES that are relevant to a subsequent

vibrational wave function calculation. Similarly, the use of specialized, physically motivated

fit basis functions for representing the PES can reduce the number of required grid points,

when using a suitable representation.7
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Recent improvements that targets point (ii), include the use of tensor decomposition

schemes for evaluating the high-dimensional equations,9–11 as well as various screening

schemes.12–15 For the calculation of vibrational excited states, the use of response theory

can be considered very beneficial.16–20

Furthermore, it is frequently argued that the choice of vibrational coordinates can be

decisive for a fast convergence of both the PES, as well as the correlated vibrational wave

function with respect to the level of mode-mode couplings and mode-mode correlation, re-

spectively.21–36 The choice of vibrational coordinates thus falls in category (iii). The vi-

brational coordinates can moreover be combined with screening approaches,14,26,28,29,37–41 to

make adaptive choices of the included interactions between modes. This combination is

generally expected to further increase the efficiency.26–28,35

In this work, we aim for high accuracy in calculating vibrational zero-point energies

(VZPEs) and fundamental vibrational excitation energies of the maleimide molecule includ-

ing all 24 internal degrees of freedom. The use of the developments outlined above, as well

as introducing a screening procedure for decreasing the cost of PES construction, are needed

to achieve this. We further assess and compare these different approaches. Maleimide is

considered as a test case, as it is larger than the molecules such high-accuracy models have

routinely been applied for. On the one hand, it might still be too small to benefit very much

from local coordinate choices and screening procedures, but the other hand it allows us to

study effects to rather high orders in the expansions. Any efficiency gains obtained for this

molecule will likely be many times larger for somewhat larger molecules.

This paper is organized as follows. First, we briefly outline the Methods applied, before

providing the Computational Details. In the following Results section, we first describe the

character of the employed vibrational coordinates and present a convergence study of PESs

in the different chosen coordinate parametrizations. We then discuss the use of different

PES fit basis functions and investigate the capacity for screening for the different coordinate

choices. The calculated fundamental vibrational excitation energies are then discussed before
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a summary of our work is given.

Methods

Vibrational Coordinates

The most standard choice of vibrational coordinates for molecules that are larger than a few

atoms, are probably rectilinear normal coordinates (NCs). Within recent years it has, how-

ever, repeatedly been argued that coordinates of a more local nature than the NCs might be

better suited for ensuring faster convergence of the expansions of both the PES and the cor-

related vibrational wave function.21–34,36 We restrict the discussion to rectilinear coordinates

in the following, noting the long history of local curvilinear vibrational coordinates.2,42–51

Among the suggested rectilinear coordinates are optimized coordinates (OCs),21–25 local-

ized coordinates,52 local monomer modes (see, e.g., ref. 31), hybrid optimized and localized

coordinates (HOLCs),53 as well as coordinates obtained by the flexible adaptation of local

coordinates of nuclei (FALCON) approach.54 In this work, we restrict our assessment to co-

ordinates from our portfolio, namely the NC, HOLC, and FALCON coordinate parametriza-

tions. These three particular sets of coordinates follow different philosophies and are initially

developed to suit different purposes. The HOLCs result from the attempt to combine the

strengths of localized and optimized coordinates and are obtained from NCs via unitary

transformations. In these transformations, a weighted sum of the vibrational energy and a

geometrical localization criterion is optimized. It is possible to generate the HOLCs using

only second-order Taylor expanded force fields, i.e. harmonic potentials. This makes the hy-

brid optimization procedure highly efficient.53 This flavor of HOLCs can therefore, in some

sense, be related to the localized coordinates with harmonic coupling constraints, presented

by Hanson–Heine33 and Zimmermann and co-workers.30 These approaches aim at reducing

delocalization of the vibrational modes compared to the NCs. The HOLCs have been shown

to enable faster convergence of the anharmonic vibrational wave function with respect to
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truncation of the excitation level compared to NCs.53 We expect that similar benefits can

be obtained in the generation of PESs, in a similar fashion as has been reported for localized

coordinates.26–28

The FALCON coordinates follow a somewhat different strategy, as they have been devel-

oped in the context of molecular fragmentation schemes and are more strictly local than the

HOLCs. For most other above-mentioned sets of coordinates, i.e. HOLCs, NCs, OCs, and

localized coordinates, all nuclei have potentially non-zero displacements in all vibrational

coordinates. This is to be contrasted with the FALCON coordinates, where most nuclear

displacements are restricted to particular sets of nuclei for individual modes by construction.

In this sense, FALCON coordinates are similar to the local monomer modes, developed by

Bowman and co-worker, see, e.g., ref. 31. However, FALCON coordinates have the advantage

that they, in contrast to local monomer modes, also define purely vibrational coordinates

that describe the relative movements of the individual sets of nuclei. This means that they

can also be applied to covalently bound systems in the full vibrational space. We note that

the local nature of FALCON coordinates has recently be exploited to device a PES gen-

eration scheme, which scales linearly in the accumulated cost of all required single point

calculations.55,56

Multilevel Adaptive Density-Guided Approach

The ADGA is an iterative, automated procedure for generating a grid of single points with

which to represent n-mode expanded PESs, without requiring specialized prior knowledge

of the molecular system.3–5,7 The purpose of the ADGA is thus to establish appropriate

grid dimensions and control the granularity of the grid. The ADGA employs an energy-like

quantity, as introduced in ref. 3, in order to establish convergence by adaptively adding

grid points for the explored part of the PES. This quantity is constructed from the average

vibrational density, as determined via VSCF6,57–61 calculations, and the potential energy

itself. The convergence of the ADGA is governed by three convergence criteria with asso-
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ciated thresholds. These oversee the (i) relative (εrel) and (ii) absolute (εabs) change of this

energy-like quantity for specific intervals of the PES, while (iii) ensuring that the vibrational

wave function is sufficiently contained by the grid, (ερ).

Further description and considerations on the use of the so-called multilevel ADGA,

i.e., the ADGA with different electronic structure methods for different orders in the n-mode

expansion, denoted mode combination levels (MCLs), can be found in ref. 4. A more detailed

discussion of the ADGA convergence criteria is given in ref. 7.

Screening of Mode Combinations

Screening of the less important parts of the PES, by considering individual terms associated

with specific mode combinations (MCs) in the n-mode expansion, can provide a possibility

for computational savings in the PES construction. This screening of MC contributions

can be carried out by utilizing the multilevel ADGA in combination with the Hamiltonian

measure described in ref. 14. It is an upper bound to the total contribution of a given

MC to any Hamiltonian matrix element.14 In this earlier work, the screening measure was

employed to adaptively choose MCs to be parameterized in correlated vibrational wave

functions. Employing these screening measures for decreasing the cost of PES construction

is hampered by the fact that the calculation of the associated screening measures requires

a VSCF calculation, which can only be performed, when a suitable PES is supplied. It is,

however, feasible to calculate the screening measures based on a computationally less costly

PES and then use these in the construction of a computationally more costly PES.37,41,62,63

This is the strategy that we have chosen for this work.

We furthermore note that in determining the individual MC screening measures, in their

original form, one has to check all Hamiltonian matrix elements of a quadratic matrix with

size defined by the number of modals used to express each mode, in order to obtain upper

bounds to the total contribution of the MC. This, for instance, means that when considering

a MC of second order, i.e., a pair of modes, and using eight modals to represent each mode,
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one would need to consider 8 × 8 = 64 matrix elements. In contrast to this, we found that

restricting the Hamiltonian matrix to being a rectangular 2 × Nm
modals matrix, turned out

to be more efficient and provides correct screening measures. Thus, for each MC mH a

Hamiltonian-based screening measure is calculated. It is defined as

MmH
1 =

∑
{t|mt=mH}

|cmH
t |

∏
m∈mH

max
rm=1,2,...,Nm

modals
sm=1,2,...,Nm,screen

modals

(
|hm,trmsm|

)
< εscreen, (1)

where cmH
t is the coefficient associated with the Hamiltonian term built up from the one-mode

integrals hm,trmsm of the Hamilton operator with Nm,screen
modals = 2.14 The sum includes only the

terms in the Hamiltonian corresponding to this particular coupling. Thus, a MC is neglected

for PES construction if the numerical value of the screening estimate MmH
1 is smaller than

the screening threshold εscreen.

Choice of Fit Basis Functions

The grid of single points, as generated by the ADGA, is fitted to obtain an analytical

representation of the PES in the computationally advantageous sum of product (SOP) form.

The functions used in these fits are derived from a common set of fit basis functions defined

for each individual mode. The fit basis is often comprised of polynomial type functions but

any convenient functions can be used.7 In this work, we additionally consider the use of

so-called optimized Morse (OM) fit basis functions

f̄mk,Morse (Qm) = exp (−kαQm)− 1, (2)

where k = 1, 2, . . . , Nfunc with Nfunc being the total number of fit basis functions made avail-

able. The non-linear parameter α is optimized via non-linear conjugate gradient methods.

We refer the interested reader to ref. 7 detailing the original implementation for additional

discussion of these fit basis functions, e.g., on the convergence of the results with increasing
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number of such fit functions.

Computational Details

All calculations, except the electronic structure calculations, have been performed with the

Molecular interactions, dynamics and simulations Chemistry program package (MidasCpp).64

The NCs for maleimide have been obtained with the Turbomole program65,66 by per-

forming a geometry optimization and harmonic frequency analysis at the level of explicitly

correlated coupled-cluster theory with single, double, and scaled perturbative treatment of

triple excitations (CCSD(F12*)(T*))67 with the correlation consistent polarized double-ζ

basis set optimized for explicitly correlated methods (cc-pVDZ-F12).68,69 This choice was

motivated by the recommendations made in ref. 70.

The HOLCs were obtained by orthogonal transformation of the NCs in the harmonic

potential. The convergence thresholds for coordinate rotation and the numerical Newton

minimum search were both set to 1.0 · 10−10 a.u.,24 while the localization penalty weight

was set to wP = 1.0 · 10−5.53 The FALCON coordinates54 for maleimide were generated by

defining four distinct subgroups, namely the NH, the two C−−O, and the HC−−CH group.

The screening estimates were obtained based on quadruple-coupled (4M) PESs, i.e., a

PES up to forth order in n-mode expansion, where the electronic structure calculations was

performed via the ORCA program71 using the Hartree–Fock with three corrections (HF-3c)

method.72 Equidistant grids were constructed using 20 grid points for each non-coupled MC,

100 grid points for each pair-coupled MC, 216 grid points for each triple-coupled MC and

16 grid points for each quadruple-coupled MC. The grid boundaries were set to the turning

point for a harmonic oscillator of quantum level v = 5 and a fit basis of polynomial functions

up to 12th order were used. The screening estimates were subsequently obtained from a

VSCF calculation with a modal space of 8 modals. Each modal was given a primitive basis

of 10th order B-splines, which was set to match a basis set density of 0.8.73
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The ADGA was used to construct 1M , 2M , 3M , and 4M PESs with and without screen-

ing of MCs using pre-optimization of the grid boundaries in all cases. Note that the SPCs

pertaining to the 1M and 2M parts of the PESs were performed at the CCSD(F12*)(T*)/cc-

pVDZ-F12 level of theory, while the SPCs pertaining to the pre-optimization, 3M and 4M

parts of the PESs were calculated by Møller–Plesset perturbation theory to second order

using the resolution-of-identity approximation (RI-MP2)74,75 with the cc-pVTZ basis set.69

Furthermore, the RI-MP2 calculations are based on Hartree–Fock wave functions, for which

the resolution-of-the-identity approximation has been applied for the Coulomb and exchange

integrals (RI-JK-HF).76

The relative ADGA convergence criterion threshold was set to εrel = 1.0 ·10−2, which was

increased by a factor of 10, 40 and 60 for the 2M , 3M and 4M parts of the PES, while the

absolute ADGA convergence criterion threshold was set to εabs = 1.0 · 10−6 a.u., which was

increased by a factor of 10 for the 4M part of the PES. The ADGA convergence criterion

threshold for the density was set to ερ = 1.0 · 10−3, while the initial grid boundaries were set

to match the turning point of an harmonic oscillator of quantum level v = 2. A total of four

modals per mode were used to construct the average vibrational density, while each modal

was given a primitive basis of 10th order B-splines set to match a basis set density of 0.8.

The fit basis consisted of either polynomial type functions exclusively or of both polynomial

and OM type functions, which were, for all cases, allowed to go up to 12th order. We refer

to these mixed sets of fit functions as partial optimized Morse (pOM) bases.

Vibrational zero point energies (VZPEs) were calculated by means of the VCC [4] model,

utilizing the canonical decomposition/parallel factors (CP) format for tensor decomposition10

and conjugate residual with optimal trial vectors (CROP) algorithm with three subspace

vectors77 for optimization. Furthermore, fundamental excitation energies were calculated

by means of VCC [2pt3] and VCC [3] response calculations16,17,19 based on different PESs.

The VCC [3] and VCC [4] models refer to a vibrational coupled cluster (VCC) ansatz for the

vibrational wave function with up to three or four simultaneously excited modes, respectively.
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In the VCC [2pt3] method, the triple excitations are accounted for by means of perturbation

theory. All VCC calculations have been performed using eight modals per mode and a set

of 10th order B-splines matching a basis set density of 0.8.73

Results

In this section, we discuss the results obtained for the maleimide molecule (see fig. 1),

which are based on the methodology given above. First, we compare the three sets of

vibrational coordinates to each other before establishing a value for the screening threshold.

We then compare the performance of different fit bases before discussing the capacity for

screening. Finally, we compare calculated fundamental excitation energies obtained based on

the various combinations of methods to experimentally observed values, in order to ascertain

their influence on vibrational structure calculations.

Figure 1: The maleimide molecule, C4H3O2N.

Coordinate Comparison

To enable a comparison between the applied coordinates as such, we employ correlation

matrices that are obtained from the scalar products of the respective orthonormal mass-
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weighted displacement vectors of the different coordinate systems. This means that in case

of identical coordinates, the diagonal elements in these figures are equal to one (yellow)

and all other elements are zero (black). Non-zero off-diagonal elements are indicative of a

difference in the respective vibrational coordinates.

Two such correlation matrices can be found in fig. 2, which compares the NCs first to

the HOLCs and secondly to the FALCON coordinates. It is noteworthy that the HOLCs are

overall more similar to the NCs than the FALCON coordinates. The hybrid optimization

procedure, however, clearly affects particular pairs of modes, which is represented by the

larger orange squares, when comparing the NCs and HOLCs. Thus, the two topmost orange

squares indicate that the symmetrical and asymmetrical C−H and C−−O stretches are lo-

calized in the HOLC representation. A set of in-plane bending vibrations have furthermore

been localized from involving all three H atoms for the NCs to involving the N−H and two

C−H in-plane bending vibrations separately for the HOLCs. Two ring-breathing motions

have also been somewhat localized from the NCs parentage, which gives a total of eight

modes being significantly effected by the hybrid optimization procedure.

The differences between the NCs and FALCON coordinates are more pronounced, as

the latter is of an overall more local character, which is not just limited to a few specific

mode pairs. It should, however, be recognized that the C−−O stretching vibrations and

the in-plane bending vibrations, involving all three H atoms, in particular, are localized in

this representation, per construction. The overall motion, associated with these modes is

therefore quite similar to those found in the set of HOLCs. Additionally, there are two

low-frequency coordinates, i.e. the fifth and eighth modes in the right graph of fig. 2, which

are significantly different, when comparing NCs and FALCON coordinates. Furthermore,

it is interesting to note that the N−H stretching vibration is localized for all three sets of

coordinates.
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Figure 2: Correlation matrices for HOLCs and FALCON coordinates, respectively, with NCs.
The NCs are ordered with increasing frequencies along the vertical axis and the HOLCs and
FALCON coordinates are ordered to maximize the overlap of the diagonal elements.

Convergence of the VZPE with Decreasing PES Screening Threshold

We make use of the screening measures, introduced in the Methods section, to assess the im-

portance of MCs in the PES, as constructed via the ADGA. The convergence of VZPEs, cal-

culated with the VCC[4] model with quadruple-coupled PESs (4M) for the three coordinate

parametrizations and for different screening thresholds can be seen in fig. 3. The screening

threshold εscreen is investigated in the range of εscreen = 1.0·10−8 a.u. to εscreen = 1.0·10−4 a.u.

This range spans from screening almost no MCs to screening a large number of the higher-

order MCs from the PES.

The total number of SPCs required to converge the ADGA 4M PESs, for the use of

different screening thresholds, is furthermore reported in the right frame in fig. 3. We

note that, when exploiting symmetry, the number of SPCs can be significantly lower, as

is the case when employing NCs. Nonetheless, we chose to report the total number of

SPCs, as symmetry cannot be exploited for all types of coordinates and, in general, for

molecules with no symmetry. A full list of the number of SPCs and the partition of these in

different electronic structure methods can be found in table S-1 of the supporting information.

Moreover, it should be noted that around 10, 000 to 21, 000 SPCs are carried out at the

CCSD(F12*)(T*)/cc-pVDZ-F12 level of theory, while the remaining ones are obtained at

the RI-MP2/cc-pVTZ level of theory.
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Figure 3: VZPEs obtained at the VCC [4] level of theory, left frame, and the number of SPCs
NSPC used for constructing the associated 4M PESs, right frame, for different screening
thresholds εscreen, coordinate parametrizations and fit basis functions.

We observe that the VZPEs converge with a decreasing screening threshold (left frame

of fig. 3), while the number of required SPCs for constructing the 4M PESs increases (right

frame of fig. 3). The fastest convergence with respect to the screening threshold is found

for the use of HOLCs, where the VZPE, obtained for the use of εscreen = 1.0 · 10−4 a.u., is

converged to within 1.5 cm−1 of the non-screened value. The results obtained for the use

of NCs can be seen to be almost converged for εscreen = 1.0 · 10−5 a.u., while this screening

threshold introduces a deviation of approximately 2.0 cm−1 for the use of FALCON coordi-

nates. As a compromise, we settled on the common value of εscreen = 1.0 · 10−5 a.u., which

ensures that the number of SPCs can be significantly reduced without seriously impacting

the accuracy of the following vibrational structure calculations. This corresponds to a sub-

stantial decrease in the number of SPCs associated with the 3M and 4M parts of the PES

but only a minor decrease in the number of SPCs associated with the 2M part of the PES

for all three coordinate parametrizations (see table S-1 in the supporting information). The

ADGA requires approximately the same number of SPCs for converging PESs when utiliz-

ing the NC and HOLC parametrizations, while the FALCON parametrization facilitates a

significantly lower number of SPCs. The VZPEs convergence towards the same value for
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the use of FALCON and HOLC parametrizations, while the VZPE obtained with a non-

screened PES in NC parametrization deviates by approximately 4.0 cm−1. This is somewhat

surprising as HOLCs and NCs share more similarities than HOLCs and FALCON coordi-

nates for the chosen coordinate parametrizations. The choice of coordinates is irrelevant,

when considering the exact PES and using FVCI but as this is not feasible to achieve for the

maleimide molecule, these deviations can arise for different reasons. These are, individually

or in combination (i) a truncated n-mode expansion of the PES, (ii) insufficient excitation

level of the VCC model or (iii) different treatment of the mode couplings in the multilevel

ADGA scheme for the different sets of coordinates.

Partial optimized Morse Fit Basis

Having established a screening threshold, we now compare the use of a full polynomial fit

basis to a fit basis of both OM and polynomial type functions, i.e. a partial OM basis. In

the latter case, we represent the cut potentials associated with the N−H stretching vibra-

tion by the use of OM fit basis functions for all three coordinate parametrizations. The cut

potential associated with the symmetrical C−−O and C−H stretching vibrations for the NC

parametrization were furthermore found to be adequately represented by OM fit basis func-

tions. For the HOLC parametrization this meant that the cut potentials associated with the

two localized C−−O stretching vibrations and the two localized C−H stretching vibrations

could be represented by OM fit basis functions. The FALCON parametrization allowed for

representing the cut potentials associated with the two localized C−−O stretching vibrations

and the symmetrical C−H stretching vibration with OM fit basis functions. This results in 3,

5, and 4 modes having their associated cut potentials represented by OM fit basis functions

for the NC, HOLC and FALCON coordinates respectively.

The performance of PESs with a partial OM fit basis representation is shown in fig. 3

with regards to the number of SPCs and VZPEs. However, only results obtained based on

a non-screened PES and a screened PES with the chosen screening threshold of εscreen =
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1.0 ·10−5 a.u. are given. We see that the number of required SPCs is decreased, compared to

the corresponding calculations using a pure polynomial fit basis to represent the PES, in all

cases. This decrease is more pronounced for the use of NCs and HOLCs than for the use of

FALCON coordinates. Furthermore, we observe that the screening procedure hardly affects

the VZPEs, when combined with the use of a partial OM fit basis. It is, however, striking

that the VZPEs obtained using NC and HOLC parametrizations are about 5 cm−1 lower for

the use of a partial OM fit basis, compared to using a pure polynomial fit basis.

Capacity for Screening

The capacity for screening at different MCLs can be seen in figs. 4 and 5, in terms of MCs

and SPCs respectively. Note that additional information, connected to this discussion, can

be found in tables S-2 and S-3 of the supporting information. As shown in fig. 4, it is clear

that the capacity for screening of MCs is quite low for pair-coupled MCs but it becomes

significant for triple-coupled MCs, where around 30 % for NC and HOLC parametrization

and around 50 % for FALCON parametrization of all MCs can be screened, when employing

a screening threshold of εscreen = 10−5 a.u. The capacity for screening of the quadruple-

coupled MCs is even higher, where around 80 % of all MCs can be screened for the use of the

NC and HOLC parametrizations, while around 90 % of all MCs can be screened for the use

of the FALCON parametrization. These results lends credibility to the screening procedure,

which is clearly able to reduce the computational effort in constructing high-order PESs for

all three coordinate parametrizations.

Turning to fig. 5, it can be observed that the capacity for screening in the number of

SPCs is lower percentwise than that observed for MCs. This is not surprising, given that

the ADGA emphasizes grids of MCs that are important to the vibrational wave function,

compared to those that are not. This, however, illustrates that both the ADGA and the

screening procedure reduce the computational effort in similar fashions. This is the reason

why we choose to introduce the partial OM fit basis for each coordinate parametrization, as
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Figure 4: Screening capacity for MCs in different MCLs for the maleimide molecule in NC,
HOLC and FALCON parametrizations. The shaded columns represent the number of MCs
for non-screened PESs, while the solid columns represent the number of MCs included for
the screened PESs.
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these generally target the MC grids that require the highest number of SPCs in the ADGA.7

Nonetheless, it can be observed that only a few SPCs can be avoided by screening of the

MCs in the 2M and 3M parts of the PESs. This should be contrasted with that around 30 %

of all SPCs can be avoided for NC and HOLC parametrizations and around 50 % of all SPCs

for the use of the FALCON parametrization in the 4M part of the PES. This represents a

significant reduction in the computational effort and, as seen, can moreover be combined

with the use of a partial OM fit basis to further decrease the number of SPCs.
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N
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C

MCL

Poly, NC
pOM, NC

Poly, HOLC
pOM, HOLC
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pOM, FALCON

Figure 5: Screening capacity for SPCs of different MCLs for the maleimide molecule in NC,
HOLC and FALCON parametrizations, utilizing a pure polynomial (Poly) and partial OM
(pOM) fit basis, respectively. The shaded columns represent the total number of required
SPCs for converging the non-screened PESs, while the solid columns represent the total
number of SPCs needed for converging the screened PESs.

It should be noted that the screening procedure facilitates the largest reduction in the

number of required SPCs for all three coordinate parametrization but that the use of a

partial OM fit basis reduces this number by an additional 10 % to 20 % for the respective

coordinate parametrizations, compared to calculations using a polynomial fit basis.
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Fundamental Excitation Energies

We have calculated fundamental excitation energies for the maleimide molecule with the

VCC[2pt3] model based on screened and non-screened 3M PESs and with the VCC[3] model

based on screened 4M PESs. This have been carried out for all three coordinate parametriza-

tions and with the use of both polynomial and partial OM fit bases. All fundamental excita-

tion energies and VZPEs are provided in tables S-4 and S-5 of the supporting information for

the VCC[2pt3]/3M and VCC[3]/4M calculation setups, respectively. We note in passing that

the VZPEs obtained via the VCC[2pt3] model and 3M PESs deviate by less than 11 cm−1

or less from those obtained with the VCC[4] model and 4M PESs, when compared in the

respective coordinate parametrizations. In this regard, HOLCs provide the most converged

VZPEs, whereas the FALCON coordinates provides the least converged VZPEs. A similar

behavior for the three sets of coordinates can be observed for the VZPEs obtained with the

VCC[3] model based on screened 4M PESs but with overall better converged results.

The fundamental excitation energies, as obtained with the VCC[2pt3]/3M calculation

setup, using polynomial fit basis functions for representing the PES, are depicted in fig. 6.

It is clear that the results are rather similar for the different coordinate systems, with only

a few larger deviations at the low and high frequency ends. The effect of screening on the

fundamental excitation energies is, however, observed to be quite small.

To further quantify these observations, we have collected deviations between the fun-

damental excitation energies, obtained with different sets of coordinates, and give these in

table 1. The mean absolute deviations between the results obtained with NCs and HOLCs

amounts to about 2.2 cm−1 with a maximum absolute deviation of 12.9 cm−1. Comparison

of the results obtained with NCs and HOLCs, to those obtained with FALCON coordinates

gives mean absolute deviations between 5.4 and 6.9 cm−1. The respective maximum absolute

deviations lie between and 36.8 and 39.4 cm−1. This maximum absolute deviations is found

for the lowest fundamental excitation.

The effect of the screening procedure is small for all coordinate parametrizations, when
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Figure 6: Fundamental excitation energies calculated via the VCC[2pt3] model for all
screened (continuous lines) and non-screened (dashed lines) 3M PESs using polynomial fit
basis functions. Fundamental excitation energies obtained with the NCs are shown in blue,
those obtained with the HOLCs in orange and those obtained with the FALCON coordinates
in green.

considering the calculated fundamental excitation energies. This is especially true for the use

of NCs and HOLCs, where the mean absolute deviations, obtained based on screened and

non-screened PESs with polynomial fit, amounts to 0.18 cm−1 and 0.15 cm−1, with maximum

absolute deviations of 0.66 cm−1 and 0.46 cm−1, respectively. The deviations are larger for

the use of FALCON coordinates, where the fundamental excitation energies for the screened

and non-screened PESs differ with a mean absolute deviation of about 0.8 and a maximum

absolute deviation of about 2.5 cm−1. The largest deviation observed here for the FALCON

coordinates may be rationalized by the least converged screened PES in this case.

The mean absolute deviations for the fundamental excitation energies obtained using a

polynomial fit basis and those using a partial OM fit basis fall for all coordinate parametriza-

tions, with and without screening, between 0.36 cm−1 and 0.63 cm−1. The maximal deviations

can, however, be up to about 3.1 to 4.0 cm−1 for the use of NCs and FALCON coordinates,

respectively. This rather large deviation can be assigned to the ν4 state, which is associated

with the N−H bending motion of B2 symmetry.
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Table 1: Mean absolute deviation (lower triangle) and maximal absolute deviation (upper
triangle) of fundamental excitation energies calculated with the VCC[2pt3] model based on
3M PESs in different coordinate parametrizations with polynomial fit basis (Poly) and par-
tial OM fit basis (pOM), with (Sc) or without (Nsc) screening of the PES. All deviations are
given in cm−1, while those deviations for which one of these parameters in the computational
setup differs, are shown in bold face.

Polynomial fit basis Partial OM fit basis
NC HOLC FALCON NC HOLC FALCON

Nsc Sc Nsc Sc Nsc Sc Nsc Sc Nsc Sc Nsc Sc

P
ol
y

NC Nsc — 0.66 12.87 12.79 38.56 37.08 3.14 3.91 12.65 12.87 38.66 37.19
Sc 0.18 — 12.92 12.84 38.68 37.20 2.48 3.25 12.70 12.92 38.78 37.31

HOLC Nsc 2.20 2.16 — 0.46 36.84 35.36 13.08 13.10 0.85 0.85 36.94 35.47
Sc 2.20 2.16 0.15 — 36.82 35.34 13.00 13.02 1.31 0.84 36.92 35.45

FALCON Nsc 5.43 5.37 6.51 6.48 — 2.46 39.11 39.28 37.32 37.38 4.03 4.86
Sc 5.44 5.37 6.28 6.26 0.80 — 37.63 37.80 35.84 35.90 3.12 3.95

pO
M

NC Nsc 0.49 0.40 2.17 2.14 5.27 5.24 — 0.77 12.86 13.08 39.21 37.74
Sc 0.72 0.55 2.23 2.21 5.27 5.21 0.24 — 12.88 13.10 39.38 37.91

HOLC Nsc 2.27 2.20 0.36 0.41 6.55 6.29 2.13 2.19 — 0.49 37.42 35.95
Sc 2.28 2.21 0.34 0.38 6.55 6.29 2.15 2.17 0.17 — 37.48 36.01

FALCON Nsc 5.86 5.80 6.85 6.82 0.59 0.93 5.67 5.61 6.89 6.89 — 2.41
Sc 5.85 5.77 6.75 6.74 1.30 0.63 5.64 5.58 6.75 6.73 0.78 —

From this analysis we conclude that changing coordinates has a larger impact on the

fundamental excitation energies than that of the screening procedure. Moreover, the use of

NCs and HOLCs lead to rather similar results, whereas the results obtained for FALCON

coordinates deviate more from the NC and HOLC results. This, however, is not surprising

given the rather similar character of NCs and HOLCs for the maleimide molecule, as dis-

cussed above. We furthermore see that the change of fit basis functions can have an effect

of up to a few cm−1 for certain fundamental energies.

We have additionally calculated anharmonic vibrational wave functions with the VCC[3]

model based on 4M screened PESs for fundamental excitation energies below 3000 cm−1.

We obtain a somewhat similar behavior as for the energies obtained with the VCC[2pt3]

model based on 3M PESs: The largest deviations of about 26 cm−1 are observed between

results for FALCON coordinates and those for the NCs and HOLCs. In comparison to

that, the maximum deviations between results obtained with the use of different fit basis

functions are small, i.e. of up to around 7 cm−1. The respective data can be found in table 2.

Overall, the deviations between different sets of coordinates, are smaller for the VCC[3]/4M

calculation setup than for the VCC[2pt3]/3M calculation setup, which indicates that a better

convergence is achieved for the former setup.
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Table 2: Mean absolute deviation (lower triangle) and maximal absolute deviation (upper
triangle) of fundamental excitation energies calculated with the VCC[3] model based on the
screened 4M PESs in different coordinate parametrizations with polynomial fit basis (Poly)
and a partial OM fit basis (pOM). All deviations are given in cm−1.

Polynomial fit basis Partial OM fit basis
NC HOLC FALCON NC HOLC FALCON

P
ol
y NC — 3.04 20.82 1.29 7.39 24.99

HOLC 1.18 — 22.12 3.20 6.96 23.31
FALCON 4.63 4.97 — 21.99 23.96 4.17

pO
M NC 0.46 1.44 4.72 — 6.63 26.16

HOLC 1.26 1.66 5.35 1.34 — 24.37
FALCON 4.80 5.27 0.85 4.81 5.48 —

From the above discussion, it cannot be clearly concluded, which of the vibrational co-

ordinates provides the most reliable results. A number of experimental values have been

reported for maleimide in different phases, i.e., vapor, in Argon Matrix, solid, and in solu-

tion.78–82 The relevant data for the fundamental excitation energies have been collected in

table S-6 of the supporting information, where it can be seen that the reported experimental

values for different experimental setups can vary to some extend. This is why we choose to

compare the ranges for the different approaches in table 3. A comparison between the ranges

of calculated fundamental excitation energies for the VCC[3]/4M and VCC[2pt3]/3M cal-

culation setups shows that the former setup tends to have narrower ranges than the latter.

This naturally fits with the expectation of better converged results for models that include

more terms. Exceptions to this trend, are, however observed for ν14, ν16, and ν17. In contrast

to other authors,83 we refrain from comparing our results to solid state data, in cases where

no vapor of Argon matrix data are available, as the deviations between those data can be

several tens of cm−1 and a comparison is not useful in the present context.

In most cases, where vapor-phase IR data and/or Argon matrix data is available, our

results lie within 15 cm−1 of the experimental values. Larger deviations are obtained, e.g.,

for ν5 compared to the vapor-phase data. In this case, however, our results are close to the

fundamental vibrational energy recorded in an Argon matrix. The situation is somewhat
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reversed for ν6, ν14, ν17, and ν20 with a larger deviation to the fundamental excitation

energies taken in an Argon Matrix than those in vapor phase. For ν14, the deviation of

our calculated fundamental energies to the Argon matrix study is exceptionally large and

amounts to 60 cm−1 to 67 cm−1, while the deviation to the vapor data is only 1 cm−1 to

10 cm−1. Clearly, in this our results favor the vapor-phase results as the best experimental

data for the anharmonic frequency of the maleimide molecule. Another large deviation is

obtained for ν23. In this case, however, we observe heavy state mixing, so that the assignment

of this fundamental is somewhat ambiguous.

Table 3: Comparison of the computed fundamental excitation energies (this study), cal-
culated with the VCC[2pt3] model based on 3M PESs and VCC[3] based on 4M PESs to
experimentally observed energies, which have been obtained in vapor phase, Argon matrix
(Ar) and solid phase. The dominating character and the symmetry† of each fundamental is
furthermore provided, along with the results obtained in previous theoretical studies. Note
that for the computed values of this study a range is given, which contains all values obtained
with the different coordinate parametrizations, with and without screening of the associated
PES. All excitation energies are given in cm−1.

Character Sym. This study Vapor Ar Solid Previous theoretical data
VCC[2pt3] / 3M VCC[3] / 4M HF84,a MP285,b B3LYP85,b

ν1 Ring bend B2 133-173 132-158 — — 172-175 169 208 153
ν2 Ring bend A2 286-293 287-290 — — 296-309 288 — —
ν3 C−−O bend A1 389-391 390-391 — 410 405-418 396 386 390
ν4 N−H bend B2 498-517 505-513 504 505 533-744 499 579 540
ν5 C−−O bend B1 532-535 530-533 514 536 533-729 503 532 534
ν6 Ring bend B2 617-620 618-621 620-622 633 616-635 638 614 622
ν7 Ring bend A1 628-632 631-632 635-639 633 643-647 630 628 631
ν8 Ring bend B1 664-667 664-665 668-675 670 677-683 675 669 666
ν9 Ring bend A2 764 764-766 — — 774-775 758 — —
ν10 Ring deform B2 825-835 826-829 831 829 851-852 841 840 834
ν11 Ring breath A1 891-895 888-892 897 895 900-901 889 912 869
ν12 C−H/N−H bend B1 895-898 896-906 906-907 905 935-948 914 915 902
ν13 C−H bend A2 944-950 946-949 — — 970-972 940 — —
ν14 C−H bend A1 1052-1059 1055-1070 1060-1062 1119 1065-1067 1053 1083 1071
ν15 Ring bend B1 1118-1120 1118-1122 1130-1132 1132 1140-1149 1142 1140 1108
ν16 C−H/N−H bend B1 1289-1291 1276-1285 1285 1285 1295-1303 1292 1324 1306
ν17 C−H/N−H bend B1 1307-1324 1309-1333 1322 1346 1371-1383 1336 1336 1329
ν18 C−H/N−H bend A1 1328-1334 1334-1335 1330-1335 1332 1344-1365 1326 1339 1317
ν19 C−C stretch A1 1584 1584-1586 1580 1574 1581-1583 1582 1609 1559
ν20 C−−O stretch B1 1751-1758 1755-1769 1756 1744 1700-1712 1751 1752 1768
ν21 C−−O stretch A1 1771-1775 1771-1774 1775 1770 1757-1775 1801 1774 1828
ν22 C−H stretch B1 3088-3119c — — 3115 3091 3184 3111
ν23 C−H stretch A1 3115-3124c 3090 — 3100-3108 3114 3236 3069
ν24 N−H stretch A1 3504-3507 3482 3486 3219 3482 3539 3489

† Note that due to different definitions of the mirror planes, B2 and B1 are interchanges in some of the studies.
a Using scale factors denoted B, optimized for maleimide.
b Only data considering anharmonic corrections are shown here.
c The assignments of ν22 and ν23 are somewhat ambiguous due to strong state mixings.

To assess our different setups, we have calculated the mean and maximum absolute

deviations, as well as root-mean-square deviations of the fundamental vibrations for which
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vapor-phase data are available. The choice of the respective reference values is outlined

in Table S-6 in the supporting information. As can be seen in table 4, the mean absolute

deviation of the fundamental vibrational excitation energies for that subset of vibrations lies

for all VCC[2pt3] computational setups between about 7 cm−1 and 9 cm−1.

Table 4: Mean absolute deviation (MAD), root-mean-square deviation (RMSD) and maxi-
mum absolute deviation (MAX) of the subset of fundamental excitation energies for which
experimental vapor-phase data is available. The fundamental excitation energies are calcu-
lated with the VCC[2pt3] model based on non-screened and screened, (εscreen = 1.0·10−5 a.u.),
3M PESs, for which both a polynomial fit basis and a partial OM fit basis was used. All
deviations are given in cm−1.

Polynomial fit basis Partial OM fit basis
MAD RMSD MAX MAD RMSD MAX

NC Non-screened 7.93 11.02 25.71 7.69 10.80 25.26
Screened 7.84 10.96 25.50 7.62 10.66 25.08

HOLC Non-screened 8.45 11.87 33.80 8.48 11.78 33.32
Screened 8.44 11.90 33.86 8.49 11.81 33.52

FALCON Non-screened 7.68 11.11 26.93 8.12 11.18 26.12
Screened 7.96 10.95 26.73 8.40 11.09 25.87

In these cases, the maximum absolute deviations obtained using HOLCs are significantly

larger than those obtained for NCs and FALCON coordinates, respectively. The maximum

deviations are, for all three coordinate parametrizations, obtained for the fundamental ν23,

i.e., the symmetric C−H stretching motion. We note that for this mode, the assignment of

the excited state was, however, somewhat ambiguous. Moreover, large absolute deviations

of up to 25 cm−1 are obtained for v24, i.e., the N−H stretching mode and up to 22 cm−1

for v5, the symmetric C−−O stretching mode for the HOLCs. All other absolute deviations

lie below 14 cm−1 with a majority of significantly smaller deviations. The root-mean-square

deviations fall into the interval 10 cm−1 to 12 cm−1 for all coordinate parametrizations. No

significant difference in the deviations is obtained between the different fit basis functions.

A comparison between deviations obtained for our different calculation setups, is provided

in table 5, where we restrict ourselves to only compare fundamental excitation energies below

3000 cm−1. It can be seen that the mean average deviations are found in the range of 5.2 cm−1
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Table 5: Mean absolute deviation (MAD), root-mean-square deviation (RMSD) and maxi-
mum absolute deviation (MAX) of the subset of fundamental excitation energies for which
experimental vapor-phase data is available that are below 3000 cm−1. The fundamental
excitation energies are calculated with the VCC[2pt3] model based on non-screened and
screened, (εscreen = 1.0 · 10−5 a.u.), 3M PESs and with the VCC[3] model based on screened,
(εscreen = 1.0 · 10−5 a.u.), 4M PESs. The 3M and 4M PESs have been given represented by
both a polynomial fit basis and a partial OM fit basis was used. All deviations are given in
cm−1.

Polynomial fit basis Partial OM fit basis
MAD RMSD MAX MAD RMSD MAX

NC
VCC[2pt3] / 3M Non-screened 5.73 7.43 18.05 5.49 7.18 17.86
VCC[2pt3] / 3M Screened 5.64 7.36 17.97 5.48 7.14 17.76
VCC[3] / 4M Screened 5.22 6.90 18.82 5.45 6.99 18.56

HOLC
VCC[2pt3] / 3M Non-screened 6.02 7.54 17.85 6.11 7.59 17.60
VCC[2pt3] / 3M Screened 6.00 7.55 18.04 6.10 7.58 17.72
VCC[3] / 4M Screened 5.65 7.30 19.37 6.60 7.98 18.30

FALCON
VCC[2pt3] / 3M Non-screened 5.54 7.81 21.49 6.07 8.07 21.19
VCC[2pt3] / 3M Screened 5.89 7.68 19.42 6.40 7.97 19.09
VCC[3] / 4M Screened 6.28 7.62 16.15 6.02 7.61 17.47

to 6.6 cm−1, whereas the root-mean-square deviations are found in the range of 6.9 cm−1 to

8.1 cm−1 for all calculation setups. This indicates that even though these results are not

fully converged towards the exact vibrations limit, the choice of coordinate parametrization

does not introduce large deviation of the resulting vibrational energies from the experimental

reference. It is interesting to note that the fundamental excitation energies changes by as

much as almost 18 cm−1 to as little as 0.5 cm−1, when comparing the VCC[2pt3]/3M and

VCC[3]/4M calculation setups. Some of the largest changes does, however, happen for

states, where no experimental vapor-phase data is available but the fundamental excitation

energies associated with these states do seem to converge towards a shared value.

For comparison, we include in table 3 previous results obtained in theoretical studies

of the anharmonic frequencies for the maleimide molecule, e.g., Császár et al.,84 who used

quantum chemical force fields based on Hartree–Fock/4-21 basis set incorporating system-

specific scaling factors to yield better agreement with experimental values. Purely theoretical

values with anharmonic corrections to harmonic frequencies were obtained in ref. 85 for the

use of MP2 and B3LYP with the 6-31++G(d,p) basis set.
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Summary and Conclusions

We have employed and compared a number of recent developments in anharmonic vibrational

structure methods with the aim of accurately calculating the fundamental excitation energies

for maleimide. We have assessed the use of different rectilinear vibrational coordinates,

namely NCs, HOLCs and FALCON coordinates for use in PES construction by means of

the ADGA. These coordinate parametrizations were used to construct quadruple-coupled

PESs using standard polynomial fit basis functions, for which the use of HOLCs required the

highest number of SPCs, followed by the use of NCs and FALCON coordinates. The number

of SPCs could, for all three coordinate parametrizations, be reduced by employing OM type

fit basis functions for selected degrees of freedom, resulting in the use of NCs requiring the

highest number of SPCs, followed by the use of HOLCs and FALCON coordinates.

We have further investigated the use of Hamiltonian-based screening estimates for MCs

in PES construction, which have previously been suggested for the use of screening MCs in

correlated vibrational wave function calculations. The presently suggested screening proce-

dure requires the availability of a PES. The PES for this purpose has been generated via

a static grid approach, using the relatively inexpensive HF-3c electronic structure model.

We have demonstrated that for a series of decreasing screening thresholds, which results in

a progressively lower number of MCs being screened from the PES, it was possible to ob-

tain VZPEs that converge towards the values obtained based on non-screened PESs for all

three coordinate parametrizations. Utilizing this screening procedure allowed for omitting

31 % to 59 % of the SPCs required for constructing 4M PESs in the different coordinate

representations.

We have reported fundamental excitation energies, which have been calculated via

VCC[2pt3] response theory based on PESs that includes up to three-mode coupling and

VCC[3] response theory based on PES that includes up to four-mode couplings. These re-

sults represent the most extensive and accurate computations to date for the fundamental

excitation energies of maleimide. The results compare reasonably well with available ex-
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perimentally obtained values, although some outliers occur, due to limitations in both the

computational setup and the experimental data sets. The obtained results have been com-

pared for the different coordinate parametrizations and other variations in the computational

methodology. Convergence was obtained in many aspects, but it could not be concluded if

any set of coordinates is preferable, in general, with respect to accuracy. It was found sur-

prisingly difficult to obtain agreement on results obtained with different coordinates to the

last wave number. This is noteworthy, given the high level of description, which includes up

to four-mode couplings in the PES. Still, our results confirm that the localized HOLCs and

FALCON coordinates can support accuracy, as well as NCs and have significant advantages

with respect to decreasing the computational cost. One should be aware, that FALCON co-

ordinates depend on choices taken in the setup and their performance thus cannot be taken

to be completely general. Still, our results show that the FALCON coordinates can support

reasonable results. We can imagine cases where FALCON coordinates will support both

faster and slower convergence of the respective expansions than seen here. The FALCON

coordinates are, from an analysis aspect and for the reason of decreasing the computational

cost still very interesting.55,56

Supporting Information Available

A complete set of data for the results presented as part of this work is provided in the

supporting information. The PESs that were constructed as part of this work are furthermore

provided as C++ source code files, which can be compiled by any C++11 compliant compiler,

in order to generate small self-contained executable programs. These can then be used to

evaluate the potential energy for any given molecular structure that can be accounted for,

within the boundaries of the constructed PES, see ref. 7 for additional information.

26



Acknowledgement

O.C. acknowledges support from the Danish e-infrastructure Cooperation (DeiC), and the

Danish Council for Independent Research through a Sapere Aude III Grant (No. DFF-

4002-00015). C.K. acknowledges support from the Deutsche Forschungsgemeinschaft (DFG)

through the Emmy Noether Young Group Leader Programme (project KO 5423/1-1).

References

(1) Tew, D. P.; Mizukami, W. Ab Initio Vibrational Spectroscopy of cis - and trans -Formic

Acid from a Global Potential Energy Surface. J. Phys. Chem. A 2016, 120, 9815–9828.

(2) Richter, F.; Carbonnière, P. Vibrational Treatment of the Formic Acid Double Mini-

mum Case in Valence Coordinates. J. Chem. Phys. 2018, 148.

(3) Sparta, M.; Toffoli, D.; Christiansen, O. An Adaptive Density-Guided Approach for the

Generation of Potential Energy Surfaces of Polyatomic Molecules. Theor. Chem. Acc.

2009, 123, 413–429.

(4) Sparta, M.; Høyvik, I.-M.; Toffoli, D.; Christiansen, O. Potential Energy Surfaces for

Vibrational Structure Calculations from a Multiresolution Adaptive Density-Guided

Approach: Implementation and Test Calculations. J. Phys. Chem. A 2009, 113, 8712–

8723.

(5) Sparta, M.; Hansen, M. B.; Matito, E.; Toffoli, D.; Christiansen, O. Using Electronic

Energy Derivative Information in Automated Potential Energy Surface Construction

for Vibrational Calculations. J. Chem. Theory Comput. 2010, 6, 3162–3175.

(6) Hansen, M. B.; Sparta, M.; Seidler, P.; Toffoli, D.; Christiansen, O. New Formula-

tion and Implementation of Vibrational Self-Consistent Field Theory. J. Chem. Theory

Comput 2010, 6, 235–248.

27



(7) Klinting, E. L.; Thomsen, B.; Godtliebsen, I. H.; Christiansen, O. Employing General

Fit-Bases for Construction of Potential Energy Surfaces with an Adaptive Density-

Guided Approach. J. Chem. Phys. 1 2018, 148, 064113.

(8) Schmitz, G.; Artiukhin, D. G.; Christiansen, O. Approximate High Mode Coupling

Potentials using Gaussian Process Regression and Adaptive Density Guided Sampling.

J. Chem. Phys. 2019, 150, 131102.

(9) Godtliebsen, I. H.; Thomsen, B.; Christiansen, O. Tensor Decomposition and Vibra-

tional Coupled Cluster Theory. J. Phys. Chem. A 2013, 117, 7267–7279.

(10) Madsen, N. K.; Godtliebsen, I. H.; Losilla, S. A.; Christiansen, O. Tensor-

Decomposed Vibrational Coupled-Cluster Theory: Enabling Large-Scale, Highly Ac-

curate Vibrational-Structure Calculations. J. Chem. Phys. 2018, 148, 024103.

(11) Thomas, P. S.; Carrington, T. An Intertwined Method for Making Low-Rank, Sum-

of-Product Basis Functions that Makes it Possible to Compute Vibrational Spectra of

Molecules with More Than 10 Atoms. J. Chem. Phys. 2017, 146, 204110.

(12) Heislbetz, S.; Pfeiffer, F.; Rauhut, G. Configuration Selection within Vibrational Mul-

ticonfiguration Self-Consistent Field Theory: Application to Bridged Lithium Com-

pounds. J. Chem. Phys. 2011, 134, 204108.

(13) Benoit, D. M. Fast Vibrational Calculation of Anharmonic OH-Stretch Frequencies for

Two Low-Energy Noradrenaline Conformers. J. Chem. Phys. 2008, 129, 234304.

(14) König, C.; Christiansen, O. Automatic Determination of Important Mode-Mode Corre-

lations in Many-Mode Vibrational Wave Functions. J. Chem. Phys. 2015, 142, 144115.

(15) Sibaev, M.; Crittenden, D. L. Balancing Accuracy and Efficiency in Selecting Vibra-

tional Configuration Interaction Basis States Using Vibrational Perturbation Theory.

J. Chem. Phys. 2016, 145, 064106.

28



(16) Christiansen, O. Response Theory for Vibrational Wave Functions. J. Chem. Phys.

2005, 122, 194105.

(17) Seidler, P.; Christiansen, O. Vibrational Excitation Energies from Vibrational Coupled

Cluster Response Theory. J. Chem. Phys. 2007, 126, 204101.

(18) Christiansen, O.; Kongsted, J.; Paterson, M. J.; Luis, J. M. Linear Response Functions

for a Vibrational Configuration Interaction State. J. Chem. Phys. 2006, 125, 214309.

(19) Seidler, P.; Sparta, M.; Christiansen, O. Vibrational Coupled Cluster Response Theory:

A General Implementation. J. Chem. Phys. 2011, 134, 054119.

(20) Hansen, M. B.; Christiansen, O. Vibrational Contributions to Cubic Response Func-

tions from Vibrational Configuration Interaction Response Theory. J. Chem. Phys.

2011, 135, 154107.

(21) Thompson, T. C.; Truhlar, D. G. Optimization of Vibrational Coordinates, with an

Application to the Water Molecule. J. Chem. Phys. 1982, 77, 3031–3035.

(22) Moiseyev, N. On the SCF Method for Coupled-Vibron Systems. Chem. Phys. Lett.

1983, 98, 233–238.

(23) Yagi, K.; Keçeli, M.; Hirata, S. Optimized Coordinates for Anharmonic Vibrational

Structure Theories. J. Chem. Phys. 2012, 137, 204118.

(24) Thomsen, B.; Yagi, K.; Christiansen, O. Optimized Coordinates in Vibrational Coupled

Cluster Calculations. J. Chem. Phys. 2014, 140, 154102.

(25) Thomsen, B.; Yagi, K.; Christiansen, O. A Simple State-Average Procedure Determin-

ing Optimal Coordinates for Anharmonic Vibrational Calculations. Chem. Phys. Lett.

2014, 610-611, 288–297.

(26) Panek, P. T.; Jacob, C. R. Efficient Calculation of Anharmonic Vibrational Spectra of

Large Molecules with Localized Modes. Chem. Phys. Chem. 2014, 15, 3365–3377.

29



(27) Cheng, X.; Steele, R. P. Efficient Anharmonic Vibrational Spectroscopy for Large

Molecules Using Local-Mode Coordinates. J. Chem. Phys. 2014, 141, 104105.

(28) Panek, P. T.; Jacob, C. R. On the Benefits of Localized Modes in Anharmonic Vibra-

tional Calculations for Small Molecules. J. Chem. Phys. 2016, 144, 164111.

(29) Panek, P. T.; Jacob, C. R. Anharmonic Theoretical Vibrational Spectroscopy of

Polypeptides. J. Phys. Chem. Lett. 2016, 7, 3084–3090.

(30) Molina, A.; Smereka, P.; Zimmerman, P. M. Exploring the Relationship between Vibra-

tional Mode Locality and Coupling Using Constrained Optimization. J. Chem. Phys.

2016, 144, 124111.

(31) Bowman, J. M.; Wang, Y.; Liu, H.; Mancini, J. S. Ab Initio Quantum Approaches to

the IR Spectroscopy of Water and Hydrates. J. Phys. Chem. Lett. 2015, 6, 366–373.

(32) Hanson-Heine, M. W. D. Examining the Impact of Harmonic Correlation on Vibrational

Frequencies Calculated in Localized Coordinates. J. Chem. Phys. 2015, 143, 164104.

(33) Hanson-Heine, M. W. D. Intermediate Vibrational Coordinate Localization with Har-

monic Coupling Constraints. J. Chem. Phys. 2016, 144, 204116.

(34) Hanson-Heine, M. W. D. Reduced Basis Set Dependence in Anharmonic Frequency

Calculations Involving Localized Coordinates. J. Chem. Theory Comput. 2018, 14,

1277–1285.

(35) Cheng, X.; Talbot, J. J.; Steele, R. P. Tuning Vibrational Mode Localization with

Frequency Windowing. J. Chem. Phys. 2016, 145, 124112.

(36) Panek, P. T.; Hoeske, A. A.; Jacob, C. R. On the Choice of Coordinates in Anhar-

monic Theoretical Vibrational Spectroscopy: Harmonic vs. Anharmonic Coupling in

Vibrational Configuration Interaction. J. Chem. Phys. 2019, 150, 054107.

30



(37) Benoit, D. M. Fast Vibrational Self-Consistent Field Calculations through a Reduced

Mode–Mode Coupling Scheme. J. Chem. Phys. 2004, 120, 562–573.

(38) Rauhut, G. Efficient Calculation of Potential Energy Surfaces for the Generation of

Vibrational Wave Functions. J. Chem. Phys. 2004, 121, 9313.

(39) Pele, L.; Gerber, R. B. On the Number of Significant Mode–Mode Anharmonic Cou-

plings in Vibrational Calculations: Correlation-Corrected Vibrational Self-Consistent

Field Treatment of Di-, Tri-, and Tetrapeptides. J. Chem. Phys. 2008, 128, 165105.

(40) Seidler, P.; Kaga, T.; Yagi, K.; Christiansen, O.; Hirao, K. On the Coupling Strength in

Potential Energy Surfaces for Vibrational Calculations. Chem. Phys. Lett. 2009, 483,

138–142.

(41) Ziegler, B.; Rauhut, G. Localized Normal Coordinates in Accurate Vibrational Struc-

ture Calculations: Benchmarks for Small Molecules. J. Chem. Theory Comput. 2019,

15, 4187–4196.

(42) Halonen, L. Recent Developments in the Local Mode Theory of Overtone Spectra. J.

Phys. Chem. 1989, 93, 3386–3392.

(43) Ndong, M.; Joubert-Doriol, L.; Meyer, H.-D.; Nauts, A.; Gatti, F.; Lauvergnat, D.

Automatic Computer Procedure for Generating Exact and Analytical Kinetic Energy

Operators Based on the Polyspherical Approach. J. Chem. Phys. 2012, 136, 034107.

(44) Sadri, K.; Lauvergnat, D.; Gatti, F.; Meyer, H.-D. Numeric Kinetic Energy Operators

for Molecules in Polyspherical Coordinates. J. Chem. Phys. 2012, 136, 234112.

(45) Ndong, M.; Nauts, A.; Joubert-Doriol, L.; Meyer, H.-D.; Gatti, F.; Lauvergnat, D.

Automatic Computer Procedure for Generating Exact and Analytical Kinetic Energy

Operators Based on the Polyspherical Approach: General Formulation and Removal of

Singularities. J. Chem. Phys. 2013, 139, 204107.

31



(46) Mackeprang, K.; Kjaergaard, H. G.; Salmi, T.; Hänninen, V.; Halonen, L. The Effect of

Large Amplitude Motions on the Transition Frequency Redshift in Hydrogen Bonded

Complexes: A Physical Picture. J. Chem. Phys. 2014, 140, 184309.

(47) Lauvergnat, D.; Nauts, A. Quantum Dynamics with Sparse Grids: A Combination

of Smolyak Scheme and Cubature. Application to Methanol in Full Dimensionality.

Spectrochim. Acta A 2014, 119, 18–25.

(48) Sadri, K.; Lauvergnat, D.; Gatti, F.; Meyer, H.-D. Rovibrational Spectroscopy Us-

ing a Kinetic Energy Operator in Eckart Frame and the Multi-Configuration Time-

Dependent Hartree (MCTDH) Approach. J. Chem. Phys. 2014, 141, 234112.

(49) Mackeprang, K.; Hänninen, V.; Halonen, L.; Kjaergaard, H. G. The Effect of Large

Amplitude Motions on the Vibrational Intensities in Hydrogen Bonded Complexes. J.

Chem. Phys. 2015, 142, 094304.

(50) Lauvergnat, D.; Luis, J. M.; Kirtman, B.; Reis, H.; Nauts, A. Numerical and Exact

Kinetic Energy Operator using Eckart Conditions with one or Several Reference Ge-

ometries: Application to HONO. J. Chem. Phys. 2016, 144, 084116.

(51) Nauts, A.; Lauvergnat, D. Numerical on-the-fly Implementation of the Action of the

Kinetic Energy Operator on a Vibrational Wave Function: Application to Methanol.

Mol. Phys. 2018, 116, 3701–3709.

(52) Jacob, C. R.; Reiher, M. Localizing Normal Modes in Large Molecules. J. Chem. Phys.

2009, 130, 084106.

(53) Klinting, E. L.; König, C.; Christiansen, O. Hybrid Optimized and Localized Vibra-

tional Coordinates. J. Phys. Chem. A 2015, 119, 11007–11021.

(54) König, C.; Hansen, M. B.; Godtliebsen, I. H.; Christiansen, O. FALCON: A Method for

Flexible Adaptation of Local Coordinates of Nuclei. J. Chem. Phys. 2016, 144, 074108.

32



(55) König, C.; Christiansen, O. Linear-Scaling Generation of Potential Energy Surfaces

Using a Double Incremental Expansion. J. Chem. Phys. 2016, 145, 064105.

(56) Madsen, D.; Christiansen, O.; König, C. Anharmonic Vibrational Spectra from Double

Incremental Potential Energy and Dipole Surfaces. Phys. Chem. Chem. Phys. 2018,

20, 3445–3456.

(57) Bowman, J. M. Self-Consistent Field Energies and Wave Functions for Coupled Oscil-

lators. J. Chem. Phys. 1978, 68, 608–610.

(58) Gerber, R. B.; Ratner, M. A. A Semiclassical Self-Consistent Field (SC SCF) Approx-

imation for Eigenvalues of Coupled-Vibration Systems. Chem. Phys. Lett. 1978, 68,

195–198.

(59) Bowman, J. M. The Self-Consistent-Field Approach to Polyatomic Vibrations. Acc.

Chem. Res. 1986, 19, 202–208.

(60) Carter, S.; Culik, S. J.; Bowman, J. M. Vibrational Self-Consistent Field Method for

Many-Mode Systems: A New Approach and Application to the Vibrations of CO Ad-

sorbed on Cu(100). J. Chem. Phys. 1997, 107, 10458.

(61) Christiansen, O. A Second Quantization Formulation of Multimode Dynamics. J. Chem.

Phys. 2004, 120, 2140–2148.

(62) Chaban, G. M.; Jung, J. O.; Gerber, R. B. Anharmonic Vibrational Spectroscopy of

Glycine: Testing of ab Initio and Empirical Potentials. J. Phys. Chem. A 2000, 104,

10035–10044.

(63) Bounouar, M.; Scheurer, C. Reducing the Vibrational Coupling Network in N-

Methylacetamide as a Model for ab Initio Infrared Spectra Computations of Peptides.

Chem. Phys. 2006, 323, 87–101.

(64) Christiansen, O. et al. MidasCpp. https://gitlab.com/midascpp/midascpp.

33



(65) Ahlrichs, R. et al. TURBOMOLE: Program Package for Ab Initio Electronic Structure

Calculations. 2016; http://www.turbomole.com.

(66) Ahlrichs, R.; Bär, M.; Häser, M.; Horn, H.; Kölmel, C. Electronic Structure Calculations

on Workstation Computers: The Program System Turbomole. Chem. Phys. Lett. 1989,

162, 165–169.

(67) Hättig, C.; Tew, D. P.; Köhn, A. Communications: Accurate and Efficient Approxi-

mations to Explicitly Correlated Coupled-Cluster Singles and Doubles, CCSD-F12. J.

Chem. Phys. 2010, 132, 231102.

(68) Peterson, K. A.; Adler, T. B.; Werner, H.-J. Systematically Convergent Basis Sets for

Explicitly Correlated Wave Functions: The Atoms H, He, B-Ne, and Al-Ar. J. Chem.

Phys. 2008, 128, 084102.

(69) Dunning, T. H. Gaussian Basis Sets for Use in Correlated Molecular Calculations. I.

The Atoms Boron Through Neon and Hydrogen. J. Chem. Phys. 1989, 90, 1007–1023.

(70) Schmitz, G.; Christiansen, O. Accuracy of Frequencies Obtained with the Aid of Ex-

plicitly Correlated Wave Function Based Methods. J. Chem. Theory Comput. 2017,

13, 3602–3613.

(71) Neese, F. The ORCA Program System. Wiley Interdiscip. Rev. Comput. Mol. Sci.

2012, 2, 73–78.

(72) Sure, R.; Grimme, S. Corrected Small Basis Set Hartree–Fock Method for Large Sys-

tems. J. Comput. Chem. 2013, 34, 1672–1685.

(73) Toffoli, D.; Sparta, M.; Christiansen, O. Accurate Multimode Vibrational Calculations

Using A B-spline Basis: Theory, Tests and Application to Dioxirane and Diazirinone.

Mol. Phys. 2011, 109, 673–685.

34



(74) Weigend, F.; Häser, M. RI-MP2: First Derivatives and Global Consistency. Theor.

Chem. Acc. 1997, 97, 331–340.

(75) Weigend, F.; Häser, M.; Patzelt, H.; Ahlrichs, R. RI-MP2: Optimized Auxiliary Basis

Sets and Demonstration of Efficiency. Chem. Phys. Lett. 1998, 294, 143–152.

(76) Weigend, F. A Fully Direct RI-HF Algorithm: Implementation, Optimised Auxiliary

Basis Sets, Demonstration of Accuracy and Efficiency. Phys. Chem. Chem. Phys. 2002,

4, 4285–4291.

(77) Madsen, N. K.; Godtliebsen, I. H.; Christiansen, O. Efficient Algorithms for Solving

the Non-Linear Vibrational Coupled-Cluster Equations using Full and Decomposed

Tensors. J. Chem. Phys. 2017, 146, 134110.

(78) Woldbæk, T.; Klaboe, P.; Nielsen, C. J. The Vibrational Spectra of Maleimide and

N−D Maleimide. J. Mol. Struct. 1975, 27, 283–301.

(79) Woldbæk, T.; Klaboe, P.; Nielsen, C. J. The Vibrational Spectra of N−Cl Maleimide.

J. Mol. Struct. 1975, 28, 269–278.

(80) Giorgini, M. G.; Furtunado, B.; Mirone, P. Infrared and Raman Spectra and Vibrational

Assignment of Maleimide and N-Deuterated Maleimide. Atti Soc. Nat. Mat. di Modena

1975, 106, 89–95.

(81) Le Gall, L.; Lauransan, J.; Saumagne, P. Vibration Spectra of Maleimide and Its

Deuterated Derivatives. Can. J. Spectrosc. 1975, 20, 136.

(82) Barnes, A. J.; Gall, L. L.; Madec, C.; Lauransan, J. Vibrational Spectra of Maleimide,

N-Deuterated Maleimide and Maleic Anhydride in Low-Temperature Matrices. J. Mol.

Struct. 1977, 38, 109–120.

(83) ter Steege, D. H. A.; Buma, W. J. Spectroscopy and Dynamics of Excited States in

35



Maleimide and N-Methyl Maleimide: Ionic Projection and Ab Initio Calculations. J.

Chem. Phys. 2003, 118, 10944.

(84) Császár, P.; Császár, A.; Harsànyi, L.; Boggs, J. E. Scaled Quantum Mechanical (SQM)

ab initio Force Field and Vibrational Spectra of Maleimide (1H-Pyrrole-2,5-Dione). J.

Mol. Struct. THEOCHEM 1986, 136, 323–337.

(85) Aguiar, E. C.; da Silva, J. B. P.; Ramos, M. N. A Theoretical Study of the Vibrational

Spectrum of Maleimide. J. Mol. Struct. 2011, 993, 431–434.

TOC Figure

36


	AM Coversheet Skabelon 2018
	towards_accurate_theoretical_vibrational_spectra_maleimide

