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ABSTRACT
The first implementation of tensor-decomposed vibrational coupled cluster (CP-VCC) response theory for calculating vibrational excita-
tion energies is presented. The CP-VCC algorithm, which has previously been applied to solving the vibrational coupled cluster (VCC)
ground-state equations without explicitly constructing any tensors of order three or higher, has been generalized to allow transfor-
mations with the Jacobian matrix necessary for computation of response excitation energies by iterative algorithms. A new eigenvalue
solver for computing CP-VCC excitation energies is introduced, and the different numerical thresholds used for controlling the accu-
racy of the obtained eigenvalues are discussed. Numerical results are presented for calculations of the 20 lowest eigenvalues on a set
of 10 four-atomic molecules, as well as for a number of polycyclic aromatic hydrocarbons (PAHs) of increasing size, up to PAH8 with
120 modes. It is shown that the errors introduced by the tensor decomposition can be controlled by the choice of numerical thresh-
olds. Furthermore, all thresholds can be defined relative to the requested convergence threshold of the equation solver, which allows
black-box calculations with minimal user input to be performed. Eigenstates of PAHs were efficiently computed without any explic-
itly constructed tensors, showing improvements in both memory and central processing unit time compared to the existing full-tensor
versions.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0037240., s

I. INTRODUCTION

Solving the time-independent Schrödinger equation (TISE) for
molecular vibrational motion is key to predicting and understanding
vibrational spectra as well as vibrational contributions to molecu-
lar properties. The exact solution for a given choice of one-mode
basis sets is provided by the full vibrational configuration interac-
tion (FVCI) method where the wave function is parameterized by
one large tensor of coefficients with a dimensionality equal to the
number of modes in the system, M. Thus, the number of parameters
used for describing the wave function—which ultimately determines
the computational cost of the method—scales exponentially with
respect to the size of the molecule. This feature—often denoted as
the curse of dimensionality (COD)—limits the direct applicability

of FVCI with a reasonable choice of one-mode bases to systems
with M ≲ 6.

In order to perform vibrational-structure calculations on
medium to large molecules, approximate wave-function parameter-
izations, which somehow reduce the parameter space, are required.
In analogy with Hartree–Fock (HF) in electronic-structure the-
ory, vibrational self-consistent field (VSCF) provides a mean-field
description of the interaction between modes, with an approxi-
mate wave function given as a single variationally optimized Hartree
product (HP).1–5 In order to obtain higher accuracy, additional con-
figurations must be included to describe correlation between modes.
An intuitive solution is to apply truncated vibrational configuration
interaction (VCI), but as is also known from electronic-structure
theory, truncated linear expansions do not behave correctly with
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respect to product separability (size consistency) of the wave func-
tion.4,6 In recent years, vibrational coupled cluster (VCC) theory
has been established as an accurate framework for calculating vibra-
tional spectra and properties of medium-sized molecules.7–9 The
VCC method employs the exponential coupled cluster (CC) ansatz
which results in correct separability and fast convergence toward the
FVCI limit with respect to the number of included wave-function
parameters. A natural hierarchy of VCC[k] methods is defined by
including all configurations that are excited in ≤ k modes relative to
the VSCF reference state. Thus, the parameters in the VCC[k] wave
function are structured as a vector of one-mode amplitudes for each
mode, a matrix of two-mode amplitudes for each pair of modes, a
third-order tensor of three-mode amplitudes for each triplet, etc.,
as opposed to the single Mth-order tensor of FVCI. Nevertheless,
accurate high-order VCC methods exhibit steep polynomial scaling
with respect to M, which limits their applicability. We therefore in
this work consider further development of the tensor representa-
tion of the VCC wave function in terms of the tensor-decomposed
vibrational coupled cluster (CP-VCC) method,10,11 where all tensors
involved in the calculation are represented in the canonical polyadic
(CP) tensor format.12–16

Tensor decomposition of anharmonic wave functions was first
explored by Godtliebsen et al.,17 showing that VCC and VCI wave-
function parameters could be decomposed and still represent accu-
rate wave functions and later showing18 how eigenvalue problems
can be solved employing tensor formats. These works firmly con-
cluded that tensor-decomposition has much to offer for both VCI
and VCC. The correct separability of VCC means that couplings
between modes belonging to different non-interacting sub-systems
are zero, unlike the case for VCI, which leads to zero-rank decom-
posed tensors for such couplings in the case of VCC but non-
zero tensors for VCI. For interacting systems, this carries over to
attractive rank distributions for couplings in VCC computations
with the decreasing average rank going from small to larger sys-
tems, showcasing the perspective of tensor decomposition for larger
molecules. Thus, as the system increases in size, we can expect
more and more of the tensors describing different couplings to be
well described by low or even zero ranks. With the VCC ansatz
being both more accurate for truncated wave functions, as well as
having parameter sets supporting higher accuracy for low ranks,
it is attractive to target VCC for decomposition as opposed to
directly the FVCI or approximate VCI wave functions. Indeed, the
VCC wave function can be considered as a first-level decomposi-
tion of the wave function (at least in the exact limit).17,18 How-
ever, the nonlinear VCC wave function is by ansatz much more
complicated to work with than linear wave-function parameteriza-
tions like VCI. For linearly parameterized wave functions, there has,
in the meantime, been significant progress on the use of tensor-
decomposed formats. Thomas and Carrington reported very inter-
esting algorithms for using CP decomposition with linearly param-
eterized wave functions and a specialized block-power method.19,20

Also very interesting are the recent work on using other attractive
tensor-decomposition formats, in particular, density-matrix renor-
malization group (DMRG)/tensor-train formats.21–24 Note also
that although introduced without reference to tensor decomposi-
tion, the well-renowned multiconfiguration time-dependent Hartree
(MCTDH) method25,26 can be denoted as a Tucker tensor decompo-
sition and has also been successfully applied for anharmonic wave

functions computations.27 Correspondingly, multi-layer MCTDH
formats28–31 can similarly be considered in terms of tensor networks
(see Ref. 32). The CP format has also been applied to other quantum-
chemical problems such as fitting of potential-energy surfaces (PESs)
to sum-of-products (SOP) form33–35 and representing both two-
electron integrals36–38 and wave functions39 in electronic-structure
theory.

The earlier work of Godtliebsen et al. did not realize the full
potential of tensor decomposition as full (non-decomposed) tensors
were present in the computations and the gains of the tensor for-
mat were not exploited in many computationally expensive steps.
Recently, Madsen et al.10,11 showed both how to solve VCC state spe-
cific non-linear equations using only decomposed vectors through-
out the whole computation10 and how the CP-decomposed tensor
format can be fully integrated in the complicated VCC contrac-
tion engines,11 leading to both reduced computational scaling and
cost and lowered memory requirements. For example, several order-
of-magnitude data reductions and previously impossible computa-
tions, such as VCC[4] computations for anthracene (66 modes),
were reported. The state-specific VCC approach is best suited for
the ground state or the fewest lowest excited states, but generally
a response approach is preferable for excited states where only the
ground is obtained by solving the non-linear VCC equations; how-
ever, all excited states are described as eigenvectors of the VCC
Jacobian matrix. The purpose of this work is thus to combine previ-
ous works10,11,18 to obtain a CP-VCC method where VCC response
theory computations can be carried out from start to end with
only CP-decomposed tensors, providing access to excitation ener-
gies, transition properties, and frequency-dependent polarizabilities.
The situation is actually slightly less favorable than for the non-
linear VCC ground-state equations, and a key result of this paper
is to illustrate that despite the fact that the CP decompositions lead
to, in principle, inexact (Jacobian response) matrix transformations,
we can obtain accuracy control of the computed response eigen-
values in the context of iterative eigensolvers using only vectors
consisting of CP-decomposed tensors throughout. Still, computa-
tional savings can be obtained for large molecules, which can be
expected to increase with the system size and/or VCC excitation
level.

II. THEORY

The system of interest is a Nnuc-atomic molecule described by
M = 3Nnuc − 6 distinguishable degrees of freedom denoted as modes.
The Hamiltonian describing the vibrational motion in a molecule
is generally not known, and the PES is usually obtained by fit-
ting electronic-structure data to a given functional form. Construct-
ing high-dimensional PESs is a major computational task, which,
depending on the electronic-structure method and the number of
sampled structures, may be even more demanding than calculat-
ing the vibrational spectra and properties. However, new algorithms
that pave the way for linear-scaling PES generation40 are being
developed. This, in turn, increases the need for developing effi-
cient wave-function methods for studying the vibrational dynam-
ics for larger molecular systems. For computational convenience,
we choose to represent the Hamiltonian as a SOP of one-mode
operators,41–43
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H =∑
t
ct ∏

m∈mt

hm t . (1)

The coefficient and operators in this expression can be found
by refitting an existing analytical PES42 or directly by expand-
ing the PES in mode couplings and fitting a grid of evaluated
electronic-structure points to a functional basis for each such cou-
pling (see Ref. 44 and references therein). Each term, t, in the
sum then involves only operators for the modes in the set mt . For
every mode, m, a set of Nm one-dimensional basis functions is
defined, {ϕmrm(qm)}. These are denoted as modals in analogy with
orbitals in electronic-structure theory. The exact vibrational wave
function can now be written as a linear combination of HPs of
modals,

Ψ(Q) =∑
r
crΦr(Q), (2)

where the HP is defined as

Φr(Q) ≡
M

∏
m=1

ϕmrm(qm). (3)

The sum over r in Eq. (2) is unrestricted, meaning that the full direct-
product basis is used. Solving the Schrödinger equation exactly (for a
given choice of modal bases) using the FVCI ansatz of Eq. (2) scales
exponentially with respect to M. Thus, in order to calculate vibra-
tional spectra and properties of molecules with more than ∼4 atoms,
approximate methods such as VCC are required.

The VCC method is formulated using the second quantization
(SQ) framework introduced in Ref. 4. Here, HPs are represented
as occupation-number vectors (ONVs) with an integer element for
each modal of every mode specifying its occupation. Note that only
the ONVs that have one occupied modal in each mode correspond
to physically relevant HPs. The occupation numbers are manip-
ulated using creation (am †

rm ) and annihilation (amrm ) operators that
add and remove occupation from modal rm of mode m, respec-
tively. For orthonormal modal bases, these satisfy the commutator
relations,

[amrm , am
′ †

sm′ ] = δmm′δrmsm′ , (4)

[amrm , am
′

sm′ ] = [a
m †
rm , am

′ †
sm′ ] = 0. (5)

Thus, in SQ, a HP is written as a string of M creation oper-
ators working on the vacuum state, i.e., the state with zero
occupation,

∣Φr⟩ =
M

∏
m=1

am †
rm ∣vac⟩. (6)

The vacuum state is normalized, ⟨vac|vac⟩ ≡ 1, and satisfies
amrm ∣vac⟩ = ⟨vac∣am †

rm = 0 ∀m, rm.
In order to introduce the VCC method, we partition the modals

of each mode into an occupied modal indexed by im and a set of
virtual modals indexed by am, bm, . . .. The nature and number of
virtual modals are defined prior to the computation, typically by
selecting the lowest Nm

vir ≡ Nm
− 1 excited modals for each mode

m from a preceding ground-state VSCF computation determining
also the occupied ground-state modal. This enables us to define

excitation operators that move occupation from occupied to virtual
modals,

τmam ≡ ∏
m∈m

am †
am amim , (7)

where m is a mode combination (MC) containing the modes excited
and am is a corresponding vector of indices of the same size,
dim(m) = dim(am), with virtual modal indices am for each mode m
inm. In many cases, it is not necessary to specify the concrete modes,
and we will thus employ the compound indices μ, ν to denote general
excitations.

A. Vibrational coupled cluster theory
The VCC wave function is defined as7

∣VCC⟩ = eT ∣Φi⟩, (8)

where the cluster operator is a linear combination of excitation
operators,

T ≡∑
μ
tμτμ, (9)

and |Φi⟩ is a reference state, which is usually chosen to be a
VSCF wave function. Inserting Eq. (8) into the time-independent
Schrödinger equation, transforming with e−T , and projecting onto
the reference and the excitation manifold (⟨μ∣ ≡ ⟨Φi∣τ†μ) result in
an expression for the energy and a set of nonlinear equations for
determining the cluster amplitudes,

EVCC ≡ ⟨Φi∣HeT ∣Φi⟩, (10)

eμ ≡ ⟨μ∣e−THeT ∣Φi⟩ = 0. (11)

Equations (10) and (11) are, as they stand, completely equivalent
to their electronic-structure counterparts.6 Similar to electronic-
structure CC theory, the VCC wave function is size consis-
tent, and truncated VCC methods converge faster toward the
exact limit than the corresponding VCI methods using the same
number of free parameters. The underlying SQ algebra describ-
ing vibrations and electrons is, however, fundamentally differ-
ent, which results in two distinct sets of working equations in
the two cases. Furthermore, the vibrational Hamiltonian gener-
ally contains up to M-mode couplings. This makes the deriva-
tion and implementation of VCC equations very complex, and
in practice, it is done using the automatic framework described
in Ref. 8.

The VCC equations are equivalent to the time-independent
Schrödinger equation when all excitations are included in the cluster
operator (and the weight of the reference state is non-vanishing). In
order to define a convergent hierarchy of approximate VCC meth-
ods, the cluster operator is partitioned into one-mode, two-mode,
three-mode excitations, etc.,

T = T1 + T2 + T3 + ⋅ ⋅ ⋅ + TM . (12)

Truncating Eq. (12) after Tk defines the VCC[k] method. Approxi-
mate treatments of three- and four-mode couplings have also been
derived from a perturbation analysis resulting in the VCC[2pt3]45
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and VCC[3pt4]46 methods. Both of these methods treat all ampli-
tudes (up to three and four-mode excitations, respectively) in an
iterative manner, which allows their application to VCC response
theory. However, approximations are introduced as motivated by
a perturbational analysis that removes the most computationally
costly term to give a lower overall computational scaling with the
number of modes. These complexity reductions apply both to the
original VCC methods and to the CP-VCC methods developed
here.

In order to be more explicit about the mathematical struc-
ture of the cluster amplitudes, the cluster operator may also be
written as

T = ∑
m∈MCR[T]

∑
am

tmamτ
m
am , (13)

where MCR[T] is the mode-combination range (MCR) of T, i.e.,
the set of MCs accounted for in the wave function. We introduce
approximations in the wave function by truncating the MCR, i.e.,
by restricting which mode couplings are included. The summation
over am denotes summation of all virtual modals of all modes, i.e.,
for a three-mode combination m = (m1, m2, m3), the am summation
is an unconstrained summation over all am1 , am2 , am3 , i.e., over all
Nm

vir = Nm1
vir N

m2
vir N

m3
vir individual excitations. The cluster amplitudes

of a given VCC wave function can be viewed as a set of tensors;
one for each MC with a dimensionality equal to the number of
excited modes. Thus, we consider tmam as the elements of a tensor
tm with dimensionality dim(m) and the total number of elements
Nm

vir. Viewed as such, the VCC wave-function parameters consist of
a vector for each mode (a first-order tensor), a matrix for each pair of
modes (a second-order tensor), a third-order tensor for each triplet,
etc. The full set of parameters is then a stack of tensors of different
dimensionalities and referring to different MCs. This stack of many
smaller tensors is from the outset different from the FVCI format,
which describes the wave function in terms of one huge tensor, but
both approaches can represent the exact wave function in the appro-
priate limit. Equivalent structures are observed for the error vectors
[Eq. (11)] and other vectors occurring in VCC response calculations,
e.g., the eigenvectors of the VCC Jacobian matrix described in the
following.

B. VCC response theory
Solving the VCC equations presented in Sec. II A results

in an accurate representation of the vibrational ground state
(or potentially an excited state, if an excited-state VSCF wave
function is used as a reference). Thus, in order to calculate
vibrational spectra and properties, additional equations need to
be solved. These are obtained from VCC response theory9,47

(see Refs. 48 and 49 for general introductions to response
theory).

In VCC response theory, excitation energies and transition
moments are calculated as poles and residues of the linear response
function, ⟨⟨X;Y⟩⟩ωY , respectively. For an exact wave function, the
linear response function has the following structure:

⟨⟨X;Y⟩⟩ωY = P
XY
∑
n≠0

⟨0∣X∣n⟩⟨n∣Y ∣0⟩
ωY − ωn

, (14)

where PXY is a permutation operator. This representation clearly
highlights that the linear response function has a pole when ωY
corresponds to an excitation energy in the system. Furthermore,
the residue corresponds to a squared transition-dipole moment
if X and Y are both dipole operators. These properties of the
exact quantum state motivate the definition of VCC excitation
energies and squared transition moments as poles and residues
of the approximate VCC linear response function. In the con-
text of this work, we have implemented computation of all
linear response properties (excitation energies, transition probabili-
ties, vibrational polarizabilities, etc.) using only CP tensors through-
out the full VCC computation. However, to save space, we focus
in this work almost solely on the excitation energies and report
only very briefly the known theoretical result for the determina-
tion of VCC response excitation energies before describing the CP
implementations.

The frequencies of the poles of the VCC linear response func-
tion can be shown to be equal to the eigenvalues of the VCC Jacobian
matrix47 with elements,

Aμν ≡
∂eμ
∂tν
∣
T(0)
= ⟨μ∣e−T

(0)

[H, τν]eT
(0)

∣Φi⟩, (15)

where T(0) is the cluster operator of the converged VCC ground
state. Because A is not symmetric, its left and right eigenvectors
differ but share the same eigenvalues, i.e.,

LTA = ΩLT , (16)

AR = RΩ, (17)

LTR = 1, (18)

where Ω is the diagonal matrix of eigenvalues. Thus, solving Eq. (17)
is sufficient for calculating VCC excitation energies, while addi-
tional equations (also involving left-hand transformations with the
Jacobian) are solved for calculating transition moments and other
properties.9,47

C. VCC Jacobian transformations
Solving Eq. (17) using iterative methods requires transfor-

mations of the VCC Jacobian with a trial vector, R, from the
right, i.e.,

σμ = ⟨μ∣e−T
(0)

[H,R]eT
(0)

∣Φi⟩, (19)

with R = ∑νRντν being a cluster operator with “amplitudes” equal
to the elements of the trial vector. Equation (19) is evaluated using
the automatic framework of Ref. 8 as a sum of contributions of the
form

σμ ← cBCH⟨μ∣∏
k
(Tk)

NL
kHn∏

l
(Tl)

NR
l ∣Φi⟩, (20)

where cBCH is a coefficient stemming from the Baker–Campbell–
Hausdorff (BCH) expansion, Hn is the n-mode part of the Hamil-
tonian, and NL

k and NR
k are the number of k-mode cluster operators

on the left and right of the Hamiltonian, respectively.
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Each contribution is evaluated by partitioning the one-mode
operators of the Hamiltonian into four distinct cases based on index
combinations; passive (p), up (u), down (d), and forward (f),

hm t
= hm t

imima
m †
im amim +∑

am
hm t
amima

m †
am amim +∑

am
hm t
imama

m †
im amam

+ ∑
ambm

hm t
ambma

m †
am ambm

= hm t
p + hm t

u + hm t
d + hm t

f . (21)

As discussed and illustrated in Ref. 11, the four contraction types
correspond to multiplying a given cluster-amplitude tensor with a
scalar or a matrix (preserving the dimensionality) or transforming it
with a vector, which either increases or decreases the dimensionality
by one. In addition to tensor contractions, evaluation of Eq. (19) also
involves direct products between (contracted) amplitude tensors of
lower dimensionality. These mathematical operations are the com-
putational bottlenecks of performing VCC calculations—together
with the memory requirements associated with storing the interme-
diates required for lowering the computational scaling.8,9 Both the
issue of computational cost of tensor manipulations and the memory
problem are addressed in the CP-VCC algorithm of Ref. 11 discussed
later in Sec. II D.

In order to perform general VCC response calculations, left-
hand transformations of a vector L with the Jacobian are also
required:

σ′ν = ⟨L∣e
−T(0)

[H, τν]eT
(0)

∣Φi⟩, (22)

with ⟨L| = ∑μlμ⟨μ| and lμ being the elements of the L vector. Evalu-
ating Eq. (22) involves performing multi-index down contractions9

and generalized “direct products” (e.g., Xijk = Y ijZjk) in addition
to the one-index contractions and direct products discussed above.
These have all been implemented for CP-VCC, but in this work,
we choose to focus on calculating the eigenvalues and right eigen-
vectors of the Jacobian through the use of the right transform in
Eq. (19). The so-called F-matrix transformation47 needed, for exam-
ple, for transition properties is fairly similar to the left transform and
implemented accordingly in the CP case.

D. The CP-VCC algorithm
The VCC[k] hierarchy converges fast toward the exact limit

with respect to the number of free parameters. In order to obtain
vibrational excitation energies with errors smaller than a few cm−1,
an explicit account of three- and four-mode couplings are, however,
often required.46 This poses a few computational problems: (i) The
number of nth-order tensors in a VCC[n] wave function is (Mn),
which grows quickly with M (as Mn when n ≪ M), (ii) the com-
putational cost of performing VCC tensor contractions increases
with respect to the order of the amplitude tensor, and (iii) the num-
ber and size of intermediates required for obtaining optimal com-
putational scaling also increases with the VCC order. These issues
can be addressed by representing all tensors involved in the cal-
culation (amplitudes, auxiliary vectors, intermediates, etc.) in the
CP tensor format.12–16 The CP decomposition represents a ten-
sor F ∈ RI1×I2×⋯×IDF as a sum of rank-1 tensors (vector outer
products),

F ≈
RF

∑
r=1

f 1
r ⊗ f 2

r ⊗⋯⊗ f D
F

r , (23)

fi1i2...iDF ≈
RF

∑
r=1

DF

∏
k=1

f kikr , (24)

where RF is the rank of the tensor. Note that the term “rank” is
often used to denote the smallest number of terms for which the CP
decomposition is exact, but in this work, the rank simply denotes the
number of terms in a given CP expansion.

As discussed in detail in Ref. 11, the CP format lowers the
computational scaling of the VCC contractions significantly as long
as the rank of the amplitude tensor is small relative to the size of
the tensor. The computational scalings with full and decomposed
tensors are summarized in Table I.

During a CP-VCC calculation, all quantities are kept in the CP
format, and no full-tensor representations of amplitudes, error vec-
tors, etc., are ever constructed. Employing only CP tensors at all
times comes at a price, however. First of all, the many terms in the
VCC equations give rise to a large number of contributions that need
to be summed in order to obtain the result. These are represented as
either CP tensors or direct products of CP tensors. Because adding a
set of CP tensors with ranks {Ri} results in a new CP tensor of rank
R =∑iRi, the rank of the result tensor becomes unmanageably large.
This is solved by performing rank reductions (or recompressions) of
the result during the summation of the terms, as described in detail
in Ref. 11.

A second challenge associated with the CP format is accuracy
of the CP representations. In CP-VCC ground-state calculations, the
accuracy of the amplitudes and error vectors can be adapted dynam-
ically during the course of iteration to save computational effort
in the initial iterations.10 This approach is, however, not applicable
to the subspace-based eigenvalue solver described in Sec. III because
the accuracy of the result depends on the accuracy of the entire sub-
space of transformed vectors. Thus, the accuracy of the Jacobian
transformation limits the accuracy of the eigenvalues, and therefore,
it must be sufficient in all iterations.

Algorithm 1 shows the algorithm used for calculating CP-VCC
error vectors, performing Jacobian transformations, etc. This is done
by looping over MCs included in MCR[T] and calculating each MC
block of the result vector individually (note that intermediates may
be reused between MCs). The loop has been parallelized using the
message passing interface (MPI). For each MC, the list of terms in
the VCC equations that contribute to this specific MC in the result
vector is evaluated. Contributions with norms smaller than a given

TABLE I. Computational scalings of VCC contractions when the amplitude tensor is
represented in the full and CP format, respectively. N denotes the extent of the ampli-
tude tensor (the number of virtual modals per mode), D denotes the dimensionality
(order), and R is the rank of the CP representation. The contraction types (p, u, d,
and f ) are defined in Eq. (21).

P u d f

OFull ND ND+1 ND ND+1

OCP RN 0 RN RN2
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ALGORITHM 1. General CP-VCC algorithm.

threshold (Tscreen) are screened away in order to avoid unnecessary
rank growth. If the contribution is a direct product of CP tensors, it
is recompressed before adding it to the result. This is done in order
to be able to employ the canonical to Tucker (C2T) algorithm50

in the recompression of the sum. If the rank of the result exceeds
a predefined maximum value (Rmax), the result is recompressed to
the requested accuracy, Ttrf

CP. The accuracy of the result is then con-
trolled by the choice of Ttrf

CP (assuming Tscreen is orders of magnitude
smaller). The maximum rank (Rmax) does not affect the accuracy and
is typically set to ∼1000 (the computational cost of CP-VCC is not
very sensitive to the choice of Rmax, as shown in Ref. 11).

III. IMPLEMENTATION
The CP-VCC response equations have been implemented in

the Molecular Interactions, Dynamics And Simulations Chemistry
Program Package (MidasCpp),51 which includes implementations of

an array of methods for solving both the time-independent5,8,11,52

and time-dependent53–56 vibrational Schrödinger equations, tools
for coordinate optimization,57,58 automatic PES generation,40,44,59

etc.
The entire VCC linear-response module of MidasCpp has

been extended to allow CP-VCC calculations. The focus of this
work is, however, on the implementation and accuracy of the
eigenvalue solver described in Sec. III A used for calculat-
ing vibrational excitation energies. Analyzing the performance
of general CP-VCC response calculations is a topic for future
research.

A. The CP-VCC eigenvalue solver
The CP-VCC eigenvalue solver employs a preconditioned

Krylov-subspace method (Davidson or Olsen; see Sec. III A 1).
A set of Neig unit vectors corresponding to the smallest diagonal
elements of the zeroth-order VCC Jacobian (consisting of VSCF
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modal-energy differences) is used as the initial subspace. In each
iteration, the new subspace vectors are transformed with the VCC
Jacobian, and the reduced eigenvalue system is solved. Note that
because the subspace basis is not completely orthonormal (due to
inexact recompression of the CP subspace vectors), the reduced
equations constitute a generalized eigenvalue problem involving
the metric matrix, S. If complex eigenvalue pairs are encountered,
the real and imaginary parts of the reduced eigenvector are saved
individually.60

The residual vector for each eigenvalue is now computed using
the algorithm described later in Sec. III A 2. If the residual norm
is larger than the convergence threshold of the solver, the resid-
ual vector is preconditioned (see Sec. III A 1), orthogonalized, and
recompressed (see Sec. III A 2) and, finally, normalized and added
to the subspace. If the norm of the residual vector decreases sig-
nificantly as a result of the orthogonalization (i.e., in the case of
near linear dependence), the vector is normalized and the orthog-
onalization is performed again. Residual vectors that are (numer-
ically) linear dependent to the subspace are discarded. The itera-
tion stops when all eigenvalues are converged, or no more vectors
can be added to the subspace. The algorithm scales roughly lin-
early with the number of states requested. Solving for many states in
densed spectra holds specific challenges that are not new to CP-VCC
and will not be addressed here, but which we will return to in the
outlook.

1. Preconditioning
Preconditioning of the residual vectors is performed using the

Davidson60,61 or Olsen62 methods. The diagonal matrix of shifted
VSCF modal-energy denominators,

P0 ≡ (A0 − ωiI)−1, (25)

which occurs in both methods, is constructed in the CP format as
follows: The diagonal matrix can be given in terms of its diagonal
that, in turn, can be considered as a set of tensors—one for each
MC, i.e., P0 = {Pm

0 }. Each tensor is now constructed in the CP for-
mat using the Laplace decomposition,10,63–67 employing the points
and weights, as given in Ref. 68, without any further optimization.
This recipe, however, assumes only positive elements, which can-
not generally be guaranteed in Eq. (25) for ωi ≠ 0. In case a tensor
includes both positive and negative elements, the Laplace decom-
position does not work. Instead, the tensor is constructed using the
CP-decomposition framework introduced in Ref. 11 using an algo-
rithm that avoids constructing the preconditioner in full dimension-
ality. Specifically, the right-hand sides (RHSs) of the CP alternating
least squares (CP-ALS) equations [Eq. (22) in Ref. 11] are com-
puted directly from the VSCF modal energies instead of constructing
the preconditioner as a full tensor before fitting to the CP format.
The rank used in the CP fitting is equal to the chosen number of
Laplace-quadrature points. In the current implementation, we use
a fixed number of points for all tensors (usually around 4). This
does not guarantee a specific error bound for the tensors, but on
the other hand, the accuracy of the preconditioner may only affect
the convergence rate of the equation solver and not the computed
energies.

When a complex eigenvalue pair (λ = ω ± iγ) is encountered,
the real and imaginary parts of the residual are computed indi-
vidually (r = Rr + iIr) and the preconditioning is performed as

r̃μ =
Rrμ + i Irμ
ϵμ − ω − iγ

=

Rrμ(ϵμ − ω) − γIr
(ϵμ − ω)2 + γ2 + i

Irμ(ϵμ − ω) + γRr
(ϵμ − ω)2 + γ2

=
R r̃μ + i I r̃μ, (26)

where ϵμ = [A0]μ. In order to construct this in the CP format, we
approximate γ2 = 0 (which is reasonable, as the converged VCC
excitation energies should be real) and construct the following vec-
tors, which are later orthogonalized, recompressed, and added to the
subspace,

Rr̃ ≡ P0(
Rr − γP0

Ir), (27)

Ir̃ ≡ P0(
Ir + γP0

Rr). (28)

Similar considerations (although a bit more involved) have been
applied in the construction of the complex Olsen preconditioner (see
Appendix).

2. Residual construction and orthogonalization
In order to avoid constructing high-rank tensors during the

construction and orthogonalization of residuals, an algorithm very
similar to the CP-VCC algorithm (Algorithm 1) is employed.
That is, the residual tensors for each MC are computed individ-
ually, and recompressions are performed during summation of
the tensors by employing the same maximum-rank criterion as
in the Jacobian transformation. When constructing the residu-
als, the tensors are recompressed to the same accuracy as dur-
ing the Jacobian transformation (Ttrf

CP). During the orthogonaliza-
tion, the accuracy is set relative to the norm of the orthogonal
complement, i.e.,

Tortho
CP,i = T

sub
CP ∥r̃

⊥
i ∥, (29)

where Tsub
CP is defined on input and ∥r̃⊥i ∥ is computed prior to the

orthogonalization as

∥r̃⊥i ∥ =
XXXXXXXXXXX

r̃i −∑
j

⟨r̃i∣uj⟩
∥uj∥2 uj

XXXXXXXXXXX

=

¿
Á
ÁÀ∥r̃i∥2 +∑

jk

⟨r̃i∣uj⟩⟨uj∣uk⟩⟨uk∣r̃i⟩
∥uj∥2

∥uk∥2 − 2∑
j

∣⟨r̃i∣uj⟩∣2

∥uj∥2 . (30)

Thus, the number of significant digits of the CP representation of the
new subspace vector is controlled by the input parameter Tsub

CP .

IV. RESULTS
To investigate the dependency of the implementation of the

CP-VCC algorithm in MidasCpp on the input parameters, described
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ALGORITHM 2. CP-VCC eigenvalue solver.

aRecompressions to Ttrf
CP are performed during the construction of the residuals (see Sec. III A 2).

bPreconditioning can be performed using the Davidson and Olsen algorithms (see Sec. III A 1).
cThe orthogonalization and recompression of preconditioned residuals is performed using a combined algorithm which avoids constructing high-rank representations of r̃⊥i (see
Sec. III A 2).
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in Sec. III, a number of test series were performed with calcula-
tions on four-atomic molecules. All calculations were done using
the CP-VCC[2pt3] method in order to obtain the first 20 response
eigenvalues. For all calculations, four Laplace points were used in
the construction of the preconditioners. The calculations were run
on a single 2.4 GHz Intel central processing unit (CPU). Along
with the CPU time and the number of transformations during
the response calculation, the eigenvalues were used to perform
statistical analysis of the results, where the number of transforma-
tions is defined as the number of times line 5 in Algorithm 2 is
executed, i.e., the value of k upon exit of the algorithm. The accu-
racy of the eigenvalues obtained using the CP-VCC[2pt3] algorithm
was determined as the absolute deviation from a reference calcula-
tion using the VCC[2pt3] method, i.e., the same method without
tensor recompression. Averaging over the 20 eigenvalues yields the
mean absolute deviation (MAD), which is the primary measure of
accuracy used during the study. The standard deviation of the abso-
lute deviations along with the maximum absolute deviation (MAX)
was used as a measure of accuracy spread. In total, ten molecules
(CH2O, cis-HNO2, Cl2CO, F2CO, FNO2, H2CS, HFCO, HONO,
SOCl2, and SOF2 using the PESs of Ref. 69) were used for the initial
test calculations, and unless otherwise stated, the displayed results
contain data from calculations on all ten molecules—that is, each
MAD data point is the mean absolute deviation of the 20 response
eigenvalues for all ten molecules. Similarly, each data point for CPU
time and the number of transformations is the mean of the ten
calculations.

In order to test the performance of the new CP-VCC-response
eigenvalue solver on larger systems, calculations on a set of
polycyclic aromatic hydrocarbons (PAHs) are described later in
Sec. IV D. The PESs are the ones introduced in Ref. 5, where some of
the structures are also shown. The number of modes of the PAHs
studied in this work range from M = 48 (naphthalene/PAH2) to
M = 120 (PAH8).

A. Recompression accuracy
In Sec. II D, it was mentioned that Algorithm 1 is designed

such that the input parameter Ttrf
CP controls the accuracy of the

tensor recompression during transformation (and potentially also
other steps). It is thus important to see its effect on the compu-
tation of response eigenvalues, which is displayed in Fig. 1 for a
fixed convergence threshold of TR = 1 × 10−6. A clear relation with
the accuracy of the computation is observed in the left-hand side
panel, which indicates that Ttrf

CP does indeed control the accuracy.
In the right-hand side panel, it is seen that the number of transfor-
mations during and the CPU time of the calculation behave iden-
tically with respect to changes in Ttrf

CP. This indicates that the main
Ttrf

CP-dependent factor in the speed of the calculation is the num-
ber of transformations required for Algorithm 2 to reach conver-
gence. Interestingly, the computation time seems to decrease with
tightening of the recompression accuracy until some critical value
from where only a small change is seen. This leads to the some-
what expected result that if Ttrf

CP is set too loose, one discards too
much information in the tensor recompression to converge the
response equations efficiently, but perhaps, surprisingly, only small
changes in computation time are seen once this critical value is
reached.

1. Relation to convergence threshold
It is somewhat unclear from Fig. 1 if there is a penalty

with respect to computation time for setting the recompression
accuracy tightly, as one would expect. If such a penalty does
exist, it would be unreasonable to expect the existence of a sin-
gle value of Ttrf

CP that is right for all values of TR. Intuitively, one
might expect that a linear relationship exists between an appro-
priate value of the recompression accuracy and the convergence
threshold, i.e.,

Ttrf
CP = xTR (31)

for some number x. A set of calculations analogous to those dis-
played in Fig. 1 has thus been run for a range of values of x, which
results in Fig. 2. Here, it is clear that there is indeed a tradeoff
between accuracy and computation time as one would reasonably
assume. There is no single value of x that is obviously better than the
rest, but choosing x ∈ [1 × 10−3, 1 × 10−4] seems reasonable along
with the assumption of the existence of a linear relation between

FIG. 1. The left- and right-hand side panels show accuracy and timings, respectively, plotted against the input parameter Ttrf
CP. Mean absolute deviation (MAD) is used as the

measure of accuracy, whereas both mean CPU time and the average number of transformations are used as measures for the time of computation. Errorbars in both panels
indicate the standard deviation as a measure of the spread of the plotted quantity.
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FIG. 2. The left- and right-hand side panels show MAD and mean CPU time, respectively, plotted against the convergence threshold, TR, analogous to Fig. 1. In the right-hand
side panel, error bars are omitted for the sake of clarity in favor of lines between data points acting as visual guidelines. Here, the recompression accuracy has been set in
relation to the convergence threshold as Ttrf

CP = xTR, where each color corresponds to a value of x as indicated in the legend.

an appropriate value of Ttrf
CP and TR. As similar tests of the other

input parameters in Algorithms 1 and 2 show little to no effect
on the accuracy of the computation for appropriate values of the
parameter, it is concluded that Ttrf

CP does indeed control the accu-
racy of the tensor recompression, as it is designed to do, and that
this accuracy dominates the accuracy loss resulting from the ten-
sor decomposition. Additionally it has been demonstrated that Ttrf

CP
can be set proportionally to TR such that with regards to the accu-
racy of the computation, no user input apart from the convergence
threshold of the calculation is needed for the CP-VCC module to
work.

B. Subspace-vector accuracy
Section III A 2 describes how the accuracy of the CP represen-

tation of the subspace vectors in the eigenvalue solver is controlled
by the input parameter Tsub

CP . Figure 3 shows the results of calcu-
lations analogous to Fig. 1 of the effect of this parameter on the
accuracy and time of computation. It is quite clear that Tsub

CP only
affects the accuracy of the calculation if set so loose, that exceeding

amounts of information are lost during recompression of the resid-
ual vector. Thus, from the perspective of accuracy, Tsub

CP should just
be set sufficiently low such that it does not negatively impact the
result of the calculation. The statement from Sec. IV A 1, that accu-
racy is controlled by Ttrf

CP when other parameters are chosen appro-
priately, is thus confirmed for this input parameter. With regard
to the time of computation, no statistically significant difference is
seen for values of Tsub

CP that do not compromise the accuracy of the
computation. All in all, Fig. 3 indicates that the subspace vector
accuracy can be set at a default value and that a user input is not
necessary.

C. Tensor screening
As it was concluded in Sec. IV A that the number of transfor-

mations is a large contributor to the computation time, any speed
up in the transformation will yield a significant decrease in overall
time of computation. Algorithm 1 is constructed such that vectors
of the small norm are screened away, see Sec. II D, thus decreasing
the number of times a vector is recompressed. The user-defined

FIG. 3. The left- and right-hand side panels show accuracy and timings, respectively, plotted against the input parameter Tsub
CP analogous to Fig. 1.
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FIG. 4. The left- and right-hand side panels display MAD and average CPU time, respectively, plotted against the input parameter Ttrf
CP analogous to Fig. 2 but with the tensor

screening threshold set to Tscreen = xTtrf
CP. Each color corresponds to the value of x indicated in the legend.

parameter Tscreen sets the limit for when a vector is considered
too small to be worth recompressing. Ttrf

CP was designed to control
the accuracy of the recompression; hence, it should be possible to
set the screening threshold relative to the recompression accuracy.
Assuming a linear relationship,

Tscreen = xTtrf
CP, (32)

a test analogous to that of Sec. IV A 1, with TR = 1 × 10−6, was per-
formed yielding Fig. 4. For this test, only calculations on formalde-
hyde were used to create the figure. Here, it is quite clear that unless
x = 1, the screening has next to no effect on the accuracy of the
computation. However, a change in x results in a large change in
the time of computation. A significant decrease in computation
time can be obtained at little to no cost in accuracy by screen-
ing away tensors of small norm—more specifically, x = 1 × 10−1

seems to be a good choice. Importantly, the fact that the screening
threshold can be set in terms of the recompression accuracy, which
Sec. IV A 1 showed, can be set in terms of the convergence thresh-
old implies that the VCC linear response module in MidasCpp can
run CP-VCC calculations without user input to the CP-part of the
calculation.

D. Large-scale calculations
We finally test our CP-VCC response implementation on a

series of PAHs. Table II shows the lowest excitation energy of
naphthalene/PAH2, anthracene/PAH3, tetracene/PAH4, and PAH8
together with the absolute energy error compared to conventional
VCC and the speedup (or slowdown) obtained when using the
CP-VCC algorithm,

speedup =
tVCC − tCP-VCC

tVCC
. (33)

For all calculations, we have used the thresholds: TR = 1 × 10−6,
Tsub

CP = 1×10−3, Ttrf
CP = 1×10−8, and Tscreen = 1 × 10−9, i.e., the screen-

ing threshold is one order of magnitude smaller than the trans-
former recompression threshold, which is two orders of magnitude
smaller than the convergence threshold of the iterative eigenvalue
solver.

The results clearly show that even for the low-order VCC mod-
els including only up to third-order tensors, the CP-VCC algo-
rithm provides a small speedup for the larger PAHs. A large num-
ber of semi-costly full-tensor contractions present in VCC are in
CP-VCC turned into much faster CP-tensor contractions at the
cost of performing recompressions in many different places dur-
ing the computation. Altogether, all these recompressions now
consume most of the CPU time, but still an overall reduction is
obtained in both CPU time and memory. For the single-row PAHs

TABLE II. Lowest CP-VCC excitation energy (in cm−1), error compared to VCC, and
computational speedup of the iterative eigenvalue solver for naphthalene (48 modes),
anthracene (66 modes), tetracene (84 modes), and PAH8 (120 modes). The number
of parameters (cluster amplitudes) in the VCC wave function is also shown for all
calculations. N = 8 basis functions are used for each mode, and the equations are
converged to a threshold of TR = 1 × 10−6 with Tsub

CP = 1× 10−3, Ttrf
CP = 1× 10−8,

and Tscreen = 1 × 10−9.

CP
Nparams ωCP |ωCP − ωref| speedup (%)

Naphthalene
CP-VCC[2pt3] 5 988 137 176.18 1.7× 10−3 −6
CP-VCC[3] 5 988 137 176.17 1.4× 10−3 −2
CP-VCC[3pt4] 473 174 717 176.17 . . . a

CP-VCC[4] 473 174 717 176.17 . . . a

Anthracene
CP-VCC[2pt3] 15 801 248 104.94 2.5× 10−3 4
CP-VCC[3] 15 801 248 104.94 1.7× 10−3 19
CP-VCC[3pt4] 1 746 249 968 104.94 . . . a

Tetracene
CP-VCC[2pt3] 32 853 815 71.265 1.7× 10−3 6
CP-VCC[3] 32 853 815 71.266 1.6× 10−3 22
PAH8
CP-VCC[2pt3] 96 678 821 57.584 1.9× 10−4 13
CP-VCC[3] 96 678 821 57.589 7.7× 10−6 12

aOnly possible with CP-VCC due to the large memory consumption of the full-tensor
VCC algorithm.
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(naphthalene, anthracene, and tetracene), the speedups increase sys-
tematically with the system size. This means that the computational
scaling with respect to the number of modes (M) has been reduced.
Indeed, the cost of CP-VCC[3] for these three molecules scales as
O(M3

), which is an order of magnitude lower than the theoreti-
cal M4 scaling of the original VCC[3] method. This trend becomes
less clear when looking at PAH8, which contains two rows (of each
four rings). This difference in structure—and importantly also in
symmetry—leads to different couplings between the modes com-
pared to having a single row of eight benzene rings. The accuracy of
the excitation energies is good with the largest absolute errors being
of the order of ∼1 × 10−3 cm−1. Errors of this order of magnitude
can be ascribed to the convergence threshold of the equation solver,
and thus, the results are equivalent within the chosen numerical
threshold.

In order to test whether this high accuracy only applies to
the lowest excitation energy, we have in addition carried out CP-
VCC[2pt3] calculations of the ten lowest eigenvalues of anthracene
and tetracene. For this total set of energies, we obtain a MAD of 2.20
× 10−3 cm−1 and a MAX of 9.20 × 10−3 cm−1. The computational
speedups are 6% and 12% for anthracene and tetracene, respec-
tively. We thus conclude that the accuracies and speedups shown
in Table II are representative.

For naphthalene and anthracene, we have been able to
perform CP-VCC[3pt4] calculations (as well as CP-VCC[4] for
naphthalene) of the lowest excitation energy. These calculations
are not possible without CP decomposition due to the memory
requirements of the full-tensor implementation. Even though the
lowest excitation energy does not change when including explicit
account for four-mode couplings in the wave function for the
examples presented here, the ability to perform high-order VCC
calculations on such large systems is very important. As shown
in, e.g., Ref. 46, the inclusion of four-mode excitations improves
the accuracy of especially overtones and combination bands sig-
nificantly compared to VCC[3]. Thus, the CP-VCC algorithm
paves the way for applying highly accurate VCC methods to large
molecules.

V. SUMMARY AND OUTLOOK

A new implementation of tensor-decomposed vibrational cou-
pled cluster response theory for calculating vibrational excita-
tion energies has been presented. The CP-VCC algorithm that
has previously been applied in the solution of the non-linear
VCC ground-state equations is now used in combination with
a new iterative eigenvalue solver. In contrast to previous works,
all higher-order tensors involved in the calculation (amplitudes,
intermediates, etc.) are kept in the CP format throughout the
computation with ranks determined automatically by the recom-
pression algorithms to ensure sufficient accuracy. Thus, the
new implementation is able to benefit from the sparsity in the
VCC wave function and response eigenvectors, which enables
faster computation and significant reductions in memory require-
ments of accurate VCC calculations for large molecules. The
latter allows high-order models with explicit account for four-
mode couplings to be applied to systems with up to 66 modes
(anthracene).

In order to examine how the accuracy of the CP decomposi-
tions affects the quality of the VCC excitation energies, a series of
calculations have been performed on a set of ten small molecules.
The results show how the accuracy of the results can be controlled
systematically and how the various numerical thresholds can be
defined relative to the requested convergence threshold of the iter-
ative solver. The latter enables CP-VCC excitation-energy calcula-
tions to be performed in a black-box manner. The focus of this
work has been almost solely on excitation energies, but similar meth-
ods apply to computation of other properties such as transition
moments and vibrational contributions to frequency-dependent
polarizabilities. Altogether this indicates that in the context of time-
independent VCC, essentially any property can be computed by
CP-VCC methods. In the present work, all states were computed
explicitly as described by the VCC ground-state and excited-state
response equations. Although also higher-energy excited states and
states of large molecules can be computed in this manner, the pre-
sented algorithms do not attempt to address the problem of the
increase in the number of states with increasing system size or
increasing energy. It is an interesting future perspective to com-
bine the CP-VCC algorithm with algorithms for computing spectra
without computing all eigenstates. For VCC theory, spectra can be
computed directly through the damped complex response function
itself using either Lanzcos methods70 or by solving complex lin-
ear response equations.71 The former approach may be significantly
challenged by numerical stability of the Lanczos algorithm requir-
ing very tight recompressions. For the latter approach, the methods
of the present paper appear more readily applicable, and this com-
bination appears specifically attractive for dense spectra of larger
molecules.

SUPPLEMENTARY MATERIAL

All excitation energies used in the statistical analysis discussed
in Secs. IV A–IV C are provided in the supplementary material.

ACKNOWLEDGMENTS
O.C. acknowledges support from the Danish Council for Inde-

pendent Research through a Sapere Aude III grant (DFF - 4002-
00015), the Lundbeck Foundation, and the Danish e-infrastructure
Cooperation (DeiC).

APPENDIX: COMPLEX VERSION OF THE OLSEN
PRECONDITIONER

When a complex eigenvalue pair is encountered in the Olsen
algorithm,62 we construct the real and imaginary parts of the update
vector, t,

tμ = (ϵμ − λ)−1
[rμ −

y†(A0 − λI)−1r
y†(A0 − λI)−1y

yμ]

= r̃μ − Cỹμ (A1)

using the complex residuals r = Rr ± iIr and current best eigen-
vectors y = Ry ± iIy with eigenvalues λ = ω ± iγ. A tilde indicates
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that the complex Davidson preconditioner has been applied, i.e., r̃μ
= (ϵμ − λ)−1rμ.

Applying the preconditioner (ϵμ − (ω ± iγ))−1 to the r and y
vectors results in the same terms as for complex Davidson [Eq. (26)].
Hence, in order to construct the Olsen update in the CP format, we
approximate γ2 = 0 as described in Sec. III A 1 and use Eqs. (27)
and (28) to construct the real and imaginary parts of r̃ and ỹ. Fur-
thermore, in CP-VCC, the current best solution (y) is recompressed
to a norm-relative threshold before calculating dot products and
applying preconditioners.

In the Olsen algorithm, the C coefficient is also a complex num-
ber. The real and imaginary parts of the t vector, which are added to
the iterative subspace, are thus defined as

t = (Rr̃ ± i Ir̃) − (RC ± i IC)(Rỹ ± i Iỹ)

= (
Rr̃ − RCRỹ + IC Iỹ) ± i( Ir̃ − ICRỹ − RC Iỹ)

=
Rt ± i It, (A2)

where the real and imaginary parts of the C coefficient are given by

C =
y†r̃
y†ỹ
=
(
Ry ⋅ Rr̃ + Iy ⋅ Ir̃)(Ry ⋅ Rỹ + Iy ⋅ Iỹ) + (Ry ⋅ Ir̃ − Iy ⋅ Rr̃)(Ry ⋅ Iỹ − Iy ⋅ Rỹ)

(Ry ⋅ Rỹ + Iy ⋅ Iỹ)2 + (Ry ⋅ Iỹ − Iy ⋅ Rỹ)2

± i
(
Ry ⋅ Ir̃ − Iy ⋅ Rr̃)(Ry ⋅ Rỹ + Iy ⋅ Iỹ) − (Ry ⋅ Rr̃ + Iy ⋅ Ir̃)(Ry ⋅ Iỹ − Iy ⋅ Rỹ)

(Ry ⋅ Rỹ + Iy ⋅ Iỹ)2 + (Ry ⋅ Iỹ − Iy ⋅ Rỹ)2 =
RC ± i IC. (A3)

DATA AVAILABILITY
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