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We present an approach to treat sets of general fit-basis functions in a single uniform framework, where
the functional form is supplied on input, i.e., the use of different functions does not require new code to
be written. The fit-basis functions can be used to carry out linear fits to the grid of single points, which
are generated with an adaptive density-guided approach (ADGA). A non-linear conjugate gradient
method is used to optimize non-linear parameters if such are present in the fit-basis functions. This
means that a set of fit-basis functions with the same inherent shape as the potential cuts can be
requested and no other choices with regards to the fit-basis functions need to be taken. The general
fit-basis framework is explored in relation to anharmonic potentials for model systems, diatomic
molecules, water, and imidazole. The behaviour and performance of Morse and double-well fit-basis
functions are compared to that of polynomial fit-basis functions for unsymmetrical single-minimum
and symmetrical double-well potentials. Furthermore, calculations for water and imidazole were
carried out using both normal coordinates and hybrid optimized and localized coordinates (HOLCs).
Our results suggest that choosing a suitable set of fit-basis functions can improve the stability of the
fitting routine and the overall efficiency of potential construction by lowering the number of single
point calculations required for the ADGA. It is possible to reduce the number of terms in the potential
by choosing the Morse and double-well fit-basis functions. These effects are substantial for normal
coordinates but become even more pronounced if HOLCs are used. Published by AIP Publishing.
https://doi.org/10.1063/1.5016259

I. INTRODUCTION

The anharmonic vibrational wave function can be
obtained by solving the vibrational Schrödinger equation for
a molecular system of N atoms, but doing so requires the
availability of the potential energy operator. This is often prob-
lematic as the potential energy operator is a 3N �6 dimensional
object for non-linear molecules and constructing the full global
potential clearly becomes too complicated for molecules of
more than a few atoms. Moreover, not only does the dimen-
sionality of the potential increase with the number of atoms in
the system, but also the cost of individual single point calcu-
lations at a given electronic structure level increases with the
number of electrons and electronic basis functions.

The dimensionality problem of the potential energy oper-
ator can be addressed by means of the n-mode representa-
tion,1–5 also known as n-mode expansion, which restricts the
couplings between modes. This kind of approximation exists
in many different variants, such as high-dimensional model
representations (HDMRs),6 many-body expansion,7 and pair
approximation8 to name but a few. An obvious way to accom-
plish greater efficiency, after the dimensionality problem has
been dealt with, is to reduce the number of single point
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calculations required in order to construct the potential. This is
possible to accomplish by considering non-equidistant spacing
between the single points of the potential.

It is seldom efficient to employ a simple equidistant
grid, but it is in general not trivial to construct a grid of
non-equidistant points in a way that supports the charac-
teristic physical features of the problem. Utilizing a static
grid means that the choice of grid granularity is left more
or less completely for the user to decide before the calcu-
lation commences, possibly at the expense of spending con-
siderable amounts of time on optimizing grid parameters in
order to obtain a sufficiently accurate final potential. If, on
the other hand, a great number of single point calculations is
simply requested to provide a finely meshed grid, there is a
good chance that a fair amount of these are unnecessary for
providing an accurate potential, thus wasting computational
resources. Although interesting results have been obtained by
using biased Sobol sequences9 to distribute non-equidistant
points for static grids,10–12 we will focus our attention on using
physical information for the placement of single points.

One solution to the issue of single point grid place-
ment is provided by the adaptive density-guided approach
(ADGA).13,14 The ADGA has, first and foremost, been devel-
oped as a black-box method in order to avoid using prede-
fined static grids of single points. The ADGA uses average
vibrational density resulting from intermediate vibrational
self-consistent field (VSCF)15–18 calculations to iteratively
construct the grid of single points. This means that single point

0021-9606/2018/148(6)/064113/16/$30.00 148, 064113-1 Published by AIP Publishing.
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calculations are only requested if they are needed in a given
iteration. It should furthermore be noted that the ADGA is
able to automatically determine the boundaries of the poten-
tial. The ADGA is inspired by the surface growing strategy
of Collins,19 where classical mechanical simulations are used
to guide the generation of potentials. Similar ideas have also
been proposed by Richter et al.20

The information provided by the grid of single points can
be utilized in various different ways, either directly21,22 or by
constructing approximate analytical representations by way
of interpolation3,23–25 and fitting26,27 procedures. An attrac-
tive feature of this procedure is that potentials can easily be
represented in a sum-over-product form,4,5,28,29 reducing the
dimensionality of the integrals to be evaluated in order to obtain
the molecular properties. Other specialized approaches exist
for constructing potentials, including but at no means lim-
ited to the interpolating moving least-squares method,30–32

modified Shepard interpolation,23,33–41 neural network fit-
ting techniques42–46 and permutationally invariant polynomial
fitting,47,48 or neural network variants thereof.49,50

It is possible to optimize the linear fitting to the grid of
single points if the general shape of the potential is known,
whereby the fit functions can be chosen on more physically
motivated grounds.51,52 This can obviously lead to programs
that construct the potential with methods specialized for spe-
cific molecules and motions. In this work, we show that it is
possible, with one program, to use any arbitrary fit-basis func-
tions in one unified framework. These specialized fit functions
often contain non-linear parameters, which can be optimized
for the given problem by applying a non-linear conjugate gra-
dient method. It is thereby possible to accommodate potentials
of almost arbitrary shape by means of appropriate fit-basis
functions. This, moreover, includes potentials defined exter-
nally by way of analytical expressions, i.e., the expression is
simply given as input. A versatile and flexible framework for
handling molecular potentials within one general framework,
without necessarily relying on external programs, is presented
in the following.

A different strategy that can be followed in order to
more efficiently calculate the potential is in adapting the coor-
dinates to better suit the dynamics of the system. Normal
coordinates (NCs) are best suited for describing vibrational
motion of small amplitudes that revolves around the equi-
librium position of the nuclei and are furthermore cheap to
generate. It can, however, be well worth to employ orthogonal
transformed normal coordinates, which have received much
interest in recent years. These include the optimized coordi-
nates,53–55 localized coordinates,56–62 and hybrid optimized
and localized coordinates (HOLCs),63 all of which are con-
structed in order to remedy the non-local character of normal
coordinates.

The normal coordinates, optimized coordinates, localized
coordinates, and HOLCs are all rectilinear coordinates, which
means that they can introduce artificial correlation between
vibrational modes. This is especially pronounced for bending
and torsional motions or any large amplitude motions. The nat-
ural choice for describing such motions would be curvilinear
coordinates but these come at the cost of rather complicated
expressions for the kinetic energy operator, which require

specialized methods in order to be treated correctly.64–70 The
treatment of the kinetic energy operator for curvilinear coordi-
nates is in this sense a problem with a known solution but we
chose to defer the implementation of this to future work. We
note that local mode models have been successfully used for
accurate representation of potentials, in particular, for heavy
atom hydrogen stretches.71,72

We will in Sec. II present the theoretical framework used
to handle general fit-basis functions. This includes a brief
overview of the ADGA in order to be able to discuss some
new additions to this approach. Section III briefly covers
some details about implementation after which computational
details of the performed calculations can be found in Sec. IV.
The corresponding results can be found in Sec. V for molecules
with mono-, tri-, and multidimensional potentials. A summary
and outlook is provided in Sec. VI.

II. THEORY

Solving the time-independent Schrödinger equation for
nuclei with as few and appropriate approximations as possi-
ble is a central objective of molecular dynamics. The Watson
operator73 fits this description, as it can be derived under the
sole assumption of the Born–Oppenheimer approximation. In
this work we employ the Watson operator (in hartree atomic
units) for a non-rotating molecule, as the emphasis is solely
on vibrational motion, i.e., the total angular momentum is set
to zero corresponding to a system in the rotational ground
state

Ĥ = −
1
2

M∑
m=1

∂2

∂Q2
m

+
1
2

∑
α,β

π̂αµαβ π̂β−
1
8

∑
α

µαα+V (Q) . (1)

The Cartesian componentsα, β = x, y, z of the vibrational angu-
lar momentum operator π̂α and the inverse effective moments
of inertia µαβ =

(
I ′−1

)
αβ

are part of the mass-dependent

potential correctional terms.74 The total number of modes,
indexed by m = 1, 2, . . ., M, is M = 3N � 6(5) for non-linear
(or linear) molecules, where N is the number of atoms present
in the molecular system. The Qm coordinates are collected in
a set of coordinates denoted Q = (Q1, Q2, . . ., QM ). The coor-
dinates are general and orthonormal unless otherwise stated.
These can be normal coordinates (NCs) or orthogonal trans-
formed variants thereof, e.g., optimized coordinates, localized
coordinates, or hybrid optimized and localized coordinates
(HOLCs).

The pure vibrational Hamilton operator can be obtained by
noting that the inverse effective moments of inertia decrease
with molecular system size. Assuming that the molecule in
question is of sufficient size, the Watson operator for a non-
rotating molecule can be approximated as

Ĥ = −
1
2

M∑
m=1

∂2

∂Q2
m

+ V (Q) . (2)

The complete potential energy surface (PES), within
the confines of the Born–Oppenheimer approximation, is a
function of all coordinates. The dimensionality of the PES
clearly becomes impossible to handle for molecular systems



064113-3 Klinting et al. J. Chem. Phys. 148, 064113 (2018)

of more than a few atoms, and approximations become nec-
essary. We will in Secs. II A–II E describe a sequence of
approximations for constructing potentials, which all aim at
representing the potential as accurately and efficiently as
possible.

A. Mode-coupling expansion of the potential

The dimensionality of the PES can be reduced by restrict-
ing mode-couplings by using the n-mode expansion. The
complete potential V (Q) can in this way be approximated
by a sequence of potential energy terms or cuts of lower
dimensionality

V (1) (Q) , V (2) (Q) , V (3) (Q) , . . . , V (M) (Q) , (3)

where V (1) (Q) corresponds to the sum of uncoupled anhar-
monic oscillator potentials within this hierarchy, while
V (2) (Q) includes coupling between pairs of modes and so
forth.28 These potential energy terms thereby introduce an
increasing amount of mode-mode couplings, i.e., coupling
among a subset of the M coordinates, and are defined with
one, two, up to M coordinates different from zero

Vm1 (Q) = V (0, . . . , 0, Qm1 , 0, . . . , 0),

Vm1,m2 (Q) = V (0, . . . , 0, Qm1 , 0, . . . , 0, Qm2 , 0, . . . , 0).
(4)

A set of modes is denoted as a mode combination (MC)
and written as mn = (m1, m2, . . ., mn) for an n-mode set,
where all indices are different. The MCs are symmetric with
respect to permutation in the mode indexing vector mn,4 i.e.,
Vm1m2

(
Qm1 , Qm2

)
=Vm2m1

(
Qm2 , Qm1

)
. The complete poten-

tial can then be identified as being equivalent to the last
potential energy term of this sequence VmM (Q) = V (Q).

If all potential energy terms are included by way of sim-
ple addition, over-counting is introduced, as potential energy
terms of higher dimensionality contain the potential energy
terms of lower dimensionality. We therefore introduce the
so-called bar-potentials

V̄mn (Q) = Ŝmn

n∑
n′=1

(−1)n−n′
(

n
n′

)
Vmn′ (Q) , (5)

where
(

n
n′

)
is a binomial coefficient and Ŝmn is an

operator that symmetrizes with respect to the n
indices,28 e.g., Ŝm1,m2 Vm1,m2

(
Qm1 , Qm2

)
= 1

2

(
Vm1,m2

(
Qm1 , Qm2

)
+ Vm1,m2

(
Qm1 , Qm2

))
. The bar-potentials are defined in such a

way that if any of the coordinates are set equal to the reference
value Qref

m = 0, then the overall function vanishes

V̄mn
(
. . . , Qm = Qref

m , . . .
)
= 0. (6)

According to Eq. (5), it is thereby possible to obtain,
e.g., V̄m1,m2 (Qm1 , Qm2 ) = Vm1,m2 (Qm1 , Qm2 ) − Vm1 (Qm1 )
− Vm2 (Qm2 ), where the terms constituting the bar-potential
are potential energy terms of the complete potential, where all
coordinates but the one(s) explicitly indicated are set equal to
the reference value.

The complete potential as a function of all modes rep-
resented by an arbitrary set of coordinates is thus defined in
terms of the set of bar-potentials

V (Q) =
∑

mn∈MCR[V (Q)]

V̄mn (Q) . (7)

The mode combination range (MCR) constitutes the set of
MCs that are included in the potential depending on the spec-
ified level of accuracy and efficiency.28 This facilitates a very
flexible way of handling potentials with an increasing number
of MCs and it should be noted that a standard n-mode rep-
resentation is obtained if all bar-potentials for MCs up to, at
most, n modes are included systematically.

The analytical form of the PES is not known in general,
and it is therefore impossible to know the analytical form of
the bar-potentials. Employing the n-mode expansion makes
it more realistic to sample all required potential terms of the
PES up to a given level, using a set of grid points. These grid
points are identified as the coarse grid and each represents a
displaced molecular structure, which is evaluated by means
of ab initio electronic structure calculations. If the complete
potential were to be represented by NGC coarse grid points per
dimension, it would require

Ncomplete
GC = (NGC)M (8)

grid points in total. However, using the n-mode expansion and
truncating the level of mode-coupling before the complete M-
dimensional PES is calculated, a total of

N (n)
GC =

n∑
n′=1

(
M
n′

)
(NGC)n′ (9)

grid points is needed instead. Thus it is possible to reduce the
exponential scaling in M down to polynomial scaling in M
with leading order Mn for the number of grid points. Further-
more, the n-mode expansion supports various additional steps
towards efficient evaluation of the potential and the Hamilton
operator.

B. Sum-over-product representation

Representing the potential as a coarse grid provides a flexi-
ble way of handling the otherwise troublesome dimensionality,
but in order to efficiently evaluate the individual terms of the
potential, a sum-over-product form is highly desirable. The
truncated form of the n-mode expansion is not inherently of
a sum-over-product form but it can be recast into one by fit-
ting to a direct product of one-mode functions, resulting in a
potential with the following general form:

V (Q) =
T∑

t=1

ct

M∏
m=1

ĥm
t . (10)

In this way, each individual term, indexed by t, is a prod-
uct of one-mode operators ĥt

m with associated coefficients
ct . This applies to the entire vibrational Hamilton operator,
when the kinetic energy operator is of the simple form shown
in Eqs. (1) and (2), where for Eq. (1), the inverse effective
moments of inertia are given in the n-mode expansion and sum-
over-product form. Instead of performing multi-dimensional
integrals, which leads to difficult large contractions in the
vibrational wave function calculation, we use an intermediate
fit with the sum-over-product form of the individual potential
terms to a common basis for all MCs. This provides easy one-
dimensional integrals and simpler contractions at the cost of
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running an intermediate fitting routine, i.e., instead of evaluat-
ing n-dimensional integrals, it is n one-dimensional integrals
that are to be evaluated.

Efficient use of the fitted potential in the wave function
calculation is most optimal if the set of one-mode fit-basis
functions for a given mode is the same for all MC levels. This
means that the number of fit functions for a given mode does
not increase with the number of modes. Each individual mode
can, however, be represented with different types of fit-basis
functions.

The general sum-over-product form of the potential, as
seen in Eq. (10), can furthermore be rewritten into

V (Q) =
∑

mn∈MCR[V (Q)]

∑
omn

n

cmn

omn
n

∏
m∈mn

ĥm
om , (11)

by considering that only active modes for the individual
potential terms give non-trivial contributions to the sum-over-
product form of the potential. The one-mode operators are
indexed by om and the set of indices can be combined into
the n-dimensional vector omn

n , similar to the previous indexing
logic. The one-mode operators ĥm

om for the potential belong to a
set of one-mode functions f̄ m

k (Qm) that constitute the fit-basis

ĥm
om ∈ {f̄ m

1 (Qm) , f̄ m
2 (Qm) , . . . , f̄ m

Nfunc
(Qm)}. (12)

These one-mode fit-basis functions are constructed automat-
ically and are constrained to comply with the fundamental
property of the V̄mn (Q) potentials, as given in Eq. (6), by

f̄ m
k (Qm) = f m

k (Qm) − f m
k

(
Qref

m

)
. (13)

The total number of fit functions, N func, that can be used by the
fitting routine for each individual mode in the non-coupled part
of the potential is defined on input. The n-mode expansion and
sum-over-product form of the potential is retained for all sets
of coordinates and fit-basis functions. We will give a precise
definition of these one-mode operators or fit-basis functions
ĥm

om in Sec. II C.
Following the discussion in connection with Eqs. (8) and

(9), it is possible to estimate the cost of the intermediate fit-
ting procedure. Assume for simplicity that the one-mode fit

basis set for all modes is of size O, which would provide a
direct product basis of dimension On for an n-dimensional
MC. Note that this implies that each V̄mn (Q) is fitted sepa-
rately. We employ robust singular value decomposition (SVD)
to achieve a least squares fitting, following the example given
in Press et al.75 Thus, fitting the Nn

GC grid points for all
(

M
n

)
MCs of an n-mode expansion to the direct product basis of
On fit functions has a total computational cost with a leading
scaling of MnNn

GCO2n. It is clear that the total computational
cost is heavily influenced by the n-mode expansion but also
that it is vital to keep the number of coarse grid points as low
as possible.

C. A framework for handling general fit-basis functions

We will now describe a framework that allows any gen-
eral fit-basis functions to be supplied as regular mathemati-
cal expressions. The first step towards that end is to convert
user-supplied mathematical expressions, for example,

f̄ (Qm) = De · (exp (−α · Qm) − 1)2 , (14)

into something that is interpretable and executable by com-
puter software. We convert such expressions into syntax trees,
as illustrated in Fig. 1 for the example in Eq. (14). See
the supplementary material for more details. The syntax tree
is only constructed once for each unique function and its
repeated evaluation for different input values is thus rather
efficient.76

The implementation of these algorithms allows us to han-
dle any general function considered important for a concise
and accurate fit by using common mathematical operations and
functions. It should be stressed that the generation of fit-basis
functions is available through input and not by means of any
supplementary programs or functions. When a suitable set of
fit-basis functions for each individual mode has been provided,
these are automatically generated and can be used in both the
intermediated fitting of the potential, in the computation of
integrals, and in vibrational wave function calculations. Thus,
there is in this regard nothing in the current implementation that
prevents the use of a polynomial fit-basis to some modes and,

FIG. 1. Syntax tree for the step-wise
reading of Eq. (14) in reverse Polish
notation. The step-wise assembling of
the corresponding expression in infix
notation is given to the right of the syn-
tax tree. Note that U– is the unary minus
operator.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-025806
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for instance, a fit-basis consisting of trigonometrical functions
to others.

We will now discuss three well-known examples of fit
functions in the context of the framework for general fit-
basis functions, namely, Morse,48,51,52 double-well,77,78 and
polynomial13,79 types. The polynomial fit-basis set contains
one-mode functions of the form f̄ m

k,Poly (Qm) = Qk
m, where it

should be noted that f m
k

(
Qref

m

)
= 0 for k = 1, 2, . . ., N func.

The Morse type fit-basis functions are based on an expanded
form of the regular Morse function De (exp (−αQm) − 1)2

= De − 2De exp (−αQm) + De exp (−2αQm). The first term is
a constant and can be ignored in this context, while the coeffi-
cients 2De and De can be absorbed into the linear coefficients
cmn

omn
n

, as seen in Eq. (11). The Morse type fit-basis functions

can thereby by expressed as the set of one-mode functions

f̄ m
k,Morse (Qm) = exp (−kαQm) − 1. (15)

Double-well type fit-basis functions can be constructed as
a pairwise polynomial and Gaussian one-mode functions in
accordance with

f̄ m
k,Double-well (Qm) =

{
exp

(
−kαQ2

m

)
− 1, if k odd

Qk
m, if k even.

(16)

where �1 in Eqs. (15) and (16) is used to enforce the fun-
damental property of Eq. (6). This means that all one-mode
functions that constitute the fit-basis are guaranteed to be zero
at the reference value for a given coordinate.

The use of Morse and double-well type fit-basis func-
tions raises the natural question which values to assign the
non-linear parameters. A solution to this problem could be to
perform a non-linear fit of all parameters but this would prove
detrimental to the concept of having separately fitted poten-
tials V̄mn (Q) for each MC with identical fit-basis functions.
Instead we propose to first perform non-linear optimization of
the non-linear parameters present in the fit functions for the
individual one-mode potential cuts followed by linear fitting
to the single points for all MCs. This results in non-linear opti-
mization of the dissociation energy De and the α parameter for
Morse type fit functions but only the α parameter is used in
the subsequent linear fit to obtain potential term coefficients,
as seen in Eq. (15).

We use the non-linear conjugate gradient Fletcher–
Reeves–Polak–Ribière method to fit the non-linear parame-
ters.75,80,81 Derivatives are obtained by automatic differenti-
ation82 using the Libtaylor library.83,84 This means that all
steps in the computation regardless of the chosen fit-basis can
be done without the need for recompilation or implementation
of additional code.

Combining the above components, we have a very flexible
framework for generating an intermediate analytical represen-
tation of the molecular PES, where it is possible to represent
the PES cuts of different modes in different fit-bases. The
non-linear optimization of fit-basis parameters furthermore
allows the easy use of a wide variety of fit-basis functions by
eliminating the need for prior knowledge of parameter values.

D. Basis sets and integrals

The next step, given a sum-over-product Hamilton opera-
tor, is to select a wave function basis for calculating integrals.

We use a one-mode basis consisting of B-spline functions.79

These provide excellent stability to the calculation because of
their effective completeness and other general properties.85–88

A more exhaustive description of B-spline functions can be
found in the textbooks of de Boor89 or Piegl and Tiller,90 where
the important concept of B-spline order is given a complete
definition.

B-spline functions are restricted to be non-zero only in
a certain interval, which means that they do not suffer from
possible undesired extensions into domains left unexplored
by the potential, as do, for example, Gaussian or harmonic
oscillator (HO) functions. This, by extension, means that the
vibrational wave function expressed by a B-spline basis set is
restricted to a box of finite size. The interval spanning this box
is therefore paramount in the definition of the B-spline basis
set. The basis set density for the B-spline functions

ρbasis
B−spline =

Nbasis

(Qm)basis
R − (Qm)basis

L

(17)

can be specified on input. The number of basis functions
Nbasis is then adjusted to match the basis set density for
the current basis set boundaries (Qm)basis

L and (Qm)basis
R . The

remaining issue is therefore the determination of the basis
set boundaries, which we will return to in Sec. II E 1. The
computational cost of numerical integration over the one-
dimensional B-spline functions is insignificant and can be
done efficiently to machine precision with a Gauss–Legendre
quadrature.75

E. The adaptive density-guided approach

The adaptive density-guided approach (ADGA)13,14 is an
iterative method for generating PESs based on intermediate
vibrational self-consistent field (VSCF)15–18 calculations in
order to introduce rigorous convergence criteria. The VSCF
wave function ansatz is a Hartree product function

Φs (Q) =
M∏

m=1

φm
sm (Qm) , (18)

where the modals φm
sm (Qm) are functions of only one coor-

dinate each, while s is an M-dimensional index vector. The
ADGA convergence criteria are based on analysing the average
vibrational density at a given iteration

ρave
iter (Qm) =

1
Nmodals

Nmodals∑
sm=1

|φm
sm (Qm)|2. (19)

The number of modals per mode m is denoted Nmodals and
specified on input, which represent the accessible energy lev-
els for the individual modes. The vibrational density is used
as a guide towards adding new single points to the grid in con-
nection with three different convergence criteria that controls
the overall behaviour of the ADGA. The grid of single points
is divided into intervals or boxes with bounds at the location
of each single point present in the given iteration. The ADGA
checks if the energy-like quantity ∫i ρ

ave
iter (Qm) Vmn

iter (Qm) dQm

changes significantly for a given interval i along mode m
and subdivides boxes already present at the current iteration
if significant change is found.13 Note that this quantity is
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in fact a direct measure of collected variations to the total
energy.

The nuclear geometry R for each new single point is gen-
erated as a displacement d from the reference geometry Rref

along one or more vibrational mode(s) by R = Rref + d. The
3N-dimensional displacement vector d is related to the NCs
Q or orthogonal transformations thereof, by a transformation
matrix L as d = LTQ. The ADGA determines the value used
for a vibrational coordinate for each mode m ∈ mn as

Qlm

m = η
m
lmΛm, (20)

by means of the fractional displacements ηm
lm ∈ [−1, 1], which

belong to the set of rational numbers. The maximum displace-
ment along a vibrational mode m, available to the ADGA, is
denoted asΛm. A standard choice ofΛm for coordinates, where

frequencies can readily be supplied, e.g., most types of recti-
linear coordinates such as NCs and HOLCs, is given in terms
of

Λm = 4

√
2~
ωm

(
v +

1
2

)
. (21)

The maximum displacement Λm features both the harmonic
frequency ωm and the HO quantum level v, which are both
given on input. This means that all single points excluding
the one corresponding to the reference geometry can, in some
sense, be related to the classical turning point of a HO.

The first ADGA convergence criterion investigates if the
relative integral values over a given box i change significantly
from the previous iteration to the current one

������

∫i ρ
ave
curr (Qm) Vmn

curr (Qm) dQm − ∫i ρ
ave
prev (Qm) Vmn

prev (Qm) dQm

∫i ρ
ave
curr (Qm) Vmn

curr (Qm) dQm

������
< ε rel. (22)

If no significant change is found, the ADGA is considered converged in this relative convergence criterion. If the inequality is not
fulfilled, then the integration box is subdivided by an additional single point. Note that it is necessary to recalculate the integral
over a given box i when a subdivision takes place as the integration limits change, i.e., whenever a new grid point is accepted for
calculation in the next ADGA iteration.

It is reasonable to refrain from further subdividing boxes if the contribution to the overall potential is minute in an absolute
sense, regardless of what the relative change might be. Thus, an integration interval is not divided if the following convergence
criterion is fulfilled

�����

∫
i
ρave

curr (Qm) Vmn
curr (Qm) dQm −

∫
i
ρave

prev (Qm) Vmn
prev (Qm) dQm

�����
< εabs

∧
�����

∫
i
ρave

curr (Qm) Vmn
curr (Qm) dQm

�����
< εabs. (23)

An integration box is considered converged by the ADGA
if either the relative or the absolute convergence criterion is
fulfilled. This approach provides a way of adjusting the granu-
larity by inserting additional single points into the grid, where
the vibrational density and potential energy are sensitive to
changes and thus expected to result in significant changes to
the final vibrational energy.

Finally the ADGA investigates if the potential grid should
be extended, i.e., whether the vibrational wave function is con-
tained by the current potential grid or not. This is done by
considering the integral over the average density, as given in
Eq. (19), for the entire configurational space∑

i

∫
i
ρave

curr (Qm) dQm > 1 − ερ. (24)

This integral is equal to unity per construction if the limits
of integration are determined in such a way, as to encompass
the vibrational wave function in full. The sum is over all the
boxes indexed with i on the one-dimensional grid, while ερ
is the amount of vibrational density allowed to be outside the
present grid. If this condition is not fulfilled, then the ADGA
extends the potential grid bounds. It is clear that Eq. (24)

will always be fulfilled unless the vibrational wave function
is allowed to extend beyond the potential boundaries, i.e., the
ADGA needs access to the average vibrational density outside
of the current potential grid. This feature thus depends closely
on the B-spline basis and how the basis set boundaries are
defined, as we will discuss shortly. It is important to note that
the extension of the grid is only active in the construction of
the one-dimensional grids. No further expansion of the grid is
carried out when the one-dimensional part of the potential is
converged.

The ADGA finishes the process of determining an opti-
mal number of grid points for constructing the intermediate
analytical potential when either the convergence criteria of
Eq. (22) or Eq. (23) are fulfilled and the convergence criterion
of Eq. (24) is fulfilled for all i boxes in the present iteration.
The thresholds ε rel, εabs, and ερ are specified on input.

A number of new functionalities, beneficial in the con-
text of the ADGA, have been implemented along with the
new framework for general fit-basis functions. These addi-
tions are mostly concerned with additional dynamic black-
box sub-routines to the ADGA and will be detailed in
Secs. II E 1–II E 3.
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1. Gradient guided B-spline basis set boundaries

Previously, B-spline basis set boundaries have been deter-
mined within the ADGA by multiplying the potential grid
boundaries by a static variable, specified on input. This, how-
ever, has proven to be non-beneficial for the one-dimensional
anharmonic potentials, where the right and left potential
boundaries can behave very differently. One side of the poten-
tial may eventually increase dramatically, while the other
becomes constant as the dissociation limit is approached.
Allowing the ADGA dynamic control of the basis set bound-
aries by means of gradient information from the potential has
proven to increase the stability of the fitting routine and pro-
vide more accurate potentials, at no significant computational
cost. The motivation behind using gradients for determining
the basis set boundaries is that these naturally give an indica-
tion of how fast the wave function can be expected to decay,
which is illustrated in Fig. 2. This information allows for more
robust wave functions with respect to extensions of the grid.
Note that we use the convention that the initial expansion
point of the one-mode potential is always situated at the origin(
Qref

m , V (Qm)
)
.

The basis set boundaries
(
Qbasis

m

)
R,L

are, in the gradient-

guided procedure, determined by a sum of the ADGA potential
boundaries

(
QPES

m

)
R,L

and an extension term ∆ (Qm)R,L as(
Qbasis

m

)
R,L
=

(
QPES

m

)
R,L

+ ∆ (Qm)R,L . (25)

The right basis boundary is determined by the right poten-
tial boundary plus an extension term and likewise for the left
basis boundary except that the extension term is negative per
convention. This should be contrasted with the original imple-
mentation, where the basis boundaries were simply equal to
the potential boundaries times a constant σ, as

(
Qbasis

m

)
R,L

= σ ·
(
QPES

m

)
R,L

. The rigorous definition of
(
QPES

m

)
R,L

is given

in Eq. (20) but we will drop the superscripts here and in
Sec. II E 2, as they have no practical purpose here.

FIG. 2. An illustration of the gradient-guided determination of B-spline basis
set boundaries. Note the difference in how far the basis set boundaries are
set from the potential boundaries, corresponding to how rapid the average
vibrational density decays.

The extension term, used in the gradient-guided proce-
dure, is given in terms of potential energy change ∆V (Qm)
and end-point gradient gR,L values

∆ (Qm)R,L =
∆V (Qm)
g (Qm)R,L

. (26)

The energy change should, in some sense, be regarded as a
measure of how far the basis set boundaries are to extend
beyond the ADGA grid boundaries and is defined as

∆V (Qm)

= σ ·min
(
V ((Qm)R)−V

(
Qref

m

)
, V ((Qm)L)−V

(
Qref

m

))
,

(27)

where the variable σ is an input option, which roughly speak-
ing denotes the percent-wise addition to the minimum energy
that gives the extrapolation of the established potential grid.

V ((Qm)R,L) represents the energy corresponding to points
furthest to the right and left on the potential grid, respectively.
The lowest potential energy is chosen in order to avoid possible
problems with over-extension of the basis. The gradients are
calculated numerically using the pairwise two furthest points
to the right and left of the potential grid

g (Qm)R =
V ((Qm)R) − V ((Qm)R−1)

(Qm)R − (Qm)R−1
(28)

and similar for g (Qm)L. The extension factor is limited to be
smaller than a maximum value specified on input. Likewise if
the gradient is found to be smaller than 1.0 × 10�4, then the
extension factor ∆ (Qm)R,L is set equal to this maximum exten-
sion value. We have additionally implemented an option that
ensures that the basis boundaries cannot be set further from
the equilibrium point than the point corresponding to a max-
imum in the fitted potential. This ensures that the vibrational
wave function does not become unbounded due to unphysical
features of the fitted potential when going beyond the current
potential grid.

2. Dynamic determination of ADGA potential
boundaries

Initial testing of the gradient-guided procedure for deter-
mining B-spline basis set boundaries has proven highly suc-
cessful but in turn also revealed that another factor contributes
greatly to the total number of single point calculations, namely,
how flexible the ADGA can extend the grid bounds of the
potential if the wave function is not fully contained within
the present grid. The original implementation features a static
extension of the one-dimensional grid with a step-length of
1/8th of the initially spanned space.13 This means that a large
number of ADGA iterations are needed if the initial grid has
to be extended far from the starting point, e.g., in the case of
approaching the dissociation limit in an anharmonic potential.
The problem arises because each time the potential boundaries
are extended, so too are the basis set boundaries, which means
that the vibrational density will invariably change markedly
from one iteration to the next. It is therefore vital to determine
the potential boundaries as soon as possible for the ADGA
in order to avoid unnecessary oscillations in the vibrational
density.
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A new dynamic procedure to extension of the ADGA
potential boundaries has been implemented to address this
point, which directly uses the vibrational density to deter-
mine an optimal extension of the one-dimensional grids for
the modes. Note that an extension of the M one-dimensional
grids will still only be carried out if the convergence criterion
of Eq. (24) is not fulfilled, regardless of it being a static or
dynamic extension.

The new dynamic extension allows the ADGA to perform
a few sub-iterations in order to determine how far the ADGA
grid should be extended. This is done by starting at the largest
possible extension that is reasonable and then progressively
decreasing the extension until the requirement

∫ (Qbasis
m )R(

QPESnew
m

)
R

ρave
curr(Qm)dQm <

ερ

2
(29)

is met. A similar expression for the left boundaries is employed
but with the integration limits interchanged. The points(
QPESnew

m

)
R,L

are the potential grid boundaries for the cor-

responding ADGA iteration, where the value of a possible
extension has been added or subtracted, depending on the grid
bound being situated to the right or left of the reference point,

respectively,(
QPESnew

m

)
R,L
=

(
QPES

m

)
R,L
±

(
Qposs. ext.

m

)
ηm

lm
,

ηm
lm = 0, . . . , Nposs. ext.. (30)

The number of possible extensions Nposs. ext. is determined
as the number of extensions situated at fractional positions29

between
(
QPES

m

)
R,L

and
(
Qbasis

m

)
R,L

, i.e., a new potential

boundary always comply with the condition that

����
(
QPESnew

m

)
R,L

���� <
����
(
Qbasis

m

)
R,L

���� . (31)

Employing the gradient-guided procedure to determining
basis set boundaries together with the dynamic determination
of ADGA potential boundaries has proved to reduce the num-
ber of ADGA iterations, without compromising the quality of
the final potential. A graphical illustration of this point can be
found in Fig. 3. It is important to note that the first two iterations
are identical with regards to the placement of single points in
the grid and that the potential grid boundaries are identical for
the final iteration, while the basis set boundaries in general
differ. The ADGA is restricted to only extend the grid by the
static extension factor of 1/8th of the initially spanned space

FIG. 3. Illustration of the main differ-
ences between ADGA with dynamical
(left) and static (right) extensions of
potential and basis set boundaries. Red
dots are used to indicate single points
added to the grid in the current iteration,
while black dots represent single points
added in previous iterations. The dot at
the origin is the single point correspond-
ing to the reference molecular geometry
Qref

m . The two additional single points
in the two topmost illustrations have
nuclear geometries that correspond to
the classical turning points of a HO.
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in each iteration for the static extension procedure, which can
be seen to be the source of the increased number of single
points. The ADGA can in this case be prone to unnecessary
subdivision of integration boxes by insertion of new single
points at each redundant iteration until the vibrational wave
function is fully contained by the grid.

This small example provides a clear motivation for choos-
ing the dynamical procedures of extending potential and basis
set boundaries when using the ADGA in order to minimize
the number of times the grid has to be extended and ulti-
mately decrease the number of required single point calcula-
tions. Faster extension to the appropriate potential boundaries
can be achieved by employing a more adequate fit basis.
A closer investigation of the individual effects of the new
dynamic sub-routines on potential generation is carried out in
Sec. V A 1.

3. Adding additional stability to the ADGA
convergence criteria

In pursuit of describing complex molecular motions, one
will frequently have to deal with some kind of double-well
potential. If the reference point is chosen to be a saddle-point,
then it is possible to obtain integrals of different signs, depend-
ing on values within the corresponding intervals. This problem
does not arise if a minimum is used as the reference, as all pos-
sible integration intervals will contain positive values for the
fitted potential. Should the saddle-point be chosen as the ref-
erence, then the differences between integrals, as shown in
Eqs. (22) and (23), may not work as intended, as they might
obtain a negative sign. Instead we propose to use the so-called
norm-like ADGA convergence criteria, where the norm-like
relative ADGA convergence criterion is defined as

√
∫i

(√
ρave

curr (Qm)Vmn
curr (Qm) −

√
ρave

prev (Qm)Vmn
prev (Qm)

)2
dQm√

∫i

(√
ρave

curr (Qm)Vmn
curr (Qm)

)2
dQm

< ε rel, (32)

while the norm-like absolute ADGA convergence criterion is defined in terms of√∫
i

(√
ρave

curr (Qm)Vmn
curr (Qm) −

√
ρave

prev (Qm)Vmn
prev (Qm)

)2
dQm < εabs

∧

√∫
i

(√
ρave

curr (Qm)Vmn
curr (Qm)

)2
dQm < εabs. (33)

These criteria solve this particular issue when applying the
ADGA to, e.g., double-well potentials and can likewise be
used for single-minima potentials for added stability without
any complications. It is thereby possible to apply the ADGA
to any arbitrarily shaped potential, without loss of generality
or stability.

III. IMPLEMENTATION

All methods have been implemented in the locally devel-
oped molecular interactions dynamics and simulations chem-
istry program package (MidasCpp).91 The PES module of
MidasCpp automatically handles the running of a script, which
executes the external electronic structure programs in paral-
lel, after which a potential is obtained in the sum-over-product
form using a functional form defined by a fit-basis provided by
the user. MidasCpp internally employs the sum-over-product
form of the potential in the vibrational wave function part of
the program directly. This means that numerical evaluation of
the one-dimensional integrals of the fit-basis functions over
the B-spline basis functions is performed without calculating
values of the full potential. Nonetheless, access to values of
the potential at arbitrary points can be provided automatically
with MidasCpp by generating code for another C++ program
that can be compiled and run separately in order to model
the potential. Executing the compiled program for an arbitrary

point defined in terms of the Cartesian coordinates will then
return the corresponding value of the potential.

IV. COMPUTATIONAL DETAILS

All calculations with the ADGA use the new function-
alities of gradient-guided basis set boundaries (σ = 1.5)
and dynamic determination of ADGA potential boundaries
in the iterative framework, unless otherwise stated. The
ADGA convergence thresholds are set to ε rel = 1.0× 10�2,
εabs = 1.0× 10�6, and ερ = 1.0 × 10�3, while the non-linear
optimization of fit function parameters is carried out with
a threshold of 1.0 × 10�8 on the gradient for the Fletcher–
Reeves–Polak–Ribière method. Note that the pure vibrational
Hamilton operator of Eq. (2) was applied for all molecules
except for water, where the full Watson operator for a non-
rotating molecule, as seen in Eq. (1),92 was applied instead.

The number of modals per state is set to 6 and 10 for the
Morse and double-well model potentials, respectively, with
initial ADGA boundaries set to the turning point for a HO of
quantum level v = 6 or v = 3 for the Morse model calculations,
while v = 9 was used for the double-well calculations. A subse-
quent VSCF calculation was performed in order to obtain the
energy of the fundamental and first four overtone excitations
in the case of the Morse model potential, while the funda-
mental and first eight overtone excitations were calculated for
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the double-well model potential. All calculations presented
for the Morse oscillator have been carried out with a basis of
200 B-spline functions in order to avoid any possible oscilla-
tions in the final results. The B-spline functions are set to match
a basis set density of 0.8 for the double-well potentials, as this
have previously been shown to provide a sufficient number of
B-spline basis functions.79 Note that the double-well poten-
tial was extended around the saddle-point when running the
ADGA.

Another analytical potential was included into the
investigation of the general fit-basis framework, namely,
the Partridge–Schwenke water potential.93 This provided a
straightforward way of testing the general fit-basis framework
in a multidimensional case and an opportunity to ascertain
the performance of the general fit-basis framework with both
NC and HOLC representations, of which the latter have a
more local character. The HOLCs for water were obtained by
orthogonal transformation of the NCs in a harmonic potential
with a basis of 20 HO functions. The convergence thresh-
olds for coordinate rotation and numerical Newton minimum
search were both set to 1.0 × 10�10 a.u., while the localiza-
tion penalty weight63 was set to wP = 1.0× 10�5. The potential
for water was constructed with ADGA convergence thresholds
increased by a factor of 10 and 40 for the pair-coupled (2M)
and triple-coupled (3M) parts of the potential, respectively. A
total of 3 modals per mode were used in the ADGA with initial
ADGA boundaries set to the turning point for a HO of quan-
tum level v = 2 for each mode. Note that only the symmetrical
stretch in water was treated with different fit-basis functions for
the NC representation in the non-coupled (1M), pair-coupled
(2M) and triple-coupled (3M) parts of the potential, i.e., dif-
ferent types and numbers of fit functions were employed.
The asymmetrical stretch and bending were described with
a 12th order polynomial basis in the non-coupled part, while
all pair-coupled and triple-coupled parts were described by
combinations of fit functions summing up to a total of 12th
order. The symmetrical and asymmetrical stretches become
localized in the HOLC representation and have both been fit-
ted with the Morse type fit-basis functions, while the bending
was described with a 12th degree polynomial basis in all parts
of the potential.

A subsequent full vibrational configuration interaction
(FVCI),3,94–98 i.e., VCI [3], calculation was performed with
the potentials obtained for both NC and HOLC representa-
tions in order to obtain the energy of the three fundamental
and first three overtone excitations. The FVCI calculations
were performed with 15 modals per mode and with B-spline
basis functions set to match a basis set density of 0.8.

Calculations on the imidazole molecule were performed
in order to test the performance of the various new func-
tionalities on a medium-sized molecule. The Turbomole pro-
gram99,100 (with some local additions) was used for geometry
optimization and harmonic frequency analysis at the level of
explicitly correlated coupled-cluster theory with single, dou-
ble, and scaled perturbative treatment of triple excitations
(CCSD(F12∗)(T∗))101 and the correlation consistent polarized
triple-ζ basis set optimized for explicitly correlated methods
(cc-pVTZ-F12).102,103 ADGA calculations have been carried
out to obtain 3M potentials, where the 1M and 2M parts

are based on the CCSD(F12∗)(T∗) model, while the 3M part
is based on the Møller–Plesset perturbation theory to sec-
ond order using the resolution of identity approximation (RI-
MP2)104,105 model with the cc-pVTZ basis set. The RI-MP2
state was based on a Hartree-Fock state applying the resolu-
tion of identity for the Coulomb and exchange integrals (RI-
JK-HF)106 with the same basis set. The ADGA convergence
thresholds and associated factors are for imidazole identical
to those indicated for water, while the total number of fit
functions was set to 12 for all MCs. Initial ADGA bound-
aries were set to the turning point for a HO of quantum level
v = 2 for each mode. The average vibrational density was con-
structed with 4 modals per mode. The fundamental excitation
energies were calculated by means of VCC

[
2pt3

]
response

calculations107–110 with 8 modals per mode and a B-spline
basis set density of 0.8. It should also be pointed out that the
newly implemented conjugate residual with optimal trial vec-
tors (CROP) algorithm with 3 subspace vectors has been used
for solving the self-consistent equations.111

V. RESULTS

The vibrational energies, i.e., either the fundamental or
overtone excitation energies presented in this section, are given
as relative deviations

νrel
m =

νcalc
m − νref

m

νref
m

, m = 1, . . . , M (34)

to a reference, which can be either analytical or experimental
results.

A. Representing monodimensional PESs with general
fit-basis functions

The non-linear optimization of the Morse fit-basis func-
tions has been carried out with an optimization function of the
form

F̄m
Morse (Qm) = De (1 − exp(−αQm))2 , (35)

as it is expected that only two orders in the Morse param-
eter α are required in order to accurately fit potentials of a
general Morse-like shape. This furthermore means that the
optimization function retains the same form as the exact Morse
potential.

The non-linear optimization for the double-well fit-basis
functions has been performed with an optimization function
of the form

F̄m
Double−well (Qm) =

1
2
· ω2 · Q2

m + A · exp
(
−α · Q2

m

)
, (36)

which is identical to the parametrization of the umbrella tor-
sional motion or inversion mode potential of the ammonia
molecule by Lin et al.78 All optimized Morse and optimized
double-well fit-basis functions have non-linear parameters
optimized from the set of functions given in Eqs. (35) and
(36), respectively.

1. Model Morse potential

The first case of potential construction by way of the
ADGA is the analytical Morse oscillator potential in which
the single points are calculated from the analytical expression.
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Inspecting Table I it is found that the optimized Morse fit func-
tions are superior to the Morse and polynomial fit-bases, as a
minimum of fit functions, and single point calculations are
needed in order to obtain high accuracy of the VSCF ener-
gies. This is to be expected as the fit-basis functions have the
same general shape as the potential that is being fitted. The cal-
culations employing optimized Morse fit functions converge
after only 5 single point calculations. Obviously, we can fit the
potential exactly with only 3 single point calculations and 2
optimized Morse fit-basis functions and the additional points
are thus only used in order to ascertain the convergence. For
more complicated systems, this situation will generally not
occur.

It is observed that the unoptimized Morse type fit func-
tions perform quite well when 6 or 8 fit functions are employed,
and the series of calculations employing these converges with
8 fit functions. This is, of course, partly due to a good guess at
the Morse parameter α, but the results prove that the general
fit-basis framework is stable for different numbers of fit func-
tions in the fit-basis. The number of single point calculations
does furthermore reveal that the adaptability of the optimized
Morse fit-basis functions makes for a more efficient fitting
routine compared to Morse type fit-basis functions and con-
sequently the ADGA needs fewer single points to stabilize
the vibrational density. Note also that the overtone excitation
energies are stable and well-represented for both optimized
Morse and Morse type fit functions, as they inherently capture
the physics of the system, which should be contrasted with the
polynomial type fit functions.

The calculations employing polynomial type fit functions
have overall more mixed results, as they require additional sin-
gle point calculations, without providing higher accuracy in the
VSCF energies. It is observed that employing 10 polynomial
type fit functions gives the most accurate results but that the
range of 8–14 polynomial type fit functions gives reasonably
accurate VSCF energies, while using 16 polynomial type fit
functions shows clear signs of divergence due to numerical
problems.

Similar calculations were performed with a smaller ini-
tially spanned space, as it is seldom possible to determine
potential boundaries in advance and it is therefore important
that the ADGA can adjust automatically. Each of the new
dynamic additions to the ADGA was employed separately in
order to better ascertain the effect of each individually and
combined. This essentially amounts to the four different cal-
culation procedures (a) employing both the gradient-guided
basis set boundaries and dynamic ADGA potential boundary
procedures, (b) employing only the gradient-guided basis set
boundary procedures, (c) employing only the dynamic ADGA
potential boundary procedures, and (d) employing the original
(static) ADGA procedures for basis set and ADGA potential
boundaries.

Results of these four different calculation procedures can
be found in Table II. Comparing the static and dynamic pro-
cedures for the ADGA, it is evident that a large decrease in
the number of single point calculations can be achieved by
applying the gradient-guided basis set boundaries and dynamic
ADGA potential boundary procedures together. It can fur-
thermore be seen that the largest reduction of single point
calculations comes from adapting the basis set boundaries to
the actual shape of the potential via the gradient-guided basis
set boundary procedures. This is not surprising considering
that this procedure allows the ADGA to obtain more informa-
tion about the potential in the current iteration. Without any of
these new dynamical additions, it takes a considerably larger
number of iterations to converge. Table II provides compelling
arguments for using these new functionalities in an ADGA
context to decrease the number of single point calculations.
The computational cost of these functionalities is additionally
negligible compared to that of an electronic structure calcu-
lation. Moreover, it can be seen that the optimized Morse
fit-basis functions benefit most from these new dynamical pro-
cedures, i.e., a more physically correct fit-basis facilitates a less
complicated approach to obtain the correct boundaries.

Additional calculations were performed with the H2,
HF, and N2 molecules to ascertain the performance of the

TABLE I. Relative deviation of the calculated VSCF energies from analytical results of the Morse oscillator with
initial ADGA boundaries set to the turning point for a HO of quantum level v = 6. The number N func and type of
fit functions are indicated, together with the number of single point calculations NSPC used to generate the PES.
Analytically obtained energies are given in cm�1.

N func Type NSPC ν1 2ν1 3ν1 4ν1 5ν1

. . . Analytical . . . 2273.17 4418.31 6435.43 8324.52 10 085.59

4 Opt. Morse 5 1.53× 10�8 1.44× 10�8 1.37× 10�8 1.31× 10�8 1.25× 10�8

2 Opt. Morse 5 7.67× 10�9 9.96× 10�9 1.24× 10�8 1.49× 10�8 1.77× 10�8

8 Morsea 9 1.64× 10�8 1.53× 10�8 1.61× 10�8 2.50× 10�8 3.97× 10�8

6 Morsea 9 2.34× 10�8
�5.16× 10�9 1.29× 10�8 7.63× 10�8 1.49× 10�7

4 Morsea 10 1.99× 10�4
�2.30× 10�4

�5.73× 10�4
�7.86× 10�4

�8.11× 10�4

16 Polynomial 138 1.07× 10�5 5.24× 10�6 3.57× 10�7
�1.21× 10�5

�6.83× 10�5

14 Polynomial 18 7.49× 10�8 9.07× 10�8 7.73× 10�7 1.95× 10�5 3.24× 10�4

12 Polynomial 18 �6.53× 10�9
�2.52× 10�7

�1.90× 10�6
�1.10× 10�5

�5.35× 10�5

10 Polynomial 18 1.86× 10�8 7.56× 10�8 3.00× 10�8
�1.76× 10�7

�8.60× 10�7

8 Polynomial 18 8.96× 10�6
�6.18× 10�6

�3.20× 10�6
�5.54× 10�6

�3.67× 10�5

6 Polynomial 31 �2.50× 10�3
�1.28× 10�3

�2.26× 10�4 3.14× 10�4 2.49× 10�4

aMorse type fit functions with the Morse parameter α = 0.1 in frequency scaled units, see Eq. (15).
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TABLE II. Relative deviation of the calculated VSCF energies from analytical results of the Morse oscillator
with initial ADGA boundaries set to the turning point for a HO of quantum level v = 3. The number of fit functions
is set to N func = 12 for all types of fit functions. The number of single point calculations NSPC used to generate
the PES is indicated, while the procedures a, b, c, and d are defined in the text. Analytically obtained energies are
given in cm�1.

Procedures Type NSPC ν1 2ν1 3ν1 4ν1 5ν1

. . . Analytical . . . 2273.17 4418.31 6435.43 8324.52 10 085.59

a Opt. Morse 14 1.53× 10�8 1.54× 10�8 1.70× 10�8 2.19× 10�8 3.33× 10�8

b Opt. Morse 16 1.53× 10�8 1.54× 10�8 1.70× 10�8 2.19× 10�8 3.33× 10�8

c Opt. Morse 29 1.50× 10�8 1.45× 10�8 1.40× 10�8 1.35× 10�8 1.63× 10�8

d Opt. Morse 47 1.50× 10�8 1.45× 10�8 1.40× 10�8 1.35× 10�8 1.63× 10�8

a Morsea 21 1.53× 10�8 1.54× 10�8 1.70× 10�8 2.19× 10�8 3.33× 10�8

b Morsea 23 1.53× 10�8 1.54× 10�8 1.70× 10�8 2.19× 10�8 3.33× 10�8

c Morsea 41 1.50× 10�8 1.45× 10�8 1.40× 10�8 1.35× 10�8 1.63× 10�8

d Morsea 67 1.50× 10�8 1.45× 10�8 1.40× 10�8 1.35× 10�8 1.63× 10�8

a Polynomial 22 9.95× 10�9
�1.94× 10�7

�1.55× 10�6
�9.03× 10�6

�4.43× 10�5

b Polynomial 25 2.00× 10�8
�1.61× 10�7

�1.34× 10�6
�7.83× 10�6

�3.87× 10�5

c Polynomial 43 �8.37× 10�9
�1.93× 10�7

�1.40× 10�6
�8.05× 10�6

�3.96× 10�5

d Polynomial 71 �1.06× 10�8
�1.95× 10�7

�1.40× 10�6
�8.04× 10�6

�3.96× 10�5

aMorse type fit functions with the Morse parameter α = 0.1 in frequency scaled units, see Eq. (15).

optimized Morse fit-basis functions with numerically calcu-
lated electronic structure points. The conclusion drawn from
these is in line with those already discussed in connection with
Table I, i.e., optimized Morse fit functions are superior to the
polynomial fit functions, as can be seen from the results shown
in Tables SV–SVIII in the supplementary material. In conclu-
sion, the optimized Morse fit functions provide stable fits that
capture the physical features of anharmonic potentials more
adequately than polynomial type fit functions, which ensures

that the vibrational density for the ADGA oscillates very
little.

2. The ammonia inversion mode

The double-well potential for the ammonia inversion
mode is another analytical potential that allows for a non-
trivial test of the general fit-basis framework. Selected results
can be found in Table III and additional results can be found
in the supplementary material. It can be recognized from these

TABLE III. Relative deviation of the calculated VSCF energies from the results of Lin et al.78 for the double-well
potential of the NH3 inversion mode. The results found in the upper part are based on the ADGA with standard
convergence criteria of Eqs. (22) and (23), while those found in the lower part are based on the ADGA with the
newly proposed norm-like convergence criteria of Eqs. (32) and (33). The number N func and type of fit functions
are indicated, together with the number of single point calculations NSPC used to generate the PES. The reference
energies are given in cm�1.

N func Type NSPC ν1 2ν1 3ν1 4ν1 5ν1

. . . Reference . . . 0.83 932.40 967.80 1603.00 1882.80

12 Opt. double-well 30 �5.74× 10�3 5.58× 10�5
�4.97× 10�5

�7.49× 10�5
�5.31× 10�6

8 Opt. double-well 22 �5.73× 10�3 5.21× 10�5
�5.34× 10�5

�7.30× 10�5
�5.98× 10�6

4 Opt. double-well 22 �5.73× 10�3 5.20× 10�5
�5.35× 10�5

�7.30× 10�5
�6.02× 10�6

2 Opt. double-well 16 �5.73× 10�3 5.14× 10�5
�5.40× 10�5

�7.37× 10�5
�6.54× 10�6

12 Double-wella 28 �5.73× 10�3 5.31× 10�5
�5.24× 10�5

�7.35× 10�5
�5.77× 10�6

8 Double-wella 22 �5.73× 10�3 5.23× 10�5
�5.32× 10�5

�7.31× 10�5
�6.00× 10�6

4 Double-wella 22 1.71× 10�3
�1.38× 10�3

�1.39× 10�3
�7.77× 10�4

�7.54× 10�4

12 Polynomial 22 �5.82× 10�3 8.32× 10�5
�2.69× 10�5

�6.04× 10�5 5.65× 10�6

8 Polynomial 34 �4.67× 10�2 4.93× 10�3 4.36× 10�3 2.01× 10�3 2.28× 10�3

12 Opt. double-well 32 �5.73× 10�3 5.19× 10�5
�5.37× 10�5

�7.30× 10�5
�5.86× 10�6

4 Opt. double-well 24 �5.73× 10�3 5.21× 10�5
�5.35× 10�5

�7.30× 10�5
�6.00× 10�6

2 Opt. double-well 16 �5.73× 10�3 5.14× 10�5
�5.40× 10�5

�7.37× 10�5
�6.54× 10�6

12 Double-wella 30 �5.73× 10�3 5.19× 10�5
�5.36× 10�5

�7.38× 10�5
�6.17× 10�6

4 Double-wella 24 8.59× 10�4
�1.38× 10�3

�1.39× 10�3
�8.56× 10�4

�7.92× 10�4

12 Polynomial 24 �5.77× 10�3 7.50× 10�5
�3.47× 10�5

�6.27× 10�5 2.30× 10�6

aDouble-well type fit functions with the parameter α = 0.015 in frequency scaled units, see Eq. (16).

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-025806
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-025806
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results that the double-well potential is a significantly more
difficult problem than the Morse potential, even with the opti-
mized double-well fit functions. Employing 2-8 of these does,
however, give accurate VSCF energies using only few single
point calculations. The calculation employing only 2 of the
optimized double-well fit functions gives excellent results for
the cost of mere 16 single point calculations, which is not
surprising given that it is of the same form as the analytical
potential.

The double-well fit functions with a supplied α param-
eter proved to be very stable towards accurate VSCF ener-
gies for a low cost of single point calculations. The calcu-
lations employing polynomial type fit functions show signs
of divergence when the number of fit functions was increased
beyond 12. The calculations employing 10 or 12 polynomial fit
functions do, on the other hand, provide reasonably accu-
rate VSCF energy for a reasonable amount of single point
calculations.

Comparing the upper and lower parts of Table III, where
the standard and newly proposed norm-like ADGA conver-
gence criteria have been employed, respectively, it can be seen
that the new ADGA convergence criteria facilitate slightly
tighter convergence. The VSCF energies can be seen to be
relatively unchanged by the choice of convergence criteria.
This supports the point that the norm-like convergence crite-
ria can be used with the same convergence thresholds as the
standard convergence criteria for any kind of ADGA calcula-
tion, without compromising the accuracy or efficiency of the
method. In this particular example, there were no unfortunate
events when applying the standard ADGA convergence criteria
of Eqs. (22) and (23) but the norm-like convergence criteria
of Eqs. (32) and (33) should be safer in more troublesome
cases.

The overall conclusion that can be drawn from Table III is
that using double-well type fit functions provides a stable set of
fit-basis functions that can be handled without problems within

the general fit-basis framework. It is furthermore possible to
obtain quite accurate VSCF energies, without a huge number
of single point calculations, and the number of potential terms
can be kept low if the optimized double-well fit functions are
employed.

B. Representing the tridimensional PES of water
with general fit-basis functions

In order to more generally ascertain the performance of the
general fit-basis framework, calculations on water have been
carried out with single point energies based on the analytical
Partridge–Schwenke potential. The water potential was inves-
tigated with both NC and HOLC representations, where the
latter have previously been shown to provide a faster conver-
gence towards the FVCI limit in vibrational structure calcula-
tions63 and improve overall efficiency in potential calculations
using the ADGA.

The selected results obtained for water in these two differ-
ent coordinate representations can be found in Table IV. The
optimized Morse fit functions do, as expected, perform best
in the non-coupled part of the potential. It is, however, more
interesting to note that the total amount of single point calcula-
tions for the full potential decreases, compared to calculations
employing polynomial type fit functions. The FVCI energies
are furthermore quite close to the state energies reported by
Partridge and Schwenke, regardless of the chosen fit functions
and coordinate representation, which gives credibility to the
correctness of the approach.

Comparing the results obtained for water in NC and
HOLC representations shows that the number of single point
calculations increases slightly for the non-coupled part of the
potential but that the total number of single point calcula-
tions can be drastically reduced if a HOLC representation is
used. The greatest reduction in the number of single point
calculations is found when optimized Morse fit functions are

TABLE IV. Relative deviation of the calculated FVCI energies for H2O in a normal coordinate (top) and HOLC (bottom) representation from the state energies
originally reported by Partridge and Schwenke.93 The number N func and type of fit functions are indicated, together with the total number of single point
calculations used in constructing the full potential NSPC. The number of single point calculations used in the non-coupled part of the potential N1M

SPC for the

symmetrical stretching vibration (top) and the identical stretching vibrations (bottom) is indicated as well. The reference energies are given in cm�1.

Rep. N func Type N1M
SPC NSPC ν1 ν2 ν3 2ν1 2ν2 2ν3

. . . . . . Reference . . . . . . 1594.78 3657.04 3755.96 3151.63 7201.55 7445.12

NC

12 Opt. Morse 8 787 3.07× 10�4
�9.28× 10�5

�1.86× 10�4 2.61× 10�4
�1.04× 10�4

�1.77× 10�4

6 Opt. Morse 8 787 3.07× 10�4
�1.12× 10�4

�1.85× 10�4 2.60× 10�4
�1.05× 10�4

�1.77× 10�4

12 Morsea 12 790 3.07× 10�4
�9.52× 10�5

�1.90× 10�4 2.64× 10�4
�1.07× 10�4

�1.83× 10�4

6 Morsea 12 790 3.10× 10�4
�7.92× 10�5

�1.93× 10�4 2.66× 10�4
�1.04× 10�4

�1.84× 10�4

12 Polynomial 15 870 3.00× 10�4
�1.06× 10�4

�2.39× 10�4 2.70× 10�4
�1.28× 10�4

�2.40× 10�4

6 Polynomial 15 870 3.70× 10�4
�2.96× 10�5

�2.91× 10�4 3.29× 10�4
�7.36× 10�5

�2.62× 10�4

HOLC

12 Opt. Morse 9 427 3.23× 10�4
�1.13× 10�4

�1.09× 10�4 3.19× 10�4
�1.09× 10�4

�1.17× 10�4

6 Opt. Morse 9 427 4.32× 10�4
�2.44× 10�4

�2.45× 10�4 4.32× 10�4
�1.55× 10�5

�1.98× 10�4

12 Morsea 13 484 3.11× 10�4
�1.08× 10�4

�1.34× 10�4 3.28× 10�4
�1.14× 10�4

�1.33× 10�4

6 Morsea 13 484 2.99× 10�4
�1.87× 10�4

�2.03× 10�4 3.15× 10�4
�1.37× 10�4

�2.01× 10�4

12 Polynomial 20 665 3.46× 10�4
�1.11× 10�4

�1.05× 10�4 2.41× 10�4
�1.11× 10�4

�1.15× 10�4

6 Polynomial 24 673 8.27× 10�4 2.05× 10�4 1.89× 10�4 6.53× 10�4 2.91× 10�4 2.25× 10�4

aMorse type fit functions with the Morse variable α = �0.1 in frequency scaled units, see Eq. (15).
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employed together with the HOLCs, which is an effect not
found to the same extent for polynomial type fit functions. It
can thereby be expected that a substantial amount of single
point calculations can be saved when constructing potentials
on the basis of coordinates with more local character than NCs,
especially when combined with the optimized Morse fit-basis
functions.

C. Representing the multidimensional PES
of imidazole with general fit-basis functions

We found that the two energetically highest lying fun-
damental vibrations for imidazole in the NC representation
could be adequately described by optimized Morse fit-basis
functions. The highest lying of these two is the pure N–H
stretching mode, while the second highest lying is a sym-
metrical C–H stretching mode. The breathing mode of the
ring was furthermore found to be appropriately represented
by optimized Morse fit functions, which means that 3 of the
21 vibrational modes in imidazole can be adequately repre-
sented by non-polynomial type fit-basis functions in the NC
representation.

The HOLC representation of imidazole contains three
individual C–H stretching modes, which are incidentally the
second, third, and fourth energetically highest lying funda-
mental vibrations, while the pure N–H stretching mode and the
breathing mode of the ring are left untouched by the transfor-
mation of NCs to HOLCs. Thus, 5 of the 21 vibrational modes
in imidazole can be adequately represented by optimized
Morse fit-basis functions in the HOLC representation.

The results for imidazole are summarized in Table V,
where it is apparent that the number of single point calcu-
lations required to converge the 3M potentials is consistently
lower when employing optimized Morse fit-basis functions
compared to polynomial type fit-basis functions. It can more-
over be seen that the number of single point calculations is
decreased by adopting the HOLC representation instead of
the NC representation, regardless of the choice of fit-basis.
This means that almost 134 000 single point calculations can
be saved by using an optimized Morse fit-basis in connection
with the HOLC representation compared to the more stan-
dard approach of a polynomial fit-basis and NCs. It should,
however, be mentioned that the decrease in single point calcu-
lations due to change of representation is minor compared to
that due to the change of fit-basis.

TABLE V. The number of single point calculations NSPC used to generate the
potentials is shown alongside mean absolute deviation and maximum absolute
deviation values of the calculated VCC

[
2pt3

]
fundamental excitation energies

in a normal coordinate (top) and HOLC (bottom) representation from the
experimental results reported by Bellocq et al.112 and Perchard et al.113 The
mean and max values are given in cm�1.

Rep. Type NSPC Mean Max

NC
Opt. Morse 245 917 4.77 11.35
Polynomial 330 276 4.77 11.48

HOLC
Opt. Morse 196 489 3.97 8.19
Polynomial 293 069 4.08 8.79

The mean absolute deviation and maximum absolute devi-
ation from experimental results112,113 for the VCC

[
2pt3

]
cal-

culations performed with the different 3M potentials are very
similar, when comparing results based on the same coordinate
representation. It can furthermore be seen that it is possible
to converge the VCC

[
2pt3

]
results closer towards the exper-

imental values, when changing from a NC to a HOLC repre-
sentation, which is a point already touched upon by Thomsen
et al.54 This applies to both the mean absolute deviation and
maximum absolute deviation, which can be reduced to rela-
tively low values for this level of theory. We refer the interested
reader to Table SXI of the supplementary material for the
results pertaining to individual states.

Taking a closer look at the distribution of single point
calculations for the different levels of MC, it becomes clear
that the average number of single point calculations per MC
is consistently smaller for the use of optimized Morse type fit
functions compared to polynomial type fit functions, as seen
in Table VI. It can also be seen that the use of the HOLC repre-
sentation slightly increases the average number of single point
calculations per MC in the 1M and 2M parts of the poten-
tial but facilitates a substantial decrease in the 3M part. It can
furthermore be seen that some MCs in the 1M and 2M parts
of the potential are left untreated by either change of coordi-
nate parametrization or fit functions, as, for example, indicated
by the unchanging maximum number of single point calcula-
tions. This, however, is not generally true of the MCs in the 3M
part of the potential, where there are large differences in the
maximum number of single point calculations when compar-
ing the different calculations. Finally, the minimum number of
single point calculations follows the trends established for the
smaller molecules, but it should be pointed out that 8 single
point calculations for a MC in the 3M part of the potential are
the bare minimum that needs to be evaluated in the ADGA.
This is furthermore an indication that these particular MCs are
relatively unimportant as no substantial change is detected by
the convergence criteria of Eq. (22) or Eq. (23) by the inclusion
of these MCs.

TABLE VI. The minimum, maximum, and average number of single point
calculations for MCs belonging to the 1M, 2M, and 3M parts of the potential
for the imidazole molecule. The total number of MCs for the 1M, 2M, and 3M
parts of the potential is, respectively, 21, 209, and 1329.

MC level Rep. Type Min Max Average

1M

NC
Opt. Morse 18 30 22.76
Polynomial 22 30 24.67

HOLC
Opt. Morse 16 30 22.67
Polynomial 23 33 25.29

2M
NC

Opt. Morse 16 256 83.82
Polynomial 16 256 99.79

HOLC
Opt. Morse 12 256 87.06
Polynomial 12 256 113.14

3M
NC

Opt. Morse 8 2156 170.07
Polynomial 8 2400 229.63

HOLC
Opt. Morse 8 1386 132.47
Polynomial 8 2112 200.12

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-025806
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The results for imidazole show that by combining the
optimized Morse type fit-basis functions and the HOLCs, one
can expect to reduce the number of single point calculations
required for converging the ADGA significantly for medium-
sized molecules. Furthermore, not only can the number of
single point calculations be reduced but also the accuracy in
vibrational excitation energies can be expected to improve.
The overall computational cost of obtaining vibrational exci-
tation energies can thereby be decreased, not only for small
molecules but also for molecules of any size and shape, which
gives great opportunity for targeting larger molecules with
highly accurate quantum chemical methods.

VI. SUMMARY AND OUTLOOK

We have presented a framework for general fit-basis func-
tions that is used for PES construction with the ADGA and
have demonstrated how the use of Morse or double-well fit
function can reduce the computational cost of such calcula-
tions. This framework does not rely on external programs and
any form of fit functions that is deemed appropriate for a given
molecular system can be given as input by means of regular
mathematical expressions. Should the fit-basis functions con-
tain non-linear parameters then these can be determined by a
non-linear conjugate gradient method, which only requires a
starting guess and no intimate knowledge of the actual parame-
ter value. The framework for general fit-basis functions thereby
facilitates a flexible way of using different fit functions without
requiring ab initio knowledge of the PES.

Two additional black-box sub-routines for the ADGA
have been implemented to further exploit the correct physical
behaviour of the fit-basis functions, namely, gradient-guided
B-spline basis set boundaries determination and dynamic
ADGA potential boundaries determination. These aim at con-
verging the ADGA in as few steps as possible by optimizing the
choices taken for each iteration in relation to a B-spline basis
set. A conservative addition of the fit functions in the itera-
tive ADGA and more robust norm-like ADGA convergence
criteria have furthermore been presented.

We have demonstrated that employing optimized Morse
and optimized double-well fit functions decreases the number
of required single point calculations in constructing potentials.
This is especially true when compared to the more standard
polynomial type fit functions which was found to be relatively
less stable and efficient in the iterative ADGA. The additional
black-box sub-routines proved to be very beneficial for the
ADGA in connection with both Morse, double-well, and poly-
nomial type fit functions. These were moreover combined with
HOLCs which further decreased the computational cost of
constructing the potential.

It is expected that the presented methods will be advan-
tageous in constructing potentials for medium and large-sized
molecules, as the number of single point calculations can be
reduced. The methods can furthermore be used for any type
of coordinates as long as the kinetic energy operator is avail-
able. Vibrational wave function calculations will also benefit
from these as the number of terms and higher-order MCs can be
reduced. We therefore see many good perspectives in applying
and expanding the presented methods in the future.

SUPPLEMENTARY MATERIAL

See supplementary material for a complete set of data in
connection with the presented results and additional results
for numerically calculated potentials of the H2, HF, and N2

molecules. The potentials are provided as C++ source code that
can be compiled by any C++11 compliant compiler to produce
small self-contained executable programs; see Sec. III.

ACKNOWLEDGMENTS

The authors wish to thank Niels Kristian Madsen and
Mads Bøttger Hansen for their assistance with various tech-
nical aspects of the performed calculations. O.C. acknowl-
edges support from the Lundbeck Foundation, the Danish
e-infrastructure Cooperation (DeiC), and the Danish Coun-
cil for Independent Research through a Sapere Aude III Grant
(No. DFF–4002-00015).

1S. Carter, S. J. Culik, and J. M. Bowman, J. Chem. Phys. 107, 10458 (1997).
2S. Carter, J. M. Bowman, and L. B. Harding, Spectrochim. Acta, Part A
53, 1179 (1997).

3G. Rauhut, J. Chem. Phys. 121, 9313 (2004).
4J. Kongsted and O. Christiansen, J. Chem. Phys. 125, 124108 (2006).
5J. M. Bowman, S. Carter, and X. Huang, Int. Rev. Phys. Chem. 22, 533
(2003).
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C. Hättig, A. Hellweg, B. Helmich, S. Höfener, H. Horn, C. Huber,
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105F. Weigend, M. Häser, H. Patzelt, and R. Ahlrichs, Chem. Phys. Lett. 294,

143 (1998).
106F. Weigend, Phys. Chem. Chem. Phys. 4, 4285 (2002).
107O. Christiansen, J. Chem. Phys. 122, 194105 (2005).
108P. Seidler and O. Christiansen, J. Chem. Phys. 126, 204101 (2007).
109P. Seidler and O. Christiansen, J. Chem. Phys. 131, 234109 (2009).
110P. Seidler, M. Sparta, and O. Christiansen, J. Chem. Phys. 134, 054119

(2011).
111N. K. Madsen, I. H. Godtliebsen, and O. Christiansen, J. Chem. Phys. 146,

134110 (2017).
112A.-M. Bellocq, C. Perchard, A. Novak, and M.-L. Josien, J. Chim. Phys.

62, 1334 (1965).
113C. Perchard, A.-M. Bellocq, and A. Novak, J. Chim. Phys. 62, 1344 (1965).

https://doi.org/10.1063/1.1448828
https://doi.org/10.1063/1.1531105
https://doi.org/10.1063/1.2162891
https://doi.org/10.1063/1.3092921
https://doi.org/10.1063/1.4802059
https://doi.org/10.1063/1.2336223
https://doi.org/10.1063/1.2387950
https://doi.org/10.1063/1.2746846
https://doi.org/10.1063/1.3021471
https://doi.org/10.1039/c1cp21668f
https://doi.org/10.1080/01442350903234923
https://doi.org/10.1021/ct9004917
https://doi.org/10.1063/1.4953560
https://doi.org/10.1080/0144235x.2016.1200347
https://doi.org/10.1080/00268970701241656
https://doi.org/10.1021/acs.jpca.6b05325
https://doi.org/10.1063/1.4767776
https://doi.org/10.1063/1.4870775
https://doi.org/10.1016/j.cplett.2014.07.043
https://doi.org/10.1063/1.2790016
https://doi.org/10.1063/1.2817618
https://doi.org/10.1021/jp900354g
https://doi.org/10.1002/cphc.201100593
https://doi.org/10.1002/cphc.201402251
https://doi.org/10.1063/1.4894507
https://doi.org/10.1063/1.4963109
https://doi.org/10.1021/acs.jpca.5b08496
https://doi.org/10.1063/1.1469019
https://doi.org/10.1016/j.chemphys.2006.03.012
https://doi.org/10.1016/j.chemphys.2006.03.012
https://doi.org/10.1063/1.3476468
https://doi.org/10.1063/1.3675163
https://doi.org/10.1063/1.4828729
https://doi.org/10.1016/j.physrep.2009.05.003
https://doi.org/10.1063/1.4724305
https://doi.org/10.1063/1.3579995
https://doi.org/10.1016/j.jms.2017.02.005
https://doi.org/10.1080/00268976800101381
https://doi.org/10.1146/annurev.physchem.53.082201.124330
https://doi.org/10.1016/0022-2852(66)90046-4
https://doi.org/10.1021/jp073838i
https://doi.org/10.1080/00268976.2010.547522
https://doi.org/10.1093/comjnl/7.2.149
https://doi.org/10.1145/355586.364791
https://doi.org/10.1021/ct100117s
https://doi.org/10.1021/ct100117s
https://doi.org/10.1016/j.cpc.2009.03.002
https://doi.org/10.1088/0031-8949/1993/t47/001
https://doi.org/10.1088/0034-4885/64/12/205
https://doi.org/10.1088/0034-4885/64/12/205
https://doi.org/10.1088/0953-4075/32/16/201
https://doi.org/10.1063/1.2805085
https://doi.org/10.1063/1.473987
https://doi.org/10.1021/j100471a005
https://doi.org/10.1016/0009-2614(82)80335-7
https://doi.org/10.1007/s002140050379
https://doi.org/10.1002/qua.20615
https://doi.org/10.1063/1.1637579
https://doi.org/10.1016/0009-2614(89)85118-8
https://doi.org/10.1063/1.3442368
https://doi.org/10.1063/1.2831537
https://doi.org/10.1063/1.456153
https://doi.org/10.1007/s002140050269
https://doi.org/10.1016/s0009-2614(98)00862-8
https://doi.org/10.1039/b204199p
https://doi.org/10.1063/1.1899156
https://doi.org/10.1063/1.2734970
https://doi.org/10.1063/1.3272796
https://doi.org/10.1063/1.3536499
https://doi.org/10.1063/1.4979498
https://doi.org/10.1051/jcp/1965621334
https://doi.org/10.1051/jcp/1965621344

	PDF Coversheet Skabelon 2018
	1.5016259

