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Vibrational coupled-cluster (VCC) theory provides an accurate method for calculating vibrational
spectra and properties of small to medium-sized molecules. Obtaining these properties requires the
solution of the non-linear VCC equations which can in some cases be hard to converge depending on
the molecule, the basis set, and the vibrational state in question. We present and compare a range of
different algorithms for solving the VCC equations ranging from a full Newton-Raphson method to
approximate quasi-Newton models using an array of different convergence-acceleration schemes. The
convergence properties and computational cost of the algorithms are compared for the optimization of
VCC states. This includes both simple ground-state problems and difficult excited states with strong
non-linearities. Furthermore, the effects of using tensor-decomposed solution vectors and residuals are
investigated and discussed. The results show that for standard ground-state calculations, the conjugate
residual with optimal trial vectors algorithm has the shortest time-to-solution although the full Newton-
Raphson method converges in fewer macro-iterations. Using decomposed tensors does not affect the
observed convergence rates in our test calculations as long as the tensors are decomposed to sufficient
accuracy. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4979498]

I. INTRODUCTION

Vibrational coupled-cluster (VCC) theory is a highly
accurate method for describing correlation between nuclear
degrees of freedom and thereby calculating vibrational spec-
tra of molecular systems.1–5 The coupled-cluster (CC) model
was introduced in the context of nuclear physics in the late
1950s.6,7 In the late 1960s, the exponential ansatz was applied
to electronic-structure theory8,9 and the CC model is now
regarded as one of the most accurate and efficient methods
for calculating electronic energies and properties of molecular
systems.10–13 The VCC working equations are non-linear and
can in some cases be hard to converge. This is especially the
case when targeting excited states that often exhibit strong res-
onance. Using a standard Newton-Raphson method can help
in converging these difficult states, but alternative algorithms
that avoid the iterative solution of linear equations with the
VCC Jacobian in each iteration can reduce the computation
time significantly. Employing a diagonal approximation to the
VCC Jacobian based on the Møller-Plesset partitioning of the
Hamiltonian is a physically motivated choice.1,10

Experience from electronic-structure CC calculations
shows that it is often necessary to use a convergence-
acceleration algorithm in order to obtain a good conver-
gence rate.10 Many electronic-structure programs use the
direct inversion of the iterative subspace (DIIS) method intro-
duced by Pulay in the case of self-consistent field theory14,15

and later by Scuseria et al. for solving the coupled-cluster
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singles-and-doubles (CCSD) equations.16 It has, however,
been shown that truncating the subspaces of trial vectors and
residuals as done in DIIS may lead to slow convergence or even
divergence.17 To avoid a behavior like this, Ziółkowski et al.
introduced the conjugate residual with optimal trial vectors
(CROP) algorithm which is in some aspects similar to DIIS
but with smaller, optimized subspaces.18

We will in this study implement and compare Newton-
Raphson and quasi-Newton approaches as well as DIIS and
CROP for VCC calculations. It was shown in Ref. 17 that
in the electronic case the benefit of changing from DIIS to
CROP is increased if the electronic CC equations are solved in
a local-orbital basis. Therefore, it is interesting to examine the
effect on the convergence properties of DIIS and CROP when
transforming the vibrational coordinates to see if the same
trend applies to the vibrational-structure case. Especially for
large molecules, it is often beneficial to localize the vibrational
coordinates19–21 and the VCC solver must therefore be robust
to coordinate transformations.

Solving the VCC equations requires many multidimen-
sional arrays, or tensors, to be stored and manipulated. These
tensors constitute the truncated-Hilbert-space representation
of the wave function and the Hamiltonian as well as the resid-
uals of the non-linear equations. Increasing the excitation
level in the cluster operator describing the VCC wave func-
tion increases the dimensionality of the tensors. This results
in steeper computational scaling with respect to the number
of vibrational modes and the number of basis functions per
mode. Both of these scalings can be lowered by introduc-
ing tensor decomposition which serves to reduce the storage
requirements as well as the cost of mathematical operations.
For a comprehensive overview of different tensor decompo-
sitions, we refer to Ref. 22. In this work, we only consider
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the canonical decomposition/parallel factors (CP) tensor for-
mat which approximates a given tensor by a sum of rank-1
tensors.22–26 The CP format has been used in many areas of
research for the analysis of large data sets, for instance, in
fluorescence excitation-emission spectroscopy,27 but has also
gained some interest in the field of quantum chemistry.28–34

It was recently explored in the context of VCC,35,36 and later
the CP decomposition has also been applied to other types of
vibrational-structure calculations37,38 as well as in the context
of fitting potential-energy surfaces (PESs).39 Working with
decomposed tensors introduces a range of new challenges in
solving the VCC equations. This includes (i) the introduc-
tion of approximations in the DIIS and CROP subspaces, (ii)
obtaining a CP representation of the inverse Jacobian diago-
nal without constructing the full tensors, and naturally (iii) the
implementation of general VCC algorithms for evaluating the
error vector in the CP format.

The focus of this paper is examining the robustness
and convergence rates of the different algorithms using both
full and approximate (CP-decomposed) tensors. Optimizing
the tensor-decomposed VCC algorithm is currently ongoing
research and a thorough discussion of its performance and
detailed implementation is thus a subject for a later publication.

Secs. II–VII are structured as follows. Section II provides
an introduction to vibrational-structure theory and Section III
describes the different algorithms for solving the non-linear
VCC equations. In Section IV, tensor decomposition is intro-
duced in the context of VCC and the benefits and challenges are
discussed. Section V provides an overview of the implementa-
tion while Section VI presents a benchmark of the algorithms
on different VCC state optimizations. Finally Section VII
provides a summary and outlook.

II. VIBRATIONAL COUPLED-CLUSTER THEORY

Considering a molecule consisting of N atoms, the num-
ber of vibrational modes is M = 3N � 6(5) (M = 3N � 5 in the
case of a linear molecule). The nuclear motion is described by
the coordinates {qm} and the vibrational states are obtained
by solving the time-independent Schrödinger equation with
the vibrational Hamiltonian H = Tn + V ({qm}) where Tn

is the nuclear-kinetic-energy operator and V ({qm}) is the
potential-energy surface (PES). For computational simplicity
the Hamiltonian is represented as a sum-over-products (SOPs)
of one-mode operators hmotm

,40,41

H =
∑

t

ct

∏
m∈mt

hmotm
. (1)

The SOP form is instrumental for obtaining a computational
gain using the CP format as a Hamiltonian transformation in
this case corresponds to a series of one-index transformations.
As discussed in Ref. 35, these can be performed very effi-
ciently for CP tensors. See Refs. 42–46 for further details on
the construction of the vibrational Hamiltonian.

For each vibrational mode, we introduce a one-mode
basis {φm

rm (qm)} with rm = 0, . . . , Nm − 1. In analogy with
orbitals in electronic-structure theory, the one-mode func-
tions are denoted as modals. The M-mode wave function is
parametrized in terms of simple Hartree products of modals. In

second-quantization (SQ), Hartree products are expressed as
occupation-number vectors (ONVs).2 The state with no occu-
pation is denoted as the vacuum state |vac〉. All states and
operators can thereby be expressed in terms of the creation
and annihilation operators, am†

rm and am
rm , adding or removing

occupation in the modal rm of mode m. These operators obey
the commutation relations,

[am†
rm , am′†

sm′ ] = [am
rm , am′

sm′ ] = 0, (2a)

[am
rm , am′†

sm′ ] = δmm′δrmsm′ . (2b)

A mean-field description of the interactions between the differ-
ent modes is provided by the vibrational self-consistent field
(VSCF) method,2,47–50 which also serves as a reference state
for VCC. The VSCF ansatz is a single Hartree product where
the modals are optimized variationally by applying unitary
transformations. This results in an occupied modal indexed by
im and a set of virtual modals indexed by am, bm, cm, dm for
each mode, m.

Dynamic correlation between the vibrational modes is
accounted for by including excited Hartree products in the
wave-function ansatz. This can be done using different wave-
function parameterizations such as vibrational configuration
interaction (VCI),2,48,51,52 vibrational Møller-Plesset (VMP)
perturbation theory,53–55 and vibrational coupled cluster the-
ory. In this paper the focus is on VCC theory where the
wave-function ansatz is given by

|VCC〉 = exp(T )|Φi〉, (3)

where |Φi〉 is the reference state (usually a VSCF state) and T
is the cluster operator defined as

T =
∑

m∈MCR[T ]

∑
µm

tm
µmτm

µm . (4)

Here the summation over m runs over all mode combinations
(MCs) included in the mode-combination range (MCR) of the
cluster operator. The sum over µm contains all excitations
within the MC m. The cluster amplitudes tm

µm are the free

wave-function parameters, and τm
µm =

∏
m∈m am†

am am
im are the

corresponding excitation operators. Inserting Eq. (3) into the
Schrödinger equation, transforming with exp(−T ), and pro-
jecting the equations on the reference configuration as well as
the manifold of excited Hartree products results in an expres-
sion for the VCC energy and a set of non-linear equations
defining the amplitudes

EVCC = 〈Φi | exp(−T )H exp(T )|Φi〉 = 〈Φi |H exp(T )|Φi〉,

(5)

em
µm ≡ 〈µm | exp(−T )H exp(T )|Φi〉 = 0. (6)

By truncating the excitation level in the cluster operator
at n-mode excitations, we define the VCC[n] hierarchy of
methods. Equations (5) and (6) are visually quite similar
to the electronic-structure CC equations,10 but because the
vibrational Hamiltonian contains up to M-mode couplings,
the Baker-Campbell-Hausdorff (BCH) expansion does not
necessarily truncate after the quartic amplitude terms.3,10

Thereby, the VCC working equations are generally much
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more complicated and contain many more terms than their
electronic-structure analogues as described in Ref. 3.

III. VCC OPTIMIZATION METHODS

The VCC equations (Eq. (6)) are high-dimensional and
non-linear and are therefore solved using an iterative proce-
dure. Performing a 1st-order Taylor expansion of the VCC
error vector at a given set of trial amplitudes,

e(n) ≡ e(t(n)) ≈ e(n−1) + A∆t(n) = 0, (7)

results in the linearized problem of the full Newton-Raphson
method,

A∆t(n) = −e(n−1), (8)

where A is the VCC Jacobian matrix. This set of linear equa-
tions can be solved using iterative methods to obtain the ampli-
tude update. We use the Newton-Raphson method (as well as
the quasi-Newton methods) in combination with a line search
that reduces the step size if the error increases in a given step.
Alternatively, the line search can be invoked as soon as the
error decreases less than a given percentage.

Transformations of trial vectors with the VCC Jacobian,

Aµmνm′ = 〈µm | exp(−T )[H, τνm′ ] exp(T )|Φi〉 , (9)

are necessary for solving Eq. (8) iteratively and are roughly as
expensive as calculating the VCC error vector, which is the bot-
tleneck of any VCC optimization. Therefore, developing effi-
cient algorithms that avoid transformations with the full VCC
Jacobian is essential in order to minimize the computational
cost.

A. Diagonal quasi-Newton methods

One way of reducing the operation count of the update
step significantly is to use a diagonal approximation to the
VCC Jacobian. This can be done by introducing the Møller-
Plesset partitioning of the vibrational Hamiltonian H = F + U
where F is the mean-field operator and U is the fluctuation
potential. Keeping only terms that contribute to 0th order in the
fluctuation potential results in the 0th-order VCC Jacobian,1,10

[A0]µmνm′ = 〈µm | exp(−T )[F, τνm′ ] exp(T )|Φi〉

= 〈µm | exp(−T )ενm′ τνm′ exp(T )|Φi〉

= εm′

νm′ δµmνm′ δmm′ , (10)

with εm
µm =

∑
m∈m

(
E(0)

am − E(0)
im

)
=

∑
m∈m ω(0)

am being a sum
of VSCF modal-energy differences. Note that this is not the
exact diagonal but an approximation that is perturbationally
motivated and easy to calculate from low-dimensional quan-
tities, namely, the VSCF modal energies. Approximating the
VCC Jacobian with A0 leads to the following expression for
the quasi-Newton update:

∆t(n)
µm = −[A−1

0 e(n−1)]µm = −
em,(n−1)
µm

εm
µm

. (11)

Because A−1
0 is diagonal, it is possible to update the amplitudes

of each MC separately, constructing the relevant parts of the
inverse 0th-order Jacobian diagonal on the fly.

A different approach is to use the improved diagonal
Jacobian approximation (IDJA) where the inverse Jacobian is
updated in each iteration to satisfy a quasi-Cauchy condition
ỹT

k sk = ỹT
k A−1

k+1ỹk while keeping the diagonal structure,56

A−1
IDJA, n+1 = A−1

IDJA, n + ∆n+1. (12)

Here ∆n+1 is a diagonal matrix which is calculated from
A−1

IDJA, n, e(n), and t(n) by minimizing the squared update norm
| |∆n+1 | |

2 subject to the quasi-Cauchy condition. The update is
only performed if the norm of y(n) = e(n)

� e(n�1) is larger than
a given threshold T IDJA. This method requires the approximate
inverse Jacobian A−1

IDJA, n to be stored which slightly increases
the memory requirements compared to the A0 update. The
starting point A−1

IDJA, 0 can be initialized in different ways. An

obvious choice would be to start at A−1
IDJA, 0 = A−1

0 which is
our default setting, but in principle any diagonal matrix can be
used. For example, in Ref. 56 a unit matrix is used as initial
approximation.

B. Reduced-Jacobian methods

A physically motivated way of introducing a hierarchy
of VCC Jacobian approximations that contains A0 and A as
limiting cases is to use a reduced VCC Jacobian for some
parts of the excitation space and the diagonal A0 for every-
thing else. The idea is to solve the Newton-Raphson equations
for a VCC Jacobian of lower excitation order, e.g., using the
VCC[2] Jacobian for updating the one- and two-mode ampli-
tudes in a VCC[3] calculation, and A0 for the higher excitation
levels. For a VCC[n] calculation, the hierarchy of Jacobian
approximations Ak for k < n is defined as

Ak �

(
AVCC[k] 0

0 εm′

νm′ δµmνm′ δmm′

)
. (13)

This idea is similar to the improved preconditioners described
in Ref. 57. It should be noted that the reduced-space Jaco-
bian is not identical to the corresponding block of the full
Jacobian, as all contributions from the higher-order excitations
are neglected. For example, the one- and two-mode blocks of
the VCC[3] Jacobian contains contributions from the triples
amplitudes, while the VCC[2] Jacobian does not. However, the
amplitudes used in AVCC[k ] are the low-order amplitudes of
the VCC[n] calculation, which are not identical to the VCC[k]
amplitudes.

The Ak approximations are expected to improve the con-
vergence rate compared to A0 in the cases where the largest
off-diagonal elements are due to couplings between low-order
excitations. By reducing the coupling order of the Jacobian,
the cost of solving the linear system is reduced significantly.
Thereby, the main bottleneck becomes the evaluation of the
VCC error vector as it should be.

It is also possible to devise a scheme where the k-level
of the Ak approximation is increasing during the course of
iteration. In our implementation, the relative error change

∆e(n)
rel =

| |e(n) | |− | |e(n−1) | |

| |e(n−1) | |
is calculated in each iteration and the

largest absolute value |∆emax
rel |= maxn |∆e(n)

rel | is determined. If

|∆e(n)
rel | < α |∆emax

rel | in a given iteration, the excitation level k is
increased. In our calculations we use α = 0.5. We denote these
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adaptive, reduced-Jacobians methods Akmin−kmax where kmin and
kmax are the initial and the maximum allowed excitation levels,
respectively.

C. Minimal-residual methods

DIIS is one of the standard methods of accelerating the
convergence of the diagonal quasi-Newton method in quantum
chemistry.10,58 In DIIS the VCC amplitudes and error vectors
are kept to span iterative subspaces tn : {t(0), t(1), . . . , t(n)} and
en : {e(0), e(1), . . . , e(n)}. The optimal set of amplitudes is then
parametrized as a linear combination of the previous iterates
or search directions,

t(n)
opt = t(n) +

n−1∑
i=0

ci

(
t(i) − t(n)

)
. (14)

The DIIS method may be viewed as a quasi-Newton method
where the residual of the form r(n) ≡ e(n) +A∆t(n) is minimized
with respect to the ci coefficients by invoking the quasi-Newton
condition.18 It has been shown in Ref. 58 that the DIIS method
is actually equivalent to the multi-secant version of Broyden’s
second method. Introducing the constraint

∑n
i=0 ci = 1 leads

to the following linear equations for the ci coefficients:

*
,

B −1

−1 0
+
-
*
,

c

λ
+
-
= *
,

0

−1
+
-

, (15)

with Bij = 〈e(i) |e(j)〉. The amplitudes are then updated as,

t(n+1) = t(n)
opt + e(n)

opt, (16)

where the optimized residual is given as e(n)
opt =

∑n
i=0 cie(i).

Just like Broyden’s method, the DIIS algorithm can
exhibit superlinear convergence if the iterates are close to
the actual solution.58 However, often the DIIS subspaces are
truncated to avoid storing too many vectors. This may lead
to slow convergence or even divergence if important vectors
are discarded.17 In order to keep the important information in
as few vectors as possible, Ziółkowski et al. introduced the
CROP method, where the subspace vectors are replaced in
each iteration by the optimized amplitudes and residuals.18

Thereby, the iterative subspaces in the CROP method are
{t(0)

opt, t(1)
opt, . . . , t(n−1)

opt , t(n)} and {e(0)
opt, e(1)

opt, . . . , e(n−1)
opt , e(n)}, and

the B-matrix elements are calculated using the residuals of
the optimized subspace. In the context of electronic-structure
theory, the CROP algorithm has been shown to only require
3 subspace vectors to retain the convergence rate if the CC
error-vector function is not strongly non-linear.17,18 In the fol-
lowing, CROP(n) and DIIS(n) are used to denote the CROP
and DIIS schemes with n subspace vectors.

In contrast to the full Newton-Raphson method and the
diagonal quasi-Newton methods, it is not trivial to define a
search direction for DIIS and CROP if the error increases.
Therefore, we do not use a line search in combination with
the minimal-residual methods. In fact, during a difficult VCC
optimization it is often necessary to build up a small subspace
before the equations start to converge, and during that initial
startup phase, the error may oscillate.

1. Preconditioning of the DIIS and CROP methods

In order to obtain fast convergence with the DIIS and
CROP methods, they should be used in combination with
a preconditioner M. This modifies the B-matrix elements to
Bij = 〈e(i) |M−1e(j)〉 (using optimized residuals in the case of
CROP) and the amplitude update takes the form18

t(n+1) = t(n)
opt + M−1e(n)

opt. (17)

The preconditioner should be chosen in such a way that M�1

is a good approximation to A�1. Thereby, an obvious choice
would be M = A0, but using AIDJA or one of the reduced-
excitation-space VCC Jacobians is also possible. This makes
it clear why the DIIS and CROP algorithms are often denoted
as convergence acceleration methods. In the limiting cases
where no previous vectors are kept, the preconditioned algo-
rithms simply reduce to one of the quasi-Newton methods
described in Secs. III A and III B depending on the choice
of the preconditioner.

A diagonal preconditioner like A0 is preferred. Otherwise,
a set of linear equations must be solved for each subspace
vector in order to construct the B matrix. Thus, in our test
calculations we use A0 as a preconditioner unless otherwise
stated.

IV. TENSOR DECOMPOSITION IN THE CONTEXT
OF VCC

The VCC amplitudes for a given MC can be represented
as a tensor with a dimensionality or order corresponding to the
excitation level.35,36 Thereby, the VCC amplitudes and error
vectors can be stored as vectors of tensors: t = {tm}, e = {em}.

In order to minimize the cost of mathematical operations
as well as the storage requirements for high-order tensors, the
amplitudes and error vectors can be decomposed using the CP
format where the tensors are approximated by sums of rank-1
tensors. For a tensor X ∈ RI1 × I2×··· × ID the CP representation
is given as

X ≈
RX∑
r=1

x1
r ⊗ x2

r ⊗ . . . ⊗ xD
r , (18)

with the elementwise expression,

xi1i2 ...iD ≈

RX∑
r=1

x1
i1rx2

i2r . . . x
D
iDr . (19)

The matrices containing the xn
inr elements are denoted as the

mode matrices of X, and RX is the approximate rank. If RX

is small, the computational scalings of, e.g., the VCC tensor
contractions described in Refs. 3–5 are reduced significantly.
Thereby, the scaling of the VCC models with respect to the
size of the one-mode basis Nm is reduced.

The CP format is favorable in combination with a size-
extensive wave-function method like VCC due to the fact
that the VCC amplitudes of the interactions between non-
interacting subsystems are exactly zero, resulting in rank-0
amplitude and error-vector tensors. Thereby, tensor decompo-
sition allows for automatic adaptation of the computational
effort to the physical nature of a given interaction. Going to
larger molecular systems, the number of weakly interacting
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modes increases. This opens for the possibility of reducing
the M scaling of the VCC models using tensor decomposition
as well as to significantly reduce the memory requirements of
the VCC solver.

As long as the ranks of the VCC amplitudes and error
vectors are small, both memory and computational effort are
saved. However, when calculating a sum of CP tensors, the
rank of the result is equal to the sum of the initial ranks. There-
fore, during the summation of the many terms in the VCC
amplitude equations (Eq. (6)) and after performing updates of
the trial vectors, all tensors need to be recompressed, i.e., fitting
the tensor G to a low-rank representation F such that the error
in doing so is smaller than a given threshold | |F − G| | < TCP.
We have implemented a scheme that will be described in
Sec. V B where the accuracy of the VCC amplitudes and error
vectors is adapted to the norm of the amplitude update from
the previous iteration.

Using tensor decomposition reduces the computational
effort, but unfortunately it also introduces errors in the sub-
spaces of previous amplitudes and error vectors used in the
DIIS and CROP algorithms. In order to make use of these
algorithms with CP tensors, it is important to examine the
effect of these errors on the convergence rates compared to
the calculations without tensor decomposition. Furthermore,
the last vector in each CROP subspace is replaced by a linear
combination of all the other vectors in each iteration. There-
fore, the optimized CROP vectors need recompression before
they are added to the subspace, which is not an issue with
DIIS.

A. Laplace-decomposed energy denominators

Most of the iterative algorithms described in Section III
use the inverse 0th-order VCC Jacobian A−1

0 as a precondi-
tioner. In order to keep all tensors in the CP format, an accurate
CP representation of A−1

0 is required. It is possible to calculate
the preconditioner as a vector of full tensors and decompose
it to the CP format. However, this quickly becomes inefficient
if the decomposed preconditioner is not stored in memory, but
rather constructed whenever needed. To solve this problem,
we use the so-called Laplace-transformed energy denomina-
tors which are also used in the context of electronic-structure
Møller-Plesset perturbation theory,59–62

1∑
m∈m ω(0)

am

=

∫ ∞
0

exp *
,
−s

∑
m∈m

ω(0)
am
+
-

ds. (20)

The Laplace transform of the reciprocal function 1/x on the
interval x ∈ [1, R] can be approximated using numerical
quadrature,

1
x
≈ ER(x; {4r }, {αr }) =

R∑
r=1

4r exp(−αrx), (21)

with the points {αr } and weights {4r }. Changing the inter-
val to [A, B] with B = AR simply requires the multiplication
of all points and weights by 1/A. It is clear that the Laplace
denominators can be viewed as CP tensors,

[A−1
0 ]µm =

1∑
m∈m ω(0)

am

≈

R∑
r=1

4r

∏
m∈m

e−αrω
(0)
am , (22)

with mode matrices xm
amr = |4 |

1/De−αrω
(0)
am distributing the

weight factors equally among the modes (if 4 < 0, the minus
sign is absorbed into the first mode matrix). As such, the
Laplace decomposition allows us to solve the VCC equations
without ever constructing a full tensor.

Obtaining the points and weights can be done in several
ways. One approach is to use least-squares fits.59–61 We use the
minimax approximation that minimizes the Chebyshev norm
of the error function, ηR(x; {4r }, {αr })=ER(x; {4r }, {αr })
− 1

x ,62,63 using the points and weights calculated by Hackbusch
et al.64 without further optimization.

If A−1
0 contains both positive and negative elements, the

Laplace transformation cannot be used as it is, as we then try to
fit a singularity to a sum of continuous functions. Therefore,
in the current implementation the full tensor is constructed
and decomposed using different types of guesses depending
on the size of the interval. However, this issue only occurs
when we are targeting excited states using state-specific VCC
which we would normally not do. For calculating excitation
energies, etc., we instead use VCC response theory65,66 where
the non-linear VCC equations only need to be optimized for
the vibrational ground state. Using response theory, the same
issue may occur when preconditioning in the Davidson update
step. This, however, will be addressed in the context of a later
investigation.

V. IMPLEMENTATION

All the described algorithms have been implemented in
the MidasCpp program,67 which includes implementations of
all vibrational-structure methods described in Section II. The
general VCC algorithm described in Ref. 3 has been modified
to be able to treat both full and CP-decomposed tensors as well
as to handle recompressions, etc., automatically.

A. Structure of the VCC equation solver

The overall structure of the equation solver is shown in
Algorithm 1. If CP-decomposed tensors are used, the VCC
amplitudes are recompressed at the beginning of each itera-
tion before calculating the error vector. The convergence of
the non-linear equations can be checked in various ways. The
standard procedure is to check the norm of e(n). Since the
error vector is composed of error tensors for each MC, it is
also possible to check the maximum MC error maxm | |em,(n) | |.
The latter type of check is less dependent on the number of
parameters and can, for example, be used when performing
calculations on non-interacting monomers, as it is indepen-
dent on the number of monomers, which is not the case when
checking the full error-vector norm. Another check of conver-
gence which can be employed alone or in combination with
the others is looking at the energy change between iterations.
If the equations are not converged, the amplitudes are updated
and the algorithm proceeds to the next iteration. If we are
using IDJA, the preconditioner is updated before updating the
amplitudes.

B. Adaptive decomposition thresholds

If using decomposed tensors, the decomposition thresh-
old for the amplitudes TCP,t is set relative to the norm of the
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Algorithm 1. Non-linear VCC solver.

* Only performed when using CP-decomposed tensors.
** The line search is not used with CROP and DIIS.
*** Only performed when using IDJA.
† Calculating the error vector is the bottleneck in any VCC calculation.
†† For Newton-Raphson, the amplitude update is also a bottleneck.

previous amplitude update | |∆t(n) | |,

T (n)
CP,t = max

{
Tmin

CP,t , Ct × ||∆t(n) | |
}

, (23)

where Tmin
CP,t is a user-defined minimum threshold, which is

typically set to be a few orders of magnitude smaller than the
convergence threshold for the non-linear solver TVCC, and Ct

is a scaling parameter, that determines the relative accuracy
compared to the previous iterate. In this way, the numerical
error introduced by the low-rank CP representation is kept
smaller than the magnitude of the amplitude update.

The error-vector accuracy TCP,e is subsequently deter-
mined in a dynamic way relative to TCP,t . Generally, the error
vectors need higher accuracy in order for the equations to con-
verge. This is partially due to accumulation of errors resulting
from the large number of terms in the VCC error vector, but
the most important reason is that applying the preconditioner
when calculating the update magnifies the amplitude of the
error vector by several orders of magnitude. Thereby, obtaining
a reasonable accuracy of ∆t = A−1

0 e requires a very accu-
rate representation of e. The simplest scheme is to represent
all tensors in the VCC error vector to the same accuracy by
multiplying TCP,t by a constant factor Ce,

T (n)
CP,e = max

{
Tmin

CP,e, Ce × T (n)
CP,t

}
. (24)

However, it is possible to devise a more flexible scheme, where
the accuracy of each tensor in e = {em} is adapted to the norm
of the corresponding preconditioner by using the relative norm
from the previous iteration,

Tm,(n)
CP,e = max




Tmin
CP,e, Cin

e × T (n)
CP,t ×

||em,(n−1) | |

| |[A−1
0 ]

m
∗ em,(n−1) | |




,

(25)

where [A−1
0 ]

m
is the block of A−1

0 corresponding to the MC m
and Cin

e is a scaling parameter. If ||em|| = 0 in a given iteration,
the relative norm in Eq. (25) is set to | |[A−1

0 ]
m
| |−1. This is also

done in the first iteration, where no previous error vectors have
been calculated.

Using CROP with CP-decomposed tensors makes it nec-
essary to recompress the optimized trial vectors and residuals
in each iteration. Otherwise, the ranks of the tensors in the iter-
ative subspaces will grow rapidly. It is important to decompose
the subspace tensors to sufficient accuracy in order to main-
tain the convergence rate. The optimized trial vectors t(n)

opt are
decomposed to the same accuracy as the VCC amplitudes TCP,t

defined in Eq. (23), and the accuracy of the optimized resid-
uals e(n)

opt is determined either by Eq. (24) or by employing a
scheme similar to the one described in Eq. (25),

Tm,(n)
CP,CROP = T (n)

CP,t ×
||em,(n)

opt | |

| |[A−1
0 ]

m
∗ em,(n)

opt | |
. (26)

Another approach is to save the preconditioned residuals ẽ(i)
opt

= {[A−1
0 ]

m
∗ em,(i)

opt } in the iterative subspace and recompress
those to the same accuracy as the VCC amplitudes.

VI. RESULTS AND DISCUSSION
A. Computational details

The benchmark calculations are performed on a set of
molecules: formaldehyde (6 modes), ethylene (12 modes),
thiadiazole (15 modes), and oxazole (18 modes) using the
PESs described in Refs. 68, 69, 35, and 70, respectively. All
PESs include up to 3-mode couplings. For the vibrational
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wave-function calculations on ethylene, thiadiazole, and oxa-
zole, we use the same modal basis sets as used in the references.
The formaldehyde calculations have been performed using the
harmonic-oscillator basis described in Ref. 1. The formalde-
hyde PESs used for comparing the different vibrational coor-
dinates in Sec. VI E are the ones described in Ref. 21. The
benchmark includes calculations with up to 1.46 × 107 free
parameters (VCC[5] on ethylene with Nm = 8). These large
spaces include more parameters than is strictly necessary, but
good criteria for picking the right parameters to include must
be given to exploit this fact. The number of VCC param-
eters can be reduced by physically motivatived techniques
as described in Ref. 71. However, the idea here is that the
tensor-decomposition techniques provide a sort of dynamic
adaptation of the parameter set to the strength of a given inter-
action. All parameters of the given VCC model are formally
taken into account, but the weak interactions are represented
by low-rank tensors reducing the memory requirements and
the computational cost.

All calculations were converged to TVCC = 10�8, which
typically corresponds to an energy change in the final itera-
tions of ∆EVCC ∼ 10−12a.u.. In other words, we study the
performance of the methods for very tightly converged cases
where the results are converged beyond any reasonable doubt.
In practical calculations, these thresholds can often be relaxed
somewhat saving computational effort both in full-tensor and
tensor-decomposed calculations.

For the tensor-decomposed calculations, we use 4 Laplace
points to represent A−1

0 as our default setting, and we have in
our studies not seen any improvements using more points.

B. Benchmark calculations

As an initial benchmark, a series of VCC wave-function
optimizations are performed on all molecules in the test set.

In Table I the number of iterations and the wall times rela-
tive to the diagonal quasi-Newton method for each calcula-
tion are shown. Data for the difficult vibrational states where
not all algorithms are able to reach convergence are shown
in Table II. For each row, the timings are normalized with
respect to the Newton-Raphson algorithm. For the Newton-
Raphson method, the number of VCC-Jacobian transforma-
tions corresponding to the total number of iterations in the
linear-equation solver is reported as Nmicro

iter . The number of
error-vector evaluations which is equal to the number of iter-
ations in the non-linear VCC solver is denoted as Nmacro

iter . In
Table I the excitation level in the reduced-Jacobian method
was set to k = n � 1 for a VCC[n] calculation. The differ-
ent reduced-Jacobian methods are compared in Sec. VI C.
The molecules are ordered with respect to their size, and
the vibrational states are ordered in terms of their difficulty
(degree of mixing). The general trends are that for ground-
state problems the CROP method with 3 subspace vectors
has the fastest time-to-solution of all the algorithms for all
studied molecules. For the large systems, i.e., thiadiazole and
oxazole, the number of iterations and thereby the compu-
tation time are reduced to ∼1/3 compared to the diagonal
quasi-Newton algorithm. Further numerical studies (not shown
here) indicate that DIIS performs similar to CROP if around
6-9 vectors are kept. This will be discussed further in
Sec. VI D. The effect of the IDJA algorithm is modest,
and on average it does not improve on the standard diago-
nal quasi-Newton method. This is probably due to the fact,
that our choice of A0 is a sufficiently good approximation
to the actual VCC Jacobian. Correcting this using a sim-
ple quasi-Cauchy condition will not necessarily improve the
description.

The reduced-Jacobian methods perform very well in the
sense that they reduce the number of iterations compared to
the diagonal quasi-Newton method. There is an increase in

TABLE I. Number of iterations and wall times relative to the diagonal quasi-Newton algorithm (trel = t/tQN ) for a wide range of VCC optimizations. The
µi-labels refer to the excited fundamentals, e.g., µ1 = [1, 0, 0, 0, 0, 0] for formaldehyde. All calculations were performed using 8 basis functions per mode
(Nm = 8) and converged to TVCC = 10�8.

Diagonal QN IDJAa Reduced Jacobianb DIIS(3)c CROP(3)c Newton-Raphson

N iter trel N iter trel N iter trel N iter trel N iter trel Nmacro
iter Nmicro

iter trel

Formaldehyde VCC[3] gs 28 1 27 1.00 18 1.40 14 0.50 11 0.40 6 16 1.70
VCC[4] gs 29 1 29 1.00 18 1.01 15 0.55 13 0.45 7 22 2.41
VCC[5] gs 30 1 29 0.98 18 0.77 19 0.62 16 0.52 6 24 2.70
VCC[3] µ1 23 1 33 1.33 27 2.56 21 0.89 16 0.67 5 18 2.22
VCC[4] µ1 32 1 42 1.32 26 1.36 28 0.90 20 0.63 6 24 2.73

Ethylene VCC[3] gs 45 1 44 0.95 42 1.35 16 0.35 13 0.28 6 19 0.95
VCC[4] gs 25 1 37 1.43 24 1.24 23 0.89 15 0.62 6 21 2.23
VCC[5] gs 27 1 39 1.30 22 0.93 25 0.92 17 0.62 6 24 2.81

Thiadiazole VCC[3] gs 55 1 51 0.95 29 0.78 19 0.35 14 0.26 6 16 0.86
VCC[4] gs 62 1 58 0.89 28 0.60 22 0.35 16 0.26 6 18 0.98

Oxazole VCC[3] gs 38 1 42 1.07 28 1.05 20 0.52 15 0.38 6 16 1.15
VCC[4] gs 49 1 48 0.95 32 0.94 28 0.56 19 0.38 6 20 1.38

aFor IDJA a threshold of T IDJA = 10�3 was used.
bFor the reduced Jacobian methods k = n � 1 in all calculations.
cFor CROP and DIIS, A0 was used as preconditioner in all calculations.
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TABLE II. Data for the harder VCC optimizations. The µi-labels refer to the excited fundamentals, e.g., µ5
= [0, 0, 0, 0, 1, 0] for formaldehyde. All calculations were performed using 8 basis functions per mode (Nm = 8)
and converged to TVCC = 10�8. The timings are relative to the full Newton-Raphson algorithm for each calculation:
trel = t/tNR.

DIIS(n) CROP(n) Newton-Raphson

n N iter trel n N iter trel Nmacro
iter Nmicro

iter trel

Formaldehyde VCC[3] µ5 Alla 100 1.03 Alla 99 1.03 8 36 1
VCC[4] µ5 12 20 0.17 12 26 0.22 6 36 1

Ethylene VCC[3] µ2 All 33 0.24 All 33 0.24 6 72 1
VCC[4] µ2 All 146 0.62 All 146 0.62 7 274 1

aThe formaldehyde VCC[3] µ5 calculation was performed without any preconditioning in the CROP and DIIS algorithms.

the computational cost from solving the linear system, but the
scaling of this step with respect to the number of modes M is
of lower order than the scaling of the error-vector calculation.
Therefore, when going to large systems the relative cost of the
update step will eventually become negligible compared to
the cost of the residual evaluation. This is also observed in the
data, where the relative wall times of the reduced-Jacobian
methods are seen to be smallest for the larger molecules.
Although this approach is quite successful, it is challenged
by simpler methods like CROP performing better at a lower
cost. This will be investigated in further detail in Sections VI C
and VI D.

Generally, the number of iterations for the diagonal quasi-
Newton method increases with increasing VCC order. How-
ever, this is not the case for the VCC[4] and VCC[5] calcula-
tions on the ground state of ethylene. This is due to a number of
fortunate backsteps. In the VCC[3] optimization, the conver-
gence is slow all the way through, but the line search is never
used, as the error decreases in all iterations. The VCC[3] opti-
mization can be made to converge faster if the conditions for
reducing the step size are changed, but it is hard to determine
a black-box setting that works well in all cases.

The µ5 state of formaldehyde shows strong multi-
reference character as discussed in Refs. 1 and 72 and is there-
fore very difficult to converge without using a full Newton-
Raphson method (see Table II). One of the problems is that
for this state A0 is a very poor approximation to the VCC
Jacobian, and therefore in the first iteration of the VCC[3]
calculation, the geometric angle between the 0th-order update
and the Newton-Raphson update is actually∼π. Said in another
way, the first diagonal-quasi-Newton step goes in the complete
opposite direction of the Newton-Raphson step, which in turn

also results in convergence problems for DIIS and CROP if
A0 is used as a preconditioner. Furthermore, using A0 the
DIIS and CROP calculations converge to the [0, 0, 1, 0, 0,
1] state. Therefore, the DIIS and CROP results in Table II for
the VCC[3]-calculations on the µ5 state have been performed
without any preconditioning. This results in the correct state,
but the computational time is not reduced compared to using
the full Newton-Raphson method.

These problems are not seen to the same extent in the
VCC[4] calculations where CROP and DIIS converge in a
much shorter time than Newton-Raphson. One possible expla-
nation could be that the VCC[4] wave function provides a
significantly better description of the µ5 state. The VCC[4]
calculations on the µ5 state is the only example we have
observed of DIIS performing better than CROP storing the
same number of vectors. This example also shows the impor-
tance of being able to perform higher-order VCC calculations
on complex states. Such calculations involve many large ten-
sors and are generally much more realistic to achieve using the
CP-decomposed VCC algorithm.

C. Convergence of the reduced Jacobians

The results in Table I only show the convergence proper-
ties of the reduced-Jacobian approximations Ak with k = n � 1
for VCC[n]. However, it is interesting to examine the conver-
gence of the VCC equations using the full series of Jacobians
from the diagonal approximation A0 to the full Jacobian A. We
also test the adaptive A2�3 Jacobian described in Section III B.
Figure 1 shows the residual norm ||e|| during the iterations of the
VCC solver when solving the ground-state VCC[4] equations
for thiadiazole and oxazole. As expected, the results clearly

FIG. 1. Convergence of VCC[4] calcu-
lations on the ground state of thiadia-
zole and oxazole with Nm = 8 using the
hierarchy of Jacobian approximations.
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show an improvement in the convergence rate when includ-
ing higher excitation levels in the Jacobian. Including only the
singles as in A1 only reduces the number of iterations in the
thiadiazole calculation by one compared to the diagonal quasi-
Newton method, and for oxazole the singles excitations make
no difference. This is to be expected since the singles space
is very small compared to the higher-order excitation spaces.
Including also up to double and triple excitations in the Jaco-
bian reduces the number of iterations significantly. However, it
is also apparent that after an initial speed up compared to the A0

update, the convergence rate slows down in later iterations and
eventually approaches the rate of the diagonal quasi-Newton
method. This can be explained from the fact that Ak mainly
speeds up the convergence of the amplitudes of order ≤k.
Once these amplitudes are sufficiently close to their optimized
values, the rate-determining factor is the convergence rate of
the diagonal quasi-Newton method used to update the higher-
order amplitudes. Thereby the error curves of the Ak methods
eventually deviate from the Newton-Raphson curve and end
up having almost the same slope as the A0 curve. It is seen
that A2�3 performs as well as A3, so the adaptive increase
of k in the Ak updates seems to be attractive saving time in
early iterations with no negative consequences for the overall
convergence.

D. Truncating the CROP DIIS subspaces

One of the main benefits of the CROP method in
electronic-structure theory is the ability to truncate the iter-
ative subspace without degrading the convergence proper-
ties.17,18 In Table I the DIIS and CROP methods are only
compared using three vectors, and we observe that CROP
clearly outperforms DIIS in those cases. It is therefore impor-
tant to examine how many subspace vectors are needed in
DIIS in order to obtain the same convergence rate as CROP.
Figure 2 shows ||e|| for each macro-iteration taken in the VCC
non-linear solver for the ground-state VCC[4] calculations
on thiadiazole and oxazole. It is clearly seen that increasing
the number of DIIS vectors makes the algorithm converge
faster and approach the convergence rate of the CROP(3)
algorithm. For the oxazole calculation, the DIIS algorithm
needs 9 vectors in order to converge in the same number of
iterations as CROP, and even in this case the errors start to
deviate around iteration sixteen, and thus CROP(3) converges
faster than even DIIS(9). For the ground-state calculations, we
have not seen that increasing the size of the CROP subspace
from 3 to a higher number results in faster convergence. This

TABLE III. Number of iterations for a series of ground-state VCC[4] cal-
culations on formaldehyde with Nm = 8 using different sets of vibrational
coordinates. In all calculations the equations were converged to TVCC = 10�8.

CROP(3) DIIS(3) DIIS(6) DIIS(9) DIIS(12)

NC 11 13 11 11 11
OC 9 9 9 9 9
HOLCa 9 9 9 9 9
LC 21 40 27 23 22

aThe HOLCs were obtained from a fourth-order Taylor-expanded PES using a penalty
weight of 4p = 10−5.

indicates that the assumption of weak non-linearity of the VCC
equations is valid in those cases and thereby 3 vectors are
enough to maintain the convergence rate of the CROP algo-
rithm. This result matches previous observations in electronic-
structure theory.17,18

If we set a tighter convergence threshold, the advantage of
CROP becomes even more apparent. CROP tends to maintain
the same convergence rate all the way through the calcu-
lation, while for DIIS the convergence may slow down as
already hinted at in Figure 2. Further studies indicate the same
behavior when comparing CROP to the reduced-Jacobian
algorithms.

As seen in Table I, the relative advantage of CROP com-
pared to DIIS seems to increase as the system size increases.
Therefore it is important to be able to maintain the CROP con-
vergence rate when starting to decompose the amplitudes and
residuals, since the CP decomposition is expected to be most
advantageous for large molecules. This will be discussed in
Section VI F.

E. Transforming the vibrational coordinates

Table III shows the number of iterations used to converge
a VCC[4] ground-state calculation on formaldehyde using
normal coordinates (NCs), optimized coordinates (OCs),73–75

localized coordinates (LCs),19,20,51 and hybrid optimized and
localized vibrational coordinates (HOLCs).21 It should be
noted that the LCs are generated by localizing all the coor-
dinates and not simply a few selected vibrational modes.21 In
previous applications of localized coordinates, the localization
has in fact only been carried out for a subset of modes to avoid
unphysical mixings. In the current investigation, we simply
want to contrast different extremes. We also note in passing
that the HOLCs automatically give such a partially localized
set.

FIG. 2. Convergence of VCC[4] calcu-
lations on the ground state of thiadia-
zole and oxazole with Nm = 8 using
CROP and DIIS with different numbers
of subspace vectors.
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FIG. 3. Convergence of VCC[4] calcu-
lations on formaldehyde in NCs and LCs
with Nm = 8 using CROP and DIIS.

It is evident from Table III that CROP(3) performs bet-
ter than DIIS(3) in both normal coordinates and localized
coordinates. The difference also becomes evident in OCs
and HOLCs if the VCC equations are converged to an even
tighter threshold than TVCC = 10�8. The number of iterations
is smaller for optimized coordinates and HOLCs compared
to normal coordinates. This can be explained from the fact
that both coordinate types are optimized by minimizing the
VSCF energy and thereby reducing the amount of mode cor-
relation which the VCC wave function needs to describe. On
the other hand, the VCC equations are generally much harder
to converge in the purely localized coordinates because of a
higher correlation between the vibrational modes, but it is clear
from Table III that CROP is more robust than DIIS in this
case. If converging to a very tight threshold TVCC = 10�12,
even DIIS(20) is not able to converge in as few iterations as
CROP(3). Detailed plots of the convergence in NCs and LCs
for different convergence-acceleration schemes are shown in
Figure 3.

These convergence plots are quite similar to Figure 2
in the sense that the DIIS(n) curves approach the CROP(3)
curve when the number of stored vectors is increased. It is evi-
dent from Figure 3 that the benefit of using CROP instead of
DIIS becomes more apparent in LCs compared to NCs. The
DIIS(n) curves begin to deviate from the CROP(3) curve at
approximately the same iteration number for the two types of
coordinates. However, because the NC calculations converge
in fewer iterations, the advantage of CROP over DIIS is clearer
in LCs.

F. Decomposing the VCC amplitudes and error vectors

Using CP-decomposed trial vectors and residuals intro-
duces numerical errors in the iterative subspaces which may
influence the convergence properties of CROP and DIIS. As
discussed in Secs. VI B–VI E, the CROP method is more

robust than DIIS when truncating the iterative subspaces and
also when localizing the vibrational coordinates. Therefore,
the focus of this section is to investigate how the convergence
properties of CROP can be maintained in a tensor-decomposed
framework.

Figure 4 shows the convergence of VCC[3] calculations
on formaldehyde and thiadiazole using CROP(3) with CP-
decomposed tensors using the adaptive decomposition thresh-
olds defined in Eqs. (23) and (24). It is seen that introducing
too large errors in the iterative subspaces increases the required
number of iterations. In the case of formaldehyde using Ct

= 10�2 and Ce = 10�3, the solver is not able to converge the
equations below | |e| | ∼ 10−6. This behavior is, however, not
observed for thiadiazole. For both molecules, using Ct = 10�3

and Ce = 10�4 makes the VCC solver converge in the same
number of iterations as when using non-decomposed tensors.

We now compare the simple adaptive-decomposition
scheme used in Figure 4 with the more flexible scheme outlined
in Eq. (25). Figure 5 shows the convergence of the formalde-
hyde and thiadiazole calculations using different combinations
of Ct and Cin

e . These results clearly indicate that it is possible
to make the convergence more stable by using the individual
thresholds of Eq. (25) compared to the simple scheme used in
Figure 4. Setting Cin

e = 1 works well in all our test calculations,
and thereby the performance of the adaptive-decomposition
scheme only depends on the choice of Ct .

The Laplace-decomposition introduces errors in the pre-
conditioner A−1

0 . However, performing VCC[3], Nm = 8 calcu-
lations on formaldehyde using different numbers of Laplace
points (R = 2 � 7), we saw no change in convergence rate
for the CROP(3) algorithm. Even though the absolute errors
in the Laplace-decomposed tensors are quite large for a
small number of points (R = 2), the norm-relative errors are

still
‖[A−1

0 ]
m
−[A−1

0 ]
m
CP ‖

‖[A−1
0 ]

m
‖

∼ 10−2 which is seen to be enough to

FIG. 4. Convergence of VCC[3] calcu-
lations on formaldehyde and thiadiazole
with Nm = 8 using different settings for
the adaptive decomposition thresholds.
Ct and Ce are defined in Eqs. (23) and
(24), respectively.
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FIG. 5. Convergence of VCC[3] calcu-
lations on formaldehyde and thiadiazole
with Nm = 8 using different settings for
the adaptive decomposition thresholds.
Ct and Cin

e are defined in Eqs. (23) and
(25), respectively.

maintain the convergence rate. For our default setting, we
choose 4 Laplace points which improves the accuracy com-
pared to R = 2 by approximately 3 orders of magnitude for
formaldehyde.

Using the CROP algorithm with CP-decomposed ten-
sors makes it necessary to recompress the optimized subspace
vectors. As described in Section V B, the thresholds for fit-
ting the optimized residuals can be chosen in different ways:
(a) decompose all tensors in eopt to the threshold defined in
Eq. (24), (b) decompose the tensors to individual accuracies
defined in Eq. (26), and (c) save the preconditioned residuals
A−1

0 ∗ e in the iterative subspace and decompose all tensors
to the same accuracy as the VCC amplitudes (Eq. (23)). The
effect of these approaches on the ranks of the subspace tensors
is shown for formaldehyde in Figure 6. It can be seen from
Figure 6 that the ranks of the subspace vectors and thereby the
computational cost of the recompression are reduced using
schemes (b) and (c) compared to scheme (a). The lowest ranks
are obtained if the preconditioned residuals are saved and
recompressed. This may be due to the preconditioner intro-
ducing additional sparsity in the residual tensors by weight-
ing every element by an importance measure given by the

modal-energy denominators, i.e., reducing the relative magni-
tude of the elements corresponding to highly excited Hartree
products compared to the more important configurations.76 We
have observed the same trends for calculations on thiadiazole.

VII. SUMMARY AND OUTLOOK

It has been demonstrated how the non-linear VCC equa-
tions can be solved using a variety of algorithms with different
computational costs and convergence properties. The basic
theory behind applying each method in the solution of the
VCC equations has been presented together with the structure
of the equation solver.

Our benchmark calculations show that the minimal-
residual methods, DIIS and CROP, are superior to both the
diagonal quasi-Newton methods and the reduced-Jacobian
methods in terms of convergence rate and computational cost.
The full Newton-Raphson method converges in fewer macro
iterations, but solving the VCC-Jacobian linear equations in
each iteration is in the end too expensive compared to using
the simpler methods. Ultimately, CROP or DIIS is the faster
choice. The CROP method is in our experience superior to DIIS

FIG. 6. Average rank of the 3rd-order
tensors in each CROP subspace when
storing the bare residuals em

opt and the

preconditioned residuals [A−1
0 ]

m
∗ em

opt,
respectively, for a VCC[3] calculation
on formaldehyde with Nm = 8. The
adaptive decomposition thresholds were
used with Ce = Ct = 10�4. The ten-
sors in the bare residuals can either be
recompressed to the same threshold as
used during the error-vector calculation
or to an individual threshold defined in
Eq. (26). The three calculations con-
verge in the same number of iterations.
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when the iterative subspaces are truncated. For most practical
applications, DIIS needs many more subspace vectors in order
to achieve the same convergence rate as CROP(3).

The application of tensor-decomposition techniques to
reduce the memory requirements and computational scal-
ing of the VCC models has been discussed. Using tensor-
decomposed trial vectors and residuals introduces new chal-
lenges and opportunities for designing and implementing a
VCC equation solver since it becomes possible to control the
accuracy of each MC individually.

When using CP-decomposed trial vectors and residuals,
the CROP iterative subspaces need additional recompression.
In that case, the decomposition thresholds can be chosen indi-
vidually for each MC or the residuals can be preconditioned
before adding them to the iterative subspace. This reduces the
computation time of their recompression and in the end leads
to lower ranks. Similar techniques can be used to speed up
the tensor-decomposed VCC algorithms and make the conver-
gence more stable when using adaptive decomposition thresh-
olds. The current results show that the VCC equations can
be solved efficiently using individual decomposition thresh-
olds during the calculation of the error vector. The most stable
convergence rates are observed for the flexible scheme using
individual decomposition thresholds for each MC. In the pro-
cess of developing the tensor-decomposed VCC algorithm, we
are currently able to reduce the memory requirements signifi-
cantly by using the CP format. This enables us to calculate the
error vector of high-order VCC models for larger molecules
such as thiadiazole which is not possible when using full
tensors. This will be a subject for further studies.

SUPPLEMENTARY MATERIAL

See supplementary material for the thiadiazole and oxa-
zole PESs used in our calculations.
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41A. Jäckle and H.-D. Meyer, “Product representation of potential energy
surfaces,” J. Chem. Phys. 104(20), 7974–7984 (1996).

42J. K. G. Watson, “Simplification of the molecular vibration-rotation Hamil-
tonian,” Mol. Phys. 100(1), 47–54 (2002).

43J. Kongsted and O. Christiansen, “Automatic generation of force fields and
property surfaces for use in variational vibrational calculations of anhar-
monic vibrational energies and zero-point vibrational averaged properties,”
J. Chem. Phys. 125, 124108–1–124108–16 (2006).

44M. Sparta, D. Toffoli, and O. Christiansen, “An adaptive density-guided
approach for the generation of potential energy surfaces of polyatomic
molecules,” Theor. Chem. Acc. 123(5–6), 413–429 (2009).

45C. König and O. Christiansen, “Linear-scaling generation of potential
energy surfaces using a double incremental expansion,” J. Chem. Phys.
145(6), 064105 (2016).

46M. H. Beck, A. Jackle, G. A. Worth, and H. D. Meyer, “The multicon-
figuration time-dependent Hartree (MCTDH) method: A highly efficient
algorithm for propagating wavepackets,” Phys. Rep. 324(1), 1–105 (2000).

47J. M. Bowman, “Self-consistent field energies and wavefunctions for
coupled oscillators,” J. Chem. Phys. 68(2), 608 (1978).

48J. M. Bowman, “The self-consistent-field approach to polyatomic vibra-
tions,” Acc. Chem. Res. 19(7), 202–208 (1986).

49S. Carter, S. J. Culik, and J. M. Bowman, “Vibrational self-consistent field
method for many-mode systems: A new approach and application to the
vibrations of CO adsorbed on Cu(100),” J. Chem. Phys. 107(24), 10458–
10469 (1997).

50M. B. Hansen, M. Sparta, P. Seidler, D. Toffoli, and O. Christiansen, “New
formulation and implementation of vibrational self-consistent field theory,”
J. Chem. Theory Comput. 6(1), 235–248 (2010).

51G. Rauhut, “Configuration selection as a route towards efficient vibrational
configuration interaction calculations,” J. Chem. Phys. 127(18), 184109
(2007).

52M. Neff and G. Rauhut, “Toward large scale vibrational configuration
interaction calculations,” J. Chem. Phys. 131(12), 124129 (2009).

53L. S. Norris, M. A. Ratner, A. E. Roitberg, and R. B. Gerber, “Møller-
plesset perturbation theory applied to vibrational problems,” J. Chem. Phys.
105(24), 11261–11267 (1996).

54J. O. Jung and R. B. Gerber, “Vibrational wave functions and spectroscopy
of (H2O) n, n = 2, 3, 4, 5: Vibrational self-consistent field with correlation
corrections,” J. Chem. Phys. 105(23), 10332–10348 (1996).

55O. Christiansen, “Møller–Plesset perturbation theory for vibrational wave
functions,” J. Chem. Phys. 119(12), 5773 (2003).

56M. Y. Waziri and Z. Abdul Majid, “An improved diagonal Jacobian approx-
imation via a new quasi-Cauchy condition for solving large-scale systems
of nonlinear equations,” J. Appl. Math. 1–6, 2013 (2013).
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