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Tensor decomposition techniques in the solution of vibrational coupled
cluster response theory eigenvalue equations
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(Received 10 October 2014; accepted 17 December 2014; published online 9 January 2015)

We show how the eigenvalue equations of vibrational coupled cluster response theory can be solved
using a subspace projection method with Davidson update, where basis vectors are stacked tensors
decomposed into canonical (CP, Candecomp/Parafac) form. In each update step, new vectors are first
orthogonalized to old vectors, followed by a tensor decomposition to a prescribed threshold TCP.
The algorithm can provide excitation energies and eigenvectors of similar accuracy as a full vector
approach and with only a very modest increase in the number of vectors required for convergence. The
algorithm is illustrated with sample calculations for formaldehyde, 1,2,5-thiadiazole, and water. Anal-
ysis of the formaldehyde and thiadiazole calculations illustrate a number of interesting features of the
algorithm. For example, the tensor decomposition threshold is optimally put to rather loose values,
such as TCP = 10−2. With such thresholds for the tensor decompositions, the original eigenvalue equa-
tions can still be solved accurately. It is thus possible to directly calculate vibrational wave functions
in tensor decomposed format. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4905160]

I. INTRODUCTION

The point of departure for quantum chemical calcula-
tions is traditionally the Born-Oppenheimer approximation.
The Born-Oppenheimer approximation gives us separate
Schrödinger equations for the electrons and nuclei, where
the electronic energies as function of nuclear configurations
provide the potential energy surface (PES) for the nuclear
motion. Electronic structure calculations are now reaching
a level of accuracy and efficiency, which makes it possible
to reliably obtain approximate PESs for small to medium-
sized molecules and thus enabling accurate calculations of
molecular vibrations and dynamics.

The traditional approach for describing molecular vibra-
tions is the normal coordinate harmonic oscillator treatment.
This neglects anharmonicity, both in terms of anharmonic
corrections to the one-mode parts of the PES, and it neglects
the correlation between modes. There exists several models
for dealing with these problems. A relatively basic wide-
spread approach is that of vibrational self-consistent field the-
ory (VSCF).1–3 In VSCF, one-mode corrections are included
through inclusion of the high-order PES, and the mode-mode
interaction is treated in a mean-field fashion. While being
better than the pure harmonic treatment, VSCF is still far from
being exact. A way of improving it is by considering a greater
vector space for the full wave function. The problem now is that
without the means for truncation, the size of the space scales
exponentially with the number of vibrational modes of the
molecule, and since this number generally increases by three
for each extra atom, it does not bode well for the computational
cost of performing calculations on large molecules. Neverthe-
less, over the years, many methods have been developed that in

a)ian@chem.au.dk
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various ways try to construct wave functions that are accurate
enough for the purpose, see Refs. 4–7 for reviews.

In VSCF, the correlation between individual modes is only
accounted for in a mean-field manner, but for many mole-
cules, the need to include explicit correlation arises. One line
of wave function methods employs a VSCF reference and
proceeds by generating sets of excited states from the VSCF
reference. The wave function is then expanded in this set of
functions. If the expansion has a linear parametrization, we
have the vibrational configuration interaction model (VCI).4,7,8

If the expansion is exponentially parametrized, we arrive at the
vibrational coupled cluster model (VCC).9–11 Both of these ap-
proaches give the exact wave function for the given one-mode
basis in the limiting case of including all possible excitations
from the reference. Systematic restrictions can be imposed,
allowing the exact solution to be obtained in a hierarchical
manner. Studies have shown that it is possible to bring the VCI
and VCC methods down to well-defined polynomial scaling12

for methods with a concrete cutoff based on the number of
modes simultaneously coupled. We note that linear expan-
sions in a vibrational configuration space are used in many
different contexts, some without a VSCF reference and some
that truncate the configuration space in other manners.13–16

The VCC approach as studied here is unique to our research
group (and is not to be confused with ladder-operator based
coupled cluster approaches,17 where the reference state and the
excitation space are constructed in a quite different manner).

Despite recent progress, it is still very desirable to make
the implementation even more efficient, in order to make it
viable for large molecules. Thus while calculations coupling
all modes beyond hundred modes (and thousand modes in
special model systems) have been performed, they have been
restricted to inclusion of only up to two-mode excitations, with
a computational scaling of only M3 where M is the number
of modes.18 For three and higher mode excitation VCI and
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VCC methods, the computational cost involves very many
correlation coefficients and a higher computational scaling.

Recent studies19 have investigated the possibility of using
tensor decomposition techniques as a way of achieving this.
Tensors may very briefly be described as multidimensional
arrays of numbers, and tensor decompositions are ways of
fitting the tensors to specific forms having specific properties.
The use of tensor decomposition is gaining momentum in
many different types of research. This includes introduction of
tensor decomposition ideas in electronic structure theory.20–24

For a detailed introduction to tensors and tensor decomposi-
tion, see Refs. 25–28. The canonical decomposition/parallel
factors (CP) decompose a tensor into a sum of vector outer
products (rank one tensors) and can be regarded as a higher-
order analogue to the singular value decomposition (SVD)
of matrices. In Ref. 19, the CP-decomposition was used to
decompose and analyze the amplitude coefficient vectors of
the VCC ground state found through a standard calculation
for a number of molecules. The decomposed forms were then
used for calculating ground state and excitation energies. These
studies indicated that tensor decomposition is likely to very
well be applicable to VCC theory, with significant potential for
reducing computational complexity with no loss in accuracy.
At the same time, the size-extensivity of VCC for the ground
state was pointed out as important for adjusting the rank of indi-
vidual couplings between modes (down to zero rank, meaning
negligible couplings, for non-interacting systems) and it was
demonstrated that this is a problem for VCI which is not
a size-extensive method. Recently, Leclerc and Carrington29

presented another study of the use of tensor decomposition
for vibrational wave functions, illustrating in a linear parame-
terization, the possibility of employing tensor decomposition
to avoid full vectors all together in solving the Schrödinger
equation with a power method, and thereby reducing memory
bottle necks.

In this study, we follow the ideas of Ref. 19 but expand
them to the methods of vibrational response theory.30–35 Re-
sponse theory is a general theory, but is here used solely
for calculating excitation energies, which can be found by
solving an eigenvalue problem. Where Ref. 19 applied tensor
decompositions to the amplitude vectors after having solved
the relevant VCC ground state equations, we here look into the
possibility of implementing CP-decomposition in the equation
solver used for determining the excited states. The hope is
that such an implementation will be fruitful in the context
of computational efficiency when the computational program
has been adapted to utilize the decomposed tensor form. This
adaption has not been performed fully yet as the implementa-
tion of the detailed VCC equations is very complicated with
thousands of terms at the VCC[3] level, requiring integration
with automatic code generation techniques. Thus, the purpose
of this study is to investigate whether tensor decomposition is
viable in a VCC (and VCI) response context, before such a
major research task is undertaken, and to investigate roughly
what we can expect with respect to rank of tensors and
performance of iterative eigenvalue solvers.

Section II gives the theoretical background for vibrational
structure theory, basic tensor and CP-decomposition theory,
and how it is presently implemented in the equation solver

for the VCC response eigenvalue equations. In Sec. III, the
numerical results of the study are presented and discussed. In
the first set of calculations, the response eigenvectors are found
regularly and are then decomposed, in the spirit of Ref. 19. The
remainder of the section looks at the solutions to the response
problem with tensor decomposition implemented inside the
iterative eigenvalue solver. At last, sample calculations on
1,2,5-thiadiazole and water are analyzed further to get more
detailed information on how the iterative solver constructs a
subspace using tensor decomposition. Section IV provides a
summary of the results and perspective for further research.

II. THEORY

A. Vibrational structure theory in quantum chemistry

1. Vibrational coupled cluster theory

The VCC ansatz assumes that the complete M-mode wave
function can be constructed using an exponential parametriza-
tion of excitations out of the reference state

|VCC⟩= exp(T)|Φi⟩, (2.1)

where |Φi⟩ is the Hartree-product reference state of interest. We
will here use a VSCF ground state. The reference state is in a
second quantization (SQ) formalism36 written as

|Φi⟩=
M

m=1

am†
im |vac⟩. (2.2)

We will here use an index vector i to identify the excitation level
of each mode in the reference state and then look at excitations
from |Φi⟩ in order to construct the remaining M-mode space.
To this end, excitation operators τµ are introduced, where µ
is a general index describing which states are being excited
to. From this, a general n-mode excitation operator exciting
from occupied index imk to virtual index amk for the modes
mk, k = 1, . . . , n is given by

τµn =

n
k=1

amk†
amk

amk

imk
. (2.3)

Here, T is the so-called cluster operator containing a linear
combination of a set of excitation operators τµ,

T =

µ

tµτµ, (2.4)

where tµ is the “cluster amplitude” corresponding to the exci-
tation defined by τµ.

So far we have not been specific about which excitations
to include in the sum in Eq. (2.4). A widespread scheme is to
include all up-to-n-mode excitations, which defines a hierarchy
of increasingly accurate VCC[n] models. We will specify the
cluster operator as

T =


m∈MCR[T ]
Tm, (2.5)

where Tm is the part of T acting on the mode combination (MC)
m, and MCR[T] is the “mode combination range” of interest
for the T at hand. m is simply an index vector specifying which
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modes are in the MC, e.g., m = (m1, . . . ,mk) for a general k-
mode combination. For Tm, we have at last

Tm=

µm

tm
µmτ

m
µm, (2.6)

where the summation runs over all excitation indexes µm for
the MC m.

The aim of the VCC method is to determine the clus-
ter amplitudes, which then allows us to determine the total
energy. Inserting the VCC ansatz into the time-independent
Schrödinger equation, followed by a left hand side transfor-
mation with exp(−T), we obtain

exp(−T)H exp(T)|Φi⟩= EVCC|Φi⟩. (2.7)

In order to find the cluster amplitudes, Eq. (2.7) is projected
onto the set {⟨µ|} of all possible excitations from the reference
state, ⟨µ| = ⟨Φi|τ†µ,

eµ = ⟨µ|exp(−T)H exp(T)|Φi⟩= 0. (2.8)

The optimal cluster amplitudes are given by e = (. . .,eµ,. . .)T
= 0. Knowing the cluster amplitudes, the total VCC energy is
found by projection onto the reference state ⟨Φi|,

EVCC= ⟨Φi|H exp(T)|Φi⟩. (2.9)

2. VCC response theory

We will here outline the ideas regarding VCC response
theory necessary for the further discussion. For more details
on response theory, we refer to Refs. 37 and 38 and references
therein.

We will start our discussion with the so-called linear
response function in atomic units,

⟨⟨X ;Y ⟩⟩ω =

k>0

 ⟨Ψ0|X |Ψk⟩⟨Ψk |Y |Ψ0⟩
ω−ωk

− ⟨Ψ0|X |Ψk⟩⟨Ψk |Y |Ψ0⟩
ω+ωk


, (2.10)

where the set of states {|Ψ0⟩,|Ψk⟩} is the eigenstates of the
Hamiltonian, and ωk = Ek−E0 is the excitation energy associ-
ated with state k. We also have an external frequencyω associ-
ated with operator Y . It is evident that the exact linear response
functions will have poles in any case where the external fre-
quency coincides with an excitation energyωk. In approximate
theory, the linear response function will also have poles. In the
case of coupled cluster (CC) theory, it can be shown that poles
of the linear response functions will appear at the eigenvalues
of the CC Jacobian, and the eigenvalues are in turn associated
with the excitation energies ωk. In the vibrational context, the
VCC Jacobian, A, is defined through its matrix elements, that
are given by

Aµν = ⟨µ|exp(−T)[H,τν]exp(T)|Φi⟩. (2.11)

For the remainder, we are only interested in calculating VCC
excitation energies and will thus only focus on solving the
eigenvalue equations for the VCC Jacobian.

Since A is asymmetric, we will have both right- and left-
hand eigenvectors satisfying

AR=RΩ, (2.12a)
LA=ΩL, (2.12b)

where Ω = diag(ω1, . . . , ωn) is the diagonal matrix contain-
ing the eigenvalues of A. R and L contain the right and left
hand eigenvectors of A, with columns r1, . . . , rn and rows
l1, . . . , ln, respectively. The eigenvectors are by construction bi-
orthogonal. Requiring them to be bi-orthonormal, we have

LR= I. (2.13)

In the case of response theory, both the right and left eigen-
vectors of the VCC Jacobian are of interest as they are needed,
e.g., when calculating transition properties.

In most cases, the Jacobian matrix will be of such great
a dimension that it is impractical to calculate it fully, store it,
and diagonalize it. Instead iterative methods are employed to
calculate selected roots of the Jacobian, where matrix-vector
transforms are used to calculate the operation of A on an
arbitrary vector v, without explicitly storing A. Both right- and
left-hand transformers of this sort are available for the VCC
Jacobian (and analogous VCI transformations).39,40 We will
return to the aspects of iteratively solving eigenvalue equations
in Sec. II B 3.

B. Tensors and integration of the CP decomposition in
VCC theory

The attention of this subsection is on the concept of tensors
and their applications to VCC theory, following the ideas of
Ref. 19. We will give a brief description of some of their
basic properties, and subsequently look at an implementation
of the ideas in the VCC response framework. For a more
comprehensive discussion on the mathematics of tensors, see
Refs. 26–28 and 41, and references therein.

1. Tensors and CP-decomposition

A tensor T is a multidimensional array. The order of
the tensor describes the “dimensionality” of this array, such
that an N th-order tensor is an arrangement of elements that
can be indexed by N indices. A vector may, in this context,
be regarded as a 1st-order tensor, a matrix as a 2nd-order
tensor, and a 3rd-order tensor would be a cubical arrangement
of elements, etc. We will by RI1×···×IN denote the set of real
N th-order tensors with dimensions I1, . . . , IN . The respective
dimensions are referred to as modes.

For T ∈RI1×···×IN , we introduce the canonical decompo-
sition/parallel factors, abbreviated CANDECOMP/PARAFAC
(CP). Here, the tensor is written as a sum of N-mode outer
products,

T =

RT
r=1

λra(1)r ⊗ a(2)
r ⊗ ··· ⊗a(N )

r , (2.14)

where a(k)r ∈RIk is a normalized regular vector in mode k and
λr ∈R is the weight. The vector outer product, ⊗, is defined in
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the natural way, such that the element (i, j, . . . , k) in T is

T i j · · ·k =

RT
r=1

λra(1)
ir a(2)

jr · ··a
(N )
kr

. (2.15)

RT is denoted as the rank of the tensor and is defined as the
lowest possible number of terms that makes the decomposition
an equality.

There is no rigorous way of determining the rank of a
general tensor. Instead, one often seeks the best rank-R approx-
imation to T ,

T
CP≈

R
r=1

λra(1)
r ⊗a(2)r ⊗ ··· ⊗a(N )

r , (2.16)

where the procedure is to increase R until T CP is identical to
T to within a predefined threshold. Usually, the fit is measured
through the higher-order analogue of the Frobenius norm, of
the difference between T and the decomposition,

�
T

CP−T
�
=

 I1
i

I2
j

· ··
IN
k

���T
CP
i j · · ·k−T i j · · ·k

���
2
. (2.17)

The CP-decomposition of rank R will, in this respect, be
accepted as an approximation to T if, for a given CP residual
threshold TCP,

�
T

CP−T
�
≤TCP. (2.18)

The CP-decomposition is only one among several possible
tensor decomposition types, including Tucker decomposition.
In fact, the CP-decomposition is not always the perfect decom-
position in all cases, and determining the rank of a general
tensor is well known to be an NP-hard problem.42,43 In addi-
tion, there is the issue of degeneracy—the best rank-R approxi-
mation may not exist. This is often related to that the individual
terms in the decomposition become nearly proportional, which
open for obtaining the same quality of fit in different ways.
However, the simplicity of the canonical representation is so
attractive, in particular with computational efficiency in mind,
that this is the representation we pursue here. Considering this,
we want to find the best low rank approximation to a tensor
to obtain a computational convenient representation describing
the original tensor to the desired accuracy.

The CP alternating least squares (CP-ALS) algorithm is
used for optimizing the individual rank-R tensor decomposi-
tions. CP-ALS is, in many regards, simple but it can take many
iterations to converge and for some cases may not converge at
all. For a general overview of CP-ALS, see Ref. 41, and see
supplementary material of Ref. 19 for a description of the pres-
ent implementation. We note that here we employ an absolute
threshold instead of a relative one, which has the immediate
advantage that the cost of each decomposition will depend
on the importance of the tensor in a given context. Other
algorithms has been suggested in the literature for determining
a given rank-R decomposition.44,45 We believe these could
be used with our method (see below) without any significant
changes.

2. Tensor decomposition for VCC response theory

As in Ref. 19, we would like to implement tensor decom-
positions into the VCC framework. Where the earlier study
focused on the cluster amplitude vector t, we here turn our
attention to the eigenvectors of the Jacobian and, in general,
any vector in the vector space defined by the mode combination
range for the cluster operator, MCR[T].

In the following, we will denote such a vector by u. u has
one coefficient for each possible excitation out of the reference
state, as given by MCR[T]. For simplicity, we will consider
the case where T includes all excitations up to three-mode
excitations. The extension to higher mode couplings is obvious
and is covered by the theory and implemented algorithms. We
may thus regard u as consisting of one-, two-, and three-mode
part,

u=

*..................
,

...

um0

...

um0m1

...

um0m1m2

...

+//////////////////
-

. (2.19)

For any given three-mode combination m = (m0,m1,m2), we
have the form

um0m1m2=

*......................
,

um0m1m2
101112

um0m1m2
201112

...

um0m1m2
n01112

um0m1m2
102112

um0m1m2
202112

...

um0m1m2
n0n1n2

+//////////////////////
-

, (2.20)

where nk = Nk −1 is the number of excited modals for mode
mk. The ground state is used as the reference state, and there-
fore 0 does not appear as a modal index. In general, all the k-
mode combination vectors, umk, are arrangements of elements
with k indices and are therefore conveniently considered as
kth-order tensors

um0m1m2−−−−→ Um0m1m2, (2.21)

where, e.g., the lth “frontal slice” of Um1m2m3 would be the
matrix

U
m0m1m2
::l =

*....
,

um0m1m2
1011l2

· ·· um0m1m2
10n1l2

...
. . .

...

um0m1m2
n011l2

· ·· um0m1m2
n0n1l2

+////
-

. (2.22)

Altogether, this means that we can consider CC amplitude and
CC response vectors as stacked tensors with the one-mode part
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consisting of M one-dimensional tensors, the two-mode part as
M (M−1)

2 two-mode tensors, the three-mode part as M (M−1)(M−2)
6

three-mode tensors, etc. Considering the mode combination
amplitudes as tensors opens up for the possibility of refor-
mulating them in a CP representation. Ultimately, we end up
with the amplitudes in a stacked decomposed form as shown in
Figure 1. Note that we can trivially use the standard CP format.
Every mode-combination is a unique set of mode indices and
the decomposition should thus be separate for every mode-
combination. In the decomposition of the excitation tensor for
every mode-combination, the modes are different and there is
no symmetry of indices to be concerned about.

Here, we have left the two-mode part as it is without
decomposition. For the two-mode part, one can employ SVD
in a similar but more straightforward manner. Such a SVD
would be relatively trouble free but the reward also relatively
smaller, and we have for simplicity and clarity in the analysis
chosen not to do SVD on two-mode couplings here, so we are
only focusing on the tensor-decomposition aspects of higher
mode couplings. Note, however, that all technical aspects of the
motivation and analysis would be similar for SVD of two-mode
couplings, and this SVD is covered by the implementation as
a simpler special case.

The virtues of this format are the potential reduced compu-
tational costs coming from reduced central processing unit
(CPU)-time in the vector transformations occurring in VCC
theory and reduction in the memory usage from lower-rank
approximations providing data-compression. The potential for
CPU-time reduction is seen as follows; consider a Hamiltonian
cast in a sum-over-products (SOP) form

H =

t

ct

m

hm, t, (2.23)

where hm, t are one mode operators for mode m belonging to
the term t. In an SQ formulation, these are expressed as

hm, t =

p,q

hm, t
pq am†

pmam
qm, (2.24)

FIG. 1. Stacked CP representation of a VCC vector.

with

hm, t
pq = ⟨φm

pm |hm, t
pq |φm

qm⟩. (2.25)

For most systems, we do not anyway know an exact analytical
expression for the Hamiltonian, which, in many regards, makes
the SOP form the optimal choice for our purposes, allowing an
efficient and accurate representation of the Hamiltonian.

The key numerical steps in VCC reference and response
calculations are the computation of transformations, meaning
either the calculation of the error vector in Eq. (2.8) or matrix-
vector products with the VCC Jacobian of Eq. (2.11), from the
right or left, or similar operations. The transformer carrying out
such transformations in our VCC (and VCI) implementation
relies on “contractions,” e.g., looking like

pm0· · ·mi · · ·mK−1
p0· · ·pi · · ·pK−1 =


ui

hm, t
piui

um0· · ·mi · · ·mK−1
p0· · ·ui · · ·pK−1 (2.26)

for a “forward contraction.” Further details can be found in
Refs. 11 and 12 for general VCC theory, and in Ref. 31
for the implementation in VCC response theory. If, however,
um0· · ·mK−1 is in a rank-R representation

U
m0· · ·mK−1=

R
r=1

λru
(m0)
r ⊗ ··· ⊗u(mi)

r ⊗ ··· ⊗u(mK−1)
r , (2.27)

then only the R one-mode vectors for mode mi will be needed
in computing the left hand side of Eq. (2.26), since the
other coefficients are constant when varying ui. Evaluating
the contraction in Eq. (2.26) would thus only require us to
evaluate the R one-mode contractions for mode mi,

p(mi)
r,pi =


ui

hm, t
piui

u(mi)
r,ui . (2.28)

This automatically rendersPm0· · ·mK−1 in a rank-R representa-
tion,

P
m0· · ·mK−1=

R
r=1

λru
(m0)
r ⊗ ··· ⊗p(mi)

r ⊗ ··· ⊗u(mK−1)
r , (2.29)

and most notably, the computational scaling of the contraction
is reduced from O

�
nK+1� to merely O

�
Rn2�, as we now only

need to calculate the n-term sum of Eq. (2.28) for R choices
of r , and n choices of pi, as opposed to the nK choices of
(p0· ··pK−1) with each its n-mode sum in Eq. (2.26). These
remarks are the primary reasons for believing that an imple-
mentation of tensor decomposition techniques in VCC the-
ory will be computationally beneficial. Also in some cases,
tensor decomposition techniques will allow screening away
entire terms, done in a dynamical term by term fashion and
individually for each mode combination. In addition, we might
also hope to compress the amount of data needed to store
VCC amplitudes, which we will describe further in Sec. III
C 1. Due to the many thousands of terms included in higher
mode-coupling VCC, it is a very challenging task to fully
incorporate the decomposed tensor format in a VCC trans-
former framework. Before embarking on such a journey, it is
thus appropriate to investigate that the numerical equations can
actually be solved directly in the necessary tensor format.
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3. Iterative solution of eigenvalue equations using
subspace projection and tensor decomposition

We will now go into detail with solving an eigenvalue
equation in an iterative fashion in a tensor decomposition
framework. Our starting point will be the method of orthogonal
subspace projection (OSP).46 We shall later relax the orthog-
onality requirements somewhat, but the methodology derives
entirely from the OSP ideas. In the following, we treat the right-
hand eigenvalue equations, but the framework is essentially
the same for the left-hand equations, using only transposed
matrices instead. Also, we will limit ourselves to the case of
real matrices. We will start our discussion by considering the
generalized eigenvalue problem

Ax= εBx, (2.30)

where A, B ∈ Rn×n, x ∈ Cn is a column vector and ε ∈ C is a
scalar. Eq. (2.30) also covers Eq. (2.12a) in the case B= I.

Using an OSP method, we seek a set of approximate
solutions (ε̃i, x̃i) to Eq. (2.30), where x̃i is, in general, confined
to a k-dimensional subspace of Cn. For efficiency reasons, we
will limit our subspace basis to Rn, while eigenvectors and
eigenvalues still can belong to Cn, which is the case for non-
Hermitian A and B. This choice is further motivated by the
physical relevant cases of purely real eigensolutions, noting
here that in our following numerical examples, all eigenpairs
are also purely real. We will denote the subspace byUk ⊆ Rn

and let ui ∈Rn be a basis vector for it,Uk = span{u1, . . . ,uk}.
For any approximate solution pair (ε̃i,x̃i), we require that the
corresponding residual vectors ri are orthogonal toUk, as this
ensures that the best eigensolution in the subspace is found,

ri ≡ (A− ε̃iB)x̃i ⊥Uk, (2.31)

which is equivalent to

u†i (A− ε̃iB)x̃i = 0 for all i = 1, . . . , k . (2.32)

Exploiting that we have a basis forUk, and thus

x̃i = c1u1+ · ··+ckuk =Ukci, (2.33)

where Uk = (u1, . . . ,uk) ∈ Rn×k and c ∈ Ck, we can rewrite
Eq. (2.32) as

U†
k
(A− ε̃iB)Ukci = 0. (2.34)

We now define two sets of transformed basis vectors

σi =Aui, (2.35)
γi =Bui, (2.36)

and the corresponding matrices as

Σk = (σ1, . . . ,σk), (2.37)
Γk = (γ1, . . . , γk). (2.38)

This notation emphasizes the use of matrix-vector transforms
and underlines the fact that each ui is only transformed once,
storing afterwards σi and γi in memory or on disc. The eigen-
value problem Eq. (2.34) can now be written as

Akci = ε̃iBkci, (2.39)

with

Ak =U†
k
Σk, (2.40)

Bk =U†
k
Γk . (2.41)

The virtue of Eq. (2.39) is that the large n × n-dimensional
matrices A and B have been reduced to the k× k-dimensional
matrices Ak and Bk. We can, assuming k ≪ n, easily solve
Eq. (2.39) using standard methods. Once solved the approx-
imate eigenvector x̃i is easily obtainable through Eq. (2.33).

We now look into expanding the subspace Uk using an
iterative Davidson algorithm47 to improve the approximate
eigen-value and -vector solutions. For each of these, we use
the norm of the corresponding residual ri as a measure of how
good the approximation is. This is reasonable, because ∥ri∥
= 0, by the definition in Eq. (2.31), means that x̃i is a solution
to the original problem in Eq. (2.30). We introduce a residual
threshold TITR for the iterative equation solver and require that

∥ri∥ ≤TITR, for all i = 1, . . . , q (2.42)

for all the equations to have converged. In that case, the algo-
rithm terminates and the approximate solutions are the set of
(ε̃i, x̃i), i = 1, . . . , q obtained in the last iteration.

However, if one or more of the residuals does not fulfill the
convergence criterion in Eq. (2.42), they are used for construct-
ing additional basis vectors that are then added to the subspace
Uk, in the hope that the approximation is improved. In the
Davidson algorithm, an update step is performed, in which the
residual is transformed according to

ti = (A0− ε̃iB0)−1ri, (2.43)

where A0 is an approximation to the true A matrix, and B0
analogously approximates the true B, where specifically for
our case, we have B0=B= I. Typically, A0 is a diagonal matrix
containing only the diagonal elements of A, or as in our case
a zeroth order approximation to the diagonal constructed from
the VSCF one-mode energies. Other choices than Eq. (2.43)
exists for the updated residual vector.48 As ti is generally not
orthogonal toUk, it is explicitly orthogonalized to all vectors
in Uk,

t⊥i = ti− tUk
i , (2.44)

tUk
i being the projection of ti onUk.

Up until now our discussion has followed normal proce-
dures, but we will now deviate from standard methods, as
instead of directly adding the orthogonalized t⊥i to the subspace
we here introduce a tensor decomposition step before the new
candidate vector is added to the space

t⊥i
stacked CP decomp
−−−−−−−−−−−−−−→ tCP

i . (2.45)

We do here a CP-decomposition on each mode combination
to be decomposed, which is controlled by the CP residual
threshold TCP and the maximum allowed rank Rmax. After
decomposition, the subspace is expanded by adding

uk+1= tCP
i /

�
tCP
i

�
(2.46)

to the current basis u1, . . . ,uk. The normalization of tCP
i is

easily attainable and requires only a scaling of the weight fac-
tors of each term in the decomposition. We note that in the case
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where t⊥i and t⊥i+1 corresponds to a complex eigenpair, the real
and imaginary parts are decomposed independently, and a real
subspace vector is added for both the real and imaginary parts.

Note that in decomposing the candidate vectors, the col-
umns of Uk will no longer be strictly orthogonal, and as such
standard Gram-Schmidt orthogonalization can no longer be
applied. Instead, we write the projection of ti on Uk, in a
general way, as

tUk
i =

k
m

cmum, (2.47)

where cm, in general, is not just the simple inner product of t
and um, as the subspace is non-orthogonal. Inserting this into
Eq. (2.44) and multiplying from the left with u†j and noting that
by definition u†jt

⊥
i = 0, we get

k
m

cmu†jum =u†jt, (2.48)

which is equivalent to the linear set of equations

Skc= v, (2.49)

with Sk =U†
k
Uk and v=U†

k
t. After these equations are solved,

we can apply the orthogonalization in Eq. (2.44). For the sake
of numerical stability, we afterwards check that ti is not already
spanned “numerically” in the subspace. This is done by ensur-
ing that the norm of the orthogonal part

�
t⊥i
�

is greater than a
predefined threshold Tortg. If, on the other hand,

�
t⊥i
�
≤ Tortg,

the vector was essentially already spanned by Uk and t⊥i is
discarded.

By decomposing the trial vectors, we break the orthogo-
nality enforced by Eq. (2.44), and in the worst case scenario,
the decomposition may rotate a given vector such that it is
completely spanned by the subspace. Thus in addition to the
orthogonalization check, an extra check is performed before
any newly decomposed vectors are added to the subspace, to
ensure that they are not already numerically spanned after the
vector has been decomposed. If this is the case, the vector is
not added. Even though we partially destroy orthogonality after
the orthogonalization step, we include the orthogonalization
nonetheless in the hopes of providing greater numerical sta-
bility to the algorithm, as not doing so would greatly increase
the risk of introducing linear dependencies in the decomposed
subspace basis. By tensor decomposing all new trial vectors
before adding them to the subspace, it is now possible to take
advantage of this format in the matrix-vector transformations
with A and B in Eqs. (2.35) and (2.36). Pseudo-code for a
general overview of the presented Davidson-algorithm with
tensor decomposition of the subspace is shown in Algorithm I.

We have here presented a procedure to solve iterative
equations using subspace projection method applying a sub-
space in tensor decomposed form. Since the overall accu-
racy of the solution in comparison to the exact eigenvalues is
controlled byTITR, we should still obtain eigenvalues with same
numerical precision, but in a different basis. The use of decom-
positions may lead to an increase in the size of the subspaceUk,
which could potentially hurt computational efficiency. The use
of a non-orthogonal basis means that even though B = I the
reduced space problem will still be a generalized eigenvalue

problem as Bk = Sk , I. Perhaps, the biggest drawback of the
suggested approach is that the non-orthogonality can result
in numerical linear-dependencies. Clearly, one could perform
additional rounds of orthogonalizations and decompositions
until a vector is found that is both decomposed and sufficiently
orthogonal to the old space. However, in the numerical calcu-
lations that follow, we have for clarity in the study of the
algorithm only employed the decomposition one time, since if
the decomposition produces a vector already spanned by the
existing space, further orthogonalization and decomposition
will in the end mean that a more or less random vector is added
to the space.

4. Size-extensivity and VCC versus VCI

Working with approximate wave functions, one needs to
take into account the behaviour with increasing system size,
and we will here present some short remarks on the notion
of size-extensivity. We will in Sec. III E study the interplay
between size-extensivity and tensor decomposition techniques
in relation to both VCC and VCI expansions.

Consider now a system of two non-interacting subsystems
A and B, where subsystem A satisfies HAΨA|vac⟩= EAΨA|vac⟩
and subsystem B satisfies HBΨB|vac⟩ = EBΨB|vac⟩, where
ΨA and ΨB are wave operators generating the wave func-
tion upon acting on the vacuum state |vac⟩. The Hamilto-
nian for the combined system would then be HAB = HA+HB

with the Schrödinger equation for the compound system being
HABΨAB|vac⟩ = EABΨAB|vac⟩. Both the Schrödinger equa-
tion for the compound system as well as for the two subsys-
tems must all be satisfied, which is fulfilled when the exact
wave function for the compound system is given as ΨAB|vac⟩
=ΨAΨB|vac⟩, with corresponding energy EAB = EA+EB. This
shows that if the Hamiltonian of a system is additively sepa-
rable, then the exact wave function of that system is manifestly
separable as a product function.49–51

VSCF is size-extensive, and for an additively separable
Hamiltonian, the VSCF wave function will be product sepa-
rable. Moving on, we now consider the cluster operator

TAB =TA+TB (2.50)

for two non-interacting subsystem A and B. It is easily verifi-
able that, when expanding from a VSCF reference, the VCC
wave function for a cluster operator of this kind is manifestly
separable, as exp(TAB)|Φi⟩ = exp(TA)exp(TB)|Φi⟩. Thus using
a size-extensive reference, VCC theory is also size-extensive.
This is in contrast to VCI, where the linear expansion is not
manifestly separable for truncated wave function expansions.
This means that adding more and more subsystems or modes
into the system, the VCI expansion will become less and less
accurate if the excitation level is not increased. Size-extensivity
is thus a vital feature for approximate wave functions when
going to larger systems.

We may, in fact, relate the VCI and VCC expansions and,
thereby, see that in the exact limit, the VCI excitation operator
for a given mode coupling can be written in terms of sum over
products of VCC excitation operators. Thus, we write the VCI
wave function as |VCI⟩ = C0|Φi⟩+C|Φi⟩ with C being of the
same form as the cluster operator of Eqs. (2.5) and (2.6). From



024105-8 Godtliebsen, Hansen, and Christiansen J. Chem. Phys. 142, 024105 (2015)

ALGORITHM I. Pseudo-code for the modified orthogonal subspace projection method with tensor decomposi-
tion (see text for details).

Eq. (24) of Ref. 52 (which is referred to for further discussions
and definitions), we have

Cm=


MCR[s]∈SMCR[m]


mk ∈MCR[s]

Tmk . (2.51)

Thus, the linear excitation operator Cm can be written as a sum
over products of cluster operators Tmk where the product runs
over all mode combinations Tmk belonging to the partitions
MCR[s] which is one element in the set of all partitions of m
denoted SMCR[m].

The considerations above show that the VCC parameteri-
zation, in a certain sense, provides a type of decomposition of
the full VCI wave function, an idea we shall elaborate more
on in another publication. However, it should be noted that Eq.
(2.51) is a highly non-linear expression which is uncommon
in what is usually understood as decomposition schemes. It is
thus a matter of definition whether it should be viewed as a
decomposition. Indeed, the common use is to consider such
re-castings of the wave function as another parameterization
leading to another set of equations for determining the param-
eters directly. Here, it suffices to remark that the above relation

shows that in decomposition of the VCI wave functions, we
have to both account for the decomposition into the products
already inherent to the VCC wave function (which is needed
to ensure the size-extensivity in the exact limit), and then
in addition the decomposition of the correlation amplitudes
similar to VCC. Performing decompositions for VCI is thus
likely to be slower convergent with rank than for VCC.

The above arguments are for the ground state cluster oper-
ator, but somewhat similar arguments hold for the response
theory eigenvectors. Thus, there will be solution vectors corre-
sponding to excitations localized fully to A or fully to B as well
as there are states (combinations) corresponding to excitation
on both. In VCC response theory, the eigenvector will have the
appropriate localization to the sub-system of the excitations
for localized states. It is to be expected that this is important
for the performance of tensor decomposition. In other words,
in the non-interacting limit, it is clear that only the part of the
system where excitation takes place will require tensors with
non-zero rank in VCC response theory. This is essential, as this
means that many mode-couplings for low coupled modes can
be expected to tend to zero in VCC response theory, allowing
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low ranks to be possible. This gives a theoretical background
for expecting that tensor decomposition of VCC and VCC
response vectors can provide a concise representation of larger
systems, where small effects are represented by low (tending
to zero) rank, and the few important couplings are represented
by higher rank.

Let us finally note that we employ VCI response theory
and not standard VCI vectors.53 They give the same excitation
energies but are slightly different vectors. We shall neverthe-
less decompose on the excitation vectors for simplicity.

III. RESULTS AND DISCUSSION

A. Computational details

Calculations are performed for formaldehyde and 1,2,5-
thiadiazole, which will be referred to as just “thiadiazole” in the
remainder of the text. PES used for the vibrational calculations
are identical to the ones used in Ref. 19 but are summarized
here for reference. They were calculated using the Molecular
Interactions, Dynamics and Simulations Chemistry Program
Package (MidasCpp),54 with the aid of dedicated electronic
structure programs for the single point calculations.

For formaldehyde, the PES is obtained as a fourth-order
Taylor expansion containing up to three-mode couplings. The
single-point electronic structures were computed with the
DALTON program55 using coupled cluster singles and doubles
with a non-iterative triples correction in the CCSD(T) model
with an aug-cc-pVTZ basis. The water PES was constructed
in the same general way as for formaldehyde but with single-
points at the CCSD/d-aug-cc-pVTZ level. For more informa-
tion on the formaldehyde and water PESs, see Ref. 56. The
PES for thiadiazole also contains up to three-mode couplings,
with single point calculations provided by MOLPRO,57 using
CCSD(T)-F12/VTZ-F12 with frozen core for the one-mode
part and CCSD(T)-F12/VDZ-F12 with frozen core for the
two-mode part. The single-points required in the PES were
chosen by the adaptive density-guided approach (ADGA).58

The three-mode part was obtained through extrapolation from
gradients of a two-mode surface59 for which single points were
calculated by MOLPRO at the MP2/VTZ frozen core level.

Vibrational wave function calculations were performed by
first calculating the VSCF ground state, using this as reference
for a VCC[3] ground state calculation or a VCI[3] calculation.
The VCC and VCI ground states were subsequently used in the
response eigenvalue calculations. The primitive basis used in
the VSCF optimization was for formaldehyde the first 16 har-
monic oscillator eigenfunctions obtained from a second-order
approximation of the one-mode part of the PES. In the water
calculations, 11 such harmonic oscillator functions were used.
Finally for thiadiazole, a B-spline basis was used.60 The num-
ber Nm of VSCF models used in the VCC/VCI calculations is
everywhere set to 8 unless where otherwise noted. The follow-
ing discussion, however, also applies to the remaining data
provided in the supplementary material,62 where calculations
using different sized modal basis sets are reported. Always, the
VSCF ground state is optimized until a relative energy decrease
below 10−15 is reached, and all VCC amplitudes are optimized
so that the norm of the error vector is below 10−15. Similarly,

the VCI ground state eigenvalue equations are converged to a
residual norm of 10−15. This ensures the best possible starting
point given the model for the study of the response eigenvalue
equations.

For the response calculations, some parameters vary. First
off, the convergence threshold, TITR, for the residual varies be-
tween calculations, see Sec. II B 3. The number of eigenvalues
found is everywhere five, except as outlined in Sec. III C 4
where we report data for when calculating the twenty lowest
eigenvalues of formaldehyde. The orthogonalization threshold
is in all cases set to Tortg = 10−13. Regarding decomposition
of the VCC coefficient vectors, the three-mode parts are CP-
decomposed using the CP-ALS algorithm. The values of the
CP residual threshold, TCP, and the maximum allowed CP
rank, Rmax, are given for each calculation. For the CP-ALS
algorithm, the convergence threshold is 10−12 and the maximal
number of iterations is 100, unless stated otherwise.

B. CP-decomposition of converged eigenvectors

First, a preliminary study was conducted, in which the
VCC response eigenvalue equations of the form in Eqs. (2.12a)
and (2.12b) were solved using standard methods, without de-
composing the three-mode parts of the subspace basis vectors
during the iterative procedure. The method for this is equiva-
lent to the one in Algorithm I, but with the tensor decomposi-
tion step on line 19 omitted.

Instead, we are interested in obtaining the “regular” (i.e.,
non-decomposed) eigen-values/-vectors and then doing CP
decompositions of these after having solved the response equa-
tions with TITR= 10−15. We note here that in the exact case,

Ω= (LR)−1LAR (3.1)

and element wise

ωi =
liAri
liri

. (3.2)

Inspired by the exact case, we will also use Eq. (3.2) for calcu-
lating “eigenvalues” stemming from the decomposed vectors.

Before looking at the decompositions, it is instructive to
look at how large the cluster amplitudes of the eigenvectors
are, since this comes into play when fitting the decomposed
tensors—mode combinations containing only small ampli-
tudes should generally be easier to fit than those with larger
amplitudes, since the CP residual threshold is given on an
absolute, as opposed to relative, scale. It should also be noted
that mode combinations, whose norm is below the threshold,
will effectively be screened away fully, since they can be
approximated with a tensor of rank zero. Zero-rank tensor is
here defined as a zero tensor.26,61 Thus, a zero-rank tensor
for a particular mode-combination means that the excitation
amplitudes for this particular mode-combination is set to zero,
i.e., a zero tensor is a good enough approximation.

Looking at the molecules now, formaldehyde consists of
N = 4 atoms, leading to M = 3N −6= 6 vibrational degrees of
freedom. With the number Mk of k-mode combinations given
by

Mk =

(
M
k

)
, (3.3)
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FIG. 2. Distributions of amplitudes for the Jacobian right-hand eigenvectors
of formaldehyde. Numbers are summed over all five eigenvectors.

we see that formaldehyde has 6 one-mode combinations, 15
two-mode combinations, and 20 three-mode combinations.
Thiadiazole consists of 7 atoms, leading to 15 internal degrees
of freedom or one-mode combinations, 105 two-mode combi-
nations, and 455 three-mode combinations.

Figures 2 and 3 show distributions of the eigenvector
amplitudes as a function of the absolute value of the coeffi-
cients. The plots show data for the five eigenvectors collec-
tively. We see that there are significantly more three-mode
amplitudes than other types and that a lot of them have values
close to zero. Even though element sparsity does not generally
correspond to rank sparsity, it was reported in Ref. 19 that using
an absolute threshold, the element sparsity of a given mode-
combination correlated with the mode-combination having a
low rank. Thus, it is very reasonable to believe that tensor
decomposition of the three-mode combinations of the eigen-
vectors will be attractive, allowing decomposition ranks to be
modest in many cases. Another interesting feature to notice is

FIG. 3. Distributions of amplitudes for the Jacobian right-hand eigenvectors
of thiadiazole. Numbers are summed over all five eigenvectors.

that for formaldehyde, the amplitudes are distributed around
one center, whereas for thiadiazole the amplitudes are distrib-
uted around two centers (the second center being below 10−15),
i.e., some of them are significantly more important than others.
This difference in the distributions probably reflects the diff-
erent degrees of mode couplings due to the different sizes of the
two molecules—in the greater thiadiazole molecule, one might
envision that some vibrations will be fairly localized, with a
vibration in one part of the molecule not necessarily affecting
the rest to a considerable extent, whereas for formaldehyde,
any internal motion presumably has important couplings to the
rest of the molecule. The analysis of the amplitude distributions
reinforces the idea that tensor decomposition could be a viable
route for optimizing VCC response eigenvalue calculations,
especially for larger molecules.

Tables I and II show a sample of the data obtained from
tensor decomposition of the eigenvectors at different TCP. We
denote by εrel the relative deviation of an eigenvalue which is
calculated as

εrel, i =
εCP
i −εi
εi

, (3.4)

where εi and εCP
i are, respectively, the actual ith eigenvalue and

the “decomposed” one obtained through Eq. (3.2). We define
∆vi as

∆vi = vCP
i −vi, (3.5)

i.e., the difference between the actual eigenvector, vi, and the
decomposition hereof, vCP

i . By ∥∆vi∥, we mean the regular
Euclidean norm of this difference. The table gives the values of
the average and maximum of the absolute value of εrel, i, as well
as the maximum value of ∥∆vi∥, over the five eigensolutions
obtained. The last three columns give the average and maximal
ranks, Ravg and Rmax, of all the tensor decompositions found in
the three-mode parts of the five eigenvectors, and finally the
total number of outer products, NOP, i.e., the sum of all ranks
for all tensors in all eigenvectors.

The evolution of
�
εrel, i

�
avg with TCP is presented in Figure 4

for thiadiazole using different modal basis sets. Similar results
are observed for formaldehyde. First of all, we see that the
relative deviations of the eigenvalues steadily approaches zero
as the CP residual threshold is tightened. This behaviour shows
that the decomposed tensors—and thereby also the decom-
posed eigenvector—resemble the actual ones more and more
as the threshold tightens. The norm of the difference vector
also decreases, being roughly of the same order of magnitude
as the CP residual threshold. A TCP of 10−6 is sufficient for
obtaining nine digits of accuracy, which must be considered
highly satisfactory.

Looking at the rank statistics, we see an increase of both
the average and maximum ranks when progressing down
through the rows. This behaviour is expected, since the lower
CP residual thresholds put greater demands on the accuracy
of the decomposition, thus making it less likely to be fit by a
low rank tensor. The last column, featuring the total number
of outer products, can be obtained from the average rank
by multiplication with the total number of tensors, which
is the number of eigenvectors times the number of three-
mode combinations, i.e., 5× 20 = 100 for formaldehyde and
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TABLE I. Data for tensor decomposition of eigenvectors after having solved the response equations and compar-
ison of eigen-values/-vectors. Molecule: Formaldehyde.

R-hand eigensolutions
L-hand

eigensolutions

TCP
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max Ravg Rmax NOP Ravg Rmax

10−2 7.13 × 10−5 1.43 × 10−4 9.38 × 10−3 0.00 0 0 0.10 1
10−3 3.67 × 10−6 4.82 × 10−6 1.64 × 10−3 0.15 2 15 0.71 2
10−4 1.41 × 10−7 2.58 × 10−7 2.57 × 10−4 1.05 5 105 1.63 7
10−5 1.77 × 10−9 3.05 × 10−9 3.06 × 10−5 2.71 13 271 3.55 14
10−6 1.65 × 10−11 2.42 × 10−11 3.42 × 10−6 5.82 20 582 6.87 22
10−7 1.71 × 10−13 2.37 × 10−13 3.78 × 10−7 10.91 32 1091 12.11 32

5×455 = 2275 for thiadiazole. It, thus, does not contain any
additional information as such but is included for comparison
with calculations in Subsections III C 1–III C 5.

It seems peculiar at first, that the computations for the
loosest CP residual thresholds actually involve no tensor dec-
omposition at all, but when comparing with the amplitude
distributions it is seen that almost all three mode amplitudes
have an absolute value less than 10−3 and 10−4 for formalde-
hyde and thiadiazole, respectively, making it reasonable that no
tensor norms are greater than 10−2 and 10−1, and thus giving
us that all three-mode combinations in these cases can be
approximated by zero-rank tensors, i.e., zero tensors.

When comparing the two molecules we see, that for a
given CP residual threshold, the total number of outer products
is higher for thiadiazole (presumably due to the appreciably
greater amount of three-mode combinations), but also that the
average ranks are in general lower than for formaldehyde,
which reinforces the earlier hope of tensor decomposition be-
ing able to aptly handle large molecules.

C. CP-decomposition of iterative eigensolver
subspace vectors

Having confirmed in Sec. III B, that tensor decomposition
of the actual eigenvectors yields eigenvalues whose accuracy
increases with the CP residual threshold, we now move on to
the next logical step—the implementation of the CP decompo-
sition inside the algorithm of the modified orthogonal subspace
projection procedure; the full Algorithm I.

1. Practical thresholds

Tables III and IV present the results obtained from calcula-
tions on formaldehyde and thiadiazole, respectively, for calcu-
lating the R-hand eigensolutions to a residual threshold of
TITR= 10−8. Data for other choices of TITR, as well as for calcu-
lations of the L-hand eigensolutions, follow similar trends, as
shown in the supplementary material.62 In the calculations, the
five lowest eigenvalues of the VCC Jacobian was found.

The first two columns of the tables specify the modal basis
used for the correlation calculations and the value of the CP
residual—however, the first row of each group is tagged with
“REG” for “regular,” which marks that the calculation has been
performed without tensor decompositions. These calculations
serve as benchmarks for the calculations of interest. Rank
statistics are naturally not provided in these rows.

The next columns show first the dimensions, d, of the final
subspaces of the individual calculations, then the average, Ravg,
and maximum, Rmax, tensor ranks, the total number of outer
products, NOP, and the data compression factor, fDC. The sub-
space projection algorithm adds one new vector to the subspace
for each residual that has not converged in each iteration of the
algorithm, thus the subspace dimension indicates how much
information is retained in the tensor decomposition step for the
purposes of constructing a suitable subspace. The average and
maximum ranks are taken over all basis vectors and all mode
combinations. Similarly, the total number of outer products
(NOP) is for all tensors included in the subspace.

In this way, the NOP has a more relevant meaning than
for the data in Sec. III B, where it was trivially related to the

TABLE II. Data for tensor decomposition of eigenvectors after having solved the response equations and
comparison of eigen-values/-vectors. Molecule: Thiadiazole.

R-hand eigensolutions
L-hand

eigensolutions

TCP
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max Ravg Rmax NOP Ravg Rmax

10−2 1.47 × 10−3 2.02 × 10−3 2.24 × 10−2 0.00 1 4 0.02 2
10−3 6.10 × 10−5 9.31 × 10−5 4.49 × 10−3 0.05 3 112 0.17 4
10−4 2.55 × 10−6 2.87 × 10−6 8.21 × 10−4 0.33 7 751 0.57 7
10−5 3.40 × 10−8 4.04 × 10−8 1.03 × 10−4 1.07 13 2426 1.39 14
10−6 4.36 × 10−10 4.79 × 10−10 1.23 × 10−5 2.19 20 4973 2.54 21
10−7 4.96 × 10−12 5.86 × 10−12 1.34 × 10−6 3.92 30 8924 4.21 29
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FIG. 4. Plots showing
�
εrel, i

�
avg as a function of TCP, using various modal

basis sets, for thiadiazole. The plot is double logarithmic.

average rank—the relation here is

NOP= d M3 Ravg, (3.6)

where M3 is the number of three-mode combinations for
the molecule in question. Thus, NOP incorporates both the
dimension and average rank and gives the total rank (summed
over all mode combinations), so to speak, of the subspace
basis. Considering again the remarks about contractions in
Sec. II B 1, we see that NOP thereby is directly related to
the computational scaling of the VCC Jacobian contractions
in a setup, where the CP form is utilized by the Jacobian
transformer.

While the main goal of an algorithm with implemented
decomposition would be faster contractions, data compression
is also attractive for reducing memory cost. In general, we will
be content, however, with only modest data compression, in the
present case of 4–7 atomic systems. For each kth-order tensor,
we have nk coefficient. In the tensor decomposed form, we
have kn+1 for each outer product. Taking into account the total
number of tensors and outer products, the data compression
factor can be computed as

fDC=
dCPRavg(kn+1)

dREGnk
, (3.7)

where a common factor of Mk cancels in both numerator and
denominator. With this definition, we have data compression
when fDC < 1. Since we are exclusively considering the three-
mode parts of the vectors, k = 3 for all data.

The last two columns give the relative deviations of the
eigenvalues and difference norms of the eigenvectors. Again,
there is a difference between the REG-row and the other rows.
The point of reference for the REG-data is calculations, per-
formed with the same settings except for a TITR= 10−15, which
will be the numerical precision limit using standard double
precision floating point arithmetic. For the tensor decomposi-
tion rows, the point of reference is the REG calculation above.
To summarize, we have the following relations:

εREG
rel, i =

εREG
i −εLIM

i

εLIM
i

∆vREG
i = vREG

i −vLIM
i , (3.8)

εCP
rel, i =

εCP
i −ε

REG
i

εREG
i

∆vCP
i = vCP

i −vREG
i , (3.9)

where “LIM” denotes calculations done at the numerical preci-
sion limit. The average and maximum absolute values/norms
are taken over all the eigenvalues/-vectors, marked by i, i.e. the
lowest five in this case.

It is also relevant to consider the relative deviations of
the decomposed values with respect to those found at the
numerical precision limit to check whether the CP approxima-
tion fares equally good as the REG calculation does. This is
indirectly checked by comparing the errors for the “REG” and
decomposed calculations, and we will therefore consider the
decomposition to have performed well, if ���ε

CP
rel, i

��� values are of
the same order of magnitude as ���ε

REG
rel, i

��� or less, meaning that
no additional error has been introduced by the decomposition
step.

For both molecules, we generally see that all the average
absolute relative deviations of the eigenvalues are acceptably
small and comparable to those of the REG calculations. In
Sec. III B, the relative deviations required a TCP of about 10−5

to 10−6 or less in order to achieve an error of an order of
magnitude around 10−9, whereas a much looser threshold is
required here. This fact is explained by considering, that for the
calculations in this subsection, the convergence of the eigen-
values is controlled by the iterative equation solver and the
corresponding threshold—the subspace is simply expanded
until the equations have converged to the desired degree. We
are only enforcing a certain representation for the subspace
vectors. We see that this is reflected in the subspace dimensions
of the different calculations, i.e., the dimension is higher for
loose CP residual thresholds and lower for tight ones. The
subspace dimension does, however, converge rather fast, and
already at the lowest threshold TCP = 10−2, it is only slightly

TABLE III. Tensor decomposition of basis vectors during the modified orthogonal subspace projection proce-
dure. Molecule: Formaldehyde. TITR = 10−8. R-hand eigensolutions.

TCP d Ravg Rmax NOP fDC
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max

REG 52 . . . . . . . . . . . . 1.30 × 10−9 4.51 × 10−9 1.50 × 10−7

10−2 53 4.71 22 7 667 0.31 7.28 × 10−10 1.28 × 10−9 1.09 × 10−7

10−3 52 6.29 32 11 947 0.40 3.97 × 10−11 5.81 × 10−11 1.82 × 10−8

10−4 52 8.21 37 18 373 0.53 8.00 × 10−12 2.40 × 10−11 2.38 × 10−9

10−5 52 10.15 41 25 166 0.65 4.27 × 10−12 1.57 × 10−11 8.02 × 10−10

10−6 52 11.99 45 31 941 0.77 4.11 × 10−12 1.35 × 10−11 6.99 × 10−10

10−7 52 13.53 100 37 473 0.87 4.14 × 10−12 1.37 × 10−11 7.07 × 10−10
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TABLE IV. Tensor decomposition of basis vectors during the modified orthogonal subspace projection procedure.
Molecule: Thiadiazole. TITR = 10−8. R-hand eigensolutions.

TCP d Ravg Rmax NOP fDC
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max

REG 59 . . . . . . . . . . . . 1.03 × 10−9 3.21 × 10−9 2.36 × 10−7

10−2 63 1.75 19 51 685 0.12 7.35 × 10−10 1.24 × 10−9 2.40 × 10−7

10−3 59 2.84 29 85 354 0.18 2.14 × 10−10 3.60 × 10−10 5.09 × 10−8

10−4 59 4.16 38 144 499 0.27 1.94 × 10−11 3.72 × 10−11 1.27 × 10−8

10−5 59 5.55 42 230 762 0.36 1.03 × 10−11 2.27 × 10−11 2.97 × 10−9

10−6 59 6.69 100 319 233 0.43 8.52 × 10−13 2.58 × 10−12 5.71 × 10−10

10−7 59 8.05 100 438 259 0.52 3.08 × 10−12 8.63 × 10−12 7.39 × 10−10

larger than the dimension of the subspace found in the “REG”
calculation.

In general, the average and maximum ranks increase when
tightening the CP residual threshold, which is as expected.
The upper bound for the rank was in these calculations set
to 100. In some calculations, some tensors hit this maximum
during decomposition, meaning that the CP decompositions
for these were truncated before reaching the requested CP
residual threshold. In theory this could be a concern, but since
it is seen that the subspace dimension is unaffected by this, and
because such tight thresholds already seem impractical, it is not
considered further.

Regarding the data compression factors, we note that all
calculations achieve a certain degree of data compression, with
fDC ranging from roughly 0.9 down to a mere 0.1 reached at
very loose TCP for thiadiazole. Our study has found that the
greatest compression is obtained in the calculations using the
larger modal basis sets, which can also be seen by looking
at the extended Tables S-II–S-XV given in the supplementary
material.62 This seems reasonable when taking into account
the third-order scaling with n in the denominator of Eq. (3.7).
Seeing that the larger modal basis sets are compressed, the
most supports using larger modal basis sets from the outset and
letting the CP-decomposition pick out the important parts of
the basis. Thus, mode-combinations requiring a larger modal
basis to be accurately described can utilize the whole exci-
tation space, while not adding a considerable cost for mode-
combinations not needing the improved description. First and
foremost, we expect the data compression to increase with
systems size as also found here when comparing formaldehyde
and thiadiazole (0.31 to 0.12, respectively, for TCP= 10−2).

To summarize, the subspace projection method with im-
plemented tensor decomposition seems to work for a TITR value
providing easily nine digits accuracy in the excitation energies,
which is fully sufficient for practical use, in particular keeping
other sources of error in mind. As opposed to the data in Sec. III
B, we find that the CP residual threshold can be set rather loose,
while still obtaining eigenvalues that are extremely accurate for
any practical purpose.

2. Very loose CP residual threshold

In Sec. III C 1, we saw that keeping the CP residual as
loose as possible seemed to give the computationally most effi-
cient implementation of tensor decomposition, and this subsec-
tion therefore studies the behaviour of the iterative procedure

when TCP is set extremely loose. The acquired data is displayed
in Table V with all column headers being the same as described
in Sec. III C 1, with the addition of the last column denoting
whether the calculation was able to converge or not. The first
thing to notice is that we have succeeded in setting the CP resid-
ual so loose that too much information is thrown away, and the
iterative procedure cannot properly construct the subspace. In
these cases, convergence cannot be reached, and the algorithm
terminates only when no new vectors can be added, i.e., the
decomposed vectors are already spanned in the existing space.
The lesson is that one cannot set TCP arbitrarily low, and still
be confident that the iterative procedure performs satisfactory,
without taking some measures against introduction of linear-
dependencies, as mentioned previously.

We see that for at least TCP = 10−0.8 and downwards, we
retain enough information on advantageous directions, and we
can again solve the iterative equations to the given precision.
The points made about the data presented in Sec. III C 1 apply
equally well to Table V, except for the fact that a shallow
minimum is actually observed for the two parameters NOP and
fDC. The immediate interpretation of this is that there is an
optimal value of the CP residual threshold, where the interplay
between Ravg and d is optimal. While predicting this value a
priori seems hard, it fortunately seems that there is a significant
interval with fairly similar good results.

3. Looser and tighter iterative solver thresholds

In this section, we will briefly study how the algorithm
fares when relaxed to looser iterative thresholds and pushed to
tighter iterative thresholds. The data are presented in Table VI
for calculations on thiadiazole.

We see that using a looser iterative threshold, we get
in general a decrease in maximum and average rank, which
also leads to a decrease in NOP and fDC. Likewise when the
iterative threshold is tightened, the subspace dimension and the
average rank increase. Both results seem very reasonable, as
the subspace dimension of the subspace projection procedure
is very much dependent on iterative thresholds where more
iterations are needed in order to bring the residual below tighter
thresholds. As we shall see later in Sec. III D, the three-mode
combinations will be increasingly more important in the basis
vectors as the iterative procedure goes on, which fully explains
the higher average rank, when subspace dimensions increase.
We also note that deviations in the eigenvalues/-vectors follow
more or less the iterative threshold, as expected.
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TABLE V. Data for the study of a very loose CP residual threshold. Molecule: Formaldehyde. TITR = 10−8.
R-hand eigensolutions.

TCP d Ravg Rmax NOP fDC
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max Conv.

REG 52 . . . . . . . . . . . . 1.30 × 10−9 4.51 × 10−9 1.50 × 10−7 Y

10−0.4 826 0.00 1 80 0.00 5.41 × 10−6 9.07 × 10−6 1.02 × 10−3 N
10−0.6 978 0.07 4 1431 0.09 3.55 × 10−8 9.15 × 10−8 4.76 × 10−5 N
10−0.8 110 1.87 7 4121 0.25 1.42 × 10−9 4.61 × 10−9 1.66 × 10−7 Y
10−1.0 72 2.70 12 4036 0.24 1.33 × 10−9 4.22 × 10−9 1.73 × 10−7 Y
10−1.2 62 3.18 14 4732 0.24 1.11 × 10−9 3.62 × 10−9 1.64 × 10−7 Y
10−1.4 57 3.53 16 5167 0.25 1.37 × 10−9 4.95 × 10−9 1.43 × 10−7 Y
10−1.6 55 3.95 18 6042 0.27 1.27 × 10−9 4.81 × 10−9 1.54 × 10−7 Y
10−1.8 54 4.39 19 7006 0.29 1.60 × 10−9 4.81 × 10−9 1.11 × 10−7 Y
10−2.0 53 4.74 21 7651 0.31 7.52 × 10−10 1.31 × 10−9 1.09 × 10−7 Y

Another feature that we found using thresholds around
TITR= 10−13 is that the algorithm in some cases becomes some-
what “unstable,” as in the case of very loose CP thresholds.
This behaviour is again caused by the algorithm introducing
linear dependencies in the subspace when squeezing out
the last digits of the required precision. This behaviour
shows that when solving the equations to arbitrary precision,
precaution needs to be taken in constructing the subspace when
orthogonality is no longer explicitly enforced. As subspaces
become larger due to tight iterative thresholds, the risk that
tensor decompositions will rotate the newly created trial vector
back into the space already spanned by the subspace increases.
We note that the application of tighter thresholds than used here
is of little practical relevance, and with thresholds tighter than

TITR = 10−10, we get so close to the numerical limit that the
additional numerical noise from the non-orthogonality can be
detrimental. We do, however, learn that there may be some
level of interplay between TITR and TCP, with tighter TITR
requiring also tighter TCP.

4. Many eigenvalues

We have so far been concerned with finding only the first
five lowest-lying eigenvalues of the VCC Jacobian. For both
molecules, a more detailed inspection shows that these corre-
spond to primarily one-mode excitations. In order to verify
that the tensor decomposition techniques can also be applied
to more complex response eigenvalue calculations, a series of

TABLE VI. Tensor decomposition of basis vectors during the modified orthogonal subspace projection proce-
dure. Molecule: Thiadiazole. R-hand eigensolutions.

TITR TCP d Ravg Rmax NOP fDC
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max

10−4 REG 13 . . . . . . . . . . . . 0.00 4.57 × 10−4 9.87 × 10−3

10−4 10−2 14 0.09 4 567 0.01 3.52 × 10−5 1.52 × 10−4 1.06 × 10−2

10−4 10−4 13 0.65 15 3 828 0.04 3.24 × 10−7 5.34 × 10−7 7.71 × 10−5

10−4 10−6 13 2.10 31 13 245 0.13 3.32 × 10−8 1.58 × 10−7 4.81 × 10−5

10−6 REG 35 . . . . . . . . . . . . 2.12 × 10−7 3.44 × 10−7 2.79 × 10−5

10−6 10−2 38 0.81 15 13 974 0.06 2.11 × 10−7 3.82 × 10−7 2.29 × 10−5

10−6 10−4 35 2.63 35 46 236 0.17 3.89 × 10−9 7.38 × 10−9 5.19 × 10−7

10−6 10−6 35 5.21 44 123 820 0.33 4.64 × 10−11 1.10 × 10−10 1.93 × 10−7

10−10 REG 84 . . . . . . . . . . . . 1.92 × 10−11 4.76 × 10−11 1.52 × 10−9

10−10 10−2 87 2.71 20 119 381 0.18 8.38 × 10−12 1.83 × 10−11 2.13 × 10−9

10−10 10−4 84 5.27 38 306 430 0.34 3.20 × 10−13 6.46 × 10−13 2.71 × 10−10

10−10 10−6 84 7.90 100 605 249 0.51 3.85 × 10−14 1.20 × 10−13 2.89 × 10−11

10−13 REG 116 . . . . . . . . . . . . 1.91 × 10−14 6.39 × 10−14 2.15 × 10−12

10−13 10−2 122 3.88 19 311 368 0.26 1.72 × 10−14 2.79 × 10−14 2.75 × 10−12

10−13 10−4 117 6.45 38 647 004 0.42 4.05 × 10−14 7.74 × 10−14 5.74 × 10−12

10−13 10−6 116 8.98 100 1 062 074 0.58 1.62 × 10−14 4.97 × 10−14 1.04 × 10−12
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calculations were run for formaldehyde similar to the ones
in Table III, but the number of sought eigenvalues is now
20 instead of 5. Several of these eigenvalues correspond to
combination bands and the two- and -three-mode combinations
will be more important for these eigenstates.

The results are displayed in Table VII. It is observed that
the general trends seen in Table III also applies here. In increas-
ing the number of sought eigenvalues, the accuracy of the solu-
tions seems to remain relatively unaltered, and the main change
is here a slight increase in Ravg and fDC, and a large increase
in the subspace dimensions and subsequently NOP. However,
to a great extent, this change correlates with the increased
number of eigenvalues —the subspace dimensions are in fact
almost exactly a factor 4 larger than the corresponding values
of Table III. The performance of the algorithm thus seems
overall unaltered with an increased number of eigenvalues, and
for eigenvectors where the three-mode part is more dominant.

5. Restricted maximum rank

Thus far the upper limit for the maximum rank has been
set to 100, but this limit was only reached in calculations using
tight CP residual thresholds. In the loose end, Rmax remains
quite modest, but it is observed to grow somewhat fast with
increasing TCP. In this subsection, we therefore repeat the
calculations of Sec. III C 1, but with different upper bounds
on Rmax.

When fitting a tensor decomposition, the CP-ALS algo-
rithm uses singular value decompositions of the d-mode matrix
unfoldings of the tensor as the initial guess for the mode vectors
of the decomposition. This procedure can, however, only be
applied for the first n outer products, where n is the extent of the
tensor in each mode, i.e., n= Nm−1 in our case. If the rank is
greater than n, the initial guess for the remaining outer products
is chosen randomly. For more information on these ideas in
the context of our current implementation, see supplementary
material of Ref. 19.

Motivated by the above remarks, we try setting the Rmax
= Nm−1 in a series of calculations. As seen from Tables III
and IV, this may result in some tensor decompositions being
truncated before their fit reaches the TCP. Thus, we may expect
the subspace dimension to become higher, but the hope is that
the lower ranks of the tensors will give a smaller number of
outer products in the end. Additionally, we present calculations
using Rmax = 1, 3, 5 to explore the dependence on imposing
a max rank. Results are shown in Table VIII, where for the

sake of conciseness, the relative deviation of the eigenvalues/-
vectors are not included, but they are confirmed to be on the
same scale as the data presented in Sec. III C 1. Instead, the
table shows a comparison between NOP and fDC. The ratios are
defined as

ΦNOP =
NOP

NOP
′ , (3.10)

Φ fDC =
fDC

fDC
′ , (3.11)

where the primed versions refer to Tables III and IV.
As expected, the restricted Rmax means that the iterative

equation solver needs a larger subspace in order to make the
residuals converge. However, we see that Ravg, in general, is
lower, and the change in the total number of outer products then
becomes a matter of which of these changes the most. Compar-
ing calculations using different Rmax, we see that although
the subspace dimension increases significantly as we lower
Rmax down to Rmax = 1, the total number of outer products
used to describe the subspace does not increase significantly.
Considering also the extended Tables S-XVI and S-XVII in the
supplementary material,62 it is seen that for the loose choices
of TCP, the ΦNOP and Φ fDC ratios are approximately equal to
1 with only some being slightly greater and show a decrease
when tightening TCP.

To summarize, it is found that restricting the maximum
rank does not change significantly the calculations with a loose
CP residual threshold, which are the values that seem like
the best choice for an efficient iterative solver using a tensor
decomposed subspace. For tight CP residual thresholds, the
Rmax restriction seems rewarding for thiadiazole, but one has to
keep in mind then, that such tight threshold is impractical for
an efficient implementation since the NOP is still rather high
compared to the looser thresholds. Nevertheless, in an actual
computational program with implemented tensor decomposi-
tion, one would have to pick just one TCP value and run the
calculation for that—in such cases, restricting Rmax is likely
to be attractive. In fact, as the CP-ALS algorithm occasion-
ally displays poor convergence properties, searching system-
atically upwards for a satisfactory rank can be costly. While
Rmax= 1 is not optimal, Rmax= 5, 7 both provide results compa-
rable to Rmax = 100, and we conclude that the choice of Rmax
is not a very critical choice. We emphasize again that the final
accuracy is not affected by different details on how the basis
vectors are constructed in CP decomposed form. It may there-
fore be attractive to limit the rank to reasonable low values,

TABLE VII. Data obtained when solving for 20 eigenvalues. Molecule: Formaldehyde. TITR = 10−8. R-hand
eigensolutions.

TCP d Ravg Rmax NOP fDC
�
εrel, i

�
avg

�
εrel, i

�
max ∥∆vi∥max

REG 210 . . . . . . . . . . . . 1.91 × 10−10 1.08 × 10−9 2.19 × 10−7

10−2 211 5.46 23 39 869 0.35 1.72 × 10−10 1.11 × 10−9 2.07 × 10−7

10−3 210 7.13 33 60 761 0.46 1.04 × 10−10 6.37 × 10−10 1.35 × 10−7

10−4 211 9.32 40 89 746 0.60 1.07 × 10−11 3.91 × 10−11 1.46 × 10−7

10−5 210 11.42 43 118 403 0.73 2.91 × 10−12 2.39 × 10−11 1.09 × 10−8

10−6 210 12.89 45 142 424 0.83 1.89 × 10−12 1.88 × 10−11 4.99 × 10−9

10−7 210 14.36 100 160 952 0.92 1.95 × 10−12 1.97 × 10−11 5.33 × 10−9
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TABLE VIII. Data for restricted maximum rank. Molecule: Thiadiazole.
TITR = 10−8. R-hand eigensolutions.

TCP Rmax d Ravg NOP fDC ΦNOP Φ fDC

REG . . . 59 . . . . . . . . . . . . . . .

10−2 7 65 1.67 49 308 0.12 0.95 0.98
10−3 7 62 2.53 71 274 0.17 0.83 0.93
10−4 7 61 3.50 97 200 0.23 0.67 0.87
10−5 7 61 4.32 119 896 0.29 0.52 0.80
10−6 7 61 5.03 139 667 0.33 0.44 0.78
10−7 7 61 5.49 152 429 0.36 0.37 0.73

10−2 1 289 0.41 53 648 0.13 1.04 1.07
10−2 3 110 1.03 51 675 0.12 1.00 1.03
10−2 5 75 1.44 49 146 0.12 0.95 0.98

and rather let the iterative algorithm add a new vector if really
needed.

D. Mode combination and rank statistics

The focus of Sec. III C was on the outcomes and perfor-
mance of the modified orthogonal subspace projection proce-
dure with implemented tensor decomposition, and only very
general characteristics of the decomposed basis vectors were
given. It would, however, be interesting to have a closer look at
the inner workings of the tensor decomposition solver, which
is what this subsection focuses on. To avoid too much data,
we focus on a single calculation for this study, namely, the
TCP = 10−2, Nm = 8 R-hand eigen-calculations for thiadiazole
(Table IV).

In the above-mentioned tables, only the average and maxi-
mum ranks are given, so one might begin by asking how the
tensors are distributed according to their rank. This distri-
bution is shown in Figure 5. We notice that the distribution
is tilted very much towards the low end, which is promis-
ing for future applications of the decomposition method. The
distribution decays fast which is also confirmed for tighter CP
residual threshold. It should be noted that this “exponential-
like” decay is not retained when going to lower TCP values, but
as mentioned earlier, we find that the TCP value chosen here
is more optimal in several regards, thus we will not be further
concerned about this.

Instead of taking the average over all basis vectors in
the subspace, one could also take the average over all mode
combinations in order to study the evolution of the average rank
as the iterative equation solver constructs the subspace. Thus,
we introduce the average rank of a given subspace vector R j

avg
as

R j
avg=

1
M3


m∈MCR[3]

RT m
j
, (3.12)

where the sum is over all mode combinations in the three-
mode combination range, M3 is the number of three-mode
combinations for the molecule, and j indexes the position in
the subspace.

In Figure 6 is shown R j
avg as functions of j. For compar-

ison, the average ranks for a corresponding calculation using
a 6 VSCF modal basis for each mode are also included. Note

FIG. 5. Rank distributions for thiadiazole.

that the average rank starts out at zero due to the fact that the
iterative solver uses pure one-mode vectors as initial guesses
for the states under study. Potential starting vectors are not
limited to being one-mode vectors, but for most practical appli-
cations, this will be the case as the initial guess is dependent
on the diagonal of the VCC Jacobian (or VCI response matrix).
After a few iterations, we see that the average rank rises, and
it continues to do so rather steadily, though with some oscil-
lations. It should be remembered that, as long as no residuals
have converged, the iterative solver adds a new basis vector to
the subspace for every residual in each iteration, and in this
context the oscillations are not surprising, when noticing that
they have fairly regular patterns with periods of five, i.e., the
number of eigenvalues we try to converge. The oscillations are
thus evidence that the three-mode couplings are not equally
important for all eigenvectors.

Through the study of tensor ranks, Figure 6 provides
insight into how the subspace projection procedure constructs
the subspace when tensor decomposition is implemented.
We see that the three-mode couplings are screened almost
completely away in the beginning and then included gradually
towards the end. The amount of screening and inclusion of
three-mode combinations is determined by the CP residual
threshold, which shows that in using tensor decomposition, we

FIG. 6. Plots of the average rank per basis vector for thiadiazole for Nm =

6, 8.
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TABLE IX. Average rank of three-mode amplitude decompositions of all
trial vectors from a response eigenvalue calculations on a water monomer (1
eigenvalue) and an infinitely separated water dimer (2 eigenvalues).

VCC[3] VCI[3]

Monomer

Dimer
intra

molecular

Dimer
inter

molecular Monomer
Dimer
Intra. Dimer Inter.

5.85 2.92 0.00 5.93 5.71 3.54

have attained a black box way of including only the important
contributions to the higher-mode couplings in each iteration.

E. Water

In this sections, we will look at calculations on the water
monomer and an infinitely separated water dimer. The water
dimer is constructed in such a way that there is no coupling
between their internal coordinates. Thus, the water dimer will
have 6 vibrational degrees of freedom, i.e., three for each
water molecule, in contrast to an actual water dimer having an
additional 6 degrees of freedom stemming from intermolecular
coordinates. Potentials and normal coordinates are calculated
for each water molecule in isolation and then combined, yield-
ing a Hamiltonian on the form HAB =HA+HB, linking it to the
discussion of size-extensivity in Sec. II B 4. This description
is adequate as we are not interested in a detailed analysis
of an actual water dimer, but more in the size-extensivity
feature of the VCC, compared to the non-size-extensive VCI,
and in verifying that the tensor decomposed VCC algorithm
conserves the size-extensive properties. In truncated VCI, the
intramolecular vibrations on each water will thus be artificially
coupled, originating from the wave function expansion and
not the Hamiltonian of the system. We will here study these
features in the context of response eigenvalue calculations on
the two systems in question. All calculations are done at the
level of VCC[3] or VCI[3], so that we in both cases are at
the FCI limit in the monomer calculations. A modal basis of
8 VSCF models was used everywhere, and tensor decompo-
sitions of the subspace vectors were limited to a max rank of
7, considering the remarks regarding initial CP-ALS guesses
in Sec. III C 5.

As the infinitely separated water dimer is nothing but a
duplication of the monomer water, the dimer will have 2 degen-
erate eigenvalues corresponding to each eigenvalue found for
the monomer case when calculating the response eigenvalues.
The dimer will, in addition, have extra combination bands
arising from combined excitations on each water molecule. In
Table IX, we report the single lowest eigenvalues for the water
monomer corresponding to the bending mode of water and the
two lowest eigenvalue of the infinitely separated water dimer
(the eigenvalues being degenerate and equal to the monomer
case). We here bring the average decomposition ranks of the
three-mode combination in all subspace vectors needed for the
monomer calculation as well as average ranks of intra- and
inter-molecular three-mode combinations in the subspace for
the dimer calculation. What we immediately notice is that in
the case of VCC, all intermolecular three-mode combinations

TABLE X. Average rank of three-mode amplitude decompositions of all
trial vectors from a response eigenvalue calculations on a water monomer
(2 eigenvalues) and an infinitely separated water dimer (5 eigenvalues).

VCC[3] VCI[3]

Monomer
Dimer
Intra.

Dimer
Inter. Monomer

Dimer
Intra. Dimer Inter.

5.86 5.25 0.63 5.93 5.65 3.80

of the water dimer are rank-zero tensors meaning that they are
zero as anticipated. This is not the case for the VCI calcula-
tions where a substantial coupling is seen between two totally
separated water molecules. Comparing the average ranks of the
intramolecular three-mode couplings, we also see a substantial
difference between VCC and VCI. We see that for the VCC
calculations, the intramolecular average rank is exactly half of
what is seen for the monomer, and the extended VCC Table
S-XVIII in the supplementary material62 confirms that the
subspace is effectively divided into a subspace for each water,
each essentially identical to the subspace of the monomer case.

For the data in Table X, we found the first two excitation
energies of the water monomer, corresponding to the funda-
mental excitation and first overtone states of the water bending
mode. Going to the water dimer, we calculated 5 excitation
energies with the first 4 being the degenerate water bend funda-
mental and first overtones, with the fifth being the combination
band of a simultaneous excitation of the bending mode on
each of the two waters, a band unique for dimer. We notice
now that the VCC subspace also contains some intermolecular
coupling, introduced by the residuals of the combination band
eigenstate. The subspace is no longer sharply divided into
two with a subspace for each water, which is also reflected
in the average rank of the VCC intramolecular three-mode
couplings. Even though intermolecular coupling is observed
in the VCC case, as is now unavoidable since we need to
describe an eigenstate exciting both molecules, it is still far
less than what is seen for the VCI case. In summary, it thus
seems that size-extensivity is an important feature of VCC for
utilizing efficiently tensor decomposition techniques for the
response eigenvalue calculations. The behavior of the VCC
tensor-decomposed subspace algorithm is fully satisfactory in
this regard and allows for local excitations to be described by
only those local tensors that are relevant. As we proceed to
larger molecules, we may have justified hope that ranks will be
used on describing real physical couplings when needed, while
distant couplings will be described with very low or zero rank.

IV. SUMMARY AND OUTLOOK

In a subspace projection algorithm for solving eigen-
value problems, we have implemented a procedure of CP-
decomposing the basis vectors of the trial subspace. We have
applied this algorithm to the case of solving the VCC and
VCI response eigenvalue problems using a stacked tensor
format of the subspace vectors. The method introduces an
additional step compared to standard methods, where the
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new trial vectors are decomposed before being added to the
subspace. This introduces some additional difficulties as we
break the orthonormality of the basis vectors. The disadvan-
tage is, however, compensated as the decomposed subspace
could tremendously decrease computational scaling in future
implementations of the VCC Jacobian transformations, needed
in the iterative subspace algorithms.

As an implementation of VCC Jacobian transformations
utilizing tensor decompositions is yet to be implemented, the
scope of this study is instead, whether it is possible to solve the
Jacobian eigenvalue equations using decomposed basis vectors
at all and whether attractive rank properties are found. For
formaldehyde and thiadiazole, we found that it was indeed
possible without loss of accuracy or any significant increase
in the number of matrix-vector products. We also note that
the seemingly optimal conditions were found at rather low
thresholds for the CP-decomposition. This is a nice feature
if it holds in the general case, as CP-decompositions become
increasingly hard to compute when tightening CP residual
thresholds. The effect of the allowed maximum rank was also
investigated. For the two molecules, the effects of restricting
Rmax were quite moderate for the loose TCP. All in all it was
found that the algorithm performs reasonable well with reason-
able choices of thresholds. Pushed to the extreme difficulties
can arise related to the introduction of linear dependencies
in the subspaces. This is, in general, not an attractive feature
and attempts might be made to remedy this, e.g., by explicitly
enforcing orthogonality in the tensor decomposed forms. In
any case, it seems reasonably easy to find sensible thresholds
giving sufficient robustness and high accuracy.

In-depth rank statistics for some subspaces were also stud-
ied, and a correlation was seen between the average ranks of the
basis vectors and the dominance of three-mode parts of their
amplitudes. It was also seen that not all three-mode couplings
were equally important when building the subspace, and using
tensor decompositions, only the important parts were added
to the subspace in each iteration. Essentially, the method thus
represents a dynamical black box way of screening each sub-
space vector and simultaneously expresses it in a numerically
convenient form. The size-extensivity of VCC is shown to
carry over to rank distributions of trial vectors for localized
excitations. This, together with the decreasing average rank
going from the small formaldehyde molecule to the medium
sized thiadiazole molecule, provides good reasons to believe
that the relative gains of tensor-decomposition is increasing
with system size.

The actual implementation of a method exploiting the
tensor decomposition formalism in the VCC Jacobian trans-
former is needed to ultimately gain major improvements. It
would then be relevant to see how the implementation affects
computational speeds and to examine its applicability to larger
molecules and to higher excitation spaces for higher accuracy.
A functioning implementation in the entire range of VCC algo-
rithms could potentially lay the foundations for significantly
more efficient calculations in general, and in this regard the
tensor decomposition scheme may pave the way for apply-
ing vibrational correlation methods on large molecules, thus
providing accurate chemical insight for a whole new group of
molecules in the future.
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