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another. Thanks to Elena Mattana, whose sharpness, critical view and sensitivity are able

to rephrase the poorest research question into pure gold. I hope I managed to put your

advises in practice, at least partially. Thanks to Federico Carlini for the daily chats, the

numerous comments on my work and sharing his sources of knowledge with me. Thanks

to Luke N. Taylor for sharing with me his romantic view of life. Also, using his innate quality

of “native speaker”, he read and helped me shaping and read again introductions, abstracts,

and an uncountable amount of other unrelated texts. Thanks to Leopoldo Catania for
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models in a multitude of occasions. I am thankful to Giovanni Pellegrino that sustained me

through uncountable coffee breaks, research talks and Skype calls. I am nostalgic about
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At the department, there has been an amount of people that supported this work

indirectly by accompanying or helping me along the years. Thanks to: Yunus Emre Ergeme

that cast my job talk in iron, the nights out and the dances; Phillip Heiler for the many

deep introspective talks (I have a particularly nice memory about a summer after-work

swim); Pierluigi Vallarino for the very last year, spent as friend and office mate, the dinners,

the delicacies, and PnD; Francesco Benvenuti, with which I shared pain and frustration

at the beginning of our Ph.D.; Yana Petrova, who thought I was such a good colleague

that decided to become my housemate, for the chats and pastries; Yuan Li for the lunches

and the nice words; Claes Bäckman that made himself available and joined training of

my interview skills. Additionally, thanks to my coauthors Michel van der Wel and Emil H.

Partsch. Emil has been particularly crucial for I learned a lot of “empirical stuff” working

together on a very insidious project (not included in the dissertation). Additionally, thanks

to Salman, Anders and Mathias.

During my Ph.D., I spent six invaluable months at Princeton University. Big part of

my thesis benefited from that stay. Such an important visit would have not been possible

without the financial support from the Department and Reinholdt W. Jorck og Hustrus

Fond. I wish to thank Bo E. Honoré for hosting me and welcoming me to the big Danish

family at Princeton. I want to fix on paper this curious fact: my very first attendance to a

julefrokost (julefrokost: Danish feast occurring during the Christmas season with tradi-

tional Christmas food and alcoholic beverages) has been at Princeton, at Bo’s. Additional

thanks go to Sebastian Roelsgaard that helped me getting around and enjoyed the meatless

Mondays; Zhao Jin for the numerous events at the Graduate College; Andrea Modena for

the endless talks around Feynman-Kac: Without them my stay at Princeton would have

been all work and no play.

I would have not been writing about econometrics at all if it were not for Eduardo

Rossi. Through his lectures, he conveyed his overwhelming passion about the subject

to me. Probably, I would have not started the Ph.D. if it were not for Paolo Santucci de

Magistris. For a peculiar unfortunate coincidence I arrived to Denmark the same day he

left the country for good.

Since the first day that I stepped in Denmark, I have been lucky enough to be sur-
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rounded by great people. Together with Sigurd, Giorgio, Pere and gym buddy Georgios
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CONTENTS ix

Brief Summary

This thesis proposes two novel frameworks for estimation and evaluation of dynamic

stochastic general equilibrium (DSGE) models formulated in continuous time. The first

two chapters restrict the analysis to the class of linear DSGE models. The first chapter de-

velops methods for bridging theoretical work in macroeconomics to real-world aggregate

measurements. In particular, the essay proposes an identification scheme for fundamental

recovery of structural shocks that exploits the causal links implied by the model.

The second chapter takes the toolbox of the first chapter and applies it for full-information

estimation of heterogeneous-agent DSGE models. Additionally, it develops a measure of

informativeness that answers the question “does micro matter for macro?”. The third chap-

ter of the dissertation deals with situations in nonlinear DSGE models where structural

parameters are hard to estimate with standard methods. Accuracy is enhanced and bias

decreased by using the martingale estimating function (MEF).
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Kort Resumé

Denne afhandling opstiller to nye frameworks for estimering og evaluering af dynamiske

stokastiske generelle ligevægtsmodeller (DSGE) formuleret i kontinuerlig tid. De første to

kapitler begrænser analysen til lineære DSGE-modeller. Første kapitel udvikler metoder til

at bygge bro mellem teoretisk arbejde inden for makroøkonomi til aggregerede målinger

i den virkelige verden. Afhandlingen opstiller et særligt identifikationsskema til grund-

læggende genopretning af strukturelle chok, der udnytter de årsagssammenhænge, som

modellen forudsætter.

Andet kapitel tager værktøjerne fra første kapitel og anvender dem til full-information

estimering af heterogeneous-agent DSGE-modeller. Derudover udvikler den et mål for

informativitet, der besvarer spørgsmålet: “Har mikro betydning for makro?” Afhandlingens

tredje kapitel omhandler situationer i ikke-lineære DSGE-modeller, hvor strukturelle

parametre er svære at estimere med standardmetoder. Nøjagtigheden er forbedret, og bias

er reduceret ved at bruge martingale-estimeringsfunktionen (MEF).



SUMMARY

The objective of this dissertation is to provide a methodological benchmark for the estima-

tion of dynamic macroeconomic models. The general framework is dynamic stochastic

general equilibrium (DSGE) models. These are approximated representations of the econ-

omy that are mainly used by researchers and policy makers for policy evaluation. For

example, an economist at a central bank would like to measure the effect of a change of

the interest rate on households’ expenditures. They decide to do that through the lenses of

a model that has the transmission mechanism from the interest rate to the households’

balance sheet (and therefore the structure of the economy) defined a priori. Most likely,

they will use a DSGE model. That is why it is important to study how to estimate such

models.

This thesis consists of three independent chapters on the estimation of structural

macroeconomic models. While each chapter is methodologically and conceptually self-

contained, the overall focus lies on models formulated in continuous time and various

natures of the data. The connection between the chapters lie in the object of the analysis,

i.e. estimation of structural parameters of DSGE models. However, they differ for a host of

reasons.

The overall contribution of the dissertation is methodological. In general, the first two

chapters establish a unified framework for maximum likelihood estimation of linear DSGE

models. They cover both cases with a representative agent and cases with a multitude

of heterogeneous agents, respectively. These chapters develop the bases for bridging

theoretical work in macroeconomics to real-world aggregate measurements. In particular,

the first essay proposes an identification scheme for fundamental recovery of structural

shocks that exploits the causal links implied by the model. The second chapter adds

household-level data to the framework in order to answer the question “does micro matter

for macro?”. Instead, the third chapter of the dissertation deals with situations in nonlinear

xi
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DSGE models where structural parameters are hard to estimate with standard methods.

Chapter 1, “Estimation of continuous-time linear DSGE models from discrete-time

measurements”, written jointly with Bent Jesper Christensen and Juan Carlos Parra-Alvarez,

takes continuous-time linear DSGE models to real-world measurements. While some

of the theoretical macroeconomic frontier pushes for the usage and development of

continuous-time models (see Fernández-Villaverde, Hurtado, and Nuño, 2020), practition-

ers refrain from using them to evaluate policies with data. We establish a novel framework

for continuous-time models that bridges theoretical modelling in macroeconomics and

real-world measurements to enhance policy-making and model evaluation.

We restrict our analysis to linear DSGE models and propose a method that allows

us to rely on usual econometric toolboxes for analysis like, for instance, the Kalman

filter for maximum likelihood estimation. Interestingly, adapting the DSGE to real-world

measurements implies temporal aggregation of variables between observations. The

temporal aggregation step collapses the inputs of the model into a set of flow variables,

which are nothing but the convolution of the original inputs along time. This effect is

known by the name of “contamination” (Geweke, 1978). We exploit such feature of the

discretized model and propose an identification scheme for structural shocks that exploits

the original causal link of the DSGE. We extend the model of Hansen (1985) to include

shocks to capital and show that, in simulation, we are able to fundamentally approximate

the true structural shocks of the economy.

Additionally, we document bias due to misspecification of the discretization scheme.

We focus on two cases of misspecification: the first is related to the notion of measurement.

To make it clearer, generally data used in empirical macroeconomics is measured as flow,

that is the measurement is an average over a period (as opposed to stock, that is the

value at the end of the period). Then, ignoring the different kind of measurement leads

to approximation error which can severely alter estimates. Instead, the second case is

directly related to numerical approximation. In the empirical application, we revert to

US aggregate data and estimate the structural parameters responsible for the exogenous

variations in the model. We find that divergences mainly arise from wrongly assigning flow

data to stock measurements.

Chapter 2, “Estimation of heterogeneous-agent models combining micro and macro

data”, extends the econometric framework of Chapter 1 and takes it to DSGE models

with heterogeneous agents. This kind of models aim at incorporating a rich set of cross-

sectional facts regarding a population through the distribution of the agents. The dynamics
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therefore entail the evolution over time of such distribution. The chapter builds upon the

solution method of Achdou, Han, Lasry, Lions, and Moll (2022) The aim of the chapter is

to estimate structural parameters of the DSGE models by using both micro (surveys and

registries) and macro data (national accounts).

The essay proposes a two-step estimation method for the structural parameters of

interest. This consists of estimating summary statistics from the cross section (micro data)

in the first step, and including such summary statistics in the state-space representation

of the DSGE model in the second step. This methodology has a number of advantages:

i) it applies to both repeated cross sections and panels; iii) it easily accounts for sample

selection and unobserved heterogeneity; iii) it is possible to quantify, with a number, how

much of the variation along the time dimension in the second step is explained by the

cross-sectional variation from the first step. That number, named “informativeness” can

be used to answer the question «Is micro data informative for macro parameters?»

It turns out that the answer is «It depends», and it depends on what kind of structural

parameter the practitioner is willing to calibrate and which they are willing to estimate.

Intuitively, structural parameters which are naturally related to features of the cross-

sectional distribution of agents will benefit from the inclusion of micro data. However,

parameters which have more relevance on aggregates will mainly benefit from aggregate

data solely. While this measure correlates with the root mean squared error, the relation

is not one-to-one. The example economy is the Aiyagari (1994) model with aggregate

shocks. The empirical application to Danish data finds that agents are estimated to be

more patient compared to when micro data is not included into the estimation.

Chapter 3, “Estimation of weakly-identified parameters with higher-order moments”, in

collaboration with Bent Jesper Christensen and Michel van der Wel, deals with a nonlinear

DSGE model. This essay extends Christensen, Posch, and Van Der Wel (2016), where we

allow for various tweaks to their model.

Firstly, we allow for state-dependence of the volatility of the interest rate, and secondly,

we let the representative agent have a constant relative risk aversion (CRRA) utility of

consumption. These additional features introduce levels of nonlinearities which jeop-

ardize estimates also when using unconditional second-order moments. We therefore

resort to the martingale estimating function (MEF) of Christensen and Sorensen (2008)

and exploit conditional second-order moments. It turns out that MEF with conditional

second-order restrictions eliminates some of the bias and reduces the uncertainty around

parameter estimates. For instance, parameters such as the relative risk aversion parameter
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are estimated with great imprecision by the generalized method of moments (GMM) and

OLS. However, the additional restrictions coming from conditional moments are already

enough to enhance the quality of the estimates. Economically, accounting for higher-order

moments leads to higher estimates of required returns for holding risky assets.
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CHAPTER 1. ESTIMATION OF CONTINUOUS-TIME LINEAR DSGE MODELS

FROM DISCRETE-TIME MEASUREMENTS

Abstract

We provide a framework to estimate continuous-time linear dynamic stochastic

general equilibrium (DSGE) models when data is only available at discrete points

in time. Our approach exploits the fact that any system of linear stochastic differ-

ential equations (SDE) can be represented as a discrete-time VAR(1) with the same

probabilistic structure of the original SDE at measurement times. When combined

with a measurement equation, we obtain an otherwise standard discrete-time state

space model that accommodates for the discrete nature of the data, while keeping the

fundamental characteristics of the continuous-time model. Using the Kalman filter,

we derive the likelihood function and estimate frequency-independent structural

parameters of the economic model. One implication of the continuous-to-discrete-

time mapping is that innovations in the state-space representation do not represent

structural shocks in the economy, but an infinite sum of zero-mean random variables

between measurements. Following the structural VAR literature, we also provide a

framework to identify structural shocks using the reduced form innovations from the

estimated model.

Keywords: Structural identification, exact discrete-time representation, DSGE

models

JEL classification: C13, C32, C68, E13, E32, J22

1.1 Introduction

Dynamic stochastic general equilibrium (DSGE) models have become a fundamental

tool for macroeconomic analysis. More recently, the use of continuous-time methods

for their construction and solution has grown in popularity, with a large number

of models currently being used for the study of the transmission mechanisms of

monetary and fiscal policies as well as for a better understanding of the interactions

between the real and financial sides of the economy (see, e.g., Posch, 2011, Brunner-

meier and Sannikov, 2014, Kaplan, Moll, and Violante, 2018, Itskhoki and Moll, 2019,

Posch, 2020, Fernández-Villaverde, Hurtado, and no, 2020).

This renewed interest also manifested into the adaptation and development of

new numerical methods to approximate the solution of both representative and

heterogeneous agent models (see, e.g., Posch, 2009, Posch and Trimborn, 2013, Parra-

Alvarez, 2018, Ahn, Kaplan, Moll, Winberry, and Wolf, 2018, Parra-Alvarez, Polattimur,

and Posch, 2021, ?). However, considerably less work has been devoted to study how to

take these models to the data. This is particularly relevant because while the economic
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theory is derived under the assumption that time evolves continuously, the data used

to test its validity is only measured at discrete points in time with macroeconomic

data usually available only at low frequencies (e.g., monthly, quarterly, or yearly).

In this paper we make four key contributions to try to fill this gap in the literature.

First, we introduce a likelihood-based framework along the lines of Harvey and Stock

(1985) and Zadrozny (1988) to estimate the deep parameters of structural continuous-

time linear economic models through a comprehensive and systematic use of the

macroeconomic data available as advocated by Fernández-Villaverde (2010). The

proposed approach acknowledges the discrete nature of the sampling process while

simultaneously keeping unaltered the probabilistic structure of the data generating

process characterized by decision intervals that are not tied to the observation interval

of sampled data.

As a result, the frequency with which the data is measured is not relevant for

conducting statistical inference on the parameters being estimated (i.e., those of

the continuous-time model) except for the fact that the smaller the length between

observations, the larger the estimation sample, and thus the higher the efficiency in

the estimation of the structural parameters of the model.

The starting point of our framework is the system of equations that characterize

the solution of linearized continuous-time DSGE models. The latter is usually repre-

sented by an autonomous system consisting of a set of linear stochastic differential

equations (SDE) describing the dynamics of the optimal state variables in the econ-

omy, and a set of algebraic equations representing equilibrium conditions, optimal

policy functions, or (static) no-arbitrage conditions at any given instant of time.1

The solution of the DSGE can also be interpreted as a continuous-time state-

space model where the system of linear SDEs defines the transition equation for the

latent state variables, while the system of algebraic equations is the corresponding

measurement equation (see Jazwinski, 1970). Next, we express the solution to the

system of SDEs as a discrete-time vector autoregressive model of order one (see

Bartlett and Rajalakshman, 1953, Phillips, 1959, Bergstrom, 1966, Phillips, 1973, and

Bergstrom, 1984).2 This VAR(1) representation, usually known as the exact discrete

model (EDM): (i) describes any given sequence of observations sampled from the

underlying continuous-time model; (ii) does not involve any discretization error that

may contaminate the estimation of the model parameters; and (iii) maintains all

1See Trimborn (2013, 2018) for recent applications of differential-algebraic systems in the context of
deterministic models of exogenous growth with inequality constraints and endogenous growth models,
respectively.

2See McCrorie (2009) and Chambers, McCrorie, and Thornton (2018) for a comprehensive review on the
exact discrete-time representation of continuous-time models. Exact discrete-representations of higher-order
systems of stationary and non-stationary differential equations can be found in Chambers (1999).
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the cross-equations restrictions implied by the economic model which the prob-

ability distribution of the data must fulfil. When combined with the state-space

system evaluated at measurement times, they form a standard discrete-time and time-

invariant state-space representation that can be used to evaluate the model’s likeli-

hood function, using the Kalman filter along the lines of Fernández-Villaverde and

Rubio-Ramírez (2007) and Fernández-Villaverde, Rubio-Ramírez, and Schorfheide

(2016). Statistical inference on the unknown value of the structural parameters of

the continuous-time model (and thus independent of the sampling frequency) is

performed via the maximum likelihood estimator on the basis of discrete-time mea-

surements.3

The econometric approach proposed here is simple and convenient for estima-

tion purposes. However, the exact discrete representation of the model dynamics

leads to two undesirable consequences that challenge the use of the estimated model

for economic analysis, e.g., to understand the sources of business cycle fluctuations,

how exogenous shocks propagate through the economy, and what is the effect of

changes in macroeconomic policies.

First, the coefficient matrices of the resulting VAR(1) are the result of a non-

linear transformation among the structural parameters beyond that imposed by

the cross-equation restrictions associated to the rational expectation solution. This

additional transformation introduces an observational equivalence problem to the

list of potential identification issues that can affect DSGE models (see, e.g., Canova

and Sala, 2009, Iskrev, 2010, Komunjer and Ng, 2011, and Qu and Tkachenko, 2012,

2017). This identification problem, known as aliasing, is particular to continuous-time

models and arises because the exponential mapping between the coefficient matrix

of the system of SDEs in the state-space and the coefficient matrix of the VAR(1) is

not injective. Therefore, different values of the model’s structural parameters could

generate the same discrete observations at sampling frequency.

Our second contribution uses the arguments in Phillips (1973), and more recently

in McCrorie (2003) and Blevins (2017), to discuss a set of conditions that are neces-

sary to rule out the presence of aliasing when using the EDM in conjunction with a

sample of observations that come in intervals of fixed length. In line with Hansen and

Sargent (1983), we argue that the cross-equation restrictions implied by the structural

continuous-time model are sufficient to rule out aliasing whenever the model is

stationary.

3Our full-information approach is complementary to the more standard calibration method introduced
in Kydland and Prescott (1982) and popularized by Hansen and Prescott (1995). Calibration resembles a
limited-information approach in which the model’s parameters are set to values for which there is a wide
consensus in the literature, or to values that are chosen under a given metric by comparing a subset of
moments generated by the model and the same moments in the data.
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The second consequence of using the analogous discrete-time state-space model

relates to the fact that the transition equation resembles a reduced-form VAR(1)

model with disturbances that are composites of the primitive structural shocks in

the continuous-time model. Therefore, the use of the EDM for estimation purposes

hinders the structural interpretation of the shocks that drive the variables in the

model. The estimated reduced-form residuals will capture not only the effect of

potential contemporaneous relationships between the variables, but also the effects

of time-aggregation over a given interval of fixed length, i.e., the confounding of

shocks that occur in-between measurements.

Our third contribution is to propose a simple method to recover the structural

shocks at measurement times from the estimated reduced-form residuals that exploits

the information contained in the EDM mapping. This strategy resembles the use of

short- and long-run identifying restrictions on the variance-covariance matrix that is

commonly used in the structural VAR literature, pioneered by Sims (1986), Bernanke

(1986), Shapiro and Watson (1988), and Blanchard and Quah (1989).

One of the attractive features of working with continuous-time models is that they

provide a logically consistent basis for handling variables that are sampled as stocks,

and variables that are sampled as flows. Stocks are variables that are measured at a

given point in time, e.g., the capital stock or bond holdings measured at the end of the

period. Flows, on the contrary, are variables whose value measures their realization

within a given time interval, e.g., consumption or GDP measured from the beginning

to the end of a period.

The fourth contribution of our paper is to show how our proposed framework can

be used to accommodate these two types of sampling schemes. Using a continuous-

time version of the RBC model with indivisible labor in Hansen (1985) as a benchmark,

we run extensive Monte Carlo simulations to study the finite sample properties of

the maximum likelihood estimator and the ability to recover the structural shocks,

when the discrete and observable measurements used in the estimation process are

sampled as either stocks or flows.

Our Monte Carlo experiments also demonstrate the finite sample effects of model

misspecification as a result of using a state-space model for stock variables when

the observed data corresponds to variables that are sampled as flows. Moreover, we

also show the consequences of using a naive discretization of the state-space based

on the Euler-Maruyama approximation instead of the EDM. We show that using the

EDM should be preferred whenever possible since the estimate biases induced by this

naive alternative are substantial while also rendering the interpretation of structural

shocks.

The rest of the paper is organized as follows. Section 1.2 set ups the econometric
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framework by deriving the mapping between the continuous-time DSGE model and

the analogous discrete-time state-space representation. Then it briefly recaps on

the use of the Kalman filter to construct the likelihood function and estimate the

model’s parameters. Section 1.3 introduces a benchmark model that will be used

in Section 1.4 to study the finite sample properties of the proposed approach using

extensive Monte Carlo simulations. Section 1.5 uses macroeconomic variables for

the U.S economy covering the period to assess the empirical applicability of the

method. Finally, Section 1.6 concludes. All proofs of the propositions, as well as some

additional results, are provided in the Appendix.

1.2 The econometric framework

1.2.1 The economic model

In the following, we consider a class of continuous-time DGSE models whose rational

expectation solution can be represented by the following continuous-time state-space

system

dx(t ) = A(θ)x(t )dt +B(θ)dw(t ), (1.2.1)

y(t ) = C(θ)x(t ), (t ≥ 0). (1.2.2)

Equation (1.2.1) is a multivariate Ornstein-Uhlenbeck (OU) diffusion process that

describes the optimal dynamics of the nx -dimensional vector of state variables

x(t) = [
x1(t ), . . . , xnx (t )

]⊤ with fixed initial condition x(t0) = x0, local drift A(θ) and

instantaneous positive semi-definite variance-covariance matrix Σ(θ) := B(θ)B(θ)⊤,

Σ(θ) ≥ 0. In addition, w(t) denotes a nw -dimensional vector of independent stan-

dard Brownian motions, w(t ) ∼N
(
0, tI

)
, representing the fundamental or structural

shocks that drive the economy. Equation (1.2.2) determines the optimal value of the

ny -dimensional vector of control variables at instant t , y(t ) =
[

y1(t ), . . . , yny (t )
]⊤

, as

a function of the state variables x(t ) at instant t . Finally, A(θ), B(θ), and C(θ) are, re-

spectively, nx ×nx , nx ×nw , and ny ×nx time-invariant matrices with entries that are

nonlinear functions of the p-dimensional vector of structural parameters θ ∈Θ⊂Rp

characterizing preferences, technology, and/or endowments. Thus, their entries cor-

respond to reduced-form parameters. The set Θ denotes the parameter space of

all theoretically admissible values of θ. The mapping from θ to the matrices of the

system embody the cross-equation restrictions imposed by the rational expectation

solution to the DSGE model. Unless stated otherwise, in the following we assume that

i) nw ≤ nx so that Σ(θ) is positive definite, and ii) for any θ ∈Θ, the system matrix

A(θ) is stable, i.e., every eigenvalue of A(θ) has strictly negative real part.
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In practice, the econometrician faces two problems when using the continuous-

time model in (1.2.1) and (1.2.2) for statistical inference. Firstly, the economic deci-

sions made by individuals are only recorded and measured at discrete intervals, e.g.,

annually, quarterly, monthly, hourly, etc. Here it is important to differentiate between

stock variables, which are sampled at a particular point in time (e.g., wages, prices,

interest rates, stocks, etc.), and flow variables, which are sampled as aggregates over

an interval of time (e.g., income, consumption, hours worked, etc.). Secondly, not all

the variables in the model are readily available in that some of them may be latent

or unobservable. In the next subsections we make two simplifying assumptions to

motivate and derive our proposed framework: i) all the variables in the model are

sampled as stocks, and ii) all the variables in the state vector x(t ) are latent, while the

variables in the control vector y(t ) are observable. However, at the end of the Section

we relax the first assumption to accommodate flow variables.

1.2.2 State-space representation

To match the continuous-time model with the discrete nature of the data available

to the statistician, we introduce an exact discrete-time representation of the rational

expectation solution that is consistent with the observations being generated by the

system in (1.2.1) and (1.2.2). This is achieved in two steps. First, following Bergstrom

(1984) we derive a discrete-time first-order vector autoregressive (VAR) process for

the state vector by computing the exact solution to the differential equation (1.2.1)

at measurement times τ= 1,2, . . . , with initial condition x(t0) = x0. This procedure is

summarized in the following Proposition.

Proposition 1 (Exact discrete model). Let xτ := x(tτ) denote the observation at time

τ ∈Z+ of the continuous-time variables in x(t ) at instant tτ. At measurement times,

equation (1.2.1) satisfies the VAR(1) model

xτ = Ah(θ)xτ−1 +ητ, (1.2.3)

where Ah(θ) is the nx ×nx matrix

Ah(θ) = exp
(
A(θ)h

)= ∞∑
i=0

(A(θ)h)i

i ! = I+A(θ)h + 1
2 A(θ)2h2 + . . . , (1.2.4)

with h ≥ 0 denoting the constant time interval between measurements, h := tτ− tτ−1,

and ητ is the nη = nx ≥ nw vector of Gaussian innovations

ητ =
τ∫

τ−1

exp
(
A(θ)(τ− s)

)
B(θ)dw(s), (1.2.5)
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with mean E
[
ητ

]= 0, variance-covariance matrix

Ση,h(θ) = E[ητη
⊤
τ ] =

h∫
0

exp
(
A(θ)(h − s)

)
B(θ)B(θ)⊤ exp

(
A(θ)⊤(h − s)

)
ds, (1.2.6)

and autocovariance matrix E[ητη⊤s ] = 0 for all τ ̸= s. If the basic unit of time in the

continuous-time model is one year, then h = 1 will refer to annual observations,

h = 1/4 to quarterly observations, h = 1/12 to monthly observations, etc.

Proof. See Appendix 1.A.1. ■
The discrete-time equation (1.2.3) is usually referred to as the Exact Discrete

Model (EDM). The stability assumption on the continuous-time state equation (1.2.1)

guarantees stationarity of the EDM. In other words, for any θ ∈Θ, the characteristic

roots of Ah
(
θ
) = exp

(
A(θ)h

)
have modulus less than one. Although the EDM does

not account for the inter-sample behavior of the state variables, the representation is

exact in the sense that there are no discretization errors, and the distributions of x(t )

and xτ coincide at measurement times τ, i.e., any set of equispaced data generated

from (1.2.3) satisfies the model in (1.2.1) with probability one independently of the

sampling frequency.

The EDM differs from the standard discrete-time VAR model in that the transi-

tion matrix Ah(θ) is restricted in a nonlinear way by the exponential function, and

the variance-covariance matrix in (1.2.6) depends both on A(θ) and B(θ). As shown

in Appendix 1.B, the matrices Ah(θ) and Ση,h(θ) are computed using, respectively,

an eigenvalue-eigenvector decomposition of the fundamental matrix A(θ), and the

matrix factorization approach in Van Loan (1978). A direct consequence of the EDM

is that the disturbances in (1.2.3) no longer represent structural shocks, but instead

reduced-form innovations. An inspection of (1.2.5) shows that the innovation at time

τ can be regarded as a moving average of structural shocks within the time interval h,

with weights given by the autoregressive matrix of coefficients. Geweke (1978) calls

the confounding effects of the latter “contamination".

In line with the discrete sampling of the variables in the model, the second

step in the construction of the state-space representation consists in evaluating

the continuous-time algebraic equation for the control variables in (1.2.2) at each

measurement time, i.e.,

yτ = C(θ)xτ, (1.2.7)

for all yτ := y
(
tτ

)
. Hence, (1.2.7) corresponds to the τ-th measurement of the control

variables at time τ ∈Z+.4

4If the variables used as measurements contain any deterministic or stochastic trends, we can alternatively
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Let yT = {y1, . . . ,yT } be the discrete-time sample of equidistant measurements

available to the econometrician which are potentially subject to sampling or mea-

surement errors (see e.g., Sargent, 1989). Then our empirical model is summarized by

the following discrete-time linear, time-invariant state-space system

xτ = Ah(θ)xτ−1 +ητ (1.2.8)

yτ = C(θ)xτ+ετ, (1.2.9)

where (1.2.8) defines the transition equation for the latent state variables {xτ}T
τ=1,

while (1.2.9) defines the measurement equation with ετ an nε×1 vector of serially

uncorrelated and normally distributed measurement errors, with nε ≤ ny , satisfying

E
[
ετ

]= 0, E
[
ετε

⊤
τ

]
= R, and E

[
ητε

⊤
s

]
= 0 for all τ≥ s.5

Remark 1. The ABCD representation of the EDM without measurement error reads

(1.2.8)-(1.2.9) is

xτ =Axτ−1 +Bητ

yτ =Cxτ−1 +Dητ

where A= Ah(θ), B= Inη , C= C(θ)Ah(θ), D= C(θ). If D is square and nonsingular, it

only takes some algebra to show that the system allows a reduced-form VARMA(1,1)

representation

yτ =Φyt−1 +Ψ0η̃τ+Ψ1η̃τ−1,

with Φ = C[(A−BD−1C)C−1 +BD−1], Ψ0 = D, and Ψ1 = −C[A−BD−1C]C−1. Argu-

ments for identification of the structural shocks amount to finding the unique matrix

H(θ) such that ητ = H(θ)uτ, where uτ are the structural shocks. In the paper we argue

that knowledge of the underlying (causal) continuous-time links (i.e., matrices A(θ)

and B(θ)) and the frequency of observation, h, provide already a substantial tool for

identification.

1.2.3 Likelihood evaluation

To estimate the unknown structural parameters θ ∈Θ of the continuous-time model

in (1.2.1)-(1.2.2), based on a random sample of discrete measurements yT with

discrete-time state-space representation in (1.2.8)-(1.2.9), we use the method of max-

imum likelihood (ML). Under the maintained assumption that the state variables are

write (1.2.7) as ∆yτ = yτ−yτ−1 = C̃(θ)x̃τ, where x̃τ =
[

x⊤τ ,y⊤τ−1

]⊤
is an extended state vector with coefficient

matrix C̃(θ) = [
C(θ),−I

]
along the lines suggested in Pfeifer (2020).

5As discussed in Ireland (2004), the empirical model can be readily extended with measurement errors
that are assumed to be serially correlated instead with dynamics characterized by a first-order VAR.
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unobserved, and that the econometrician only has access to a sample of discrete-time

observations of the control variables, possibly contaminated by measurement error,

the likelihood function of the data implied by the economic model can be constructed

and evaluated using the Kalman filter algorithm.6

Let yτ−1 = {y1, . . . ,yτ−1} denote the history of measurements up to time τ−1. Ad-

ditionally, let xτ|τ−1 = E
[

xτ|yτ−1
]

denote the forecast of the state vector conditional on

the information available at the time τ−1, and let Pτ|τ−1 = E
[(

xτ−xτ|τ−1
)(

xτ−xτ|τ−1
)⊤]

denote the corresponding forecast error covariance matrix. Similarly, let yτ|τ−1 =
E
[

yτ|yτ−1
]

denote the forecast of the control variables conditional on past informa-

tion, and

Ωτ|τ−1 = E
[(

yτ−yτ|τ−1
)(

yτ−yτ|τ−1
)⊤]

its associated forecast error covariance matrix. By exploiting the linearity of (1.2.8)-

(1.2.9), the forecast of the state variables, and their associated variance-covariance,

are

xτ|τ−1 = Ah(θ)xτ−1, (1.2.10)

Pτ|τ−1 = Ah(θ)Pτ−1Ah(θ)⊤+Ση,h(θ), (1.2.11)

given some initial conditions x0 and P0. Since the state vector is stationary, we use as

initial values its unconditional mean x0 = x1|0 = E
[
x1

]= 0, and its unconditional co-

variance matrix vec
(
P0

)= vec
(
P1|0

)= vec

(
E
[

x1x⊤1
])

=
[

I− (
Ah(θ)⊗Ah(θ)

)]−1
vec

(
Ση,h(θ)

)
.

Given the predictions for the state variables, the Kalman filter recursively com-

putes the one-step-ahead forecast error of the control variables and their associated

variance-covariance matrix

ντ|τ−1 = yτ−yτ|τ−1 = yτ−C(θ)xτ|τ−1 (1.2.12)

Ωτ|τ−1 = C(θ)Pτ|τ−1C(θ)⊤+R. (1.2.13)

Using the information above, we update the state variables according to

xτ = xτ|τ−1 +Kτ|τ−1ντ|τ−1 (1.2.14)

Pτ = Pτ|τ−1 −Kτ|τ−1Ωτ|τ−1K⊤
τ|τ−1, (1.2.15)

where

Kτ|τ−1 = Pτ|τ−1C(θ)⊤Ω−1
τ|τ−1 (1.2.16)

is referred to as the Kalman gain. Equations (1.2.10)-(1.2.16) together with initial

conditions x0 and P0 define the Kalman filter recursion for τ= 1,2, . . . ,T .

6See Harvey (1990), Hamilton (1994), or Durbin and Koopman (2012) for a textbook treatment of the
Kalman filter.
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Remark 2. Continuous-discrete filtering differs from the usual discrete-time filtering

in the prediction step, which involves the solution of vector-valued ordinary dif-

ferential equations (ODE’s) (see Särkkä and Solin, 2019). Given
(
x0,P0

)
and system

matrices that are time varying, A(θ, t ), B(θ, t ), Σ(θ, t ) := B(θ, t )B(θ, t )⊤, the prediction

step reads

dx(t )

dt
= A(θ, t )x(t ),

dP(t )

dt
= A(θ, t )P(t )+P(t )A(θ, t )⊤+Σ(θ, t ),

where x(tτ) = xτ, and P(tτ) = Pτ for all τ≤ T. The update step is identical to discrete-

time filtering in equations (1.2.12)-(1.2.16). Notice that if system matrices are constant

over time, the prediction is also the same as in discrete time, and it is described by

equations (1.2.10) and (1.2.11).

Given the linear structure of the Gaussian state-space model (1.2.8)-(1.2.9), it

follows that the (joint) probability density function of the discrete measurements can

be written as

f (yT ;θ) = f (y1, . . . ,yT ;θ) = f (y1;θ)
T∏
τ=2

f (yτ|yτ−1;θ),

where f
(
yτ|yτ−1;θ

)=N
(
C(θ)xτ|τ−1,Ωτ|τ−1

)
. Then, using the Kalman filter recursion,

the log-likelihood function can be constructed recursively via the prediction error

decomposition as (see Harvey, 1990)

L
(
θ
) =

T∑
τ=1

ln f
(
yτ|yτ−1;θ

)
= −ny T

2
ln(2π)− 1

2

T∑
τ=1

ln |Ωτ|τ−1|− 1

2

T∑
τ=1

ν⊤τ|τ−1Ω
−1
τ|τ−1ντ|τ−1,(1.2.17)

with f (y1|y0) = f (y1), and the maximum-likelihood (ML) estimator of θ by

θ̂ = argmax
θ∈Θ

L
(
θ
)

.

Under regularity conditions, the ML estimator produces consistent and asymp-

totically normal estimates of the structural parameters of the model. These con-

ditions include: i) stability of the EDM; and ii) that the population value of the

structural parameters, θ0, lies in the interior ofΘ. Then, it follows that θ̂
P→ θ0, andp

T
(
θ̂−θ0

)
D→N

(
0,I(θ0)−1

)
with I(θ0) = Eθ0

(
−∂2L

(
θ
)

/∂θ∂θ⊤
)

denoting the Fisher

information matrix.

Given θ̂, it is possible to use the information content of the entire sample to

estimate the unobserved states, {x̂τ}T
τ=1, and disturbances, {η̂τ, ε̂τ}T

τ=1 at each point in
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time. This is achieved by means of the Kalman filter state- and disturbance-smoothing

recursions, described in Appendix 1.E.1 (see Durbin and Koopman, 2012).

Remark 3. Whenever the number of observable variables exceeds the number of

disturbances in the discrete-time state space representation, i.e., ny > (nη+nε), the

covariance matrix of the forecast error,Ωτ|τ−1, is not invertible, and the likelihood

function in (1.2.17) is therefore not well defined. This phenomenon, which prevents

the estimation of DSGE models, is known in the literature as stochastic singularity

(see Ruge-Murcia, 2007 and Fernández-Villaverde et al., 2016). To illustrate this issue,

consider the case in which the observables are measured without errors, nε = 0.

Combining (1.2.8) and (1.2.9), the measurement equation can be shown to have

the moving average representation yτ = C
(
θ
)(

I−Ah
(
θ
)

L
)−1

ητ, where L is the lag

operator. Stochastic singularity emerges if the number of observables used in the

estimation ny is larger than the number of reduced-form state innovations nη since

for a given value of the state vector xτ−1, there is no value of ητ that can explain the

observed data yτ. Thus, to be able to estimate the parameters of a DSGE model via ML,

we require that for every observable variable in yt there is at least one unobservable

disturbance, i.e., ny ≤ nη+nε. This is achieved by either appending measurement

errors to the vector of observables, as in (1.2.9), or by including additional structural

shocks to the model. ■

1.2.4 Identification of structural parameters

The consistency of the ML estimator relies on the ability to identify the true struc-

tural parameters from a sample of observations. In general, a vector of parameters

θ0 is said to be (globally) identified based on the sample yT if the objective func-

tion L
(
θ|yT

)
reaches a unique maximum at the true parameter vector θ0. In other

words, identification implies that if θ ̸= θ0 then L
(
θ|yT

)
̸= L

(
θ0|yT

)
, for all θ ∈ Θ.

Lack of identification is therefore directly linked to the shape and curvature of the

model’s implied probability distribution. This is illustrated in Canova and Sala (2009)

where different types of identification problems are put forward in the case of lin-

earized DSGE models. Among others, they discuss observational equivalence, partial

identification, weak identification, and under identification problems.

Since the probability distribution in linear Gaussian models is completely char-

acterized by its first two moments, the problem of identification can therefore be

analyzed through the mapping between the structural parameters of the model and

the reduced-form parameters in the empirical state-space representation. Using this

relation, Komunjer and Ng (2011) provided necessary and sufficient conditions for

local identification of parameters (i.e., in an open neighborhood of θ0) in linearized
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DSGE models. Alternative local identification conditions have been studied by Iskrev

(2010) and Qu and Tkachenko (2012), whereas Qu and Tkachenko (2017) derived

necessary and sufficient conditions for global identification. However, the validity

of these conditions for the identification analysis in continuous-time DSGE models

estimated from discrete-time measurements (sampled at equidistant points in time)

gets blurred, because of an additional source of observational equivalence that is dif-

ferent in nature to that analyzed by Canova and Sala (2009), that is independent of the

choice of estimator, and that is exclusive of continuous-time models. This additional

identification problem results from the nonlinear mapping between the reduced form

parameters in the model’s solution, and the reduced-form parameters in the EDM.

That is, for a given θ and sampling frequency h, the focus is on the mapping(
Ah(θ),Ση,h(θ)

)
7→ (

A(θ),Σ(θ)
)

defined by equations (1.2.4) and (1.2.6).

1.2.4.1 The aliasing problem

Let us first consider the identification of the coefficient matrix A(θ) in isolation. From

Proposition 5, the matrix of reduced-form parameters in the transition equation

(1.2.1) and the matrix of coefficients in the EDM in (1.2.8) are linked through the

exponential mapping Ah(θ) = exp(A(θ)h) (see Equation 1.2.4), which is non-injective

in a multivariate setting. Hence, the inverse mapping does not exist, implying that in

general there is an infinitely uncountable number of continuous-time matrices A(θ)

that lead to the same discrete-time matrix Ah(θ), and thus to the same probability

distribution function of the data, f (yT |θ).

This non-uniqueness of the logarithm of a matrix leads to a phenomenon known

as aliasing, and ruling it out is a precondition for local (or global) identification of the

continuous-time model parameters based on a sample of discrete measurements.7

To provide some intuition, Figure 1.1 illustrates the aliasing problem for the case of a

bivariate deterministic continuous-time model sampled at discrete intervals of length

h = 1. The plot shows three time series of the two variables for three different models,

Ai := A(θi ), i = 0,1,2, but that are observationally equivalent at measurement times

τ= 0,1, . . . ,4. It follows that in the presence of aliasing identification problems, the

7This issue is inconsequential in the univariate case. For example, let {z(t)}t≥0 be an Ornstein-

Uhlenbeck process with drift and diffusion parameters θ = (
ρz ,σz

)⊤. The analogous EDM for {zτ}T
τ=1

with uniform time step is the classical AR(1) process, zτ = ρ̃z zτ−1 + σ̃zητ with ρ̃z = exp(ρz h) and σ̃z =
σz

√
(1−exp(−2ρz h)/(2ρz ). For θ̃ = (

ρ̃z , σ̃z
)⊤ identified from a sample of discrete measurements {zτ}T

τ=1,
the identification of θ follows from ρz =− log(ρ̃z )/h.
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Figure 1.1: Aliasing phenomenon. The figure plots simulated paths for two variables, X = [
x1, x2

]⊤
with dynamics dX = Ai Xdt along t ∈ [

0,4
]

with fixed initial values X(0) = X0 for different coefficient
matrices Ai , i = 0,1,2. The black dots denote discrete-time measurements generated at integer
times τ= 0,1, . . . ,4 from the EDM Xτ = exp(Ai h)Xτ−1 with h = 1.

entries of the matrix A(θ), and thus the deep parameters of the economy, cannot be

uniquely identified from a sample of discrete time observations.

The identification problem associated with aliasing was formally stated in eco-

nomics by Phillips (1973), and we proceed in the same way by first making the follow-

ing assumption:

Assumption 1. The matrix A(θ0) has distinct eigenvalues all of which have negative

real parts. Moreover, these eigenvalues do not differ by an integer multiple of 2πi /h.

If Assumption 1 holds, then it is possible to show that any real matrix A(θ) that

solves the map Ah(θ) = exp(A(θ)h) is related to the population matrix of coefficients

A(θ0) by (see Phillips, 1973)

A(θ) = V (Λ+D)V−1 = A(θ0)+VDV−1, (1.2.18)

whereΛ is the nx ×nx diagonal matrix of eigenvalues of A(θ0), V is the nx ×nx matrix

of eigenvectors of A(θ0), and D is the nx ×nx diagonal matrix

D =

 0 0 0

0 M 0

0 0 −M

 ,

with M = diag(m1, . . . ,mκ), m j = (2πi /h)m̃ j , and m̃ j ∈ Z for j = 1, . . . ,κ, where 2κ is

the number of eigenvalues of A(θ0) that occur in complex conjugate pairs. In the case

of models with a finite parameter space, the relation in (1.2.18) suggests that there

is a countably infinite number of observationally equivalent matrices A(θ) resulting

from different choices of the m̃ j -perturbations to the imaginary part of the complex
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eigenvalues of A(θ0). By the same logic, we now use (1.2.18) to provide a condition for

identification of A(θ0) which is summarized in the following proposition.

Proposition 2 (Blevins, 2017). If Assumption 1 holds, then V, κ, and all the real

eigenvalues λ1, . . . ,λnx−2κ of A(θ0) are identified. Moreover, if κ = 0, the mapping

(1.2.4) is injective, and therefore A(θ0) is identified from the discrete-time matrix

Ah(θ0).

Let us now also consider the identification of Σ(θ0). Without any further assump-

tions on the coefficient matrices, Phillips (1973) argued that the identification of the

latter follows from the identification of A(θ0) from Ah(θ0) through the application of

(1.2.6). This is summarized in the following corollary.

Corollary 1 (Kessler and Rahbek, 2004 and Blevins, 2017). If Assumption 1 holds, and

thus no two eigenvalues of A(θ0) differ by a multiple of 2πi /h, identification of A(θ0)

is therefore sufficient to achieve identification of Σ(θ0).

An immediate implication of Proposition 2 and Corollary 1 is that a sufficient con-

dition for the joint identification of
(
A(θ0),Σ(θ0)

)
from discrete-time measurements

under Assumption 1 is that all eigenvalues of A(θ0) should be real, negative, distinct,

and with no redundant Jordan block occurring more than once.8 A generalization

of this result for the case of only real eigenvalues has been proposed by defining the

augmented matrix (see Van Loan, 1978)

Ξ(θ0) =
 −A(θ0) Σ(θ0)

0 A(θ0)⊤

 .

Then, we have the following result on the joint identification of
(
A(θ0),Σ(θ0)

)
.

Proposition 3 (McCrorie, 2003). If the eigenvalues of the augmented matrixΞ(θ0) are

strictly real and no redundant Jordan block occurs more than once, then
(
A(θ0),Σ(θ0)

)
is identified from

(
Ah(θ0),Ση,h(θ0)

)
.

However, as pointed out in McCrorie (2009), there are circumstances for which

the assumption of real eigenvalues may be too restrictive, e.g., in models with periodic

or cyclical behavior of macroeconomic variables that imply complex eigenvalues. In

this situation additional a priori restrictions, beyond those in Assumption 1 or in

8Christensen et al. (2016) use an alternative route to reduce the impact of the aliasing problem by writing
the continuous-time model in logarithms, so that the resulting exact discrete model does not involve any
exponential matrices. However, no formal testing is carried out and hence it is not clear whether the aliasing
problem still persists in their application.
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Proposition 3, are needed to rule out aliasing identification problems.9 In fact, two

kinds of restrictions have already been discussed in the literature. The first one is

based on the use of homogeneous linear restrictions, similar to the exclusion restric-

tions or the linear within-equation restrictions used in the simultaneous equations

models of the Cowles Comission for Economic Research. These additional restrictions

were studied in Phillips (1973), where it was shown that at least ⌊nx /2⌋ restrictions

are sufficient to rule out the aliasing identification problem. This condition was later

extended in Blevins (2017) to include the case of inhomogeneous linear restrictions.

The second type relies on the use of non-linear cross-equation restrictions that

result from the assumption of rational expectations, which, as argued by Hansen

and Sargent (1991), provide a sufficient number of conditions to limit the number of

admissible perturbations m̃ j that generate the aliases of A(θ0).10

1.2.4.2 Discussion

From the discussion above, the severity of the aliasing identification problem is

delimited by the type and number of restrictions imposed in the pair
(
A(θ0),Σ(θ0)

)
and/or in their analogous discrete-time mapping

(
Ah(θ0),Ση,h(θ0)

)
. In fact, Hansen

and Sargent (1983, 1991) argue that for the class of models considered here, the set

of aliases is finite and in many circumstances inconsequential given the amount of

nonlinear parametric restrictions imposed by the structure of the model, i.e., through

the rational expectations mapping θ 7→ (
A(θ),B(θ),C(θ)

)
.11 Therefore, we conclude

that the potential presence of aliasing should not stop us from using models with

SDE’s. In general, compared to the unconstrained A(θ), aliases are ruled out a priori

by the DSGE model, in that it imposes additional constraints on A(θ) through cross-

equation restrictions and therefore the presence of elements of θ in other relevant

matrices, such as C(θ) and D(θ).

Our conclusions are in line with Hansen and Sargent (1983); in fact they discuss

the dimensionality of the aliasing problem and refer to the positive definiteness

9Hansen and Sargent (1983, Thm. 3) also challenged this identification condition since it does not
guarantee that Σ(θ0) is semi-positive definite, an assumption that is maintained throughout (cf. Section
1.2.1). Therefore, to ensure the latter it is necessary to exploit the information content in the discrete-time
variance-covariance matrix Ση,h (θ0) to further restrict the number of potential aliases of A(θ0).

10An alternative source of identification advocated in Hamerle, Nagl, and Singer (1991) relies on the ability
to sample the continuous-time model more frequently. In fact, Hansen and Sargent (1983, Thm. 5) show that
under certain conditions, there exists an h⋆ such that for h ≤ h⋆, the matrices of coefficients

(
A(θ0),Σ(θ0)

)
are identified from

(
Ah (θ0),Ση,h (θ0)

)
. However, this approach is of limited use here due to the low-frequency

sampling that characterizes macroeconomic time series.
11We provide a complementary identification toolbox with codes adapted from Blevins (2017), that can be

used to test whether the amount of restrictions in the macroeconomic model is enough to rule out aliases and
jointly identify the reduced-form entries of A(θ) and Σ(θ) from discrete measurements.
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of Ση,h(θ), that imposes further restrictions on A(θ), by itself limiting the aliasing

problem to only a finite number of aliases. Additionally, due to the natural interest

for exogenous shocks, DSGE models generally envisage triangular forms for the drift

matrix, which in principle is enough for ensuring the presence of no aliases.12 Once

aliasing problems have been ruled out, it is possible to assess the local identification

of θ0 through the classical local identification machinery for DSGE models developed

by Iskrev (2010), Komunjer and Ng (2011), and Qu and Tkachenko (2012).

1.2.5 Recovering structural shocks

As indicated in Proposition 5, the vector of disturbances ητ = [
η1,τ, . . . ,ηnx ,τ

]⊤ in

the transition equation (1.2.8) does not represent the structural shocks hitting the

economy at time τ, for τ= 1, . . . ,T . Instead, as shown in (1.2.5), they capture reduced-

form innovations in that each η j ,τ, j = 1, . . . ,nx , is a composite of the true underlying

structural disturbances occurring within a particular time interval of length h. To

better understand this composition, let {uτ}T
τ=1 denote the unobserved sequence of

structural shocks hitting the underlying continuous-time economy at measurement

times, where

uτ := h−1/2
∫ tτ

tτ−1

dw(s) = h−1/2(w(tτ)−w(tτ−1)) (1.2.19)

is a random vector that is normally distributed with E
[
uτ

]= 0 and E
[

uτu⊤
τ

]
= I. The

next example illustrates the relationship between the structural shocks, uτ, and the

reduced-form residuals, ητ, at measurement times.

Example 1. Consider the bivariate state process dx1(t )

dx2(t )

=
 a11 a12

0 a22

 x1(t )

x2(t )

dt +
 b1 0

0 b2

 dw1(t )

dw2(t )

 ,

where the coefficients
[
a11, a12, a22, b1, b2

]
may be nonlinear functions of an under-

lying set of structural parameters θ. From (1.2.5) it follows that the innovations of the

EDM at measurement time τ are given by η1,τ

η2,τ

=
 u1,τb1

(exp(a11h)−1)
a11

−u2,τa12b2
a11(exp(a22h)−1)−a22(exp(a11h)−1)

a11a22(a11−a22)

u2,τb2
(exp(a22h)−1)

a22

 ,

implying that the disturbances ητ are combinations of the true underlying structural

shocks uτ. Hence, the occurrence of one structural shock u2,τ leads to the occur-

rence of shocks in η1,τ and η2,τ, creating contemporaneous movements in both state

12See Hansen and Sargent (2019) for a formal proof applied to an ad hoc model.
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observation frequency
t1 t2 t3

. . . tτ−1 tτ
. . .

T

T = tT

n subintervals
tτ1 tτ2 tτ3 tτ4 tτ5

...
tτn−1 tτn

h

hn = h/n

Figure 1.2: Partition of sampling intervals. The figure illustrates the observation points in the
sample as well as the assumed subsampling scheme within each measurements.

variables. In addition, notice that the associated variance-covariance matrix of the

reduced-form residuals Ση,h is dense and positive definite. ■

To recover the structural shocks uτ from a given series of reduced-form residuals

ητ, we approximate the stochastic integral in (1.2.5) by

ητ ≈ H(θ)uτ, (1.2.20)

where H(θ) := h1/2 exp(A(θ)h)B(θ).13 Then, for H(θ) invertible, it follows that the

structural shock at time τ is obtained as

uτ ≈ H(θ)−1ητ, (1.2.21)

with mean E
[
uτ

]= H(θ)−1E
[
ητ

]= 0 and variance-covariance matrix

E
[

uτu⊤
τ

]
= H(θ)−1E

[
ητητ

](
H(θ)⊤

)−1 = H(θ)−1H(θ)H(θ)⊤
(
H(θ)⊤

)−1 = I,

where we have used the fact that H(θ)H(θ)⊤ →Ση,h(θ) when the approximation in

(1.2.20) holds with equality, i.e. when h → 0.

To obtain the approximation in (1.2.20), consider the sub-sampling scheme in

Figure 1.2. In particular, partition any given interval
[
tτ−1, tτ

]
of fixed length h into

n ≥ 0 sub-intervals of length hn := h/n, such that tτ−1 := tτ1 < tτ2 < . . . , tτn−1 < tτn := tτ
defines as sequence of partitions with hn → 0 as n →∞. Then, the stochastic integral

in (1.2.5) can be written as

ητ = lim
n→∞h1/2

n

n−1∑
i=1

exp(A(θ)(tτ− tτi ))B(θ)uτi , (1.2.22)

where, similarly to (1.2.19), uτi := utτi
= h−1/2

n (w(tτi )−w(tτi−1)) represents the structural

shock at time ti for τ−1 ≤ i ≤ τ. By expanding the left-hand side of (1.2.22), we can

13Since exp(A(θ)h) is linear in h for small h, we use instead the midpoint exp(A(θ)h/2) when computing
H(θ) to build the approximation in (1.2.20) (see Nowman, 1993).
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alternatively write (see Appendix 1.A.2)

ητ ≈ H(θ)uτ+φτ(n), (1.2.23)

with H(θ) := h1/2 exp(A(θ)h)B(θ). The remainder termφτ(n) captures the effects of

structural shocks that occur in between measurement times, and therefore, it de-

pends on the number of sub-intervals n within
[
tτ−1, tτ

]
. Moreover, it can be shown

that limn→∞φτ(n) = 0 so that (1.2.20) holds exactly. Alternatively, φτ(n) also pro-

vides a measure of the approximation error made when using (1.2.21) to recover the

structural shocks at measurement times from the reduced-form residuals. The next

proposition shows that this approximation error is bounded in probability by an

arbitrarily small constant.

Proposition 4. For a given a sequence of partitions of the measurement interval[
tτ−1, tτ

]
of fixed length h, the random vector of approximation errorsφτ(n) :=ητ−

H(θ)uτ is bounded in probability according to

φτ(n) =Op

(
1

n3/2

)
as n →∞. (1.2.24)

Proof. See Appendix 1.A.2. ■

Remark 4. In practice, the econometrician cannot choose n. However, she may have

the possibility to choose h (daily, monthly, quarterly, annual frequency of observation).

Hence, with n = 1 the approximation error will be stochastically bounded by the

length of the time step, h, when no information between measurements is available,

i.e.,

ητ = H(θ)uτ+Op

(
h3/2

)
. ■

Example 2. Consider again the model in Example 1. The relationship between the

reduced-form residuals ητ and the structural shocks uτ is given by η1,τ

η2,τ

= h1/2

 exp(a11h) (a21 exp(a11h)−a12 exp(a22h))/(a11 −a22)

0 exp(a22h)

×

×
 b1 0

0 b2

 u1,τ

u2,τ

 .

Then, by solving the system of equations, we recover the structural shocks as

u2,τ = h−1/2 exp(−a22h)b−1
2 η2,τ

u1,τ = h−1/2 exp(−a11h)b−1
1 η1,τ +

− a21 exp(a11h)−a12 exp(a22h)

a11 −a22
exp(−a22h)η2,τ. (1.2.25)
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Hence, while u2,τ is proportional to the estimated residual η2,τ, u1,τ is given by a

linear combination of η1,τ and η2,τ. ■

1.2.6 State-space representation for flow variables

Whereas stock variables can be measured at a particular point in time, flow variables

such as consumption or income are only defined with respect to a particular interval

of time. Hence, in the following we extend the framework presented so far to accom-

modate the flow nature of the variables used as measurements in the state-space

representation. For simplicity, we consider the case where all the control variables

are measured as flows, while all the state variables are measured as stocks. A setup

that simultaneously accommodates stock and flow variables in the measurement

equation can be readily derived following the ideas in McCrorie (2000).

Recall that the optimal value of the ny control variables, y(t), is determined in

equilibrium by the state of the economy, x(t ), according to (1.2.2). Following Harvey

(1990), we exploit such relation and introduce the time τ= 1, . . . ,T cumulator variable

y f (tτ) = ∫ τ
τ−1 y(s)ds that measures the accumulated value of the control variables

over the time interval (τ−1,τ]. We use the superscript f to denote the flow nature of

the variables under consideration. Substituting the model’s optimal policy function

(1.2.2) yields

y f (tτ) =
τ∫

τ−1

C(θ)x(s)ds = C(θ)

h∫
0

x(tτ−1 + s)ds,

where the dynamics of the state vector are given in (1.2.1). Let yτ := y(tτ) for all

τ = 1, . . . ,T . Then, under the maintained assumption that the state variables are

measured as stocks, the state vector has the EDM representation in Proposition 5,

and the cumulator variable at measurement times can be written as

y f
τ = C(θ)

 h∫
0

exp(A(θ)s)ds

xτ−1 +η f
τ , (1.2.26)

where, using the definition of reduced-form disturbances in (1.2.5), we have defined

η
f
τ = C(θ)

h∫
0

τ−1+s∫
τ−1

exp
(
A(θ)(τ−1+ s − r )

)
B(θ)dw(r )ds. (1.2.27)

For a sample of equidistant measurements of flow variables, yT = {y1, . . . ,yT },

the continuous-time economic model (1.2.1)-(1.2.2) has a discrete-time state-space
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representation given by xτ
y f
τ

 =
 Ah(θ) 0

C(θ)
[∫ h

0 As (θ)ds
]

0

 xτ−1

y f
τ−1

+
 ητ

η
f
τ

 (1.2.28)

yτ =
[

0 I
] xτ

y f
τ

+ετ, (1.2.29)

where (1.2.28) and (1.2.29) define, respectively, the extended transition equation for

the latent state variables, and the measurement equation with potential serially uncor-

related measurement errors, ετ, satisfying E
[
ετ

]= 0, E
[
ετε

⊤
τ

]
= R, and E

[
η̃τε

⊤
s

]
= R

for all τ ≥ s, with η̃τ =
[
η⊤τ η

f ⊤
τ

]⊤
. Notice that, under the formulation above, the

presence of flow variables increases the number of unobserved variables that need

to be filtered from nx to nx +ny .14 Moreover, the reduced-form disturbances in the

transition equation satisfy

E
[
η̃τ

] = 0

E
[
η̃τη̃

⊤
τ

]
=

 Ση,h(θ) Σηη f ,h(θ)

Σηη f ,h(θ) Ση f ,h(θ)


E
[
η̃τη̃

⊤
τ−s

]
= 0, ∀s > 0,

with Ση,h(θ) given in (1.2.6) and

Σηη f ,h(θ) =

 h∫
0

s∫
0

exp(A(θ)(s − r ))Σ(θ)exp(A(θ)⊤r )dr ds

C(θ)⊤ (1.2.30)

Ση f ,h(θ) = C(θ)

 h∫
0

s∫
0

exp(A(θ)r )Σ(θ)exp(A(θ)⊤r )dr ds

C(θ)⊤. (1.2.31)

Similar to the case of stock variables, the computation of (1.2.30) and (1.2.31) is done

via an extended version of the matrix factorization approach of Van Loan (1978),

described in Appendix 1.B.

Estimation of the model’s structural parameters, θ, from a sample of discrete

measurements of flow variables, yT , can now be done by constructing the likelihood

function through the Kalman filter recursion described previously.

14Alternative state-space representations to handle the presence of flow variables have been proposed in
the literature (see Harvey, 1990). A study of their computational differences relative to the approach suggested
here is left for future research.
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1.3 An application

In this section we illustrate the procedure introduced in Section 1.2 through the lens

of a continuous-time version of the RBC model with indivisible labor of Hansen

(1985). In the following, we present some of the main elements of the model, while a

complete mathematical derivation is relegated to Appendix 1.C.

Preferences. Consider an economy where time evolves continuously, t ∈ R+. A

representative agent maximizes her expected discounted lifetime utility

U0 := E0

[∫ ∞

0
e−ρt (

lnC (t )+ψL(t )
)

dt

]
, (1.3.1)

where C (t ) is consumption, L(t ) is leisure, ρ > 0 is the subjective discount rate, ψ is

the weight of leisure in the instantaneous utility function, and E0 [·] is the expectation

operator conditional on the information available at time t = 0. There is no popula-

tion growth, and both the population size and the endowment of available time are

normalized to one. Hence, the fraction of hours worked per unit of time, N (t ), is

N (t ) = 1−L(t ). (1.3.2)

The agent’s income consists of wages and rents received from selling labor and renting

capital to firms, and it is allocated between consumption and investment,

C (t )+ I (t ) =W (t )N (t )+ r (t )K (t ), (1.3.3)

where I (t) is investment, W (t) is the real wage, r (t) is the real interest rate, and

K (t ) is the capital stock. The capital stock of the economy increases whenever gross

investment, I (t ), exceeds any capital depreciation

dK (t ) = (
I (t )−δK (t )

)
dt +σk K (t )dwk (t ), K (0) = K0, (1.3.4)

where δ≥ 0 is the capital depreciation rate, and wk (t ) is a standard Brownian motion

with infinitesimal variance σ2
k > 0, that could be interpreted as shocks to the marginal

efficiency of investment and/or in the future productivity of the capital stock (cf.

Furlanetto and Seneca, 2014 and Brunnermeier and Sannikov, 2014).

Technology. The one-good in this economy is produced by a large number of

perfectly competitive firms. The representative firm rents labor and capital from the

representative agent and combines them according to

Y (t ) = exp
(
Z (t )

)
K (t )α

(
exp

(
ηt

)
N (t )

)1−α
, α ∈ (

0,1
)

, (1.3.5)

where Y (t ) is aggregate output, η> 1 is the constant growth rate of labor-augmenting

technological progress, and Z (t ) is a zero-mean measure of the total factor produc-
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tivity (TFP). The latter is assumed to evolve over time according to the Ornstein-

Uhlenbeck process

dZ (t ) =−ρz Z (t )dt +σz dwz (t ), Z (0) = Z0, (1.3.6)

with mean-reversion parameter ρz > 0, and where wz (t) is a standard Brownian

motion with infinitesimal variance σ2
z > 0 and independent of wk (t ).

Equilibrium. Both welfare theorems hold in this economy. Hence, it is possible

to solve directly for the social planner’s problem where given some initial values,

K (0) = K0 and Z (0) = Z0. The planner chooses the paths for consumption and the

fraction of hours worked that maximize the expected lifetime utility (1.3.1) subject to

the law of motion for the capital stock (1.3.4), the production function (1.3.5), and the

evolution of TFP (1.3.6). In addition, the aggregate resource constraint

Y (t ) =C (t )+ I (t ) (1.3.7)

must hold at all points in time. The resulting system of nonlinear equations deter-

mines the equilibrium paths of C (t ),K (t ), N (t ), I (t ), and Y (t ).

Transformed (stationary) equilibrium. A solution to the planner’s problem is not

available in closed form. Therefore, we construct a linear approximation to the model’s

equilibrium conditions using a first-order Taylor expansion around the deterministic

steady state. However, since the model exhibits balanced growth, we de-trend all

non-stationary variables prior to the construction of the approximation. For that

purpose, we let y(t ) = Y (t )/exp
(
ηt

)
, c(t ) =C (t )/exp

(
ηt

)
, i (t ) = I (t )/exp

(
ηt

)
, k(t ) =

K (t)/exp
(
ηt

)
to be the de-trended versions of the model’s variables. Although the

fraction of hours worked and the TFP are stationary by construction, we define

n(t ) = N (t ) and z(t ) = Z (t ) for notation consistency.

Then, the problem faced by the social planner can be summarized by the follow-

ing stochastic optimal control problem

J (k0, z0) = max
{c(t ),n(t )}∞t=0

E0

[∫ ∞

0
e−ρt

(
lnc(t )+ψ(

1−n(t )
))

dt

]
s.t .

dk(t ) =
(
exp

(
z(t )

)
k(t )αn(t )1−α− c(t )− (

δ+η)
k(t )

)
dt +σk k(t )dwk (t ),

with k (0) = k0,

dz(t ) = −ρz z(t )dt +σz dwz (t ), z (0) = z0,

in which, c(t) ∈ R+ and n(t) ∈ [
0,1

]
denote the control variables at instant t > 0,

and J
(
k0, z0

)
is the value of the optimal program (value function) given the initial

conditions k (0) and z (0).
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A necessary condition for optimality is given by the Hamilton-Jacobi-Bellman

(HJB) equation

ρ J
(
k, z

)= max
c,n

{(
lnc +ψ (1−n)

)+ (
exp(z)kαn1−α− c − (

δ+η)
k
)

Jk
(
k, z

)
−ρz z Jz

(
k, z

)+ 1

2
σ2

k k2 Jkk
(
k, z

)+ 1

2
σ2

z Jzz
(
k, z

)}
, (1.3.8)

where subscripts on J denote partial derivatives.

The first order conditions for an interior solution are given by

c =
(

Jk
(
k, z

))−1
(1.3.9)

ψ = (1−α)exp(z)kαn−α Jk
(
k, z

)
(1.3.10)

which implicitly define optimal consumption and the fraction of hours worked as

functions of the state variables of the economy, c = c
(
k, z

)
and n = n

(
k, z

)
.

The general equilibrium in this economy can be characterized by the following

system of nonlinear stochastic differential equations

0 =ψc(t )n(t )− (1−α)exp(z(t ))k(t )αn(t )1−α (1.3.11)

Et
[
dc(t )

]= [(
αexp

(
z(t )

)
k(t )α−1n(t )1−α−ρ−δ−η

)
−σ2

k

k(t )ck
(
k(t ), z(t )

)
c(t )

+ 1

2

σ2
k

(
k(t )ck

(
k(t ), z(t )

)
c(t )

)2

+σ2
z

(
cz

(
k(t ), z(t )

)
c(t )

)2
]

c(t )dt (1.3.12)

dk(t ) =
(
exp

(
z(t )

)
k(t )αn(t )1−α− c(t )− (

δ+η)
k(t )

)
dt +σk k(t )dwk (t ) (1.3.13)

dz(t ) =−ρz z(t )dt +σz dwz (t ), (1.3.14)

where conditions (1.3.11) and (1.3.12) correspond, respectively, to the intratemporal

labor supply, and the Euler equation for consumption, and where ck
(
k(t ), z(t )

)
and

cz
(
k(t ), z(t )

)
denote the marginal response of optimal consumption to changes in

the capital stock and TFP.

Approximate solution. We approximate the solution of the model by first lineariz-

ing the equilibrium conditions in (1.3.11) - (1.3.14) around the model’s deterministic

steady state, and then we compute the rational expectation solution on the resulting

linear system of stochastic differential equations using the approach proposed in

Sims (2002)15.

15In particular, we use the gensysct routine available at http://sims.princeton.edu/yftp/gensys/. An
alternative approach is the continuous-time version of the Blanchard and Kahn method described in Buiter
(1984), or the continuous time version of the AIM algorithm in Anderson (1997).

http://sims.princeton.edu/yftp/gensys/
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Let a hat on top of each variable denote its log-deviation from its steady state

value. Then, the log-linearized equilibrium can be compactly written as

Et

 dĉ(t )

dk̂(t )

dẑ(t )

=

 ξcnξnc 0 ξcz +ξcnξnz

ξkc +ξknξnc ξkk +ξknξnk ξkz +ξknξnz

0 0 −ρz


︸ ︷︷ ︸

:=Γ

 ĉ(t )

k̂(t )

ẑ(t )

dt ,

(1.3.15)

where we have reduced the system of equilibrium conditions from four to three

variables by substituting out the linearized version of condition (1.3.11), n̂ = ξnc ĉ +
ξnk k̂ +ξnz ẑ. The elements of the matrix Γ depend on the steady state of the model,

and their values can be found in Appendix 1.C.

The rational expectations solution to the system (1.3.15) is then built using the

QZ decomposition on the matrix Γ to identify the number of stable and unstable

roots of the system. If the Blanchard and Kahn (1980) conditions are satisfied, i.e., if

the number of stable roots equals the number of state variables, then the rational

expectation solution has the continuous state-space representation given in (1.2.1)-

(1.2.2) with x(t ) = (k̂(t ), ẑ(t ))⊤ the 2×1 vector of state variables, y(t ) = (
ĉ(t ), n̂(t )

)⊤ the

2×1 vector of control variables, and w(t ) = (
wk (t ), wz (t )

)⊤ a 2×1 vector of structural

shocks. The matrices A(θ), B(θ) and C(θ) are given by

A(θ) =
 φkk φkz

0 −ρz

 , B(θ) =
 σk 0

0 σz

 , C(θ) =
 φck φcz

φnk φnz

 , (1.3.16)

where φck , φcz , φnk , φnz , φyk , φy z , φkk , and φkz are combinations of the eigenvalues

and eigenvectors of the matrix Γ, which depend nonlinearly on the structural param-

eters of the model. The latter are collected in the vector θ = (
ρ,ψ,α,δ,η,ρz ,σz ,σk

)⊤.

Remark 5. As shown in Appendix 1.C, the entries of the matrices A(θ) and C(θ)

are independent of the parameter ψ. Therefore, ψ is under-identified, i.e., it is not

possible to identify it from the data as it vanishes from the rational expectation

solution of the model (see Canova and Sala, 2009). ■

Remark 6. In Appendix 1.C it is shown that φkk is real, negative, and different from

ρz . Hence, all the eigenvalues of the transition matrix A(θ) are real, distinct, and

negative. From the discussion in Section 1.2.4, Assumption 1 holds, and the model is

not subject to aliasing identification problems, i.e., all the entries from the matrices

(A(θ),Σ(θ)) are uniquely identified from (Ah(θ),Ση,h(θ)). ■
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Table 1.1: Parameter values. The parameters of the model are calibrated to an annual frequency,
and their values should be interpreted accordingly.

Parameter Value Source / Target

Subjective discount rate, ρ 0.0300 Long-run (net) return on capital of 4%

Leisure weight, ψ, 2.6860 Average fraction of hours worked of 1/3

Capital share in output, α 0.3000 Average wn/y of 0.7

Depreciation rate, δ 0.0600 Average i /y of 0.2 and k/y of 2.5

Labor-augmenting growth,
η

0.0200 Average GDP growth

Persistence TFP, ρz 0.2052 Persistence of Solow residual

Volatility TFP, σz 0.0140 Volatility of Solow residual

Volatility depreciation, σk 0.0104 Ambler and Paquet (1994)

1.4 Finite sample properties

In this section we investigate the finite sample properties of the ML estimator by

running extensive Monte Carlo experiments. In particular, we study its ability to

estimate the structural parameters of the underlying continuous-time model, θ, from

measurements that are only available at a discrete frequency. We generate M = 500

samples for consumption, C , labor, N , and output, Y from the linearized version of

the RBC model in Section 1.3, the data generating process (DGP), using the parameter

values in Table 1.1. These parameter values are standard in the literature in that they

match long-run values of macroeconomic aggregates observed in the U.S. postwar

period.

The model is calibrated to an annual frequency, and all parameter values should

be interpreted accordingly. We set α= 0.30 to match an average labor income to GDP

ratio of 70%. The values for the subjective discount rate and the depreciation rate

are set to ρ = 0.03 and 0.06. These parameter values are consistent with steady-state

values for the net return on capital and the investment to GDP ratio of 4% and 20%,

respectively. The weight of leisure in the instantaneous utility function is fixed at

ψ = 2.686 so that in the steady state agents spend 1/3 of their time working. The

long-run growth of the economy is assumed to be η= 2%. The parameters describing

the dynamics of the total factor productivity are set to ρz = 0.2052 and σz = 0.0140 in

line with standard estimates of the Solow residual for the U.S economy. Finally, we

fix the volatility of the capital stock to σk = 0.0104 based on the calibration used in

Ambler and Paquet (1994).

Each Monte Carlo sample contains 240 quarterly observations, corresponding to
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Table 1.2: Finite sample properties for stock data. The table reports finite sample estimates of
θexo from M = 500 samples of quarterly observations, h = 1/4, generated over a period of 60 years
using consumption (C ) and hours worked (N ) as observables. The table displays mean estimates
(Mean), average bias (Bias), and root mean squared errors (RMSE) across repetitions for the model
using the exact discrete model (EDM) and the Euler-Maruyama (EM) approximation of the state
equation.

SSR for stock data

Exact discrete model Euler-Maruyama

DGP Mean Bias RMSE Mean Bias RMSE

C and N

σz 0.0140 0.0139 -0.0001 0.0007 0.0157 0.0017 0.0238
ρz 0.2052 0.2077 0.0025 0.0189 0.1759 -0.0292 0.0334
σk 0.0104 0.0104 0.0000 0.0005 0.0099 -0.0005 0.0013

60 years of data. The observations are generated by means of an implicit differentia-

tion scheme for linear dynamic systems with a sampling precision of dt = 1/120. The

simulated observations do not include any measurement errors, i.e., nε = 0 in (1.2.9).

Using the simulated samples, we estimate the model parameters using the approach

described in Section 1.2 under the assumption that the model is not misspecified, i.e.,

the data used in the estimation is generated by the same model being estimated. To

avoid stochastic singularity (cf. Remark 3), we include only two observables in the ML

estimation, i.e., yτ =
[
Nτ,Cτ

]⊤.16 We compare the ML estimates obtained when using

the EDM of the transition equation to those estimates based on a state-space rep-

resentation, that uses a naive discretization of the continuous-time state-transition

equation (1.2.1) based on a Euler-Maruyama (EM) approximation method. The latter

replaces the EDM in (1.2.8) with

xτ =
(
I+A(θ)h

)
xτ−1 +

p
hB(θ)uτ, (1.4.1)

where uτ is defined in (1.2.19). The EM discretization differs from the EDM in that: (i)

the transition matrix is truncated to a first order, i.e., it ignores all the terms of order

smaller than h2 in (1.2.4), and (ii) the disturbances ignore the temporal aggregation

of structural shocks, or contamination, in between discrete observations.

Similar to Del Negro and Schorfheide (2008), we group the model parameters in

two categories. The first group, denoted θss, includes those parameters that can be

16In table 1.5 in Appendix 1.D, we use combinations yτ =
[
Cτ,Yτ

]⊤ and yτ =
[
Nτ,Yτ

]⊤. This simultane-
ously allows us to study how sensitive the estimation procedure to different combinations of these variables
is.
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readily identified from the model’s steady state and the available measurements, i.e.,

θss =
[
ψ,α,δ,ρ,η

]⊤. The second group, denoted θexo, consists of all the parameters

that characterize the dynamics of the exogenous processes that drive the economy,

i.e., θexo = [
ρz ,σz ,σk

]⊤. For the Monte Carlo experiments, we focus on the latter.

1.4.1 Stock data

Our first Monte Carlo experiment assumes that all the observable variables are mea-

sured at discrete points in time without error, as stocks and thus the empirical model

used in the ML estimation are the state-space representation (SSR) in (1.2.8)-(1.2.9).17

The results are summarized in Table 1.2. We report the mean estimate of θexo across

repetitions, the implied bias, and the root mean squared error (RMSE). The remaining

parameters are set to their population values in Table 1.1.

The Monte Carlo experiment reveals some important features that should be

addressed. First, the ML estimator delivers small sample biases that are within a

reasonable range when the state equation is given by the EDM in Proposition 5. In

particular, the reduced bias in the persistence parameter ρz is consistent with the

findings in Wang, Phillips, and Yu (2011) for the case of the Ornstein-Uhlenbeck

processes. These conclusions hold across the different subsets of observable variables

included in the estimation. Second, using the Euler-Maruyama approximation in

(??) instead of the exact discrete model introduces substantial biases in parameter

estimates. Moreover, as shown in Figure 1.3, the EM approximation results produce

highly skewed distributions for parameter estimates.

This is confirmed by the general increase in the RMSE under the EM discretiza-

tion, and in particular for the estimated volatility parameters which are at least one

order of magnitude larger than the estimates under EDM. The worse performance

of the ML estimator in the case of the EM approximation adds to the inconsistency

results previously studied in Phillips (1973), Lo (1988) and Thornton and Chambers

(2016), which renders its use problematic as it produces misleading results and in-

valid inference. Third, the different subsets of observables used in the estimation

do not affect the point estimates, i.e., all the variables have similar informational

content on the parameters under consideration. This is a situation that differs from

Ruge-Murcia (2007) who showed the relevance of data on aggregate output to obtain

sharp estimates of the autoregressive coefficient relative to data on consumption or

hours worked. Fourth, as shown in Table 1.7 in Appendix 1.D, similar conclusions are

obtained when estimating the remaining structural parameters in θss. In particular,

17While measurement error is desirable in empirical applications, leaving it out from the Monte Carlo
study enable us really isolate the finite sample properties of the estimator.
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Figure 1.3: Finite sample distribution of parameter estimates. The graph plots the distribution
(histogram) of estimated parameters, θ̂exo, across M = 500 random samples of consumption and
hours worked (blue), consumption and output (purple), and output and hours worked (green).
Each sample has T = 240 quarterly observations generated from the true data generation process.
The top row uses the exact discrete model for the state-transition equation. The bottom row uses
the Euler-Maruyama approximation. We exclude estimates in the extreme 1.5 percentiles of the
distributions.

the estimates of the subjective discount rate, ρ and the long-run growth rate of the

economy, η, exhibit substantial upward biases when using the EM approximation,

whereas they are correctly estimated under the EDM.18

18In earlier versions of the paper we had a Monte Carlo with differences frequencies of observations and
various sample sizes. The main takeaways are: (i) the larger the sample size, the smaller the bias of the EDM;
(ii) the higher the frequency, the closer the results between EM and EDM are.
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1.4.2 Flow data

The second set of Monte Carlo experiments assumes instead that all the observable

variables are measured at discrete points in time as flows. Two cases are considered

depending on whether the empirical model used for the ML estimation of θexo is the

SSR in (1.2.28)-(1.2.29) that accommodates the flow nature of the observables, or if

instead the SSR for stock variables or the naive Euler-Maruyama discretization are

used. Table 1.3 summarizes the results.

First, if the data is measured as flows, the correct specification of the state-space

model is critical for the finite sample properties of the ML estimator. In particular, us-

ing a state-space representation that accommodates flow variables delivers parameter

estimates that, on average, are close to their true value in the population. This results

hold across subsets of observables used in the estimation. Second, if a state-space

model for stock variables is used in the estimation of structural parameters when

the data is measured as flow, the ML estimator delivers substantial biases. These

biases are further exacerbated if the transition equation of the state-space model is

approximated by an EM discretization. This is confirmed in Figure 1.6 in Appendix

1.D, where we plot the log-likelihood profile for a given sample and for each of the

parameters under consideration.

Similar to the case of stock variables, based on the mean statistics, the distribution

of parameter estimates is symmetric around the true value. This symmetry holds

across state-space representations. However, as shown in Table 1.3, if the model

is miss-specified, the estimators are not consistent. In fact, σz is estimated with a

negative bias of 0.0026 andσk with a bias that goes from −0.0020 to −0.0022 across all

misspecified models (i.e., panel a, b and c in the SSR for stock data columns). In terms

of variability of the estimates, results are more ambiguous in that correctly using the

SSR for flow data does not necessarily lower the RMSE of the estimator.

1.4.3 Retrieving structural shocks

Here we plot the retrieved structural shocks using simulated data. Data is simulated

using the described different schemes for stock and flow data. Then, conditional

on knowing the DGP, we recover structural shocks using the method introduced in

Section 1.2.5. In Appendix 1.D, Figure 1.7 displays the approximation errors in the

estimation of structural shocks. Conclusions drawn from such figure can be drawn

also by looking at Figure 1.4b and projecting the example to a multitude of simulated

samples. Overall the EDM always outperforms the EM specification (cf. with Figure

1.4a). Additionally, conditional on knowing the true DGP, the deployment of the SSR

for flow data has no significant benefits in estimating the structural shocks of the
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Table 1.3: Finite sample properties for flow data. The table reports finite sample estimates of θexo

from M = 500 samples of quarterly observations, h = 1/4, generated over a period of 60 years using
consumption (C ) and hours worked (N ) as observables. The table displays mean estimates (Mean),
average bias (Bias), and root mean squared errors (RMSE) across repetitions for the model using
the correctly specified exact discrete model (EDM) for flow data, the wrongly specified EDM for
stock data, and the Euler-Maruyama (EM) approximation of the state equation.

SSR for flow data SSR for stock data

Exact discrete Model Exact discrete Model Euler-Maruyama

DGP Mean Bias RMSE Mean Bias RMSE Mean Bias RMSE

C and N

σz 0.0140 0.0140 0.0000 0.0028 0.0114 -0.0026 0.0027 0.0114 -0.0026 0.0027
ρz 0.2052 0.2086 0.0034 0.0216 0.2031 -0.0020 0.0190 0.1736 -0.0316 0.0352
σk 0.0104 0.0103 -0.0001 0.0010 0.0084 -0.0020 0.0020 0.0082 -0.0022 0.0023

model. Therefore, the SSR for flow carries the biggest improvements on parameter

estimation, as opposed to state estimation (see Table 1.3).19

(a) Data simulated as stocks (b) Data simulated as flow

Figure 1.4: Structural shocks estimated from simulated data. Variables C and N are used as
measurements. Measurements are simulated as stock (a) and flow data (b), respectively.

19Table 1.6 in Appendix 1.D is a complementary table. It shows finite sample results for the other subsets
of observables.
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1.5 Empirical illustration

This section provides an empirical illustration of our likelihood approach. We esti-

mate a subset of the structural parameters of the RBC model of Section 1.3 for the

U.S. economy using different combinations of macroeconomic aggregates as observ-

ables in the state-space representation. Similar to Ireland (2004), we use quarterly

measurements for aggregate consumption, hours worked, and aggregate output for

the period 1948:Q1 to 2019:Q4. All variables are downloaded from the Federal Reserve

Economic Data database, FRED. Aggregate consumption is measured by the real

personal consumption expenditures (PCECC96) in the NIPA tables.

Given the closed-economy version of the model, aggregate output is defined

as the sum of aggregate consumption and aggregate investment, where the latter is

measured by the real gross private domestic investment (GPDIC1) in the NIPA tables.

Hours worked correspond to the number of hours of wage and salary workers on

nonfarm payrolls (TOTLQ). All variables are transformed into per-capita terms using

the civilian, non-institutional population, aged 16 and over (CNP16OV) reported by

U.S. Bureau of Labor Statistics. With the exception of population, all the variables

are seasonally adjusted. Finally, measurements consider the series to be trending

exponentially at a constant growth rate of 2% per year that captures the long-run or

steady state economic growth rate in the model, η.

Similar to the Monte Carlo experiments in Section 1.4, in the following we report

ML estimation results for the model’s structural parameters in θexo = [ρz ,σz ,σk ]⊤,

while calibrating the remaining parameters according to the values outlined in Table

1.1. We estimate the model parameters for three different scenarios. First, we study

the estimates when the data is assumed to be measured as stocks; second, when it is

assumed to be measured as flows; and finally accounting for measurement error. For

simplicity, we include measurement errors to all the observables.

All the results are summarized in Table 1.4, where we report the point estimates

and their standard errors in parentheses. Standard errors are computed using the wild

bootstrap algorithm presented by Angelini, Cavaliere, and Fanelli (2021). We verify

that Assumptions 1–3, A4′ and 5 of Angelini et al. (2021) are satisfied. SinceσN is close

to the boundary, bootstrap standard errors are more reliable than the asymptotic ones,

where numerical derivatives must be taken. Additionally, bootstrapped standard error

deals better with the finite-sample nature of the data. In particular, the wild bootstrap

allows for heteroscedasticity in the forecast errors, which is a desirable feature in

empirical applications.

Parameter estimates are found similar across the various specifications. However,

the EDM for flows generally estimates a larger spot volatility of the TFP process (in line

with the Monte Carlo experiments) concurrent with larger persistence, ρz (0.0421 <
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Table 1.4: Maximum likelihood estimates. The table reports the maximum likelihood estimates of
θexo for the model in Section 1.3 using quarterly data for the period 1948:Q1 - 2019:Q4. Bootstrap
standard errors are reported in parentheses.

Empirical Estimates

Observables C , N C , N

Flows Stocks Flows Stocks

EDM EDM EM EDM EDM EM

σz 0.0137 0.0154 0.0095 0.0136 0.0116 0.0115
(0.0493) (0.0013) (0.0339) (0.0210) (0.0016) (0.0018)

ρz 0.0421 0.1860 0.1846 0.0634 0.0736 0.0683
(0.0171) (0.0241) (0.0230) (0.0572) (0.0785) (0.0743)

σk 0.0185 0.0167 0.0202 0.0179 0.0141 0.0136
(0.0025) (0.0020) (0.0022) (0.0036) (0.0034) (0.0040)

σC - - - 0.0018 0.0033 0.0035
(0.0015) (0.0014) (0.0014)

σN - - - 0.0041 2.47e-06 1.97e-06
(0.0017) (5.73e-08) (1.96e-08)

0.1860). The process for capital is more volatile if estimated under the EM specifi-

cation. whereas the conditional standard deviation of TFP, σz ·
√

(1−e−2ρz )/(2ρz ), is

estimated to be between 0.86% and 1.40% year-over-year. The yearly autoregressive

parameter of TFP (e−ρz ) is between 0.83 and 0.96. The introduction of iid measure-

ment error is associated with smaller instantaneous volatilities related to the state

variables. In particular, in the SSR for stock data, all the idiosyncratic variations are

related to the annualized growth rate of PCE. The annualized measurement error

related to growth rates of PCE is of 1.35% on average (4 ·σC ). Specifying the data as

flow lowers the conditional volatility to 1.31% (from 1.34%) and the autoregressive

parameter to 0.94 from about 0.96. Contrarily to the case with measurements speci-

fied as stocks, a big part of the idiosyncratic variations are associated with the hours

worked, where the annualized standard deviation of measurement error (4 ·σN ) is

estimated to be 1.64%.

Using the approximations of Section 1.2.5, the econometrician can investigate the

historical contribution of structural shocks to empirical measurements through the

lens of the continuous-time DSGE model. Due to stochastic singularity, as briefly dis-

cussed in Remark 3 in Section 1.2.3, we restrict the attention to the case with no mea-

surement error. Figure 1.5 shows the historical decomposition of the measurements.
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Figure 1.5: Historical decomposition of structural contributions on measurements using the exact
discrete model and the state-space representation for stock data. NBER recession are reported with
the gray vertical bands.

Historical decompositions using the EDM for flow data and the EM discretization for

stock data are reported in Appendix 1.D. The main empirical divergences across the

methods are quantitative. For instance, SSR’s for stock data estimate a less persistent

technology process compared to the SSR’s for flow data. That is reflected in the histor-

ical decomposition by larger portions of the movements in the measurements being

attributed to TFP shocks.

1.6 Conclusions

The paper contributes to the literature on structural macroeconomics and economet-

rics. We develop a statistical framework that formally links continuous-time DSGE
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models to empirical measurements. While real-world data is discretely sampled by

nature, nothing stops the practitioner from drawing a realistic picture of the economy

using a continuous-time theoretical model. In fact, we show that a model that entails

a representation of the linearized equilibrium in the canonical continuous-time state-

space form allows a discretization scheme which reserves no approximation error.

This implies that the econometrician can rely on standard (discrete-time) economet-

ric techniques for the evaluation of continuous-time DSGE models.

Difficulties arise in interpreting the shocks: When the structural shocks are mod-

eled by a Wiener process, the discretization scheme aggregates them over the time

grid in between observation. We investigate an approximation that links measure-

ments to discretized structural shocks, from where we can discuss identification

and fundamental recoverability. Another advantage of our framework is that it can

elegantly account for data which is measured as flow over a period and therefore

decrease bias in statistical inference. This may lead to otherwise different conclusions.

We argue in the paper that correctly differentiating between stock and flow variables

has effects mainly on parameter estimation rather than state estimation.

Finally, we take an extension with shocks to capital of the classical RBC model

with indivisible labor of Hansen (1985) to real-world data. We estimate parameters

responsible for exogenous variations in the model and document plausible values

of summary statistics related to the latent states. Across different specifications, the

practictioner would conclude differently on those summary statistics, however con-

tributions of shocks to variations in data differ only quantitatively.

Acknowledgements

We thank Martin Møller Andreasen, Federico Carlini, Alessia Paccagnini,

Giovanni Pellegrino, Olaf Posch, participants of the Arne Ryde Workshop: Het-

erogeneous Agent Models in Macroeconomics - Advances in Continuous Time

(Lund University), the Nordic Junior Macro Seminar, and the Quantitative

Economics seminar (Hamburg University) for their valuable comments and

discussions.

References

Ahn, S., Kaplan, G., Moll, B., Winberry, T., Wolf, C., 2018. When inequality

matters for macro and macro matters for inequality. NBER Macroeconomics



36

CHAPTER 1. ESTIMATION OF CONTINUOUS-TIME LINEAR DSGE MODELS

FROM DISCRETE-TIME MEASUREMENTS

Annual 32 (1), 1–75.

Ambler, S., Paquet, A., 1994. Stochastic depreciation and the business cycle.

International Economic Review 35 (1), 101–116.

Anderson, G., 01 1997. Continuous time application of the anderson-moore

(AIM) algorithm for imposing the saddle point property in dynamic models.

Unpublished.

Angelini, G., Cavaliere, G., Fanelli, L., 2021. Bootstrap inference and diagnostics

in state space models: With applications to dynamic macro models. Journal

of Applied Econometrics, 1–20.

Bartlett, M. S., Rajalakshman, D. V., 1953. Goodness of fit tests for simultane-

ous autoregressive series. Journal of the Royal Statistical Society. Series B

(Methodological) 15 (1), 107–124.

Bergstrom, A., 1984. Continuous time stochastic models and issues of aggrega-

tion over time. Vol. 2 of Handbook of Econometrics. Elsevier, 1145–1212.

Bergstrom, A. R., 1966. Nonrecursive models as discrete approximations to

systems of stochastic differential equations. Econometrica 34 (1), 173–182.

Bernanke, B. S., 1986. Alternative explanations of the money-income correla-

tion. Carnegie-Rochester Conference Series on Public Policy 25, 49–99.

Blanchard, O. J., Kahn, C. M., 1980. The solution of linear difference models

under rational expectations. Econometrica 48 (5), 1305–1311.

Blanchard, O. J., Quah, D., September 1989. The Dynamic Effects of Aggregate

Demand and Supply Disturbances. American Economic Review 79 (4), 655–

673.

Blevins, J. R., 2017. Identifying restrictions for finite parameter continuous

time models with discrete time data. Econometric Theory 33 (3), 739–754.

Brunnermeier, M., Sannikov, Y., 2014. A macroeconomic model with a financial

sector. American Economic Review 104 (2), 379–421.



1.6. CONCLUSIONS 37

Buiter, W. H., 1984. Saddlepoint problems in continuous time rational expec-

tations models: A general method and some macroeconomic examples.

Econometrica 52 (3), 665–680.

Canova, F., Sala, L., 2009. Back to square one: Identification issues in DSGE

models. Journal of Monetary Economics 56 (4), 431–449.

Chambers, M. J., February 1999. Discrete Time Representation of Station-

ary and Non-Stationary Continuous Time Systems. Journal of Economic

Dynamics and Control 23 (4), 619–639.

Chambers, M. J., McCrorie, J. R., Thornton, M. A., 2018. Continuous Time

Modelling Based on an Exact Discrete Time Representation. Springer Inter-

national Publishing, 317–357.

Chang, F.-R., 2009. Stochastic Optimization in Continuous Time. Cambridge

University Press.

Christensen, B. J., Posch, O., Van Der Wel, M., 2016. Estimating dynamic equi-

librium models using mixed frequency macro and financial data. Journal of

Econometrics 194 (1), 116–137.

Del Negro, M., Schorfheide, F., October 2008. Forming Priors for DSGE Mod-

els (and How it Affects the Assessment of Nominal Rigidities). Journal of

Monetary Economics 55 (7), 1191–1208.

Durbin, J., Koopman, S. J., 2012. Time Series Analysis by State Space Methods.

Oxford University Press.

Fernández-Villaverde, J., Hurtado, S., no, G. N., 2020. Financial Frictions and

the Wealth Distribution. CESifo Working Paper Series 8482, CESifo.

Fernández-Villaverde, J., March 2010. The Econometrics of DSGE Models.

SERIEs: Journal of the Spanish Economic Association 1 (1), 3–49.

Fernández-Villaverde, J., Rubio-Ramírez, J., Schorfheide, F., 2016. Solution

and Estimation Methods for DSGE Models. In: Taylor, J. B., Uhlig, H. (Eds.),

Handbook of Macroeconomics. Vol. 2 of Handbook of Macroeconomics.

Elsevier, 527–724.



38

CHAPTER 1. ESTIMATION OF CONTINUOUS-TIME LINEAR DSGE MODELS

FROM DISCRETE-TIME MEASUREMENTS

Fernández-Villaverde, J., Rubio-Ramírez, J. F., 2007. Estimating macroeco-

nomic models: A likelihood approach. Review of Economic Studies 74 (4).

Furlanetto, F., Seneca, M., 2014. Investment shocks and consumption. Euro-

pean Economic Review 66, 111–126.

Geweke, J., 1978. Temporal aggregation in the multiple regression model.

Econometrica 46 (3), 643–661.

Hamerle, A., Nagl, W., Singer, H., 1991. Problems with the estimation of stochas-

tic differential equations using structural equations models. Journal of Math-

ematical Sociology 16 (3), 201–220.

Hamilton, J., 1994. Time Series Analysis. Princeton University Press.

Hansen, G. D., 1985. Indivisible labor and the business cycle. Journal of Mone-

tary Economics 16 (3), 309–327.

Hansen, L. P., Prescott, E. C., 1995. Recursive Methods for Computing Equilib-

ria of Business Cycle Models. in T. Cooley (Ed.): Frontiers of Business Cycle

Research. Princeton University Press.

Hansen, L. P., Sargent, T. J., 1983. The dimensionality of the aliasing aroblem

in models with rational spectral densities. Econometrica 51 (2), 377–387.

Hansen, L. P., Sargent, T. J., 1991. Identification of continuous time rational

expectations models from discrete time data. In: Hansen, L. P., Sargent, T. J.

(Eds.), Rational Expectations Econometrics. Westview Press, Ch. 9, 219–235.

Hansen, L. P., Sargent, T. J., 2019. Rational Expectations Econometrics. CRC

Press.

Harvey, A. C., 1990. Forecasting, Structural Time Series Models and the Kalman

Filter. Cambridge University Press.

Harvey, A. C., Stock, J. H., April 1985. The Estimation of Higher-Order Continu-

ous Time Autoregressive Models. Econometric Theory 1 (1), 97–117.

Ireland, P. N., 2004. A method for taking models to the data. Journal of Eco-

nomic Dynamics and Control 28 (6), 1205–1226.



1.6. CONCLUSIONS 39

Iskrev, N., 2010. Local identification in DSGE models. Journal of Monetary

Economics 57 (2), 189–202.

Itskhoki, O., Moll, B., January 2019. Optimal Development Policies With Finan-

cial Frictions. Econometrica 87 (1), 139–173.

Jazwinski, A. H., 1970. Stochastic Processes and Filtering Theory. Academic

Press, New York.

Kaplan, G., Moll, B., Violante, G. L., 2018. Monetary policy according to hank.

American Economic Review 108 (3), 697–743.

Kessler, M., Rahbek, A., 2004. Identification and inference for multivariate coin-

tegrated and ergodic gaussian diffusions. Statistical Inference for Stochastic

Processes 7 (2), 137–151.

Komunjer, I., Ng, S., 2011. Dynamic identification of dynamic stochastic gen-

eral equilibrium models. Econometrica 79 (6), 1995–2032.

Kydland, F. E., Prescott, E. C., 1982. Time to build and aggregate fluctuations.

Econometrica 50 (6), 1345–1370.

Lo, A. W., 1988. Maximum likelihood estimation of generalized Itô processes

with discretely sampled data. Econometric Theory 4 (2), 231–247.

McCrorie, J. R., 2000. Deriving the exact discrete analog of a continuous time

system. Econometric Theory 16 (6), 998–1015.

McCrorie, J. R., 2003. The problem of aliasing in identifying finite parameter

continuous time stochastic models. Acta Applicandae Mathematicae 79,

9–16.

McCrorie, J. R., August 2009. Estimating Continuous-Time Models On The

Basis Of Discrete Data Via An Exact Discrete Analog. Econometric Theory

25 (4), 1120–1137.

Nowman, K. B., 1993. Finite-sample properties of the Gaussian estimation of

an open higher-order continuous-time dynamic model with mixed stock

and flow data. In: Gandolfo, G. (Ed.), Continuous-Time Econometrics: The-

ory and Applications. Springer, Dordrecht, Ch. 5, 93–116.



40

CHAPTER 1. ESTIMATION OF CONTINUOUS-TIME LINEAR DSGE MODELS

FROM DISCRETE-TIME MEASUREMENTS

Parra-Alvarez, J. C., September 2018. A Comparison of Numerical Methods for

the Solution of Continuous-time DSGE Models. Macroeconomic Dynamics

22 (6), 1555 – 1583.

Parra-Alvarez, J. C., Polattimur, H., Posch, O., 2021. Risk Matters: Breaking

Certainty Equivalence in Linear Models. Journal of Economics Dynamics

and Control 133.

Pfeifer, J., 2020. A guide to specifying observation equations for the estimation

of dsge models. mimeo.

Phillips, A. W., 06 1959. The Estimation of Parameters in Systems of Stochastic

Differential Equations. Biometrika 46 (1-2), 67–76.

Phillips, P. C. B., 1973. The problem of identification in finite parameter con-

tinuous time models. Journal of Econometrics 1 (4), 351–362.

Posch, O., 2009. Structural estimation of jump-diffusion processes in macroe-

conomics. Journal of Econometrics 153 (2), 196–210.

Posch, O., September 2011. Risk Premia in General Equilibrium. Journal of

Economic Dynamics and Control 35 (9), 1557–1576.

Posch, O., 2020. Resurrecting the new-keynesian model: (un)conventional

policy and the taylor rule. CESifo Working Paper Series 6925.

Posch, O., Trimborn, T., 2013. Numerical solution of dynamic equilibrium

models under poisson uncertainty. Journal of Economic Dynamics and

Control 37 (12), 2602–2622.

Qu, Z., Tkachenko, D., 2012. Identification and frequency domain quasi-

maximum likelihood estimation of linearized dynamic stochastic general

equilibrium models. Quantitative Economics 3 (1), 95–132.

Qu, Z., Tkachenko, D., 2017. Global identification in DSGE models allowing

for indeterminacy. The Review of Economic Studies 84 (3 (300)), 1306–1345.

Ruge-Murcia, F. J., August 2007. Methods to Estimate Dynamic Stochastic

General Equilibrium Models. Journal of Economic Dynamics and Control

31 (8), 2599–2636.



1.6. CONCLUSIONS 41

Sargent, T. J., 1989. Two models of measurements and the investment acceler-

ator. Journal of Political Economy 97 (2), 251–287.

Särkkä, S., Solin, A., 2019. Applied stochastic differential equations. Vol. 10.

Cambridge University Press.

Shapiro, M. D., Watson, M. W., 1988. Sources of business cycle fluctuations.

NBER Macroeconomics Annual 3, 111–148.

Simon, H. A., 1956. Rational choice and the structure of the environment.

Psychological review 63 (2), 129.

Sims, C. A., 1986. Are Forecasting Models Usable for Policy Analysis? Quarterly

Review 10 (Win), 2–16.

Sims, C. A., 2002. Solving linear rational expectations models. Computational

economics 20, 1–20.

Theil, H., 1957. A note on certainty equivalence in dynamic planning. Econo-

metrica: Journal of the Econometric Society, 346–349.

Thornton, M. A., Chambers, M. J., 2016. The exact discretisation of CARMA

models with applications in finance. Journal of Empirical Finance 38, 739–

761.

Trimborn, T., 2013. Solution of continuous-time dynamic models with inequal-

ity constraints. Economics Letters 119 (3), 299–301.

Trimborn, T., 2018. On the Analysis of Endogenous Growth Models with a

Balanced Growth Path. Journal of Mathematical Economics 79 (C), 40–50.

Van Loan, C., 1978. Computing integrals involving the matrix exponential.

IEEE Transactions on Automatic Control 23 (3), 395–404.

Wang, X., Phillips, P. C. B., Yu, J., 2011. Bias in estimating multivariate and

univariate diffusions. Journal of Econometrics 161 (2), 228–245.

Zadrozny, P., April 1988. Gaussian Likelihood of Continuous-Time ARMAX

Models When Data Are Stocks and Flows at Different Frequencies. Econo-

metric Theory 4 (1), 108–124.



42

CHAPTER 1. ESTIMATION OF CONTINUOUS-TIME LINEAR DSGE MODELS

FROM DISCRETE-TIME MEASUREMENTS

Appendix

1.A Proofs

1.A.1 Proof of Proposition 5

The exact discrete model (EDM) corresponds to the solution, in the narrow-

sense, of the linear SDE in (1.2.1)

dx(t ) = A(θ)x(t )dt +B(θ)dw(t ),

with fixed initial condition x(t0) = x0, and where A(θ) and B(θ) are time-

invariant matrices. In particular, consider the solution to the associated vector-

valued homogeneous ordinary differential equation

dx(t ) = A(θ)x(t )dt , x
(
t0

)= x0,

which is given by

xt = exp

(∫ t

t0

A(θ)dτ

)
x0 = exp(A(θ)h)x0 =Φ

(
t , t0

)
x0,

where we have defined h = t − t0, and where Φ
(
t0, t0

) = I. An application of

Itô’s formula to the transformationΦ
(
t , t0

)−1 x yields

d
(
Φ

(
t , t0

)−1 xt

)
=

∂Φ(
t , t0

)−1

∂t
xt +Φ

(
t , t0

)−1 A(θ)xt

dt +Φ(
t , t0

)−1 B(θ)dw(t )

=Φ(
t , t0

)−1 B(θ)dw(t ), (1.A.1)

where Φ
(
t , t0

)−1, is called the integrating factor. Integrating both sides of

(1.A.1) we obtain the solution to (1.2.1) as

xt =Φ
(
t , t0

)(
x0 +

∫ t

t0

Φ
(
s, t0

)−1 B(θ)dw(s)

)
.
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By setting t0 = tτ−1 and t = tτ, the solution can be written as

x(tτ) = exp(A(θ)h)x(tτ−1)+exp(A(θ)h)
∫ tτ

tτ−1

exp(A(θ)(tτ−1 − s))B(θ)dw(s)

= exp(A(θ)h)x(tτ−1)+exp(A(θ)tτ)
∫ tτ

tτ−1

exp(−A(θ)s)B(θ)dw(s)

= exp(A(θ)h)x(tτ−1)+
∫ tτ

tτ−1

exp
(
A(θ)(tτ− s)

)
B(θ)dw(s)

= Ah(θ)x(tτ−1)+η(tτ).

The error term is a flow variable and, from the definition of Brownian

increment, it has mean E[η(tτ)] = 0. The covariance matrix of the error term

(1.2.6) is proved by first applying the Itô isometry property,

E[η(tτ)η(tτ)⊤] =

= E
[∫ tτ

tτ−1

exp
(
A(θ)(tτ− s)

)
B(θ)dw(s)×

×
(∫ tτ

tτ−1

exp
(
A(θ)(tτ− s)

)
B(θ)dw(s)

)⊤
=

∫ tτ

tτ−1

exp
(
A(θ)(tτ− s)

)
B(θ)B(θ)′ exp

(
A(θ)⊤(tτ− s)

)
ds.

The equation is time-invariant. In fact it only depends on the time interval

between measurements, tτ− tτ−1, which is assumed to be uniform and equal

to h along the whole time grid. Therefore, a change of variable leads to (1.2.6),

Ση,h(θ) = E[η(tτ)η(tτ)⊤] =
h∫

0

exp
(
A(θ)(h − s)

)
B(θ)B(θ)⊤ exp

(
A(θ)⊤(h − s)

)
ds.

Moreover, notice that the errors are serially uncorrelated at all leads and lags,

E[η(tτ)η(tτ−s)⊤] = 0, for all s ̸= 0.

■

1.A.2 Proof of Proposition 4

For n <∞, Equation (1.2.22) reads

ητ ≈ h1/2
n

n−1∑
i=1

exp(A(θ)(tτ− tτi ))B(θ)uτti
. (1.A.2)
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Expanding the sum on the right hand side yields

ητ ≈ h1/2
n exp(A(θ)h)B(θ)uτt1

+h1/2
n exp(A(θ)(h −hn))B(θ)uτt2

+ . . .

+h1/2
n exp(A(θ)(h − (n −2)hn))B(θ)uτtn−1

+
+h1/2

n exp(A(θ)(h − (n −1)hn))B(θ)uτtn

= exp(A(θ)h)B(θ)
∫ tτ2

tτ1

dw(s)+exp(A(θ)(h −hn))B(θ)
∫ tτ3

tτ2

dw(s)+ . . .

+exp(A(θ)(h − (n −2)hn))B(θ)
∫ tτn−1

tτn−2

dw(s) +

+exp(A(θ)(h − (n −1)hn)B(θ)
∫ tτn

tτn−1

dw(s).

From where we notice that

exp(A(θ)h)B(θ)
∫ tτ2

tτ1

dw(s) +

+exp(A(θ)(h −hn))B(θ)
∫ tτ3

tτ2

dw(s)+ . . .

+exp(A(θ)(h − (n −2)hn))B(θ)
∫ tτn−1

tτn−2

dw(s) +

+exp(A(θ)(h − (n −1)hn)B(θ)
∫ tτn

tτn−1

dw(s) =

=
[

I+A(θ)h +A(θ)2h2/2+ . . .
]

B(θ)
∫ tτ2

tτ1

dw(s)+

+
[

I+A(θ)(h −hn)

+A(θ)2(h −hn)2/2+ . . .
]

B(θ)
∫ tτ3

tτ2

dw(s)+ . . .

+
[

I+A(θ)(h − (n −2)hn)

+A(θ)2(h − (n −2)hn)2/2+ . . .
]

B(θ)
∫ tτn−1

tτn−2

dw(s)+

+
[

I+A(θ)(h − (n −1)hn) +

+A(θ)2(h − (n −1)hn)2/2+ . . .
]

B(θ)
∫ tτn

tτn−1

dw(s).
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Collecting terms with same coefficients yields

ητ ≈
(
I+A(θ)h +A(θ)2(h2/2)+ . . .

)
B(θ)

∫ tτn

tτ1

dw(s)+ . . .

+
[
−A(θ)hn +A(θ)2h2

n/2−A(θ)2hhn − . . .
]

B(θ)
∫ tτ3

tτ2

dw(s)+ . . .

+
[
−A(θ)(n −2)hn + (n −2)2A(θ)2h2

n/2 +

− (n −2)A(θ)2hhn + . . .
]

B(θ)
∫ tτn−1

tτn−2

dw(s)+

+
[
−A(θ)(n −1)hn + (n −1)2A(θ)2h2

n/2 +

− (n −1)A(θ)2hhn + . . .
]

B(θ)
∫ tτn

tτn−1

dw(s)

= exp(A(θ)h)B(θ)
∫ τ

τ−1
dw(s)+φ(n)

= h1/2 exp(A(θ)h)B(θ)uτ+φ(n),

where we have used the definition uτ in (1.2.19), the definition of the expo-

nential of a matrix, and the fact that tτ1 = τ−1 and tτn = τ.

The termφ(n) denotes the remainder of the approximation expressed as

a function of the number of sub-intervals n ≥ 0. Notice that the term with

the greatest order in the remainderφ(n) is (n −1)A(θ)hnB(θ)
∫ tτi−1

tτi
dw(s), for

all i = 2, . . . ,n. Hence, given that A(θ) is a stable matrix, exp(A(θ)hn) = I+
O(hn), as hn → 0, and

∫ tτn
tτn−1

dw(s) =Op (
√

hn), where Op indicates stochastic

boundedness, it follows that A(θ)hnB(θ)
∫ tτn

tτn−1
dw(s) =Op (h3/2

n ), meaning that

there exists a δϵ, such that

P

∣∣∣∣∣A(θ)hnB(θ)
∫ tτn

tτn−1
dw(s)

h3/2
n

∣∣∣∣∣> δϵ
< ϵ.

In fact, define Xn := A(θ)hnB(θ) = O(hn), as hn → 0, and Yn = ∫ tτn
tτn−1

dw(s) =
Op (

√
hn). Choose δx ,δy , such that

∣∣Xv
∣∣ ≤ δx∆v and P

(
|Yv /

√
hn | > δy

)
< ϵ.
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Consider δϵ = δxδy . Then, it holds

P

(∣∣∣∣∣ Xv Yv

h3/2
n

∣∣∣∣∣> δϵ
)
=P

(∣∣∣∣∣ Xv Yv√
hn

∣∣∣∣∣> δϵ,
∣∣∣∣∣ Xv

∆v

∣∣∣∣∣≤ δx

)

+P
(∣∣∣∣∣ Xv Yv√

hn

∣∣∣∣∣> δϵ,
∣∣∣∣∣ Xv

∆v

∣∣∣∣∣> δx

)
< ϵ,

where we have used the fact that the following relationships hold by definition:

P

(∣∣∣∣∣ Xv Yv√
hn

∣∣∣∣∣> δϵ,
∣∣∣∣∣ Xv

∆v

∣∣∣∣∣≤ δx

)
=P

(∣∣∣∣∣ Xv Yv√
hn

∣∣∣∣∣> δϵ
)
×1 < ϵ (1.A.3)

and

P

(∣∣∣∣∣ Xv Yv√
hn

∣∣∣∣∣> δϵ,
∣∣∣∣∣ Xv

hn

∣∣∣∣∣> δx

)
=P

(∣∣∣∣∣ Xv Yv√
hn

∣∣∣∣∣> δϵ
)
×0 < ϵ. (1.A.4)

Then it follows that the approximation error is bounded in probability

φ(θ) =ητ−h1/2 exp(A(θ)h)B(θ)uτ =Op

(
h3/2

n

)
,

as the number of sub-intervals increases, n →∞.

1.B Matrix computations in the exact discrete model

1.B.1 Computation of Ah

From Proposition ??, the nx ×nx matrix Ah is defined as

Ah = exp
(
Ah

)= I+Ah + 1
2 A2h2 + 1

3! A
3h3 + . . . ,

where A j indicates right multiplication of j copies of the nx ×nx matrix A, and

where we have omitted the dependence of Ah on the np ×1 vector of structural

parameters θ to avoid clustering of notation.

Assume A is diagonalizable.20 Then, A can be factorized as

A = VΛV−1,

20The matrix A is diagonalizable if: i) it has nx distinct eigenvalues; or ii) the sum of the geometric
multiplicities of its eigenvalues is equal to nx ; or iii) the sum of the algebraic multiplicities of its eigenvalues is
equal to nx , and for each eigenvalue, the geometric multiplicity equals the algebraic multiplicity.
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where V is a square matrix whose columns correspond to the eigenvectors of A

andΛ is a diagonal matrix whose elements are the corresponding eigenvalues,

Λ=


λ1 0 . . . 0

0 λ2 . . . 0
...

...
. . .

...

0 0 . . . λnx

 .

Therefore, the exponential matrix exp(Ah) can be computed as

exp(Ah) = Vexp(Λh)V−1 = V


eλ1h 0 . . . 0

0 eλ2h . . . 0
...

...
. . .

...

0 0 . . . eλnx h

V−1.

1.B.2 Computation of Ση,h(θ)

For uniform h, stability of the nx ×nx matrix A(θ), nx ×nw diffusion matrix

B(θ), and nx×nx instantaneous variance-covariance matrixΣ(θ) = B(θ)B(θ)⊤,

the variance-covariance matrix of the reduced-form innovation in the EDM,

Ση,h(θ), is defined in Proposition 1 by the integral in (1.2.6). In the following,

we show how to implement the matrix decomposition method in Theorem 1

in Van Loan (1978) to compute Ση,h(θ).

1.B.2.1 Measurements are stock variables

When the observables are measured as stocks, we define the 2nx ×2nx block

triangular matrix

H(θ) =
 A(θ) Σ(θ)

0 −A(θ)⊤

 ,

with exponential

exp(H(θ)h) =
 Ah(θ) Mh(θ)

0 (Ah(θ)−1)⊤

 ,

where Ah(θ) = exp(A(θ)h) and Mh(θ) =
(∫ h

0 As(θ)Σ(θ)As(θ)⊤ds
)

exp
(
−A(θ)⊤h

)
,

and where we have used the fact that Ah(θ)⊤ = exp(A(θ)⊤h). Then, the nx ×nx
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variance-covariance matrix of the reduced-form innovations in the EDM is

obtained as

Ση,h(θ) = Mh(θ)Ah(θ)⊤. (1.B.1)

Although not used in our calculations, Lemma 1 below presents an alter-

native to the matrix factorization method of Van Loan (1978) to compute Ση,h

in closed form.

Lemma 1. For uniform h and stable matrix A(θ), the nx×nx variance-covariance

matrix of the reduced-form innovations in the EDM is given by

vech(Ση,h(θ)) =
(

A(θ)⊗ Inx + Inx ⊗A(θ)

)−1(
Ah(θ)⊗Ah(θ)− In2

x

)
vech

(
Σ(θ)

)
,

(1.B.2)

where Ah(θ) = exp(A(θ)h), Ik is the identity matrix of dimension k, vech rep-

resents the half-vectorization operator, ⊗ denotes the right-hand Kronecker

product, and Ah(θ)⊗Ah(θ) = exp
(
(A(θ)⊕A(θ))h

)
.

Proof. As shown in Phillips (1973), using the definition of Ση,h in (1.2.6) it

follows that

A(θ)Ση,h(θ)+Ση,h(θ)A(θ)⊤ =

= A(θ)

{∫ h

0

[
exp(A(θ)(h − s))Σ(θ)exp(A(θ)⊤(h − s))

]
ds

}

+
{∫ h

0

[
exp(A(θ)(h − s))Σ(θ)exp(A⊤(h − s))

]
ds

}
A(θ)⊤

=
∫ h

0

[
A(θ)exp(A(h − s))Σ(θ)exp(A(θ)⊤(h − s))

+exp(A(θ)(h − s))Σ(θ)exp(A⊤(h − s))A(θ)⊤
]

ds

=−
∫ h

0

d

ds

[
exp(A(θ)(h − s))Σ(θ)exp(A(θ)⊤(h − s))

]
ds

=−exp
(
A(θ)(h − s)

)
Σ(θ)exp

(
A(θ)⊤(h − s)

)∣∣∣h

0

= Ah(θ)Σ(θ)Ah(θ)⊤−Σ(θ),

which corresponds to a Lyapunov equation in Ση,h(θ) with closed form solu-

tion given by equation (1.2.6). Applying the vec operator, it is possible to write
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the Lyapunov equation as

vec
(
A(θ)Ση,h(θ)

)
+vec

(
Ση,h(θ)A(θ)⊤

)
=

vec
(
Ah(θ)Σ(θ)Ah(θ)⊤

)
−vec

(
Σ(θ)

)
.

Using the properties of the vec operator and its connection to the Kronecker

product yields(
Inx ⊗A(θ)

)
vec

(
Ση,h(θ)

)
+ (

A(θ)⊗ Inx

)
vec

(
Ση,h(θ)

)
=(

Ah(θ)⊗Ah(θ)
)

vec
(
Σ(θ)

)−vec
(
Σ(θ)

)
.

Reorganizing, we arrive at(
Inx ⊗A(θ)+A(θ)⊗ Inx

)
vec

(
Ση,h(θ)

)
= (

Ah(θ)⊗Ah(θ)− In2
x

)
vec

(
Σ(θ)

)
.

Solving for vec
(
Ση,h(θ)

)
yields the desired result. ■

1.B.2.2 Measurements are flow variables

A similar approach can be used to compute Σηη f ,h(θ) in (1.2.30) and Ση f ,h(θ)

in (1.2.31) when the observables are measured as flows. In particular, define

the augmented triangular matrix

H(θ) =


−A(θ) I 0 0

0 −A(θ) Σ(θ) 0

0 0 A(θ)⊤ I

0 0 0 0

 ,

with exponential

exp(H(θ)h) =


F1(h) G1(h) H1(h) K1(h)

0 F2(h) G2(h) H2(h)

0 0 F3(h) G3(h)

0 0 0 F4(h)

 .

Then,

Σηη f ,h(θ) = F3(h)⊤H2(h),

and

Ση f ,h(θ) =
[

F3(h)⊤K1(h)
]
+

[
F3(h)⊤K1(h)

]⊤
.
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1.C Stochastic optimal control problem

1.C.1 The HJB equation and the first-order conditions

The social planner chooses a path for consumption and the fraction of hours

worked in order to maximize the expected lifetime utility

J (K0, Z0) = max
{C (t ),N (t )}∞t=0

E0

[∫ ∞

0
e−ρt

(
lnC (t )+ψ(

1−N (t )
))

dt

]
subject to

dK (t ) =
(
exp

(
Z (t )

)
K (t )α

(
exp

(
ηt

)
N (t )

)1−α−C (t )−δK (t )

)
dt

+σk K (t )dwk (t ),

dZ (t ) =−ρz Z (t )dt +σz dwz (t ),

in which C (t) ∈ R+ and N (t) ∈ [
0,1

]
denote the control variables at instant

t > 0, and J
(
K , Z

)
is the value of the optimal program (value function) given

the initial conditions K (0) = K0 and Z (0) = Z0.

The economy exhibits balanced growth path, i.e., over the long run the

aggregate variables in the economy, with the exception of hours worked, will

grow at a gross rate η> 1. A stationary version of the model can be obtained

by defining y(t) = Y (t)/exp
(
ηt

)
, c(t) = C (t)/exp

(
ηt

)
, k(t) = K (t)/exp

(
ηt

)
to be the de-trended values of the macroeconomic variables. For notation

consistency, we also define n(t ) = N (t ) and z(t ) = Z (t ). Using these definitions,

the planner’s optimal control problem can be rewritten as21

J (k0, z0) = max
{c(t ),n(t )}∞t=0

E0

[∫ ∞

0
e−ρt

(
lnc(t )+ψ(

1−n(t )
))

dt

]
subject to

dk(t ) =
(
exp

(
z(t )

)
k(t )αn1−α

t − c(t )− (
δ+η)

k(t )
)

dt +σk k(t )dwk (t ),

with k (0) = k0

dz(t ) =−ρz z(t )dt +σz dwz (t ), z (0) = z0.

21Where we have used the fact that
∫ ∞

t=0 e−ρtηtdt = η

ρ2 for ρ > 0, and hence it is just a constant that we omit

without affecting the optimization problem. In discrete-time this is equivalent to omitting
∑∞

t=0β
tηt = ηβ(

β−1
)2

as long as β ∈ (
0,1

)
.
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A recursive representation of the planner’s problem is given by the Hamilton-

Jacobi-Bellman (HJB) equation,22

ρ J
(
k, z

)= max
c,n

{(
lnc +ψ (1−n)

)+ (
exp(z)kαn1−α− c − (

δ+η)
k
)

Jk
(
k, z

)
−ρz z Jz

(
k, z

)+ 1

2
σ2

k k2 Jkk
(
k, z

)+ 1

2
σ2

z Jzz
(
k, z

)}
, (1.C.1)

where subscripts denote partial derivatives. The first order conditions for an

interior solution are given by

c =
(

Jk
(
k, z

))−1
,

ψ= (1−α)exp(z)kαn−α Jk
(
k, z

)
,

which implicitly define optimal consumption and hours worked as functions

of the state variables of the economy, c = c
(
k, z

)
and n = n

(
k, z

)
.

The maximized HJB equation reads

ρ J
(
k, z

)= lnc
(
k, z

)+ψ(
1−n

(
k, z

))
+

(
exp(z)kαn

(
k, z

)1−α−c
(
k, z

)− (
δ+η)

k
)

Jk
(
k, z

)
−ρz z Jz

(
k, z

)+ 1

2
σ2

k k2 Jkk
(
k, z

)+ 1

2
σ2

z Jzz
(
k, z

)
,

from which it is follows that the co-state variable associated with the capital

stock must satisfy (using the envelope condition)

ρ Jk
(
k, z

)= (
αexp(z)kα−1n

(
k, z

)1−α− (
δ+η))

Jk
(
k, z

)
+

(
exp(z)kαn

(
k, z

)1−α−c
(
k, z

)− (
δ+η)

k
)

Jkk
(
k, z

)
−ρz z Jkz

(
k, z

)+σ2
z k Jkk

(
k, z

)+ 1

2
σ2

k k2 Jkkk
(
k, z

)+ 1

2
σ2

z Jkkz
(
k, z

)
.

Collecting terms it yields(
ρ−αexp(z)kα−1n

(
k, z

)1−α+δ+η
)

Jk
(
k, z

)= (
exp(z)kαn

(
k, z

)1−α

−c
(
k, z

)− (
δ+η)

k
)

Jkk
(
k, z

)−ρz z Jkz
(
k, z

)
+σ2

k k Jkk
(
k, z

)+ 1

2
σ2

k k2 Jkkk
(
k, z

)+ 1

2
σ2

z Jkkz
(
k, z

)
. (1.C.2)

22See Chang (2009) for a formal derivation of the HJB equation.
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Using Ito’s formula, the co-state variable evolves according to

dJk
(
k, z

)= [(
exp(z)kαn1−α− c − (

δ+η)
k
)

Jkk
(
k, z

)
−ρz z Jkz

(
k, z

)+ 1

2
σ2

k k2 Jkkk
(
k, z

)+ 1

2
σ2

z Jkkz
(
k, z

)]
dt

+σk k Jkk
(
k, z

)
dwk +σz Jkz

(
k, z

)
dwz ,

where substituting for the optimal costate in (1.C.2), we obtain the equilibrium

dynamics of the marginal utility of consumption

dJk
(
k, z

)= [(
ρ−αexp(z)kα−1n1−α+δ+η

)
Jk

(
k, z

)−σ2
k k Jkk

(
k, z

)]
dt

+σk k Jkk
(
k, z

)
dwk +σz Jkz

(
k, z

)
dwz . (1.C.3)

After some algebra, one obtains the Euler equation for consumption:

dc

c
=

[(
αexp(z)kα−1n1−α−ρ−δ−η

)
−σ2

k

kck
(
k, z

)
c

+ 1

2

σ2
k

(
kck

(
k, z

)
c

)2

+σ2
z

(
cz

(
k, z

)
c

)2
]

dt

+σk
kck

(
k, z

)
c

dwk +σz
cz

(
k, z

)
c

dwz . (1.C.4)

Given the properties of stochastic integrals for Brownian motions, the

Euler equation for consumption can be alternatively written in expected terms

as

1

dt
Et

[
dc

c

]
=

(
αexp(z)kα−1n

(
k, z

)1−α−ρ−δ−η
)
−σ2

k

kck
(
k, z

)
c

+ 1

2
σ2

k

(
kck

(
k, z

)
c

)2

+ 1

2
σ2

z

(
cz

(
k, z

)
c

)2

. (1.C.5)
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1.C.2 Equilibrium

The general equilibrium in this economy can be characterized in the time-

domain by the following system of nonlinear stochastic differential equations:

Et

[
dc

c

]
=

[(
αexp(z)kα−1n1−α−ρ−δ−η

)
−σ2

k

kck
(
k, z

)
c

+ 1

2

σ2
k

(
kck

(
k, z

)
c

)2

+σ2
z

(
cz

(
k, z

)
c

)2
]

dt ,

(1.C.6)

dk =
(
exp(z)kαn1−α− c − (

δ+η)
k
)

dt +σk kdwk , k (0) = k0, (1.C.7)

dz =−ρz zdt +σz dwz , z (0) = z0, (1.C.8)

together with the algebraic (static) equation for the optimal fraction of hours

worked,

ψcn = (1−α)exp(z)kαn1−α. (1.C.9)

Collecting the model variables in the vector x̌ = [
c,k, z,n

]⊤, and using the

properties of stochastic integrals for Brownian motions, we may compactly

write the nonlinear equilibrium as

dx̌(t ) = G0
(
x̌(t )

)
dt +G1

(
x̌(t )

)
dw(t )+ Π̃dε(t ), (1.C.10)

where w(t) = [
wk (t ), wz (t )

]⊤ is the vector of structural shocks, ε(t) is an ex-

pectation error defined as the difference between the actual and unexpected

change in consumption, i.e., dε(t ) = Et
[
dc(t )

]−dc(t ), satisfying Et
[
dε(t )

]= 0,

and Π̃ is a selection matrix.

1.C.3 Deterministic steady state

In the absence of uncertainty, the (de-trended) economy converges over time

to a fixed point or steady-state equilibrium in which all variables are idle. We

denote such point by x̌⋆ = (
c⋆,n⋆,k⋆, z⋆

)⊤. Therefore, imposing σk =σz = 0

together with the no-growth condition dx̌(t)/dt = 0 to the system (1.C.10)

yields

z⋆ = 0, n⋆ = (1−α)

(
ψ

(
1− α(δ+η)

ρ+δ+η

))−1

,

k⋆ =
(

α

ρ+δ+η

) 1
1−α

n⋆, and c⋆ =
(
k⋆

)α (
n⋆

)1−α− (
δ+η)

k⋆.
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1.C.4 Log-linearized equilibrium

The nonlinear system formed by (1.C.6)-(1.C.9) can be linearized in order to

study the dynamic behavior of the stationary variables as they fluctuate in

close proximity of their deterministic steady-state values. Let ĉ = lnc − lnc⋆,

n̂ = lnn − lnn⋆, k̂ = lnk − lnk⋆ and ẑ = z − z⋆ denote log-deviations of the

variables with respect to their steady-state values. Then, a first-order Taylor

expansion of (1.C.10) yields


dĉ

dk̂

dẑ

0

=


0 ξck ξcz ξcn

ξkc ξkk ξkz ξkn

0 0 −ρz 0

ξnc ξnk ξnz −1


︸ ︷︷ ︸

≡Γ̃


ĉ

k̂

ẑ

n̂

dt+

+


0 0

σk 0

0 σz

0 0


︸ ︷︷ ︸

≡Ψ̃

 dwk

dwz

+


−1

0

0

0


︸ ︷︷ ︸

≡Π̃

dε

where Γ̃ is the Jacobian matrix of the log-transformed equilibrium evaluated

at the deterministic steady state, and Ψ̃ is the corresponding diffusion ma-

trix. The log-transformation is obtained via an application of Itô’s lemma to

(1.C.10). The coefficients in Γ̃ are given by ξck = (α−1)(ρ+δ+η), ξcz = (ρ+δ+η),

ξcn = (1−α)(ρ+δ+η), ξkc =−(ρ+(1−α)(δ+η))/α, ξkk = ρ, ξkz = (ρ+δ+η)/α,

ξkn = (1−α)(ρ+δ+η)/α, ξnc =−1/α, ξnk = 1 and ξnz = 1/α.

Next, we substitute out the intratemporal labor supply condition n̂ =
ξnc ĉ +ξnk k̂ +ξnz ẑ, to obtained a linearized equilibrium consisting of the 3×3
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system of linear stochastic differential equations


dĉ

dk̂

dẑ

=


ξcnξnc 0 ξcz +ξcnξnz

ξkc +ξknξnc ξkk +ξknξnk ξkz +ξknξnz

0 0 −ρz


︸ ︷︷ ︸

≡≡≡Γ


ĉ

k̂

ẑ

dt

+


0 0

σk 0

0 σz


︸ ︷︷ ︸

≡Ψ

 dwk

dwz

+


−1

0

0


︸ ︷︷ ︸

≡Π

dε,

which can be compactly written as

d˜̂x(t ) =Γ ˜̂x(t )dt +Ψdw(t )+Πdε(t ), (1.C.11)

where ˜̂x = [ĉ, k̂, ẑ]⊤ denotes the vector of variables in deviations from their

deterministic steady state, and where Γ,Ψ, andΠ are the adjusted versions

of Γ̃, Ψ̃, and Π̃. Note that the volatility parameters σk and σz do not affect

the matrix Γ that characterizes the endogenous persistence in the linearized

equilibrium system. Therefore, they will not have any effects on the implied

optimal decision rules, and hence our approximated solution exhibits cer-

tainty equivalent in the sense of Simon (1956) and Theil (1957) (see Ahn et al.,

2018; Parra-Alvarez et al., 2021).

1.C.5 Rational expectation solution

Following Sims (2002), let us assume that the matrix Γ can be diagonalized

according to

Γ= TΥT−1, (1.C.12)

where T is a 3×3 matrix of right-eigenvectors of Γ, andΥ is a diagonal matrix

whose diagonal elements are the eigenvalues of Γ. Premultiplying (1.C.11) by

T−1 and defining z(t ) = T−1 ˜̂x(t ) yields

dz(t ) =Υz(t )dt +T−1Ψdw(t )+T−1Πdε(t ). (1.C.13)
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The eigenvalues of the matrixΓ solve the characteristic equation
∣∣Γ−υI3

∣∣=
0. Thus, it follows that the eigenvalues of Γ are given by υ1 =−ρz and the roots

of the quadratic equation

a0υ
2 +a1υ+a2 = 0,

with a0 = 1, a1 =−(
ξcnξnc +ξkk +ξknξnk

)
, and

a2 =
(
ξcnξncξkk +ξcnξncξknξnk

)
.

After some algebra, it is possible to show that

a1 =−ρ < 0, and a2 =− (1−α)
(
ρ+δ+η)
α

(
ρ+ (1−α)

(
δ+η)

α

)
< 0.

Since a2
2 −4a0a1 > 0 (the discriminant of the quadratic equation) and a2 < 0,

the quadratic equation has two distinct real roots of opposite sign given by

υ2 =− (1−α)(δ+η+ρ)

α
< 0 and υ3 = (1−α)(δ+η)+ρ

α
> 0.

Hence, the linearized system has two stable roots (non-positive eigenvalues,

υ1 and υ2) and one unstable root (positive eigenvalue, υ3). Since the reduced

model in (1.C.11) has two state variables and one control/jump variable, the

Blanchard and Kahn conditions are satisfied, and the model has a unique ra-

tional expectation solution (see Buiter, 1984). The eigenvectors of Γ associated

to each of its eigenvalues are given by multiples of the following vectors

T1 = 1

ι


−(δ+η+ρ)

− (δ+η+ρ)((1−α)(δ+η)+ρ+ρz )
(1−α)(δ+η)+ρ+αρz

(α−1)(δ+η+ρ)+αρz

 , T2 =


α(2(1−α)(δ+η)+(2−α)ρ)

(1−α2)(δ+η)+ρ
1

0



and T3 =


0

1

0

 ,

where ι= (α−1)(δ+η+ρ)+αρz .

Let M+ be a 1× 3 vector that selects the rows of T−1 corresponding to

eigenvalues with positive real parts, and M− a 2×3 matrix that selects the rows
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of T−1 corresponding to eigenvalues with non-positive real parts. It follows

that
(
M⊤+M++M⊤−M−

)
= I3. Then

M+dz(t ) = M+Υz(t )dt +M+T−1Ψdw(t )+M+T−1Πdε(t ), (1.C.14)

defines the equation associated with the unstable eigenvalue. To rule out ex-

plosive paths, i.e., to ensure that lims→∞Et
[
z(s)

] <∞ for s > t , and thus to

satisfy the model’s transversality conditions, we impose

M+z(t ) = 0, ∀t , (1.C.15)

implying that

dε(t ) =−
[

M+T−1Π
]−1

M+T−1Ψdw(t ). (1.C.16)

In other words, the stability condition imposes an exact relationship between

the vector of structural shocks and the expectation error, such that the system

does not exhibit explosive paths.

Once we impose the stability conditions (1.C.15) and (1.C.16), it is possible

to compute the solution associated with the stable eigenvalues by computing

M−dz(t ) = M−Υz(t )dt +M−T−1Ψdw(t )+M−T−1Πdε(t ),

which in turn implies that

dz(t ) =Υ⋆z(t )dt +Ψ⋆dw(t ), (1.C.17)

whereΥ⋆ = M⊤−M−ΥM⊤−M− is the 3×3 matrix of eigenvalues with zeros in the

position of the explosive paths, and

Ψ⋆ = M⊤
−M−T−1

[
I3 −Π

[
M+T−1Π

]−1
M+T−1

]
Ψ

is a 3×2 matrix. Finally, we use the definition z(t ) = T−1 ˜̂x(t ) to recover the au-

toregressive representation of the rational expectation solution in the original

variables

d˜̂x(t ) = Ã ˜̂x(t )dt + B̃dw(t ) (1.C.18)

where Ã = TΥ⋆T−1 and B̃ = TΨ⋆.

From the stability condition (1.C.15) and the definition of the transformed

variable z(t ), we recover the optimal policy for consumption as

ĉ(t ) =φck k̂(t )+φcz ẑ(t ), (1.C.19)
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where φck = −(T12/T11) and φcz = −(T12/T11), with Ti j the (i , j )-th element

of the matrix of T−1. Using the linearized condition for hours worked, the

optimal policy for labor is given by

n̂(t ) =φnk k̂(t )+φnz ẑ(t ), (1.C.20)

where φnk =
(
ξnk −ξnc

T12
T11

)
and φnz =

(
ξnz −ξnc

T12
T11

)
.

As a final step, we eliminate the dependence of the system in (1.C.18) on

the control variables to obtain and system of SDEs that only describes the

optimal dynamics of the state variables. After some algebra we obtain

 dk̂(t )

dẑ(t )

=
 φkk φkz

0 −ρz

 k̂(t )

ẑ(t )

dt +
 σk 0

0 σz

 dwk (t )

dwz (t )

 ,

(1.C.21)

with

φkk = −(ã21T12)/T11 + ã22 =− (1−α)(δ+η+ρ)

α
< 0,

φkz = −(ã21T13)/T11 + ã23 = (δ+η+ρ)((1−α)(δ+η)+ρ+ρz )

α((1−α)(δ+η)+ρ+αρz )
> 0,

where ãi j is the (i , j )-th element of the matrix of Ã.

Let ŷt = [ĉt , n̂t ]⊤ and x̂t = [k̂t , ẑt ]⊤ denote, respectively, the vector of con-

trol and state variables in log-deviations from their steady state values. Then

(1.C.21), together with (1.C.19) and (1.C.20), have the continuous-time state

space representation in (1.2.1) and (1.2.2), i.e.,

dx̂(t ) = Ax̂(t )dt +Bdw(t ),

ŷ(t ) = Cx̂(t ).
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1.D Additional figures and tables
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Figure 1.6: Log-likelihood profile (flow variables). The graph shows the (log-)likelihood function
L(θ) (columns) for selected parameters θ ∈ θ, while keeping the remaining parameters at their
population values in Table ??. The measurements (rows) are assumed to be measured as flows. A
vertical line denotes the true population value of the parameter under consideration.
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(a) Stock variables (b) Flow variables

Figure 1.7: Approximation errors in estimated structural shocks. The graph depicts the squared
difference (mean squared errors, MSE) between the true (simulated) structural shocks and their
estimated (smoothed) counterparts. Each boxplot represents the distribution of MSE’s across
Monte Carlo simulations, sample span, and subset of observables used in the estimation of the
model. Exhibit a) shows the MSE when the data is measured as stocks, and Exhibit b) shows the
case for flow variables.
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Figure 1.8: Historical decomposition of structural shocks contributions to measurements using the
Exact Discrete Model and the representation for flow data
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Figure 1.9: Historical decomposition of structural shocks contributions to measurements using the
Euler-Maruyama discretization and representation for stock data
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Table 1.5: Finite sample properties for stock data. The table reports finite sample estimates of θexo

from M = 500 samples of quarterly observations, h = 1/4, generated over a period of 60 years using
different subsets of observables. Panel a) uses consumption (C ) and aggregate output (Y ). Panel b)
uses hours worked (N ) and Y . The table displays mean estimates (Mean), average bias (Bias), and
root mean squared errors (RMSE) across repetitions for the model using the exact discrete model
(EDM) and the Euler-Maruyama (EM) approximation of the state equation.

SSR for stock data

Exact discrete model Euler-Maruyama

DGP Mean Bias RMSE Mean Bias RMSE

Panel b) C and Y

σz 0.0140 0.0139 -0.0001 0.0009 0.0139 -0.0001 0.0007
ρz 0.2052 0.2071 0.0019 0.0186 0.1758 -0.0294 0.0330
σk 0.0104 0.0103 -0.0001 0.0005 0.0101 -0.0003 0.0006

Panel b) N and Y

σz 0.0140 0.0140 0.0000 0.0007 0.0140 0.0000 0.0007
ρz 0.2052 0.2065 0.0014 0.0185 0.1753 -0.0299 0.0335
σk 0.0104 0.0104 0.0000 0.0005 0.0101 -0.0003 0.0006

Table 1.6: Finite sample properties for flow data. The table reports finite sample estimates of θexo

from M = 500 samples of quarterly observations, h = 1/4, generated over a period of 60 years using
different subsets of observables. Panel a) uses consumption and output (Y ), and Panel b) uses
hours worked and output. The table displays mean estimates (Mean), average bias (Bias), and root
mean squared errors (RMSE) across repetitions for the model using the exact discrete model (EDM)
and the Euler-Maruyama (EM) approximation of the state equation.

SSR for flow data SSR for stock data

Exact discrete Model Exact discrete Model Euler-Maruyama

DGP Mean Bias RMSE Mean Bias RMSE Mean Bias RMSE

Panel a) C and Y

σz 0.0140 0.0139 -0.0001 0.0007 0.0114 -0.0026 0.0026 0.0114 -0.0026 0.0027
ρz 0.2052 0.2078 0.0026 0.0193 0.2025 -0.0027 0.0190 0.1731 -0.0320 0.0356
σk 0.0104 0.0104 0.0000 0.0005 0.0084 -0.0020 0.0020 0.0082 -0.0022 0.0022

Panel b) N and Y

σz 0.0140 0.0139 -0.0001 0.0007 0.0114 -0.0026 0.0026 0.0114 -0.0026 0.0027
ρz 0.2052 0.2072 0.0020 0.0192 0.2020 -0.0031 0.0191 0.1727 -0.0325 0.0360
σk 0.0104 0.0104 0.0000 0.0005 0.0084 -0.0020 0.0020 0.0082 -0.0022 0.0022
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Table 1.7: Finite sample properties for stock data. The table reports finite sample estimates of θ
from M = 500 samples of quarterly observations, h = 1/4, generated over a period of 60 years using
different subsets of observables. The share of capital in output, α, and the depreciation rate, δ, are
calibrated to their population values. Panel a) uses consumption (C ) and hours worked (N ), Panel b)
uses consumption and output (Y ), and Panel d) uses hours worked and output. The table displays
mean estimates (Mean), median estimates (Median), and root mean squared errors (RMSE) across
repetitions for the model using the exact discrete model (EDM) and the Euler-Maruyama (EM)
approximation of the state equation.

Stock data

Exact discrete model Euler-Maruyama

DGP Mean Median RMSE Mean Median RMSE

Panel a) C and N

ψ 2.6860 2.6818 2.6817 0.1247 2.6888 2.6872 0.2131
ρ 0.0300 0.0329 0.0306 0.0172 0.0693 0.0357 0.1161
σz 0.0140 0.0140 0.0139 0.0007 0.0259 0.0000 0.1098
ρz 0.2052 0.2107 0.2093 0.0326 0.1873 0.1875 0.1051
η 0.0200 0.0187 0.0193 0.0063 0.0562 0.0231 0.1190
σk 0.0104 0.0103 0.0103 0.0005 0.0140 0.0000 0.0359

Panel b) C and Y

ψ 2.6860 2.6739 2.6736 0.1406 2.6911 2.6870 0.1061
ρ 0.0300 0.0306 0.0305 0.0039 0.0652 0.0325 0.1138
σz 0.0140 0.0140 0.0139 0.0007 0.0230 0.0000 0.0695
ρz 0.2052 0.2130 0.2115 0.0336 0.1892 0.1901 0.0972
η 0.0200 0.0220 0.0218 0.0101 0.0569 0.0292 0.0947
σk 0.0104 0.0103 0.0103 0.0005 0.0108 0.0000 0.0291

Panel c) N and Y

ψ 2.6860 2.7161 2.6859 0.2054 2.7194 2.6868 0.2896
ρ 0.0300 0.0285 0.0306 0.0211 0.0520 0.0137 0.1281
σz 0.0140 0.0140 0.0139 0.0007 0.0219 0.0000 0.0623
ρz 0.2052 0.2052 0.2048 0.0210 0.1788 0.1793 0.1186
η 0.0200 0.0217 0.0190 0.0210 0.0399 0.0001 0.1243
σk 0.0104 0.0105 0.0105 0.0006 0.0162 0.0000 0.0477
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1.E Filtering and Smoothing

1.E.1 State smoothing

For τ= T, ...,1, we smooth states xτ, given observations (y1, ...,yT ) by fast state-

smoothing recursion (Durbin and Koopman, 2012, Chapter 4). The procedure

consists in first running the backward disturbance smoother algorithm of

which we here report the equations for convenience: Let rT = 0, then

ε̂τ := Ruτ

n̂τ =Ση,h(θ)rτ

uτ =Ω−1
τ|τ−1ντ|τ−1 −K′

τ|τ−1rτ

rτ−1 = C(θ)′uτ+Ah(θ)′rτ,

where disturbances ετ and nτ are used for diagnostics, (cf. Durbin and Koop-

man 2012, Chapter 7) and have variance-covariance matrices

V ar (ετ|yT ) = R−RDτR,

V ar (nτ|yT ) =Ση,h(θ)−Ση,h(θ)NτΣη,h(θ),

with,

Dτ =Ωτ|τ−1 +K′
τ|τ−1NτKτ|τ−1

and

Nτ−1 = C(θ)′DτC(θ)+Ah(θ)′NτAh(θ)+
+C(θ)′K′

τ|τ−1NτAh(θ)−Ah(θ)′NτKτ|τ−1C(θ).

The state vector is then initialized by xs
1 = a1 +P1r0, and, for τ = 1, ...,T ,

recursively computed as

ηs
τ+1 =Ση,h(θ)rτ,

xs
τ+1 = Ah(θ)xs

τ+ηs
τ+1.
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2.1 Introduction

In recent years, heterogeneous-agent (HA) macroeconomic models have substan-

tially grown in popularity. Recent theoretical advances and the availability of new

empirical datasets have proven HA models to be better suited for capturing inequal-

ities compared to corresponding models with only a representative agent (see e.g.

Kaplan, Moll, and Violante, 2018; Bayer, Born, and Luetticke, 2020). Historically,

macroeconomists have leveraged sources of individual data, which are incorporated

in structural dynamic macroeconomic models through micro-foundation and cal-

ibration of structural parameters. The approach of calibration is interpreted as a

procedure that matches structural parameters to long-run moments of data. While

matching unconditional moments is computationally convenient and useful for ex-

ploring quantitative and qualitative features of a model, it may become too restrictive

when forecasting future states of the economy or performing policy evaluation. Ad-

ditionally, depending on the available data and how it is included in the model, the

exercise may require different values for the same parameter, however the calibrated

parameter would just be plugged in, possibly in a way incoherent with the model of

interest.

Calibrated parameters rely heavily on the researcher’s belief of which cross-

sectional aspects of the data are most relevant, generally determined a priori. On the

contrary, because of its flexibility, an estimated fully-dynamic model is able to better

fit time-series data and describe the dynamic evolution of the economy. Therefore, it

is relevant to create a unified framework that coherently and dynamically accounts

for both dimensions of available data: the time-series dimension of macro data from

National Accounts, as well as the cross-sectional dimension of surveys and registries.

This paper proposes a method to include repeated cross-sections or panel data

in dynamic HA macroeconomic models to estimate structural parameters. In particu-

lar, individual data is grouped in partitions according to individuals’ characteristics,

which may be sources of heterogeneity (income, occupation, expenditures, wealth,

etc.). However, already the selection of important characteristics itself may cause

biases in the reported results which are affected by the researcher’s subjectivity and do

not satisfy principles of transparency (see Andrews, Gentzkow, and Shapiro, 2020b).

For example, the same moment calculated over two different partitions of the popula-

tion may result in differences in the estimated deep parameter of the model. Following

these motivations, this paper proposes to quantify the informative content of the

individual data for the estimation of structural parameters.

There are two main contributions of the paper: firstly, the estimation framework

allows individual data to be formally included in the usual empirical state-space

representation of HA dynamic stochastic general equilibrium (DSGE) models; data
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grouped directly from the cross section are included as measurements. Secondly,

the paper proposes a measure of informativeness for assessing the information flow

from individual data to macro structural parameters. The overall approach is useful

because it overcomes some of the conceptual barriers when thinking of heterogeneity

of quantities such as impulse responses at the individual level; average effects of

aggregate shocks on grouped agents may be significant even when the effects on

individuals’ decisions (or states) are negligible. Additionally, while grouping individual

data is common in applied work, the information of the individual granular dimension

may be used to assess the quality of the estimation procedure.

Using the model of Ahn et al. (2018), Section 2, the proposed method correctly es-

timates structural parameters of interest. Specifically, the simulation study shows that

including micro data has effects on bias, inference and identification of parameters.

In fact, the estimator has a lower root mean squared error (RMSE) when the statistical

model includes both individual and macro data. Furthermore, parameters related

to the cross section (e.g. the mean employment rate) are only identified when cross-

sectional variations are taken into account. This is due to the fact that including micro

data in a DSGE model amounts to adding a new set of cross-equation restrictions,

which may be useful for identification.

Additionally, structural parameters are indeed sensitive to the information con-

tent in the individual data. In particular, parameters related to the effect of technology

shocks benefit from micro data included in a more coarse way; i.e. when subgroups

are fewer and larger, for instance averaged over occupation statuses of households.

On the other hand, parameters such as the subjective discount rate benefit from a

more granular representation of the wealth distribution; similarly to the discussion

of Janssens (2020). The findings from the simulation study are confirmed in an ap-

plication to the Danish economy where data on expenditures is aggregated over the

employment status of households.

This paper stands with the full-information principles advocated by Herbst and

Schorfheide (2015) for the estimation of DSGE models. In fact, time-varying moments

are included into the state space as measurements. The evaluated likelihood is given

by the conditional joint distribution of macro time series and grouped individual

data. The economic model used as an example is postulated in continuous time

(e.g. Achdou, Han, Lasry, Lions, and Moll, 2022) and the solution method uses finite

differences together with the combination of linearization and dimension-reduction

techniques described by Ahn et al. (2018) (see also Winberry, 2018). The reference

model is the one of Aiyagari (1994) with aggregate shocks. The statistical procedure

of the present paper differs from much of the existing literature: for instance, while
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remarking the possibility to include grouped data, Auclert, Bardóczy, Rognlie, and

Straub (2021), Auclert, Rognlie, and Straub (2020) exploit only macroeconomic data

for estimation. In a dynamic firm context, Sterk, Sedláček, and Pugsley (2021) match

unconditional moments from the steady-state distribution only. Another paper that

performs full-information inference with only macro data is the one of Fernández-

Villaverde et al. (2020), where they exploit the underlying joint sampling density of

macro and individual data in an HA model with financial frictions.

Papp and Reiter (2020)’s approach differ from the one of this paper in that they

build a proper underlying panel regression model for the idyosincratic component.

Liu and Plagborg-Møller (2021) use directly observations on the idiosyncratic states

and model them jointly with macroeconomic aggregates. However, individual data

is assumed be observed with no measurement errors and the method only allows

repeated cross sections. The approach of this paper can be extended to their frame-

work, therefore adding further sources of information from the micro data. In fact, the

time-varying descriptive statistics estimated from the cross-section can be included

in Liu and Plagborg-Møller’s setting as “macro” variables. While the two methods are

not nested in each other, they could be seen as complements. Parra-Alvarez, Posch,

and Wang (2020) maximize the joint likelihood of idiosyncratic states only: they ignore

aggregate shocks and the dynamics of the model but focus on the steady state distri-

bution. Acharya, Cai, Del Negro, Dogra, Matlin, and Sarfati (2020) take a penalized

likelihood approach and calibrate long-run micro moments of the cross-sectional

distribution of agents. My method formalizes the approach of Bayer et al. (2020),

where they use grouped data, however they disregard the underlying disaggregated

variation. The paper is also similar to Chang, Chen, and Schorfheide (2021), where

their discretized functional state-space framework is directly comparable to the a

grouping choice that reflects bins of a distribution. Ultimately, the current methodol-

ogy can be seen as way towards the cross-sectional aggregation and cross-sectional

dependence literature (see for instance Granger, 1980; Chudik, Pesaran, and Tosetti,

2011).

The quantification of the informative content of descriptive statistics from the

cross-sectional dimension is borrowed from the local bias sensitivity literature. For

instance, Andrews, Gentzkow, and Shapiro (2017, 2020a), Honoré, Jørgensen, and

de Paula (2020), Jørgensen (2021), Armstrong and Kolesár (2021). In particular, Jør-

gensen (2021) assesses the sensitivity of estimated structural parameters to calibrated

ones in a macro context. The present paper is similar to that, but differs from the used

arguments: where the sensitivity inputs are not calibrated parameters but dynamic

moments estimated from the available cross section. In particular, I make use of the

concept of informativeness of Andrews et al. (2020a), introduced for the purpose of
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comparing a nontransparent estimator to a tractable statistic. Namely, in the present

context, I use it for extending the interpretation of R2 in regression settings: How

much of the variation in the loss function is driven by the cross-sectional variation

in the moments? Which boils down to the fundamental question: does micro data

matter for macro parameters?

Ultimately, the paper relates to recent papers in empirical macroeconomics

that estimate the effects of aggregate shocks on subgroups of the cross section of a

population study. For instance, De Giorgi and Gambetti (2017), Saijo (2019), Mumtaz

and Theophilopoulou (2020), Cho (2020) exploit the dynamic heterogeneity in the

distribution of controls/states for studying the effects of aggregate shocks. This paper

encourages such specifications and shows that an empirical vector autoregression

(VAR) model with grouped controls as measurement approximates an underlying

theoretical HA DSGE model.

Descriptive statistics (time-varying weighted averages from individual data) are

found for every bin (or ensemble of bins) of the states (heterogeneous dimensions).

The link between grouped empirical units and the units of the theoretical model is

then given by a weighting scheme that is assumed to be linear and deterministic.

Individual data is therefore organized in a synthetic panel of moments.

In this form, a host of issues can easily be accounted for: i) sample selection;

the weighting scheme can be chosen to reflect the selection such that parts of the

implied distribution of the model are disregarded for likelihood maximization; ii) the

state-space representation naturally accounts for measurement errors, which may be

of different correlation structures; iii) fixed effects are easily included in the structural

model for every subgroup of the cross section, at the cost of estimating additional

auxiliary parameters; iv) the continuous-time framework naturally accommodates

for flow measurements. Additionally, In the present setting, aggregation problems are

non-consequential; in fact, for coherence, there is no need for the sum of averages at

the micro level to add up to aggregate figures available in the national accounts.

In post estimation, informativeness quantifies how much of the variation in the

bias of the individual structural parameters is explained by the chosen moments from

the cross section. Estimated informativeness is relevant for applied research because

it reveals the information content that descriptive statistics carry for the estimation of

specific structural parameters. While the paper focuses on the estimation of the deep

parameters of the model and their connection to the cross section, informativeness

can be easily applied to the estimation of functions of deep parameters such as

MPC’s or impulse response functions (IRF’s). However, that is beyond the scope of

the present paper.
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This paper is structured as follows: Section 3.2 describes the state-space represen-

tation of a DSGE model formulated in continuous time. Importantly, it provides the

mapping between an HA model with aggregate fluctuations and the state-space rep-

resentation from which the log-likelihood can be evaluated. The first main difference

with the existing literature is postulated, i.e. individuals’ control function is allowed

to enter the measurement equation. Section 2.3 explores the estimation framework

and provides the technical tools for the estimation of structural parameters. Section

2.4 postulates an approach for assessing the informativeness of micro moments.

This section uses the R2 intuition provided above. The final two sections deal with

finite sample properties and an application to Danish survey data. Finally, the paper

concludes.

2.2 The Model

The methods discussed in this paper refer to the class of models whose equilibrium

can be cast in a form similar to the one described by Ahn et al. (2018).1 Time is

continuous, and there is a continuum of households heterogeneous in wealth and

productivity. Notice that xt ≡ x(t ) when describing the economic model. In particular,

an equilibrium to the Krusell-Smith model is characterized by the following equations:

ρvt (a, z) = max
c

u(c)+∂a vt (a, z)(ωt z + rt a − c) (2.2.1)

+λz,z ′ (vt (a, z ′)− vt (a, z))+ 1

dt
Et [dvt (a, z)], a ≥ 0,

dg t (a, z)

dt
=−∂a[(ωt z + rt a − c)g t (a, z)]−λz,z ′g t (a, z)+λz,z ′g t (a, z ′),

dZt =−ρZ Zt dt +σZ dWt ,

rt =αeZt Kα−1
t L̄1−α−δ,

ωt = (1−α)eZt Kα
t L̄−α,

Kt =
∫

ag t (a, z)dadz,

where ∂x indicates partial derivative with respect to x. The first equation is the house-

hold’s optimization problem: ρ > 0 is the time preference parameter, vt is the time-

varying value function which depends on idiosyncratic states: wealth (a ∈A) and

productivity (z ∈Z= {0,1}). c is the consumption function and u(c) ≡ (c1−γ−1)/(1−γ),

where γ is the inverse of the elasticity of intertemporal substitution. ωt and rt are the

competitive prices: wage and interest rate, respectively. Notation 1/dtEt [dvt (a, z)] is

short for lims→0Et [vt+s (a, z)− vt (a, z)]/s from above. The second equation describes

1Details on the model used in the paper is collected in appendix 2.A.
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the evolution of the joint distribution of wealth and idiosyncratic productivity, defined

as g t (a, z). Particularly, g t is the joint distribution of assets owned by households and

households’ levels of labor efficiency. Whereas, λz,z ′ ∈ {λ0,1,λ1,0} is the arrival rate of

the Poisson process governing marginal labor efficiency (idiosyncratic productivity).

Namely, given that Z is two-dimensional, λ0,1 is interpreted as a hiring rate, and λ1,0

as the firing rate. Zt is the logarithm of total factor productivity (TFP) and follows

an Ornstein-Uhlenbeck process allowed to oscillate around 0 with speed of mean-

reversion ρZ and instantaneous volatility σZ . Wt is the unidimensional Brownian

motion, Wt ∼N(0, t). Parameter α< 1 is the elasticity of substitution of capital, Kt ,

which is assumed to exactly represent the whole wealth of the economy (from the

last equation, the clearing condition). Variable L̄ is aggregate labor, assumed to be

constant, and δ is the annualized depreciation rate of capital.

The definition of the steady state derives from the imposition of Zt = 0 for all t

and a constant distribution g (a, z), i.e.

ρv(a, z) = max
c

u(c)+∂a v(a, z)(ωz + r a − c) (2.2.2)

+λz,z ′ (v(a, z ′)− v(a, z)), a ≥ 0,

0 =−∂a[(ωz + r a − c)g (a, z)]−λz,z ′g (a, z)+λz,z ′g (a, z ′)

r =αKα−1L̄1−α−δ,

ω= (1−α)KαL̄−α,

K =
∫

ag (a, z)dadz.

Let θ ∈Θ⊆Rl collect all the structural parameters of the model, whereΘ is the

parameter space of admissible values of θ. That is, θ′ ≡ (γ,α,ρ,δ,ρZ ,σZ ,λ0,1,λ1,0).

The steady state is approximated by finite differences (see Achdou et al. 2022). After a

first-order Taylor expansion of the equilibrium system around the steady state, I look

at the linearized solution of the economy of the kind,

ṽt = Dv g (θ)g̃t +Dv Z (θ)Zt , (2.2.3a)

dg̃t

dt
= Bg g (θ)g̃t +Bg Z (θ)Zt , (2.2.3b)

dZt =−ρZ Zt dt +σZ dWt , (2.2.3c)

p̃t = Bpg (θ)g̃t +Bp Z (θ)Zt , (2.2.3d)

where tildes indicate (log) deviations from the steady state (x̃ ≡ x −x⋆). Intermedi-

ate steps for going from systems (2.2.1) and (2.2.2) to equations (2.2.3a-2.2.3d) are

reported in Appendix 2.A.2. Importantly, all the matrices Dv•(θ) and B••(θ) are non-

linear functions of the structural parameter vector, θ ∈Θ. Let ng define the number
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of nodes of the solution grid; for instance, with two employment statuses (employed

and unemployed) and one hundred possible states of wealth, ng = 2×100. ṽt : (ng ×1)

is the control variable, dependent on the aggregate states, g̃t : (ng ×1) and Zt , via

the policy function representation matrices Dv g (θ) : (ng ×ng ) and Dv Z (θ) : (ng ×1)

respectively. Vector p̃t combines factor prices rt , ωt (np = 2) and other aggregate fig-

ures which may be interesting to the forecaster (nM ), such as aggregate consumption,

output and investment figures. Therefore, p̃t is a (nM +np )-by-1 vector which collects

prices in the form of static equations. They are usual outcomes of common solution

techniques, such as the Schur solver of Sims (2002). Whereas, Bpg : ((np +nM )×ng )

and Bp Z (θ) : ((np+nM )×1) are derivatives of the equilibrium conditions. The solution

uses automatic differentiation for computing numerical derivative with machine-

level accuracy. It is considerably fast also for large models; e.g. the Krusell-Smith

model with a fine enough grid and 4000 (ng ) states takes approximately 1.73 seconds

to solve. Speed is a major requirement for inference with HA models. For this reason I

implement the state-reduction techniques employed by Ahn et al. (2018).2

In the empirical specification I use (2.2.3b)-(2.2.3d), and (2.2.3a) is substituted by

c̃t = Dcg (θ)g̃t +Dc Z (θ)Zt , (2.2.4)

where ct indicates moments of consumption computed on the policy space, such

that ct = ct (a, z), and ct (•) is the consumption function. The consumption function

comes from the solution of the model (2.2.1).

2.2.1 The state space

The approximated solution of the present class of HA models can be represented by

the continuous-time state-space:

Y (t ) =C (θ)X (t ), (2.2.5a)

dX (t ) = A(θ)X (t )dt +B(θ)dW (t ), (2.2.5b)

with,

X︸︷︷︸
((ng +1)×1)

= [g̃′, Z ]′, Y︸︷︷︸
((nm+nM+np )×1)

= [c̃′, p̃′]′,

A(θ) =
 Bg g (θ) Bg Z (θ)

0′ −ρZ

 , B(θ) =
 0

σZ

 ,

C (θ) =
 Dcg (θ) Dc Z (θ)

Bpg (θ) Bp Z (θ)

 ,

2See appendix 2.D and Ahn et al. (2018) for the reduction technique used in the present paper.
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where 0 is the ng -dimensional empty vector. The stochastic differential equation

(2.2.5b) is referred to as continuous-time “transition”. X (t) is the vector of states,

process W (t ) ≡Wt ∼N(0, t ) is the univariate Brownian motion process associated to

the TFP process; the increments of which are also referred to as “structural shocks”.

A(θ) and B(θ) are the drift and the diffusion matrix, respectively. Entries of both

are nonlinear functions of the deep-parameters vector, θ ∈Θ. The real part of the

eigenvalues of A(θ) is assumed to be strictly negative. Such assumption ensures

stationarity of the transition.3 The diffusion matrix B(θ) is generally assumed to

contain a number of exclusion restrictions that ensure identifiability of the structural

shocks.4 Y (t) in equation (2.2.5a) is assumed to both contain nm observations on

individual agents (e.g. the discretized consumption function), nM observations on

aggregate figures (such as GDP and PCE) and possibly np factor prices. The available

number of micro-observations per point in time (nm) is large. Additionally, C (θ) is

the loading matrix, with entries depending on θ.

One of the novelties of this paper is the inclusion of equation 2.2.4 in the state-

space representation of the model for inference. Such a specification has the advan-

tage to account for the cross-sectional dimension of the data directly in the measure-

ment equation.

Assumption 1 (Stock Data). Measurements Y are assumed to be stocks, as opposed to

flows.

Assumption 1 is assumed throughout the paper apart from the application to

empirical data, where it is relaxed. In terms of technicalities, allowing for flow data

in the measurement equation leads to additional notational complications in the

discrete-time model. Therefore, Assumption 1 is a simplifying assumption and does

not impact the validity of the simulation study of Section 2.5. The equivalent of next

proposition, with Assumption 1 relaxed, is reported in Appendix 2.B.1.

Proposition 5 (Exact Discrete Model (EDM), Christensen et al. 2022). Let Y (t) be

generated by (2.2.5a-2.2.5b) and Assumption 1 holds. Let the frequency of observations,

h, be constant for t ≥ 0. Define by τ= 1,2, ...,T the cardinal times corresponding to data

availability. Index by τ= tτ variables at observational frequency, such that x(tτ) = xτ
and tτ− tτ−1 = h, for all τ> 0. Observations satisfy, for τ= 1,2, ...,T, ,

Xτ = Ah(θ)Xτ−1 +ητ, ητ ∼N(0,Ση,h(θ)) (2.2.6a)

Yτ =C (θ)Xτ+ξτ, ξτ ∼ i i d(0,Σξ), (2.2.6b)

with, Ah(θ) = exp(A(θ)×h) =∑∞
i=0 A(θ)i ×hi /(i !).

3Refer to Phillips (1991) and Chambers (1999) for a formal treatment of the integrated case.
4Matrix B(θ) must contain at least q(q −1)/2 zeros; where q is the number of exogenous processes. The

result is discussed by Christensen, Neri, and Parra-Alvarez (2022).
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Proof. See Appendix 2.B.1. ■
Equation (2.2.6a) in Proposition 5 is the reduced-form VAR(1). The (ng + 1)

reduced-form errors,

ητ =
∫ tτ

tτ−1

exp(A(θ)× (tτ− s))B(θ)dW (s),

are convolutions of structural shocks through the system between measurement

times, [τ−1,τ]. Such structure of the reduced-form errors has to do with a property

of discretized continuous-time models, called “contamination” (see Geweke 1978,

1982). Reduced-form errors, ητ, remain serially uncorrelated at all leads and lags,

E[ητητ−s ] = 0, for s ̸= 0. Their covariance matrix is

Ση,h(θ) =
∫ h

0
exp(A(θ)× s)B(θ)B(θ)′ exp(A(θ)′× s)ds,

and it may have off-diagonal entries different from zero even when the original

shocks are orthogonal. Also diagonal entries may be different from zero even when

corresponding entries in E[B(θ)dW (t)dW (t)′B(θ)′] = dtB(θ)B(θ)′ are zeros. This

hints to the fact that generally, rank(B(θ)B(θ)′) ≤ rank(Ση,h(θ)).5 Equation (2.2.6b) is

the “measurement”. Finally, ξτ, are exogenous errors associated to the measurement,

which are assumed to be mean-zero iid with diagonal covariance matrix Σξ.

The wording behind the acronym “EDM” is crucial. In fact, it clearly points

out that the discretization does not involve any approximation to the underlying

continuous-time process: The representation is exact (see Appendix 2.B.1).

2.3 Estimation Framework

Empirical data is not usually available at units which are comparable to model units.

In fact, the discretized grid of the economic model could at most be represented by

a fine histogram; way more aggregated than empirical data. A probabilistic repre-

sentation of the recursive system (Jazwinski, 1970) could help in using all empirical

panels for inference, similarly to Liu and Plagborg-Møller (2021). However, responses

of households to aggregate shocks are still conceptually challenging (Acharya et al.,

2020): the effect of unexpected policies on individuals’ decisions or balance sheets

may appear negligible, even when they might be significant at more aggregate levels.

This section establishes a framework within which inference is possible and responses

(of aggregated subgroups from individual data) to shocks can be estimated. In this

5Such rank relation has implications on the definition of stochastic singularity, which is not going to be
solely related to the number of exogenous processes in the continuous-time model. Cf. Ruge-Murcia (2007),
for instance.
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section three types of data will be considered: purely aggregated, i.e. macro, data, e.g.

prices; micro data on individual agents, e.g. household expenditures; and grouped

data resulting from grouping of individuals, e.g. average wealth above a percentile.

Partitions of the cross section. Define by K : {1,2, ...,K }, a set of partitions of the

micro-level data. Some moments calculated over observable characteristics of the

population study are thought to be relevant for estimating features of interest from

the data. This argument is in line with Krusell and Smith (1998) that some moments of

the data are enough for describing the macroeconomy.6 For instance, the simulation

study will consider average household-level consumption expenditures over their

wealth profile and their employment status. Figure 2.1 shows consumption (in logs)

of simulated empirical units from the Ahn et al. model with A : {1,100}, θ0 of Section

2.5 and simulation strategy of Appendix 2.A.3. The proposed methodology creates

subgroups along one or both the idiosyncratic-state dimensions; e.g. local averages of

consumption expenditures along the x-axis in Figure 2.1.

The measurement implied by the model involves cτ, the discretized consumption

function of dimension nm , but not the empirical units. Denote with superscript “obs”

the observed empirical micro units. The next assumption imposes constant size of

the cross section.

Assumption 2 (Dimension of the cross section). The empirical cross-sectional di-

mension of individual data is N ∈ N. Every relevant partition k ∈K has dimension

Nk = Nk (τ) ∈N for all τ> 0, and
∑K

i=1 Ni = N .

Assumption 2 regards the dimension of microeconomic data, it eases exposition.

In empirical work it can be relaxed at no additional cost other than cluttering nota-

tion. Given Assumption 2, denote by {cobs
τ }τ>0 the full dataset of micro-level data of

dimension N , observable at time τ, and recall that {pτ}τ>0 is the aggregate time-series

of relevant macroeconomic variables. Every subgroup of individual data is of dimen-

sion Nk , and individual measurement {cobs
iτ }1≤i≤N may belong to multiple groups. An

6However, what Krusell and Smith approximate is the perceived law of motion of capital for the solution
of the model. Whereas, here, what is approximated is the distribution of the agents for estimation of the
structural parameters.
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Figure 2.1: Micro-level consumption (logarithm): cross-sectional dimension of noisy consump-
tion. Units simulated for 50,000 households at the model steady state. The simulated model
is the Ahn et al. model of Appendix 2.A.1, with idiosyncratic productivity z ∈ Z and assets
a ∈A= {0, ...,100}. Owned assets are on the x-axis. Unemployed (z = 0) are on the second quadrant
(left-hand side) and employed (z = 1) on the first quadrant (right-hand side). Baseline parameters
are those used in the simulation study of Section 2.5.

illustration of the grouping of micro data is:

cobs
τ︸︷︷︸

micro data

=



cobs
1τ =

micro units︷ ︸︸ ︷[
cobs,(1)

1τ cobs,(1)
2τ . . . cobs,(1)

N1τ

]′
,

cobs
2τ =

[
cobs,(2)

1τ cobs,(2)
2τ . . . cobs,(2)

N2τ

]′
,

...

cobs
Kτ︸︷︷︸

the k th group

=
[

cobs,(K )
1τ cobs,(K )

2τ . . . cobs,(K )
NK τ

]′
,
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where cobs
τ is of dimension (N ×1), and cobs,(k)

iτ is the observation related to the i th

agent in the kth partition of the data at observation time τ. Possible partitions can

be thought along idiosyncratic productivity (z = 0 versus z = 1) or wealth profiles

(grouped quartiles).

Assumption 3 (Data generating process (DGP)). System (2.2.5b-2.2.5a) is the DGP.

Assumption 4 (Existence of moments). LetΩτ ≡ (Y1,Y2, ...,Yτ) describe the informa-

tion set available at time τ. For every sequence of consumption units in all subgroups{
cobs

kt

}
t>0,k∈K , the conditional mean and covariance exist. That is,

E[cobs
kτ |Ωτ−1] =µkτ,

Var [cobs
kτ |Ωτ−1] =Σkτ,

for all k ∈ K and τ > 0. Where Σkτ is a Nk × Nk symmetric, nonnegative definite

matrix with generic element (i , j ) σi jτ and such that 0 ≤σi iτ ≤C, with C being a finite

constant independent of the sample size.

Definition 1 (Nonstochastic weight scheme). Let wk = (w (k)
1 , w (k)

2 , ..., w (k)
N ), for k ∈K

and N ∈N, be a sequence of deterministic weights. Additionally,
∑N

i=1 w (k)
i = 1, w (k)

i ≥
0, for all k ∈K. Additionally, define by w = (w1, ...,wK ) the sequence of weights of all

partitions.

Assumption 5 (Granularity conditions of weights). For any τ> 0, the sequence weights

vectors {wk }k∈K satisfy the granularity conditions, as N →∞,

||wk || =O(N− 1
2 )

and
w (k)

i

||wk ||
=O

(
N− 1

2

)
, for all k ∈K,0 < i ≤ N .

Assumption 3 ensures the existence of the conditional moments from partitioned

data on individuals and therefore is associated with regularity conditions of the time

series dimension of the data. Definition 1 describes the characteristic of a weight

which has to be a deterministic quantity. The weighting scheme is assumed to be

non-stochastic for simplicity. Finally, assumption 5 ensures that once the weighting

scheme is applied, the weights are not dominated by few individuals in the cross

section. The latter assumption is similar to what is also defined by Chudik et al. (2011)

and Bailey, Kapetanios, and Pesaran (2016) for studying cross-sectional dependence

in panel data settings. Such assumption is quite general, and it ensures that no

individual panel is weighted more than (1/N ), when the norm of wk is exactly 1/
p

N .

In practice it takes the form of a regularity condition of the individual panel.
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The remainder of the subsection introduces and describes properties of descrip-

tive statistics (moments) of the micro data. Define by M ⊆ RK the set of micro mo-

ments assumed to be compact. Then, for known weights, µ̂kτ is the estimator of micro

moment µkτ,

µkτ :=
N∑

i=1
w (k)

i cobs
iτ = w′

k cobs
τ (2.3.1)

with
N∑

i=1
w (k)

i = 1, w (k)
i ≥ 0, for all k ∈K,

where w (k)
i is the weight associated to observation i in the kth partition of micro data.

Weights wk can be a possibly nonlinear function of agents’ characteristics. This moti-

vates a more general form of the estimating function for the estimator of descriptive

statistics. Let m̂τ(µτ) ≡ N−1[ŵ′cobs
τ −µτ], for τ > 0; where µτ = (µ1τ, ...,µKτ)′ is the

sequence of µkτ’s for given weights, ŵ. Efficient estimates of descriptive statistics, µ̂τ,

are defined as

µ̂τ = argmin
µτ

m̂τ(µτ)′Û m̂τ(µτ), for all τ> 0,

where Û converges in probability to a positive definite matrix (U ), assumed to be

constant without loss of generality. Matrix Û can be chosen to exploit the covariance

structure of the different partitions of the micro data. The case with weights linear

in the observed characteristics is nested in the formulation: Û is chosen to be the

identity, and µ̂τ takes the form of a Z-estimator, solving m̂τ(µτ) = 0, which holds

exactly at µ̂τ.

Assumption 6 (Stationarity). The K -variate time-series process {µτ}τ>0 is a weakly-

stationary process.

Assumption 6 allows the extension of the next propositions to all τ> 0.

Proposition 6 (Consistency). Let µτ,0 be the true parameter vector. Then, under the

assumptions listed in Appendix 2.B.2,

µ̂τ
p→µτ,0, for all τ> 0,

i.e. the moment estimator is consistent.

Proof. See Appendix 2.B.2. ■
Proposition 7 (Asymptotic normality). Let µτ,0 be the true parameter vector. Then,

under assumptions listed in Appendix 2.B.3, as N grows,
p

N (µ̂τ−µτ,0)
d→N(0,Σµ), for all τ> 0,

withΣµ = (G ′UG)−1G ′UE[m̂τ(µτ)m̂τ(µτ)′]UG(G ′UG)−1, with G ≡G(µτ) = E[∂mτ(µτ)/∂µτ].
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Proof. See Appendix 2.B.3. ■
Finally, under the assumptions discussed in the appendix, for every τ, descriptive

statistics are estimated consistently (Proposition 6) and are asymptotically normal

(Proposition 7) as the cross section gets larger. However, the real object of interest is

θ ∈Θwhich is generally not identified from the mere cross-sectional dimension (see

Liu and Plagborg-Møller 2021). Therefore, the next subsection describes how to make

use of such weighted averages for the estimation of structural parameters θ.

2.3.1 Likelihood evaluation with micro moments

Let ŵ be a nonstochastic weight scheme of choice. The definition of descriptive statis-

tic (2.3.1) together with Assumption 3 does not directly translate into a measurement

to be included into the empirical structural state-space representation of the model.

In order to do so, there is need for a weight on the consumption function that relates

empirical units to those implied by the model. With this in mind, introduce a new

weighting scheme, w∗, which satisfies analogous assumptions to those of w where,

however, individual weights {w∗
k }k∈K are of dimension nm instead of N . Similarly,

let the subgroups over the consumption function, {ckτ}k∈K for all τ> 0, be of fixed

dimension nk (instead of Nk ). Finally, it is crucial to notice that by the strong law

of large numbers, for every empirical weighting scheme of choice ŵ, there exists a

corresponding deterministic weight w∗, such that ŵ′cobs
τ

p→ w∗′cτ almost surely for all

τ> 0, as N grows. Namely, there exists an N0 large enough from which the empirical

weighted average and the model-implied weighted average are equal (up to a margin)

with probability one.

Now, for large N , let W define the weighting matrix on the whole set of measure-

ments:

W ≡
 w∗ 0′

0 I

 ,

where 0 is the K -by-nm dimensional empty matrix, and I is the conformable identity.

Then, the conditional moment of {µ̂τ}τ>0 is

E[µ̂τ|Ωτ−1] = E[w∗′c⋆+w∗′C (θ)1:nm ,•Xτ|Ωτ−1], (2.3.2)

with probability one where, on the left-hand side, µ̂τ is the empirical descriptive

statistic. Notation A1:p,• stands for “the first p rows of matrix A”. Therefore, equation

2.3.2 is another moment condition, m(µ,θ).

The prediction error decomposition with descriptive statistics reads,

Y̌τ ≡
 µ̂τ

p̃τ

= W′Yτ = W′C (θ)Xτ|τ−1 +W′vτ|τ−1, (2.3.3)
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where vτ|τ−1 are the one-step ahead forecast errors and Xτ|τ−1 ≡ E(Xτ|Ωτ−1). With

Y̌ = {Y̌1, ..., Y̌T }, the joint conditional log-likelihood of grouped data is written:

L(Y̌ ;θ) =
T∏
τ=1

f (Y̌τ|Ωτ−1),

where f (Y̌τ|Ωτ−1) is the distribution of Y̌τ conditional on Ωτ−1. Measurement Y̌τ is

conditionally normal, with conditional mean E(Y̌τ|Ωτ−1) = W′C (θ)Xτ|τ−1 and condi-

tional covariance matrix Σ̌τ|τ−1 = W′C (θ)Pτ|τ−1C (θ)′W+W′ΣξW. Xτ|τ−1 and Pτ|τ−1 are

computed recursively through iteration of the discrete-time Kalman filter on system

(2.2.6a-2.2.6b), for τ> 0. The joint conditional log-likelihood can be evaluated using

the prediction error decomposition form (Harvey, 1990),

ℓ(Y̌ ;θ) =− (K +nM )T

2
log(2π)− 1

2

T∑
τ=1

log |Σ̌τ|τ−1|

− 1

2

T∑
τ=1

v̌ ′
τ|τ−1Σ̌

−1
τ|τ−1v̌τ|τ−1, (2.3.4)

where v̌τ|τ−1 = Y̌τ−W′C (θ)Xτ|τ−1 is commonly interpreted as the vector of prediction

errors. The maximum likelihood estimator (MLE) of deep parameter θ is found by

maximizing the log-likelihood of Equation (2.3.4),

θ̂ ≡ argmax
θ

ℓ(Y̌ ;θ).

The VAR representation. If (i) {Xτ}τ>0 is a latent process, and (ii) the eigenvalues

of [Ah(θ)−K (θ)W′C (θ)] are bounded in modulus below unity, the HA model has a

VAR(∞) representation,

Y̌τ =
∞∑

j=0
Φ j (θ)Y̌τ− j−1 + v̌τ,

= W′C (θ)
∞∑

j=0

[
Ah(θ)−K (θ)W′C (θ)

] j K (θ)Y̌τ− j−1 + v̌τ, (2.3.5)

where, v̌τ ≡ v̌τ|τ−1 and by definition, for all j ≥ 0, E(v̌τY̌ ′
τ− j−1) = 0. Matrix K (θ) is the

steady-state Kalman gain, coming from the Kalman filter iteration, using Y̌ as mea-

surement. If W is such that the quantiles of cτ are selected, the VAR in equation (2.3.5)

is similar to the quantile VAR representation. However, aggregate time-series and lags

are included together with the mere quantiles. The reduced-form VAR(∞) representa-

tion motivates an empirical finite-lag VAR specification that includes microeconomic

conditional moments and time-series aggregates. Additionally, the reduced-form

representation of (2.3.5) with finite lags is used to fill in missing data in the empirical

application.
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Equal weights. The choice of the appropriate weighting scheme has direct impli-

cations on the properties of the estimator. Intuitively, if the weights are approximating

the dispersion of the states implied by the model, the estimator µ̂ is efficient. If

the weights are based on data, the estimator is efficient and robust. If the weight

is independent of data within the subpopulation, the estimator is only consistent.

Consider an illustrative example where the nonstochastic weight assumes that the

data is distributed uniformly in partition k (the estimator is only consistent if the

uniform-distribution assumption is violated by the model). Calibration of the uniform

weight implies the arithmetic mean, such that,

w∗,(k)
i = 1

nk
, for all i = 1, ...,nk and k ∈K.

Then, the weighting matrix is

w∗ =


w∗

1

w∗
2

...

w∗
K



′

=


1

n1

1
n1

1
n1

. . . 0 0 . . . 0 0

0 0 0 . . . 1
n2

1
n2

. . . 0 0
...

...
...

...
...

...
...

0 0 0 . . . 0 0 . . . 1
nK

1
nK



′

,

and µ̂τ|τ−1 = w∗′C (θ)1:nm ,•Xτ|τ−1 +w∗′vτ|τ−1, for all τ> 0.

2.4 Informativeness of micro moments

The researcher has access to a finite number of descriptive statistics that span multiple

dimensions of the agents’ profile. In fact, possibly, microeconomic data contains

empirical analogues of levels of idiosyncratic states (e.g. household-level wealth

and income) and control variables (e.g. expenditures) from the model. Therefore, by

looking at households’ balance sheet, the researcher may desire to group households

according to levels of their disposable income. Alternatively, they may consider it

more sensible to group households according to their socioeconomic status, and so

on.

The choice of cross-sectional moments is likely to influence point estimation

of θ. Moreover, outcome values of θ̂ are ultimately relying on the researcher’s prior

on which perspective of the micro data is most important to analyze. In such case,

transparency of research may be easily disregarded (Andrews et al., 2020b).

In this section, I describe the informativeness of chosen moments from the cross

section for the estimation of individual structural parameters, θi . Other questions

regarding sensitivity analysis can be answered following the line of reasoning of

Honoré et al. (2020) and Jørgensen (2021).
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For discussing informativeness of descriptive statistics, I first need to introduce

a measure of local bias sensitivity of the maximum likelihood estimator. The next

proposition states the results of Andrews et al. (2017) in terms of likelihood equations

with a straightforward proof available in the appendix.

Proposition 8 (Local bias sensitivity to likelihood equations). Let J(θ) be the nonsin-

gular observed Fisher information matrix. Given the vector of structural parameters θ,

under the assumptions of the model, the sensitivity measure of the bias of θ to the FOC

of the MLE objective is,

Λℓ(θ) = J(θ)−1, (2.4.1)

which allows for a feasible estimator, Λ̂ℓ(θ̂) = J(θ̂)−1.

Proof. See Appendix 2.B.4. ■
Local bias sensitivity (Proposition 8) measures the sensitivity of the estimator

(θ̂) to the likelihood equations (first order conditions of the likelihood-maximization

problem). That is, the effect of departures from the FOC influences bias in estimated

structural parameters.

For ease of exposition, I reorganize the definitions of estimating function of both

structural parameters and descriptive statistics. Define by µ̄= (µ̄1, ..., µ̄K )′ the local

averages with µ̄k = T −1 ∑T
τ=1µkτ and E[µ̄] =µ0. Let

l̂ (θ0) = 1

T

T∑
τ=1

l̂τ(θ0) = 1

T

T∑
τ=1

∂ℓτ(θ)

∂θ

∣∣∣∣
θ=θ0

and

m̂(µ0) = 1

T

T∑
τ=1

1

N

N∑
n=1

m̂n(µτ,0) = 1

T

T∑
τ=1

m̂τ(µτ,0),

both converging to a normal distribution.7 QuantityΛℓ(θ) measures the sensitivity of

the bias to the likelihood equations. In light of proposition 8 and Andrews et al. (2017),

asymptotic biases take the form
p

T (θ̂−θ0) = Λℓ(θ0)
p

T l̂ (θ0) and
p

N T ( ¯̂µ−µ0) =
Λm(µ0)

p
N T m̂(µ0), with

Λm(µ) =−(G(µ)′UG(µ))−1G(µ)′U ,

(cf. Andrews et al. 2017). In a similar fashion toΛℓ(θ), Λm(µ) measures the sensitivity

of estimated descriptive statistics to the chosen moments.

7Under regularity conditions, normality of l̂ (θ0) is a usual result, however it is also discussed in Appendix
2.B.4. Whereas, normality of m̂(µ0) is discussed in Newey and McFadden (1994) and in Appendix 2.B.5, where
the proof of Proposition 9 is given.
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Proposition 9 (Asymptotic joint normality). Under the regularity conditions of Ap-

pendix 2.B.4, the MLE is consistent and asymptotically normal. Then, the joint asymp-

totic distribution of the descriptive statistics and the structural parameters is also

normal:  p
T (θ̂−θ0)p

N T ( ¯̂µ−µ0)

 d→N


 0l×1

0K×1

 ,

 Σθ Σ′
µθ

Σµθ Σµ


 . (2.4.2)

Proof. See Appendix 2.B.5 . ■
Notably, µ̂τ converges in distribution at a rate

p
N , whereas ¯̂µ = T −1 ∑T

t=1 µ̂t

converges at rate
p

N T , faster than θ̂.

Asymptotic biases can be rewritten in compact form: φ̂θ,t ≡ Λ̂ℓ(θ)l̂t (θ) using

Proposition 8 and φ̂µ,t ≡ Λ̂m(µ)m̂t (µ). The informativeness of descriptive statistics

for the estimation of an individual structural parameter θi .

Definition 2 (Informativeness). Informativeness of descriptives statistics is calculated

by first computing the consistent estimator of the asymptotic covariance matrix in

Proposition 9 (for individual θi ):

Σ̂θi =
1

T

T∑
t=1

 φ̂2
θi ,t N−1/2φ̂θi ,t φ̂

′
µ,t

N−1/2φ̂µ,t φ̂
′
θi ,t N−1φ̂µ,t φ̂

′
µ,t

 ,

=
 σ̂2

θi
Σ̂′
µθi

Σ̂µθi Σ̂µ

 ,

and finally,

∆̂θi =
Σ̂′
µθi
Σ̂−1
µ Σ̂µθi

σ̂2
θi

∈ [0,1],

where ∆̂θi is the estimated informativeness of conditional moments µ̂ on estimator

θ̂i ∈ Θ. Given consistency of blocks of Σ̂θi , by the continuous mapping theorem,

∆̂θi

p→∆θi .

Part of the numerator, Σ′
µθi
Σ−1
µ , is the population regression coefficient of struc-

tural parameter θi on descriptive statistic µ. Informativeness ∆̂θi is the R2 from such

regression of the structural estimate on the descriptive statistics, when both are drawn

from their joint (asymptotic) distribution. Intuitively, when informativeness is large

(close to 1), µ̂ captures most of the information in the data that determines θ̂. Prac-

tical implementation guidelines and proof of the result are given by Andrews et al.

(2020a, Section 5). For the case where the descriptive statistic is a weighted average of

panel units,Λm =−(G(µ)′G(µ))−1G(µ)′.
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Selection of micro moments. Different choices of moments carry different infor-

mative content for the estimation of structural parameters. There is no straightforward

answer to the question: “which moment to include to answer a specific empirical

question?” The selection can be done according to various criteria. For instance, it

can be such that (i) the likelihood is maximum; imagine minimizing the likelihood-

distance between the full-not-grouped model (where granularity of data matches the

discretized grid of the model) and the model with grouped microeconomic data.8

Alternatively, (ii) the ∆θi figure related to θθi is maximized, i.e. the selected moments

are the most informative for a particular structural parameter of interest. For instance,

the latter criterion could aim at selecting moments from microeconomic data that

explain the largest variation of the IRF to a fiscal policy shock.

2.5 Finite sample properties

The Monte Carlo study comprehends simulation of 60 years of quarterly data from

the calibrated model described above. The simulated model is the same as Ahn et al.

(2018), and I refer to their paper and codes for a thorough description of the solution

method. The purpose of the simulation is to highlight the importance of micro data

for the estimation of certain structural parameters. Additionally, results show that

choice of moments is also crucial for decreasing the bias and improve accuracy of

certain parameter estimates.

The model dimension is reduced by means of projections onto Krylov subspaces

(with horizon r = 5), such that the likelihood evaluation of the system is quickly

computed by the standard discrete-time Kalman filter algorithm. 500 datasets are

simulated from the linearized solution of the continuous-time model using the Euler

scheme. Continuous time is approximated by choosing a precision hyper-parameter

of 0.0083. That amounts to simulating a total of 120 intra-quarterly observations. Un-

der Assumption 1 (data is stocks, not flows), intra-quarter simulated data is discarded,

resulting in 240 observations per simulated variable in total. Datasets are simulated

using

θ′0 ≡ (γ,ρ,δ,α,ρZ ,σZ ,λ0,1,λ1,0, z̄, ῡ, τ̄l )

= (2,0.01,0.03,0.33,0.2052,0.0144,0.5,0.0376,0.93,0.15,0.113).

Parameters ῡ and τ̄l are the unemployment insurance (UI) and the labor income

tax, respectively. Those parameters were previously excluded from the description

8This is done by minimizing the Kullback-Leibler divergence between the likelihood of the full model and
that of the grouped model. The approach is easy but not straightforward as, for comparison, one needs to
bring both models on the same probability space first.
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of the model, but are included within the household’s saving function in the sim-

ulation and the application for better matching data. Simulated data used for the

estimation consists of log consumption of households and real aggregate output

(Yt = exp(Zt )Kα
t L̄1−α). The simulation of the units of consumption is reported in

Appendix 2.A.3.

Table 2.1 reports estimates of selected structural parameters (ρ, z̄,σZ ) and the

standard deviation of the measurement error of aggregate output, σY . I focus only

on those four parameters since they are all characterizing different aspects of the

model: ρ has a general scope and enters into the households’ optimal problem; z̄

is concerned with the joint density of the underlying population; σZ is related to

business-cycle fluctuations and the structural shock; σY is completely independent

to the introduction of micro data. Additionally, the choice of parameters make the

Monte Carlo directly comparable to the simulations of Liu and Plagborg-Møller

(2021).9

The introduction of micro data in the estimation exercise, other than identify-

ing the mean idiosyncratic productivity, z̄, allows to considerably decrease bias and

root mean squared error (RMSE) of the time-preference parameter, ρ. Interestingly

and maybe unsurprisingly, it does not improve (in some cases, it worsens) quality of

estimates corresponding to the volatility of the TFP shock. Hinting to the fact that

micro data is really important to characterize features of the endogenous aggregate

transitions, does however not necessarily contain much information regarding exoge-

nous aggregate fluctuations. For the present intent, the nature of the shock is crucial:

intuitively, a monetary policy shock would conclude differently; in fact, a model with

aggregate shocks that have real effects on the households’ balance sheets may benefit

more from the inclusion of micro data.10

The informativeness figure ∆θ confirms initially conjectured hypotheses: the

informativeness figure is larger for ρ and z̄, whereas it is close to zero for σZ and

σY . In fact ∆ρ is 62.5% when including only descriptive statistics over employment

status, indicating high informative content carried from the micro data. When the

averages are calculated over partitions of wealth (Panel c), or combined levels of

wealth and employment status (Panel d), ∆ρ increases up to 95.2%. Bias and RMSE of

point estimates of ρ also benefit from more granular information on the distribution

of wealth. The mean idiosyncratic productivity, z̄, is not identified in the “Only Macro”

model and exhibits ambiguous results regarding other reported figures of Table 2.1. In

particular, the bias is minimum in Panel d). Whereas, RMSE is minimum in panel c).

However, ∆z̄ is larger in Panel b), where household units are aggregated with respect

9However, I additionally estimate the volatility of the TFP shock, σZ .
10I leave the door open for new-Keynesian models in later stages of the paper.
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to their employment status only. Results for the TFP shock volatility, σZ , show that

while the bias is low when micro data is included (Panel c), the highest precision

in terms of RMSE is achieved in the “Only Macro” model of Panel a). Finally, the

standard deviation of the measurement error attached to aggregate output, σY , is

completely indifferent to micro data: the inclusion of information from the cross

section only increases bias and RMSE for that parameter. In general, the minimum

RMSE estimator of σY and σZ is the “Only Macro”, pointing at the fact that the cross-

sectional dimension is of little importance for estimation of those parameters. Similar

conclusions on ∆θi are drawn by looking at Figure 2.2, which is related to Panel b) in

Table 2.1.

Panel a) Only Macro Panel b) Micro + Macro

Moms.: levels of z

θ0 Mean Bias RMSE ∆θ Mean Bias RMSE ∆θ

ρ 0.010 0.0195 0.0095 0.0387 - 0.0126 0.0026 0.0227 0.6251
z̄ 0.930 n.i. 0.9271 -0.0029 0.0634 0.5786
σZ 0.0144 0.0166 0.0022 0.0103 - 0.0182 0.0038 0.0254 0.1205
σY 0.011 0.0104 -0.0006 0.0026 - 0.0162 0.0051 0.0301 0.0166

Panel c) Micro + Macro Panel d) Micro + Macro

Moms.: levels of a levels of a and z

θ0 Mean Bias RMSE ∆θ Mean Bias RMSE ∆θ

ρ 0.010 0.0103 0.0003 0.0061 0.9375 0.0100 -0.0000 0.0001 0.9517
z̄ 0.930 0.9262 -0.0038 0.0279 0.1503 0.9319 0.0019 0.0435 0.1869
σZ 0.0144 0.0159 0.0015 0.0147 0.0228 0.0165 0.0022 0.0166 0.0734
σY 0.011 0.0166 0.0055 0.0290 0.0147 0.0153 0.0043 0.0259 0.0654

Table 2.1: Simulation Study. Estimates from 500 simulated datasets with horizon 60 years at
quarterly frequency. The grid used in the simulation is A : {1, ...,100} Z : {0,1}. Notation “n.i.” stands
for “not identified”. “Moms.” indicates the grouping of the micro data. In panel a) the only used
measurement is output; in panel b) micro data is grouped over socioeconomic status of the agents;
in panel b) over quartiles of wealth; in panel c) micro data is grouped over both dimensions.

Figure 2.2 shows histograms of the informativeness measure, ∆θ, from the simu-

lation. The weighting matrix (Û ) is chosen to be the identity and G =−I . Structural

parameters are estimated via the prediction error decomposition in equation (2.3.3).

The figure reports informativeness of moments chosen over levels of z for the esti-

mation of the selected structural parameters. Every histogram has 500 underlying

estimates. A perfectly informative set of moments for parameter θi would realize in

∆θi = 1. The top-left panel is the histogram of informativeness for the time preference

parameter, ρ. The inclusion of moments from micro data is informative for estimation

of ρ. The top-right panel shows the information content of descriptive statistics for
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Figure 2.2: Informativeness of moments over employment status. ∆i ’s for MLE of structural pa-
rameter i with i = ρ, z̄,σZ ,σY . A : {1, ...,100},Z : {0,1}. 500 simulated datasets at quarterly frequency
with length 60 years. Log-consumption from micro data is aggregated over employment status.
Mean and median values are at the blue and orange lines, respectively. Figures correspond to panel
b) in Table 2.1.

the estimation of structural parameters z̄ (average idiosyncratic unit productivity).

Micro-consumption moments over employment status appear to carry great infor-

mation regarding certain elements of θ, such as ρ and z̄. As expected, the opposite is

true for the auxiliary parameter σY , the standard deviation of the measurement error

of aggregate output. The instantaneous volatility of the TFP, σZ , only mildly benefits

from the chosen moments. Interestingly, ∆σZ in panel b) is greater than in panels

c) and d). This is in line with the intuition that the TFP shock does not have much

effect at the idiosyncratic level. Instead, the most coarse micro data carries the largest



90

CHAPTER 2. ESTIMATION OF HETEROGENEOUS-AGENT MODELS

COMBINING MICRO AND MACRO DATA

informative content for the estimation of σZ . The approach is versatile, and it can be

applied to nonlinear functions of structural parameters such as MPC estimates and

IRF’s with virtually no additional effort.

2.6 Empirical application with Danish data

This section brings the exercise of estimation to real-world data. While it does not

have any normative implication, it has illustrative purposes: it shows the efficacy of

the described method for the estimation of structural parameters of the economy. All

data come from Statistics Denmark’s (DST) website.11

In the application, the aggregate time-series is seasonally adjusted real gross

domestic product (GDP) at 2010 prices. GDP is downloaded at quarterly frequency,

and it is available from 1991:Q1 to 2020:Q4. Data at the micro level is household-level

consumption expenditures figures, which is available at yearly frequency from the

Household Budget Survey conducted by DST. Data is already aggregated (averaged)

at individuals’ socioeconomic-status level.12 The micro data sample spans from year

1994 to year 2019.

DST individuates four relevant categories as indicators of socioeconomic sta-

tus: (i) Unemployed, (ii) Employed - basic level, (iii) Employed - medium level and

(iv) Employed - upper level. All data is converted to real terms using the PCI index,

downloaded from the same website. GDP is converted to per-capita terms by utilizing

the country’s population, whereas the expenditure figures are divided by the average

number of people per household, which is 2.1 and assumed to be constant throughout

the years. The socioeconomic classification is in line with Castañeda, Diaz-Gimenez,

and Ríos-Rull (2003), where the authors identify four labor efficiency states for the

Markov chain of stochastic idiosyncratic productivity.

Such specification with multiple levels of labor efficiency is also used in the em-

pirical analysis of Parra-Alvarez et al. (2020). However, coherently with the simulation

study, I restrict the present exercise to the economic model in Appendix 2.A with

two states for households’ employment status, i.e. (i) Unemployed - z = 0 and (ii)

Employed - z = 1. Micro data is aggregated over all wealth quantiles of the distribution

by DST itself. Subsequently, I further aggregate the three employment levels to end

up with the final pseudo-panel (K = 2). The relevant descriptive statistics at time τ

used in the state space are µ̂τ = (µ̂0,τ, µ̂1,τ)′.

11https://www.dst.dk/en/.
12The aggregation, put in place by DST, is by using a MA(1) process. Therefore, past year consumption

expenditures are leading in the calculation of current year expenditures.

https://www.dst.dk/en/
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Figure 2.3: Empirical Data: Empirical data from the Household Budget Survey and GDP per
capita from the Danish quarterly national accounts. The GDP and moments of (log) micro-level
consumption data indexes have 2010 as reference year.

Calibration of parameters / starting values

θ Description Value Reference

γ Relative risk aversion 2 Standard value in literature
ρ Subjective time preferences 0.0410 Quarterly discount rate of 0.99
δ Depreciation of capital 0.10 Quarterly private capital depreciation

of 0.025 (Pedersen, 2016)
α Substitution rate of capital 0.33 Standard value in literature
λ0,1 Arrival rate of employment 2.60 Unemployment duration of 20 weeks
λ1,0 Arrival rate of unemployment 0.1097 Unemployment rate of 4.05%

z̄ Mean idiosyncratic productivity 0.9595 Unemployment rate of 4.05%
τ̄l Labor income tax 0.31 Pedersen (2016)
ῡ UI replacement rate 0.85 Unemployment insurance of 85%
ρZ Persistence of TFP shock 0.2052 Quarterly autocorrelation of TFP

shock of 0.95
σZ Volatility of TFP shock 0.0135 Estimated std of (temporary + perma-

nent) productivity shock (Pedersen,
2016)

Table 2.2: Calibration of parameters: values and interpretation of calibrated parameters. For
parameters estimated in the exercise, these are the starting values for the estimation routines.

In simulation settings, the lower frequency of the micro data is easily handled by

the Kalman filter. However, in practice, the structural model may be too restrictive to

both filling in missing entries and estimating the structural parameters θ. For such

reason, missing observations at the micro level are filled in approximating the VAR(∞)

specification of (2.3.5). Data is imputed using a 15-lag Bayesian VAR with micro and

macro data. The estimated model is: Y̌τ =Φ1Y̌τ−1 + ...+Φp Y̌τ−p + v̌†
τ, with p = 15 and

v̌†
τ ∼N(0,Σv̌† ).

Structural estimation is carried out in two steps: (i) impute missing observations

at the micro level by using the approximated reduced-form VAR(∞) specification;

(ii) maximize the log-likelihood of the complete (observed + imputed) dataset. For

imputing missing data, in order to increase the amount of information, additional

macroeconomic aggregate time-series are included in the reduced-form estimation

step. In particular, I include time series for gross capital formation (I ) and personal

consumption expenditures (C ). Additionally, several robustness checks of the estima-

tion exercise using various imputation methods are reported in Appendix 2.F.

The orthogonality conditions between v̌†
τ and past of Y̌τ, up to the pth lag, hold

by definition. The “†” symbol stresses the fact that forecast errors in the finite-lag VAR
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Empirical Estimation

Panel a) Only Macro Panel b) Micro + Macro

θ estimate standard error estimate standard error ∆θ

ρ 0.0412 0.0085 0.0230 0.0000 0.1132
σZ 0.0710 0.0267 0.0600 0.0190 0.0249
λ1,0 0.0066∗ - 0.0066 0.0133 0.0290
σµ1 - 0.0546 0.0052 0.2090
σµ0 - 0.6236 0.2233 0.0101
σGDP 0.0000 17.2404 0.0031 0.0449 0.0079

Table 2.3: Empirical Estimates: mean estimates of selected parameters. The estimation is run
using both micro and macro data. Micro data comes from the Household Budget Survey, collected
by DST. The time horizon is 1994:Q4 to 2019:Q4. Standard errors are calculated using the Hessian
evaluated at θ̂ as Canova (2011). ∆θ is the informativeness measure.
∗ : the value is calibrated at the corresponding Micro + Macro estimate.

model are indeed only approximations of the true v̌τ of Equation (2.3.5). Missing data

is treated as flows and smoothed by the disturbance smoother algorithm (Durbin

and Koopman, 2012). Reduced-form parameters are estimated using the Kalman

filter algorithm, the Minnesota prior and 1000 draws from the posterior distributions.

Hyperparameters of the prior are set to defaults used by Sims. Differently from Sims’

default values, the prior tightness on lags greater than one is set to 9, such that lags

beyond the first one decay at a fast rate.13 Smoothed states at quarterly frequencies

are then used as replacement to grouped microeconomic data recorded at lower

frequencies. The order of magnitude of the maximum error between filtered and

observed data is 10−15, for smoothed it is 10−13.

Table 2.2 reports the calibrated parameters. For ρ, λ1,0 and σZ , the third column

represents the starting value in the estimation routine. I restrict focus to those three

parameters since they capture most of the variability in data.

Table 2.3 reports results from the empirical exercise with Danish data. Panel

a) excludes micro data from the estimation, whereas Panel b) includes aggregated

micro consumption. Conversely to the simulation study, z̄ is not included because

it is difficult to estimate it with good accuracy. Instead, it is calibrated to 0.9595

together with λ0,1 = 2.6 in order to instruct the model on the average unemployment

rate (4.05%) and the average duration of the unemployment spell in Denmark (20

weeks). However, I estimate the firing rate, λ1,0. Additionally to the volatility of the

measurement error of GDP, I also estimate parameters related to noise in the micro

13This choice is taken to better approximate the VAR(∞) using a finite number of lags in the VAR(p).
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Figure 2.4: IRF’s of grouped micro-consumption: Estimated average impulse response functions
to a TFP shock for employed and unemployed agents.

data (σµ1 and σµ0 ) .

For the “Micro + Macro” dataset, estimated standard deviation of the TFP shock is

consistent with a year-over-year volatility of TFP of 5% and significant. The time pref-

erence parameter points at yearly discount rate of e−0.023 = 0.9773 and is estimated

with great precision. The demotion rate is estimated to be about 0.7% over the year.

Standard deviations of measurement errors related to the micro data are estimates

with low standard errors. The standard deviation of the measurement error related

to GDP is estimated to be low but with wider confidence intervals. The ∆θi figures

confirm the findings from the simulation study, i.e., moments of micro data carry

greater informative content for structural parameters related to the cross-sectional di-

mension. Instead, they are not very informative for estimating the standard deviation

of GDP’s error of measure. The “Only Macro” data does not allow identification of λ1,0,

therefore it is calibrated to the point estimate of Panel b) (see Table 2.3). The standard

deviation of the measurement error is again not estimated differently from zero. σZ

is found larger (0.0710), together with a larger time preference parameter ρ of 0.0412,

closer to the initially calibrated value (0.0410, as shown in Table 2.2). This is also in

line with the simulation study reported in Table 2.1, where Panel a) presents a larger

bias for ρ, compared to all the other panels. Standard errors are smaller for the Micro
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Figure 2.5: IRF’s of aggregates: Estimated impulse response to a TFP shock on macroeconomic
aggregates implied by the model.

+ Macro model, while for the ρ parameter a smaller standard error is unsurprising (cf.

Table 2.1), greater accuracy for the estimation of σZ and σGDP is not expected. This

indicates that information from the micro data is indeed important for the efficient

estimation of macroeconomic models.

Micro-consumption impulse responses with respect to the household’s employ-

ment status are heterogeneous on impact, similarly to De Giorgi and Gambetti (2017)

that find heterogeneous responses along the distribution of wealth. However, impulse

responses of subgrouped micro-consumption are not hump-shaped. Figure 2.4 shows

IRF’s of micro-level consumption to one-standard-deviation TFP shock. Even though

around 10 years after impact, the average response of unemployed households is

below their steady state values, aggregate consumption (Figure 2.5) in deviation to

steady state is estimated to be nonnegative for both datasets.14 In particular, the

hump shape in the aggregate consumption response is motivated by the fact that

aggregate consumption, C , is a nonlinear function of individual consumption units.

In fact, it involves the joint distribution of idiosyncratic states, a highly nonlinear

14The sum of the averaged subgroups of consumption does not need to equal aggregate consumption.
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object:

C =
∫

a∈A
c(a,0)g (a,0)da +

∫
a∈A

c(a,1)g (a,1)da.

The Only Macro model tends to overestimate the time at which aggregate con-

sumption reverts towards the steady state, see the hump in the Consumption panel

of Figure 2.5.

2.7 Conclusions

This paper proposes an approach for including micro data together with aggregate

time-series in the empirical state-space representation of HA models. In particular,

individuals’ decisions can be included into the estimation framework as measure-

ments. Taking into account additional information coming from micro-level data.

The model of the paper is formulated in continuous time. However, the methodology

does not strictly rely on such assumption.

The proposed method is simple to use and inference is standard. The approach

is suitable for both survey and panel data. In fact, it involves the construction of

a pseudo panel from the cross-sectional dimension of the population study. The

pseudo panel consists of weighted averages on grouped cross-sectional units, which

are easily calculated in repeated cross section and panel settings. The methodology is

particularly relevant for empirical research, in that the HA DSGE model has a VAR(∞)

representation also when using moments from the cross section. Additionally, the

paper shows how to assess the informative content of chosen moments from the

micro data by means of a method borrowed from microeconometric research in

structural models and adapt it to dynamic contexts. In comparison to the i i d case,

the dynamic version of informativeness takes into account the variation of cross-

sectional moments over time. The informativeness figure is in general important for

applied research as it appeals to principles of transparency. Due to policy implications,

it is important to show how macro parameters of interest are connected to the various

heterogeneous dimensions of the cross section.
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Appendix

2.A The Economic Model

This section reports details of the economic model used in the main text. No-

tice that in the remainder of the section xt ≡ x(t ); in order to avoid cluttering

notation where variables have multiple dependencies on objects of the model.

2.A.1 Benchmark economy

This section briefly describes the focal points of the model presented by Ahn

et al. (2018), Section 2.

Household problem There is a continuum of individuals (indexed by i ∈
I = [0,1]), ex-ante homogeneous, ex-post heterogeneous in wealth a and

productivity z. Given the time preference parameter, ρ ≥ 0, each discount

flows of future consumption with standard utility function

E0

∫ ∞

0
e−ρt u(ct ). (2.A.1)

subject to evolution of wealth

dat = (ωt zt + rt at − ct ), (2.A.2)

where ωt and rt are factor prices, ct is consumption at time t , and function

u is strictly increasing and strictly concave. The functional form of the utility

function used in the paper is the well-known CRRA utility, u(c) ≡ (c1−γ−1)/(1−
γ) with RRA parameter γ. The household faces exogenous idiosyncratic shocks

to its endowment of efficiency and a borrowing constraint at ≥ a, such that

at ∈A= [a,∞) for all t ≥ 0. The Household’s endowment of efficiency units

can be either “employed” or “unemployed”. The endowment process follows a

Markov chain with state space Z= {1,0},

dzt = dqt ,01 −dqt ,10, z0 ≡ z(0) ∈Z. (2.A.3)

Process qt ,01 is a Poisson process with arrival rate λ0,1, it counts how often

unemployed agents get hired from a representative firm. qt ,10 with arrival rate

λ1,0 counts how often separations between the household and the firm occur.
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Firm problem The optimal problem of the competitive firm is

max
{Kt ,L̄}

{
eZt Kα

t L̄1−α− (rt +δ)Kt −ωt L̄
}

, (2.A.4)

with

dZt =−ρZ Zt dt +σZ dWt ,

where Zt is the logarithm of total factor productivity (TFP) which follows

Ornstein-Uhlenbeck dynamics with speed of mean reversion ρZ and instan-

taneous volatility σZ . Kt is the aggregate capital stock which depreciates at

rate δ, and L̄ is aggregate labor. The factors are competitive and the problem

is solved by the FOC’s,

rt =αeZt Kα−1
t L̄1−α−δ, ωt = (1−α)eZt Kα

t L̄−α. (2.A.5)

It is assumed that wealth takes the form of productive capital that is used by

a representative firm which also hires labor. Each individual’s income is the

product of an economy-wide wage, ω, and their employment status, zt , where

their wealth follows 3.2.8. The total amount of capital supplied in the economy

equals the total amount of wealth. The market clearing condition is given by

K =
1∑

j=0

∫
a∈A

ag (a, j )da, (2.A.6)

where g (a, z) is the steady-state joint density function of idiosyncratic states,

a and z. The individual agent’s optimal control problem takes the form

ρvt (a, z) = max
c

{
u(c)+ 1

Es>t dvs(a, z)

}
, (2.A.7)

where vt (a, z) is the value function.

Transitions (stationary solutions have ∂t vt (a, z) = 0 and ∂t g t (a, z) = 0, where

∂t indicates the time derivative.) Let index employment status z j , j = 0,1.

Then, the Hamilton-Jacobi-Bellman equation (HJBE) reads,

ρvt (a, j ) = max
{c}

u(c)+ (w z + r a − c)∂a vt (a, j )+

(vt (a, j )− vt (a,− j ))λ j +∂t vt (a, j ) (2.A.8)
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and the Kolmogorov forward equation (KFE)

∂t g t (a, j ) =−∂a[(w z + r a − c)g t (a, j )]

−λ j g t (a, j )+λ− j g t (a,− j ). (2.A.9)

Equilibrium The equilibrium is a collection of agent controls (c), agent state

processes (a and z) and price processes (r and ω), such that, given the price

processes, agent control processes solve the agents’ optimization problems

and market clear for all t ∈ [0,∞). The model is solved for the steady state

by using finite differences (Achdou et al., 2022; Ahn et al., 2018; Fernández-

Villaverde et al., 2020).15

2.A.2 The linearized solution

In this section, I describe the intermediate steps for getting the linearized

solution starting from systems (2.2.1) and (2.2.2).

Steady-state approximation Let g (a, z) and v(a, z) be the joint distribution

of the idiosyncratic states (endogenous states a and exogenous states z) and

the value function of the agents, respectively. Let g and v represent the dis-

cretized version of the previously named functionals over a lattice, g (a, z) and

v(a, z). Namely, let ng be the number of grid points (idiosyncratic states), np

be the number of factor prices and nM the number of macro variables of inter-

est.16 Achdou et al. (2022) show that, if the finite differences approximation is

chosen correctly, the discretized steady state is the solution of

ρv = u(v)+A(v,p)v, (2.A.10a)

0 = A(v,p)′g, (2.A.10b)

p = F(g), (2.A.10c)

where v,g : (ng ×1), p : (np +nM ×1). Parameter ρ is the time preference which

appears in the agents’ optimal problem. Equation (2.A.10a) is the steady-state

Hamilton-Jacobi-Bellman equation (HJBE) for each point over the discretized

15The discussion of the solution methods is out of the scope of this current draft.
16Note that both v and g are ng -dimensional vectors of discretized functions, v(a, z) and g (a, z).
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grid. Vector u(v) is the maximized utility function over the grid, (c.f. equation

(2.A.8) with ∂t v(a, z) = 0). The discretized functional product A(v,p)v captures

the remainder terms of the HJBE which are not included in u(v).17 Equation

(2.A.10b) is the discretized steady-state Kolmogorov forward equation (KFE)

(c.f. Equation (2.A.9)). Finally, equation (2.A.10c) contains static equations

that can be used to express aggregate quantities, such as clearing conditions

and factor prices. Therefore, the bottom equation defines prices (r, w) and

aggregates as functions of g. Factor prices are constant because of assumed

absence of aggregate exogenous variations.

Off-steady-state equilibrium Ahn et al. (2018) solve the model through a

linearization procedure, which I follow thoroughly. The formal solution of

the full model (fully recursive solution) comprehensive of aggregate shocks is

achieved through the solution of a master equation.18 For instance, Krusell

and Smith (1998) approximate the master equation using finite moments

of the data. Instead, Fernández-Villaverde et al. (2020) attack such master

equation using neural networks.19

In line with the methodological macro-literature, I define steady-state an

equilibrium as postulated in system (refsys:ssv-2.A.10c). i.e. with no aggregate

shocks (constant Z ) and time-invariant distribution g. After allowing for aggre-

gate shocks to enter the equilibrium system, the discretized off-steady-state

equilibrium is characterized by

ρvt = u
(
vt

)+A(vt ,pt )vt + 1

dt
Et dvt (2.A.11)

dgt

dt
= A(vt ,pt )′gt

dZt =−ρZ Zt dt +σZ dWt

pt = F(gt , Zt ).

With exogenous fluctuations at the macro level, the aggregate state, g, is time-

varying. Macroeconomic shocks perturb the aggregate density of the popula-

17Namely, first and higher order terms.
18The master equation entails a recursive specification of the HJBE in both idiosyncratic and aggregate

states, whereas here, the HJBE is recursive only in the idiosyncratic states.
19Their model entails financial frictions which naturally produce non-linearities. The Krusell-Smith ap-

proach is clearly inferior in such setting.
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tion through movements in factor prices and aggregates (pt depends on Zt ,

and gt depends on pt ).

Omit dependence on structural parameter θ and use the fact that pricing

equations are static. The first-order Taylor expansion of system (2.A.11) around

the steady state (2.A.10) can be written as

p̃t = Bpg g̃t +Bp Z Zt ,

Et


dṽt

dg̃t

dZt

=


Bv v Bv p Bpg Bv p Bp Z

Bg v Bg g +Bg p Bpg Bg p Bp Z

0′ 0′ −ρZ


︸ ︷︷ ︸

B


ṽt

g̃t

Zt

 ,

where tildes indicate deviations from the steady state. Blocks of B are the

derivatives of the equilibrium conditions evaluated at the steady state. 0 is the

ng -dimensional empty vector.

The solution of the linear system is standard. In the paper, I use the Sims’s

Schur decomposition of B to identify stable and unstable roots of the matrix.

If the Blanchard-Kahn condition holds (the number of stable roots equates

the number of state variables g and Z ), the solution (as a function of θ ∈Θ) is

computed as: ṽt

p̃t

=
 Dv g (θ) Dv Z (θ)

Bpg (θ) Bp Z (θ)


︸ ︷︷ ︸

C (θ)

 g̃t

Zt


 dg̃t

dZt

=


Bg g +Bg p Bpg +Bg v Dv g︸ ︷︷ ︸

Bg g (θ)

Bg p Bp Z +Bg v Dv Z︸ ︷︷ ︸
Bg Z (θ)

0′ −ρZ


︸ ︷︷ ︸

A(θ)

 g̃t

Zt



+
 0

σZ


︸ ︷︷ ︸

B(θ)

dWt .

The first two equations are the control variable as a function of aggregate

states and the pricing equations, respectively. In matrix form, I represented the
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system of transition equations, where the upper block describes the evolution

of the distribution density, also as a function of exogenous aggregate shocks.

The bottom line is the exogenous shock. Subscripts A(θ) and B(θ) and C (θ)

are references to the state-space system used for inference.

2.A.3 Simulation of consumption units

For the purpose of the paper, the underlying structure of the units is not crucial.

In fact the pseudo panel organization of the cross-sectional dimension over

time treats panels and repeated cross sections similarly. In the present setting,

I only simulate repeated cross sections, which are ultimately organized in the

pseudo panel for estimation. Refer to Papp and Reiter (2020) for the simulation

of panels.

The model does not directly generate consumption units. However, the

solution entails the joint distribution of idiosyncratic states and the consump-

tion function, which can be used for simulating individual consumption units.

As mentioned above, the joint density of a and z is g (a, z). The marginal densi-

ties g (a) and g (z) can be found by integrating out variable z and a, respectively.

Therefore,

g (a) =
1∑

j=0
g (a, j ), g (z) =

∫ ∞

a
g (a, z)da.

Then, given the number of simulated units, Nsi m , g (z) already gives the prob-

ability distribution of those units over the employment status. Conditioning

on the assigned z-status, the distribution of wealth of the simulated units is

given by:

g (a|z = j ) = g (a, z|z = j )

g (z|z = j )
, j = 0,1. (2.A.12)

From the corresponding cdf, G(al |z = j ) = ∫ al
a g (a|z = j )da, the probabil-

ity that the individual simulated unit owns an amount of assets between al

and al ′ , with al ≤ al ′ , is given by

P(al < a ≤ al ′ |z = j ) =G(al ′ |z = j )−G(al |z = j ), j = 0,1.

Assume now that individuals are uniformly distributed between grid

nodes, al and al ′ , and that the consumption function is effectively a step

function with steps at the lattice points of the distribution of wealth. Then, for
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every set of a and z, simulated consumption is the corresponding value of the

policy function plus noise,

cn = c(a, z)+ ι×ϵn ,

where cn is the simulated consumption unit, c(a, z) is the consumption func-

tion, ι is a constant and ϵn ∼N(0,1). In the simulation study ι= 0.1. Notably,

the number of consumption units with corresponding levels of wealth and

occupation, a and z, are determined by the above computed probabilities.

2.B Derivations and proofs

2.B.1 Derivation of the EDM (Proposition 5).

Proof of Proposition 5: see Christensen et al. (2022).

Derivation of the EDM with flow measurements. Now relax Assumption 1,

such that the measurement is flows, Y f (t ) =C (θ)X (t ), with dX (t ) = A(θ)X (t )dt+
B(θ)dW (t ). The particularity of discretized flow variables is that they require

the specification of a cumulator at every time step h,

Yτ ≡
∫ tτ

tτ−h
Y f (s)ds

=
∫ tτ

tτ−h
C (θ)X (s)ds.

Recall that the exact solution of the SDE in the equation (2.2.5b) is (2.2.6a).

Write the derivation in terms of Yτ+1, instead of Yτ. Then, expanding the
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cumulator in terms of past values of X (t ),

Yτ+1 =C (θ)
∫ tτ+1

tτ
X (s)ds

=C (θ)
∫ h

0
X (tτ+ s)ds

=C (θ)
∫ h

0
exp(A(θ)× s)X (tτ)ds

+C (θ)
∫ h

0

∫ tτ+s

tτ
exp(A(θ)× (tτ+ (s − v))B(θ)dW (v)ds

=C (θ)

(∫ h

0
exp(A(θ)× s)ds

)
Xτ+η f

τ+1

=Ξh(θ)Xτ+η f
τ+1,

where, Xτ ≡ X (tτ) and

Ξh(θ) =C (θ)
∫ h

0
exp(A(θ)× s)ds

and

η
f
τ+1 =C (θ)

∫ h

0

∫ tτ+s

tτ
exp(A(θ)× (τ+ s − v))B(θ)dW (v)ds.

The empirical EDM reads, Xτ

Y f
τ

=
 Ah(θ) 0

Ξh(θ) 0

 Xτ−1

Y f
τ−1

+
 ητ,

η
f
τ


Yτ =

[
0 I

] Xτ

Y f
τ

+ξτ, ξτ ∼ i i d(0,Σξ),

where,  ητ,

η
f
τ

∼N

0,

 Ση,h(θ) Σηη f ,h(θ)

Σηη f ,h(θ)′ Ση f ,h(θ)


 ,

with Ση,h(θ) described in the text. Whereas,

Σηη f ,h(θ) =
[∫ h

0

∫ s

0
exp(A(θ)× (s − v))B(θ)B(θ)′ exp(A(θ)′× v)dvds

]
C (θ)′,

and

Ση f ,h(θ) =C (θ)

[∫ h

0

∫ s

0
exp(A(θ)× v)B(θ)B(θ)′ exp(A(θ)′× v)dvds

]
C (θ)′.
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Also the reduced-form error associated to the flow transitions is serially uncor-

related, E[η f
τη

f ′
τ−l ] = 0, for all l > 0.

2.B.2 Proof of Proposition 6.

In order to prove consistency of the descriptive statistic estimator, the hy-

potheses of Newey and McFadden (1994, Theorem 2.1) must be verified.

Let {ci t }i≤N be a sequence of i.i.d. random variables, for all t , and Û
p→U .

The needed assumptions are (i) U is positive semi-definite and UE[m(µτ)] = 0,

only for µτ = µτ,0; (ii) µτ,0 ∈M, compact; (iii) m(µτ) is continuous at each

µτ ∈M with probability one; (iv) E[supµτ∈M ||m(µτ)||] <∞, where || • || is the

Eucledian norm.

From condition (i), m0(µτ) = E[m(µτ)] = 0 if µτ =µτ,0. In fact, with w′cτ =
µτ,0 and mτ(µτ) = w′cτ−µτ, E[m(µτ)] = E[µτ,0 −µτ] = 0, only for µτ,0 = µτ.

Then Q0(µτ) = −m0(µτ)′Um0(µτ) has a unique maximum at µτ,0, i.e., µτ,0

is identified. Notice that since U is positive semi-definite, there exists a pos-

sibly singular matrix R, such that R ′R = U ; if µτ ̸= µτ,0, R ′Rm0(µτ) ̸= 0 and

Rm0(µτ) ̸= 0. Therefore, Q0(µτ) =−m0(µτ)′R ′Rm0(µτ) <Q0(µτ,0) = 0. Condi-

tion (ii) directly verifies the second hypothesis of Theorem 2.1. From condition

(iii) and Newey and McFadden (1994, Lemma 2.4), there is a D(cτ), dependent

on the microeconomic data, cτ, with ||m(µτ)|| ≤ D(cτ) ≡ ||w′cτ||+ ||µτ|| for all

µτ ∈M and E[D(cτ)] <∞ under the assumption of weakly stationarity of µτ ∈
M for all τ> 0, then m0(µτ) is continuous and supµτ∈M ||m̂(µτ)−m0(µτ)|| p→ 0.

From condition (ii), m0(µτ) is bounded in M, and by the triangle and Cauchy-

Schwartz inequalities supµτ∈M |Q̂(µτ)−Q0(µτ)| p→ 0, i.e. Q̂(µτ) converges uni-

formly in probability to Q0(µτ). Then all the hypotheses of Theorem 2.1 are

satisfied, and µ̂τ
p→µτ,0 derives.

2.B.3 Proof of Proposition 7.

For a specific observation time, τ, asymptotic normality is proved by assuming

that the hypotheses for the proof of Proposition 6 are satisfied, and (i) µτ is

an interior point of M; (ii) m(µτ) is continuously differentiable in a neigh-

borhood N of µτ,0 with probability approaching to one; (iii) m0(µτ,0) = 0 and

E[||m(µτ,0)||2] <∞; (iv) E[supµτ∈N ||∂m(µτ)/∂µτ||] <∞; (v) G ′UG is nonsingu-
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lar with

G = E[∂m(µτ)/∂µτ].

The hypotheses for Proposition 6 are verified. Additionally, hypothesis (i)

is satisfied by assumption; (ii) is straightforwardly verified; (iii) and (iv) are

verified by the assumption of stationarity of {µτ}τ>0.

The FOC to the maximization problem are 2Ĝ(µ̂τ)′Û m̂τ(µ̂τ) = 0, and the

proof of proposition is identical to the proof of Newey and McFadden (1994,

Theorem 3.4).

2.B.4 Proof of proposition 8.

The proof of the proposition follows the lines of Andrews et al. (2017). It is

reported here for completeness and to highlight departures from their pa-

per. Let the usual regularity conditions hold (cf. Gourieroux and Monfort

1995, Chapter 7), the maximum likelihood estimator solves the maximization

problem,

θ̂ = argmax
θ∈Θ

T∑
t=1

log f (Yt ,θ).

Define ℓT (θ) ≡∑T
t=1 log f (Yt ,θ), for any interior solution θ ∈Θ, the FOC holds,

∂ℓT (θ̂)

∂θ
= 0.

Assume ℓT (θ) is twice continuously differentiable in an open neighborhood

of θ0. Using the mean value theorem for θ̄ ∈ (θ0, θ̂), a Taylor expansion of the

score vector in that neighborhood reads,

∂ℓT (θ̂)

∂θ
= ∂ℓT (θ0)

∂θ
+ ∂2ℓT (θ̄)

∂θ∂θ′
(θ̂−θ0)+oP (1).

From the FOC, and rearranging, it becomes

−∂
2ℓT (θ̄)

∂θ∂θ′
(θ̂−θ0) = ∂ℓT (θ0)

∂θ
+oP (1).

Disregarding the oP (1) term for simplicity without loss of generality, and di-

viding both sides by
p

T ,(
− 1

T

∂2ℓT (θ̄)

∂θ∂θ′

)p
T (θ̂−θ0) =

p
T

(
1

T

∂ℓT (θ0)

∂θ

)
,
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assuming Λ̄=
(
− 1

T
∂2ℓT (θ̄)
∂θ∂θ′

)−1

exists, it can be rewritten as

p
T (θ̂−θ0) = Λ̄

p
T

(
1

T

∂ℓT (θ0)

∂θ

)
.

Since θ̄, θ̂
p→ θ0, by the regularity conditions, the continuous mapping theorem

can be invoked to write the equation as

p
T (θ̂−θ0) =

(
− 1

T

∂2ℓT (θ0)

∂θ∂θ′

)−1p
T

(
1

T

∂ℓT (θ0)

∂θ

)
,

where the term − 1
T
∂2ℓT (θ0)
∂θ∂θ′

a.s.→ J(θ0) by the Strong Law of Large Numbers.

Defining Λℓ = J(θ0)−1 and l̂ (θ0) =
(

1
T
∂ℓT (θ0)
∂θ

)
gives a similar result to the one

of Andrews et al. (2017),

p
T (θ̂−θ0) =Λℓ

p
T l̂ (θ0), (2.B.1)

where I make use of the fact that Λ̄
p→Λℓ. Notice that

p
T l̂ (θ0)

d→ l̃ = N (0,J(θ0)),

and (Λ̄−Λℓ)
p

T l̂ (θ0)
p→ 0 by Slutsky’s theorem. Finally, since

p
T (θ̂−θ0)

d→
θ̃ = N (0,J(θ0)−1),

p
T [(θ̂−θ)′, l̂ (θ0)′Λ′

ℓ
]′ converges in distribution to a random

vector with Pr {θ̃ =Λℓ l̃ } = 1. Which implies E(θ̃) =ΛℓE(l̃ ).

2.B.5 Proof of proposition 9.

From the previous subsection, the ML estimator θ̂ is asymptotically normal.

What is left to prove is that (i) µ̂t and ¯̂µ are also normal, and (ii) postulate a

regularity condition that implies joint normality. As argued in the text, and fol-

lowing Newey and McFadden (1994), µ̂t is asymptotically normal with mean

the trueµt ,0 and varianceΣµ/N . Under the assumption that {µ̂t }t>0 is a weakly

stationary process, I follow Hamilton (2020) and state the CLT for stationary

stochastic processes: Let {µ̂t }t>0 be a weakly-stationary process. The sample

mean, ¯̂µ=∑T
t=1 µ̂t , is consistent, E( ¯̂µ) =µ0 and it has positive definite asymp-

totic covariance matrix limT→∞{TE[( ¯̂µ−µ0)( ¯̂µ−µ0)′]} =∑∞
j=−∞Σ j =Σµ/N <

∞. Then, the CLT reads,

p
T ( ¯̂µ−µ0)

d→N(0,Σµ/N ).
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By multiplying both sides by
p

N , the second row of equation (2.4.2) in

Proposition 9 is proved,

p
N T ( ¯̂µ−µ0)

d→N(0,Σµ).

A regularity condition is needed for the joint asymptotic result, cf. assump-

tion 1 Andrews et al. (2020a, Section 4.1). Namely, that θ̂ and ¯̂µ asymptotically

behave like simple averages:

p
T

(
(θ̂−θ0),

p
N ( ¯̂µ−µ0)

)
d→ 1p

T

(
T∑

t=1
φθi ,t ,

T∑
t=1

φµ,t

)
+oP (1),

where E[φθi ,t ] = E[φµ,t ] = 0. For

Σ=
 σ2

θi
Σ′
µθi

Σµθi Σµ

=
 E[φ2

θi ,t ] E[φθi ,tφ
′
µ,t ]

E[φµ,tφ
′
θi ,t ] E[φµ,tφ

′
µ,t ]

 ,

Σ is finite, σ2
θi
> 0 for all i ’s.20 Therefore,

 p
T (θ̂−θ0)p

N T ( ¯̂µ−µ0)

 d→N


 0l×1

0K×1

 ,

 Σθ Σ′
µθ

Σµθ Σµ


 .

Andrews et al. (2020a) argue that such regularity condition is satisfied by a

wide range of estimators as is shown by for instance Ichimura and Newey

(2022).

2.C Structural shocks and identification

This section goes through some of the results postulated by Christensen et al.

(2022) regarding structural shocks, recoverability and identifiability. In general,

structural shocks are at the fulcrum of macroeconomic research. A discussion

on identification is needed to justify the adequacy of the described methods

for empirical applications.

Recoverability of structural shocks at measurement times. The linear model

(2.2.5) postulated in continuous time explicitly relates structural shocks dW (t )

20Σµ is positive definite by the CLT assumptions above.
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to reduced-form innovations ητ. Namely, uτ = h−1/2(W (τ)−W (τ−1)) are the

structural shocks at the same frequency of data. Reduced-form errors span

structural shocks,

ητ = H(θ)uτ+OP (h3/2),

with uτ ∼N(0, I ) being the q-dimensional vector of structural shocks of the

economy. OP (h3/2) indicates that the approximation error is stochastically

bounded and decreases with h → 0. As showed by Christensen et al. (2022),

the system can be solved for ut , and approximated structural shocks can be

fundamentally recovered by defining H(θ) as

H(θ) = h1/2 exp(A(θ)h/2)B(θ),

hence, solving the linear system H(θ)uτ = ητ for all τ≥ 0, therefore disregard-

ing the OP (h3/2) term. Matrix H(θ) describes the convolution of structural

shocks through the system via the diffusion B(θ) and the contamination ma-

trix exp(A(θ)h/2). The approximation error vanishes if the econometrician

has control over the sampling frequency of observations.21 Given the state

space (2.2.5b-2.2.5a), Särkkä and Solin (2019) show how to smooth signal

{Xs}T
s≥0 at a higher frequency than τ. However, the conditioning can be done at

most at the same frequency as observations. In linear time-invariant systems,

trying to recover structural shocks at a frequency higher than data inevitably

exacerbate in inaccurate estimates of uτ.

Identification of structural parameters. The parameter vector θ0 may not

be identified in DSGE models. Moreover, the underlying continuous-time

model suggests an additional level of caution. In fact, a necessary condition

for the identification of θ0 rules out the presence of aliases of A(θ0), that

is Ah(θ0) = exp(A(θ0)×h) has a unique solution for A(θ0).22 The no-aliases

condition is usually satisfied in state-space representations of DSGE models,

where equilibrium conditions and cross-equation restrictions impose enough

constraints on the A(θ) matrix.

21Which is usually possible only to some extent.
22Aliasing is a generic problem to continuous-time models estimated from sampled data. Put simply, it

consists with the fact that the logarithm of a matrix may not have a unique solution. It is widely studied in the
literature (?Phillips, 1974; Hansen and Sargent, 1983; Singer, 1992; Kessler and Rahbek, 2004; Blevins, 2017,
among others).
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In practice, given that the no-alias condition is satisfied, other toolboxes

for local identification can be applied to the discrete-time state space (2.2.6a-

2.2.6b), cf. Iskrev (2010), Komunjer and Ng (2011) and Qu and Tkachenko

(2012). In the present context, it turns out that the reduction of the dimension

of the model helps in satisfying some of the assumptions required for applying

some of the above mentioned toolboxes.23

Identifiability of structural shocks. Assuming regularity conditions of matrix

A(θ), for all τ≥ 0, the Wold decomposition of the system relates inputs of the

model to measurements,

Y̌τ+s =
∞∑

j=0
Ψ j (θ)uτ+s− j .

where
∑∞

j=0Ψ j (θ) is the inverse Laplace transform of the system, withΨ j (θ) =
W′C (θ)Ah+ j (θ)H(θ). If H(θ) is a known function of θ, and the true θ0 is iden-

tified, structural shocks of the HA model are identified (Stock and Watson,

2016). Entries ofΨ j (θ) point at restrictions necessary for the identification of

structural shocks in empirical work.

2.D Model reduction for solution and estimation

A major downside of heterogeneous agent models in economics is that system

matrices often occur to be of reduced rank. While this may be fine for simu-

lation purposes, it is surely not ideal for estimation where large matrices are

constructed and inverted routinely for potential values of θ ∈Θ.

Ahn et al. (2018) approximate solutions using Krylov subspaces with fixed

horizon r . It turns out that this approach has benefits which are not only

computational.

Definition 3 (Observability). System 2.2.5 characterized by time-invariant

23e.g. Komunjer and Ng (2011) need the system to be minimal. The projection of the model onto subspaces
of Krylov make the observability matrix of full-rank. Which is a requirement for the system to be minimal (see
Hannan and Deistler 2012 for a precise definition). Future research may explore the benefits of dimensionality
reduction for satisfying the assumptions needed for assessing identification.
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matrices {A(θ),B(θ),C (θ)} is called observable, if the observability matrix,

O(A(θ),C (θ)) =


C (θ)A(θ)

C (θ)A(θ)2

...

C (θ)A(θ)nX −1


is of rank nX . Observability ensures that the system

Y (m) =C (θ)A(θ)m X (0)

always has a solution for the initial state X (0) with m = 0, ...,nX .

In other words, in absence of exogenous variations, it is possible to deter-

mine the initial state X (0) from observables Y (m). The projection of a model

onto a Krylov subspace leads by definition to a reduced “observable” system.

Put differently, the r -reduced model matches impulse responses with the full

model up to horizon r . Observability is a feature of the model well desirable

in control theory. Additionally, it is necessary to end up in the framework of

Komunjer and Ng (2011).

2.E Missing data

Often micro data is available at lower frequency compared to macroeconomic

time-series. The natural framework of estimation is commonly characterized

by time-series aggregates at monthly or quarterly frequency and data on in-

dividuals in the cross-section at yearly frequency. Such a mixed-frequency

environment can be observed from the missing-data perspective. In that

circumstance, aggregate time-series have no missing information, whereas

microeconomic data has only one observation per year. For instance, in the

case of quarterly aggregates, the empirical model will try to fill in missing

micro data in all quarters, except from one, where data is actually present. The

Kalman filter naturally deals with data missing at random, and no additional

features should be added to the usual algorithm. However, systematic lower

frequency of observation needs a special treatment. In principle, it is not pos-

sible anymore to rely on maximization of the prediction error decomposition
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(2.3.4) for unbiased estimation of parameters. Missing observations at non-

random severely bias outcomes of potentially unbiased statistical estimates,

even when T is large.

The objective here is to propose an estimator that is able to account and

correct for that bias induced by data missing at nonrandom; and additionally

bias-correct the maximum-likelihood estimator. Let assume that the maxi-

mum likelihood estimator in the presence of missing data at nonrandom is

not θ̂, but instead another biased estimator π̂(θ0) ∈Rl of θ0, where π(θ) is a

continuous injective function of θ ∈Θ. Assume that the estimator is of the

form π̂(θ0) = π(θ0)+ ϵ(θ0), with ϵ(θ0) ≡ π̂(θ0)−E[π̂(θ0)] being a zero-mean

random vector with finite variance-covariance matrix. I assume E[π̂(θ0)] exists

and that the expectation is taken under the same probability distribution of θ̂.

The bias of the estimator is then b(θ0) = E[π̂(θ0)]−θ0.

Assumption 7 (Non-misspecification). The sources of misspecification of the

the economic model represented by system (2.2.3b-2.2.3d) and equation (2.2.4)

are fully captured by errors of measurement, {ξt }t≥0.

Assumption 7 is necessary for validity of the following definition.

Definition 4 (The indirect estimator). If Assumption 7 holds, the bias-corrected

estimator θ̂ of θ0 is found by solving the estimating function s

Π(θ) ≡ π̂(θ0)− π̄(θ) = 0, (2.E.1)

for θ ∈Θ. π̄(θ) = 1
H

∑H
h=1 π̂h(θ) and π̂h(θ) is the value of the estimator obtained

based on the hth simulated sample.

Definition 4 ensures that a non-biased estimator exists, if assumption 7,

together with other regularity conditions listed by Guerrier, Dupuis-Lozeron,

Ma, and Victoria-Feser (2019) hold true. Guerrier et al. (2019) follow Newey

and McFadden (1994) and show that the estimator is consistent.24 Proposition

4 allows for unbiased estimation in non-misspecified frameworks such as

simulation settings and large-scale DSGE models.

24It slightly differs from the canonical indirect inference estimator of Gourieroux, Monfort, and Renault
(1993), in that the chosen metric for minimization is the identity conversely to a general positive-definite
matrix. Additionally, in the present context, π̂(θ) is a biased estimator of θ0, and therefore dimπ(θ) = dimθ.
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2.E.1 Simulation study with missing data.

Complementary to Table 2.1, on the same data, I estimate the same parame-

ters, letting micro data be only available at yearly frequency. Biases are larger,

and the simulation-based bias correction is necessary for sound estimation.

Bias correction comes at the costs of larger RMSE’s, however unbiased esti-

mates are fundamental for estimation of the correct levels in impulse response

analysis. The approach is slightly different from the non-missing data case.

Namely, at every iteration:

(i) solve the model and write the solution in the discrete-time state-space

form;

(ii) iterate the Kalman filter algorithm forward and replace missing data by

the one-step ahead predictions;

(iii) run the Kalman filter algorithm forward with all data points filled in and

evaluate likelihood;

(iv) repeat (i)-(iii) until convergence to recover θ̂;

(v) implement the simulation-based bias correction using the MLE, θ̂, as

starting point.

The results conclude similarly to Panel b)-c) and d) of Table 2.1 and are not

reported here.

2.F Empirical estimation, robustness

In this section I report results from the empirical estimation, where missing

data is imputed differently from the table in the main body.
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(a) Last observation carried forward.
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(b) Missing observations are imputed.

Figure 2.6: Estimates from 500 simulated datasets with horizon 60 years at quarterly frequency.
The grid used in the simulation is A : {1, ...,100} Z : {0,1}. micro data is grouped over employment
status of the households.

Empirical Estimation

θ estimate standard error ∆θ

ρ 0.0216 0.0051 0.6783
σZ 0.0592 0.0172 0.3377
λ1,0 0.1178 0.1285 0.6303
σµ1 0.0552 0.0066 0.0034
σµ0 0.6270 0.2386 0.0002
σGDP 0.0001 1.2984 0.0012

Table 2.4: Empirical Estimates, median draw: mean estimates of selected parameters. The esti-
mation is run using both micro and macro data. Micro data comes from the Household Budget
Survey, collected by DST. The time horizon is 1994:Q4 to 2019:Q4. Standard errors are calculated
using the Hessian evaluated at θ̂ as Canova (2011). ∆θ is the informativeness measure. Missing
data are imputed using the median draw (instead of the mean) from the posterior distribution of
the VAR(15).
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Empirical Estimation

θ estimate standard error ∆θ

ρ 0.0206 0.0056 0.6474
σZ 0.0600 0.0188 0.4730
λ1,0 0.1781 0.0180 0.7526
σµ1 0.0597 0.0077 0.0102
σµ0 0.6268 0.2416 0.0146
σGDP 0.0005 0.3156 0.0022

Table 2.5: Empirical Estimates, interpolation: mean estimates of selected parameters. The esti-
mation is run using both micro and macro data. Micro data comes from the Household Budget
Survey, collected by DST. The time horizon is 1994:Q4 to 2019:Q4.Standard errors are calculated
using the Hessian evaluated at θ̂ as Canova (2011). ∆θ is the informativeness measure. Missing
data are imputed using cubic spline.

Empirical Estimation

θ estimate standard error ∆θ

ρ 0.0015 0.0045 0.0118
σZ 0.0723 0.0110 0.0281
λ1,0 0.0952 0.0090 0.0271
σµ1 0.1801 0.0258 0.3275
σµ0 0.1109 0.0191 0.0018
σGDP 0.0001 0.0248 0.0418

Table 2.6: Empirical Estimates, model implied: mean estimates of selected parameters. The
estimation is run using both micro and macro data. Micro data comes from the Household Budget
Survey, collected by DST. The time horizon is 1994:Q4 to 2019:Q4. Standard errors are calculated
using the Hessian evaluated at θ̂ as Canova (2011). ∆θ is the informativeness measure. Missing
data are imputed using the structural model within the Kalman Filter.

2.G Additional graphs
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Figure 2.7: Danish Raw data on aggregates: downloaded from National Accounts at https://

www.dst.dk/en/. Quarterly data of PCI and population are imputed using a cubic spline. Units are
indicated on the vertical axes. PCE is for all households, and the “Investment” series is the gross
capital formation figure.

https://www.dst.dk/en/
https://www.dst.dk/en/
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Figure 2.8: Decay of maximum coefficient of lags: VAR(15)
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Figure 2.9: Micro + Macro MC estimates: Histograms and kernel density estimate from MC pa-
rameter estimates. A : {1, ...,100},Z : {0,1}. 500 datasets at quarterly frequency, with length 60 years.
Consumption from micro data is aggregated over employment status using the averaging function,
φ′ = (1/100)× [1,1,1, ...,1,2,2,2, ...,2]. True values are at the blue line.
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Figure 2.10: Informativeness of selected moments: Calculated ∆i ’s for parameters ρ, z̄, λ2 and
σY . The measure is calculated at θ̂ = θ0. A : {1, ...,100},Z : {0,1}. 500 datasets at quarterly frequency
with length 60 years. Consumption from micro data is aggregated over grouped quartiles of wealth
using the average function. Mean and median values are at the blue and orange lines, respectively.
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Figure 2.11: Informativeness of selected moments: Calculated ∆i ’s for parameters ρ, z̄, λ2 and σY .
The measure is calculated at θ̂ = θ0. A : {1, ...,100},Z : {0,1}. 500 datasets at quarterly frequency with
length 60 years. Consumption from micro data is aggregated to medians per employment status.
Mean and median values are at the blue and orange lines, respectively.
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Abstract

We propose a methodology for estimating a dynamic macroeconomic model for

which the equilibrium can be analytically specified up to two unknown functions.

The two unknown functions derive from the solution of the model with rational

expectations. We develop an approach which is only based on the full specification

of the dynamics of the co-state variable. We show that two moment estimators, the

generalized method of moments (GMM) and the martingale estimating function

(MEF), are able to recover the true structural parameters of the model. Accuracy is

improved when the moment restrictions are of higher order. In the application, we

are able to find sensible values of crucial parameters, such as relative risk aversion

(4.23). In addition to smaller standard errors, the inclusion of second order moments

leads to higher estimates of required returns for holding risky assets.

3.1 Introduction

General equilibrium models in macroeconomics, finance and macro-finance may

not have available solutions. If they are available, in some cases they may be too com-

putationally expensive to be included into an estimation routine for policy evaluation.

The researcher or the the policy-maker willing to analyse the effect of policies are now

facing a difficult dilemma: (i) either they abandon the idea of doing policy evaluation

based on empirical data; or (ii) they design a different model. Both cases may turn

towards sub-optimal results.

In the present paper, we explore a methodology that aims at obviating some of

such limitations. The main contributions of this paper is that we develop an estima-

tion method, which is relying on the first order conditions (FOCs) of a control problem

that has no analytical solution, without involving rational expectation techniques

(e.g., the ones proposed by Blanchard and Kahn (1980) or Sims (2002)). In particular,

we focus on a benchmark model, where the equilibrium equations can be analytically

solved only up to two unknown quantities. Knowledge of such quantities would re-

quire the solution of the model (see e.g. Hansen and Sargent, 2019). However, it is

not computationally feasible to include the solution in the optimization routine for

estimation. The issue is not uncommon, and numerous models may have solutions

which are too computationally expensive to be fully included into an optimization

algorithm. In general, limited-information methods that rely on moment-matching

techniques do not require that the solution of the general equilibrium model is known.

However, they rely on the assumption that the equilibrium conditions of the system
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are explicit and must be functions of known or estimable quantities (cf. Fernández-

Villaverde, Rubio-Ramírez, and Schorfheide, 2016). This is where our paper departs

from the existing literature. In fact our paper discusses a situation where the equi-

librium system cannot be written in its fully explicit form. In particular, we propose

to approximate unknown quantities by estimable reduced-form parameters to be

estimated.

The reference model is expressed in continuous time. Continuous time in dy-

namic stochastic general equilibrium (DSGE) models have been proved to correctly

interpret situations when constraints are really binding in an elegant, tractable, yet

sophisticated way. We start from the representative agent economy of Cox, Ingersoll Jr,

and Ross (1985a) and include risky capital. Our grounding assumption is that the only

sources of risk in the economy are coming from risky capital and the evolution of

technology. By these assumptions, and by means of a likelihood inversion method,

we can express the model in terms of observable quantities exclusively, which are

further assumed to be measured without error. Our modeling is inspired by papers

that connect the macroeconomy to finance in continuous time models, such as Chris-

tensen et al. (2016); Buraschi and Jiltsov (2006); He and Krishnamurthy (2011, 2013);

Brunnermeier and Sannikov (2014); Bhamra and Uppal (2013) and Di Tella (2017).

While there are various toolboxes for estimating continuous-time models from

sampled observations (e.g. Lo, 1988; Aït-Sahalia, 2002, 2008), we approximate condi-

tional expected values and use the the martingale estimating function (MEF) estima-

tor of Christensen and Sørensen (2008). Using the MEF framework, Christensen et al.

(2016) show that it can exploit the high frequency nature of financial data together

with lower frequency macroeconomic data, getting rid of the many limitations of

the discrete scheme of sampled data. We show that generalized method of moments

(GMM) with conditional order restrictions is also a valid estimator in these kind of

frameworks. However, the peculiar form of MEF improves identification, already with

conditional first-order moments. In the estimation exercise we include: (i) different

forms of law governing the rental rate of the physical asset; (ii) various specifications

for the utility functions; and (iii) (conditional) second-order restrictions. We argue that

the inclusion of (conditional) second order moment restrictions in estimation allows

for more accurate estimates and for developing considerations regarding relevant risk

factors in the economy - as shown in the empirical illustration.

We test our approach by simulating the economy using the finite difference

method of Achdou et al. (2022). In simulation, we are able to describe the evolution

of the control variable using the policy function from the solution. Then, we use the

approximated formulation of the economy in the estimation exercise. We show that

in simulation settings our estimation strategy allows us to recover unknown structural
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parameters of the model with a satisfactory degree of precision. The statement is

valid for all the specifications of the economy considered.

In the empirical application we find reasonable levels (low) of the relative risk

aversion parameter (RRA, henceforth) and other relevant figures, such as the depre-

ciation rate of capital. Our approximation procedure has the advantage of defining

the risk premium as dependent of the RRA, the risk of capital depreciation, and

the elasticity of consumption to changes in wealth altogether. In some sense, our

methodology results in a constant risk premium which is comparable to the factor

premium, where the covariance between changes in consumption and changes in

wealth is proportionally constant. Clearly, this result is specific to our definition of

the economy. With the inclusion of stock market financial data in our framework,

we expect to estimate values of the RRA, which are smaller from those found in the

literature by a fraction corresponding to the elasticity of consumption to wealth. The

inclusion of an endogenous stock-price process in the equilibrium dynamics is left

for future research.

Our simple model is able to empirically match standard quantities from the

literature. Across our various model specifications, we estimate from data an RRA

parameter between 3 and 5. The instantaneous rental rate of capital oscillates around

a long-term mean between 10 and 15 percent at a speed of 0.15, which indicates

near-unit root behavior. The annualized discount factor of the representative agent is

between 0.988 and 0.999. The mean depreciation rate of capital is between 7% and

9.6%, and the risk associated with holding physical capital is between 2 and 3 percent.

The remainder of the paper is organized as follows: in the first section, we in-

troduce the model based on Cox et al. (1985a) and Christensen et al. (2016). In the

second section, we explain how we reach the tractable framework. In the following

section, we describe the simulation study and show results of the Monte Carlo ex-

ercise. MEF is efficient, and estimates get more accurate by including higher order

moment restrictions. Eventually, we present empirical estimates, pricing implications,

and conclude. In the appendices, we elaborate on derivations of the estimator and

extend the empirical investigation. In the end, we report some more results from

additional sensitivity analyses.

3.2 The Model

Our model builds upon Christensen et al. (2016) and therefore is cast in continuous

time (Cox et al., 1985a; Eaton, 1981).
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3.2.1 Neoclassical Stochastic Production Economy

Amounts of capital, labor, and factor productivity are combined at each point in time

to produce output. The production function is a constant return to scale technology

Yt = At F (Kt ,L), (3.2.1)

where Kt is the aggregate capital stock, L is the constant population size, and At is

the total factor productivity (TFP), which in turn is driven by a standard Brownian

motion Bt ,

dAt =µ(At )+η(At )dBt , (3.2.2)

with µ(At ) and η(At ) generic drift and volatility functions satisfying some regularity

conditions. The capital stock increases if gross investment It exceeds capital depreci-

ation, and it is driven by a standard Brownian motion Zt ,

dKt = (It −δKt )+σKt dZt . (3.2.3)

The parameters δ ≥ 0 and σ > 0 are the mean and the volatility of the stochastic

depreciation. Zt and Bt are independent.1 The stochastic depreciation in our model

introduces instantaneous riskiness, making physical capital a risky asset. It can be

thought, e.g., as exogenous variation to marginal efficiency of investment and/or

future productivity of the capital stock, as suggested by Furlanetto and Seneca (2014)

and Brunnermeier and Sannikov (2014). By an application of Itô’s formula, output in

(3.2.1) evolves according to

dYt = YAdAt +YK dKt + 1

2
YK Kσ

2K 2
t , (3.2.4)

where subscripts indicate partial derivatives.

3.2.1.1 Equilibrium

Factors of production are rewarded with marginal products rt = YK and wt = YL .

Subscripts K and L indicate the partial derivatives with respect to Kt and L. The

marginal product rt is therefore the rental rate of physical capital, and wt is the labor

wage rate. Moreover, the goods market clears, Yt =Ct + It . In equilibrium, the market

clearing condition, the TFP (3.2.2), and the capital accumulation (3.2.3) imply that

(3.2.4) follows

dYt = (µ(At )YA + (It −δKt )YK + 1

2
σ2K 2

t )

+YAη(At )dBt +σYK Kt dZt . (3.2.5)

1In our model we do not consider adjustment costs (cf. Brunnermeier and Sannikov, 2014, for a case with
technological illiquidity).
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Applying the logarithm, the instantaneous growth rate of output obeys

dlnYt =
(
µ(At )

At
+

(
Yt −Ct

Kt
−δ

)
YK Kt

Yt
+ 1

2

YK K K 2
t

Yt
σ2

)

− 1

2

Y 2
Aη(At )2 +Y 2

K K 2
t σ

2

Y 2
t

+ YAη(At )

Yt
dBt +σYK Kt

Yt
dZt . (3.2.6)

3.2.1.2 Preferences

The representative agent maximizes expected additively separable discounted life-

time utility given by

U0 ≡ E0

∫ ∞

0
e−ρt u(Ct ), uC > 0, uCC < 0, (3.2.7)

subject to the wealth constraint

dKt = (At F (Kt ,L)−δKt +wt L−Ct )+σKt dZt , (3.2.8)

where ρ ∈ [0,1] is the subjective rate of time preference.2

3.2.1.3 The Euler equation and the risk premium

For given initial states, the value of the optimal program is

V (K0, A0) = max
{Ct }t≥0

U0, subject to (3.2.2) and (3.2.8). (3.2.9)

The first order condition (FOC) for the optimal problem is u′(Ct ) =VK (Kt , At ), for any

t ∈ [0,∞); f ′(x) indicates the first order derivative of f with respect of x, such notation

will be used throughout the paper when it does not create confusion. Thus, the

controlled process is Markov, and it is possible to express consumption as a function

of the state variables (Ct =C (Kt , At )). Omitting dependence on states {Kt , At }, we use

the envelope theorem and write the instantaneous Euler equation as

du′(Ct )

u′(Ct )
= (ρ− (rt −δ))− u′′(Ct )

u′(Ct )
CKσ

2Kt

+ u′′(Ct )

u′(Ct )
C Aη(At )dBt + u′′(Ct )

u′(Ct )
CKσKt dZt , (3.2.10)

2Note that the transformation Wt ≡ Kt (with Wt being wealth at time t ) comes from the normalization of
the population size. Moreover, we do not consider financial claims, which indeed can be thought of as being
in zero net supply.
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where du′(Ct ) ≡ dVK , from the FOC. For a complete derivation of the instantaneous

Euler equation we refer to Appendix 3.B. Notice that e−ρt u′(Ct ), is the stochastic

discount factor (SDF). Applying the conditional expectation operator to the transition

of the Euler equation (3.2.10) and reorganizing,

ρ− 1

dt
Et

(
du′(Ct )

u′(Ct )

)
= rt −δ+ u′′(Ct )

u′(Ct )
CKσ

2Kt ≡ r f
t , (3.2.11)

which implies a link between the rate of return on the physical asset and any risk-free

security:

r f
t ≡ rt −δ+ u′′(Ct )

u′(Ct )
CKσ

2Kt . (3.2.12)

Equations (3.2.12) and (3.2.11) relate the cost of forgone consumption,ρ− 1Et

(
du′(Ct )
u′(Ct )

)
,

to the instantaneous risk-free rate (r f
t ) and therefore the rental rate on the physical

asset (rt ). Also notice that the ratio −u′′(Ct )
u′(Ct ) , in (3.2.12), measures the degree of risk

aversion.

Using the inverse marginal utility function and applying the logarithm to variables

in (3.2.10), we obtain the instantaneous growth rate of optimal consumption, that is

dlnCt =
(

u′(Ct )(ρ− rt +δ)

u′′(Ct )Ct
− CK Kt

Ct
σ2

−1

2

C 2
Aη(At )2 +C 2

Kσ
2K 2

t

C 2
t

u′′′(Ct )Ct +u′′(Ct )

u′′(Ct )

)

+ C Aη(At )

Ct
dBt +σCK Kt

Ct
dZt , (3.2.13)

where −Ct
u′′(Ct )
u′(Ct ) and −Ct

u′′′(Ct )
u′′(Ct ) are relative risk aversion and relative prudence, re-

spectively. Since C A ,η(At ),Ct ,σ,CK ,Kt ≥ 0, consumption path is unambiguously

directly proportionate to both technology and physical capital shocks.

Up to this point, we did not make any assumption on the functional form of the

value function, the transitory Euler equation (3.2.10) is independent of the prefer-

ences of the representative agent. For instance, with isoelastic preferences and trivial

dynamics for the TFP, dAt = 0, an educated guess of the value function takes the power

form, u(ωt Kt )
ρ .3 From the FOC, find the optimal consumption path Ct = ρ1/θω1−1/θ

t Kt ,

where ωt is the net-worth multiplier, which, for instance, can be assumed constant

and estimated.4 However, such approach is unpractical for estimation; in fact trivial

dynamics of the TFP would not match the data.

3In case of logarithmic preferences of consumption, the dynamics of the TFP play no role in the definition
of the optimal policy.

4In fact, with At = a and Vt = 1
ρu(ωt Kt ), the maximized Hamilton-Jacobi-Bellman equation has solution

for ρ1/θω1−1/θ ≡ 1
θ

(
(a −δ)(θ−1)+ρ)− 1

2 (θ−1)σ2.
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Our approach is comparable to Pontryagin’s Stochastic Maximum Principle with

infinite horizon. Here lies one of the main contributions of this paper, we develop an

estimation method which is only relying on the FOC of a control problem which has

no analytical solution, without involving rational expectation techniques, e.g., the

ones proposed by Blanchard and Kahn (1980) or Sims (2002).

3.2.1.4 Equilibrium Dynamics

Equilibrium dynamics of the economy can be summarized by (3.2.13), (3.2.6) ,and

(3.2.8). We impose wt = 0, the instantaneous growth rate of wealth then becomes

dlnKt =
(

At F (Kt ,L)

Kt
−δ− Ct

Kt
− 1

2
σ2

)
+σdZt . (3.2.14)

For expressing equilibrium dynamics in explicit form, we consider a special case

of the economy in (3.2.1) given by Yt = At Kt , also referred to as the AK model with

technology (Brunnermeier and Sannikov, 2014), and assume some generic prefer-

ences u(Ct ). For empirical work, technology and capital accumulation variables are

known to be imprecise and to include non-negligible measurement error. Neverthe-

less, we can download solid publicly available data on consumption, GDP, and interest

rates. Given the AK technology, At = YK = rt and Kt = Yt /At = Yt /rt ; so, the two state

variables Kt and At are expressed as known functions of observable variables (Yt ,rt ).

We follow Christensen et al. (2016) and consider systems of stochastic differential

equations that can be used for estimation based on time series data on (Ct ,Yt ,rt ),

and we recast the equilibrium dynamics in terms of such triplet. Therefore, the new

system of equilibrium dynamics is now composed by (3.2.13), (3.2.6), and

drt =µ(rt )+η(rt )dBt , (3.2.15)

where rt is the real rental rate of capital and omitting (3.2.14) from the system.

3.3 Estimation without solution

In this section, we describe our estimation strategy that will eventually allow us to

estimate structural parameters of the models such as the RRA. The RRA is interesting

for many reasons in both finance and macroeconomic literature. In fact, risk aversion

is crucial during uncertain situations and is of central importance in the propagation

of macroeconomic shocks.

We assume the optimal problem of the representative agent is characterized by

an isoelastic utility function of consumption,

u(Ct ) = C 1−θ
t −1

1−θ , θ ≥ 0, (3.3.1)
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where 1/θ is the elasticity of intertemporal substitution (EIS). Utility (3.3.1) is often

called constant relative risk aversion (CRRA hereafter) utility function, where θ is the

relative risk aversion parameter. Assuming Ct ≥ 0, (3.3.1) is increasing and concave,

u′(Ct ) ≥ 0 and u′′(Ct ) ≤ 0. Moreover, it converges to the logarithmic preferences case

(lnCt ) for θ→ 1, and the agent is risk neutral for θ = 0.5

We are not aware of closed form solutions to the optimal problem that the rep-

resentative agent is facing. Therefore, we would still have unknown consumption

elasticities to factors of productivity in (3.2.13), which are coming from the rational

expectation solution of the model. Our estimation strategy consists of fixing those

elasticities to some auxiliary reduced-form parameters to be estimated. Finally, our

objective is to approximate τ≡ C A
C A = Cr

C r and π≡ CK
C K from (3.2.13) with reasonable

fucnctions ofφ .6 In practice we fix

τ= τ(φ,r,K ), π=π(φ,r,K )

to

τ̄= τ(φ, r̄ , K̄ ), π̄=π(φ, r̄ , K̄ ),

where τ(•) and π(•) are unknown functions, whereas r̄ and K̄ are two integers indicat-

ing time averages of the process (rt ,Kt ).

The rental rate of capital, the capital stock, and consumption are positive figures,

and the latter is a concave function of both r and K . Therefore, π̄ and τ̄ are ideally

nonnegative reduced-form function of structural parameters.

Such approach has the main advantage of expressing the optimal consumption

path in terms of known and estimable quantities. Interestingly, π̄ in our model (which

enters the pricing condition (3.3.3)) is the wealth elasticity of consumption. Berger

and Vavra (2015) show that consumption elasticity to wealth shocks is not indepen-

dent to level and distribution of current wealth. Whereas, τ̄ is the interest rate elasticity

of consumption, a parameter which is of great interest in economics and finance and

is closely related to the E I S (1/θ), which in turn is known to be weakly identified (see

e.g. Yogo, 2004).

One of the main differences between EIS and τ̄ is that τ̄ is the contemporaneous

effect of the interest rate on the consumption function, whereas E I S is the impact of

the interest rate on consumption growth. Alternatively to our approach, one could

possibly (i) use recursive preferences as introduced by Epstein and Zin (1989) or its

5As shown in the appendix, for the logarithmic preferences case, independently from the structure of the
TFP process, there exist closed form solutions to the optimal problem (3.2.9), and the optimal consumption is
linear in the capital stock, Ct = ρKt . The drift (µ(·)) and volatility (η(·)) functions of rt must be chosen such
that boundedness conditions are met (Posch 2009).

6In appendix 3.F.3 we investigate the appropriateness of our approach: We run a simulation study using a
model of which solutions are known in closed form and apply our estimation strategy.
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continuous-time analogue (Duffie and Epstein, 1992), fix E I S = 1, and use solutions in

a similar fashion to Pindyck and Wang (2013); (ii) use the quasi-solutions of Menoncin

and Nembrini (2018). Both may involve some additional numerical procedure which

may lead to unfeasible estimation.

We complete the model by imposing a mean-reverting specification to the rental

rate of capital, µ(rt ) = κ(γ− rt ). The rate is allowed to fluctuate around the target

mean γ and is converging at a speed κ > 0. Let φ = (κ,γ,η,ρ,δ,σ, π̄, τ̄,θ)⊤ be the

vector of structural and auxiliary parameters to be estimated; substituting the drift

function and approximations inside the stochastic differential equations composing

the equilibrium dynamics ((3.2.13), (3.2.6), and (3.2.15)), the system becomes

dlnCt =
 1

θ
(rt −ρ−δ)− π̄σ2 + 1

2
θ

(
τ̄2

r 2
t

η(rt )2 + π̄2σ2

)
+ τ̄

rt
η(rt )dBt + π̄σdZt , (3.3.2a)

dlnYt =
(
κγ

rt
+

(
1− Ct

Yt

)
rt − 1

2

η(rt )2

r 2
t

−
(
κ+δ+ 1

2
σ2

))

+ η(rt )

rt
dBt +σdZt , (3.3.2b)

drt = κ(γ− rt )+η(rt )dBt . (3.3.2c)

For what regards the diffusion function η(rt ), we estimate parameters of the

model allowing for two cases. The first is with η(rt ) = η (à la Vasicek, 1977), where

η is the constant instantaneous volatility. Whereas, in the second case, η(rt ) = ηprt

(à la Cox, Ingersoll Jr, and Ross, 1985b, hereafter CIR) is the variance of the rental

rate of capital that is assumed to be a linear function of rt . Historically, the latter

specification seems to match data better before the interest rate started declining,

at the beginning of the 80’s. Following our strategy, estimation is possible with any

alternative diffusion specification of the interest rate process.

Equation (3.2.12) characterizes the equilibrium asset pricing condition and be-

comes

r f
t = rt −δ− CK

Ct
Ktθσ

2

= rt −δ− π̄θσ2. (3.3.3)

Therefore, the rate of return to any riskless asset r f
t equals capital rewards rt net of the

mean rate of depreciation δ and the product between the risk premium associated

with holding the physical asset, the relative risk aversion parameter (θ), and the
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elasticity of consumption to capital accumulation, π̄.7 From (3.3.3), we allow the

riskless interest rate to be negative. For the CIR case, rt is following discrete CIR

dynamics and has to be positive, whereas r f
t can be negative.

3.3.1 The Martingale Estimating Function

In the same fashion of Christensen et al. (2016), for structural estimation of the param-

eters, we deploy the Martingale Estimating Function (MEF) proposed by Christensen

and Sørensen (2008). MEF is a powerful tool, it improves the generalized method of

moments (GMM) of Hansen (1982) providing an efficient time-consistent estimator

for optimal inference in dynamic contexts. Given a parameter vector of dimension

dimφ×1, define the martingale estimating function as

MT =
T∑

t=1
wt mt , (3.3.4)

where mt is the dimm-by-1 dimensional vector of martingale increments (Et−1(mt ) =
0), and wt is the dimφ×dimm weighting matrix, which may depend on data in the

information set up to t −1. The optimal MEF estimator is then obtained solving

MT (φ) = 0, (3.3.5)

with wt =ψ⊤
t (Ψt )−1. The conditional variance of the vector martingale increment is

Ψt = Et−1(mt m⊤
t ), (3.3.6)

and the conditional mean of its parameter derivative

ψt = Et−1

(
∂mt

∂φ⊤

)
. (3.3.7)

The optimal MEF estimator is consistent and asymptotically normal,

p
T (φ̂−φ) → N (0,V ), (3.3.8)

with asymptotic variance-covariance matrix

V =
(
ET (ψ⊤

t (Ψt )−1ψt )−1
)

, (3.3.9)

7By an application of Itô’s formula, the SDF to price assets, ξt ≡ e−ρt u′(Ct ), is a geometric Brownian

motion (e.g Brunnermeier and Sannikov, 2014; Di Tella, 2017), dξt
ξt

=−r
f
t −ςt dWt , where ςt is the market price

of risk, and dWt denotes the Brownian increment. Moreover, the martingale ςt dWt = τ̄θ
rt
η(rt )dBt + π̄θσdZt

is a linear combination of the structural shocks of the economy.
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with T →∞, consistently estimated by

V̂ =
(

1

T

T∑
t=1
ψ̂⊤

t (Ψ̂t )−1ψ̂t

)−1

, (3.3.10)

where ψ̂t ≡ψt (φ̂) and Ψ̂t ≡Ψt (φ̂) are functions of data and parameter estimates.

When applying the method to the data and wanting to accommodate for the

discrete-time nature of data disclosure, we integrate over s ≥ t , employing exact

solutions whenever possible. As financial data, we use the risk-free rate r f
t rather

than a direct measure of the rental rate of capital rt . The reader should refer to the

appendices 3.C and 3.D for a thorough description of the two different equilibrium

dynamics, their discretization and estimation in case of Vasiceck and CIR interest rate

respectively.

Proposition 10 (Approximate equilibrium with Vasiceck interest rate). Assume the

interest rate has Vasiceck dynamics with η(rt ) = η, then the equilibrium system (3.3.2)

reads

d lnCt =
 1

θ
(rt −ρ−δ)− π̄σ2 + 1

2
θ

(
τ̄2

r 2
t

η2 + π̄2σ2

)
+ τ̄

rt
ηdBt + π̄σdZt , (3.3.11a)

d lnYt =
(
κγ

rt
+

(
1− Ct

Yt

)
rt − 1

2

η2

r 2
t

−
(
κ+δ+ 1

2
σ2

))
+ η

rt
dBt +σdZt , (3.3.11b)

drt = κ(γ− rt )+ηdBt . (3.3.11c)

Remark 7. With an application of the Itô Isometry property (cf. Øksendal, 2013),

the conditional second-order moment of the interest rate’s error term in equation

(3.3.11c) is

Et−h

(
ηe−κh

∫ t

t−h
eκ(v−(t−h))dBv

)2
= η2(1−e−2κh)/(2κ). (3.3.12)

From Proposition 10, the vector of conditional first and second-order moment



3.3. ESTIMATION WITHOUT SOLUTION 139

restrictions is

mt =



τ̄η
∫ t

t−h 1/rv dBv + π̄σ
∫ t

t−h dZv

η
∫ t

t−h 1/rv dBv +σ
∫ t

t−h dZv

ηe−κh
∫ t

t−h eκ(v−(t−h))dBv(
τ̄η

∫ t
t−h 1/rv dBv + π̄σ

∫ t
t−h dZv

)2 − τ̄2η2Et−h(
∫ t

t−h 1/r 2
v dv)− π̄2σ2h(

η
∫ t

t−h 1/rv dBv +σ
∫ t

t−h dZv

)2 −η2Et−h(
∫ t

t−h 1/r 2
v dv)−σ2h(

ηe−κh
∫ t

t−h eκ(v−(t−h))dBv

)2 −η2(1−e−2κh)/(2κ)


.

(3.3.13)

Proposition 11 (Approximate equilibrium with CIR interest rate). Assume the rental

rate of capital is governed by a CIR specification with η(rt ) = ηprt , then the equilibrium

system (3.3.2) becomes

d lnCt =
 1

θ
(rt −ρ−δ)− π̄σ2 + 1

2
θ

(
τ̄2

rt
η2 + π̄2σ2

)
+ τ̄ ηp

rt
dBt + π̄σdZt , (3.3.14a)

d lnYt =
(
κγ

rt
+

(
1− Ct

Yt

)
rt − 1

2

η2

rt
−

(
κ+δ+ 1

2
σ2

))
+ ηp

rt
dBt +σdZt , (3.3.14b)

drt = κ(γ− rt )+ηprt dBt . (3.3.14c)

Remark 8. Similarly to the case of Proposition 10, an application of the Itô isometry

property leads to the calculation of the second-order conditional moments of the

error term in (3.3.14c):

Et−h

(
ηe−κh

∫ t

t−h
eκ(v−(t−h))prv dBv

)2
= rt−hη

2(e−κh −e−2κh)/κ

−γη2(1−e−κh)2/(2κ). (3.3.15)

Derivations of equation (3.3.15) are reported in Appendix 3.D.2.
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From Proposition 11, the martingale increment vector is

mt =



τ̄η
∫ t

t−h 1/
p

rv dBv + π̄σ
∫ t

t−h dZv

η
∫ t

t−h 1/
p

rv dBv +σ
∫ t

t−h dZv

ηe−κh
∫ t

t−h eκ(v−(t−h))prv dBv(
τ̄η

∫ t
t−h 1/

p
rv dBv + π̄σ

∫ t
t−h dZv

)2 − τ̄2η2Et−h(
∫ t

t−h 1/rv dv)− π̄2σ2h(
η

∫ t
t−h 1/

p
rv dBv +σ

∫ t
t−h dZv

)2 −η2Et−h(
∫ t

t−h 1/rv dv)−σ2h(
ηe−κh

∫ t
t−h eκ(v−(t−h))prv dBv

)2 − rt−hη
2(e−κh −e−2κh)/κ

−γη2(1−e−2κh)2/(2κ)


.

(3.3.16)

Remark 9. The systems in Proposition 10 and Proposition 11 are not normally dis-

tributed. They would be normal, if, for instance, rt is constant. However, the constancy

assumption may result in detriment to empirical estimation.

In both cases, moment restrictions of GMM are similar to the MEF case; in fact

they read mGM M = T −1 ∑T
t=1 mt . In estimation we approximate conditional expected

values of unknown integrals by deterministic Taylor expansion of order one. For what

regards time-varying weights wt , expected unknown integrals in matricesψt (3.3.7)

are also approximated by deterministic Taylor expansion of order one; whereas, for

Ψt (eq. (3.3.6)) they are approximated by means of the Euler-Maruyama method.

Approximation errors of Taylor expansions in the martingale vector (mt ) are O(h2)

and, for h → 0, do not affect consistency of the estimator. Due to the presence of

second order terms, deterministic Taylor expansion of order one is preferred to Euler-

Maruyama approximation. Henceforth, we implicitly refer to the AK model and name

“CRRA Vasiceck” (“CRRA CIR”) the case when the agent faces CRRA preferences and

the interest rate follows a Vasiceck (CIR) process. Below, we will also treat different

preferences. Therefore, we will say “Log Vasiceck” (“Log CIR”) for the logarithmic type

preferences.

3.4 Simulation study

The objective of this section is to assess the finite sample properties of the four esti-

mators in the setting the where one of the parameters is possibly mi We generate 500

datasets, run estimation, and report results. Thirty-five years of data are simulated

following dynamics in (3.3.2). We approximate continuous time by creating ten intra-

day intervals per day, therefore producing 25×10 = 250 observations per month. The

step length of the Brownian motions is taken as 1/3000; i .e., it matches the number of

yearly observations 250×12. Let denote by {C⋆
t ,Y ⋆

t ,r⋆t }t≥0 the simulated processes.
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Whereas, {C⋆
t ,Y ⋆

t }h:h:T is the process sampled at quarterly frequency h = 1/4, and

{r⋆t }d :d :T is sampled at daily frequency with d = h/(25×3). Integrals over the quar-

ter,
∫ t

t−h f (r⋆v )dv of the interest rate are obtained as Reimann sums, where f (•) is a

known function. We focus on the case of CRRA preferences and show results for both

Vasiceck and CIR interest rates. Additionally, in appendix 3.F.2 we report tables for the

logarithmic preferences case.

Since we do not have a closed form for our policy function, an educated plausible

guess for starting values is taken from proposition 3.1 in Posch (2011): we set lnY0 = 0,

r0 = γ, lnC0 = ln(ρ+ (1−θ)δ+ 1
2θ(1−θ)σ2)Y0/(θr0)) and include a burn-in period.

We choose φ = (κ,γ,η,ρ,δ,σ,θ)⊤ to be related to standard values in the literature;

namelyφ0 = (.2, .1, .01, .03, .025, .02,2)⊤.

How good are the approximations. Usingφ0, we solve the model using the finite

difference method of Achdou et al. (2022), as shown in Appendix 3.B.1. From the solu-

tion, we recover the values of π(φ,K ,r ) and τ(φ,K ,r ) over the policy space (see figures

3.8 and 3.9). Therefore, we let K0 = Y0 −C0 and simulate paths of {K⋆
t }t≥0 following

dynamics (3.2.14). At every time step t , we recover π(φ0,K⋆
t ,r⋆t ), τ(φ0,K⋆

t ,r⋆t ) at the

corresponding simulated values and use them in equations (3.3.11a) and (3.3.14a),

according to the relevant specification.

The estimation exercise aims at recovering the augmented vector of structural and

auxiliary parameters φ⊤ = (κ,γ,η,ρ,δ,σ, π̄, τ̄,θ). The elasticities do not vary much

along the state-space (figures 3.8 and 3.9). Additionally, structural parameter esti-

mates are not substantially affected them not being fixed (see tables 3.21 and 3.22).

Having reported the tensions between the full global solution approach and the

estimation using the approximated system, we now directly simulate from the approx-

imated system and analyse the distributional features of the parameters. Therefore,

in the following we focus on a simulation study where we fix π̄= 1 and τ̄= 0.3 for all

values of {K⋆,r⋆}.

As it is evident from Figure 3.1, the same vectorφ0 implies different dynamics for

the system. Particularly, passing from CIR to Vasiceck dynamics, ceteris paribus, the

same value of η implies a less volatile interest rate process in the case. DGP values

indicate a net risk premium of π̄(φ,K ,r ) · θ ·σ2 for π̄ = 1, the net risk premium is

2.00×0.022 = 0.08%. The small interest rate elasticity of consumption, τ̄0 = 0.30 is

calibrated around EIS empirical estimates of Campbell and Mankiw (1989), Table 3.

Canzoneri, Cumby, and Diba (2007) and Yogo (2004) empirically estimate small reac-

tion of consumption to variations in interest rates as well. Under the null hypothesis,
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π̄0 = 1, we allow for the case Ct = ρ1/θω1−1/θ
t Kt , where the net-worth multiplier, ωt ,

may follow deterministic dynamics.

Figure 3.1: Simulated system - 140 quarters (35 years) of simulated triplets (rt ,Ct ,Yt ) for different
specifications of the interest rate given identical φ0. rt is the real rental rate of capital, Ct is
consumption, and Yt is output.
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Figure 3.1 shows the simulated systems under the two different specifications

of the interest rates: The same calibration of η leads to less volatile dynamics for the

CRRA CIR model (compared to the CRRA Vasiceck).

We report parameter estimates for OLS, FGLS-SUR-IV, GMM, and MEF methods

with CRRA preferences, with both Vasiceck and CIR dynamics of the rental rate

of capital.8 We present results using three and six moment restrictions: For OLS

and FGLS-SUR-IV, three moment restrictions simply mean that we do not include

8MEF estimator is described in the main text. GMM is a standard two-step GMM estimator with instru-
ments. OLS is the homoscedastic ordinary least squares estimator. FGLS-SUR-IV is the robust SUR estimator
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information regarding variances. Instead, for GMM and MEF, three and six moment

restrictions imply that we use vectors

m(3)
t =

 εC ,t

εY ,t

εr,t

 , m(6)
t =



εC ,t

εY ,t

εr,t

ε2
C ,t −Et−h(ε2

C ,t )

ε2
Y ,t −Et−h(ε2

Y ,t )

ε2
r,t −Et−h(ε2

r,t )


,

respectively. Entries ε·,t are discretized versions of error terms from the correspond-

ing equilibrium systems (3.3.11) and (3.3.14); derivations and full descriptions of

ε·,t ’s are found in the appendices (see system (3.C.1) and (3.D.2) for Vasiceck and

CIR specifications of the interest rate, respectively). To support convergence, MEF

estimator is a two-step version of the estimator of Section 3.2. The first step produces

only consistent estimates usingΨt = Idimm . For the second step, efficiency is reached

starting the optimization routine from the consistent point estimates, φ̂1, and fixing

Ψ̂t =Ψt (φ̂1).9

The calculation for the covariance matrix of the moment restrictions, Ψ̂t , is as

follows: Given first-step estimates, φ̂1, simulate mt N times and indicate by m⋆
t ,n the

nth simulation of mt given φ̂1. For every 0 ≤ t ≤ T, calculate Ψ̂t = 1
N

∑N
n=1 m⋆

t ,n m⋆⊤
t ,n .

The procedure may seem costly, but it is run only once for every simulated dataset.

Further Monte Carlo studies are presented in the appendices. Particularly, we investi-

gate robustness to misspecification in Appendix 3.G and report sensitivity analyses to

DGP values, for both logarithmic and CRRA cases, in Appendix 3.H.

Identification. In OLS, FGLS-SUR-IV, and GMM (with three moment restrictions)

procedures, parameters κ and θ are the only fully identified parameters. Our identifi-

cation strategy consists of identifying γ and η by fixing τ̄ and identifying ρ by fixing

δ and σ. Clearly, it is possible to identify ρ by just fixing either δ or σ, however we

fix both in order not to incur in numerical issues. Instead, MEF estimator implies a

just-identified system of weighted restrictions; i.e., it is the solution of a system of

dimφ equations with dimφ unknowns. However, identification concerns arise from

the complexity of the system and the degree of the approximations. We improve our

estimates by including conditional moment restrictions of second order. We do the

with instruments. Of course, OLS and FGLS-SUR-IV are naturally reduce-form estimators; we map structural
parameters to reduce-form estimates using a minimum distance approach. All the approaches are thoroughly
described in the web appendix to the paper of Christensen et al. (2016).

9The reader should notice that in the second step, matrix Ψ̂t =Ψt (φ̂1) is still time-varying.
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same for GMM estimator. The auxiliary parameters, π̄ and τ̄, are weakly identified

from the full history of only r and C .

Table 3.1: Simulation Study - CRRA Vasiceck with three and six conditional moment restrictions.
The table reports median output of simulation study and root mean square errors. Structural
parameters are estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the CRRA
Vasiceck model in an AK production economy with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.313 0.313 0.303 0.256 0.303 0.221
(0.211) (0.210) (0.199) (0.104) (0.180) (0.082)

γ 0.10 0.101 0.101 0.106 0.105 0.111 0.105
(0.008) (0.008) (0.009) (0.017) (0.033) (0.013)

η 0.01 0.013 0.015 0.011 0.009 0.010 0.010
(0.009) (0.009) (0.007) (0.005) (0.001) (0.001)

ρ 0.03 0.038 0.042 0.035 0.033 0.034 0.033
(0.208) (0.239) (0.312) (0.014) (0.285) (0.015)

δ 0.05 0.05 0.05 0.05 0.054 0.057 0.052
(0.011) (0.027) (0.009)

σ 0.02 0.02 0.02 0.02 0.019 0.038 0.020
(0.009) (0.027) (0.015)

π̄ 1.00 1.00 1.00 1.00 0.852 0.520 0.923
(0.305) (11.291) (0.364)

τ̄ 0.30 0.30 0.30 0.30 0.277 0.313 0.320
(0.205) (0.096) (0.158)

θ 2.00 4.300 4.009 5.752 1.993 3.089 1.864
(5.753) (5.960) (16.702) (0.635) (14.763) (0.587)

Tables 3.1 and 3.2 document bias estimating the speed of mean-reversion, κ. This

finding is in line with what is regularly found in the literature, for instance by Tang

and Chen (2009) and Wang et al. (2011). In the simulation framework, restricted

regressions do not do a bad job in estimating parameters of the interest process.

However, they are extremely off, with a median relative bias of about 107% with

Vasiceck interest rate (Table 3.1) and 98% with CIR dynamics (Table 3.2) on average,

when estimating the RRA parameter, θ. Such large bias does not decrease much when

using a GMM estimator, even adding second-order moments. Median MEF estimates

are all approximately close to the true parameters.
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Interest rate elasticity of consumption, τ̄, and the interest rate volatility parameter

η, benefit extremely from the inclusion of second-order moment restrictions (Figures

3.2 and 3.3). Such result is somewhat expected; in fact, η and τ̄ mainly appear in

the second-order moment restrictions, together with Taylor approximations. As it is

possible to mathematically show from the asymptotic properties of the MEF estimator,

optimal MEF is efficient.

In Figures 3.2 and 3.3, we graphically show that we are able to increase accuracy,

and in some cases improve identification by adding second-order moment restric-

tions by choosing MEF over GMM. In the CRRA Vasiceck model, passing from GMM

to MEF is necessary for the identification of ρ and σ; moreover, the RRA estimate is

extremely uncertain, and the auxiliary parameter, π̄, is largely biased. Similarly, in

the CRRA CIR specification, GMM struggles in identifying ρ, π̄, τ̄ and θ altogether.

Intuitively, our two-step MEF estimator exhibits similar characteristics to Christensen

and Sørensen (2008), and it presents lower variability compared to two-step GMM

with both interest-rate specifications.

3.5 Data and results

We find analogue measures for the triplet (r f
t , Ct , Yt ) in US data from 1978:Q1 to

2018:Q4. We download the three time series from the Federal Reserve Bank of St.

Louis (henceforth, FRED) database. When taking the model to data, we follow Ireland

(2004): Ct is defined as real personal consumption expenditure (PCECC96) in 2012

chained dollars, It is defined as real gross domestic private investment (GPDIC1),

also chained in 2012 dollars, and output, Yt , is defined as the sum Ct + It . Ct and It

are real, therefore Yt is real. We transform them in per-capita terms dividing by the

civilian noninstitutional population (CNP16OV). For nominal r f
t we follow Chapman,

Long Jr, and Pearson (1999) and define it as the 3-month Treasury bill rate on the

secondary market (DTB3), downloaded at daily frequency.10 We aggregate r f
t over

the quarter and convert aggregated nominal r f
t to real terms by subtracting quarterly

expectations of inflation over the next year. As expectations of inflation data, we use

the Survey of Professional Forecasters conducted by the Federal Reserve Bank of

Philadelphia.11 Figure 3.4 shows the aggregation process of the daily interest rate over

the quarter and subsequent conversion in real terms. Occasionally and recently, the

real risk-free rate goes negative. However, that does not pose any concerns: Negative

r f
t does not imply negative rt . In fact, r f

t can turn negative without affecting the

regularity conditions of the CIR process (rt ).

10There is no available instantaneous interest rate.
11In the appendix, we run a similar empirical exercise using CPI inflation and using nominal risk-free rate.
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Table 3.2: Simulation Study - CRRA CIR with three and six conditional moment restrictions. The
table reports median output of simulation study and root mean square errors. Structural parameters
are estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the CRRA CIR model in an
AK production economy.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.314 0.309 0.290 0.269 0.285 0.269
(0.195) (0.193) (0.168) (0.125) (0.154) (0.149)

γ 0.10 0.103 0.102 0.102 0.102 0.102 0.101
(0.005) (0.004) (0.005) (0.008) (0.010) (0.004)

η 0.01 0.033 0.029 0.023 0.003 0.009 0.010
(0.044) (0.041) (0.021) (0.008) (0.001) (0.001)

ρ 0.03 0.042 0.040 0.033 0.030 0.008 0.029
(0.481) (0.449) (0.282) (0.006) (0.156) (0.005)

δ 0.05 0.05 0.05 0.05 0.052 0.051 0.051
(0.007) (0.008) (0.004)

σ 0.02 0.02 0.02 0.02 0.019 0.019 0.018
(0.006) (0.005) (0.003)

π̄ 1.00 1.00 1.00 1.00 0.863 0.846 1.043
(0.323) (1.156) (0.113)

τ̄ 0.30 0.30 0.30 0.30 0.360 0.466 0.331
(0.320) (0.323) (0.070)

θ 2.00 4.155 3.774 4.224 1.919 3.848 1.966
(9.438) (8.579) (10.466) (0.588) (12.855) (0.332)

In our empirical exercise we include the period from October 1979 to October

1982, characterized by higher volatility in the Federal Funds rates. That period follows

a decision of the Federal Open Market Committee (FOMC), under Paul Volcker, to start

targeting the quantity of money (instead of the price of bank reserves) in perpetuating

monetary policy.12

Real risk-free rates can be negative and that is a tedious drawback requiring more

efforts than expected in the regression framework. In fact, integrals of ratios of interest

rate appear as regressors in the regression approaches, extremely low absolute values

of rv result in outliers which may affect the distribution of the OLS estimates through

the distribution of residuals. In order to satisfy assumptions necessary for having

reasonable OLS estimates, we trim the 5% upper tail of the distribution of 1/rv at daily

12In the appendix we do estimation considering only the period starting from 1983.
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Figure 3.2: CRRA Vasiceck - Density estimates of parameters from simulation study. MEF estimation
with three (3 restr. MEF) and six (6 restr. MEF) moment restrictions. GMM estimation with six
moment restrictions (6 restr. GMM). The corresponding true parameter from θ0 is indicated by the
dashed line.
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frequency and conduct regular estimation.13 Similar to the simulation framework,

linear regressions are performed using an approximated measure of rental rate of

capital, r̂t = r f
t +δ0+π̄0θ0σ

2
0, where regressors are constructed restricting parameters

as per the simulation study, i .e., δ0 = 0.05, π̄0 = 1.00, θ0 = 2.00, and σ0 = 0.02.14

In practice, the term
∫ t

t−h 1/r̂v dv, appears for both CIR and Vasiceck specifications;

whereas
∫ t

t−h 1/r̂ 2
v dv is only present for the Vasiceck specification.15 OLS and FGLS-

13Notice that 5% is an overly prudent haircut. We also tried with 1% and found similar estimates.
14The parameter θ0 slightly influences the estimation of θ. We also tried restricting θ = θ0 where we explore

several θ0’s. The result is that linear regression frameworks are not appropriate in this context.
15In order to avoid additional numerical issues deriving from the interest rate going negative, and to

simplify the routine, we use the naive OLS covariance matrix, i.e., diagonal. That means, all the covariances of
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Figure 3.3: CRRA CIR - Density estimates of parameters from simulation study. MEF estimation
with three (3 restr. MEF) and six (6 restr. MEF) moment restrictions. GMM estimation with six
moment restrictions (6 restr. GMM). The corresponding true parameter from θ0 is indicated by the
dashed line
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SUR-IV are trimmed versions of Christensen et al. (2016); whereas GMM is the two-

step estimator of Hansen (1982) with instruments.16 For GMM and MEF estimation

we show both three and six moment restrictions. Since there is no consensus around π̄

and τ̄ figures, moreover the RRA parameter is often estimated of different magnitudes,

we initialize the first step using a multi start program, exploring different starting

values of such parameters.

Both regression approaches are unable to estimate the long-term mean of the

the reduced form parameters are set to zero.
16In a previous version, we additionally displayed the Continuous-Updating GMM Estimator introduced by

Hansen, Heaton, and Yaron (1996). Estimates are similar, we kept the two-step estimator for fair comparison
with two-step MEF.
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Figure 3.4: Aggregation over the quarter of the daily nominal interest rate and conversion in real
terms. NBER US recessions are in gray.

rental rate of capital. With great uncertainty they estimate the RRA parameter between

2 and 3 with both specifications in line with macroeconomic literature. However,

GMM estimates extremely large values of the RRA: 10.859 and 52.154 with Vasiceck

and CIR respectively. Moreover, with both specifications, standard errors are extremely

large. GMM is not really able to accurately estimate the value of RRA. MEF (three

moment restrictions) presents large standard errors for auxiliary parameters and σ.

We refine estimation, enhancing accuracy adding second order moment restrictions

in the last two columns of Tables 3.3 and 3.4. We discuss structural interpretation of

parameters solely looking at estimates with six moment restrictions.
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Figure 3.5: Top: Log differences of Real output (Yt =Ct + It ) and real PCE (Ct ). Bottom: evolution of
the investment-to-output ratio, 1−Ct /Yt . Grey bands are NBER US recessions.

3.5.1 Vasiceck

MEF and GMM agree on the long-term mean of the interest rate to be 11.45% on

average. However, GMM estimates a higher speed of mean reversion κ= 0.35, consis-

tent with a larger value of the risk premium RP = π̄θσ2 = 0.88% and depreciation rate

of capital δ= 8.7%. Given the same value of γ, a higher κ indicates that the interest

rate will oscillate towards γ faster and therefore touch γ more frequently over the

sample. MEF estimates a risk premium of RP = 0.33% and mean depreciation of 7.5%.

Volatility in the efficiency units is estimated to be 0.30 for both three and six restric-

tions estimates. The time preference rate is ρ = 0.001, which implies an annualized

discount factor e−0.001 = 0.999.
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3.5.2 CIR

This time GMM agrees with MEF on the near unit root behavior of the interest rate,

estimating κ = 0.117 and a long-term mean γ = 0.114. GMM underestimates the

variance parameter η= 0.04. That would imply an extremely small standard deviation

which is however consistent with a high RRA parameter of 51.386. The estimated risk

premium is RP = 1.85% with depreciation rate δ= 0.057. The estimated annualized

discount factor is found to be e−0.078 = 0.925. MEF estimates e−0.157h = 0.962, which

is still near unit root; η= 0.19 and the risk associated with holding physical capital

are found to be coherent with the simulation study, σ = 0.022. The estimated risk

premium is composed by RP = 0.016% and δ= 9.6%.

In both cases, large standard errors for τ̄ are comparable to what is found by Yogo

(2004) when estimating the EIS parameter from data. Obviously, in our case, the EIS is

1/θ, and we can easily estimate it to be between 1/5 and 1/3 overall. Also, notice that

τ̄ is a function of EIS and other structural parameters. We can improve such estimates

including second order moments.

3.5.3 The empirical cdf of the rental rate of capital

Figure 3.6 displays the implied empirical cumulative distribution function (cdf) of

the rental rate of capital estimated from empirical data using three and six moment

restrictions, for both Vasiceck and CIR specifications. With a Vasiceck specification,

there is not much distributional difference when including information regarding

second order moments in estimation. Instead, with CIR, using three or six moment

restrictions can make a substantial difference. With three moment restrictions the

mean of the rental rate of capital is similar to under the Vasiceck hypothesis. Com-

pared to the six moment restrictions case, the model estimates a larger standard

deviation and a lower mean. The usage of conditional second-order restrictions shifts

and squeeze the distribution of the rental rate of capital. The empirical cdf has pricing

implications that one can possibly investigate using arguments from Appendix 3.E.
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Table 3.3: CRRA Vasiceck - Restricted estimation from empirical data with three and six moment
restrictions. The table reports estimates for the structural model parameter estimated using OLS,
FGLS-SUR-IV, GMM, and MEF approaches for the CRRA Vasiceck model with three and six moment
restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4. Standard errors are
given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA Vasiceck real

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.000 0.014 0.112 0.148 0.350 0.145
(5.788) (1.454) (0.016) (0.000) (0.031) (0.000)

γ 11.169 0.433 0.073 0.109 0.118 0.111
(0.000) (0.006) (0.004) (0.003) (0.003) (0.000)

η 0.015 0.015 0.007 0.001 0.004 0.001
(0.000) (0.000) (0.001) (0.027) (0.000) (0.000)

ρ 0.002 0.000 0.004 0.001 0.001 0.001
(0.033) (0.035) (0.030) (1.288) (0.091) (0.000)

δ 0.05 0.05 0.05 0.075 0.087 0.075
(0.157) (0.006) (0.000)

σ 0.02 0.02 0.02 0.030 0.014 0.030
(5.096) (0.003) (0.000)

π̄ 1.00 1.00 1.00 0.808 3.719 0.811
(235.113) (0.950) (0.002)

τ̄ 0.30 0.30 0.30 0.203 0.004 0.304
(16.043) (12.169) (0.073)

θ 2.449 2.244 9.680 4.217 12.037 4.496
(5.475) (6.469) (1.744) (0.314) (5.737) (0.034)
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Table 3.4: CRRA CIR - Restricted estimation from empirical data with three and six moment
restrictions. The table reports estimates for the structural model parameter estimated using OLS,
FGLS-SUR-IV, GMM, and MEF approaches for the CRRA CIR model with three and six moment
restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4. Standard errors are
given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA CIR real

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.000 0.002 0.096 0.153 0.117 0.157
(2.164) (1.465) (0.001) (0.006) (0.015) (0.001)

γ 18.249 4.385 0.109 0.150 0.114 0.149
(0.000) (0.000) (0.011) (0.009) (0.012) (0.000)

η 0.086 0.096 0.014 0.037 0.004 0.019
(0.006) (0.006) (0.046) (0.040) (0.001) (0.000)

ρ 0.004 0.037 0.118 0.000 0.078 0.018
(0.078) (0.039) (21.611) (5.109) (0.319) (0.000)

δ 0.05 0.05 0.05 0.069 0.057 0.096
(4.013) (0.011) (0.000)

σ 0.02 0.02 0.02 0.031 0.017 0.022
(127.292) (0.002) (0.001)

π̄ 1.00 1.00 1.00 0.897 1.248 0.674
(6150.900) (0.135) (0.014)

τ̄ 0.30 0.30 0.30 0.568 0.726 0.555
(0.619 (0.375) (0.002)

θ 2.335 3.030 52.922 3.198 51.386 5.005
(7.991) (3.034) (6.241) (0.778) (20.796) (0.054)
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Figure 3.6: Implied cumulative distribution function of the rental rate of capital
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3.6 Conclusion

Given properties of approximation methods, heuristic and exact solutions are used to

estimate the structural parameters of an equilibrium system that combines macroe-

conomic and financial feature of the economy. We provide a method which is able to

recover reasonable values of structural parameters even when the model is estimated

without solving it and the equilibrium is expressed as a function of data, structural

parameters, and reduced-form parameters. The tweak to the equilibrium allows to

specify the optimal policy of the representative agent in reduced-form. We veryfy and

further impose that such reduced form relation between the policy and the states is

constant and proportional to aggregate consumption level. This allows us to separate

information regarding the consumption response to changes in wealth and the actual

relative risk aversion parameter for calculating the risk premium. Our preferred esti-

mation method is MEF from Christensen and Sørensen (2008). The optimal version

of MEF is efficient in the class of moment estimators and uses a just-identified system

that improve identification of parameters. Both GMM and MEF methods perform

well in the empirical framework, and we are able to estimate reasonable values of

the e.g. RRA parameter. In macroeconomic/macro-financial dynamic models, pa-

rameters of interest may be difficult to estimate, and the inclusion of conditional

second-order moments enhances the accuracy of the estimation. Additionally, it has

implications for asset pricing. Namely, including second-order moments results in a

larger estimated required return for holding physical capital instead of the riskless

asset.
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Appendix

3.A Empirical Investigations

In this section, we conduct further empirical investigations to document how

our models perform according to some discretionary choices of the researcher.

3.A.1 CPI inflation

Alternatively to the proposed empirical exercise, another approach in the

literature is to use CPI inflation to construct the time series of the real interest

rate. Tables 3.5 and 3.6 show parameter estimates when using CPI inflation

(CPALTT01USQ659N) instead of inflation forecasts. The two different series

of real interest rates vary because of the inflation figures which are subtracted.

However, we observe a correlation coefficient of 0.89 at monthly frequency

indicating a strong link between the two measures of inflation. We expect

similar but different results.

Vasiceck With CPI inflation MEF has some struggles estimating κ, ρ and γ.

Also GMM estimates a too-small value for γ. The three moment restrictions

case agrees with the empirical exercise in the main text and finds γ around

10% and σ= 0.03. In both three and six moment restrictions δ is estimated to

be 0.054 on average, including GMM also. GMM finds a halved RRA parameter.

MEF finds similar values instead.

CIR CIR interest rate works generally better. The interest rate has a lower

long-term mean, possibly caused by the lower depreciation rate 6.6%. The RRA

parameter is estimated to be 6.822, instead of 5.005 with forecasts of inflation.

The time preference parameter does not change much, 0.012, compared to

0.018. The risk associated with holding physical capital is slightly lower (0.018

instead of 0.022).
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Table 3.5: CRRA Vasiceck (CPI) - Restricted estimation from empirical data with three and six
moment restrictions. The table reports estimates for the structural model parameter estimated
using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA Vasiceck model with three and
six moment restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4. Standard
errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA Vasiceck real CPI

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.000 0.001 0.123 0.181 0.180 0.026
(1.903) (1.836) (0.020) (0.008) (0.013) (0.000)

γ 8.249 6.397 0.069 0.094 0.035 0.270
(0.000) (0.000) (0.003) (0.001) (0.001) (0.001)

η 0.008 0.010 0.008 0.018 0.010 0.006
(0.000) (0.000) (0.001) (0.001) (0.000) (0.000)

ρ 0.004 0.000 0.310 0.045 0.070 0.436
(0.015) (0.022) (0.035) (0.014) (0.011) (0.000)

δ 0.05 0.05 0.05 0.058 0.050 0.054
(0.000) (0.000) (0.000)

σ 0.02 0.02 0.02 0.031 0.020 0.023
(0.040) (0.000) (0.000)

π̄ 1.00 1.00 1.00 1.005 1.185 0.980
(2.531) (0.008) (0.001)

τ̄ 0.30 0.30 0.30 0.289 0.282 0.512
(0.036) (0.001) (0.000)

θ 4.346 3.062 5.804 3.238 6.831 4.141
(1.462) (2.817) (0.277) (0.397) (0.059) (0.004)
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Table 3.6: CRRA CIR (CPI) - Restricted estimation from empirical data with three and six moment
restrictions. The table reports estimates for the structural model parameter estimated using OLS,
FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA CIR model with three and six moment
restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4. Standard errors are
given below the estimates. The interest rate is real. Convergence with optimal MEF

Parameter Estimates from Empirical Study - CRRA CIR real CPI

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.000 0.000 0.091 0.180 0.195 0.150
(1.745) (1.904) (0.018) (0.007) (0.016) (0.000)

γ 10.582 13.048 0.095 0.088 0.095 0.094
(0.000) (0.000) (0.008) (0.002) (0.004) (0.000)

η 0.073 0.056 0.040 0.045 0.020 0.002
(0.005) (0.004) (0.004) (0.020) (0.001) (0.000)

ρ 0.004 0.013 0.125 0.022 0.021 0.012
(0.052) (0.018) (0.084) (0.077) (0.066) (0.000)

δ 0.05 0.05 0.05 0.065 0.053 0.066
(0.011) (0.002) (0.000)

σ 0.02 0.02 0.02 0.023 0.019 0.018
(0.062) (0.004) (0.000)

π̄ 1.00 1.00 1.00 0.994 0.365 0.902
(9.357) (0.073) (0.004)

τ̄ 0.30 0.30 0.30 0.473 0.258 0.112
(0.214) (0.007) (0.203)

θ 2.134 5.802 16.937 4.867 26.243 6.822
(5.762) (0.599) (0.259) (0.726) (6.759) (0.029)
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3.A.2 Nominal interest rates

We compare our results to Christensen et al. (2016) and use nominal interest

rates in Tables 3.7 and 3.8. In this case the mean depreciation rate captures a

constant inflation factor. Therefore the model is ignoring inflation dynamics.

In both tables we find parameter estimates of the depreciation rate, δ of 8%

in the Vasiceck case and 6.5% in the CIR. In both cases GMM estimates a

smaller δ, however concurrent with higher θ. Without incorporating inflation

dynamics in the interest rate, all cases identify near unit root behavior and

fairly high target mean for mean reversion. Interestingly, in the Vasiceck case,

MEF estimates θ to be between 1.32 and 1.45. The volatility of physical capital

is a bit higher in the Vasiceck case σ = 0.042 but it agrees with all the other

empirical tables for CIR σ= 0.020/0.025.

3.A.3 Changes in monetary policy targets

The 1970’s are characterized by a number of policy initiatives to tackle in-

flationary pressures. Such initiatives proved unsuccessful and prices almost

doubled between 1970 and 1979. In October 1979, Paul Volcker, new Chairman

of the Board of Governors announces far-reaching changes in strategies for

targeting monetary aggregates. Until then, The Federal Reserve had exten-

sively used the Federal Funds rate as a target for its monetary policy. The new

policies announced posed money and non-borrowed reserves as new targets.

Large volatility in the Fed funds rates is the consequence of the new policy

strategies implemented (Meulendyke, 1998, Chapter 2). We conjecture that

the period of high volatility in rates and the structural change concerning

monetary policy objective may affect our empirical estimates. Tables 3.9 and

3.10 present empirical estimates where the time window is set to be 1983-2018.

Therefore, the sample starts when the policy was abandoned and the period

of high volatility was terminated.

Vasiceck We confirm κ around to be 0.15 and the target mean of about

11%. The volatility of the Vasiceck process for the rental rate of capital is

unchanged at 0.001. The representative agent appears slightly less patient

with a annualized discount factor of 0.988. GMM remains unchanged.
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Table 3.7: CRRA Vasiceck (nominal interest rate) - Restricted estimation from empirical data with
three and six moment restrictions. The table reports estimates for the structural model parameter
estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA Vasiceck model with
three and six moment restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4.
Standard errors are given below the estimates. The interest rate is nominal.

Parameter Estimates from Empirical Study - CRRA Vasiceck nominal

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.001 0.000 0.050 0.121 0.272 0.075
(3.877) (7.880) (0.010) (0.002) (0.021) (0.000)

γ 4.588 10.601 0.171 0.189 0.122 0.231
(0.001) (0.000) (0.017) (0.022) (0.004) (0.000)

η 0.014 0.013 0.008 0.006 0.004 0.005
(0.000) (0.000) (0.001) (0.036) (0.000) (0.000)

ρ 0.038 0.012 0.001 0.024 0.037 0.029
(0.013) (0.013) (0.074) (0.205) (0.088) (0.001)

δ 0.05 0.05 0.05 0.084 0.060 0.083
(1.154) (0.007) (0.000)

σ 0.02 0.02 0.02 0.042 0.027 0.042
(26.742) (0.003) (0.000)

π̄ 1.00 1.00 1.00 0.868 1.315 0.855
(627.917) (0.139) (0.007)

τ̄ 0.30 0.30 0.30 0.041 0.364 0.010
(16.218) (0.059) (0.437)

θ 7.450 7.351 22.839 1.318 21.447 1.452
(0.298) (0.293) (3.096) (0.051) (5.287) (0.010)
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Table 3.8: CRRA CIR (nominal interest rate) - Restricted estimation from empirical data with
three and six moment restrictions. The table reports estimates for the structural model parameter
estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA CIR model with
three and six moment restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4.
Standard errors are given below the estimates. The interest rate is nominal.

Parameter Estimates from Empirical Study - CRRA CIR nominal

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.003 0.001 0.080 0.060 0.065 0.061
(1.010) (1.874) (0.018) (0.000) (0.011) (0.000)

γ 1.209 9.857 0.145 0.122 0.131 0.173
(0.000) (0.000) (0.010) (0.000) (0.018) (0.000)

η 0.018 0.055 0.035 0.000 0.006 0.011
(0.016) (0.007) (0.007) (0.086) (0.001) (0.000)

ρ 0.438 0.103 0.146 0.001 0.187 0.019
(0.003) (0.012) (0.210) (0.138) (0.257) (0.000)

δ 0.05 0.05 0.05 0.048 0.043 0.065
(0.017) (0.008) (0.000)

σ 0.02 0.02 0.02 0.025 0.017 0.020
(0.657) (0.002) (0.000)

π̄ 1.00 1.00 1.00 0.601 2.097 0.641
(27.797) (0.245) (0.003)

τ̄ 0.30 0.30 0.30 0.738 0.275 0.685
(803.730) (0.614) (0.001)

θ 56.189 10.675 25.275 5.709 31.309 3.369
(0.014) (0.125) (10.375) (0.009) (10.546) (0.004)
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CIR The RRA parameter is smaller, 4.095 instead of 5.005. The variance

parameter θ is lower and the long-term mean of the interest rate 0.112 around

which the interest rate oscillates faster, κ = 0.192. Agents discount future

streams of consumption identically in both full and restricted sample. The

mean depreciation rate is found to be lower 0.082 instead of 0.096. GMM

halves the value of the RRA parameter. τ̄ is large but with a large standard

error. The other parameters have similar changes to the MEF.

Table 3.9: CRRA Vasiceck (Volcker period removed) - Restricted estimation from empirical data
with three and six moment restrictions. The table reports estimates for the structural model
parameter estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA Vasiceck
model with three and six moment restrictions. We run estimation for quarterly data from 1983:Q1
to 2018:Q4. Standard errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA Vasiceck real PVolker

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.000 0.010 0.080 0.155 0.350 0.155
(6.241) (0.868) (0.015) (0.001) (0.031) (0.000)

γ 13.994 0.547 0.072 0.108 0.118 0.108
(0.000) (0.004) (0.006) (0.005) (0.003) (0.000)

η 0.011 0.014 0.007 0.001 0.004 0.001
(0.000) (0.000) (0.001) (0.041) (0.000) (0.000)

ρ 0.005 0.000 0.033 0.001 0.001 0.012
(0.017) (0.027) (0.038) (2.643) (0.091) (0.001)

δ 0.05 0.05 0.05 0.076 0.087 0.075
(0.300) (0.006) (0.000)

σ 0.02 0.02 0.02 0.030 0.014 0.030
(9.809) (0.003) (0.000)

π̄ 1.00 1.00 1.00 0.831 3.719 0.831
(471.716) (0.950) (0.004)

τ̄ 0.30 0.30 0.30 0.195 0.004 0.321
(10.691) (12.169) (0.075)

θ 4.215 2.762 11.035 4.229 12.037 4.359
(1.851) (4.347) (1.480) (0.757) (5.737) (0.065)
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Table 3.10: CRRA CIR (Volcker period removed) - Restricted estimation from empirical data with
three and six moment restrictions. The table reports estimates for the structural model parameter
estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA CIR model with
three and six moment restrictions. We run estimation for quarterly data from 1983:Q1 to 2018:Q4.
Standard errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA CIR real PVolker

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.000 0.004 0.085 0.169 0.184 0.192
(1.064) (0.744) (0.016) (0.008) (0.021) (0.003)

γ 11.807 0.813 0.116 0.106 0.103 0.112
(0.000) (0.000) (0.008) (0.006) (0.005) (0.001)

η 0.087 0.035 0.015 0.034 0.002 0.028
(0.005) (0.003) (0.006) (0.035) (0.002) (0.000)

ρ 0.003 0.000 0.032 0.000 0.001 0.017
(0.092) (0.011) (0.363) (2.883) (0.114) (0.002)

δ 0.05 0.05 0.05 0.072 0.060 0.082
(0.714) (0.006) (0.001)

σ 0.02 0.02 0.02 0.030 0.029 0.025
(23.178) (0.003) (0.004)

π̄ 1.00 1.00 1.00 0.957 0.935 0.921
(1206.855) (0.143) (0.119)

τ̄ 0.30 0.30 0.30 0.762 4.239 0.355
(0.736) (4.026) (0.006)

θ 1.879 11.388 54.297 2.690 23.766 4.095
(12.711) (0.254) (2.752) (0.567) (3.496) (0.222)
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3.A.4 Logarithmic preferences

We run estimation with agents facing logarithmic preferences and report

estimated coefficient for both Vasiceck and CIR interest rate structures in

Tables 3.11 and 3.12, respectively.

Table 3.11: Log Vasiceck - Restricted estimation from empirical data with three and six moment
restrictions. The table reports estimates for the structural model parameter estimated using OLS,
FGLS-SUR-IV, GMM„ and MEF approaches for the Log Vasiceck model with three and six moment
restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4. Standard errors are
given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - Log Vasiceck real

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.146 0.055 0.001 0.373 0.075 0.058
(1.394) (1.375) (0.031) (0.023) (0.013) (0.001)

γ 0.091 0.093 26.852 0.118 0.158 0.175
(0.068) (0.021) (1511.323) (54312.702) (0.004) (0.001)

η 0.022 0.014 0.007 0.042 0.007 0.006
(0.000) (0.000) (0.009) (11401.894) (0.000) (0.000)

ρ 0.000 0.000 0.300 0.001 0.001 0.012
(0.278) (0.228) (0.024) (8356.082) (0.002) (0.001)

δ 0.05 0.05 0.05 0.087 0.133 0.109
(56735.008) (0.000) (0.001)

σ 0.02 0.02 0.02 0.022 0.071 0.068
(376101.118) (0.002) (0.000)
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Table 3.12: Log CIR - Restricted estimation from empirical data with three and six moment re-
strictions. The table reports estimates for the structural model parameter estimated using OLS,
FGLS-SUR-IV, GMM„ and MEF approaches for the Log CIR model with three and six moment
restrictions. We run estimation for quarterly data from 1978:Q1 to 2018:Q4. Standard errors are
given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - Log CIR real

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.031 0.013 0.063 0.044 0.151 0.193
(1.418) (1.330) (0.007) (0.007) (0.015) (0.002)

γ 0.900 0.250 0.084 0.078 0.209 0.100
(0.002) (0.001) (0.027) (0.080) (0.003) (0.001)

η 0.228 0.070 0.053 0.044 0.007 0.043
(0.015) (0.004) (0.030) (0.039) (0.000) (0.000)

ρ 0.000 0.000 0.002 0.000 0.010 0.001
(0.085) (0.079) (0.002) (1.300) (0.002) (0.001)

δ 0.05 0.05 0.05 0.041 0.180 0.084
(2.679) (0.000) (0.001)

σ 0.02 0.02 0.02 0.122 0.058 0.063
(10.573) (0.001) (0.000)
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3.A.5 Further empirical tables

In this small section we report additional tables which complement our empir-

ical research. The remainder of the section is organized as follows: Tables 3.13

and 3.14 report tables where we use the standard GMM two-step estimator of

Hansen (1982) instead of the continuously updated GMM estimator presented

in Hansen et al. (1996). Tables 3.15 and 3.16 show estimates where the GMM

estimators and the regression approaches are further restrictions; namely κ

and ρ are fixed. Tables 3.17 and 3.18 document the effects of restrictions on

the MEF estimator with three conditional moment restrictions.

Table 3.13: CRRA Vasiceck (GMM two-step estimator) - Restricted estimation from empirical data
with three and six moment restrictions. The table reports estimates for the structural model param-
eter estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA Vasiceck model
with three and six moment restrictions. We run estimation for monthly data (where production
is measured by IP and consumption by monthly PCE). The sample runs from January 1978 to
December 2018. Standard errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA Vasiceck

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.050 0.086 0.036 0.158 0.108 0.175
(0.733) (0.641) (0.013) (0.030) (0.028) (0.043)

γ 0.232 0.158 0.164 0.115 0.143 0.109
(0.096) (0.175) (0.035) (0.016) (0.025) (0.016)

η 0.025 0.024 0.012 0.018 0.002 0.022
(0.002) (0.002) (0.001) (0.004) (0.000) (0.002)

ρ 0.004 0.000 0.000 0.025 0.493 0.012
(0.008) (0.008) (0.001) (0.065) (2.586) (0.051)

δ 0.05 0.05 0.05 0.079 0.029 0.073
(0.006) (0.019) (0.005)

σ 0.02 0.02 0.02 0.041 0.022 0.028
(0.010) (0.002) (0.008)

π̄ 1.00 1.00 1.00 0.131 0.575 0.656
(0.144) (0.096) (0.011)

τ̄ 0.30 0.30 0.30 0.302 0.000 0.375
(0.050) (1098.176) (0.073)

θ 4.243 4.526 2.434 11.304 370.897 4.138
(2.968) (2.634) (0.003) (0.000) (82.744) (0.000)
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Table 3.14: CRRA CIR (GMM two-step estimator) - Restricted estimation from empirical data with
three and six moment restrictions. The table reports estimates for the structural model parameter
estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA CIR model with three
and six moment restrictions. We run estimation for monthly data (where production is measured
by IP and consumption by monthly PCE). The sample runs from January 1978 to December 2018.
Standard errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA CIR

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.010 0.058 0.045 0.196 0.051 0.196
(0.773) (0.492) (0.014) (0.023) (0.026) (0.033)

γ 0.706 0.113 0.212 0.113 0.137 0.113
(0.008) (0.046) (0.072) (0.012) (0.064) (0.007)

η 0.081 0.007 0.000 0.043 0.000 0.044
(0.065) (0.050) (43.802) (0.015) (0.167) (0.004)

ρ 0.008 0.086 1.000 0.001 0.014 0.001
(0.010) (0.001) (1.526) (0.066) (1.451) (0.082)

δ 0.05 0.05 0.05 0.089 0.038 0.089
(0.008) (0.023) (0.006)

σ 0.02 0.02 0.02 0.028 0.021 0.027
(0.000) (0.004) (0.025)

π̄ 1.00 1.00 1.00 0.010 1.107 0.000
(151.895) (0.217) (0.912)

τ̄ 0.30 0.30 0.30 0.432 0.000 0.429
(0.091) (0.000) (0.013)

θ 6.378 125.731 178.691 9.012 106.525 9.086
(1.341) (0.037) (0.077) (0.000) (49.450) (0.000)

In Tables 3.15 and 3.16, we restrict the speed of mean reversion κ and the

time preference parameter ρ to be as in the Monte Carlo study.17 The decision

for restricting such parameters has been taken based on considerations about

the difficulty of estimating such parameters. The speed of mean reversion, κ,

has been found to suffer from a documented bias and ρ is one of the most

hostile deep parameters in estimation in the macroeconomic field.

17In the Monte Carlo study such parameters are not so different from what is found in the empirical
exercise.
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Table 3.15: CRRA Vasiceck (restricted) - Restricted estimation from empirical data with three and
six moment restrictions. The table reports estimates for the structural model parameter estimated
using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA Vasiceck model with three
and six moment restrictions. We run estimation for monthly data (where production is measured
by IP and consumption by monthly PCE). The sample runs from January 1978 to December 2018.
Standard errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA Vasiceck

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.20 0.20 0.158 0.20 0.175
(0.030) (0.043)

γ 0.057 0.126 0.050 0.115 0.072 0.109
(0.390) (0.409) (0.006) (0.016) (0.000) (0.016)

η 0.024 0.033 0.011 0.018 0.010 0.022
(0.002) (0.002) (0.001) (0.004) (0.000) (0.002)

ρ 0.03 0.03 0.03 0.025 0.03 0.012
(0.065) (0.051)

δ 0.05 0.05 0.05 0.079 0.048 0.073
(0.006) (0.000) (0.005)

σ 0.02 0.02 0.02 0.041 0.018 0.028
(0.010) (0.000) (0.008)

π̄ 1.00 1.00 1.00 0.131 1.000 0.656
(0.144) (0.000) (0.011)

τ̄ 0.30 0.30 0.30 0.302 0.300 0.375
(0.050) (0.000) (0.073)

θ 4.642 3.321 4.999 11.304 6.055 4.138
(2.480) (4.891) (0.001) (0.000) (0.000) (0.000)
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Table 3.16: CRRA CIR (restricted) - Restricted estimation from empirical data with three and six
moment restrictions. The table reports estimates for the structural model parameter estimated
using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the CRRA CIR model with three and six
moment restrictions. We run estimation for monthly data (where production is measured by IP and
consumption by monthly PCE). The sample runs from January 1978 to December 2018. Standard
errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA CIR

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.20 0.20 0.196 0.20 0.196
(0.023) (0.033)

γ 0.037 0.085 0.107 0.113 0.104 0.113
(0.144) (0.158) (0.013) (0.012) (0.008) (0.007)

η 0.082 0.012 0.077 0.043 0.008 0.044
(0.066) (0.070) (0.021) (0.015) (0.006) (0.004)

ρ 0.03 0.03 0.03 0.001 0.03 0.001
(0.066) (0.082)

δ 0.05 0.05 0.05 0.089 0.051 0.089
(0.008) (0.000) (0.006)

σ 0.02 0.02 0.02 0.028 0.022 0.027
(0.000) (0.211) (0.025)

π̄ 1.00 1.00 1.00 0.010 0.918 0.000
(151.895) (0.718) (0.912)

τ̄ 0.30 0.30 0.30 0.432 0.249 0.429
(0.091) (0.003) (0.013)

θ 6.399 97.294 8.327 9.012 9.365 9.086
(1.331) (0.038) (0.003) (0.000) (0.080) (0.000)
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Table 3.17: CRRA Vasiceck (MEF restricted) - Restricted estimation from empirical data with
three and six moment restrictions. The table reports estimates for the structural model parameter
estimated using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA Vasiceck model
with three and six moment restrictions. We run estimation for monthly data (where production
is measured by IP and consumption by monthly PCE). The sample runs from January 1978 to
December 2018. Standard errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA Vasiceck

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.050 0.086 0.200 0.083 0.200 0.175
(0.733) (0.641) (0.013) (0.015) (0.010) (0.043)

γ 0.232 0.158 0.050 0.057 0.072 0.109
(0.096) (0.175) (0.002) (0.008) (0.002) (0.016)

η 0.025 0.024 0.010 0.006 0.010 0.022
(0.002) (0.002) (0.001) (0.001) (0.000) (0.002)

ρ 0.004 0.000 0.030 0.165 0.049 0.012
(0.008) (0.008) (0.001) (0.054) (0.017) (0.051)

δ 0.05 0.05 0.05 0.05 0.048 0.073
(0.003) (0.005)

σ 0.02 0.02 0.02 0.02 0.018 0.028
(0.020) (0.008)

π̄ 1.00 1.00 1.00 1.00 0.997 0.656
(1.013) (0.011)

τ̄ 0.30 0.30 0.30 0.30 0.299 0.375
(0.001) (0.073)

θ 4.243 4.526 4.999 14.774 6.023 4.138
(2.968) (2.634) (0.003) (0.000) (0.106) (0.000)
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Table 3.18: CRRA CIR (MEF restricted) - Restricted estimation from empirical data with three and
six moment restrictions. The table reports estimates for the structural model parameter estimated
using OLS, FGLS-SUR-IV, GMM„ and MEF approaches for the CRRA CIR model with three and six
moment restrictions. We run estimation for monthly data (where production is measured by IP and
consumption by monthly PCE). The sample runs from January 1978 to December 2018. Standard
errors are given below the estimates. The interest rate is real.

Parameter Estimates from Empirical Study - CRRA CIR

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.010 0.058 0.005 0.046 0.213 0.196
(0.773) (0.492) (0.007) (0.031) (0.015) (0.033)

γ 0.706 0.113 0.989 0.085 0.102 0.113
(0.008) (0.046) (1.368) (0.030) (0.005) (0.007)

η 0.081 0.007 0.074 0.054 0.010 0.044
(0.065) (0.050) (0.030) (0.015) (0.004) (0.004)

ρ 0.008 0.086 0.000 0.318 0.030 0.001
(0.010) (0.001) (0.001) (0.083) (0.046) (0.082)

δ 0.05 0.05 0.05 0.05 0.049 0.089
(0.006) (0.006)

σ 0.02 0.02 0.02 0.02 0.021 0.027
(0.026) (0.025)

π̄ 1.00 1.00 1.00 1.00 0.992 0.000
(1.270) (0.912)

τ̄ 0.30 0.30 0.30 0.30 0.240 0.429
(0.097) (0.013)

θ 6.378 125.731 4.055 8.153 8.998 9.086
(1.341) (0.037) (0.003) (0.000) (5.981) (0.000)
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Table 3.19: Log Vasiceck (JoE 2016 replica) - Restricted estimation from empirical data with
three and six moment restrictions. The table reports estimates for the structural model parameter
estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log Vasiceck model
with three and six moment restrictions. We run estimation for monthly data (where production
is measured by IP and consumption by monthly PCE). The sample runs from January 1982 to
December 2015, as in Christensen et al. (2016). Standard errors are given below the estimates. The
interest rate is nominal.

Parameter Estimates from Empirical Study - Log Vasiceck 1982:2015

Three moment restrictions Six moment restrictions

OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.089 0.076 0.068 0.083 0.102 0.195
(0.439) (0.434) (0.011) (0.029) (0.013) (0.052)

γ 0.093 0.090 0.068 0.106 0.109 0.099
(0.263) (0.213) (0.009) (0.011) (0.004) (0.009)

η 0.016 0.015 0.007 0.005 0.003 0.010
(0.002) (0.001) (0.006) (0.001) (0.000) (0.002)

ρ 0.010 0.010 0.000 0.021 0.000 0.010
(0.127) (0.123) (0.003) (0.004) (0.002) (0.006)

δ 0.05 0.05 0.05 0.059 0.095 0.069
(0.002) (0.000) (0.004)

σ 0.02 0.02 0.02 0.022 0.008 0.036
(0.051) (0.001) (0.052)



3.A. EMPIRICAL INVESTIGATIONS 177

3.A.6 Correlation with policy rates

Figure 3.7: Policy rates and T-bill rates from 1978:Q1 up to 2018:Q4. Policy rate (black) is the
nominal policy shadow rate from Wu and Xia (2016); In lighter and darker green, the nominal and
real 3-month T-bill rate, respectively.
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Table 3.20: Matrix of correlation coefficients between interest rates. The policy rate is the shadow
rate as calculated from Wu and Xia (2016), nominal T-bill and real T-bill are the nominal and
real 3-month T-bill rate from the secondary market, respectively. All time series are at quarterly
frequency, from 1978:Q1 to 2018:Q4.

Correlation Matrix of interest rates

policy rate nominal T-bill real T-bill
policy rate 1.0000
nominal T-bill 0.9879 1.0000
real T-bill 0.8993 0.9155 1.0000
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3.B The Stochastic Optimal Control Problem

We restate the value of the optimal problem faced by the representative agent

V (K0, A0) = max
{Ct }t≥0

U0, subject to (3.2.2) and (3.2.8), (3.B.1)

where Ct ∈ R+ denotes consumption (the control variable) at time t . The

constraints are: The wealth dynamics (3.2.8) and the evolution of the TFP

(3.2.2). The problem can be recast recursively by means of the Hamilton-

Jacobi-Bellman (HJB) equation,

ρV (K , A) = max
C>0

{
C 1−θ

1−θ + (
(A−δ)K +wL−C

)
VK

+µ(A)VA(K , A)+ 1

2

(
σ2K 2VK K (K , A)+η(A)2VA A(K , A)

)}
, (3.B.2)

where subscripts denote partial derivatives. For an interior solution, the marginal

utility of an extra unit of consumption must equal the (indirect) marginal util-

ity of an extra unit of wealth,

u′(C ) =VK (K , A). (3.B.3)

The optimal policy is Markov in the states, we can write C =C(K , A) and the

maximized HJB reads

ρV (K , A) = C(K , A)1−θ

1−θ + (
(A−δ)K +wL−C(K , A)

)
VK (K , A)

+µ(A)VA(K , A)+ 1

2

(
σ2K 2VK K (K , A)+η(A)2VA A(K , A)

)
. (3.B.4)

With V =V (K , A), the envelope condition implies that the co-state variable is

ρVK = (A−δ)VK + (
(A−δ)K +wL−C(K , A)

)
VK K +σ2K VK K

+µ(A)VK A + 1

2

(
σ2K 2VK K K +η(A)2VK A A

)
; (3.B.5)

collecting on the lhs terms in VK ,

(ρ− (A−δ))VK = (
(A−δ)K +wL−C(K , A)

)
VK K +σ2K VK K

+µ(A)VK A + 1

2

(
σ2K 2VK K K +η(A)2VK A A

)
. (3.B.6)
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By Itô’s formula, the law of motion of the optimal co-state is

dVK =
[(
ρ− (A−δ)

)
VK −σ2K VK K

]
+σK VK K dZ +η(A)VK AdB , (3.B.7)

which, using r = A, time indexes and the envelope condition, can be recast as

eqn. (3.2.10), in terms of the marginal utility of consumption:

du′(Ct ) = (ρ− (rt −δ))u′(Ct )−u′′(Ct )CKσ
2Kt

+u′′(Ct )C Aη(At )dBt +u′′(Ct )CKσKt dZt . (3.B.8)

3.B.1 The global solution

When u(Ct ) is CRRA there is no analytical solution of the model. Instead, we

solve the model numerically, by using the implicit finite difference algorithm

of Achdou et al. (2022). Given the representative-agent nature of our setting,

differently from them, we do not have to have to check consistency between

the Kolmogorov forward the equation and the solution of the HJB equation. In

particular, we define an iterative method for solving the HJB equation (3.B.4)

solely.

The derivative with respect to K is approximated using an upwind method,

i.e. using either a forward or a backward difference approximation depending

on the sign of the drift of the HJB equation. Let us index by i ∈ [i , ī ] and

j ∈ [ j , j̄ ] the policy spaces on which K (discretized to have dimension I ) and r

(discretized to have dimension J ) lie, respectively. Now, let

∂K ,B Vi , j =
Vi , j −Vi−1, j

∆K
, ∂K ,F Vi , j =

Vi+1, j −Vi , j

∆K
,

∂K K Vi , j =
Vi+1, j −2Vi , j +Vi−1, j

(∆K )2 ,

be the backward, the forward and the (second order) central difference of the

value function V with respect to the endogenous state, K .

Similarly, we also use an upwind method for r . Again, for the second-order

derivative, we use a central difference approximation. Hence:

∂r,B Vi , j =
Vi , j −Vi , j−1

∆r
, ∂r,F = Vi , j+1 −Vi , j

∆r
,

∂r r Vi , j =
Vi , j+1 −2Vi , j +Vi , j−1

(∆r )2 .



3.B. THE STOCHASTIC OPTIMAL CONTROL PROBLEM 181

The value value function in (3.B.4) is now implicitly defined by the equa-

tion

V n+1
i , j −V n

i , j

∆
+ρV n+1

i , j = u
(
C n

i , j

)
+ (

(r j −δ)Ki −C n
i , j

)
∂K V n+1

i , j +

+1

2
σ2K 2

i ∂K K V n+1
i , j +µ(r j )∂r V n+1

i , j + 1

2
η(r j )2∂r r V n+1

i , j . (3.B.9)

Equation (3.B.9) constitutes a system of (I × J ) linear equations,and it can be

written in matrix notation using the following steps. Substituting the definition

of the derivatives above, defining sn
i , j ,F = [(r j −δ)Ki −C n

i , j ,F ] and similarly for

sn
i , j ,B , (3.B.9) is

V n+1
i , j −V n

i , j

∆
+ρV n+1

i , j = u
(
C n

i , j

)
+

V n+1
i+1, j −V n+1

i , j

∆K
(sn

i , j ,F )++
V n+1

i , j −V n+1
i−1, j

∆K
(sn

i , j ,B )−+

+
V n+1

i+1, j −2V n+1
i , j +V n+1

i−1, j

(∆K )2

1

2
σ2K 2

i +
V n+1

i , j+1 −V n+1
i , j

∆r
µ(r j )+

+
V n+1

i , j −V n+1
i , j−1

∆r
µ(r j )−+

V n+1
i , j+1 −2V n+1

i , j +V n+1
i , j−1

(∆r )2

1

2
η(r j )2

where, g (x)+ = g (x)·1{g (x) ≥ 0} and g (x)− = g (x)·1{g (x) < 0}. Collecting terms

with same subscripts on the rhs we can write

V n+1
i , j −V n

i , j

∆
+ρV n+1

i , j = u(C n
i , j )+V n+1

i−1, j xi , j +V n+1
i , j (yi , j + v j )+

+V n+1
i+1, j zi , j +V n+1

i , j−1χ j +V n+1
i , j+1ζ j , (3.B.10)

with

xi , j =−
(sn

i , j ,B )−

∆K
,

yi , j =
(sn

i , j ,B )−− (sn
i , j ,F )+

∆K
− σ2K 2

i

(∆K )2 ,

v j =
µ(r j )−−µ(r j )+

∆r
− η(r j )2

(∆r )2 ,

zi , j =
(sn

i , j ,F )+

∆K
+ σ2K 2

i

2(∆K )2

χ j =
η(r j )2

2(∆r )2 − µ(r j )−

∆r

ζ j =
µ(r j )+

∆r
+ η(r j )2

2(∆r )2 .
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The boundary conditions are imposed such that consumption is nonnegative.

Equation (3.B.10) is a system of (I × J ) linear equations which can be written

in matrix notation as:

1

∆
(vn+1 −vn)+ρvn+1 = un +Anvn+1,

where V n
i , j , V n+1

i , j and u(C n
i , j ) are the typical entries of vn , vn+1, and un , respec-

tively. ∆ is a hyperparameter which determines the step-size of the solution

alogirthm; ideally ∆ is chosen such that (1/∆) is small. The (I × J)-by-(I × J)

matrix An is given by An = Ãn +C, with

Ãn =



y1,1 z1,1 0 . . . . . . 0

x1,1 y2,1 z2,1 0 . . .
...

0 x2,1
. . .

. . .
. . .

...
...

. . .
. . .

. . . zI−1,J 0
...

. . .
. . . xI−1,J yI−1,J zI ,J

0 . . . . . . 0 xI ,J yI ,J


and

C =



v1 +χ1 0 . . . ζ1 . . . . . . . . . 0 0

0 v1 +χ1
. . .

. . .
. . . 0

. . .
. . . 0

...
. . .

. . . 0
. . . ζJ−2

. . .
. . .

...

χ2
. . . 0 v2

. . .
. . .

. . . 0
...

...
. . .

. . .
. . .

. . . 0
. . . ζJ−1 0

... 0 χJ−1
. . . 0 v J−1

. . .
. . . ζJ−1

...
. . .

. . .
. . .

. . .
. . .

. . . 0
...

0
. . .

. . . 0 χJ
. . . 0 v J +ζJ 0

0 0 . . . . . . 0 χJ . . . 0 v J +ζJ



.

The system is solved for vn+1 by

vn+1 =
[(

1

∆
+ρ

)
· II×J −An

]−1 [
un + vn

∆

]
.
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Figure 3.8: Elasticities π(φ,K ,r ) and τ(φ,K ,r ) from the model with Vasiceck interest rate.

Figure 3.9: Elasticities π(φ,K ,r ) and τ(φ,K ,r ) from the model with CIR interest rate.

Figures 3.8 and 3.9 show the elasticities of consumption to changes in the

capital stock and changes in the rental rate of capital for the Vasiceck and the

CIR case, respectively. The figures slightly steepen for large values of both tech-

nology and wealth. However, for instance, given φ0, the rental rate of capital

would hardly go higher than 0.16. Both elasticities, in both specifications are

quite flat. They slightly differentiate in the levels. In particular,

¯̄πV AS = (I × J )−1
∑

j

∑
i
π(φ0,Ki ,r j ) = 0.8475, ¯̄πC I R = 0.8591;

¯̄τV AS = (I × J )−1
∑

j

∑
i
τ(φ0,Ki ,r j ) = 0.2035, ¯̄τC I R = 0.2105.

3.C Vasiceck interest rate

3.C.1 Equilibrium dynamics

When we impose a structure as per Vasicek (1977) to the rental rate of physical

assets, equilibrium dynamics (3.3.2) are explicitly described by system 3.3.11.
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Table 3.21: Simulation Study - CRRA Vasiceck: with three and six conditional moment restrictions.
The table reports mean output of simulation study and Monte Carlo standard errors. There are 500
datasets simulated following using the global solution. Structural parameters are estimated using
OLS, FGLS-SUR-IV, GMM, and MEF approaches for the CRRA Vasiceck model in an AK production
economy.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.468 0.346 0.312 0.321 0.319 0.275
(0.420) (0.168) (0.148) (0.184) (0.139) (0.215)

γ 0.10 0.368 0.101 0.102 0.120 0.114 0.142
(0.473) (0.008) (0.008) (0.045) (0.034) (0.148)

η 0.01 0.568 0.012 0.009 0.012 0.010 0.011
(0.491) (0.008) (0.006) (0.007) (0.001) (0.003)

ρ 0.03 0.184 0.040 0.038 0.038 0.027 0.038
(0.384) (0.079) (0.114) (0.041) (0.079) (0.061)

δ 0.025 0.025 0.025 0.025 0.040 0.038 0.045
(0.042) (0.033) (0.078)

σ 0.02 0.02 0.02 0.02 0.032 0.032 0.037
(0.045) (0.021) (0.043)

π̄ 1.00 1.00 1.00 1.00 1.825 462.884 4.552
(3.166) (4707.924) (42.008)

τ̄ 0.30 0.30 0.30 0.30 0.542 0.136 0.260
(1.563) (0.120) (0.309)

θ 2.00 4119.891 4.074 4.301 4.735 4.014 15.921
(6475.675) (3.068) (5.824) (18.987) (10.713) (123.207)
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Table 3.22: Simulation Study - CRRA CIR: with three and six conditional moment restrictions. The
table reports mean output of simulation study and Monte Carlo standard errors. There are 500
datasets simulated following using the global solution. Structural parameters are estimated using
OLS, FGLS-SUR-IV, GMM, and MEF approaches for the CRRA CIR model in an AK production
economy.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.344 0.315 0.294 0.317 0.286 0.295
(0.219) (0.153) (0.130) (0.159) (0.120) (0.225)

γ 0.10 0.299 0.101 0.101 0.109 0.100 0.138
(0.454) (0.003) (0.003) (0.025) (0.003) (0.128)

η 0.01 0.470 0.024 0.016 0.013 0.010 0.010
(0.490) (0.028) (0.016) (0.008) (0.001) (0.002)

ρ 0.03 0.282 0.113 0.031 0.029 0.026 0.029
(0.449) (0.267) (0.051) (0.011) (0.050) (0.064)

δ 0.025 0.025 0.025 0.025 0.032 0.026 0.052
(0.023) (0.002) (0.082)

σ 0.02 0.02 0.02 0.02 0.025 0.018 0.020
(0.017) (0.003) (0.014)

π̄ 1.00 1.00 1.00 1.00 1.290 0.612 38.520
(1.165) (0.502) (312.798)

τ̄ 0.30 0.30 0.30 0.30 0.304 0.360 0.420
(0.313) (0.315) (0.757)

θ 2.00 1786.670 4.134 3.112 2.521 2.577 3.524
(2917.472) (4.737) (3.148) (2.307) (3.972) (6.951)
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Fixing s − t = h and using the asset pricing condition (3.3.3), the discrete-time

analogue of system (3.3.11) is

ln

(
Ct

Ct−h

)
= 1

θ

∫ t

t−h
r f

v dv + 1

2
θη2τ̄2

∫ t

t−h

1

r 2
v

dv

+ 1

θ

(
1

2
π̄2θ2σ2 −ρ

)
h +εC ,t , (3.C.1a)

ln

(
Yt

Yt−h

)
= κγ

∫ t

t−h

1

rv
dv +

∫ t

t−h

(
1− Cv

Yv

)
r f

v dv

+ (δ+ π̄θσ2)
∫ t

t−h

(
1− Cv

Yv

)
dv

− 1

2
η2

∫ t

t−h

1

r 2
v

dv − (κ+δ+ 1

2
σ2)h +εY ,t , (3.C.1b)

r f
t = e−κhr f

t−h + (1−e−κh)(γ−δ− π̄θσ2)+εr,t , (3.C.1c)

where

εC ,t = τ̄η
∫ t

t−h

1

rv
dBv + π̄σ

∫ t

t−h
dZv , (3.C.2a)

εY ,t = η
∫ t

t−h

1

rv
dBv +σ

∫ t

t−h
dZv , (3.C.2b)

εr,t = ηe−κh
∫ t

t−h
eκ(v−(t−h))dBv (3.C.2c)

is the system of martingale increments.

3.C.2 Estimation with MEF

Analogously to matrix (3.3.13), the vector of first and second order moment

restrictions is constructed as

mt =



ln
(

Ct
Ct−h

)
− 1
θ

∫ t
t−h r f

v dv − 1
2θη

2τ̄2
∫ t

t−h
1

r 2
v

dv − 1
θ

(
1
2 π̄

2θ2σ2 −ρ
)

h

ln
(

Yt
Yt−h

)
−κγ∫ t

t−h
1
rv

dv −∫ t
t−h

(
1− Cv

Yv

)
r f

v dv+
−(δ+ π̄θσ2)

∫ t
t−h

(
1− Cv

Yv

)
dv + 1

2η
2
∫ t

t−h
1

r 2
v

dv + (κ+δ+ 1
2σ

2)h

r f
t −e−κhr f

t−h − (1−e−κh)(γ−δ− π̄θσ2)

ε2
C ,t − τ̄2η2Et−h

(∫ t
t−h 1/r 2

v dv
)
− π̄2σ2h

ε2
Y ,t −η2Et−h

(∫ t
t−h 1/r 2

v dv
)
−σ2h

ε2
r,t −η2(1−e−2κh)/2κ


,

(3.C.3)
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Population moments with unknown exact solutions are approximated using

the Taylor expansion of order one, which will be fully described below.

Given the vector of martingale increments mt , weights wt are functions of

Ψt andψt . We assume no cross independence between the different orders

of the moment restrictions and define Ψt as the block diagonal variance-

covariance matrix of mt ,

Ψt =
 Ψ(1:3)

t 03×3

03×3 Ψ(4:6)
t

 , (3.C.4)

where bothΨ(1:3)
t andΨ(4:6)

t are symmetric. The symbol 03×3 indicates a 3-by-3

matrix of zeros. The north-west (south-east) block,Ψ(1:3)
t (Ψ(4:6)

t ), is obtained

as a result of the expected outer product of the vector composed by the first

(last) three entries of mt . Specifically,

Ψ(1:3)
t =


(τ̄2η2/r 2

t−h + π̄2σ2)h

(τ̄η2/r 2
t−h + π̄σ2)h (η2/r 2

t−h +σ2)h

τ̄η2e−κhh/rt−h η2e−κhh/rt−h η2(1−e−2κh)/2κ

 ,

and

Ψ(4:6)
t =


Ψt ,44

Ψt ,54 Ψt ,55

Ψt ,64 Ψt ,65 Ψt ,66

 .

In order to fully specify such matrix we need to enrich our toolbox with a

combination of Itô Isometry and discretization schemes: Let assume f (rv ) is

bounded and continuous in [t−h, t ], then by Itô Isometry Et−h

[(∫ t
t−h f (rv )dBv

)2
]
=

Et−h

(∫ t
t−h f (rv )2dv

)
<∞, for all the possible f (·)’s (Øksendal, 2013). There-

fore,

Et−h

(∫ t

t−h
f (rv )dBv

)4
= 3

Et−h

(∫ t

t−h
f (rv )2dv

)2

≈ 3
(
h f (rt−h)

)2 ,

(3.C.5)

by using the Euler-Maruyama scheme. The assumption holds for r f
v +δ+π̄θσ2

bounded away from zero. Using equation (3.C.5), main diagonal terms of
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Ψ(4:6)
t are

Ψt ,44 = 2h2

π̄4σ4 − η2τ̄2π̄2σ2

r 2
t−h

+ η4τ̄4

r 4
t−h

 ,

Ψt ,55 = 2h2

σ4 − η2σ2

r 2
t−h

+ η4

r 4
t−h

 ,

Ψt ,66 = 3η4e−4κhh2 − 1

4
η4(1−e−2κh)2/κ2,

in fact, by Itô Isometry, Et−h

[
(
∫ t

t−h 1/rv dBv )4
]
= 3

[
Et−h(

∫ t
t−h 1/r 2

v dv)2
]

, which,

in turn, through the Euler-Maruyama scheme, is approximated by h2/r 4
t−h .

Whereas, the off-diagonal entries are

Ψt ,54 = h2

2π̄2σ4 −η2σ2 (π̄2 + τ̄2)

r 2
t−h

+2
η4τ̄2

r 4
t−h

 ,

Ψt ,64 = he−2κhη2

η2τ̄2

(
1+2κ−e2κh

)
r 2

t−h

−σ2π̄2
(
e2κh −1

)/
(2κ),

Ψt ,65 = he−2κhη2

η2

(
1+2κ−e2κh

)
r 2

t−h

−σ2
(
e2κh −1

)/
(2κ),

since,

Et−h

η2τ̄2

(∫ t

t−h
1/rv dBv

)2

η2

(∫ t

t−h
1/rv dBv

)2


= η4τ̄2Et−h

(∫ t

t−h
1/rv dBv

)4


= 3η4τ̄2Et−h

(∫ t

t−h
1/r 2

v dv

)2

≈ 3η4τ̄2h2/r 4
t−h ,
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and

Et−h

η2

(∫ t

t−h
1/rv dBv

)2

η2e−2κh

(∫ t

t−h
eκ(v−(t−h))dBv

)2


= η4e−2κhEt−h

(∫ t

t−h
1/rv dBv

)2 (∫ t

t−h
eκ(v−(t−h))dBv

)2


= η4e−2κhEt−h

[∫ t

t−h

1

rv
eκ(v−(t−h))dBv

∫ t

t−h

1

rv
eκ(v−(t−h))dBv

]

= η4e−2κhEt−h

(∫ t

t−h

1

rv
eκ(v−(t−h))dBv

)2


= η4e−2κhEt−h

(∫ t

t−h

1

r 2
v

e2κ(v−(t−h))dv

)
≈ η4e−2κhh/r 2

t−h .

Let φ⊤ = (κ,γ,η,ρ,δ,σ, π̄, τ̄,θ) be the vector of structural parameters of

the economy. We constructψt = Et−h

[
∂mt /∂φ⊤

]
using a combination of Itô

Isometry and approximating solutions with analytical forms of deterministic

Taylor expansion of the kind

Et−h( f (rt )) =
k∑

i=0

hi

i !
Ai f (rt−h)+O(hk+1), (3.C.6)

where, for a sufficiently smooth function f (·), A is the infinitesimal genera-

tor in the interest rate process, A f (x) = κ(γ− x) f ′(x)+ 1
2η(x)2 f ′′(x) (cf. Aït-

Sahalia 2008; Christensen et al. 2016). Taylor expansion is used analogously to

Euler-Maruyama scheme forΨt . With regards to integrals
∫ t

t−h

(
1− Cv

Yv

)
dv and∫ t

t−h

(
1− Cv

Yv

)
r f

v dv we interchange expectation and differentiation operators

and apply explicit Euler-Maruyama approximation scheme. Therefore, those

integrals are approximated by
(
1− Ct−h

Yt−h

)
h and

(
1− Ct−h

Yt−h

)
r f

t−hh, respectively.

We further imply that (Yt−h ,Ct−h) do not depend onφ. It is a strong assump-

tion but it substantially facilitates the work of the econometrician, who does

not have to find closed-form solution for the (Ct /Yt ) SDE.18 Approximating

assumptions regard only the weighting matrix, therefore they do not affect

18The SDE for the ratio Ct /Yt has a pesky second order polynomial drift and two sources of risk. The
solution is found heuristically and presents cumbersome terms for which calculating partial derivatives.
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consistency of the estimator. However, they may affect efficiency. Alike (3.C.4),

for better displaying entries ofψt we split the matrix in two blocks, according

to the corresponding order of moment restrictions (first or second),

ψ⊤
t =

( (
ψ(1:3)

t

)⊤ (
ψ(4:6)

t

)⊤ )
. (3.C.7)

The first block,
(
ψ(1:3)

t

)⊤
is



0 h −γEt−h

(∫ t
t−h 1/rv dv

)
he−κh(rt−h −γ)

0 −κEt−h

(∫ t
t−h 1/rv dv

)
−(1−e−κh)

−θητ̄2Et−h

(∫ t
t−h 1/r 2

v dv
)

ηEt−h

(∫ t
t−h 1/r 2

v dv
)

0

h/θ 0 0

θη2τ̄2Et−h

(∫ t
t−h 1/r 3

v dv
)

ψt ,25 (1−e−κh)

ψt ,16 ψt ,26 2(1−eκh)π̄θσ

ψt ,17 ψt ,27 (1−e−κh)θσ2

−η2τ̄θEt−h

(∫ t
t−h 1/r 2

v dv
)

0 0

ψt ,19 ψt ,29 (1−e−κh)π̄σ2


(3.C.8)

where Et−h

(∫ t
t−h 1/r i

v dv
)

are computed as deterministic Taylor expansions

of order one. This approach has the aim of enhancing identification of the

parameters. In fact, (3.C.6) contains drift and volatility terms of the interest

rate other than the risk premium parameters. Given rt has Vasicek (1977)

structure and i = 1,2,3, analytical forms of the expansions are

Et−h

(∫ t

t−h

1

rv
dv

)
=

∫ t

t−h
Et−h

(
1

rv

)
dv

=
∫ t

t−h

1

rt−h
dv

+
∫ t

t−h

(v − (t −h))

−κ(γ− rt−h)

r 2
t−h

+ η2

r 3
t−h


dv

= h

rt−h
− h2

2

κ(γ− rt−h)

r 2
t−h

− η2

r 3
t−h

 ; (3.C.9)
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Et−h

(∫ t

t−h
1/r 2

v dv

)
=

∫ t

t−h

1

r 2
t−h

dv

+
∫ t

t−h

(v − (t −h))

−2κ(γ− rt−h)

r 3
t−h

+ 3η2

r 4
t−h


dv

= h

r 2
t−h

− h2

2

2κ(γ− rt−h)

r 3
t−h

− 3η2

r 4
t−h

 ; (3.C.10)

finally,

Et−h

(∫ t

t−h
1/r 3

v dv

)
=

∫ t

t−h

1

r 3
t−h

dv

+
∫ t

t−h

(v − (t −h))

−3κ(γ− rt−h)

r 4
t−h

+ 6η2

r 5
t−h


dv

= h

r 3
t−h

− h2

2

3κ(γ− rt−h)

r 4
t−h

− 6η2

r 5
t−h

 . (3.C.11)

Generally, element ψt ,i j (with i = 1, ...,6, and j = 1, ...,9) of ψt is the partial

derivative of the moment restriction corresponding to equation i with respect

to the j th parameter ofφ. Particularly, we use such notation for elements that
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do not fit in matrixψ(1:3)
t . Namely,

ψt ,25 = κγEt−h

(∫ t

t−h
1/r 2

v dv

)
+ Ct−h

Yt−h
h −η2Et−h

(∫ t

t−h
1/r 3

v dv

)
,

ψt ,16 = 2η2τ̄2π̄θ2σEt−h

(∫ t

t−h
1/r 3

v dv

)
− π̄2θσh,

ψt ,26 = 2κγπ̄θσEt−h

(∫ t

t−h
1/r 2

v dv

)
−2η2θπ̄σEt−h

(∫ t

t−h
1/r 3

v dv

)

+σh −2hπ̄θσ

(
1− Ct−h

Yt−h

)
,

ψt ,17 = η2τ̄2θ2σ2Et−h

(∫ t

t−h
1/r 3

v dv

)
− π̄θσ2h,

ψt ,27 = κγθσ2Et−h

(∫ t

t−h
1/r 2

v dv

)
−hθσ2

(
1− Ct−h

Yt−h

)

−η2θσ2Et−h

(∫ t

t−h
1/r 3

v dv

)
,

ψt ,19 = 1

θ2 Et−h

(∫ t

t−h
r f

v dv

)
− 1

2
η2τ̄2Et−h

(∫ t

t−h
1/r 2

v dv

)

+ π̄η2τ̄2σ2θEt−h

(∫ t

t−h
1/r 3

v dv

)
−

(
1

2
π̄2σ2 + ρ

θ2

)
h,

ψt ,29 = κγπ̄σ2Et−h

(∫ t

t−h
1/r 2

v dv

)
−hπ̄σ2

(
1− Ct−h

Yt−h

)

−η2π̄σ2Et−h

(∫ t

t−h
1/r 3

v dv

)
,

where, from equation (3.D.6), valid for both interest rate specifications,

Et−h

(∫ t

t−h
r f

v d v

)
=

∫ t

t−h
Et−h

(
r f

v

)
dv

=
∫ t

t−h

[
e−κ(v−(t−h))r f

t−h

+
(
1−e−κ(v−(t−h))

)
(γ−δ− π̄θσ2)

]
dv

=
(
e−κh +hκ−1

)
(γ−δ− π̄θσ2)/κ+

(
1−e−κh

)
r f

t−h/κ.
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Ultimately, the second block of (3.C.7),
(
ψ(4:6)

t

)⊤
, is

h2η2τ̄2(γ− rt−h)/(r 3
t−h) h2η2(γ− rt−h)/(r 3

t−h)
1
2η

2(1−e−2κh)/κ2

−η2he−2κh/κ

h2η2τ̄2κ/(r 3
t−h) h2η2κ/(r 3

t−h) 0

−3h2η3τ̄2/(r 4
t−h) −3h2η3/(r 4

t−h) −η(1−e−2κh)/κ

0 0 0

−h2η2τ̄2κ/(r 3
t−h) −h2η2κ/(r 3

t−h) 0

−2h2η2τ̄2κπ̄θσ/(r 3
t−h) −2h2η2κπ̄θσ/(r 3

t−h) 0

−h2η2τ̄2κθσ2/(r 3
t−h) −h2η2κθσ2/(r 3

t−h) 0

0 0 0

−h2η2τ̄2κπ̄σ2/(r 3
t−h) −h2η2κπ̄σ2/(r 3

t−h) 0



.

(3.C.12)

3.D Equilibrium dynamics with CIR interest rate

Conditional on the rental rate of physical capital following Cox et al. (1985b),

equilibrium dynamics in (3.3.2) are explicitly summarized by (3.3.14). Anal-

ogously to appendix 3.C, fixing s − t = h, using the link between the riskless

security and rental rate of physical assets (3.3.3), the discrete-time formulation

of system (3.3.14) is

ln

(
Ct

Ct−h

)
= 1

θ

∫ t

t−h
r f

v dv + 1

2
θη2τ̄2

∫ t

t−h

1

rv
dv

+ 1

θ

(
1

2
π̄2θ2σ2 −ρ

)
h +εC ,t (3.D.1a)

ln

(
Yt

Yt−h

)
= (κγ− 1

2
η2)

∫ t

t−h

1

rv
dv +

∫ t

t−h

(
1− Cv

Yv

)
r f

v dv

+ (δ+ π̄θσ2)
∫ t

t−h

(
1− Cv

Yv

)
dv

− (κ+δ+ 1

2
σ2)h +εY ,t (3.D.1b)

r f
t = e−κhr f

t−h + (1−e−κh)(γ−δ− π̄θσ2)+εr,t . (3.D.1c)

The interest rate process is always positive if the term in (3.D.1b), κγ− 1
2η

2 ≥ 0.

Otherwise, it can occasionally touch the zero point. Moreover, the errors are
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martingale increments,

εC ,t = τ̄η
∫ t

t−h

1p
rv

dBv + π̄σ
∫ t

t−h
dZv , (3.D.2a)

εY ,t = η
∫ t

t−h

1p
rv

dBv +σ
∫ t

t−h
dZv , (3.D.2b)

εr,t = ηe−κh
∫ t

t−h
eκ(v−(t−h))prv dBv . (3.D.2c)

3.D.1 Estimation with MEF

Matrix (3.3.16) of conditional moment restrictions can be expressed as

mt =



ln
(

Ct
Ct−h

)
− 1
θ

∫ t
t−h r f

v dv − 1
2θη

2τ̄2
∫ t

t−h
1
rv

dv − 1
θ

(
1
2 π̄

2θ2σ2 −ρ
)

h

ln
(

Yt
Yt−h

)
− (κγ− 1

2η
2)

∫ t
t−h

1
rv

dv −∫ t
t−h

(
1− Cv

Yv

)
r f

v dv+
−(δ+ π̄θσ2)

∫ t
t−h

(
1− Cv

Yv

)
dv + (κ+δ+ 1

2σ
2)h

r f
t −e−κhr f

t−h − (1−e−κh)(γ−δ− π̄θσ2)

ε2
C ,t − τ̄2η2Et−h(

∫ t
t−h 1/rv dv)− π̄2σ2h

ε2
Y ,t −η2Et−h(

∫ t
t−h 1/rv dv)−σ2h

ε2
r,t − rt−hη

2(e−κh −e−2κh)/κ−γη2(1−e−κh)2/(2κ)


.

Similarly to (3.C.4),Ψt is a block diagonal matrix composed by

Ψ(1:3)
t =


(τ̄2η2/rt−h + π̄2σ2)h

(τ̄η2/rt−h + π̄σ2)h (η2/rt−h +σ2)h

η2τ̄(1−e−κh)/κ η2(1−e−κh)/κ
rt−hη

2(e−κh −e−2κh)/κ

+γη2(1−e−2κh)2/(2κ)

 ,

and

Ψ(4:6)
t =


Ψt ,44

Ψt ,54 Ψt ,55

Ψt ,64 Ψt ,65 Ψt ,66

 ,
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where, with Vt−h(rt ) = rt−hη
2(e−κh −e−2κh)/κ+γη2(1−e−2κh)2/(2κ),

Ψt ,44 = 2h2

π̄4σ4 − η2τ̄2π̄2σ2

rt−h
+ η4τ̄4

r 2
t−h


Ψt ,55 = 2h2

σ4 − η2σ2

rt−h
+ η4

r 2
t−h


Ψt ,66 = 2Vt−h(rt )2.

Whereas, the off-diagonal terms are

Ψt ,54 = h2

2π̄2σ4 −η2σ2 (π̄2 + τ̄2)

rt−h
+2

η4τ̄2

r 2
t−h


Ψt ,64 = 1

2κ
(1−e−2κh)τ̄2η4 −Vt−h(rt )

(
π̄2σ2h + τ̄2η2

rt−h
h

)

Ψt ,65 = 1

2κ
(1−e−2κh)η4 −Vt−h(rt )

(
σ2h + η2

rt−h
h

)

Notice that notation Vt−h(rt ) is purposely stressing the time-varying nature of

the CIR process conditional variance compared to Vasiceck. With equivalent

considerations as per 3.C.2, ψt is formed identically to (3.C.7). Differences

hide in the entries. In fact, the first block, with partial derivatives of mt up to

the third moment restriction as entries,
(
ψ(1:3)

t

)⊤
, is



0 h −γEt−h

(∫ t
t−h

1
rv

dv
)

he−κh(rt−h −γ)

0 −κEt−h

(∫ t
t−h

1
rv

dv
)

−(1−e−κh)

−θητ̄2Et−h

(∫ t
t−h

1
rv

dv
)

ηEt−h

(∫ t
t−h

1
rv

dv
)

0

h/θ 0 0

1
2θη

2τ̄2Et−h

(∫ t
t−h

1
r 2

v
dv

)
ψt ,25 (1−e−κh)

ψt ,16 ψt ,26 2(1−e−κh)π̄θσ

ψt ,17 ψt ,27 (1−e−κh)θσ2

−θη2τ̄Et−h

(∫ t
t−h

1
rv

dv
)

0 0

ψt ,19 ψt ,29 (1−e−κh)π̄σ2



,

(3.D.3)
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with

ψt ,25 =
(
κγ− 1

2
η2

)
Et−h

(∫ t

t−h

1

r 2
v

dv

)
+ Ct−h

Yt−h
h,

ψt ,16 = π̄θ2ση2τ̄2Et−h

(∫ t

t−h

1

r 2
v

dv

)
− π̄2θσh,

ψt ,26 = π̄θσ(2κγ−η2)Et−h

(∫ t

t−h

1

r 2
v

dv

)
+σh −2hπ̄θσ

(
1− Ct−h

Yt−h

)
,

ψt ,17 = 1

2
θ2σ2η2τ̄2Et−h

(∫ t

t−h

1

r 2
v

dv

)
− π̄θσ2h,

ψt ,27 = θσ2(κγ− 1

2
η2)Et−h

(∫ t

t−h

1

r 2
v

dv

)
−θσ2

(
1− Ct−h

Yt−h

)
h,

ψt ,19 = 1

θ2 Et−h

(∫ t

t−h
r f

v dv

)
− 1

2
η2τ̄2Et−h

(∫ t

t−h

1

rv
dv

)

+ 1

2
π̄θη2τ̄2σ2Et−h

(∫ t

t−h

1

r 2
v

dv

)
−

(
1

2
π̄2σ2 + ρ

θ2

)
h,

ψt ,29 = π̄σ2(κγ− 1

2
η2)Et−h

(∫ t

t−h

1

r 2
v

dv

)
− π̄σ2

(
1− Ct−h

Yt−h

)
h.

Notice that with CIR interest rate, relevant Taylor expansions of order one of

Et−h

(∫ t
t−h

1
r i

v
dv

)
, i = 1,2 are

Et−h

(∫ t

t−h

1

rv
dv

)
=

∫ t

t−h
Et−h

(
1

rv

)
dv

=
∫ t

t−h

1

rt−h
dv +

∫ t

t−h

(v − (t −h))

−κ(γ− rt−h)

r 2
t−h

+ η2rt−h

r 3
t−h


dv

= h

rt−h
− h2

2

κ(γ− rt−h)

r 2
t−h

− η2

r 2
t−h

 (3.D.4)

and

Et−h

(∫ t

t−h

1

r 2
v

dv

)
=

∫ t

t−h

1

r 2
t−h

dv +
∫ t

t−h

(v − (t −h))

−2κ(γ− rt−h)

r 3
t−h

+ 3η2rt−h

r 4
t−h


dv

= h

r 2
t−h

− h2

2

2
κ(γ− rt−h)

r 3
t−h

− 3η2

r 3
t−h

 . (3.D.5)
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Finally, the second block of 3.C.7,
(
ψ(4:6)

t

)⊤
, is



1
2 h2η2τ̄2(γ− rt−h)/(r 2

t−h) 1
2 h2η2(γ− rt−h)/(r 2

t−h) ψt ,61
1
2 h2η2τ̄2κ/(r 2

t−h) 1
2 h2η2κ/(r 2

t−h) −1
2η

2(1−e−hκ)2/(κ)

ψt ,43 ψt ,43/(τ̄) ψt ,63

0 0 0

ψt ,45 ψt ,45/(τ̄2) −η2e−2κh(eκh −1)/(κ)

ψt ,46 ψt ,46/(π̄) −2η2π̄θσe−2κh(eκh −1)/(κ)

ψt ,47 ψt ,57 −η2θσ2e−2κh(eκh −1)/(κ)

ψt ,48 0 0

ψt ,49 ψt ,49/(τ̄2) −η2π̄σ2e−2κh(eκh −1)/(κ)


with,

ψt ,43 =−hητ̄
(
2hη2 −γhκ+ (2+hκ)rt−h

)
/r 2

t−h

ψt ,45 = 1

2
hητ̄2

(
2h(η2 −γκ)+ (2+hκ)rt−h

)
/r 3

t−h

ψt ,46 =−hπ̄σ
(
2−η2θτ̄2(2h(η2 −γκ)+ (2+hκ)rt−h)/r 3

t−h

)
ψt ,47 =−1

2
hσ2

(
2−η2θτ̄2(2h(η2 −γκ)+ (2+hκ)rt−h)/r 3

t−h

)
ψt ,48 =−hη2τ̄2

(
2h(η2 −γκ)+ (2+hκ)rt−h

)
/r 2

t−h

ψt ,49 = 1

2
hη2π̄σ2τ̄2

(
2h(η2 −γκ)+ (2+hκ)rt−h

)
/r 3

t−h

ψt ,56 =−hσ
(
2−η2π̄θ(2h(η2 −γκ)+ (2+hκ)rt−h)/r 3

t−h

)
ψt ,57 = 1

2
hη2θσ2

(
2h(η2 −γκ)+ (2+hκ)rt−h

)
/r 3

t−h

ψt ,61 = 1

2κ2η
2e−2hκ

(
γe2hκ+ (1+2hκ)(γ−2rt−h)−2ehκ(1+hκ)(γ− rt−h)

)
ψt ,63 =−η(e−κh −e−2κh)

(
(ehκ−1)γ+2rt−h

)
/(κ).

3.D.2 Proof of equation (3.3.15)

In the subsequent proof we make use of the zero mean property and Isometry

property for Itô integrals. Taking conditional expectations from both sides of
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equation (3.D.2c), the conditional mean of r f
t is

Et−h(r f
t ) = e−κhr f

t−h + (1−e−κh)(γ−δ− π̄θσ2)

+ηe−κhEt−h

(∫ t

t−h
eκ(v−(t−h))prv dBv

)
= e−κhr f

t−h + (1−e−κh)(γ−δ− π̄θσ2)

+ηe−κh
∫ t

t−h
eκ(v−(t−h))prvEt−h

(
dBv

)
= e−κhr f

t−h + (1−e−κh)(γ−δ− π̄θσ2). (3.D.6)

Similarly,

Et−h(rt ) = e−κhrt−h +γ(1−e−κh), (3.D.7)

where the relation between (3.D.6) and (3.D.7) is given by the pricing condition,

(3.3.3). Then, (3.3.15)

Et−h

(
ε2

r,t

)
= η2e−2κhEt−h

(∫ t

t−h
eκ(v−(t−h))prv dBv

)2


= η2e−2κhEt−h

(∫ t

t−h
e2κ(v−(t−h))rv dv

)

= η2e−2κh
∫ t

t−h
e2κ(v−(t−h))Et−h

(
rv

)
dv

= η2e−2κh
∫ t

t−h
e2κ(v−(t−h))

(
e−κhrt−h

)
dv

+η2e−2κh
∫ t

t−h
e2κ(v−(t−h))

(
γ(1−e−κh)

)
dv

= η2rt−h(e−κh −e2κh)/κ

+γη2(1−2e−κh +e−2κh)/(2κ)

= rt−hη
2(e−κh −e−2κh)/κ−γη2(1−e−κh)2/(2κ), (3.D.8)

or analogously,

Et−h(ε2
r,t ) = (r f

t−h +δ+ π̄θσ2)η2(e−κh −e−2κh)/κ−γη2(1−e−κh)2/(2κ).
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3.E The Stochastic Discount Factor

From, the Euler equation (3.2.10), the instantaneous stochastic discount factor

follows
dξt

ξt
=−r f

t −ςt dWt ,

therefore, the specific solution of the SDF, for known s ≤ t is (see Hansen and

Scheinkman 2009)

ξt = ξs exp

{
−

∫ t

s
r f

v dv + 1

2

∫ t

s
ς2

v dv −
∫ t

s
ςv dWv

}
, (3.E.1)

and

Es

[
ξt

ξs

]
= exp

{∫ t

s
Es(r f

v )dv + 1

2
τ̄2θ2

∫ t

s
Es

(
η(rv )2/r 2

v

)
dv + 1

2
π̄2θ2σ2(t − s)

}
= exp

{
(γ−δ− π̄θσ2)(e−κ(t−s) +κ(t − s)−1)/κ

−
(
e−κ(t−s) −1

)
r f

s /κ+ 1

2
τ̄2θ2

∫ t

s
Es

(
η(rv )2/r 2

v

)
dv

+ 1

2
π̄2θ2σ2(t − s)

}
,

is the price of any riskless asset, Ps , with certain unit payoff at time t . The

approximate price Ps can be calculated using Taylor expansion of order one

for writing Es(η(rv )2/r 2
v ). Using equations (3.C.10) and (3.D.4), for Vasiceck

and CIR specifications respectively,

∫ t

s
Es(η(rv )2)/r 2

v )dv


η2

[
(t−s)

r 2
s

− (t−s)2

2

(
2κ(γ−rs )

r 3
s

− 3η2

r 4
s

)]
if Vasiceck;

η2

[
(t−s)

rs
− (t−s)2

2

(
κ(γ−rs )

r 2
s

− η2

r 2
s

)]
if CIR.

(3.E.2)

3.F Logarithmic Preferences

In case of logarithmic preferences, i .e. u(Ct ) = ln(Ct ), we refer to Posch (2011)

and Christensen et al. (2016) for the solutions to the agent’s optimal problem

that satisfy the first order condition (u(Ct ) =VK ) and that maximizes the HJB
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equation

ρV (Kt , At ) = u(C (Kt , At ))+ ((At −δ)Kt −C (Kt , At ))VK +µ(At )VA

+ 1

2
(VK Kσ

2K 2
t +VA Aη(At )2).

The solution is found by guess and verify, conjecturing a value function of the

form V (Kt , At ) = 1
ρ lnKt + f (At ) and showing that the optimal consumption

path is linear in the capital stock, C (Kt , At ) = ρKt . Where f (At ) solves a simple

ODE, which in turn depends on the functional forms µ(At ) and η(At ).19

Since closed form solutions are available, we substitute the optimal policy

C (Kt , At ) = ρKt directly in the dynamics of the Euler equation. Resulting

systems of equations are in terms of observables and estimable parameters.

The vector of structural parameters of the economy is φ = (
κ,γ,η,ρ,δ,σ

)⊤ .

This is a special case of CRRA, where π̄= 1, τ̄= 0, and θ = 1.

3.F.1 Equilibrium dynamics and estimation

Assuming the considerations in Section 3.2 hold and proceeding in a similar

fashion for the definition of the equilibrium system, equilibrium dynamics

are

dlnCt =
(
rt −ρ−δ− 1

2
σ2

)
+σdZt (3.F.1a)

dlnYt =
(
κγ

rt
+ rt − (κ+ρ+δ+ 1

2
σ2)− 1

2

η(rt )2

r 2
t

)

+ η(rt )

rt
dBt +σdZt (3.F.1b)

drt = κ(γ− rt )+η(rt )dBt (3.F.1c)

3.F.1.1 Vasiceck interest rate

In the AK model with Vasiceck structure for the interest rate, equilibrium

dynamics are as described by Christensen et al. (2016), we report it below for

19However, the policy function is independent of such functional forms (µ(At ) and η(At )).
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completeness:

ln

(
Ct

Ct−h

)
=

∫ t

t−h
r f

v dv − (ρ− 1

2
σ2)h +σ

∫ t

t−h
dZv , (3.F.2a)

ln

(
Yt

Yt−h

)
=

∫ t

t−h
r f

v dv +κγ
∫ t

t−h

1

rv
dv − 1

2
η2

∫ t

t−h

1

r 2
v

dv

− (κ+ρ− 1

2
σ2)h +η

∫ t

t−h

1

rv
dBv +σ

∫ t

t−h
dZv , (3.F.2b)

r f
t = e−κhr f

t−h + (1−e−κh)(γ−δ−σ2)

+ηe−κh
∫ t

t−h
eκ(v−(t−h))dBv . (3.F.2c)

The MEF estimator with six moment restrictions is constructed using

mt =



ln
(

Ct
Ct−h

)
−∫ t

t−h r f
v dv + (ρ− 1

2σ
2)h

ln
(

Yt
Yt−h

)
−∫ t

t−h r f
v dv −κγ∫ t

t−h
1
rv

dv + 1
2η

2
∫ t

t−h
1

r 2
v
+ (κ+ρ− 1

2σ
2)h

r f
t −e−κhr f

t−h − (1−e−κh)(γ−δ−σ2)(
σ

∫ t
t−h dZv

)2 −σ2h(
η

∫ t
t−h

1
rv

dBv +σ
∫ t

t−h dZv

)2 −η2Et−h(
∫ t

t−h 1/r 2
v dv)−σ2h(

ηe−κh
∫ t

t−h eκ(v−(t−h))dBv

)2 −η2(1−e−2κh)/(2κ)


,

(3.F.3)

Ψt =
 Ψ(1:3)

t 03×3

03×3 Ψ(4:6)
t

 ,

and

ψ⊤
t =

( (
ψ(1:3)

t

)⊤ (
ψ(4:6)

t

)⊤ )
.

Matrices Ψ(1:3)
t and ψ(1:3)

t are identical to Ψt and ψt in Christensen et al.

(2016). Whereas,Ψ(4:6)
t is


2σ4h2 2σ4h2 −η2σ2h2/(r 2

t−h) 0

2σ4h2 −η2σ2h2/(r 2
t−h) 2h2

(
η4/(r 4

t−h)−η2σ2/(r 2
t−h)+σ4

)
0

0 0 Ψt ,66

 ,
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withΨt ,66 = 3η4e−4κhh2−η4(1−e−2κh)/(4κ2); andψ(4:6)
t = Et−h

[
∂m(4:6)

t /∂φ⊤
]

is the transpose of



0 h2η2(γ− rt−h)/(r 3
t−h)

1
2η

2(1−e−2κh)/(κ2)

−η2he−2κh/κ

0 h2η2κ/(r 3
t−h) 0

0 2hη
(γhκrt−h−3hη2−(1+hκ)r 2

t−h )

r 4
t−h

−η(1−e−2κh)/κ

0 0 0

0 hη2 6hη2−3γhκrt−h+2(1+hκ)r 2
t−h

r 5
t−h

0

−2σh 2hσ

(
η2(6hη2−3γhκrt−h+2(1+hκ)r 2

t−h )

r 5
t−h

−1

)
0


.

3.F.1.2 CIR interest rate

With CIR interest rate, discretized equilibrium dynamics are

ln

(
Ct

Ct−h

)
=

∫ t

t−h
r f

v dv − (ρ− 1

2
σ2)h +σ

∫ t

t−h
dZv , (3.F.4a)

ln

(
Yt

Yt−h

)
=

∫ t

t−h
r f

v dv + (κγ− 1

2
η2)

∫ t

t−h

1

rv
dv − (κ+ρ− 1

2
σ2)h

+η
∫ t

t−h

1p
rv

dBv +σ
∫ t

t−h
dZv , (3.F.4b)

r f
t = e−κhr f

t−h + (1−e−κh)(γ−δ−σ2)

+ηe−κh
∫ t

t−h
eκ(v−(t−h))prv dBv , (3.F.4c)

The interest rate process is always positive if κγ− 1
2η

2 ≥ 0. Otherwise, it can

occasionally touch the zero point.

The vector of martingale increments for the MEF estimator is
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mt =



ln
(

Ct
Ct−h

)
−∫ t

t−h r f
v dv + (ρ− 1

2σ
2)h

ln
(

Yt
Yt−h

)
−∫ t

t−h r f
v dv − (κγ− 1

2η
2)

∫ t
t−h

1
rv

dv + (κ+ρ− 1
2σ

2)h

r f
t −e−κhr f

t−h − (1−e−κh)(γ−δ−σ2)(
σ

∫ t
t−h dZv

)2 −σ2h(
η

∫ t
t−h

1p
rv

dBv +σ
∫ t

t−h dZv

)2

−η2Et−h(
∫ t

t−h 1/rv dv)−σ2h(
ηe−κh

∫ t
t−h eκ(v−(t−h))prv dBv

)2 − rt−hη
2(e−κh −e−2κh)/κ

−γη2(1−e−κh)2/(2κ)



.

(3.F.5)

As before, The conditional expected value of the outer product mt m⊤
t is di-

vided into

Ψ(1:3)
t =


σ2h σ2hh2 0

σ2h σ2h +η2h/rt−h η2e−2κhh

0 η2e−2κhh
rt−hη

2(e−κh −e−2κh)/κ

+γη2(1−e−2κh)2/(2κ)

 ,

and

Ψ(4:6)
t =


2σ4h2 2σ4h2 −η2σ2e−2κhh2rt−h

2σ4h2 η4h/r 4
t−h +4σ4h2

0+η4h2/r 2
t−h −2η4h2/r 3

t−h

0 0 η4e−4κhhr 2
t−h −Vt−h(rt )2

 ,

where, Vt−h(rt ) is the same as in appendix section 3.D, proved in 3.D.2. Simi-

larly, the matrix of conditional expectations of partial derivatives of mt (3.F.5),

ψt is formed by stackingψ(1:3)
t andψ(4:6)

t , where

(
ψ(1:3)

t

)⊤ =



0 h −γEt−h

(∫ t
t−h

1
rv

dv
)

he−κh(rt−h −γ)

0 −κEt−h

(∫ t
t−h

1
rv

dv
)

−(1−e−κh)

0 ηEt−h

(∫ t
t−h

1
rv

dv
)

0

h h 0
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and

(
ψ(4:6)

t

)⊤ =



0 1
2 h2η2(γ− rt−h)/(r 2

t−h) ψt ,61

0 1
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2(1−e−κh)2/(κ)

0 −hη (2+hκ)rt−h−γhκ+2hη2

r 2
t−h
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0 0 0

0 1
2 hη2 2h(η2−γκ)+(2+hκ)rt−h

r 3
t−h

−η2e−2κh(eκh −1)/(κ)

−2σh hσ

(
2hη2(η2−γκ)

r 3
t−h

+ η2(2+hκ)
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t−h
−2

)
−2η2σe−2κh(eκh −1)/(κ)


,

(3.F.7)

where

ψt ,61 = 1

2κ2η
2e−2hκ(γe2κh + (1+2hκ)(γ−2rt−h)

−2eκh(1+hκ)(γ− rt−h)
)
,

ψt ,63 =−η(e−κh −e−2κh)
(
(eκh −1)γ+2rt−h

)
/(κ).
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3.F.2 Simulation Study

Simulation studies are conducted also for the case with logarithmic prefer-

ences. Christensen et al. (2016) provide results for the AK Log Vasiceck model.

Their results correspond to the first four columns of Table 3.23 where we

additionally include median standard errors. We extend the investigation by

including second order moments and reporting Table 3.24 where the rental

rate of capital is following CIR dynamics. Also in the logarithmic preferences

case, with analytical closed form solutions, optimal MEF is efficient. Moreover,

the inclusion of three additional moment restrictions targeting variance com-

ponents of the equations in the system, increase accuracy of estimation.20

In both Tables 3.23 and 3.24 we observe the widely acknowledged bias in

estimating κ. The regression approaches perform better compared to the

CRRA preferences case and optimal MEF is efficient compared to the con-

tinuously updated GMM in both the three and six moment restrictions case.

Even though the inclusion of six moment restrictions benefit all the structural

parameters in terms of bias and efficiency, the greater advantage is for the

volatility parameters η andσ. Interestingly, we observe drop in standard errors,

and therefore increase accuracy, in the diffusion parameters when extending

the moment restrictions to the second order. In fact, median standard error

of η, crucial parameter defining volatility of the instantaneous interest rate in

both Vasiceck and CIR structures, is 3 times larger with only three moment

restrictions in the first case (0.001 with six restrictions and 0.003 with three)

and 2.6 times larger in the latter case (0.009 with six moment restrictions and

0.023 with three). Moreover, the median standard error of σ, the volatility of

the depreciation rate, drops from 0.078 to 0.001 when the interest rate follows

a Vasiceck process and from 0.026 to 0.001 when the structure for the interest

rate is CIR.

20On average, median standard errors are smaller for the six moment restrictions case, compared to three
moment restriction.
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Table 3.23: Simulation Study - Log Vasiceck with three and six conditional moment restrictions.
The table reports median output of simulation study and root mean squared errors. Structural
parameters are estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log Vasiceck
model in an AK production economy with three and six moment restrictions. 500 simulated datasets
of 35 years of quarterly data.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.297 0.294 0.290 0.327 0.304 0.285
(0.203) (0.195) (0.200) (0.413) (0.218) (0.193)

γ 0.10 0.100 0.100 0.101 0.107 0.104 0.105
(0.008) (0.008) (0.008) (0.137) (0.013) (0.097)

η 0.01 0.009 0.010 0.010 0.010 0.010 0.010
(0.003) (0.003) (0.005) (0.016) (0.001) (0.002)

ρ 0.03 0.030 0.030 0.030 0.031 0.030 0.030
(0.003) (0.003) (0.003) (0.012) (0.004) (0.004)

δ 0.05 0.05 0.05 0.05 0.059 0.055 0.054
(0.116) (0.010) (0.095)

σ 0.02 0.02 0.02 0.02 0.032 0.020 0.020
(0.059) (0.001) (0.004)
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Table 3.24: Simulation Study - Log CIR with three and six conditional moment restrictions. The table
reports median output of simulation study and root mean squared errors. Structural parameters
are estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log CIR model in an
AK production economy with three and six moment restrictions. 500 simulated datasets of 35 years
of quarterly data.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.307 0.309 0.299 0.356 0.282 0.309
(0.222) (0.215) (0.209) (0.729) (0.184) (0.225)

γ 0.10 0.100 0.100 0.100 0.113 0.101 0.102
(0.005) (0.003) (0.005) (0.109) (0.006) (0.010)

η 0.01 0.010 0.010 0.010 0.013 0.009 0.010
(0.006) (0.006) (0.009) (0.012) (0.001) (0.001)

ρ 0.03 0.030 0.030 0.030 0.031 0.030 0.030
(0.003) (0.003) (0.004) (0.007) (0.004) (0.004)

δ 0.05 0.05 0.05 0.05 0.062 0.051 0.053
(0.098) (0.006) (0.009)

σ 0.02 0.02 0.02 0.02 0.038 0.019 0.020
(0.061) (0.002) (0.002)
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Figure 3.10: Log Vasiceck - Distribution of parameters
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Figure 3.11: Log CIR - Distribution of parameters
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3.F.3 Reduced-Form Representation with log preferences

Our model with power utility function of consumption does not allow for

solutions of the optimal problem in closed form. Our results in the main body

rely on writing τ̄=Cr /Ct rt and π̄=CK /Ct Kt as reduced-forms of structural

parameters to be calibrated or estimated. The optimal path of consumption is

therefore driven by the Euler equation, which is a function of structural and

auxiliary reduced-form parameters. However, the Euler condition is necessary,

but not sufficient for optimality. Moreover, we do not know the actual form of

τ̄ and π̄.

Whereas, assuming logarithmic preferences implies that the optimal con-

trol problem has known solution and the consumption function is linear in

wealth, Ct = ρKt . Therefore, we are able to calculate derivatives of the pol-

icy function and know that π̄= 1 and τ̄= 0. We exploit such knowledge and

present median estimates and RMSE over a Monte Carlo exercise of N = 500

simulated datasets. Continuous time is approximated as in Section 3.4. Every

dataset is simulated using the known closed-form solution as in subsection

3.F.2. Estimation is performed using the more general CRRA specification,

with θ = 1. Moreover, we let τ̄ to go negative in order not to hit the boundary

during the optimization routine; which can be detrimental.

Table 3.25 reports the simulation study: Both the regression approaches

succeed in correctly identifying the parameters of the interest rate process

and ρ. Moreover, GMM is particularly well performing and the six moment

restrictions specification is able to correctly recover the true values of τ̄ and π̄.

This is going to be a general result, GMM is particularly good with simplified

dynamics of the underlying data, i.e. logarithmic preferences.
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Table 3.25: Simulation Study with reduced form - Log Vasiceck with three and six conditional
moment restrictions. The table reports median output of simulation study and RMSE. Structural
parameters are estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log Vasiceck
model in an AK production economy with three and six moment restrictions. 500 simulated datasets
of 35 years of quarterly data.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.300 0.300 0.218 0.291 0.216 0.274
(0.214) (0.209) (0.099) (0.205) (0.110) (0.197)

γ 0.10 0.101 0.101 0.102 0.104 0.103 0.106
(0.008) (0.008) (0.008) (0.032) (0.008) (0.030)

η 0.01 0.009 0.009 0.011 0.003 0.010 0.010
(0.005) (0.005) (0.006) (0.007) (0.001) (0.001)

ρ 0.03 0.030 0.030 0.030 0.030 0.030 0.030
(0.003) (0.004) (0.004) (0.004) (0.004) (0.006)

δ 0.05 0.05 0.05 0.05 0.052 0.052 0.051
(0.011) (0.005) (0.011)

σ 0.02 0.02 0.02 0.02 0.025 0.020 0.028
(0.024) (0.005) (0.033)

π̄ 1.00 1.00 1.00 1.00 0.984 0.988 0.917
(0.245) (0.824) (0.307)

τ̄ 0.00 0.00 0.00 0.00 0.011 0.000 0.001
(0.319) (0.089) (0.184)

θ 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Table 3.26: Simulation Study with reduced form - Log CIR with three and six conditional moment
restrictions. The table reports median output of simulation study and RMSE. Structural parameters
are estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log CIR model in an
AK production economy with three and six moment restrictions. 500 simulated datasets of 35 years
of quarterly data.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.288 0.300 0.243 0.307 0.207 0.300
(0.193) (0.204) (0.107) (0.192) (0.087) (0.212)

γ 0.10 0.100 0.100 0.100 0.101 0.101 0.100
(0.003) (0.003) (0.003) (0.008) (0.002) (0.005)

η 0.01 0.011 0.011 0.013 0.003 0.010 0.010
(0.014) (0.014) (0.016) (0.008) (0.001) (0.001)

ρ 0.03 0.030 0.030 0.030 0.030 0.030 0.030
(0.003) (0.003) (0.003) (0.003) (0.003) (0.003)

δ 0.05 0.05 0.05 0.05 0.051 0.051 0.050
(0.007) (0.002) (0.004)

σ 0.02 0.02 0.02 0.02 0.021 0.020 0.019
(0.009) (0.002) (0.003)

π̄ - 1.00 1.00 1.00 0.981 1.000 1.034
(0.209) (0.062) (0.142)

τ̄ - 0.00 0.00 0.00 0.004 0.000 -0.021
(0.329) (0.175) (0.153)

θ - 1.00 1.00 1.00 1.00 1.00 1.00
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3.G Misspecification

It is not uncommon that researchers have to choose over a set of models and

may fear that some are misspecified. For instance, Hansen and Miao (2018)

and Hansen and Sargent (2022) formally discuss how to properly incorporate

ambiguity and ambiguity aversion of the researcher in model selection. In-

stead, we hypothesize a framework in which the researcher precisely knows

the true model of the data generating process (DGP) ex ante. However, she

wants to evaluate the costs of choosing an erroneous model from a predefined

set.

Tables from 3.27 to 3.38 below report estimates in the case of misspec-

ification. In practice, we assume the underlying data evolves according to

some model specifications and estimate the structural parameters using an-

other model switching intertemporal preferences and/or interest rate process

dynamics. The evaluation is based on 500 simulated datasets of 35 years of

quarterly data. The simulation strategy for approximating continuous time

and considerations regarding the DGP are the same as in the main text. We

investigate for bias and variation in parameter estimates in case the model is

misspecified.

We observe interesting behavior of median parameter estimates. We no-

tably observe bias estimating the speed of mean reversion k. Under the null

of logarithmic preferences, RRA estimates correctly converge towards θ = 1

and elasticities of consumption to wealth and technological advances are

correctly estimated to be π̄= 1, τ̄= 0.21 Switching to different specifications

of the interest rate results in bias in crucial parameters, such has η and σ.

Moreover, Log Vasiceck model (Table 3.30) is particularly bad at estimating

parameters of the interest rate when the interest rate follows CIR dynamics.

Closed-form solutions, even though convenient in a simplified model, appear

having limited flexibility when it comes to estimation under misspecification.

AK model with logarithmic preferences allow to have explicit form for the

policy function irrespectively to the law of motion of the TFP/rental rate of

capital. However, different dynamics substantially affect the specification of

21From the closed-form solutions of the AK-Log Vasiceck model, the policy function is Ct = ρKt and the
partial derivative with respect to Kt and At are CK = ρ and C A = 0, respectively.
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the moment restrictions. Combined misspecification of preferences and inter-

est dynamics (tables 3.29 and 3.31) exacerbates in a large bias for η, δ and γ.

Interestingly, CRRA Vasiceck in 3.31 translates near-unit root CIR dynamics as

a persistent e−0.549/4 = 0.872 with larger variance (0.1042 × (1/4)) and higher

long term mean 0.310. Moreover δ is estimated to be 24.7%× (1/4) ≈ 5% over

the quarter, instead of 5%× (1/4).

All in all, regression approach results are inadequate under misspecifica-

tion. GMM does extremely well in Table 3.32 and in general when the true

model involves logarithmic preferences, therefore in simplified settings. How-

ever, it loses in the comparison with MEF (with six moment restrictions) in

general. For the estimation of the RRA, in a highly nonlinear framework, where

the true DGP encompasses CRRA preferences but the interest rate is thought

to follow wrong dynamics, GMM has relatively poor performance compared

to MEF. Particularly, GMM with six moment restirctions in table 3.38 finds

θ = 5.629 with large deviation. Moreover, we confirm the results of the simula-

tion study in the main text, GMM struggles to estimate auxiliary parameters,

π̄ and τ̄.
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Table 3.27: Log Vasiceck (DGP) - Log CIR (estimation) with three and six conditional moment
restrictions. The table reports median output of cross-simulation study and RMSE. Data is gen-
erated following the Log Vasiceck specification. Structural parameters are estimated using OLS,
FGLS-SUR-IV, GMM, and MEF approaches for the Log CIR model in an AK production economy
with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.313 0.307 0.202 0.244 0.276 0.222
(0.220) (0.213) (0.102) (0.118) (0.158) (0.064)

γ 0.10 0.101 0.101 0.100 0.109 0.106 0.110
(0.008) (0.008) (0.007) (0.020) (0.014) (0.026)

η 0.01 0.034 0.033 0.031 0.059 0.029 0.030
(0.024) (0.024) (0.032) (0.057) (0.020) (0.021)

ρ 0.03 0.030 0.030 0.030 0.033 0.030 0.030
(0.003) (0.003) (0.003) (0.006) (0.004) (0.003)

δ 0.05 0.05 0.05 0.05 0.052 0.053 0.059
(0.012) (0.013) (0.025)

σ 0.02 0.02 0.02 0.02 0.071 0.020 0.020
(0.067) (0.007) (0.001)
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Table 3.28: Log Vasiceck (DGP) - CRRA Vasiceck (estimation) with three and six conditional mo-
ment restrictions. The table reports median output of cross-simulation study and RMSE. Data
is generated following the Log Vasiceck specification. Structural parameters are estimated using
OLS, FGLS-SUR-IV, GMM, and MEF approaches for the CRRA Vasiceck model in an AK production
economy with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.076 0.171 0.224 0.321 0.216 0.298
(0.122) (0.092) (0.100) (0.200) (0.082) (0.159)

γ 0.10 0.156 0.101 0.100 0.097 0.102 0.100
(0.062) (0.009) (0.008) (0.010) (0.008) (0.009)

η 0.01 0.001 0.010 0.012 0.013 0.010 0.011
(0.009) (0.005) (0.006) (0.004) (0.001) (0.006)

ρ 0.03 0.012 0.006 0.028 0.034 0.029 0.031
(0.019) (0.049) (0.017) (0.007) (0.006) (0.003)

δ 0.05 0.05 0.05 0.05 0.045 0.053 0.051
(0.009) (0.005) (0.003)

σ 0.02 0.02 0.02 0.02 0.040 0.020 0.019
(0.037) (0.005) (0.005)

π̄ - 1.00 1.00 1.00 1.000 0.965 0.984
(0.320) (0.723) (0.055)

τ̄ - 0.00 0.00 0.00 0.001 0.000 0.000
(0.042) (0.023) (0.017)

θ - 1.996 2.203 1.126 0.961 1.012 0.974
(1.045) (3.796) (3.707) (0.148) (0.569) (0.125)
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Table 3.29: Log Vasiceck (DGP) - CRRA CIR (estimation) with three and six conditional moment
restrictions. The table reports median output of cross-simulation study and RMSE. Data is gen-
erated following the Log Vasiceck specification. Structural parameters are estimated using OLS,
FGLS-SUR-IV, GMM, and MEF approaches for the CRRA CIR model in an AK production economy
with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.106 0.178 0.208 0.288 0.213 0.238
(0.095) (0.098) (0.100) (0.164) (0.097) (0.085)

γ 0.10 0.189 0.100 0.100 0.096 0.102 0.107
(0.095) (0.010) (0.008) (0.013) (0.007) (0.013)

η 0.01 0.170 0.017 0.031 0.040 0.028 0.031
(0.174) (0.017) (0.031) (0.031) (0.020) (0.022)

ρ 0.03 0.011 0.004 0.029 0.032 0.030 0.030
(0.021) (0.025) (0.010) (0.005) (0.005) (0.002)

δ 0.05 0.05 0.05 0.05 0.045 0.052 0.056
(0.011) (0.005) (0.008)

σ 0.02 0.02 0.02 0.02 0.037 0.021 0.021
(0.036) (0.005) (0.001)

π̄ - 1.00 1.00 1.00 0.994 0.958 0.973
(0.292) (0.256) (0.044)

τ̄ - 0.00 0.00 0.00 0.000 0.010 0.000
(0.034) (0.041) (0.002)

θ - 2.000 2.194 1.000 0.999 1.000 1.024
(1.169) (1.326) (1.956) (0.103) (0.873) (0.149)
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Table 3.30: Log CIR (DGP) - Log Vasiceck (estimation) with three and six conditional moment re-
strictions. The table reports median output of cross-simulation study and RMSE. Data is generated
following the Log CIR specification. Structural parameters are estimated using OLS, FGLS-SUR-IV,
GMM and MEF approaches for the Log Vasiceck model in an AK production economy with three
and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.292 0.287 0.246 0.291 0.289 0.015
(0.217) (0.209) (0.104) (0.141) (0.170) (0.179)

γ 0.10 0.100 0.100 0.100 0.115 0.106 0.212
(0.003) (0.003) (0.003) (0.018) (0.011) (0.203)

η 0.01 0.006 0.006 0.008 0.014 0.004 0.019
(0.005) (0.005) (0.003) (0.006) (0.005) (0.053)

ρ 0.03 0.031 0.031 0.031 0.032 0.031 0.999
(0.004) (0.004) (0.003) (0.003) (0.003) (0.957)

δ 0.05 0.05 0.05 0.05 0.062 0.056 0.023
(0.016) (0.011) (0.050)

σ 0.02 0.02 0.02 0.02 0.052 0.019 0.517
(0.037) (0.005) (0.527)
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Table 3.31: Log CIR (DGP) - CRRA Vasiceck (estimation) with three and six conditional moment re-
strictions. The table reports median output of cross-simulation study and RMSE. Data is generated
following the Log CIR specification. Structural parameters are estimated using OLS, FGLS-SUR-IV,
GMM and MEF approaches for the CRRA Vasiceck model in an AK production economy with three
and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.074 0.183 0.239 0.308 0.233 0.549
(0.124) (0.091) (0.086) (0.184) (0.115) (0.400)

γ 0.10 0.160 0.101 0.100 0.098 0.113 0.310
(0.067) (0.003) (0.003) (0.005) (0.018) (0.215)

η 0.01 0.001 0.006 0.008 0.009 0.005 0.104
(0.009) (0.006) (0.004) (0.002) (0.005) (0.098)

ρ 0.03 0.012 0.000 0.028 0.033 0.028 0.037
(0.041) (0.030) (0.008) (0.004) (0.011) (0.010)

δ 0.05 0.05 0.05 0.05 0.047 0.061 0.247
(0.006) (0.017) (0.208)

σ 0.02 0.02 0.02 0.02 0.044 0.018 0.014
(0.033) (0.005) (0.006)

π̄ - 1.00 1.00 1.00 1.010 1.041 0.698
(0.173) (0.374) (0.312)

τ̄ - 0.00 0.00 0.00 0.001 0.039 0.070
(0.067) (0.097) (0.093)

θ - 1.974 2.568 1.081 1.000 1.031 1.134
(2.033) (1.838) (0.500) (0.045) (0.700) (0.290)
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Table 3.32: Log CIR (DGP) - CRRA CIR (estimation) with three and six conditional moment restric-
tions. The table reports median output of cross-simulation study and RMSE. Data is generated
following the Log CIR specification. Structural parameters are estimated using OLS, FGLS-SUR-IV,
GMM and MEF approaches for the CRRA CIR model in an AK production economy with three and
six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.100 0.180 0.221 0.261 0.200 0.225
(0.101) (0.084) (0.089) (0.159) (0.073) (0.092)

γ 0.10 0.194 0.101 0.101 0.100 0.101 0.102
(0.097) (0.003) (0.003) (0.003) (0.003) (0.006)

η 0.01 0.167 0.016 0.010 0.018 0.010 0.010
(0.167) (0.016) (0.014) (0.011) (0.001) (0.001)

ρ 0.03 0.012 0.000 0.029 0.031 0.030 0.031
(0.131) (0.030) (0.008) (0.002) (0.007) (0.002)

δ 0.05 0.05 0.05 0.05 0.049 0.050 0.052
(0.004) (0.002) (0.005)

σ 0.02 0.02 0.02 0.02 0.033 0.020 0.019
(0.025) (0.002) (0.002)

π̄ - 1.00 1.00 1.00 1.000 1.000 1.023
(0.185) (0.075) (0.108)

τ̄ - 0.00 0.00 0.00 0.000 0.000 0.000
(0.039) (0.080) (0.021)

θ - 2.002 2.511 1.000 1.000 1.000 0.996
(4.010) (1.710) (0.452) (0.035) (0.309) (0.067)
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Table 3.33: CRRA Vasiceck (DGP) - Log Vasiceck (estimation) with three and six conditional mo-
ment restrictions. The table reports median output of cross-simulation study and RMSE. Data is
generated following the CRRA Vasiceck specification. Structural parameters are estimated using
OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log Vasiceck model in an AK production
economy with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.325 0.149 0.158 0.480 0.153 0.137
(0.232) (0.093) (0.053) (0.309) (0.066) (0.183)

γ 0.10 0.103 0.107 0.107 0.167 0.109 0.101
(0.009) (0.017) (0.011) (0.088) (0.013) (0.029)

η 0.01 0.000 0.000 0.007 0.043 0.009 0.010
(0.010) (0.010) (0.006) (0.041) (0.001) (0.005)

ρ 0.03 0.040 0.041 0.041 0.047 0.041 0.039
(0.011) (0.012) (0.012) (0.019) (0.012) (0.065)

δ 0.05 0.05 0.05 0.05 0.097 0.050 0.056
(0.068) (0.002) (0.010)

σ 0.02 0.02 0.02 0.02 0.143 0.035 0.037
(0.123) (0.016) (0.060)

π̄ 1.00 - - - - - -

τ̄ 0.30 - - - - - -

θ 2.00 - - - - - -
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Table 3.34: CRRA Vasiceck (DGP) - Log CIR (estimation) with three and six conditional moment
restrictions. The table reports median output of cross-simulation study and RMSE. Data is gener-
ated following the CRRA Vasiceck specification. Structural parameters are estimated using OLS,
FGLS-SUR-IV, GMM, and MEF approaches for the Log CIR model in an AK production economy
with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.317 0.142 0.167 0.218 0.159 0.205
(0.231) (0.091) (0.054) (0.131) (0.067) (0.031)

γ 0.10 0.103 0.107 0.105 0.134 0.113 0.122
(0.009) (0.068) (0.010) (0.066) (0.020) (0.036)

η 0.01 0.000 0.000 0.007 0.088 0.028 0.029
(0.010) (0.010) (0.007) (0.087) (0.019) (0.019)

ρ 0.03 0.040 0.041 0.040 0.051 0.040 0.039
(0.011) (0.012) (0.011) (0.023) (0.011) (0.010)

δ 0.05 0.05 0.05 0.05 0.056 0.052 0.063
(0.047) (0.010) (0.027)

σ 0.02 0.02 0.02 0.02 0.164 0.037 0.037
(0.147) (0.019) (0.018)

π̄ 1.00 - - - - - -

τ̄ 0.30 - - - - - -

θ 2.00 - - - - - -
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Table 3.35: CRRA Vasiceck (DGP) - CRRA CIR (estimation) with three and six conditional moment
restrictions. The table reports median output of cross-simulation study and RMSE. Data is gener-
ated following the CRRA Vasiceck specification. Structural parameters are estimated using OLS,
FGLS-SUR-IV, GMM, and MEF approaches for the CRRA CIR model in an AK production economy
with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.061 0.151 0.233 0.303 0.246 0.226
(0.136) (0.080) (0.074) (0.187) (0.093) (0.091)

γ 0.10 0.226 0.105 0.100 0.100 0.102 0.110
(0.173) (0.011) (0.007) (0.010) (0.008) (0.016)

η 0.01 0.115 0.017 0.022 0.037 0.028 0.032
(0.134) (0.029) (0.017) (0.029) (0.019) (0.023)

ρ 0.03 0.047 0.010 0.028 0.038 0.027 0.033
(0.273) (0.301) (0.036) (0.022) (0.032) (0.016)

δ 0.05 0.05 0.05 0.05 0.045 0.051 0.057
(0.007) (0.007) (0.010)

σ 0.02 0.02 0.02 0.02 0.043 0.020 0.023
(0.032) (0.010) (0.006)

π̄ 1.00 1.00 1.00 1.00 1.188 0.855 1.029
(0.407) (0.437) (0.099)

τ̄ 0.30 0.30 0.30 0.30 0.175 0.324 0.288
(0.171) (0.173) (0.076)

θ 2.00 2.936 4.719 2.187 2.090 2.747 2.011
(2.089) (10.517) (3.771) (0.496) (3.353) (0.778)
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Table 3.36: CRRA CIR (DGP) - Log Vasiceck (estimation) with three and six conditional moment
restrictions. The table reports median output of cross-simulation study and model implied median
standard errors. Data is generated following the CRRA CIR specification. Structural parameters are
estimated using OLS, FGLS-SUR-IV, GMM, and MEF approaches for the Log Vasiceck model in an
AK production economy with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.326 0.232 0.206 0.214 0.220 0.054
(0.235) (0.137) (0.039) (0.073) (0.107) (0.417)

γ 0.10 0.103 0.104 0.104 0.107 0.109 0.269
(0.008) (0.009) (0.005) (0.008) (0.011) (0.186)

η 0.01 0.000 0.000 0.000 0.002 0.004 0.003
(0.010) (0.010) (0.009) (0.007) (0.006) (0.007)

ρ 0.03 0.041 0.041 0.040 0.040 0.041 0.040
(0.012) (0.012) (0.010) (0.010) (0.011) (0.011)

δ 0.05 0.05 0.05 0.05 0.052 0.053 0.205
(0.004) (0.008) (0.199)

σ 0.02 0.02 0.02 0.02 0.028 0.021 0.022
(0.020) (0.003) (0.008)

π̄ 1.00 - - - - - -

τ̄ 0.30 - - - - - -

θ 2.00 - - - - - -
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Table 3.37: CRRA CIR (DGP) - Log CIR (estimation) with three and six conditional moment restric-
tions. The table reports median output of cross-simulation study and RMSE. Data is generated
following the CRRA CIR specification. Structural parameters are estimated using OLS, FGLS-SUR-IV,
GMM and MEF approaches for the Log CIR model in an AK production economy with three and six
moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.327 0.233 0.215 0.214 0.216 0.249
(0.251) (0.154) (0.054) (0.110) (0.061) (0.292)

γ 0.10 0.103 0.104 0.105 0.104 0.106 0.110
(0.006) (0.009) (0.006) (0.027) (0.007) (0.116)

η 0.01 0.000 0.000 0.007 0.001 0.009 0.009
(0.010) (0.010) (0.006) (0.008) (0.001) (0.005)

ρ 0.03 0.041 0.042 0.040 0.040 0.041 0.040
(0.012) (0.012) (0.011) (0.010) (0.011) (0.012)

δ 0.05 0.05 0.05 0.05 0.050 0.050 0.059
(0.025) (0.002) (0.143)

σ 0.02 0.02 0.02 0.02 0.028 0.021 0.021
(0.020) (0.017) (0.002) (0.013)

π̄ 1.00 - - - - - -

τ̄ 0.30 - - - - - -

θ 2.00 - - - - - -
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Table 3.38: CRRA CIR (DGP) - CRRA Vasiceck (estimation) with three and six conditional mo-
ment restrictions. The table reports median output of cross-simulation study and RMSE. Data
is generated following the CRRA CIR specification. Structural parameters are estimated using
OLS, FGLS-SUR-IV, GMM and MEF approaches for the CRRA Vasiceck model in an AK production
economy with three and six moment restrictions.

Parameter Estimates from Simulation Study

Three moment restrictions Six moment restrictions

DGP OLS FGLS-SUR-IV GMM MEF GMM MEF

κ 0.20 0.058 0.202 0.236 0.286 0.310 0.267
(0.142) (0.101) (0.078) (0.127) (0.168) (0.120)

γ 0.10 0.154 0.104 0.101 0.102 0.118 0.136
(0.076) (0.005) (0.003) (0.003) (0.024) (0.038)

η 0.01 0.008 0.015 0.008 0.009 0.005 0.033
(0.013) (0.009) (0.004) (0.002) (0.005) (0.023)

ρ 0.03 0.039 0.126 0.028 0.035 0.018 0.046
(0.479) (0.397) (0.014) (0.008) (0.021) (0.020)

δ 0.05 0.05 0.05 0.05 0.049 0.064 0.066
(0.003) (0.022) (0.020)

σ 0.02 0.02 0.02 0.02 0.039 0.017 0.014
(0.023) (0.006) (0.006)

π̄ 1.00 1.00 1.00 1.00 1.020 1.226 0.770
(0.112) (1.141) (0.241)

τ̄ 0.30 0.30 0.30 0.30 0.288 0.252 0.292
(0.071) (0.181) (0.035)

θ 2.00 2.375 11.615 2.533 2.042 5.629 2.454
(8.619) (10.586) (2.093) (0.251) (11.524) (0.555)
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3.H Sensitivity to DGP Values

In this section we report sensitivity analyses to DGP values. The simulation

strategy is described in the paper, and the estimation employs optimal MEF.

We equilibrium system at quarterly frequency with length 35 years for every

DGP-model combination. We then estimate structural parameters and report

median output and RMSE.
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Table 3.39: MEF - Sensitivity check to DGP values - CRRA Vasiceck with three six moment restric-
tions. Table reports output of a simulation study of the sensitivity of the structural parameters
estimates to DGP values. Median estimate and RMSE error below it are displayed.

Parameter Estimates from Simulation Study
model Sensitivity to DGP values - CRRA Vasiceck - Three moment restrictions

κ γ η ρ δ σ π̄ τ̄ θ
Baseline DGP settings 0.20 0.10 0.01 0.03 0.05 0.02 1.00 0.30 2.00

model for Baseline DGP 0.283 0.102 0.003 0.031 0.052 0.019 0.862 0.346 1.884
(0.066) (0.020) (3.341) (2.518) (0.988) (6.933) (110.480) (3181.546) (5.406)

DGP with κ= 0.10 0.286 0.100 0.016 0.045 0.040 0.065 1.116 0.100 1.699
(0.253) (0.016) (0.008) (0.035) (0.015) (0.083) (0.356) (0.203) (0.595)

DGP with κ= 0.50 0.518 0.100 0.011 0.036 0.050 0.029 1.038 0.312 2.102
(0.125) (0.003) (0.002) (0.016) (0.002) (0.015) (0.237) (0.068) (0.460)

DGP with γ= 0.08 0.350 0.079 0.012 0.045 0.042 0.058 1.104 0.204 1.715
(0.238) (0.012) (0.005) (0.039) (0.011) (0.053) (0.291) (0.171) (0.427)

DGP with γ= 0.20 0.264 0.201 0.017 0.031 0.048 0.045 0.973 0.272 2.018
(0.125) (0.008) (0.008) (0.006) (0.006) (0.037) (0.266) (0.097) (0.062)

DGP with η= 0.01 0.338 0.100 0.008 0.035 0.048 0.031 1.071 0.238 2.046
(0.181) (0.005) (0.004) (0.010) (0.004) (0.023) (0.377) (0.131) (0.286)

DGP with η= 0.05 0.207 0.108 0.049 0.031 0.050 0.043 1.195 0.304 1.883
(0.143) (0.032) (0.005) (0.022) (0.015) (0.039) (0.557) (0.027) (0.388)

DGP with ρ = 0.01 0.253 0.100 0.012 0.015 0.048 0.039 1.019 0.282 2.031
(0.112) (0.008) (0.003) (0.014) (0.006) (0.030) (0.268) (0.084) (0.200)

DGP with ρ = 0.05 0.449 0.098 0.014 0.063 0.040 0.058 1.133 0.139 1.709
(0.283) (0.012) (0.007) (0.033) (0.014) (0.058) (0.264) (0.189) (0.496)

DGP with δ= 0.01 0.232 0.102 0.013 0.033 0.008 0.039 1.042 0.295 2.021
(0.132) (0.008) (0.004) (0.012) (0.005) (0.027) (0.498) (0.086) (0.250)

DGP with δ= 0.10 0.569 0.105 0.015 0.078 0.089 0.096 0.938 0.363 1.836
(0.427) (0.010) (0.010) (0.076) (0.014) (0.083) (0.178) (0.152) (0.251)

DGP with σ= 0.01 0.329 0.098 0.013 0.036 0.044 0.032 1.181 0.225 2.013
(0.192) (0.010) (0.004) (0.026) (0.008) (0.030) (0.357) (0.130) (0.459)

DGP with σ= 0.05 0.353 0.103 0.013 0.044 0.047 0.065 1.021 0.204 1.879
(0.183) (0.009) (0.005) (0.023) (0.006) (0.028) (0.277) (0.158) (0.619)

DGP with π̄= 0.50 0.345 0.101 0.012 0.038 0.046 0.044 0.928 0.192 2.123
(0.184) (0.009) (0.005) (0.016) (0.006) (0.034) (0.526) (0.156) (0.497)

DGP with π̄= 2.00 0.418 0.101 0.014 0.046 0.043 0.047 2.042 0.227 1.887
(0.278) (0.008) (0.005) (0.032) (0.010) (0.036) (0.508) (0.164) (0.461)

DGP with τ̄= 0.10 0.368 0.099 0.013 0.040 0.043 0.056 0.933 0.071 1.858
(0.222) (0.010) (0.005) (0.017) (0.010) (0.045) (0.327) (0.089) (0.424)

DGP with τ̄= 0.80 0.273 0.103 0.012 0.039 0.047 0.030 2.022 0.754 2.064
(0.170) (0.008) (0.004) (0.031) (0.005) (0.024) (1.238) (0.266) (0.360)

DGP with θ = 10.00 0.398 0.102 0.014 0.070 0.042 0.031 1.243 0.226 10.100
(0.275) (0.008) (0.006) (0.136) (0.010) (0.015) (0.494) (0.108) (0.954)

DGP with θ = 5.00 0.399 0.102 0.014 0.052 0.042 0.040 1.259 0.185 4.920
(0.256) (0.010) (0.006) (0.058) (0.010) (0.030) (0.369) (0.145) (0.895)
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Table 3.40: MEF - Sensitivity check to DGP values - CRRA Vasiceck with six moment restrictions.
Table reports output of a simulation study of the sensitivity of the structural parameters estimates
to DGP values. Median estimate and RMSE error below it are displayed.

Parameter Estimates from Simulation Study
model Sensitivity to DGP values - CRRA Vasiceck - Six moment restrictions

κ γ η ρ δ σ π̄ τ̄ θ
Baseline DGP settings 0.20 0.10 0.01 0.03 0.05 0.02 1.00 0.30 2.00

model for Baseline DGP 0.269 0.100 0.010 0.030 0.051 0.018 1.045 0.321 1.987
(0.108) (0.028) (0.001) (0.029) (0.027) (0.016) (2.697) (1.426) (2.880)

DGP with κ= 0.10 0.203 0.101 0.016 0.041 0.051 0.018 1.062 0.267 1.838
(0.141) (0.014) (0.007) (0.021) (0.008) (0.013) (0.236) (0.105) (0.502)

DGP with κ= 0.50 0.503 0.102 0.012 0.035 0.051 0.018 0.973 0.289 2.015
(0.087) (0.004) (0.004) (0.014) (0.003) (0.003) (0.083) (0.024) (0.237)

DGP with γ= 0.08 0.278 0.079 0.015 0.047 0.049 0.018 1.059 0.275 1.817
(0.112) (0.008) (0.006) (0.022) (0.003) (0.005) (0.179) (0.044) (0.309)

DGP with γ= 0.20 0.232 0.203 0.011 0.031 0.052 0.018 1.002 0.277 1.996
(0.086) (0.009) (0.004) (0.005) (0.006) (0.005) (0.184) (0.077) (0.071)

DGP with η= 0.01 0.280 0.102 0.005 0.033 0.052 0.019 1.045 0.268 1.968
(0.128) (0.006) (0.003) (0.006) (0.005) (0.008) (0.212) (0.102) (0.316)

DGP with η= 0.05 0.179 0.120 0.051 0.026 0.051 0.036 1.155 0.297 1.673
(0.091) (0.057) (0.010) (0.026) (0.010) (0.061) (0.455) (0.023) (0.509)

DGP with ρ = 0.01 0.213 0.102 0.011 0.014 0.051 0.019 0.990 0.296 2.001
(0.058) (0.007) (0.004) (0.011) (0.004) (0.004) (0.070) (0.034) (0.131)

DGP with ρ = 0.05 0.315 0.099 0.022 0.066 0.050 0.017 1.058 0.234 1.771
(0.151) (0.008) (0.012) (0.021) (0.004) (0.004) (0.108) (0.088) (0.433)

DGP with δ= 0.01 0.210 0.102 0.011 0.032 0.011 0.019 0.992 0.295 1.995
(0.058) (0.008) (0.004) (0.010) (0.003) (0.004) (0.067) (0.024) (0.133)

DGP with δ= 0.10 0.380 0.106 0.023 0.054 0.103 0.015 1.006 0.264 1.885
(0.229) (0.013) (0.014) (0.031) (0.015) (0.010) (0.225) (0.076) (0.158)

DGP with σ= 0.01 0.240 0.096 0.015 0.037 0.047 0.010 1.064 0.281 2.178
(0.075) (0.009) (0.007) (0.019) (0.004) (0.003) (0.112) (0.036) (0.446)

DGP with σ= 0.05 0.310 0.104 0.011 0.041 0.052 0.049 1.096 0.243 1.902
(0.187) (0.009) (0.004) (0.017) (0.006) (0.011) (0.226) (0.101) (0.393)

DGP with π̄= 0.50 0.267 0.097 0.013 0.038 0.049 0.020 0.683 0.261 2.278
(0.091) (0.008) (0.006) (0.018) (0.003) (0.004) (0.248) (0.063) (0.531)

DGP with π̄= 2.00 0.317 0.102 0.012 0.039 0.052 0.017 1.963 0.267 1.753
(0.166) (0.008) (0.007) (0.018) (0.005) (0.006) (0.123) (0.071) (0.457)

DGP with τ̄= 0.10 0.329 0.104 0.013 0.035 0.052 0.016 0.965 0.082 1.848
(0.156) (0.009) (0.008) (0.008) (0.006) (0.005) (0.065) (0.034) (0.313)

DGP with τ̄= 0.80 0.226 0.099 0.011 0.041 0.049 0.024 1.538 0.741 2.107
(0.107) (0.009) (0.005) (0.033) (0.004) (0.010) (0.685) (0.179) (0.437)

DGP with θ = 10.00 0.364 0.104 0.011 0.043 0.050 0.025 1.160 0.222 10.246
(0.237) (0.009) (0.006) (0.058) (0.006) (0.009) (0.307) (0.109) (2.241)

DGP with θ = 5.00 0.286 0.101 0.011 0.049 0.050 0.019 1.027 0.265 4.650
(0.136) (0.009) (0.006) (0.041) (0.004) (0.006) (0.212) (0.073) (1.178)
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Table 3.41: MEF - Sensitivity check to DGP values - CRRA CIR with three moment restrictions. Table
reports output of a simulation study of the sensitivity of the structural parameters estimates to
DGP values. Median estimate and RMSE error below it are displayed.

Parameter Estimates from Simulation Study
model Sensitivity to DGP values - CRRA CIR - Three moment restrictions

κ γ η ρ δ σ π̄ τ̄ θ
Baseline DGP settings 0.20 0.10 0.01 0.03 0.05 0.02 1.00 0.30 2.00

model for Baseline DGP 0.251 0.100 0.016 0.031 0.049 0.031 1.001 0.256 2.008
(0.094) (0.003) (0.008) (0.005) (0.002) (0.017) (0.157) (0.102) (0.151)

D GP with κ= 0.10 0.186 0.101 0.019 0.032 0.048 0.035 1.040 0.223 2.018
(0.107) (0.006) (0.010) (0.004) (0.004) (0.024) (0.233) (0.129) (0.139)

DGP with κ= 0.50 0.451 0.100 0.014 0.031 0.049 0.026 0.998 0.295 2.015
(0.129) (0.001) (0.007) (0.005) (0.001) (0.011) (0.131) (0.055) (0.150)

DGP with γ= 0.05 0.269 0.080 0.016 0.032 0.049 0.031 1.013 0.232 1.952
(0.101) (0.003) (0.008) (0.006) (0.003) (0.018) (0.180) (0.131) (0.202)

DGP with γ= 0.20 0.249 0.201 0.018 0.031 0.050 0.036 0.975 0.264 2.004
(0.096) (0.004) (0.013) (0.003) (0.002) (0.023) (0.120) (0.090) (0.037)

DGP with η= 0.01 0.228 0.100 0.010 0.030 0.049 0.026 0.985 0.288 1.999
(0.092) (0.002) (0.006) (0.002) (0.001) (0.013) (0.077) (0.088) (0.066)

DGP with η= 0.05 0.292 0.097 0.058 0.039 0.045 0.038 1.378 0.236 2.240
(0.134) (0.012) (0.013) (0.020) (0.009) (0.027) (0.640) (0.138) (0.633)

DGP with ρ = 0.01 0.219 0.101 0.016 0.011 0.049 0.034 0.966 0.293 2.008
(0.083) (0.003) (0.008) (0.004) (0.002) (0.020) (0.168) (0.061) (0.072)

DGP with ρ = 0.05 0.314 0.100 0.019 0.051 0.048 0.030 1.048 0.191 1.948
(0.137) (0.004) (0.011) (0.005) (0.004) (0.016) (0.130) (0.156) (0.183)

DGP with δ= 0.01 0.215 0.101 0.015 0.031 0.010 0.035 0.986 0.295 2.007
(0.080) (0.003) (0.008) (0.004) (0.002) (0.021) (0.159) (0.058) (0.057)

DGP with δ= 0.10 0.251 0.100 0.019 0.030 0.098 0.029 1.009 0.272 1.991
(0.120) (0.005) (0.011) (0.004) (0.004) (0.014) (0.165) (0.114) (0.049)

DGP with σ= 0.01 0.257 0.100 0.016 0.031 0.049 0.020 1.050 0.249 2.020
(0.101) (0.003) (0.008) (0.003) (0.003) (0.017) (0.265) (0.098) (0.129)

DGP with σ= 0.05 0.251 0.101 0.015 0.032 0.049 0.056 0.984 0.254 1.979
(0.104) (0.003) (0.008) (0.006) (0.002) (0.016) (0.103) (0.113) (0.230)

DGP with π̄= 0.50 0.224 0.100 0.014 0.031 0.050 0.028 0.595 0.255 2.032
(0.051) (0.003) (0.005) (0.003) (0.001) (0.013) (0.192) (0.117) (0.068)

DGP with π̄= 2.00 0.295 0.101 0.021 0.033 0.048 0.034 1.996 0.262 2.060
(0.171) (0.004) (0.014) (0.011) (0.004) (0.020) (0.297) (0.116) (0.333)

DGP with τ̄= 0.10 0.307 0.101 0.019 0.032 0.048 0.038 0.944 0.073 2.004
(0.178) (0.003) (0.012) (0.005) (0.003) (0.023) (0.285) (0.058) (0.144)

DGP with τ̄= 0.80 0.195 0.100 0.011 0.030 0.050 0.020 1.017 0.802 2.004
(0.014) (0.001) (0.002) (0.005) (0.000) (0.001) (0.168) (0.041) (0.042)

DGP with θ = 10.00 0.243 0.100 0.018 0.042 0.049 0.024 1.008 0.239 9.834
(0.116) (0.003) (0.012) (0.025) (0.003) (0.010) (0.202) (0.113) (1.432)

DGP with θ = 5.00 0.252 0.100 0.018 0.036 0.048 0.027 1.004 0.272 5.123
(0.097) (0.004) (0.010) (0.014) (0.003) (0.013) (0.181) (0.072) (0.723)



3.H. SENSITIVITY TO DGP VALUES 231

Table 3.42: MEF - Sensitivity check to DGP values - CRRA CIR with three six moment restrictions.
Table reports output of a simulation study of the sensitivity of the structural parameters estimates
to DGP values. Median estimate and RMSE error below it are displayed.

Parameter Estimates from Simulation Study
model Sensitivity to DGP values - CRRA CIR - Six moment restrictions

κ γ η ρ δ σ π̄ τ̄ θ
Baseline DGP settings 0.20 0.10 0.01 0.03 0.05 0.02 1.00 0.30 2.00

model for Baseline DGP 0.233 0.102 0.010 0.031 0.052 0.019 1.069 0.296 2.018
(0.099) (0.005) (0.001) (0.004) (0.005) (0.003) (0.136) (0.047) (0.184)

DGP with κ= 0.10 0.149 0.104 0.010 0.030 0.052 0.019 1.079 0.290 2.015
(0.105) (0.007) (0.001) (0.004) (0.005) (0.003) (0.139) (0.055) (0.190)

DGP with κ= 0.50 0.461 0.101 0.010 0.031 0.051 0.019 1.092 0.306 2.011
(0.109) (0.003) (0.001) (0.004) (0.003) (0.003) (0.162) (0.046) (0.133)

DGP with γ= 0.05 0.252 0.082 0.010 0.031 0.051 0.018 1.081 0.299 2.019
(0.103) (0.005) (0.001) (0.006) (0.005) (0.003) (0.127) (0.040) (0.604)

DGP with γ= 0.20 0.229 0.201 0.010 0.030 0.052 0.020 1.027 0.258 2.007
(0.095) (0.008) (0.001) (0.003) (0.008) (0.003) (0.101) (0.093) (0.042)

DGP with η= 0.01 0.226 0.100 0.005 0.030 0.050 0.019 1.040 0.258 2.005
(0.092) (0.003) (0.000) (0.002) (0.003) (0.002) (0.091) (0.105) (0.082)

DGP with η= 0.05 0.209 0.107 0.050 0.032 0.056 0.029 1.040 0.276 2.014
(0.074) (0.026) (0.004) (0.019) (0.012) (0.012) (0.166) (0.084) (0.946)

DGP with ρ = 0.01 0.235 0.102 0.010 0.010 0.051 0.020 1.017 0.294 2.003
(0.096) (0.006) (0.001) (0.003) (0.006) (0.002) (0.083) (0.058) (0.117)

DGP with ρ = 0.05 0.285 0.101 0.010 0.051 0.051 0.017 1.160 0.302 2.060
(0.177) (0.003) (0.001) (0.004) (0.002) (0.004) (0.223) (0.053) (0.536)

DGP with δ= 0.01 0.220 0.101 0.010 0.030 0.011 0.020 1.020 0.293 2.001
(0.090) (0.004) (0.001) (0.003) (0.004) (0.003) (0.094) (0.054) (0.090)

DGP with δ= 0.10 0.255 0.099 0.010 0.030 0.100 0.017 1.149 0.291 2.073
(0.164) (0.004) (0.001) (0.003) (0.004) (0.004) (0.306) (0.089) (0.388)

DGP with σ= 0.01 0.277 0.104 0.010 0.031 0.054 0.010 1.041 0.299 1.989
(0.135) (0.008) (0.001) (0.004) (0.007) (0.001) (0.076) (0.018) (0.350)

DGP with σ= 0.05 0.230 0.100 0.010 0.030 0.050 0.050 1.014 0.238 2.038
(0.085) (0.004) (0.001) (0.004) (0.003) (0.005) (0.061) (0.114) (0.329)

DGP with π̄= 0.50 0.195 0.100 0.011 0.031 0.051 0.018 0.520 0.302 2.024
(0.031) (0.003) (0.003) (0.003) (0.002) (0.003) (0.042) (0.024) (0.147)

DGP with π̄= 2.00 0.361 0.103 0.010 0.031 0.052 0.019 2.128 0.294 2.038
(0.252) (0.004) (0.001) (0.006) (0.004) (0.002) (0.203) (0.097) (0.615)

DGP with τ̄= 0.10 0.235 0.103 0.010 0.032 0.053 0.019 1.044 0.088 2.009
(0.093) (0.008) (0.001) (0.004) (0.008) (0.002) (0.120) (0.038) (0.154)

DGP with τ̄= 0.80 0.195 0.100 0.010 0.030 0.050 0.019 1.038 0.802 2.015
(0.016) (0.002) (0.001) (0.006) (0.001) (0.003) (0.097) (0.024) (0.321)

DGP with θ = 10.00 0.223 0.101 0.010 0.036 0.051 0.019 1.043 0.292 10.810
(0.111) (0.005) (0.001) (0.020) (0.004) (0.003) (0.134) (0.048) (1.371)

DGP with θ = 5.00 0.233 0.102 0.010 0.033 0.052 0.019 1.065 0.300 5.311
(0.096) (0.004) (0.001) (0.011) (0.004) (0.003) (0.132) (0.050) (0.698)
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