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ABSTRACT

This dissertation is comprised of three self-contained chapters, which investigate the

interplay between asset prices, monetary policy, and the macroeconomy. The first

chapter examines a well-known question in the Financial Econometrics literature:

can two different econometric specifications produce two statistically different term

premium estimates? The second chapter studies the effects of macroeconomic shocks

on the term structure of interest rates and in particular on term premium. The final

chapter investigates the effects of uncertainty and monetary policy on asset prices.

Although all thesis topics are distinct, they revolve around the importance of macroe-

conomic factors on financial asset pricing and the role of financial information for

macroeconomic shock identification, the effects of monetary policy on asset prices in

uncertain environments, and the implications of persistent factor specifications for

estimations of bond risk premia. All chapters share a common no-arbitrage setting to

price financial assets and each of them, in turn, methodologically contributes and

improves the existing no-arbitrage framework.
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DANISH ABSTRACT

Denne afhandling består af tre selvstændige kapitler, der undersøger samspillet mel-

lem priserne på finansielle aktiver, pengepolitikken og makroøkonomien. Det første

kapitel undersøger et velkendt spørgsmål inden for finansiel økonometri: kan to

forskellige økonometriske specifikationer producere to statistisk forskellige obliga-

tionsrisikopræmier? Det andet kapitel undersøger virkningerne af makroøkonomiske

chok på rentesatsernes løbetid og især på obligationsrisikopræmien. Det sidste kapi-

tel undersøger effekterne af pengepolitik og usikkerhed for priserne på finansielle

aktiver. Selvom alle emnerne behandlet i denne afhandling er forskellige, så omhand-

ler de betydningen af makroøkonomiske faktorer for prisen på finansielle aktiver.

Et andet gennemgående tema i afhandlingen er den rolle, som information fra de

finansielle markeder har for identifikation af stød til makroøkonomien, effekterne af

tidsvarierende usikkerhed for pengepolitikkens indvirkning på de finansielle marke-

der og hvordan obligationsrisikopræmien påvirkes af persistensen i de underliggende

faktorer, der styrer prisen på finansielle aktiver. Alle kapitler er baseret på en antagel-

se om ingen arbitrage i de finansielle markeder, ligesom alle kapitler bidrager med

metodisk udvidelse af denne modelramme.

ix





SUMMARY

This dissertation is comprised of three self-contained chapters, which investigate

the interplay between asset prices, monetary policy, and the macroeconomy. The

arrangement of the three chapters represents my PhD journey in the chronologi-

cal order. All three chapters contribute to a long line of research on no-arbitrage

literature, which aims to understand factors driving asset prices (Vasicek, 1977; Cox,

Ingersoll and Ross, 1985; Duffie and Kan, 1996; Dai and Singleton, 2000; Duffee, 2002).

Financial markets provide valuable and up-to-date information on market sentiment

and expectations about future macroeconomic and financial developments, which

are instantly priced and reflected in asset prices. For instance, a long maturity yield

incorporates both market expectations of future path of the short term interest rate

and term premium, which mirrors perceived risk present in the economy, such as risk

about unexpected inflation or risk about monetary policy or economic outlook. The

first chapter examines two different term premium estimates produced by long and

short memory no-arbitrage models and asks whether these estimates are significantly

different, which is a topic in Financial Econometrics.

A growing branch of no-arbitrage literature also puts effort mapping these pricing

factors to macroeconomic fundamentals and uncovering macro-financial linkages

(Ang and Piazzesi, 2003; Dai and Philippon 2004; Dewachter and Lyrio, 2006; Ang,

Dong and Piazzesi, 2007; Pericoli and Taboga, 2008; Wu and Zhang 2008; Bikbov and

Chernov, 2010; Dewachter, Iania, Lyrio and Perea, 2015; Dewachter, Iania, Lemke and

Lyrio, 2019). The last two chapters contribute this vein of literature. In particular, the

second chapter studies the effects of macroeconomic shocks on the term structure of

interest rates and in particular on term premium. The final chapter investigates the

effects of monetary policy and uncertainty on asset prices.

Although all thesis topics are distinct, they revolve around the importance of

macroeconomic factors on financial asset pricing and the role of financial infor-

mation for macroeconomic shock identification, the effects of monetary policy on

asset prices in uncertain environments, and the implications of persistent factor

specifications for estimations of bond risk premia. All chapters share a common no-

arbitrage setting to price financial assets and each of them, in turn, methodologically

contributes and improves the existing no-arbitrage framework.

Chapter 1, “Long and short memory in dynamic term structure models”, focuses

xi



xii SUMMARY

on a well-known topic in Financial Econometrics. More specifically, I compare two

estimates of bond risk premia obtained from two different specifications that imply

different degrees of memory (or persistence) for bond pricing factors. A long mem-

ory specification imposes a higher degree of persistence on the pricing factors and

produces a slow mean reversion in long-horizon forecasts. On the contrary, stan-

dard (or short memory) models produce a rapid mean reversion of its long horizon

forecasts. These two different mean reversion patterns in forecasts are important for

estimating term premia, which are computed as the difference between the long rate

and the average forecasts of the short rate (e.g., one month interest rate) over the

life of the bond. The first contribution of the paper is theoretical. I generalize and

further develop the theoretical framework proposed by Osterrieder and Schotman

(2017) that allows defining different orders of integration for pricing factors under

different probability measures in long memory term structure models. I also show

that the recent state-space approach proposed by Golinski and Zaffaroni (2016),

where they estimate long memory term structure models with latent variables, suffers

from a parameter identification problem. The unidentified level parameters are very

important for the correct estimation of term premium. I propose a different frame-

work to estimate long memory models in a state-space setup, which addresses the

shortcomings of the existing approach and overcomes the identification problem.

The proposed framework generalizes the recent state-space approach and simplifies

estimation considerably and this allows me to conduct an extensive comparison with

standard term structure models. Relying on a battery of tests, I show that standard

term structure models perform just as well as more complicated long memory models

and produce plausible term premium estimates.

Chapter 2, “Macroeconomic shocks and term premia”, studies the effects of macroe-

conomic shocks on the term structure of interest rates and in particular on term

premia. This question is important for both policy makers and market participants

as they try to understand the nature of shocks that jointly move macroeconomic

variables and term premia. Most of the existing no-arbitrage literature identifies

macroeconomic shocks by imposing theoretical restrictions only on factor dynamics

(Ang, Boivin, Dong, and Loo-Kung, 2011; Kaminska, 2013; Ireland, 2015). In this study,

I propose a different identification approach that efficiently incorporates information

from financial markets while identifying macroeconomic shocks. I impose economi-

cally motivated restrictions on the factor dynamics and on the responses of the term

structure. Using several examples, I demonstrate the importance of restricting the

responses of the term structure while identifying macroeconomic shocks. First, I

show that restricting the responses of the term structure of interest rates produces

tighter confidence bounds in impulse-response functions and sharpens inference. I

also demonstrate that imposing restrictions only on factor dynamics can mislead rea-

soning in reduced-form no-arbitrage models and may produce results that contradict

empirical evidence. I propose to use a macro-finance no-arbitrage vector autoregres-



xiii

sive (NAVAR) model that facilitates an efficient incorporation of information from

financial markets for shock identification. Relying on the proposed identification ap-

proach, I find that although supply and monetary policy shocks are the main sources

of the variation in term premia in the U.S. economy during 1960s-1970s, demand

shocks play a dominant role during the Great Moderation period. I also show that

although the average expected real rate channel is the primary driver of news to

nominal yields with short- and medium-term maturities, term premia take over the

role for longer maturities. These findings pose a puzzle for the existing macro-finance

Dynamic Stochastic General Equilibrium (DSGE) models (Rudebusch and Swanson,

2012; Andreasen, Fernandez-Villaverde, and Rubio-Ramirez, 2018). Although these

models attribute a significant role to technology shocks in explaining variations in

term premia, monetary policy shocks have a tiny effect on it. How macro-finance

DSGE models can accommodate these findings remains an open question for future

research.

Chapter 3, “Asset prices, uncertainty, and monetary policy”, examines the effects

of uncertainty and monetary policy on asset prices. A growing body of economic

literature shows state-dependent or time-varying effects of monetary policy shocks to

the real economy (Vavra, 2014; Tenreyro and Thwaites, 2016; Pellegrino, 2018, 2021).

There is also a nascent, but growing literature that investigates how uncertainty affects

the transmission of monetary policy shocks to asset prices (Tillmann, 2019; Bauer,

Lakdawala, and Mueller, 2021). I also contribute to this debate. In addition, I also

explore the implications of economic uncertainty on asset prices. I develop a joint no-

arbitrage framework for both stocks and bonds, which enforces the zero lower bound

(ZLB) condition for the nominal yields and produces a quadratic asset pricing model

(QAPM). I estimate a Bayesian proxy vector autoregressive model (BP-VAR) with two

regimes using high frequency monetary policy surprises as external instruments to

identify the policy shock. This study provides a methodologically novel approach

and differs from the existing uncertainty literature by developing a joint no-arbitrage

framework for both stocks and bonds. In addition, it also brings together both macro

variables and asset prices in the same framework to study the state-dependent role of

monetary policy and hence, bridges the macroeconomic and asset pricing literature

on the role of uncertainty. I find that stock returns, equity premium, stock-bond

correlation, and bond return predictability are state-dependent. I also show that a

high uncertainty regime significantly amplifies the effects of monetary policy on

the zero-coupon bond prices whereas it strongly weakens the effects of the policy

shock on the stocks. Therefore, monetary policy shock cannot explain the switching

correlation between the stocks and the bonds. However, the policy shock can explain

the switching bond return predictability across the two uncertainty regimes.
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C H A P T E R 1
LONG AND SHORT MEMORY

IN DYNAMIC TERM STRUCTURE MODELS

Salman Huseynov
Aarhus University and CREATES

Abstract

I provide a unified theoretical framework for long memory term structure models

and show that the recent state-space approach suffers from a parameter identifica-

tion problem. I propose a different framework to estimate long memory models in a

state-space setup, which addresses the shortcomings of the existing approach. The

proposed framework allows asymmetrically treating the physical and risk-neutral dy-

namics, which simplifies estimation considerably and helps to conduct an extensive

comparison with standard term structure models. Relying on a battery of tests, I find

that standard term structure models perform just as well as the more complicated

long memory models and produce plausible term premium estimates.
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2 CHAPTER 1. LONG AND SHORT MEMORY IN DYNAMIC TERM STRUCTURE MODELS

1.1 Introduction

Understanding term premium in the bond markets is important for financial market

participants and policy institutions. Because term premium cannot be directly ob-

served, it must be estimated from data on the yield curve. Short memory models1

generally draw on a simple first-order vector autoregressive VAR(1) process to esti-

mate term premium. Long memory term structure models, in turn, are based on a

more general process and usually nest short memory specification. They can accom-

modate the strong persistence observed in nominal yields and even non-stationarity

but still ensure dynamic mean reversion. Thus, several studies argue that accounting

for long memory can improve the performance of term structure models (see among

others, Backus and Zin, 1993; Abbritti, Gil-Alana, Lovcha, and Moreno, 2016; Golinski

and Zaffaroni, 2016; Osterrieder and Schotman, 2017).

Although both long and short memory term structure models can be employed

to generate term premium estimates, it is not clear which model performs best. Ad-

mittedly, there are numerous important studies in the long memory literature that

investigate both models along several dimensions. However, to the best of my knowl-

edge, no single study compares term premium estimates obtained from these models

against a battery of tests and formally shows a superior one. For instance, Abbritti et

al. (2016) claim that long memory models can generate more realistic term premium

estimates as these models enjoy a much slower mean-reversion of their long-horizon

forecasts than do short memory models. But they only visually demonstrate both

term premium estimates without running any formal tests, such as predictability

tests in the spirit of Dai and Singleton (2002). Similar remarks can be made about

other studies. Thus, this study aims to fill this gap in the literature.

To run a horse race between these models, I address two challenges in this study.

First, I improve the theoretical framework to estimate long memory term structure

models and generalize the state-space approach proposed in Golinski and Zaffa-

roni (2016). Second, I propose a factor specification that considerably simplifies

estimation and allows me to conduct a wide range of comparisons with standard

term structure models. Using this framework, I investigate whether the standard and

parsimonious short memory model a la Joslin, Singleton, and Zhu (2011) can improve

on long memory term structure models.

There are several contributions of this paper. First, I generalize the theoretical

framework proposed by Osterrieder and Schotman (2017) that allows defining differ-

ent orders of integration for pricing factors under different probability measures in

long memory term structure models and develop it further. I also establish a theo-

retical relation between orders of integration of factors under different probability

1Technically speaking, a process with an order of integration d ≤ 0 is called a short memory process.
However, in this paper, a short memory process is meant to be an integrated order of zero, I (0), process.
A long memory process is an integrated order of d process, I (d), where d > 0 and d can take fractional
values.
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measures and market price of risk (Proposition 1). Although it is well-known in the

literature how drifts or autoregressive terms are adjusted when we change probability

measures, a similar adjustment, in general, is not straightforward in the case of orders

of integration. This theoretical result can be applied, for instance, to find the order of

integration of the short-term policy rate rt under the risk neutral probability mea-

sure Q in Osterrieder and Schotman (2017). The authors estimate different orders

of integration for the market price of risk λt and rt under the physical probability

measure P . Based on the results, I find that rt under the Q-measure in Osterrieder

and Schotman (2017) accordingly follows a long memory process with the order of

integration dQ = d P −dλ, where d P and dλ are the orders of integration of rt under

the P-measure and λt , respectively.

Second, I show that the state-space representation proposed in Golinski and

Zaffaroni (2016) to estimate long memory term structure models suffers from a pa-

rameter identification problem (Proposition 3). Their infinite order vector moving

average VMA(∞) representation only allows to identify one out of the three level pa-

rameters, i.e., the intercept of pricing factors under the physical probability measure,

the constant market price of risk, or the level of the short rate. Although the authors

estimate two of these parameters together with the latent state variable by implicitly

setting the intercept of the pricing factors under the physical probability measure to

zero, I show that these parameters and the latent variable are unidentified in their

framework. While a refinement of their procedure is available, it does not allow to

identify two out of the three level parameters together with the latent state vector as

in the case of a short memory model.

Another shortcoming of the VMA(∞) representation is that the mean in the

VMA(∞) process is not well-defined when pricing factors are non-stationary, i.e.,

when the order of integration d > 0.5 (Johansen and Nielsen, 2016). In addition,

the VMA(∞) framework is not suitable for asymmetrically treating the physical and

risk-neutral dynamics of pricing factors and defining different orders of integration

under the two measures.

To address these problems, I propose to estimate long memory term structure

models using an infinite order vector autoregressive, VAR(∞), representation. One

advantage of the new approach is that its coefficients decay much faster than the

corresponding coefficients of the VMA(∞) process (especially when d > 0.5), which

makes the selection of a large truncation lag unnecessary. 2 As shown by Grassi and de

Magistris (2014) a long truncation lag may lead to biased estimators in finite samples.

After addressing the above methodological issues in long memory models, I esti-

mate several dynamic term structure models (DTSMs) with short and long memory,

and perform various tests in a rigorous setting. Using a battery of tests3, I find that

short memory term structure models perform just as well as long memory models. I

2I would like to thank an anonymous referee and Morten Ørregaard Nielsen for the last two comments.
3The results of a forecasting exercise can be found in the appendix
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obtain plausible term premium estimates, which are very similar to estimates in the

literature. Only the magnitudes of the term premium estimates of the long and short

memory models somewhat differ, although the term premium dynamics is similar.

In general, the long memory models have relatively larger term premium estimates.

Overall, I show that standard term structure models with short memory produce

similar term premium estimates as more complicated long memory models.

Related literature. − This study contributes to a long line of research on interest

rate persistence. First important works on interest rate persistence rely on I(0)/I(1)

framework and argue that nominal interest rates have unit roots (Campbell and

Shiller, 1987; Hall, Anderson and Granger, 1992; Engsted and Tanggaard, 1994). In

their influential paper Kozicki and Tinsley (2001) link the unit root in nominal yield

data to agent learning and shifts in long-term policy goals on inflation. In a recent

study, Bauer and Rudebusch (2020) explain the unit root in nominal interest rates not

only by shifting endpoints in inflation, but also by the presence of a stochastic trend

in real interest rates. To capture high persistence of interest rates while maintaining

their stationarity, Hansen (2021) proposes a double autoregressive (DAR) process,

which allows unit roots in the conditional mean of pricing factors while at the same

time exhibits volatility-induced stationarity.

Jardet, Monfort and Pegoraro (2013) apply a mixed I(0)/I(1) or near-cointegrated

framework to model extreme persistence of interest rates and to produce a reliable

measure of term premium. Bauer, Rudebusch and Wu (2012) argue that since inter-

est rates are highly persistent process their persistence parameter estimates suffer

from the well-known downward bias problem in finite samples. Thus, the authors

suggest carrying out a bias correction in no-arbitrage short memory models. Kim and

Orphanides (2012) take a different route and propose including survey data in short

memory term structure models to address the downward bias problem.

This study is not based on I(0)/I(1) dichotomy, but also takes into account frac-

tional alternatives. The first study that proposes using a long memory process as a

suitable description of nominal interest rates is due to Backus and Zin (1993). In a

similar vein of the literature, Osterrieder and Shotman (2017) develop a one-factor

term structure model, in which the short rate and the risk price are fractionally inte-

grated processes with different orders of integration.

This study is more closely related to Abbritti et al. (2016) and Golinski and Zaf-

faroni (2016) works on long memory term structure models and shares some fea-

tures with them. However, it also differs from these studies along the following lines.

Abbritti et al. (2016) estimate a vector autoregressive fractionally integrated mov-

ing average VARFIMA(p,d,q) model using only observed state variables, whereas the

framework proposed in this paper allows for including both observed and unobserved

factors. Another novelty of the proposed framework is its asymmetric treatment of fac-

tors under different probability measures. Following Joslin, Le and Singleton (2013), I

propose modeling the factors under the risk-neutral probability measure Q as a short-
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memory process (i.e., VAR(1)) while specifying a long-memory process under the

physical probability measure P . As Joslin et al. (2013) argue, setting a lag order of one

for the pricing factors under the risk-neutral measure is sufficiently comprehensive.

1.2 Factor specifications

Since the employed short memory specification is fairly standard, I only discuss

the long memory specification (see the appendix for the short memory case). In

particular, I assume that a vector of the pricing factors xt = (x1t x2t ... xK t )′ follows a

vector autoregressive fractionally integrated moving average VARFIMA(p,d,q) process

under the Q-measure

ΦQ (L)DQ (L)(xt −µQ ) =ΘQ (L)ΣεQ
t , (1.1)

where εQ
t ∼ N (0, I ), εQ

t is a K ×1 vector, ΦQ (L) = I −ΦQ
1 L −ΦQ

2 L2 − ...−ΦQ
p Lp , ΦQ

i is

a K ×K matrix for i = 1,2, ..., p and L is the usual lag operator. In addition, ΘQ (L) =
I +ΘQ

1 L + ...+ΘQ
q Lq , ΘQ

j is a K ×K matrix for j = 1,2, .., q and DQ (L) is a diagonal

matrix defined as follows

DQ (L) =

(1−L)dQ
1 0 . . . 0

. . . . . . . . . . . .

0 0 . . . (1−L)dQ
K

 .

VARFIMA(p,d,q) specification is sufficiently general and nests several existing specifi-

cations in the literature. For instance, if the lag polynomial term DQ (L) is an identity

matrix, then we obtain a VARMA(p,q) specification. In addition, if the lag polynomial

ΘQ (L) is also an identity, then we obtain a familiar VAR(p) specification.

The sufficient conditions for identification in VARMA models are quite compli-

cated, which is not a focus of the paper. Instead, for identification purposes but

without going into much details, I assume that VARMA(p,q) models are in the final

equations form or in the echelon form (see Lutkepohl, 2006).4

If all eigenvalues of the convolutionΦQ (L)DQ (L) fall inside the unit circle, then

xt can be expressed as an infinite order vector moving average VMA(∞) process as

well:

xt =µQ +
∞∑

i=0
Ψ

Q
i ε

Q
t−i , (1.2)

whereΨQ
i is a K ×K matrix.

Furthermore, I assume that the pricing factors xt follows a VARFIMA(p,d,q) pro-

cess under the P-measure as well

Φ(L)D(L) (xt −µ) =Θ(L)Σεt , (1.3)

4As I will only discuss level identification problem, this has less relevance with the central theme of
the paper.
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where εt ∼ N (0, I ) and D(L) is a diagonal matrix as before with possibly different

orders of integration in the main diagonal. Under the assumption that all eigenvalues

of the convolution Φ(L)D(L) lie inside the unit circle, xt can be represented as an

infinite order VMA(∞) process

xt =µ+
∞∑

i=0
Ψiεt−i , (1.4)

where Ψi is a K ×K matrix. The short term interest rate rt is defined as a linear

function of the pricing factors

rt = δ0 +δ
′
1xt , (1.5)

where δ0 is a scalar and δ1 is a K ×1 vector. The (logarithmic) stochastic discount

factor (SDF) is a quadratic function of the K risk factors

−mt+1 = rt + 1

2
λ′

t λt +λ′
t εt+1, (1.6)

where λt is a vector of the market price of risks, which is defined as a linear function

of the shocks as follows

λt =λ0 +
∞∑

i=0
ζiεt−i , (1.7)

where λ0 is a K ×1 vector and ζi is a K ×K matrix. Defining market price of risk as an

infinite order VMA(∞) process is in the spirit of Christoffersen, Elkamhi, Feunou, and

Jacobs (2009) and Osterrider and Schotman (2017). In addition to encompassing the

widely used affine specification, such definition of λt enables us to specify a more

general affine process in the factors as clearly exhibited in the following example.

Example 1. Let xt be a single factor. Define xt under the P-measure as an ARF I M A(1,d ,0)

process

(1−L)d xt =µ+φ(1−L)d xt−1 +σεt , (1.8)

and the market price of risk, λt , as

λt =λ0 +λ1(1−L)d xt . (1.9)

Assuming the (logarithmic) stochastic discount factor as in (1.6) and using εt = εQ
t −

λt−1, xt under the Q-measure becomes

(1−L)d xt = (µ−σλ0)+ (φ−σλ1)(1−L)d xt−1 +σεQ
t .

Therefore, although xt is a long memory process with the same order of integration d

under both measures, the market price of risk λt evolves as an I(0) process. Also note

that despite being an I (0) process, λt is specified as a linear function of the infinite lags

of the factor, xt .

Contrary to Example 1 or extensively employed standard I (0)/I (1) process, gener-

ally it is not straightforward to determine the orders of integration for factors under
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different measures and the market price of risk in long memory models. To clarify this

point further, suppose that xt under the P-measure remains as in (1.8) in Example 1

but now the market price of risk is defined as essentially affine (Duffee, 2002) in the

factor

λt =λ0 +λ1xt . (1.10)

Now, it is not immediately obvious how to pin down the order of integration for xt

under the Q-measure. Nevertheless, we can determine the orders of integration of

factors under different measures by using the relations between the impulse response

functions of the factors and the market price of risk. With the specification for the

market price of risk in (1.7), the impulse-response coefficients are related as follows

(see Proof of Proposition 1):

Ψ j =ΨQ
j +

j−1∑
k=0

Ψ
Q
j−k−1ζk , (1.11)

for j = 1,2, .... However, if the market price of risk is specified as essentially affine in

the factors, then the relation becomes recursive:

Ψ j =ΨQ
j +

j−1∑
k=0

Ψ
Q
j−k−1λ1Ψk . (1.12)

The following proposition demonstrates how to determine the orders of integration

if the factor xt under different measures is defined as long memory process with

the market price of risk λt given in (1.7). In other words, it shows how the orders of

integration change when we change probability measures.

Proposition 1: Suppose that

(i) factor dynamics under the Q-measure as well as the P-measure are given as in (1.1)

and (1.3),

(ii) (logarithmic) stochastic discount factor is defined as in (1.6)

(iii) orders of integration for factors under the Q-measure and P-measure are dQ ≥ 0

and d P ≥ 0, respectively and the impulse-responses in (1.2) and (1.4) are given5

ψLi ∼
c i dL−1if dL > 0

r i where |r | < 1 if dL = 0,

where (ψLi ,dL) is (ψQ
i ,dQ ) or (ψi ,d P ).

(iv) the market price of risk λt is defined as in (1.7) with orders of integration dλ ≥ 0,

where

ζi ∼
c i dλ−1if dλ > 0

t i where |t | < 1 if dλ = 0,

5It is said that an ∼ bn , where bn ̸= 0, when an
bn

→ 1 as n →∞.
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If xt is a single factor, then the relation between the orders of integration is as follows:

d P = dQ +dλ. (1.13)

Proof: See Appendix A1.

Remark 1. Osterrieder and Schotman (2017) estimate different orders of integration

for the market price of risk λt and rt under the P-measure. They assume that the

order of integration 0 ≤ dλ < 0.5 whereas 0 ≤ d r < 1 under the P-measure. Thus, based

on Proposition 1, we can say that rt under the Q-measure is a long memory process

with the order of integration dQ = d P −dλ, which can be easily computed from their

estimates.

1.3 VMA(∞) representation

To estimate a DTSM with long memory in the latent factors, we can cast it in a state-

space framework. Golinski and Zaffaroni (2016) estimate a DTSM with long memory

process in a state-space framework using its VMA(∞) representation. This section il-

lustrates the Golinski and Zaffaroni (2016) framework and discusses its shortcomings.

In the next section, I explain some advantages of the VAR(∞) representation that I

propose to estimate a long memory process in a state-space setting.

A K ×1 dimension vector of pricing factors xt with a long memory has an infinite

dimensional state-space representation under the P-measure (see Chan and Palma,

1998). Golinski and Zaffaroni (2016) differentiate between state factors xt and latent

variables Ct . They define an infinite dimensional state vector Ct as

Ct =

 E [xt |xt , xt−1, ...]

E [xt+1|xt , xt−1, ...]

. . .

 . (1.14)

Thus, Ct captures all conditional expectations of xt at time t under the P-measure.

Then it is possible to employ the infinite order vector moving average, VMA(∞),

representation of the VARFIMA(p,d,q) process for xt to define a transition dynamics

for Ct

Ct = FCt−1 +Hεt , (1.15)

where an infinite dimensional H matrix is constructed using the impulse response

coefficientsΨi of the VARFIMA(p,d,q) process

H =

Ψ0

Ψ1

. . .

 .
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In addition, F is a double-infinite dimensional selection matrix with the following

structure

F =

 0 IK 0 0 . . .

0 0 IK 0 . . .

. . . . . . . . . . . . . . .

 ,

where IK is a K ×K identity matrix. The relationship between the factors and the

latent variables is defined as

xt =GCt , (1.16)

where G is an infinite dimensional selection matrix

G =
(
IK 0 0 . . .

)
. (1.17)

Golinski and Zaffaroni (2016) assume an essentially affine specification (1.10) for

the market price of risk. Given the stochastic discount factor in (1.6), it is possible to

show that the zero-coupon bond prices are affine in the state vector Ct .

Proposition 2: Suppose that the pricing factors xt =GCt under the Q- and P-measures

are defined in (1.1) and (1.3), respectively whereas the short rate is defined in (1.5).

Given the stochastic factor defined in (1.6) and the market price of risk in (1.10), the

no-arbitrage zero-coupon bond price P n
t at time t for maturity n is

P n
t = exp(An +B ′

nCt ), (1.18)

where the state vector Ct is defined in (1.14) and (1.15), the loadings An and Bn satisfy

the following Riccati recursions

An+1 = An −B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0 (1.19)

B ′
n+1 = B ′

n(F −Hλ1G)−δ′1G

Proof: See Appendix A1.

Remark 2. The pricing formulas for the zero-coupon bond prices are provided in

Theorem 4.1 of Golinski and Zaffaroni (2016), where they assume an ARFIMA process

for each factor. The pricing formulas in Proposition 2 represent a more general case

where the factors follow a VARFIMA process. Note also the similarity between the

formulas in (1.19) and the pricing formulas for the short memory case.

Golinski and Zaffaroni (2016) suggest to use the VMA(∞) representation of a

long memory process to estimate DTSMs with latent variables in the state-space

framework. By implicitly setting µ to zero, Golinski and Zaffaroni (2016) estimate δ0

and λ0 together with the state vector Ct (see Table 4 in their study). The following

proposition shows that it is not possible to jointly identify (δ0,λ0) together with the

state vector Ct .

Proposition 3: Suppose that

(i) the unobserved pricing factors xt =GCt follow a VARFIMA(p,d,q) process in (1.3)
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where Ct and G are defined as in (1.14) and in (1.17).

(ii) the measurement equation is defined in (1.18) with its loadings An and Bn given in

(1.19).

(iii) the transition equation is defined in (1.15).

(iv) µ in (1.3) is set to zero, i.e., µ= 0.

(v) all parameters other than (δ0,λ0) are identified.

Then it is not possible to identify (δ0,λ0) together with the latent state vector Ct .

Proof: See Appendix A1.

Remark 3. In short memory case, when all factors are unobserved, it is only possible

to identify two out of the three level parameters (δ0,λ0,µ) whereas in the VMA(∞)

representation it is only possible to identify δ0 in a multivariable setting. However, if

K = 1, it is possible to identify either δ0 or λ0 but not both.

The unidentified level parameters are important for the correct estimation of

term premium. Additionally, it can be shown that it is not possible to identify µ even

when all parameters and pricing factors are identified as it does not appear neither

in the transition equation nor in the measurement equation. For instance, Golinski

and Zaffaroni (2016) estimate a five factor model with the first two factors being

inflation and real activity. Although both inflation and real activity are observed, the

authors cannot estimate µ for these factors as this is not possible in the VMA(∞)

representation. An obvious refinement would be to make a minor modification to the

definition of the state variable Ct in Golinski and Zaffaroni (2016) and to re-define it

as de-meaned

Ct =

 E [xt −µ|xt , xt−1, ...]

E [xt+1 −µ|xt , xt−1, ...]

. . .

 .

This allows the intercept under the physical measure to show up in the definition of

the factors, i.e., xt =µ+GCt . In this case, the recursion for the loading An becomes

An+1 = An −δ′1µ−B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0.

Given that Ct and all parameters except µ and δ0 are identified, it is not possible to

identify µ and δ0. To see this classical identification problem, choose an arbitrary

value for µ∗ ̸=µ and set the value of δ∗0 such that

(δ∗0 −δ0) =−δ′1(µ∗−µ).

Then one can use the induction argument to prove that µ and δ0 are not jointly

identified.

Finally, it is interesting to explore a more general specification for the market price

of risk given in (1.7) and its implications for pricing of the zero-coupon bonds and

estimation of the term structure model. This specification allows to define different

orders of integration for pricing factors, xt under the two probability measures and

for the market price of risk. To present the pricing formulas for the zero-coupon bond
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prices in this framework, one final step is to determine the law of motion for Ct under

the risk neutral probability measure since it is not as straightforward as in the case of

the essentially affine specification for the market price of risk.

Similar to the definition of Ct under the physical probability measure, we can

define a state variable CQ
t in which the conditional expectations are taken under the

risk neutral probability measure

CQ
t =

 EQ [xt −µ|xt , xt−1, ...]

EQ [xt+1 −µ|xt , xt−1, ...]

. . .

=

 EQ [
∑∞

i=0Ψ
Q
i ε

Q
t−i |xt , xt−1, ...]

EQ [
∑∞

i=0Ψ
Q
i+1ε

Q
t−i |xt , xt−1, ...]

. . .

 .

It is possible to use the relation between the impulse responses in (1.11) to establish

that Ct and CQ
t are the same state variables. The transition dynamics for Ct under the

risk neutral probability measure is given as

Ct = FCt−1 +HQε
Q
t , (1.20)

where the HQ matrix is now constructed using the impulse-response coefficients

Ψ
Q
i of the VARFIMA process for xt under the risk neutral probability measure. The

following proposition states the pricing formulas for the bonds.

Proposition 4: Suppose that the pricing factors xt = µ+GCt under the Q- and P-

measures are defined in (1.1) and (1.3), respectively whereas the short rate is defined in

(1.5). Given the stochastic factor defined in (1.6) and the market price of risk in (1.7),

the no-arbitrage zero-coupon bond price P n
t at time t for maturity n is

P n
t = exp(An +B ′

nCt ), (1.21)

where the state vector Ct is defined in (1.14) and (1.15), the loadings An and Bn satisfy

the following Riccati recursions

An+1 = An −δ′1µ+0.5B ′
n HQ (HQ )′Bn −δ0 (1.22)

B ′
n+1 = B ′

nF −δ′1G

Proof: Similar to Proof of Proposition 2.

Proposition 5: Suppose that the unobserved factors xt = µ+GCt under the Q- and

P-measures are defined in (1.1) and (1.3), respectively. The transition equation for the

state-space system is given in (1.15) and the measurement equation is defined by the

price relation given in (1.22) . Then it is not possible to identify the intercept, µQ of

the factors under the Q-measure. In addition, it is only possible to identify the level of

the short rate, δ0 together with the state vector Ct but not the intercept, µ under the

physical probability measure.

Proof: Similar to Proof of Proposition 3 and the induction argument above.

All these discussions demonstrate that the VMA(∞) representation is not suitable

for a more general asymmetric specification of factor dynamics as it does not allow
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properly identifing the levels together with the state vector. On the contrary, in the

next section we will see that the proposed VAR(∞) representation are robust to the

identification issues inflicting the VMA(∞) representation and does not fall behind

of short memory models in that respect.

But before moving to the VAR(∞) representation, it is worth noting that despite

the infinite dimensionality of the state space, Chan and Palma (1998) show how to

obtain the exact likelihood based on a sample of T observations. They also propose

an approximate maximum likelihood approach using a truncated state-space system

which delivers the same asymptotic properties, though in a fewer number of steps.

Chan and Palma (1998) propose to set the truncation lag m = T β, where β ≥ 1/2.

While setting a larger truncation lag may enhance convergence properties of the

estimators, Grassi and de Magistris (2014) claim that choosing a too large truncation

lag may lead to biased estimators in finite samples.

For the truncated state-space representation, we can consider an approximate

model for xt of the form

xt =µ+
m∑

i=0
Ψiεt−i , (1.23)

which corresponds to a VMA(m) instead of a VMA(∞) process. Then Ct is truncated

at the lag m and the corresponding K m ×1 vector C̃t will be defined as follows

C̃t =


E [xt |xt , xt−1, ...]

E [xt+1|xt , xt−1, ...]

. . .

E [xt+m−1|xt , xt−1, ...]

 ,

and the selection matrices are

G̃ =
(
IK 0 . . . 0

)
, F̃ =

 0 IK . . .

. . . . . . . . .

0 . . . 0

 ,

where G̃ is a K ×K m matrice and F̃ is a K m ×K m matrix.

1.4 VAR(∞) representation

A long memory process can also be represented as an infinite order VAR(∞) process

as shown by Palma (2007, p 74). Given thatΘ(L) is invertable, the VARFIMA process

given in (1.1) or (1.3) can be written as

Θ−1(L)Φ(L)D(L) xt+1 =µ+Σεt+1, εt+1 ∼ N (0, I ).

Denoting Π(L) =Θ−1(L)Φ(L)D(L) and using the VAR(∞) representation, xt can be

expressed as

xt+1 =µ+π1xt +π2xt−1 + ...+πm xt−m+1 + ....+Σεt+1, (1.24)
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where πi for i = 1,2, ... are obtained from the VAR(∞) representation as detailed in

the appendix. It is worth noting that it is possible to use the truncated version of the

state-space similar to the case of the VMA(∞) representation for estimations, i.e., it is

possible to replace the VAR(∞) representation with a VAR(m) process.

Note that this representation of long memory imposes a high degree of structure

on vector autoregressive coefficients πi without compromising the degrees of free-

dom. Joslin et al. (2013) estimate an asymmetric specification using a VAR(p) process

with a maximum lag order p = 4 under the P-measure. Even specifying a smaller lag

order for a VAR(p) process quickly wipes out the degrees of freedom when the num-

ber of variables included in a VAR(p) process increases gradually. On the contrary,

the above specification allows us to choose as many lags as we wish while only using

a small number of parameters to be estimated. For instance, in the following section

I estimate a VAR(60) (i.e. setting the truncation lag m = 60) with 3 variables using

only 18 parameters whereas in the standard unrestricted VAR framework, this would

require around 190 parameters.

To estimate (1.24) in the state-space setting, let us define a latent variable Ct as

follows

Ct =

 xt

xt−1

. . .

 , (1.25)

where Ct is an infinite dimensional vector. Then using its companion form, we can

express the factor dynamics given in (1.24) more compactly. For that define µ̃, H and

Φ as

µ̃=

µ0
. . .

 , H =

 1

0

. . .

⊗Σ, Φ=

π1 π2 . . . πm−1 . . .

IK 0 . . . 0 . . .

. . . . . . . . . . . . . . .

 ,

where ⊗ is the Kronecker product, µ̃ is an infinite dimensional vector, H andΦ are

infinite dimensional matrices. Thus, the latent variable dynamics are expressed as

Ct+1 = µ̃+ΦCt +Hεt+1, (1.26)

and the factors xt are defined as

xt =GCt , (1.27)

where G is an infinite dimensional selection matrix defined in (1.17).

Using a similar notation, the state variable dynamics under the risk neutral mea-

sure can be written as

Ct+1 = µ̃Q +ΦQCt +Hε
Q
t+1. (1.28)
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The following proposition shows that the pricing formulas for the zero-coupon bonds

are almost the same with the standard case.

Proposition 6: Suppose that the pricing factors xt =GCt under the Q- and P-measures

are defined in (1.1) and (1.3), respectively whereas the short rate is defined in (1.5).

Given the stochastic factor defined in (1.6) and the market price of risk in (1.7), the

no-arbitrage zero-coupon bond price P n
t at time t for maturity n is

P n
t = An +B ′

nCt , (1.29)

where the state vector Ct is defined in (1.25) and (1.26), the loadings An and Bn satisfy

the following Riccati recursions

An+1 = An +B ′
nµ

Q +0.5B ′
n H H ′Bn −δ0 (1.30)

B ′
n+1 = B ′

nΦ
Q −δ′1G

Proof: Similar to the proofs above.

In the VAR(∞) representation, it is possible to identify two out of the three level

parameters similar to short memory models as the identification problem is essen-

tially the same. In other words, the system describing the physical dynamics in (1.26)

and the risk neutral dynamics in (1.28) together with pricing equations in (1.29) and

(1.30) poses the same identification problem as in the short memory case (see, for

instance, Dai and Singleton, 2000; Joslin, Singleton and Zhu, 2011). Thus, it is clear

that the proposed VAR(∞) representation suits well for an asymmetric treatment

of pricing factors. I demonstrate this advantage of the VAR(∞) representation by

estimating a short memory process under the Q-measure and a long memory process

under the P-measure in the long memory models.

1.5 Data and estimation method

The estimation sample is started as in Bauer and Rudebusch (2016) and covers the

period January, 1985 - December, 2018. I employ the 3-month and the 6-month T-bill

yields, as well as the 1-, 2-, 3-, 5-, 7-, and 10-year bond yields in the estimations.

The 3-month yield data is taken from Fama-Bliss estimations, whereas the 6-month

comes from the St Louis Fed database. The remaining longer term yields are obtained

from the periodically updated database of Gürkaynak, Sack and Wright (2007). All

monthly yields are defined as the end of the month basis. For survey data, I draw on

the Survey of Professional Forecasters (SPF) database of the Philadelphia Fed. For

more information please see the appendix.

Potentially, it is possible to specify and estimate a long memory process under

both measures in a dynamic term structure model relying on the VAR(∞) represen-

tation. However, the proposed framework is quite flexible and also allows to define

a different dynamics under the two measures. Here, I asymmetrically treat the risk

neutral and physical dynamics. I specify a VAR(1) process under the risk neutral
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measure but estimate a VARFIMA(1,d,0) process under the physical measure. VAR(1)

process under the Q-measure is a well-established convention in the short memory

literature (see Joslin, Le and Singleton, 2013) whereas VARFIMA(1,d,0) process under

the physical measure is preferred due to parsimony to reduce the number of param-

eters for estimation. VARFIMA(1,d,0) specification is also estimated by Abbritti et

al. (2016), whose term premium estimates are of a special interest. I also avoid unit

roots under the P- or Q-measure, as these specifications may pose several problems

such as arbitrage opportunities, identification problems, implausible forward rates

or term premium estimates, etc.

It is assumed that the market price of risk λt follows a linear process in (1.7).

Although a long memory specification under both measures may have its advantages,

the asymmetric specification speeds up the computations and allows me to carry

out an extensive comparison with the long memory model. Furthermore, I specify a

VAR(1) process for the factors under both measures in the short memory models.

In this study, I estimate both affine as well as shadow rate models (SRMs) with

long and short memory. In the SRMs, the factor specifications and their representa-

tions remain the same as in the affine models. However, the short rate specification is

modified slightly. Now, it is assumed that the shadow rate st is expressed as

st = δ0 +δ
′
1xt , (1.31)

whereas the short rate is rt = max(0, st ). Since SRMs do not have a closed form so-

lution, I follow Priebsch (2013) to obtain the expressions for the zero-coupon bond

yields. In my estimations, I rely on the first order approximation (see also Krippner,

2012) as it delivers adequate fit and sufficiently smaller errors with substantial reduc-

tion in computational time.

I apply the standard Kalman filter while estimating the affine models. To estimate

the SRMs, I employ the widely used extended Kalman filter. In the case of the long

memory SRM, the non-linear state-space representation becomes

yt = Z (xt )+ vt ,

Ct+1 = µ̃+ΦCt +Hεt+1,

where the measurement error, vt ∼ N (0,σ2
v I ), yt is a vector of yields, and xt =GCt .

Z (xt ) is a non-linear function in the pricing factors and obtained from Priebsch

(2013) approximation under the Q-measure. Because I use the truncated state-space,

I set the truncation lag m = 60 in the VAR(m) representation. This choice follows the

recommendations of Chan and Palma (1998) and is quite satisfactory in capturing

the observed persistence of the interest rates under the physical probability measure.

1.6 Empirical results

In this section, I present my results from the estimation of the term structure models.

First of all, it should be mentioned that because the factors follow a short memory
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process under the Q-measure, the standard pricing formulas can be applied to the

affine as well as the shadow rate models in the long memory framework (see also

Proposition 6). Second, as the factors are defined as a parsimonious VAR(1) process

under the Q-measure, I apply the identification restrictions of Joslin et al. (2011) in

both short and long memory models. That is, I employ the restrictions thatΦQ is an

ordered Jordan matrix whereas Σ is a lower triangular matrix with positive diagonal

entries. The δ1 is restricted to the vector of ones and µQ is set to zero. In the long

memory models, I additionally order the persistence estimates d in the descending

order as in the Jordan form above.

Almost all models are estimated using three pricing latent factors, which is a

common specification in the literature. However, in the forecasting exercise given in

the appendix, I also include inflation and real activity in addition to the three latent

factors. Finally, I assume that all yields are measured with error.

Here, I only report the results for the affine models with short and long memory.

The estimation results for the SRMs can be found in the appendix. The estimation

results for the affine model with short memory as well as long memory are presented

in Table 1.1 and Table 1.2, respectively. The parameters determining the risk-neutral

dynamics (ΦQ and δ0) as well as Σ are similar in both specifications. In addition, the

parameters are estimated very tightly in both cases. The eigenvalues from the Jordan

form (φQ ) in both models appear to be in line with the findings of the short memory

literature (Joslin et al., 2011; Bauer, Rudebusch and Wu, 2012).

It is clear from Table 1.1 and Table 1.2 that the long memory assumption under

the P-measure is innocuous and does not affect the risk neutral dynamics as expected.

This is because a maximally flexible identification approach based on the essentially

affine specification (Duffee, 2002) leads to an almost complete separation of the P

and Q dynamics. Since the Q dynamics is the same for all models, it is not surprising

that the estimated risk neutral parameters are similar.

Regarding the physical dynamics, it is clear that there are sizeable differences

between the models. The parametersΦ and µ are estimated somewhat differently in

both models. In the long memory case, the estimated orders of integration (d) for the

factors are large and consistent with the findings in the literature (Abbritti et al. 2016;

Osterrieder and Schotman, 2017). Since the estimated d coefficients are statistically

larger than 0.5, all latent factors are non-stationary.

Thus, the estimated models well capture the high persistence of the interest

rates under the risk neutral probability measure as the estimated eigenvalues (φQ )

are reasonably high and comparable to the existing short memory literature. The

estimated models also quite satisfactorily capture the high persistence of the interest

rates under the physical probability measure. For instance, the highest eigenvalue

under the physical probability measure is 0.9903 for the short memory affine model

whereas it is 0.9980 for the VAR(60) specification of the long memory model. These
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Table 1.1: Short memory affine model

This table reports the empirical results from the standard short memory affine model over the period
January, 1985-December, 2018. The standard errors in parentheses are calculated using the approach
proposed by Harvey (1989), p 142 (see also p 938 of Andreasen, 2013). φQ represents the estimated
eigenvalues. All estimated coefficients are statistically significant at the 5% level except the ones with the
asterisk sign.

Φ φQ µ Σ

latent 1 1.0055 0.0318 0.0448 0.9973 0.0008 0.0041
(0.0010) (0.0098) (0.0192) (0.0004) (0.0002) (0.0002)

latent 2 −0.0176 0.9514 −0.0655 0.9684 −0.0021 −0.0028 0.0053
(0.0080) (0.0036) (0.0195) (0.0009) (0.0008) (0.0004) (0.0002)

latent 3 −0.0140 −0.0147* 0.9195 0.8880 −0.0021 −0.0013 −0.0046 0.0019
(0.0073) (0.0088) (0.0060) (0.0033) (0.0008) (0.0003) (0.0003) (0.0001)

δ0 0.1455
(0.0028)

σv 0.0007
(0.0001)

Table 1.2: Long memory affine model

This table reports the empirical results from the long memory affine model over the period January,
1985-December, 2018. The standard errors in parentheses are calculated using the approach proposed
by Harvey (1989), p 142 (see also p 938 of Andreasen, 2013). φQ represents the estimated eigenvalues. All
estimated coefficients are statistically significant at the 5% level except the ones with the asterisk sign.

Φ φQ d µ Σ

latent 1 0.0914 −0.1169 −0.0444* 0.9973 0.8761 −0.0006 0.0039
(0.0077) (0.0328) (0.0389) (0.0004) (0.0001) (0.0001) (0.0002)

latent 2 0.3805 0.7479 0.2572 0.9683 0.8761 0.0004 −0.0022 0.0046
(0.0628) (0.0119) (0.0444) (0.0009) (0.0001) (0.0001) (0.0004) (0.0003)

latent 3 −0.1807 −0.2832 0.3962 0.8892 0.5897 −0.0003* −0.0016 −0.0039 0.0018
(0.0447) (0.0389) (0.0159) (0.0035) (0.0153) (0.0002) (0.0003) (0.0003) (0.0001)

δ0 0.1450
(0.0028)

σv 0.0007
(0.0001)

eigenvalue estimates are also comparable to existing literature (see, for instance,

Bauer et al. 2012; Abbritti et al. 2016).

1.7 Model properties

In this section, I discuss various tests for the estimated models in producing reason-

able term premium estimates. Although term premium is not observed, I propose

using several existing tests to indirectly assess the plausibility of term premium esti-

mates. First, I present the in-sample fit of the models. Of course, any model competing
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Table 1.3: In-sample fit

This table reports the in-sample fit of the estimated affine and shadow rate models with short "SM" and
long "LM" memory over the period January, 1985-December, 2018. The fit is computed using the root
mean squared error (RMSE). The errors are expressed in annualized basis points.

Model 3-month 6-month 1-year 2-year 3-year 5-year 7-year 10-year
Affine SM 7.03 6.52 7.44 3.28 4.81 5.58 3.21 6.32
Affine LM 7.17 6.48 7.45 3.35 4.82 5.56 3.25 6.35
SRM SM 7.51 6.57 6.88 3.59 4.79 5.07 3.22 5.51
SRM LM 6.88 6.41 7.01 3.54 4.78 5.26 3.18 5.89

for a more "correct" term premium estimate should fit the yield data well. Second,

I conduct the two "linear projections of yields" (LPY) tests proposed by Dai and

Singleton (2002), which investigate whether the estimated models can replicate the

desired slope coefficients from the standard and the risk-adjusted Campbell-Shiller

regressions. These two tests can also be considered as an important benchmark to

gauge the reasonableness of term premium estimates. Third, I also report the results

of the Mincer-Zarnowitz (1969) regressions for the models, which test whether the

model-implied excess returns comply with the realized excess returns. This test can

also be thought as an indirect assessment of term premium estimates as term pre-

mium is calculated as the average of expected excess returns over the life of the bond.

Finally, using another criteria, I explore whether the estimated models are coherent

with forecasts of short term interest rates from the Survey of Professional Forecasters

(SPF) over short and long horizons. This is another yardstick for a "right" estimation

of term premium as the decomposition of the long rate produces an expectation

term and a term premium component. In the last part, I discuss the estimates of term

premium dynamics and the overall performance of the models. In the appendix, an

interested reader can also find the results from a forecasting exercise for the affine

models.

1.7.1 In-sample fit

The in-sample fit of all estimated models are very satisfactory (Table 1.3). Despite the

7 years of the zero lower bound (ZLB) period in the sample January, 1985 - December,

2018, the largest error in the affine models is not greater than 7.5 basis points. Long

and short memory models fare comparably well in the estimation period. Once more,

it is evident that the long memory specification under the physical measure does not

influence the satisfactory fit of the models when compared to the short memory case.

While I apply the first rather than second order approximation of Priebsch (2013) to

find the solutions of the bond yields, the SRMs in both cases perform relatively well.

As discussed above, the essentially affine specification almost decouples the P

and Q dynamics. Only the Q dynamics is relevant for the cross-sectional fit, which is

the same for all models. Because only the P dynamics is nested, it is not surprising
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Figure 1.1: Affine models

This figure reports the Campbell-Shiller loadings implied by the model and the data. The "SM" denotes
short memory model whereas the "LM" long memory. The 95% confidence interval (shaded area) for the
LPY I test is based on the short memory model and computed using a block bootstrap of 5,000 replications
with a window size of 12 months. The confidence bands for the LPY II tests are obtained using the term
premium estimates from the short memory model.

(a) LPY I test (b) LPY II test

that the in-sample fits across the models are very similar. Although there are some

minor differences in the in-sample fit of the estimated models, these differences are

small and not significant.

1.7.2 Campbell-Shiller regressions

Dai and Singleton (2002) propose two tests to check the ability of DTSMs to match the

conditional mean of future yields. The first test (LPY I) explores whether population

slope coefficients from the Campbell and Shiller (1991) regressions can match their

counterparts from the data. It sets out and estimates the following regression

y j−m
t+m − y j

t = δ j +φ j
m

j −m
(y j

t − ym
t )+u j

t , (1.32)

where u j
t ∼ I I D(0, var (u j

t )) for maturities j = m +1,m +2, ...,K . A well-known result

from the Campbell and Shiller (1991) study shows that the spread, (y j
t − ym

t ), can

predict the movements in long maturity yields, (y j−m
t+m −y j

t ). Thus, in order for a DTSM

to pass the LPY I test, the standard Campbell-Shiller regression on the simulated

samples from the DTSM should replicate the slope coefficients from the data.

The second LPY II test investigates whether the yields in the sample comply with

the expectations hypothesis once they are adjusted for risk using the term premium

estimates from the DTSM. Specifically, it tests whether the loadings φQ
j are equal to 1
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Figure 1.2: Shadow rate models

This figure reports the Campbell-Shiller loadings implied by the model and the data. The "SM" denotes
short memory model whereas the "LM" long memory. The 95% confidence interval (shaded area) for the
LPY I test is based on the short memory model and computed using a block bootstrap of 5,000 replications
with a window size of 12 months. The confidence bands for the LPY II tests are obtained using the term
premium estimates from the short memory model.

(a) LPY I test (b) LPY II test

in the following regression

y j−m
t+m − y j

t − (c j−m
t+m − c j−m

t )+ m

j −m
θ

j−m
t = δQ

j +φQ
j

m

j −m
(y j

t − ym
t )+u j ,Q

t , (1.33)

where c j
t ≡ y j

t −1/ j
∑ j−1

i=0 Et [rt+i ] is the term premium in the j th maturity yield, θ j
t ≡

f j
t −Et [rt+ j ] is the term premium in the forward rate f j

t ≡−log (P j+1
t /P j

t ), and u j ,Q
t ∼

I I D(0, var (u j ,Q
t )).

To carry out the suggested LPY I test, I generate 10,000 samples of the equal length

as in the data from the term structure models. For each replication, I estimate (1.32)

using m = 6 months and then take the mean of the slope estimates. For LPY II test,

I use the term premium estimates from the models and adjust the corresponding

yields accordingly. I compare these model-implied loadings with the estimates from

the data covering the period January, 1985 - December, 2018. The 95% confidence

intervals are calculated using the Campbell-Shiller regressions applied to the data.

Here, I run 5,000 block bootstrap replications employing jointly the regressand and

the regressor in the regressions with a block window of 12 months.

Figure 1.1 depicts the results of the Campbell-Shiller regressions for the affine

models conducted for the yield maturities 1 to 10 years. As expected in the LPY I

test, the simulated Campbell-Shiller loadings (φ j ) decline and remain in the 95%

confidence band in both affine models although this decline is more pronounced in

the short memory model. To pass the second test, the Campbell-Shiller loadings (φQ
j )

from the models should not be statistically different from 1 (black line). Because the
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Figure 1.3: Mincer-Zarnowitz test

This figure reports the Mincer-Zarnowitz loading implied by the model and the data. The "SM" denotes
short memory model whereas the "LM" long memory. The 95% confidence intervals (shaded area) are
obtained from the data and computed using a block bootstrap of 5,000 replications with a window size of
12 months.

(a) Affine models (b) Shadow rate models

affine models meet this criterion, they pass the LPY II test as well.

Figure 1.2 shows the results of the two tests for the SRMs. Clearly, as the simulated

Campbell-Shiller regression loadings remain in the confidence bands, the SRMs

match the data and pass the two tests. Here as well, the short memory model performs

relatively better in the first test as it generally aligns with the data (red solid line).

However, these differences are small and generally not statistically significant.

1.7.3 Mincer-Zarnowitz test

The Mincer and Zarnowitz (1969) regression is another popular tool to test forecasting

performance of a candidate model. In a DTSM context, I apply the Mincer and

Zarnowitz (1969) regression to check the ability of the models in matching conditional

moments. In particular, I run an m-period realized excess return on the model-

implied expected excess return, i.e.

r xm, j
t+m =α0, j +α1, j Et [r xm, j

t+m]+um, j
t+m , (1.34)

where r xm, j
t+m ≡−( j−m)y j−m

t+m + j y j
t −mym

t . For a satisfactory model, the interceptα0, j

should be equal to zero, whereas the slope α1, j should not be statistically different

from 1.

As in the case of the LPY tests, I generate 10,000 samples of equal length as in

the data from each of the term structure models. For each replication, I estimate

(1.34) using m = 6 months and then take the mean of the estimates. I compare these

model-implied loadings with the estimates from the data covering the period January,
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1985 - December, 2018.

Figure 1.3a depicts the estimation results obtained from the affine models for the

slope coefficients α1, j . The horizontal axis shows the employed bond maturities j =
1,2, ...,10 in years. It is clear that the slope coefficients α1, j from the affine models are

not statistically different from 1. Although not reported here, the intercept estimates

α0, j are not statistically different from zero as well. Thus, these models satisfy the

Mincer-Zarnowitz test. Figure 1.3b displays the slope coefficients α1, j for the SRMs

from the Mincer-Zarnowitz regression. It is evident that they broadly satisfy the

Mincer-Zarnowitz criterion while the short memory model performs marginally

better.

1.7.4 Matching survey expectations

In this section, I discuss performances of the estimated models in fitting the 3 month

short-rate expectations from the Survey of Professional Forecasters (SPF). First, I

report the results of the models estimated with the yield data only in fitting 12-month-

and 10-year (average)-ahead survey expectations for the 3-month bond yield. Then

I also augment the yield data with the 6- and 12-month-ahead survey expectations

from the SPF similar to Kim and Orphanides (2012) and examine whether the same

models can improve upon their benchmark cases. Finally, I also augment the yield

data with the survey expectations for the average 3-month bond yield over the next

10-year horizon and compare their performances with the rest of the models.

Table 1.4 presents the ability of the affine and the SRMs with short and long

memory in fitting the short rate expectations from the SPF. Generally, the estimated

models can fit the short horizon survey expectations comparably well even without

the data augmentation. On average, the short memory models perform similarly

with the long memory ones, except one case. Without data augmentation, the affine

short memory model beats all the remaining models in fitting the 10-year average

survey expectations. That is, all remaining models have larger than 200 basis points

expectation errors over the next 10 years, whereas the short memory affine model

has almost half of these errors.

Including only the short horizon expectations in the term structure estimation

halves the forecast errors for the period 12 months ahead and substantially reduces

the errors for the next 10-year period (for more details see the appendix). Augmenting

the models with only long horizon survey expectations helps to reduce the forecast

errors for the long horizon substantially. To sum up, all the models perform satis-

factorily well given the results from the literature (see, for instance, Andreasen and

Meldrum, 2019).
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Table 1.4: Matching short-rate expectations from surveys

This table reports the root mean squared errors (RMSE) in annualized basis points (bp) between the
model-implied 3-month bond yield forecasts and the expected 3-month yield obtained from the Survey
of Professional Forecasters (SPF) over the period January, 1985 - December, 2018. The "YDO" denotes
the standard estimation of the models with the bond yields data only. The "SHS" denotes the models
estimated with the yields data plus short horizon 6- and 12-month-ahead survey expectations from the
SPF. The "LHS" denotes the models estimated with the yields data and the average 10-year expectations
for the 3-month bond yield from the SPF.

Affine SRM

Short memory Long memory Short memory Long memory

(a) 12-month
Yields data only (YDO) 68.8 75.6 88.7 87.1

Short horizon survey data (SHS) 31.7 33.2 28.2 30.4
Long horizon survey data (LHS) 53.7 55.3 69.9 71.3

(b) 10-year average
Yields data only (YDO) 109.9 217.3 214.8 252.3

Short horizon survey data (SHS) 64.8 85.3 65.3 77.0
Long horizon survey data (LHS) 27.5 23.9 28.9 27.8

1.7.5 Term premium

Term premium estimates of the long and short memory affine models for the 10-year

bond yield are displayed in Figure 1.4a. It is striking that these two term premium esti-

mates resemble the term premium estimates of Abbritti et al. (2016) during the period

1985-2011 (see Figure 3 at p 347 in Abbritti et al., 2016). Not only their shapes, but also

their scales are very similar. Abbritti et al. (2016) estimate a VARFIMA(1,d,0) model

but employing the observed first three principal components (obtained from a panel

of the bond yields) and a different estimation methodology in frequency domain.

Nevertheless, model estimations using different methodologies and different sample

periods produce similar term premium estimates. In addition, the term premium

estimates from the affine models display a high correlation with the estimates of

Adrian, Crump, and Moench (2013) study. This correlation is around 98% for the short

memory model and 77% for the long memory model.

Figure 1.4a shows that the term premium estimates of the long memory affine

model are generally larger than the estimates of the short memory affine model

during most of the sample period. Figure 1.4b displays the term premium estimates

using the same maturity bond yield in the SRMs. They look like the estimates of the

affine models despite the 7 years of the ZLB period in the sample. In the SRMs as well,

the estimates of the term premium of the long memory model are generally larger

than those of the short memory model.

All term premium estimates appear counter-cyclical as they rise before and dur-

ing recessions and fall during expansions. However, they are generally lagging the

cycle. The volatilities of the term premium estimates for the 10-year bond yield in
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Figure 1.4: Term premium

Term premium estimates from long memory (LM) and short memory (SM) affine models. The green line
(ACM) depicts Adrian, Crump, and Moench (2013) estimates. The shaded regions indicate NBER recession
dates for the US. economy.

(a) Affine models (b) Shadow rate models

affine models are similar and close to 1.2% whereas in the SRMs, the long memory

model has a slightly lower volatility (1.2% vs 1.4%). Over the course of the sample, the

10-year bond yield exhibited a downward trend and declined by 8.3%. The long and

short memory affine models attribute half of this decline, namely, 4.8% and 3.8%, to

falling short-rate expectations. The SRMs explain a larger portion, i.e., around 5-6% of

this decline by lower short-rate expectations. For comparison, the short-rate survey

expectations attribute around half of this decline to falling short-rate expectations.

Overall, the abilities of the models do not differ significantly in interpreting term

premium dynamics.

1.8 Conclusion

In this study, I generalize the state-space approach proposed in Golinski and Zaffaroni

(2016) to estimate long memory term structure models and address the shortcomings

in their estimation framework. The computational efficiency of the new framework

allows me to carry out an extensive comparison of long and short memory term

structure models. Using a battery of tests, I find that the short memory term structure

models perform just like the long memory models.

The estimated affine as well as the shadow rate models with short and long

memory produce similar parameter estimates and term premium as in the literature.

Moreover, the short and long memory models perform remarkably similar against a

number of criteria. Even if there is a difference in their performance, this difference is

statistically insignificant and does not provide strong support for any model type.
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All estimated models achieve a similar in-sample fit, perform adequately in the

Campbell-Schiller predictability tests as well as in the Mincer-Zarnowitz test. There

is little to distinguish between the ability of these models in matching the short rate

survey expectations as well. Only the magnitudes of the term premium estimates

of the long and short memory models somewhat differ although the term premium

dynamics is similar. In general, the long memory models have relatively larger term

premium estimates. Thus, I show that standard term structure models with short

memory produce similar term premium estimates as more complicated long memory

models.

Acknowledgements

I would like to especially thank Martin Møller Andreasen, Morten Ørregaard Nielsen

and Juan Carlos Parra-Alvarez for careful reading, detailed comments and valuable

suggestions, which have considerably improved the quality of the paper. I am also

grateful to an anonymous referee, Leopoldo Catania, Bent Jesper Christensen, Peter

Feldhütter, Burçin Kisacikoglu and seminar participants at Aarhus University, the

DGPE workshop at Kobæk Strand Center, the Nordic Finance workshop and Bilkent

University for their comments and suggestions. I would also like to thank Martin

Møller Andreasen, Adam Golinski and Marcel Priebsch for generously sharing their

Matlab codes. All remaining errors are mine. The numerical results presented in this

work were obtained at the Centre for Scientific Computing Aarhus, Aarhus University

http://www.cscaa.dk/.

http://www.cscaa.dk/


26 CHAPTER 1. LONG AND SHORT MEMORY IN DYNAMIC TERM STRUCTURE MODELS

1.9 References

Abbritti, M., Gil-Alana, L. A., Lovcha, Y., and Moreno, A. (2016). Term structure

persistence. Journal of Financial Econometrics, 14, 331-352.

Adrian T., Crump, R. K., Moench, E. (2013). Pricing the term structure with linear

regressions, Journal of Financial Economics 110(1), 110-138.

Andreasen, M. M. and Meldrum, A. (2019). A shadow rate or a quadratic policy rule?

The best way to enforce the zero lower bound in the United States. Journal of

Financial and Quantitative Analysis, 54, 2261-2292.

Andreasen, M. M. and Christensen, B. J. (2015). The SR approach: A new estimation

procedure for non-linear and non-Gaussian dynamic term structure models.

Journal of Econometrics, 184, 420-451.

Andreasen, M. M. (2013). Non-linear DSGE models and the central Kalman filter.

Journal of Applied Econometrics, 28, 929-955.

Backus, D. K., and Zin, S. E. (1993). Long memory inflation uncertainty: evidence

from the term structure of interest rates. Journal of Money, Credit and Banking,

25(3), 681-700.

Banbura, M., Giannone, D., and Lenza, M., (2015). Conditional forecasts and sce-

nario analysis with vector autoregessions for large cross sections. International

Journal of Forecasting, 31, 739-756.

Bauer, M. D., and Rudebusch, G. D. (2020). Interest rates under falling stars. Ameri-

can Economic Review, 110(5), 1316-1354.

Bauer, M. D., and Rudebusch, G. D. (2016). Monetary policy expectations at the Zero

Lower Bound. Journal of Money, Credit and Banking, 48, 439-1465.

Bauer, M. D., Rudebusch, G. D., and Wu, J. C. (2012). Correcting estimation bias in

dynamic term structure models. Journal of Business and Economic Statistics,

30(3), 454-467

Brockwell, P. J. and Davis, R. A. (1991). Time series: theory and methods, Springer.

Campbell, J.Y., and Shiller, R.J. (1991). Yield spreads and interest rate movements: a

bird’s eye view. Review of Financial Studies, 58, 495-514.

Campbell, J.Y., and Shiller, R.J. (1987). Cointegration and tests of present value

models. Journal of Political Economy, 95, 1062-88.

Chan, N. H., and Palma, W. (1998). State space modelling of long-memory processes.

Annals of Statistics, 26, 719-740.



1.9. REFERENCES 27

Christoffersen, P., Elkamhi, R., Feunou, B., and Jacobs, K. (2010). Option valuation

with conditional heteroskedasticity and nonnormality. Review of Financial

Studies, 23, 2139-2183.

Dai, Q., and Singleton, K. J. (2002). Expectations puzzles, time-varying risk premia,

and affine models of the term structure. Journal of Financial Economics, 63,

415-441.

Dai, Q., and Singleton, K. J. (2000). Specification analysis of affine term structure

models. Journal of Finance, 55, 1943-1978.

Diebold, F. X., and Rudebusch, G. D. (1989). Long memory and persistence in aggre-

gate output. Journal of Monetary Economics, 24, 189-209.

Duffee, G. (2002). Term premia and interest forecasts in affine models. Journal of

Finance, 57, 405-443.

Durbin, J., and Koopman, S. J. (2012). Time series analysis by state-space methods,

Second Edition. Oxford University Press, Oxford.

Engsted, T. and Tanggaard, C. (1994). Cointegration and the US term structure.

Journal of Banking and Finance, 18, 167-181.

Golinski, A. and Zaffaroni, P. (2016). Long memory affine term structure models.

Journal of Econometrics, 191, 33-56.

Grassi, S., and de Magistris, P. S. (2014). When long memory meets the Kalman filter:

a comparative study. Computational Statistics and Data Analysis, 76, 301-319.

Gürkaynak, R. S., Sack, B., and Wright, J. H. (2007). The US treasury yield curve: 1961

to the present. Journal of Monetary Economics, 54, 2291-2304.

Hall, A., Andreson, H. and Granger, C. (1992). A cointegration analysis of Tresaury

Bill yields. Review of Economics and Statistics, 74, 116-126.

Hansen, A. L. (2021). Modeling persistent interest rates with double-autoregressive

processes. Journal of Banking and Finance, 133.

Harvey, A. C. (1989). Forecasting, structural time series models and the Kalman filter,

Reprint Edition. Cambridge University Press, Cambridge.

Jardet, C., Monfort, A. and Pegoraro, F. (2013). No-arbitrage near-cointegrated VAR(p)

term structure models, term premia and GDP growth. Journal of Banking and

Finance, 37, 389-402.

Johansen, S., and Nielsen, M. (2016). The role of initial values in conditional sum-of-

squares estimation of non-stationary fractional time series models. Economet-

ric Theory, 32, 1095-1139.



28 CHAPTER 1. LONG AND SHORT MEMORY IN DYNAMIC TERM STRUCTURE MODELS

Johansen, S., and Nielsen, M. (2010). Likelihood inference for a nonstationary frac-

tional autoregressive model. Journal of Econometrics, 158, 51-66.

Joslin, S., Priebsch, M., and Singleton, K. J. (2014). Risk premiums in dynamic term

structure models with unspanned macro risks. Journal of Finance, 69, 1197-

1233.

Joslin, S., Le, A., and Singleton, K. J. (2013). Gaussian macro-finance term structure

models with lags. Journal of Financial Econometrics, 11, 581-609.

Joslin, S., Singleton, K. J., and Zhu, H. (2011). A new perspective on Gaussian dynamic

term structure models. Review of Financial Studies, 24, 926-970.

Kim, D. H., and Orphanides, A. (2012). Term structure estimation with survey data

on interest rate forecasts. Journal of Financial and Quantitative Analysis, 47,

241-272.

Kozicki, S. and Tinsley, P. A. (2001). Shifting endpoints in the term structure of

interest rates. Journal of Monetary Economics, 47, 613-652.

Krippner, L. (2012). Modifying Gaussian term structure models when interest rates

are near the zero lower bound. Reserve Bank of New Zealand Discussion Paper,

2012/02, available at SSRN: https://ssrn.com/abstract=2139510

Lutkepohl, H. (2005). New introduction to multiple time series analysis. Revised

Edition. Springer.

Mincer, J.A. and Zarnowitz, V. (1969). The evolution of economic forecasts. NBER,

Chapter 1, 3-46.

Osterrieder, D., and Schotman, P. C. (2017). The volatility of long-term bond re-

turns: persistent interest shocks and time-varying risk premiums. Review of

Economics and Statistics, 99, 884-895.

Palma, W. (2006). Long-memory time series: theory and methods, First Edition. Wiley-

Interscience.

Priebsch, M. (2013). Computing arbitrage-free yields in multi-factor Gaussian shadow

rate term structure models. Board of Governors of the Federal Reserve System

(US) Finance and Economics Discussion Series, 2013-63, available at SSRN:

https://ssrn.com/abstract=2350873

Wu, J. C., and Xia, F. D. (2016). Measuring the macroeconomic impact of monetary

policy at the Zero Lower Bound. Journal of Money, Credit and Banking, 48,

253-291.



A.1. PROOFS 29

Appendix

A.1 Proofs

The key ingredient to the proof of Proposition 1 is Lemma 1 below. The proof of this

lemma is omitted but can be found in Lemma B.4 in Johansen and Nielsen (2010)

or Lemma A.5 in Johansen and Nielsen (2016). See also Lemma D.1 and Proof of

Theorem 4.6 in Golinski and Zaffaroni (2016).

Lemma 1: For finite d1 ≥ 0 and d2 ≥ 0 assume that as i →∞

ψ
Q
i ∼

c i d1−1if d1 > 0

r i where |r | < 1 if d1 = 0,

ζi ∼
c i d2−1if d2 > 0

t i where |t | < 1 if d2 = 0,

then as n →∞
n∑

i=0
ψ

Q
n−iζi ∼ c nd1+d2−1,

where c denotes an arbitrary constant, not always the same.

Proof of Proposition 1: I first establish a relation between the impulse-response

coefficients of the factors xt under different measures and the market price of risk,

λt and then apply Lemma 1 to this relation.

From the existence of the Radon-Nikodym derivative and Gaussian assumption of εt ,

we obtain εQ
t = εt +λt−1. Substituting λt given in (1.7) and εQ

t = εt +λt−1 in (1.2), we

obtain

xt =µQ +
∞∑

j=0
Ψ

Q
j ε

Q
t− j =µQ +

∞∑
j=0
Ψ

Q
j (εt− j + (λ0 +

∞∑
k=0

ζkεt− j−k−1))

=µQ + (
∞∑

j=0
Ψ

Q
j )λ0 +

∞∑
j=0
Ψ

Q
j εt− j +

∞∑
j=0

∞∑
k=0

Ψ
Q
j ζkεt− j−k−1

=µQ + (
∞∑

j=0
Ψ

Q
j )λ0 +

∞∑
j=0
Ψ

Q
j εt− j +

∞∑
k=0

∞∑
j=k+1

Ψ
Q
j−k−1ζkεt− j

=µQ + (
∞∑

j=0
Ψ

Q
j )λ0 +

∞∑
j=0
Ψ

Q
j εt− j +

∞∑
j=1

j−1∑
k=0

Ψ
Q
j−k−1ζkεt− j .

Thus, using the VMA(∞) representation of xt under the physical measure in (1.4) and

equating the coefficients, we obtain

µ=µQ + (
∞∑

j=0
Ψ

Q
j )λ0, (A.1)
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for j = 1,2, ...

Ψ j =ΨQ
j +

j−1∑
k=0

Ψ
Q
j−k−1ζk , (1.11)

andΨ0 =ΨQ
0 .

In the case of a single factor, as j →∞, the impulse-responses of xt under the Q-

measure and market price of risk, λt , are given as

ζ j ∼
c j dλ−1if dλ > 0

t j where |t | < 1 if dλ = 0.

Ψ
Q
j ∼

c j dQ−1if dQ > 0

r j where |r | < 1 if dQ = 0.

Then as j →∞, by Lemma 1

j−1∑
k=0

Ψ
Q
j−k−1ζk ∼ c j dQ+dλ−1.

Thus,

Ψ j ∼ c j d P−1,

where d P = max(dQ ,dQ + dλ) = dQ + dλ due to the assumptions of dQ ≥ 0 and

dλ ≥ 0.

Proof of Proposition 2: To write the pricing formulas for the zero coupon bonds, I

rely on the following relation

P n+1
t = EQ

t [exp(−rt )P n
t+1].

Before starting, note that by a mere change of measure the dynamics of Ct under the

Q-measure is

Ct =−Hλ0 + (F −Hλ1G)Ct−1 +Hε
Q
t . (A.2)

I guess that the pricing relation is as follows

P n
t = exp(An +B ′

nCt ).

Thus,

P n+1
t = EQ

t [exp(−rt )exp(An +B ′
nCt+1)]

= exp(−δ0 −δ′1GCt + An −B ′
n Hλ0 +B ′

n(F −Hλ1G))EQ
t [exp(B ′

n Hε
Q
t+1)]

= exp
(

An −B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0 + (B ′
n(F −Hλ1G)−δ′1G)Ct

)
.
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Thus,

An+1 = An −B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0

B ′
n+1 = B ′

n(F −Hλ1G)−δ′1G .

Proof of Proposition 3: Let’s fix some notations first. Define a new unobserved pricing

vector x∗
t = xt + c and define c̃ as

c̃ =

 c

c

. . .

 .

Note that c =G c̃ where G is given in (1.17). Now, C∗
t is defined as

C∗
t =

 E [x∗
t |x∗

t , x∗
t−1, ...]

E [x∗
t+1|x∗

t , x∗
t−1, ...]

. . .

 , (A.3)

where C∗
t follows a transition dynamics similar to Ct in (1.15)

C∗
t = FC∗

t−1 +Hεt . (A.4)

In addition, since C∗
t =Ct + c̃, we can use the transition dynamics of Ct in (1.15) to

write

Ct + c̃ = (c̃ −F c̃)+F (Ct−1 + c̃)+Hεt ⇒
C∗

t = (c̃ −F c̃)+FC∗
t−1 +Hεt . (A.5)

Comparing (A.4) and (A.5), it is clear that

c̃ −F c̃ = 0, (A.6)

holds in infinite dimension. Furthermore, choose λ∗
0 =λ0−λ1Gc̃ and δ∗0 = δ0−δ′1Gc̃ .

Here, I prove that (δ0,λ0,Ct ) is observationally equivalent to (δ∗0 ,λ∗
0 ,C∗

t ). That is, if I

show that for all m

P (m)
t = exp(A∗

m +B ′
mC∗

t ) = exp(Am +B ′
mCt ), (A.7)

then the proof is complete. Here, note that since all parameters except (δ0,λ0) are

assumed to be identified, Bm is the same for both xt and x∗
t .

I will use the induction argument to prove (A.7). First, to prove the base case m = 1,

note that the price of the zero-coupon bond for the maturity m = 1 is

P (1)
t = exp(−δ∗0 −δ′1GC∗

t ) (A.8)

= exp(−δ0 +δ′1Gc̃ −δ′1Gc̃ −δ′1GCt )

= exp(−δ0 −δ′1GCt ),
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where I use the fact that δ∗0 = δ0 −δ′1Gc̃ and C∗
t =Ct + c̃.

Now, assume that the relation in (A.7) holds for m = n, i.e.,

P (n)
t = exp(A∗

n +B ′
nC∗

t ) = exp(An +B ′
nCt ), (A.9)

which implies that A∗
n +B ′

nC∗
t = An +B ′

nCt . Since

A∗
n +B ′

nC∗
t = A∗

n +B ′
n c̃ +B ′

nCt ,

our assumption for m = n in (A.9) implies that

A∗
n +B ′

n c̃ = An . (A.10)

Now, if I prove that the pricing relation in (A.7) holds for m = n +1, then the proof is

complete. To start, note that

P (n+1)
t = exp(A∗

n+1 +B ′
n+1C∗

t ) (A.11)

= exp(A∗
n −B ′

n Hλ∗
0 +0.5B ′

n H H ′Bn −δ∗0 +B ′
n+1(Ct + c̃))

= exp(A∗
n −B ′

n Hλ0 +0.5B ′
n H H ′Bn −δ0

+B ′
n Hλ1Gc̃ +δ′1Gc̃ +B ′

n+1Ct +B ′
n+1c̃)

where in the second line I use the formula for A∗
n+1 given in (1.19) and substitute

λ∗
0 = λ0 −λ1Gc̃ and δ∗0 = δ0 −δ′1Gc̃. Now, let’s use the relation given in (A.6), i.e.,

c̃ −F c̃ = 0.

P (n+1)
t = exp(A∗

n −B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0 (A.11)

+B ′
n Hλ1Gc̃ +δ′1Gc̃ +B ′

n(c̃ −F c̃)︸ ︷︷ ︸
0

+B ′
n+1Ct +B ′

n+1c̃).

Now, if we collect the terms, (A.11) can be re-written as

P (n+1)
t = exp(A∗

n −B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0 (A.11)

− (B ′
n(F −Hλ1G)−δ′1G)︸ ︷︷ ︸

B ′
n+1

c̃ +B ′
n c̃ +B ′

n+1Ct +B ′
n+1c̃).

Note that B ′
n+1 = B ′

n(F−Hλ1G)−δ′1G by (1.19). Now, if we use the implied assumption

(A.10) (by assumption (A.9)), i.e., A∗
n +B ′

n c̃ = An in (A.11) above, we obtain

P (n+1)
t = exp(A∗

n+1 +B ′
n+1C∗

t ) (A.11)

= exp(A∗
n −B ′

n Hλ0 +0.5B ′
n H H ′Bn −δ0 −B ′

n+1c̃ +B ′
n c̃ +B ′

n+1Ct +B ′
n+1c̃)

= exp(An −B ′
n Hλ0 +0.5B ′

n H H ′Bn −δ0 +B ′
n+1Ct )

= exp(An+1 +B ′
n+1Ct ),

where the final line follows from the loading formula for An+1 in (1.19).



A.2. SHORT MEMORY FACTOR SPECIFICATIONS 33

A.2 Short memory factor specifications

Although long memory specification is fairly general and nests short memory as well,

I prefer to separately present short memory specification following the short memory

literature. Thus, a vector of state factors xt = (x1t x2t ... xK t )′ follows a parsimonious

first order vector autoregressive VAR(1) process under the P-measure:

xt =µ+Φxt−1 +Σεt , (A.12)

where εt ∼ N (0, I ), εt and µ are K ×1 vectors, Φ is a K ×K matrix and Σ is a K ×K

lower triangular matrix. The short term interest rate rt is defined as a linear function

of the pricing factors

rt = δ0 +δ
′
1xt , (1.5)

where δ0 is a scalar and δ1 is a K ×1 vector. The (logarithmic) stochastic discount

factor (SDF) is a quadratic function of the K risk factors

−mt+1 = rt + 1

2
λ′

t λt +λ′
t εt+1, (1.6)

where λt is a vector of the market price of risks, which are essentially affine in the

pricing factors

λt =λ0 +λ1xt , (1.10)

where λ0 is a K ×1 vector and λ1 is a K ×K matrix. Therefore, the pricing factors also

follow a parsimonious VAR(1) process under the Q-measure

xt =µQ +ΦQ xt−1 +ΣεQ
t , (A.13)

where εQ
t ∼ N (0, I ), εQ

t is a K ×1 vector and

µQ =µ−Σλ0, ΦQ =Φ−Σλ1.

A.3 Kalman Filter with Surveys

To estimate an affine, no-arbitrage DTSM, I apply the standard Kalman filter:

yt =A+Bxt + vt

Ct+1 = µ̃+ΦCt +Hεt+1,

where xt =GCt . The J ×1 vector A and J ×K dimension matrix B are defined as

A=


Aτ1

Aτ2

. . .

AτN

 B=


Bτ1

Bτ2

. . .

BτN

 ,
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where Aτi = − 1
τi

A
′
τi

and Bτi = − 1
τi

B
′
τi

. Am and Bm are computed using the well-

known Ricatti difference equations:

Am+1 = Am + (µQ )′Bm + 1

2
B ′

mΣΣ
′Bm −δ0

Bm+1 = (ΦQ )′Bm −δ1,

with starting values A0 = 0 and B0 = 0.

I augment the yields in the measurement equation with 3- and 6-month-ahead

expectations as well as the 10-year-ahead (average) expectations of the 3-month

T-bill rate. Now, the measurement equation becomes
yt

ye,6
3,t

ye,12
3,t

ỹe,120
3,t

=


A

A3 +B3G(I −Φ)−1(I −Φ6)µ̃

A3 +B3G(I −Φ)−1(I −Φ12)µ̃

A3 +1/120B3G(I −Φ)−1 ∑120
i=1(I −Φi )µ̃

+


BG

B3GΦ6

B3GΦ12

1/120B3G
∑120

i=1Φ
i

Ct+


vt

ve
t

ve
t

ṽe
t

 .

The transition equation stays the same as in the case of the standard DTSM. For the

VAR(∞) representation, Ct is defined as

Ct =


xt

xt−1

xt−2

. . .

xt−m+1

 .

To initialize the Kalman filter, I estimate C1 (in fact, x1). However, to set up P1, I use

the VMA(∞) representation of the VARFIMA(p,d,q) model. Since

xt+1 =µ+
∞∑

j=0
Ψ jεt− j ,

then

E [(xt −µ) (xt−l −µ)′] = E [(
∞∑

j=0
Ψ jεt− j )(

∞∑
k=0

Ψkεt−l−k )′] =
∞∑

j=0

∞∑
k=0

Ψ j E [εt− jε
′
t−l−k ]Ψ

′
k .

But since εt ∼ N (0, I ) is i.i.d. shocks, then I only have non-zero terms when k = j − l

E [(xt −µ) (xt−l −µ)′] =
∞∑
j=l
Ψ jΨ

′
j−l .

Note that I truncate this sum at m. To compute covariance matrix for Ct , I set up an

upper triangular Teoplitz matrix

T =


Ψ0 Ψ1 Ψ2 Ψ3 . . . Ψm−1

0 Ψ0 Ψ1 Ψ2 . . . Ψm−2

0 0 Ψ0 Ψ1 . . . Ψm−3

. . . . . . . . . . . . . . . . . .

0 0 0 0 . . . Ψ0

 .
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Thus, to initialize P1, I calculate the following expression:

P1 = E [(C1 − µ̃) (C1 − µ̃))′] = T T ′.

A.4 Extended Kalman Filter

Following Durbin and Koopman (2012), I use the following recursions for the ex-

tended Kalman filter

vt = yt −Z (xt ), Ft = Żt Pt Ż
′
t +σ2

v IN

Ct+1 =µ+ΦCt , Pt+1 =ΦPt (Φ−Kt Żt )′+H H ′,

where xt = G Ct , Kt = ΦPt Ż
′
t F−1

t and Żt = ∂Z
∂Ct

. For updating I use the following

relations

Ct |t =Ct +Pt Ż
′
t F−1

t vt

Pt |t = Pt −Pt Ż
′
t F−1

t Żt Pt .

A.5 VMA(∞) representation

Brockwell and Davis (1990) show how to obtain impulse-response coefficients for

an ARMA process (p 92). This result can be generalized to a multivariate setting as

well. For that defineΘ0 =Σ andΘ j = 0 for j > q as well asΦ j = 0 for j > p, then the

impulse-response coefficients ϕ j for a VARMA(p,q) process is obtained as

ϕ j =Θ j +
∑

0<k≤ j
Φk ϕ j−k , 0 ≤ j < max(p, q +1),

and

ϕ j =
∑

0<k≤p
Φk ϕ j−k , j ≥ max(p, q +1).

Now, to derive the impulse-response coefficientsΨ j for a VARFIMA(p,d,q) process,

we need to multiply two lag polynomials, ϕ(L) and D(L). First, note that as shown by

Diebold and Rudebusch (1989), a binomial expansion of the operator (1−L)d can be

written as follows:

(1−L)d =
∞∑

j=0

Γ( j −d)L j

Γ(−d)Γ( j +1)
= 1−dL+ d(d −1)

2!
L2 − d(d −1)(d −2)

3!
L3 + ...

Since D(L) is a diagonal matrix, its inverse is also diagonal. Denoting the inverse poly-

nomial6 as η(L), the impulse-response coefficientsΨ for a VARFIMA(p,d,q) process

6Note that d will be replaced with −d in the above binomial expansion



36 CHAPTER 1. LONG AND SHORT MEMORY IN DYNAMIC TERM STRUCTURE MODELS

can be obtained as

(
∞∑

j=0
η j L j )(

∞∑
k=0

ϕk Lk ) =
∞∑

j=0

∞∑
k=0

η jϕk L j+k =
∞∑

k=0

∞∑
j=k

η j−kϕk L j

=
∞∑

j=0

j∑
k=0

η j−kϕk L j =
∞∑

j=0
(

j∑
k=0

η j−kϕk )L j

Thus,

Ψ j =
j∑

k=0
η j−kϕk .

A.6 VAR(∞) representation

Let us first compute the VAR(∞) representation of a VARMA(p,q) model, which is

defined as

Φ(L)xt =Θ(L)εt ,

whereΦ(L) = I −Φ1L−Φ2L2 − ...−Φp Lp andΘ(L) = I +Θ1L+ ...+Θq Lq . The VAR(∞)

representation of the VARMA(p,q) model takes the following form

εt =Θ(L)−1Φ(L)xt =Π(L)xt =
∞∑

j=0
Π j xt− j .

The product of the two polynomialsΘ(L)Π(L) are computed as

(
∑q

k=0Θk Lk )(
∑∞

j=0Π j L j ) =∑q
k=0

∑∞
j=0ΘkΠ j L j+k =∑q

k=0

∑∞
j=kΘkΠ j−k L j =∑∞

j=0

∑mi n(q, j )
k=0 ΘkΠ j−k L j =∑∞

j=0(
∑mi n(q, j )

k=0 ΘkΠ j−k )L j .

Using the relation that Θ(L)Π(L) = Φ(L), we can recursively express the VAR(∞)

representation coefficients as

−Φ j =Π j +
mi n(q, j )∑

k=1
ΘkΠ j−k ,

whereΦ0 =−I andΦ j = 0 for j > p. Now, let us express the VAR(∞) representation of

a VARFIMA(p,d,q) process. To find the respective coefficients, we need to multiply

the two polynomials,Π(L)D(L) =Ξ(L), where D(L) is a diagonal matrix. That is, the

VAR(∞) representation of the VARFIMA(p,d,q) process is defined as

εt =Π(L)D(L)xt =Ξ(L)xt =
∞∑

j=0
Ξ j xt− j .
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The product of the two polynomials,Π(L)D(L), are computed as

Π(L)D(L) = (
∞∑

k=0
Πk Lk )(

∞∑
j=0

D j L j ) =
∞∑

k=0

∞∑
j=0
Πk D j L j+k =

∞∑
k=0

∞∑
j=k
Πk D j−k L j =

∞∑
j=0

j∑
k=0

Πk D j−k L j =
∞∑

j=0
(

j∑
k=0

Πk D j−k )L j .

Thus,

Ξ j =
j∑

k=0
Πk D j−k .

A.7 Survey data

For survey data, I draw on the publicly available Survey of Professional Forecasters

(SPF) database of the Fed Reserve Bank of Philadelphia. In my estimations, I employ

6- and 12-month-ahead forecasts of the 3-month T-bill rate as well as its 10-year

average forecast. The 6- and 12-month-ahead forecasts are compiled on a quarterly

basis and they are available since 1981. The Philadelphia Fed has started conducting

these surveys in real time and adhering to a consistent timing since 1990:Q3. In the

beginning of each quarter, the questionnaires are sent to the forecasters and the final

deadline for reporting forecasts is the mid of the second month of the corresponding

quarter. The Fed questionnaire asks to forecast for 6 quarters but only 4 quarters are

relevant for forecasting ahead from the current quarter. Since these forecasts can be

considered as the mid of month forecasts, I employ a piecewise linear interpolation

method to obtain the end of month forecasts. For instance, to get the end of month

forecast for 6 months ahead in February I use the mean forecasts for 2 and 3 quarters

ahead and interpolate these two points to get the end of month forecast for August.

In the case of the long-horizon forecast (10-year-ahead average) for the 3-month

T-bill rate, the survey is conducted on less frequently basis, i.e., once a year. For the

long horizon forecast, I do not carry out any adjustments to the available forecast.

In fact, in the case of the short horizon forecasts, my interpolations are very similar

to the actual forecasts. In addition, the sample length of the long-horizon forecast

(10-year-ahead average) is relatively shorter as it starts in 1992. Finally, it is worth

noting that when I employ the survey forecasts in the Kalman filter, I treat unavailable

dates as missing observations and adjust the filter accordingly.

A.8 Shadow rate models

The estimated results for the shadow rate models with short and long memory are

presented in Table A1 and Table A2, respectively. The estimated coefficients of the

long memory model are similar to the ones in the affine model with long memory
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Figure A.1: Shadow rate

This figure depicts the shadow rate estimates from long memory "LM" and short memory "SM" models

along with the estimates of Wu and Xia (2016) which are obtained from the website of the Fed Reserve

Bank of Atlanta.

whereas the coefficients of the short memory SRM resemble the estimates in the

affine model with short memory. The coefficients determining the Q-dynamics in the

short memory model are close to those of the long memory model too. All drifts of

the factors in the long memory shadow rate model are statistically insignificant at

the 5% significance level. Figure A1 depicts the estimated shadow rates from both

models along with the estimated shadow rate of Wu and Xia (2016). When compared

to the Wu and Xia (2016) estimates, the shadow rate estimates of both models are

smaller and close to the zero in most of the period. This dynamics may explain the

reason why affine models perform as adequate as the SRMs despite the presence of a

long ZLB period in the sample.

A.9 Macro-finance models

In this section, I estimate a 5-factor unspanned macro-finance term structure model

(see, for instance, Joslin, Priebsch and Singleton, 2014) using both short and long

memory over the same sample period. Similar to the latent factor approach in the

previous sections, I treat the Q- and P-dynamics asymmetrically in the long mem-

ory framework. That is, the three pricing factors follow a VAR(1) process under the

Q-measure, whereas they evolve as a VARFIMA(1,d,0) process under the P-measure

together with two additional macro variables. Here, I assume that these macro vari-

ables affect physical dynamics only, i.e., they do not enter the pricing equations. In

the short memory framework, the specification is standard, i.e., the pricing factors

follow a VAR(1) process under both probability measures, but the same macro vari-
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Table A.1: Short memory SRM

This table reports the empirical results from the short memory shadow rate model. The standard errors
in parentheses are calculated using the approach proposed by Harvey (1989), p 142 (see also p 938 of
Andreasen, 2013). φQ represents the estimated eigenvalues. All estimated coefficients are statistically
significant at the 5% level except the ones with the asterisk sign.

Φ φQ µ Σ

latent 1 1.0034 0.0304 0.0464 0.9978 0.0005* 0.0036
(0.0105) (0.0080) (0.0047) (0.0004) (0.0003) (0.0007)

latent 2 −0.0025* 0.9725 −0.0323 0.9671 −0.0003* −0.0020* 0.0060
(0.0027) (0.0067) (0.0061) (0.0031) (0.0003) (0.0018) (0.0014)

latent 3 −0.0069 −0.0175 0.8910 0.8941 −0.0017* −0.0013* −0.0049 0.0031
(0.0029) (0.0031) (0.0052) (0.0062) (0.0013) (0.0017) (0.0015) (0.0006)

δ0 0.1288
(0.0083)

σv 0.0007
(0.0000)

Table A.2: Long memory SRM

This table reports the empirical results from the long memory shadow rate model. The standard errors
in parentheses are calculated using the approach proposed by Harvey (1989), p 142 (see also p 938 of
Andreasen, 2013). φQ represents the estimated eigenvalues. All estimated coefficients are statistically
significant at the 5% level except the ones with the asterisk sign.

Φ φQ d µ Σ

latent 1 0.1045 −0.1002 −0.0006* 0.9975 0.9317 −0.0005* 0.0036
(0.0115) (0.0123) (0.0112) (0.0005) (0.0108) (0.0008) (0.0007)

latent 2 0.0815 0.4997 0.0619 0.9683 0.9317 −0.0000* −0.0014* 0.0048
(0.0123) (0.0119) (0.0126) (0.0037) (0.0123) (0.0011) (0.0015) (0.0012)

latent 3 0.0995 −0.1270 0.6193 0.8800 0.4812 0.0000* −0.0018* −0.0037 0.0024
(0.0117) (0.0126) (0.0120) (0.0099) (0.0122) (0.0010) (0.0013) (0.0013) (0.0005)

δ0 0.1181
(0.0070)

σv 0.0007
(0.0000)

ables only affect the P-dynamics.

I assume that all factors are observed without any measurement errors. The two

macro variables included are inflation expectations (INF) over the next one year

obtained from the SPF and real economic activity indicator (GRO). In particular, GRO

is the 3-month moving average of the Chicago Fed National Activity Index (CFNAI),

a measure of current real sector activity. The other three observed factors are the

rotated counterparts of the latent factors determining the risk-neutral dynamics.

Following Joslin et al (2011), I assume that the 0.5-, 2-, and 10-year zero-coupon

yields are measured without errors.

In this setup, I can estimate the parameters governing the risk-neutral and phys-
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Table A.3: Short memory five factor affine model

This table reports the empirical results from the short memory affine model. The standard errors in paren-
theses are asymptotic standard errors. φQ represents the estimated eigenvalues. All estimated coefficients
are statistically significant at the 5% level except the ones with the asterisk sign. The abbreviation "GRO"
indicates the 3-month moving average of the Chicago Fed National Activity Index (CFNAI), the "Inf"
denotes 1-year-ahead inflation expectations from the SPF, the latent factors numbered as 1-3 are the
rotated counterparts of the 0.5-, 2-, and 10-year yields, respectively.

Φ φQ µ

GRO 0.9360 −0.0112* −0.1038 0.1141 −0.0135* 0.0001*
(0.0182) (0.0283) (0.0400) (0.0535) (0.0223) (0.0005)

Inf 0.0176 0.9940 −0.0237 0.0248* −0.0035* 0.0002*
(0.0053) (0.0083) (0.0117) (0.0156) (0.0065) (0.0001)

latent 1 0.0727 0.0658 0.8048 0.2339 −0.0891 0.9999 0.0004*
(0.0178) (0.0276) (0.0391) (0.0522) (0.0218) (0.0000) (0.0005)

latent 2 0.0592 0.0829 −0.0467* 1.0403 −0.0395* 0.9849 −0.0003*
(0.0220) (0.0341) (0.0484) (0.0646) (0.0270) (0.0005) (0.0006)

latent 3 −0.0059* 0.0744 −0.0294* 0.0533* 0.9345 0.9009 0.0001*
(0.0228) (0.0353) (0.0500) (0.0668) (0.0279) (0.0040) (0.0007)

δ0 −0.0102*
(0.0036)

σv 0.0011
(0.0000)

ical dynamics separately.7 Specifically, I estimate the 3×3 Jordan form ΦQ and δ0

employing the maximum likelihood approach for the 3 latent factors. For identifica-

tion, the 3×1 vector µQ is set to zero while the 3×1 vector δ1 to 1. I transform the

estimated parameters to obtain the corresponding parameters of the rotated pricing

factors Pt =W yt , where W is a 3×8 weighting matrix.

In the short memory framework, I estimate the parameters of the physical dy-

namics by applying the OLS method as suggested by Joslin et al (2011). Contrary to

the short memory model, it is not possible to estimate the parameters governing the

physical dynamics in the long memory framework relying on the OLS method. This is

because the physical dynamics is specified as a long memory process which requires

estimation of the fractional orders of integration d for all factors. Therefore, I apply

the Kalman filter to estimate the parameters of the physical dynamics in the long

memory framework (see Table A3 and Table A4).

7Only the Σ parameter affects both dynamics. As literature shows (see, for instance, Joslin et al, 2011;
Andreasen and Christensen, 2015; Abbritti et al 2016; Andreasen and Meldrum, 2019), Σ is better identified
with the physical dynamics, so I include it in the estimation of the parameters of the physical dynamics
only.
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Table A.4: Long memory five factor affine model

This table reports the empirical results from the long memory affine model. The standard errors in paren-
theses are asymptotic standard errors. φQ represents the estimated eigenvalues. All estimated coefficients
are statistically significant at the 5% level except the ones with the asterisk sign. The abbreviation "GRO"
indicates the 3-month moving average of the Chicago Fed National Activity Index (CFNAI), the "Inf"
denotes 1-year-ahead inflation expectations from the SPF, the latent factors numbered as 1-3 are the
rotated counterparts of the 0.5-, 2-, and 10-year yields, respectively.

Φ φQ d µ

GRO 0.8781 −0.0013* −0.0671 0.0694 −0.0041 0.1735 −0.0001
(0.0021) (0.0047) (0.0026) (0.0028) (0.0005) (0.0034) (0.0000)

Inf 0.0049 0.9080 0.0053 −0.0103 0.0033 0.6060 0.0000
(0.0003) (0.0021) (0.0006) (0.0007) (0.0001) (0.0030) (0.0000)

latent 1 0.0752 0.0826 0.6998 0.2775 −0.0356 0.9999 0.2749 0.0005
(0.0012) (0.0040) (0.0027) (0.0026) (0.0007) (0.0000) (0.0021) (0.0000)

latent 2 0.0604 0.1147 0.0451 0.8837 0.0254 0.9851 0.2254 −0.0001
(0.0014) (0.0044) (0.0029) (0.0034) (0.0006) (0.0005) (0.0017) (0.0000)

latent 3 0.0154 0.0660 −0.0735 0.0638 0.9919 0.9006 0.0402 0.0001
(0.0014) (0.0049) (0.0033) (0.0038) (0.0007) (0.0040) (0.0016) (0.0000)

δ0 0.0155
(0.0018)

σv 0.0011
(0.0000)

A.9.1 Conditional projections

Conditional projections (forecasts) are frequently used at policy making institutions

such as central banks, IMF, etc. Most of the time, forecasts made at these institu-

tions are conditioned on future paths of certain variables of interest such as policy

rate and commodity prices. I call such forecasts conditional forecasts or conditional

projections to distinguish them from the forecasts whose all future paths are ob-

tained without conditioning on paths of any model variables. Conditional forecasting

exercise is also employed in the forecasting literature for model comparison and

validation although it is not a popular tool in the no-arbitrage DTSM literature. Here,

I show that conditional projections can be effectively utilized for model comparison

and validation in the DTSM literature as well.

As mentioned before, in conditional projections we provide future paths for some

variables of interest and generate forecasts based on these conditioned paths. If

conditioned variables are endogenous, then we need to take into account possible

feedbacks originating from the other model variables. If we do not take these feed-

backs into consideration, then our forecasts will not be model consistent. Therefore,

to generate model consistent conditional forecasts, I apply the approach of Banbura,

Giannone and Lenza (2015). This method, which is based on the Kalman filter and

smoothing, is easy to implement. I estimate the models for the whole sample (Jan-

uary, 1985 - December, 2018) and then use the parameters from these estimations
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Figure A.2: Conditional projections with short memory

This figure depicts the conditional projections for the inflation and real activity measure. These forecasts
are computed conditioning on the actual paths of the three non-macro factors. The shaded area indicates
the 95% confidence interval, whereas the actual data is shown with "x" signs. The forecast covers the
period January, 1990 - December, 2018. The first five years are used as initial conditions.

(a) GRO (b) Inflation

in the conditional projections covering the period January, 1990 - December, 2018,

where the first five years are used as initial conditions.

I use such exercises to test whether the term structure of interest rates possesses

sufficient information regarding the dynamics of the inflation and real economic

activity by conditioning on the actual paths of the non-macro factors. Second, I will

also use such projections to test whether conditioning on the actual paths of the

macro factors is sufficient to capture the salient dynamics of the bond yields after the

year 1989.

In the first exercise, the forecasts for the real activity and inflation are computed

by conditioning on the actual paths of the non-macro factors. Figure A2 shows the

conditional forecasts for the short memory model. In most of the forecast period, the

actual real activity and inflation data fall within the 95% confidence band. Similarly,

Figure A3 clearly demonstrates that the long memory model forecasts are broadly

in line with the actual data. In this exercise, the long memory model slightly outper-

forms the short memory model in forecasting the actual paths of the macro variables.

It is worth noting that while I use an unspanned specification, the term structure of

interest rates seems to possess sufficient information regarding the future paths of

the macro variables over most of the forecast period.

In the second forecasting exercise, I condition on the actual paths of inflation and

real economic activity and investigate the model forecasts for the term structure of

the yields. The computed conditional forecasts for the 3-month and 10-year bond
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Figure A.3: Conditional projections with long memory

This figure depicts the conditional projections for the inflation and real activity measure. These forecasts
are computed conditioning on the actual paths of the three non-macro factors. The shaded area indicates
the 95% confidence interval, whereas the actual data is shown with "x" signs. The forecast covers the
period January, 1990 - December, 2018. The first five years are used as initial conditions.

(a) GRO (b) Inflation

Figure A.4: Conditional projections

This figure depicts the conditional projections for the 3 month and 10 year yield. These forecasts are
computed conditioning on the actual paths of the two macro factors. The black solid line shows the actual
data. The forecasts of the long memory model are shown with the blue dotted line, whereas the forecasts
of the short memory are given with the red dotted line. The forecast covers the period January, 1990 -
December, 2018. The first five years are used as initial conditions.

(a) GRO (b) Inflation

yields are displayed in Figure A4. Both models forecast that the 3-month yield should

be lifted up after the year 2011. Thus, it seems that the factors other than the inflation

and real activity index played an important role in keeping the short term interest

rates close to the zero level. For the 10-year yield, both models effectively capture the

secular decline in the long rate over the last two decades.
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A.10 Matching survey expectations

Figure A.5: Matching the short-rate survey expectations

This figure displays the ability of the models in matching the 3-month short-rate expectations from the
Survey of Professional Forecasters (SPF) using the yield data augmented with the short horizon survey
expectations. The 12-month-ahead short-rate expectations from the SPF is denoted by "1-year SPF"
whereas the 10-year-ahead average short-rate expectations as "10-year SPF". The label "1-year MODEL"
shows the 1-year-ahead short-rate forecasts from the respective model and similarly, the label "10-year
MODEL". The abbreviation "SM" denotes short memory, whereas the "LM" indicates long memory.

(a) Affine SM (b) SRM SM

(c) Affine LM (d) SRM LM
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Abstract

I study the effects of macroeconomic shocks on term premia. I propose an approach

that efficiently incorporates information from financial markets while identifying

macro shocks. I find that although supply and monetary policy shocks are the main

sources of variations in term premia during 1960s-1970s, demand shocks play a

dominant role during the Great Moderation. I also show that although the average

expected real rate channel is the primary driver of news to nominal yields with short

and medium term maturities, term premia take over the role for longer maturities.

45
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2.1 Introduction

It is important for policy makers as well as for market participants to understand

the nature of shocks that jointly move macro variables and term premia. The sem-

inal work of Ang and Piazzesi (2003) has shifted the emphasis from economically

less meaningful latent pricing factors to observable macro variables as drivers of

the variation in the yield curve. To investigate the effects of macro shocks on the

term structure of interest rates, most of the existing literature (Ang, Boivin, Dong,

and Loo-Kung, 2011; Kaminska, 2013; Ireland, 2015) identifies structural shocks by

imposing theoretical restrictions only on the factor dynamics. In this study, I propose

a different approach that identifies macro shocks by imposing economically moti-

vated restrictions on both factor dynamics and the responses of the term structure. I

demonstrate that imposing restrictions only on factor dynamics can obscure infer-

ence in reduced-form no-arbitrage models and may produce results that contradict

empirical evidence.

I study four commonly used macro shocks, namely technology, markup, mone-

tary policy, and preference shocks, which are identified relying on sign restrictions

borrowed from both macro and macro-finance Dynamic Stochastic General Equilib-

rium (DSGE) models. The approach taken here is different from the existing empirical

macro studies (Dedola and Neri, 2007; Peersman and Straub, 2009), which generally

pay little attention to information from financial markets while identifying structural

shocks. I propose to use a macro-finance no-arbitrage vector autoregressive (NAVAR)

model that facilitates an efficient incorporation of information from financial mar-

kets for shock identification. NAVARs resemble ordinary VARs but also possess a

second VAR specification that defines the risk neutral dynamics for pricing factors.

This dynamics ensures that any arbitrage opportunities are effectively ruled out while

pricing financial assets. NAVARs provide a more parsimonious framework than macro

VARs to restrict the yield curve dynamics and examine the effects of macro shocks.

I rely on several examples to demonstrate the importance of restricting the re-

sponses of the term structure. First, I show that restricting the responses of the term

structure produces tighter confidence bounds in impulse response functions (IRFs)

and sharpens inference. This is consistent with Kilian and Murphy (2012) study, where

the authors emphasize the importance of additional identifying information when

such information exists. Second, as Antolin-Diaz and Rubio-Ramirez (2018) argue, the

minimalist approach bears a risk of retaining in the admissable set structural models

with questionable economic implications. I show with an example that leaving the

term structure dynamics unrestricted may produce a steepening yield curve following

a contractionary monetary policy shock. However, the empirical policy literature

unequivocally shows that on average, a conventional contractionary monetary policy

shock should raise the levels of all yields with a sizable suppressing effect on the

slope of the curve (Table 2.1). Equipped with this empirical evidence, I impose the

prior information directly on the responses of the yields with different maturities,
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which helps to fix the problem. I show that such prior information strongly shifts

the posterior distributions of the parameters describing the risk-neutral dynamics

to align with the responses of the yields in the empirical data. This is an important

contribution to the no-arbitrage literature as all existing studies generally overlook

the above mentioned points and do not discipline the term structure dynamics while

identifying structural shocks.

Relying on the identification approach, I find that supply and demand as well as

monetary policy shocks are the main contributors to variations in macro variables as

well as the term structure. First, I show that supply shocks enjoy greater explanatory

power for movements in the term structure and in particular in term premia. This

finding can be interpreted in the light of the existing literature, which claims that

the dominance of supply shocks in 1960s-1970s made U.S. Treasury bonds risky

assets as these shocks move the real economy and inflation in the opposite directions

(Rudebusch and Swanson, 2012; Campbell, Pflueger, and Viceira, 2020). However,

I provide a new evidence on the changing nature of shocks driving movements in

the yield curve after mid 1980s and show that the demand shock becomes the domi-

nating factor for the term structure and especially, for term premia during the Great

Moderation.

Second, I also find that a contractionary monetary policy shock has a persistent

depressing effect on inflation. The policy shock can also explain a significant portion

of variations both in macro variables and in the term structure over the full sam-

ple covering the years 1960-2007. In particular, the monetary policy shock dictates

the dynamics of term premia. This may be explained on the ground that monetary

policy shocks can raise term premia in an environment in which the Phillips Curve

is unstable or the central bank is unable to anchor inflation expectations (Camp-

bell, Sunderam, and Viceira, 2017). For instance, a less credible central bank can

contribute to inflation risk premia by feeding into uncertainty regarding the future

prospects of inflation for market participants. However, as a new empirical evidence,

I show that the role of monetary policy shocks certainly diminishes for the term

structure during the Great Moderation.

Furthermore, I find that the efficacy of the monetary policy shock remains intact

for macro variables during the Great Moderation, which squares well with the finding

of Arias, Caldara, and Rubio-Ramirez (2019). In particular, I show that a contrac-

tionary monetary policy shock produces qualitatively similar impulse responses for

both output gap and inflation across two different samples. No expansionary effect

of a tight monetary policy, though claimed in several important studies (Uhlig, 2005;

Barakchian and Crowe, 2013; Ramey, 2016) is observed during the Great Moderation.

Although I do not employ the two restrictions of Arias et al. (2019) imposed on the

systematic part of monetary policy to identify the policy shock, which according to

the authors help to circumvent the counter-intuitive findings of Uhlig (2005), the

empirical results here are also robust to the re-estimation of the model over the
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Table 2.1: On impact responses of the yield curve

Panel A shows average rise in the yields with maturities ranging from 1 to 40 quarters to a 1% (100 basis

points) increase in the Federal Funds rate documented by the High-frequency (Event Study) literature.

Panel B displays the reported immediate responses of the yields to a one-standard deviation contractionary

monetary policy shock in empirical macro literature. Some responses are collected with the help of

WebPlotDigitizer.

Maturities

Study Sample 1Q 4Q 8Q 12Q 20Q 40Q

PANEL A: High-frequency studies

Kuttner (2001) 1989:6-2002:2 0.791 0.716 0.614 0.481 0.315

Poole et al (2002) 1994-2002 0.808 0.546 0.364 0.182 0.027

Rigobon and Sack (2004) 1994:1-2001:11 0.276 0.155 0.125 0.008

Gürkaynak et al (2005b) 1991:7-2004:12 0.537 0.455 0.264 0.125

Campbell et al (2012) 1990:2-2007:6 0.474 0.319 0.157

PANEL B: Macro studies

Evans and Marshall (1998) 1959-1991 0.14 0.09 0.05

Banbura et al (2010) 1961-2002 0.59 0.50 0.24 0.15

Giannone et al (2015) 1975-2008 0.37 0.20

Gertler and Karadi (2015) 1979-2012 0.18 0.13 0.07 0.04

Jarocinski and Karadi (2020) 1979-2016 0.10 0.06

Great Moderation. As Canova and Paustian (2011) demonstrate employing plenty of

restrictions and relying on models with a sufficiently rich shock structure helps to

robustify inference in set-identified models.

I also study the three sources of news to long maturity yields to uncover the

dominant channel. In an influential study, Duffee (2018) shows that news about aver-

age expected inflation has the least relevance for explaining variations in the yields.

Hence, it should be either news about average expected real rate or term premia that

contributes predominantly to the variance of long maturity yields. As his estimated

confidence bounds are quite large, he remains inconclusive regarding this question.

To answer this question and uncover structural shocks that are responsible for

the dominance of one channel over another, I also include survey expectations in the

estimation. The tightly estimated credible bounds allow me to confidently conclude

the relative role of the transmission channels. I show that for shorter and medium

term maturities, the primary driver of news to yields is the average expected real rate

channel, whereas for longer maturities the dominant channel is term premia. This

finding partly corroborates the Gomez-Cram and Yaron (2021) study, which claims

that the primary source of variations in long maturity yields is the average expected
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real rate channel. It also accords with the Hanson and Stein (2015) study, which claims

that shocks to long maturity yields are term premia shocks. In fact, it reconciles the

Hanson and Stein (2015) study with the Nakamura and Steinsson (2018) study, which

suggests that news to the expected future short rate is more important. I also find that

although monetary policy shock is essential for both term premia and the average

expected real rate channel, the supply shocks also play a significant role in driving

variations in term premia of long maturity yields.

Including surveys in the estimation can also be viewed through the lens of "demo-

cratic priors" proposed by Wright (2010). He demonstrates that the priors centered

around the parameters implied by survey responses improve real-time forecasting

performance for a range of variables. I find that adding survey expectations to the

estimation considerably sharpens the confidence bounds in the impulse responses

for the term structure. Second, surveys significantly reinforce the role of monetary

policy shock in explaining variations in output gap. As a result, monetary policy exerts

a more persistent effect on output gap, whereas technology shock has a protracted

effect on inflation.

I also estimate a NAVAR model with interest rate smoothing in the short rate

specification and investigate the effects of macro shocks on the term structure. Evans

and Marshall (2007) famously claim that a lack of smoothing term in the short rate

specification of no-arbitrage studies severely attenuates the role of macro shocks

for nominal interest rates. Yet, I do not find any evidence that introducing interest

rate smoothing fundamentally alters the role of macro shocks in explaining the term

structure.

To study the effects of macro shocks, I estimate a ten-variable VAR in the physical

dynamics relying on a no-arbitrage framework and identify structural shocks using

sign restrictions. An advantage of using sign restrictions for identification is their

robustness to misspecification and parameter uncertainty (Canova and Paustian,

2011). Given that the estimated models are set identified due to the imposed min-

imum structure, I employ two criteria to choose among them. The first model is

selected based on the median target principle advocated by Fry and Pagan (2011),

whereas the second model is chosen relying on the Max Share principle proposed by

Francis, Owyang, Roush, and DiCecio (2014). In particular, I select the second model

by assuming that technology shock has the highest contribution to variations in

term premia within a finite horizon (ten year) based on the Rudebusch and Swanson

(2012) findings. In all my estimations, I rely on Bayesian methods and I have also

methodological contributions whose details are relegated to the appendix.

2.2 Estimation

In this section, I first describe the data set on macro variables and the yield curve. The

macro data set mainly covers variables that are frequently employed in estimation
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of DSGE models. In two separate sections, I also discuss no-arbitrage VAR (NAVAR)

and the econometric methodology to estimate these models, while the detailed

description of the estimation method is relegated to the appendix.

2.2.1 Data

In all the estimated models I draw on quarterly data covering the period 1960,Q1-

2007,Q4. The data on yields is obtained from the Fama-Bliss CRSP dataset. The

3-month yield is from the Fama-Bliss risk free rate data set, whereas the 1-, 2-, 3-, 4-,

and 5-year yield data is from the Fama-Bliss discounted bonds. The output gap is

computed as the difference between real GDP and potential GDP obtained from the

FRED database. In the short rate specification I use chain-weighted GDP price index

rather than implicit GDP deflator as the Survey of Professional Forecasters (SPF) data

covers the former. Average manufacturing weekly hours, consumption, nominal wage,

chain-weighted personal consumption expenditures index, Baa spread, and civilian

non-institutional population data are obtained from the FRED database. Real private

fixed investment is acquired from the McCracken and Ng (2020) data set. Consump-

tion and investment per capita is computed as the ratio of real personal consumption

expenditures and real private fixed investment to civilian non-institutional popu-

lation, respectively. Nominal wage is deflated by chain-type personal consumption

expenditures (PCE) index to obtain real wage data. Time series for the S&P500 index

is taken from the CRSP database and deflated by the PCE index to obtain the real

counterpart of it.

I collect one to four quarter forecasts of chain-weighted GDP price index from the

database of the Survey of Professional Forecasters. Since the forecasts are reported

for the level of the index, I convert them to annual growth rates using real time data

vintages on the chain-weighted GDP price index. I also draw on inflation expectations

on the headline CPI for the next four quarters and its average for the next ten years.

Besides, I also include the short rate expectations for the next four quarters as well as

its average for the next ten years obtained from the SPF as well. Missing observations

in the survey data are easily handled using the Carter-Kohn algorithm, which rests on

two steps: running the Kalman filter forward and the simulation smoother backwards.

2.2.2 No-arbitrage VAR (NAVAR)

The state variable Z∗
t = [L′

t M ′
t ]′ follows a p-order Gaussian vector autoregressive

VAR(p) process under the physical probability measure P,

Z∗
t =µ∗+

p∑
l=1
Φ∗

l Z∗
t−l +

p
Σ∗εt , (2.1)

where εt ∼ N (0, I ),
p
Σ∗ is a lower triangular Cholesky factor, g t is output gap, πt is

inflation, ft is a latent factor, Lt = [g t πt ft ]′, and Mt is a non-empty m ×1 vector of
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additional macro variables.

The short rate rt is defined as a function of output gap g t and inflation πt as in

the one-factor no-arbitrage Taylor rule literature,

rt = δ0 +δg g t +δππt +δ f ft . (2.2)

The latent factor, ft , is generally interpreted as an unexpected policy shock in the

no-arbitrage Taylor rule literature. It is also assumed that δg > 0 and δπ > 0 as in Arias

et al. (2019).

Assuming the absence of arbitrage, there exists a stochastic discount factor (loga-

rithm of) which is commonly specified as

−mt+1 = rt + 1

2
λ′

tλt +λ′
tεL,t+1, (2.3)

where 3×1 dimension vector λt is the market price of risk, and the risks εL,t+1 are

the first three innovations from (2.1).

To close the model, I assume that the state vector Lt follows a stationary V ARQ(1)

process under the risk-neutral probability measureQ

Lt =µQLL
+ΦQ

LL
Lt−1 +

√
ΣLLε

Q

L,t , (2.4)

where εQt ∼ N (0, I ) and
√
ΣLL is the 3×3 upper left block of

p
Σ.

The market price of risk in (2.4) is constructed using the drifts of Lt under two

different probability measures

λt =Σ−1/2
LL (µPL(Z∗

t )−µQ
L

(Z∗
t )). (2.5)

In this model, yields are affine function of the state variables inLt . The model-implied

J yields Ŷt can written as

Ŷt = A+BLt , (2.6)

where the J ×1 dimension vector A and the J ×3 dimension matrix B are the model-

implied loadings of the yields, which can be computed using Riccati difference equa-

tions (see the appendix).

In the estimation I rotate the state vector Z∗
t to correspond to the observed vec-

tor Zt = [Pt Mt ]′ where Pt = [g t πt rt ]′. The rotation of the state vector Z∗
t provides

convenience in shock identification, i.e., although we possess some prior knowledge

on how the short rate rt responds to macro shocks, we lack such priors for the latent

variable ft . Augmenting the model-implied yield vector with output gap g t , inflation

πt , and the remaining macro variables Mt the measurement equation can be written

as 
g t

πt

Ŷt

Mt


︸ ︷︷ ︸

Ŷ ∗
t

=


0

0

A

0m×1


︸ ︷︷ ︸

A∗

+


1 0 0 01×m

0 1 0 01×m

B 01×m

0m×3 Im


︸ ︷︷ ︸

B∗


g t

πt

ft

Mt


︸ ︷︷ ︸

Z∗
t

. (2.6a)
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Now, define the weighting matrix W as

W =
[

I3×3 03×(J−1) 03×m

0m×3 0m×(J−1) Im×m

]
.

Then multiplying (2.6a) by W , we get
g t

πt

rt

Mt


︸ ︷︷ ︸

Zt=W Ŷ ∗
t

=


0

0

δ0

0m×1


︸ ︷︷ ︸

W A∗

+


1 0 0 01×m

0 1 0 01×m

δ′1 01×m

0m×3 Im


︸ ︷︷ ︸

W B∗


g t

πt

ft

Mt


︸ ︷︷ ︸

Z∗
t

.

Thus, substituting Z∗
t = (W B∗)−1(Zt −W A∗) in (2.6a)

Ŷ ∗
t = A∗+B∗(W B∗)−1(Zt −W A∗)

gives

Ŷ ∗
t = A∗−B∗(W B∗)−1(W A∗)︸ ︷︷ ︸

Ap

+B∗(W B∗)−1︸ ︷︷ ︸
Bp

Zt ,

whereas substituting Z∗
t in the VAR(p) above under the physical measure, we obtain

that the rotated state variable Zt follows a VAR(p) process,

Zt =µ+
p∑

l=1
Φl Zt−l +

p
Σεt , (2.7)

where εt ∼ N (0, I ). The coefficients of the P-dynamics of the variable Z∗
t and the

rotated pricing factors Zt are related as follows

µ∗ = (W B∗)−1
(
µ− (I −ΦP )(W A∗)

)
Φ∗

l = (W B∗)−1Φl (W B∗)
p
Σ∗ = (W B∗)−1

p
Σ.

The reduced-form VAR in (2.7) can be written in a compact form as

Zt = Γ′xt +
p
Σεt , for 1 ≤ t ≤ T, (2.8)

where xt = [Z
′
t−1, ..., Z

′
t−p ,1]′, and Γ= [Φ1, ...,Φp ,µ]′.

For econometric identification, a common normalization assumption in the liter-

ature is δ f = 1, which I also impose. Because the latent factor can also be translated

to obtain an observationally equivalent system δ0 is set to the sample mean of the

short rate. However, as Duffee (2013) explains, these normalization restrictions are

not sufficient for econometric identification. Therefore, I also impose two additional

restrictions thatΦQ
LL

(1,2) =ΦQ
LL

(2,1) = 0.
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2.2.3 Econometric methodology and shock identification

Consider the VAR in (2.7) re-written in structural form:

A0Zt = c +
p∑

l=1
Al Zt−l +ϵt , for 1 ≤ t ≤ T, (2.9)

where ϵt is an (m +3)×1 dimension vector of structural shocks, Al is an (m +3)×
(m +3) dimension matrix of structural parameters for 0 ≤ l ≤ p with A0 invertible,

c is (m +3)×1 dimension vector of intercepts. The vector ϵt , conditional on past

information and the initial conditions Z0, ..., Zl−p is Gaussian with a mean zero and

covariance matrix I(m+3). The above structural VAR can be written in compact form

as

A0Zt = A+xt +ϵt , for 1 ≤ t ≤ T, (2.10)

where A+ = [A1, ..., Ap ,c]. The reduced-form parameters in (2.7) and the structural

parameters in (2.10) are linked through

Σ= (A
′
0 A0)−1 and Γ= A−1

0 A+. (2.11)

The likelihood function for NAVARs can be decomposed into two components

(Joslin, Singleton, and Zhu, 2011): P-likelihood and Q-likelihood. The measure-

ment errors, which are specific to the bond yields, are assumed to be indepen-

dently normally distributed, i.e., et ∼ N (0,Σe ) where et = [e1,t , ..., e J ,t ]
′
. Here Σe =

di ag ([σ2
1,e , ..., σ2

J ,e ]) where di ag (u) is the diagonal matrix with u vector in the main

diagonal. With this error structure, the conditional likelihood function of Y ∗
t given all

parametersΘ is

f (Y ∗
t |Y ∗

t−1,Y ∗
t−2, ...,Y ∗

t−p ;Θ) = f (yt |Zt ;Θ)× f (Zt |Zt−1, ..., Zt−p ;Θ) (2.12)

= f (yt |Pt ;δ1,µQ ,ΦQ ,ΣL ,Σe ,W )× f (Zt |Zt−1, ..., Zt−p ;Γ,Σ).

The first component, Q-likelihood, reflects the cross-sectional dependence of yields

on risk factors, (the logarithm of) which is defined as

log f (yt |Pt ;δ1,µQ ,ΦQ ,ΣL ,Σe ,W ) =−0.5 J log (2π)−0.5
J∑

m=1
log (σ2

m,e )−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
,

(2.13)

where em,t = yt − AP,m − B ′
P,mPt for m = 1,2, ..., J . The loadings AP,m and BP,m

depend on δ1, µQ , ΦQ , ΣL and the weighting matrix W . The second component in

(2.12), P-likelihood, is the conditional (log) likelihood obtained from the Gaussian

V AR(p) process and captures the physical dynamics of the risk factors:

log f (Zt |Zt−1, ..., Zt−p ;Γ,Σ) =−0.5 N l og (2π)−0.5log |Σ|−0.5
(
ε
′
tΣ

−1εt

)
. (2.14)
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Table 2.2: Signs of immediate responses of the model variables

This table shows the identifying sign restrictions imposed on the model variables to identify technology,
markup, monetary policy, and time preference shocks. The question mark (?) indicates that the immediate
response of the corresponding variable is left unconstrained.

Technology shock Markup shock Policy shock Preference shock

output gap, gt + - - +
inflation, πt - + - +
short rate, rt - + + +
S&P500, stckt ? ? - ?
Baa spread, baat ? ? - ?
working hours, ht - - - +
consumption, ct + - - +
investment, it + - - -
real wage, wt + - ? +

long nominal rate, y (5)
t - ? + +

real short rate, r rt ? ? + ?
slope, spr dt ? ? - ?
term premia t pt - ? ? ?

The conditional joint log-likelihood of the data Y1:T =
(
Y1, ...,YT

)′
is defined as

log f (Y1:T ;Θ) =
T∑

t=1
log f (yt |Pt ;δ1,µQ ,ΦQ ,ΣL ,Σe )+ log f (Zt |Zt−1, ..., Zt−p ;Γ,Σ).

(2.15)

To identify parameters in (2.9), I impose minimum structure and use on-impact

sign restrictions from impulse responses of both macro variables and the term struc-

ture. Sign restrictions allow me to use prior information based on economic theory

while at the same time eliminate the need to dogmatically impose cross-equation

restrictions of DSGE models to identify structural shocks. The sign restrictions em-

ployed for the identification are summarized in Table 2.2 above, which are mainly

based on the existing macro DSGE and macro-finance DSGE studies (Table A.4-A.7 in

Appendix A.2). One advantage of collecting sign restrictions from the existing studies

is that these restrictions are compatible with a diverse set of model specifications,

which is not present if a DSGE model with a particular specification is developed. For

instance, among these studies are models with financial and search frictions, models

with endogenous growth specifications, etc. While selecting sign restrictions from

these studies, I generally seek a consensus among them. In addition, if theoretical ev-

idence is inadequate on sign responses of a variable to a particular shock, I also seek

some additional empirical evidence. Otherwise, I do not impose such a restriction.

To study the effects of the four shocks, I assume, without loss of generality, that the

first four shocks of ϵt are technology, markup, monetary policy, and preference shocks.

I assume that a positive technology shock leads to an immediate rise in output gap,

consumption, investment and real wage but a decline in inflation, working hours,

term premia, nominal short and long rates. This identification strategy is different
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from the existing practice in the empirical macro literature. For instance, Dedola and

Neri (2007) identify a positive technology shock by only imposing sign restrictions

on the responses of macro variables. In addition to these restrictions, I also rely on

the sign responses of long term interest rate and term premium while identifying a

positive technology shock. However, to identify a positive markup shock I only use

restrictions on the sign responses of macro variables as the evidence is sparse regard-

ing the responses of financial variables. In the case of a positive preference shock, I

only use one restriction on the sign response of the long term interest rate in addition

to the traditional restrictions on macro variables. Finally, I employ sign restrictions

on the responses of both macro and financial variables to identify a conventional

monetary policy shock. In particular, I assume that following a contractionary policy

shock output gap, consumption, investment, working hours, inflation decline on

impact. Following the policy shock nominal short rate and long rates, real short rate

and Baa spread rise on impact whereas stock returns decline. Although there is only

Andreasen (2012) study, which shows that the yield spread declines after the policy

shock I also impose this restriction as there is an ample empirical evidence on such a

response (Table 2.1).

Since the SVAR in (2.9) is only set-identified, it is not possible to obtain unique

estimates of the structural parameters given the reduced-form parameters as the

likelihood function is flat with respect to many possible combinations of structural

shocks. To see this, let Q ∈O(N ) where O(N ) is the space of all orthogonal matrices

of size N ×N . Since the P-likelihood function depends only on the covariance ma-

trix Σ and not its factorization Σ=p
ΣQQ ′pΣ′

, it has the same value irrespective of

two different orthogonal matrices Q and Q̃. TheQ-likelihood is also uninformative

about the orthogonal matrices. This is because any arbitrary decomposition of the

covariance matrix Σ only affects the A loading of the price of a bond, i.e.,

Am+1 =Am +B′
mµ

Q +0.5B′
m

p
ΣL

p
Σ
′
LBm −δ0

in a way that theQ-likelihood function remains the same regardless of two different

orthogonal matrices Q and Q̃ determining this decomposition.

I incorporate two types of prior beliefs about the parameters into the estimated

models. The first type introduces priors about marginal distributions of the parame-

ters as in the majority of the literature whereas the second type introduces system

priors (Andrle and Plasil, 2018) to impose a priori beliefs about any system property

of the model. To implement the latter, denote ps (h(Θ)) as a probability distribution

summarizing a system property with a feasible function h of the parametersΘ. Then

the posterior distribution of data and parameters are given by

p(Θ|Y1:T ,Q) ∝ p(Y1:T |Θ)×pc (Θ,Q), (2.16)

where pc (Θ,Q) = [ps (h(Θ)|Q)×p(Θ)×p(Q)] is the composite prior. Here, the system

prior reflects the immediate responses of the yields to a contractionary policy shock.



56 CHAPTER 2. MACROECONOMIC SHOCKS AND TERM PREMIA

Thus, it only affects the conditional distributions of (ΦQ ,µQ ,δ1) and ΣPP.

While estimating the structural NAVAR, I adhere to the indirect approach to draw

structural matrices (A0, A+), which is a common approach in the literature. First, I

estimate a reduced-form NAVAR and then invert it to obtain structural parameters.

Because only the 3×3 upper left block of Σmatrix enters bothQ and P dynamics, I

employ an LDL decomposition to formulate an inverse Wishart prior for Σ

Σ=
[
Σ11 Σ12

Σ21 Σ22

]
=

[
I 0

L21 I

][
Σ11 0

0 Σ22.1

][
I L′

21

0 I

]
, (2.17)

where Σ11 = ΣPP and L21 = Σ21Σ
−1
11 and Σ22.1 = Σ22 −Σ21Σ

−1
11Σ

′
21 is a Schur comple-

ment. I assume an inverse Wishart prior for Σ and derive posterior distributions of

ΣPP, L21 and Σ22.1, which considerably increases the efficiency of the estimation

algorithm.

I rely on the following two estimation algorithms to draw the parameters from

their posteriors, which are more elaborated in the appendix. Algorithm 1 permits

the simulation of the posterior distributions of the parameters of the model without

survey expectations, whereas Algorithm 2 tackles the model with survey expectations.

Algorithm 1:
1. Draw the unobserved latent factor ft or equivalently, the implied short rate r̂t

using Carter-Kohn algorithm

2. Draw (Γ,Σ) relying on the following steps:

2.1 Draw Σ as follows:

2.1.1 Draw Σ11 using a hybrid Metropolis-Hastings (MH) step

2.1.2 Draw Σ22.1 from the inverse Wishart distribution

2.1.3 Draw L21 from the normal distribution

2.2 Conditional on Σ, draw Γ from the normal distribution

3. Draw (ΦQ ,µQ ,δ1) using a randomized blocking random walk MH step

4. Draw σ2
v using independent inverse gamma distributions.

When I include data on survey expectations from the SPF in the estimation, the

above Algorithm 1 is modified slightly. In particular, now the parameter vector Γ, con-

ditional on Σ, does not have a standard probability distribution as in step 2.2. Thus, I

employ an adaptive random walk MH step due to Haario, Saksman, and Tamminen

(2001) to draw Γ from its posterior distribution.

Algorithm 2:
1. Draw the unobserved latent factor ft or equivalently, the implied short rate r̂t

using Carter-Kohn algorithm

2. Draw Σ as follows:

2.1. Draw Σ11 using a hybrid MH step

2.2. Draw Σ22.1 from the inverse Wishart distribution

2.3. Draw L21 from the normal distribution

3. Draw Γ using an adaptive MH step
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4. Draw (ΦQ ,µQ ,δ1) using a randomized blocking random walk MH step

5. Draw σ2
v using independent inverse gamma distributions.

In all Markov chain Monte Carlo (MCMC) implementations, I run the algorithms

until I collect 1,000 orthogonal Q matrices that satisfy the sign restrictions reported in

Table 2.2. The initial 100,000 iterations are discarded as a burn-in sample and every

20th draw after the burn-in period is used to obtain the orthogonal matrices and

carry out posterior inference. The total number of iterations required to collect 1,000

orthogonal matrices ranges between one and five millions. The resulting sampler has

nice convergence properties as most of the parameters display fast and acceptable

convergence results.

2.3 How important are restrictions on the term structure?

In this section, I show that imposing restrictions on the term structure is important for

shock identification in NAVARs. On the contrary, if the term structure dynamics is left

unconstrained as in most existing studies, we may obtain counter-intuitive impulse-

responses for the yield dynamics. The following example demonstrates this point

by relying on a three-factor macro-finance NAVAR based on a maximally-flexible

specification.

Example. Consider the NAVAR given in (2.1) excluding additional vector of macro

variables Mt . The short rate is defined as in (2.2) and the state vector is defined as

X t = [g t πt ft ], which is rotated to correspond to Pt = [g t πt rt ]. For econometric identi-

fication of the parameters and the latent factor ft , the normalization restrictions are

δ f = 1, δ0 is set to equal to the mean of the short rate and

ΦQ =


φ

Q
g g 0 φ

Q
g f

0 φ
Q
ππ φ

Q
π f

φ
Q
f g φ

Q
f π φ

Q
f f

 . (2.18)

The rotation of X t to Pt produces a familiar Choleksy identification scheme with first

shock being an output shock, the second an inflation shock, and the third a policy

shock. Figure 2.1 displays that following a contractionary monetary policy shock the

yield curve steepens on impact with a hump shape over the maturities.

This example demonstrates that leaving the term structure dynamics uncon-

strained may produce implausible impulse-responses in the light of the empirical

evidence. Ample empirical research (Table 2.1) shows that a conventional, contrac-

tionary monetary policy shock moves the short end of the yield curve more than the

long end and this effect is monotonically declining over the maturities. The other

point, not the least important, is the magnitude of this decline over the maturities.

In the high-frequency literature, where the results are generally based on a one-day

window, this drop is around 50%-60% if we move from the 3-month yield to the 5-year

yield. In the macro literature, where the studies use monthly or quarterly data, the
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Figure 2.1: Policy shock and parameters

Panel (a) plots the immediate responses of the yields to a contractionary policy shock without imposing

system prior against the evidence obtained from the empirical studies. Panel (b) repeats the same exercise

by imposing tight and loose system priors. Panel (c) and (d) display the shifts of the posterior distributions

of the parameters after imposing system priors.

(a) Benchmark (b) System priors

(c) φQ
g f

(d) φQ
π f

immediate decline over the two maturities is also similar.

However, not all no-arbitrage studies can replicate this result. For instance, sim-

ilar to the above example Ang, Dong, and Piazzesi’s (2007) one factor no-arbitrage

Taylor rule specification produces a slightly hump-shaped response of the latent

factor over the maturities. As the authors employ a recursive ordering of (g t ,πt , ft )

to identify monetary policy shock, output and inflation do not contemporaneously

respond to the policy shock except the latent factor. Generally the latent factor is very

persistent and loads to the yields persistently or in a hump-shaped way. As a result,

a contractionary monetary policy shock does not frequently produce the expected

flattening of the yield curve. Even if it does, the magnitude of the flattening over the
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Figure 2.2: Technology shock

This figure shows IRFs to a one-standard deviation positive technology shock over the next 60 quarters.

The solid red line depicts the point-wise posterior median responses and the shaded bands represent the

68% and 90% point-wise posterior probability bands. Panel (a) reports IRFs obtained by imposing sign

restrictions on both factor dynamics and the responses of the term structure whereas Panel (b) presents

the results by only using sign restrictions on factor dynamics.

(a) Restricted (b) Unestricted

maturities is not satisfactory such as in the constant Taylor rule specification of Ang,

Boivin, Dong, and Lee-Kong (2011). Similarly, none of the three latent factors of Ang

and Piazzesi (2003) are compatible with the traditional definition of a conventional,

contractionary policy shock. That is, on average, the contractionary monetary policy

shock should raise the level of all yields and produce a slope shape with its effect

monotonically declining over the maturities, which is not present in the mentioned

study.

Fortunately, it is possible to use the available prior information to align the results

of the three factor NAVAR in the above example with economic theory. For that, I
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employ the empirical evidence provided in Table 2.1 and introduce it as system priors

on the impulse-responses of the yields. The empirical evidence suggests that the

responses of the yields drop monotonically over the maturities of one quarter to

twenty quarters by about 60% following the contractionary monetary policy shock. I

impose such priors directly on the impulse-responses of the yields at the first period.

Figure 2.1 also depicts the immediate responses of the yields to a contractionary

monetary policy shock using the same specification with the imposed system priors.

If the system priors are imposed tightly, the responses of the yields decline monotoni-

cally over the maturities and the magnitude of the decline from 3-month yield to the

5-year yield is around 60%, which is in line with the empirical evidence. Although a

loose system prior also generates a monotonically declining effect over the maturities,

the magnitude of such a fall is around 15% only. It is also interesting to check which

risk-neutral parameters are adjusted to generate such a result consistent with the

empirical evidence. The figure shows the marginal distribution of the parameters

that are significantly adjusted by the imposition of the system priors. The distribution

of the parameters φQ
g f and φQ

π f are considerably shifted to allow the flattening effect

over the maturities.

In fact, it is possible to generate a slope effect if we discard the maximally flexi-

ble specification and impose additional overidentifying restrictions such that φQ
g f =

φ
Q
π f = 0 and φQ

f f < 1. Although this specification always ensures a flattening effect,

the estimated φ
Q
f f is very persistent and is almost equal to 1, which produces an

unsatisfactory flattening effect.

Now, I provide two additional examples that the restrictions matter. I estimate a

ten variable NAVAR in which the physical dynamics is given in (2.7). Figure 2.2 dis-

plays the impulse-response functions (IRFs) associated with a one-standard deviation

technology shock. Panel (a) reports the results obtained by imposing sign restrictions

on both factor dynamics and the responses of the term structure, whereas Panel (b)

presents the results by only using sign restrictions on factor dynamics. First, it is

clear that restricting the responses of the term structure produces tighter confidence

bounds in the IRFs. Second, economic inference is rather blurred in the unrestricted

model as one can falsely conclude that technology shock has no significant effect on

term premia.

Figure 2.3 displays the impulse response functions (IRFs) to a 25 basis points

increase in monetary policy rate. Similar to the example with a technology shock

above, it is clear that the unrestricted model produces substantially wider confidence

bands. In addition, the yield curve steepens following a contractionary monetary

policy shock, which stands at odd with the empirical evidence provided in Table 2.1.

The first example relies on zero exclusion restrictions, whereas the last two examples

use sign restrictions to identify structural shocks and show that the restrictions on

the term structure are necessary for robust inference.
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Figure 2.3: Monetary policy shock

This figure shows IRFs to a 25 basis points increase in monetary policy rate over the next 60 quarters. The

solid red line depicts the point-wise posterior median responses and the shaded bands represent the 68%

and 90% point-wise posterior probability bands.

(a) Restricted (b) Unestricted

2.4 What do macroeconomic shocks do?

An influential branch of the macro-finance literature contributes to our understand-

ing of the interplay between the macroeconomy and bond yields. Most of these

studies generally rely on a recursive ordering of variables to identify macroeconomic

shocks and investigate their effects on the term structure (Ang and Piazzesi, 2003;

Ang, Dong, and Piazzesi, 2007; Ang, Boivin, Dong, and Loo-Kung, 2011). The first

study that attempts to identify macro shocks in a non-recursive setting can be con-

sidered the unpublished manuscript of Dai and Philippon (2004). In their study, the

authors impose theoretical restrictions on VAR dynamics to identify four structural

shocks, namely output, inflation, fiscal, and monetary policy shocks. Hordahl, Tris-
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tani and Vestin (2006) as well as Rudebusch and Wu (2008) combine a forward looking

framework with a reduced-form specification for the stochastic discount factor to

investigate the effects of macroeconomic shocks on the term structure. Without using

no-arbitrage restrictions, Evans and Marshall (1998, 2007) conclude that macroeco-

nomic shocks are important drivers of variations in the term structure of interest

rates. However, none of these studies identify macro shocks by drawing information

both on macro variables and the term structure.

I identify four structural macro shocks (Figures 2.4-2.7), namely, technology,

markup, preference, and monetary policy shocks, which can be considered the most

important shocks for the term structure of interest rates (Rudebusch and Swanson,

2012). Because I employ sign restrictions, there is a set of models that comply with

the identification restrictions. Thus, the credible set displayed in impulse responses

cannot be considered as traditional confidence bands since they reflect both model

uncertainty associated with set identification and estimation uncertainty stemming

from parameter estimation in NAVARs. In addition, median response in the set iden-

tification lacks traditional interpretation. Therefore, I also report the results of the

selected model using the median target solution proposed by Fry and Pagan (2011).

To select the Median Target model (MT) among a set of identified models, denote the

vector of immediate impulse-responses by θi = vec(A0) for each identified model

Qi ∈O(N ). I choose the model that satisfies the median target solution

θMT = mi n
i

[θi −medi an(θi )

std(θi )

]′[θi −medi an(θi )

std(θi )

]
, (2.19)

where I standardize the impulse-responses by subtracting the element-wise median

and dividing by the standard deviation.

I also use a second model selection criteria based on a finite-horizon maxi-

mum share approach proposed by Francis, Owyang, Roush, and DiCecio (2014). The

authors claim that a finite-horizon identification can help to alleviate concerns re-

garding the long-run restrictions raised in several studies (for instance, see Chari,

Kehoe, and McGrattan, 2008). Francis et al. (2014) select their model in which tech-

nology shock enjoys the maximum share in explaining labour productivity in a long,

but finite horizon. Following their approach, I select another model by assuming that

technology shock has the highest contribution to term premia in a finite horizon (ten

year) based on Rudebusch and Swanson (2012) findings.

All analyses carried out in this section are based on the full sample Q1, 1960 -

Q4, 2007 estimation using Bayesian methods. A common practice in macro BVAR

literature that draws on quarterly data is to set the lag length to either two or four.

For parsimony, I choose the lag length as two in the estimated NAVARs under the

physical measure. However, I also check the implications of setting the lag length to

one, which is a convention in the NAVAR literature, and to four for robustness. In the

subsequent sections, I refer to the NAVAR estimated in this section as the benchmark

model.
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Figure 2.4: Technology shock

This figure shows IRFs to a one-standard deviation positive technology shock over the next 60 quarters.

The solid red line depicts the point-wise posterior median responses and the shaded bands represent the

68% and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

Figure 2.4 displays the impulse responses for the selected variables to a one-

standard deviation positive technology shock. The solid lines display the posterior

point-wise median IRFs of the endogenous variables while the pink-shaded bands

represent the corresponding 68%-90% posterior probability bands.

A positive technology shock leads to an immediate median rise in output gap,

which continues to be expansionary for about three years. The reported posterior

bands are relatively tight showing a strong agreement between a diverse set of struc-

tural models. However, the response of inflation is not precisely estimated with pos-

terior bands being relatively larger. As expected, the short and the long rate decline

at first following the shock but this fall is relatively short-lived and disappears after

three-four quarters. With a high posterior probability, the response of term premia is

negative for the first two quarters which is consistent with the findings of Rudebusch

and Swanson (2012), Andreasen (2012), and Andreasen, Fernandez-Villaverde, and

Rubio-Ramirez (2018). The spread does not display any decisive response pattern on

impact as the posterior probability bands include zero but it clearly declines after

four quarters.
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Figure 2.5: Monetary policy shock

This figure shows IRFs to a 25 basis points increase in monetary policy rate over the next 60 quarters. The

solid red line depicts the point-wise posterior median responses and the shaded bands represent the 68%

and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

A 25 basis points contractionary monetary policy shock triggers an immediate

median rise (Figure 2.5) in both short and long rates, which remain to be elevated for

about a year. This low persistence pattern of the short rate response is compatible

with Arias et al. (2019) study. On impact, the short end of the yield curve moves up

more than the long end and hence, the policy shock shrinks the slope of the yield

curve. However, this response is very short lived and flips its sign, displaying a persis-

tent and hump-shaped increase. As we will see in the coming sections, this response

pattern is not repeated in the model estimated with additional survey data, which

display a long depressing effect on the spread.

Although no theoretical restrictions are imposed on its response, the model

sharply predicts a sizable increase in term premia which takes long time to revert to

zero. The policy shock is the only one among the identified shocks which exerts a

markedly persistent effect on term premia. This finding is consistent with ample evi-

dence provided by the majority of the no-arbitrage studies (see, for instance, Bikbov

and Chernov, 2010).

The significant tightening in monetary policy leads to an instantaneous drop both
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Figure 2.6: Markup shock

This figure shows IRFs to a one-standard deviation positive markup shock over the next 60 quarters. The

solid red line depicts the point-wise posterior median responses and the shaded bands represent the 68%

and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

in output gap and inflation. While output gap returns to zero in two years, the effect

of the policy shock on inflation is more protracted. No price puzzle is observed as

all posterior probability mass clearly falls into the negative zone in the beginning.

The responses of inflation and the short rate bear some similarities to shapes of the

impulse-responses documented by Smets and Wouters (2007).

A positive markup shock decreases output gap and increases inflation in accor-

dance with expectations (Figure 2.6). No clear pattern is observed for the spread.

This neither corroborates nor invalidates the finding of Palamino (2012) which is

the only study reporting a steepening yield curve following a positive markup shock.

While term premia also displays a slight median rise after the markup shock, no

conclusive remark can be made as there is a significant posterior probability mass on

structural models which imply both increase and reduction in term premia. As there

is no evidence that term premia is resonding to the markup shock, the rise in the long

maturity yield can be well-described by rising of the short rate expectations. 1

1Note that the term structure responses completely follow from the internal dynamics of the structural
models as no theoretical restrictions are imposed on the yield curve dynamics to identify the markup
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A positive time preference shock clearly increases both output gap and inflation

(Figure 2.7). Both the short rate and the long rate move up following the preference

shock while the posterior confidence bands remain relatively wide. The response of

term premia is rather ambiguous but the spread apparently shrinks, which partly

complies with the findings of Andreasen et al. (2018).

Figure 2.7: Preference shock

This figure shows IRFs to a one-standard deviation positive preference shock over the next 60 quarters.

The solid red line depicts the point-wise posterior median responses and the shaded bands represent the

68% and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

From the variance decomposition analysis in Table 2.3, two interesting results

stand out. First, the four identified shocks can jointly explain around 30%-40% and

sometimes more than half of the variations in the selected variables. This share is not

trivial as there are potentially ten structural shocks in the estimated NAVAR. Second,

both supply and monetary policy shocks as well as the demand shock (or preference

shock) are important drivers of the term structure of interest rates.

In the long run, monetary policy shock explains 11% and 23% of the variance

of the 5-year yield in the Median Target and Max Share models, respectively. The

shock.
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Table 2.3: Variance decomposition

Panel A of this table lists the contribution (in percentage) of the identified shocks to the h-step ahead
forecast of output gap, inflation, short and long rates, spread (defined as the short minus long rate) and
term premia in the median target model. Panel B displays the same exercise for the variables in the Max
Share model. The estimation sample covers the period Q1,1960-Q4,2007.

Horizon Technology shock Markup shock Policy shock Preference shock
Panel A: Median Target

Output gap
1 18.7 1.3 0.1 9.2

40 13.8 6.9 5.7 4.3
∞ 13.8 7.0 5.7 4.3

Inflation
1 16.9 0.4 9.6 6.6

40 4.1 5.7 23.1 7.4
∞ 4.1 6.6 22.6 7.1

5-year yield
1 3.4 6.9 33.2 20.5

40 1.8 15.1 11.2 8.2
∞ 1.8 15.1 11.3 8.2

Term premia
1 4.1 0.1 71.1 13.8

40 4.8 8.1 34.5 3.6
∞ 4.8 8.5 34.1 3.6

Panel B: Max Share

Output gap
1 22.2 2.5 0.2 9.0

40 17.3 12.7 14.8 8.1
∞ 21.1 10.7 18.8 5.5

Inflation
1 5.5 20.8 5.6 9.2

40 20.4 11.8 25.2 4.1
∞ 20.8 11.8 24.0 3.9

5-year yield
1 3.2 9.0 3.1 19.3

40 16.0 15.5 23.7 4.9
∞ 20.2 12.9 23.1 3.8

Term premia
1 10.7 6.7 25.4 0.1

40 24.6 7.2 25.2 2.6
∞ 22.4 9.8 24.6 3.1

corresponding shares for term premia are 34% and 25% in the two models. In turn,

the maximum share of technology shock in the variance of the 5-year yield and term

premia is around 20% and 22%, respectively. Both markup and preference shocks

play nontrivial roles in explaining variation of the 5-year yield.

The finding that a meaningful portion of variations in the term structure and in

particular, in term premia is dictated by the supply shocks should not be surprising

in the light of the evidence from the existing literature. In fact, the US Treasury bonds

have played a different role for investors during the last sixty-seventy years. Although

investors have treated them as hedge instruments since the turn of the century, they

were certainly risky assets during the 1960s and 1970s (Campbell, Sunderam, and

Viceira, 2017) and investors required additional compensation to hold them. Camp-
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bell, Pfluger, and Viceira (2020) argue that supply shocks are essential for bonds to be

treated as risky assets by investors during the 1960s and 1970s as these shocks move

the real economy and inflation in the opposite directions. Rudebusch and Swanson

(2012) emphasize that technology shock should be one of the most dominant sources

of variations in risk premia as it creates a negative correlation between consumption

and inflation.

The finding that monetary policy shocks are important for the term structure is

not unexpected as well. For instance, Campbell, Sunderam, and Viceira (2017) argue

that the US Treasury bonds can be considered a risky asset in an environment in

which the Phillips Curve is unstable or the central bank is unable to anchor inflation

expectations. Ang et al. (2011) show that the monetary policy stance has shifted con-

siderably over the post-war period. According to the authors, the US monetary policy

was not aggressive and on the contrary, the Fed was pursuing an accommodative pol-

icy during 60s-70s and even until the early 80s. Thus, inability of the Fed to mitigate

inflation concerns of investors might contribute to the riskiness of the US Treasury

bonds through inflation risk premium channel.

The no-arbitrage literature also attributes a significant role to monetary policy

shocks. For instance, Ang and Piazzesi (2003) show that 62% of variations of the

5-year yield data is explained by the shocks to the latent factors (or policy shocks)

in the long-run. By pursuing a non-structural approach, Bikbov and Chernov (2010)

estimate a four factor NAVAR with two macro (inflation and output) and two latent

variables. According to their estimates, exogenous monetary policy shocks can ac-

count for approximately 26% of the variance of term premia. Ireland (2015) estimates

a five factor NAVAR and finds that around 18% of the variance of the bond risk premia

is attributed to monetary policy shock.

2.5 Does interest rate smoothing matter?

In their famous critique, Evans and Marshall (2007) claim that no-arbitrage studies

attribute a smaller role to macro variables in explaining nominal interest rates due

to a lack of interest rate smoothing in their short rate specification. To address their

critique, I introduce a smoothing term to the short rate in (2.2) but leaving the

remaining specifications unchanged:

rt = δ0 +ρr rt−1 +δg g t +δππ+ ft , (2.20)

where ρr represents the persistence of the short rate. This specification leads to

slightly different prices for the zero-coupon bonds. Denote the price of the zero-

coupon bond at time t with maturity m as P (m)
t , then

P (m)
t = exp(Am +B ′

mLt +Dmrt−1), (2.21)
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Figure 2.8: Interest rate smoothing and technology shock

This figure shows IRFs to a one-standard deviation positive technology shock over the next 60 quarters.

The solid red line depicts the point-wise posterior median responses and the shaded bands represent the

68% and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

where the loadings follow Riccati recursions

Am+1 = Am +B ′
mµ

Q+0.5B ′
mΣLLBm + (Dm −1)δ0 (2.22)

B ′
m+1 = B ′

mΦ
Q+ (Dm −1)δ′1

Dm+1 = (Dm −1)ρr ,

with initial values A0 = 0, B0 = 0 and D0 = 0. Note that when ρr = 0, we obtain the

standard formulas for the loadings Am and Bm . In addition, while estimating the

NAVAR, I also rotate the pricing factors Lt to correspond to Pt as before.

Figure 2.8 depicts the responses of the variables to a one-standard deviation

technology shock when the short rate specification includes a smoothing term simi-

lar to (2.20). Compared to the benchmark model, both the short and the long rates

strongly respond to a technology shock, which also induces a decline in time varying

term premia. The spread remains unresponsive but term premia falls similar to the

benchmark model. Besides, when the responses of the variables to a contractionary

monetary policy shock is considered (Figure 2.9) against the benchmark case, no
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Figure 2.9: Interest rate smoothing and monetary policy shock

This figure shows IRFs to a 25 basis points increase in monetary policy rate over the next 60 quarters. The

solid red line depicts the point-wise posterior median responses and the shaded bands represent the 68%

and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

qualitative change in the contours of the impulse-responses is observed.

Although technology shock relatively enhances its significance for the long ma-

turity yield (Table 2.6) in Median Target model, from 2% in the benchmark case to

19%, the total share of the three macro shocks hovers around 30% against 26% in the

benchmark case. The significance of monetary policy shock remains almost intact.

The three macro shocks now explain 17% of the variations of term premia similar to

the benchmark case. Thus, it is difficult to conclude that the role of macro shocks is

severely attenuated in the benchmark model.

The explanatory power of the macro shocks relatively declines in the Max Share

model. Although there is a minor dent in the role of monetary policy shock in explain-

ing variations in the long maturity yield, this erosion for the macro shocks is more

dramatic. In addition, they also explain less variations in term premia when com-

pared to the benchmark case. Therefore, it is difficult to conclude that introducing

interest rate smoothing fundamentally alters the role of macro shocks in explaining

the term structure.
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2.6 Is Great Moderation different?

Several macro studies generally conclude that the role of monetary policy shock on

macro variables significantly weakens during the Great Moderation. For instance,

Ramey (2016) shows that the effectiveness of monetary policy has not only diminished

but also changed its nature during the Great Moderation. Relying on the Coibion

(2012) identification scheme and using data from 1983 to 2007, she demonstrates that

a contractionary monetary policy has an expansionary effect on industrial produc-

tion. This lack of robustness is also emphasized by Barackchian and Crowe (2013).

If the role of monetary policy on the macroeconomy has weakend during the

Great Moderation period, its significance may also change for financial assets. In this

section, I re-estimate the benchmark NAVAR model during the Great Moderation

period - that is, from the mid 1980s to 2007. The impulse responses for output gap

and inflation given in Figure 2.10 clearly show that both output gap and inflation

display qualitatively similar responses in the two sample periods. It is true that the

strength of their median responses to a 25 basis points policy shock decreases over

the Great Moderation but the posterior probability of getting an expansionary output

gap or price puzzle following a contractionary policy shock in the initial periods is

negligible.

The above result accords well with the findings of Arias et al. (2019) who show

that the efficacy of monetary policy still remains intact during the Great Moderation.

The authors forcefully claim that the two restrictions - (i) the monetary policy instru-

ment contemporaneously reacts to output and prices, and (ii) the contemporaneous

reaction of the monetary policy instrument to output and prices is positive - are

crucial to circumvent the counter-intuitive findings of Uhlig (2005). Although I do not

impose their two restrictions, my results are also robust to the sub-sample estimation

covering the Great Moderation.

Following a monetary policy shock, a slightly weaker response of the long maturity

yield and consequently, the spread is observed. Although term premia significantly

rises after the policy shock, the strength of the response falls during the Great Moder-

ation. This result contrasts to the finding of Jarocinski and Karadi (2020) who report

no virtual effect of the policy shock on term premia.

One notable change during the Great Moderation is the significantly growing role

of preference shock or demand shock for the term structure. A one-standard devi-

ation preference shock leads to a larger median response of both the short and the

long maturity yields and consequently, a decline in the spread (Figure 2.11). Although

term premia display an ambiguous response to preference shock in the full sample, it

clearly rise during the Great Moderation. A flattening yield curve but yet a mounting

term premia can be explained by a larger rise of the short rate expectations for shorter

horizons. This response pattern is compatible with the findings of Anreasen et al.

(2018).

The variance decomposition analysis in Table 2.7 shows that the role of the policy
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Figure 2.10: Great Moderation and monetary policy shock

This figure shows IRFs to a 25 basis points increase in monetary policy rate over the next 60 quarters. The

solid red line depicts the point-wise posterior median responses and the shaded bands represent the 68%

and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

shock significantly diminishes for the term structure but not for macro variables

during the Great Moderation. For instance, in the Median Target model the share of

monetary policy shock in the variance drops from 34% to 7% for term premia and

from 11% to 7% for the 5-year yield during the Great Moderation. On the contrary,

now demand shock takes over a more pronounced role in explaining variations of

both macro variables and the term structure. For instance, it enhances its ability to

explain the variance of output gap from 4% to 17% in the Median Target model and

from 6% to 14% in the Max Share model.

The boost in the explanatory power of demand shock is more striking for the

term structure. Although a small portion of the variations in term premia (around

3%-4%) is attributed to the demand shock over the full sample, this share is around

33%-37% during the Great Moderation in both Median Target and Max Share models.

Similarly, its role at least doubles for the 5-year yield in both models during the Great

Moderation.

Therefore, this exercise shows that the role of monetary policy shock in explaining

variations in macro variables remains intact during the Great Moderation, while its
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Figure 2.11: Great Moderation and preference shock

This figure shows IRFs to a one-standard deviation positive preference shock over the next 60 quarters.

The solid red line depicts the point-wise posterior median responses and the shaded bands represent the

68% and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

importance definitely shrinks for the term structure. Besides, I also find that the

ability of the demand shock in explaining variations in both macro variables and the

term structure significantly improves during the Great Moderation.

2.7 What can survey expectations tell us about shocks?

The previous sections present the empirical findings obtained from the NAVARs

estimated with only data on the yields. This section furthers our knowledge and asks

whether surveys can enhance our insights regarding the effects of macroeconomic

shocks. The first part of this section discusses the implications of incorporating

survey expectations for shock identification in NAVARs. The second part tackles the

transmission channels of news to yields and the relative importance of supply vs.

demand shocks in driving variations in the transmission channels.
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2.7.1 Surveys and shock identification

Does requiring NAVARs to fit survey expectations of inflation and the short rate help

to improve shock identification? Wright (2010) shows that introducing "democratic

priors" centered around the parameters that are implied by survey responses helps to

improve real-time forecasting performance of Bayesian VARs for a range of macroe-

conomic variables. This subsection follows Wright’s (2010) steps but investigates the

implications of including survey expectations in estimations for shock identification.

While incorporating survey expectations into NAVARs as "democratic priors" is possi-

ble, a simpler approach is to directly include surveys in the measurement equation.

This requires NAVARs to fit not only the yield data but also survey expectations during

estimations (Kim and Orphanides, 2012).

To that purpose, I estimate a NAVAR model over the period 1960,Q1-2007,Q4. I

also include inflation expectations on the GDP deflator for the next four quarters,

inflation expectations on the headline CPI for the next four quarters and the average

of the next ten year drawing on the data set of the Survey of Professional Forecasters

(SPF). In addition, I also augment the measurement equation with the short rate

expectations for the next four quarters as well as the average of the next ten year.

Since I also investigate the transmission channels of news to yields following Duffee

(2018), who estimates a Gaussian VAR(1) process under both measures, I also choose

the lag length of one for both VARs.

Figure 2.12 displays the responses of the variables to a one-standard deviation

technology shock. Several remarks can be made if these IRFs are compared with those

of the benchmark model in Figure 2.2. First, the term structure responses are sharply

estimated in the estimations with surveys. In particular, the posterior probability

bands for the short rate, the long rate, and term premia become noticeably tighter.

Second, compared to the benchmark model the technology shock now exerts a more

protracted effect on inflation.

The impulse responses for monetary policy shock are provided in Figure 2.11.

Similar to the case of technology shock, the posterior bands are tightly estimated for

the term structure while this feature is not inherent to the responses of the macro

variables. Besides, monetary policy shock now exerts a persistent effect on output

gap, i.e., it does not bounce back after a while as in the benchmark model.

Several remarks can be made regarding the variance decomposition of the vari-

ables when the survey data is included in the estimations (Table 2.8). First, monetary

policy shock grows its significance for the variance of output gap in both Median

Target and Max Share models. Although its share substantially improves for the 5-year

yield in Median Target model, this pattern is not repeated in Max Share model. Be-

sides, technology shock now contributes substantially to term premia in both Median

Target and Max Share models. To conclude, I show that including surveys do not

significantly change the implications of IRFs, but it certainly tightens the confidence

bounds for the term structure.
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Figure 2.12: Surveys and technology shock

This figure shows IRFs to a one-standard deviation positive technology shock over the next 60 quarters.

The solid red line depicts the point-wise posterior median responses and the shaded bands represent the

68% and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

2.7.2 News to the yields and its transmission channels

Shocks affect nominal bond yields through three channels: expected future inflation,

expected future real short rate, and expected excess return. Duffee (2018) shows that

news about expected inflation can account for between 10% to 20% of variations

in the yields. As Duffee (2018) adhere to a model-free approach, it is not possible

to assign any economic meaning to the inflation news. Similar to Duffee’s (2018)

agnostic approach, I rely on a minimum structure to identify economic shocks that

can explain the news to the three channels.

Duffee (2018) decomposes innovation to a yield into news about future inflation,

πt , future real rate, r rt , and future excess return, r xt , following Campbell and Ammer

(1993). Denote the one period ahead news to the m-maturity yield ym
t and news to
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Figure 2.13: Surveys and monetary policy shock

This figure shows IRFs to a 25 basis points increase in monetary policy rate over the next 60 quarters. The

solid red line depicts the point-wise posterior median responses and the shaded bands represent the 68%

and 90% point-wise posterior probability bands.

(a) Output gap (b) Inflation (c) Short rate

(d) Long rate (e) Spread (f ) Term premia

the three channels by

ηy,t ≡ ym
t −Et−1 ym

t ,

ηπ,t ≡ Et

(
1
m
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i=1πt+i

)
−Et−1

(
1
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)
,
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)
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(
1
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.

Then the one period ahead innovation to the yield is the sum of news from the three

sources:

ηy,t = ηπ,t +ηr r,t +ηr x,t . (2.23)

Note that news to average excess return is the same as news to term premia.

In Table 2.4, I compute the ratio of the unconditional variance of each component

to the variance of innovation to the m-maturity yield where I also report the share

of covariances based on the estimated affine model. The inflation variance ratio,

which is defined as the ratio of the variance of news to inflation to the variance of
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Table 2.4: Yield news variance decomposition

This table presents model-implied variance decomposition of news to nominal yields. News to yields
can be decomposed into news about ex ante average real rate, ¯r r t , expected average inflation, π̄t , and
excess return or term premia t pt . The first column reports the standard deviation of news to the yields
in annualized basis points. Columns 3-5 show contributions of the three channels whereas columns 6-8
display contributions of covariances to news to the yields (in percentage). The contributions sum to 100.
The sample ranges from the first quarter 1960 through the last quarter 2007.

Maturity SD yield news [1] π̄t [2] ¯r r t [3] t pt 2Cov([1],[2]) 2Cov([1],[3]) 2Cov([2],[3])
1y 0.96 11.6 80.6 4.7 -3.8 -1.8 8.8

[0.91,1.03] [9.3,14.9] [72.6,91.2] [3.5,6.9] [-16.9,4.1] [-5.7,0.7] [2.0,15.5]
2y 0.82 14.0 58.7 16.0 -2.7 -4.9 19.7

[0.77,0.88] 11.2,18.3] [49.1,70.0] [12.6,21.5] [-16.4,5.2] [-16.2,-0.4] [9.4,30.9]
3y 0.75 14.8 41.1 26.6 -2.2 -4.4 25.0

[0.71,0.81] [11.6,19.0] [32.9,52.5] [21.6,35.2] [-12.0,4.8] [-23.6,1.4] [15.1,38.7]
4y 0.72 15.4 29.1 34.7 -2.3 -1.8 26.2

[0.68,0.77] [12.0,19.6] [22.1,38.4] [29.1,45.6] [-10.8,4.7] [-26.5,5.0] [17.2,39.9]
5y 0.69 15.5 21.1 40.6 -3.1 1.2 25.9

[0.65,0.74] [11.8,20.8] [15.8,28.9] [34.7,52.8] [-11.3,5.1] [-26.5,9.0] [17.6,37.9]

innovation to the yield, ranges between 11%-16% over the maturities from 1 to 5

years. This finding is consistent with Duffee (2018), whose reported confidence bands

for inflation variance ratio vary over the 3%-29% interval. The contribution of term

premia channel to the variations of the yields steadily rise over the maturities while

the contribution of the average real rate channel shrinks and drops to 21% for the

5-year yield. The contributions of both real rate and term premia channels are sharply

estimated whereas Duffee (2018) reports very large confidence bands which prevents

him to conclude about the relative importance of these channels.

Fortunately, the confidence bounds in Table 2.4 are tight enough to determine

the relative importance of these channels. I find that for shorter and medium term

maturities, the real rate channel plays a dominant role in explaining news to the

yields whereas term premia is the primary source of variations for longer maturities.

This finding partially confirms the claim of Gomez-Cram and Yaron (2020), who

purports that the real rate channel is the dominant channel for all yields. However, if

we carefully examine the confidence bounds provided in Table 2.7 of Gomez-Cram

and Yaron (2020), their claim is rather disputable for longer maturities. For instance,

for the 10-year yield the confidence bounds for the inflation and the real rate channels

intersect.

Since news to the above components are reduced form and lack any economic

interpretation, we would like to further decompose the news into structural shocks,

which can be easily undertaken in the affine model. It is a straightforward calculation

to show that in an affine model an h-period ahead innovation to the yield and news to

its components can be decomposed into structural shocks by employing the impulse

response coefficientsΨi for i = 0, ...,h −1 from (2.9)

ηm,h
y,t = yt −Et−h yt = BP,m[e1 e2 e3]′(Zt −Et−h Zt ) = BP,m[e1 e2 e3]′

h−1∑
i=0
Ψiεt−i ,
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where I use the VMA representation of Zt = cons+∑h−1
i=0 Ψiεt−i and ei is the standard

basis vector with 1 at the i th position and 0 elsewhere. Similarly, news to average

inflation expectations can be written as

ηh,m
π,t = e ′2

mΦ(I −Φ)−1(I −Φm)
∑h−1

i=0 Ψiεt−i .

Noting that the real short rate is r rt+ j = rt+ j −Et+ jπt+1+ j = (e ′3−e ′2Φ)Zt+ j , then news

to average real rate expectations and term premia can be obtained as

ηm,h
r r,t = (e ′3 −e ′2Φ)

m (I −Φ)−1(I −Φm)
∑h−1

i=0 Ψiεt−i ,

’

ηh
r x,t = (Bm − e ′3

m
(I −Φ)−1(I −Φm))

h−1∑
i=0
Ψiεt+h−i . (2.24)

Using the above relations, we can carry out the h-period ahead forecast error variance

decomposition of the news components of each source, which is a straightforward

computation.

Panel A and Panel B of Table 2.5 present the contributions of the four identified

shocks to news to the 5-year yield and to its corresponding three channels in Me-

dian Target and Max Share models, respectively. The identified four shocks jointly

explain slightly more than 60% of variations in the 5-year yield in Median Target

model whereas this share drops to 30% in Max Share model. As in the estimations

without survey expectations implemented in the previous section, the policy shock

has a dominant explanatory power in all three channels in Median Target model.

Term premia almost mirrors the contributions of the identified shocks as in the

5-year yield in both models. This should not be surprising as we find that this channel

is the dominant one in transmitting news to the 5-year yield. A natural question is

which shocks make the term premia channel twice more volatile than the real rate

channel? Hanson and Stein (2015) claim that shocks to long maturity yields are term

premia shocks rather than monetary policy shocks whereas Nakamura and Steinsson

(2018) disagree with their interpretation and purport that these shocks are policy or

information shocks.

In Median target model, around 40% of variations of term premia and around

25% of variations of the real rate channel can be explained by monetary policy shock.

Note that these shares are computed with respect to each channel. To bring them to

a common denominator, we can use the fact that term premia is twice more volatile

than the real rate channel. Thus, after this adjustment, it seems that both technology

and monetary policy shocks can explain the higher variance of term premia. This

explanation also finds partial support in the Max Share model. Therefore, although

I find that term premia is the primary channel of news to the long maturity yields

as in Hanson and Stein (2015), I also demonstrate that monetary policy shocks are

partly responsible for this result, which is in line with the finding of Nakamura and
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Table 2.5: Variance decomposition

Panel A of this table lists the contribution (in percentage) of the identified shocks to the h-step ahead
forecast of 5-year yield, average inflation expectations, average real short expectations and term premia in
the median target model. Panel B displays the same exercise for the variables in the Max Share model. The
estimation sample covers the period Q1,1960-Q4,2007.

Horizon Technology shock Markup shock Policy shock Preference shock
Panel A: Median Target

5-year yield
1 14.2 0.4 52.0 15.4

40 9.4 1.2 37.1 11.8
∞ 9.2 1.1 37.4 11.4

Average inflation
1 9.2 5.1 2.5 4.0

40 5.5 2.0 27.2 2.3
∞ 5.4 2.1 28.0 2.2

Average real rate
1 0.9 0.4 30.9 11.7

40 5.2 1.8 24.8 5.4
∞ 5.1 1.9 25.2 5.3

Term premia
1 21.1 0.7 49.6 7.2

40 20.9 1.8 38.6 7.5
∞ 20.8 1.8 38.7 7.5

Panel B: Max Share

5-year yield
1 7.9 0.5 3.2 12.9

40 7.5 2.4 8.4 11.9
∞ 7.9 2.3 8.7 11.8

Average inflation
1 12.0 2.3 0.3 10.0

40 20.3 1.3 15.0 1.9
∞ 22.4 1.2 16.2 1.8

Average real rate
1 6.6 0.3 5.9 4.7

40 36.6 0.4 10.6 1.1
∞ 37.7 0.3 13.1 1.0

Term premia
1 18.3 0.0 0.4 4.5

40 25.4 1.5 5.3 7.8
∞ 26.9 1.3 7.2 7.3

Steinsson (2018).

In their long-run risk model, Gomez-Cram and Yaron (2021) demonstrate the

importance of preference shock in producing the inflation variance ratio within rea-

sonable ranges. However, they also claim that preference shock helps to generate

plausible real rate dynamics, i.e., volatile and persistent fluctuations in real rates. In

their model that shuts down this channel, the real rates appear too smooth. This claim

does not gain much support in the estimated NAVAR as preference shock remains

relatively insignificant compared to the rest of the identified shocks.

Gomez-Cram and Yaron (2021) claim that due to a lack of economic structure,

reduced-form term structure models cannot pin down the relative importance of

the average expected real rate channel and term premia. They conduct similar cal-
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culations for various reduced-form term structure models (Duffe, 2018; Cieslak and

Povala, 2015; Kim and Wright, 2005; Adrian, Cramp, and Moench, 2013) and conclude

that these models cannot statistically distinguish between the role played by the two

channels. Based on their long-run risk model, they argue that the average expected

real rate channel is the dominant one. However, while replicating these studies, they

do not include any survey forecasts in their estimations except the Duffee (2018)

study. Although they claim that the primary channel is the real rate channel, their

confidence bands for average expected real rate and average expected inflation in

their Table 2.7 intersect. Besides, their estimated confidence bands are very large

for the inflation channel. On the contrary, the estimated confidence bands in my

estimations are tight and I can confidently conclude that the dominant channel of

news to the yields is average expected real rate channel for shorter and medium term

maturities whereas it is the term premia channel that primarily drives variations in

the long maturity yields.

2.8 Conclusion

In this study, I investigate the effects of macroeconomic shocks on the term structure

of interest rates and in particular, on term premia. In addition to information from

the real economy and macro data set, I also draw on information from financial

markets while identifying structural macro shocks. First, I show that it is important to

impose theoretical restrictions on both factor dynamics and the term structure to

identify structural shocks. With several examples, I demonstrate that leaving the term

structure dynamics unconstrained leads to counter-intuitive results. This example

well highlights some contradictory findings of the existing literature regarding the

effects of macro shocks on the yield curve as the researchers do not impose any

restrictions on the term structure.

Second, I find that both supply shocks and monetary policy shock are impor-

tant drivers of variations in the term structure and in particular, in term premia. As

the recent research sets forth, the US Treasury bonds have played a different role

throughout the post-war history. The dominance of supply shocks during 60s-70s

made them risky assets which, as I show, is a part of the story. I find that the policy

shock has also a role in making the US Treasury bonds risky instruments, which can

be explained by an unstable Phillips curve or inability of the Fed to anchor inflation

expectations. This explanation well aligns with the arguments of Gürkaynak, Sack

and Swanson (2005), who purport that the ability of the Bank of England to anchor

inflation expectations in the UK since 1997 has precluded the excess sensitivity of

long-term forward rates to macro news and to policy announcements.

Third, I find that the responses of output gap and inflation to the policy shock

are not qualitatively different during the Great Moderation and thus, confirming the

results of Arias et al. (2019). Yet, monetary policy shock certainly loses its importance



2.8. CONCLUSION 81

for the term structure during these years. However, I provide a new evidence that

demand shock takes over the role and drives a significant portion of variations in

the term structure. I also show that introducing a smoothing term to the short rate

specification does not alter the implications of the estimated NAVAR models.

Fourth, I also study the three channels of news to yields and find that the primary

source of news to the yields with short and medium term maturities is the average

real rate channel whereas term premia takes over the role for longer maturities. This

finding partly corroborates Gomez-Cram and Yaron (2021) who find that shocks to

nominal yields are mainly news about real rates. I find that although monetary policy

shock is essential for both term premia and the average expected real rate channel,

the supply shocks also play a significant role in explaining variations in term premia

of long maturity yields.

Finally, the findings of the paper also pose a puzzle to macro-finance DSGE mod-

els. As Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2018) emphasize, mon-

etary policy shock has an almost negligible effect on term premia in macro-finance

DSGE models. Although Rudebusch and Swanson (2012) attribute a significant role

to technology shock in explaining variations in term premia, monetary policy shock

remains unimportant in their study as well. Thus, while these models attribute a sig-

nificant role to technology shocks in explaining variations in term premia, monetary

policy shocks have a tiny effect on it. How DSGE models can accommodate these

findings remains an open question for future research.
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Appendix

A.1 Figures and tables

Table A.1: Smoothing and variance decomposition

Panel A of this table lists the contribution (in percentage) of the identified shocks to the h-step ahead
forecast of output gap, inflation, short and long rates, spread (defined as the short minus long rate) and
term premia in the median target model. Panel B displays the same exercise for the variables in the Max
Share model. The estimation sample covers the period Q1,1960-Q4,2007.

Horizon Technology shock Markup shock Policy shock Preference shock
Panel A: Median Target

Output gap
1 0.1 2.0 6.8 0.4

40 20.6 1.4 12.2 0.9
∞ 20.8 1.4 12.2 0.9

Inflation
1 13.7 28.9 30.3 3.8

40 13.0 6.0 40.5 3.4
∞ 13.0 6.3 40.5 3.4

5-year yield
1 20.1 4.7 18.9 0.4

40 18.8 11.0 9.0 0.3
∞ 18.7 11.0 9.0 0.3

Term premia
1 3.8 0.2 48.0 0.6

40 11.8 4.1 18.0 0.6
∞ 11.9 4.1 18.0 0.6

Panel B: Max Share

Output gap
1 1.0 0.1 0.5 14.1

40 17.1 0.9 13.8 3.8
∞ 17.7 0.9 13.9 3.8

Inflation
1 0.4 1.3 6.5 7.3

40 20.9 0.2 20.6 1.9
∞ 19.3 0.3 18.0 1.7

5-year yield
1 2.5 0.1 48.2 3.3

40 12.5 0.2 12.3 0.2
∞ 13.1 0.2 12.0 0.2

Term premia
1 1.4 0.3 51.8 2.8

40 19.1 0.5 21.2 0.5
∞ 19.7 0.5 20.8 0.4
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Table A.2: Great Moderation and variance decomposition

Panel A of this table lists the contribution (in percentage) of the identified shocks to the h-step ahead
forecast of output gap, inflation, short and long rates, spread (defined as the short minus long rate) and
term premia in the median target model. Panel B displays the same exercise for the variables in the Max
Share model. The estimation sample covers the period Q1,1985-Q4,2007.

Horizon Technology shock Markup shock Policy shock Preference shock
Panel A: Median Target

Output gap
1 3.1 18.5 7.5 17.4

40 3.7 4.5 11.7 16.5
∞ 3.6 4.7 12.0 16.5

Inflation
1 0.1 26.7 37.3 2.1

40 0.6 5.4 33.0 8.0
∞ 0.8 5.7 32.3 8.2

5-year yield
1 2.0 13.0 6.3 42.4

40 4.4 28.3 4.9 16.8
∞ 4.1 24.9 7.3 17.1

Term premia
1 1.4 0.2 2.5 62.7

40 1.2 9.9 6.2 37.2
∞ 1.5 9.2 6.5 36.6

Panel B: Max Share

Output gap
1 20.8 0.1 0.2 8.6

40 23.0 3.7 1.0 13.7
∞ 22.9 3.7 0.9 13.6

Inflation
1 8.4 7.2 2.9 29.4

40 22.4 12.2 7.3 14.9
∞ 22.3 12.2 7.3 14.8

5-year yield
1 16.3 16.4 1.4 20.2

40 8.4 10.4 3.0 15.8
∞ 8.3 10.7 3.1 15.6

Term premia
1 32.6 3.9 4.0 47.8

40 20.1 8.0 3.1 33.1
∞ 20.2 8.1 3.1 32.9
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Table A.3: Surveys and variance decomposition

Panel A of this table lists the contribution (in percentage) of the identified shocks to the h-step ahead
forecast of output gap, inflation, short and long rates, spread (defined as the short minus long rate) and
term premia in the median target model. Panel B displays the same exercise for the variables in the Max
Share model. The estimation sample covers the period Q1,1960-Q4,2007.

Horizon Technology shock Markup shock Policy shock Preference shock
Panel A: Median Target

Output gap
1 2.3 0.5 0.1 0.4

40 10.9 5.1 18.4 0.8
∞ 10.8 5.2 18.8 0.8

Inflation
1 28.2 15.6 33.4 8.1

40 8.3 4.5 20.0 3.2
∞ 8.0 4.5 21.6 3.0

5-year yield
1 14.2 0.4 52.0 15.4

40 9.4 1.2 37.1 11.8
∞ 9.2 1.1 37.4 11.4

Term premia
1 21.1 0.7 49.6 7.2

40 20.9 1.8 38.6 7.5
∞ 20.8 1.8 38.7 7.5

Panel B: Max Share

Output gap
1 5.0 0.0 5.2 6.4

40 41.3 1.4 8.8 2.6
∞ 41.6 1.2 11.3 2.3

Inflation
1 0.1 20.3 5.2 28.9

40 14.2 2.5 12.6 8.0
∞ 16.7 2.3 13.8 7.4

5-year yield
1 7.9 0.5 3.2 12.9

40 7.5 2.4 8.4 11.9
∞ 7.9 2.3 8.7 11.8

Term premia
1 18.3 0.0 0.4 4.5

40 25.4 1.5 5.3 7.8
∞ 26.9 1.3 7.2 7.3
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A.2 Sign restrictions from the literature

Table A.4: Technology shock

This table summarizes signs of immediate responses of the selected variables to a one-standard deviation
positive technology shock from various macro and macro-finance DSGE studies. The positive/negative
sign means the immediate response of the corresponding variable to the shock is a positive/negative value
whereas the question mark means it is undetermined.

Study gt πt ht ct it wt rt y l
t t pt spt r rt r r l

t baat stckt

PANEL A: Macro DSGE studies

Smets and Wouters (2003) + - - + + ? -
Smets and Wouters (2005) + - - + + + -
Smets and Wouters (2007) + - - -

Del Negro et al. (2007) + - - + + + -
Altig et al. (2011) + - + + + + +

Canova and Paustian (2011) + - - ? -
Christiano et al. (2011) + - - + + - -

PANEL B: Macro-finance DSGE studies

Rudebusch and Swanson (2012) - - -
Andreasen (2012) + - + + - - - + + -

Kung (2015) - + + - -
Andreasen et al. (2018) - - + + - - - +

Hsu et al. (2021) + - + + + - -

Table A.5: Markup shock

This table summarizes signs of immediate responses of the selected variables to a one-standard deviation
positive markup shock from various macro and macro-finance DSGE studies. The positive/negative sign
means the immediate response of the corresponding variable to the shock is a positive/negative value
whereas the question mark means it is undetermined.

Study gt πt ht ct it wt rt y l
t t pt spt r rt r r l

t baat stckt

PANEL A: Macro DSGE studies

Smets and Wouters (2003) - + + - - - +
Smets and Wouters (2005) - + + - - - +

Del Negro et al. (2007) - + - - - - +
Canova and Paustian (2011) - + - - +

PANEL B: Macro-finance DSGE studies

Palamino (2012) + +
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Table A.6: Preference shock

This table summarizes signs of immediate responses of the selected variables to a one-standard deviation
positive preference shock from various macro and macro-finance DSGE studies. The positive/negative
sign means the immediate response of the corresponding variable to the shock is a positive/negative value
whereas the question mark means it is undetermined.

Study gt πt ht ct it wt rt y l
t t pt spt r rt r r l

t baat stckt

PANEL A: Macro DSGE studies

Smets and Wouters (2003) + + + + - + +
Smets and Wouters (2005) + + + + - + +

Del Negro et al. (2007) + + + + - + +
Canova and Paustian (2011) + + + ? +

PANEL B: Macro-finance DSGE studies

Andreasen (2012) + + + - + + + + - +
Andreasen et al. (2018) + + + - + + + -

Andreasen (2021) + - + + + + +

Table A.7: Monetary policy shock

This table summarizes signs of immediate responses of the selected variables to a one-standard deviation
contractionary policy shock from various macro and macro-finance DSGE studies. The positive/negative
sign means the immediate response of the corresponding variable to the shock is a positive/negative value
whereas the question mark means it is undetermined.

Study gt πt ht ct it wt rt y l
t t pt spt r rt r r l

t baat stckt

PANEL A: Macro DSGE studies

Smets and Wouters (2003) - - - - - - +
Smets and Wouters (2005) - - - - - - +
Smets and Wouters (2007) - - - +

Del Negro et al. (2007) - - - - - - +
Altig et al. (2011) - - - ? +

Canova and Paustian (2011) - - - ? +

PANEL B: Macro-finance DSGE studies

Bernanke et al (1999) - - + +
Castelnuovo and Nistico (2010) - - + -

Christiano et al. (2011) - - - - - - + +
Rudebusch and Swanson (2012) - - + + -

Andreasen (2012) - - - - + + - - + +
Campbell et al. (2014) - - + + +

Kung (2015) + + -
Challe and Giannitsarou (2014) - - - + -
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A.3 Bayesian estimation

This section elaborates on the estimation procedure undertaken in the paper. The

subsections define likelihood, priors, and the resultant posteriors. The proofs of the

propositions on the implementation algorithm can be found in the next section.

A.3.1 Likelihood

I assume that a J-dimensional vector of the zero-coupon bond yields yt are priced

with measurement error whereas the macro-pricing factors are observed without

any error. The measurement errors are specific to the bond yields and are indepen-

dently normally distributed, i.e., et ∼ N (0,Σe ) where et = [e1,t , ..., e J ,t ]
′
. With this

error structure, the conditional likelihood function of Y ∗
t is

f (Y ∗
t |Y ∗

t−1,Y ∗
t−2, ...,Y ∗

t−p ;Θ) = f (yt |Zt ;Θ)× f (Zt |Zt−1, ..., Zt−p ;Θ) (2.12)

= f (yt |Pt ;δ1,µQ ,ΦQ ,ΣL ,Σe ,W )× f (Zt |Zt−1, ..., Zt−p ;β,Σ).

The likelihood function for NAVARs can be decomposed into two components

(Joslin, Singleton, and Zhu, 2011): P-likelihood and Q-likelihood. The first compo-

nent,Q-likelihood, reflects the cross-sectional dependence of yields on risk factors,

(logarithm of) which is defined as

log f (yt |Pt ;δ1,µQ ,ΦQ ,ΣL ,Σe ,W ) =−0.5 J log (2π)−0.5
J∑

m=1
log (σ2

m,e )−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
,

(2.13)

where em,t = yt − AP,m − B ′
P,mPt for m = 1,2, ..., J . The loadings AP,m and BP,m

depend on δ1, µQ , ΦQ , ΣLL and the rotation matrix W . The second component in

(12), P-likelihood, is the conditional (log) likelihood obtained from the Gaussian

VAR(p) process and captures the physical dynamics of the risk factors:

log f (Zt |Zt−1, ..., Zt−p ;β,Σ) =−0.5 N l og (2π)−0.5log |Σ|−0.5
(
ε
′
tΣ

−1εt

)
. (2.14)

The conditional joint log-likelihood of the data Y1:T =
(
Y1, ...,YT

)′
is defined as

log f (Y1:T ;Θ) =
T∑

t=1
f (yt |Pt ;δ1,µQ ,ΦQ ,ΣL ,Σe )+ l og f (Zt |Zt−1, ..., Zt−p ;β,Σ). (2.15)

A.3.2 Priors

I employ two kinds of priors for the parameter vectorΘ. The first type defines priors

for marginal distributions of three blocks of parameters, namely (µ,Φi , Σ), (ΦQ , µQ ,

δ1), and Σe . The second defines system priors for the immediate responses of the

yields to the policy shock. This prior specification only affects conditional posterior

distributions of ΣPP and (ΦQ , µQ , δ1).
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A.3.2.1 Priors for (µ,Φi ,Σ)

I first define a prior distribution for Σ and then for (µ,Φi ). As only ΣPP affects both

dynamics and non-linearly enters the pricing formulas, it is difficult to specify a

conjugate prior for it. However, as I show in the proposition below, a conjugate prior

can be specified to the remaining partitions of Σ, which only affect the physical

dynamics.

Priors for Σ
Since the upper R ×R block Σ enters the pricing equations under theQ-dynamics, I

decompose Σ using block LDL′ decomposition and define priors for the correspond-

ing partitions. To elaborate on this, first note that I work with the following partitions

of Σ:

Σ=
[
Σ11 Σ12

Σ21 Σ22

]
, (A.1)

where Σ11 = ΣPP. I apply block LDL′ decomposition to the covariance matrix Σ =
LDL′ where

L =
(

IR 0R×(N−R)

L21 I(N−R)

)
, D =

(
Σ11 0R×(N−R)

0R×(N−R) Σ22.1

)
. (A.2)

Here, L21 =Σ21Σ
−1
11 and the Schur complement is defined as Σ22.1 =Σ22 −Σ21Σ

−1
11Σ

′
21.

The prior distributions for Σ11 and Σ22.1 are assumed to be independent inverted

Wishart. Namely,

Σ11 ∼ iW (S11,ν− (N −R)) and , Σ22.1 ∼ iW (S22.1,ν), (A.3)

where S11 is a principal minor and S22.1 = S22 −S21S−1
11 S12 is a Schur complement in

a partitioned matrix S:

S =
[

S11 S12

S21 S22

]
. (A.4)

In addition, conditional on Σ11 and Σ22.1, L21 is assumed to be normally distributed

L21|Σ22.1 ∼ N (S21S−1
11 ,Σ22.1 ⊗S−1

11 ). (A.5)

The following proposition shows that under these prior specifications, the covariance

matrix Σ has an inverted Wishart distribution.

Proposition 1: Under the prior specifications given in (A.3) and (A.5), the covariance

matrix Σ= LDL′ has an inverted Wishart distribution, Σ∼ iW (ν,S).

The proof is given in Section A.4. Since the mapping Σ= LDL′ is one-to-one, the

converse of the Proposition 1 is also true.

Corollary 1: Using the same notation as in Proposition 1, if Σ ∼ iW (ν,S), then the

implied prior for L21, Σ11, and Σ22.1 are normal and inverse Wishart distributions
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given in (A.5) and (A.3), respectively.

Proof: See Section A.4.

As Proposition 1 and Corollary 1 demonstrate, this prior specification can be

implemented in reverse order as well. Since it is more intuitive to specify a marginal

prior for Σ rather than its partitions separately, I specify a marginal prior for Σ and

use the resultant priors for its partitions in the implementation of the estimation

algorithm. Thus, following Chan et al. (2020) I specify a marginal prior for Σ as

S = κ5 di ag (s2
1 , ..., s2

N ) and ν= κ4 +N +1, where si is defined below.

Priors for (µ,Φi )

I broadly follow Bayesian literature on large systems (Banbura et al. 2010, Giannone

et al. 2015, Chan 2020, Chan et al. 2020), which rely on Bayesian shrinkage methods,

to set prior distributions for the parameter block (µ,Φi ,Σ). In particular, I impose

Minnesota prior for this paramater block.

Let us write the VAR(p) process in (2.8)

Zt = Γ′xt +εt , (2.8)

as a system of multivariate regressions:

Z
T×N

= X
T×k

Γ
k×N

+ ϵ
T×N

, (A.6)

where xt = [Z ′
t−1, ..., Z ′

t−p ,1]′, X = [x1, ..., xT−p ]′ , Z = [Zp+1, ..., ZT ]′, ϵ= [εp+1, ...,εT ]′,
Γ = [Φ1, ...,Φp ,µ]′ and γ = vec(Γ). Finally, I define the number of regressors as k =
N p +1.

Since I define Inverse-Wishart prior for Σ, a common choice for (Γ,Σ) is Normal-

Inverse-Wishart,

γ|Σ∼ N (γ̃,Σ⊗ Ω̃), and Σ∼ iW (ν,S), (A.7)

where the hyperparameters γ̃, Ω̃, S and ν are defined so that prior expectations and

variances of Γ as well as the expectation of S are consistent with the Minnesota prior.

The strength of the shrinkage is controlled by the covariance matrix Ω̃. To preserve

the Minnesota structure I assume that Ω̃ is diagonal with its i -th diagonal element

ω̃i i set as

ω̃i i =


κ1

lκ2 s2
i

, for the coefficient on the l-th lag of variabe i

κ3, for an intercept
, (A.8)

where s2
i is the sample variance of the residuals from an AR(p) model for the variable

i . The hyperparameters, κ1 and κ3, respectively, control the strength of shrinkage

for the VAR coefficients and the intercepts whereas the hyperparameter κ2 controls

additional shrinkage of the higher lag coefficients.
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It is worth noting that although this is a natural conjugate prior for Γ in most cases,

adding survey expectations to the measurement equation leads a non-standard con-

ditional posterior distribution for Γ. Thus, in the estimations with survey expectations

I rely on a different algorithm to simulate the conditional posterior of Γ.

A.3.2.2 Priors for (ΦQ ,µQ ,δ1) and σ2
e

Following Kaminska, Mumtaz, and Sustek (2021), I specify a normal prior for the

vector ϱ= vec(ΦQ ,µQ ,δ1), i.e.,

ϱ∼ N (ϱ̃,Vϱ), (A.9)

where ϱ̃ is the corresponding MLE estimate obtained from the reduced form system

without additional macro variables Mt and Vϱ is the diagonal matrix with 100 in the

main diagonal.

Following the literature I specify an uninformative prior for σ2
e .

A.3.2.3 System priors for impulse-responses

I incorporate empirical information on the immediate responses of the yields with

different maturities to the policy shock as prior information, which only affects the

parameters (ΣPP,ΦQ ,µQ ,δ1). I define the responses with respect to the response of

the 3-month yield and assume that the relative responses of the yields to the policy

shock are normally distributed, i.e.,

h(ΣPP,ΦQ ,µQ ,δ1|Q) ∼ N (h0, s0 I J−2), (A.10)

where h is a non-linear function in its arguments, Q is an orthogonal matrix, h0 =
[0.84, 0.59, 0.54, 0.38]′ which defines immediate relative responses of the 1-, 2-, 3-

, and 5-year yields, and s0 is a scaling parameter controlling for tightness of the

imposed prior.

A.3.3 Posteriors

Let us recall that the joint posterior distribution of the parameters is defined in the

paper as

p(Θ|Y1:T ,Q) ∝ p(Y1:T |Θ)×pc (Θ,Q), (2.16)

where pc (Θ,Q) = [ps (h(Θ)|Q)× p(Θ)× p(Q)] is the composite prior. However, this

is a slight abuse of notation as it assumes all variables in Y1:T are observed. Fortu-

nately, one can use data augmentation techniques (see, for instance, Kim and Nelson,

1999) based on Gibbs sampling to deal with unobserved state variables in a linear

Gaussian system. Thus, I use Carter-Kohn algorithm to draw the latent variable ft

or its rotated counterpart the implied short rate, r̂t . The remaining parameters are

simulated employing Metropolis-Hastings (MH) within Gibbs algorithm (see, for

instance, Geweke, 2005). I need to simulate the following conditional posteriors:
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(i) P (Γ|Y1:T ;Σ), (ii) P (Σ|Y1:T ;ΦQ ,µQ ,δ1,Σe ,Q), (iii) P (ΦQ ,µQ ,δ1|Y1:T ;Σ,Σe ,Q), and fi-

nally, (iv) P (Σe |Y1:T ;Σ,ΦQ ,µQ ,δ1).

A.3.3.1 Drawing (Γ,Σ)

It can be shown that given the likelihood and the natural conjugate prior for Γ, the

posterior distribution is normal in models without survey expectations. I also draw Σ

by first simulating its partitions LDL′ and then properly combining them to obtain

the final draw. The following proposition summarizes the key results for posterior

distributions of (Γ,Σ).

Proposition 2: Let Ω̄= (Ω̃−1+X ′X )−1 and Γ̄= Ω̄(X ′X Γ̂+Ω̃−1Γ̃) where γ̂= (X ′X )−1X ′Z
is the OLS regression coefficient and γ̄= vec(Γ̄). Moreover, denote Σ̄= (Y −Z Γ̂)′(Y −
Z Γ̂)+γ̄′Ω̄γ̄+γ̂′Z ′Z γ̂′+γ̃′Ω̃−1γ̃′+S), L̄21 = Σ̄21Σ̄

−1
11 , Σ̄11 and Σ̄22.1 are the corresponding

partitions of Σ̄. Then under the prior specification given in (28), the posterior distribu-

tions of (Γ,Σ) are as follows:

(i) The posterior distribution of γ= vec(Γ) given Σ is normal, i.e., γ|Σ∼ N (γ̄,Σ⊗ Ω̄).

(ii) The posterior distribution of Σ22.1 is inverse-Wishart with ν+R +T −k degrees of

freedom. That is, Σ22.1 ∼ IW (ν+R +T −k, Σ̄22.1) .

(iii) The posterior distribution of L21 is matricvariate normal, i.e. L21|Σ22.1 ∼ M N (L̄21,Σ22.1, Σ̄−1
11 ).

(iv) The posterior distribution of Σ11 is non-standard and given as

P (Σ11|Y ;ΦQ ,µQ ,δ1,Σe ,Q) ∝
|Σ11|−(ν−(N−R)+R+1+T−k)/2exp

(
−0.5tr

(
Σ−1

11 Σ̄
−1
11

))
exp

(
−0.5

∑T
t=1

∑J
m=1

e2
mt

σ2
m,e

)
exp

(
−0.5

∑J−2
i=1

(hi (ΣPP,ΦQ ,µQ ,δ1|Q)−h0)2

s2
0

)
.

Proof: See Section A.4.

Since (i)-(iii) define standard distributions, I use Gibbs sampling to simulate

them. However, the distribution of Σ11 =ΣPP is not standard and I rely on a hybrid

algorithm to simulate the covariance matrix ΣPP =√
ΣPP

√
ΣPP

′
, where

√
ΣPP is

obtained from the Cholesky decomposition. The first 10,000 draws are obtained

using a Newton Metropolis-Hastings algorithm and the remaining draws are based

on random walk MH step. I use analytical derivatives for the gradient and Hessian of√
ΣPP in the Newton MH step, which substantially speeds up the simulation step. I

maximize the posterior (or the likelihood) and compute the Hessian evaluated at the

mode (or the maximum value) which is later used as the variance-covariance matrix

in RW MH step. The proposal distribution for
√
ΣPP is a truncated multivariate

t-distribution with five degrees of freedom.

A.3.3.2 Drawing (ΦQ ,µQ ,δ1)

The conditional posterior distribution P (ΦQ ,µQ ,δ1|Y1:T ;Σ,Σe ,Q) is non-standard. To

simulate the posterior distribution, I rely on a random block random walk Metropolis-

Hastings (RWMH) algorithm (see, Herbst and Schorfheide, 2016). The accept/reject
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probability is the ratio of the posterior of the yields based on candidate and the last

draw of (ΦQ ,µQ ,δ1). That is, the acceptance probability is computed as

α
(
(ΦQ, j−1,µQ, j−1,δ j−1

1 ), (ΦQ,∗,µQ,∗,δ∗1 )
)
= mi n

{ P (ΦQ,∗,µQ,∗,δ∗1 |Y1:T ;Σ,Σe )

P (ΦQ, j−1,µQ, j−1,δ j−1
1 |Y1:T ;Σ,Σe )

,1
}

.

(A.11)

I discard non-stationary draws ofΦQ and negative values for δ1.

A.3.3.3 Drawing Σe

Conditional on the other parameters and data, the measurement errors are just re-

gression residuals. Thus, for each yield the variance σ(m,e)2 can be drawn separately

from an inverse-gamma (IG) distribution using a Gibbs step with shape parameter

ν0 = T (recall diffuse prior assumption) and the scale parameter d0 = SSRm where

SSR is the sum of squared residuals for each yield.

A.4 Proofs

Lemma 1: Let Σ= LDL′ where D is a block diagonal matrix with (R ×R) and (N −R)×
(N −R) dimension Σ11 and Σ22.1 submatrices, respectively. Moreover, L is a unitary

lower triangular matrix

L =
[

I 0

L21 I

]
, (A.12)

where L21 = Σ21Σ
−1
11 . Then the determinant of the Jacobian of the transformation

J
[

(Σ11,Σ22.1,L21) →Σ
]

is |Σ11|−(N−R).

Proof: Write Σ as

Σ=
[

I 0

L21 I

][
Σ11 0

0 Σ22.1

][
I L′

21

0 I

]
=

[
Σ11 Σ11L′

21

L21Σ
′
11 L21Σ11L′

21 +Σ22.1

]
. (A.13)

Thus the matrix of the partial derivative takes the following form

Σ11 L21 Σ22.1 Σ11 I 0 0

L21Σ11 - B 0

L21Σ11L′
21 +Σ22.1 - - I

,

whose determinant is (the determinant of) the product of the diagonal elements.

Since the matrix is lower triangular, the determinant is just equal to |B | = |Σ11|−(N−R).

Here, we use the fact that the Jacobian of Y = X B is |B |p , where Y and X are p ×q

matrices and B is a q ×q matrix (see, p. 26, Mathai, 1997).
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Proof of Proposition 1: Using prior distributions given in (A.3) and (A.5), the joint

pdf of (Σ11,Σ22.1,L21) can be expressed as

Pr (Σ11,Σ22.1,L21) ∝|Σ22.1|−0.5R exp
(
−0.5 tr (S11(L21 −S21S−1

11 )′Σ−1
22.1(L21 −S21S−1

11 ))
)

|Σ11|−0.5(ν−(N−R)+R+1) exp
(
−0.5 tr (Σ−1

11 S11)
)

|Σ22.1|−0.5(ν+N−R)+1) exp
(
−0.5 tr (Σ−1

22.1S22.1)
)
.

Note that by Lemma 1 the Jacobian of the transformation is |Σ11|−(N−R) and thus, col-

lecting terms in above expression for the determinant we arrive at |Σ11|−0.5(ν+N+1)|Σ22.1|−0.5(ν+N+1) =
|D|−0.5(ν+N+1) = |Σ|−0.5(ν+N+1).

Thus, if I show that

tr
(
Σ−1S

)
= tr

(
S11(L21 −S21S−1

11 )′Σ−1
22.1(L21 −S21S−1

11 )
)
+ tr

(
Σ−1

11 S11

)
+ tr

(
Σ−1

22.1S22.1

)
,

then the proof is complete. For that let us derive an expression for tr (Σ−1S). First

note that we can express Σ−1 as

Σ−1 =
[
Σ−1

11 +L′
21Σ

−1
22.1L21 −L′

21Σ
−1
22.1

−Σ−1
22.1L21 Σ−1

22.1

]
=

[
C11 C12

C21 C22

]
, (A.14)

S can be written as

S =
[

S11 S12

S12 S22.1 +S21S−1
11 S12

]
. (A.15)

Thus, the product of the two matrix is[
C11 C12

C21 C22

][
S11 S12

S12 S22.1 +S21S−1
11 S12

]
=

[
C11S11 +C12S21 C11S12 +C12(S22.1 +S21S−1

11 S12)

C21S11 +C22S21 C21S12 +C22(S22.1 +S21S−1
11 S12)

]
,

whose trace is

tr (C11S11)+2tr (C21S12)+ tr (C22S22.1)+ tr (C22S21S−1
11 S12).

It can be verified that the above expression is equal to

tr
(
C22(S21 +C−1

22 C21S11)S−1
11 (S21 +C−1

22 C21S11)′
)
+ tr

(
S11(C11 −C12C−1

22 C21)
)
+ tr

(
C−1

22 S22.1

)
=

tr
(
Σ−1

22.1(S21 −L21S11)S−1
11 (S21 −L21S11)′

)
+ tr

(
Σ−1

11 S11

)
+ tr

(
Σ−1

22.1S22.1

)
=

tr
(
S11(L21 −S21S−1

11 )′Σ−1
22.1(L21 −S21S−1

11 )
)
+ tr

(
Σ−1

1 S11

)
+ tr

(
Σ−1

22.1S22.1

)
,

where I use the fact that (C11 −C12C−1
22 C21) = Σ−1

11 , C22 = Σ−1
22.1 and C−1

22 C21 = −L21.

Thus,

Pr
(
(Σ11,Σ22.1,L21) →Σ

)
∝|Σ|−0.5(ν+N+1) exp

(
−0.5tr (Σ−1S)

)
,
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which is the kernel of the inverted Wishart distribution, i.e., Σ∼ iW (S,ν).

Proof of Corollary 1: Easily follows from Proof of Proposition 1 above.

Proof of Proposition 2: Before beginning, let me note that throughout most of the

proof, I work with the distribution of Γ|Σ which can be easily transformed into

Γ|(Σ11,Σ22.1,L21) by employing the Jacobian of transformation given in Lemma 1.

First, let us transform the overall likelihood into a convenient form by working with

its two decompositions. Now, the P-likelihood is given by

LP(Z |Γ,Σ) ∝|Σ|−0.5T exp
(
−0.5 tr ((Z −XΓ)′Σ−1(Z −XΓ)

)
. (A.16)

We can re-write the P-likelihood in a convenient form by noting that

tr
(
(Z −XΓ)′Σ−1(Z −XΓ)

)
= tr

(
(Z −X Γ̂+X Γ̂−XΓ)′Σ−1(Z −X Γ̂+X Γ̂−XΓ)

)
=

tr
(
(Z −X Γ̂)′Σ−1(Z −X Γ̂)+ (Γ̂−Γ)′X ′Σ−1X (Γ̂−Γ)+2(Γ̂−Γ)′X ′Σ−1(Z −X Γ̂)

)
=

tr
(
Σ−1(Z −X Γ̂)′(Z −X Γ̂)

)
+ tr

(
Σ−1(Γ̂−Γ)′X ′X (Γ̂−Γ)

)
,

since

tr
(
2(Γ̂−Γ)′X ′Σ−1(Z −X Γ̂)

)
= tr

(
2Σ−1(Γ̂−Γ)′(X ′Z −X ′X Γ̂)

)
= 0.

Using the relation that

vec(A)′(D ⊗B)vec(C ) = tr (A′BC D ′),

for any arbitrary matrices A, B, C and D, then the P-likelihood is re-written as

LP(Z |Γ,Σ) ∝|Σ|−0.5k exp
(
−0.5tr

(
(γ− γ̂)′(Σ−1 ⊗X ′X )(γ− γ̂)

))
(A.17)

|Σ|−0.5(T−k)exp
(
−0.5tr

(
Σ−1(Z −X Γ̂)′(Z −X Γ̂)

))
.

TheQ-likelihood is given as

LQ(Y1:T |Σ,ΦQ ,µQ ,δ1,Σe ) ∝ exp
(
−0.5

T∑
t=1

J∑
m=1

e2
mt

σ2
m,e

)
. (A.18)

Normal-inverse Wishart prior is assumed for (γ,Σ)

γ|Σ∼ N (γ̃,Σ⊗ Ω̃) and Σ∼ IW (S,ν), (A.19)

as well as system prior

h(ΣPP,ΦQ ,µQ ,δ1|Q) ∼ N (h0, s0 I J−2).
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LettingΘ− denote the remaining parameters except (Γ,Σ), the posterior is obtained

by combining the overall likelihood and the priors

P (γ,Σ|Y1:T ,Θ−,Q) ∝ exp
(
−0.5

J−2∑
i=1

(h(ΣPP,ΦQ ,µQ ,δ1|Q)−h0)2

s2
0

)
exp

(
−0.5

T∑
t=1

J∑
m=1

e2
mt

σ2
m,e

)
|Σ|−k/2exp

(
−0.5(γ− γ̂)′(Σ−1 ⊗X ′X )(γ− γ̂)

)
|Σ|−0.5(T−k)exp

(
−0.5 tr (Σ−1(Z −X Γ̂)′(Z −X Γ̂))

)
|Σ|−0.5k exp{−0.5(γ− γ̃)′(Σ−1 ⊗ Ω̃−1)(γ− γ̃)}|Σ|−0.5(ν+N+1)exp

(
−0.5tr (Σ−1S)

)
.

First, we combine expressions for γ and work with expressions inside the trace opera-

tor. Denoting Ω̄= (X ′X + Ω̃−1)−1

(γ− γ̂)′(Σ−1 ⊗X ′X )(γ− γ̂)+ (γ− γ̃)′(Σ−1 ⊗ Ω̃−1)(γ− γ̃) =
γ′(Σ−1 ⊗ Ω̄−1)γ−2γ(Σ−1 ⊗ Ω̄−1)(Σ−1 ⊗ Ω̄−1)−1((Σ−1 ⊗X ′X )γ̂+ (Σ−1 ⊗ Ω̃−1)γ̃)

+ γ̂′(Σ−1 ⊗X ′X )γ̂+ γ̃′(Σ−1 ⊗ Ω̃−1)γ̃.

This expression can be further simplified by noting that γ̄ = (Σ−1 ⊗ Ω̄−1)−1((Σ−1 ⊗
X ′X )γ̂+ (Σ−1 ⊗ Ω̃−1)γ̃), then the expression becomes

(γ− γ̂)′(Σ−1 ⊗X ′X )(γ− γ̂)+ (γ− γ̃)′(Σ−1 ⊗ Ω̃−1)(γ− γ̃) =
γ′(Σ−1 ⊗ Ω̄)γ−2γ(Σ−1 ⊗ Ω̄)γ̄+ γ̄′(Σ−1 ⊗ Ω̄)γ̄−
γ̄′(Σ−1 ⊗ Ω̄)γ̄+ γ̂′(Σ−1 ⊗X ′X )γ̂+ γ̃′(Σ−1 ⊗ Ω̃−1)γ̃=
(γ− γ̄)′(Σ−1 ⊗ Ω̄)(γ− γ̄)− γ̄′(Σ−1 ⊗ Ω̄)γ̄+ γ̂′(Σ−1 ⊗X ′X )γ̂+ γ̃′(Σ−1 ⊗ Ω̃−1)γ̃.

Thus, the posterior can be re-written as

P (γ,Σ|Y1:T ,Θ−,Q) ∝ exp
(
−0.5

J−2∑
i=1

(h(ΣPP,ΦQ ,µQ ,δ1|Q)−h0)2

s2
0

)
exp

(
−0.5

T∑
t=1

J∑
m=1

e2
mt

σ2
m,e

)
|Σ|−0.5k exp

(
−0.5(γ− γ̄)′(Σ−1 ⊗ Ω̄)(γ− γ̄)

)
|Σ|−0.5(ν+N+T−k+1)exp

(
−0.5 tr (Σ−1((Y −Z Γ̂)′(Y −Z Γ̂)+ γ̄′Ω̄γ̄+ γ̂′Z ′Z γ̂′+ γ̃′Ω̃−1γ̃′+S))

)
.

Let us denote Σ̄= (Y −Z Γ̂)′(Y −Z Γ̂)+γ̄′Ω̄γ̄+γ̂′Z ′Z γ̂′+γ̃′Ω̃−1γ̃′+S), L̄21 = Σ̄21Σ̄
−1
11 , Σ̄11

and Σ̄22.1 are the corresponding partitions of Σ̄. Then using Lemma 1 and arguments

similar to Proposition 1, we arrive at

P (γ,Σ11,Σ22.1,L21|Y1:T ,Θ−,Q) ∝|Σ|−0.5k exp
(
−0.5(γ− γ̄)′(Σ−1 ⊗ Ω̄)(γ− γ̄)

)
|Σ22.1|−0.5R exp

(
−0.5 tr (Σ̄11(L21 − L̄21)′Σ−1

22.1(L21 − L̄21))
)

|Σ11|−0.5(ν−(N−R)+R+1+T−k)exp
(
−0.5tr (Σ−1

11 Σ̄11)
)
exp

(
−0.5

T∑
t=1

J∑
m=1

e2
mt

σ2
m,e

)
exp

(
−0.5

J−2∑
i=1

(hi (ΣPP,ΦQ ,µQ ,δ1|Q)−h0)2

s2
0

)
|Σ22.1|−0.5(ν+(N−R)+1+T−k)exp

(
−0.5 tr (Σ−1

22.1Σ̄22.1)
)
.
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Abstract

I study the effects of uncertainty and monetary policy on asset prices. I develop a

no-arbitrage framework for jointly pricing stocks and bonds while simultaneously

enforcing the non-negativity of nominal interest rates. Relying on high frequency

monetary policy surprises as external instruments, I estimate a Bayesian Proxy Vector

Autoregressive (BP-VAR) model with two uncertainty regimes. I find that stock returns,

equity premium, stock-bond correlation, and bond return predictability are state-

dependent. I also show that high uncertainty regime significantly amplifies the effects

of monetary policy on the zero-coupon bond prices whereas it strongly weakens the

effects of the policy shock on stocks.
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3.1 Introduction

A growing body of economic literature clearly shows a state-dependent or a time-

varying nature of the effects of monetary policy shock on the real economy (Vavra,

2014; Tenreyro and Thwaites, 2016; Aastveit, Natvik, and Sola, 2017; Pellegrino, 2018,

2021). Some studies also find a time-varying effect of monetary policy on asset prices

(Paul, 2020). Monetary policy uncertainty differently affects the transmission of mon-

etary policy shocks to the term structure of interest rates (Tillmann, 2019; De Pooter,

Favara, Modugno, and Wu, 2021; Bauer, 2021). In this empirical work, I contribute

to this nascent literature and investigate the effects of monetary policy shock on

asset prices under two different uncertainty regimes. In addition, I also explore the

implications of economic uncertainty on asset prices.

I develop a joint no-arbitrage framework for both stocks and bonds and derive ap-

proximate closed-form formulas for these assets under two uncertainty regimes. This

framework enforces the zero lower bond (ZLB) for the nominal yields and produces

a quadratic asset pricing model (QAPM) under the two different regimes. To study

the effects of monetary policy shock on asset prices, I introduce a Markov-switching

proxy no-arbitrage vector autoregressive (Proxy MS-NAVAR) model in the Bayesian

setting. I employ high frequency monetary policy surprises a la Swanson (2021) as

external instruments to identify monetary policy shock.

There are several contributions of this paper. First, it identifies uncertainty regimes

by drawing information on both macroeconomic and financial variables. Although

several studies (e.g., Davig and Doh, 2014) investigate the changing role of monetary

policy on macro variables across different uncertainty regimes, they estimate their

models by only employing macroeconomic data. On the contrary, this study identifies

uncertainty regimes using the entire term structure of the bond yields as well as stocks

to study the role of uncertainty on asset prices and the macroeconomy. It shows that

adding information from stocks to the term structure of the bond yields alters the

dynamics of the uncertainty regimes. It classifies in particular the years 2001-2005 as

high uncertainty regime when stocks are included in the estimation together with the

bond data. This finding is also consistent with a slight upward tilt of the stock volatility

after 1985 (Figure 3.1). Second, this work also brings together macro variables and

asset prices in the same framework to examine the state-dependent role of monetary

policy and hence, bridges the macroeconomic and asset pricing literature on the

role of uncertainty. Third, it also provides new stylized facts on stock returns, equity

premium, stock-bond correlation, as well as bond return predictability and shows

that they are state-dependent.

By enforcing the zero lower bound (ZLB) condition on the nominal yields, I es-

timate the model for the period Q1,1960-Q4,2019. The estimated model nicely fits

the bond yields and stock returns. It can also replicate the first and second moments

of the yields and stock data. The model also passes the bond return predictability

test of Campbell and Shiller (1991) and matches the conditional moments of future
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Figure 3.1: Uncertainty regimes

These figures report the high uncertainty regime estimated using (a) yields data only (b) yields and stocks

data jointly. The panel (c) depicts the standard deviation of the daily stocks computed for each month over

the period 1960, m1 - 2020, m12. Gray bars indicate U.S. recession periods.

(a) Yields (b) Yields and stocks

(c) Standard deviation of daily stocks

yields. The estimated model also provides a number of new evidence on stocks and

bonds. First, I find that although the bond yields slightly differ between the high and

low uncertainty regimes, the stock returns substantially fluctuate across the regimes.

Although the mean and the standard deviation of the stock return is 8.0% and 15.6%

in the full sample, in the high (low) volatility regime, the stock return is 4.2% (10.3%)

whereas its volatility is around 18.0% (13.8%). That is, although stocks earn a higher

return with a relatively lower volatility in the low uncertainty environment, they

deliver a 2.5 times lower return with a 30% higher volatility in the high uncertainty

regime.

The estimated model also produces plausible term premium estimates that dis-
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play a high correlation with the estimates from the literature. In addition, it well

captures the positive slope of the yield curve in the full sample. I also find that the

slope, which is computed as the difference between the 5-year yield and the 3-month

yield, is generally stable across the regimes, i.e., it is 90 basis points in the low uncer-

tainty regime whereas it is around 130 basis points in the high uncertainty regime.

However, the equity premium, which is computed as the difference between the stock

return and the short rate, significantly fluctuates across the regimes. In the full sample,

the equity premium is computed 3.4% with a standard deviation of 16% whereas in

the high (low) uncertainty regime, it is -0.2% (5.6%) with a standard deviation of 18.6%

(13.8%). The stock and bond correlation also switches sign across the two regimes.

Although this correlation is negative in the high uncertainty regime, it becomes posi-

tive in the low uncertainty regime. These findings show that the Treasury bonds are

treated as hedge assets by investors in the high uncertainty regime whereas they are

perceived as risky assets in the low uncertainty regime. Moreover, I also demonstrate

that the bond return predictability is state-dependent. Although the bond returns

are predictable in the full sample, they become unpredictable in the low uncertainty

regime whereas their predictability strongly improves in the high volatility regime.

This finding squares well with the difficulty of predicting macroeconomic variables

in the Great Moderation years (D’Agostino, Giannone, and Surico, 2006; Stock and

Watson, 2007; Edge and Gürkaynak, 2010) despite a significant decline in the volatility

of many macroeconomic variables.

Relying on impulse response analysis, I find that monetary policy has ambiguous

effect on macroeconomic variables. However, I also find that monetary policy has

a state-dependent effect on asset prices. Although a high uncertainty environment

substantially amplifies the effects of monetary policy shock on the zero-coupon bond

prices, it weakens the effects of the policy shock on stock prices. Therefore, monetary

policy shocks cannot explain the switching correlation between stocks and bonds in

the two uncertainty regimes. In turn, demand shocks can create a negative comove-

ment between stocks and bonds in the high uncertainty regime, which can make

the bonds hedge assets. Similarly, a dominance of supply shocks can lead to positive

correlation between the stocks and bonds and can make bonds risky assets in the low

uncertainty regime.

However, monetary policy shock is one of the main candidates to strengthen the

bond return predictability in the high volatility regime. As it strongly rises the spread

in the high volatility regime and leads to a persistent effect on the yields, it can create

a negative comovement between the spread and the change in the long-maturity

yield. In the low uncertainty regime, in turn, the spread responds less strongly and

the change in the long-maturity yield is relatively weaker, which can result in the

unpredictability of the bond yields during the low uncertainty regime. This expla-

nation aligns well with the findings of the Andreasen, Engsted, Møller, and Sander

(2021) study, in which the authors attribute a switch in the sign of the bond return
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predictability during expansions and recessions to an accommodative monetary

policy.

3.2 Model

This section is composed of two parts. The first section sets out factor specifications

which are state dependent in nature. The second part derives the approximate pricing

formulas for both the yields and the stock returns.

3.2.1 Factor specifications

The state vector X t follows a Markov switching vector autoregressive of order one,

MS-VAR(1), process under the physical probability measure Pwith regime dependent

parameters

X t+1 =µ+ΦX t +Σst+1εt+1, εt+1 ∼ N (0, I ), st+1 ∈ {1,2} (3.1)

st+1 =Π st (3.2)

Π=
[

p11 p21

p12 p22

]
pi j = Pr (st+1 = j |st = i ) for i , j = {1,2},

where X t = [ f1,t f2,t g t πt ∆dt ]′, g t is output gap, πt is inflation, ∆dt , is nominal divi-

dend growth, f1,t and f2,t are latent factors,ΣSt+1 is a state-dependent lower triangular

matrix, µ andΦ are regime independent parameters, andΠ is a transition matrix.

The short rate rt is defined as a quadratic function of the pricing factors X t ,

rt = δ0 +δ′1X t +X ′
tΩX t , (3.3)

whereΩ is a symmetric matrix and takes the following form

Ω=


1 ω12 ω13 ω14 0

ω12 1 ω23 ω24 0

ω13 ω23 ω33 ω34 0

ω14 ω24 ω34 ω44 0

0 0 0 0 0

 .

The first order approximation of the short rate specification in (3.3) generates a no-

arbitrage Taylor rule with two latent factors. To impose the zero lower bound (ZLB),

I set δ0 = 0, δ1 = 0 and Ω to a positive semi-definite matrix, which are sufficient to

ensure the non-negativity of the nominal yields. As Andreasen and Meldrum (2019)

demonstrate, there is no categorical difference between shadow rate and quadratic

term structure models in enforcing the ZLB.
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Assuming the absence of arbitrage, there exists a stochastic discount factor which

is specified as,

Mt ,t+1 = exp{−rt −0.5λ′
t ,t+1λt ,t+1 −λt ,t+1εt+1}, (3.4)

where 5×1 dimension vector λt ,t+1 is the market price of risk.

To close the model, I assume that the state vector X t also follows a MS-VAR(1)

process under the risk-neutral probability measureQ

X t+1 =µQ+ΦQX t +Σst+1ε
Q
t+1, (3.5)

where εQt ∼ N (0, I ). µQ andΦQ are fixed coefficients independent of the regimes and

are defined as

ΦQ =



φ
Q
11 0 φ

Q
13 0 0

0 φ
Q
22 0 φ

Q
24 0

φ
Q
31 0 φ

Q
33 φ

Q
34 φ

Q
35

0 φ
Q
42 φ

Q
43 φ

Q
44 φ

Q
45

0 0 φ
Q
53 φ

Q
54 φ

Q
55

 , µQ =



0

0

µ
Q
g

µ
Q
π

µ
Q

∆d

 .

This regime change specification is parsimonious and allows only a regime switch in

the variance-covariance matrix. As several studies (Sims, 1999; Primiceri, 2005; Sims

and Zha, 2006) show the most important shift in the dynamics of macro variables

during the estimation period in the US is significant decline in their volatilities,

whereas all other changes are of second order importance. I also prefer two regimes

in volatilities as it captures the high volatility years of 60s-70s and the low volatility

years of the Great Moderation and onward. Although it is also common to allow

shifts in the systematic part of monetary policy, this additional regime specification

is outside of the scope of this study.

The market price of risk in (3.4) is constructed using the drifts of X t under the

two different probability measures

λt ,t+1 =Σ−1
st+1

(µP(X t )−µQ(Zt )). (3.6)

For structural analysis in the next section, it is convenient to express the MS-VAR(1)

in (3.1) in compact form

X t+1 = Γxt+1 +ΣSt+1εt+1, for 0 ≤ t ≤ T −1, (3.7)

where xt+1 = [X
′
t ,1]′, and Γ= [Φ1,µ]′.

3.2.2 Asset prices

Given the factor specifications in the previous subsection, it is possible to derive

approximate closed-form formulas for the asset prices. The following proposition
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shows the approximate solution to the zero-coupon bond prices under different

regimes.

Proposition 1: Let Pt ,n ≡ Pn(X t , st ) denote the time-t price for a zero-coupon bond

with maturity of n periods, and P j
t ,n denote the price when the current regime is st = j .

Given the specifications (3.1) - (3.6), the bond price with n periods to maturity depends

on the regime st = j and the pricing factor X t in the following way:

P j
t ,n = exp{A j

n +B j
n X t +X ′

t C j
n X t }, (3.8)

where

A j
n =

S∑
k=1

π j k

(
−δ0 + Ak

n−1 + (B k
n−1)′µQ + (µQ )′C k

n−1µ
Q −0.5log det (I −2Σ′

j C k
n−1Σ j )

+0.5(Σ′
j B k

n−1 +2Σ′
j C k

n−1µ
Q )′(I −2Σ′

j C k
n−1Σ j )−1(Σ′

j B k
n−1 +2Σ′

j C k
n−1µ

Q ))
)

B j
n =

S∑
k=1

π j k

(
−δ′1 + (B k

n−1)′ΦQ +2(µQ )′C k
n−1Φ

Q +2(Σ′
j B k

n−1

+2Σ′
j C k

n−1µ
Q )′(I −2Σ′

j C k
n−1Σ j )−1Σ′

j C k
n−1Φ

Q
)

C j
n =

S∑
k=1

π j k

(
−Ω+ (ΦQ )′C k

n−1Φ
Q +2(Σ′

j C k
n−1Φ

Q )′(I −2Σ′
j C k

n−1Σ j )−1(Σ′
j C k

n−1Φ
Q )

)
,

with initial conditions A0 = 0, B0 = 0 and C0 = 0 for all j.

Proof: See the appendix.

Given the existence of the stochastic discounting factor, it is also possible to

derive a pricing formula for the stock returns in the no-arbitrage framework. Using

the Campbell and Shiller (1988) log-linearization, the nominal log stock return∆ps,t+1

can be written as

∆ps,t+1 = κ0 +κ1pdt+1 +∆dt+1 −pdt , (3.9)

where pdt is log price-dividend ratio, κ0 and κ1 are approximating constants from

the log-linearization depending only on the average price-dividend ratio. Typically,

κ1 is computed slightly less than one.

To write a formula for the nominal stock returns it is sufficient to derive a formula

for the price-dividend ratio as nominal dividend growth can be obtained from the MS-

VAR(1) specification in (3.1)-(3.2). The following proposition gives an approximate

formula for the log price-dividend ratio.

Proposition 2: Let pdt ≡ pd(X t , st ) denote the time-t price for the log of price-dividend

ratio and pd j
t denote the corresponding price when the current regime is st = j . Given

the specifications (3.1) - (3.6) and log-linearization in (3.9), the log price-dividend

ratio depends on the regime st = j and the pricing factor X t in the following way:

pd j
t = b j

s +B j
s X t +X ′

tΩ
j
s X t , (3.10)
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where the coefficients bs , Bs , andΩs can be found solving the following equations:

S∑
k=0

π j k

(
κ0 −δ0 −b j

s +κ1bk
s + (κ1B k

s +e5)′µQ +κ1(µQ )′Ωk
s µ

Q

−0.5log det (I −2κ1Σ
′
jΩ

k
s Σ j )+0.5(Σ′

j (κ1B k
s +e5)+2κ1Σ

′
jΩ

k
s µ

Q )′

(I −2κ1Σ
′
jΩ

k
s Σ j )−1(Σ′

j (κ1B k
s +e5)+2κ1Σ

′
jΩ

k
s µ

Q )
)
= 0

S∑
k=0

π j k

(
−δ′1 − (B j

s )′+ (κ1B k
s +e5)′ΦQ +2κ1(µQ )′Ωk

sΦ
Q+

2κ1(Σ′
j (κ1B k

s +e5)+2κ1Σ
′
jΩ

k
s µ

Q )′(I −2κ1Σ
′
jΩ

k
s Σ j )−1Σ′

jΩ
k
sΦ

Q
)
= 0

S∑
k=0

π j k

(
−Ω−Ω j

s +κ1(ΦQ )′Ωk
sΦ

Q +2κ1(ΦQ )′Ωk
s Σ j (I −2κ1Σ

′
jΩ

k
s Σ j )−1Σ′

jΩ
k
sΦ

Q
)
= 0.

Proof: See the appendix.

The above expressions for bs and Bs under different regimes can be computed easily

by invoking to a recursive approach ifΩ j
s is known.Ω j

s for j = 1,2 should be solved

simultaneously and I rely on a nonlinear solver fsolve in Matlab to solve forΩ j
s . Then

having solvedΩ j
s , I rely on closed-form formulas, first, to find the solution for B j

s and

then to solve for b j
s .

3.3 The Markov switching proxy NAVAR

Consider the VAR in (3.7) rewritten in structural form:

A0,st+1 X t+1 = cst+1 + A1,st+1 X t +ϵt , for 0 ≤ t ≤ T −1, (3.11)

where ϵt is a 5×1 dimension vector of structural shocks, Al ,st+1 is a 5×5 dimension

matrix of structural parameters for l = 0,1 with A0,st+1 invertible, cst+1 is 5×1 dimen-

sion vector of intercepts. The vector ϵt , conditional on past information and the

initial conditions X0 is Gaussian with a mean zero and covariance matrix I5. The

above structural VAR can be written in compact form as

A0,st+1 X t+1 = A+,st+1 xt +ϵt , for 0 ≤ t ≤ T −1, (3.12)

where A+,st+1 = [A1,st+1 ,cst+1 ]. The reduced-form parameters in (3.7) and structural

parameters in (3.12) are linked through

Σ∗
st+1

= (A
′
0,st+1

A0,st+1 )−1 and Γ= A−1
0,st+1

A+,st+1 . (3.13)
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The state dependent covariance matrix of the reduced form residuals εt can also be

written as

Σ∗
st+1

= (Σst+1Q)(Σst+1Q)′, (3.14)

where Q ∈ O(N ) and O(N ) is the space of all orthogonal matrices of size N × N

satisfying Q ′Q = IN . The structural shocks of the MS-VAR are defined as

ϵt = A−1
0,st

εt , (3.15)

where A−1
0,st

=Σst Q. Shock identification requires determining all elements of A0,st ,

which contains the contemporaneous effects of structural shocks. One identification

strategy is based on theory motivated sign and zero restrictions imposed on the

responses of the variables in the system (Arias, Rubio-Ramirez, and Waggoner, 2018).

Alternatively, external information in the form of proxies can be employed to identify

the effect of structural shocks. In this study, I rely on an external instrument to identify

conventional monetary policy shock and investigate its effects on asset prices.

Let ϵ1t be the structural shock that we are interested in identifying in the vector

of shocks ϵt = [ϵ1t ,ϵ∗t ]′ where ϵ∗t contains the remaining N − 1 elements in ϵt . I

employ an instrument mt , which is not a perfect measure of the structural shock and

is described by the following equation:

mt =βϵ1t +σv vt , vt ∼N(0,1), (3.16)

where E (vtϵt ) = 0. The instrument is assumed to be relevant (β ̸= 0) and orthogonal to

the remaining shocks (E (mtϵ∗t ) = 0), which are relevance and exogeneity conditions

for a valid instrument as mentioned in Caldara and Herbst (2019). Mertens and

Ravn (2013) propose calculating a reliability statistic, which is defined as the squared

correlation between mt and ϵ1t :

ρ2 = β2

β2 +σ2
v

. (3.17)

To have an idea how the proxy interacts with the MS-NAVAR in (3.7), consider the

covariance between the reduced-form residuals and the proxy, which is defined by[
εt

mt

]∣∣∣Lt ∼ N (0,Lst L′
st

), Lst =
[
Σst Q 0

b̄ σv

]
, (3.18)

where b̄ is a 1×N vector b̄ = [β 01×(N−1)], since[
εt

mt

]
= Lt

[
ϵt

mt

]
. (3.19)

Following Caldara and Herbst (2019), the likelihood of the model given the state

st can be factored as

P (Yt ,mt |Θ, st ) = p(Yt |Θ, st )p(mt |Yt ,Θ, st ). (3.20)



112 CHAPTER 3. ASSET PRICES, UNCERTAINTY, AND MONETARY POLICY

The first term in the right handside, which is the likelihood of the VAR data, can be

further decomposed into the P- andQ-likelihood (Joslin, Singleton, and Zhu, 2011).

The measurement errors, which are specific to the bond yields, are assumed to be

independently normally distributed, i.e., et ∼ N (0,Σe ), where et = [e1,t , ..., e J+1,t ]
′
.

Here Σe = di ag ([σ2
1,e , ..., σ2

J+1,e ]), where di ag (u) is the diagonal matrix with u vector

in the main diagonal. With this error structure, the conditional likelihood function of

Yt given all parametersΘ is

f (Yt |Yt−1, st ;Θ) = f (yt |X t , st ;Θ)× f (X t |X t−1, st ;Θ) (3.21)

= f (yt |X t , st ;µQ ,ΦQ ,Ω,Σst ,Σe )× f (X t |X t−1, st ;Γ,Σst ).

The first component, the Q-likelihood, reflects the cross-sectional dependence of the

yields on risk factors, (the logarithm of) which is defined as

log f (yt |X t , st ;µQ ,ΦQ ,Σst ,Σe ) =−0.5 J log (2π)−0.5
J∑

m=1
log (σ2

m,e )−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
,

(3.22)

where em,t = yt − Am −B ′
m X t −X ′

t Cm X t for m = 1,2, ..., J . The loadings Am , Bm , and

Cm depend on µQ , ΦQ , Σst . The second component in (3.21), the P-likelihood, is

the conditional (log) likelihood obtained from the VAR(1) process and captures the

physical dynamics of the risk factors:

log f (X t |X t−1, st ;Γ,Σst ) =−0.5 N l og (2π)−0.5l og |Σst |−0.5
(
ε
′
tΣ

−1
st
εt

)
. (3.23)

The conditional joint log-likelihood of the model is defined as

log f (Y1:T , M1:T ;Θ,S1:T ) =
T∑

t=1
log f (yt |X t ;µQ ,ΦQ ,Ω,Σst ,Σe ) (3.24)

+ log f (X t |X t−1, st ;Γ,Σst )+ log f (mt |X t , st ;Γ,Σst ),

where Y1:T =
(
Y1, ...,YT

)′
and M1:T =

(
m1, ...,mT

)′
. The third term is unique to proxy

VARs and is the conditional likelihood of the proxy mt given the data Yt . This term

introduces additional information present beyond the VAR data Yt . Given the con-

ditional normality assumption in (3.1), the conditional density p(mt |Yt ,Θ) is also

normal with mean µt = βq ′
1Σ

−1
st
εt and variance σ2

v where q1 is the first column of

the orthogonal matrix Q. This shows that the signal-to-noise ratio β/σv is crucial for

shock identification. That is, when β= 0, the instrument mt provides no information

about the policy shock, whereas it gives a lot of information about the policy shock

when β/σv is large.

It is well-known that the P-likelihood is uninformative about the distribution of

orthogonal matrices Q ∈O(N ). This is because the P-likelihood function depends

only on the covariance matrix Σ∗
st

and not its factorization Σ∗
st
=Σst QQ ′Σ′

st
, i.e., it has

the same value irrespective of two different orthogonal matrices Q and Q̃. But what is
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not straightforward is whether the Q-likelihood is informative regarding the distri-

bution of orthogonal matrices Q. At first glance, it may seem that the term structure

information in (3.9) and (3.11) can be useful in overcoming the shock identification

problem and help to update the distribution of orthogonal matrices p(Q) given data.

However, this impression is misleading. How we decompose the covariance matrix

Σ∗
st

is irrelevant for the Q-likelihood although it is not as straightforward as in the

case of the P-likelihood. The following result re-states this fact and its proof can be

found in the appendix.

Result 1: TheQ-likelihood is uninformative about orthogonal matrix Q.

However, as Caldara and Herbst (2019) aptly demonstrate adding external in-

formation in the form of proxy makes the overall likelihood function informative

about orthogonal matrices Q. In proxy NAVAR case, in particular, as the conditional

likelihood of the proxy M1:T given Y1:T is a function of all parameters (including

Q) affecting the physical dynamics, the prior distributions of these parameters are

updated relying on the information encompassed in the proxy. As evident from the

mean of the distribution for the instrument mt , we can update our prior beliefs about

the policy shock by assigning more weight to Qs that produces a linear combination

of residuals resembling a scaled proxy.

3.4 Estimation

The MS-NAVAR model is estimated using Bayesian methods based on Metropolis-

within-Gibbs algorithm (Geweke, 2005). This section presents the prior specification

and resulting posterior distributions based on Markov Chain Monte Carlo (MCMC)

simulations. The proposed algorithm builds on the Gibbs sampling algorithm pro-

vided by Kim and Nelson (1999) to estimate MS-VAR in a state-space setting. To

incorporate the external information for structural shocks, it draws on a metropolis

step developed by Caldara and Herbst (2019) to estimate the Bayesian proxy SVAR.

The proposed algorithm also benefits from the Bayesian procedure provided by

Mumtaz and Petrova (2018) to estimate the time-varying proxy SVAR model.

3.4.1 Priors and starting values

Priors for (Φ,Σ) are not regime dependent and specified using a Normal-inverse

Wishart prior following Kadiyala and Karlsson (1997) based on Minnesota prior

implementation:

p(γ|Σst ) ∼ N (γ̃,Σ⊗ Ω̃), Σ∼ iW (Σ̃,α), (3.25)

where γ= vec(Γ). The priors for the risk-neutral parameters (ΦQ ,µQ ,Ω) are set using

the likelihood estimates of the regime-switching model in a state-space setting with

very loose prior variance (see, Kaminska, Mumtaz, and Sustek, 2021). The priors for

the elements of the transition probability matrix follows a beta distribution. Following
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Caldara and Herbst (2019), the priors for the orthogonal matrices Q is defined as

uniform and the parameters for β and σv in (3.16) follow normal and inverse gamma

priors.

The starting values for the history of the regimes St are obtained from the likeli-

hood estimation with a simpler specification. The initial values for all parameters of

the MS-NAVAR model are set using the likelihood estimates. Initial values of β and

σv are set to 0.1 and 0.01, respectively.

To avoid "label switching" in the MS-NAVAR model, I impose the normalization

condition in the form of inequality restrictions that the regime 1 is the "high uncer-

tainty regime" in which the volatility of all variables are greater than the volatilities in

"low uncertainty regime" or in regime 2.

3.4.2 Gibbs algorithm

While designing a Metropolis-within-Gibbs sampling algorithm for the MS-NAVAR,

I modify the fixed parameter BP-SVAR algorithm of Caldara and Herbst (2019) and

time-varying coefficient implementation of Mumtaz and Petrova (2018). Once the

unobserved pricing factors in X t and the history of the regimes st are estimated, it

is easier to implement the estimation procedure of Caldara and Herbst (2019) by

addressing peculiarities and nuances of the NAVAR model. The proposed Gibbs sam-

pling algorithm cycles through the following steps to estimate the MS-NAVAR model:

Step 1. Sample the time series of the unobserved pricing factors (X1,1:T , X2,1:T ) using

a particle-Gibbs sampler. Since the specified NAVAR model yields a nonlinear rela-

tion between the asset prices and the pricing factors, i.e., a Quadratic Asset Pricing

Model (QAPM) for both stocks and bonds, it is not possible to use linear simulation

smoothers such as the Carter-Kohn algorithm to estimate the model. Hence, I employ

a particle Gibbs with ancestor sampling (PGAS) introduced by Lindsten, Michael, and

Schon (2014) to sample the unobserved pricing factors from their posterior distribu-

tions. This algorithm is built on a version of the particle filter originally developed

by Andrieu, Doucet, and Holenstein (2010), which conditions on a fixed trajectory of

one of the particles to produce draws that yields a Markov kernel with an invariant

target distribution. The additional step of Lindsten et al. (2014) involves sampling

the "ancestors" or indices of the particle with fixed trajectory. This additional step

leads to a considerable improvement in the mixing properties of the particle filter

with even a few particles.

Step 2. Sample the history of regimes s1:T . Following Kim and Nelson (1999), the

history of regimes s1:T is sampled with a multi-move Gibbs sampler from a joint

conditional density p(s1:T |Yt ,Φst ,Σst ,ΦQ ,µQ ,Ω,β,σv ,Π,mt ) which combines three

sources of information: P-likelihood, Q-likelihood, and external information pro-

vided by the proxy. This step uses the Hamilton filter by augmenting the physical

dynamics of the MS-NAVAR with the proxy information.

Step 3. Sample transition probability matrix,Π. The likelihood function for π11 and
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π22 is given by

L(π11,π22|s1:T ) =πn11
11 (1−π11)n12π

n22
22 (1−π21)n21 , (3.26)

where ni j refers to the transitions from state i to j . Thus, given the state variable st

and the prior distribution, the transition probabilities enjoy a beta distribution and

independent of the data, proxy information, and the other parameters of the model.

Step 4. Sample reduced-form residual covariance matrix Σ∗
st

for the regimes st = 0,1.

The variance-covariance matrix Σ∗
st

can be written as

Σ∗
st
= stΣ1 + (1− st )Σ2 =Σ−1

2 h̄, (3.27)

whereΣ1 is the covariance matrix for the high uncertainty regime andΣ2 is for the low

uncertainty regime, h̄ = (I+st h) and h =Σ−1
2 (Σ1−Σ2). Given the history of the regimes

s1:T , all variables can be re-scaled by a factor h̄−1/2 to simulate the distribution of

Σ2. Without theQ-likelihood and external information, this posterior distribution is

standard. Since it is non-standard in our case, I employ a random walk Metropolis-

Hastings (MH) step to simulate its distribution.

Now, given the history of regimes s1:T and Σ2, we can re-scale all variables by

Σ−1/2
2 . Similarly, without the Q-likelihood and external information, the posterior

distribution of h̄−1/2 is standard. Since it is nonstandard in our case, I employ a

random walk MH step to simulate its distribution.

Step 5. Sample reduced-form VAR coefficients. Given the history of regimes s1:T , Σ2

and h̄, we can re-scale all variables by a factor h̄−1/2. Without the external information,

the conditional posterior distribution of Γ is known and standard. Thus, given the Σ2

and h̄, the reduced form VAR coefficients Γ are drawn as follow:

- Draw Γ∗ according to the known distribution p(Γ|Y1:T , st ,Σ2, h̄)

- With probability α, set Γi = Γ∗, otherwise set Γi = Γi−1, defined as

α= mi n
{ p(m1:T ,Y1:T ,Γ∗)

p(m1:T ,Y1:T ,Γi−1)
,1

}
(3.28)

Step 6. Sample the risk neutral parameters using a randomized random walk MH

step. The conditional posterior distribution p(ΦQ ,µQ ,Ω|Y1:T , s1:T ;Σst ,Σe ) is nonstan-

dard. To simulate the posterior distribution, I rely on a random block random walk

Metropolis-Hastings (RWMH) algorithm (see, Herbst and Schorfheide, 2016). The

accept/reject probability is the ratio of the posterior of the candidate and the last

draw of (ΦQ ,µQ ,Ω). That is, the acceptance probability is computed as

α= mi n
{ p(ΦQ,∗,µQ,∗,Ω∗|Y1:T , s1:T ;Σst ,Σe )

p(ΦQ,i−1,µQ,i−1,Ωi−1|Y1:T , s1:T ;Σst ,Σe )
,1

}
. (3.29)

Step 7. Sample the orthogonal Q matrix using an Independence MH step. Caldara

and Herbst (2019) show that given the external information, the overall likelihood is

informative about the orthogonal matrix Q. The proposal distribution is the uniform
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distribution as in Rubio-Ramirez, Waggoner, and Zha (2010). The draw Q∗ is accepted

with probability α or otherwise Q i =Q i−1

α= mi n
{ p(m1:T |Y1:T , s1:T ,Γi−1,Σi−1

st
,Q∗,βi−1,σi−1

v )

p(m1:T ,Y1:T , s1:TΓ
i−1,Σi−1

st
,Q i−1,βi−1,σi−1

v )
,1

}
. (3.30)

Step 8. Sample the proxy equation parameters β and σ. Given the history of regimes

s1:T , the structural shock of interest ϵ1,t can be computed as ϵ1,t = Σst Q1εt . The

conditional posterior for the measurement error variance σv is inverse-Gamma and

can be easily sampled from. Given σv , the proxy equation is just a linear regression

which results in a Gaussian posterior distribution for β.

Step 9. Sample the measurement errors. The posterior distribution of the standard

deviation of the measurement errors is known and simulated using an inverse-gamma

distribution.

Step 10. Sample the missing values for the proxy variable. If there are missing values

for the proxy variable, the missing observations can be treated as latent states. Since

the proxy equation is conditionally linear and Gaussian, the Carter-Kohn algorithm

can be employed to draw the missing observations (see Mumtaz and Petrova, 2018).

3.5 Model properties

In the estimations, I draw on quarterly data covering the period 1960,Q1-2019,Q4.

The data on yields is obtained from the Fama-Bliss CRSP data set. The 3-month yield

is from the Fama-Bliss risk free rate data set, whereas the 1-, 2-, 3-, 4-, and 5-year yield

data is from the Fama-Bliss discounted bonds. The output gap is computed as the

difference between real GDP and potential GDP obtained from the FRED database. I

use PCE index to compute inflation. The time series for S&P500 index and dividend

are taken from Robert Shiller’s website. The external instrument is borrowed from

Swanson (2021), where the author decomposes surprise changes in the federal funds

rate into conventional monetary policy shock, forward guidance shock and large-

scale asset purchase shock for the period July 1991 to June 2019. In this study, I only

use the conventional monetary policy shock as the external instrument. The Gibbs

algorithm uses 25,000 iterations. The first 20,000 iterations are discarded as a burn-in

sample and the remaining iterations are retained for inference.

The in-sample fit of the model is highly satisfactory. The largest error is estimated

for the 3-month yield, which hovers around 63 basis points and the smallest error

is for the stock return, which is around 1.6 basis points (for price-dividend ratio 1.2

basis points). The errors are less than 37 basis points for the remaining yields. The

estimated model can also satisfactorily match the first and the second moments of

the data although the model produces a relatively larger volatility for the stock return.

As the model estimates high and low volatility regimes, it is possible to explore

various dimensions of the data in the two regimes. There are several interesting find-

ings. First, although the mean and the standard deviation of the stock return is 8.0%
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Table 3.1: In-sample fit and the moments

This table summarizes the information on the properties of the model estimated for the period Q1,1960-

Q4,2019. Panel A presents the in-sample fit for the yields with maturities from 1 to 20 quarters as well as

the nominal stock return expressed in annualized basis points. Panels B and C display the first and second

moments delivered by the model vs the moments of the data expressed in annual percentage points. The

95% confidence bands are provided in the parenthesis.

Maturities

1Q 4Q 8Q 12Q 16Q 20Q stock

PANEL A: In-sample fit

62.6 36.1 16.9 5.5 15.8 22.6 1.6
PANEL B: Mean

Data 4.6 5.0 5.2 5.4 5.5 5.6 8.0
Model 5.1 5.3 5.3 5.4 5.4 5.4 8.0

[0.9,29.9][1.0,29.7][1.1,28.8][1.2,27.8][1.3,26.7][1.4,25.7] [3.9,12.5]

PANEL C: Standard deviation

Data 3.2 3.3 3.2 3.2 3.1 3.0 15.6
Model 4.2 4.1 3.9 3.7 3.6 3.5 31.1

[1.1,19.0][1.0,18.4][1.0,17.5][1.0,16.4][1.0,15.5][1.0,14.7][27.0,44.1]

and 15.6% in the full sample, these moments are different in high and low volatility

regimes. In the high (low) volatility regime, the stock return is 4.2% (10.3%) whereas

its volatility is around 18.0% (13.8%). That is, although stocks earn higher return with

relatively lower volatility in the low uncertainty environment, they deliver a 2.5 times

lower return with a 30% higher volatility in the high uncertainty regime.

However, the bond yields and their volatilities do not fluctuate significantly in

high vs. low uncertainty regimes as the stock returns. Consequently, the slope of

the yield curve is generally stable across the regimes, i.e., it is 90 basis points in the

low uncertainty regime whereas it is around 130 basis points in the high uncertainty

regime. However, the equity premium, which is computed as the difference between

the stock return and the short rate, significantly fluctuates across the regimes. In

the full sample, the equity premium is computed 3.4% with a standard deviation of

16% whereas in the high (low) uncertainty regime, it is -0.2% (5.6%) with a standard

deviation of 18.6% (13.8%). These findings show the state-dependent nature of the

stock returns and equity premium and provide new stylized facts on the stocks.

Campbell, Sunderam, and Viceira (2017) provide evidence on the changing na-

ture of the correlation between the stock return and the bond yield. Although the

correlation was negative during the years 1950s-1960s, it became positive during

the 1980s-1990s. This correlation once more changed the sign and became negative
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Figure 3.2: Term premium

Term premium estimates from the Quadratic model (red solid line). The green dotted line (ACM) depicts
Adrian, Crump, and Moench (2013) estimates from the affine model. The shaded regions indicate high
uncertainty regime dates for the U.S. economy.

during 2000s. According to the authors, the Treasury bonds were treated as hedge

assets in the 2000s during when the correlation was negative, whereas they were risky

assets in the 1970s-1980s, i.e., when the correlation was positive. It is interesting to

examine whether this correlation is also state-dependent. The correlation between

the stock return and the 5-year bond yield is close to zero (0.03) in the full sample

whereas it is around -0.09 in the high volatility regime and 0.13 in the low volatility

regime. That is, this correlation switches sign between the high and low volatility

regimes.

Figure 3.2 depicts the term premium estimates for the 5-year yield from the

model drawn against the corresponding estimates of Adrian, Crump, and Moench

(2013) (ACM) from their affine model, where the shaded regions indicate the high

uncertainty dates for the U.S. economy. It is worth noting that although the estimated

model is a Markov-Switching model, the forecasts of the pricing factors and the

short rate are not regime dependent as it is only the variance-covariance matrix that

changes across the two regimes. Thus, term premium estimates are easily computed

as in the case of a single regime. The correlation coefficient between the term pre-

mium estimates from the model and ACM study is around 0.72. The mean of the term

premim estimates obtained from the model in the full sample is 1.2%, whereas in the

high (low) uncertainty regime it is 1.7% (1.0%). To compare, the mean of the ACM

estimate in the full sample is around 1.0%, whereas in the high (low) uncertainty it is

1.2% (0.9%).

Another property of the model that I test is whether the estimated model can repli-

cate the predictability result in the Campbell and Shiller study (1991), i.e., whether
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Figure 3.3: Campbell-Shiller predictability regression

This figure reports the Campbell-Shiller loadings implied by the model and the data. The 95% confidence
interval (shaded area) is computed using a block bootstrap of 5,000 replications with a window size of 12
quarters.

the slope (y j
t −ym

t ) can predict the movements in the long maturity yields (y j−m
t+m −y j

t ).

For that, I estimate the following regression

y j−m
t+m − y j

t = δ j +φ j
m

j −m
(y j

t − ym
t )+u j

t , (3.31)

where u j
t ∼ I I D(0, var (u j

t )) for maturities j = m +1,m +2, ...,K . I generate 10,000

samples of the equal length as in the data from the model. For each replication, I

estimate (3.31) using m = 2 quarters and then take the mean of the slope estimates. I

compare these model-implied loadings with the estimates from the data covering

the period Q2, 1961 - Q4, 2019. The 95% confidence intervals are calculated using the

Campbell-Shiller regressions applied to the data. Here, I run 5,000 block bootstrap

replications employing jointly the regressand and the regressor in the regressions

with a block window of 12 quarters.

Figure 3.3 displays the results of the Campbell-Shiller regression for the model

estimated over the yields with maturities 1 to 5 years. It is clear that the simulated

Campbell-Shiller loadings (φ j ) decline and remain in the 95% confidence band and

hence, pass the predictability test.

Since I also estimate the regimes, it is interesting to explore whether the bond

predictability is state-dependent. Figure 3.4 depicts the loadings of the predictability

regression (3.31) estimated for the data covering the high vs. low uncertainty regimes

and provides a new stylized fact about the bond predictability. It shows that although

the bond yields are more predictable in the high uncertainty regime, they are unpre-

dictable in the low uncertainty regime. This finding squares well with the difficulty
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Figure 3.4: Predictability in high vs. low uncertainty regimes

This figure reports the Campbell-Shiller loadings implied by the data. The 95% confidence interval (shaded

area) is computed using a block bootstrap of 5,000 replications with a window size of 12 quarters.

(a) High uncertainty (b) Low uncertainty

of predicting economic variables in the Great Moderation period (D’Agostino, Gian-

none, and Surico, 2006; Stock and Watson, 2007; Edge and Gürkaynak, 2010), during

which the volatility of macroeconomic variables has considerably declined.

3.6 Impulse responses

Before discussing impulse responses, it is worth noting that I follow Caldara and

Herbst (2019) and impose a dogmatic prior that only half of the variations in the proxy

can be attributed to the measurement error. The reliability measure a la Mertens and

Ravn (2013) is computed as 0.25. As both stocks and bonds are nonlinear functions of

the pricing factors, I use simulations to obtain Generalized Impulse Response Func-

tions (GIRF) for them. Figure 3.5 displays the impulse responses for output gap and

inflation to a one-standard deviation (28 basis points) increase in the Federal Funds

rate under the two uncertainty regimes. The solid lines display the posterior point-

wise median GIRFs of the endogenous variables while the pink- and green-shaded

bands represent the corresponding 68%-90% posterior probability bands. There is

a high posterior probability that a contractionary policy shock leads to a decline in

output gap, which is in line with our expectations. However, when uncertainty is

low, a tight monetary policy can increase the output gap. Furthermore, the response

of inflation to a contractionary monetary policy shock under the high uncertainty

regime is not significant, whereas it increases inflation in the low uncertainty regime.

However, it is worthwhile to note that the uncertainty surrounding the responses of

output gap and inflation in the high uncertainty regime is considerably larger than
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that in the low uncertainty regime. The counter-intuitive responses of output gap

and inflation in low uncertainty regime may result from confounding effects due to

the employed external instrument as it does not distinguish a pure monetary policy

shock from a policy information shock as argued by Jarocinski and Karadi (2020).

This finding can also be related to using high frequency surprises with quarterly data

which can be too noisy to correctly identify a monetary policy shock.

Figure 3.5: Output and inflation

This figure shows GIRFs to a one-standard deviation (28 basis points) increase in the Federal Funds rate

over the next 20 quarters. The solid red line depicts the point-wise posterior median responses and the

shaded bands represent the 68% and 90% point-wise posterior probability bands. Panel (a) depicts the

GIRFs under the high uncertainty regime whereas Panel (b) shows the low uncertainty regime.

(a) High uncertainty (b) Low uncertainty

Figure 3.6 displays the impulse-responses for the 3-month and the 5-year yields.

In both regimes, the 5-year yield rises following a contractionary policy shock, which

is not short-lived and continues for at least two years. The 3-month yield does not
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Figure 3.6: 3-month yield and 5-year yield

This figure shows GIRFs to a one-standard deviation (28 basis points) increase in the Federal Funds rate

over the next 20 quarters. The solid red line depicts the point-wise posterior median responses and the

shaded bands represent the 68% and 90% point-wise posterior probability bands. Panel (a) depicts the

GIRFs under the high uncertainty regime whereas Panel (b) shows the low uncertainty regime.

(a) High uncertainty (b) Low uncertainty

display any definite pattern in the high uncertainty regime, whereas it certainly rises

in the low uncertainty regime in line with our expectation. Although the median

increases are smaller in the high uncertainty regime, the uncertainty surrounding the

responses is significantly larger than that in the low uncertainty regime. Moreover,

the change in the spread between the long maturity and the short maturity yield is

substantially larger in the high uncertainty regime than in the low uncertainty regime.

A tight monetary policy has a persistent depressing effect on both nominal and

real stock returns for the next three years in the low uncertainty environment (Figure

3.7). This pattern is not repeated in the high uncertainty regime. However, it is worth

noting that uncertainty surrounding the responses of the stock returns in the high



3.6. IMPULSE RESPONSES 123

Figure 3.7: Nominal and real stock returns

This figure shows GIRFs to a one-standard deviation (28 basis points) increase in the Federal Funds rate

over the next 20 quarters. The solid red line depicts the point-wise posterior median responses and the

shaded bands represent the 68% and 90% point-wise posterior probability bands. Panel (a) depicts the

GIRFs under the high uncertainty regime whereas Panel (b) shows the low uncertainty regime.

(a) High uncertainty (b) Low uncertainty

uncertainty environment is substantially larger.

Overall, I find that the effects of monetary policy on asset prices are state-dependent.

Uncertainty environment has differential effects on bonds and equities. Although a

high uncertainty environment amplifies the effects of monetary policy shock on the

zero-coupon bonds, it weakens the effects of the policy shock on the stock returns.

Therefore, monetary policy shocks cannot explain the switching correlation between

stocks and bonds in the two uncertainty regimes. This is because they create a nega-

tive correlation between the stock returns and the bond yields in the low uncertainty

regime whereas they do not lead to a significant comovement in the high uncertainty

regime. In turn, demand shocks can create a negative comovement between stocks
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and bonds in the high uncertainty regime, which can make the Treasury bonds hedge

assets. Similarly, the dominance of supply shocks can lead to positive correlation

between stocks and bonds and can make the Treasury bonds risky assets in the low

uncertainty regime.

However, monetary policy shock is one of the main candidates to strengthen the

bond return predictability in the high volatility regime. As it strongly rises the spread

in the high volatility regime and leads to a persistent effect on the yields, it can create

a negative comovement between the spread and the change in the long-maturity

yield. In the low uncertainty regime, in turn, the spread responds less strongly and

the change in the long-maturity yield is relatively weaker, which can result in the

unpredictability of the bond yields during the low uncertainty regime. This expla-

nation aligns well with the findings of the Andreasen, Engsted, Møller, and Sander

(2021) study, in which the authors attribute a switch in the signs of the bond return

predictability during expansions and recessions to an accommodative monetary

policy.

3.7 Conclusion

In this study, I develop a joint no-arbitrage framework for stocks and bonds that

also features two uncertainty regimes. I enforce the zero-lower bound condition on

the nominal yields and derive closed-form approximate formulas for both stocks

and bonds. I also introduce a Bayesian Proxy no-arbitrage VAR model with Markov-

switching and use high frequency monetary policy surprises as external instruments

to identify the policy shock.

The estimated model displays a nice in-sample fit for both stocks and bonds. It

can also replicate the first and second moments of the data. As the model estimates

two uncertainty regimes, it allows exploring several dimensions of the data. First, I

find that including stocks in the estimations alters the dynamics of the uncertainty

regimes. Now, the years 2001-2005 are also classified as high uncertainty years. Sec-

ond, I find that although the bond yields do not significantly fluctuate across the

regimes, the stock returns certainly do. In the high volatility regime, stocks, on aver-

age, deliver 2.5 times lower return than they do in the low volatility regime with a 30%

more volatility in the returns. Although the slope of the yield curve is stable across

the regimes, the equity premium changes sign and the magnitude. Although the

equity premium is around 3.4% in the full sample, it is -0.2% (5.6%) in the high (low)

uncertainty regime. The stock and bond correlation also switches sign across the

two regimes, i.e., stocks and bonds are negatively correlated in the high uncertainty

regime whereas they show a positive correlation in the low uncertainty regime. These

findings imply that investors pay a premium to hold bonds in the high uncertainty

regime. In other words, investors treat the Treasury bonds as hedge instruments

in the high uncertainty regime whereas the Treasury bonds are risky assets in the
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low uncertainty regime. Third, I run a bond predictability regression and show that

the estimated model can match the conditional moments of future yields. I also

demonstrate that the bond return predictability is state-dependent. Although in the

full sample the bond returns are predictable, they become unpredictable in the low

uncertainty regime whereas their predictability strongly improves in the high volatil-

ity regime.

Fourth, I also show that although monetary policy has an ambiguous effect on

macroeconomic variables, its effect on asset prices is state-dependent. Although a

high uncertainty environment substantially strengthens the effect of monetary policy

shock on the zero-coupon bond prices, it weakens the effects of the policy shock on

the stock returns. Therefore, monetary policy shock cannot explain the switching

correlation between stocks and bonds. However, the policy shock can explain the

switching bond return predictability across the two regimes.
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Appendix

A.1 Proofs

Proof of Proposition 1: Substituting (3.1) in the risk-neutral pricing equation

P j
t ,n+1 = EQ

t

[
exp{−r j

t }Pt+1,n |st = j
]

, (A.1)

yields

exp{A j
n+1 +B j

n+1X t +X ′
t C j

n+1X t }
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t
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]

= exp{−r j
t }
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.

The expectation of a quadratic Gaussian variable is given as (Mathai and Provost,

1992)
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t

[
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Combining above two expressions and rt = δ0 +δ′1X t +X ′
tΩX t , I get
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Using the log-linear approximation (Bansal and Zhou, 2002) that exp(x) ≈ 1+x, I get

1+ A j
n+1 +B j

n+1X t +X ′
t C j

n+1X t

=
S∑

k=0

π j k

(
1+ (−δ0 + Ak

n + (B k
n )′µQ + (µQ )′C k

nµ
Q −0.5log det (I −2Σ′

j C k
nΣ j )

+0.5(Σ′
j B k

n +2Σ′
j C k

nµ
Q )′(I −2Σ′

j C k
nΣ j )−1(Σ′

j B k
n +2Σ′

j C k
nµ

Q ))

+ (−δ′1 + (B k
n )′ΦQ +2(µQ )′C k

nΦ
Q +2(Σ′

j B k
n +2Σ′

j C k
nµ

Q )′(I −2Σ′
j C k

nΣ j )−1Σ′
j C k

nΦ
Q )X t

+X ′
t (−Ω+ (ΦQ )′C k

nΦ
Q +2(Σ′

j C k
nΦ

Q )′(I −2Σ′
j C k

nΣ j )−1(Σ′
j C k

nΦ
Q ))X t

)
.

Thus,

A j
n+1 =

S∑
k=0

π j k

(
−δ0 + Ak

n + (B k
n )′µQ + (µQ )′C k

nµ
Q −0.5log det (I −2Σ′

j C k
nΣ j )

+0.5(Σ′
j B k

n +2Σ′
j C k

nµ
Q )′(I −2Σ′

j C k
nΣ j )−1(Σ′

j B k
n +2Σ′

j C k
nµ

Q ))
)

B j
n+1 =

S∑
k=0

π j k

(
−δ′1 + (B k

n )′ΦQ +2(µQ )′C k
nΦ

Q +2(Σ′
j B k

n +2Σ′
j C k

nµ
Q )′

(I −2Σ′
j C k

nΣ j )−1Σ′
j C k

nΦ
Q

)

C j
n+1 =

S∑
k=0

π j k

(
−Ω+ (ΦQ )′C k

nΦ
Q +2(Σ′

j C k
nΦ

Q )′(I −2Σ′
j C k

nΣ j )−1(Σ′
j C k

nΦ
Q )

)
.

Proof of Proposition 2: To price stocks, I rely on the Campbell-Shiller log-linearization

and write the nominal log stock return as

∆ps,t+1 = κ0 +κ1pdt+1 +∆dt+1 −pdt .
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By no-arbitrage, stock returns satisfy:
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j (κ1B k
s +e5)+2κ1Σ

′
jΩ

k
s (µQ +ΦQ X t ))) = 1

Using the log-linear approximation (Bansal and Zhou, 2002) that exp(x) ≈ 1+x, I get

S∑
k=0

π j k

(
κ0 −δ0 −b j

s +κ1bk
s + (κ1B k

s +e5)′µQ +κ1(µQ )′Ωk
s µ

Q

−0.5log det (I −2κ1Σ
′
jΩ

k
s Σ j )+0.5(Σ′

j (κ1B k
s +e5)+2κ1Σ

′
jΩ

k
s µ

Q )′

(I −2κ1Σ
′
jΩ

k
s Σ j )−1(Σ′

j (κ1B k
s +e5)+2κ1Σ

′
jΩ

k
s µ

Q )
)
= 0

S∑
k=0

π j k

(
−δ′1 − (B j

s )′+ (κ1B k
s +e5)′ΦQ +2κ1(µQ )′Ωk

sΦ
Q+

2κ1(Σ′
j (κ1B k

s +e5)+2κ1Σ
′
jΩ

k
s µ

Q )′(I −2κ1Σ
′
jΩ

k
s Σ j )−1Σ′

jΩ
k
sΦ

Q
)
= 0

S∑
k=0

π j k

(
−Ω−Ω j

s +κ1(ΦQ )′Ωk
sΦ

Q +2κ1(ΦQ )′Ωk
s Σ j (I −2κ1Σ

′
jΩ

k
s Σ j )−1Σ′

jΩ
k
sΦ

Q
)
= 0.
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It is assumed that there are two regimes S = {1,2}. First, we need to solve forΩ1
s and

Ω2
s , which requires simultaneously solving

S∑
k=0

π j k

(
−Ω−Ω j

s +κ1(ΦQ )′Ωk
sΦ

Q +2κ1(ΦQ )′Ωk
s Σ j (I −2κ1Σ

′
jΩ

k
s Σ j )−1Σ′

jΩ
k
sΦ

Q
)
= 0.

This can be accomplished using a non-linear solver such as fsolve in Matlab, after

which the remaining coefficients can be found easily. Having solvedΩ j
s for j = 1,2 we

can find the solution for B j
s :

π11

(
−δ′1 − (B 1

s )′+ (κ1B 1
s +e5)′ΦQ +2κ1(µQ )′Ω1

sΦ
Q +2κ1(Σ′

1(κ1B 1
s +e5)+

2κ1Σ
′
1Ω

1
sµ

Q )′(I −2κ1Σ
′
1Ω

1
sΣ1)−1Σ′

1Ω
1
sΦ

Q
)
+π12

(
−δ′1 − (B 1

s )′+ (κ1B 2
s +e5)′ΦQ

+2κ1(µQ )′Ω2
sΦ

Q +2κ1(Σ′
1(κ1B 2

s +e5)+2κ1Σ
′
1Ω

2
sµ

Q )′(I −2κ1Σ
′
1Ω

2
sΣ1)−1Σ′

1Ω
2
sΦ

Q
)
= 0

⇒ (B 1
s )′

(
π11κ1Φ

Q − I +2π11κ
2
1Σ1(I −2κ1Σ

′
1Ω

1
sΣ1)−1Σ′

1Ω
1
sΦ

Q
)
=

π11

(
δ′1 −e ′5Φ

Q −2κ1(µQ )′Ω1
sΦ

Q −2κ1(Σ′
1e5 +2κ1Σ

′
1Ω

1
sµ

Q )′(I −2κ1Σ
′
1Ω

1
sΣ1)−1Σ′

1Ω
1
sΦ

Q
)
+

π12

(
δ′1 −e ′5Φ

Q −2κ1(µQ )′Ω2
sΦ

Q −2κ1(Σ′
1e5 +2κ1Σ

′
1Ω

2
sµ

Q )′(I −2κ1Σ
′
1Ω

2
sΣ1)−1Σ′

1Ω
2
sΦ

Q
)
−

(B 2
s )′π12κ1

(
ΦQ +2κ1Σ1(I −2κ1Σ

′
1Ω

2
sΣ1)−1Σ′

1Ω
2
sΦ

Q
)

Similarly,

(B 2
s )′

(
π22κ1Φ

Q − I +2π22κ
2
1Σ1(I −2κ1Σ

′
2Ω

2
sΣ2)−1Σ′

2Ω
2
sΦ

Q
)
=

π21

(
δ′1 −e ′5Φ

Q −2κ1(µQ )′Ω1
sΦ

Q −2κ1(Σ′
2e5 +2κ1Σ

′
2Ω

1
sµ

Q )′(I −2κ1Σ
′
2Ω

1
sΣ2)−1Σ′

2Ω
1
sΦ

Q
)
+

π22

(
δ′1 −e ′5Φ

Q −2κ1(µQ )′Ω2
sΦ

Q −2κ1(Σ′
2e5 +2κ1Σ

′
2Ω

2
sµ

Q )′(I −2κ1Σ
′
2Ω

2
sΣ2)−1Σ′

2Ω
2
sΦ

Q
)
−

(B 1
s )′π21κ1

(
ΦQ +2κ1Σ2(I −2κ1Σ

′
2Ω

1
sΣ2)−1Σ′

2Ω
1
sΦ

Q
)

Therefore,

(B 2
s )′

(
π22κ1Φ

Q − I +2π22κ
2
1Σ2(I −2κ1Σ

′
2Ω

2
sΣ2)−1Σ′

2Ω
2
sΦ

Q −π21π12κ
2
1

(
ΦQ+

2κ1Σ1(I −2κ1Σ
′
1Ω

2
sΣ1)−1Σ′

1Ω
2
sΦ

Q
)(
π11κ1Φ

Q − I+

2π11κ
2
1Σ1(I −2κ1Σ

′
1Ω

1
sΣ1)−1Σ′

1Ω
1
sΦ

Q
)−1

(
ΦQ +2κ1Σ2(I −2κ1Σ

′
2Ω

1
sΣ2)−1Σ′

2Ω
1
sΦ

Q
))

=π21

(
δ′1 −e ′5Φ

Q

−2κ1(µQ )′Ω1
sΦ

Q −2κ1(Σ′
2e5 +2κ1Σ

′
2Ω

1
sµ

Q )′(I −2κ1Σ
′
2Ω

1
sΣ2)−1Σ′

2Ω
1
sΦ

Q
)
+
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π22

(
δ′1 −e ′5Φ

Q −2κ1(µQ )′Ω2
sΦ

Q −2κ1(Σ′
2e5 +2κ1Σ

′
2Ω

2
sµ

Q )′

(I −2κ1Σ
′
2Ω

2
sΣ2)−1Σ′

2Ω
2
sΦ

Q
)
−

(
π21π11κ1

(
δ′1 −e ′5Φ

Q −2κ1(µQ )′Ω1
sΦ

Q −2κ1(Σ′
1e5

+2κ1Σ
′
1Ω

1
sµ

Q )′(I −2κ1Σ
′
1Ω

1
sΣ1)−1Σ′

1Ω
1
sΦ

Q
)
+π21π12κ1

(
δ′1 −e ′5Φ

Q

−2κ1(µQ )′Ω2
sΦ

Q −2κ1(Σ′
1e5 +2κ1Σ

′
1Ω

2
sµ

Q )′(I −2κ1Σ
′
1Ω

2
sΣ1)−1Σ′

1Ω
2
sΦ

Q
))

(
π11κ1Φ

Q − I +2π11κ
2
1Σ1(I −2κ1Σ

′
1Ω

1
sΣ1)−1Σ′

1Ω
1
sΦ

Q
)−1

(
ΦQ +2κ1Σ2(I −2κ1Σ

′
2Ω

1
sΣ2)−1Σ′

2Ω
1
sΦ

Q
)
.

Now, we can obtain an expression for b j
s for j = 1,2:

π11

(
κ0 −δ0 −b1

s +κ1b1
s + (κ1B 1

s +e5)′µQ +κ1(µQ )′Ω1
sµ

Q

−0.5log det (I −2κ1Σ
′
1Ω

1
sΣ1)+

0.5(Σ′
1(κ1B 1

s +e5)+2κ1Σ
′
1Ω

1
sµ

Q )′(I −2κ1Σ
′
1Ω

1
sΣ1)−1(Σ′

1(κ1B 1
s +e5)

+2κ1Σ
′
1Ω

1
sµ

Q )
)
+

π12

(
κ0 −δ0 −b1

s +κ1b2
s + (κ1B 2

s +e5)′µQ +κ1(µQ )′Ω2
sµ

Q

−0.5l og det (I −2κ1Σ
′
1Ω

2
sΣ1)+

0.5(Σ′
1(κ1B 2

s +e5)+2κ1Σ
′
1Ω

2
sµ

Q )′(I −2κ1Σ
′
1Ω

2
sΣ1)−1

(Σ′
1(κ1B 2

s +e5)+2κ1Σ
′
1Ω

2
sµ

Q )
)
= 0 ⇒

(1−κ1)b1
s =π11

(
κ0 −δ0 + (κ1B 1

s +e5)′µQ +κ1(µQ )′Ω1
sµ

Q

−0.5log det (I −2κ1Σ
′
1Ω

1
sΣ1)+0.5(Σ′

1(κ1B 1
s +e5)+2κ1Σ

′
1Ω

1
sµ

Q )′(I −2κ1Σ
′
1Ω

1
sΣ1)−1

(Σ′
1(κ1B 1

s +e5)+2κ1Σ
′
1Ω

1
sµ

Q )
)
+π12

(
κ0 −δ0 + (κ1B 2

s +e5)′µQ +κ1(µQ )′Ω2
sµ

Q

−0.5log det (I −2κ1Σ
′
1Ω

2
sΣ1)+0.5(Σ′

1(κ1B 2
s +e5)+2κ1Σ

′
1Ω

2
sµ

Q )′(I −2κ1Σ
′
1Ω

2
sΣ1)−1

(Σ′
1(κ1B 2

s +e5)+2κ1Σ
′
1Ω

2
sµ

Q )
)
+π12κ1b2

s

Similarly,

(1−κ1)b2
s =π21

(
κ0 −δ0 + (κ1B 1

s +e5)′µQ +κ1(µQ )′Ω1
sµ

Q

−0.5log det (I −2κ1Σ
′
2Ω

1
sΣ2)+0.5(Σ′

2(κ1B 1
s +e5)+2κ1Σ

′
2Ω

1
sµ

Q )′

(I −2κ1Σ
′
2Ω

1
sΣ2)−1(Σ′

2(κ1B 1
s +e5)+2κ1Σ

′
2Ω

1
sµ

Q )
)
+π22

(
κ0 −δ0 + (κ1B 2

s +e5)′µQ

+κ1(µQ )′Ω2
sµ

Q −0.5log det (I −2κ1Σ
′
2Ω

2
sΣ2)+0.5(Σ′

2(κ1B 2
s +e5)+2κ1Σ

′
2Ω

2
sµ

Q )′

(I −2κ1Σ
′
2Ω

2
sΣ2)−1(Σ′

2(κ1B 2
s +e5)+2κ1Σ

′
2Ω

2
sµ

Q )
)
+π21κ1b1

s
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Therefore,

(1−κ1 −π21π12
κ2

1

1−κ1
)b2

s =

π21

(
κ0 −δ0 + (κ1B 1

s +e5)′µQ +κ1(µQ )′Ω1
sµ

Q −0.5l og det (I −2κ1Σ
′
2Ω

1
sΣ2)+

0.5(Σ′
2(κ1B 1

s +e5)+2κ1Σ
′
2Ω

1
sµ

Q )′(I −2κ1Σ
′
2Ω

1
sΣ2)−1(Σ′

2(κ1B 1
s +e5)+2κ1Σ

′
2Ω

1
sµ

Q )
)

+π22

(
κ0 −δ0 + (κ1B 2

s +e5)′µQ +κ1(µQ )′Ω2
sµ

Q −0.5log det (I −2κ1Σ
′
2Ω

2
sΣ2)

+0.5(Σ′
2(κ1B 2

s +e5)+2κ1Σ
′
2Ω

2
sµ

Q )′(I −2κ1Σ
′
2Ω

2
sΣ2)−1(Σ′

2(κ1B 2
s +e5)+2κ1Σ

′
2Ω

2
sµ

Q )
)
+

π21π11
κ1

1−κ1

(
κ0 −δ0 + (κ1B 1

s +e5)′µQ +κ1(µQ )′Ω1
sµ

Q −0.5log det (I −2κ1Σ
′
1Ω

1
sΣ1)+

0.5(Σ′
1(κ1B 1

s +e5)+2κ1Σ
′
1Ω

1
sµ

Q )′(I −2κ1Σ
′
1Ω

1
sΣ1)−1(Σ′

1(κ1B 1
s +e5)+2κ1Σ

′
1Ω

1
sµ

Q )
)

+π21π12
κ1

1−κ1

(
κ0 −δ0 + (κ1B 2

s +e5)′µQ +κ1(µQ )′Ω2
sµ

Q −0.5l og det (I −2κ1Σ
′
1Ω

2
sΣ1)

+0.5(Σ′
1(κ1B 2

s +e5)+2κ1Σ
′
1Ω

2
sµ

Q )′(I −2κ1Σ
′
1Ω

2
sΣ1)−1(Σ′

1(κ1B 2
s +e5)+2κ1Σ

′
1Ω

2
sµ

Q )
)

Proof of Result 1: I prove this result for a single regime, which can be easily adapted

to many regimes. To start, let Pt ,n denote the time-t price for a zero-coupon bond

with maturity of n periods which is a quadratic function in the pricing factor X t in

the following way:

Pt ,n = exp{An +Bn X t +X ′
t Cn X t } (A.2)

where

An =−δ0 + An−1 + (Bn−1)′µQ + (µQ )′Cn−1µ
Q −0.5log det (I −2Σ′Cn−1Σ)

+0.5(Σ′Bn−1 +2Σ′Cn−1µ
Q )′(I −2Σ′Cn−1Σ)−1(Σ′Bn−1 +2Σ′Cn−1µ

Q ))

Bn =−δ′1 + (Bn−1)′ΦQ +2(µQ )′Cn−1Φ
Q+

2(Σ′Bn−1 +2Σ′Cn−1µ
Q )′(I −2Σ′Cn−1Σ)−1Σ′Cn−1Φ

Q

Cn =−Ω+ (ΦQ )′Cn−1Φ
Q +2(Σ′Cn−1Φ

Q )′(I −2Σ′Cn−1Σ)−1(Σ′Cn−1Φ
Q ).

I use two lemmas to rewrite the above quadratic pricing formulas. The matrix deter-

minant lemma relies on the following relation

det (A+UW V ′) = det (W −1 +V ′A−1U )det (W )det (A),

for an invertible (n×n) A matrix, an invertible (m×m) W matrix and (n×m) matrices

U and V . Thus, the only determinant in the above equation can be rewritten as

follows:

det (I −2Σ′Cn−1Σ) = det (C−1
n−1 +ΣΣ′)det (Cn−1).

The second lemma that I employ is the matrix inversion lemma, i.e.,

(A−BD−1C )−1 = A−1 + A−1B(D −C A−1B)−1C A−1.
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I can re-write the expression (I −2Σ′Cn−1Σ)−1 as follows:

(I −2Σ′Cn−1Σ)−1 = I +2Σ′(C−1
n−1 −2ΣΣ′)−1Σ.

Now, the formula for An looks like this:

An =−δ0 + An−1 + (Bn−1)′µQ + (µQ )′Cn−1µ
Q −0.5log det (C−1

n−1 +ΣΣ′)

−0.5l og det (Cn−1)+0.5(B ′
n−1 +2(µQ )′C ′

n−1)ΣΣ′(Bn−1 +2Cn−1µ
Q )+

(B ′
n−1 +2(µQ )′C ′

n−1)ΣΣ′(C−1
n−1 −2ΣΣ′)−1ΣΣ′(Bn−1 +2Cn−1µ

Q )

Thus, the formula for Bn can be rewritten as

Bn =−δ′1 + (Bn−1)′ΦQ +2(µQ )′Cn−1Φ
Q +2(B ′

n−1 +2(µQ )′C ′
n−1)ΣΣ′Cn−1Φ

Q

+4(B ′
n−1 +2(µQ )′C ′

n−1)ΣΣ′(C−1
n−1 −2ΣΣ′)−1ΣΣ′Cn−1Φ

Q .

Finally, the formula for Cn becomes

Cn =−Ω+ (ΦQ )′Cn−1Φ
Q +2(ΦQ )′C ′

n−1ΣΣ
′Cn−1Φ

Q+
4(ΦQ )′C ′

n−1ΣΣ
′(C−1

n−1 −2ΣΣ′)−1ΣΣ′Cn−1Φ
Q .

A.2 Derivations for the estimation algorithm

Using the Kadiyala and Karlsson (1997) notation, let yt be a row vector of N variables

observed at time t . A VAR(p) process is defined as

yt =µ+
p∑

l=1
yt−lΦl +ut , (A.3)

which can compactly written as

yt = xtΓ+ut , (A.4)

where xt = [yt−1 yt−2 ... yt−p 1] and (k ×N ) matrix Γ is given as Γ = [Φ′
1Φ

′
2 ...Φ′

p µ
′]′.

Here, ut ∼ N (0,ΣSt ),ΣSt = StΣ1+(1−St )Σ2 =Σ−1
2 h̄, h̄ = (I+St h) and h =Σ−1

2 (Σ1−Σ2).

Let’s multiply (1) by h̄−1/2

yt (h̄−1/2) = xtΓ(h̄−1/2)+ut (h̄−1/2), (A.5)

and define y∗
t = yt h̄−1/2, u∗

t = ut h̄−1/2, x∗
t = ((h̄−1/2)′⊗xt ) and γ= vec(Γ), then

y∗
t = γ′(x∗

t )′+u∗
t . (A.6)
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Performing a similar stacking as in SUR models, X ∗
i = [(x∗

11)′ ... (x1T )′]′ for i = 1, ..., N ,

and

X ∗ =


X ∗

1

X ∗
2

...

X ∗
N

 .

Moreover, let Y ∗ = [y∗
11 ... y1T ... y∗

N 1 ... yN T ]′ and U∗ = [u∗
11 ...u1T ...u∗

N 1 ...uN T ]′, then

we can rely on the following multivariate regression model, which has a homoscedas-

tic error term

Y ∗ = X ∗γ+U∗, U∗ ∼ N (0,Σ2 ⊗ IT ). (A.7)

The likelihood function L(Y |γ,Σ2) is given as

L(Y |γ,Σ2) = (2π)−N T /2 |Σ2|−N /2exp{−0.5(Y ∗−X ∗γ)′(Σ−1
2 ⊗ IT )(Y ∗−X ∗γ)}. (A.8)

Result 2: Assume a conditional Normal prior for γ, i.e.,

γ|Σ2 ∼ (γ̃,Σ2 ⊗ Ω̃2), (A.9)

and denote the generalized least square estimator as

γ̂= ((X ∗)′(Σ−1
2 ⊗ IT )X ∗)−1(X ∗)′(Σ−1

2 ⊗ IT )Y ∗ (A.10)

with covariance matrix

Vγ̂ = ((X ∗)′(Σ−1
2 ⊗ IT )X ∗)−1. (A.11)

Then the conditional posterior is given as

γ|Σ2 ∼ (γ̄,Vγ), (A.12)

where γ̄=Vγ
(
(X ∗)′(Σ−1

2 ⊗IT )X ∗γ̂+(Σ−1
2 ⊗Ω̃−1

2 )γ̃
)

and Vγ =
(
(X ∗)′(Σ−1

2 ⊗IT )X ∗+(Σ−1
2 ⊗

Ω̃−1
2 )

)−1
.

Proof of Result 2: The posterior is proportional to the product of the likelihood

function and the prior

P (γ,Σ2|Y , h̄) ∝exp{−0.5
(
Y ∗−X ∗γ)′(Σ−1

2 ⊗ IT )(Y ∗−X ∗γ
)
}

exp{−0.5
(
−0.5(γ− γ̃)′(Σ−1

2 ⊗ Ω̃−1
2 )(γ− γ̃

)
}.

Write

(Y ∗−X ∗γ)′(Σ−1
2 ⊗ IT )(Y ∗−X ∗γ) =

(Y ∗−X ∗γ̂+X ∗γ̂−X ∗γ)′(Σ−1
2 ⊗ IT )(Y ∗−X ∗γ̂+X ∗γ̂−X ∗γ) =

(Û∗)′(Σ−1
2 ⊗ IT )Û∗+ (γ− γ̂)′(X ∗)′(Σ−1

2 ⊗ IT )X ∗(γ− γ̂),
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since

2(γ− γ̂)′(X ∗)′(Σ−1
2 ⊗ IT )U∗ = 0.

Thus, the last exponential term can be rewritten as

(Y ∗−X ∗γ)′(Σ−1
2 ⊗ IT )(Y ∗−X ∗γ)+ (γ− γ̃)′(Σ−1

2 ⊗ Ω̃−1
2 )(γ− γ̃) =

(Û∗)′(Σ−1
2 ⊗ IT )Û∗+ (γ− γ̂)′(X ∗)′(Σ−1

2 ⊗ IT )X ∗(γ− γ̂)+ (γ− γ̃)′(Σ−1
2 ⊗ Ω̃−1

2 )(γ− γ̃)

Let’s denote

Vγ =
(
(X ∗)′(Σ−1

2 ⊗ IT )X ∗+ (Σ−1
2 ⊗ Ω̃−1

2 )
)−1

(A.13)

and

γ̄=Vγ
(
(X ∗)′(Σ−1

2 ⊗ IT )X ∗γ̂+ (Σ−1
2 ⊗ Ω̃−1

2 )γ̃
)
. (A.14)

Then,

(γ− γ̂)′(X ∗)′(Σ−1
2 ⊗ IT )X ∗(γ− γ̂)+ (γ− γ̃)′(Σ−1

2 ⊗ Ω̃−1
2 )(γ− γ̃) =

(γ− γ̄)′V −1
γ (γ− γ̄)+ γ̂′(X ∗)′(Σ−1

2 ⊗ IT )X ∗γ̂+ γ̃′(Σ−1
2 ⊗ Ω̃−1

2 )γ̃− γ̄′V −1
γ γ̄.

Thus, we can write the exponential term

exp{−0.5(Y ∗−X ∗γ)′(Σ−1
2 ⊗ IT )(Y ∗−X ∗γ)−0.5(γ− γ̃)′(Σ−1

2 ⊗ Ω̃−1
2 )(γ− γ̃)} =

exp{−0.5
(
(γ− γ̄)′V −1

γ (γ− γ̄)+ γ̂′(X ∗)′(Σ−1
2 ⊗ IT )X ∗γ̂

+ γ̃′(Σ−1
2 ⊗ Ω̃−1

2 )γ̃+ (Û∗)′(Σ−1
2 ⊗ IT )Û∗− γ̄′V −1

γ γ̄
)
},

which implies that

P (γ,Σ2|Y , h̄) ∝exp{−0.5
(
(γ− γ̄)′V −1

γ (γ− γ̄)
)
}.

Result 3: Assume a conditional inverse-Wishart for Σ2, i.e.,

Σ2|γ∼ IW (S2,d). (A.15)

Then the conditional posterior is given as

Σ2|γ, h̄ ∝ IW (S2 + (u∗)′u∗,T −p +d)exp{−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
}, (A.16)

where U∗ = vec(u∗).

Proof of Result 3: Combining the prior distribution with the likelihood function we

obtain

P (Σ2|Y ,γ, h̄) ∝|Σ2|−0.5(T−p+N+d+1) exp{−0.5
(
(Y ∗−X ∗γ)′(Σ−1

2 ⊗ IT )(Y ∗−X ∗γ)
)
}

exp{−0.5tr
(
S2Σ

−1
2

)
}exp{−0.5

( J∑
m=1

e2
m,t

σ2
m,e

)
},
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where I use the relation that

vec(A)′(D ⊗B)vec(C ) = tr (A′BC D ′).

Thus, we can write the following expression as

P (Σ2|Y ,γ, h̄) ∝exp{−0.5
(
(Y ∗−X ∗γ)′(Σ−1

2 ⊗ IT )(Y ∗−X ∗γ)
)
}exp{−0.5tr

(
S2Σ

−1
2

)
}

exp{−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
} = exp{−0.5tr

(
(S2 + (u∗)′u∗)Σ−1

2

)
}

exp{−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
}.

Now, to derive a conditional posterior distribution for h, let’s transform the variables

as

ytΣ
−1/2
2 = xtΓΣ

−1/2
2 +utΣ

−1/2
2 , (A.17)

and define y∗∗
t = ytΣ

−1/2
2 , u∗∗

t = utΣ
−1/2
2 , x∗∗

t = ((Σ−1/2
2 )′⊗xt ) and γ= vec(Γ), then

y∗∗
t = γ′(x∗∗

t )′+u∗∗
t . (A.18)

Using the similar stacking convention as above, this equation can be re-written as

Y ∗∗ = X ∗∗γ+U∗∗, U∗∗ ∼ N (0, I +hSt ). (A.19)

Note that the P-likelihood function is only informative about h when St = 1. Let’s

denote N1 = {t : St = 1}. Then we have the following proposition for the conditional

posterior distribution of h.

Result 4: Assume a conditional inverse-Wishart for h, i.e.,

h|γ,Σ2 ∼ IW (S1,d). (A.20)

Then the conditional posterior is given as

h|γ,Σ2 ∝ IW (S1 +
∑
N1

(u∗∗
t )′u∗∗

t ,T −p +d)exp{−0.5
( J∑

m=1

e2
m,t

σ2
m,e

)
}. (A.21)

Proof of Result 4: We can write the conditional posterior distribution as

P (h|Y ,γ, h̄) ∝ exp{−0.5
(
(Y ∗∗−X ∗∗γ)′(Σ−1

2 ⊗ IT )(Y ∗∗−X ∗∗γ)
)
}

exp{−0.5tr
(
S2Σ

−1
2

)
}exp{−0.5

( J∑
m=1

e2
m,t

σ2
m,e

)
}

= exp{−0.5tr
(
(S1 +

∑
N1

(u∗∗
t )′u∗∗

t )Σ−1
1

)
}exp{−0.5

( J∑
m=1

e2
m,t

σ2
m,e

)
}.
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