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Nondipole effects in laser-assisted electron scattering

Simon Vendelbo Bylling Jensen and Lars Bojer Madsen
Department of Physics and Astronomy, Aarhus University, DK-8000, Denmark

Laser-assisted electron scattering is often described using the electric dipole approximation for
the interaction between the electron and the assisting electromagnetic field. Within the dipole ap-
proximation, theory predicts a vanishing scattering cross section for processes involving exchange of
photons in critical geometries, where the electron momentum transfer vector is perpendicular to the
linear polarisation of the external field. In a nonrelativistic spin-free treatment, we consider mod-
ifications of the scattering cross section by nondipole contributions to the first order in 1/c in the
interaction between the laser field and the electron using the nondipole strong-field-approximation
Hamiltonian [Jensen et al. Phys. Rev. A. 101, 043408 (2020)]. The approach allows for an
analytical solution for the wave function of a free electron in the laser field with a nondipole contri-
bution.This wave function leads to an analytical formula for the laser-assisted scattering cross section
including nondipole effects. The nondipole corrections depend on the propagation direction of the
field relative to the electron momentum transfer vector. The approach gives a finite cross section in
scattering geometries, where the dipole approach predicts a vanishing cross section. The theory is
illustrated by application to scattering geometries similar to those considered in experiments where
large deviations between experimental data and predictions based on the dipole approximation have
been reported. In these scattering geometries, the nondipole strong-field-approximation approach
suggests an increase in the cross section by orders of magnitude compared to results obtained within
the dipole approximation.

I. INTRODUCTION

The implications of adding a coherent assisting elec-
tromagnetic field to fundamental atomic processes have
been investigated for many years. Examples include
investigations in laser-assisted scattering [1–4], laser-
assisted photoelectric effect [5], and laser-assisted Auger
decay [6], see also reference [7]. In this work, we will be
concerned with elastic laser-assisted electron scattering
(LAES). In this process an electron scatters elastically
by a potential and the interaction allows the electron to
exchange energy with the assisting field in multiples of
the photon energy. The LAES process is of fundamental
importance in recent advancements in ultrafast molecu-
lar imaging with laser-assisted electron diffraction [8, 9].
The process is also a part of the foundation of strong-
field physics. The original LAES experiments gave the
first clear demonstration of multiphoton free-free pro-
cesses [4] a couple of years earlier than free-free tran-
sitions were measured in the context of above-threshold-
ionization [10]. A theoretical description of LAES was
formulated as early as 1966 in the first-Born approxi-
mation [1]. In the soft-photon limit, where the photon
energy is much smaller than the energy of the incoming
electron, Kroll and Watson developed a theory in 1973
[3]. The Kroll-Watson (KW) theory uses adequate ap-
proximations including the dipole (D) approximation in
the velocity gauge and is relying on the scattering process
to happen on a timescale, which is short compared to the
duration of a laser cycle. Moreover, it assumes that the
scattering potential is unperturbed by the assisting ex-
ternal field. The theory predicts a simple expression for
the laser-assisted differential cross section dσ(l)/dΩ for
an exchange of l photons, which involves the field-free
cross section dσ/dΩ, i.e., the cross section without as-

sisting laser field, and where all laser-induced effects are
included in a multiplicative factor and in a laser-induced
shift of the momenta entering the evaluation of the field-
free cross section (atomic units are used throughout un-
less stated otherwise):

dσ(l)

dΩ
(kf (l),ki) =

kf (l)

ki
J2
−l (α0ẑ ·Q)

dσ

dΩ

(
keff
f (l),keff

i

)
.

(1)
Here kf (l) is the final electron momentum, which de-
pends on the number of exchanged photons l as detailed
below, ki is the initial electron momentum, Q is the elec-
tron momentum transfer vector given as Q = kf (l)−ki,
Jl is a Bessel function of integer order l and α0 = A0/ω
is the quiver radius, i.e., the maximal classical excur-
sion of the electron in the linear polarization direction ẑ.
The quiver radius is dependent on the angular frequency
ω of the assisting field and the vector potential ampli-
tude, A0. In equation (1), the effective momenta in the
field-free cross section are given by keff

j (l) = kj(l) + γ
(j = {i, f}) and the momentum displacement vector is
given as γ = lωẑ/(ẑ · Q). The result in equation (1) is
derived under the assumption that |γ| ≪ 1. Accordingly,
a distinctive breakdown of this model is for large γ. As
seen from the expression for γ, this occurs at small mo-
mentum transfer and high frequency. It also occurs in
particular geometries, which we refer to as critical ge-
ometries, where the momentum transfer vector is close
to being perpendicular to the quiver radius, i.e., when
|ẑ ·Q| is vanishing or small.
In the first-Born approximation the expression in equa-

tion (1) simplifies to [1]

dσB(l)

dΩ
(kf (l),ki) =

kf (l)

ki
J2
−l (α0ẑ ·Q)

dσB

dΩ
(kf (l),ki) ,

(2)
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and the displacement γ no longer appears on the right-
hand side. The expression (2) can be applied also for
small |ẑ ·Q|. In this limit of small |ẑ ·Q|, it follows from
the properties of the Bessel functions that the multiplica-
tive factor J2

−l(α0ẑ·Q) is small in magnitude except when
l = 0. In this geometry, therefore, equation (2) predicts
that it is unlikely to exchange photons. As we shall see
in this work, going beyond the D approximation changes
this situation.

The KW theory was in qualitative agreement with
early experiments with CO2 lasers at a wavelength of
λ = 10.6µm by Andrick and Langhans [11], by Wein-
gartshofer et al. [4, 12, 13] and by Wallbank and Holmes
et al. [14, 15]. All of these works had a focus on non-
critical geometries, i.e., on geometries and laser parame-
ters for which |ẑ ·Q| is not small and |γ| ≪ 1. However,
in further experiments by Wallbank and Holmes [16–19],
a non-vanishing cross section was found at critical scat-
tering geometries through a range of scattering angles,
electron energies and for different atomic targets. In this
critical geometry, the KW theory, when applied in the
first-Born sense of equation (2), predicts a vanishing cross
section.

To explain the experimental results at critical angles,
i.e., at small values of |ẑ · Q|, first a correction due to
the polarization of the target by the laser field was pro-
posed [16, 17]. Theory works considered this possibil-
ity, and the conclusion from those studies was that the
effect was too small [20–24]. Non-single-collision scat-
tering events [25] were shown to account for a contri-
bution similar to the one found in experiments at cer-
tain target densities. During the late 1990s and early
2000s additional theoretical works attempted to explain
the results of the measurements and identified contribu-
tions to the increased signal with a soft-photon distorted-
wave approach [26], R-matrix Floquet calculations [27–
29], Floquet close-coupling calculations [30], the Floquet-
Lippmann-Schwinger equation approach [31], including
off-shell effects [32], employing the second-Born approx-
imation [33, 34], and by a re-evaluation of the impulse
approximation [35].

A decade later Musa et al. [36] found a signal simi-
lar to the one reported by Wallbank and Holmes, by a
similar CO2 laser set-up. They found experimental data,
differing from the KW theory, again applied in the first-
Born sense without the inclusion of the momentum shift
γ, by several orders of magnitude at critical geometries.
Following this, multiple experimental studies appeared
mostly at non-critical geometries using Ti:sapphire lasers
at λ = 800 nm [37, 38] and Nd:YAG lasers λ = 1064 nm
[39–41], some searching for dressed atom effects for differ-
ent atomic targets. After these more recent experimental
results, a number of theoretical works have appeared in-
cluding considerations of electron-exchange, short- and
long-range interactions [42], an evaluation of the long-
range polarization potential through Floquet R-matrix
theory [43], a Born-Floquet method approach [44], in-
cluding atomic form factors [45] and examining second-

order Born contributions [46, 47]. However, we think it
is fair to say that still no simple and general explana-
tion for the experimental data at critical geometries has
emerged.

Recently deHarak et al. [48, 49] found experimental
results consistent with the KW theory within the first-
Born approximation at all angles, including a vanishing
signal at critical geometries, which seems to contradict
the previous experiments by Wallbank and Holmes and
by Musa et. al. Laser-assisted scattering therefore re-
mains a research area with open questions, and with the
introduction of femtosecond lasers, new applications as
well as new challenges occur [8, 9]. In the region of
high intensity, theoretical calculations using Floquet R-
Matrix theory cannot reproduce experimental results [50]
and for some electron energies in question the contribu-
tion from the second-Born approximation will also be
negligible [51]. Since both laser-target effects [50], as
well as second-Born contributions [51] do not readily ex-
plain experimental data, it seems reasonable, also in view
of the more recent experimental results, to re-evaluate
some of the other aspects of the scattering process, draw-
ing on recent knowledge from other parts of strong-field
physics. To this end, we note that multiple studies on
strong-field ionisation (see, e.g., references [52–58]) have
reported that a breakdown of the D approximation for
infrared fields appeared at intensities comparable to the
highest intensity used in LAES-experiments. Therefore
it is interesting to examine whether a nondipole (ND)
effect could give a contribution to the laser-assisted cross
section, not by dressing the atom in a laser-target inter-
action, but through the fundamental laser-electron inter-
action in the incident and outgoing electron for a single
scattering event. Hence, the goal of this paper is to shed
some light on ND effects in laser-assisted scattering. This
will be done using the ND strong-field-approximation
Hamiltonian recently discussed in detail by Jensen, Lund
and Madsen [59] and we will focus on an analytical ap-
proach.

The paper is organised as follows. In section II, the
theory is described including ND effects in the con-
struction of the wave function of a spin-free nonrela-
tivistic free electron in the presence of the electromag-
netic field, and examining the features of this ND effect
in the laser-assisted scattering process within the first-
Born approximation. In section III, first a calculation
is presented for parameters from early experiments by
Weingartshofer and Holmes [4] in non-critical geometries
where the present ND calculations agree well with the
D calculations, as they should. Afterwards a significant
difference in the predicted cross section for the D and the
ND approaches at critical geometries, i.e., small ẑ·Q, will
be discussed in connection with a calculation using the
experimental geometries of reference [18], where an un-
expectedly large cross-section was measured. At last for
critical geometries, the features of the ND cross section
calculations will be discussed through comparison with
the D approach. Section IV concludes with a summary
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and an outlook.

II. THEORY

In this section, we first consider in section IIA the
asymptotic scattering wave functions describing spin-
free nonrelativistic electrons in a laser field including
nondipole effects. We follow the tradition in atomic and
molecular strong-field physics and refer to these wave
functions by the term Volkov wave function, even though
Volkov’s original work was dealing with relativistic solu-
tions to the Dirac equation [60]. The present inclusion of
ND effects is based on the ND strong-field-approximation
Hamiltonian [59]. In section II B, this wave function
is used to derive an analytical expression for ND laser-
assisted scattering.

A. Non-dipole strong-field-approximation Volkov
wave function

In a recent work [59], we analysed the Hamiltonian for
an atomic or molecular system including ND effects to
first order in 1/c, with c the speed of light. The analysis
showed that for linearly polarized light of low frequency
and high intensity (large vector potential amplitude), it
is accurate to consider the approximate ND strong-field-
approximation Hamiltonian for an electron in an electro-
magnetic field. In simple terms, in this approach, the
magnetic field effects are included along the dipole in-
duced motion. In the present case of laser-assisted scat-
tering it is most convenient to work in the velocity gauge
(VG), where the Hamiltonian without scattering poten-
tial reads [59] (Remember we work in atomic units with
ℏ = 1 and with electron mass and charge equal to unity
m = 1, |e| = 1)

HSFA
ND,VG =

(p+A′(r, t))2

2
. (3)

Here

A′(r, t) = A(0)(t) +A(M)(r, t) (4)

is the sum of the spatially independent D vector poten-
tial A(0)(t) and a correction due to the ND magnetic
field effect along the trajectories induced by the D term,
A(M)(r, t). Explicitly, we take

A(0)(t) = ẑA(0)(t) = ẑA0 sin(ωt) (5)

to describe a linearly polarized field with polarization
along the z axis. We take the propagation direction along
the x direction, i.e., the wave vector of the laser field
is kL = x̂ω/c, and in this case and for the A(0)(t) in
equation (5), it was shown in detail in reference [59] that
the ND correction term reads

A(M)(r, t) = x̂
1

2c
(A(0)(t))2. (6)

It was shown in equation (25) of reference [59], that
for the considered case of a linearly polarized field, the
time derivative of the nondipole correction A(M)(r, t)
can be expressed as −∂tA(M)(r, t) = ṙD × B′(t), with
ṙD = A(0)(t) the velocity induced by the dipole part of
the electric field, and B′(t) = ∇×A′(r, t) the spatially
independent B-field component obtained from the vector
potential in equation (4). Hence the time derivative of
A(M)(r, t) can be interpreted as the torque exerted on the
velocity induced by the dipole part of the electric field by
the magnetic field component B′(t). We substitute the
expressions of equations (5) and (6) into equation (3) and
obtain to first order in 1/c

HSFA
ND,VG(t) =

p2

2
+

(
A(0)(t)ẑ +

A(0)(t)2

2c
x̂

)
·p+A(0)(t)2

2
.

(7)
In the D approximation the term proportional to 1/c

is absent and equation (7) reduces to the VG expression
in the D approximation. When ND effects are consid-
ered, it has previously been pointed out that the term
proportional to A0(t)2/c may contain the most impor-
tant ND corrections [61–71]. One can prove by direct
substitution into the time-dependent Schrödinger equa-

tion (TDSE), i∂tψ
V,k
ND,VG(r, t) = HSFA

ND,VG(t)ψ
V,k
ND,VG(r, t),

that a solution to this TDSE reads

ψV,k
ND,VG(r, t) =

1

(2π)3/2
exp

[
i

(
k · r −

t∫
−∞

dt′

(
k2

2
+A(0)(t′)kz +

A(0)(t′)2kx
2c

+
A(0)(t′)2

2

))]
. (8)

Here the lower integration limit in the phase integral in
equation (8) can be chosen as any time before the begin-
ning of the laser pulse. For convenience, we denote this
time by −∞. The contribution to the constant kinetic
energy part of the phase from this lower limit will be a
constant factor for each chosen integration starting time
and will have no effect on physical observables. We evalu-
ate the phase integrals by assuming an adiabatic turn-on
of the vector potential at large negative times and obtain

ψV,k
ND,VG(r, t) =

1

(2π)3/2
exp

[
i

(
k · r

−
(
(
k2

2
+ U ′

p)t− α0kz cos(ωt)−
U ′
p

2ω
sin(2ωt)

))]
, (9)

where we have left out a constant phase factor associ-
ated with the contribution to the phase from the k2/2
term from the initial point of the time integration in the
phase integral in (8). For any choice of initial integration
time, such a constant phase will have no effect on phys-
ical observables. In equation (9), we have also defined a
modified ponderomotive potential

U ′
p =

(
1 +

kx
c

)
Up (10)
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with Up = A2
0/4 the ponderomotive potential in the D

approximation, i.e., the cycle-averaged kinetic energy of
the free electron in a D field. Moreover, we have intro-
duced the quiver radius, α0, which appeared in equation
(1). The shift of the ND-modified ponderomotive energy
in equation (10) depends on the electron momentum in
the propagation direction. We note that the expression
for U ′

p in equation (10) agrees to first order in 1/c with the
result in equation (21) of reference [57], which includes
nondipole effects in the nonrelativistic Volkov-type wave
functions based on reference [72], see also reference [73]
for a related approach.

The form of the time-dependent factors in equation
(9) is not suitable for an easy evaluation of the time
integrals involved in the S-matrix formalism of sec-
tion II B below. It is convenient to use the generat-
ing function of the Bessel function, Jn(x) of integer or-
der, eix sinϕ =

∑
n Jn(x)e

inϕ, eix cosϕ = eix sin(π/2−ϕ) =∑
n i

nJn(x)e
−inϕ and eix sin 2ϕ =

∑
n Jn(x)e

i2nϕ together
with the relation J−n(x) = (−1)nJn(x) and the expres-
sion for the generalised Bessel function [74]:

Jn(u, v) =

∞∑
q=−∞

Jn−2q(u)Jq(v), Jn(u, 0) = Jn(u),

(11)
to re-express the phase of equation (9) in terms of a sum
over Bessel functions and phase factors with a linear time
dependence. The result, after use of the above generating
functions and summation properties of the Bessel func-
tion including re-definitions of summation indexes (see
Appendix), reads

ψV,k
ND,VG(r, t) =

1

(2π)3/2
exp (ik · r)

×
∞∑

n=−∞
e−i(k2/2+U ′

p+nω)tinJn

(
α0kz,

U ′
p

2ω

)
. (12)

We will use this ND strong-field-approximation Volkov
wave function to derive an expression for the ND laser-
assisted scattering cross section in the next section.

B. Laser-assisted scattering

To make the discussion as simple as possible and to
be able to clearly identify the ND effects, we consider
LAES in the first-Born approximation. Using the ND
strong-field-approxmation Volkov wave function of equa-
tion (12), the S-matrix from an initial state i with mo-
mentum ki, scattered on the potential V to a final state
f with momentum kf can be calculated. One finds in
the first-Born approximation the following expression for
the S-matrix

(S − 1)Bfi = −i
∫ ∞

−∞
dt⟨ψV,kf

ND,VG(t)|V |ψV,ki

ND,VG(t)⟩. (13)

We introduce the Fourier transform of the scattering po-
tential, denoted by

Ṽ (Q) =
1

(2π)3

∫
dre−iQ·rV (r). (14)

Furthermore by summation relations Jn(u ± u′, v ±
v′) =

∑∞
k=−∞ Jn∓k(u, v) Jk(u

′, v′) and the relations
Jn(−u, v) = (−1)nJn(u, v), Jn(u,−v) = (−1)nJ−n(u, v),
which are discussed in detail in reference [74], the ND
strong-field-approximation expression for the S-matrix
can be evaluated. The result can be expressed in terms
of a sum of transition matrix elements TB

fi(l) for the scat-
tering process as

(S − 1)Bfi = −2πi
∑
l

TB
fi(l), (15)

with

TB
fi(l) = ilJ−l

(
α0ẑ ·Q, Up

2ωc
x̂ ·Q

)
Ṽ (Q). (16)

The influence of the laser on the scattering process is in-
cluded in the generalized Bessel function in equation (16),
which is multiplied on the ordinary field-free first-Born
T -matrix, given by equation (14). Technically, the ND
effects result in maintaining the generalised Bessel func-
tion, which is not reduced to an ordinary Bessel function
as in the D case by the second relation in equation (11).
Note that the sign of the integer index of the generalised
Bessel function can be changed by appropriate adjust-
ment of an overall sign and signs of the arguments of the
generalised Bessel function (see appendix B in reference
[74]).
In equation (15), an energy conserving delta function is

implied. This energy conservation comes from the time
integration in equation (13). The energy conservation
reads

k2
f

2
+

x̂ · kf

c
Up =

k2
i

2
+

x̂ · ki

c
Up + lω. (17)

Here l is the number of photons exchanged with the ex-
ternal field. As is clear from this equation l > 0 de-
scribes photon absorption and l < 0 describes photon
emission. An additional effect of the ND term included
in the ND strong-field-approximation Volkov state is the
energy contribution associated with the propagation di-
rection x̂ of the field. Physically, this gives rise to the
fact that the scattered electron will not only be able to
gain photon energy from absorption or emission, but also
through a change in the direction of the scattered parti-
cle relative to the propagation direction. The differential
cross section for ND LAES in the first-Born approxima-
tion is linked to the field-free differential cross section as
expressed by the following equation

dσB,ND(l)

dΩ
(kf (l),ki) =

kf (l)

ki

×J2
−l

(
α0ẑ ·Q, Up

2ωc
x̂ ·Q

)
dσB

dΩ
(kf (l),ki) . (18)
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When comparing to the D first-Born expression of equa-
tion (2), one sees that the ND effect is captured by the
second argument in the generalised Bessel function in
equation (18). Due to the behaviour of the generalised
Bessel functions, the ND effect is predicted to give a max-
imal contribution to the differential cross section exactly
in critical geometries, where the momentum transfer, Q,
and the propagation of the light, x̂, are aligned, as well
as for low photon frequencies, ω, just where experiments
find unexpected results [16–19, 36]. In order to quantify
the ND effects accounted for in LAES by the ND strong-
field-approximation Volkov wave function, a selection of
illustrative results will be presented in section III.

Before we turn to these results we find it useful to
comment briefly on the nature of the arguments of the
generalised Bessel function in equation (18). The first ar-
gument is proportional to α0, which describes the max-
imal classical excursion in the quiver motion along the
polarization direction. Regarding the second argument,
which captures the ND effects, we note that integration
of equation (6) gives the classical motion in the propa-
gation direction associated with the radiation pressure,

x =
Up

c t−
Up

2ωc sin(2ωt). Hence the factor
Up

2ωc of the sec-
ond argument is the amplitude of the oscillating part of
the classical motion of a free electron in the propaga-
tion direction. In all of the simulations below, we have
Up

2ωc ≪ α0, which could lead one to suspect that ND ef-
fects are unimportant. The point we want to stress again
is that the relative importance of the ND effect is sensi-
tive to scattering geometry, explicitly to the projection
of the momentum transfer on the polarization and prop-

agation directions. Therefore, even though
Up

2ωc ≪ α0,

scattering can occur in regimes with
Up

2ωc x̂ ·Q ≃ α0ẑ ·Q
or even

Up

2ωc x̂ · Q ≫ α0ẑ · Q making the ND effects in
LAES of major importance.

Finally it is useful to note that the ND scattering cross
section, like the dipole scattering cross section, satisfies
a relation, which can be interpreted as a result of conser-
vation of total differential scattering cross section when
summed over all photon exchange channels. Namely,
if we assume that the photon energy is so small that
the dependence on l in kf (l) can be ignored in equa-
tion (18) and therefore replace kf (l) by an l-independent

kf , we are led to the relation
∑

l
dσB,ND(l)

dΩ (kf (l),ki) =
kf

ki

dσB

dΩ (kf ,ki)
∑

l J
2
−l(α0ẑ · Q, Up

2ωc x̂ · Q). Here the last
sum over the square of the generalized Bessel func-
tions result in unity as can be seen by using the addi-
tion formula for the generalized Bessel functions men-
tioned after equation (14). Explicitly, we therefore have∑

l
dσB,ND(l)

dΩ (kf (l),ki) =
kf

ki

dσB

dΩ (kf ,ki), which shows
that the nondipole modification does not lead to any
overall increase in the cross section, but is able to redis-
tribute the populations between the individual photon-
exchange channels.

III. RESULTS

For all calculations on the cross section, the formula for
calculating the D results is simply equation (2). When
calculating the ND result of equation (18), one must con-
sider the infinite sum in equation (11), which has been
evaluated beyond the point at which the Bessel functions
terminate. The ND effect is highlighted in the figures by
showing the relative laser-assisted signal, i.e., the ratio
between the laser-assisted differential cross section for
an exchange of l photons and the field-free cross section.
These l− and geometry-dependent ratios in the ND and
D cases are

RND
l =

kf (l)

ki
J2
−l

(
α0ẑ ·Q, Up

2ωc
x̂ ·Q

)
, (19)

and

RD
l =

kf (l)

ki
J2
−l (α0ẑ ·Q) . (20)

In early experiments [4, 11–15] using CO2 lasers with
λ = 10.6µm at noncritical geometries, the experimental
results are well described by the KW theory. For these
reasons, and the fact that the Weingartshofer experiment
[4] was done with backscattered electrons, with large |Q|,
it is interesting to see whether theQ-dependent ND-term
in equation (19) will give results which coincide with the
D prediction in regions where the latter is known to be
accurate. The results from calculations using both ap-
proaches of equation (19) and equation (20) are shown
in figure 1 and the parameters of the calculation are de-
scribed in the caption. This experiment is made with
the laser polarization ẑ parallel to the scattered electron
momentum kf . Thereby the angle between Q and ẑ is
in the range of 12 − 14 degrees, which is a non-critical
geometry. The generalised Bessel functions behave as
expected, because of the fact, that the arguments of the
generalised Bessel function in equation (19) at non criti-

cal values fulfil |α0ẑ ·Q| ≫
∣∣∣ Up

2ωc x̂ ·Q
∣∣∣, and the dominant

term will therefore be the q = 0 term of the first relation
in equation (11) as seen from the properties of the Bessel
function. The ND results coincides perfectly with the D
calculations as seen in the figure 1 at two representative
kinetic energies of the incoming electrons.
In critical geometries, however, the second argument

of the generalised Bessel function in equation (19) will
dominate, and an interesting feature occurs. At the exact
critical 90 degree angle between Q and ẑ the possibility
of exchange of an odd number of photons vanish. Con-
sidering the generalized Bessel functions from the series
in equation (11), then exactly at critical geometries one
finds

J−l

(
0,
Up

2ωc
x̂ ·Q

)
=

{
J−l/2(

Up

2ωc x̂ ·Q), l even

0, l odd

(21)
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FIG. 1. Relative laser-assisted signal for dipole (D) calcu-
lations with equation (20) and nondipole (ND) calculations
with equation (19). The geometry is as in the scattering ex-
periment by Weingartshofer et al. [4] at a scattering angle of
153 degrees and a kinetic energy of the incident electron of 11
eV. For comparison a calculation with higher kinetic energy
of 400 eV is also shown. The signal is given as a function
of the number of exchanged photons, l [equation (17)]. The
laser parameters correspond to a CO2 laser (ω = 0.00430 a.u.)
at an intensity of 106Wcm−2 [one atomic unit of intensity is
3.51× 1016 Wcm−2] and with the scattered electron momen-
tum kf being parallel to the linear laser polarization.

This relation results in a suppression of the odd pho-
ton exchanges close to and at exact critical geometry. To
demonstrate this and to test the signal dependence of the
scattering angle at critical geometry, we consider an ex-
periment by Wallbank and Holmes reported in reference
[18]. By keeping the direction of the electric field po-
larization along the angle bisecting the scattering angle
in half, i.e., along the half scattering angle, it is guaran-
teed to always have ẑ perpendicular to the electron mo-
mentum transfer Q for the zero-photon exchange chan-
nel. When considering the one- and two-photon exchange
channels, the angle between ẑ and Q will be slightly
different from 90 degrees, leading to a small but non-
vanishing value for ẑ · Q. When varying the scattering
angle, the magnitude of Q changes, and the ND-method
will thereby have a maximal contribution at large |Q|.
Varying the scattering angle for one- and two -photon ab-
sorption, the relative laser-assisted signals with the con-
sidered parameters are collected in figure 2.

As seen in figure 2, the generalised Bessel function at
l = 1 converges to what is found within the D approx-
imation. This is due to the fact that at single-photon
exchange, the energy contribution of the photon, as well
as the additional ND contribution of equation (17) is very
small compared to the energy of the electron, both at in-
cident electron energies of 8.2 eV and 400 eV. Therefore,
the geometry is close to the zero-photon exchange geom-
etry, in which the experiment was designed to have van-
ishing ẑ ·Q. For odd l, equation (21) predicts a vanishing
signal in this region, just as in the D case. For higher l,
however, the ND effects clearly shows. In the particu-
lar geometry of the Wallbank and Holmes experiment of
reference [18], the ND effects will give a significant con-

FIG. 2. Relative laser-assisted signal for dipole (D) calcula-
tions with equation (20) and nondipole (ND) calculations with
equation (19) for different scattering angles in the critical ge-
ometries of reference [18], where the electric field polarization
is kept at the half-angle to the scattering angle in order to
have the laser polarization direction ẑ perpendicular to the
electron momentum transfer vector Q for the zero-photon ex-
change channel. The kinetic energy of the electrons is (a) 8.2
eV and (b) 400 eV. The relative laser-assisted signals are cal-
culated within the dipole (D) approximation using equation
(20) and the nondipole (ND) approach using equation (19).
A CO2 laser (ω = 0.00430 a.u.) is used with an intensity of
108 Wcm−2. The legends specify D or ND and the number
of exchanged photons l [equation (17)].

tribution at higher photon exchanges, especially for even
l, where we in figure 2 examine the particular case of
l = 2. Here the ND effects will be maximal at large scat-
tering angles, due to the increase in the magnitude of |Q|
and the direction of Q approaching the laser propagation
direction x̂ as the scattering angle increases. The ND ef-
fects exceed the D-contribution by orders of magnitudes,
over a wide range of scattering angles, and therefore for a
wide range of Q. The effect is so significant, that at large
scattering angles, the analysis suggests an enhancement
of the even-l multiphoton processes to a level which is
comparable with the D contribution of the lower-order
odd-l processes. This effect is supported by the calcula-
tion at an impact energy of 400 eV, where the first-Born
approximation is more accurate, and where the increased
value of |Q| only enhances the ND effect.

Even though the ND contributions at odd l vanish at
exactly ẑ ⊥ Q, we still observe a significant ND contri-
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FIG. 3. Relative laser-assisted signal obtained in the dipole
(D) and nondipole (ND) approaches using equation (20) and
equation (19), respectively. Examination of a geometry sim-
ilar to that of figure 2 but with a 1 degree shift of the laser
position such that a near-critical angle of close to 89 degrees
is kept between Q and ẑ. The intensity is (a) 108 Wcm−2

similar to the parameters of figure 2, for (b) the intenisty is
increased to 1010 Wcm−2. The figure compares the emission
of photons l < 0 and absorption of photons l > 0 for two
different kinetic energies of the incoming electrons and at a
scattering angle of 170 degrees.

bution at angles close to the critical angle. In this critical
geometry, this is already significant at l = 3 where the
energy-contribution from the photons will be enough to
have a non-vanishing ẑ · Q at a larger region, thus let-
ting the ND contribution significantly increase the signal
at a wide region of scattering angles before it converges
to zero at exactly ẑ ⊥ Q. This is found when consid-
ering the experiments at critical geometry [16–19, 36],
where a cross section, which is several orders of mag-
nitude greater than expected by the KW theory, is ob-
served. The present approach is the first that demon-
strates a solely ND laser-electron effect, which indicates
the significance of ND contributions in LAES.

A significant feature of the present ND approach is a
lack of symmetry in the differential cross section around
the propagation direction. This originates from the con-
tribution in the propagation direction x̂ present in the
ND and absent in the D case. This contribution causes,
by changing the laser propagation direction, that the ND
contribution may change from enhancing multiphoton
absorption and suppressing multiphoton emission to the
opposite. To demonstrate this feature of the ND effect, a
calculation has been made using a similar geometry as for

figure 2. However to make sure we do not enter the ex-
act critical angle where the features of equation (21) will
dominate, we slightly shift the laser propagation from the
half of the scattering angle, with a single degree. In figure
3, we examine an incident electron energy of 100 eV and
400 eV, where the Born approximation is expected to be
reasonably accurate. Furthermore, we fix the scattering
angle to 170 degrees where figure 2 suggested ND effects.
Due to the shift of laser propagation direction by a sin-
gle degree and the relatively low photon energy transfer,
compared with the energy of the incident electron, the
angle between Q and ẑ will for this calculation vary in
the range of 89±0.06 degrees. Thus the calculation is not
as close to criticality as for figure 2. A calculation at an
intensity of 108 Wcm−2 like the one used in figure 2 has
been made, to compare with the ND effects appearing,
when raising the intensity to 1010 Wcm−2. As seen in
figure 3 the 1 degree shift from criticality dampens the
ND effects for the parameters of figure 2. However, when
raising the intensity and allowing for higher-order multi-
photon exchange, the ND effects become significant. The
results clearly demonstrate that, while the multiphoton
absorption is greatly enhanced by orders of magnitude,
the multiphoton emission is similarly reduced compared
to the results of the D calculation. These changes are
more significant and consistent at large photon-exchange.
At the plateau of few-photon exchange processes, the ND
and D results are in most cases within the same order of
magnitude. The results further indicate that a shift in
the momentum distribution can be expected as a result
of this enhancement and reduction of the multiphoton
processes at each side of the plateau of figure 3. Fur-
thermore, we see that even though this calculation only
differs from the critical angle by 1 degree, we observe no
significant suppression of the odd l photon processes.
In closing this section, we note that the recent exper-

iments by deHarak et al. [48, 49] were performed in a
geometry with the laser propagation direction perpen-
dicular to the electron momentum transfer, Q ⊥ x̂. In
this geometry there are no ND effects, see equations (19)
- (20), and they reported results in agreement with the D
KW theory. Our method thereby implies a significant ND
effect at the critical geometries of Wallbank and Holmes
[18], and no ND effect at the critical geometries of de-
Harak et al. [48, 49], as the experimental data suggest.

IV. SUMMARY AND OUTLOOK

In this work, we have explored ND effects as included
in the ND strong-field-approximation Hamiltonian and
their impact on the laser-assisted electron scattering
cross section. The approach allowed for an analytical
solution of the Volkov wave function describing a free
electron in the laser field including ND effects. This ND
Volkov wave function was used to derive an analytical
expression for the laser-assisted scattering cross section
in the first-Born approximation. The result is, as is of-
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ten the case in laser-assisted theories [7], on a factorised
form involving a field-free quantity (the cross section),
and a field-dependent factor describing the dressing of
the electron by the laser, in this case a generalised Bessel
function. The D approximation for laser-assisted scat-
tering gives a regular Bessel function which depends on
the number of photons exchanged with the field l, the
quiver radius, the momentum transfer vector as well as
the angle between them. The ND approach, on the other
hand, gives a generalised Bessel function. This gener-
alised Bessel function is again of order l for an l-photon-
exchange process, and its first argument is equal to the
argument of the Bessel function of the D approach. The
second argument, however, contains a contribution along
the propagation vector similar to a radiation pressure
effect. This ND effect is largest when the electron mo-
mentum transfer vector is aligned with the propagation
direction, when the frequency is low, the field is intense,
and the momentum transfer large. Through calculations
we showed how the ND effect typically gives a vanishing
contribution when the scattering occurs in noncritical ge-
ometries away from an angle of close to 90 degrees be-
tween the linear polarisation vector and the momentum
transfer vector. This is as required since in such cases
the D approach already explained experimental data sat-
isfactorily. Close to the critical scattering geometry with
an angle between the polarisation and the momentum
transfer vector close to 90 degrees, however, the ND con-
tribution becomes very important and may change the
cross section my several orders of magnitude. The calcu-
lations suggest that with intense modern lasers, we can
enter a regime where ND effects could give a significant
contribution for especially multiphoton processes around
an angle of close to 90 degrees between the linear polar-
isation vector and the momentum transfer vector.
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APPENDIX

In this Appendix we provide some details regarding
the derivation of equation (12) from equation (9). We

focus on the rewriting of the exponential factors with the
sinusoidal dependence. To proceed from these factors
in equation (9), we introduce the shorthand notations

eiα0kz cos(ωt) = eiu cos(ϕ) and ei
U′
p

2ω sin(2ωt) = eiv sin(2ϕ) and
we evaluate the product eiu cos(ϕ)eiv sin(2ϕ).

For the eiu cos(ϕ) factor we use the Jacobi-Anger ex-
pansion eix cos(ϕ) =

∑
p i

pJp(u)e
ipϕ. It turns out to be

convenient (but not necessary) to use that cos(ϕ) is an
even function, so we will use eix cos(ϕ) =

∑
p i

pJp(u)e
−ipϕ

in the calculation. For the eiv sin(2ϕ) factor we use the
generating function for the Bessel function eiv sin(2ϕ) =∑

q Jq(v)e
i2qϕ

We thus derive:

eiu cos(ϕ)eiv sin(2ϕ) =
∑
p

ipJp(u(v)e
−ipϕ

∑
q

Jq(v)e
i2qϕ

(22)

=
∑
p,q

ipJp(u)Jq(v)e
i(2q−p)ϕ (23)

=
∑
n,q

in+2qJn+2q(u)Jq(v)e
−inϕ (24)

=
∑
n,q

inJn+2q(u)(−1)qJq(v)e
−inϕ

(25)

=
∑
n,q

inJn+2q(u)J−q(v)e
−inϕ (26)

=
∑
n,q

inJn−2q(u)Jq(v)e
−inϕ (27)

=
∑
n

ine−inϕ
∑
q

Jn−2q(u)Jq(v) (28)

=
∑
n

ine−inϕJn(u, v) (29)

Here we have defined n = p− 2q in going from equation
(23) to (24). In going from equation (25) to (26) we
have used that (−1)qJq(v) = J−q(v). In the step from
equation (26) to equation (27), we have redefined the
summation index q by q → −q. In the step from equation
(28) to (29), we have used equation (11) of the main text.

We readily see that substituting the result from equa-
tion (29) into equation (9) for the appropriate factor,
leads to the expression for the wave function in equation
(12).
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