E SSAYS ON H IGH -F REQUENCY AND F INANCIAL
D ATA A NALYSIS
By Francesco Benvenuti
A PhD thesis submitted to
School of Business and Social Sciences, Aarhus University,
in partial fulfilment of the requirements of
the PhD degree in
Economics and Business Economics
August 2021

CREATES

Center for Research in Econometric Analysis of Time Series

P REFACE

"Our battered suitcases were piled on the sidewalk again;
We had longer ways to go.
But no matter, the road is life."
Jack Kerouac
This thesis was written during my PhD studies at the Department of Economics
and Business Economics at Aarhus University from September 2018 to August 2021. I
am extremely grateful to the department for the opportunity to work in a challenging
and stimulating research environment, and for the financial support received. The
same goes for the support from the Center for Research in Econometric Analysis of
Time Series (CREATES).
I matured a lot during these three years, both personally and as a researcher.
First and foremost, I am extremely grateful to my main supervisor Kim Christensen and to my co-supervisor Bezirgen Veliyev. They have followed closely my
development process, and they have provided me with fantastic support and essential insights to write these chapters. Also, "mange tak" to both of you for giving me
many suggestions on my PhD activities and future career, and being always available
to talk to me. You both have been wonderful supervisors, inspiring me a lot, and I
wish that our collaboration will not end here.
Thanks to my co-authors in Ca’ Foscari (University of Venice) Monica Billio,
Michele Costola and Marco LiCalzi, for our collaboration on the last chapter of this
thesis. It has been really valuable to be able to work with you on this project, delving
into different literature than the high-frequency one. I also wish to thank Monica for
her unwavering guidance on many occasions.
During my period in Aarhus, I had the opportunity to participate in different
academic activities abroad. In this regard, I wish to thank Anders Bredahl Kock, who
made my (virtual) visit possible at the University of Oxford. We had many interesting
conversations on my projects, and I benefited from his comments and smart questions during our online presentations. Also, thanks to Yacine Ait-Sahalia for having
been available to host me at Princeton University, which did not happen because of
the unfortunate pandemic situation. Then, thanks to Roberto Renò for including me
in different research initiatives in Verona (held online) during the same period.
i

ii

I would like to extend my sincere thanks to Solveig Nygaard Sørensen, for the
detailed proofreading of these chapters; and for taking care of all the practical aspects
related to my PhD together with Helena Skyt Nielsen, Susanne Christensen, Christel
Mortensen and Betina Sørensen. I would like to acknowledge Niels Haldrup who has
been the head of the department during my PhD programme.
I also wish to thank all colleagues at the department, who are always available
for a short talk, or even for taking a coffee together. I will mention my friends and
office-mates Salman (I will miss our tea times) and Jingying for our interesting talks
about many topics. Also, thanks to Luca, Pierluigi, Anine, Frederik, Mathias, Sebastian,
Mads, Ilya and Leyla for our lunches, academic discussions and time together. We
will keep in touch in the future.
Special thanks to my "kæreste" Ida, who has supported me in the last period of my
PhD, and to her family who introduced me to many Danish traditions. Last but not
least, I am very thankful to my family. I cannot avoid mentioning my father Stefano
and my grandmother Teresa, my cousin Elisabetta, and my family here in Denmark
who hosted me different times in København: Marco, Trine, Lone and Giovanni. Many
thanks also to my friends and people who have been close to me, especially Antonio,
Roberto, Giorgio, Camilla, Roald, Marco, Carina and Riccardo for their support and
shared moments during these years.

Francesco Benvenuti
Aarhus, August 2021

U PDATED PREFACE

The pre-defence was held on October 25, 2021, online. I am very grateful to the
members of the assessment committee, professors Mikkel Bennedsen, Mark Podolskij
and Mathieu Rosenbaum, for their interest in my work and their detailed comments
and suggestions. The present version of the dissertation addresses some of them,
while others are left for future research.

Francesco Benvenuti
Verona, December 2021

iii

C ONTENTS

Summary

vii

Danish summary

xi

1

.
.
.
.
.
.
.
.

1
2
3
5
11
17
23
25
28

Functionals of spot volatility: Does a two-sided kernel estimation improve the performance?
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.3 Functionals of spot volatility: Two-sided kernel estimator . . . . . .
2.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.5 Empirical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

43
44
45
47
52
61
64
66
68

Asymmetric information in loan contracts: New evidence
from Italian big data
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . .
3.2 Literature review . . . . . . . . . . . . . . . . . . . . . .
3.3 The model . . . . . . . . . . . . . . . . . . . . . . . . .
3.4 Unsupervised analysis . . . . . . . . . . . . . . . . . .
3.5 Supervised analysis . . . . . . . . . . . . . . . . . . . .
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . .

75
76
78
80
86
92
96

2

3

Realized principal component analysis of noisy high-frequency data
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 The realized principal component analysis . . . . . . . . . . . . .
1.3 A noise-robust version of the RPCA . . . . . . . . . . . . . . . . . .
1.4 Monte Carlo assessment . . . . . . . . . . . . . . . . . . . . . . . .
1.5 Empirical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

v

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

vi

C ONTENTS

3.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

98
101

S UMMARY

This thesis consists of three independent chapters, whose common theme is the
quantitative analysis of financial data through econometric tools. Indeed, each chapter contains new quantitative models, estimators or empirical findings which aim to
improve the understanding of financial data: therein we provide both theoretical and
empirical results applied to different problems regarding financial observations.
A common feature of the three chapters is the big data dimension, namely a high
number of observations compared to traditional time-series settings, which requires
proper tools and assumptions to be analyzed. This results from different settings:
while the first two chapters concentrate on the econometrics of high-frequency data,
which is needed in practice to study stock prices collected at a very high sampling
frequency, the last one aims to address an interesting open question on loans, analyzing big data. Therefore, the latter chapter deals with a different type of financial
observations compared to the first two: we analyze a big panel of loan data. As a consequence, the large amount of observations here is not determined by their frequency,
but rather by the uniqueness of the database considered. On the other hand, the first
two chapters concentrate on the estimation of quantities related to a semimartingale
process, where is the number of observations that tends to infinity on a short time
horizon.
Another common feature of the chapters is the central role of the data variation
in the analysis. In the first two, it is the spot volatility the main object employed to
study the data structure, while the last chapter exploits the correlation matrix for the
principal component analysis. All chapters contain an empirical application to real
financial data, while the different topics motivate the diverse theory sections present
in each chapter. The last one contains a game-theoretical model, while the first two
chapters deal with the construction of econometric estimators in the in-fill setting.
The first chapter is the result of a joint work with Professor Kim Christensen and
Associate Professor Bezirgen Veliyev. There we focus on the Realized Principal Component Analysis (RPCA), namely the high-frequency extension of the classic Principal
Component Analysis (PCA), and we include an important feature of high-frequency
data which is not considered in the original RPCA: the market microstructure noise
contamination of price observations. This feature is a well-established empirical
fact, since in practice prices deviate from the theoretical set-up of a semimartingale
vii
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process due to market imperfections.
Even though this problem can be alleviated empirically using a subsampling
scheme to reduce the impact of the noise, a robust realized PCA theory has both
theoretical and practical advantages. In fact, sparse sampling throws observations
away and results in a loss of information. The amount of discarded prices is relevant
for liquid assets, given the large amount of tick-by-tick data available in the highfrequency applications. Additionally, we show in our simulation study that estimators
built through sparse sampling deteriorate when the noise intensity increases. The
technique that we employ to propose a consistent, noise-robust estimator of the
spot covariance is the pre-averaging method. This introduces dependence on return
series, therefore our estimator presents a rescaling and a bias correction.
The covariance matrix is the first ingredient to extract the eigenvalues and eigenvectors used for the RPCA construction. Indeed, we estimate the realized eigenvalues
as a Riemann sum of the eigenvalues of our time-varying spot covariance estimator.
We prove a central limit theorem for the realized eigenvalue estimator; the latter is
consistent and presents an asymptotic second-order bias. Additionally, we derive
the consistency of two other estimators essential to complete the realized principal
component analysis: the realized eigenvectors and realized principal components.
Our robust estimators allow us to take full advantage of the substantial number
of observations typical of the high-frequency setting, compared for example to other
traditional time series in economics, avoiding structural problems, since even a short
time horizon contains enough information to extract the principal components. We
assess our theory in the simulation study and empirical analysis. Here we show how
our estimators are able to detect the underlying factor structure of prices, and that
they are robust to changes in the variance of the noise.
The second chapter merges the literature on the estimation of functionals of
volatility, which the realized eigenvalue constitutes a special case of, with the recent
findings on the optimal two-sided kernel estimator of the spot volatility.
In particular, we study the general problem of estimating an integral, over a
bounded time interval, of a functional of the volatility process. Unlike past literature,
which considers the uniform kernel estimator of spot volatility as the local argument
to estimate such integrated functional, we investigate if the optimal kernel in this
context is rather the exponential function, whose support is unbounded. The latter
minimizes the MSE for spot estimates, hence we want to investigate its performance
in the computation of functionals of volatility as well.
In the theoretical part, we propose a consistent estimator of the volatility functional based on the exponential kernel, and we discuss its rate of convergence. In the
simulation study, we show that in a high-frequency setting the advantage of using an
exponential kernel function is preserved for integrated functionals. In this context,
we also study different aspects of the kernel estimator with unbounded support: the
stochastic boundedness of its estimation error and its numerical properties. In the
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end of the chapter, we apply the different estimators to real high-frequency data. This
provides an assessment of the previous results for real TAQ data which is missed in
the literature. We show that the exponential kernel estimator captures some intraday
features of the spot variance and that it can be employed when data are noisy and
sparse sampling is needed.
The third chapter, a joint work with Professor Monica Billio, Assistant Professor
Michele Costola and Professor Marco LiCalzi, moves from some specific the European
DataWarehouse (ED) database, which contains micro-data for a huge amount of loans
associated with a residential mortgage-backed security. The main question studied
in this work is whether more collateral increases or decreases interest rates of loan
contracts, a topic that has received a great deal of attention in past literature, which
albeit has not been able to sort out the problem.
We claim that the answer to this open question depends on the degree of asymmetric information affecting loan contracts so that more collateral is not always
associated with a lower interest rate. To show this, we provide a game-theoretical
model in support of our empirical findings. Our model is based on the principalagent theory. In our framework, we prove that interest rates are positively linked
with more collateral under moral hazard, while this relation is negative under perfect
information and adverse selection. Intuitively speaking, collateral can be a tool for
banks to mitigate information asymmetries.
In fact, the cluster analysis we perform on our data does not support a negative
link between interest rates and collateral. The same holds for our supervised analysis
which prices the interest rate with different numerical and the categorical variables:
it is unclear how the amount of collateral affects the determination of interest rates.
As a byproduct, in this chapter we also analyze some other features of loans. Our
data suggests that a higher borrower’s income is associated with more collateral and
shorter loans, while borrowers who borrow higher amounts have a better income and
give more collateral. These findings provide a better understanding of the interplay
between the different variables relevant for the pricing of interest rates.

D ANISH SUMMARY

Denne afhandling består af tre uafhængige kapitler, hvis fælles tema er den kvantitative analyse af finansielle data. De første to kapitler koncentrerer sig om økonometri i
højfrekvente data, der repræsenterer aktiekurser, der er indsamlet over små tidsintervaller, mens det sidste behandler et åbent spørgsmål om lånedata.
Det første kapitel er fælles arbejde med professor Kim Christensen og lektor
Bezirgen Veliyev. Vi foretager en realized principal component analysis (RPCA), højfrekvensudvidelsen af den klassiske principal component analysis (PCA), hvor vi udvider
den eksisterende litteratur ved at medtage de fejl i prisobservationerne, der er forårsaget af markedets mikrostruktur: i praksis afviger priserne fra den teoretiske opstilling
af en semimartingal process. Vi udvikler en robust RPCA-teori, der både har teoretiske
og praktiske fordele i dette setup. Vi anvender en såkaldt pre-averaging teknik, hvor
man beregner gennemsnit af de faktiske priser for at reducere støjen. Vi foreslår herefter en konsistent støjrobust estimator af den lokale kovariansmatrice, som er første
ingrediens til at estimere de bagvedliggende egenværdier og -vektorer, der bruges i
RPCA-konstruktionen. Vi beviser en central grænseværdisætning for den realiserede
egenværdiestimator. Sidstnævnte er konsistent, men den udviser en asymptotisk andenordensbias, som vi udvikler en korrektion til. Derudover udleder vi konsistensen
af to andre estimatorer, der er afgørende for at fuldføre RPCA: de realiserede egenvektorer og principale komponenter. Et simulationsstudie viser, at vores estimator
fungerer godt i et kunstigt, mens realistisk, finansielt marked, mens den empiriske
analyse demonstrerer anvendelsen af vores teori på faktiske højfrekvens data. Her
viser vi, at vores estimatorer er i stand til at opdage en underliggende faktorstruktur i
priserne.
Det andet kapitel fusionerer litteraturen om estimering af funktionaler af volatilitet, som den realiserede egenværdi er et specialtilfælde af, med den seneste
forskning omkring optimale tosidet kernelestimatorer af spotvolatiliteten. Vi studerer
det generelle problem med at estimere et integrale, over en begrænset tidsinterval,
af en funktional af volatilitetsprocessen. I modsætning til tidligere litteratur, der betragter uniforme kernelestimator af spotvolatilitet, undersøger vi en mere optimal
kernel, i denne sammenhæng eksponentialfunktionen, hvis støtte er ubegrænset.
Sidstnævnte minimerer MSE for spotestimater, og derfor undersøger vi dens anvendelse i beregningen af funktionaler af volatilitet. I den teoretiske del foreslår vi en
xi
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konsistent estimator af volatilitetsfunktionen baseret på den eksponentielle kernel,
og vi udleder dens konvergensrate. I simuleringsdelen analyserer vi fordelen ved
at bruge en eksponentiel kernelfunktion til at estimere integrerede funktioner af
volatiliteten i et højfrekvent setup. I denne sammenhæng studerer vi også forskellige aspekter af kernelestimatorer med ubegrænset støtte, nemlig den stokastiske
begrænsning af estimeringsfejlen og dens numeriske egenskaber. I slutningen af
kapitlet anvender vi de forskellige estimatorer på reelle højfrekvensdata. Vi finder, at
den eksponentielle kernelestimator fanger intradag-udsving i spotvariansen, og at
det derfor er anbefalelsesværdigt at bruge den til estimering af daglige integrerede
funktioner af denne.
Det tredje kapitel er fælles arbejde med professor Monica Billio, adjunkt Michele Costola og professor Marco LiCalzi. Her beskæftiger vi os med en anden type af
finansielle observationer end de foregående kapitler. Vi analyserer et stort panel af
lånedata, som er udtrukket fra European DataWarehouse (ED) databasen, der indeholder mikrodata til en enorm mængde lån forbundet med pant i fast ejendom.
Hovedspørgsmålet studeret i dette arbejde er, om flere sikkerhedsstillelser øger eller
sænker renten på lånekontrakterne. Dette emne har modtaget stor opmærksomhed i den tidligere litteratur, der dog ikke er nået frem til en entydig konklusion på
problemet. Vi hævder, at svaret på dette spørgsmål afhænger af graden af asymmetrisk information i lånekontrakten, så mere sikkerhed ikke altid er forbundet med
en lavere rente. For at vise dette udvikler vi en spilteoretisk model, der er baseret
på principal-agent-teori. I vores rammer beviser vi, at renten er positivt relateret
til mere sikkerhed under moralsk hazard, mens relationen er negativ under perfekt
information og ugunstig udvælgelse. Intuitivt kan sikkerhed bruges af bankerne til at
afbøde graden af informationsasymmetri. Vi udfører en klyngeanalyse på vores data,
der understøtter en ikke-negativ forbindelse mellem renter og sikkerhedsstillelse.
Dette gælder endvidere for vores overvågede analyse, som analyserer rentesatserne
med forskellige numeriske og kategoriske variabler. Det er uklart, hvordan mængden
af sikkerhed påvirker dannelsen af renterne. Som et biprodukt analyserer vi også
nogle andre funktioner i lån. Vores data tyder på at højere låntagerindkomst er forbundet med flere sikkerheder og kortere lån, mens låntager, der låner højere beløb,
har bedre indkomst og yder mere sikkerhed. Disse observationer giver en forståelse
af samspillet mellem variabler, der er relevante for prissætningen af renter.

CHAPTER

R EALIZED PRINCIPAL COMPONENT ANALYSIS OF
NOISY HIGH - FREQUENCY DATA

Francesco Benvenuti
Aarhus University and CREATES
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Bezirgen Veliyev
Aarhus University and CREATES

Abstract
We propose a pre-averaging version of the realized principal component analysis
(RPCA) estimator. The RPCA, suggested in Aït-Sahalia and Xiu (2019), is the extension of classical principal component analysis to high-frequency data. In practice,
tick-by-tick data on asset prices are contaminated by measurement error due to
microstructural noise. We suggest a consistent noise-robust estimator of the spot
covariance matrix employing a pre-averaging technique. Then, building on recent
theory about volatility functional estimation developed in Jacod and Rosenbaum
(2013), we derive the realized eigenvalue, eigenvector and principal component estimators for the noisy setting. We inspect the accuracy of the new estimator with
simulation results, while an empirical application shows how it works in practice.
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1.1 Introduction
In the last decades, the so-called dimensionality reduction techniques have been
applied to problems in finance and economics, where the analysis of vast data is often
required, such as in portfolio choice (see e.g., Connor and Korajczyk (2010), Bai and
Shi (2011) or Fan, Lv, and Qi (2011)). Meanwhile, the availability of very high frequent
financial data, i.e. prices collected over small time intervals, has further increased the
amount of information available. Hence, extending the classical tools for the analysis
of low-frequency data sets to the high-frequency setting has been a priority in recent
literature (see, among others, Aït-Sahalia and Xiu (2017), Bollerslev, Meddahi, and
Nyawa (2019), Pelger (2019) on high-frequency factor models).
In this work, we analyze a development in this direction, namely the realized
principal component analysis (RPCA) of Aït-Sahalia and Xiu (2019), which is the
extension of principal component analysis (PCA) to the high-frequency framework.
The motivation of the PCA, and also the RPCA, is to reduce the number of variables,
while retaining the maximal amount of information available in the original data, as
measured through their variation (e.g. Jolliffe, 2002). In contrast to the low-frequency
setting, however, employing high-frequency data allows to surpass some drawbacks
of PCA, e.g. the curse of dimensionality, as the number of observations is increased
without expanding the time horizon.
In practice, microstructure noise affects price observations (see e.g. Hansen and
Lunde, 2006), which is supposed to be absent in the original RPCA theory. Contamination of the price process must be taken into account to calculate meaningful
estimates, even if the problem can be alleviated empirically using subsampling to
reduce the impact of noise. However, subsampling results in a loss of information,
which is significant if the amount of tick-by-tick data available is large. Moreover,
estimators built using this approach deteriorate as the noise intensity increases. It is
therefore of theoretical and practical interest to propose a noise-robust RPCA theory,
which can be implemented with the available data.
In this paper, we propose a pre-averaging adjustment of Aït-Sahalia and Xiu
(2019).1 Pre-averaging, proposed in Jacod, Li, Mykland, Podolskij, and Vetter (2009)
and Podolskij and Vetter (2009a,b), has long been known to make estimators computed from noisy high-frequency data more resilient. Our contributions are the
1 An independent derivation of a noise-robust RPCA is available in Section 7 of Chen, Mykland, and
Zhang (2020). They employ a smoothed version of the two-scale realized variance of Zhang, Mykland,
and Aït-Sahalia (2005), but they do not inspect the asymptotic properties of their principal component
estimator.
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following. Firstly, by means of pre-averaging we derive a consistent estimator of the
spot covariance matrix, which is the multivariate version of the estimator proposed in
Christensen, Thyrsgaard, and Veliyev (2019), building on earlier work of Christensen,
Kinnebrock, and Podolskij (2010). Secondly, in order to build a RPCA theory with
noise for this estimator we employ recent advances by Chen (2019), which allow to
derive a rate-optimal asymptotic theory for the estimation of the integrated eigenvalue process, defined as the integral of the eigenvalues of the spot covariance matrix.
As in the setting without noise, studied by Jacod and Rosenbaum (2013), the central
limit theorem presents an asymptotic bias which originates from a statistical error
induced by the localizing window of high-frequency data employed to estimate a spot
quantity. As a byproduct of our analysis, we complement the principal component
analysis theory with two other essential ingredients, namely the realized eigenvectors
and realized principal components.
In the end, we deal with the numerical estimation of these quantities, which we
apply to simulated noisy log-prices generated from a factor model. Also, we analyze
TAQ data to assess if there are significant changes on the explanatory magnitude of
the first eigenvalue compared to the findings of Aït-Sahalia and Xiu (2019), which
would be explained by a high noise scenario in light of the simulation results. We
show that our estimators are able to detect the underlying factor structure of prices,
and are robust to changes in the variance of the noise. In contrast, the estimator
based on sparse sampling deteriorates as noise increases.
The paper is organized as follows: in Section 1.2, we introduce the setting and the
main theoretical ideas of the RPCA without noise. In Section 1.3, we add microstructure noise and propose our pre-averaging estimator of the spot covariance matrix.
We study how to develop the RPCA theory in this setting. In Section 1.4, we include a
simulation study, while Section 1.5 applies our analysis to real high-frequency data.
We conclude the paper in Section 1.6. In the Appendix, we provide the technical
proofs and additional comments.

1.2 The realized principal component analysis
We start by fixing a bit of notation. Md denotes the set of d × d real-valued symmetric
matrices, while M+
is the subset of positive semidefinite matrices. ∥ · ∥ denotes the
d
Euclidean norm of a vector or a matrix. The superscript + indicates the MoorePenrose inverse of a real-matrix. ⊺ is transposition. Later, we employ the derivative
∂2j k,l m g of a differentiable function g : this is the second derivative of the function
taken first with respect to l m and then second with respect to j k, since any x ∈ Md
has d 2 components x j k . We observe a stochastic process over the time horizon [0, t ] at
times i ∆n for i = 0, 1, . . . , ⌊t /∆n ⌋. The asymptotic results are of the infill-type, meaning
that t is fixed and ∆n → 0. We write u n ≍ v n if asymptotically K1 ≤ u n /v n ≤ K for a
constant K ∈ (1, ∞).
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The log-price process, X , is assumed to be a continuous d -dimensional Itô semimartingale on a filtered probability space (Ω; F; {Ft }t ≥0 ; P). It can be represented
as:
Z
Z
t

t

Xt = X0 +

0

b s ds +

0

σs dWs ,

(1.1)

where b is a Rd -valued adapted and locally bounded drift process, σ is a Rd ×d càdlàg
volatility process, and W is a d -dimensional standard Brownian motion.
Throughout our analysis, the fundamental object of interest is the d ×d -dimensional
spot covariance process c s = σs σ⊺s , and its eigenvalues, eigenvectors and corresponding principal components. In particular, for each r ∈ {1, . . . , d } we denote the r th
largest eigenvalue of c s by λr,s = λr (c s ), i.e. inducing the ordering λ1,s ≥ λ2,s ≥ · · · ≥
λd ,s . We further denote the r th eigenvector by γr,s = γr (c s ), which is given from
c s γr,s = λr,s γr,s . We note that each eigenvector γr,s is uniquely determined, since we
impose its first element to be positive.
As in PCA, in the high-frequency setting one solves a constrained maximization
problem, but here the covariance matrix is a stochastic process and optimization is
in continuous-time. Hence, RPCA consists of determining the random eigenvector
process γ∗ = (γ∗s )s∈[0,t ] :
Z t
γ∗ = arg max
γ⊺s c s γs ds s.t. γ⊺s γs = 1,
(1.2)
(γs )s∈[0,t ]

0

with 0 ≤ s ≤ t .
In the continuous-time setting, once the previous k − 1 components are located,
the orthogonality condition of PCA translates into (γ∗h,s )⊺ c s γ∗k,s = 0, 1 ≤ h < k.
In order to streamline the notation, we suppress the asterisk and denote the
maximizing eigenvector as γs . Exactly as in the deterministic case, by fixing the
path, one can reduce the problem using Lagrange multipliers and conclude from the
first-order condition that
c s γs = λs γs .
(1.3)
The last equality is the common definition for the eigenvalue λs of c s .
Replicating the calculations of the PCA in continuous-time, we define the r th
integrated eigenvalue as follows:
Z t
V (λr )t ≡
λr,s ds,
(1.4)
0

the integrated eigenvector as:
t

Z
R(γr )t ≡

0

γr,s ds,

and the associated integrated principal component:
Z t
PC (γr )t ≡
γ⊺r,s dX s .
0

(1.5)

(1.6)
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We impose one of the following assumptions on the spot covariance. Below, we obtain
asymptotic results either under the first or the second assumption.
Assumption 1.1. The spot covariance fulfills the following condition: there exists some
H ∈ (0, 1) such that for all 0 ≤ s < t and p > 0 and a constant K p,H :
£
¤
E ∥c t − c s ∥p ≤ K p,H (t − s)p H .

(1.7)

Assumption 1.2. The spot covariance c admits the decomposition:
t

Z
c t = c0 +

0

t

Z
b̃ s ds +

0

σ̃s dWs +

t

Z
0

σ̃′s dB s ,

(1.8)

where B is a Brownian motion independent of W .
Since Assumption 1.1 permits a general Hurst index H ∈ (0, 1) in the volatility
process, it accommodates a variety of volatility models with continuous paths, such
as Comte and Renault (1998), Gatheral, Jaisson, and Rosenbaum (2018), Heston
(1993), see also Bolko, Christensen, Pakkanen, and Veliyev (2021). This allows us
to prove consistency results under this general model. However, to derive central
limit theorems, we need to impose a structural assumption about continuous Itô
semimartingales, which is standard in the literature. This motivates Assumption 1.2.

1.3 A noise-robust version of the RPCA
In practice, the observed high-frequency price process is contaminated by noise, so
that it does not coincide with the underlying efficient price process. Therefore, we
assume that the observed price process can be represented as:
Yi ∆n = X i ∆n + ϵi ∆n ,

(1.9)

where the noise ϵ obeys to the following assumption:
Assumption 1.3. The multivariate noise process (ϵt )t ≥0 is i.i.d. with E[ϵt ] = 0 and
£
¤
E[ϵt ϵ⊺t ] = Ψ. In addition, X ⊥⊥ ϵ and E ∥ϵ∥8 < ∞.
The construction of the noise process in Assumption 1.3 is available in Jacod, Li,
Mykland, Podolskij, and Vetter (2009) and Chen (2019). In particular, the independence requirement of the noise from the price facilitates the proofs. However, Hansen
and Lunde (2006) show that the noise is correlated with the efficient price. Still, Jacod, Li, Mykland, Podolskij, and Vetter (2009) note that the exogeneity requirement
can be weakened at the expense of some additional technicalities. In our numerical
experiments, we reintroduce endogenous noise.
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1.3.1 Spot covariance estimation
So the problem is that to construct (1.2), we need to estimate the spot covariance
matrix based on the noisy observations in (1.9). This feature has to be taken into
account, as Zhang, Mykland, and Aït-Sahalia (2005) show that in the presence of
microstructure noise, estimators built as if the observed price coincided with the true
one are inconsistent.
A common device to dodge this inconsistency is to sample the price process
sparsely, say every 5 minutes. While this is convenient, as in the case of integrated
variance estimation one can instead introduce a pre-averaging approach, which is
more appealing theoretically since it avoids to discard any data.
We briefly recall the intuition behind pre-averaging. The mechanics rely on the
law of large numbers: due to our assumptions, averaging some return observations
locally over a window of proper length has the effect of reducing the noise, shrinking
it towards its mean of zero. The statistical properties of pre-averaged returns, however,
differ from the original ones, e.g. they introduce memory of the past observations and
change the volatility of the pre-averaged process. However, pre-averaged returns allow
to estimate the integrated covariance robustly to noise, and they are conceptually
equivalent to other approaches such as kernel estimators.
We denote the noisy increment as ∆ni Y = Yi ∆n − Y(i −1)∆n . Then, the pre-averaged
return series is defined as (see Jacod, Li, Mykland, Podolskij, and Vetter, 2009),
Ȳi =

kX
n −1
j =1

¶
j
ϕ
∆n Y ,
kn i + j
µ

(1.10)

p
where i = 0, 1, . . . , ⌊t /∆n ⌋ − k n + 1. Here, the block length k n = ⌊θ/ ∆n ⌋ and θ > 0 is a
tuning parameter. In addition, ϕ : [0, 1] → R is a kernel function that is continuous
and piecewise C 1 with a piecewise Lipschitz derivative and ϕ(0) = ϕ(1) = 0 with
R1 2
0 ϕ (t )dt > 0. There are some constants associated with ϕ, which are the following:
φ1 (t ) =

1

Z
t

∂ϕ(u)∂ϕ(u − t )du,

φ2 (t ) =

1

Z
t

ϕ(u)ϕ(u − t )du,

ψ1 = φ1 (0), ψ2 = φ2 (0),
Z 1
Z 1
φ1 (t )φ2 (t )dt ,
Φ11 =
φ21 (t )dt , Φ12 =
0

0

(1.11)
Φ22 =

1

Z
0

φ22 (t )dt .

We introduce a block window of length h n such that
h n ∆n → 0 and h n /k n → ∞ as n → ∞.

(1.12)

The spot covariance estimator is then defined as
ĉ i ∆n =

1

p
θψ2 h n ∆n

hX
n −1
u=0

¡
¢⊺
ψ1
Ȳi +u Ȳi +u − 2 Ψ̂i ∆n ,
θ ψ2

(1.13)
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for each i ≥ 0, where
b i ∆n =
Ψ

7

hn
¡
¢⊺
1 X
∆n Y ∆ni+u Y
2h n u=1 i +u

(1.14)

is an estimator of Ψ. The latter is required to correct the residual noise variation. It is
a spot estimator and takes a local window of observations into account.
We set ĉ i ∆n ≡ ĉ (n−hn −kn +2)∆n for each i ∈ {⌊t /∆n ⌋−h n −k n +3, . . . , n} and extend the
definition of ĉ to the whole time interval so that ĉ s = ĉ (i −1)∆n , for (i − 1)∆n ≤ s < i ∆n
for all i ∈ {1, 2, . . . , ⌊t /∆n ⌋}.
The above estimator is rooted in prior literature. Christensen, Kinnebrock, and
Podolskij (2010) propose a variant of it for estimating integrated covariance, while
Christensen, Thyrsgaard, and Veliyev (2019) employ a univariate version to estimate
spot volatility. More recently, Chen (2019) adopted this estimator for inference on
volatility functionals. The consistency of ĉ i ∆n follows immediately from these works.
We embed it in the proof of Theorem 1.1 for completeness.
Clearly, estimator (1.13) is not guaranteed to be positive semi-definite, due to
the bias correction term. A solution to this problem would be to increase the preaveraging window to kill the noise. This would eliminate the bias-correction, which
is a direct consequence of the noise properties, as noted in Christensen, Kinnebrock,
and Podolskij (2010). However we do not find any evidence that this is likely to happen
in practice (see Section 1.4).

1.3.2 Functional estimator of the integrated eigenvalue
In this section, we concentrate on the central results of this paper, namely the extension of the RPCA theory when the price process is generated as in (1.9) and the
noise-robust estimator ĉ i ∆n is incorporated in place of the spot covariance.
Rt
We first need an estimator of the integrated eigenvalue V (λr )t = 0 λr (c s )ds. We
estimate this object by summation of the estimated eigenvalues of ĉ i ∆n . Thus, our
realized estimator for the r th integrated eigenvalue is given by the Riemann sum
V (λr )nt = ∆n

⌊t /∆
n ⌋−1
X

λr (ĉ i ∆n ).

(1.15)

i =0

Theorem 1.1. Under Assumptions 1.1 and 1.3, as n → ∞,
°
° P
sup °V (λr )ns − V (λr )s ° −→ 0.

(1.16)

s∈[0,t ]

Theorem 1.1 shows that V (λr )nt is uniformly consistent, since pre-averaging
annihilates the noise (after bias correction) on the spot covariance matrix estimation.
If a consistent estimator is sufficient, we can stop here. However, it turns out V (λr )nt
produces a second-order bias, as we show below.
Compared to Aït-Sahalia and Xiu (2019), our estimator is based on overlapping
high-frequency data. The overlapping setting is preferable, since it is theoretically
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more efficient, even if it adds a computational cost. It is also less sensitive to anomalous values of ĉ (see Jacod and Rosenbaum, 2013, Remark 3.4).
In the absence of noise, Jacod and Rosenbaum (2013) study a general approach
to estimate integrated objects of the form
Z
S(g )t =

0

t

g (c s )ds

(1.17)

based on the discretized statistics
S(g )nt = ∆n

⌊t /∆nX
⌋−κn +1
i =0

g (c̃ in ),

(1.18)

where g : M+
→ R is a C 3 function and c̃ in is a suitable estimator of spot volatility c s
d
computed over blocks of κn returns as in (1.35). It turns out that S(g )nt suffers from a
second-order bias and does therefore not obey a CLT, hence raising a demand for a
bias corrected version. Jacod and Rosenbaum (2013) develop such a CLT under the
additional condition:
°
°
¡
¢
° j
°
°∂ g (x)° ≤ K 1 + ∥x∥p− j ,

j = 0, 1, 2, 3,

(1.19)

for some constant K > 0 and p ≥ 3.
Unfortunately, the polynomial growth conditions on the derivatives of the test
function are too stringent for eigenvalues and eigenvectors.
For the next results, we restrict our attention to the empirically relevant case with
simple eigenvalues (i.e. eigenvalues which are not repeated2 ). We have to make sure
that λ1,s > λ2,s for s ∈ [0, t ]. To this end, we define the set:
n

M(r ) = A ∈ M+
d |λr −1 (A) > λr (A) > λr +1 (A)

o

of positive semidefinite matrices with simple r th eigenvalue. By convention, we use
λ0 = ∞ when r = 1 and λd +1 = −∞ when r = d in the above definition.
Assumption 1.4. There exists an open set C ⊆ M(r ) such that c s ∈ C for all s ∈ [0, t ].
This assumption restricts the paths of c s to a subset of M(r ), where λr is C ∞ , see
Tao (2012). When C is open, we ensure that ĉ s , or any consistent estimator of c s , also
stays inside C for large enough n. In addition, we deduce that ĉ sa = ac s + (1 − a)ĉ s ∈
C ⊆ M(r ) for each a ∈ [0, 1] due to the inequality ∥ĉ sa − c s ∥ ≤ a∥ĉ s − c s ∥. As a result, λr
is smooth at ĉ sa , which is necessary for the application of Taylor’s theorem.
2 The RPCA theory without noise is developed using spectral functions, for the general case of repeated
eigenvalues, possibly not differentiable. In fact, repeated eigenvalues are a particular case of spectral
functions, as shown in Example 2 of Aït-Sahalia and Xiu (2019). Our results can be extended in the same
way, however in practice this is not a relevant case for our setting.
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To present the bias in the estimator (1.15), we need some extra notation. For
2
2
x, y ∈ Rd ×d , we define the Rd ×d -valued function Γ via
Γ(x, y) j k,l m =

¸
·
Φ11
Φ12
j k,l m
j k,l m
j k,l m
Λ(y)
,
Ξ(x,
y)
+
θΦ
Λ(x)
+
22
θ
θ3
ψ22
2

(1.20)

where
Λ(x) j k,l m = x j l x km + x j m x kl , and
Ξ(x, y) j k,l m = x j l y km + x j m y kl + x km y j l + x kl y j m .
Proposition 1.1. Suppose that h n ≍ ∆−κ
n with 1/2 < κ < 1. Under Assumptions 1.2, 1.3,
and 1.4, it holds that
h
i
P
n
∆1/2
(1.21)
n h n V (λr )t − V (λr )t −→ B (λr )t ,
where
B (λr )t =

1
2

d
X

Z

t

j ,k,l ,m=1 0

¡ ¢ ¡
¢ j k,l m
∂2j k,l m λr c s Γ c s , Ψ
ds.

(1.22)

As opposed to earlier literature, the rate of the bias depends on h n in addition to
∆n . This follows from components of the error ĉ s − c s , which are a “statistical” error
and a “discretization” error. For further details see Jacod and Rosenbaum (2012), 8.1.1
in Aït-Sahalia and Jacod (2014) and Section 3.3 in Chen (2019). One should compare
this to Proposition 1 of Aït-Sahalia and Xiu (2019) for the case without noise.
To study the relevant asymptotic distribution, we propose the following bias
corrected version of the estimator for the r th integrated eigenvalue:
Vb (λr )nt = ∆n

⌊t /∆
n ⌋−1 h
X

i
¡
¢
λr ĉ i ∆n − Bb(λr )i ∆n ,

(1.23)

i =0

where the bias term is
Bb(λr )i ∆n =

1

d
X

2h n ∆1/2
n

j ,k,l ,m=1

´ j k,l m
¡
¢ ³
b i ∆n
∂2j k,l m λr ĉ i ∆n Γ ĉ i ∆n , Ψ
.

(1.24)

Theorem 1.2. Suppose that h n ≍ ∆−κ
n with 1/2 < κ < 3/4. Under Assumptions 1.2, 1.3,
n
b
and 1.4, V (λr )t has a mixed normal distribution
h
i d
s
∆−1/4
Vb (λr )nt − V (λr )t −→ MN(0, S(λr )t ),
n

(1.25)

where the conditional variance is given by
Z
S(λr )t =

t

d
X

0 j ,k,l ,m=1

¡ ¢
¡ ¢ ¡
¢ j k,l m
∂ j k λr c s ∂l m λr c s Γ c s , Ψ
ds.

(1.26)

10 C HAPTER 1. R EALIZED PRINCIPAL COMPONENT ANALYSIS OF NOISY HIGH - FREQUENCY DATA

There are two relevant differences compared to Jacod and Rosenbaum (2013).
First of all, the presence of the noise lowers the convergence rate to half the noise-free
rate (∆−1/4
as opposed to ∆−1/2
). Then, regarding the asymptotic bias, pre-averaging
n
n
complicates it with additional terms which involve the interaction between the variance of the noise and the spot covariance process, a consequence of dealing with the
pre-averaged process Ȳ in the decomposition of the estimation error βni = ĉ i ∆n −c i ∆n .
In fact, even though the bias correction is conceptually similar to the case without
noise, it turns out that the second term appearing in the bias, i.e. Γ(x, y), is equivalent
to the asymptotic variance appearing in Theorem 2 of Christensen, Kinnebrock, and
Podolskij (2010), which is the multivariate extension of Jacod, Li, Mykland, Podolskij,
and Vetter (2009).
The noisy setting entails additional technicalities compared to previous literature.
First, the bounds obtained in Lemma A.1 in the Appendix are additional compared to
the noise-free setting of Jacod and Rosenbaum (2013), as they involve pre-averaged
processes. Also, in our case the interaction between h n , the number of data used
in the spot estimation, and k n , the pre-averaging window, plays an essential role as
outlined in condition (1.12). Moreover, the dependence induced by pre-averaging on
the original process implies a more involved construction of the CLT, since we employ a big-block small-block splitting: only the big-blocks contribute to the limiting
distribution obtained in Theorem 1.2. On the other hand, the sum of the small blocks
is negligible. The block splitting is needed to recover the (conditional) independence
of summands in the theorem, which is otherwise violated by construction when the
terms are less than k n indexes apart.
Our estimator is overlapping. In comparison, as developed in Aït-Sahalia and Xiu
(2019), the non-overlapping version is:
Ṽ (λr )nt = ∆n m n

⌊t /mX
n ∆n ⌋−1 h
i =0

i
¡
¢
λr ĉ i mn ∆n − Bb(λr )nimn

(1.27)

with m n = h n + k n .
Surprisingly, the bias term is unchanged compared to the overlapping estimator.
This is coherent with the no-noise analysis highlighted in Theorem 3.2 of Jacod and
Rosenbaum (2013).

1.3.3 Realized eigenvector and principal component analysis
We complete the RPCA theory with estimators for the other two relevant quantities:
the r th integrated eigenvector (1.5) and integrated principal component (1.6).
Given the previous section, the form of the integrated eigenvector estimator is
trivial to recover since the proof is identical to the eigenvalue functional.
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Lemma 1.1. Under Assumptions 1.2, 1.3, and 1.4, the r th integrated eigenvector can
be estimated as
⌊t /∆
i
n ⌋−1 h
X
¡
¢
R(γr )nt = ∆n
γr ĉ i ∆n − Bb(γr )ni
(1.28)
i =0

with
Bb(γr )ni =

1

d
X

2h n ∆1/2
n

j ,k,l ,m=1

´ j k,l m
¢ ³
¡
∂2j k,l m γr ĉ i ∆n Γ ĉ i ∆n , Ψ̂i ∆n
.

(1.29)

As in eigenvalue estimation, the bias of the overlapping r th integrated eigenvector
estimator is identical to the non-overlapping case.
To estimate the final object of interest, the r th integrated principal component,
as defined in (1.6), we propose the following realized version:
PC (γr )nt =

1
kn

⌊t /∆n ⌋−h
Xn −2kn

¡
¢
γ⊺r ĉ i ∆n Ȳi +hn +kn .

(1.30)

i =0

In order to construct a meaningful estimator for the integrated principal components,
we need to impose a non-optimal rate on the pre-averaging window k n to make the
effect of noise component vanish, see Section 3.4 of Christensen, Kinnebrock, and
Podolskij (2010).
Theorem 1.3. Suppose that k n ≍ ∆−a
n for some a ∈ (1/2, 1). Under Assumptions 1.2,
1.3, and 1.4, it holds that
P

PC (γr )nt −→ ψ3 PC (γr )t ,
where ψ3 =

R1
0

(1.31)

ϕ(u)du.

Intuitively, compared to the realized principal component estimator without
noise, we first "kill" the noise by splitting the pre-averaged noise from the signal part
which is the main term. Then we deal with the latter similarly to the case without
noise. The sub-optimal rate for k n allows to make the noise term negligible.

1.4 Monte Carlo assessment
In this section, we simulate a popular asset pricing model in order to investigate
the properties of the realized principal component analysis. We follow the design of
Aït-Sahalia and Xiu (2019) closely, except for some minor changes outlined below
and that of course we are in the noisy setting. As such, we assume the following for
the d -dimensional log-price process X :
dX i ,t =

r
X
j =1

for asset i = 1, . . . , d .

βi ,t , j dF j ,t + dZi ,t ,

(1.32)
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The equations governing the dynamics of the variables in (1.32) are:
dF j ,t = µ j dt + σ j ,t dW j ,t ,
dZi ,t = γi ,t dB i ,t ,
dσ2j ,t = κ j (θ j − σ2j ,t )dt + η j σ j ,t dW̃ j ,t ,
(1.33)

dγ2i ,t = κ(θ − γ2t )dt + ηγt dB̄ t ,
dβi ,t ,1 = κ̃1 (θ̃i ,1 − βi ,t ,1 )dt + ξ̃1

q

βi ,t ,1 dB̃ i ,t ,1 ,

dβi ,t , j = κ̃ j (θ̃i , j − βi ,t , j )dt + ξ̃ j dB̃ i ,t , j ,
where j = 1, . . . , r (except the last equation, where the index starts at two).
Intuitively, X is generated from a common factor model, where the number of
underlying systematic factors is r . As consistent with a Fama and French (1993)-type
three-factor model, we set r = 3. We work with d = 5 assets.
The j th factor, F j , follows a continuous Itô process with constant expected return
and stochastic volatility. The first factor is the market return. We therefore constrain
the loadings on this factor to be positive. Zi also follows such a process but without drift, since idiosyncratic risk is not compensated. Note that we simulate the
idiosyncratic noise variance independently (one process for each asset), whereas in
Aït-Sahalia and Xiu (2019) there is only a single idiosyncratic variance shared among
all assets. This allows for a robustness check of an additional source of variability.
The market beta and the volatility part of the asset price process follow a squareroot process (e.g., Cox, Ingersoll, and Ross, 1985) with the Feller condition fulfilled.
The second and third beta follow a Vasicek (1977) process. To create a leverage effect,
the Brownian motion appearing in the volatility process is correlated with the Brownian motion of the Itô process for each j th factor. This correlation is described by ρ j .
In addition to this, there is correlation among the factors themselves (denoted as ρ F ).
The constant parameters that depend on j are exhibited in Table 1.1. The parameters not depending on j are: κ = 4, η = 0.3, and θ = 0.06. The factor correlations are
ρ F1,2 = 0.05, ρ F1,3 = 0.1, and ρ F2,3 = 0.15.
The starting point for βi ,s, j is set randomly. In particular, we draw the market beta
from a uniform distribution: βi ,1,1 ∼ U(0.25, 1.75), whereas the other factor loadings
are normally distributed with mean zero: βi ,1, j ∼ N(0, 0.25) for j ̸= 1. This choice is
coherent with Aït-Sahalia and Xiu (2017), who keep the initial conditions constant
throughout the simulation. As opposed to their paper, however, we draw new initial
values for beta in each simulation, which introduces additional randomness in the
experiment.
This permits to construct for each time point t an r × r matrix βt β⊺t , whose
columns are linearly independent with probability 1. This is important, since failure
of this property hampers the computation of the eigenvalues.
To extract the population eigenvalues, which are needed to compare the bias of
the realized estimators, we start from the quadratic variation process, which — by
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Table 1.1: Parameter values in simulation design.

Parameter
κj
ηj
θj
ρj
µj
κ̃ j
θ̃ j
ξ̃ j

j =1
3
0.3
0.05
−0.60
0.05
1
U[0.25, 1.75]
0.5

j =2
4
0.4
0.04
−0.4
0.03
2
N(0, 0.25)
0.6

j =3
5
0.3
0.03
−0.25
0.02
3
N(0, 0.25)
0.7

Note. This table reports the parameter values in the simulation study.

construction — corresponds to:
[dX , dX ]t = βt [dF, dF ]t β⊺t + [dZ , dZ ]t .

(1.34)

We simulate a discretized version of the model based on n = 23,400 equidistant
increments per time unit and t = 5. This corresponds to one-second high-frequency
data for a whole week. We perform 1,000 Monte Carlo repetitions.
⌊t /∆ ⌋
We add Gaussian microstructure noise to the discretized log-price process, (X i ∆n )i =0 n .
To account for dependency between the noise and price, we employ the model of
ϱ
Christensen, Podolskij, Thamrongrat, and Veliyev (2017): ϵi ∆n = p σi ∆n u i ∆n , where
n
σi ∆n is the standard deviation of the assets (i.e., the square-root of the main diagonal
of (1.34)) and u i ∆n ∼ N (0, 1). Here, the variance of ϵ is heteroscedastic and proportional to the fundamental risk of X (Bandi and Russell, 2006; Kalnina and Linton,
2008). ϱ controls the size of the noise. We fix ϱ = 0.5, which is realistic empirically
(Christensen, Oomen, and Podolskij, 2014). Although this setup is more general than
Assumption 1.3, we maintain it as a robustness check.
We incorporate all noisy observations to compute the pre-averaging estimator
in (1.13). The default pre-averaging kernel is applied: ϕ(x) = min(x, 1 − x). This
1
151
1
function has ψ1 = 1, ψ2 = 12
, Φ22 = 80,640
, Φ11 = 16 , Φ12 = 96
. However, as recommended by Christensen, Kinnebrock, and Podolskij (2010), we replace the asymptotic
´2
Pk n ³ n
constants with their Riemann approximations, e.g. ψn1 = k n i =1
ϕi − ϕni−1 and
¡
¢
Pkn −1 n 2
ψn2 = k1n i =1
(ϕi ) . Asymptotically ψnj − ψ j = O ∆1/2
for j = 1, 2, but in the implen
n
mentation it is better to work with ψ j . As for θ, common choices are θ = 1/3 and
θ = 1. We employ the former value.
As explained, another way to reduce the noise when estimating the spot covariance matrix is to subsample prices and build returns using a sparse subset
of observations. In particular, we take a collection of non-overlapping blocks of
p
length κn ∆n , where we set κn as the closest divisor of t /∆n to (0.5∆−1/2
log d ). It
n
is immediate to verify that κn → ∞ and κn ∆n → 0, so with this choice of κn the
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block window is sufficiently large to compute a good number of returns, which
increases slower than the number of observations. We denote, for j = 1, . . . , κn ,
∆niκ + j Y ≡ Y(i κn + j )∆n − Y(i κn + j −1)∆n . Then, the estimation of c s for each block B n ≡
© n
ª
i κn ∆n , for i = 1, . . . , t /(κn ∆n ) is
ĉ inκn ∆n =

κn
1 X
(∆n
Y )(∆niκn + j Y )⊺ .
κn ∆n j =1 i κn + j

(1.35)

While this estimator is still theoretically inconsistent, it retains only (Yi ∆ )i =1,2,...,⌊t /∆⌋
for some multiple ∆ ≡ α∆n of ∆n (i.e., α ≫ 1). Hence, it allows to reduce the noise. On
the contrary, if subsampling is not applied (i.e. sampling at the maximal frequency
with α = 1) (1.35) estimates the wrong quantity, unless there is no noise.

1.4.1 Simulation results
In Figure 1.1, we plot an illustrative example of the estimation of spot covariance
matrix for a fixed simulated path. The target here is the variance of the first asset. In
Panel A, estimation is done on the noise-free price by sampling the full record (i.e., no
subsampling or α = 1) or 1-minute subsampling (α = 60) in (1.35). The block length
is determined by the rule above as k n = 780 and k n = 78. This amounts to relying on
high-frequency data over a rolling window of a bit more than ten minutes or an hour,
respectively. The estimator based on α = 1 follows closely the true variance, even
if the estimation error is visible in the plot. This effect is more pronounced in the
subsampled version. Both estimators appear to anticipate future levels of the spot
variance, but this is an artifact due to their construction as point-wise estimators that
exploit forward values of the process in their computation.
In Panel B, we add noise and compare the pre-averaging estimator (1.13) with
the 1-minute subsampled statistic. Their relative accuracy naturally depends on the
sampling frequency and the magnitude of the noise. In case of no subsampling, the
variance computed using the block estimator (1.35) tends to explode. Indeed, the
1-second estimator is not shown in Panel B, as it has a persistent bias of more than
50% due to the accumulation of noise. In this instance, the pre-averaging allows to
recover a better estimation. Also, the higher the noise, the more diverging is (1.35),
but in our particular setup, a sampling frequency of 60 or 300 seconds removes the
first-order effect of noise, and as expected this makes the estimators comparable,
even if the pre-averaging estimator still tracks the path of volatility better.
In Table 1.2, we report the results for the eigenvalue theory presented in Section
1.3. In order to estimate the involved bias correction term (1.22), we proceed as in
Section A.2 in the Appendix. We only look at the estimation of the top three eigenvalues, which are dominated by the variation of the systematic factors. Their combined
explained variation is close to 90%. In the table, true value refers to the average of
the eigenvalue across time and Monte Carlo replica. The relative bias is a measure
of central tendency, which is defined as “estimate / true value”, again reported as a
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Figure 1.1: Spot variance estimation with and without noise.

Note. In Panel A (henceforth, the panel on the left), we illustrate the precision of the subsampling estimator in (1.35) with
α = 1 (full sampling)
and α = 60 (one-minute subsampling). The block length k n is selected as the closest divisor of t /∆n
p
to (0.5∆−1/2
log(d )). In Panel B (henceforth, the panel on the right), we compare the pre-averaging estimator (1.13) with
n
the one-minute subsampled estimator.

universal average. The standard deviation is calculated based on the estimation error.
We compare the estimation based on pre-averaging with subsampling, both with and
without the bias correction induced by the second-order bias.
Looking at the table, we observe the estimation error is rather small and approximately of order 10−2 . The feasible bias correction helps to improve the estimation.
This was not necessarily expected, since it is itself a noisy proxy for the latent bias,
which is generally hard to estimate. Moreover, in this particular experiment, the bias
correction tends to produce a slight upward bias in the eigenvalue estimators. In
terms of accuracy, the standard deviation of the subsampling estimator is marginally
lower than the pre-averaging counterpart, but as noted below this does not hold
generally.
Indeed, subsampling allows to construct a pseudo noise-robust estimator, if one
does not sample too frequently. However, this depends crucially on the variance of
the noise. To illustrate this, in Table 1.3 we update Table 1.2 by examining the case
where the noise variance is increased by a factor 3. Our noise-robust pre-averaging
estimator does not change much and displays good robustness (some changes are
below the reported accuracy in the table). In contrast, the subsampling estimator
deteriorates markedly and has a rather nontrivial upward bias.
In Table 1.4 we report the results with d = 20 assets. Compared to lower dimensions, the first three eigenvalues increase in magnitude but they explain less data
variation, as expected. The simulations suggest also that when the dimension increases, it is necessary to use the bias-corrected estimator, since in finite sample the
consistent estimator is considerably biased. Additionally, we find similar results as
Table 1.3 for the case with an increased noise: also in a higher dimensional setting,
pre-averaging is robust to changes in the noise intensity.
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Table 1.2: Eigenvalue estimation.

Eigenvalue
True value
Explained variation
Pre-averaging estimator
Consistent estimator
Estimation error
Relative bias
Standard deviation
Bias corrected estimator
Estimation error
Relative bias
Standard deviation
Subsampling estimator (α = 60)
Consistent estimator
Estimation error
Relative bias
Standard deviation
Bias corrected estimator
Estimation error
Relative bias
Standard deviation

1st
0.6367
60%

2nd
0.1947
18%

3rd
0.1077
10%

0.0534
1.0845
0.0658

0.0163
1.0865
0.0169

−0.0020
0.9829
0.0081

0.0183
1.0277
0.0675

0.0135
1.0695
0.0209

0.0102
1.0953
0.0119

0.0130
1.0204
0.0232

0.0066
1.0347
0.0067

0.0034
1.0326
0.0035

0.0049
1.0073
0.0234

0.0035
1.0177
0.0075

0.0057
1.0528
0.0048

Note. In this table, we report some descriptive statistics of the pre-averaging and subsampling estimator, both with and
without a bias correction, for the integrated eigenvalue estimation problem. “True value” refers to the average of the
eigenvalue across time and Monte Carlo replica. “Relative bias” is defined as “estimate / true value”, again reported as a
universal average. The standard deviation is calculated based on the estimation error.

In this context, we also test if estimator (1.13) is positive semi-definite. Our estimator is symmetric up to the last decimals, and after a rounding of the matrix, which
we apply since it does not change the results in practice, we do not find any negative
eigenvalue. Therefore, in practice our estimator is positive semi-definite and our
findings are not affected by this potential problem.
In the previous setting, we compared our estimator to a subsampling estimator
which retains data every minute. It is interesting to look at the comparison with a
more frequent sampling scheme, for instance 5 seconds: in this way, the data retained
by the subsampling estimators are the 5 times less compared to our estimator. We
report the relative bias for estimators built with 1 second or 5 seconds sampling
schemes in Table 1.5, based on 500 Monte Carlo simulations for d = 10 assets. From
the table, it is clear that 1 second sampling cannot be a valid alternative: if we want
data at that frequency, we must use pre-averaging. This is shown in Panel A of Figure
1.2 too. Also, the five seconds sampling scheme performs worse than a lower sampling
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Table 1.3: Eigenvalue estimation with higher noise.

Eigenvalue
True value
Explained variation
Pre-averaging estimator
Consistent estimator
Estimation error
Relative bias
Standard deviation
Bias corrected estimator
Estimation error
Relative bias
Standard deviation
Subsampling estimator (α = 60)
Consistent estimator
Estimation error
Relative bias
Standard deviation
Bias corrected estimator
Estimation error
Relative bias
Standard deviation

1st
0.6367
60%

2nd
0.1947
18%

3rd
0.1077
10%

0.0534
1.0845
0.0658

0.0163
1.0865
0.0169

−0.0020
0.9829
0.0081

0.0179
1.0270
0.0675

0.0132
1.0683
0.0210

0.0102
1.0955
0.0119

0.0329
1.0519
0.0242

0.0233
1.1209
0.0075

0.0173
1.1616
0.0044

0.0237
1.0370
0.0244

0.0192
1.0990
0.0087

0.0196
1.1825
0.0061

Note. In this table, we report some descriptive statistics of the pre-averaging and subsampling estimator, both with and
without a bias correction, for the integrated eigenvalue estimation problem. “True value” refers to the average of the
eigenvalue across time and Monte Carlo replica. “Relative bias” is defined as “estimate / true value”, again reported as a
universal average. The standard deviation is calculated based on the estimation error.

frequency (compare it with Table 1.2), however it provides a satisfactory performance
especially for the first eigenvalue. The estimation error is not reported in the table,
and it provides the same information: for instance, it amounts to −0.1348 for the
bias-corrected estimator with no sparse sampling and −0.0369 for the five seconds
scheme. In this setting, there is not a relevant difference between the bias-corrected
and the consistent estimators: this holds also for the pre-averaging estimator (Panel
B of Figure 1.2).

1.5 Empirical analysis
In this section, we provide some preliminary empirical results of our analysis to
high-frequency data on equity transactions for companies that are part of the Dow
Jones Industrial Average index. As the overall market index we employ the highly
liquid SPDR S&P 500 Trust ETF (ticker symbol: SPY). To follow the simulation setting,
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Table 1.4: Eigenvalue estimation with 20 assets.

Eigenvalue
True value
Explained variation
Pre-averaging estimator
Consistent estimator
Estimation error
Relative bias
Standard deviation
Bias corrected estimator
Estimation error
Relative bias
Standard deviation
Subsampling estimator (α = 60)
Consistent estimator
Estimation error
Relative bias
Standard deviation
Bias corrected estimator
Estimation error
Relative bias
Standard deviation

1st
1.7114
0.52%

2nd
0.3736
0.12%

3rd
0.1536
0.048%

−0.1456
0.9288
0.1778

−0.0659
0.8539
0.0387

−0.075
0.6747
0.0211

−0.0384
0.9904
0.1786

−0.0028
1.0073
0.0476

−0.0183
0.9037
0.0187

−0.0084
0.9969
0.0065

−0.0023
0.9966
0.0174

−0.0137
0.9187
0.063

0.0063
1.006
0.0634

0.0075
1.0249
0.0182

0.00041
1.0088
0.0099

Note. In this table, we report the same statistics of Table 1.2, for 20 assets.

Table 1.5: Eigenvalue estimation with different sampling schemes.

Eigenvalue

1st

2nd

3rd

Subsampling estimator (α = 1)
Consistent estimator
Relative bias
Bias corrected estimator
Relative bias

0.8749

0.6365

0.4456

0.8765

0.6449

0.4531

Subsampling estimator (α = 5)
Consistent estimator
Relative bias
Bias corrected estimator
Relative bias

0.9604

0.8996

0.7957

0.9630

0.91

0.8306

Note. In this table, we report the relative bias for the subsampling estimators based on α = 1 and α = 5.
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Figure 1.2: The effect of no sparse sampling and the histogram of the first realized eigenvalue
estimator.

Note. In Panel A we illustrate the effect of the noise on the estimator built on noisy returns without sparse sampling. To
remark its exploding behavior, we consider a noise variance increased by a factor 5 compared to the model described in
the beginning of this section. In Panel B we compare the (normalized) consistent and bias corrected estimator for the first
realized eigenvalue obtained with pre-averaging.

we extract a subset of four additional members of the DJIA, namely Apple (AAPL),
Cisco Systems (CSCO), Nike (NKE), and Exxon Mobil (XOM), whose transaction prices
are readily extracted from the TAQ database. Hence, this application fits the above
high-frequency setting.
The unfiltered high-frequency data are perturbed by a noise component, but in
addition they also contain other irregularities, such as outliers, that are not readily
captured by the noisy diffusion model. To get around this problem, we apply the
cleaning procedure of Christensen et al. (2014), see also Brownless and Gallo (2006)
and Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008). The pre-filtering procedure removes a relatively small fraction of outlying transactions that may exert
spurious influence on the analysis.
In the left panel of Figure 1.3, the transaction price of SPY for January 2, 2018
is represented, sampling the data every second by previous-tick interpolation. The
original milli-second price record contains 201,495 unique transaction times, while
the 1-second imputed data retain 23,400 return observations based on 17,578 unique
timestamps. The return process is plotted in the right panel of Figure 1.3. Microstructure noise is prevalent, in particular price discreteness due to minimum tick size
rounding, and the empirical returns are far away from the implicit normal distribution of the Brownian semimartingale process in (1.1).3
We apply the RPCA estimator to one week of observations at a time, sampled
every 60 seconds from 9:30a.m. to 4:00p.m.
3 At a coarser sampling frequency, say 5 minutes, the noise is much less influential and does not
necessarily affect realized estimators much, but of course this assumes the noise variance is not too high,
which nevertheless appears true empirically (e.g., Hansen and Lunde, 2006).
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Figure 1.3: Price and return series of SPY, January 2, 2018.

Note. In Panel A, the price of the SPDR S&P 500 Trust ETF is observed each second from 9:30a.m. to 4:00p.m. on the first
trading day of January 2018, while the associated return process appears in Panel B.

Figure 1.4: Pre-averaging variance and covariance (with SPY) in week 51, 2018.

Note. In Panel A, we plot the pre-averaging variance estimate for week 51 in 2018. In Panel B, we plot the pre-averaging
covariance estimate for week 51 in 2018. The covariance is calculated against SPY.

In Figure 1.4, we plot some results for the penultimate week of 2018. As shown in
Panel A, the pre-averaging estimates of the variance process for each asset are highly
correlated. This behavior also permeates the covariances, which are measured for the
four single names AAPL, CSCO, NKE, and XOM against SPY and plotted in Panel B.
At Wednesday in week 51, there was a FOMC announcement, which lead to a sharp
increase in variance and covariance. This points to an underlying factor structure. In
weeks without any FOMC announcement, the pattern is more heterogeneous over
the days of the week, similarly to Monday and Tuesday in week 51.
The spot eigenvalues associated with the estimated covariance matrices are reported in Figure 1.5. In Panel A, we plot these for week 51 of 2018, whereas Panel
B expresses them as a proportion of the variation explained. As expected, the first
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Figure 1.5: Spot eigenvalue and proportion of explained variation.

Note. In Panel A, we plot the spot eigenvalues of the pre-averaging covariance matrix process for week 51 of 2018, whereas
Panel B expresses the eigenvalues as a proportion of the total variation explained.

eigenvalue controls the main structure of the covariance matrix and explains 80%
of the variation on average. This is consistent with a strong market influence. There
are intermittent surges in the proportion explained of the first factor during the
FOMC meeting (a two-day event), which is consistent with an influx of systematic
risk following news about and reports from the meeting.
In Figure 1.6, we plot the top three realized eigenvalues, i.e. the summation of the
estimated spot eigenvalue process week-by-week, for the whole of 2018. Although
there is a great deal of intertemporal variation in the realized eigenvalues, their
relative importance is fairly constant over the year. The first factor captures about
70% of the overall variation, while the second and third capture an additional 20%
and 10%. The two last eigenvalues are relatively unimportant and not shown.
These results are broadly consistent with Aït-Sahalia and Xiu (2019). On the other
hand, since our spot covariance estimator (1.13) is built through pre-averaged returns
and not through sparse sampling, it allows to inspect the intraday seasonal behavior
of the associated eigenvalues, in principle, at any available frequency.
In practice, we sample prices every second, and we consider a daily interval of
covariance estimates. To extend the previous analysis, we include other five stocks: the
Walt Disney Company (DIS), IBM, Microsoft (MSFT), Pfizer (PFE), Walmart (WMT).
Now, the dimension of the variance-covariance matrix is (10×10) hence we expect
that the market factor decreases its explanatory power, compared to the previous
analysis, even though it remains the main driving factor of data variation. In Panel A of
Figure 1.7 we plot the first six eigenvalues of the spot covariance matrix, on 8 January
2018. The figure captures the stylized fact of a "smile" shape for the entries of the
covariance matrix, hence of its eigenvalues. Note that all the six eigenvalues display a
similar pattern, but the smile appears more pronounced in the main eigenvalues: this
reflects on the percentage of the price variation explained, which changes within the
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day (Panel A of Figure 1.8). Panel B of Figure 1.7 represents the variation of the first
six eigenvalues of the associated correlation matrix on the same day. In this case, we
can still observe a first component explaining most of variation, but the correlation
increases during the day, except for an isolated period following the spike at 2:00p.m.
This is due to the inclusion of the market among the assets: the first eigenvalue, hence
the market factor, progressively increases over the day until the last trading hours. Our
results are consistent with Buccheri, Bormetti, Corsi, and Lillo (2020), even though
we do not focus on the asynchronous trading problem, but we include a continuous
time dynamics in the log-prices observations and we work using infill asymptotics.
In particular, the pattern of Figure 1.7 is justified by the a dominating idiosyncratic
risk in the beginning of the trading day, whereas the systematic component becomes
increasingly dominant as the day moves forward. In other words, the first (i.e. market)
factor emerges over the day.
Financially, as explained in Bibinger, Hautsch, Malec, and Reiss (2019), the smile
pattern of Figure 1.7, Panel A, arise from the overnight information which is processed
in the morning, and then by an increased trading activity in the last part of the trading
day, so that idiosyncratic effects become stronger at the border. However, since
spot volatility decays faster than the covariance when the trading activity starts,
we observe an increasing correlation in Panel B of Figure 1.7 which captures the
interplay between these two processes. The percentage of data variation explained
by the eigenvalues of the covariance and of the correlation matrix, however, is similar
(Figure 1.8).

Figure 1.6: Realized eigenvalue and proportion of explained variation in 2018.

Note. In Panel A, we plot the weekly realized eigenvalues of the pre-averaging covariance matrix process for 2018, whereas
Panel B expresses the eigenvalues as a proportion of the total variation explained.
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Figure 1.7: Eigenvalues of the covariance and the correlation matrix, computed each second.

Note. Panel A: The first six eigenvalues of the covariance matrix, on 8 January 2018, computed for the ten assets considered
in the analysis. The figure captures the stylized fact of a "smile" shape for the covariance matrix, which is reflected on its
eigenvalues. Panel B: We represent the first six eigenvalues of the associated correlation matrix. While the smile pattern is
not visible anymore, the figure still suggests that the idiosyncratic risk and the systematic component drive the dynamics
differently during the day.

Figure 1.8: Daily variation explained by the eigenvalues of the covariance and the correlation
matrix.

Note. Panel A: The percentage of data variation explained by the first six eigenvalues, computed on the covariance matrix.
Panel B: The percentage of data variation explained by the first six eigenvalues of the correlation matrix. The results are
similar to the Figure in Panel A: this suggests that the number of factors which drive prices can be analyzed using both
matrices.

1.6 Conclusion
In this work we develop a realized principal component analysis theory for noisy
high-frequency data, using pre-averaging to deal with the microstructure noise. It
extends Aït-Sahalia and Xiu (2019), who consider a noise-free setting for the realized
PCA.
We derive a noise-robust spot covariance matrix estimator, built on pre-averaged
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returns, which is consistent. This is the first input needed to build a realized PCA
theory when noise enters in the model for observed prices. Then, we extend the
results of Jacod and Rosenbaum (2013) in order to estimate, in a noisy setting, the
integrated eigenvalues of the spot covariance matrix. This quantity can be interpreted as the variation explained by each factor of an underlying factor model for the
high-frequency prices. Additionally, we derive the realized eigenvector and principal
component estimators.
The asymptotic theory is based on the properties of pre-averaging and on the
theory of volatility functional estimation. We prove the consistency of our estimators,
and we characterize the second-order bias of the realized eigenvalue estimator. The
latter can be bias corrected, and then it obeys a CLT: the limiting distribution is a
centered mixed normal, and the convergence rate is ∆1/4
n , as expected when prices
are observed with a noise component.
In the simulation study, we show that our spot covariance estimator consistently
estimates the true covariance process. Opposed to sparse sampling, which also works
when data are contaminated by noise, we do not throw information (data) away.
This is more appealing, since sampling prices, say each minute, discards a relevant
amount of data in the high-frequency setting. Moreover, when the noise intensity gets
higher, we show that our theory is preferable, because it is more robust to changes
in the variance of the microstructure noise. Empirically, the robust RPCA identifies
three factors as the most relevant to explain data variation, consistently with previous
literature.
Possible extensions of our theory include heteroscedasticity in the noise, the
presence of jumps in the price process, and to characterize the bias correction when
the volatility process is a rough or long-memory process. We leave these proposals to
future research.
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Appendix
A.1 Proofs
Due to a standard localization procedure, we will suppose that ∥b∥ and ∥σ∥ are
bounded. Throughout the proof, we will denote all positive constants by K , which
may change from line to line. For simplicity, we will suppress r and denote the r -th
eigenvalue λr with λ.

A.1.1 Proof of Theorem 1.1
First, we show that

P

sup ∥ĉ s − c s ∥ −→ 0.

(A.1)

s∈[0,t ]

It is well-known that (see e.g. Theorem 9.3.2 in Jacod and Protter, 2012) it suffices to
prove this result for each component ĉ h,l . Indeed, the polarization identity enables
to write the quadratic covariation process as
£ h l ¤ 1 ³£ h
¤ £
¤´
Y +Y l ,Y h +Y l − Y h −Y l ,Y h −Y l ,
Y ,Y =
4

(A.2)

and thus the LHS of (A.2) is fully determined by the one-dimensional processes
(Y h + Y l ) and (Y h − Y l ), and the process Y can be assumed to be one-dimensional.
The corresponding one-dimensional result for (A.1) can be proved by applying the
techniques in the proof of Theorem 3.1 in Christensen, Thyrsgaard, and Veliyev
(2019).
Due to the boundedness of σ and the continuity of λ, we have that sups∈[0,t ] |λ(c s )| ≤
K . Note that
Z ⌊s/∆n ⌋∆n
Z s
£
¤
V (λ)ns − V (λ)s =
λ(ĉ u ) − λ(c u ) du +
λ(c u )du.
(A.3)
0

⌊s/∆n ⌋∆n

From Tao (2012), we also know that |λ(ĉ u ) − λ(c u )| ≤ ∥ĉ u − c u ∥, which leads to
sup |V (λ)ns − V (λ)s | ≤ t sup ∥ĉ s − c s ∥ + K ∆n .

s∈[0,t ]

s∈[0,t ]

Then, the result follows from (A.1).

A.1.2 Notation and preliminary estimates
In this part, we introduce relevant notations used throughout the proofs and provide
some estimates that are helpful for the proofs of Proposition 1.1 and Theorem 1.2.
To this end, we denote
βni = ĉ i ∆n − c i ∆n ,
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We use the following decomposition
βni = β(1)ni + β(2)ni + β(3)ni ,

(A.4)

where
"
#
n −1
p
¢⊺
¢¡
¡
ψn1 ∆−1/2
1 hX
n
n
−1/2
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σi W̄i +u + ϵ̄i +u σi W̄i +u + ϵ̄i +u − ψ2 k n ∆n c i ∆n −
Ψ ,
θψ2 h n u=0
kn
p
h ψ n k n ∆n
i ∆−1/2 hX
n −1 h
¢⊺ i
¢¡
¡
2
n
,
Ȳi +u Ȳi⊺+u − σi W̄i +u + ϵ̄i +u σi W̄i +u + ϵ̄i +u
β(2)i = c i ∆n
−1 + n
θψ2
θψ2 h n u=0
ψ1
ψ1 i
1 h ψn1
β(3)ni = − 2 (Ψ̂i ∆n − Ψ) +
−
Ψ,
1/2
θ ψ2
θψ2 k n ∆n
θ
β(1)ni

and
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¶!2
j
j −1
= kn
ϕ
,
−ϕ
kn
kn
j =1
µ ¶
n −1
j
1 kX
2
n
ϕ
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.
k n j =1
kn
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Next we present various estimates of above terms that are useful in proving subsequent results.
Lemma A.1. Under Assumption 1.2, for any q ∈ [2, 8], we have that
·°
¸
°q
°
°
E °β(1)ni ° |Fi ∆n ≤ K (k n /h n )q/2 ,
·°
¸
°q
°
°
E °β(2)ni ° |Fi ∆n ≤ K (h n ∆n )q/2 ,
¸
·°
°q
°
°
−q/2
E °β(3)ni ° |Fi ∆n ≤ K h n ,
·° °
¸
° °q
E °βni ° |Fi ∆n ≤ K [(k n /h n )q/2 + (h n ∆n )q/2 ],
E[β(2)ni |Fi ∆n ] = o(∆1/4
n ) + O p (h n ∆n ).

(A.5)
(A.6)
(A.7)
(A.8)
(A.9)

Proof. From Jacod and Protter (2012), we recall that for any 0 ≤ s ≤ t and q > 0 :
£
¤
E ∥X t − X s ∥q |Fs ≤ K (t − s)q/2 .
(A.10)
Using standard pre-averaging results, we also know that for U = Y , X , ϵ and q > 0 :
q/4

E[|∥Ūi ∥q ] ≤ K ∆n .

(A.11)

To prove the first claim, we define
p
¡
¢¡
¢⊺
ψn ∆−1/2
n
Ψ. (A.12)
Zi ,i +u = ∆−1/2
σi W̄i +u + ϵ̄i +u σi W̄i +u + ϵ̄i +u −ψn2 k n ∆n c i ∆n − 1
n
kn
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Using (A.11) we obtain E[||Zi ,i +u ||q |Fi ∆n ] ≤ K . Note also that E[Zi ,i +u Zi ,i +u+h |Fi ∆n ] =
0 if h ≥ k n . Now, we rely on the expansion
hX
n −1

Zi ,i +u =

u=0

kX
−1
n −1 l n
X
h=0 u=0

≡

kX
n −1
h=0

Zi ,i +h+ukn +

hX
n −1

Zi ,i +u

u=l n k n

S(h)ni + SR in ,

where l n = ⌊h n /k n ⌋. In view of the discrete Burkholder and Hölder inequalities:
h
i
h
i
q/2
q
E ∥S(h)ni ∥q |Fi ∆n ≤ K l n
and E ∥SR in ∥q |Fi ∆n ≤ K l n .
(A.13)
Using this and the discrete Hölder inequality again, we are led to
·°
¸
°q
k n −1 h
i
i
h
°
°
−q
−q q−1 X
E °β(1)ni ° |Fi ∆n ≤ K h n k n
E ∥S(h)ni ∥q |Fi ∆n + K h n E ∥SR in ∥q |Fi ∆n
h=0

≤ K (k n /h n )q/2 .
Now, we deal with the second claim. Here the deterministic first part is seen to
q/4
be O(∆n ). For its second part, due to the polarization identity, it suffices to look at
¡
¢2
the diagonal components and suppose d = 1. Then, to bound Ȳi2+u − σi W̄i +u + ϵ̄u ,
we rely on the identity (a 2 − b 2 ) = (a − b)(a + b). Using this along with (A.11), the
Cauchy-Schwarz inequality and the Hölder inequality, it suffices to show that
q/2

q/4

E[| X̄ i +u − σi W̄i +u |p ] ≤ K (∆n + ∆n (h n ∆n )q/2 ).

(A.14)

Since this was already proven on page 576 of Christensen, Thyrsgaard, and Veliyev
(2019) under Assumption 1.1, we are done with the proof of the second claim, noting
that ∆1/2
n ≤ K h n ∆n .
We proceed to the third estimate. Here we note that the second term in β(3)ni is
q/2

deterministic and is O(∆n ). Concerning its first part, we observe that
Ψ̂i ∆n − Ψ = Ψ(1)ni + Ψ(2)ni ,
where
hn h
i
¡
¢⊺
1 X
∆ni+u ϵ ∆ni+u ϵ − 2Ψ ,
2h n u=1
hn h
¡
¢⊺
¡
¢⊺ i
1 X
∆ni+u X ∆ni+u Y + ∆ni+u ϵ ∆ni+u X
.
Ψ(2)ni =
2h n u=1

Ψ(1)ni =

Since the summands in Ψ(1)ni form an MA(1) process, the discrete Burkholder and
−q/2

the discrete Hölder inequalities yield E[||Ψ(1)ni ||q ] ≤ K h n

. In view of Assumption

q/2
1.3 and (A.10), we also obtain E[||Ψ(2)ni ||q ] ≤ K ∆n , and finish the proof of the bound
on β(3)ni due to K 1 ∆n ≤ h n−1 .
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The fourth claim follows directly from the first three bounds.
Now, we proceed to the last conditional bound. Using the derivations in Lemma
5.2 of Jacod, Li, Mykland, Podolskij, and Vetter (2009), we obtain that
h
i
E X̄ i2+u − σ2i ∆n W̄i2+u | Fi ∆n
kX
³ ´ Z (i +u+ j )∆n
n −1
2 j
E[σ2s |Fi ∆n ]ds − ψn2 k n ∆n σ2i ∆n + o p (∆3/4
=
ϕ
n )
k n (i +u+ j −1)∆n
j =1
kX
³ j ´ Z (i +u+ j )∆n
n −1
ϕ2
=
E[σ2s − σ2i ∆n | Fi ∆n ]ds + o p (∆3/4
n )
k n (i +u+ j −1)∆n
j =1
= O p (k n ∆n h n ∆n ) + o p (∆3/4
n ).
Then, we obtain that
E[β(2)ni |Fi ∆n ] = o(∆1/4
n ) + O p (h n ∆n ).

Lemma A.2. We obtain that
¸
¯ ·
¯
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i
¡
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¯E i
¯ i ∆n − h n−1 ∆−1/2
n
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i
Proof. First, we will show that
¯ h
i
h
i
¡
¢ j k,l m ¯¯
¯
n, j k
n,l m
|Fi ∆n − h n−1 ∆−1/2
Γ c i ∆n , Ψ
. (A.15)
¯E β(1)i β(1)i
¯ ≤ K k n2 /h n2 + ∆1/4
n
n
Recalling the definition of Zi ,i +u in (A.12), for each i , u ≥ 0 and h ∈ {0, . . . , k n − 1}, we
have E[Zi ,i +u |Fi ∆n ] = 0, and
¡
¢2
jk
m
E[Zi +u Zil+u+h
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i
h
n, j k
m
In view of these identities, denoting E = E β(1)i β(1)n,l
| Fi ∆n , we find that
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We now deal with the remaining terms. Denoting βi (23)n = βi (2)n + βi (3)n , Lemma
A.1 yields
¯ h
i¯
¯
¯
n, j k
n,l m
m
+ β(23)i β(1)n,l
|Fi ∆n ¯ ≤ K (k n /h n )1/2 (h n ∆n )1/2 ,
¯E βi (1)n, j k β(23)i
i
¯ h
i¯
¯
¯
n,l m
| Fi ∆n ¯ ≤ K h n ∆ n ,
¯E βi (23)n, j k β(23)i
where we used h n−1 ≤ K h n ∆n . Now, the identity |(a 1 + b 1 )(a 2 + b 2 ) − a 1 a 2 | ≤ |a 1 ||b 2 | +
|b 1 ||a 2 | + |b 1 ||b 2 | combined with above results and (A.15) lead to
h
i
h
i
¯ £ n, j k n,l m
¤
¡
¢ j k,l m ¯
¯E β
¯ ≤K k 2 /h 2 + ∆1/4 + K h n ∆n + (k n ∆n )1/2
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n
n
n
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≤K [h n ∆n + k n2 /h n2 + ∆1/4
n ],
as desired.
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A.1.3 Decomposition and corresponding estimates
Recalling the decomposition in (A.4), we obtain that
¡
¢
n,1
n,2
n,3
n,4
n
n
n
∆1/2
n h n V (λ)t − V (λ)t = M t + B t + R t + R t + R t + R t ,

(A.16)

where the main term and the bias term are
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Lemma A.3. We have that
£
¤
3/2
+ (h n ∆n )3/2 .
E[|R tn,1 |] ≤ K ∆1/2
n h n (k n /h n )
Proof. This term is specially tailored for Taylor’s theorem. In view of Assumption 1.4
and Lemma A.1, we deduce that
E
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as intended.
Lemma A.4. We obtain that
£
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£
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Proof. We denote
πni

1
=
2

d
X
j ,k,l ,m=1

∂2j k,l m λ

"
¢ n, j k n,l m
¡
−
ĉ i ∆n βi βi

1
h n ∆1/2
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#
Γ c i ∆n , Ψi ∆n
¡

¢ j k,l m

.

(A.17)

Then, we rely on the decomposition R tn,2 = R tn,21 + R tn,22 , where
R tn,21 = ∆3/2
n hn
R tn,22 = ∆3/2
n hn

i
[t /∆X
n ]−1 h
E πni | Fi ∆n ,

(A.18)

i =0

[t /∆X
n ]−1
i =0

h
i
πni − E πni | Fi ∆n .

(A.19)

In view of Lemma A.2 and the boundedness of the second derivative, we immediately
obtain that
2
2
1/4
1/2
−1 −2
1/4
E[|R tn,21 |] ≤ K ∆1/2
n h n [h n ∆n +k n /h n +∆n ] ≤ K ∆n h n [h n ∆n +∆n h n +∆n ]. (A.20)

Now, we note that the second part can be written as
R tn,22 = ∆3/2
n hn

h nX
+k n
v=0

r tn,22
,v ,

³£
´
¤
where N (n, v, t ) = ⌊ t /∆n − 1 − v /(h n + k n )⌋ and
r tn,22
,v =

N (n,v,t
X )
i =0

h
i
πni(kn +hn )+v − E πni(kn +hn )+v | F(i (kn +hn )+v)∆n .

Exploiting the martingale difference structure along with the bound in Lemma A.1,
we get that
h
i
2
E |r tn,22
|
≤ K N (n, v, t )[(h n ∆n )2 + (k n /h n )2 ],
,v
h
i
−1/2
which yields E |r tn,22
[h n ∆n + k n /h n ]. Subsequently, this leads to
,v | ≤ K (∆n h n )
3/2 3/2
−1/2
E[|R tn,22 |] ≤ K ∆n h n3/2 [h n ∆n + k n /h n ] ≤ K ∆1/2
].
n h n [∆n h n + h n

(A.21)

Due to (h n ∆n )3/2 ≤ K h n ∆n and h n−1/2 ≤ K ∆1/4
n , this bound is dominated by the terms
in (A.20), and hence we are done.
Lemma A.5. We have that
1/4
E[|R tn,3 |] ≤ K ∆1/2
n h n [h n ∆n + o(∆n )].

Proof. Let
γni =

d
X
j ,k=1

i
¡
¢h
n, j k
n, j k
∂ j k λ c i ∆n β(2)i
+ β(3)i
.
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As in the proof of previous lemma, we can write R tn,3 = R tn,31 + R tn,32 , where these two
terms involve E[γni |Fi ∆n ] and γni − E[γni |Fi ∆n ], respectively.
Lemma A.2 and the boundedness of ∂λ implies that |E[γni |Fi ∆n ]| ≤ K h n ∆n +
n,31
1/4
o(∆1/4
|] ≤ K ∆1/2
n ), which leads to E[|R t
n h n [h n ∆n + o(∆n )].
Proceeding as in the proof of previous lemma, we also deduce that
E[|R tn,32 |] ≤ K ∆n h n3/2 [(h n ∆n )1/2 + o(∆1/4
n )].

(A.22)

Combining the two bounds, we arrive at the desired conclusion.
Lemma A.6. We have that
E[|R tn,4 |] ≤ K ∆n h n .
Proof. Since λ is bounded, the second term is easily bounded by K ∆3/2
n hn .
Now, we deal with the first term. Assumption 1.2 implies that
¡
¢
¡ ¢
E[|λ c i ∆n − λ c s |] ≤ K |i ∆n − s|1/2 .
Therefore, the first term is bounded by K ∆n h n , which finishes the proof.
Lemma A.7. We have that
E[|B tn − B (λ)t |] ≤ K ∆1/2
n .
Proof. Due to Γ being a smooth function, and due to E[∥c i ∆n − c s ∥] ≤ K |i ∆n − s|1/2 ,
we can proceed as in the proof of previous lemma to obtain the desired result.
Lemma A.8. We have that
M tn = O p (h n ∆3/4
n ).
Proof. This is a direct consequence of Lemmas A.9 and A.10.

A.1.4 Proof of Proposition 1.1.
P

We recall (A.16) and note that B tn −→ B (λ)t due to Lemma A.7. In the previous lemmas,
we have already shown that
£
¤
3/2
+ h n ∆n + ∆1/4
E |R tn,1 | + |R tn,2 | + |R tn,3 | + |R tn,4 | + |M tn | ≤ K ∆1/2
n h n [(k n /h n )
n ]
≤ K ∆na ,
where a = min{κ/2 − 1/4, 3/2 − 2κ, 3/4 − κ} and a quick calculation shows that other
rates are negligible. Due to κ ∈ (1/2, 3/4), we find that we have a > 0.
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A.1.5 Proof of Theorem 1.2.
A.1.5.1 Notations
Recalling (A.16), we have that
³
´
∆−1/4
Vb (λ)nt − V (λ)t =
n

1

h

h n ∆3/4
n

i
M tn + B̃ tn + R tn,1 + R tn,2 + R tn,3 + R tn,4 ,

(A.23)

where the only new term here is
B̃ tn =

∆n
2
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d
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·
´ j k,l m ¸
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¡
¡
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b i ∆n
.
− ∂2j k,l m λ ĉ i ∆n Γ ĉ i ∆n , Ψ
∂2j k,l m λ c i ∆n Γ c i ∆n , Ψ

It turns out that the term M̃ tn ≡ h n−1 ∆−3/4
M tn converges stably to a mixed normal
n
distribution.
To see this, we need to introduce some notations. Note that
M̃ tn = ∆3/4
n

d
X

⌊t X
/∆n ⌋

j ,k=1 i =0

n −1
¡
¢ hX
jk
∂ j k λ c i ∆n
Zi +u + o p (1),

(A.24)

u=0

where
p

Zi = ∆−1/2
Ȳi Ȳi⊺ − ψn2 k n ∆n c i ∆n −
n

ψn1 ∆−1/2
n
kn

Ψ,

(A.25)

where the negligible error is due to the results in Lemma A.5. Subsequently, we rewrite
this term as
/∆n ⌋
d ⌊t X
X
n, j k j k
M̃ tn = ∆3/4
w i Zi + o p (1),
(A.26)
n
j ,k=1 i =0

where
n, j k

wi

(h n −1)∧(i
X −1)

= h n−1

u=(i −[t /∆n

]+1)+

¡
¢
∂ j k λ c (i −u)∆n .

(A.27)

The proof is based on applying the big-block small-block technique, for details
see Section 12 of Jacod and Protter (2012) or Jacod, Li, Mykland, Podolskij, and Vetter
(2009). We introduce some notations. For p j
∈ N, we consider big-blocks
of length pk n
k
and small-blocks of length k n . Set j n (p) = ⌊t /∆n ⌋/(p + 1)k n as the number of big
blocks, and set a(h, p) = h(p + 1)k n and b(h, p) = h(p + 1)k n + pk n be the start and
end of h-th block. Denote with i n (p) = j n (p)(p + 1)k n .
We denote
ζ(p, 1)nh =
ζ(p, 2)nh =

d
X

b(h,p,n)
X

n, j k

Zu ,

n, j k

Zu .

wu

jk

j ,k=1 u=a(h,p,n)
d
X

a(h+1,p,n)
X

j ,k=1 u=b(h,p,n)

wu

jk
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Then, we can make the decomposition
ftn = M (p)nt + N (p)nt +Q(p)nt ,
M

(A.28)

where
M (p)nt = ∆3/4
n

j n (p)−1
X
h=0

N (p)nt = ∆3/4
n

j n (p)−1
X
h=0

Q(p)nt = ∆3/4
n

d
X

ζ(p, 1)nh ,
ζ(p, 2)nh ,

⌊t X
/∆n ⌋

n, j k

wu

jk

Zu .

j ,k=1 u=i n (p)

A.1.5.2 Preliminary estimates
Lemma A.9. We have
E[|B̃ tn |] ≤ K (h n ∆n )1/2 + o(∆1/4
n ).
For any p ≥ 2, we have
E[|N (p)nt |2 ] ≤ K /p,
E[|Q(p)nt |] ≤ K (p + 1)∆1/4
n .
Proof. Note that Γ and ∂2 λ are differentiable with bounded derivatives. In addition, from Lemma A.1 we have that E[|βni |] ≤ K [(k n /h n )1/2 + (h n ∆n )1/2 ] + o(∆1/4
n ) and
1/4
b
E[|Ψi ∆n − Ψ|] = o(∆n ). This leads to
1/2
E[|B̃ tn |] ≤ K [(k n /h n )1/2 + (h n ∆n )1/2 ] + o(∆1/4
+ o(∆1/4
n ) ≤ K (h n ∆n )
n ).

Concerning the last two estimates, we first note a standard result from the preaveraging estimator:
£¡ j k ¢2 ¤
E Zu
≤K.
(A.29)
Since N (p)nt is a sum of martingale difference terms up to negligible terms, we obtain
using above bound that
E[(N (p)nt )2 ] ≤ K ∆3/2
n

j n (p)−1
X

E[(ζ(p, 2)nh )2 ]

h=0
3/2 −1/2
≤ K ∆n (∆n /p)∆−1
n

≤ K /p.
Now, Q(p)nt is composed of the residual term from the block structure and satisfies
1/4
E[|Q(p)nt |] ≤ K ∆3/4
n (p + 1)k n ≤ K (p + 1)∆n ,

as desired.
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A.1.5.3 CLT
Next, we establish the central limit theorem for the main component.
Lemma A.10. For each fixed p ≥ 2, it holds that
¡
¢
ds
M (p)nt −→ MN 0, S(λ, p)t ,
where
S(λ, p)t =

d
X

Z

j ,k,l ,m=1 0

t

·
¸
p
1
j k,l m
j k,l m
∂ j k λ(c s )∂l m λ(c s )
Γ(c s , Ψ)
+
R(c s , Ψ)
ds
p +1
p +1

with
R(c s , Ψ) j k,l m =

·
¸
Φ12
Φ11
j k,l m
j k,l m
j k,l m
θΦ
Λ(c
)
+
Ξ(c
,
Ψ)
+
Λ(Ψ)
.
22
s
s
θ
θ3
ψ22 j ,k,l ,m=1
2

d
X

Proof. In view of Theorem IX.7.28 of Jacod and Shiryaev (2003), the CLT for M (p)nt
holds under the following four sufficient conditions:
j n (p)−1
X

∆3/4
n

£
¤ P
E ζ(p, 1)(Wb(h,p)∆n − Wa(h,p)∆n ) | Fa(h,p)∆n −→ 0,

h=0

∆3n

j n (p)−1
X

¤ P
£
E |ζ(p, 1)|4 | Fa(h,p)∆n −→ 0,

h=0

∆3/4
n

j n (p)−1
X

£
¤ P
E ζ(p, 1)(Nb(h,p)∆n − N a(h,p)∆n ) | Fa(h,p)∆n −→ 0,

h=0

∆3/2
n

j n (p)−1
X

£
¤ P
E ζ(p, 1)2 | Fa(h,p)∆n −→

h=0

d
X

Z

t

j ,k,l ,m=1 0

∂ j k λ(c s )∂l m λ(c s )Γ(c s , Ψs ) j k,l m ds,

where N is any bounded martingale orthogonal to W .
The first three of these results are proved exactly as in Lemma 5.7 of Jacod, Li,
Mykland, Podolskij, and Vetter (2009).
Next, we prove the last convergence. Note that
ζ(p, 1)nh = v(p, 1)nh + v(p, 2)nh + v(p, 3)nh ,
where
v(p, 1)nh =

d
X
∆−1/2
n

θψ2

b(h,p)−1
X

¡
¢⊺
jk
w u σa(h,p)∆n W̄u σa(h,p)∆n W̄u

j ,k=1 u=a(h,p)

¡
¢⊺
jk £
− w u E σa(h,p)∆n W̄u σa(h,p)∆n W̄u
v(p, 2)nh =
v(p, 3)nh =

d
X
∆−1/2
n

θψ2

h
£ j ¤i
jk j
w u ϵ̄u ϵ̄ku − E ϵ̄u ϵ̄ku ,

j ,k=1 u=a(h,p)

d
X
∆−1/2
n

θψ2

b(h,p)−1
X

¤
| Fa(h,p)∆n ,

b(h,p)−1
X

j ,k=1 u=a(h,p)

¡ ¢⊺
¢⊺
jk
jk ¡
w u σa(h,p)∆n W̄u ϵ̄u + w u ϵ̄u σa(h,p)∆n W̄u .
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Then,
2
h¡
i 2w a(h,p)∆
¢2
n
E v(p, 1)nh | Fa(h,p)∆n =
θ 2 ψ22

d
X

2
h¡
i 2w a(h,p)∆
pk n
¢
n
n 2
E v(p, 2)h | Fa(h,p)∆n =
θ 2 ψ22

h¡
i
¢2
E v(p, 3)nh | Fa(h,p)∆n =

j k,l m

j ,k,l ,m=1

θ 3 Φn22 Λa(h,p)∆ + o p (1),
n

d
X

¡
ψn1 Ψ j l Ψkm + Ψ j m Ψkl ) + o p (1),

j ,k,l ,m=1

2
d
2w a(h,p)∆
X
n
2
2
θ ψ2
j ,k,l ,m=1

1 n j k,l m
Φ Υ
+ o p (1).
θ 11 a(h,p)∆n

As a result, we deduce that it is equal to
h¡
i
X
¢2
¡
¢
¡
¢
2
E ζ(p, 1)nh | Fa(h,p)∆n =
∂ λ c a(h,p)∆n ∂l m λ c a(h,p)∆n
1/2 2 2 j k
j ,k,l ,m=1 ∆n θ ψ2
¶
µ
1 n j k,l m
j k,l m
j k,l m
3 n
n
× θ Φ22 Λa(h,p)∆ + θΦ12 Ξa(h,p)∆ + Φ11 Υa(h,p)∆
n
n
n
θ
µ 2¶
µ 2¶
¡
¢
k
k
1
+ O p n2 =
Γ c i ∆n , Ψ + O p n2 ,
hn
h
h n ∆1/2
n
n
which confirms the convergence
∆3/2
n

j n (p)−1
X

£
¤ P
E ζ(p, 1)2 | Fa(h,p)∆n −→

h=0

d
X

Z

j ,k,l ,m=1 0

t

∂ j k λ(c s )∂l m λ(c s )Γ(c s , Ψ) j k,l m ds,

due to the Riemann integration and j n ≍ n/(p + 1)k n .
A.1.5.4 Finishing the proof of Theorem 1.2.
Going back to the decomposition in (A.16), Lemmas A.3-A.6, we have that
h¯
¯i
h n−1 ∆−3/4
E ¯R tn,1 + R tn,2 + R tn,3 + R tn,4 ¯ ≤ K ∆−1/4
[(k n /h n )3/2 + (h n ∆n )1/2 + o(∆1/4
n
n
n )] = o(1).
In view of Lemma A.9, we obtain that
h¯ ¯ i
h n−1 ∆−3/4
E ¯B̃ tn ¯ = o(1),
n

(A.30)

and
lim lim supn→∞ P[|N (p)nt | + |Q(p)nt | > δ] = 0.

p→∞

P

We deduce that S(λ, p)t −→ S(λ)t as p → ∞ and finish the proof of Theorem 1.2.

A.1.6 Proof of Lemma 1.1
Rt
The integrated eigenvector 0 γg ,s ds can be estimated based on (1.23), as a particular
case for the function γg : M+
→ Rd . Indeed γg is C ∞ given Assumption 1.4: hence the
d
proof proceeds as of Theorem 1.2.
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A.1.7 Proof of Theorem 1.3
We use the decomposition
PC (γr )nt = A n + Ã n ,
where
An =
A˜n =

1
kn

[t /∆n ]−h
Xn −2kn

1
kn

[t /∆n ]−h
Xn −2kn

¢
¡
γ⊺r ĉ i ∆n X̄ i +hn +kn ,

i =0

¢
¡
γ⊺r ĉ i ∆n ϵ̄i +hn +kn .

i =0

Since the summands in A˜n are uncorrelated when indices are at least k n apart, it
follows that
£
¤
−1
2a−1
E ∥ A˜n ∥2 ≤ K k n−2 k n ∆−1
,
n k n ≤ K ∆n
which makes this term negligible. Concerning the main term A n ,
An =

µ ¶ ⌊t /∆n ⌋−hn −2kn
n −1
X
¡
¢
1 kX
j
ϕ
γ⊺r ĉ i ∆n (X (i +hn +kn + j )∆n − X (i +hn +kn + j −1)∆n ).
k n j =1
kn
i =0

Then, we can write this as
An =

µ ¶h
i
n −1
j
1 kX
ϕ
B nj +C nj ,
k n j =1
kn

where
B nj =
C nj =

[t /∆n ]−h
Xn −2kn

³
´
γ⊺r c (i +hn +kn + j −1)∆n (X (i +hn +kn + j )∆n − X (i +hn +kn + j −1)∆n ),

i =0
[t /∆n ]−h
Xn −2kn

³
´
¡
¢
[γ⊺r ĉ i ∆n − γ⊺r c (i +hn +kn + j −1)∆n ](X (i +hn +kn + j )∆n − X (i +hn +kn + j −1)∆n ).

i =0

It suffices to show that
µ ¶
Z t
n −1
1 kX
j
P
B nj −→ ψ3
γr (c s )⊺ dX s ,
ϕ
k n j =1
kn
0
µ ¶
n −1
1 kX
j
P
C nj −→ 0.
ϕ
k n j =1
kn
To prove the first claim, we observe that B 1n and B nj , for any j > 1, only differ in some
edge terms and satisfy
j
E[∥B n1 − B n ∥] ≤ K k n ∆n .
Pkn −1 ³ j ´
As a result, since k n−1 j =1
ϕ kn → ψ3 , we need to show that
B 1n =

[t /∆n ]−h
Xn −2kn
i =0

¡
¢
P
γ⊺r c (i +hn +kn )∆n (X (i +hn +kn +1)∆n −X (i +hn +kn )∆n ) −→ ψ3

t

Z
0

γr (c s )⊺ dX s ,
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which follows from the definition of the stochastic integration, see e.g. Theorem 21 of
Protter (2004).
Now, we move to the proof of the second claim and define
³
´
¡
¢
ξni ( j ) = [γ⊺r ĉ i ∆n − γ⊺r c (i +hn +kn + j −1)∆n ](X (i +hn +kn + j )∆n − X (i +hn +kn + j −1)∆n ),
which is F(i +hn +kn + j )∆n -measurable and satisfies
·¯
¯¸
¯
¯
E ¯E[ξni ( j )|F(i +hn +kn + j −1)∆n ¯ ≤ K [(k n /h n )1/2 + (h n ∆n )1/2 ]∆n ,
E[ξni ( j )2 |F(i +hn +kn + j −1)∆n ] ≤ K [k n /h n + h n ∆n ]∆n .
Therefore, for each j , we use Lemma A.1 and exploit the martingale structure to get
E[|C nj |] ≤

[t /∆n ]−h
Xn −2kn
i =0


+

·¯ h
i¯¯¸
¯
E ¯¯E ξni ( j )|F(i +hn +kn + j −1)∆n ¯¯

[t /∆n ]−h
Xn −2kn
i =0

1/2
h

i

E ξni ( j )2 |F(i +hn +kn + j −1)∆n 

³
´1/2
1/2
+ (h n ∆n )1/2 ]∆n + K ∆−1
≤ K ∆−1
n [(k n /h n )
n [k n /h n + h n ∆n ]∆n
≤ K [(k n /h n )1/2 + (h n ∆n )1/2 ],
and hence the result follows.

A.2 Numerical estimation of the bias term
To be able to compute numerically the bias B (λr )t as defined in equation (1.22), we
¡
¢
need to estimate its two components: Γ c s , Ψ and the second derivative of the eigen¡
¢
value function, ∂2 λr c s , for each s ∈ [0, t ]. Let us discuss the two terms separately:
¡
¢
1. To estimate Γ c s , Ψ , it is enough to plug in the estimators of c s and Ψ, so that:
´
³
¡
¢
b c s , Ψ = Γ ĉ i ∆n , Ψ
b i ∆n ,
Γ
(A.31)
for each i ∆n ≤ s < (i + 1)∆n , with Γ defined as in (1.20).
¡
¢
¡ ¢
2. To approximate numerically ∂2 λr ĉ i ∆n , the estimator of ∂2 λr c s , we refer
to Magnus (1985). Call K n the commutation matrix, that is the d 2 × d 2 matrix
defined explicitly in Magnus and Neudecker (1979) as
Kn ≡

d X
d
X
i =1 j =1

Hi , j ⊗ Hi⊺, j ,

(A.32)

where ⊗ is the Kronecker product, and Hi , j the matrix with entry 1 in position
(i , j ) and 0 elsewhere. Call C 0,s ≡ (λr,s I d − c s ) and note that the dimension of
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+
the eigenvector γr,s is d × 1, hence the dimension of C 0,s
⊗ γr,s γ⊺r,s is d 2 × d 2 .
4
Then the d derivatives of the eigenvalue function can be computed explicitly
as:
³
´
∂2 λr,s
⊺
⊺
+
+
=
K
C
⊗
γ
γ
+
γ
γ
⊗C
,
(A.33)
n
r,s
r,s
r,s
r,s
0,s
0,s
∂ vec c s ∂(vec c s )⊺

where vec c s denotes the vectorization of the covariance matrix c s . To conclude
the estimation, it is sufficient to replace the true processes {c s , λr,s , γr,s } with
their estimators {ĉ i ∆n , λr (ĉ i ∆n ), γr (ĉ i ∆n )}, for each i ∆n ≤ s < (i + 1)∆n .
As a final remark, Dunajeva (2004) derives an alternative formula for the approximation of the second derivative of a real symmetric matrix; see Theorem
1 therein. In the simulations, we implemented both approximations, and the
results are comparable.

CHAPTER

F UNCTIONALS OF SPOT VOLATILITY: D OES A
TWO - SIDED KERNEL ESTIMATION IMPROVE THE
PERFORMANCE ?

Francesco Benvenuti
Aarhus University and CREATES

Abstract
In this work, we investigate whether using a spot variance estimator with a kernel
of unbounded support improves the performance in the estimation of integrated
functionals of volatility. While previous literature has relied on kernel estimators of
bounded support, we study how a two-sided exponential kernel estimator performs in
this context. The main advantage of using such kernel for the spot volatility estimation
is to minimize the mean squared error for Brownian motion driven volatilities of a
high-frequency price process. Motivated by this finding, we first derive a consistent
estimator for functionals of the spot variance employing the optimal kernel with
unbounded support. Then, we discuss the rate of convergence of such estimator, in
order to suggest an unbiased version of it, in the spirit of Jacod and Rosenbaum (2013).
As a byproduct, we study the properties of the third moment of the estimation error
for the two-sided kernel estimator of the spot variance. In the simulation study we
display how those estimators perform, comparing our volatility functional estimator
with the one based on a uniform kernel. We additionally study how the different
estimators work on some real high-frequency data. We find that the advantage of
43
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using an exponential kernel function is preserved for the estimation of volatility
functionals.
JEL Classification: C10; C50.
Keywords: Volatility functionals; spot covariance; kernel estimators; high-frequency
econometrics.

2.1 Introduction
Volatility measuring is essential in economics and finance: for instance, roughly
speaking, it provides information on price variation, which amounts to getting information on the risk of an asset, a fundamental indicator for any sensible investment.
Given its relevance, over the past decades econometricians have produced a lot of
literature on the topic and its applications — see for instance Francq and Zakoian
(2019) on the GARCH modeling and McNeil, Frey, and Embrechts (2015) on the risk
management applications.
In parallel, recent years’ prices in the financial markets have been characterized by observations collected more and more frequently, leading to new tools and
techniques which aim to exploit this richer information. These have been systematized under the field known as high-frequency econometrics. Given that in the
high-frequency setting log-prices are represented as an Itô semimartingale, the topic
of estimating the integrand of its continuous martingale part, namely the spot volatility, has received a lot of attention in the literature; see for instance Foster and Nelson
(1996), Mancini, Mattiussi, and Renò (2015) or Bandi and Renò (2018) who discuss
some financial motivations to concentrate on the spot variance rather than on the
integrated one. The mainstream way to estimate this quantity is by means of kernel
estimators, whose optimal bandwidth selection is studied in Kristensen (2010).
Traditionally, the choice for the weight used as kernel has been limited to functions of bounded support, such as the indicator function over a limited interval.
However, recently Figueroa-López and Li (2020) have shown that the optimal kernel
which minimizes the mean squared error is a two-sided function with unbounded
support, specifically the exponential function. This result holds in the traditional
setting of high-frequency econometrics, when the price volatility is assumed to be an
SDE driven by the Brownian motion.
The goal of this work is to employ the two-sided kernel in the problem of estimating an integrated functional of the spot volatility using a Riemann approximation
argument applied to spot estimates. This topic has been studied in the seminal paper by Jacod and Rosenbaum (2013), but for a local estimator based on a kernel of
bounded support, and touched upon by Kristensen (2010) who provides a convergence in distribution of a generalized estimator based also on Riemann sums. The
p
former proposes a bias corrected estimator which joins a CLT with rate ∆n , where

2.2. A SSUMPTIONS

45

the correction is the result of a second-order bias. Moving from their insights, we
propose a consistent estimator for integrated functionals based on a kernel estimator
of the spot volatility, specializing to the case of a two-sided kernel with unbounded
support. We also discuss the second-order asymptotic bias correction, which compared to the uniform kernel case should include explicitly a transformation of the
kernel function. We provide some insights on this bias correction, moving from a result on the convergence rate of our estimation error. As a byproduct, we also study the
stochastic boundedness of the third moment of the estimation error for the two-sided
spot volatility estimator.
Our final goal is to study whether the advantage of using a kernel estimator
of unbounded support for the spot variance, documented by previous literature,
still holds when considering its integrated functionals and, if so, in which measure.
Hence, after deriving the consistency results, we move to the numerical study where
we assess the properties of our estimator. We find that the two-sided estimation
of the integrated functional is better, and this finding holds both with and without
the bias correction in the setting considered therein. We show that the estimation
improvement is similar to the one for the spot variance case. When adding noise,
sparse sampling is needed to control for it: we briefly study this setting in the last part
of our numerical study.
The last section employs the different estimators discussed in the simulation
study on some real high-frequency data. We show that the two-sided kernel estimator
with unbounded support for the spot variance captures some features expected in
the true spot variance, such as its typical time-varying daily pattern. The estimation
is comparable to the one obtained using the uniform kernel, as expected from the
simulation study, but given the peculiar features of real TAQ data we find it important
to assess this. In fact, there is not any other empirical application in the literature
of Figueroa-López and Li (2020) to high-frequency data coming from real trading
activity.
The paper is organized as follows. In Section 2.2, we introduce the main notation
and assumptions. In Section 2.3, we derive a preliminary result on the two-sided
kernel estimator, then we prove the consistency of our estimator for the integrated
functionals of volatility, using the two-sided kernel as spot estimator, and we discuss
its convergence rate. In Section 2.4, we present our simulation study, and assess the
numerical properties of the estimators discussed in the previous section, and we
show how they work in practice in Section 2.5. In Section 2.6, we conclude.

2.2 Assumptions
We introduce the main assumptions needed in this work.
In the following, the processes are defined on the complete filtered probability
space (Ω, F, F, P), where F = {Ft }t ≥0 . The next assumption on the price process is clas-

46

C HAPTER 2. F UNCTIONALS OF SPOT VOLATILITY: D OES A TWO - SIDED KERNEL ESTIMATION
IMPROVE THE PERFORMANCE ?

sic in the high-frequency literature1 and consistent with the no-arbitrage condition.
Assumption 2.1. The log-price X is a continuous one-dimensional Itô semimartingale:
Z t
Z t
Xt = X0 +
bs d s +
σs dWs ,
(2.1)
0

0

where {b s }sÊ0 , {σs }sÊ0 are F-adapted, cádlág and {Ws }sÊ0 represents the standard Brownian motion, adapted to the same filtration.
In practice we observe a discrete-time series of n + 1 prices {X 0 , X ∆n , X 2∆n , . . . , X t }
on an equidistant grid over the finite horizon [0, t ], s.t. n = t /∆n and ∆n → 0. This
setting reflects the fact that over a finite time, we allow the number of observations
to be abundant, asymptotically increasing to infinity. The i -th observed return is
defined as ∆ni X = X i ∆n −X (i −1)∆n , for i ∈ {1, 2, . . . , t /∆n }. We call σi ∆n the spot volatility
at time i ∆n , and spot variance its square σ2i ∆ .
n
The following assumption is standard as well, and it is related to the stochastic
processes appearing in the previous assumption.
Assumption 2.2. The drift {b s }sÊ0 is locally bounded. The spot volatility process {σs }sÊ0
is an Itô semimartingale represented as:
Z t
Z t
σt = σ0 +
b̆ s d s +
σ̆s d B s ,
(2.2)
0

0

with {b̆ s }sÊ0 and {σ̆s }sÊ0 both adapted, cádlág, locally bounded; {B s }sÊ0 satisfies the
same assumptions for W . Moreover, (b, σ) is independent of W .
Remark 1. The requirement on the independence of σ from W is called non-leverage
condition; the joint independence of (b, σ) from the Brownian motion is imposed as in
Kristensen (2010). In fact this condition can be avoided in the proofs of our convergence
results, but it is employed to derive the MSE approximation (2.10) and the related
optimal choice of the two-sided kernel function (see Section 2.4).
The assumptions on the kernel function are standard as well in the literature:
Assumption 2.3. The kernel function K : R → R is bounded, piecewise C1 on R such
that
Z ∞
K (u)d u = 1,
(2.3)
−∞

and given a constant C ∈ R ,
+

|K (x) − K (y)| ≤ C |x − y| for all x, y ∈ R.
R∞
We assume ∂K of bounded variation, such that −∞ |∂K (u)|d u < ∞. Moreover,
Z ∞
|K (u)||u|d u < ∞; K (u)u 2 → 0 as |u| → ∞.
−∞

1When jumps are excluded.

(2.4)

(2.5)
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Those are regularity conditions, which are needed to control the smoothness of
the kernel function and its behavior on the tails; in particular the rate at which K
decreases to 0 has to be faster than the increase of a quadratic polynomial on the
tails.
Remark 2. Compared to the classical literature on kernel estimation of density functions, the order of the kernel is not relevant for Brownian motion driven volatility. In
fact, taking higher order kernels can cause additional drawbacks in small samples, for
instance negative estimates of the variance.
For notational convenience, we call:
Z ∞
K=
K 2 (u)d u,
−∞

and

J=

Z

∞

Z

∞

−∞ −∞

min{|x|, |y|}1x y≥0 K (x)K (y)d xd y.

The next assumption is related to the growth condition of the functional g appearing throughout this work. This is not a particularly restrictive requirement: first of all,
it is a common requirement for the problem of estimating a realized functional of the
covariance (see the next section). In the second place, the results can be extended to
the case of a less smooth functional, as done in Li, Todorov, and Tauchen (2017).
Assumption 2.4. The functional g ∈ C3 is such that:
¯
¯
³
´
¯ j
¯
¯∂ g (x)¯ ≤ C 1 + |x|p− j , j = 0, 1, 2, 3

(2.6)

with C > 0, p ≥ 3.

2.3 Functionals of spot volatility: Two-sided kernel estimator
2.3.1 Local estimators of volatility
In this paper, we are interested in the problem of estimating an integrated functional
of σ2s :
Z t
V (g )t =
g (σ2s )d s,
(2.7)
0

using a local estimator of the spot variance. This topic has been studied in the seminal
work by Jacod and Rosenbaum (2012), and our goal is to study how V (g )t can be
estimated through the following estimator of the spot variance:
σ̂2τ =

n
X
i =1

´2
¡
¢³
K bn t i −1 − τ ∆ni X ,

(2.8)
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for a kernel function K satisfying Assumption 2.3, K bn (x) = K (x/b n )/b n , where b n
represents the bandwidth, and τ ∈ [0, t ].
When we take as kernel the indicator function K (x) = 1[0,1] (x) and as a bandwidth
b n = k n ∆n , with k n ∆n → 0, k n → ∞, then (2.8) becomes:
σ̃2τ =

´2
n £
X
¤ ¡
¢³
1[0,1] bn t i −1 − τ ∆ni X =

i =1

Xn ³ n ´2
1 τ+k
∆ X ,
k n ∆n i =τ+1 i

(2.9)

since the indicator function is zero outside of the interval [0,1], when 0 ≤ t i −1 − τ ≤
k n ∆n . Therefore, (2.9) is a particular case of (2.8). In fact, σ̃2τ is the estimator used,
for instance, in the Realized PCA of Aït-Sahalia and Xiu (2019b), and in Jacod and
Rosenbaum (2012), Jacod and Rosenbaum (2013).
More generally, (2.8) includes all the kernel functions which have a bounded
support [−C ,C ] for any finite constant C , so that K (x) = 0, for all x ∈ [−C ,C ]c . We will
call those estimators kernel estimators of bounded support, with bounded referring to
the support of the kernel. In contrast, we call kernel estimator of unbounded support
the estimator (2.8) when K has an unbounded support; this estimator is denoted as
two-sided kernel estimator too. In fact, traditionally, estimators based on kernels of
bounded support have been widely used in the literature (see Aït-Sahalia and Jacod,
2014, for an overview). However, recently a two-sided kernel estimator of the spot
volatility, namely an exponential kernel, has been proposed by Figueroa-López and
Li (2020) and Figueroa-López and Wu (2020). The motivation of introducing such
kernel is to provide the optimal kernel choice (in the MSE sense), that is a more
precise estimator than the one based on the indicator function. Their CLT for the
kernel estimator of unbounded support (see Theorem B.1 in the Appendix) does
not only establish the rate of convergence to a centered Gaussian distribution for
the two-sided kernel estimator, but it is also the starting point to derive a consistent
estimator for a functional of the volatility using as local estimator σ̂2 (see Section
2.3.3). Compared to the case of an indicator kernel function (see Theorem 8.6 in
Aït-Sahalia and Jacod, 2014), the rescaling term and the limiting distribution, which
depends on the variance and on the volatility of the volatility, are the same in the CLT
for the two-sided kernel. However, the difference is the presence of a more involved
structure when the two-sided kernel estimator is considered, as K is explicitly present
in the expectation of the limiting variables.

2.3.2 Preliminary results and additional assumptions
We begin this section with an auxiliary result, employed in the proof of Proposition 2.3,
which has its own relevance to study the properties of the two-sided spot variance
estimator. We are interested in studying the stochastic boundedness of the third
power of the estimation error βni = σ̂2i ∆ − σ2i ∆ , namely to determine c n such that
n
n
|βni |3 = O p (c n ).
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First, note that the boundedness of |βni |2 is already known, since the mean
squared error can be computed explicitly:
Lemma 2.1. Under Assumptions 2.1, 2.2, and 2.3, for b n = k n ∆n → 0 such that k n →
∞,
·³ ´ ¸
i
h
2
2 h 4 i
(2.10)
E βni
=
E σi ∆n K + o(k n−1 ) + o(k n ∆n ) + (k n ∆n )E σ̆4i ∆n J.
kn
This follows from Theorem 3.1 of Figueroa-López and Li (2020) applied to the
specific setting of Assumption 2.2. In order to get a more feasible estimator for the
integrated functional of volatility, we need to make the last term of the MSE negligible
by imposing the following additional assumption on k n (see Section 2.3.3 for a more
precise discussion):
Assumption 2.5. We assume:
k n2 ∆n → 0;

k n3 ∆n → ∞.

(2.11)

The interpretation is the following: the local window k n has enough data but up
to the power 3 is asymptotically dominated by ∆n , then it increases at the fastest
possible rate (condition k n3 ∆n → ∞). Then we can show:
Proposition 2.1. Under Assumptions 2.1–2.5:
∆n

n
X
i =0

³
´
∂g σ2i ∆n |βni |3 = o p (1).

(2.12)

This result follows directly from the order of the third power of the estimation
error, which is indirectly proportional to k n under Assumption 2.5 (we refer to the
proof for details): when ∆n → 0, then |βni |3 is bounded in probability.

2.3.3 Consistency and bias correction
Define:
V (g )nt = ∆n

n
X
i =0

g (σ̂2i ∆n ).

(2.13)

The functional is defined on the space of positive values σ2s , since the sign of σs is
unknown. First of all, we show that V (g )nt is consistent2 .
Proposition 2.2. Under Assumptions 2.1, 2.2, and 2.3, for a continuous functional g ,
the following convergence holds:
P

V (g )nt → V (g )t .
2 The consistency holds uniformly on compact sets.
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This result is easy to prove as soon as σ̂2s is consistent for σ2s and g satisfies some
regularity conditions3 . Nevertheless, in practice it is sufficient to obtain a sufficiently
precise estimator of the volatility functional (see Section 2.4).
Estimator (2.13) can be seen as the two-sided extension of:
Ve (g )nt = ∆n

n−k
Xn
i =0

³
´
g σ̃2i ∆n ,

(2.14)

which is based on the uniform kernel estimator σ̃2 and it is consistent for V (g )t (see
e.g., Jacod and Rosenbaum, 2013).
The next question, as anticipated above, is to study the convergence rate of V (g )nt .
For the uniform kernel case, namely for Ve (g )nt , the convergence rate of the unbiased
estimator:


n−k
³
´ σ̃4
³
´
Xn
i
∆
n
′
n
2
2
2
g σ̃
Ve (g )t = ∆n
∂ g σ̃i ∆n 
(2.15)
i ∆n −
kn
i =0
to a centered Gaussian process Z with conditional variance:
Z t
³ ´
h
i
e
∂2 g σ2s σ4s ds,
E Z (g )2 |F = 2

(2.16)

0

is provided by Theorem B.2 (see the Appendix for details).
For our estimator, we have the following result:
Proposition 2.3. Under Assumptions 2.1–2.5, as ∆n → 0 and for ξn → ∞ such that
p
ξn = o( k n ), the following holds:
¡
¢ P
ξn V (g )nt − V (g )t −→ 0.
Now we discuss the case ξn ≍ k n : compared to the proposition above, an asymptotic bias should be included, similarly to (2.15) but depending explicitly on the kernel
function. Intuitively, our claim is based on an observation related to the structure of
the bias correction Bei ∆n (g ) of Ve ′ (g )nt , that is:
Bei ∆n (g ) =

∆n 2 ³ 2 ´
∂ g σ̃i ∆n · 2(σ̃4i ∆n ).
2k n

(2.17)

We note that the variance of Z is exactly the bias correction up to a function of k n .
This is not coincidental: consider the decomposition of the total estimation error4
into the sum of a statistical and a target component: σ̃20 − σ20 = D n + S n . The target
component is:
Dn =

1
k n ∆n

k n ∆n

Z
0

³
´
σ2s − σ20 d s,

3 In fact, the previous convergence result holds uniformly on compact sets.
4 For instance, at time t = 0 without loss of generality.

(2.18)
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while the statistical error is defined as:
Sn =

kn
1 X
Z n,
k n i =1 i

(2.19)

with Zin independent and centered random variables, whose variance is:
Z i ∆n
2
E[(Zin )2 ] =
σ2 d s;
∆n (i −1)∆n s
based on a CLT argument this variance converges to 2σ20 . It turns out (see Chapter
8 in Aït-Sahalia and Jacod, 2014) that the bias Bei ∆n (g ) is related to the limit of the
p
rescaled statistical error k n S n , while D n does not contribute to the bias correction
in (2.15), because using the right convergence rate for k n one can disregard the target
error component of the total bias. Specifically, one should set k n as in Assumption
2.5. Otherwise, the bias correction would consist of more terms involving border
effects and a term related to the continuous part of σ2 , which is difficult to estimate.
Essentially, in this way the bias arising from the target error is canceled at the expenses
to inflate the other component S n .
This insight on the structure of the bias suggests the second-order correction for
the estimator of realized functionals based on a two-sided kernel. In fact, the variance
of the limiting variable in the CLT for the two-sided kernel estimator error is 2σ4τ K
(see Theorem B.1), hence given a convergence result specified as:
Z t
¡
¢ P
g
n
F (b n ) V (g )t − V (g )t −→
B s (g )d s,
0

for a function F of the bandwidth b n , in the two-sided kernel case the bias can be
specified as:
1 2 ³ 2´
g
B s (g ) =
∂ g σs
×
2(σ2s )2
×
K
.
2
Variance in the MSE Kernel estimator
Second-order expansion

In the previous expression, we highlight below each term the specific contribution of
each component to the total bias.
g
As mentioned above, such expression for B s (g ) holds if the statistical error dominates the other bias components, which corresponds to the case β = 0 in Theorem
B.1, and to Assumption 2.5 on the growth rate of k n . We leave to future research the
investigation of a CLT associated to the bias corrected estimator of V (g )nt , which
similarly to Proposition 2.3 but for the case ξn = k n would imply:
Z t
³ ´
¡
¢ P
n
k n V (g )t − V (g )t −→
K∂2 g σ2τ σ4τ d τ.
0

In light of this discussion, when the previous convergence holds, an unbiased estimator for V (g )t can be written as:


³
´
n
σ̂4i ∆
X
n
′
n
2
2
2
g (σ̂ ) − K
V (g )t = ∆n
∂ g σ̂i ∆n  .
(2.20)
i ∆n
kn
i =0
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Note that the bias correction part is o p (k n ), and this is in accordance with our consistency result. We note that the proof of Proposition 2.3 provides some insights on how
to derive the bias correction structure: this term should come from the second-order
expansion of the estimation error (see the term T t3,n in the proof in "Appendix 2.6 for
#
³
´
σ4i ∆
2
2
n 2
n
details), where the negligible difference would be instead ∂ g σi ∆
(βi ) − kn K ,
n

characterizing the correction more precisely than any other generic o p (1) term. In this
sense, the proof of Proposition 2.3 exploits the structure of the spot estimator, while
Proposition 2.2 does not consider the asymptotic properties of the spot estimator,
except for its consistency.
In the next section, we test numerically our estimators.

2.4 Simulation results
2.4.1 Setting
In this section we investigate the numerical properties of the two-sided kernel estimator and its functionals. In order to compare the estimators V (g )nt , V ′ (g )nt , Ve (g )nt ,
Ve ′ (g )nt for different functions g , we consider the following framework widely employed in the high-frequency literature, where prices are generated by the Heston
model:

d X = (µ − σ2 /2)d s + σ d B ,
s
s
s
s
d σ2 = κ(θ − σ2 )d s + ζσs dWs ,
s

s

with the parameters chosen as in Zhang, Mykland, and Aït-Sahalia (2005):
µ = 5/100; κ = 5; θ = 0.04; ζ = 0.5.

(2.21)

To make the results robust to a negative leverage scenario, we set ρ = Corr[dW, d B ] =
−0.5.
The equidistant observation interval is set as ∆n = 1 second; in other words, over
a trading day we observe 23,400 returns. This corresponds to 6.5 trading hours over
the interval [0,1] so that, with the notation of the other sections, t = 1. In Figure 2.1
we represent a simulated path of the volatility, the process that we are interested to
estimate, resulting from this model.

2.4.2 Performance of the estimators
We begin by constructing the spot variance estimator using either a two-sided kernel,
as in (2.8), or the uniform kernel (2.9). The latter will serve as a benchmark, to investigate our central question: whether a two-sided kernel improves the performance
in the volatility functional estimation compared to the uniform kernel used by past
literature. As anticipated above, the two-sided kernel function of unbounded support
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Figure 2.1: Simulated volatility.

Note. Panel A: The volatility processes generated accordingly to the Heston model with parameters set as in (2.21). Time is
measured in seconds.

which joins a better estimation of the spot variance is K (x) = 12 e −|x| . For such choice,
K = 14 .
To avoid the boundary effects which affect kernel estimators, in place of the kernel
estimator σ̂2τ , we use:
σ̂2τ
¡
¢.
σ̆2τ =
(2.22)
Pn
∆n i =0 K bn t i −1 − τ
Indeed, in practice boundary effects can be significant, as displayed5 in Figure 2.2.
There we represent6 the estimation error of (2.8) with a bandwidth k n = 800, which
corresponds to approximately 15 minutes of data collected at one-second frequency.
In the left panel we clearly observe some outliers compared to the right panel, which
are in fact caused by the estimation error at the boundary, where the kernel estimator
of unbounded support (2.8) exhibits a poor performance (this is consistent, for
instance, with Figure 1 of Kristensen (2010)). After applying the correction — right
panel of Figure 2.2 — the estimator does not suffer any considerable estimation
problems at the boundaries, compared to the interior observations, therefore the
outliers are reduced.
In this section, it becomes relevant the following numerical property related to
the choice of the exponential as kernel: the computational time for the estimator
(2.8) is O(n) instead of O(n 2 ) when using the exponential function. Clearly, in the
high-frequency setting this reduction is sensible, and it results from the following
algorithm for the spot variance estimator at time τ ∈ [(i − 1)∆n , i ∆n ):
σ̂2τ = σ̂2τ,+ + σ̂2τ,− + σ̂2τ,∗ ,
5 The red curve displays the normal distribution fit.
6 For a simulation representative of the overall results, where the frequency refers to the one-second
observations over the day. Across 1,000 simulations, the average error is 3.28·10−3 for the estimator without
boundary effect and −0.0029 for the estimator prior to corrections.
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Figure 2.2: The effect of the boundary correction on the estimation error.

Note. Panel A (henceforth, the panel on the left): The distribution of the estimation error of the kernel estimator for the
volatility without applying any boundary correction. The outliers are due to the abnormal values at the boundaries. Panel
B (henceforth, the panel on the right): When using the correction (2.22), the problem displayed in the left plot is solved.

where

³
´
¡
¢ n
2
−1
2
2


σ̂
=
exp{k
}
σ̂
−
K
i
∆
−
(τ
−
∆
)
(∆
X
)
,
n
n
b
n
 τ,+
n
τ−∆n ,+
i +1


³
´
¡
¢
n
2
2
−1
2
σ̂
=
exp{−k
}
σ̂
+
K
(i
−
1)∆
−
(τ
−
∆
)
(∆
X
)
,
n
n
bn
τ,−
n
τ−∆n ,−
i



¡
¢

σ̂2 = K
n
2
b n (i − 1)∆n − τ (∆i X ) .
τ,∗
For details, we refer to Section 4.1 of Figueroa-López and Li (2020). Moreover, the
same algorithm can be applied for the computation of the denominator of (2.22),
with a straightforward replacement of (∆ni X )2 with 1 for each i .
To take full advantage of the better performance of the two-sided kernel estimator
compared to the uniform kernel, it is essential to implement the optimal bandwidth
selection as described in Section 5 of Figueroa-López and Li (2020). In order to define
it, we shortly introduce some notation.
Taking two processes (Υ, Ψ) adapted to the filtration F and progressively measurable, the volatility generating process (2.2) can be expressed as:
d σ2s = Υs d u + Ψs d B s .

(2.23)

Rt
Rt
Then define IQ(X ) = 0 σ4τ d τ and IV(σ2 ) = 0 Ψ2τ d τ, where Ψ is the process which
drives the volatility of the volatility in (2.23). As an application of Lemma B.1 in the
Appendix, the optimal bandwidth k no for (2.20) can be written as:
k no

1
=
∆n

s

2t · IQ(X ) · K
.
n · IV(σ2 ) · J

(2.24)
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In order to estimate the unknown quantity IQ(X ), we adopt the standard estimator

) =
IQ(X

Pn ³ n ´4
i =1 ∆i X
3∆n

.

To estimate the integrated volatility of volatility, we move from the sparse sampling
estimator proposed in Figueroa-López and Wu (2020), which recalls the subsampling
estimator for the realized variance in presence of noise: one takes an initial guess
for k no , say k ni , which corresponds to an initial estimate (σ̂2j )i of the variance process
(for all j ∈ {1, 2, · · · , t /∆n }). Then we sample sparsely the initial variance estimator
each κ < n observations, so that:
à
2) =
IV(σ

[n/κ]−1
X
j =0

(∆njκ (σ̂2 )i )2 .

The procedure is iterative: one obtains a sequence of bandwidths {k ni , k ni i , . . . k nN }
and the associated estimators {(σ̂2j )i , (σ̂2j )i i , . . . (σ̂2j )N }, where the last value k nN corresponds to the N -th iteration. Consistently with the previous literature findings, in
our simulations we find that the optimal bandwidth, defined as the bandwidth which
minimizes the average of the squared errors7 (ASE):
ASE =

n−l
X 2
1
(σ̂
− σ2i ∆n )2 ,
n − 2l + 1 i =l i ∆n

is obtained after few iterations. This is displayed in Figure 2.3 for two different simulations representative of a typical behavior of the optimal bandwidth selection: there
we compare the minimum ASE over the iterations for the two-sided exponential
kernel and the uniform kernel estimators of the spot variance. The minimum point
for the former is reached at the second iteration, for the latter at the third/sixth; after
those points, increasing the iteration numbers makes the estimation error higher:
this is due to the effect of the different estimation errors related to the unknown
parameters needed in (2.24). After few iterations, there is a tendency of the ASE to
converge at a fixed point. The second more important feature emerging from these
figures is that the minimum ASE is smaller for the exponential kernel. This is shown
also in the right panel of Figure 2.4, which reports the average ASE at each iteration
for 1,000 Monte Carlo simulations: the interpretation is the same as for Figure 2.3.
The exponential kernel performs better than the uniform kernel when the bandwidth
is optimized, as expected: this is also visible in the left panel of Figure 2.4 where we
report the minimum ASE across the Monte Carlo simulations for both kernel choices.
After analyzing the properties of the spot variance kernel estimator, we move
to the numerical study of the estimation for the volatility functionals. We test the
7 The average is taken in the interval [l , n − l ] to avoid eventual problems at the boundary; l is set as
n/10.
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Figure 2.3: Minimum ASE.

Note. Panel A and Panel B represent, for two different Monte Carlo simulations, the values of the minimum ASE over the
iterations. Here we plot both the exponential kernel and the uniform kernel cases. In both cases the minimum is reached
after few iterations, then the ASE stabilizes around a fixed point.

Figure 2.4: Monte Carlo results for the minimum ASE and the average ASE.

Note. Panel A: The values of the minimum ASE, over 1,000 simulations. Panel B: Average ASE for each iteration, over 1,000
simulations.

functions8 g (x) = x 2 and g (x) = log(x). The former is related to the well-known
process called quarticity, the latter is a test for a functional which is not a certain
power of x. The consistent estimators based on (2.13) are straightforward, and for the
case g (x) = x 2 the bias corrected estimator (2.20) becomes:
V ′ (g )nt = ∆n

n
X
i =0


σ̂4 −
i ∆n

2σ̂4i ∆
kn


n

K ,

(2.25)

while for g (x) = log(x), in the bias correction the second derivative of the functional
8 In practice, consistently with the window over which we compute the ASE, we estimate

R t −l
l

g (x)d x.
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compensates the contribution of σ4 , so that the bias corrected estimator is:
V ′ (g )nt = ∆n

n
X
i =0

·

log(σ̂2i ∆n ) +

¸
1
K .
kn

(2.26)

We find that the better performance of the spot variance estimator is an advantage in
the estimation of the integrated functional.
This can be visualized in Figure 2.5. Since numerically the difference between
the bias corrected and the consistent estimator is negligible, we report only the
results after the bias correction in order to strengthen our discussion with some
numerical evidence. In fact the small numerical contribution of the bias term (whose
component ∆n /k n is of a smaller magnitude than the part depending on the volatility)
and the convergence of the consistent estimator when n is large, make the bias term
relevant for inference, but practically negligible for the consistency.
Table 2.1: Integrated functional estimation.

Case g (x) = x 2
True value
Uniform estimator
MSE (Bias corrected estimator)
Standard deviation (Bias corrected estimator)
Two-sided estimator
MSE (Bias corrected estimator)
Standard deviation (Bias corrected estimator)
Case g (x) = log (x)
True value
Uniform estimator
MSE (Bias corrected estimator)
Standard deviation (Bias corrected estimator)
Two-sided estimator
MSE (Bias corrected estimator)
Standard deviation (Bias corrected estimator)

0.0012
0.1113 · 10−8
2.3594 · 10−4
0.0618 · 10−8
2.2036 · 10−4

−2.379
0.1004 · 10−3
0.0743
0.0563 · 10−3
0.0699

Note. The table reports the average value of the true integrated functional, computed over 1,000 Monte Carlo simulations,
and the MSE for the bias corrected estimators discussed above, when g = x 2 and g = log(x).

In the figures we represent the histogram of the ratio between the true and the
estimated values for the two different cases considered here, where the value 1 would
represent a perfect estimation; in the figure on the right panel (those referring to
the uniform kernel) there are more outliers and the distribution looks slightly less
centered than the ones on the left (exponential kernel). This is confirmed in Table 2.1:
the MSE for the exponential kernel is lower, even if it is of the same order of the uniform one. These results can be justified intuitively: the uniform estimator performs
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Figure 2.5: Histogram of the ratios "true/estimated".

Note. The plots represent the histogram of the ratios between the true integrated functional and its bias corrected
estimator, for 1,000 simulations. Panel A refers to the functional g (x) = x 2 and to the exponential kernel, Panel B refers to
the functional g (x) = x 2 and to the uniform kernel. Panel C and Panel D refer to the functional g (x) = log(x), respectively
for the exponential kernel and the uniform kernel choice.

well, consistently with the fact that it has been widely employed in past literature,
but the numerical improvement of the two-sided spot estimator is preserved in the
functional estimation.

2.4.3 Noise in the DGP
The model for prices considered so far, even though standard in the literature, does
not take into account the noise contamination of real financial prices observed at
high-frequency (see for instance Hansen and Lunde, 2006); namely, if the true data
generating process for the price X follows model (2.1), in fact we observe:
Yi ∆n = X i ∆n + ϵi ∆n ,
where ϵ is a noise term which is detrimental to estimators that are not noise-robust.
Here we study the properties of our estimators in this setting, where we model
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Figure 2.6: Histogram of the estimation errors for different choices of k n .

Note. Panel A: Estimation of the spot volatility using the exponential kernel with the bandwidth parameter k n corresponding to 2 hours of data. The kernel estimator weights more the observations closer to the spot time of interest, but it uses
all data. Panel B: The uniform kernel performance is poor for a short window of data, with k n using around 45 minutes of
data. Panel C: The uniform kernel estimation improves with a larger window k n of data, as expected, but it only estimates
the spot volatility for n − k n observations.

the noise as in Christensen, Podolskij, Thamrongrat, and Veliyev (2017): ϵi ∆n =
0.5
p σi ∆n u i ∆n , where u i ∆n ∼ N (0, 1) and σi ∆n is the standard deviation of X .
n
In some cases, to "kill" the noise, depending on its intensity, it might be optimal
to sample prices every 5 minutes, since at this frequency the effect of the noise on
estimators is significantly reduced (see for instance Ait-Sahalia, Mykland, and Zhang,
2005). As a result of the sparse sampling at that frequency, using the previous-tick
interpolation, in a day we are left with 78 returns observed at one second frequency.
In this case, the forward-looking uniform kernel estimator (2.9) suffers of a drawback
in some applications.
For instance, consider the case when we want to update our knowledge of an
integrated functional (such as the integrated eigenvalues) at the closure of any trading
day; namely we want to compute the daily integrated functional. As the spot esti-
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Figure 2.7: The effects of noise and sparse sampling on the estimation of the spot covariance.

Note. Panel A: Noise needs to be smoothed in order to obtain a meaningful estimation. There, we call estimator without
noise the two-sided kernel computed prior to noise, and estimator with noise the same estimator but computed on
noisy returns. Panel B: The average, over 1,000 simulations, of the estimation error with 5 minutes sparse sampling. The
frequency refers to the 23,400 discrete values of the true process within a day.

mation time moves towards the end of the trading day, the amount of available data
might become insufficient to obtain an accurate estimation: the sampling procedure,
which removes the noise, at the same time removes data. The uniform kernel estimator needs k n future data as input, therefore it can estimate the spot variance only at
n − k n points. Clearly, when n reduces, either also k n is reduced, or the estimation
interval becomes shorter. On the other side, the two-sided kernel is less affected by
the data reduction. This is already clear in a setting without noise: look for instance
at Figure 2.6, where we plot9 the estimation error of the exponential kernel estimator
compared to the uniform one, using the setting of Section 2.4.1, but sampling data
every 300 seconds. While the former uses all data and therefore it allows to have a
local estimator for all the time interval [0, t ] of interest, the uniform one can either
retain 90% of the observations (Panel B) providing a poor performance, or use a
consistent number of data (Panel C), reducing sensibly the interval over which it is
possible to compute the integrated functional.10
Then consider the case when observations are noisy. First of all, Panel A of Figure
2.7 shows that the effect of noise cannot be ignored, namely that sparse sampling is
needed to avoid large estimation errors for the spot-covariance.11 Indeed, Panel B
of Figure 2.7 shows the improvements in the estimation error when considering five
minutes returns. Next, after a numerical optimization of the bandwidth for the the
two-sided kernel, which corresponds to selecting k n = 200 for one minute sampling
9 For a simulation representative of the overall results.
10 One can set the estimated quantities over [n − k , n] equal to the last available estimate, but for k
n
n

large the approximation becomes inaccurate.
11 The theoretical results of Section 2.3 can be extended to a noise-robust estimator, for instance
constructed with pre-averaging, which does not need to employ sparse sampling. We leave this for future
research.
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and k n = 75 for five minutes sampling, we compute the integrated functional estimates and we report the MSE in Table 2.2 and Table 2.3. Compared to the noise-free
setting, the MSE is higher and increases when sampling less, as expected. The advantage of using the two-sided kernel is minimal when considering the overall integrated
process, but as discussed above it could be relevant if less data are available, at intraday frequency, and in the estimation of the spot covariance if we consider a smaller
bandwidth for the uniform kernel. We leave a further investigation of this setting to
future research.
Table 2.2: Integrated functional estimation with noise, one minute sampling.

Case g (x) = x 2
True value
Uniform estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)
Two-sided estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)
Case g (x) = log (x)
True value
Uniform estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)
Two-sided estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)

0.0016
9.5457 · 10−8
4.8123 · 10−4
5.7802 · 10−8
3.9334 · 10−4

−3.2260
0.0083
0.1437
0.0061
0.1184

Note. The table reports the average value of the true integrated functional, computed over 1,000 Monte Carlo simulations,
sampling every minute, and the MSE for the bias corrected estimators in the case of a DGP with noise, when g = x 2 and
g = log(x).

2.5 Empirical results
In this section, we apply the two-sided kernel estimator of the spot variance to real
high-frequency data, taken from the TAQ database. We preliminary clean the data in
order to remove the outliers which can make the analysis biased, following BarndorffNielsen, Hansen, Lunde, and Shephard (2008) for cleaning the prices, and Brownlees
and Gallo (2006) for filtering the data. The dataset considered allows to compare
empirically the different estimators in a realistic high-frequency setting, since over
a trading day (from 9:30a.m. to 4:00p.m.) we observe a relevant amount of data; for
instance, below we consider a price series of 647, 505 data observed at different times,
over the first 4 trading days of January 2018.
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Table 2.3: Integrated functional estimation with noise, five minutes sampling.

Case g (x) = x 2
True value
Uniform estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)
Two-sided estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)
Case g (x) = log (x)
True value
Uniform estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)
Two-sided estimator
MSE (Consistent estimator)
Standard deviation (Consistent estimator)

0.0016
3.892 · 10−7
7.2148 · 10−4
2.6988 · 10−7
5.9837 · 10−4

−3.2184
0.0318
0.2023
0.0348
0.1734

Note. The table reports the average value of the true integrated functional, computed over 1,000 Monte Carlo simulations
and sampling every 5 minutes, and the MSE for the bias corrected estimators in the case of a DGP with noise, when g = x 2
and g = log(x).

However, the original data is unfiltered, and at that frequency it is contaminated
by a noise component (see Section 2.4.3). In order to get rid of this problem, we apply
the common device of sparse sampling. In order to retain more observations after the
sparse sampling, we consider a liquid stock: in this case the sampling frequency can
be increased without harming the noise smoothing effect and without introducing too
many zeros in the returns, as discussed in Aït-Sahalia and Xiu (2019a). We apply our
estimators to the transaction prices of Apple, a rather liquid component of NASDAQ,
with a sampling frequency of 1-minute (see Figure 2.8).
Figure 2.9 displays the estimated path of the spot volatility over a day (Panel A)
and a week (Panel B). Coherently to the simulation results, the difference between
the estimation obtained with a one-sided and a two-sided kernel is on average small
(of order 10−4 ). We plot this difference for the year 2018 in Panel A of Figure 2.10.
The estimators can differ on some outliers points, less than 5% of the observations
in our sample, and this might occur when the additional data included by the twosided kernel estimator significantly deviate from the average of those included by
the one-sided kernel. The average value of the outliers amounts to 0.0019. In Panel B
we remove those outliers, defined as observations larger than three scaled median
absolute deviations from the median, and the order of the differences now is leveled
on 10−3 .
The path of the estimated spot variance shows the typical time-varying daily
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Figure 2.8: Price and return series of Apple, first week of 2018.

Note. Panel A: The plot represents the logarithm of the transaction data for Apple during the first trading week of 2018,
sampled every minute. Panel B: The associated 1-minute returns.

Figure 2.9: Daily and weekly volatility estimation for the stock Apple.

Note. Panel A: Comparing the estimated volatility on January 4, 2018, using 1-minute returns, for the one-sided and the
two-sided kernel. Panel B: The estimated volatility over the first week of January, using the kernel estimators considered
in the left panel.

pattern with a higher volatility in the beginning of each trading day (see Andersen,
Thyrsgaard, and Todorov, 2019). The dependence of the volatility to time readily
reflects on the time-varying path of the daily estimators of the integrated functional,
for instance considering the case g (x) = log(x), that is plotted in Figure 2.11. Also
in this case the difference between the two estimators is restrained, mirroring the
results of Table 2.1.
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Figure 2.10: Difference in the estimation of the variance, comparing the two kernel choices.

Note. Panel A: The difference between the estimated variance, over the year 2018, using the two choices of kernel
estimators. Panel B: we represent the histogram of the differences considered in Panel A after removing the outliers (less
than 5% of the points).

Figure 2.11: Daily log-functional in 2018.

Note. Panel A represents the estimated daily realized functional over the year 2018, for the functional g (x) = log(x),
comparing estimator (2.13) and estimator (2.14).

2.6 Conclusion
In this work we have considered how the problem of estimating functionals of the
spot variance can be improved through the recent findings on the two-sided kernel
estimation of the spot volatility. We have discussed how past literature has employed
a spot volatility estimator built through a uniform kernel function, while the optimal
kernel is an exponential function with unbounded support.
We have shown the consistency of our estimator for an integrated functional,
based on the two-sided kernel as local estimator of the volatility. The convergence in
probability of the estimator is enough to get a good estimation in a high-frequency
setting, due to the considerable number of observations, as shown in the simulation
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results. We also have discussed the rate of convergence of our estimator (Proposition
2.3) and how it could be bias corrected, moving from a similar argument for the
second-order bias of the integrated functional estimation obtained through a uniform
kernel function.
We have examined different aspects of the kernel estimator with unbounded
support, studying its third-order estimation error stochastic boundedness, and displaying how it works numerically in a simulated setting. In the simulations, we have
compared our estimator for the integrated functionals with the one based on the
uniform kernel: we have shown how the average squared error is reduced when
using the exponential kernel. In the end we applied the different estimators to real
high-frequency data, providing a first empirical analysis of the kernel estimator with
unbounded support and its functionals.
Based on these results, we suggest to estimate the spot volatility through the twosided estimator of Figueroa-López and Li (2020) even when this is used as a plug-in
estimate to compute functionals of volatility. Our consistent estimator is accurate
enough prior to the second-order bias correction, while to perform inference, the
bias correction should be taken into account and we leave to future research a further
investigation of this topic. Other extensions of this work can include a further analysis
of a noisy price setting, jump robustness and the generalization to a multidimensional
setting, namely the problem of estimating the spot covariance through a two-sided
kernel estimator.
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Appendix
B.1 Preliminary results
We begin by recalling some preliminary results needed in the proofs. Below, C denotes
a constant, possibly depending on q and potentially different on each inequality. For
any finite stopping time τ, s, q ≥ 0, s ≤ t (see Jacod and Protter, 2012) the following
bounds for the processes X and σ2 hold:
¯
¤¯¯

¯ £

X
−
X
|
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¯E
¯ ≤ C s,
τ+s
τ
s
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i¯¯
¯ h 2
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From the Doob’s, Hölder and triangular inequalities, it follows that given a sequence
of random variables X i and the sigma algebra Fi generated by {X j : j ≤ i }:
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¯
s∈[0,t ] ¯ i =0
i =0
In order to make the paper self-contained and to adapt the notation of the following
results consistent with ours, we recall Lemma 3.1 and Lemma 3.2 of the supplemental
material of Figueroa-López and Li (2020), setting therein the value γ = 1 which
corresponds to the case of Assumption 2.2.
Lemma B.1. For the functions f : Rm → R and K i : R → R with 1 ≤ i ≤ m, such that:
q
2
• f (τ+s 1 , τ+s 2 , · · · , τ+s m )− f (τ, τ, · · · , τ) = C 1 (s 1 , s 2 , · · · , s m ; τ)+o( s 12 + s 22 + · · · + s m
)
¡
¢
m
with s 1 , s 2 , · · · , s m → 0, τ ∈ (0, t ), where, for h > 0, C : R × [0, T ] → R is such
that hC 1 (s 1 , s 2 , · · · , s m ; τ) = C 1 (hs 1 , hs 2 , · · · , hs m ; τ).
• f ∈ C ([0, T ]m ).
• In the support (A i , B i ), the following holds for K i : it is piecewise C1 on (A i , B i )
s.t.
Z ∞
K (u)d u = 1,
−∞

and given a constant C ∈ R ,
+

|K i (x) − K i (y)| ≤ C |x − y| for all x, y ∈ (A i , B i ).
The first derivative ∂K i (u) is assumed to be of bounded variation s.t.
Z ∞
|∂K i (u)|d u < ∞.
−∞
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Moreover,
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Here, we recall the CLT for the two-sided kernel estimator of the spot variance:
Theorem B.1 (Figueroa-López, Wu). Under Assumptions 2.1, 2.2, and 2.3, for b n =
p
m n ∆n → 0; m n → ∞; m n ∆n → β ∈ [0, ∞), the following stable convergence in law
holds:
′′
p
s.t .
m n (σ̂2τ − σ2τ ) −→ Zτ′ + βZτ ,
where Zτ′ = σ2τ V with V a centered Gaussian random variable such that:
³ ´
E V 2 = 2 K,
′′

and Zτ = 2στ σ˜τ V ′ with V ′ a centered Gaussian random variable independent of V
such that:
³ ´ Z ∞
E V ′2 =

with

∞

Z
L(s) =

L 2 (s)d s,

−∞

s

Z
K (u)d u · 1s>0 −

s
−∞

K (u)d u · 1s≤0 .

The following result provides the rate of convergence for estimator (2.14) after a
proper bias correction:
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Theorem B.2 (Jacod, Rosenbaum). Suppose that Assumptions 2.1–2.4 hold, and take
k n → ∞ as in Assumption 2.5. Then the following stable convergence in law holds, for
∆n → 0:
´
1 ³ ′ n
L−S
Ve (g )t − V (g ) −→ Z ,
p
∆n
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n−k
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where Z (g ) is defined as a zero-mean continuous Itô semimartingale
h
i such that its
conditional expectation on the extended probability space e
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The following approximation follows from Lemma B.1, setting f (t ) ≡ 1:
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B.2 Proofs
B.2.1 Proof of Proposition 2.1
Consider the following decomposition of the estimation error into three terms:
σ̂2i ∆n − σ2i ∆n = βni,1 + βni,2 + βni,3 ,
with
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First, note that βni,2 is dominated by βni,1 when Assumption 2.5 holds. Indeed, under
Assumption 2.2 and Assumption 2.3, Theorems 6.1 and 6.2 of Figueroa-López and Li
(2020) imply:
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and
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so that βni,3 = O( k1n ) when k n = o(∆−1/2
). Therefore,
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This concludes:
∆n
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∂g σ2i ∆n |βni |3 = o p (1).

B.2.2 Proof of Proposition 2.2
We prove the result for |g | ≤ C for a positive constant C . This holds under Assumption 2.2, when g is continuous. To prove the consistency of V (g )nt , we move from
Chebyshev’s inequality:
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Then, Fubini’s theorem allows us to study the convergence of
By (2.10), it follows that

Rt
0

E|g (σ̂2s ) − g (σ2s )|d s.

h
i
lim E |σ̂2s − σ2s |2 = 0,

∆n →0

P

which again by Chebyshev’s inequality implies the consistency of σ̂2 : σ̂2s −
→ σ2s . Hence,
P

the continuity of g leads to g (σ̂2s ) −
→ g (σ2s ). Therefore E|g (σ̂2s )−g (σ2s )| is asymptotically
bounded: E|g (σ̂2s ) − g (σ2s )| → 0. Then, the dominated convergence theorem and the
squeeze theorem conclude:
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B.2.3 Proof of Proposition 2.3
We want to prove the following result:
¡
¢
ξn V (g )nt − V (g )t = o p (1).

(B.8)

To this end, we divide the proof in steps.
1. Discretization We begin with discretizing V (g )t , defining:
V d (g )nt = ∆n
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Then (B.2) and the previous two estimates lead to:
£
¤
E |D ′n
t |


¯ [s/∆n ] Z
¯ X
≤ E sup ¯¯
s≤t

i =0


¯ [t /∆n ] "Z
¯ X

+ E ¯¯
E
i =0

(i +1)∆n
i ∆n

(i +1)∆n
i ∆n

g (σ2i ∆n ) − g (σ2s )d s − E

"Z

(i +1)∆n
i ∆n

¯
¯

g (σ2i ∆n ) − g (σ2s )d s ¯¯Fi ∆n

# ¯
¯
¯
¯
g (σ2i ∆n ) − g (σ2s )d s ¯¯Fi ∆n ¯¯


¯
¯2  1/2
¯Z (i +1)∆n
¯
[t X
/∆n ]

¯
¯ 
≤C 
E ¯
g (σ2i ∆n ) − g (σ2s )d s ¯  +C ∆n ≤ C ∆n .
¯
¯
i
∆
n
i =0


Hence:
D nt

= ξn

[t X
/∆n ]
i =0

"Z

(i +1)∆n
i ∆n



#
g (σ2i ∆n ) − g (σ2s )d s

− ξn 



t

Z

∆n [ ∆t ]

g (σ2s )d s  =

n

= ξn D ′n
t

−C ξn ∆n = o p (1).

2. Decomposition Then, it is left to prove that:
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Let us consider the following decomposition:
V (g )nt − V d (g )nt = T t1,n + T t2,n + T t3,n + M tn ,
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Note that the previous decomposition allows to isolate the second-order error
component T t3,n , which is related to the bias correction term discussed in
Section 2.3. The terms T t1,n , T t2,n are reminder terms, which compensate the
first and second derivative component in the Taylor expansion of g (σ̂2 ) around
σ2 , while the last term is the driving component of Theorem B.1, when k n =
o(∆−1/2
).
n
We have:
|ξn T t1,n | = ξn ∆n
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All these terms are o p (1). Indeed, under the assumptions on ξn and k n , the first
convergence follows from (B.5) and (B.6), the second from (B.7) of Proposition
2.1, the third from (2.10). The last convergence follows from (B.4).
Remark 3. In decomposition (B.14), we add the additional term T t3,n in order to highlight the second-order bias contribution to estimator (2.20), following the discussion of
Section 2.3.3. This allows to exploit the structure of the estimation error term. To show
only Proposition 2.3, we can expand T t2,n up to the first-order.
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Abstract
We provide new empirical evidence for an open problem regarding asymmetric
information in loan contracts: the effect of higher collateral requirements on the
interest rates applied by banks to borrowers is not clear under such asymmetry.
Previous literature has argued both for positive and negative links, based on different
models and econometric analyses. Our purpose is to examine recent Italian data,
analyzing for the first time big data for thousands of borrowers collected by means of
a European Central Bank project. First, we develop a game-theoretic model, which
supports the empirical results, based on the principal-agent problem adapted to the
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specific case of loans. Then, we apply an unsupervised analysis to this unique micro
data set with a focus on the link between interest rate and loan to value. We do not
find evidence of a strong link between those variables. Finally, we analyze loan data in
a supervised setting, controlling for different borrowers’ categorical variables related
to the interest rate determination. We conclude that the interest rate in loan contracts
is influenced by asymmetric information and that higher collateral is not necessarily
associated with a lower interest rate.
JEL Classification: C55; C57; C72; D12; H81.
Keywords: Collateral; interest rate; large data sets: modeling and analysis; principalagent models; principal components.

3.1 Introduction
Does collateral increase or decrease interest rates of loan contracts? The answer
to this apparently simple question is not straightforward, and the topic has been
broadly discussed both in the economic and applied econometric literature. However,
depending on the particular assumptions or on the analyzed data, contradictory
conclusions have been reached. We provide an overview of that in Section 3.2, where
our extensive literature review sums up how different game-theoretical models imply
either a positive or a negative link between interest rates and collateral. This also
holds true for the empirical studies that have tried to sort out the problem, because
their results ended up being contradictory, depending on the considered data.
The present work1 concentrates on this problem, examining what recent Italian
data suggests, and compared to the past empirical literature on the subject, we base
our findings on a relevant amount of microeconomic data. The database that we
analyze contains millions of data (i.e. millions of borrowers’ data) associated with
a residential mortgage-backed security (RMBS). This unique data is available for
the first time thanks to the huge collection of loan contracts stored in the European
DataWarehouse (ED) database.2 Therefore, the loans considered in this work are contracts underlying Asset-Backed Securities (ABS); the recent storage of this loan data is
motivated by the ABS loan level initiative, which aims to improve the transparency of
ABS markets, by making the market participants able to access this information. This
initiative was conceived by the European Central Bank.
Our unique data contains both numerical and specific categorical variables, such
as the repayment method or the borrower employment status (see Section 3.4 for a
complete list and description of them), which clearly influence the decision maker
(e.g. the bank) on the interest rate to apply. In order to extract information from the
1 Part of this work and ideas have been developed during my MSc thesis (unpublished).
2 The ED "is the first centralised platform in Europe which collects, stores and distributes standardised
ABS loan level data". See the ED website for a detailed description: www.eurodw.eu .
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numerical data, we first look at some of its descriptive features, then we apply an
unsupervised analysis to those variables, in particular to the interest rate and the
loan to value of each contract. When splitting the data into clusters, we do not find
strong evidence in favor of a negative link between interest rates and collateral. We
additionally employ the principal component analysis, which exploits the correlation
structure between different borrowers’ features, namely the amount of collateral he
can pledge and the sum he can borrow. We collect the results in biplots, which are
easily interpretable: those are standard plots in the principal component analysis, as
they give the relative position of the variables in a plot with axes the two principal
components. We show how a higher primary income is associated with higher collateral and shorter loans, while borrowers who receive higher amounts have a better
income and provide more collateral, as expected.
Our previous findings are supported by the supervised analysis, which includes
the numerical and the categorical variables in a regression model and considers
three different specifications driven by the amount of data available. We find that
the pricing of interest rate is influenced by key borrowers’ features, and that higher
collateral is not always a guarantee for the borrower to obtain a better interest rate.
In order to justify our empirical analysis, we build a game-theoretic model which
shows the a priori possibility of an ambiguous effect of collateral requirements on
the interest rates of loan contracts due to the influence of asymmetric information.
Our model is based on the principal-agent theory, and it deals with three different
scenarios: perfect information, moral hazard, and adverse selection. We show how the
link between collateral and interest rates can be inconsistent, since it depends on the
setting considered. In particular, interest rates can be higher even with more collateral
under moral hazard, while the common intuition of a lower interest rate associated
to more collateral holds true under perfect information and adverse selection. This
is a consequence of including a cost function in the overall payoff of the borrower,
related to his effort at investing the sum borrowed, which makes it possible for the
principal to use higher collateral as a tool to direct the borrower’s behavior, rather
than only as a guarantee for the sum lent.
Compared with past literature, our model is based on few financial and gametheoretic principles, rather than on specific aspects of loan contracts. In this sense,
our approach is fairly intuitive.
Overall, we argue that the open question posed in the beginning does not have
a straightforward answer: information asymmetries can always influence loan contracts, with an effect on the collateral-interest rate relation. Our paper adds a contribution to the empirical literature on this problem and justifies the different findings
of previous studies.
The paper is organized as follows. In Section 3.2, we present a comprehensive
literature review. In Section 3.3, we build a game theory model to support our findings,
while in Section 3.4, we describe the data set and we perform the unsupervised
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analysis. In Section 3.5 we apply a supervised analysis to our loan data. In Section 3.6,
we conclude.

3.2 Literature review
In this section, we present a thorough literature review on the open problem studied
in this paper. Given the abundance of results on the topic, a comprehensive overview
is needed as a reference point for our discussion, since we will claim that the effect
of collateral on interest rates is not unambiguous. Regardless of the loan type (for
instance, mortgages or SME loans), imperfect information is a general feature of loan
contracts, therefore we consider heterogeneous loan types in our review. Our model
of Section 3.3 is more intuitive and less specific than most of the works mentioned
below, since it takes into account only a few specific features of loan contracts, and it
develops the discussion on simple intuitive principles. In this sense, it incorporates
different conclusions reached by previous literature; we refer to the game-theoretic
section below for details. However, it shares with past literature the main point:
asymmetric information affects financial contracts and specifically loan contracts.
A seminal work regarding the effect of imperfect information in the credit market and the role of collateral and interest rates is Stiglitz and Weiss (1981), where
borrowers with higher wealth and who can provide more collateral, are also prone
to invest in high-risk projects, decreasing the advantage of banks. This paper has
not gone without criticism and it has triggered off a large amount of literature on
the relationship between collateral and risk in loan contracts. A different view is
indeed proposed in Bester (1985, 1987) and Wang (2010), where the possibility of
different combinations of interest rate and collateral to sort borrowers is recovered.
More recently, Su and Zhang (2017) argue that collateral is largely employed in loan
contracts, hence the credit rationing as described by Stiglitz and Weiss hardly ever
occurs in practice, and Flatnes and Carter (2019) demonstrate that moral hazard is
heavily reduced through collateral requirements.
The Stiglitz and Weiss’ model has been reconsidered in Coco (1999) to account
for different risk attitudes of borrowers, in Broll and Gilroy (1986) who explain the
dynamics of the credit market under asymmetric information with a greater focus on
collateral requirements rather than on the interest rate, and in Bieta, Broll, and Siebe
(2008) who conclude that collateral cannot serve to reduce the typical asymmetric
information of loan contracts.
On the other side, some parts of the literature have discussed different assumptions compared to the Stiglitz and Weiss’ model: Chan and Thakor (1987) examine the
case when all rents accrue to borrowers rather than to depositors, while De Meza and
Webb (1987) account for different expected returns between projects. With a slightly
different approach, Chan and Kanatas (1985) investigate whether the existence of
collateral is justified outside of a moral hazard framework, examining a situation of
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asymmetric payoff valuation between borrowers and lenders, concluding that better
borrowers should pledge a higher amount of collateral in order to take advantage
of a lower interest rate. On the contrary, according to De Meza and Southey (1996)
higher collateral is required from high-risk borrowers, as in Rajan and Winton (1995),
who propose a model where collateral requirements increase when the borrower
experiences financial difficulties.
Another point of the discussion has been the substantial difference in the collateral value for borrowers and for banks, constituting a disincentive to request collateral
(Besanko and Thakor, 1987; Booth, Thakor, and Udell, 1991). A related discussion
(Benjamin, 1978) concentrates on the additional costs for stipulating secured loan
contracts. Despite these costs, it is shown that collateral can be useful in order to
enforce debt contracts, as previously discussed in Barro (1976).
Due to this extensive amount of contrasting theoretical conclusions, other authors
have turned to an empirical analysis to examine if any hypothesis is supported by
real data. However, their results are also contradictory, depending for instance on the
different methods, countries, periods, and models specified.
We mention just a few relevant examples. Berger and Udell (1990) present a crosssection analysis using a sample of over one million commercial loans from the Federal
Reserve’s Survey of Terms of Bank Lending. They regress the loan risk premium on
collateral and other control variables at different periods, finding more frequently a
positive coefficient for the former regressor. A similar conclusion is reached by Leeth
and Scott (1989). Taking a sample of 1,000 U.S. small business loans, they associate
higher default probability and greater loan size and loan maturity, all risk indicators,
to secured loans. Later, Angbazo, Mei, and Saunders (1998) find empirical support
for this conclusion, using over 4,000 loan transactions registered on Loan Pricing
Corporation’s database, between 1987 and 1994. Their conclusion is that collateral
is generally related with riskier loans and riskier borrowers. A confirmation of this
result is obtained in Jiménez and Saurina (2004). In analyzing the determinants of the
default probability (PD) of bank loans, they discuss extensively the role of collateral in
this context. Their empirical results, using data from the Credit Register of the Bank
of Spain, suggest a higher PD for collateralized loans.
However, an opposite conclusion is reached by Degryse and Van Cayseele (2000),
who use data from Belgian banks and find a negative relationship between interest
rates and collateral, even if the latter is decreasing as the duration of the bank–firm
relationship increases. This is supported by Capra, Fernandez, Ramirez-Comeig,
et al. (2005). They use a sample of small and medium-sized firms to test the role
of collateral, and their analysis supports the hypothesis of a negative relationship
between collateral and interest rates, which is the contract chosen by lower risk
borrowers. Nevertheless, moral hazard is shown to affect the initial choice of the
contract, weakening the obtained link.
Breit and Arano (2008) consider the determinants of the interest rate applied to
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small businesses, and hypothesize a lower risk premium when collateral is required.
They find that the interest rate is lower when collateral secures the loan. Similarly
Agarwal and Hauswald (2010), using 2002 and 2003 U.S. data for SME, find a negative
and significant coefficient for collateral regressed on the offered loan rate. On the
contrary Lehmann and Neuberger (2001), treating collateral as a dummy variable,
analyze 1988 U.S. data for 174 lines of credit, finding a positive coefficient.
Collateral is shown to reduce credit risk also in Thailand, through an empirical
analysis carried out by Menkhoff, Neuberger, and Suwanaporn (2006). Furthermore,
its incidence is shown to be higher than in mature markets. Booth and Booth (2006)
reach the same conclusion, analyzing data from the Securities and Exchange Commission (SEC) of loans contracts stipulated from 1987 to 1989.
Godlewski and Weill (2011) highlight the conflicting literature on the theme,
explaining the dissimilar conclusions provided by the authors as a different degree
of asymmetric information among countries, using a sample of 4,940 loans from
31 countries. In particular, they analyze the link between loan risk premium and
collateral: a simple OLS regression is employed, using as independent variables
collateral, the degree of information asymmetries for each country and some other
variables. Financial, accounting standards and economic development indicators
are used as proxy for the degree of information asymmetries. The results show a
significant positive coefficient for the collateral variable, apparently not supporting
its use as a device to solve adverse selection issues. However, a further analysis shows
that this positive link is weaker when information asymmetries increase. Berger,
Frame, and Ioannidou (2016) conduct an empirical study on commercial loans of
Bolivian financial institutions and find a negative relationship between collateral
amount and risk premium, which is explained through a lower loss for banks in case
of borrowers’ default. A similar conclusion, but with a different sample, is given in
Blazy and Weill (2006), analyzing the role of collateral in French banks and discussing
how guarantees reduce losses when default happens. They conclude that collateral
could help to solve adverse selection problems.
In the empirical sections below, we add to this literature by analyzing recently
collected loan data which are higher dimensional than most of the works mentioned
here. Moreover, we consider specific categorical variables which are very informative
about borrowers’ features. We provide new evidence on the ambiguous relationship
between collateral and interest rate.

3.3 The model
3.3.1 Perfect information
In this section we provide a theoretical justification for our results, namely building
contrasting — but equally plausible — models in order to show the possibility of
ambiguous relations between collateral and interest rates of loan contracts, as the
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empirical analysis points out. This also helps to explain the contradictory results
presented in Section 3.2.
The starting point of our discussion is to consider a principal-agent game in the
context of a loan contract. Indeed, a bank can be seen as a principal which gives an
agent (the borrower) a sum L and expects a net payoff which depends on the interest
rate i . Therefore, the bank decides the contractual conditions, and the agent receives
the sum borrowed and is required to put an effort e ∈ E to invest the borrowed capital;
this effort e is costly for the borrower. Assume that e ≥ 0 belongs to a compact set E
of possible efforts.
We define the critical effort ẽ as the minimum effort e required for the borrower
to avoid default, and consider two possible states of the world s k ∈ S, k = 1, 2, related
to a loan contract (we rule out partial default):

s = "Default"
1
S=
s 2 = "Solvency".
The bank has two possible related final payoffs: one for the state of the world s 1
and another for the complementary case. The realization of S depends on ẽ, but since
the critical effort is defined ceteris paribus, there are other factors which can influence
the realization of a specific state of the world. These quantities are stochastic, thus
they influence the conditional probability P(S = s k |ẽ). Under the previous notation,
the optimization problem for the principal becomes:
arg max
ω∈Ω

2
X

P(S = s k |ẽ) ·U1 (πck ),

(3.1)

k=1

where πk is the final payoff associated with the specific state of the world k, which
depends also on the effort required to the borrower, and the maximization in general
depends on the different variables ω which affect the principal payoff. The probability
P(S = s k |ẽ) must be estimated by the principal in order to compute his maximum
expected payoff and U1 is an appropriate utility function associated with the lender.
Since the effort is costly for the borrower, we assume that the borrower’s cost function
c : e 7−→ c(e) is increasing. Hence, taking into account this function, the previous
maximization problem is subject to the restriction:3
2
X

P(S = s k |ẽ) ·U2 (W ) − c(e) ≥ A,

(3.2)

k=1

where U2 is the utility function associated with the borrower. The term A is the socalled reservation utility, and intuitively represents the agent’s expected utility of
alternative investment opportunities, hence it has to be lower than the left hand side
of (3.2). This restriction is assumed to be both necessary and sufficient to ensure that
3 This is satisfied a priori, otherwise the game does not exist.
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the contract is signed by the borrower. The argument W of the function U2 includes
both the sum borrowed L and the payoff of any external investment made with this
sum, or any quantifiable additional utility obtained by the borrower using the sum L,
clearly depending on s k .
Under this framework we prove that the presence of collateral implies a lower
interest rate.
The effect of either the absence or the presence of collateral, say of value C , on
the bank’s final (gross) payoff π — or equivalently, except for a sign factor, on the
borrower’s payment — can be represented through piecewise-defined functions.
Equivalently, for loans which are both secured but differ for their collateral value, for
instance when C 1 > C 0 , the representation is:

C
if S = s 1
0
πc =
L(1 + i ) if S = s 2 ,

C
if S = s 1
1
πc ′ =
L(1 + i ′ ) if S = s 2 .
The determination of the link between the different rates i , i ′ is the aim of our discussion. We base our analysis on two established principles of finance: the risk-return
trade-off and the risk aversion of economic agents.
Considering the risk-return trade-off, from a theoretical point of view, an injective
relation between risk and return4 can be assumed, but in practice some problems
occur. In fact, risk is not observable: but it can be estimated, for example using risk
classes. Moreover, the relation risk-return is a function only when considering the
average return for each risk class. Hence, when we consider an increasing function
which maps risk into return, we interpret it as derived using an estimation of risk and
for an average of many loan contracts: then it is acceptable to assume that when the
risk increases, the return increases too.
Moving from the previous considerations, we notice that the presence of collateral
(or of collateral with a higher value) decreases the expected loss of the bank if default
occurs, or equivalently it increases its expected return. Thus, given a fixed expected
maximum return without collateral, the same value can be obtained applying lower
interest rates if collateral is provided by borrowers. Similarly, considering a contract
whose collateral value is C 1 , the interest rate should be lower in order to maintain
the principal’s expected maximum return constant, that is if C 1 > C 0 , then i ′ < i ⇔
L(1 + i ′ ) < L(1 + i ), being L > 0. Moreover, the borrower’s risk is not changed by
the presence of collateral under perfect information, because in this context the
risk is independent from collateral. In fact if risk with or without collateral is the
same, because borrowers are the same and there are not adverse selection problems,
4 Various definitions for the meaning of these two terms exist: let us consider, respectively, the variance
and the expected value of payments.

3.3. T HE MODEL

83

collateral and interest rates can be considered as substitutes in order to price the
risk suffered by the bank. Therefore, when risk is fixed, if the presence of collateral
increases the expected return, a contradiction of the risk-return principle arises. Thus,
in order to obtain the same return, the interest rate applied must be lowered.
From this discussion it follows immediately that if C ∈ (0, ∞) is the value of collateral and i the interest rate of a loan contract, when collateral is required to each
borrower, an inverse relationship between i and C holds. Indeed, under perfect information, collateral is not used to solve moral hazard or adverse selection problems.
Therefore, as pointed out above, the risk from each borrower does not change if he
provides C . Since g is bijective, the expected total return r must be unique for a
given risk. Since r is increasing in C , then the interest rate i must decrease when C
increases.
It is important to underline that all these conclusions are derived ceteris paribus,
that is fixing all the other variables that could affect the interest rate decision. In
other words, banks prefer higher collateral requirements and higher margins, but in
an efficient and ideal market, with no free lunches and perfect competition, this is
not feasible. A bank is rewarded only for the risk it assumes, because risk is priced,
contrary to its subjective decision about the collateral/interest proportion (similarly
to the choice of the debt-to-equity ratio in private companies).
On the other hand, considering the situation from the agent’s point of view, when
the principal requires additional collateral with value C , this term enters in utility
function of equation (3.2) with a negative sign. But this can change the inequality:
when (3.2) becomes
2
X

P(S = s k |ẽ) ·U2 (W −C ) − c(e) < A,

(3.3)

k=1

the borrower does not sign the contract. Since the risk of the borrower is supposed
to be constant, this condition is not acceptable because the bank would give up
on the expected payoff that it would have obtained without any collateral. In fact,
collateral should increase the expected payoff of banks. At the same time, under
perfect competition, the agent could sign the contract with other banks so that (3.2)
is satisfied. These banks exist as far as their remuneration is in line with the market
risk-premium associated with the specific risk of the borrower.5 The only way that
a bank has to avoid this situation, and then satisfy (3.2), is by means of applying a
lower interest rate. Note that interest rates are included in equation (3.2), because
we consider the net borrowed capital, which includes the interest to be paid, and it
is higher when interests are lower. Again, the bank cannot simultaneously achieve a
higher i and a higher C for a given borrower.

5 This conclusion follows from the well-known implications of perfect competition.
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3.3.2 Asymmetric information
When e is not a fixed quantity, i.e. the agent actively chooses the effort, moral hazard
comes into play. In this case the agent maximizes his utility function by taking e into
consideration:
2
X
arg max
P(S = s k |ẽ) ·U2 (W ) − c(e).
(3.4)
e∈E

k=1

If I is the value of any investment made by the borrower with the sum L, which is
the loan balance, when e < ẽ, the argument of the utility function U2 contains L + I d ,
where I d is the value of I in the case of default (recall the definition of ẽ). The key
point is the following: in this scenario a collateral requirement can be used by the
bank (the principal) to induce the borrower to increase e.
We consider the case when the effort can be either high or low: e ∈ {e H , e L }; then
the presence of collateral changes the maximization problem into:
arg max
e∈E

2
X

P(S = s k |ẽ) ·U2 (W ′ ) − c(e),

(3.5)

k=1

where W ′ includes the quantity −C :

L −C + k
W′ =
L + I + k ′

if S = s 1
if S = s 2 .

There, k, k ′ denote respectively the other profits and costs. Now, c(e H ) > c(e L ), given
the monotonicity of c(e). The principal prefers higher effort, e H , and computes
the probabilities associated with each result, for a given effort: P(S = s k |e H ) and
P(S = s k |e L ). Clearly, a lower effort is more likely to produce default (D):
P(D|e L ) > P(D|e H ).

(3.6)

This explains the principal’s preference for the higher effort. If the agent maximizes
his expected net utility by choosing a lower unverifiable effort, the principal should
design the contract in order to shift the agent’s choice from e L to e H . However, the
value I must be taken into consideration too. Therefore the inequality:
2
X
k=1

P(S = s k |e H ) ·U2 (W ′ ) − c(e H ) >

2
X

P(S = s k |e L ) ·U2 (W ′ ) − c(e L )

(3.7)

k=1

is not always verified and depends on the additional payoff given by I — which is, in
probability, higher when e = e H — compared with the higher cost associated with e H .
In all cases where (3.7) holds, the equilibrium will be at e H . More specifically, in every
situation where the higher cost associated with default is greater than the higher cost
of choosing e H , an agent is more likely to choose e H .
This explains why, under moral hazard, collateral can be associated with a higher
interest. As a matter of fact, higher interest rates and higher collateral requirements
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are compatible, though not always necessary, if they are both considered as a penalization for a riskier borrower who prefers e L to e H .
The effect of moral hazard on collateral has been already analyzed, but with a
different derivation, in Booth, Thakor, and Udell (1991) and Flatnes and Carter (2019).
The main difference of our model is its generality: we rely on few intuitive principles
of game theory. Another difference is that, by considering the totality of contracts
rather than a single loan, our discussion develops in terms of frequency. Nevertheless,
our results are consistent with these papers.
In addition to moral hazard, the effect of adverse selection may also change the
conclusions. Consider the situation where each borrower has more information than
the principal regarding his own quality q, which means he is either a good (G) or a
bad (B ) borrower. A good borrower is an agent who is less likely to default. On the
contrary, a bad borrower is an agent associated with a higher probability of default.
We assume that the quality q is not influenced by the effort e. In this case different
agents should get different contractual conditions, and in particular better agents
should obtain better conditions in terms of the interest rate. But this is not easily
achievable when information is not perfect, because the bank does not know who
are the good borrowers. On the other hand, bad borrowers try to take advantage of
better contractual conditions, obfuscating their true category. At the same time, an
adverse selection effect takes place if banks raise the interest rate, because this leads
to exclude lower risk borrowers and to retain those who are riskier.
In this case banks could design the contract in order to discern and select between
good and bad borrowers, by requiring a signal: if an agent proves his good quality
to the principal, then he can take advantage of its features, otherwise he achieves a
lower utility. The main point here is that borrowers are not interested in revealing
their true quality if they can obtain better conditions by cheating on it, and they are
prone to reveal this information if they can take advantage of it. In this case, if an
agent regards himself as a good borrower (q = G), in order to compute his expected
payoff, he uses a strictly lower weight P(D|q = G) for the sum associated with the
event "Default" compared to a bad borrower: this results in P(D|q = B ) > P(D|q = G).
On the other hand, from the principal’s point of view, collateral is used in order to
distinguish better borrowers and to apply a lower interest rate: ceteris paribus, when
collateral is provided, interest should be lower. Thus, collateral can be seen as a tool
that mitigates the adverse selection problem.
When a lower interest rate does not compensate for the borrower’s higher expected cost of providing collateral, assuming a common cost function c(e) for all
borrowers:
2
X
k=1

P(S = s k |q = B ) ·U2 (W ′ ) − c(e) <

2
X

P(S = s k |q = G) ·U2 (W ′ ) − c(e).

(3.8)

k=1

As in the perfect information case, the presence of collateral is associated with a
lower interest rate, but here collateral allows the bank to discriminate between good
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and bad borrowers. This result is consistent with Bester (1985), Bester (1987), and
Chan and Thakor (1987), but derived more straightforwardly, since our model is
based on fewer assumptions. Moreover, our derivation can be adapted to include
more specific hypotheses. For example, taking into consideration the difference in
the collateral value for borrowers and for banks, Besanko and Thakor (1987) suggest
the same conclusion. Indeed, their result can be immediately justified under our
framework, because even when the bank evaluates collateral less than the borrower,
say β · C for β ∈ (0, 1), in our model collateral has a direct effect only on the agent’s
decision. Therefore, since the value remains C for the borrower and the β coefficient
affects only the bank decision, the incentive or the signal effects remain in place in
our model.
Finally, when moral hazard and adverse selection are both present, the effect is
not clear if we consider the totality of contracts. This conclusion is consistent with
Booth, Thakor, and Udell (1991), who cannot derive a straightforward relation when
they are jointly present. As a matter of fact, we have discussed how collateral can be
used as a tool in both cases, but it is associated with, respectively, higher and lower
interest rate. Both e and the borrowers’ quality q influence the probability of default
(D). In fact, we can write the probability of default as P(S = D) = f (e, q, ·), where ·
denotes all the other variables possibly affecting this probability. In this case,
P(S = D|q = B, e = e L ) > P(S = D|q = B ),

(3.9)

because we have assumed that a lower effort increases the default probability. These
quantities are unknown to the lender, since q and e are unobservable under asymmetric information. Therefore, the decision on the interest rate cannot be easily
associated with collateral requirements. In fact, the bank could achieve both a signal
and an incentive effect by raising at a proper level collateral, but this would generate
a negative outcome at the same time, that is a loss of surplus. This loss is due to
the contracts associated with those borrowers who consider the cost of additional
collateral too high, and therefore do not enter the game. For example, these borrowers
could belong to the group (e H , B ). Indeed, without the second assumption on their
quality, some of them would have signed the contract under moral hazard, evaluating
it profitable as discussed above. This loss of lender’s profit is intuitive, since the bank
should lose some payoff in a situation where it is penalized by lack of information.

3.4 Unsupervised analysis
3.4.1 Data description
In this paper, we contribute to the previous literature by analyzing a unique big
data set of loan contracts at microeconomic level. This is provided by the European
DataWarehouse (ED), the first centralized platform in Europe which collects ABS loan

3.4. U NSUPERVISED ANALYSIS

87

data, motivated by the ABS loan level initiative directly conceived by the European
central bank. The mechanism is simple: "servicers, trustees or other designated entities"
upload this data periodically, following the ECB recommendations.6 In fact, the data
set analyzed is very peculiar compared with the previous literature on the subject.
It is a huge collection of microeconomic data for millions of Italian loan contracts,
collected for each single borrower associated with a residential mortgage-backed
security; the dimension of the available data is 1, 147, 311 prior to cleaning.
The variables are listed in Table 3.1. Our goal is to understand what evidence this
collection of big data supplies.
Table 3.1: Variables available for each loan contract.
Variable type

Variables

Quantitative

Interest rate
LTV
Debt to income
Original balance
Loan term
Borrower’s income

Description (only for qualitative variables)

Qualitative

Borrower type
Employment status
Resident
Repayment method
Payment frequency
Payment type
Lien
Interest rate type
Property type

Individual or commercial.
Employed, unemployed, self-employed, etc.
Resident in the country (more or less than 3 years) or not resident.
Type of principal repayment.
Number of months between payments.
Annuity, linear, etc.
Seniority on the liquidation of the property.
Floating, fixed.
Residential or for commercial use.

Note. The table reports the variables employed in the analysis, with a short description for the categorical variables.

We begin by considering the numerical variables available for each borrower, and
we apply to them an unsupervised analysis. Those are: the interest rate margin of
the loan contract, the primary income of the borrower, the loan term, the original
balance of the loan and the original loan to value ratio defined as:
LTV =

Loan Amount
.
Appraised Property Value

An RMBS is essentially a bond backed by the interest coming from a mortgage, hence
the property value is used as collateral. Therefore, the results for this variable will
provide a direct empirical answer to the question posed at the beginning: it is inversely
proportional to the collateral amount.
We exclude from the unsupervised analysis the debt to income ratio, due to the
lack of data (see Table 3.4 below); in fact, the information provided by this index is
embedded in the borrower’s income, which is included.
6 Source: European DataWarehouse website, see footnote 2.
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3.4.2 Empirical analysis
In order to get a better understanding of the interplay between the quantitative
variables of Table 3.1, which is relevant for the interest rate decision, we apply to this
subset of data two unsupervised learning methods: the K-means clustering and the
principal component analysis. In particular, this analysis allows to inspect the link
between collateral and interest rates.
To begin with, we analyze the data without any time splitting (i.e. without separating it according to its origination date, see below). The first step consists of cleaning
the data: essentially, there are three anomalous cases. One is missing values, this
happens for instance when the bank does not upload it as it should. The second is
similar, some values are instead recorded as zeros, which must be removed. Finally,
we remove outliers: for instance, when values are incorrectly recorded. Regarding the
last point, we delete the values which differ from the median more than three times
the scaled median absolute deviation. Table 3.2 and Table 3.3 collect the descriptive
statistics of the data after cleaning. loan term refers to month units, the other values
are numerical, in particular interest rate and LTV are in percentages. Note that the
average LTV is less than 1, as expected, and that on average loan contracts have a
term of 20/30 years. In Table 3.3 it is easy to see how many different contracts deviate
from the average, through an immediate descriptive quartiles representation.
Table 3.2: Descriptive statistics.
Variables
Interest rate
LTV
Original balance
Loan term
Borrower’s income

Mean

Median

Std. deviation

Skewness

Kurtosis

1.94
63.28
1.1212e+05
274.27
27,272

1.76
67.94
1.05e+05
288
24,000

1.0491
20.576
47,954
79.981
12,508

0.8242
-0.40838
0.61774
-0.1625
0.77687

3.298
2.5251
3.0792
2.2303
2.9537

Note. The table reports the descriptive statistics for the numerical variables.

Panel A and Panel B of Figure 3.1 represent, respectively, the histogram of the loan
to value and the interest rate margin variables, which are the most relevant variables
in our analysis; see also Figure 3.2 which represents instead the two variables jointly.
Note that the loan to value is frequently lower than 1, and that interest rates are
of course positive and usually close to their average. The relation between interest
rate and collateral can be examined by looking at the cluster analysis of the loan to
value - interest rate variables. The K-means clustering partitions the data set into
K disjoint sets of related data, where the relation is quantified by the distance from
the so-called centroid, the cluster center; when the point-to-cluster distances are
minimized, each observation gets assigned to its optimal cluster (see Lloyd, 1982;
Arthur and Vassilvitskii, 2007). This is an iterative algorithm, and the number of
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Table 3.3: Quartiles for the numerical variables.
Variables
Interest rate
LTV
Original balance
Loan term
Borrower’s income

α = 25%

α = 50%

α = 75%

1.15
48.27
76,000
238
18,037

1.76
67.94
105,000
288
24,000

2.50
78.70
140,000
360
35,012

Note. The table reports the quartiles for the numerical variables.

Figure 3.1: Histogram of the interest rate and LTV.

Note. Panel A (henceforth, the panel on the left): The histogram of the interest rate. The strictly positive values are
concentrated mostly in the interval [0.01, 0.04]. Panel B (henceforth, the panel on the right): The most common LTV ratio
is around 0.8; some loans have a LTV ratio higher than 1, i.e. the amount of loan is higher than the appraised property
value.

clusters is chosen a priori. We start by looking at a 2-means clustering (Figure 3.3,
Panel A), to verify if the observations with higher interest rates are associated to the
cluster with a higher LTV, using as metric the L 1 distance. When partitioning the
observations in two clusters, it seems that there is a positive link between the loan to
value and the interest margin: the second centroid is associated with slightly higher
interest rates and higher loan to value. Nevertheless, this prevailing effect reflects a
general trend and it is not a strong evidence: we justified this with a theoretical model
in Section 3.3. Indeed, it is clear how higher and lower interest rates are basically
distributed almost uniformly on both clusters. These results justify the contrasting
conclusions present in the economic literature and assess the possibility to find
contrasting evidence when different data sets are analyzed.
When introducing a third cluster (see Figure 3.3, Panel B) the conclusions do not
change, as expected. Since there is not a clear partition of the data set, increasing the
clusters does not provide different evidence, and actually it confirms that the interest
rate-LTV link is unclear, consistently with Section 3.2. Looking at the correlation ma-
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Figure 3.2: Cartesian plot of LTV and interest rate.

Note. Panel A: A simple Cartesian plot shows how there is a slightly higher concentration of points when both the loan to
value and the interest rate are higher. However, there is not a clear trend, as we show in the cluster analysis.

Figure 3.3: Cluster analysis with 2 and 3 centroids.

Note. Panel A: Cluster analysis applied to the variables interest rate and LTV, with a 2-cluster splitting. Panel B: Compared
to Panel A, there is an additional centroid, partitioning the data into 3 clusters.

trix, represented with a heatmap in Figure 3.4, we notice a slightly positive correlation
between the variables LTV and the interest rate. This is consistent with the cluster
analysis. Moreover, the correlation of the primary income with the loan term, as well
as with the loan to value, is almost zero; the other correlations are positive, except for
the ones related to the interest rate.
The higher correlation of the primary income with the original balance suggests
that borrowers with higher income borrow more money on average, as expected.
Instead, the negative correlations in the interest rate column sets this variable aside
from the others. In fact, this is the dependent variable of our supervised analysis,
namely the one decided by the lender given all the others.
Now we provide more insights by applying the (weighted) principal component
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Figure 3.4: Correlation matrix.

Note. Panel A: Correlation among the variables, represented through an intuitive heatmap. This figure provides a first
interpretation on the interplay between the different numerical variables analyzed with the PCA.

analysis (see the Appendix for a short description of the methodology and terminology used). The ratio behind the PCA is to reduce the number of variables while
retaining the maximum amount of information. Indeed, the key feature of the PCA,
which is strictly linked to its construction, is that usually only a subset of vectors of
the score matrix can be retained without losing too much information compared to
the original data. The latter is measured as data variation.
In Panel A of Figure 3.5 we retain the first two components, and we plot the scores
associated to them. The data are evenly distributed, therefore we look at the biplot in
Panel B in order to provide a graphical interpretation of the principal components
in terms of the original data. There is a clear pattern. The first principal component,
which explains almost 40% of the data variation, reflects the overall level of the loan
variables. This is a common result of PCA: it simply shows that the greatest source of
variation is the magnitude of the variables. This was expected, since the entries of
the correlation matrices are all positive for the four variables considered. The second
principal component is more interesting. It contrasts two groups: {primary income,
original balance} and {loan term, loan to value}. This captures some of the results of
the previous correlation analysis, and suggests that a higher primary income leads
both to the possibility to pledge more collateral and to ask for a loan for a shorter time.
The last consideration is supported by the possibility of a more rapid repayment. The
other variable, the original balance, is positively related to the primary income, which
means that loans of higher amounts are associated with a higher borrower’s income.
Finally, the contrast between the original balance and the loan to value ratio suggests
that an increase in the collateral value is more than proportional than an increase of
the original balance. This supports the conjecture of a (slightly) positive link between
the amount granted and the collateral required.
Now we examine if the results of the previous analysis change when we take into
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Figure 3.5: Scores and biplot.

Note. Panel A: The Cartesian plot of the first two principal components. The red points represent the data. Panel B:
Geometrical interpretation of the first two principal components: the first two principal axes are both positive for the
primary income and the original balance, while the loan term and the LTV have a negative second component.

account a possible structural break, the economic crisis. We conduct this robustness
check by splitting the data in two shorter periods, based on the loan origination
date: before 2006 (before the crisis, higher margins) and after 2011 (post-crisis, lower
margins). This choice can be motivated by the different level of the Euribor interest
rate during the two periods.
Essentially, the analysis performed above is unchanged. Figure 3.6 and Figure
3.7 represent the cluster analysis on the data sampled, respectively, before and after
the crisis. The difference with the previous results is negligible. The same holds for
the correlation matrix (see Figure 3.8): the only changed sign is the correlation of the
interest rate with the primary income; this should be interpreted as a reflection of the
positive correlation between the borrower’s income and the original balance which is
negatively correlated with the interest rate. Finally, the interpretation of the biplots is
unchanged too (compare Figure 3.9 with Figure 3.5).

3.5 Supervised analysis
We now perform a supervised analysis, which includes the categorical variables
excluded in the analysis of Section 3.4, to model the interest rates on the considered
data using a classical linear regression model. In this respect, we specify the following
model:
interest ratei ,t = c + β · Borrower Controlsi + γ · Loan Controlsi + εi ,t ,

(3.10)

where the interest rate represents the rate charged to the loan i at the origination
date t . We define the Borrower Controlsi category that includes the logarithm of: the
borrower’s income, resident, borrower type, debt to income, and the employment
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Figure 3.6: Cluster analysis before 2006.

Note. Panel A: Cluster analysis applied to the variables interest rate and LTV before 2006, with a 2-cluster splitting. Panel B:
Compared to Panel A, there is an additional centroid, partitioning the data into 3 clusters.

Figure 3.7: Cluster analysis after 2011.

Note. Panel A: Cluster analysis for the Italian data, after 2011, with two centroids. Panel B: Cluster analysis, after 2011, with
three centroids.

status. The Loan Controlsi encompasses the logarithm of the original balance, loan
term, lien, repayment method, payment type, payment frequency, interest rate type,
property type, and the origination year. Additionally, we include the 3 months Euribor
which is considered a reference for the offered interest rate in the European Interbank
market. As it can be viewed in Table 3.4, the data availability is heterogeneous across
the considered variables. For instance, the availability for the debt to income ratio is
available less than one loan out of four while for resident and lien is less than 23%
and 8%, respectively.
Therefore, the number of observations in the estimation is completely driven by
the variable in the selection with the higher value of missing data. To cope with this
heterogeneity, we consider three specifications of the models. The first considers all
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Figure 3.8: Heatmap before 2006 and after 2011.

Note. Panel A: Correlation among the variables before 2006. Panel B: Correlation among the variables after 2011.

Figure 3.9: Biplot before 2006 and after 2011.

Note. Panel A: Biplot of the first two principal components before 2006. Panel B: Biplot after 2011; overall, the pattern does
not change over the two different periods.

the variables except the debt to income, resident, and lien. This choice is equivalent
to impose a threshold above 70% in the variables selection criterion. The second
specification involves all the variables included in the previous one plus the debt
to income and resident (threshold above 20%). The last specification considers all
the variables including lien. Since the original data are collected from many different banks, and the data provider anonymizes the borrowers’ identities, an a priori
selection of data missing at random does not seem to be feasible. Missing data on
fundamental credit risk drivers such as debt to income ratio introduce a strong restriction from the original sample, and this could reflect systematic errors, rather than
random ones, on the data, leading to a bias in the estimated coefficients. However,
it does not seem unrealistic to assume that most of the data are missing at random,
since there should be no relation between any borrower’s feature and the decision of
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Table 3.4: Data availability.

Variable
Interest rate (dependent)
Loan to value
Debt to income
Original balance
Loan term
Borrower’s income
Borrower type
Employment status
Resident
Repayment method
Payment frequency
Payment type
Lien
Interest rate type
Property type
Origination year
EURIBOR 3M
Total loans

% Available
100.00
83.00
24.05
71.11
78.78
79.81
71.50
95.44
22.17
97.91
96.01
95.97
7.68
95.51
97.40
100
99.99
724,541

Note. The table reports the percentage of available data among the considered variables over the total loans.

the bank not to report it, or with the determination of the interest rates. Instead, in
order to increase the data availability, a solution would be to extend the analysis to a
multi-country level (e.g. Europe).
We consider the data available for Italy in the following analysis. Results are reported in Table 3.5. Following the data availability, the fixed effects (FE) included in all
three specifications involve the borrower type, the employment status, the repayment
method, the payment frequency and type, the interest rate type, the property type,
and the origination year. The resident fixed effect is included in the second and third
specifications while lien is included only in the last specification. FE variables are
dummy variables that control for the specific characteristics related to a borrower
and the associated loan7 . The first specification involves 433,786 observations.
As we have seen in the previous sections, the presence of information asymmetries makes the determination of the LTV sign uncertain a priori: in this particular
specification a higher collateral requirement is associated with a lower interest rate,
as in the cases of perfect information or adverse selection. Indeed, loan to value
is significant and positively related to the interest rate: in this case high ratios are
considered riskier loans. The original balance is significant and negative related to the
interest rate, indicating that a higher amount of loan corresponds to a lower interest
7 For ease of reading, they are summarized as "Yes" or "No", as standard in the literature.
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rate. Analogously, the loan term is negatively related to the loan terms and this is quite
a surprising result since usually the duration of the loan increases the lending interest
rate. The same applies to the borrower’s income which is positively related to the
interest rate. As expected, the Euribor 3 months interest rate is significant and positively related to the loan’s interest rate in all three specifications since it represents the
basis for the pricing of several European debt financial instruments including loans.
Therefore, even though an omission of such variable does not influence the impact
of the borrowers’ data on the interest rate pricing in our analysis, it would provide a
wrong specification. With the inclusion of the debt to income ratio, the number of
observations decreases by more than 87%. In this case, we have a change in a sign
for the LTV and the loan term. The debt to income ratio results negatively related to
the interest rate. In the last specification, the reduction of the sample is more than
98%. In this case, all the variables are included. The debt to income ratio becomes not
significant. Different from the other specifications and as expected, the borrower’s
income results are negatively associated with the interest rate while the loan terms
are significant and positively related to the interest rate. The loan to value remains
significant and negative as in the second specification. The moral hazard model of
Section 3.3 explains the latter sign, while overall those results can be understood as a
sign of mispricing in the interest rate, due to market imperfections and in particular
to asymmetric information. We could assess the results by looking at more data, for
instance by aggregating various European countries. We leave this to future research.

3.6 Conclusion
In this work, we have studied the open problem regarding the effect of collateral on
interest rates of loan contracts, which is strictly connected to the theory of asymmetric
information. We have dealt with this topic both empirically and theoretically. The
key message of our discussion is: the link collateral-interest rate in loan contracts is
ambiguous, and it cannot be decided a priori.
This is clear when examining past literature on the topic: there are many contradictory findings. In this paper, we have broadly summarized these previous findings,
both for theoretical and empirical literature. In our analysis of Italian loan data, we
have provided some new econometric evidence using a unique data set of numerical and categorical variables, for thousands of borrowers, stored in the European
DataWarehouse database. We applied cluster analysis, PCA and a regression model
to it. Our results show that the link interest rate-collateral is in fact unclear. As a
byproduct, we discussed different insights on other variables which influence the
determination of interest rates.
In our model, we have studied what is the consequence of higher collateral on interest rates, based on asymmetric information effects. We proved that higher interest
rates can be associated with more collateral under moral hazard, because collateral
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Table 3.5: Results of the regression analysis.

Interest rate
Loan to value ratio
Original balance
Loan term
Borrower’s income

(1)

(2)

(3)

0.00003***
[0.00000]
-0.00381***
[0.00004]
0.00000***
[0.00000]
0.00030***
[0.00003]

0.00086***
[0.00007]

-0.00002***
[0.00000]
-0.00300***
[0.00012]
-0.00000**
[0.00000]
0.00090***
[0.00010]
-0.00000***
[0.00000]
0.00264***
[0.00017]

-0.00003***
[0.00001]
-0.00009
[0.00021]
0.00001***
[0.00000]
-0.00066***
[0.00015]
0.00006
[0.00004]
0.00143***
[0.00027]

Yes
Yes
No
Yes
Yes
Yes
Yes
No
Yes
Yes

Yes
Yes
Yes
Yes
Yes
Yes
Yes
No
Yes
Yes

Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes

Rob.
433,786
0.51021

Rob.
55,883
0.54609

Rob.
7,949
0.81818

Debt to income
EURIBOR 3M
Borrower type FE
Employment status FE
Resident
Repayment method FE
Payment frequency FE
Payment type FE
Interest rate type FE
Lien
Property type FE
Origination year FE
SE
Observations
R-squared

Note. Estimate results according to the model described in Equation 3.10. Specification (1) includes all the listed variables
in Table 3.4 except for the debt to income, resident, and lien. Specification (2) includes all the variables except for resident
and lien. Specification (3) includes all the variables. "Rob." refers to Huber-White robust standard errors, to control for
heteroscedasticity.

requirements can be used as an incentive to increase the effort. Lower interest rates
are compatible with more collateral under perfect information and adverse selection.
As far as we know this is the first study which examines this data through the
methods of Section 3.4 and Section 3.5, and it is one of the few works in the literature
which analyzes such a large amount of specific microeconomic data. The game theory
discussion embeds past and more detailed models; we obtained the same conclusions
based on few intuitive principles. We leave to future research the extension of this
research to a multi-country level.
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Appendix
C.1 Principal component analysis
We detail the principal component analysis of Section 3.4 and the terminology
used therein. A comprehensive treatment of the PCA can be found in Jolliffe (2002).
Our matrix of data X = (x i j ) ∈ Rn×v , n, v ∈ N, is the matrix whose j -th column,
j = 1, 2, . . . , v, is the column vector of observations for the j -th variable and whose
i -th row, i = 1, 2, . . . , n, refers to the row vector of variables for the i -th observation,
denoted by x i . We consider X = [primary income, original balance, loan term, LTV].
Then Σ is the covariance square matrix for the random variables x, and the PCA
associated optimization problem is:
argmax α′1 Σα1
α1

s.t. α′1 α1 = 1,

where α1 is a vector of v constants. The choice of this constraint is common, but
arbitrary. This procedure is iterative, in the sense that it consists of successive maximizations of the quantity α′j Σα j by imposing the orthogonality condition αTk Σα j = 0
with k < j , j = 2, . . . , v. The principal components (PCs) are the linear combinations
P
α∗g T X n,· = dj=1 αg , j x j for g = 1, 2, . . . , d and each n, where α′j are called loadings. The
quantity z̃ = α′j x i is called the score for the i -th observation on the j -th PC.
Given the relevant difference in the unit of measurement of our data (see Table
3.3) we employ the weighted PCA. The weighted PCA follows the PCA model just
described, but it assigns a different weight to the data (see Jolliffe, 2002, Section
14.2.1). In other terms, the analysis is performed on standardized variables in order
to correct for data size. The weights are inversely proportional to the variance of
the variables. The loadings associated with the weighted PCA are not orthonormal,
therefore after performing the weighted PCA we multiply the coefficient matrix for
an appropriate transformation of the weights, to recover orthogonal loadings.

