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Abstract

This paper studies the properties of a particular estimator of the fractal index of a time

series with a view to applications in financial econometrics and mathematical finance. We show

how measurement noise (e.g., microstructure noise) in the observations will bias the estimator,

potentially resulting in the econometrician erroneously finding evidence of fractal characteristics

in a time series. We propose a new estimator which is robust to such noise and construct a

formal hypothesis test for the presence of noise in the observations. A number of simulation

exercises are carried out, providing guidance for implementation of the theory. Finally, the

methods are illustrated on two empirical data sets; one of turbulent velocity flows and one of

financial prices.
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1 Introduction

Fractal-like models have recently attracted much attention in the continuous-time financial econo-

metrics and mathematical finance research literature: for instance as models of (log) stock prices

(Liu and Jing, 2018); as models of electricity spot prices (Barndorff-Nielsen et al., 2013; Benned-

sen, 2017); and as models of stochastic volatility (e.g., Gatheral et al., 2018; Bayer et al., 2016;

Bennedsen et al., 2017a,b; Jacquier et al., 2018, and many more). In econometric analyses of data

that are potentially fractal, it is important to be able to estimate and conduct inference on the key

parameter in these models, the fractal index.

The aim of this paper is to study a particular estimator of the fractal index with a view to

applications in econometrics and finance. First, we present a wide set of assumptions, relevant to

financial applications, and derive the theory of the estimator of the fractal index in this setting.

Second, we perform an in-depth study of the case where observations are contaminated by noise. A

simulation study and two empirical applications serve to illustrate the applications of the theoretical

results, as well as to give useful advice on implementation of the methods. The paper should thus

be relevant for researchers and practitioners, interested in estimating and conducting inference on

the fractal index of a stochastic process.

The canonical continuous-time fractal process is the fractional Brownian motion (fBm) of Man-

delbrot and Van Ness (1968), which has been applied extensively as a model in finance and econo-

metrics (e.g., Comte and Renault, 1996, 1998; Rogers, 1997; Hall et al., 2000; Sottinen and Valkeila,

2003; Sun et al., 2007; Comte et al., 2012). Due to the popularity of the fBm, much theoretical

work has been done on estimators of the fractal index in the context of the fBm and related pro-

cesses (e.g., Constantine and Hall, 1994; Chan and Wood, 2000; Coeurjolly, 2001, 2008). However,

as a stochastic model, the fBm has two well-known potential short-comings: it is Gaussian and it

is self-similar. Indeed, while many phenomena are well-described by Gaussian and/or self-similar

models, there are many exceptions, especially in economics and finance. We extend the estimation

theory beyond the Gaussian paradigm by volatility modulation of the background fractal process,

which turns out to be a convenient way of extending the theory to a large class of non-Gaussian

processes. As will be seen, this results in conditionally Gaussian processes for which the fractal

theory continues to hold (for relevant non-Gaussian alternatives using Lévy processes, see, e.g.,

Kokoszka and Taqqu, 1996; Sun et al., 2007, 2009). Self-similarity implies that the small- and

large-scale properties of the fBm are linked together in a one-to-one relationship. In applications,
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it can be important to decouple these features (Gneiting and Schlather, 2004). For instance, it is

a well-known stylized fact of the volatility of financial assets that it contains long memory (Bail-

lie et al., 1996; Bollerslev and Wright, 2000; Andersen et al., 2003); further, it has recently been

documented that volatility is also “rough” (Gatheral et al., 2018; Bennedsen et al., 2017a). The

fBm is incapable of capturing both these features simultaneously: it is either rough or it has long

memory and it cannot have both. Although the fBm is included in the framework of this paper,

the class of processes considered, implied by the assumptions given below, are much broader and

will thus apply to a broader class of financial applications, such as the study of rough stochastic

volatility with long memory.

Another pronounced feature of financial data, especially high-frequency financial data, is the

potential presence of noise, e.g., measurement noise (O’Hara, 1995; Zhang et al., 2005; Hansen and

Lunde, 2006). This paper contains a thorough investigation of the case where the observations are

contaminated by noise. It is proven that noise will bias estimates of the fractal index downwards,

thereby making noise-contaminated data look more rough than the underlying process actually is.

An estimator which is robust to noise in the observations is suggested and its asymptotic theory

derived. Using this, a statistical test, which can be used to formally test for the presence of noise

in the observations, is proposed. In the empirical part of the paper, we illustrate a potential

application of the test: we determine at what frequency the log-returns of a financial time series

can be considered to be free of (microstructure) noise.

The rest of the paper is structured as follows. Section 2 presents the mathematical setup and

assumptions and gives some examples of the kind of processes we have in mind. Section 3 presents

the semiparametric estimator of the fractal index and its asymptotic properties, while Section 3.2 is

devoted to the case where the observations are contaminated by noise. Section 4 contains simulation

studies, illustrating the finite sample properties of the asymptotic results presented in the paper.

Section 5 presents two empirical illustrations of the methods: the first using measurements of the

longitudinal component of a turbulent velocity field, and the second using a time series of financial

prices. Finally, Section 6 concludes. Proofs of technical results and some mathematical derivations

are given in an appendix. MATLAB computer code, facilitating implementation of the methods of

this paper, is available online.1

1https://sites.google.com/site/mbennedsen/research/Code_EstimateAlpha.zip.
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2 Setup

Let (Ω,F ,P) be a probability space satisfying the usual assumptions and supporting X, a one-

dimensional, zero-mean, stochastic process with stationary increments. Define the p’th order var-

iogram of X:

γp(h;X) := E[|Xt+h −Xt|p], h ∈ R. (2.1)

As we intend to make use of the theory developed in Barndorff-Nielsen et al. (2009, 2011) we

adopt the assumptions of those papers. The assumptions are standard in the literature on fractal

processes and are as follows.

(A1) For some α ∈
(
−1

2 ,
1
2

)
,

γ2(x;X) = x2α+1L(x), x ∈ (0,∞), (2.2)

where L : (0,∞) → [0,∞) is continuously differentiable and bounded away from zero in a

neighborhood of x = 0. The function L is assumed to be slowly varying at zero, in the sense

that limx→0
L(tx)
L(x) = 1 for all t > 0.

(A2) d2

dx2γ2(x;X) = x2α−1L2(x) for some slowly varying (at zero) function L2, which is continuous

on (0,∞).2

(A3) There exists b ∈ (0, 1) with

lim sup
x→0

sup
y∈[x,xb]

∣∣∣∣L2(y)

L(x)

∣∣∣∣ <∞.
(A4) There exists a constant C > 0 such that the derivative L′ of L satisfies

|L′(x)| ≤ C
(

1 + x−δ
)
, x ∈ (0, 1],

for some δ ∈ (0, 1/2).

Remark 2.1. The technical assumption (A3) can be replaced by the weaker assumption∣∣∣∣γ2((j + 1)/n;X)− 2γ2(j/n;X) + γ2((j − 1)/n;X)

2γ2(1/n;X)

∣∣∣∣ ≤ r(j), 1

n

n∑
j=1

r(j)2 → 0, n→∞,

for some sequence r(j).
2Following Bennedsen et al. (2018) this assumption is replaced by the following in the case α = 0: (A2’)

d2

dx2
γ2(x;X) = f(x)L2(x), where L2 is as in (A2), and the function f is such that |f(x)| ≤ Cx−β for some con-

stants C > 0 and β > 1/2.
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Table 1: Parametric examples of Gaussian fractal processes

Class Autocorrelation function Slowly varying function Parameters

fBm − L(x) = β α ∈ (−1/2, 1/2)

Matérn ρ(x) = 2−α+1/2

Γ(α+1/2)
|βx|α+1/2Kα+1/2(|βx|) L(x) = 2x−2α−1(1− ρ(x)) α ∈ (−1/2, 1/2)a

Powered exp. ρ(x) = exp
(
−|βx|2α+1

)
L(x) = 2x−2α−1(1− ρ(x)) α ∈ (−1/2, 1/2)b

Cauchy ρ(x) =
(
1 + |βx|2α+1

)− τ
2α+1 L(x) = 2x−2α−1(1− ρ(x)) α ∈ (−1/2, 1/2)b, τ > 0

Dagum ρ(x) = 1−
(
|βx|2τ+1

1+|βx|2τ+1

) 2α+1
2τ+1

L(x) = 2x−2α−1(1− ρ(x)) τ ∈ (−1/2, 1/2)c, α ∈ (−1/2, τ)

Parametric examples of Gaussian fractal processes. “fBm” is the fractional Brownian motion; “Powered exp.” is

the powered exponential process. β > 0 is a scale parameter and α is the fractal index. The processes fulfill

assumptions (A1)–(A3) for the parameter ranges given in the rightmost column; a letter superscript denotes whether

the parameter ranges are different under (A4). a: (A4) valid for α ∈ (−1/2, 1/4). b: (A4) valid for α ∈ (−1/4, 1/2).

c: (A4) valid for τ ∈ [−1/4, 1/2).

Remark 2.2. The technical assumption (A4) is only needed for the asymptotic normality of the

estimator of α and not for consistency.

The parameter α ∈ (−1/2, 1/2) is termed the fractal index because it, under mild assumptions,

is related to the fractal dimension D = 3
2 − α of the sample paths of the process X (Falconer,

1990; Gneiting et al., 2012). It is also referred to as the roughness index of X, since the value of

α reflects itself in the pathwise properties of X, as the following result formalizes.

Proposition 2.1. Let X be a Gaussian process with stationary increments satisfying (A1) with α ∈

(−1/2, 1/2). Then there exists a modification of X which has locally Hölder continuous trajectories

of order φ for all φ ∈
(
0, α+ 1

2

)
.

Proposition 2.1 shows that α controls the degree of (Hölder) continuity of X. In particular,

negative values of α corresponds to X having rough paths, while positive values of α corresponds to

smooth paths. It is well known that the Brownian motion (Bm) has fractal index α = 0. In Table

1 we give some parametric examples of the kind of processes we have in mind and comment on

how they fit into the setup of the present paper; the examples are taken from Table 1 in Gneiting

et al. (2012).

To get an intuitive understanding of how the trajectories of fractal processes look, and in

particular how the value of α reflects itself in the roughness of the paths, Figure 1 shows three

simulated trajectories of the Matérn process. It is evident how negative values of α correspond to

very rough paths, while the paths become smoother as α increases.

The processes in Table 1 are all Gaussian. However, in many applications it is preferable to
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Figure 1: Exact simulations of the unit-variance Matérn process with β = 1, α as indicated above

the plots, and n = 500 equidistant observations on the unit interval. The simulations have been

performed using the Cholesky factorization of the n × n correlation matrix of the multivariate

Gaussian vector X = (Xi/n)ni=1, as implied by autocorrelation function given in Table 1, see

Chapter II.3. in Asmussen and Glynn (2007). The same random numbers were used in the three

simulations.

have rough processes which are both fractal and non-Gaussian (Gneiting et al., 2012, section 3.1).

In Section 2.2 we suggest an extension to the above setup that explicitly results in non-Gaussian

processes with fractal properties, by considering processes which are volatility modulated. First, the

following section comments on the connection between processes fulfilling assumptions (A1)–(A4)

and processes with long memory.

2.1 Connection to long memory processes

A stationary stochastic process X is said to have long memory, if its autocorrelation function

ρ(h) := Corr(Xt+h, Xt) is not absolutely integrable (Beran, 1994). A convenient way to construct

a model with long memory is to consider processes with

ρ(h) ∼ h−βL∞(h), h→∞, (2.3)

where β > 0, L∞(·) is a function that is slowly varying at infinity, and “∼” means that the ratio

between the right and left hand side tends to a constant. When β ∈ (0, 1), properties of slowly

varying functions (e.g., Bingham et al., 1989, Proposition 1.5.10) imply that
∫∞

0 ρ(h)dh =∞ and

we thus say that a process with correlation function ρ adhering to (2.3) has long memory.

Prominent examples of models obeying (2.3) include, in the continuous-time case, the incre-

ments of the fBm with Hurst index H ∈ (0, 1) (e.g., Mandelbrot and Van Ness, 1968; Beran, 1994)
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and, in the discrete-time case, the fractionally integrated model with fractional differencing param-

eter d ∈ (−1/2, 1/2) (e.g., Granger and Joyeux, 1980; Hosking, 1981; Baillie, 1996). Indeed, these

models both obey (2.3) with β = 2− 2H and β = 1− 2d, respectively.

To contrast the long memory framework (2.3) with the framework considered in this paper, note

that the autocorrelation function of a stationary stochastic process satisfying assumption (A1) has

1− ρ(h) ∼ h2α+1L0(h), h→ 0, (2.4)

where α ∈ (−1/2, 1/2) is the fractal index of X, as defined above, and L0(·) is a function that is

slowly varying at zero. From (2.3), it is clear that long memory is a property of the correlation

structure of X at long lags, while (2.4) illustrates that fractality is a property of the correlation

structure of X at short lags. In this sense, long memory and fractality are separate phenomena,

operating at different time scales. However, there is a special case where the two properties are

linked, namely for processes that have the same structure on small and large scales, i.e., self-similar

processes.3 The increments of an fBm with Hurst index H ∈ (0, 1) are self-similar and in this case

we have H = α+ 1/2 and β = 2− 2H, implying that

H = α+ 1/2 = 1− β/2. (2.5)

From (2.5) it follows that the large-scale (memory) properties of the fBm, indexed by β cf. equation

(2.3), are in a one-to-one relationship with the small-scale (fractal) properties, indexed by α cf.

equation (2.4). Indeed, through (2.5), the long-memory case (H > 1/2) necessarily implies that

α > 0, i.e., the paths of the fBm are smoother than the paths of the Bm. Conversely, the short-

memory case (H < 1/2) necessarily implies α < 0, i.e., the paths of the fBm are rougher than

the paths of the Bm. The upshot is that when the fBm have rough paths (α < 0), its increments

cannot have the long-memory property (H > 1/2), and vice versa. Similar considerations apply

in the discrete-time case of fractionally differenced processes (Geweke and Porter-Hudak, 1983;

Tanaka, 2017).

Since the fBm clearly satisfies assumptions (A1)–(A4), it is included in the framework of this

paper. However, as Table 1 indicates, the class of processes included in the framework is much

more rich. Indeed, in the general case, where we do not restrict X to be self-similar, the small-

scale properties, as determined by the fractal index α, are decoupled from the large-scale properties,

3Recall that a process X is H-self-similar, or self-similar with self-similarity index H, if (Xat)t≥0 has the same

distribution as (|a|HXt)t≥0 for all constants a.
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which can be specified independently of α. For instance, the Cauchy class, cf. Table 1, will have a

correlation function obeying both (2.3) (with β = τ) and (2.4). In particular, a process of this class

with α < 0 and τ ∈ (0, 1) will have both rough paths and the long memory property (Gneiting

and Schlather, 2004, Section 3).

2.2 Extension to stochastic volatility processes

A flexible way to introduce non-Gaussianity of processes for which the theory of the fractal index

continues to hold, is through volatility modulation. Following Barndorff-Nielsen et al. (2009),

consider processes of the form

Xt = X0 +

∫ t

0
σsdGs, t ≥ 0, (2.6)

where X0 ∈ R, σ = (σt)t≥0 is a stochastic volatility process, and G = (Gt)t≥0 is a zero-mean

Gaussian process with stationary increments satisfying (A1)–(A4), e.g. one of the processes from

Table 1. The modulation of the increments of G by the stochastic volatility process is a convenient

way of introducing non-Gaussianity. For instance, let G = W be a Brownian motions; now the

marginal distribution of Xt, conditional on the past of the stochastic volatility process and the

starting value X0, is

Xt|(σs, s ∈ [0, t];X0) ∼ N
(
X0,

∫ t

0
σ2
xdx

)
, t ≥ 0.

In other words, the marginal distribution of Xt is a normal mean-variance mixture distribution,

where the distribution of the stochastic process σ and initial value X0 determine the mixture.

For the integral in (2.6) to be well defined (in a pathwise Riemann-Stieltjes sense), we require

that σ has finite q-variation for some q < 1
1/2−α . Intuitively, this means that the “more rough”

G is, the “less rough” σ can be. Under these conditions on G and σ, the process X in (2.6) will

inherit the fractal properties of the driving process G, as shown in Barndorff-Nielsen et al. (2009).

For the central limit theorems developed below to hold, we further require another assumption

on σ.

(SV) For any q > 0, it holds that

E[|σt − σs|q] ≤ Cq|t− s|ξq, t, s ∈ R,

for some ξ > 0 and Cq > 0.
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As pointed out in Bennedsen et al. (2017a), the requirement that σ has finite q-variation for a

q < 1
1/2−α can be quite restrictive. For instance, if α < 0 (i.e., G is rough) then σ can not be driven

by a standard Brownian motion. A very convenient process, which does not have these restrictions

and which is very tractable, is the Brownian semistationary process, which we consider next.

2.2.1 The Brownian semistationary process

Consider X, the (volatility modulated) Brownian semistationary (BSS) process (Barndorff-Nielsen

and Schmiegel, 2007, 2009), defined as

Xt =

∫ t

−∞
g(t− s)σsdWs, t ≥ 0, (2.7)

where W is a Brownian motion on R, σ = (σt)t∈R a stationary process, and g a Borel measurable

function such that
∫ t
−∞ g(t−s)2σ2

sds <∞ a.s. See, e.g., Bennedsen et al. (2017a) for further details

of the BSS process. The BSS process is also a normal mean-variance mixture:

Xt|(σs, s ≤ t) ∼ N
(

0,

∫ ∞
0

g(x)2σ2
t−xdx

)
, t ≥ 0.

It is interesting to note that Barndorff-Nielsen et al. (2013) show that for a particular choice

of kernel function g and stochastic volatility process σ, X will have a marginal distribution of the

ubiquitous Normal Inverse Gaussian type.

We need to impose some technical assumptions on the kernel function g. They are as follows.

(BSS) It holds that

(a) g(x) = xαLg(x), where Lg is slowly varying at zero.

(b) g′(x) = xα−1Lg′(x), where Lg′ is slowly varying at zero, and, for any ε > 0, we have

g′ ∈ L2((ε,∞)). Also, for some a > 0, |g′| is non-increasing on the interval (a,∞).4

(c) For any t > 0,

Ft :=

∫ ∞
1
|g′(x)|2σ2

t−xdx <∞.

The kernel function gives the BSS framework great flexibility. A particularly useful kernel

function which has been applied in a number of studies, e.g. Barndorff-Nielsen et al. (2013) and

Bennedsen (2017), is the so-called gamma kernel.

4Again following Bennedsen et al. (2018), in the case α = 0 an alternative assumption is adopted: (BSSb’)

g′(x) = Lg′(x), where Lg′ is as in (BSSb).
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Example 2.1 (Γ-BSS process). Let g be the gamma kernel, i.e. g(x) = xαe−λx for α ∈ (−1/2, 1/2)

and λ > 0. The resulting process

Xt =

∫ t

−∞
(t− s)αe−λ(t−s)σsdWs, t ≥ 0,

is called the (volatility modulated) Γ-BSS process. It is not hard to show that this process fulfills

assumptions (A1)–(A4) and (BSS), see Example 2.3. in Bennedsen et al. (2017b).

Remark 2.3. In Proposition 2.2 of Bennedsen et al. (2017b) it was shown that BSS processes

satisfying (A1)–(A3), (SV), and (BSS) will have the same fractal and continuity properties as their

Gaussian counterparts: for such a BSS process Proposition 2.1 continues to hold. In other words,

X will have a modification with Hölder continuous trajectories of order φ for all φ ∈ (0, α+ 1/2).

Remark 2.4. As noted in a related setup in Bennedsen et al. (2018), the methods and results

presented in this paper can be trivially extended to processes of the form

X̃t =

∫ t

−∞

(
g(t− s)− g0(−s)

)
σsdWs, t ≥ 0,

where g is as above and g0 : R→ R is a measurable function such that g(x) = 0 for all x < 0 and∫ t

−∞

(
g(t− s)− g0(−s)

)2
σ2
sds <∞, for all t ≥ 0.

To see why this is the case, note that X̃t − X̃s = Xt −Xs for any t > s ≥ 0 and that the methods

of this paper only rely on increments of the process X.

2.3 Summary of assumptions

Above we introduced a number of processes, differing in important ways, most notably through

their distributional properties. In spite of these differences, the results presented in this paper will

apply equally to all of them. To ease notation, we briefly summarize the assumptions here.

The first set of assumptions is required for consistency of the estimator of the fractal index α.

(LLN) Suppose that one of the following holds:

(a) X is Gaussian satisfying (A1)–(A3) for an α ∈ (−1/2, 1/2).

(b) X is defined by (2.6) where G satisfies (A1)–(A3) for an α ∈ (−1/2, 1/2) and σ has

finite q-variation for all q < 1
1/2−α .
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(c) X is a BSS process, defined by (2.7), satisfying (A1)–(A3) for an α ∈ (−1/2, 1/2) and

with kernel function g satisfying (BSS).

The second set of assumptions is required for asymptotic normality of the estimator of the

fractal index α.

(CLT) Suppose that one of the following holds:

(a) X satisfies (LLNa) for an α ∈ (−1/2, 1/4), as well as (A4).

(b) X satisfies (LLNb) for an α ∈ (−1/2, 1/4), as well as (A4). The process σ additionally

fulfils (SV).

(c) X satisfies (LLNc) for an α ∈ (−1/2, 1/4), as well as (A4). The process σ additionally

fulfils (SV).

Remark 2.5 (Verification of assumptions). For a particular parametric specification for X, such as

the ones given in Table 1, it can be checked by direct calculation whether the above assumptions

are fulfilled. To examine whether a particular data set might be modelled using the framework

considered here, the most important assumption to verify is (A1), i.e., whether the variogram

γp(h;X) of X adheres to (2.2). As we will show, cf. equation (3.2) below, (A1) implies that the

logarithm of the variogram is approximately linear in log h for small h with slope (2α + 1)p/2.

Hence, a way to examine whether the assumption (A1) is reasonable for a given data set, is to

plot log γp(h;X) as a function of log h for small h and check whether the relationship is linear with

slope (2α+ 1)p/2 for all p and some α ∈ (−1/2, 1/2) that does not depend on p. We illustrate this

approach in the empirical part of the paper, cf. Figure 4 in Section 5.1.

2.4 Additional extensions

In addition to the extensions just considered and captured in the above assumptions, we want to

point out two further extensions, which could be relevant in practice. The methods and theory

developed in this paper hold also for these extensions but we refrain from giving the exact details.

(The details can be filled in via the methods in the references given.)

2.4.1 Extension to α ∈ [1/4, 1/2)

As can be seen from the assumptions in (CLT), the central limit theorem does not hold when

α ∈ [1/4, 1/2), i.e., when X is very smooth. It is, however, possible to extend our methods so that
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they hold for the entire range α ∈ (−1/2, 1/2). It is not clear how relevant the very smooth case is

in practice, at least in economics/finance, so we only sketch the details here.5 Given the exposition

below, filling in the details is straight forward, albeit notationally slightly cumbersome.

The idea is to consider the variogram (2.1) using second order differences of X, as opposed to

first order differences. That is, instead of γp(h;X), define

φp(h;X) := E[|Xt+2h − 2Xt+h +Xt|p], h ∈ R,

and alter the assumptions accordingly (cf. the assumptions in Corcuera et al., 2013, when setting

k = 2). Now the theory presented below will go through for all α ∈ (−1/2, 1/2) by substituting

φp(h;X) in place of γp(h;X). The intuition behind this fact is that using higher order differences

weakens the dependence between increments, which is particularly strong when α is large. This

effect of using higher order filters of Gaussian processes is well-known, see, e.g., Istas and Lang

(1997).

2.4.2 Extension to processes with drift

The results of this paper also hold when the process under study contains a drift term, provided

that the drift is “smooth enough”. To be precise, let [l] denote the integer part of l ≥ 1 and

C l([0,∞)) the class of functions which are [l] times continuously differentiable and which [l]’th

order derivative is Hölder continuous of order l − [l]. Now, suppose that observations come from

the process

Yt = Xt +At,

where X is as above. If the stochastic process A has paths in C l([0,∞)) and the further condition

(min(2, l)− α− 1/2) ·min(p, 1) > 1/2

holds, then the results presented below are still valid for the process Y (cf. Lemma 3.5 in Corcuera

et al., 2013).

5Recall from the discussion in Section 2.1 that, except in the special case that X is self-similar, the smoothness

properties of X will not be connected to the memory properties of X. In other words, the restriction that α 6∈

[1/4, 1/2) does not restrict the memory properties of X. In particular, it is still possible for the correlation function

of X to adhere to (2.3) for all β > 0.
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3 Semiparametric estimation of, and inference on, the fractal in-

dex

Consider n equidistant observations X1/n, X2/n, . . . , X1 of the stochastic process X, observed over

a fixed time interval, which we without loss of generality take to be the unit interval, so that the

time between observations is 1
n . As n → ∞, this gives rise to the so-called in-fill asymptotics. In

what follows, suppose that the process X satisfies the assumptions (A1)–(A3).

When X is Gaussian, it holds, by standard properties on the (absolute) moments of the Gaus-

sian distribution and (2.2), that

γp(h;X) = Cp|h|(2α+1)p/2Lp(h), h ∈ R, (3.1)

where p > 0, the function Lp(h) := L(h)p/2 is slowly varying at zero, and Cp > 0 is a constant.

This motivates the regression

log γ̂p(k/n;X) = cp + a log |k/n|+ Uk,n + εk,n, k = 1, 2, . . . ,m, (3.2)

where m ∈ N is a bandwidth parameter,

cp = logCp, a =
(2α+ 1)p

2
, Uk,n = log

(
γ̂p(k/n;X)

γp(k/n;X)

)
, and εk,n = logLp(k/n).

The variogram γp is estimated straightforwardly as

γ̂p(k/n;X) :=
1

n− k

n−k∑
i=1

|X i+k
n
−X i

n
|p, k ≥ 1. (3.3)

The OLS estimator of the parameter a is naturally

âOLS =
1

xTmxm
xTm log γ̂mp ,

with “T” denoting the transpose of a vector and xm being the m× 1 vector

xm :=
(
log 1− logm, log 2− logm, . . . , logm− logm

)T
, logm :=

1

m

m∑
k=1

log k,

while

log γ̂mp := (log γ̂p(1/n;X), log γ̂p(2/n;X), . . . , log γ̂p(m/n;X))T .

Given an estimate âOLS of a, our estimate of the fractal index is

α̂ :=
âOLS
p
− 1

2
. (3.4)
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This estimator is well known and much used in the literature (e.g. Gneiting and Schlather, 2004;

Gatheral et al., 2018; Bennedsen et al., 2017a), and it is closely related to the estimator of the

long memory parameter d in Geweke and Porter-Hudak (1983), which relies on a similar regression

with the periodogram in place of the variogram. The following proposition shows the consistency

of the OLS estimator of α in our setup.

Proposition 3.1. Suppose (LLN) holds. Fix p > 0, m ∈ N, and let α̂ = α̂p,m be the OLS estimator

of α from (3.4). Now,

α̂
P→ α, n→∞,

where “
P→” refers to convergence in P-probability.

A number of studies have considered the asymptotic properties of the OLS estimates coming

from (3.4), e.g. Constantine and Hall (1994), Davies and Hall (1999), and Coeurjolly (2001, 2008).

For a brief summary of this literature, see Gneiting et al. (2012), Section 3.1. The following theorem

presents the details in the context of this paper.

Theorem 3.1. Suppose (CLT) holds. Fix p > 0, m ∈ N, and let α̂ = α̂p,m be the OLS estimator

of α from (3.4). If (CLTb) or (CLTc) holds, we require ξ ·min{p, 1} > 1/2, cf. assumption (SV).

Now, as n→∞,

√
n(α̂− α)

st→ Zp · Sp, Zp ∼ N
(
0, σ2

m,p

)
,

where

σ2
m,p =

xTmΛpxm
(xTmxm)2p2

,

and Λp = {λk,vp }mk,v=1 is a real-valued m×m matrix with entries

λk,vp = lim
n→∞

n · Cov
(
γ̂p(k/n;BH)

γp(k/n;BH)
,
γ̂p(v/n;BH)

γp(v/n;BH)

)
, k, v = 1, 2, . . . ,m, (3.5)

where γ̂·(·;BH) is given by (3.3) and BH is a fractional Brownian motion with Hurst parameter

H = α+ 1
2 .

Further, if (CLTa) holds, then

Sp = 1,
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while if (CLTb) or (CLTc) holds, then

Sp =

√∫ 1
0 σ

2p
s ds∫ 1

0 σ
p
sds

. (3.6)

Above “st” denotes stable convergence (in law), see, e.g., Rényi (1963).

Remark 3.1. The limit in (3.5) exists for k, v = 1, . . . ,m by Breuer and Major (1983), Theorem 1.

Unfortunately, the limit is not in general known in closed-form: in the case of p = 2, an infinite-sum

representation of the limit can be derived using calculations as in Appendix B of Bennedsen et al.

(2018), but for p 6= 2 finding a closed-form solution is an open problem. Since it is quite straight

forward to approximate (3.5) by Monte Carlo simulation, we propose to do this instead. Details

are given in Appendix B.

Perhaps surprisingly, Theorem 3.1 shows that the asymptotic distribution of the OLS estimator

does not depend on the precise structure of the underlying process X, but only on the value of

the fractal index α, through the correlation structure of the increments of a fractional Brownian

motion (fBm) with Hurst index H = α+ 1/2, and possibly the “heteroskedasticity factor” Sp. The

reason for this is that the small scale behavior of a process X fulfilling assumption (A1), will have

the same small scale behavior as increments of the fBm. To see this, write

rn(j) := Corr
(
X j+1

n
−X j

n
, X 1

n
−X0

)
=
γ2((j + 1)/n;X)− 2γ2(j/n;X) + γ2((j − 1)/n;X)

2γ2(1/n;X)

→ 1

2

(
|j + 1|2α+1 − 2|j|2α+1 + |j − 1|2α+1

)
, n→∞, (3.7)

by assumption (A1) and the properties of slowly varying functions. We recognize (3.7) as the

correlation function of the increments of an fBm with Hurst index H = α+ 1/2. As shown in the

proof of Theorem 3.1, this implies that the asymptotic variance of the estimator, σ2
m,p, is the same

for all Gaussian processes fulfilling assumptions (A1)–(A4), including the fBm. However, as the

theorem also shows, the asymptotic distribution proves to be slightly different when we consider

conditionally Gaussian processes. In this case, the stochastic volatility component σ introduces

heteroskedasticity, which results in the extra factor Sp in the central limit theorem. To make

inference feasible in practice, we need to estimate this factor. For this, define

Ŝp =

√
m−1

2p γ̂2p(1/n;X)

m−1
p γ̂p(1/n;X)

, ms :=
2s/2√
π

Γ

(
s+ 1

2

)
, p, s > 0, (3.8)

where γ̂· is given in (3.3). We can prove the following.
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Proposition 3.2. (i) Suppose (LLNa) holds. Let p > 0. Now,

Ŝp
P→ 1, n→∞.

(ii) Suppose (LLNb) or (LLNc) holds. Let p > 0. Now,

Ŝp
P→ Sp, n→∞,

where Sp is given in (3.6).

Proposition 3.2 shows that Ŝp of (3.8) is a suitable estimator for our purpose: when X is Gaus-

sian, the factor is asymptotically irrelevant, while when X is non-Gaussian (volatility modulated)

it provides the correct normalization. This justifies including the factor Ŝp, whether or not one be-

lieves the data are Gaussian, at least when any potential non-Gaussianity is volatility induced. In

fact, the following corollary is a straightforward consequence of Theorem 3.1, Proposition 3.2, and

the properties of stable convergence; the corollary has obvious applications to feasibly conducting

inference and making confidence intervals for α.

Corollary 3.1. Suppose the assumptions of Theorem 3.1 hold. Now,

√
n

α̂− α

Ŝp
√
σ2
m,p(α̂)

d→ N(0, 1), n→∞,

where “d” denotes convergence in distribution and σ2
m,p(α̂) denotes the asymptotic variance calcu-

lated using the estimate α̂.

Remark 3.2. When using Corollary 3.1 for hypothesis testing, we recommend calculating σ2
m,p(·)

using the value of α under the null, instead of α̂.

To apply the above results we need to calculate the factor σ2
m,p, which boils down to calculating

the entries of the matrix Λp given in equation (3.5). We recommend Monte Carlo estimation of

σ2
m,p, cf. Remark 3.1 and Appendix B.

3.1 Choosing the bandwidth parameter

The optimal choice of bandwidth parameter m is, in general, an open problem. Standard practice

in the literature is to set m = 2 (Gneiting et al., 2012, Section 2.3). Indeed, Constantine and Hall

(1994) argue that the bias of the estimator increases with m and Davies and Hall (1999) present

simulation evidence for the optimal value, in terms of mean squared error, being m = 2. Setting
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Figure 2: Asymptotic variance of α̂, σ2
m,p, cf. Theorem 3.1, for p = 2. σ2

m,p is calculated by Monte

Carlo approximation with n = B = 10 000, see Appendix B for details. Left: σ2
m,2 as a function of

m. Right: The ratio σ2
m,2/σ

2
2,2 as a function of m.

m = 2 amounts to estimating α by drawing a straight line between only the two points closest

to the origin, log γ̂p(1/n;X) and log γ̂p(2/n;X), when running the OLS regression in (3.2). While

tempting from a bias viewpoint, it is plausible that this can result in increased variance of the

estimator, by relying on just two points in the regression.

To examine this further, Figure 2 plots the asymptotic variance of α̂, σ2
m,p, as a function of m,

cf. Theorem 3.1. σ2
m,p depends on the value of the fractal index α and we here consider α = −0.20

(rough case), α = 0, and α = 0.20 (smooth case). Recall that the Brownian motion has α = 0.

The values of σ2
m,p are obtained through simulations as explained in Appendix B, cf. also Remark

3.1. From the left plot of the figure, we see that the choice of bandwidth indeed has an effect on

the variance of the OLS estimator of α. Interestingly, the effect is very different in the rough case,

as compared to the smooth case. In the former, it is evident from the left plot of Figure 2, that

the variance is minimized by an intermediate value of m such as m = 5. To further investigate

this, the right plot shows the ratio between σ2
m,p when m = 2 and when m ∈ {2, 3, . . . , 25}, i.e.,

σ2
m,2/σ

2
2,2 as a function of m. Numbers less than one indicate that the variance of the estimator

with m = 2 is greater than the variance of the corresponding estimator with m ≥ 2, and vice versa.

It is evident that when the underlying process is rough (α ≤ 0), then, from a variance standpoint,

it is preferable to choose an intermediate m > 2 — indeed, the variance of the estimator is reduced

by approximately 40% when going from m = 2 to m = 5. These conclusions get turned on their

heads when we consider the smooth case, α = 0.20: here it appears that setting the bandwidth to

the smallest possible value, i.e., m = 2, is preferable.
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In conclusion, the evidence of this section suggests that when the underlying process is rough,

the optimal choice of bandwidth is some m > 2 and we recommend an intermediate value such as

m = 5. In contrast, when the process is smooth, m = 2 is preferable. Although setting m = 2

seems to be accepted practice in the literature, we believe that the rough case of α < 0 is arguably

more relevant in empirical applications. For this reason we suggest using an intermediate value for

the bandwidth parameter, unless one has reason to believe the underlying data to be smooth.

3.2 Asymptotic theory in the presence of additive noise

Consider now the situation where the observations of X, satisfying (A1)–(A3), are contaminated

by additive noise; that is, instead of observing X, we observe the process Z, given by

Zj/n := µ+Xj/n + uj , j = 1, 2, . . . , n, (3.9)

where µ ∈ R is a constant and u = {uj}nj=1 is a Gaussian iid noise sequence with mean zero

and variance σ2
u := V ar(u1) ≥ 0. (When σ2

u = 0 we mean that the noise is absent from the

observations.) A related problem is studied in Liu and Jing (2018), although their setup is less

general than what we consider here.

Since we observe Z, and not X, what is relevant for us is the “contaminated”, or “noisy”,

variogram, i.e. the variogram of the observation process Z:

γ2(h;Z) = E[|Zt+h − Zt|2] = γ2(h;X) + 2σ2
u = h2α+1L(h) + 2σ2

u, h ∈ R, (3.10)

where the last equality follows from Assumption (A1). From this we see that when σ2
u > 0,

log γ2(h;Z) will not be linear in log h, hence the estimator (3.4) of α will not be applicable; in

fact, it is not hard to show that this estimator will be downwards biased in the presence of noise.

Indeed, the following is true.

Proposition 3.3. Suppose that the observations of a process Z are given by (3.9) with σ2
u > 0,

where X satisfies assumption (LLN). Fix p > 0, m ∈ N, and let α̂ = α̂p,m be the OLS estimator of

α from (3.4) using the contaminated version of the empirical variogram γ̂p(·;Z) in place of γ̂p(·;X)

in the regression (3.2). Now,

α̂
P→ −1/2, n→∞.

Proposition 3.3 shows that if the data are contaminated by noise, then estimates of the pa-

rameter α will be biased downwards towards −1/2, i.e. the lowest permissible value for α. The
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intuition behind this result is that the variogram of a pure noise sequence u is γp(h;u) = mpσ
p
u > 0,

where mp is given in (3.8), i.e., γp(h;u) does not vary with h. Therefore, a regression of log γ̂p(h;u)

on log h will yield a slope of approximately zero, and, hence, an estimate of the fractal index

α̂ ≈ −1/2, cf. Equation (3.4). Furthermore, since we here assume that the variance of the noise

is not varying with the sample size n, the increments of Z will be dominated by the noise process

u as n → ∞. Therefore, as the time between observations shrink, the signal will be overwhelmed

by noise and thus bias the estimates of the fractal index towards the “noise limit” −1/2.

In other words, if the data are contaminated by noise, then the estimator of α considered

above, will lead one to conclude that the data are more rough than what is actually the case for

the underlying process X. That is, the noise in the observations will “look like roughness”. This

is an important point to note for the practitioner: when finding evidence of roughness (i.e., α < 0)

in data, it is crucial to consider whether this is due to an intrinsic property of the underlying data

generating mechanism or whether it could simply be the product of noise, e.g., measurement noise.

Fortunately, it is possible to account for the noise when estimating α to arrive at a consistent

estimator. For instance, Bennedsen et al. (2017a) suggest a noise-robust estimator based on a

non-linear least squares regression – however, this estimator does not allow for the slowly varying

function L and requires the interval over which the process is observed to grow. Presently, therefore,

we propose an alternative noise-robust estimator which is valid in our in-fill asymptotics setup and

again relies on a simple OLS regression.

First, for an integer κ ≥ 2, define the function

fp(h;Z, κ) := γp(κh;Z)2/p − γp(h;Z)2/p, h ∈ R.

From (3.10) and assumption (A1), we have

fp(h;Z, κ) = C2/p
p |h|2α+1L∗p(h;κ), h ∈ R, (3.11)

where it is easy to show that the function

L∗p(h;κ) :=
(
κ2α+1L(κh)2/p − L(h)2/p

)
, h ∈ R,

is slowly varying at zero. From this, it is clear that the logarithm of fp(h;Z, κ) is – up to the slowly

varying function L∗p – linear in log h. This motivates a linear regression as the one in (3.2) with

log f̂p in place of log γ̂p:

log f̂p(k/n;Z, κ) = b∗ + a∗ log |k/n|+ U∗k,n + ε∗k,n, k = 1, 2, . . . ,m, (3.12)
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where

f̂p(k/n;Z, κ) := γ̂p(κk/n;Z)2/p − γ̂p(k/n;Z)2/p

is the empirical estimate of the function f , which is feasible to calculate from the observations

Zj/n. Define the noise robust estimate of α as

α̂∗ :=
â∗OLS

2
− 1

2
, (3.13)

where â∗OLS is the OLS estimate of a∗ from the linear regression (3.12), analogous to (3.4) with f̂p

in place of γ̂p. We can prove the following.

Proposition 3.4. Suppose that the observations of a process Z are given by (3.9) with σ2
u ≥ 0,

where X satisfies assumption (LLN). Fix p > 0, m ∈ N, and let α̂∗ = α̂∗p,m be the OLS estimator

of α from (3.13). Now,

α̂∗
P→ α, n→∞.

Remark 3.3. Proposition 3.4 allows for σ2
u = 0 i.e. for there to be no noise in the observations. In

other words, the robust estimator is a consistent estimator of α, also in the absence of noise.

In Figure 3 we illustrate the use of Proposition 3.4 by calculating the average estimate and root

mean squared error (RMSE) of the two OLS estimators given in (3.4) and (3.13), when applied to a

process Z with σ2
u > 0. The details are provided in the caption of the figure. The former estimator

is not robust to the noise in Z, while the latter estimator is per Proposition 3.4. It is clear how

this manifests itself in a large bias in the OLS estimator (3.4). In fact, although the true value of

the fractal index of the underlying process is α = −0.20, the mean OLS estimates coming from the

non-robust estimator is −0.4608, i.e. almost at the lowest permissible value of −1/2. This is of

course a consequence of Proposition 3.3. In contrast, the robust estimator (3.13) proposed in this

section is practically unbiased for most values of the parameter κ, at least when κ ≥ 4.

Although the results of this section hold for all integer κ ≥ 2, the actual finite sample perfor-

mance of the results can be quite sensitive to this tuning parameter, as also witnessed in Figure

3. From simulation experiments, not reported here, we found evidence that the optimal value of

κ depends on the number of observations n; the fractal index α of the underlying process X; the

choice of p; and the variance of the noise σ2
u. These simulations also indicated that the optimal

value of κ increases with n; decreases with α; and increases with σ2
u. It would be interesting to
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Figure 3: Mean estimates (left) and root mean squared error (RMSE, right) for the two OLS

estimators (3.4) and (3.13) as a function of the tuning parameter κ ∈ [2, 50]. The mean estimates

and RMSE were calculated from B = 10 000 Monte Carlo simulations. The underlying data

generating process for X is n = 2 500 observations of an fBm with α = −0.20, while µ = 1 and

σ2
u = 0.05 were used for the noise sequence. The bandwidth is m = 5. The fBms were simulated

using circulant embedding methods (Asmussen and Glynn, 2007, Section XI.3).

derive the optimal value of κ theoretically; this is beyond the scope of the present paper, however,

and is postponed for future research.

We instead suggest an easy and data-driven way to choose κ, inspired by the so-called variance

signature plots (Andersen et al., 2000): when estimating α using the robust estimator (3.13), we

plot the estimates for a range of κ-values, thus obtaining a “roughness signature plot”. The left

plot in Figure 3 is an example of such a roughness signature plot. We then pick the smallest value

of κ, where the estimates begin to stabilize. In Figure 3 this is for κ ≈ 10. When we apply our

methods to real data in Section 5, we again illustrate this approach.

The next result provides the central limit theorem, as it relates to the robust estimator.

Theorem 3.2. Suppose that the observations of a process Z are given by (3.9) with σ2
u ≥ 0, where

X satisfies the assumptions from Theorem 3.1. Fix p > 0, m ∈ N, and let α̂∗ = α̂p,m be the OLS

estimator of α from (3.13). Now the following holds.

(i) Let σ2
u = 0. As n→∞,

√
n(α̂∗ − α)

st→ Z∗p · Sp, Z∗p ∼ N
(
0, σ2,∗

m,p

)
,

where Sp is as in Theorem 3.1 and σ2,∗
m,p is given in Appendix C.
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(ii) Let σ2
u > 0. As n→∞,

√
n · |α̂∗ − α| → ∞.

Remark 3.4. A feasible central limit theorem in the case of (i) is straightforwardly constructed in

the same way as in Corollary 3.1, including Monte Carlo estimation of σ2,∗
m,p.

As shown in (ii) of Theorem 3.2, the presence of the noise will unfortunately result in a variance

of α̂∗, which decays slower than
√
n; indeed, the exact distribution of α̂∗ is difficult to derive and

we do not pursue this here.

3.2.1 A test for the presence of noise

Using the above, we can now construct a test for whether the observed time series Z contains noise

or not. To be specific, we are interested in testing the null hypothesis

H0 : σ2
u = 0 against the alternative H1 : σ2

u > 0. (3.14)

A related test was proposed in Liu and Jing (2018) under a different setup. Likewise, tests of this

kind, in the context of time series of asset prices, were considered in Aı̈t-Sahalia and Xiu (2018),

where the authors develop a test for the presence of market microstructure noise in high frequency

data; in Section 5.2, we apply the test proposed in this section to the same question. It should be

noted that the results of Aı̈t-Sahalia and Xiu (2018) only apply when X is a semimartingale, i.e.,

when α = 0, whereas what follows holds also when α 6= 0.

To device the test, we consider the difference between the robust estimator α̂∗ from (3.13) and

the usual (non-robust) estimator α̂ from (3.4). From Propositions 3.1 and 3.4 is is immediately

clear that under H0

α̂∗ − α̂ P→ 0, as n→∞,

while under H1, Proposition 3.3 additionally implies that

α̂∗ − α̂ P→ α+ 1/2 > 0, as n→∞.

Analogously to Theorem 3.2, we have the following.

Theorem 3.3. Suppose the setup of Theorem 3.2. Now,
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(i) Let σ2
u = 0. As n→∞,

√
n(α̂∗ − α̂)

st→ Z∗∗p · Sp, Z∗∗p ∼ N
(
0, σ2,∗∗

m,p

)
,

where Sp is as in Theorem 3.1 and σ2,∗∗
m,p is given in Appendix C.

(ii) Let σ2
u > 0. As n→∞,

√
n · (α̂∗ − α̂)→∞.

Define

Ân :=
√
n

α̂∗ − α̂

Ŝp

√
σ2,∗∗
m,p (α̂∗)

. (3.15)

The following corollary is a straightforward application of Theorem 3.3.

Corollary 3.2. Let Ân be as in (3.15). Now,

(i) Under H0: Ân
d→ N(0, 1) as n→∞.

(ii) Under H1: Ân →∞ as n→∞.

The applicability of Corollary 3.2 for testing whether a fractal process is contaminated by noise

is obvious.

4 Simulation studies

To examine the finite sample properties of the central limit results presented above, we here conduct

three simulation studies and collect the results in Tables 2–4. In each study we will let X be an

fBm with Hurst index H = α + 1/2, for various values of α, and simulate n observations on the

interval [0, 1]. The fBm data are simulated using circulant embedding methods (Asmussen and

Glynn, 2007, Section XI.3). Following the findings of Section 3.1, we set the bandwidth to m = 5,

but the findings below are robust to the exact choice of m (results for different values of m are

available from the author upon request). Additional information on the exact simulation setups

are given in the captions of the tables.6

6Note that we also include a value of α in the interval [1/4, 1/2), namely α = 0.40. In this case we calculate the

relevant variograms using second-order increments, cf. Section 2.4.1.
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For a value α0 ∈ (−1/2, 1/2), Corollary 3.1 allows us to test the null hypothesis

H0 : α = α0 against the alternative H1 : α 6= α0. (4.1)

Panel A of Table 2 shows the empirical size – i.e., the rejection rates of H0 when H0 is true – of this

test for various values of n and α, at a nominal 5% level. In contrast, Panel B shows the empirical

local power of the test, that is, the rejection rate of the null hypothesis

H0,n : α = α0 + n−1/2 against the alternative H1,n : α 6= α0 + n−1/2, (4.2)

when α0 is the true value of α used in the simulations of the fBm and n is the number of observations.

In other words, the value of α that we test for asymptotes towards the true value of α at the rate

n1/2. We see that both the empirical size and power properties of the test are quite good. In

particular, the test is approximately correctly sized for n ≥ 20. Similarly, the empirical power is

also adequate. We conclude that the test is very precise and can comfortably be used in practice,

even for small sample sizes.

Table 3 contains the analogous results in the setup of Theorem 3.2 (i). Note that we here have

σ2
u = 0 so that we do not have any noise in the observations. When choosing κ, we resist the

temptation to use the roughness signature plot in such a large simulation experiment. Instead, we

simply set

κ = bn1/4c,

where bxc means the largest integer which is smaller than or equal to x ∈ R. We found this

specification to work reasonably well for most values of α and σ2
u — however, it is likely that the

finite sample properties of the tests could be made even better by choosing κ in a more sophisticated

way, e.g., by using roughness signature plots.

In Panel A of Table 3 we test the (true) null hypothesis (4.1), while we in Panel B test the

(false) null hypothesis (4.2). Again we conclude that the empirical properties of this test are good.

We see that we need more observations here to get a properly sized test, than what was the case

above, the reason being that the estimator now utilizes gaps of size κ ≥ 2 between observations,

when calculating the statistic f̂ . The empirical power properties also seem adequate, although the

rate is maybe slightly lower than what we saw above. All in all, though, the practical relevance of

this hypothesis test is not as great as the one considered above: we do not posses the asymptotic

theory in the noisy case (σ2
u > 0) and in the non-noisy case (σ2

u = 0) the setup of the regular OLS
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estimator is preferable for inference. The robust estimator is consistent in either case, though, so

for pointwise estimation, the estimator should still have great practical relevance.

Finally, Table 4 contains the results from the test (3.14); that is, we test for the presence of

noise in the observation using Corollary 3.2. Now the observations are given by Zi = µ+Xi + ui,

where the variance of ui is σ2
u ≥ 0. In Panel A we again have the size of the test, which is where we

set σ2
u = 0, i.e. where H0 is true. In Panel B we have the power properties, which is the rejection

rates of H0 when σ2
u = 0.05, i.e. when H1 is true. We conclude that the test appears to be properly

sized for all α ∈ (−1/2, 1/2) when the number of observations n is not too small. However, the

test has poor power properties when α is close to −1/2. This is to be expected, however: we know

from Proposition 3.3 that noise will bias the non-robust estimator downwards towards −1/2, hence

when the true value of α is close to −1/2, it is not surprising that it is difficult to distinguish noise

from roughness.

5 Empirical experiments

5.1 Application to turbulent velocity data

We first illustrate the use of the above methods in the context of the study of turbulent velocity

flows. More precisely, we have at our disposal a time series of one-dimensional measurements

of the longitudinal component of a turbulent velocity field in the atmospheric boundary layer,

measured 35 meters above ground level. The series consists of 20 million equidistant observations

over a time period of 4 000 seconds, i.e. with 5 000 measurements per second (in other words,

a sampling frequency of 5 kHz). The same time series has been studied in e.g. Corcuera et al.

(2013), Barndorff-Nielsen et al. (2014), Bennedsen et al. (2018), and we refer to Dhruva (2000) for

more information on the data set itself.

We first de-mean the long time series and standardize it to have unit variance. We then sample

the data at 5 Hz, i.e. 5 observations per second; this frequency is squarely in the so-called inertial

range, where the celebrated 5/3-law of Kolmogorov (1941a,b) states that – in the context of this

paper – the process underlying the time series should have fractal index α = −1/6 (Corcuera et al.,

2013, Section 5).

The left plot of Figure 4 contains the standardized data series sampled at 5 Hz. The right plot

gives examples of the regression (3.2) for p ∈ {1, 2, 3}. In this plot, the crosses are log γ̂p(k/n;X) as

a function of log(k/n), while the lines are the associated OLS regression fits using a bandwidth of
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Table 2: Hypothesis testing using Corollary 3.1
Panel A: Size

n α = −0.40 α = −0.20 α = 0 α = 0.20 α = 0.40

p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

10 0.0611 0.0929 0.0453 0.0746 0.0561 0.0865 0.0920 0.1385 − −

20 0.0515 0.0655 0.0469 0.0690 0.0575 0.0807 0.0681 0.0861 0.0657 0.0977

40 0.0506 0.0514 0.0485 0.0601 0.0553 0.0671 0.0580 0.0661 0.0566 0.0735

80 0.0525 0.0554 0.0491 0.0565 0.0507 0.0610 0.0500 0.0569 0.0506 0.0571

160 0.0527 0.0564 0.0540 0.0475 0.0520 0.0522 0.0492 0.0498 0.0488 0.0555

320 0.0505 0.0500 0.0486 0.0539 0.0546 0.0539 0.0462 0.0518 0.0510 0.0510

Panel B: Local power

n α = −0.40 α = −0.20 α = 0 α = 0.20 α = 0.40

p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

10 0.1505 0.2837 0.2346 0.3670 0.3947 0.5143 0.8135 0.9551 − −

20 0.2311 0.3186 0.2515 0.3510 0.2740 0.3865 0.5465 0.7050 0.1834 0.2538

40 0.2692 0.3299 0.2591 0.3322 0.2608 0.3355 0.3336 0.4245 0.1814 0.2305

80 0.3171 0.3715 0.2691 0.3273 0.2703 0.3439 0.2463 0.3365 0.1750 0.2143

160 0.3452 0.3999 0.2744 0.3217 0.2750 0.3252 0.2285 0.2711 0.1719 0.1993

320 0.3693 0.4151 0.2793 0.3312 0.2681 0.3157 0.2048 0.2442 0.1793 0.1916

Panel A: Empirical rejection rates of the test (4.1). Panel B: Empirical rejection rates of the test (4.2). The nominal

significance level is 0.05; the numbers in the table are the average rejection rate of 10 000 Monte Carlo replications;

B = 10 000 Monte Carlo replications were used to estimate the variance of the estimator under the null, as detailed

in Appendix B.
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Table 3: Hypothesis testing using Theorem 3.2
Panel A: Size

n α = −0.40 α = −0.20 α = 0 α = 0.20 α = 0.40

p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

100 0.0680 0.0848 0.1033 0.1031 0.0778 0.0888 0.0725 0.0918 0.0759 0.0777

200 0.1229 0.1344 0.0728 0.0782 0.0586 0.0683 0.0588 0.0571 0.0576 0.0630

400 0.1003 0.0859 0.0557 0.0634 0.0592 0.0606 0.0525 0.0555 0.0522 0.0569

800 0.0703 0.0751 0.0588 0.0545 0.0478 0.0601 0.0528 0.0528 0.0513 0.0537

1600 0.0565 0.0552 0.0529 0.0476 0.0554 0.0506 0.0516 0.0481 0.0515 0.0566

3200 0.0509 0.0590 0.0486 0.0490 0.0468 0.0520 0.0546 0.0506 0.0456 0.0504

Panel B: Local power

n α = −0.40 α = −0.20 α = 0 α = 0.20 α = 0.40

p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

100 0.2214 0.2500 0.1705 0.1766 0.1493 0.1856 0.1722 0.2209 0.0857 0.1023

200 0.2591 0.2524 0.1316 0.1492 0.1278 0.1511 0.1333 0.1623 0.1097 0.1287

400 0.1793 0.1694 0.1077 0.1259 0.1113 0.1307 0.1110 0.1293 0.0909 0.1027

800 0.1340 0.1381 0.0948 0.1046 0.0954 0.1162 0.0925 0.1075 0.0759 0.0868

1600 0.0989 0.1000 0.0839 0.0949 0.0903 0.0986 0.0850 0.0834 0.0776 0.0783

3200 0.0870 0.0901 0.0797 0.0805 0.0806 0.0928 0.0689 0.0808 0.0744 0.0715

Panel A: Empirical rejection rates of the test (4.1). Panel B: Empirical rejection rates of the test (4.2). The nominal

significance level is 0.05; the numbers in the table are the average rejection rate of 10 000 Monte Carlo replications;

and we used B = 10 000 Monte Carlo replications to estimate the variance of the estimator under the null, as detailed

in Appendix B. We set κ = bn1/4c.
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Table 4: Hypothesis testing using Corollary 3.2
Panel A: Size

n α = −0.40 α = −0.20 α = 0 α = 0.20 α = 0.40

p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

100 0.1990 0.1890 0.0880 0.0780 0.0680 0.0370 0.0620 0.0390 0.0490 0.0500

200 0.1860 0.1770 0.0620 0.0610 0.0480 0.0370 0.0610 0.0420 0.0580 0.0740

400 0.1380 0.1360 0.0390 0.0330 0.0420 0.0420 0.0560 0.0410 0.0510 0.0490

800 0.0880 0.0800 0.0390 0.0390 0.0460 0.0430 0.0590 0.0490 0.0520 0.0590

1600 0.0660 0.0580 0.0510 0.0580 0.0530 0.0600 0.0490 0.0500 0.0410 0.0570

3200 0.0550 0.0570 0.0670 0.0590 0.0550 0.0480 0.0600 0.0480 0.0540 0.0600

Panel B: Power (σ2
u = 0.05)

n α = −0.40 α = −0.20 α = 0 α = 0.20 α = 0.40

p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2 p = 1 p = 2

100 0.2130 0.2090 0.2540 0.2350 0.4870 0.5040 0.4990 0.5250. 0.1390 0.1590

200 0.1970 0.2110 0.3410 0.3290 0.5780 0.5780 0.4170 0.4400 0.1620 0.1680

400 0.1910 0.1730 0.4460 0.4540 0.7300 0.7250 0.4750 0.4840 0.2010 0.1980

800 0.1350 0.1350 0.6500 0.6650 0.7930 0.7940 0.4500 0.4670 0.2590 0.2480

1600 0.1420 0.1360 0.8680 0.8940 0.8410 0.8540 0.4290 0.4210 0.2990 0.3050

3200 0.1510 0.1440 0.9790 0.9860 0.8610 0.8730 0.3920 0.4210 0.3520 0.3570

Panel A: Empirical rejection rates of the test (3.14) when σ2
u = 0, i.e., when H0 is true. Panel B: Empirical rejection

rates of the test (3.14) when σ2
u = 0.05, i.e., when H0 is false and H1 is true. The nominal significance level is

0.05; the numbers in the table are the average rejection rate of 1 000 Monte Carlo replications; and we used B = 500

Monte Carlo replications to estimate the variance of the estimator using α̂∗ as estimate of the fractal index used in

the calculations, cf. Appendix B. We set κ = bn1/4c.
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Figure 4: Left: Time series plot of the standardized data sampled at 5 Hz, as explained in the text.

Right: Examples of the OLS regression (3.2) for p = 1, 2, 3 with bandwidth m = 5.

m = 5. The estimated slopes of the three lines are respectively âOLS = 0.3361, 0.6713, and 1.0044

which, through (3.4), yield the following estimates of the fractal index, α̂ = −0.1643 (0.0050),

−0.1638 (0.0047), and −0.1630 (0.0049), where the numbers in parentheses denote the standard

deviation of the estimates, cf. Theorem 3.1. Likewise, using Corollary 3.1, we test the prediction

of Kolmogorov via the null hypothesis

H0 : α = −1/6 against the alternative H1 : α 6= −1/6,

at a nominal 5% level. The corollary in this case yields P-values of 63.38%, 54.52%, and 45.54%,

respectively. In other words, we can not reject the prediction that α = −1/6 in this data set of

turbulent velocity flows at this sampling frequency.

5.2 Application to financial price data

An oft-used model of high frequency financial logarithmic prices is

Zj/n = Xj/n + uj , j = 1, . . . , n, (5.1)

where u = {uj}nj=1 is a market microstructure noise process (O’Hara, 1995; Hansen and Lunde,

2006; Sun et al., 2015) and X is a stochastic volatility process, e.g.,

Xt = X0 +

∫ t

0
σsdGs t ≥ 0.

It is well known that for the absence of arbitrage in the market, it is a requirement that X is a

semimartingale (Delbaen and Schachermayer, 1994), which under mild assumptions, is equivalent
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to G, and therefore X, having α = 0. In other words, since we expect the market to be free of

arbitrage, we would expect that X has fractal index α = 0.

To test this, we study a long time series of the logarithm of financial futures prices, supposing

they come from the model (5.1). To be specific, we have at our disposal data recorded every second

on the front month E-mini S&P 500 futures contract, traded on the CME Globex electronic trading

platform, from January 3, 2005 until December 31, 2014. We exclude weekends and holidays and

keep only full trading days, which results in 2 495 days. For these days, we further restrict attention

to the most active period of the day, which is when the New York Stock Exchange (NYSE) is open,

from 9.30 a.m. until 4 p.m. Eastern Standard Time (EST). This results in 23 400 seconds (6.5

hours) for each day. We estimate α each day using both estimators (3.4) and (3.13); this results

in N = 2 495 estimates of α each calculated from n = 23 400 observations.

As discussed, since we believe the market to be free of arbitrage opportunities, we would expect

to find α ≈ 0 for financial price series; however, when we estimate α from the data using the

standard OLS estimator (3.4) we most often find very negative values; in fact the mean estimate of

α over the N = 2 495 days is −0.20. Similarly, when we use Theorem 3.1 to test the null hypothesis

H0 : α = 0 against the alternative H1 : α 6= 0,

at a nominal 5% level, we reject H0 on 98.92% of the days. In other words, at first glance, it seems

that high frequency log prices are very rough. Of course, this finding might simply an artefact of

the noise sequence u, which we expect to be present in high frequency stock prices; we therefore

also apply the robust estimator (3.13).

To find a good value for κ, we first compute a roughness signature plot, as explained in Section

3.2. This is seen in the left plot of Figure 5, where we present the estimates of α as a function of

κ. Based on this plot, we will set κ = 120 — indicated with the vertical black line in the plot —

as the estimates here seem to reach a plateau. The subsequent analysis is very robust to the exact

choice of κ – one can set κ ∈ [50, 200] and reach the same conclusions.

The right plot of Figure 5 presents estimates of α from using both the standard OLS estimator

(3.4), blue circles, and the robust estimator (3.13), red crosses. As just described, the non-robust

OLS estimates are often very negative (the average across all days is −0.20). Conversely, the robust

estimator seems much closer to the expected value of zero (the average across all days is −0.040).

We also apply Corollary 3.2 to the data, to test the null hypothesis, (3.14), of no noise in the

observations. When performing this test each day at a 5% level, we reject the null on 99.68% of
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Figure 5: Left: Roughness signature plot, i.e., estimates of α (averaged over 2 495 days) from the

robust estimator (3.13), as a function of κ. Right: Estimates of α from the standard OLS estimator

(3.4), blue dots, and from the robust estimator (3.13) with κ = 120, red crosses. The bandwidth

is m = 5 and we set p = 2.

the days. In other words, the formal test provides very strong evidence for the presence of market

microstructure noise in the observations.

Of course, that financial prices sampled at 1 second intervals contain market microstructure

noise is not new. A more relevant question is at what sample frequency time series of log prices can

be considered reasonably free of market microstructure noise. For instance, in the context of the

estimation of measures of volatility, it is conventional wisdom that log returns sampled at 5 minute

intervals are reasonably free of market microstructure noise (e.g., Liu et al., 2015). This 5 minute

threshold is somewhat arbitrary, however, and methods for deciding the optimal threshold for a

given data set would be useful. Motivated by these considerations, Aı̈t-Sahalia and Xiu (2018)

investigated this question using a Hausman-type test. We now apply Corollary 3.2 to investigate

the same question and adopt a design similar to Aı̈t-Sahalia and Xiu (2018): We first aggregate

the data to a weekly (i.e., 5 day) frequency to obtain more observations for each estimation; that

is, instead of considering 2 495 days worth of data, we consider 499 weeks worth of data. Overnight

returns were discarded. To gauge at what frequency “the noise starts to bite”, we then sample the

prices every ∆ seconds and perform the test for whether there is noise in the data, using Corollary

3.2. We consider values of ∆ between 1 and 600 seconds; we give the precise details in Table 5,

including the resulting number of observations for each weekly time series (n) and the value of κ

used. To determine κ, we computed a roughness signature plot for each value of ∆ (not given here

for brevity), where the estimates were averaged over the 499 weeks. The overall conclusions are
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robust to the exact choices of κ.

The results are shown in Table 5, which presents the rejection rates of H0 in (3.14), where the

null is no noise in the observations. The numbers in the table are rejection rates of H0, averaged

over all 499 weeks, for p = 1
2 , 1, 2. As expected, we see a high rejection rate when ∆ is small and as

∆ increases, the rejection rates go down until they plateau around the nominal size of 5%. When

∆ ≤ 5s H0 is rejected often for all three values of p; when ∆ = 30s the rejection rates are down to

11.21%, 5.61%, 11.22% for p = 1
2 , 1, 2, respectively; while when ∆ = 60s the rejection rates are now

right around the nominal value. For ∆ ≥ 120s, the tests are rejecting slightly below the nominal

5% — this is not surprising, though, since we saw in the simulation experiment (Table 4) that the

test can be slightly undersized, when the number of observations n is small.

We conclude that it is when ∆ < 60s that the “noise starts to bite”. In other words, for this

data set, returns can be sampled as often as every ∆ = 60 seconds, without market microstructure

noise influencing the log returns to any meaningful degree.

Remark 5.1. It should be noted, that our methods do not apply when there are jumps in the

observations, as might plausibly be the case for the prices of financial assets, such as the time

series studied here. It is conceivable that one could derive jump-robust inference methods based

on multipower variations of the observations, similar to what has been done in the semimartingale

case (e.g., Barndorff-Nielsen and Shephard, 2004). For instance, in the case p = 2, instead of using

squared increments when calculating the power variations, one can use the product of the abso-

lute value of two adjacent increments. Unfortunately, the asymptotic theory of these multipower

variations is lacking in the non-semimartingale case when jumps are present, and developing jump-

robust methods is thus beyond the scope of this paper. An alternative to this approach could be to

filter out the jumps in an initial step before analyzing the continuous part of the data (see, e.g., Sun

and Meinl, 2012, for a filtering approach relying on wavelet decompositions). We believe, however,

that it is quite unlikely that jumps are influencing the analysis of this section to any meaningful

degree; indeed, both Christensen et al. (2014) and Bajgrowicz et al. (2016) argue forcefully for the

relative infrequence of jumps in asset prices, especially in very liquid assets, which is certainly the

case for the data studied here.

32



Table 5: Testing H0 : σ2
u = 0 on E-mini data

∆ 1s 5s 30s 60s 120s 300s 600s

n 117 000 23 400 3 900 1 950 975 390 195

κ 120 50 10 5 3 2 2

Rej. rate (p = 1/2) 0.9960 0.4453 0.1121 0.0580 0.0481 0.0381 0.0582

Rej. rate (p = 1) 0.2681 0.4366 0.0561 0.0360 0.0381 0.0360 0.0482

Rej. rate (p = 2) 0.9440 0.6634 0.1122 0.0580 0.0160 0.0320 0.0220

Rejection rates of H0 : σ2
u = 0 against the alternative H1 : σ2

u > 0, cf. Corollary 3.2, when applied to the E-mini

data described in Section 5.2. The nominal size of the test is 5%. We set m = 5 and use B = 5 000 Monte Carlo

replications to calculate the variance of the statistic, cf. equation (3.15) and Appendix C.

6 Conclusion

This paper has laid out a large framework for analyzing data with fractal characteristics, with a

view to applications in financial econometrics and mathematical finance. The consistency result

of the estimator turns out to be the same for Gaussian and non-Gaussian (volatility modulated)

processes, while the central limit theorem requires an extra factor in the non-Gaussian case. The

estimator of this correcting factor – Ŝp in Corollary 3.1 – is asymptotically irrelevant when no

stochastic volatility is present. For this reason we recommend always including this factor when

applying the central limit theorem of the estimator of the fractal index, whether or not one believes

the underlying data to be Gaussian.

We saw that noise in the observations, e.g., measurement noise, will bias the estimates of the

fractal index downwards. It is important that the practitioner is cognizant of this possible bias

when studying data which are potentially rough; we suggested an estimator which is robust to such

noise and that can be applied if one expects the data to be so contaminated. A formal test for the

presence of noise was proposed.

The methods were illustrated in two empirical experiments. The turbulence application il-

lustrated the use of the basic estimator, validating the 5/3 law of Kolmogorov. The financial

application focused on estimating the fractal index of a time series potentially contaminated by

noise: Our test for the presence of noise in the price series of E-mini S&P 500 data suggests that,

even though microstructure noise is definitely present in the high-frequency observations of this

data set, its effect is negligible even when sampling the data at quite high frequencies, i.e., as often

as once per minute.
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A Proofs

Proof of Proposition 2.1. Note first, that since X is Gaussian, assumption (A1) implies that for

n ≥ 1,

E[|Xt −Xs|2n] = C2n|t− s|(2α+1)nL(t− s)2n, t, s ∈ R,

where x 7→ L(x) is slowly varying at zero. Let now K ⊂ (0,∞) be a compact set and consider

t, s ∈ K. By the properties of slowly varying functions (Bingham et al., 1989, Theorem 1.5.6(ii)),

for all ε > 0 we can find a > 0 such that

E[|Xt −Xs|2n] ≤ C̃1,n|t− s|1+(2α+1)n−1−2nε, t− s ∈ (0, a],

for a constant C̃1,n > 0. Conversely, since L is continuous on (0,∞), we also have that

E[|Xt −Xs|2n] ≤ C̃2,n|t− s|1+(2α+1)n−1, t− s > a,

for a constant C̃2,n > 0. Putting these two observations together, we have that there exists a

constant C̃3,n > 0 such that for all ε > 0 we have

E[|Xt −Xs|2n] ≤ C̃3,n|t− s|1+(2α+1)n−1−2nε, t, s ∈ K.

Using this, we deduce that for n sufficiently large, the continuity criterion of Kolmogorov shows that

X has a modification which is locally Hölder continuous of order φ for all φ ∈
(

0, (2α+1)n−1−2nε
2n

)
=(

0, α+ 1/2− 1
2n − ε

)
. Letting n ↑ ∞, ε ↓ 0, yields the desired result.

Proof of Proposition 3.1. Note first, that we can write

α̂− α =
1

pxTmxm
xTm(Um + εm), (A.1)

where

Um :=
(
U1/n, U2/n, . . . , Um/n

)T
=

(
log

(
γ̂p(1/n;X)

γp(1/n;X)

)
, log

(
γ̂p(2/n;X)

γp(2/n;X)

)
, . . . , log

(
γ̂p(m/n;X)

γp(m/n;X)

))T
,

and

εm :=
(
ε1/n, ε2/n, . . . , εm/n

)T
= (logLp(1/n), logLp(2/n), . . . , logLp(m/n))T .
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To see that the term xTmε
m vanishes as n→∞, note that

m∑
k=1

xm,k =
m∑
k=1

(
log k − logm

)
= 0 (A.2)

and therefore

xTmε
m =

m∑
k=1

xm,k logLp(k/n) =

m∑
k=1

xm,k log

(
Lp(k/n)

Lp(1/n)

)
→ 0, n→ 0,

since limn→∞
Lp(k/n)
Lp(1/n) = 1 by the property of slowly varying functions.

The required result now follows by noting that

γ̂p(k/n;X)

γp(k/n;X)
=

γ̂p(k/n;X)

mpγ2(k/n;X)p/2
P→ 1, n→∞, k ≥ 1,

which holds by Propositon 1 in Barndorff-Nielsen et al. (2009) under (LLNa); by Theorem 2 in

Barndorff-Nielsen et al. (2009) under (LLNb); and by Theorem 3.1. in Corcuera et al. (2013) under

(LLNc).

Proof of Theorem 3.1. Consider first the case where X satisfies assumption (CLTa). Using Theo-

rem 2 in Barndorff-Nielsen et al. (2011) and the limit in equation (3.7) of this paper, we get

√
n


γ̂p(1/n;X)
γp(1/n;X) − 1

...

γ̂p(m/n;X)
γp(m/n;X) − 1

 d→ N(0,Λp), n→∞, (A.3)

where Λp = {λk,vp }mk,v=1 is a m×m matrix with entries

λk,vp = lim
n→∞

n · Cov
(
γ̂p(k/n;BH)

γp(k/n;BH)
,
γ̂p(v/n;BH)

γp(v/n;BH)

)
, k, v = 1, 2, . . . ,m, (A.4)

with γp(·;BH) denoting the p’th order variogram for a fractional Brownian motion with Hurst

index H = α + 1/2, and similarly for γ̂p. Note that the limit in (A.4) exists for k, v = 1, 2, . . .m,

by Breuer and Major (1983), Theorem 1, see also Corcuera et al. (2013), Remark 3.3.

As we will show below, assumption (A4) implies that

√
nxTmε

m → 0, n→∞, (A.5)

which means that from (A.1) we get, using (A.3) and the delta method,

√
n (α̂− α)

d→ N

(
0,

xTmΛpxm
(xTmxm)2p2

)
, n→∞,
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which is what we wanted to show. To see that (A.5) holds, use the rule of l’Hôpital, and the

properties of slowly varying functions, to conclude

lim
n→∞

√
n log

(
Lp(k/n)

Lp(1/n)

)
= lim

n→∞
2n−1/2

(
L′p(k/n)

Lp(k/n)
k −

L′p(1/n)

Lp(1/n)

)
= 0,

by assumption (A4). This concludes the proof when X is Gaussian.

Suppose instead that assumption (CLTc) holds (the case (CLTb) is similar). We proceed

analogously to above: by Theorem 4 of Barndorff-Nielsen et al. (2011), see also Theorem 3.2. and

Remark 3.4. of Corcuera et al. (2013), we get

√
n


γ̂p(1/n;X)
γp(1/n;X) − 1

...

γ̂p(m/n;X)
γp(m/n;X) − 1

 st→
∫ 1

0
σpsΛpdBs,

where B is an m-dimensional Brownian motion, defined on an extension of the original probability

space, (Ω,F ,P), independent of F . The matrix Λp is identical to the one above.

We proceed as before. In particular, invoking the delta method we get

√
n (α̂− α)

st→ xTmΛp
xTmxmp

∫ 1
0 σ

p
sdBs∫ t

0 σ
p
sds

,

or, in other words (conditionally on (σt)t∈R),

√
n (α̂− α)

st→ Zp · Sp, Sp :=

√∫ 1
0 σ

2p
s ds∫ 1

0 σ
p
sds

,

and where Zp is as in Theorem 3.1. This concludes the proof.

Proof of Proposition 3.2. (i) Note that we can write

Ŝp =

√
m−1

2p γ̂p(1/n;X)/γ2(1/n;X)p

m−1
p γ̂p(1/n;X)/γ2(1/n;X)p/2

.

The result now follows from Proposition 1 in Barndorff-Nielsen et al. (2009).

(ii) This part follows from Theorem 3.1. in Corcuera et al. (2013).

Proof of Proposition 3.3. This follows easily from the fact that when σ2
u > 0 it holds for any k ≥ 1

γ̂p(k/n;Z)
P→ γp(0;Z) = Cpσ

p
u > 0, n→∞,

so that

âOLS =
1

xTmxm
xTm log γ̂mp

P→ 0, n→∞,

by (A.2).
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A.1 Proofs related to the noise robust estimator

Most of the proofs related to the noise robust estimator α̂∗ proceeds analogously to the proofs

related to the standard estimator α̂ given above. Indeed, the function fp(h;Z, κ) has the same

behavior as γ2(h;X) for h ≈ 0 — cf. equations (3.1) and (3.11). The upshot is that most of the

theory will go through as in the proofs above. The following lemma formally provides the details.

Lemma A.1. Suppose the process X is such that its variogram γ satisfies assumptions (A1)–(A4).

Fix κ > 1 and define the function f as in (3.11) with

L∗(x;κ) := κ2α+1L(xκ)− L(x), x > 0.

Then f satisfies assumptions (A1)–(A4) with L∗ as the slowly varying function.

Proof of Lemma A.1. That (A1) and (A4) are satisfied is trivial. To see that (A2) holds, note that

f(x;X,κ) = x2α+1L∗(x;κ) = γ2(xκ)− γ(x), x > 0,

so that

∂2

∂x2
f(x;X,κ) = x2α−1L∗(2)(x;κ),

where

L∗(2)(x;κ) := κ2α+1L2(xκ)− L2(x)

is slowly varying at zero and continuous on (0,∞), since these properties hold for L2 by assumption.

With this function L∗(2), it is also the case that (A3) holds. To see this, write

∣∣∣∣∣L
∗
(2)(y;κ)

L∗(x;κ)

∣∣∣∣∣ ≤
∣∣∣∣∣∣

κ2α+1L2(yκ)
L(κx)

κ2α+1 − L(x)/L(κx)

∣∣∣∣∣∣+

∣∣∣∣∣∣
L2(y)
L(x)

κ2α+1L(κx)/L(x)− 1

∣∣∣∣∣∣
=

∣∣∣∣∣∣
κ2α+1L2(yκ)

L2(y)
L(x)
L(κx)

κ2α+1 − L(x)/L(κx)

∣∣∣∣∣∣+

∣∣∣∣ 1

κ2α+1L(κx)/L(x)− 1

∣∣∣∣
 L2(y)

L(x)
.

Using that both L and L2 are slowly varying at zero and obey (A3) by assumption, the result

follows.

Proof of Proposition 3.4. Given Lemma A.1, the proof is similar to the one of Proposition 3.1; we

skip the details.
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Proof of Theorem 3.2. (i) Given Lemma A.1, the proof is similar to the one of Theorem 3.1; we

skip the details. The asymptotic variance can be calculated using the delta method – we give the

expression in Appendix C.

(ii) For ease of notation, we prove this for p = 2. The case with general p > 0 follows by

(conditional) Gaussianity. Write

f̂2(k/n;Z, κ) = f̂2(k/n;X,κ) + f̂2(k/n;u, κ) + 2f̂1,1(k/n;X,u, κ),

where

f̂1,1(k/n;X,u, κ) := γ̂1,1(κk/n;X,u)− γ̂1,1(k/n;X,u),

with

γ̂1,1(k/n;X,u) :=
1

n− k

n−k∑
i=1

(
X i+k

n
−X i

n

)(
ui+k − ui

)
.

We are interested in the asymptotic behavior of

f̂2(k/n;Z, κ)

f2(k/n;X;κ)
=
f̂2(k/n;X,κ)

f2(k/n;X;κ)
+
f̂2(k/n;u, κ)

f2(k/n;X;κ)
+
f̂1,1(k/n;X,u, κ)

f2(k/n;X;κ)
.

From (i), we know that the first of these terms obeys a CLT with rate
√
n. Further, it is standard to

show that f̂2(k/n;u, κ) does the same — hence, the second term will diverge, since the denominator

f2(k/n;X;κ)→ 0 as n→ 0. The result follows.

Proof of Theorem 3.3. (i) Note first, that we can write

α̂∗ − α̂ =
1

2xTmxm
xTm log f̂mp −

1

pxTmxm
xTm log γ̂mp =

1

2xTmxm
xTm log

(
f̂mp

(γ̂mp )2/p

)
, (A.6)

where γ̂mp and f̂mp denotes m×1 vectors as explained in the main text. We see that (A.6) takes the

form as the OLS estimators studies above. Given Lemma A.1, the proof of the present theorem is

similar to the one of Theorem 3.1; we skip the details. The asymptotic variance can be calculated

using the delta method – we give the expression in Appendix C.

(ii) This is obvious due to the fact that

α̂∗ − α̂ P→ α+ 1/2 > 0, as n→∞,

by Propositions 3.3 and 3.4.
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B Monte Carlo approximation of the variance of the OLS estima-

tor

For a number of observations n ∈ N, we seek to calculate the finite sample versions of the entries

of the matrix Λp = {λk,vp }mk,v=1 given by (3.5), i.e.

λk,vp,n := n · Cov
(
γ̂p(k/n;BH)

γp(k/n;BH)
,
γ̂p(v/n;BH)

γp(v/n;BH)

)
=

n

γp(k/n;BH)γp(v/n;BH)
· Cov

(
γ̂p(k/n;BH), γ̂p(v/n;BH)

)
, k, v = 1, 2, . . . ,m.

First note that for p > 0,

γp(k/n;BH) = Cp(k/n)pH , Cp =
2p/2√
π

Γ

(
p+ 1

2

)
,

so what remains is to calculate the covariance term. We suggest to approximate this term by

Monte Carlo simulation as follows. First, pick a large number B ∈ N of Monte Carlo replications.

Then, for each b = 1, . . . , B:

1. Simulate n observations of an fBm on [0, 1] with Hurst index H = α+ 1/2.7

2. Calculate the values of the empirical variograms γ̂
(b)
p (k/n;BH) for k = 1, . . . ,m using equation

(3.3).

With these B instances of the empirical variograms, estimate the relevant covariances. The asymp-

totic variance can be approximated by choosing n very large.

C Expressions for the asymptotic variance in theorems 3.2 and

3.3

Let k∗ be the smallest integer such that k∗ · κ > m. As can be seen in the proofs above, we are

interested in the joint asymptotic distribution of functions of the random quantities
γ̂p(k/n;X)
γp(k/n;X) for

k ∈M, where

M := {1, 2, . . . ,m, k∗κ, (k∗ + 1)κ, . . . ,mκ}.

7The fBm can be simulated efficiently using circulant embedding methods, see, e.g., Asmussen and Glynn (2007)

Section XI.3.
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Let |A| denote the cardinality of the set A and define the |M|× |M| matrix Λ∗p = {λk,v,∗p }k,v∈M as

λk,v,∗p = lim
n→∞

n · Cov
(
γ̂p(k/n;BH)

γp(k/n;BH)
,
γ̂p(v/n;BH)

γp(v/n;BH)

)
, k, v ∈M, (C.1)

where BH is an fBm with Hurst index H = α + 1/2. The values of the entries in this matrix can

be approximated by Monte Carlo simulation in the same way as described in Appendix B.

C.1 Asymptotic variance of Theorem 3.2

By the delta method, we have that

σ2,∗
m,p =

xTmΣT
1 Λ∗pΣ1xm

4(xTmxm)2
,

where Λ∗p is defined in equation (C.1) and Σ1 is the |M| ×m matrix with entries

Σ1(i, j) =
2

p (κ2α+1 − 1)
·



−1 for (i, j) = (1, 1), (2, 2), . . . (m,m),

κ2α+1 for (i, j) = (κ, 1), (2κ, 2), . . . ((k∗ − 1)κ, k∗ − 1),

κ2α+1 for (i, j) = (m+ 1, k∗), (m+ 2, k∗ + 1), . . . (|M|,m),

0 else.

C.2 Asymptotic variance of Theorem 3.3

By the delta method, we have that

σ2,∗∗
m,p =

xTmΣT
2 Λ∗pΣ2xm

4(xTmxm)2
,

where Λ∗p is defined in equation (C.1) and Σ2 is the |M| ×m matrix with entries

Σ2(i, j) =
2κ2α+1

p (κ2α+1 − 1)
·



−1 for (i, j) = (1, 1), (2, 2), . . . (m,m),

1 for (i, j) = (κ, 1), (2κ, 2), . . . ((k∗ − 1)κ, k∗ − 1),

1 for (i, j) = (m+ 1, k∗), (m+ 2, k∗ + 1), . . . (|M|,m),

0 else.
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