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ABSTRACT

The dissertation comprises three self-contained chapters covering different aspects

of interest rates and exchange rates. To be more precise, the first chapter examines

whether information from interest rate is relevant to forecast interest rate volatility

which can be seen as a measure of economic uncertainty. The second chapter investi-

gates whether the state of the economy (measured as either uncertainty or activity)

has an impact on bond return predictability. The last chapter examines whether the

relationship between economic uncertainty in the two countries has an impact on

the how exchange rate movements behave on interest rate information.
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DANISH ABSTRACT

Denne afhandling indeholder tre selvstændige kapitler, som omhandler forskellige

aspekter af renter og valutakurser. Mere præcist omhandler det første kapital om

information fra renter er brugbar til at forudsige rentevolatilitet, som kan anses som

et mål for økonomisk usikkerhed. Det andet kapitel undersøger om økonomiens

tilstanden (målt som enten usikkerhed eller aktivitet) har en indvirkning på, om man

kan forudsige obligationsafkast. Det tredje og sidste kapitel handler om relationen

mellem usikkerhed i to lande har en indvirkning på, hvordan valutakursen opfører

sig på baggrund af information fra renterne i de to lande.
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SUMMARY

The dissertation comprises three self-contained chapters covering different aspects of

interest rates and exchange rates. While the first chapter involves forecasting interest

rate uncertainty, the last two chapters involve how economic uncertainty affects bond

risk premia and currency movements. The order of three chapters represents the

journey of my PhD research-wise in chronological order. The first chapter involves if

interest rate information is relevant for a forecasting purpose, the second chapter asks

when interest rate information is relevant, and the last chapter examines the findings

of the second chapter in an international setting. This implies that both data and some

of the methodologies are shared between the three chapters meaning that although

the thesis’ topics are distinct, all chapters examine whether/when information from

interest rates is relevant for modeling/forecasting different properties of interest rates

and currencies.

The first chapter, The incremental information in the yield curve about future

interest rate risk (joint with Bent Jesper Christensen and Bezirgen Veliyev), investigates

whether information from interest rates contains relevant information about risk in

the interest rates. We examine different popular ways to extract information from

a panel of interest rates including affine term structure models, spreads in interest

rates, and principal component factors. We construct an intraday panel data set

of interest rates using transactions on Treasury futures and the Eurodollar futures.

Our empirical analysis suggests that yield curve-based forecasters carry incremental

information, relative to that contained in the time series of historical volatilities, at

the long end. Time series-based forecasts outperform yield curve-based forecasts

at the short end of maturities. Applying the utility framework of Bollerslev, Hood,

Huss, and Pedersen (2018) reveals that both the yield curve- and time series-based

forecasts provide utility to a risk-averse investor in longer-term instruments, not in

short, relative to a random walk. Our results suggest that past errors significantly

predict future pricing errors, an implication of unspanned volatility.

The second chapter, Predicting bond return predictability (joint with Daniel Borup,

Jonas Nygaard Eriksen, and Martin Thyrsgaard), studies time variations in bond

return predictability. Using a standard set of predictors from the literature which

includes Fama and Bliss (1987), Campbell and Shiller (1991), Cochrane and Piazzesi

(2005), and Ludvigson and Ng (2009), we provide empirical evidence on predictable

xi



xii SUMMARY

time variations in the degree of bond return predictability related to economic activity,

measured by the Purchasing Managers’ Index, and the macroeconomic uncertainty

index of Jurado, Ludvigson, and Ng (2015). We establish these state-dependencies in

predictability by introducing a multivariate extension of the Giacomini and White

(2006) test. We apply the test in a novel dynamic forecasting combination scheme

which ignores information from significantly inferior methods when constructing

the forecasts. We find that bond returns are predictable in high (low) economic

activity (uncertainty) states and our dynamic forecast combination scheme leads

to improvements out-of-sample both in risk premia estimates bond and investors’

economic utility. In line with empirical facts on bond risk premium, our forecasting

scheme generates strong countercyclical risk premia estimates that peak during

recessions. Last, a nonlinear term structure supports the link between economic

uncertainty/activity and variations in predictability.

The third chapter, Economic uncertainty and the behavior of exchange rates, exam-

ines the implications of the second chapter in an international context. A no-arbitrage

condition for international financial markets is that the exchange rate is determined

by the ratio between the stochastic discount factors (SDFs) in the two countries

(Backus, Foresi, and Telmer, 2001). The findings in chapter two imply that, first, the

stochastic discount factor is time-varying and, second, the time-variation is related

to economic uncertainty. Given the no-arbitrage condition, the exchange rate dy-

namics should depend on the differences in economic uncertainty between the two

countries. In the chapter, I measure economic uncertainty by the economic policy

uncertainty index of Baker, Bloom, and Davis (2016). To examine the hypothesis, I

introduce a nonlinear term structure model in which the foreign SDF has the func-

tional form of the model in Feldhütter, Heyerdahl-Larsen, and Illeditsch (2018) and

the domestic is affine which is standard in the literature (Backus et al., 2001; Egorov,

Li, and Ng, 2011; Sarno, Schneider, and Wagner, 2012). I find that the parameters

driving nonlinearity are highly significant. In line with the hypothesis, nonlinearity in

the model correlates strongly with the difference in uncertainty. Last, the nonlinear

model generates currency risk premia estimates consistent with the literature.
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DANISH SUMMARY

Denne afhandling indeholder tre selvstændige kapitler, som omhandler forskelli-

ge aspekter af renter og valutakurser. Det første kapitel adresserer forudsigelse af

renterisiko, mens de to resterende undersøger, hvordan økonomisk usikkerhed har

en indvirkning på risikopræmien for obligationer og valutakursudviklingen. De tre

kapitler udgør fortællingen om forskningsdelen af mit Ph.d.-studie i kronologisk

orden. Det første kapitel omhandler om renteinformation er relevant for forudsigelse

af renteusikkerhed, det andet kapitel tager steppet videre, og undersøger, hvornår

renteinformation er brugbart, mens det tredje og sidste kapitel tager udgangspunkt i

fundene fra kapitel 2, og undersøger implikationerne af disse i internationale finansi-

elle markeder. Dette har den betydning, at både data og en del metoder går igen på

tværs af kapitlerne. Så selvom de forskellige kapitler handler om forskellige temaer,

har de det tilfælles, at de undersøger, om/hvornår renteinformation er brugbart til at

modellere/forudsige forskellige egenskaber af renter og valutakurser.

Det første kapitel i afhandlingen, The incremental information in the yield curve

about future interest rate risk (skrevet i samarbejde med Bent Jesper Christensen og

Bezirgen Veliyev), omhandler hvorvidt renter indeholder information om fremtidig

renterisiko. Kapitlet undersøger forskellige metoder fra litteraturen til at udtrække

information fra renterne. Ud fra transaktioner med futures på statsobligation og

Eurodollar futures, konstruerer vi et intra-dagligt datasæt af renter. Vores empiriske

analyse viser, at information fra renter er relevant for risikoen i de lange renter i

forhold til tidsserien af rentevolatiliteten. For de korte renter finder vi derimod, at

tidsserien af renterisiko outperformer brugen af renteinformation. Til at måle om

resultaterne har en effekt for en investor, anvender vi nyttefunktionsstrukturen fra

Bollerslev et al. (2018). Resultaterne viser, at i forhold til en random-walk, så giver

rentebaseret og tidsseriebaseret forudsigelser nytte for lange renter, men ikke korte. Vi

finder derudover, at tidligere forudsigelsesfejl forudsiger fremtidige forudsigelsesfejl,

hvilket motiverer en faktor, som har en indvirkning på renternes volatilitet, men ikke

renterne i sig selv.

Det andet kapitel, Predicting bond return predictability (skrevet i samarbejde med

Daniel Borup, Jonas Nygaard Eriksen og Martin Thyrsgaard), undersøger tidsvariation

i forskellige metoders evne til at forudsige statsobligationsafkast. Ved at fokusere på

et standard sæt af metoder fra litteraturen, som blandt andet inkluderer Fama og

xv
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Bliss (1987), Campbell og Shiller (1991), Cochrane og Piazzesi (2005) og Ludvigson og

Ng (2009), finder vi, at metodernes evne til at forudsige obligationsafkast afhænger

af makroøkonomisk usikkerhed og økonomisk aktivitet. Vi måler makroøkonomisk

usikkerhed som indekset udarbejdet af Jurado et al. (2015), mens vi måler aktivitet

som Purchasing Managers’ Indeks (PMI). Vi viser disse ændringer i metodernes evne

til at forudsige afkastene ved at udvide Giacomini og White (2006) testen til en multi-

variabel test. Testen tester for ens forudsigelsesevne blandt et sæt af metoder. Testen

anvendes til at lave en kombination af metoderne, som ignorerer information fra

forventet dårlige metoder. Vores empiriske resultater indikerer, at obligationsafkast

er forudsigelige i perioder med høj (lav) aktivitet (usikkerhed), og vores forudsigelses-

kombination forbedrer både risikopræmieestimater og investorernes økonomiske

nytte. Konsistent med eksisterende empiriske fund omkring obligationsafkast giver

vores metode kontracykliske risikopræmieestimater, som topper under recessioner.

Relationen mellem økonomisk usikkerhed/aktivitet og variationer i evne til at for-

udsige obligationsafkast er bekræftet af en ikke-lineær rentemodel, som har samme

form som Feldhütter et al. (2018).

I tredje og sidste kapitel, Economic uncertainty and the behavior of exchange rates,

undersøger jeg implikationerne af kapitel to i en international kontekst. En ingen-

arbitrage betingelse for internationale kapitalmarkeder er, at valutakursen er givet

som forholdet mellem den stokastiske diskonteringsfaktor for de to lande (Backus

et al., 2001). En implikation af de empiriske fund i kapitel 2 er, at den stokastiske

diskonteringsfaktor (SDF) er tidsvarierende, og denne tidsvariation er forbundet med

økonomisk usikkerhed, som jeg i kapitlet måler med indekset af Baker et al. (2016).

Givet betingelsen om ingen-arbitrage burde valutakursen afhænge af forskellen mel-

lem usikkerhedsniveauet for de to lande. Til at undersøge hypotesen introducerer

jeg en ikke-lineær international rentemodel, hvor hjemlandets SDF er lineær, hvil-

ket er standard i litteraturen (Backus et al., 2001; Egorov et al., 2011; Sarno et al.,

2012), og udlandets SDF er givet som i Feldhütter et al. (2018). De empiriske fund

indikerer, at graden af ikke-lineæritet i modellen er højt korreleret med forskellen i

usikkerhed, hvilket er konsistent med hypotesen. Den ikke-lineære model producerer

valutarisikopræmier, der er konsistente med den eksisterende litteratur.
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Aarhus University and CREATES

Mads Markvart Kjær
Aarhus University and CREATES

Bezirgen Veliyev
Aarhus University and CREATES

Abstract

Using high-frequency intraday futures prices to measure yield volatility at selected

maturities, we find that daily yield curves carry incremental information about future

interest rate risk at the long end, relative to that contained in the time series of

historical volatilities. Some of the information in the yield curves is not captured by

standard affine models. At the short end, time series-based forecasts outperform yield

curve-based forecasts. Both provide utility to a risk averse investor in longer-term

instruments, not in short, relative to a random walk. Our results point to the existence

of an unspanned volatility factor.
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2 CHAPTER 1. THE INFORMATION IN YIELDS ABOUT FUTURE INTEREST RATE RISK

1.1 Introduction

Affine term structure models have been the workhorse in the interest rate literature

for decades and can successfully explain bond prices (see Duffee (2002), Christensen,

Diebold, and Rudebusch (2011), and many others). However, it is questionable

whether these models are able to explain yield volatilities, and hence reinvestment

rate risk, which plays a crucial role in portfolio allocation, market timing, deriva-

tive pricing, and risk management. The literature has primarily focused on whether

volatilities are spanned by interest rates, as implied by standard affine models. Collin-

Dufresne, Goldstein, and Jones (2009) and Andersen and Benzoni (2010) conclude

that they are not, while Jacobs and Karoui (2009) and Bikbov and Chernov (2009)

reach mixed conclusions.

In this paper, we consider out-of-sample forecasting of yield volatility. Since

future reinvestment rate risk matters for pricing and trading decisions, the yield

curve should be sensitive to, and hence informative about, future yield volatility.

Nevertheless, the forecasting perspective has so far received little attention in the yield

volatility literature. The only exceptions are Collin-Dufresne et al. (2009) and Joslin

and Konchitchki (2018), who consider fixed-window estimation and do not compare

the model-based forecasts against time series benchmarks beyond a random walk

(RW). In contrast, we update the parameters recursively according to the investor’s

information set, and compare the model-based volatility forecasts to leading time

series benchmarks, in particular, the heterogeneous autoregressive (HAR) model of

Corsi (2009) and the realized GARCH model of Hansen, Huang, and Shek (2012). Our

focus is on whether the yield curve contains incremental information about future

yield volatility, beyond that available from the time series of historical volatilities. In

addition, we examine whether the time series based forecasters contain incremental

information about future volatility, beyond the information that can be read off the

yield curve. Further, we supplement the existing static analysis of the spanning issue

with a dynamic out-of-sample assessment.

As a separate contribution, we use high-frequency intraday yield curves in the

analysis, thus adding precision to volatility measurements. The past two decades

have seen important advances in high-frequency data analysis, primarily focusing on

equities, e.g., Barndorff-Nielsen and Shephard (2002), Andersen, Bollerslev, Diebold,

and Labys (2003), and Zhang, Mykland, and Aït-Sahalia (2005). However, intraday

data have seen little application in the interest rate literature. Notable exceptions

are Faust, Rogers, Wang, and Wright (2007), who use high-frequency data to study

macroeconomic announcement effects, not volatility, and Andersen and Benzoni

(2010) and Cieslak and Povala (2016), who use realized volatilities of interest rates

based on a 10-minute sampling frequency, chosen to mitigate the effects of market

microstructure noise. We overcome the latter issue in a more direct manner by relying

on the pre-averaged realized variance estimator of Jacod, Li, Mykland, Podolskij, and

Vetter (2009), a noise-robust estimator of volatility with excellent empirical properties
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for various asset classes, as documented by Christensen, Oomen, and Podolskij

(2014). This choice allows us to use data at higher frequency. From US Treasury and

Eurodollar futures prices, we construct yields with maturities 6 months, and 1, 5, and

7 years, at the 1-minute frequency. From these, we calculate a daily time series of

realized volatility measures at each of the four maturities. We consider daily yield

curve-based forecasters of volatility over the subsequent month, constructed from

either (i) affine term structure models, (ii) principal component analysis (PCA), or

(iii) interest rate (yield and forward) spreads, estimated recursively in a standard

daily yield panel. The alternative forecasters based on the time series of historical

volatilities (RW, HAR, realized GARCH) serve as benchmarks.

We find that the yield curve contains superior information about future yield

volatility relative to the time series of historical volatilities in terms of forecasting

accuracy at longer maturities. The most accurate of the forecasts considered are

generated by a common factor or interest rate spread approach at the 1, 5, and 7

year maturities, and by the HAR model at 6 months. This indicates that the yield

curve contains some important information about future reinvestment rate risk that

neither the term structure models nor the volatility history capture. Next, we carry

out a specification test as in Cieslak and Povala (2016) and find that none of the affine

or time series models considered subsumes all the relevant information about future

volatility contained in the yield curve across all maturities. Extending this idea, we

develop a test of whether past volatility forecast errors are informative about future

forecast errors, as would be the case under unspanned stochastic volatility (USV) in

the sense of Collin-Dufresne and Goldstein (2002). We perform the test by extracting

a common factor from the volatility forecast errors across maturities and find that

it provides significant information about future forecast errors, thus indicating the

presence of USV features in the data. Overall, we find that the yield curve contains

incremental information about future volatility relative to the time series of historical

volatilities at the long end of the curve, and that some of the information in the curve

is not captured by standard affine models. At the short end, the time series models

outperform yield curve-based volatility forecasts.

We investigate the economic value of the forecasters to an investor in a portfolio

allocation exercise, using a utility-based framework as in Bollerslev et al. (2018). From

the results, the information about future interest rate risk contained in either the

yield curve or historical volatility provides economic value to a risk averse investor in

longer maturity bonds, whereas the RW forecast suffices at the short end of the curve,

on utility grounds. A robustness analysis shows that higher-order PCA factors beyond

the first three usually explaining yields in fact carry information about volatility. The

portion of future volatility information in the yield curve that is not captured by

standard affine term structure models is contained in these higher-order factors

rather than in nonlinearities. Finally, a comparison with forecasts of future interest

rate risk extracted from a wide cross section of coupon bonds confirms that the yield
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curve-based forecasts are well represented by the daily panel estimates.

Our work on out-of-sample interest rate risk complements several strands of the

literature. Within the class of affine term structure models, conditional variances are

affine in state variables. In standard versions, volatilities can be extracted from the

cross section of interest rates. Under USV, some factors affect volatility, but not inter-

est rates directly. Jacobs and Karoui (2009) examine the ability of three-factor affine

models to fit conditional volatilities in-sample, using estimates from an EGARCH

model to proxy for true volatility. They reach mixed conclusions, depending on the

sample considered. Correlations between model-implied volatility and the proxy

range between 60% and 75% in US Treasury data, but are much lower in swap data,

even negative for some maturities. Collin-Dufresne et al. (2009) consider affine mod-

els with and without a USV factor and conclude that volatility cannot be extracted

from the cross section of interest rates based on swap data. Andersen and Benzoni

(2010) find low R2s for regressing future variances on PCA factors from the yield curve,

and argue that they conduct a test of whether variances are spanned by bonds. The

validity of this regression test of USV is questioned by Bikbov and Chernov (2009),

who show that low R2 is expected if yields are observed with errors, a standard as-

sumption when estimating term structure models. Bikbov and Chernov (2009), Joslin

(2017), and Joslin and Konchitchki (2018) consider both swaps and swaptions and

reject the restrictions needed for affine models to generate USV. We contribute to this

literature by considering the spanning question in an out-of-sample framework and

providing evidence pointing to the existence of a USV factor.

The USV puzzle has recently led to the construction of more complex models with

a focus on the ability to fit volatilities and price swaptions. Feldhütter, Heyerdahl-

Larsen, and Illeditsch (2016) propose a nonlinear model that is able to generate

features consistent with USV. Cieslak and Povala (2016) construct a model with

volatility factors driven by a Wishart process. Filipović, Larsson, and Trolle (2017)

present a nonlinear model featuring USV that can price both bonds and swaptions

successfully. None of these papers consider out-of-sample forecasting. It is beyond

the scope of the present paper to include these more complex models, as they are

very time-consuming to implement and reestimate recursively.

The paper is organized as follows. Section 1.2 describes the forecasting methods,

including the term structure models, PCA and interest rate spread-based forecasts,

and time series models. Section 1.3 describes the high-frequency futures data and the

construction of realized yield volatility measures. Section 1.4 presents the estimation

method for the term structure models based on the Kalman filter. Section 1.5 contains

the empirical analysis, and Section 1.6 the robustness analysis. Section 1.7 concludes.

The Appendix contains additional material on data, models, estimation, and results.
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1.2 Interest rate risk forecasters

Throughout, yτt denotes the τmaturity yield at time t . In our empirical out-of-sample

analysis, we consider daily forecasting of month-ahead interest rate risk by maturity.

To assess the forecasts, we use the high-frequency data to calculate daily realized yield

volatility, labeled V τ
t (see Section 1.3.3). In line with the volatility literature, the target

for the forecast built at t , based on the investor’s information set, is not the realized

volatility at t +h, but instead the aggregated realized measure V τ
t+1|t+h =∑h

i=1 V τ
t+i ,

a proxy for integrated volatility from t through t +h, or IV τ
t |t+h , say.1 All forecasts

considered are recursive, i.e., only data through t are used to construct the forecast of

V τ
t+1|t+h , for each maturity τ and method considered, with h set to 22 trading days

for month-ahead forecasting.2 Methods utilizing the cross-sectional information in

the yield curve are presented first, followed by methods relying exclusively on the

information in the time series of historical volatilities.

1.2.1 Yield curve-based volatility forecasters

We consider an N ×T fixed-maturity panel, i.e., the yields at t are yt = (yτ1
t , . . . , yτN

t )′,
t = 1, . . . ,T , and yields of all maturities can be used to generate volatility forecasts at a

given maturity τ. For each candidate forecasting method, recursive volatility forecasts

are constructed using the regression

V τ
t+1|t+h =ατ,h +βτ,h′Zt +uτ,h

t+h , (1.1)

for fixed τ, h, with βτ,h a q ×1 vector of predictive coefficients, and Zt the relevant

information variable extracted from the yield panel and conditioning the forecast as of

t for the given method, e.g., a q-vector of fitted PCA factors, or a conditional volatility

forecast from an affine model. When constructing the forecast at t ′ of V τ
t ′+1|t ′+h , only

data through t ′ are used to extract Z1, . . . , Zt ′ from the yield panel, then estimate

equation (1.1) over t = 1, . . . , t ′−h, and the forecast is α̂τ,h + β̂τ,h′Zt ′ . We consider

methods for extracting Zt based on affine term structure models, PCA, common

factors, and risk premiums.

The recursive regressions in equation (1.1) are used in the construction of volatil-

ity forecasts for two reasons. First, investor does not base the forecast of V τ
t ′+1|t ′+h

exclusively on Zt ′ from the daily yields, having observed the history of realized volatil-

ities through t ′. Second, in the implementation, volatility forecasts based on Zt

include estimation errors, whereas realized yield variance used as forecasting tar-

get in the assessment includes measurement error, thus leading to potential biases.

Therefore, the Mincer and Zarnowitz (1969) type predictive regressions in equation

(1.1) are used to leverage any indication in the investor’s information set that the

1If the yield follows the Itô process d yτt =µτt d t +στt dWt , then IV τ
t |t+h = ∫ t+h

t
(
στs

)2 d s.
2Results for h = 44, forecasting two months ahead, are in the Appendix.
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centering or scale of Zt from the given method do not line up well with subsequent

realized volatilities. The main question is whether Zt serves as a useful informa-

tion variable, i.e., whether variation in this provides incremental predictive power.

If, for example, a combination of the most recent realized volatility observations

V τ
t ′ ,V τ

t ′−1, . . . provides the best forecast at t ′, as in the HAR model, then this feature

will not be fully captured by the intercept and slope in equation (1.1), estimated over

the full window t = 1,2, . . . , t ′−h. It should be possible to improve on the resulting

forecast using pure time series methods and historical volatilities, hence revealing

that Zt from the panel does not carry incremental information. Thus, the regression

approach secures a level playing field for comparison of yield curve and time series

based yield volatility forecasts.

In our empirical work, we use N = 8 maturities to extract Zt from daily data, and

volatility forecasts based on the investor’s information set are constructed using the

recursive regressions in equation (1.1) for each of the four maturities τ for which we

have high-frequency data.

1.2.1.1 Affine term structure models

In the affine class, the short rate rt = y0
t is driven by some d-dimensional vector of

state variables, X t , such that rt = δ0 +δ′1X t , and the dynamics of X t are

d X t = κ(θ−X t )d t +Σ
√

S(X t )dWt , (1.2)

where Wt is a d-dimensional Brownian motion under the physical measure P, κ and

Σ are d ×d matrices, δ1 and θ are d ×1 vectors, and δ0 is a scalar. In addition, S(X t )

is a diagonal d ×d matrix with each element affine in X t ,

[S(X t )]i i =αi +β′
i X t , (1.3)

withαi a scalar andβi a d×1 vector. Given a suitable market price of risk specification

λt (see Appendix A.3), the dynamics of X t are governed by an affine diffusion under

the risk-neutral measure Q, too,

d X t = κ̃(θ̃−X t )d t +Σ
√

S(X t )dW Q
t . (1.4)

Following Duffie and Kan (1996), the yields are given by

yτt = A(τ)

τ
+ B(τ)′

τ
X t , (1.5)

where A, B are solutions to the system of ordinary differential equations

d A(τ)

dτ
= θ̃′κ̃′B(τ)− 1

2

d∑
i=1

[
Σ′B(τ)

]2
i αi +δ0 , A(0) = 0,

dB(τ)

dτ
=−κ̃′B(τ)− 1

2

d∑
i=1

[
Σ′B(τ)

]2
i βi +δ1 , B(0) = 0,

(1.6)
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which can be solved either analytically or numerically.

By equation (1.5), the h periods ahead conditional variance of the maturity τ

yield, given information through t , is

V τ
t ,h =V art (yτt+h) = 1

τ2 B(τ)′V art (X t+h)B(τ) = bτ,h
0 +bτ,h′

1 X t , (1.7)

i.e., affine in the latent state variables. The precise forms of bτ,h
0 and bτ,h

1 are given

in Appendix A.5. We consider affine models with d , the number of factors, from 1 to

3. Table 1.1 summarizes the models considered, including reference, Am(d) classifi-

cation as in Dai and Singleton (2000), m being the number of factors conditioning

variances and market price of risk specification. In Appendix A.3, we provide a formal

description of each model. We use equation (1.7) as the basis of our first yield curve-

based forecasters. Given the diversity of models considered, we are able to examine

the impact of both the number of latent factors and stochastic (state dependent)

volatility on the forecasting of future interest rate risk.

Table 1.1: Affine models
This table presents the reference, notation of Dai and Singleton (2000), and market price of risk
specification for the affine term structure models considered.

Model Reference Am (d)-notation Market price of risk

Vasicek Vasicek (1977) A0(1) λ

CIR Cox et al. (1985) A1(1) λ/σ
p

rt
AFNS0 Christensen et al. (2011) A0(3) (Σ

p
S(Xt ))−1(κ(θ−Xt )−

κ̃(θ̃−Xt ))
AFNS3 Christensen et al. (2010) A3(3) (Σ

p
S(Xt ))−1(κ(θ−Xt )−

κ̃(θ̃−Xt ))

Implementation of equation (1.7) requires values for bτ,h
0 , bτ,h

1 , and X t . We esti-

mate the models recursively by quasi maximum likelihood (QML) using the Kalman

filter and an expanding estimation window, allowing for additive measurement errors

in yields (see Section 1.4 for details). To construct the forecast at t ′ of subsequent

realized yield volatility V τ
t ′+1|t ′+h , only information through t ′ is used to generate

bτ,h
0 , bτ,h

1 , and X1, . . . , X t ′ , and hence the conditional volatility (or variance) estimates

V̂ τ
t ,h , t = 1, . . . , t ′, from equation (1.7), for each maturity τ, and fixed h. Next, equation

(1.1) is estimated with Zt = V̂ τ
t ,h , t = 1, . . . , t ′−h, i.e., q = 1 in this case, and the final

forecast of V τ
t ′+1|t ′+h is α̂τ,h + β̂τ,h′V̂ τ

t ′,h . Thus, even with correct model specification,

the conditional variance itself is not an unbiased forecast of subsequent realized

yield volatility. By the law of total variance, it includes the variance of the conditional

mean yield, given both information through t ′ and integrated volatility through t ′+h,

thus inducing an upward bias.3 The recursive regressions in equation (1.1) provide

3Write Ft for the information set. We have V ar (yτt+h | Ft ) = E(V ar (yτt+h | Ft , IV τ
t |t+h ) | Ft ) +
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a simple means of converting conditional variances into proper forecasts of future

interest rate risk based on the investor’s information set.

1.2.1.2 PCA based forecasters

To examine whether or not the yield curve contains relevant information about future

volatility and, if it does, whether the term structure models capture this information,

we construct volatility forecasts using PCA factors based on the yield curve. We

assume that the N ×T yield panel is generated by a factor model,

yt =π0 +π′
1Ft +εt , (1.8)

where Ft is a k-vector of common covariance-generating factors, k < N , π1 is a k ×N

matrix of factor loadings, and π0 represents de-meaning. We estimate Ft by PCA

using the methodology of Bai and Ng (2002). There is some consensus in the literature

that three factors can explain the variation in the yield curve (e.g., Litterman and

Scheinkman (1991)). However, whether more factors can improve volatility forecasts,

and hence whether different factors are important for explaining yields and for

forecasting volatilities are open questions.

Recursive volatility forecasts are built using the fitted PCA factors F̂t from equation

(1.8) for Zt in equation (1.1), for fixed τ, h, i.e., q = k in this case. In the empirical

analysis, we use k = 3 to 6 factors.

1.2.1.3 A common factor approach

For our third yield curve-based forecaster, we consider a common factor approach,

using volatility information across maturities to combine the maturity-specific fore-

casts from Section 1.2.1.2. The approach is similar to that used for forecasting bond

risk premiums in Cochrane and Piazzesi (2005), based on forward rates, and in Lud-

vigson and Ng (2009), based on macro variables. Here, we construct a common factor

for interest rate risk forecasting based on information from the yield curve.

Let F̃t denote some combination of fitted PCA factors from equation (1.8). We

regress subsequent variance averaged across maturities on F̃t ,

1

4

4∑
i=1

V τ̃i
t+1|t+h = γh

0 +γh′
1 F̃t +wh

t+h , (1.9)

for fixed h, where τ̃1, . . . , τ̃4 are the four maturities for which we have high-frequency

data. Recursive volatility forecasts are constructed using equation (1.1), for each

V ar (E(yτt+h | Ft , IV τ
t |t+h ) | Ft ), where V ar (yτt+h | Ft , IV τ

t |t+h ) = IV τ
t |t+h . Hence, V τ

t ,h = V ar (yτt+h | Ft )

equals Et (IV τ
t |t+h ) ≈ Et (V τ

t+1|t+h ) (as realized volatility converges rapidly to integrated volatility in high-

frequency data) plus a positive bias stemming from conditional mean variation, V ar (E(yτt+h |Ft , IV τ
t |t+h ) |

Ft ). The latter is negligible for short horizons h (cf. Andersen, Bollerslev, Christoffersen, and Diebold
(2006)), but potentially important for our month-ahead forecasts. See also Appendix A.4 on conditional
mean variation in the Kalman filter.
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maturity τ= τ̃i , separately, with the fitted values Ṽt from equation (1.9) for Zt , i.e., q =
1 in this case. In F̃t , we allow for selection from among the first six PCA factors from

equation (1.8), and in robustness checks we allow squares, cubes, and interactions

in the first three of these (see Section 1.6.1). Following Ludvigson and Ng (2009),

the optimal combination of terms to include in F̃t is selected by minimizing the

Bayesian information criterion (BIC) for equation (1.9). We consider both selection

based on the initial estimation period, only, and recursive updating of the selection

every period.

1.2.1.4 Risk premium-based forecasters

Motivated by the literature on forecasting risk premiums in the bond market, we use

interest rate spreads to form two additional yield curve-based volatility forecasters.

The first is the yield spread of Campbell and Shiller (1991). In this case, the explanatory

variable for the maturity τ yield volatility is simply the difference between the maturity

τ yield itself and the short rate, which we proxy by the CRSP 1-month T-bill rate,

denoted y1/12
t . Thus, volatility forecasts are constructed from equation (1.1), with

Zt = yτt − y1/12
t , i.e., q = 1. The final risk premium-based forecaster is based on the

forward spread of Fama and Bliss (1987). We use the difference between the maturity

τ forward rate, f τt = yτt + (τ−h)
(

yτt − yτ−h
t

)
/h, and the short rate as explanatory

variable. Thus, maturity τ yield volatility forecasts are constructed from equation

(1.1), with Zt = f τt − y1/12
t .

1.2.2 Time series based yield volatility forecasters

As benchmarks, we consider three simple time series models, namely, the random

walk (RW), the HAR model of Corsi (2009), and the realized GARCH model of Hansen

et al. (2012). All three are widely used for volatility forecasting in equity markets.

The RW forecast of V τ
t+1|t+h is simply V τ

t−h+1|t . The realized GARCH specification is

chosen because it utilizes the information in the high-frequency data in forecasting,

similarly to RW and HAR.

1.2.2.1 The HAR model

The HAR model is given by

V τ
t+1|t+h =βτ,h

0 +βτ,h
D V τ

t +βτ,h
W V τ

t−4|t +βτ,h
M V τ

t−21|t +uτ,h
t+h . (1.10)

The motivation for the cascade specification is the hypothesis on heterogeneous

beliefs, according to which different investors react to information from the past

day, week (5 trading days), and month (22 days). The model is estimated using

nonoverlapping dependent variables, i.e., estimation given information through

t ′ uses t = t ′−h, t ′−2h, . . . in equation (1.10). Upon estimation, the forecast as of t ′ is

given directly by equation (1.10), for t = t ′.
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1.2.2.2 Realized GARCH

Our final time series benchmark is the realized GARCH model. To accommodate

mean reversion in yields, we consider a slightly extended model specification, given

by

yτt − yτt−h = aτ+bτyτt−h +
√

hτt zτt , (1.11)

hτt = cτ+
p∑

i=1
dτ

i hτt−i h +
q∑

j=1
g τj V τ

t−( j+1)h+1|t− j h , (1.12)

V τ
t−h+1|t = ξτ+φτhτt +ϑτ1zτt +ϑτ2((zτt )2 −1)+uτ

t , (1.13)

where hτt is the conditional variance of yτt , given information through t −h, zτt ∼
N(0,1), uτ

t ∼N(0,σ2
τ,u), and suppressing the dependence of parameters on h. The

standard model for equities, with returns (log-price changes) rather than yield changes

on the left-hand side of equation (1.11), corresponds to the special case bτ = 0, and

the extended model accommodates mean reversion in yields for bτ ∈ (−1,0) (at a

rate corresponding to κ=− log(1+bτ)/h in continuous time, see Appendix A.4). For

purposes of forecasting volatility over the h = 22 day horizon, we consider a monthly

specification, i.e., given information through t ′, the model is fit to yields and realized

measures at t = t ′, t ′−h, t ′−2h, . . ., in analogy with the HAR model.

The model is estimated by maximum likelihood. We adopt the specification p = 1,

q = 2 from Hansen et al. (2012). Upon estimation, the forecast as of t ′ is ξ̂τ+ φ̂τhτt ′+h .

For comparison, we applied the standard model with either yields or yield changes

on the left-hand side of equation (1.11), i.e., imposing bτ = −1 and 0, respectively.

From the results, the extended mean-reverting realized GARCH model performs best

for purposes of yield volatility forecasting, so we focus on this specification in our

empirical work.4

1.3 Data description and construction of realized measure

1.3.1 Data description and cleaning

Our high-frequency data set is based on the three Treasury futures (5 years, 10 years,

and long term) for the long end of the yield curve, and 3-month Eurodollar futures

for the short end. The Treasury futures are traded on the Chicago Board of Trade

(CBOT), and the Eurodollar futures on the Chicago Mercantile Exchange (CME). Data

are obtained from CME Group. For liquidity reasons, we start our sample on January

2, 2000, and data run through October 31, 2016. Due to the opening hours in the early

part of our sample, we consider a trading day from 7:20 a.m. to 2:00 p.m. Eastern

Time. All weekends and non-working days are excluded. This leaves a raw data set

covering 4,207 days.

4Results for the standard realized GARCH model are available from the authors on request.
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The Treasury futures have delivery dates in four different months during the

year—March, June, September, and December. For each underlying bond maturity,

we include the futures contract with highest liquidity, in most cases that with shortest

term to delivery. For the Eurodollar futures, we include the two contracts with closest

to 3 and 9 months to delivery, and convert the prices of these into yields of 6 months

and 1 year to maturity. Section 1.3.2 describes the details of the procedure.

For each of the five contracts (three Treasury and two Eurodollar futures), we

construct minute bars containing the first observation in each minute. If multiple

observations on the same contract have the same time stamp, we use the median

price. We apply a sanity check, discarding observations at a distance more than ten

times the absolute mean from the median of the previous ten observations. Finally,

we exclude days without any observation for a whole hour for at least one of the five

futures contracts. This eliminates 93 trading days, leaving 4,114 observation days

in the final analysis data set. Appendix A.2 describes the liquidity of the Treasury

contracts.

1.3.2 Construction of intraday yield curves using futures data

We extract yield curves from futures prices in a two-step approach. In the first step,

futures prices are converted into coupon bond prices. In the second, yield curves

are extracted from the coupon bond prices. Our approach differs from that of Faust

et al. (2007) mainly in two aspects. First, we include more information on the long

end of the curve, using all three Treasury futures, rather than only 10-year contracts.

Second, following Dai, Singleton, and Yang (2007), Andersen and Benzoni (2010), and

others, we calibrate yield curves using the cubic spline method of Waggoner (1997),

instead of the Nelson and Siegel (1987) method. In the following, we briefly outline

the approach. More details on the first step are provided in Appendix A.1.1, and on

the second in Appendix A.1.2.

Both Treasury and Eurodollar futures are considered in the first step. The underly-

ing bond of a Treasury futures contract is hypothetical and unknown until delivery.

The seller chooses a bond from a delivery basket consisting of bonds meeting re-

quirements from CME, implying that a Treasury futures involves two options: When

to deliver, and which bond to deliver. We neglect the value of the first option by

assuming that the delivery date is the first working day of the delivery month. Next,

given the delivery date, we construct the delivery basket by combining the futures

data with daily CRSP data on Treasuries, find the cheapest-to-deliver (CTD) bond in

the basket thus constructed, and calculate the futures-implied coupon bond price.5

5Treasuries are non-convertible, and starting the sample in 2000 avoids problems with the flower
bonds issued until 1965, as these all matured by 1998. Callable bonds and notes were issued until 1985,
but many of these subsequently repurchased by the Treasury and reissued as non-callable, although on
a discretionary basis, without sinking fund provision. We drop the small number of remaining callable
issues outstanding as of January 2, 2000.
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The value of the Eurodollar futures at maturity is determined by the 3-month

LIBOR rate. From the observed futures price, we derive a LIBOR rate with maturity

date 3 months after the delivery date. LIBOR rates are afflicted with credit risk, and

we deduce Eurodollar-implied government yields by assuming a constant credit

spread between LIBOR and government yields. Daily LIBOR rates with maturities of

6 months and 1 year are obtained from the St. Louis Fed and compared with daily

Gürkaynak, Sack, and Wright (2007) yields (see Section 1.3.4 for the construction) to

estimate the spread. Finally, Eurodollar-implied government yields are converted

into zero-coupon bond prices, so that units match with the coupon bonds.

In the second step, extracting yield curves from the futures-implied bond prices

using cubic splines, an implication of our approach is that the maturities of bonds

considered vary over the sample period, and therefore knot points vary, too. Due to

the small number of cross-sectional observations (five futures contracts), we choose

not to interpolate the calibrated curves between points of principal payments. The

outcome of the procedure is a complete set of consecutive yield curves at the 1-

minute frequency.

Yields are read off the calibrated curves at maturities τ reflecting the underlying

maturities of the futures contracts, to ensure a sufficient amount of market based

information around the relevant points along the curves. Initially, we consider τ=
0.5, 1, 5, 7, and 15 years. The match to the maturities underlying the corresponding

futures is by construction for the first two, and holds to a reasonable degree for

the third, while τ = 7 is included as the closest among standard maturities to the

approximately 7.5 year average maturity of the Treasury note underlying the 10-year

contract. The underlying of the long term Treasury futures is a hypothetical 6% bond.

At expiration, a bond with maturity between 15 and 25 years must be delivered. When

the interest rate is below 6%, conversion rates favor bonds with short maturities, i.e.,

the underlying bond is actually of maturity 15 years for our out-of-sample window,

and hence τ= 15 is considered as a candidate fifth maturity for our construction. To

verify the quality of the resulting high-frequency yields at the five candidate τ-values,

we match a daily frequency subsample of them with daily Gürkaynak et al. (2007)

yields. For the latter, the number of bonds with maturity around 15 years outstanding

at any given point in time in the CRSP data is rather limited, hence implying a low

weight around this maturity in the calibration, and we find a relatively low correlation

between the resulting yields and the daily subsample of ours at τ= 15. Thus, as we

cannot verify the quality of our fit at the fifth maturity, we henceforth restrict attention

to the yields read off our high-frequency curves at τ= 0.5, 1, 5, and 7 years, although

we continue to use all five futures contracts in the construction of the curves.

At the four maturities retained, correlations between the end-of-day subset of

futures-implied yields extracted from our 1-minute data and the daily calibrated

yields range between 99.58% and 99.86% (see Table A.1 in the Appendix). In effect,

we have created a high-frequency intraday version of the Gürkaynak et al. (2007)
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data set up to maturity τ = 7. Table 1.2 shows descriptive statistics on our yield

data, by maturity. The term structure of interest rates is upward sloping on average

over the sample period, and the term structure of volatilities downward sloping at

longer maturities. Skewness and kurtosis are modest, especially at longer maturities.

Figure 1.1 displays the evolution through time in yields, by maturity, along with a

three-dimensional view of the evolution of yield curves through calendar time. The

transition to the zero lower bound (ZLB) regime around 2008 has a strong impact,

especially at the shorter maturities.

Table 1.2: Descriptive statistics on high-frequency yields
This table presents the mean, standard deviation, skewness, and kurtosis for the end-of-day
subset of our high-frequency annualized yields in percent, by maturity. The sample spans the
period from January 2, 2000 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7
Mean 1.76 1.80 2.77 3.44
Std. 1.98 1.96 1.55 1.28
Skewness 0.96 0.90 0.42 0.15
Kurtosis 2.52 2.48 2.13 2.07

1.3.3 Realized volatility measure

Access to high-frequency data on intraday yield curves enables us to estimate volatilies

using realized measures. The market for the Treasury futures used in the construction

of yield curves (Section 1.3.2) has undergone dramatic changes in liquidity during

our sample period, in part due to the introduction of the electronic trading pit in

2004, and data are likely afflicted with market microstructure noise (see Appendix

A.2). The high frequency econometrics literature proposes estimators of volatility that

are robust to microstructure noise, e.g., the two time scales estimator of Zhang et al.

(2005), the realized kernel approach of Barndorff-Nielsen, Hansen, Lunde, and Shep-

hard (2008), and the pre-averagered realized variance of Jacod et al. (2009). We deal

with the issue by implementing the pre-averaging estimator following Christensen

et al. (2014), who show that this is successful in empirical analysis of volatility.

For each maturity τ, and on each day, write the intraday yield data as yτi
n

, for

i = 0,1, . . . ,n. Pre-averaged yield changes are calculated by averaging yields in a local

neighborhood consisting of K observations,

ȳτi = 1

K

 K−1∑
j=K /2

yτi+ j
n

−
K /2−1∑

j=0
yτi+ j

n

 , (1.14)

with K the nearest even integer to θ
p

n, and θ a tuning parameter. The pre-averaged
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Figure 1.1: High-frequency yields
This figure shows the time series of high-frequency annualized yields in percent, by maturity,
along with a three-dimensional view of the evolution through time of the yield curves. The
sample spans the period from January 2, 2000 through October 31, 2016.

realized variance is then calculated as

V τ
t = n

n −K +2

1

KψK

n−K+1∑
i=0

(
ȳτi

)2 − ω̂2

θψK
, (1.15)

with ψK = (1+2K −2)/12, and ω̂2 an estimate of the noise variance,

ω̂2 =− 1

n −1

n∑
i=2

(
yτi

n
− yτi−1

n

)(
yτi−1

n
− yτi−2

n

)
. (1.16)

Given our one-minute sampling, the number of observations in a day, n, is 380, and

we set θ = 1. Since we are interested in volatility over the entire day, not only the hours

for which we have high-frequency data, we add the squared overnight difference in

yields, following Andersen and Benzoni (2010) and Bollerslev et al. (2018). The risk
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measure over the next month is simply V τ
t+1|t+h , h = 22, aggregating the pre-averaged

realized variances over 22 trading days.

Table 1.3 shows descriptive statistics on the daily annualized pre-averaged re-

alized yield volatilities over one day,
√

V τ
t , in Panel A, and one month,

√
V τ

t+1|t+22,

in Panel B, in percent, by maturity. Although the volatility (square root) form of the

measures facilitates interpretation, e.g., a unit mean corresponds to a one percent

annual yield volatility, the raw (variance) form is used for forecasting, and descriptive

statistics for this are reported in Panels C and D.

Table 1.3: Descriptive statistics on pre-averaged realized yield volatility
This table presents the mean, standard deviation, skewness, and kurtosis of the daily annual-
ized pre-averaged realized yield volatilities, by maturity. Statistics for the square root (volatility)
form are shown for one-day measures in Panel A, and for one-month (h = 22) measures in
Panel B, both in percent. Statistics for the raw (variance) form are shown for one-day measures
in Panel C, and for one-month (h = 22) measures in Panel D. The sample spans the period from
January 2, 2000, through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Panel A: One-day volatility,
√

V τ
t

Mean 0.68 1.01 0.37 0.30
Std. 0.80 1.07 1.00 0.57

Skewness 3.61 4.11 6.71 2.54
Kurtosis 24.69 47.36 77.69 9.95

Panel B: Month-ahead volatility,
√

V τ
t+1|t+22

Mean 0.90 1.28 0.84 0.77
Std. 0.60 0.82 0.70 0.27

Skewness 2.16 2.06 2.86 0.17
Kurtosis 9.56 11.96 16.06 2.95

Panel C: One-day variance, V τ
t

Mean 1.09 2.19 1.13 0.41
Std. 3.95 9.34 9.31 1.27

Skewness 11.65 31.61 22.96 6.93
Kurtosis 187.4 1393.0 651.7 87.8

Panel D: Month-ahead variance, V τ
t+1|t+22

Mean 1.16 2.32 1.20 0.44
Std. 1.94 3.93 2.89 0.35

Skewness 4.85 7.11 6.93 1.33
Kurtosis 34.19 72.69 61.07 4.93

The term structure of volatilities (variances) exhibits a hump shape across the four

maturities considered, with highest average at the τ= 1 year maturity. The standard

deviation (time series variation in volatility) shows a similar pattern. Skewness and

excess kurtosis are highest at the medium maturities, τ= 1 and 5 for the variance and

volatility measures, respectively, and lowest at the long end of the curve, τ= 7, where

they essentially vanish for the one-month volatility measure.6 On average, volatilities

over one month are slightly larger than over one day, possibly reflecting that some

6Skewness and kurtosis are close to 0 and 3.
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conditional mean variation remains in the realized measures due to finite sampling

frequency, cf. footnote 3, as well as Jensen’s inequality for the square root measures

(volatility spikes are included in 22 measures rather than one). As expected, other

moments are smallest for the aggregated measures.

Figure 1.2 displays the evolution through time in daily annualized pre-averaged

realized one-month yield volatility in percent, by maturity, corresponding to Table

1.3, Panel B, along with a three-dimensional view of the volatility surface.

clearpage

Figure 1.2: Annualized pre-averaged realized yield volatility
This figure shows the time series of daily annualized pre-averaged realized one-month yield
volatilities in percent, by maturity, along with a three-dimensional view of the evolution
through time of the term structure of volatilities (log variances). The sample spans the period
from January 2, 2000, through October 31, 2016.

Volatilities rise quite dramatically for the shortest maturities during the financial

crisis and the transition to the ZLB regime, and after the transition drop to a lower

level than before.
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1.3.4 Daily yield data

To enable estimation of the affine term structure models, as well as the PCA, common

factor, and risk premium-based forecasters, on a daily yield panel with more than four

observations in the cross section,7 we consider the estimated parameters provided

by Gürkaynak et al. (2007). Their daily frequency data set is extracted from a large set

of coupon bonds, using the Svensson (1994) method. The continuously compounded

yield at maturity τ is written as

yτt =β0 +β1
1−e

− τ
θ1

τ
θ1

+β2

(
1−e

− τ
θ1

τ
θ1

−e
− τ
θ1

)
+β3

(
1−e

− τ
θ2

τ
θ2

−e
− τ
θ2

)
, (1.17)

and estimates of (β0,β1,β2,β3,θ1,θ2) are provided at daily frequency.8 We follow

Christensen et al. (2010) and consider N = 8 maturities in the daily cross sections,

namely, 3 and 6 months, and 1, 2, 3, 5, 7, and 10 years.

1.4 Estimation

The affine term structure models from Section 1.2.1.1 are estimated on daily data,

cf. Section 1.3.4, using the Kalman filter. The basic measurement and transition

equations are obtained by allowing for measurement error ετt+h in the yields in

equation (1.5), and discretizing the state dynamics in equation (1.2), i.e., the state

space model is given by

yτt+h = A(τ)

τ
+ B(τ)′

τ
X t+h +ετt+h , (1.18)

X t+h =Ch +D ′
h X t +ηt+h , (1.19)

where ετt+h ∼N(0, Hτ,h), ηt+h ∼N(0,Qt ,h), h = 1 for daily data and daily time index t ,

with expressions for A and B in Appendix A.3, and for Ch , Dh , and Qt ,h in Appendix

A.4. For the two Gaussian models, the standard linear filter applies. For the stochastic

volatility models, Cox et al. (1985) (henceforth CIR) and AFNS3, we apply the extended

Kalman filter, approximating transitions by Gaussian distributions.

Upon estimation, conditional variance estimates are computed using equation

(1.7), now with h indicating the forecasting horizon (h = 22 for month-ahead forecast-

ing), and corrected for the bias stemming from measurement error in yields, ετt+h in

equation (1.18), producing Ṽ τ
t ,h = bτ,h

0 +bτ,h′
1 X t+h+Hτ,h . Recursive volatility forecasts

are constructed using Ṽ τ
t ,h for Zt in equation (1.1).

7Our high-frequency yield curves are constructed using five futures contacts, and four yields are
retained in the resulting high-frequency panel, cf. Section 1.3.2. The time series models are estimated
using realized measures (Section 1.3.3) based on the high-frequency panel.

8Available at http://www.federalreserve.gov/pubs/feds/2006/200628/200628abs.html and updated
daily.

http://www.federalreserve.gov/pubs/feds/2006/200628/200628abs.html
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For the stochastic volatility models, we consider, in addition, a further extension

to the estimation method by including second moments in the filter, following Cieslak

and Povala (2016) and Feldhütter et al. (2016). Based on equation (1.7), the additional

measurement equation, beside equation (1.18), is

V τ
t+h = bτ,h

0 +bτ,h′
1 X t + ũτ,h

t+h , (1.20)

with V τ
t+h the pre-averaged realized yield variance from equation (1.15), ũτ,h

t+h ∼
N(0,σ2

τ,h), and h = 1 for the daily data estimation. The Gaussian term structure

models imply that the variance of the yields is constant and the filter extended with

(1.20) is not applied to these models, although the predictive regression correction

in equation (1.1) is. Indeed, the latter largely serves as a computationally simple

alternative to the second moment extension, and we find in our empirical work that

the basic recursive regressions in equation (1.1) based on investor’s information set

perform better for forecasting purposes than including equation (1.20) in the state

space model.9

1.5 Empirical results

We consider the forecasting of yield volatility over the next month. The first set of

estimates is based on the period January 2, 2000 through December 31, 2007 and the

next 100 observations are used for recursive estimation of the predictive regressions in

equation (1.1). This leaves 2,167 observations for the out-of-sample period, covering

June 7, 2008 through October 31, 2016. This way, the out-of-sample window starts

just before the transition to the ZLB regime. For PCA, risk premium-based forecasters,

and the HAR model, forecasts are not restricted to be positive. To ensure meaningful

volatility forecasts, we apply a sanity filter, such that we do not forecast below the 2.5

percentile of the empirical distribution of observed realized variances.10

1.5.1 Statistical value of interest rate risk forecasts

To assess the yield volatility forecasts against a RW, we consider the R2
OoS measure of

Campbell and Thompson (2007),

R2
OoS = 1−

∑T−h
t=t0+1(V τ

t+1|t+h − V̂ τ
t ,h,ξ)2∑T−h

t=t0+1(V τ
t+1|t+h − V̂ τ

t ,h,RW )2
, (1.21)

where V̂ τ
t ,h,ξ is the forecast from model ξ, t0 is the end of the initial estimation period,

and T is the end of the sample. A positive R2
OoS indicates more accurate volatility

9Appendix A.4 provides further details on estimation including the Kalman filter and the second
moment extension.

10The empirical distribution of observed variances is updated recursively, and forecasts below the 2.5
percentile replaced by this.
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forecasts from model ξ than from the RW. The measure, we consider, is asymmet-

ric implying that the measure punishes over- and under-prediction equally. De-

pending on the purpose of the forecasting, the feature might not be beneficial for

the investor/econometrician. For instance, we could if the forecasts are used in a

value-at-risk exercise. Then regulators will prefer that under-prediction is punished

hard such that the default probability of the financial institution lowers. On the

other hand, the financial institution would prefer the opposite such that they do not

have to over-hedge their portfolio relative to the regulatory requirements. In Section

1.5.3, we examine the forecasts in an economic value exercise that corresponds to a

non-symmetric loss function since the investor punishes under-predictions harder

than over-predictions. The null hypothesis R2
OoS ≤ 0 is tested against the alternative

R2
OoS > 0 using a one-sided Diebold and Mariano (1995) test based on the Newey and

West (1994) variance estimator with automatic lag selection of Andrews (1991).

Table 1.4 presents the resulting R2
OoS statistics in percent and Diebold-Mariano p-

values for all forecasters and maturities considered. From the first column of the table,

none of the forecasters significantly improves over the RW at the shortest maturity,

τ= 0.5 (6 months). Only the HAR model generates positive R2
OoS , and the p-value, at

0.39, is insignificant at conventional levels. This indicates that at the short end of the

curve, neither cross-sectional yield curve information nor time series modeling adds

predictive information about future volatility beyond the naive forecast. In contrast,

at maturities τ = 1 year and longer, R2
OoS is generally positive, i.e., most methods

produce more accurate forecasts than the RW, with p-values similar across methods,

declining as maturity increases, and turning significant at the 10% and 1% levels at

τ= 5 and 7 years, respectively. Thus, information from either the yield curve or the

time series of volatilities can be put together to improve volatility forecasts relative to

the RW at longer maturities, but not at the short end of the curve.

A few comparisons within Table 1.4 are worth noting. The first panel shows results

for the term structure models. Introducing stochastic volatility leads to improved

forecasts for the three-factor model, but not for the one-factor model, i.e., R2
OoS is

higher for AFNS3 than for AFNS0, but about as high or higher for the Vasicek model

than for CIR. The AFNS3 model performs about as well as Vasicek, but AFNS0 does

not. In general, parsimony can be rewarded in forecasting comparisons, as it reduces

parameter uncertainty and the risk of in-sample overfitting, albeit at the expense

of increased risk of model misspecification. The results suggest that the one-factor

specifications strike a better balance between parsimony and misspecification than

AFNS0, and that allowance for stochastic volatility is required to justify the additional

parameters in the three-factor specifications.

In general, the AFNS0 implementation is quite unsuccessful. Therefore, the table

also shows results for AFNS0 without the predictive regression correction in equation

(1.1), which for this model only turns out not to improve forecasting performance



20 CHAPTER 1. THE INFORMATION IN YIELDS ABOUT FUTURE INTEREST RATE RISK

Table 1.4: Out-of-sample R2 for month-ahead yield volatility forecasting
This table displays R2

OoS measures in percent relative to a RW for all forecasting methods and
maturities. In parentheses asymptotic p-values for a one-sided Diebold-Mariano test using the
Newey-West variance estimator with automatic lag selection of Andrews (1991). For common
factor-based forecasters, the label “Initial” indicates that the selection of PCA factors is based
on the initial estimation period, and “Recursive” that it is updated every period. The initial
estimation period ranges from January 2, 2000, through June 6, 2008, and the out-of-sample
period from June 7, 2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Term structure models

Vasicek -8.92 22.09 40.11 28.39
(0.73) (0.18) (0.10) (0.01)

CIR -39.58 15.30 34.65 29.66
(0.85) (0.33) (0.13) (0.01)

AFNS0 -5250.04 -11882.82 36.8 9.31
(0.87) (0.92) (0.13) (0.36)

AFNS0 (uncorrected) -471.70 10.58 39.78 -280.58
(0.87) (0.62) (0.11) (1.00)

AFNS3 -14.36 21.75 46.72 28.69
(0.72) (0.29) (0.09) (0.01)

AFNS3 (2nd moments) -82.25 2.42 47.08 27.99
(1.00) (0.48) (0.08) (0.02)

PCA-based forecasters

PCA3 -10.61 20.33 47.43 32.40
(0.73) (0.26) (0.09) (0.00)

PCA4 -11.37 19.46 47.24 30.79
(0.74) (0.26) (0.09) (0.01)

PCA5 -11.99 21.47 46.78 30.27
(0.75) (0.24) (0.09) (0.01)

PCA6 -36.50 13.41 45.87 30.07
(0.95) (0.32) (0.10) (0.01)

Risk premium-based forecasters

Forward spreads -20.56 13.57 47.80 33.52
(0.89) (0.34) (0.08) (0.00)

Yield spreads -19.79 13.15 47.42 34.20
(0.88) (0.34) (0.08) (0.01)

Common factor-based forecasters

Initial -10.68 23.07 43.77 36.57
(0.76) (0.21) (0.12) (0.00)

Recursive -26.76 15.37 45.73 37.12
(0.91) (0.28) (0.10) (0.00)

Time series models

HAR 3.46 -51.40 30.88 32.81
(0.39) (0.92) (0.20) (0.00)

Mean-reverting realized GARCH -34.51 4.25 45.73 35.53
(0.90) (0.43) (0.10) (0.01)
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across all maturities, but R2
OoS remains lower than for the one-factor Vasicek model.11

Further, including second moments in the extended Kalman filter does not lead to an

overall improvement in volatility forecasting for the AFNS3 model, consistent with

the notion that equation (1.1) provides an adequate account of the second moment

history in investor’s information set.12

The next panels in Table 1.4 show results for the PCA, risk premium, and common

factor-based forecasters. For the latter, the label “Initial” indicates that the selection

of PCA factors is based on the initial estimation period, and “Recursive” that it is

updated every period. All these methods generate R2
OoS measures about as high or

higher than the term structure models in the first panel, especially at the longest

maturities, suggesting that the yield curve contains some information about future

interest rate risk that the term structure models do not capture. For the PCA based

forecasters, including more than three components actually makes forecasts deteri-

orate, presumably due to loss of parsimony. This is consistent with Litterman and

Scheinkman (1991), who found that three factors provide a good description of the

term structure.

The last panel in Table 1.4 shows results for the time series models. Although the

HAR model generates the highest R2
OoS at τ= 0.5 in the table, the cross-section based

forecasters (term structure models, PCA based, etc.) generate higher measures than

HAR at τ= 1 and 5, and the risk premium and common factor-based forecasters at

τ= 7, too. The mean-reverting realized GARCH model similarly generates higher R2
OoS

than HAR at longer maturities, but not higher than the risk premium and common

factor-based forecasters.

For comparison, Table A.2 in the Appendix shows results for volatility forecasts

two months ahead (h = 44), laid out in the same manner as Table 1.4. Although

p-values are higher, presumably due to higher noise-to-signal ratio at the longer

forecasting horizon, the overall pattern is confirmed. At the τ = 5 year maturity,

the risk premium-based forecasts (yield and forward spread) generate highest R2
OoS

across all methods, and are borderline significant at 10%, while AFNS3, PCA, HAR, and

realized GARCH all get p-values of 15% or lower. For month-ahead forecasting, Table

1.4, the risk premium-based forecasts similarly generate highest R2
OoS across methods

at τ = 5, and common factor-based forecasts at τ = 1 and 7, hence reinforcing the

notion of information about future volatility in the yield curve. Finally, from Table A.2,

Vasicek replaces HAR as the highest R2
OoS forecast over two months at the shortest

maturity, but does not improve significantly over RW (p = 20%). Henceforth, we focus

on the one-month forecasting horizon.

Overall, the results show that information from either the yield curve or the time

series of volatilities can be used to improve month-ahead (h = 22) volatility forecasts

over the RW at longer maturities, but not at the short end of the curve. Further, the

11Results for the other models without regression correction are available from the authors on request.
12Forecasting performance is dismal for the other models when including second moments. Results

are available from the authors on request.
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yield curve contains information about future volatility at longer maturities that is

not captured by the term structure models.

1.5.2 Extracting incremental information

Here, we address the question of whether the yield volatility forecasting equations

based on the affine term structure models suffer from omitted variable bias, i.e.,

whether the expression for future volatility in equation (1.7) should be expanded to

V τ
t ,h = bτ,h

0 +bτ,h′
1 X t +bτ,h′

2 X̃ t , (1.22)

for forecasting purposes. We consider three ways of extracting the incremental infor-

mation variable X̃ t :

(i) By PCA factors from the yield curve.

(ii) Combining (i) with a factor extracted from the past volatility forecast errors from

the analysis in (i).

(iii) By the realized volatility measure based on high-frequency data.

Since PCA factors capture the shape of the yield curve nonparametrically, improved

forecasting performance (here, significance of bτ,h
2 ) in case (i) indicates that the yield

curve contains incremental information relative to that in the affine term structure

model considered. In (ii), significance indicates the existence of a factor explaining

yield volatilities, but not yields, i.e., a USV case. In other words, significance of bτ,h
2

shows in case (i) that the term structure models do not capture all relevant informa-

tion about future volatility available from the yield curve, and in case (ii) that the yield

curve itself does not capture all relevant information. In (iii), significance indicates

that historical volatility contains incremental information not captured by the term

structure models.

In addition, in (i), we subject the time series models to the same test, i.e., we

examine whether the same yield curve PCA information variable X̃ t can be used to

improve the volatility forecasts from the time series models. If so, this indicates that

the yield curve contains incremental information about future volatility, relative to

that contained in the volatility history itself. Conversely, we subject all other volatility

forecasts to the test (iii), i.e., we investigate whether historical volatility contains

incremental information about future volatility not captured by the term structure

models, or by the yield curve itself, including the PCA and risk premium-based

methods.

1.5.2.1 The incremental information in the yield curve

For (i), we regress volatility forecast errors from model ξ on PCA factors from the yield

curve,

V τ
t+1|t+h − V̂ τ

t ,h,ξ =φτ,h
0 +φτ,h′

1 F̂t +uτ,h
t+h , (1.23)
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for fixed τ, h, with F̂t the three leading fitted PCA factors at time t from equation (1.8),

and test for joint significance of φτ,h
1 (k = 3 coefficients). Under the null, the model

generating the forecast V̂ τ
t ,h,ξ subsumes the information content on future volatility

available in the PCA yield curve factors.

Table 1.5: The incremental information on future volatility in the yield curve
This table shows results from regression equation (1.23), explaining yield volatility forecast
errors from the specified models using three PCA factors fitted to past yield curves, based on

equation (1.8). Reported values are F -statistics for joint tests of φτ,h
1 = 0 (three coefficients).

Asymptotic p-values in parentheses. The initial estimation period ranges from January 2, 2000
through June 6, 2008, and the out-of-sample period from June 7, 2008 through October 31,
2016.

F -test

τ= 0.5 τ= 1 τ= 5 τ= 7

Term structure models

Vasicek 14.60 16.22 5.61 12.68
(0.00) (0.00) (0.13) (0.01)

CIR 39.75 32.14 3.92 24.43
(0.00) (0.00) (0.27) (0.00)

AFNS0 6.88 6.67 9.37 0.92
(0.08) (0.08) (0.02) (0.82)

AFNS3 23.91 53.53 6.62 14.04
(0.00) (0.00) (0.09) (0.00)

Time series models

HAR 1.70 3.92 2.61 11.53
(0.64) (0.27) (0.46) (0.01)

Mean-reverting realized GARCH 8.48 16.30 4.91 15.10
(0.04) (0.00) (0.18) (0.00)

Table 1.5 presents results from the specification test. At the 5% level, the Vasicek,

CIR, and AFNS3 models capture all relevant information in the PCA yield curve factors

about future volatility at maturity τ = 5. On the other hand, at shorter or longer

maturities, the null is strongly rejected, i.e., these models do not capture all relevant

information in the curve. Perhaps surprisingly, the results for AFNS0 are opposite, as

this model appears to capture information in the curve about future volatility at all

maturities other than τ= 5. Judging from the relatively poor performance of AFNS0 in

Table 1.4, the results for this model in Table 1.5 can reflect lack of power due to noisy

estimation of equation (1.23). Thus, the indication is that the yield curve contains

incremental information about future volatility beyond that captured by the affine

models, which tend to be most informative at the intermediate maturity τ= 5.

For the time series models, the evidence suggests that the yield curve contains

incremental information about future volatility at the long end of the curve, relative

to that contained in the historical volatility series. The null is rejected at τ= 7 for both

HAR and realized GARCH models.
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Taken together, the results indicate that the time series models provide the best

volatility forecasts at the short end of the curve, whereas the yield curve contains

important incremental information about future volatility at the long end. Some of

the information in the yield curve is not captured by standard affine models, although

they are relatively informative at the intermediate maturity τ= 5.

1.5.2.2 Can past forecast errors predict future forecast errors?

In (ii), we examine whether a factor extracted from past yield volatility forecast errors

can predict future forecast errors. An implication of USV is that it should be possible

to extract at least one factor from volatility which is not related to the yields. We

investigate this possibility by recursively extracting a factor from the fitted residuals

from equation (1.23), say, PCτ,h
u,t , then testing for whether this contains significant

information about future residuals in the regression

ûτ,h
t+h =ψτ,h

0 +ψτ,h
1 PCτ,h

u,t +ητt+h , (1.24)

for fixed τ, h. Here, ûτ,h
t+h is the residual from equation (1.23) at t +h, and PCτ,h

u,t is

extracted from the fitted residuals at t and earlier, across maturities τ, using PCA. Only

one factor is included, due to the small number of volatilities in the cross-section.

The first 100 observations are used to initialize the factor. A significant coefficient

ψτ,h
1 indicates that a serially dependent USV factor is relevant for the forecast.

Table 1.6: Specification test for unspanned stochastic volatility factor
This table shows results from regression equation (1.24), explaining yield volatility forecast
errors from the specified models augmented with three yield curve PCA factors as in equation
(1.23) using a PCA factor fitted to past yield volatility forecast errors. Reported values are t-

statistics for testing ψτ,h
1 = 0. Asymptotic p-values in parentheses, based on the Newey-West

variance estimator with automatic lag selection of Andrews (1991). The initial estimation
period ranges from January 2, 2000 through June 6, 2008, and the out-of-sample period from
June 7, 2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Vasicek -1.22 -1.58 0.43 -2.25
(0.22) (0.11) (0.67) (0.02)

CIR -2.13 -2.35 1.14 -2.70
(0.03) (0.02) (0.25) (0.01)

AFNS0 -1.73 -2.06 0.39 -2.41
(0.08) (0.04) (0.69) (0.02)

AFNS3 -2.13 -2.24 0.30 -3.09
(0.03) (0.03) (0.76) (0.00)

Table 1.6 shows results from estimation of equation (1.24). At 5%, evidence of

an omitted factor arises at the longest maturity for the Vasicek and AFNS0 models,

and for all maturities except the intermediate τ= 5 for the other models. Significant
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coefficients ψτ,h
1 are negative in all cases, consistent with mean-reversion in the USV

factor. As the test is conservative, in that the specified models are augmented with

PCA factors fitted to past yield curves, cf. equation (1.23), the results are indicative of

the existence of a latent volatility factor which is spanned neither by the parametric

term structure models, nor nonparametrically by the yield curve.

1.5.2.3 The incremental information in historical volatility

In (iii), we investigate whether historical volatility contains information about future

volatility not captured by the models considered, using a similar regression as in

Section 1.5.2.1, but with the lagged realized measure based on high-frequency data as

predictor (see Andersen and Benzoni (2010) for a related analysis). The specification

is equation (1.23), with V τ
t replacing F̂t , and we test for φτ,h

1 = 0.

Results appear in Table 1.7. According to this test, historical volatility contains

no incremental information relative to the term structure models or common factor-

based forecasters, as statistics are generally insignificant across maturities.13 While

these forecasters do not improve over the RW at short maturities, only at long, from

the results based on R2
OoS > 0 in Table 1.4, they do subsume the information from the

time series, based on Table 1.7. The model based forecasts may to some extent ben-

efit from the predictive regression correction in equation (1.1), which incorporates

volatility information through the regression coefficients, but from the investor’s

perspective, this is available historical volatility, and should be allowed for in the

assessment of the practical value of these models. Further, from Table 1.7, PCA-based

forecasters are informative at long maturities, and risk premium-based at τ = 5,

whereas historical volatility contains incremental information relative to these at

short maturities, except when using six PCA factors. Combining with Table 1.5, the re-

sults show that at the short maturities, the PCA based forecasters provide incremental

information relative to the term structure models, while historical volatility provides

incremental information relative to PCA, but not relative to the term structure models,

i.e., the relation is not transitive, and no dominant volatility forecast stands out at

the short end. From Table 1.7, among the time series models, HAR subsumes the

information in historical volatility across all maturities. Realized GARCH is relatively

most informative at τ= 5, but is missing some information contained in V τ
t at other

maturities τ, possibly due to recursive estimation and regime switching (to ZLB).

Overall, our specification tests reveal that the term structure of interest rates

contains incremental cross-sectional information about future risk at the long end,

relative to the time series of historical volatilities, although some of the information

is not captured by the affine models. At the short end, the time series contains

information about future volatility only captured in the model-free (PCA) approach

13Similar results are obtained for the term structure models if V τ
t in the regression is replaced by the

forecast from the HAR model, but the latter has incremental predictive power relative to the common
factor forecasts at the two longest maturities.
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Table 1.7: The incremental information on future yield volatility in historical volatility
This table shows results from the regression equation (1.23), using pre-averaged realized
volatility from high-frequency data as predictor, to test for whether historical volatility contains
incremental information about future volatility, relative to the specified models. Reported

values are t-statistics for testing φτ,h
1 = 0. Asymptotic p-values in parentheses, based on the

Newey-West variance estimator with automatic lag selection of Andrews (1991). The initial
estimation period ranges from January 2, 2000 through June 6, 2008, and the out-of-sample
period from June 7, 2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Term structure models

Vasicek 0.32 -2.18 0.19 -0.21
(0.75) (0.03) (0.85) (0.84)

CIR 0.18 0.03 -1.47 -0.09
(0.86) (0.97) (0.14) (0.93)

AFNS0 -1.56 -1.44 0.84 0.65
(0.12) (0.15) (0.40) (0.51)

AFNS3 0.28 0.14 -0.38 -0.98
(0.78) (0.89) (0.70) (0.33)

AFNS3 (2nd moments) 0.57 -0.20 -0.61 -0.10
(0.57) (0.84) (0.54) (0.92)

PCA-based forecasters

PCA3 4.49 3.46 -0.69 0.70
(0.00) (0.00) (0.49) (0.48)

PCA4 3.69 3.12 -0.72 0.78
(0.00) (0.00) (0.47) (0.44)

PCA5 3.46 2.87 -0.77 -0.10
(0.00) (0.00) (0.44) (0.92)

PCA6 0.08 0.45 -0.97 -0.80
(0.94) (0.65) (0.33) (0.43)

Risk premium-based forecasters

Forward spread 6.53 4.31 0.48 1.94
(0.00) (0.00) (0.63) (0.05)

Yield spread 6.61 4.60 0.85 2.58
(0.00) (0.00) (0.40) (0.01)

Common factor-based forecasters

Static 1.32 1.74 -0.77 -0.33
(0.19) (0.08) (0.44) (0.74)

Recursive 0.37 0.48 -0.60 -1.73
(0.71) (0.63) (0.55) (0.08)

Time series models

HAR -0.38 -0.16 -0.09 0.41
(0.70) (0.87) (0.93) (0.68)

Mean-reverting realized GARCH 4.42 5.47 1.06 1.95
(0.00) (0.00) (0.29) (0.05)
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to the yield curve if using relatively many (six) factors. The affine models and the

common factor approach do subsume this information content in historical volatility,

but do not further improve over the RW forecast at the short end. Finally, we find

evidence pointing to the existence of a USV factor in the data.

1.5.3 Economic value of interest rate risk forecasts

So far, the analysis has focused on statistical measures of predictive ability. Next,

we examine whether the volatility forecasting methods considered generate utility

in a portfolio allocation framework, following Bollerslev et al. (2018). To this end,

the analysis is translated from the level of yields to returns. We consider an investor

purchasing a zero-coupon bond of maturity τ+h at time t and selling the bond at

t +h. Let r̃t+h denote the log return from this trading strategy. The relation between

returns and yields is

r̃t+h =−τyτt+h + (τ+h)yτ+h
t , (1.25)

so the conditional variance of the return as of t is given by

V art (r̃t+h) = τ2V art (yτt+h) , (1.26)

i.e., depending on maturity and the yield volatility forecast we consider. The Investor

is assumed to have mean-variance preferences and access to a risk-free as well as

a risky asset, the latter being the zero-coupon bond with time-varying volatility.

Assuming a constant Sharpe ratio, investor’s utility depends only on the variance of

the risky asset. We consider maturities 7, 13, 61, and 85 months, so that the analysis

depends on the forecasts from the previous sections.

Let wt be the portfolio weight allocated to the risky bond and 1−wt the allocation

to the risk-free asset with return r f
t . The return to the portfolio at time t +h is

rt+h = r f
t +wt r xt+h , (1.27)

where r xt+h = r̃t+h − r f
t is the excess return to the risky asset. Since r f

t is common

across all forecasters, we only consider utility in terms of excess return. Expected

utility per unit of wealth is given by

Ut+h = wtE(r xt+h)− 1

2
γw2

t V art (r xt+h) , (1.28)

where γ is relative risk aversion, and V art (r xt+h) =V art (r̃t+h) from equation (1.26).

The optimal weight w∗
t is then

w∗
t = 1

γ

Et (r xt+h)

V art (r xt+h)
, (1.29)

which, given the constant Sharpe ratio, SR = Et (r xt+h)/
√

V art (r xt+h), becomes

w∗
t = 1

γ

SR√
V art (r xt+h)

. (1.30)
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By Eqs. (1.27) and (1.30), the volatility target sought by the investor is w∗
t

√
V art (r xt+h) =

SR/γ. If the forecasted volatility τ
√

V art (yτt+h) exceeds this target, investor will place

only a portion of wealth in the risky asset, wt < 1, and save the remainder in the

risk-free asset. Conversely, when the forecasted volatility falls short of the target,

investor will take a geared position in the risky asset, wt > 1, financed by borrowing

at the risk-free rate. Thus, investor follows a volatility timing strategy.

To examine the utility gains from the various forecasters, let Et (·) denote the condi-

tional expected value from the true model, Eξt (·) the conditional expected value from

model ξ, and similarly for conditional variances. Assuming that investor uses model

ξ for portfolio selection, the optimal weight becomes w∗
t ,ξ = SR/

(
γτ

√
V ar ξt (yτt+h)

)
.

The expected utility per unit of wealth can then be expressed as

Ut+h = SR2

γ


√

V art (yτt+h)√
V ar ξt (yτt+h)

− 1

2

V art (yτt+h)

V ar ξt (yτt+h)

 . (1.31)

If a model is able to perfectly predict conditional variance, then investor’s utility is

SR2/(2γ). Following Bollerslev et al. (2018), we set the annualized Sharpe ratio to 0.4.

The risk aversion parameter, γ, is set to 5, following Sarno, Schneider, and Wagner

(2016) and Gargano, Pettenuzzo, and Timmermann (2017) from the bond return

prediction literature. This corresponds to an annualized volatility target of 8%.

To evaluate predictors, we simply average realized utility. Table 1.8 reports the

results. At the two shortest maturities, the RW generates highest realized utility across

all volatility forecasting methods. At the 5 year maturity, investor is better off ignoring

the RW forecast and investing in the risk-free asset, which generates utility zero. Even

higher utility is achieved at the two longest maturities using either HAR, realized

GARCH, or risk premium-based forecasters, all of which improve significantly over

RW, as does CIR including second moments at τ= 5. The yield spread-based forecast,

HAR, and realized GARCH are essentially tied for highest utility at the two longest

maturities, along with Vasicek at the longest, τ= 7, where PCA provides value, too.

Among the term structure models, CIR generates highest utility at maturities six

months and one year, CIR including second moments at five years, and Vasicek at the

longest maturity. The CIR, AFNS0, and AFNS3 models perform better than the PCA-

based forecasters across all but the longest maturity. Apparently, at the two longest

maturities, the inclusion of second moments is better justified on utility-based rather

than statistical grounds, as it generates higher realized utility for CIR, although not

for AFNS3.

Overall, the analysis shows that the information about future reinvestment rate

risk contained in both the yield curve (Vasicek, PCA, interest rate spreads) and histor-

ical volatility (HAR, mean-reverting realized GARCH) provides economic value to a

risk averse investor in longer maturity instruments, not in short.
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Table 1.8: Utility from yield volatility forecasts
This table presents average realized utility from using the specified yield volatility forecasters
for portfolio allocation. In parentheses asymptotic p-values for a one-sided Diebold-Mariano
test relative to a RW using the Newey-West variance estimator with automatic lag selection of
Andrews (1991). A portfolio consisting of the risk-free asset generates utility zero. The initial
estimation period ranges from January 2, 2000 through June 6, 2008, and the out-of-sample
period from June 7, 2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Term structure models

Vasicek 0.75 1.08 -28.96 1.33
(1.00) (0.98) (0.72) (0.00)

CIR 1.24 1.28 -27.14 -5.01
(0.93) (0.69) (0.69) (0.83)

AFNS0 1.08 0.95 -20.78 -0.99
(1.00) (1.00) (0.57) (0.79)

AFNS3 0.99 1.11 -32.65 -6.34
(1.00) (0.99) (0.69) (0.86)

PCA-based forecasters

PCA3 0.90 0.24 -97.02 1.08
(1.00) (1.00) (1.00) (0.03)

PCA4 0.92 0.01 -96.59 1.11
(1.00) (1.00) (1.00) (0.02)

PCA5 0.94 -0.03 -101.59 -0.41
(1.00) (0.99) (1.00) (0.75)

PCA6 0.97 -0.01 -102.87 -0.19
(1.00) (0.99) (1.00) (0.70)

Risk premium-based forecasters

Forward Spread 1.01 0.92 0.02 1.25
(1.00) (1.00) (0.00) (0.01)

Yield Spread 1.01 0.92 0.98 1.36
(1.00) (1.00) (0.00) (0.00)

Common factors-based forecasters

Static 1.13 0.86 -26.43 0.99
(1.00) (0.99) (0.77) (0.06)

Recursively 0.97 -0.02 -77.71 -0.22
(1.00) (0.99) (0.99) (0.72)

Term structure models including second moments

CIR 0.52 0.63 0.59 0.49
(1.00) (1.00) (0.00) (0.38)

AFNS3 0.99 1.02 -34.64 -7.98
(1.00) (1.00) (0.70) (0.92)

Time series models

HAR 1.29 1.01 1.00 1.36
(0.95) (1.00) (0.00) (0.00)

Mean-reverting realized GARCH 0.92 0.05 1.03 1.37
(1.00) (0.96) (0.00) (0.00)

RW 1.35 1.31 -17.95 0.38
(-) (-) (-) (-)
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1.6 Robustness

This section addresses the robustness of the results in Section 1.5. First, we consider

whether interest rate risk forecasts are improved by including nonlinear terms in PCA

factors. Next, we examine whether there is a trade-off between explaining yields and

forecasting volatility. Finally, we assess the information about future yield volatility in

a wide cross section of coupon bond prices.

1.6.1 Nonlinearities and interest rate risk

Feldhütter et al. (2016) find that including nonlinearities via quadratic and cubic

terms as well as interactions in factors increases in-sample explanatory power for

realized variance. In our out-of-sample framework, we find in Table 1.4 that using

the three leading factors F̂t extracted from the yields at time t based on equation

(1.8) suffices for the PCA-based forecasts, i.e., adding factors beyond three does not

increase accuracy. Here, we examine whether including nonlinearities in the first

three PCA factors improves forecasts, both for the common factor approach and the

maturity-specific14 forecasts. As in the linear common factor approach, equation

(1.9), the selection of terms to include is based on the BIC, either for the initial

estimation period, or updated recursively.

Table 1.9: Yield volatility forecasts using nonlinearities in yield curve factors
This table displays R2

OoS measures in percent relative to a RW for yield volatility forecasts
allowing linear and nonlinear terms as well as interactions in the three leading yield curve
factors extracted by PCA in equation (1.8). The optimal combination of terms is selected by
BIC. The label “Initial” indicates that the selection is based on the initial estimation period, and
“Recursive” that it is updated every period. In parentheses asymptotic p-values for a one-sided
Diebold-Mariano test using the Newey-West variance estimator with automatic lag selection
of Andrews (1991). The initial estimation period ranges from January 2, 2000 through June 6,
2008, and the out-of-sample period from June 7, 2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Maturity-specific, initial -36.51 11.57 -0.65 18.52
(0.95) (0.35) (0.51) (0.16)

Maturity-specific, recursive 6.08 30.28 -29.41 -16.64
(0.35) (0.16) (0.67) (0.64)

Common factor, initial 5.74 31.39 45.89 39.30
(0.36) (0.14) (0.08) (0.00)

Common factor, recursive -14.76 23.24 35.96 33.76
(0.78) (0.20) (0.14) (0.00)

Results appear in Table 1.9. For the common factor approach, selecting nonlinear

terms based on the initial estimation period, only, generates more accurate forecasts

14In that no common factor-based on equation (1.9) is used.
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than recursively updating the selection.15 This finding points to a regime switch in

which the ZLB regime is more similar to the initial estimation period than to the

transition period, i.e., forecasts into the ZLB period are harmed by updating the

selection during the transition. The same applies for the maturity-specific forecasts

at the two longest maturities. Further, at these maturities, the common factor-based

forecasts are more precise than the maturity-specific. At the two shortest maturities,

the maturity-specific forecasts with recursive selection of nonlinear terms are about

as precise as the best common factor-based forecasts. However, only common factor-

based forecasts improve significantly over the RW, and only at the long end of the

curve, τ= 7, although results are close to significant at τ= 5, too (significant at 10%

with initial selection). In the linear case, Table 1.4, similar (borderline) significant

results at (τ= 5 and) τ= 7 were found not only for common factor-based approaches,

but for the maturity-specific (PCA-based), too. Thus, including nonlinear terms

makes maturity-specific forecasts lose significance at the long end, although the

R2
OoS measure itself is improved at the short end with recursive updating. Including

nonlinear terms in the common factor approach makes the measure improve in the

case with initial selection, but deteriorate at the long end in the recursive case, hence

reinforcing the impression of a regime shift.

Figure 1.3 shows yield volatility forecast errors over time, by maturity, for selected

forecasting methods. Cumulative squared errors for a given forecasting method are

subtracted from those for the RW, so that an increasing curve indicates better fore-

casting than by RW, and vice versa. In the common factor case, the improvement in

the approach with initial selection of nonlinear terms relative to recursive updating

occurs around 2009 for the two shortest maturities, consistent with the ZLB transi-

tion driving the phenomenon. For comparison, the figure shows results for Vasicek,

CIR, and HAR, too. Most methods exhibit jumps in forecasting accuracy, moving

into the ZLB regime, although the effect materializes later at longer maturities. It

could be expected that CIR (with state-dependent volatility) would handle the entire

ZLB period better than Vasicek, but this is only confirmed at the long end of the

curve.16 Historical volatility (HAR) forecasts better than the curve-based methods at

the shortest maturity, but not at longer, where the common factor based forecasts

dominate. Improvements relative to the RW continue steadily over calendar time

at τ= 7, especially for the yield curve-based methods, consistent with incremental

volatility information at the long end of the curve, whereas results stabilize through

the ZLB period at shorter maturities.

Summing up, the results show that, first, allowing for nonlinearities does not

generate an overall improvement in yield volatility forecasting. Second, the regime

switch around the transition to the ZLB is confirmed. Following this, the curve-based

methods improve over historical volatility at the long end.

15A similar phenomenon is observed for the linear common factor-based forecasts in Table 1.4, al-
though only at the two shortest maturities.

16During the transition, around 2009, it holds at the short end, too.
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Figure 1.3: Yield volatility forecast errors relative to RW
This figure shows yield volatility forecast errors over time, by maturity, for selected forecasting
methods. Cumulative squared errors for a given forecasting method are subtracted from those
for the RW, so that an increasing curve indicates better forecasting than by RW, and vice versa.
The sample spans the period from January 2, 2000 through October 31, 2016.
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1.6.2 Trade-off between explaining yields and forecasting volatility

The finding in Table 1.4 that using the first three PCA factors F̂t from equation (1.8)

generates more accurate yield volatility forecasts than using the first four, five, or six

factors raises the additional question of whether using exactly these three is optimal,

or whether some of the remaining factors beyond the first three are more informative

about future yield volatility. Further, if volatility forecasts are indeed improved by

using some other combination of factors, the question arises whether the optimal

combination is common across maturities.

To address these issues, we consider a regression of the type in equation (1.1), with

Zt representing a combination of three of the first six PCA factors, i.e., not necessarily
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the first three. We consider all 20 possible combinations.

Table 1.10 presents the R2
OoS results. As for the PCA-based forecasts in Table 1.4,

all combinations of factors significantly improve forecasting performance relative

to the RW at level 1% at the longest maturity, τ = 7, and at 10% at τ = 5, whereas

no combination outperforms the RW at the short end of the curve. Basing volatility

forecasting on the three leading PCA factors (last line in the table) is not among the

best choices for any of the maturities. It is not among the worst specifications, with

four or more combinations at each maturity performing worse (except only two at

τ= 5). Still, the evidence is clearly that using the first three factors is not optimal for

purposes of forecasting yield volatilities. Further, the optimal combination of factors

for volatility forecasting is not common across maturities, but it is close. At the long

end of the curve, the best forecasts are obtained by using factors 3, 5, and 6, and this

combination is among the best across all maturities. At τ= 5, only two very similar

combinations, (3,4,6) and (3,4,5), generate slightly higher R2
OoS than (3,5,6). At τ= 2,

only three of 20 combinations are better, and at τ= 1 only a single, similar one, (2,3,6).

The importance of including the sixth factor for purposes of yield volatility forecasting

is consistent with the finding from Table 1.7 that only using six PCA factors subsumes

the information about future yield volatility contained in historical volatility. The

deterioration in performance by adding factors beyond the leading three in Table

1.4 indicates the importance of parsimony, i.e., although higher-order factors are

informative about volatility, this is only revealed by forecasting using these factors

alone.

The results indicate a trade-off between explaining yield levels and forecasting

interest rate risk. The fourth and higher PCA factors explain future volatilities more

than current yield curves, which to a large extent are explained by the first two factors,

level and slope. The third factor, curvature, plays a role for both curves and volatilities.

1.6.3 Interest rate risk forecasts based on a cross section of coupon bond

prices

Our analysis relies on panel data on yields constructed from high-frequency futures

prices, with five price observations in the cross section dimension, for the time series

methods, and on the daily panel with N = 8 yields in the cross section for the curve-

based methods. Here, we investigate the possibility that the full cross section of

observed coupon bond prices at any point in time carries more information about

future interest rate risk. We consider daily CRSP data on quoted prices of bonds with

maturity between 3 months and 10 years, adjusted for accrued interest, and excluding

callable issues. The price of a bond promising M semi-annual payments of C /2 at

τ= (τ1, . . . ,τM ) is represented as

Pt (τ,C ) = C

2

τ1 − t

1/2
Bτ1

t +
M∑

j=2

C

2
B
τ j
t +100BτM

t , (1.32)
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Table 1.10: Trade-off between explaining yields and forecasting volatility
This table displays R2

OoS measures in percent relative to a RW for all combinations of three of
the first six PCA yield factors from equation (1.8). In parentheses asymptotic p-values for a
one-sided Diebold-Mariano test using the Newey-West variance estimator with automatic lag
selection of Andrews (1991). The initial estimation period ranges from January 2, 2000 to June
6, 2008, and the out-of-sample period from June 7, 2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

PCA456 -11.93 20.67 46.01 36.30
(0.75) (0.25) (0.10) (0.00)

PCA356 -5.13 23.96 48.86 41.47
(0.63) (0.22) (0.09) (0.00)

PCA346 -12.99 19.72 49.05 39.00
(0.81) (0.25) (0.09) (0.00)

PCA345 -5.91 22.52 49.10 39.84
(0.64) (0.22) (0.09) (0.00)

PCA256 -7.55 26.79 48.39 39.60
(0.66) (0.19) (0.09) (0.00)

PCA246 -8.82 22.86 48.40 34.54
(0.69) (0.23) (0.09) (0.00)

PCA245 -13.01 23.72 47.86 35.27
(0.78) (0.20) (0.09) (0.00)

PCA236 -4.58 24.52 48.20 31.67
(0.61) (0.21) (0.10) (0.01)

PCA235 -6.40 25.37 48.17 31.16
(0.64) (0.18) (0.09) (0.01)

PCA234 -6.11 22.81 48.47 28.38
(0.64) (0.21) (0.09) (0.01)

PCA156 -15.96 15.31 47.37 34.30
(0.80) (0.32) (0.08) (0.01)

PCA146 -19.43 10.95 47.43 30.16
(0.86) (0.37) (0.08) (0.02)

PCA145 -16.75 17.11 46.95 32.99
(0.83) (0.29) (0.08) (0.01)

PCA136 -15.81 13.94 48.54 37.39
(0.84) (0.33) (0.09) (0.00)

PCA135 -9.46 20.50 48.43 39.66
(0.71) (0.26) (0.09) (0.00)

PCA134 -10.56 17.66 48.75 37.65
(0.73) (0.29) (0.08) (0.00)

PCA126 -14.39 17.05 47.90 37.20
(0.77) (0.30) (0.08) (0.00)

PCA125 -16.86 21.46 47.73 37.90
(0.83) (0.24) (0.08) (0.00)

PCA124 -15.44 18.51 48.01 34.07
(0.81) (0.27) (0.08) (0.01)

PCA123 -10.61 20.33 47.43 32.40
(0.63) (0.25) (0.08) (0.01)
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with B
τ j
t = exp(−τ j y

τ j
t ) the price of a zero-coupon bond of maturity τ j , and (τ1 −

t )/(1/2) the fraction of the first coupon receivable, reflecting the share of the half-year

interval between coupons over which the coupon bond is held. Bond prices P i ,obs
t

are assumed to be observed with measurement error,

P i ,obs
t = Pt (τi ,C i )+εi

t , (1.33)

with Pt (·) the model-implied price from equation (1.32), (τi ,C i ) contractual terms

for bond i , and the measurement error εi
t Gaussian with variance σ2

t , independently

across observations i = 1, . . . , Nt available at t . Write P obs
t for the Nt -vector of ob-

served coupon bond prices,Θt for theQ-parameters of the pricing model, augmented

with the short rate rt , considered latent and backed out from the cross section, and

P (Θt ) for the Nt -vector of model-implied prices. Estimation is by cross-sectional

nonlinear regression or QML,

Θ̂t = argmax
Θt

(
−Nt

2
logσ2

t −
1

2σ2
t

(P obs
t −P (Θt ))′(P obs

t −P (Θt ))

)
. (1.34)

The cross-sectional estimate Θ̂t does not depend on σ2
t . Figure A.1 in the Appendix

shows the evolution over time in Nt , ranging from a low of 85 in the early part of the

sample to a high of 272 towards the end.

For purposes of yield volatility forecasting, Q-parameters do not suffice, as V τ
t ,h

in equation (1.7) depends on P-parameters through the coefficients bτ,h
0 and bτ,h

1 .

For concreteness, we focus on the CIR model, i.e., equation (1.34) is the estimator

considered by Brown and Dybvig (1986), who examined the consistency between the

cross-sectional estimate of the short rate volatility parameter σ in the square root

process and a time series estimate of this, based on the sample variance of estimated

short rates across calendar time. This comparison was relevant because σ is common

across Q and P in the continuous-time model (see Appendix A.3.2). Instead, since we

consider volatility forecasting at longer maturities, we estimate the market price of

risk λ (cf. Table 1.1) from a time series of short rates calibrated period by period in

equation (1.34). Specifically, we consider an Euler discretization of the CIR process,

rt+1 − rt = κ(θ− rt )+σprtεt+1 , (1.35)

following Chan, Karolyi, Longstaff, and Sanders (1992), who focused on theP-parameter

estimates resulting from time series analysis of equation (1.35). Given the estimated

Q-parameters from equation (1.34), we instead express equation (1.35) as a function

of λ. Since rt+1 conditional on rt is Gaussian under the discretization, we estimate λ

by QML. For forecasts at t , we useQ-parameters from equation (1.34) at t , along with

λ estimated from a short time series t −10, . . . , t in equation (1.35). An alternative

would be to estimate all threeP-parameters in a longer time series, and construct final

estimates of all four parameters (including λ) by optimal weighting of estimates from
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the sequential cross-sectional and time series regressions, following Andreasen and

Christensen (2015). Rather than pursuing this approach, we focus on the short time

series of fitted rt for setting λ, to retain the cross-sectional nature of the approach.

Table 1.11: Yield volatility forecasts from cross-section of coupon bond prices
This table displays R2

OoS measures in percent relative to a RW for the CIR model estimated on
a cross section of coupon bonds. CIRQ indicates that forecasting is based on cross-sectionally
estimated Q-parameters and short rates, and CIRP that the market price of risk is estimated
based on the Q-parameters, the ten most recent fitted short rates, and Euler discretization. In
parentheses asymptotic p-values for a one-sided Diebold-Mariano test using the Newey-West
variance estimator with automatic lag selection of Andrews (1991). The initial estimation
period ranges from January 2, 2000 to June 6, 2008, and the out-of-sample period from June 7,
2008 through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

CIRQ -48.91 8.46 47.24 27.35
(0.91) (0.43) (0.10) (0.04)

CIRP -55.02 4.97 46.81 32.87
(0.93) (0.46) (0.10) (0.03)

Table 1.11 shows the resulting R2
OoS statistics. For comparison, results are shown

both for forecasts based purely on cross-sectionally estimated Q-parameters and

short rates, and the combined approach described. The latter generates the most

accurate forecasts of the two at the long end, τ = 7, confirming that the current

risk premium carries future volatility information, and consistent with the relatively

strong performance of the risk premium-based forecasters in Table 1.4. At shorter

maturities, the Q-based forecasts generate slightly higher R2
OoS , presumably due to

parsimony. The improvement over the RW turns significantly at 10% and 5% for τ= 5

and 7, respectively, broadly in line with the pattern for curve-based and time series

models in Table 1.4, although significance at 1% is generally achieved at the long end

in the latter case. Further, volatility forecasts based on the cross section of coupon

bonds do not generate as high R2
OoS as the risk premium-based forecasts in Table 1.4,

and not higher than PCA, either.

Overall, the robustness analysis confirms that the daily yield panel captures

the cross-sectional information adequately. Further, more of the future volatility

information in the curve not captured by standard term structure models appears to

be contained in higher-order factors than in nonlinearities.

1.7 Concluding remarks

Our results show that the assessment of future interest rate risk is a complicated affair.

Agents with a primary interest in the short end of the curve, such as market timers,

should base their forecasts on historical volatility, with a focus on recent periods, as
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in the formal time-varying volatility models. If the long end is important, e.g., for

immunization of assets and liabilities, or valuation of capital assets, then incremental

information is available by looking across maturities along the curve, and more so

than implied by formal term structure models, which fare best at intermediate matu-

rities, around five years. Some of the curve-based information about future volatility

is distinct from that explaining the level of yields, and is contained in higher-order

factors rather than nonlinearities. Based on a simple portfolio exercise, the infor-

mation about future reinvestment rate risk in either the yield curve or the volatility

history is of economic value to a risk averse investor in longer-term instruments,

whereas reliance on the naive forecast (current volatility) suffices at the short end, on

utility grounds. Finally, our results point to the existence of a latent volatility factor,

unspanned by yields.

We have emphasized that when leveraging volatility information drawn from

the yield curve, investor should not ignore historical volatility in the information

set. The resulting picture is diverse and perhaps not a surprise, since the investor

is, after all, gazing into the crystal ball. Clearly, mimicking this situation requires

a recursive, out-of-sample approach, to avoid admitting the artificial investor the

benefit of hindsight.
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Appendix

Table A.1: Correlation between futures-implied and Gürkaynak et al. (2007) yields
This table shows the sample correlation between end-of-day futures-implied yields and yields
constructed using Gürkaynak et al. (2007) parameter estimates. The sample spans the period
from January 2, 2000, through October 30, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7
99.84% 99.86% 99.76% 99.58%
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Figure A.1: Number of coupon bonds over time
This figure shows the evolution in the number Nt of coupon bonds with maturity between 3
months and 10 years used in the daily cross-sectional estimations equation (1.34). Callable
issues are excluded. The sample spans the period from January 2, 2000, through October 31,
2016.
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Table A.2: Out-of-sample R2 for two months ahead yield volatility forecasting
This table displays R2

OoS measures in percent relative to a RW for all forecasting methods and
maturities. In parentheses asymptotic p-values for a one-sided Diebold-Mariano test using the
Newey-West variance estimator with automatic lag selection of Andrews (1991). For common
factor based forecasters, the label “Initial” indicates that the selection of PCA factors is based
on the initial estimation period, and “Recursive” that it is updated every period. The initial
estimation period ranges from January 2, 2000, through June 6, 2008, and the out-of-sample
period from June 7, 2008, through October 31, 2016.

τ= 0.5 τ= 1 τ= 5 τ= 7

Term structure models

Vasicek 32.81 42.48 31.66 10.97
(0.20) (0.17) (0.17) (0.26)

CIR -30.00 -15.55 4.92 3.08
(0.71) (0.62) (0.44) (0.44)

AFNS0 -0.77 -128.54 39.98 17.20
(0.52) (0.86) (0.12) (0.18)

AFNS3 4.29 6.88 38.94 3.78
(0.44) (0.40) (0.13) (0.45)

AFNS3 (2nd mom) 25.97 -48.89 35.55 16.59
(0.27) (0.77) (0.17) (0.19)

PCA-based forecasters

PCA3 7.22 2.37 44.65 11.46
(0.40) (0.47) (0.13) (0.21)

PCA4 5.96 0.46 44.17 8.55
(0.42) (0.49) (0.13) (0.27)

PCA5 5.44 2.77 44.37 8.48
(0.43) (0.47) (0.12) (0.28)

PCA6 -19.31 -12.7 38.12 10.07
(0.85) (0.71) (0.17) (0.25)

Risk premium-based forecasters

Forward spreads -0.74 -9.15 46.09 14.15
(0.51) (0.60) (0.10) (0.20)

Yield spreads 0.08 -9.63 46.52 13.88
(0.50) (0.61) (0.10) (0.21)

Common factor-based forecasters

Initial 10.64 7.98 27.75 16.79
(0.35) (0.40) (0.28) (0.13)

Recursive -5.29 -5.32 34.36 17.25
(0.62) (0.60) (0.20) (0.16)

Time series models

HAR -24.72 -356.3 42.30 -21.15
(0.97) (0.87) (0.14) (0.67)

Mean-reverting realized GARCH -43.86 -47.38 29.08 -50.12
(0.94) (0.88) (0.15) (0.92)
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A.1 From futures prices to yield curves

A.1.1 From futures prices to coupon bond prices

The seller (the short) has two options included in the Treasury futures. The first

regards which bond to deliver, and the second the delivery date within the delivery

month. For the first option, the underlying assets of the Treasury futures (see Section

1.3) are hypothetical bonds with a notional yield of 6% throughout our sample period.

The seller must deliver an actual bond, selected from a delivery basket constructed

for each futures contract according to CME requirements, with a conversion factor for

each bond. The conversion factor converts the bond price into “. . . the approximately

decimal price at which $1 par of the security would trade as if it had a 6% yield-to-

maturity.”17 The formula is

f = a

(
coupon

2
+ c +d

)
−b (A.1)

a =
( 1

1.03

) v
6

b = coupon

2

6− v

6

c =


(

1
1.03

)2n
if z < 7(

1
1.03

)2n+1
otherwise

d = coupon

0.06
(1− c)

v =


z if z < 7

3 if z ≥ 7 for 10-year note, long term bond

z −6 if z ≥ 7 for 5-year note

with coupon the annualized coupon, n the number of (whole) years from the first

day of the delivery month to maturity, and z the number of months between n and

the maturity date, rounded to nearest quarter for the 10-year note and the long term

Treasury bond, and nearest month for the 5-year note. The delivery bond (or note)

must have a maturity between 4.17 and 5.25 years for the 5-year futures, between 6.5

and 10 years for the 10-year futures, and between 15 and 25 years for the long term

Treasury bond futures.

Given the conversion factor ft from equation (A.1), the invoice amount is

It = ft ·Ft +at , (A.2)

with Ft the futures price, and at accrued interest. On delivery, the seller pays the basis

πt = St − It , (A.3)

17https://www.cmegroup.com/trading/interest-rates/calculating-us-treasury-futures-conversion-
factors.html
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with St the cash bond price (including accrued interest), and therefore selects the

cheapest-to-deliver (CTD) bond fulfilling the futures contract specifications and

minimizing equation (A.3) (maximizing the implied repo rate).

The second option regards the delivery date. For the purpose of backing out the

futures-implied bond price, we assume that both the CTD bond and delivery date

are known. We set the delivery date to the first working day of the delivery month,

and use the CRSP data on Treasuries to construct the delivery basket. The price of the

futures is then given as

It = (St −Ct )ert T , (A.4)

with St the spot price of the CTD bond (including accrued interest), Ct the present

value of coupon payments before delivery, T the time to delivery, and rt the risk-free

rate. For the latter, we use the 3-month yield from the daily panel, rt = y1/4
t (Section

1.3.4). The 3-month rate should be more market-based than, say, a 1-month rate, and

a good short rate proxy, cf. Chapman, Long Jr, and Pearson (1999).

In brief, the recipe for constructing the futures-implied bond price St is as follows:

1. Construct the delivery basket from the CRSP data on the first trading day of the

delivery month.

2. Find the cheapest-to-deliver bond minimizing the basis πt from equation (A.3)

within the delivery basket from 1.

3. Use equation (A.2) to calculate the invoice amount It for the CTD bond from 2.

4. Substitute the invoice amount from 3 for It in equation (A.4), and back out the

futures-implied bond price by isolating St .

A.1.2 From coupon bond prices to yield curves

A variety of methods is available for extracting the yield curve from the cross section

of coupon bond prices. In the literature on yield curves at high frequency, some

version of cubic spline is usually employed, e.g., Andersen and Benzoni (2010) and

Cieslak and Povala (2016), due to the small number of observations in the cross

section, and the need for flexibility to fit the curve reasonably. As a consequence,

interpolation between points of principal payments is difficult. Following Andersen

and Benzoni (2010), we use the method of Waggoner (1997). This assumes that

the discount function Bτ
t = exp(−τyτt ) is determined by a cubic spline h( · ,Ψ), i.e.,

τyτt = h(τ,Ψ), withΨ a set of parameters (suppressing dependence on t ). The yield

curve is split along the maturity axis using K knot points, 0 < τ1 < . . . < τK , with τK the

maximum maturity of the bonds considered. The cubic spline is restricted such that

h( · ,Ψ) and its two first derivatives are continuous. This implies that one parameter

is added for each additional knot point. Fisher, Nychka, and Zervos (1995) and Dai

et al. (2007) set K to approximately one third of the number of bonds included, while
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Andersen and Benzoni (2010) and Cieslak and Povala (2016) set K equal to the number

of bonds. We follow the high-frequency literature and set the number of knot points

equal to the number of bonds on which we calibrate the yield curve, i.e., K = 5. We let

{sk }K
k=1 denote the set of knot points.

To calibrate h(τ,Ψ), we follow Fisher et al. (1995) and use the simple parametriza-

tion of the cubic B-spline basis. Any cubic spline can be constructed as a linear

combination of B-splines, h(τ,Ψ) =φ(τ)Ψ, whereΨ is a κ×1 vector of coefficients,

and φ(·) is a cubic B-spline basis, i.e., a vector of κ= K +2 cubic B-splines satisfying

φr
k (τ) =φr−1

k (τ)
τ−dk

dk+r−1 −dk
−φr−1

k+1(τ)
dk+r −τ

dk+r −dk+1
.

Here, r = 4 for a cubic spline, and dk is an augmented set of knot points, d1 = d2 =
d3 = s1, dk+3 = sk for 1 ≤ k ≤ κ, and dκ+4 = dκ+5 = dκ+6 = sκ.

The price of a coupon bond is written as

P (Ψ) =
J∑

j=1
C j exp(−h(t j ,Ψ)) ,

with J the number of payments (coupons and principal) over the remaining lifetime of

the bond, and C j the j th payment, due t j periods hence. The yield curve is estimated

using penalized nonlinear least squares (PNLS),

Ψ̂= argmin
Ψ

K∑
i=1

(Pi − P̂i (Ψ))2 +
∫ τK

0
λ(s)h′′(s)2d s ,

with the penalty term λ(s) calibrated to be more severe at longer maturities, following

Waggoner (1997), Dai et al. (2007), and Andersen and Benzoni (2010). This implies

that the yield curve is flexible at the short end, and reduces oscillations at the long

end. We find that this procedure results in a better fit to bond prices than the Nelson

and Siegel (1987) approach used in Faust et al. (2007).

Upon estimation, four points are read off the resulting high-frequency (1 minute)

yield curves, at τ= 0.5, 1, 5, and 7 years.

A.2 Liquidity of Treasury futures

Table A.3 shows the percentage of high-frequency intervals containing a Treasury

futures price observation, and hence affording unique yield identification, at the 1, 5,

and 10 minute sampling frequencies, by maturity. All three maturities, 5 and 10 years,

and long term, are included in the table, because all three Treasury futures are used

in curve fitting, although only implied yields at maturities up to τ= 7 are used in the

subsequent analysis (see Section 1.3.2 and Appendix A.1). From the table, around

83% to 95% of the 1 minute intervals contain an observation. This increases to around

97% and 99% for 5 and 10 minute intervals, respectively. The lower panel of the table
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shows the corresponding percentages when discarding trading days with no trading

activity for more than an hour. All numbers increase by around 0.5-1.0%. This suggests

that the discarded days do not contain many uniquely identified observations and,

hence, it makes sense to discard them. Figure A.3 shows the evolution over time in

the daily percentage of intervals containing a futures price observation. There is a

jump between 2003 and 2004, due to the introduction of the electronic trading pit

in 2004, and clearly fewer intervals containing futures price observations at the 1

minute frequency than at 5 and 10 minutes, at least until 2008. This suggests that the

high-frequency Treasury futures data are likely afflicted with market microstructure

noise.

Table A.3: Liquidity of Treasury futures
This table shows the fraction of high-frequency intervals containing a Treasury futures price
observation, by underlying maturity and sampling frequency. The full sample is included in
the upper panel. In the lower panel, days with no trading activity for more than one hour are
discarded. The sample spans the period from January 2, 2000, through October 30, 2016.

1-min 5-min 10-min
Full sample

5-year note 83.79% 96.48% 98.50%
10-year note 94.12% 98.97% 99.20%
Long-term bond 94.78% 99.11 % 99.25%

Trading days with no activity for more than an hour discarded
5-year note 84.54% 97.13% 99.11%
10-year note 94.80% 99.59% 99.80%
Long-term bond 95.44% 99.72 % 99.84%
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Figure A.2: Yield volatility forecast errors relative to RW
This figure shows yield volatility forecast errors over time, by maturity, for selected forecasting
methods. Cumulative squared errors for a given forecasting method are subtracted from those
for the RW, so that an increasing curve indicates better forecasting than by RW, and vice versa.
The sample spans the period from January 2, 2000 through October 31, 2016.
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Figure A.3: Liquidity of Treasury futures over time
This figure shows the evolution in the daily fraction of high-frequency intervals containing
a Treasury futures price observation0 by underlying maturity and sampling frequency. The
sample spans the period from January 2, 2000 through October 31, 2016.
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A.3 Models

A.3.1 The Vasicek model

The model of Vasicek (1977) is an A0(1) model in which the dynamics of the short

rate rt = y0
t are given by

drt = κ(θ− rt )d t +σdWt .

We assume that the market price of risk is completely affine, i.e., λt =λ. Thus,

θ̃ = θ− σλ

κ
, κ̃= κ .
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The solution to the Ricatti equations (1.6) is given by

B(τ) = 1

κ̃
(1−e−κ̃τ) ,

A(τ) =
(
θ̃− σ2

2κ̃2

)
(τ−B(τ))+ σ2

4κ̃
B(τ)2 .

The conditional variance of the future short rate is

V art (rt+h) = σ2

2κ
(1−e−2κh) .

A.3.2 The Cox-Ingersoll-Ross Model

The model of Cox et al. (1985) is an A1(1) model with

drt = κ(θ− rt )d t +σprt dWt .

We adopt the completely affine market price of risk specification, λt =λprt /σ. Thus,

κ̃= κ+λ, θ̃ = κθ

κ+λ .

The solution to the Ricatti equations (1.6) is given by

B(τ) = 2(eγτ−1)

(γ+ κ̃)(eγτ−1)+2γ
,

A(τ) =−2κ̃θ̃

σ2

[
log(2γ)+ 1

2
(κ̃+γ)− log

(
(γ+ κ̃)(eγτ−1)+2γ

)]
,

with γ given by

γ=
√
κ̃2 +2σ2 .

The conditional variance of the short rate is

V art (rt+h) = σ2rt

κ
(e−κh −e−2κh)+ σ2θ

2κ
(1−e−κh) .

A.3.3 The arbitrage-free Nelson-Siegel Model with deterministic

volatility

The AFNS0 model of Christensen et al. (2011) is an A0(3) model. The real-world

dynamics of the state variables are given by

d X t = κ(θ−X t )d t +ΣdWt ,

where X t and θ are 3×1 vectors, and κ and Σ are 3×3 matrices. The model is con-

structed to make the shape of the yield curve resemble the Nelson and Siegel (1987)
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parametrization by assuming that the market price of risk is essentially affine and

restricting

κ̃=

0 0 0

0 −λ 0

0 λ λ

 ,

θ̃ = 03×1 .

The yield curve is then

yτt = X 1
t +

1−e−λτ

λτ
X 2

t +
(

1−e−λτ

λτ
−e−λτ

)
X 3

t −
A(τ)

τ
. (A.5)

This corresponds to the Nelson and Siegel (1987) shape, except for the term A(τ)
τ , for

which the closed form is given in Christensen et al. (2011).

A.3.4 The arbitrage-free Nelson-Siegel model with stochastic volatility

The AFNS3 stochastic (or state-dependent) volatility model of Christensen et al. (2010)

is an A3(3) model. Under Q, the dynamics of the state variables are restricted to

d X t =

ε 0 0

0 λ −λ
0 0 λ




θ̃1

θ̃2

θ̃3

−X t

d t

+

σ1,1 0 0

0 σ2,2 0

0 0 σ3,3



√

X1,t 0 0

0
√

X2,t 0

0 0
√

X3,t

dW Q
t .

The Ricatti equations (1.6) are then given by

dB1(τ) = 1−εB1(τ)− 1

2
σ2

1,1 ,

dB2(τ) = 1−λB2(τ)− 1

2
σ2

2,2 ,

dB3(τ) =λB2(τ)−λB3(τ)− 1

2
σ2

3,3 ,

d A(τ) = B(τ)′κ̃θ̃ .

We solve the ODEs numerically for each trial parameter vector in the iterative esti-

mation procedure. For ε→ 0, the yield curve converges to Nelson and Siegel (1987)

shape, except for the modification by A(τ)
τ , as in equation (A.5). Following Christensen

et al. (2010), we set ε= 10−6, restrict κ to be diagonal, and adopt the extended affine

specification for the market price of risk. To ensure that the factors stay positive, we

impose the Feller condition under both probability measures.
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A.4 Estimation Procedure

The term structure models are estimated using the Kalman filter, following Duffee

(2002), Christensen et al. (2011), and others. Let yt , t = 1, . . . ,T , be the N -vector

of observed yields, with t counting the time increment between observations of

∆= 1/250 years, Ã = ( A(τ1)
τ1

, . . . , A(τN )
τN

)′, and B̃ the d ×N matrix with columns B(τi )
τi

. By

Eqs. (1.18) and (1.19), the state space system is thus given by the measurement and

transition equations

yt = Ã+ B̃ ′X t +εt , (A.6)

X t =C∆+D ′
∆X t−1 +ηt , (A.7)

where (
εt

ηt

)
∼N

(
0

0

)
,

(
H∆ 0

0 Qt ,∆

) .

The conditional expectation and variance of the state process are given by

Et−1(X t ) =(I −e−κ∆)θ+e−κ∆X t−1 =C∆+D ′
∆X t−1 , (A.8)

V art−1(X t ) =
∫ t

t−1
exp(−κ(t −u))σ(Et−1(Xu))σ(Et−1(Xu))′

exp(−κ(t −u))′du =Qt ,∆ , (A.9)

where exp(·) is the matrix exponential, andσ(·) =ΣpS(·), with S(·) from equation (1.3).

For example, σ(Xu) = diag(σi ,i
√

Xi ,u) in the model in Appendix A.3.4. By equation

(A.8), the transition parameters in Eqs. (1.19) and (A.7) are C∆ = (Id −exp(−κ∆))θ and

D∆ = exp(−κ∆). Write Yt = (y1, . . . , yt ) for the data through t and define X t |t−1 = E(X t |
Yt−1), Σt |t−1 = V ar (X t | Yt−1), X t |t = E(X t | Yt ), and Σt |t = V ar (X t | Yt ). Suppressing

∆ for notational ease, the prediction step is then

X t |t−1 =C +D ′X t−1|t−1 , (A.10)

Σt |t−1 = D ′Σt−1|t−1D +Qt , (A.11)

where Qt is the conditional variance of the state variables from equation (A.9), while

D ′Σt−1|t−1D reflects conditional mean variation, cf. footnote 3. The update step is

X t |t = X t |t−1 +Σt |t−1B̃F−1
t vt , (A.12)

Σt |t =Σt |t−1 −Σt |t−1B̃F−1
t B̃ ′Σt |t−1 , (A.13)

with the one step ahead prediction error and its variance given by

vt = yt − Ã− B̃ ′X t |t−1 , (A.14)

Ft =V ar (vt ) = B̃ ′Σt |t−1B̃ +H . (A.15)
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The filter is initiated by setting X0|0 andΣ0|0 equal to the unconditional expected value

and variance. From equation (1.2), X0|0 = θ, and from equation (A.7),Σ0|0 = D ′Σ0|0D+
Q, with Q from equation (A.9) at Et−1(Xu) = θ. Thus, vec(Σ0|0) = (

Id 2 −D ′⊗D ′)−1 vec(Q).

Given the Gaussianity assumptions on measurement and transition equations,

the parameters ψ are estimated by maximizing the prediction error decomposition

of the conditional log likelihood function

L(ψ) =
T∑

t=1
(−1

2
N log(2π)− 1

2
log(detFt )− 1

2
v ′

t F−1
t vt ) . (A.16)

The states X t are Gaussian for the Vasicek and AFNS0 models. For the square root

processes (the CIR and AFNS3 models), estimation based on equation (A.16) amounts

to QML. Here, the Gaussian approximation implies that states are not restricted to be

positive. In this case, following Chen and Scott (2003), we truncate states at 0. Given

the large number of parameters in some of the models, we use the global optimizer

differential evolution with several starting values. For every 250 observations, we

reestimate parameters using differential evolution. In intermediate periods we use

local optimizers.

A.4.1 Predictive regression correction

From equation (A.6), var (yt | X t−1) = B̃ ′V art−1(X t )B̃ +H , suppressing dependence

on the time increment ∆. Using this and Eqs. (A.9), (A.11) and (A.15),

V ar (yt | Yt−1) =V ar (vt )

= B̃ ′(D ′Σt−1|t−1D +V art−1(X t ))B̃ +H

= B̃ ′D ′Σt−1|t−1DB̃ +V ar (yt | X t−1) . (A.17)

Thus, the conditional variance of yields is given by that corresponding to perfect

observation of state variables through t −1, i.e., the second term in equation (A.17),

with an adjustment for conditional mean variation due to imperfect state observation

given by the first term in equation (A.17) (see footnote 3). When forecasting using

the predictive regression in equation (1.1), with Zt given by equation (1.7), then Zt

corresponds to the second term in equation (A.17). Forecasting therefore involves

three modifications. First, the filtered state X t |t is used in place of X t in equation

(1.7). Second, using equation (1.1), ατ,h and βτ,h provide empirical predictive re-

gression corrections for the bias stemming from conditional mean variation, i.e.,

the first term in equation (A.17). Finally, the estimated coefficents in equation (1.1)

reflect the history of realized volatilites, which are part of investor’s information set,

thereby conditioning on a larger information set than that based on daily yields in

the Kalman filter, and providing a computationally simple alternative to the filter

including second moments below.
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A.4.2 Conditional moments of state process

By the results in Fackler (2000), also used in Jacobs and Karoui (2009), the first two

conditional moments can be written as

Et (X t+h) =Ch +D ′
h X t , (A.18)

vec(V art (X t+h)) = ζ0,h +ζ′1,h X t , (A.19)

with Ch = (Id −exp(−κh))θ and Dh = exp(−κh), see Eqs. (A.8)-(A.9). The d 2×1 vector

of intercepts ζ0,h in equation (A.19) is determined by

(
Ch

ζ0,h

)
= (Id+d 2 −exp(Πh))Π−1Θ , (A.20)

and the d ×d 2 matrix of slope terms ζ1,h by

(
Dh

ζ′1,h

)
= exp(−Πh)

[
Id

0

]
. (A.21)

In equation (A.20), the (d +d 2)-vectorΘ is

Θ=
[

κθ

(Σ⊗Σ)Dα

]
,

with α= 0 in equation (1.3) for the models we consider, and D given by

Di , j =
{

1 if i = ( j −1)d + j ,

0 otherwise.

Further,

Π=
[

κ 0

−(Σ⊗Σ)DB κ⊗ Id + Id ⊗κ

]
,

a (d +d 2)× (d +d 2) matrix, with the i th row of B given by β′
i from equation (1.3), and

rankB= m ≤ d .

A.5 Conditional moments of yields

By Eqs. (1.5) and (A.18), the conditional means of the yields are

Et (yt+h) = Ã+ B̃ ′
(
Ch +D ′

h X t

)
. (A.22)
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Using Eqs. (1.7) and (A.19), the conditional yield variances are

V art (yτt+h) = 1

τ2 B(τ)′V art (X t+h)B(τ)

= 1

τ2 vec(B(τ)⊗B(τ))′V art (X t+h)

= bτ,h
0 +bτ,h′

1 X t , (A.23)

bτ,h
0 = 1

τ2 vec(B(τ)⊗B(τ))′ζ0,h , (A.24)

bτ,h′
1 = 1

τ2 vec(B(τ)⊗B(τ))′ζ′1,h , (A.25)

where bτ,h
0 is a scalar, and bτ,h

1 a d ×1 vector.

A.5.1 Including second moments in the estimation

The measurement equation equation (A.6) can be extended to include realized volatil-

ity, (
yt+h

Vt+h

)
=

(
Ã+ B̃ ′X t+h

V art (yt+h)

)
+

(
H 0

0 HV

)
ε̃t+h , (A.26)

where Vt is stacking the NV realized yield volatilities V τ
t for which high-frequency data

are available (NV = 4 in our implementation), the error term is stacking εt+h from

equation (A.6) and ũτ,h
t+h from equation (1.20), ε̃t+h ∼N(0, IN+NV ), and HV = HV

h , an

NV ×NV matrix with σ2
τ,h along the diagonal. The prediction step is then

yt |t−1 = Ã+ B̃ ′X t |t−1 , (A.27)

Vt |t−1 = b0 +b′
1X t |t−1 +HV , (A.28)

with X t |t−1 from equation (A.10), HV = HV
1 , b0 an NV -vector stacking bτ,h

0 from

equation (A.24), b′
1 an NV ×d matrix stacking bτ,h′

1 from equation (A.25), and h = 1

in all of these, for estimation in daily data. The update step is

X t |t = X t |t−1 +Σt |t−1

[
B̃

b1

]′
F−1

t vt , (A.29)

Σt |t =Σt |t−1 −Σt |t−1

[
B̃

b1

]′
F−1

t

[
B̃

b1

]
Σt |t−1 , (A.30)

where vt is the one step ahead prediction error or innovation

vt =
(

yt − Ã− B̃ ′X t |t−1,

Vt −b0 −b′
1X t |t−1 −HV

)
,

and Ft the prediction error variance,

Ft =
(

B̃Σt |t−1B̃ ′+H b1Σt |t−1B̃ ′

B̃Σt |t−1b′
1 b1Σt |t−1b′

1 +HV

)
.
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Because equation (A.26) uses conditional volatility rather than integrated volatility

for the state variable, cf. footnote 3, the term involving HV actually captures both

the error in realized relative to integrated volatility and conditional mean variation

corresponding to D ′Σt−1|t−1D in Eqs. (A.11) and (A.17). We find in our empirical work

that adjustment using the recursive regressions in equation (1.1) performs better for

forecasting purposes than the second moment extension of the Kalman filter.
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Abstract

This paper provides empirical evidence on predictable time variations in the degree

of bond return predictability. Bond returns are predictable in high (low) economic

activity (uncertainty) states, which suggests that the expectations hypothesis of the

term structure holds periodically. These state-dependencies in predictability, estab-

lished by introducing a new multivariate test for equal conditional predictive ability,

can be used in real-time to improve out-of-sample bond risk premia estimates and

investors’ economic utility through a novel dynamic forecast combination scheme.

Dynamically combined forecasts exhibit strong countercyclical behavior and peak

during recessions. The empirical findings are supported by a nonlinear term structure

model.
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2.1 Introduction

We study time variations in bond return predictability and provide empirical evidence

of predictable shifts in bond return predictability related to economic activity and

uncertainty. We establish this empirical fact by introducing a new test for equal con-

ditional predictive ability among two or more forecasting methods that we combine

with a novel dynamic forecast combination scheme. Specifically, our findings suggest

that bond return predictability is associated with periods of high (low) economic

activity (uncertainty). These predictable shifts can be used in real-time to improve

out-of-sample risk premia estimates and investors’ economic utility. Existing evi-

dence on bond return predictability has traditionally been established using linear

predictive regressions designed to assess whether bond returns are predictable on

average using time series that potentially span many diverse states of nature.1 If

predictability shifts over time, then an unconditional approach may be misleading

and lead to distorted inference. For example, while in-sample evidence frequently

points to predictability by means of variables such as forward spreads (Fama and

Bliss, 1987), yield spreads (Campbell and Shiller, 1991), forward rates (Cochrane and

Piazzesi, 2005), and macroeconomic variables (Cooper and Priestley, 2009; Ludvigson

and Ng, 2009; Cieslak and Povala, 2015; Eriksen, 2017), out-of-sample exercises often

fail to deliver consistent evidence of predictability and statistical and economic eval-

uations often disagree (Thornton and Valente, 2012; Sarno, Schneider, and Wagner,

2016). Our empirical evidence suggests that taking a conditional view of bond re-

turn predictability and accounting for state-dependencies can resolve these puzzling

contradictions.

We address the issue of time-varying bond return predictability by adopting a

conditional perspective on predictability and using observable state variables to iden-

tify a set of best methods with equal conditional predictive ability in a new modeling

framework.2 Our contributions are fivefold. First, we provide new empirical evidence

on predictable state-dependencies in bond return predictability. We document that

bond return predictability shifts over time for a set of standard bond predictors from

the literature including yield curve information and macroeconomic variables. We

begin with a traditional evaluation of out-of-sample forecasts using unconditional

predictive ability tests and find little evidence that individual predictors are able to

reliably outperform the no predictability benchmark delineated by the expectations

hypothesis (EH). Importantly, however, this does not exclude the possibility that

1Early studies include Fama and Bliss (1987), Keim and Stambaugh (1986), Fama and French (1989),
and Campbell and Shiller (1991). More recent studies of bond return predictability include Cochrane and
Piazzesi (2005), Cooper and Priestley (2009), Ludvigson and Ng (2009), Cieslak and Povala (2015), Eriksen
(2017), Ghysels, Horan, and Moench (2018), Gargano, Pettenuzzo, and Timmermann (2019), Berardi,
Markovich, Plazzi, and Tamoni (2020), and Bianchi, Büchner, and Tamoni (2021).

2Predictability of future relative forecast performance is also relevant when considering the numerous
studies providing empirical evidence of instabilities in predictive models. Examples include Pesaran,
Pettenuzzo, and Timmermann (2006), Giacomini and Rossi (2009, 2010), Pettenuzzo and Timmermann
(2011), Rossi (2013), Pettenuzzo and Timmermann (2017), and Smith and Timmermann (2020).
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a given method may display superior predictability in certain states of the world.

To facilitate a conditional, state-dependent view of bond return predictability, we

introduce a multivariate generalization of the statistical test for equal (un)conditional

predictive ability among two or more forecasting methods presented in Giacomini

and White (2006). The test provides forecasters with the opportunity to test equal

(un)conditional predictive ability among many forecast methods without having to

rely on multiple testing adjustments (Hubrich and West, 2010) or non-standard and

context-specific distributions (Clark and McCracken, 2001; McCracken, 2007; Clark

and McCracken, 2012; Gonçalves, McCracken, and Perron, 2017), and is applicable

to a mixture of both nested and non-nested models.3 We employ the test to assess

differences in conditional predictive abilities and find overwhelming evidence of

state-dependencies in bond return predictability.

Second, we show that time variations in predictability are related to economic

activity and uncertainty measured using the Purchasing Managers’ Index (PMI) (see

e.g., Berge and Jordà (2011) and Christiansen, Eriksen, and Møller (2014)) and the

macroeconomic uncertainty index (U) proposed in Jurado et al. (2015), respectively.4

We uncover a striking pattern in bond return predictability across states related

to these variables. Interpreting the EH as a no predictability benchmark, which is

standard practice in the literature, we provide evidence that bond risk premia are

predictable in high (low) economic activity (uncertainty) states. Conversely, time

invariant risk premia, as implied by the EH, provides a reasonable approximation

in low (high) economic activity (uncertainty) states. Consistent with this, out-of-

sample R2s (Campbell and Thompson, 2008) for individual predictors are mostly

negative in low (high) economic activity (uncertainty) states and positive in high

(low) activity (uncertainty) states. In short, albeit several predictors fail to provide

valuable information on average, many outperform the EH conditional on the state

of the economy.

Third, we show that the predictable state-dependencies in bond return pre-

dictability are exploitable for real-time forecasting purposes. This is achieved using a

novel dynamic forecast combination (DFC) scheme that combines across individual

methods with indistinguishable predictive performance. The eligible methods are

identified via a dynamic ranking and elimination rule that classifies the methods

that possess the best, yet statistically indistinguishable, conditional predictive abil-

ity in real-time inspired by the Model Confidence Set (MCS) approach of Hansen,

3In addition, the test holds for a general loss function, allows for non-stationarity in the data, and
permits comparison of a wider class of forecasting methods than those considered in this paper, including
linear, nonlinear, Bayesian, and non-parametric methods. That the test allows for nested models is espe-
cially important in our setting as the EH is nested in all of our predictive methods. This sets the test apart
from those presented in Hubrich and West (2010), Mariano and Preve (2012), and Clark and McCracken
(2012).

4A number of alternative measures of uncertainty have been proposed. The qualitative findings
presented in this paper remain unchanged if the Economic Political Uncertainty index by Baker et al.
(2016) or the VXO index by CBOE are used in place of the index by Jurado et al. (2015).
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Lunde, and Nason (2011). Our multivariate test for conditional predictive ability is

instrumental in identifying and eliminating inferior methods by informing us of state-

dependent differences. Importantly, our method is based on conditional expected

predictive ability using state variables, which separates it from methods relying

on past unconditional performance only (see e.g., Aiolfi and Timmermann (2006),

Samuels and Sekkel (2017), Diebold and Shin (2019), and Adämmer and Schüssler

(2020)). We show that conditioning on additional information relative to past perfor-

mance only is a key feature in correctly identifying and utilizing time variations in

predictability. The best set of methods at any given point in time may then consists of

a single method, all methods, or any number in between. If the best set of methods in-

cludes more than one method, we perform an equal-weighted forecast combination

(Bates and Granger, 1969). It is well established that an equal-weighted combination

strategy among all initial methods is hard to beat (Timmermann, 2006) and performs

well for financial time series (Rapach, Strauss, and Zhou, 2010). Our approach can

thus be viewed as a data-driven way to select between dynamic model selection

and forecast combination with future predictability in mind. It further addresses

an outstanding issue raised in Aiolfi, Capistrán, and Timmermann (2011) that little

attention has been paid to determining the optimal set of models to combine, given a

potential pool of candidate predictors. Our dynamic approach provides a natural way

to select the methods expected to perform well and dynamically eliminates those

expected to perform poorly.5

We show that the implementation of the DFC scheme delivers sizeable gains in

predictive accuracy relative to (i) the EH, (ii) a static equal-weighted forecast combi-

nation (FC) strategy, and (iii) a dynamic combination strategy based on past (uncon-

ditional) average predictability (Samuels and Sekkel, 2017; Adämmer and Schüssler,

2020) when evaluated using both standard statistical criteria and when measuring

the economic value from the viewpoint of a mean-variance investor. Importantly,

dynamically combined forecasts deliver positive and sizeable out-of-sample R2 val-

ues and utility gains even in states where all individual predictors are weak. In fact,

dynamically combined forecasts always perform better than the EH in all states and

never worse than an equal-weighted average across all predictors. This suggests that a

conditional view of bond return predictability offers a resolution to the puzzling con-

tradiction between the statistical and economic evidence often found in the literature

(Thornton and Valente, 2012; Sarno et al., 2016). Importantly, this is achieved within

a standard linear framework and without having to adopt Bayesian approaches with

stochastic volatility (Gargano et al., 2019) or computationally expensive machine

learning methods (Bianchi et al., 2021).

5A part of the literature documents gains from trimming the sets of forecast methods prior to averaging
using past predictive accuracy only. Notable examples include Makridakis and Winkler (1983), Jose and
Winkler (2008), Aiolfi and Favero (2005), Aiolfi and Timmermann (2006), Timmermann (2006), Stock and
Watson (2004), Rapach et al. (2010), Bjørnland, Gerdrup, Jore, Smith, and Thorsrud (2012), Genre, Kenny,
Meyler, and Timmermann (2013), Samuels and Sekkel (2017), and Diebold and Shin (2019).
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Fourth, we document that the DFC scheme generates out-of-sample bond risk

premia estimates that are strongly countercyclical and peak in recessions. The find-

ings are consistent with a recent literature that documents countercyclical bond risk

premia (Ludvigson and Ng, 2009; Gargano et al., 2019; Andreasen, Engsted, Møller,

and Sander, 2020; Bianchi et al., 2021) as well as standard financial theory in which

risk premia are expected to be high in bad economic times due to heightened risk

aversion (Campbell and Cochrane, 1999; Wachter, 2006; Buraschi and Jiltsov, 2007),

and support models with time-varying risk and risk prices (Bekaert, Engstrom, and

Xing, 2009; Carpenter, Lu, and Whitelaw, 2020; Creal and Wu, 2020). Individual predic-

tors and the static forecast combination scheme, conversely, generate procyclical and

acyclical out-of-sample risk premia estimates, respectively. The fact that our dynamic

forecast combination scheme delivers countercyclical out-of-sample risk premia fore-

casts that improve overall predictive accuracy and economic value strongly supports

our conclusion that the test and our DFC scheme reliably identifies and profits from

shifts in bond return predictability.

Last, we show that our empirical findings are supported by a nonlinear term

structure model that allows for state-dependencies in the yield curve. In particular,

we consider a one-factor version of the nonlinear model presented in Feldhütter,

Heyerdahl-Larsen, and Illeditsch (2018) in which bond prices, short rates, and prices

of risk can be viewed as linear combinations of the corresponding values in two

artificial economies that feature as two different states of the world. The estimated

model predicts that the EH holds in one of the two states, but not in the other,

which is consistent with state-dependent shifts in bond return predictability. The

model-implied stochastic weight on the state of the economy in which the EH holds is

decreasing (increasing) with economic activity (uncertainty), which is consistent with

the patterns documented in this paper. The model thus provides a simple illustration

of a mechanism that can rationalize our empirical findings.

Our work is closely related to a growing and active literature on time-varying pre-

dictability of asset returns. Rapach et al. (2010), Henkel, Martin, and Nardari (2011),

and Dangl and Halling (2012) find that stock return predictability is closely linked

to the business cycle and mostly present in recessions. Cujean and Hasler (2017)

offer a theoretical model for this observation based on time-varying disagreement

among investors. Farmer, Schmidt, and Timmermann (2019) show that predictabil-

ity is mainly local in time and consists of “pockets” with significant predictability.

Gargano et al. (2019) argue that bond predictability is stronger in recessions, but

present in both states. A similar result is found in Bianchi et al. (2021). Andreasen

et al. (2020) find in-sample evidence for time-varying parameters in bond prediction

models and show that bond risk premia relate positively (negatively) to yield spreads

in expansions (recessions). These findings are generally consistent with studies such

as Hamilton (1988), Gray (1996), and Ang and Bekaert (2002) who provide evidence

of regime switches in interest rates which are related to economic activity. We add to
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this literature by providing new empirical evidence on the real-time predictability of

time variations in out-of-sample forecasting performance for a set of standard bond

predictors. Our empirical evidence further contributes to our understanding of bond

market dynamics by demonstrating that bond return predictability is stronger in high

(low) economic activity (uncertainty) states and that exploiting state-dependencies

using a novel DFC strategy yields sizable gains in both predictive accuracy and eco-

nomic value, and countercyclical out-of-sample risk premia estimates in accordance

with standard asset pricing theory. Although our results differ from Gargano et al.

(2019), a direct comparison is not possible as our results are based on out-of-sample

estimates, whereas their decomposition is based on full-sample estimates. Moreover,

our low (high) activity states are, like the pockets of Farmer et al. (2019), more en-

compassing than the recession (expansion) periods defined by the NBER in the sense

that they include the recession periods in addition to period NBER do not define as

recession but activity (uncertainty) is low (high).

The remainder of the paper proceeds as follows. Section 2.2 outlines the set-

ting and data. Section 2.3 develops a multivariate test for equal (un)conditional

predictive ability and introduces the dynamic forecast combination scheme. Sec-

tion 2.4 presents our main empirical findings on state-dependencies in bond return

predictability. Section 2.5 examines the link between out-of-sample risk premia esti-

mates and the real economy. Section 2.6 quantifies the economic value of predictable

state-dependencies. Section 2.7 presents a nonlinear term structure model that gener-

ates state-dependent predictability. Finally, Section 2.9 provides concluding remarks.

2.2 Bond return predictability

This section describes the predictive regression framework for bond excess returns

and provides summary statistics. We then outline the set of bond predictors and

discuss the state variables used to assess state-dependencies in bond return pre-

dictability.

2.2.1 Predictive regression for bond returns

We consider a classic linear predictive regression model for bond risk premia

r x(k)
t+τ =α(k) +x ′

tβ
(k) +ε(k)

t+τ, (2.1)

where r x(k)
t+τ = p(k−τ)

t+τ −p(k)
t +p(τ)

t denotes the τ-month log excess holding period

return on a k-month zero-coupon Treasury bond, and p(k)
t is the time-t log price

of a bond with k months to maturity. We are interested in determining whether a

set of predictors xt can improve the prediction of bond excess returns relative to

the constant expected returns benchmark β(k) = 0 (i.e., no predictability) implied

by the EH. Our empirical analysis focuses on monthly U.S. Treasury bond excess
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returns (τ= 1) over the period 1962 to 2018 constructed using the Gürkaynak, Sack,

and Wright (2007) dataset and a one-month Treasury bill obtained from the Center

for Research in Security Prices (CRSP) as in Gargano et al. (2019).6 By using monthly

holding period returns, we avoid the issues that the artificial persistence induced

from using annual overlapping returns can have on inference procedures (Bauer and

Hamilton, 2018). Additionally, the higher return frequency allows us to better capture

short-lived dynamics in bond excess returns across economic states (Farmer et al.,

2019; Gargano et al., 2019).

Figure 2.1: Bond excess returns
This figure plots times series of monthly bond excess returns (in percentage) for Treasury
bonds with maturities ranging from 24 to 60 months. Shaded areas represent NBER recession
dates. Monthly bond returns are in excess of the implied yield on a one-month Treasury bill
rate. Yield data are end-of-month and have been obtained from Gürkaynak et al. (2007) over
the period January 1962 to December 2018.

1960 1970 1980 1990 2000 2010 2020

-10

-5

0

5

10

1960 1970 1980 1990 2000 2010 2020

-10

-5

0

5

10

1960 1970 1980 1990 2000 2010 2020

-10

-5

0

5

10

1960 1970 1980 1990 2000 2010 2020

-10

-5

0

5

10

Figure 2.1 plots time series of monthly excess returns for Treasury bonds with

24, 36, 48, and 60 months to maturity, respectively.7 Bond excess returns are notably

more volatile during the early 1980s, smaller and less variable since the 1990s, but

visibly increasing in size and variability during the 2000 and 2008 recessions.

Panel A of Table 2.1 presents descriptive statistics for monthly bond excess re-

turns. Annualized mean excess returns and volatilities are increasing with maturity,

6We detail the construction of monthly log yields and bond prices in the Internet Appendix. The data
are available at https://www.federalreserve.gov/data/nominal-yield-curve.htm.

7The same set of maturities are considered in, e.g., Fama and Bliss (1987), Cochrane and Piazzesi
(2005), Ludvigson and Ng (2009), Thornton and Valente (2012), Eriksen (2017), and Gargano et al. (2019).

https://www.federalreserve.gov/data/nominal-yield-curve.htm
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Table 2.1: Descriptive statistics
This table presents descriptive statistics for monthly excess bond returns. Panel A reports
mean, standard deviation, skewness, kurtosis, Sharpe ratios, and first-order autocorrelation
(AC(1)) of bond excess returns for bonds with 24, 36, 48, and 60 months to maturity. Mean
returns, standard deviations, and Sharpe ratios are annualized. Bond returns are in excess of
the implied yield on a one-month Treasury bill. Gross returns do not subtract the one-month
implied Treasury bill yield. Monthly bond excess returns are constructed using end-of-month
Treasury yield data from Gürkaynak et al. (2007). Panel B reports contemporaneous correlations
between the excess bond return series. The sample period is January 1962 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Descriptive statistics

Mean 1.29 1.60 1.85 2.06
Mean (Gross) 5.73 6.04 6.29 6.50
Std. dev. 2.80 3.92 4.95 5.93
Skewness 0.57 0.25 0.08 0.03
Kurtosis 16.68 11.76 8.58 7.05
Sharpe ratio 0.46 0.41 0.37 0.35
AR(1) 0.17 0.15 0.13 0.12

Panel B: Correlations

r x(24)
t+1 1.00

r x(36)
t+1 0.99 1.00

r x(48)
t+1 0.96 0.99 1.00

r x(60)
t+1 0.93 0.97 0.99 1.00

whereas Sharpe ratios are declining from a high of 0.46 for the 24-month bond to

0.35 for the 60-month bond. Short-term bonds exhibit higher skewness, kurtosis,

and have somewhat more persistent excess returns. Importantly, first-order autocor-

relation coefficients for monthly bond excess returns are substantially lower than

those typically observed in studies using annual overlapping bond excess returns (see,

e.g., Cochrane and Piazzesi (2005) and Ludvigson and Ng (2009)) and the first-order

autocorrelation coefficient never exceeds 0.17 across the maturity spectrum. Panel

B of Table 2.1 provides contemporaneous bond excess return correlations across

maturities and confirms the well known observation that bond excess returns are

strongly cross-sectionally correlated across maturities.

2.2.2 Predictor variables

The empirical analysis centers on out-of-sample forecasts generated using predictive

models as in (2.1) with a collection of standard bond return predictors proposed

in the literature. Specifically, we consider (i) yields spreads (Campbell and Shiller,

1991, CS) computed as the difference between the yield on a bond with k months to

maturity and the implied yield on a one-month Treasury bill obtained from CRSP,
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(ii) forward spreads (Fama and Bliss, 1987, FB) computed as the difference between

the k-month forward rate and the one-month yield, (iii) the first three principal

components (PC) of yields (Litterman and Scheinkman, 1991) obtained using 12, 24,

36, 48, and 60 month yields, (iv) a linear combination of forward rates (Cochrane and

Piazzesi, 2005, CP) obtained from projecting 12, 24, 36, 48, and 60 month forward

rates onto the mean excess bond return across the maturity spectrum, and (v) a linear

combination of macroeconomic factors (Ludvigson and Ng, 2009, LN) obtained using

the FRED-MD database (McCracken and Ng, 2016) and estimated analogously to CP.8

All variables are constructed recursively in the out-of-sample exercise.9 The Internet

Appendix provides additional details.

2.2.3 State variables

Traditional tests of bond return predictability ask whether bond excess returns are

predictable on average, not if and when bond returns are predictable. We address

this issue by introducing a new method to gauge state-dependent predictability in a

multivariate setting that rests on the basic premise that even unconditionally poor

predictors may sharpen bond risk premia predictions in certain states of the world. To

uncover these predictive states, we need to identify state variables that are informative

about fluctuations in forecast losses. The proposed method emphasizes an agnostic

view on the state variables, but our intuition here is that successful state variables

should proxy for some latent feature of the business cycle, say risk aversion, that

drive state-dependencies in bond return predictability. We consider two plausible

representatives that are well known for their ability to capture salient features of the

business cycle.10

The first state variable that we consider is the Purchasing Managers’ Index (PMI)

published by the Institute of Supply Management. PMI is a closely watched barometer

of business conditions released on the first business day of every month and is

regarded as a prime leading indicator of the business cycle (Berge and Jordà, 2011;

Christiansen et al., 2014).11 Using a variable that tracks business cycle fluctuations

to assess state-dependencies in bond predictability is motivated by a natural link

to time-varying risk aversion (Campbell and Cochrane, 1999; Wachter, 2006; Creal

8The literature offers more variables for using macroeconomic information in prediction, and these
could naturally be entertained as well. We choose to focus on a standard set here, but note that variables
such as the output gap (Cooper and Priestley, 2009) and interest rate cycles (Cieslak and Povala, 2015)
similarly reveal predictable state-dependencies. Their inclusion does not alter our findings, if anything,
the results become stronger.

9Ghysels et al. (2018) argue that the predictive power of macro variables for future overlapping excess
bond returns originates largely from data revisions not available to forecasters in real-time (see also Fulop,
Li, and Wan (2020)). Eriksen (2017), Huang, Jiang, Tong, and Zhou (2020), and Zhao, Zhou, and Zhu (2021),
on the other hand, show that carefully identifying the data available at the time of the forecast using
vintages of real-time data recovers most of this predictability.

10We provide additional details in the Appendix along with descriptive statistics.
11Bloomberg, for example, offers a world map of business conditions based on PMI here:

https://www.bloomberg.com/graphics/global-pmi-tracker/.

https://www.bloomberg.com/graphics/global-pmi-tracker/
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and Wu, 2020) and a large literature that documents differences in predictability

connected to the business cycle (Rapach et al., 2010; Henkel et al., 2011; Dangl and

Halling, 2012; Andreasen et al., 2020).

The second state variable is the macroeconomic uncertainty index (U) proposed

in Jurado et al. (2015).12 Macroeconomic uncertainty has recently been identified

as an important contributor to business cycle fluctuations (Bloom, 2009; Ludvigson,

Ma, and Ng, 2019) and asset prices (Drechsler, 2013; Bali, Brown, and Tang, 2017;

Augustin and Tédongap, 2020; Borup and Schütte, 2021). Moreover, uncertainty has

recently been used to study state-dependent performance of affine term structure

models (Sarno et al., 2016).

Figure 2.2 displays the evolution of the state variables over time. To identify

states and to facilitate interpretation, we define periods of high (low) activity and

uncertainty, respectively, using the 80% (20%) quantiles of their time series. The

quantiles are chosen to represent extreme states, while ensuring a reasonable number

of observations for inference.13 The high (low) states are represented by green (yellow)

shaded areas in the graph. We refer to the remaining periods as normal activity and

uncertainty states, respectively. Importantly, these state classifications are solely used

for ex post diagnostic analyses of predictability and are not used in the construction

of forecasts. PMI and U both identify persistent states, where PMI (U) mostly takes

on low (high) values in bad times. The two series have a sample correlation of −0.48.

2.3 Testing for state-dependent predictability

In this section, we develop a multivariate test for equal conditional predictive abil-

ity that facilitates real-time assessment and identification of state-dependencies

in predictability. We combine the test with a novel dynamic forecast combination

scheme that is designed to capitalize on predictable state-dependencies. The method

nests standard equal-weighted forecast combination among all forecasts as well as

dynamic method selection.

2.3.1 Setting

To introduce a general notation, let wt ≡
(
yt , xt

)′ be an observed vector defined on the

probability space
(
Ω,F,P

)
, where yt is the target object of interest and xt is a vector

of predictors. We consider a setting in which p+1 methods, indexed by i = 1, . . . , p+1,

p ≥ 1, are available for forecasting the target τ periods into the future. We denote

12We focus on the index associated with h = 1 step ahead forecast errors to match the holding period
of the bond as well as the data frequency in general. The index is available from Sydney C. Ludvigson’s
website: https://www.sydneyludvigson.com/macro-and-financial-uncertainty-indexes.

13Similar approaches to identifying high/low and good/bad states can be found in, among others, Liew
and Vassalou (2000), Rapach et al. (2010), and Sarno et al. (2016). We note that our definition of low activity
is broader than simply recessions, which make up about 10% of the sample.

https://www.sydneyludvigson.com/macro-and-financial-uncertainty-indexes
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Figure 2.2: Conditioning variables
This figure shows times series of the Purchasing managers’ index (PMI) published by the Insti-
tute for Supply Management and the macroeconomic uncertainty (U) index from Jurado et al.
(2015). Green (yellow) shaded areas represent periods of high (low) activity and uncertainty,
respectively, where high (low) episodes are identified using the 80% (20%) quantiles of their
time series. The sample period covers January 1962 to December 2018.
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the forecast of yt+τ constructed at time t by f̂ i
t+τ = f i

(
wt , wt−1, . . . , wt−mi+1; θ̂i

t ,mi

)
,

where f i is a measurable function and θ̂i
t ,mi denotes the parameter estimates used

to construct the forecast for the i th forecasting method obtained using observations

from the mi most recent periods. For ease of exposition, and along the lines of

Giacomini and White (2006), we define m = max{m1, . . . ,mp+1} and require that

m <∞. This assumption corresponds to a rolling window forecasting scheme which

features asymptotically non-vanishing estimation uncertainty, ensuring that our tests

can handle nested forecasting methods. It theoretically rules out expanding window

forecasting schemes from our test.

We focus on out-of-sample forecasts generated by linear predictive regression
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models as in (2.1) using p predictors from the literature in addition to the EH bench-

mark. We emphasize, however, that our econometric framework is not limited to such

regressions, but naturally includes a broader class of parametric, non-parametric, and

Bayesian methods, including those classified as machine learning. Our framework

does, however, require a finite p which limits the usefulness in a high-dimensional

setting.

We estimate the predictive regression models by a rolling window OLS scheme,

in accordance with our assumptions, and generate forecasts at time t according to

(suppressing maturity-dependence for notational simplicity)

f̂ i
t+τ = α̂i

t + β̂i
t x i

t , (2.2)

for i = 1, . . . , p, and where θ̂i
t ,mi =

(
α̂i

t , β̂i
t

)′
. The benchmark EH forecast naturally

includes no predictors and is simply defined as f̂ p+1
t+τ = α̂

p+1
t , which is consistent

with a no predictability interpretation implied by financial theory. The number of

out-of-sample forecasts is T = N − (m +τ−1) for a total sample size of N (time

series) observations. In order to assess the forecasting ability of each forecasting

method, we use a real-valued loss function Lt+τ
(

yt+τ, f̂ i
t+τ

)
. Important examples of

L include economic measures such as utility or profits (Granger and Machina, 2006)

and statistical measures such as the square or absolute value of the forecast errors

(West, 2006), where forecast errors are given by e i
t+τ = f̂ i

t+τ−yt+τ. To ease notation, we

suppress the arguments of L and write the i th loss function as Li
t+τ for the remainder

of the paper.

2.3.2 The hypothesis of equal conditional predictive ability

We are interested in formally evaluating whether a set of p +1, p ≥ 1, forecasting

methods display equal conditional predictive ability using some information set

(σ-field), Gt . That is, we wish to test the null hypothesis that

H0:E
[

Li
t+τ|Gt

]
= E

[
Li+1

t+τ|Gt

]
, i = 1, . . . , p, (2.3)

or, equivalently, that

H0:E
[
∆Lt+τ|Gt

]= 0, (2.4)

where ∆Lt+τ =
(
∆L1

t+τ, . . . ,∆Lp
t+τ

)′
is a p-dimensional vector of loss differentials

(i.e., ∆Li
t+τ = Li

t+τ − Li+1
t+τ for i = 1, . . . , p with Li

t+τ being the loss function for the

i th method). The null hypothesis in (2.4) is empirically relevant for a number of finan-

cial and macroeconomic applications and offers at least three main advantages.14

14The null nests the special case of studying predictability across recessions and expansions (see, e.g.,
Henkel et al. (2011) and Dangl and Halling (2012) for stocks and Gargano et al. (2019), Andreasen et al.
(2020), and Bianchi et al. (2021) for bonds), but is more general and allows for continuous state variables.
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First, it allows us to study not only if but also when there are detectable differences

in the predictive accuracy of two or more methods. This is distinctly different from

the traditional approach of assessing equal predictive accuracy on average and may

facilitate the discovery of predictive ability in certain states of the world as captured

by Gt . An equivalent viewpoint is that the null hypothesis implies that Gt is uninfor-

mative about the relative predictive accuracy of two or more forecasting methods

when forecasting the object of interest τ periods into the future, whereas a rejection

implies that the relative predictive accuracy is predictable by Gt and potentially ex-

ploitable in a real-time forecasting environment. Second, if Gt is set to the trivial

σ-field, Gt = {;,Ω}, then the null hypothesis reduces to an unconditional test com-

parable to that considered in Mariano and Preve (2012) that provides information

about the average predictive ability of the forecasting methods as in Diebold and

Mariano (1995) and West (1996). Third, the loss functions depend explicitly on the

parameter estimates and not on their probability limits, leading to a test statistic that

takes into account estimation uncertainty. Importantly, by allowing for asymptotically

non-vanishing estimation uncertainty, the test can accommodate the empirically

relevant case of nested models in the set of forecasting methods.15 This is key in our

context as the EH is nested within all methods coming from the predictive framework

in (2.1).

2.3.3 The multivariate test statistic

The null hypothesis in (2.4) can equivalently be stated as

H0:E
[

h̃t∆Lt+τ
]
= 0 (2.5)

for all Gt -measurable functions h̃t and Ft ⊆ Gt . We restrict attention to a subset of

these functions collected in the q-dimensional vector ht =
(
h̃(1)

t , . . . , h̃(q)
t

)′
. We refer

to this vector as a state function. Given a state function, we can then reformulate the

multivariate null hypothesis of equal conditional predictive ability as follows

H0,h :E
[
ht ⊗∆Lt+τ

]= 0, (2.6)

where the subscript h indicates the dependence on the state function and ⊗ denotes

the Kronecker product. The specification in (2.6) is a natural multivariate extension

of the null hypothesis considered in Giacomini and White (2006), and we indeed

obtain their econometric framework as a special case for p = 1.

As is common in the bond return predictability literature, we consider one-step

ahead predictions (τ= 1) as our leading example, but provide theoretical results

for multi-step ahead forecasting (τ> 1) in the Internet Appendix along with our

15Technically, with Gt = {;,Ω} and asymptotically vanishing estimation uncertainty, the standard
errors of differences in forecast performance between a set of nested models will equal zero, leading to
non-standard limiting distributions of the test statistics.
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assumptions that are adopted from Giacomini and White (2006). The information

set Gt contains the state variables discussed above. Last, let dt+1 = ht ⊗∆Lt+1 and

consider the quadratic statistic

Sh = T d
′
Σ̂−1

T d , (2.7)

where d ≡ T −1 ∑T
t=1 dt+1 and Σ̂T ≡ T −1 ∑T

t=1 dt+1d ′
t+1 is a (qp × qp) sample covari-

ance matrix that consistently estimates the variance of dt+1.16 That is, Sh is a natural

Wald statistic constructed for testing whether d is a zero vector. When formulating an

alternative hypothesis, it is important to take into account that the data may exhibit

non-stationarity. We provide a discussion in the Internet Appendix. For some c > 0,

we formulate the alternative in line with Giacomini and White (2006) as

HA,h :E
[

d
′]
E
[

d
]
≥ c, (2.8)

for all T sufficiently large. Under stationarity, the null and alternative hypothesis

are exhaustive. Under non-stationarity, this is not necessarily the case. If an im-

portant Gt -measurable variable is omitted from the state function, it may happen

that E
[

d
′]
E
[

d
]
= 0 for a particular sample size due to, for instance, shifting means

without the null hypothesis being true. As an example, one could easily imagine a

situation where one method outperforms (some of) the other methods in certain

states, while it performs worse than those methods in other states. Therefore, the test

has little power against alternatives where the loss differentials are correlated with Gt -

measurable random variables not included in the state function. While this concern

is important, it also highlights the flexibility of the test statistic. As mentioned above,

the econometrician chooses the state function to include state variables relevant

for disentangling the forecasting abilities of two or more forecasting methods. The

test, therefore, only provides power in situations when such state variables exist. As a

result, the test statistic changes with the choice of state function, which is emphasized

through the subscript in Sh .

The asymptotic properties of the test statistic are summarized in Theorem 1, and

we provide proofs and derivations in the Internet Appendix.

Theorem 1 (One-step multivariate conditional predictive ability test). Suppose

that Assumptions 1–3 hold (see the Internet Appendix for details). Then the test statistic

has the following properties.

A. Asymptotic distribution under the null. For forecast horizon τ= 1, state func-

tion sequence {ht }, m <∞, and under H0 in (2.4),

Sh
d−→χ2 (

qp
)

, as T →∞. (2.9)

16We note that for large values of q and/or p, the dimension ofΣT and d may become large, potentially
leading to issues with statistical inference in finite samples. We propose remedies in Borup and Thyrsgaard
(2017), but note that our empirical analyses imply reasonable dimensions with one state variable and p = 5
predictors plus the EH benchmark.
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B. Consistency under the alternative. For any c ∈R+ and under HA,h in (2.8),

P
[
Sh > c

]→ 1, as T →∞. (2.10)

C. Permutation invariance. Let L∗
t+1 be an arbitrary permutation of the vector of

forecast losses, and define ∆L∗
t+1 = DL∗

t+1, where

D =


1 −1 0 . . . 0

0 1 −1
. . .

...
...

. . .
. . .

. . . 0

0 . . . 0 1 −1

 (2.11)

is a p ×(
p +1

)
matrix. Let d

∗ = T −1 ∑T
t=1 d∗

t+1 with d∗
t+1 = ht ⊗∆L∗

t+1 and Σ̂∗
T ≡

1
T

∑T
t=1 d∗

t+1d∗′
t+1. Then,

S∗
h ≡ T d

∗′
m

(
Σ̂∗

T

)−1
d
∗
m = Sh , ∀T. (2.12)

We provide a corresponding result for the unconditional, possibly multi-step, case,

in the Internet Appendix. The unconditional case, in which we compare the average

performance of the methods over the out-of-sample window, is obtained by setting

ht = 1 for all t . The limiting distribution is then χ2
(
p

)
for a test statistic that employs a

HAC type covariance matrix estimator to capture serial dependence. In the case of the

conditional test and multi-step forecast horizons, a χ2
(
qp

)
limiting distribution is

obtained when using an appropriate HAC type covariance matrix estimator. Although

any reordering of the forecasting methods alters the dynamics of dt+1, Theorem 1.C.

shows that we obtain the same value of the test statistics and the same limiting

distribution under the null hypothesis for each permutation (reordering) of the

forecasting methods, regardless of the null being true or not. This is important as it

allows the researcher to perform just a single test. The Internet Appendix provides

Monte Carlo simulations confirming proper small sample properties of the test in a

setting that matches the empirical application below.

2.3.4 Understanding the test

This section provides an intuitive illustration of the test statistic. Consider the simple

case of p = 1, where the problem reduces to a comparison between a single pair of

forecasting methods. An unconditional test is equivalent to the regression

∆Lt+1 =ϕ0 +ηt+1, (2.13)

where the null hypothesis that ϕ0 = 0 can be tested using a standard t-test using

an appropriate HAC type of covariance estimator to account for serial correlation
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under the null hypothesis. The conditional test augments the regression with a set

of state variables. Suppose that we consider a single state variable h̃t (as in the

empirical analysis below to facilitate economic interpretation), then the conditional

test amounts to running the extended regression

∆Lt+1 =ϕht +ηt+1 =ϕ0 +ϕ1h̃t +ηt+1, (2.14)

with ϕ = (
ϕ0,ϕ1

)
and ht =

(
1, h̃t

)′
being the state function.17 In this case, we are

interested in testing jointly ϕ0 =ϕ1 = 0 using a Wald test and an appropriate estima-

tor of the covariance matrix. The limiting distribution under the null hypothesis is

equivalent to the ones provided in Theorem 1. From (2.14), it is clear that a rejection

of ϕ1 = 0 indicates that the state variable h̃t is informative about the future relative

predictive ability of the methods under consideration. That is, there is evidence

of state-dependency. Importantly, the expression in (2.14) is nothing more than a

predictive regression similar in spirit to (2.1), although the equation is estimated

using out-of-sample forecast errors for the purpose of inference in this context. The

key difference is that (2.14) predicts the future relative predictive ability among the

candidate forecasting methods using state variables whose values are observable at

the construction of the forecast and are picked by the researcher. We refer to them

as state regressions in the following. The above intuition naturally extends to the

case with p > 1, where the test statistic is similar to a seemingly unrelated regression

(SUR) framework. We will make use of this insight below when formulating a simple

decision rule to exploit rejections of the null hypothesis to dynamically select or

combine among forecasting methods with indistinguishable predicted performance.

2.3.5 Ranking of forecasting methods

A rejection of the null hypothesis suggests that one or more forecasting methods

exhibit superior predictive ability in certain states, but provides little guidance to-

wards identifying the method(s) causing the rejection and the predictive state. This

identification is of both economic and practical interest. Central banks, international

organizations (IMF, OECD, and the World Bank), and professional forecasters (SPF

and Blue Chip) frequently generate forecasts that are widely followed by market par-

ticipants and policy makers. Designing routines that can identify forecasts and/or

forecasters that are expected to perform well in real-time is therefore an important

task.

We therefore propose a dynamic ranking and elimination rule hat facilitates

the identification of the best set of methods in real-time. The rule, which draws

inspiration from the Model confidence Set (MCS) of Hansen et al. (2011), eliminates

inferior methods according to a prespecified elimination rule and rank forecasting

17Using multiple state variables, in addition to the constant, is then equivalent to running a multiple
regression and conducting joint inference on all parameters.
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methods into a best set whose elements have equal predictive ability conditional on

the information available at the time of the forecast. The procedure is designed to

reveal potential fluctuations in predictive ability over time, similar in spirit to the

fluctuation test of Giacomini and Rossi (2010), and their origins through the use of

observable state variables.

To identify the best set, we divide the out-of-sample window into two parts. The

first part has length T1 and is used for initially estimating the state regression. The

second part has length T2, with T1 +T2 = T , over which the dynamic procedure will

be employed. We introduce the following additional notation for the dynamic ranking

and elimination rule. First, for every time t , we let Mt denote the set of forecasting

methods available at time t . The goal of the proposed procedure is to eliminate any

inferior forecasting methods from this set, leaving the set M∗
t of superior forecasting

methods whose predictive ability are indistinguishable. The rule is formulated using

a single state variable (and a constant), but it can be extended directly to a setting

with multiple state variables. We then propose the following three-step algorithm at

each time point t = m +T1, . . . , N −1.

Step 0: For all pairwise combinations of forecasting methods, j , i ∈ Mt , i 6= j ,

estimate by OLS the regression model

∆L(i , j )
s+1 = Li

s+1 −L j
s+1 =ϕ j hs +ηs+1 (2.15)

using a rolling window of the past T1 forecast errors, where s = t −T1 +1, . . . , t .

The conditional expectation E
[
∆L j

t+1|Gt

]
is estimated by ϕ̂ j ht = ϕ̂

j
0 + ϕ̂

j
1h̃t ,

which measures the time t prediction of the future relative performance of

method i and j given the current information in the state variable. Based

on those predictions, rank all p + 1 methods (using a normalization of one

method). The forecasting method with lowest predicted loss across all pairwise

combinations is ranked first and the method with highest predicted loss is

ranked last.

Step 1: Run the multivariate test for equal conditional predictive ability.

Step 2: If the test is not rejected, set M∗
t = Mt . Otherwise, eliminate the lowest

ranked forecasting method from Mt based on the ranking of predicted forecast

losses. Iterate Steps 1–2 until the null is no longer rejected.

A few remarks are in order. First, the dynamic ranking and elimination rule ex-

ploits the state regression interpretation of our test statistic and is strongly rooted

in econometric theory. Second, since the elimination of models is based on a state-

specific ranking, the rule will capture the state-dependency of predictability over

time. In particular, considering the constituents of M∗
t across time or states informs

about state-dependency in predictability, which we make use of in the empirical

section below to understand the success of this methodology and derive economic
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insight. Third, the set of superior forecasting methods at any given time t does not

only depend on the choice of state variable(s), but also the loss function. This leaves

the researcher with some flexibility in choosing how different types of forecast errors

should be weighted. Fourth, since the algorithm provides sets of equal predictive

ability within each state, the ranking rule can intuitively be viewed as a conditional

MCS algorithm. Fifth, since the test is permutation invariant (see Theorem 1), the

test only needs to be carried out once each time Step 2 is conducted, even when

elimination alters the ordering of the methods. Last, the proposed method is based on

predicted predictability in the sense that M∗
t is comprised of the methods with lowest

expected future loss. This sets our method apart from others previously considered in

the literature (see, e.g., Aiolfi and Timmermann (2006) and Adämmer and Schüssler

(2020)), which have focused solely on ranking methods based on their past perfor-

mance. Ranking solely on past, or even the most recent, performance is especially

problematic if the performance of the forecasting methods display abrupt shifts, e.g.,

according to states, which our empirical evidence suggests is the case when it comes

to forecasting bond risk premia. Last, we acknowledge that the theoretical properties

of our algorithm are unclear but it remains a simple intuitive way of examining the

value of state-dependencies.

2.3.6 A dynamic forecast combination scheme

The dynamic ranking and elimination rule may produce a set of best methods, M∗
t ,

that consists of a singleton, some methods, or all methods. To accommodate all

scenarios, we propose a novel dynamic forecast combination (DFC) scheme that

delivers a forecast f̂ ∗
t+1 defined as

f̂ ∗
t+1 =

1

|M∗
t |

∑
i∈M∗

t

f̂ i
t+1, (2.16)

where |M∗
t | denotes the number of elements in M∗

t . This definition is consistent with

the static equal-weighting forecast combination (FC) principle often found in the

literature, but with the modification that we only combine across methods included

in the best set of methods as identified by the dynamic ranking and elimination rule.18

The DFC scheme can be interpreted as a data-driven way to select between dynamic

model selection and forecast combination in real-time with future predictability in

mind, where the selection is driven by the expected predictive ability of the predictors

and the information in the state variables. We will refer to forecasts generated by

18The equal-weighted combination scheme has a long tradition in the forecasting literature and is
empirically hard to beat as it involves no estimation error in weights (Timmermann, 2006; Rapach et al.,
2010). Other combination schemes are naturally possible, e.g., using estimated least squares weights,
possibly with shrinkage to equal weights (Bates and Granger, 1969; Granger and Ramanathan, 1984;
Zellner, 1986; Diebold and Pauly, 1987). While one could possibly increase forecast performance further
by considering more exotic combination schemes, this is not the aim of our paper.
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the DFC scheme as DFCh , where h refers to the state variable used in the dynamic

ranking and elimination rule.

The strategy complements the static combination and trimming rules found,

for instance, in Rapach et al. (2010), and provides a formal routine to identify the

optimal set of methods prior to combination (Aiolfi et al., 2011).19 It also extends

the procedure suggested in Adämmer and Schüssler (2020) by combining among

methods that are predicted to have the smallest future losses via the use of (2.15) in

Step 0, as opposed to those that have the smallest past losses. Moreover, our selection

of methods is rooted in a formal multivariate testing procedure, and resembles a

conditional MCS. In the special case with only two methods, p = 1, our scheme

reduces to the switching rule provided in Giacomini and White (2006). Timmermann

and Zhu (2017) formally show that forecast improvements are guaranteed when

state variables are powerful, and Granziera and Sekhposyan (2019) provide empirical

evidence consistent with this observation.

2.4 State-dependencies in bond return predictability

This section presents empirical evidence on predictable state-dependencies in bond

excess return predictability. While individual bond predictors fail to consistently

deliver reliable out-of-sample forecasts on average, we find strong evidence for state-

dependent predictability related to economic activity and uncertainty. Exploiting

these state-dependencies in real-time using the DFC strategy leads to substantial

gains in forecast accuracy.

2.4.1 Out-of-sample predictability

We begin by evaluating the unconditional predictive ability of individual bond pre-

dictors using a rolling window estimation scheme. We use the period from January

1962 to December 1989 as our initial in-sample estimation period, which is similar

to existing literature (e.g., Gargano et al. (2019)), and use the remaining period for

out-of-sample predictions. We designate the period from January 1990 to Decem-

ber 1999 as our initial testing testing period for estimating the state regression in

the dynamic ranking and elimination rule (see Section 2.3.5), and the period from

January 2000 to December 2018 as our evaluation period. We focus on U.S. Treasury

bonds with 24, 36, 48, and 60 months to maturity and consider predictive methods

using standard bond predictors. To evaluate the out-of-sample performance of the

predictive methods relative to the constant expected return benchmark implied by

19Alternatives include determining the optimal set using past performance (Aiolfi and Timmermann,
2006), the (unconditional) MCS (Samuels and Sekkel, 2017), or lasso-based procedures (Diebold and Shin,
2019).
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the EH, we consider the Campbell and Thompson (2008) out-of-sample R2 statistic

R2
OS,i ,k = 1−

∑N
t=R+1

(
r x(k)

t − r̂ x(k)
t ,i

)2

∑N
t=R+1

(
r x(k)

t − r̂ x(k)
t ,E H

)2 , (2.17)

where r̂ x(k)
t+1,i and r̂ x(k)

t+1,E H denote the forecast from the i th predictor model and

the EH benchmark, respectively, R = m +T1 denotes the end of the testing period,

and N denotes the total number of observations.20 The R2
OS statistic in (2.17) is

equivalent to one minus the ratio of mean squared prediction errors, i.e., R2
OS,i ,k =

1− MSPE(k)
i

MSPE(k)
E H

. Accordingly, we employ the squared prediction error in place of Lt+1

when implementing our statistical tests on predictive ability. An R2
OS > 0 implies that

the MSPE of the i th predictor model is lower than that of the EH benchmark model,

indicating higher predictive accuracy. We interpret the EH as a no predictability

benchmark and test the null of no predictability
(
R2

OS ≤ 0
)

against the one-sided

alternative of predictability by the i th predictor model
(
R2

OS > 0
)

using the Diebold

and Mariano (1995) (DM) test for equal predictive ability.21

Panel A of Table 2.2 reports R2
OS values and DM p-values for individual bond

predictors across the maturity spectrum. The main conclusion is that no individual

predictor is able to reliably outperform the EH benchmark unconditionally for all

maturities. The majority of methods deliver negative R2
OS values and those that are

positive are far from being significant at conventional levels.22 These results are in

line with Gargano et al. (2019), who similarly find few positive R2
OS values for linear

predictive models.23 Panel B considers a simple (static) equal-weighted forecast

combination scheme (Bates and Granger, 1969; Timmermann, 2006; Rapach et al.,

2010). We denote this combined forecast by FC. FC generates positive R2
OS values

from 6.08% for the two-year bond to 4.58% for the five-year bond. These values are

all significant according to the DM p-value at the five percent level. That is, although

no individual predictor is able to consistently outperform the EH, a simple equal-

weighted average of the individual forecasts is.

20See also Fama and French (1989) for a similar definition and use.
21Note that this is the unconditional version of the test statistic in Giacomini and White (2006), which

is nested within our framework for p = 1.
22We provide in-sample predictive regression results in the Internet Appendix, where we show that our

set of predictors are reliably related to bond risk premia.
23Our rolling window regression results for CP is poorer than in Gargano et al. (2019), indicating that

bond return predictability may be sensitive to the forecasting setup. In unreported results, we indeed find
that many R2

OS values improve when considering a forecasting environment with an expanding window
instead. However, the main conclusions remain qualitative similar.
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Table 2.2: Out-of-sample results
This table reports out-of-sample results from forecasting monthly bond risk premia using
various predictive methods. For each method, we report the out-of-sample R2 from Campbell
and Thompson (2008) and the associated Diebold and Mariano (1995) p-value in parentheses
for the null of no predictability implied by the EH (Panels A, B, and C) and against the static
forecast combination (FC) strategy (Panel D). Panel A considers individual bond predictors. CS
is the yield spread from Campbell and Shiller (1991), FB is the forward spread from Fama and
Bliss (1987), PC is the first three principal components of yields (Litterman and Scheinkman,
1991), CP is the forward rate factor from Cochrane and Piazzesi (2005), and LN is the macro
factor from Ludvigson and Ng (2009). Panel B reports the results for a static FC strategy. Panel C
reports results from the dynamic forecast combination (DFC) strategies. DFCA uses economic
activity measured by the Purchasing Managers’ Index as state variable, DFCU uses macroeco-
nomic uncertainty from Jurado et al. (2015) as state variable, and DFCP is an unconditional
alternative that uses past performance. The out-of-sample evaluation period runs from January
2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Individual bond predictors against EH

CS -2.73 -0.53 0.67 1.38
(0.68) (0.56) (0.41) (0.29)

FB -0.02 1.31 1.72 1.78
(0.50) (0.31) (0.22) (0.21)

PC -9.86 -7.64 -5.91 -4.83
(0.89) (0.91) (0.91) (0.90)

CP -6.63 -5.29 -4.27 -3.43
(0.91) (0.94) (0.94) (0.92)

LN -7.61 -0.48 1.93 2.43
(0.74) (0.52) (0.40) (0.36)

Panel B: Static forecast combination against EH

FC 6.08 5.28 4.89 4.58
(0.03) (0.01) (0.01) (0.01)

Panel C: Dynamic forecast combination against EH

DFCA 7.98 5.64 5.11 6.16
(0.00) (0.01) (0.01) (0.00)

DFCU 9.86 6.77 6.09 4.98
(0.00) (0.00) (0.00) (0.00)

DFCP 6.66 5.31 5.25 4.81
(0.01) (0.01) (0.00) (0.00)

Panel D: Dynamic forecast combination against FC

DFCA 2.02 0.39 0.23 1.66
(0.01) (0.27) (0.31) (0.05)

DFCU 4.02 1.58 1.26 0.42
(0.01) (0.01) (0.01) (0.28)

DFCP 0.62 0.04 0.38 0.24
(0.25) (0.47) (0.19) (0.32)
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2.4.2 Testing for equal conditional predictive ability

The previous section establishes that linear predictive methods are unable to reliably

beat the EH on average. However, this does not exclude the possibility that some

methods provide significantly better forecasts in certain states of the world. We in-

vestigate this possibility using the multivariate test for equal conditional predictive

ability introduced in Section 2.3. We entertain three specifications for the state re-

gression. First, we consider the information in PMI to examine if predictive ability is

related to economic activity and specify the state function as ht =
(
1,PMIt

)′. Second,

we specify ht =
(
1,Ut

)′ to study the effect of macroeconomic uncertainty. In principle,

one could also combine the state variables into ht =
(
1,PMIt ,Ut

)′ to exploit their

joint information. We leave the analysis of multivariate state regressions for further

research and instead focus on univariate state regressions here as they more easily

facilitate a state-wise interpretation. Third, we consider an unconditional version of

the multivariate test that relies only on past performance in which we set ht = 1 for

all t .

Table 2.3: Testing for equal (un)conditional predictive ability
This table reports full sample multivariate test statistics for equal (un)conditional predictive
ability using three different conditioning variables. Activity refers to the case of ht =

(
1,PMIt

)′
that is designed to capture business cycle fluctuations through the Purchasing Managers’
Index (PMI). Uncertainty refers to the case of ht =

(
1,Ut

)′ that is chosen to study the effect of
macroeconomic uncertainty through U. Past performance refers to an unconditional version
of the tests in which ht = 1 for all t . PMI is the Purchasing Managers’ Index and U is the
macroeconomic uncertainty index proposed in Jurado et al. (2015). p-values are presented in
parentheses. The full sample test period runs from January 1990 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Activity 31.36 34.65 29.76 26.73
(0.00) (0.00) (0.00) (0.00)

Uncertainty 27.03 27.95 26.16 26.22
(0.00) (0.00) (0.00) (0.00)

Past performance 8.07 5.68 5.10 5.77
(0.15) (0.34) (0.40) (0.33)

Table 2.3 reports test statistics and corresponding p-values for the multivariate

test for equal (un)conditional predictive ability over the evaluation period for each

of the three specifications for the state regression. The strong rejections of the null

hypothesis of equal conditional predictive ability across all maturities for both speci-

fications of ht that uses conditioning information provide strong evidence favoring

state-dependencies in bond excess return predictability. The unconditional test, on

the other hand, fails to reject equal predictive abilities across all maturities. In other

words, the state variables enable the detection of conditional differences in predictive

accuracy. We conclude that individual predictors are equally accurate when evaluated
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unconditionally using past performance, but statistically different conditional on

states of economic activity or uncertainty.

2.4.3 Dynamically combined forecasts

Having established that relative bond return predictability varies over time with state

variables tracking economic activity and uncertainty, we turn to a more detailed anal-

ysis of these state-dependencies. Specifically, we examine the forecasts generated by

the DFC scheme that combines across the best set of methods M∗
t with indistinguish-

able conditional predictive ability at time t as identified by the dynamic ranking and

elimination rule. We consider dynamically combined forecasts generated based on

economic activity (DFCA) using PMI, macroeconomic uncertainty (DFCU) using U,

and an unconditional alternative that uses average past performance (DFCP) as an

indicator for future predictability. The unconditional alternative is related to Samuels

and Sekkel (2017) who suggest trimming a given set of models using a recursive

implementation of the unconditional MCS and Adämmer and Schüssler (2020) who

use the set of models that, when combined, provides the best past performance.

We therefore view DFCP as a natural and challenging competitor. The conditional

alternative instead ranks the set of forecasting methods using a conditional MCS idea

with the elimination based on projected future predictability of bond excess return

using current information in state variables.

Panel C of Table 2.2 presents the results for the three DFC specifications. Remark-

ably, the DFC strategies deliver positive R2
OS values relative to the EH for all state

variables and bond maturities that are economically large with values between 5.11%

and 7.98% for DFCA and between 4.98% and 9.86% for DFCU. Moreover, these values

always exceed those of the FC strategy with a considerable margin. All (most) are

significant relative to the EH (FC) at conventional levels when using either PMI or

U, whereas DFCP does not deliver significant improvements against the FC. This

suggests that past relative predictive accuracy is not informative about future pre-

dictability relative to just using all methods with equal weight. On the other hand,

the state variables are remarkably informative about future predictability in the sim-

ple manner suggested by our multivariate test and the embedded state regressions,

cf. (2.15).

2.4.4 Understanding the sources of conditional predictability

This section investigates the underlying sources of conditional predictability and

the sizable improvements in predictive accuracy established above. To facilitate

interpretation, we classify the continuous state variables, PMI andU, into low, normal,

and high economic activity and uncertainty states, respectively, using the 20% and

80% quantiles similarly to, e.g., Rapach et al. (2010). We then proceed in two steps. We

first compute ex ante inclusion frequencies for each forecasting method within the
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states. We then study how the individual methods perform in each state and relate it

to the overall performance.

2.4.4.1 Inclusion frequencies

We compute ex ante inclusion frequencies for each forecasting method and state

variable using the low, normal, and high states for economic activity (PMI) and un-

certainty (U), respectively. Within each state, we then define the inclusion frequency

of the i th forecasting method as the fraction of months the model is included in the

best set relative to the total number of months in the given state.

Table 2.4: Inclusion frequencies across states
This table reports ex ante inclusion frequencies of the predictors across three different states of
the world identified using the 20% and 80% quantiles of the Purchasing Managers’ Index (PMI)
and the macroeconomic uncertainty index (U) proposed in Jurado et al. (2015). We consider
five different predictors. CS is the yield spread from Campbell and Shiller (1991), FB is the
forward spread from Fama and Bliss (1987), PC is the first three principal components of yields
(Litterman and Scheinkman, 1991), CP is the forward rate factor from Cochrane and Piazzesi
(2005), and LN is the macro factor from Ludvigson and Ng (2009). EH denotes the benchmark
expectations hypothesis model. The out-of-sample evaluation period runs from January 2000
to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1 r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Low activity Panel D: Low uncertainty

CS 1.00 1.00 1.00 1.00 0.25 0.64 0.64 0.57
FB 0.94 1.00 0.88 0.76 0.25 0.64 0.64 0.57
PC 0.45 0.36 0.42 0.42 1.00 1.00 0.93 1.00
CP 0.88 0.91 1.00 1.00 0.25 0.57 0.54 0.46
LN 0.73 0.67 0.70 0.64 0.96 1.00 1.00 1.00
EH 0.97 1.00 1.00 1.00 0.18 0.50 0.57 0.46

Panel B: Normal activity Panel E: Normal uncertainty

CS 0.86 0.90 0.94 0.98 0.69 0.88 0.86 0.84
FB 0.90 0.98 0.98 0.95 0.79 0.93 0.88 0.76
PC 0.51 0.41 0.47 0.50 0.43 0.53 0.54 0.58
CP 0.65 0.68 0.68 0.62 0.62 0.71 0.63 0.51
LN 0.71 0.79 0.87 0.86 0.83 0.85 0.90 0.92
EH 0.70 0.84 0.85 0.82 0.63 0.83 0.85 0.75

Panel C: High activity Panel F: High uncertainty

CS 0.58 0.75 0.85 0.93 0.95 1.00 1.00 0.98
FB 0.65 0.80 0.88 0.83 0.95 1.00 0.98 0.95
PC 0.83 0.74 0.78 0.88 0.49 0.51 0.44 0.28
CP 0.53 0.53 0.45 0.08 0.95 1.00 0.98 0.98
LN 1.00 1.00 1.00 0.95 0.72 0.98 0.95 1.00
EH 0.33 0.45 0.45 0.48 1.00 1.00 1.00 0.98

Table 2.4 reports a striking pattern in which the EH tends to be eliminated in

high (low) economic activity (uncertainty) states across the entire maturity spec-
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trum. Interpreting the EH as a no predictability benchmark, which is standard in

the literature, implies that bond excess returns are predictable in high (low) eco-

nomic activity (uncertainty) states, but less so in other states. The EH, conversely,

provides a reliable anchor in periods with low (high) and to some degree normal

economic activity (uncertainty). In the Internet Appendix, we device a methodology

that identifies predictability within states seen over the full out-of-sample period,

conditioning on low, normal, and high PMI and U states, respectively, that strongly

corroborates the observation that EH tends to be eliminated in high (low) economic

activity (uncertainty) states for all maturities.

2.4.4.2 State-dependent predictability

The ex ante inclusion frequencies are indicative of when certain models are predicted

to do well. In this section, we ask whether the inclusion frequencies align with relative

performance. That is, we ask whether the procedure correctly identifies methods

with good and bad relative performance.

Table 2.5 reports state-specific R2
OS values for the individual predictors relative to

the EH within the three economic activity and uncertainty states, respectively. The

results are supportive of the procedure correctly identifying methods that do well. We

find that individual predictors are generally performing poorly (R2
OS < 0) in low (high)

economic activity (uncertainty) states and well (R2
OS > 0) in high (low) economic

activity (uncertainty) states.24 This is consistent with the inclusion frequencies of

the EH. Specifically, the procedure appears to correctly anticipate periods in which

the EH provides a reasonable anchor for expected bond excess returns and periods

in which bond risk premia are predictable. Moreover, there is also a close mapping

between the inclusion frequencies and the magnitudes of the R2
OS values, where

models are more likely to be included (excluded) in a given state the higher (lower)

its R2
OS . That is, the gains in predictive accuracy are coming from the rule’s ability to

correctly predict predictability.

Corroborating this statement, DFCA and DFCU both deliver positive and sizable

R2
OS values in all states and for all bonds. Moreover, the improvements in accuracy are

always comparable or greater than those observed for FC and DFCP. This is a central

result that highlights the resilience of the DFC scheme. Even within states where all

predictors are weak on average, dynamically combined forecasts performs remark-

ably well because the scheme correctly eliminates methods predicted to perform

poorly from the set of best methods using the information in the state variables. We

obtain similarly impressive performance in states where most predictors are outper-

forming the EH, which is again attributable to the methods ability to correctly identify

24One exception is for CP in low uncertainty states using U as state variable. This is mainly due to few,
but notable, observations. Importantly, our procedures are able to capture this fact; within this state, they
eliminate CP as the first predictor across all bond maturities in the full out-of-sample ranking and CP
possesses lowest (together with EH) inclusion frequency in the dynamic ranking.
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Table 2.5: Out-of-sample R2 across states
This table reports out-of-sample results from forecasting monthly bond risk premia using
various predictive methods conditional on states identified by the Purchasing Managers’
Index (PMI) and the macroeconomic uncertainty index (U) proposed in Jurado et al. (2015).
For each method and state, we report the out-of-sample R2 from Campbell and Thompson
(2008). CS is the yield spread from Campbell and Shiller (1991), FB is the forward spread from
Fama and Bliss (1987), PC is the first three principal components of yields (Litterman and
Scheinkman, 1991), CP is the forward rate factor from Cochrane and Piazzesi (2005), LN is
the macro factor from Ludvigson and Ng (2009), FC is a static forecast combination strategy,
and DFCA, DFCU, and DFCP are dynamic forecast combination strategies based on economic
activity, uncertainty, and past performance, respectively. High (low) states are identified using
the 80% (20%) quantiles of the time series of PMI and U. The out-of-sample evaluation period
runs from January 2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1 r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Low activity Panel D: Low uncertainty

CS -19.73 -10.56 -6.41 -3.85 14.33 9.87 7.79 6.40
FB -13.17 -6.09 -3.43 -2.22 15.19 8.57 5.00 3.03
PC -37.08 -26.84 -20.98 -17.02 24.53 16.39 12.09 10.05
CP -13.30 -7.27 -3.54 -0.83 -83.09 -42.16 -23.01 -12.28
LN -23.94 -15.44 -12.03 -11.24 14.05 10.04 7.52 5.73
FC 1.34 2.53 2.74 2.47 18.52 12.96 10.19 8.65
DFCA 3.55 1.53 2.28 6.30 21.23 13.55 10.59 10.09
DFCU 9.65 4.93 4.37 2.58 26.34 15.83 13.15 10.27
DFCP 4.09 4.45 4.19 3.00 14.83 8.77 9.23 8.33

Panel B: Normal activity Panel E: Normal uncertainty

CS 2.16 1.68 1.95 2.20 -2.64 -0.51 0.61 1.28
FB 4.26 3.25 2.90 2.62 1.09 1.78 2.00 2.00
PC -5.04 -5.29 -4.19 -3.26 -4.86 -4.46 -3.44 -2.74
CP -6.09 -6.42 -6.06 -5.61 -1.03 -2.14 -2.56 -2.90
LN -2.58 3.80 5.78 6.25 -2.15 4.31 6.44 7.16
FC 7.77 6.03 5.41 5.10 7.46 5.17 4.37 3.98
DFCA 8.96 6.62 5.71 6.02 9.96 6.39 4.95 4.15
DFCU 9.60 7.42 6.77 5.99 9.10 5.96 4.93 4.16
DFCP 8.00 5.72 5.46 5.76 7.49 5.02 4.52 4.23

Panel C: High activity Panel F: High uncertainty

CS 6.86 5.32 5.38 5.78 -4.29 -2.03 -0.67 0.30
FB 4.44 3.79 3.83 4.02 -2.82 -0.55 0.50 0.98
PC 20.26 12.96 9.43 7.36 -19.49 -16.08 -13.96 -12.51
CP 9.32 7.30 6.43 6.00 -7.19 -4.90 -3.26 -1.81
LN -8.41 -2.57 0.26 2.18 -18.80 -11.59 -8.99 -8.73
FC 10.24 7.96 7.13 6.75 2.66 3.77 4.21 4.16
DFCA 14.44 10.28 8.37 6.45 3.73 2.85 3.77 8.25
DFCU 11.49 7.97 6.82 5.74 8.37 5.99 5.95 4.51
DFCP 7.09 5.50 6.54 4.67 4.50 5.00 5.30 4.55
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which methods to eliminate and which to retain based on predicted performance.

In the Internet Appendix, we depict the size of M∗
t over time using PMI and U. This

best set of models varies considerably over time and includes situations in which

the set include all models, leading to forecasts equivalent to FC, and situations with

a singleton (equivalent to dynamic method selection). That is, at times there is no

need for elimination of methods and at other times we should only use the forecasts

from a single model. The dynamic ranking and elimination rule is more selective in

periods where predictability is strong and vice versa. Importantly, this tells us why

dynamic ranking and elimination may lead to improvements over FC.

All together, our empirical results are consistent with, and clearly points to, state-

dependencies in bond excess return predictability linked to economic activity and

uncertainty. Bond excess returns are predictable in states with high (low) economic

activity (uncertainty), but not in others. Moreover, these shifts in predictability can

be successfully exploited via the DFC scheme proposed in this paper. It is relevant

to relate these findings to Gargano et al. (2019) who identify stronger predictability

in recessions than outside recessions. Although our findings contrast this notation,

the differences may originate from several aspects of the empirical designs. First,

they employ a different set of models and use Bayesian methods, incorporating time-

varying parameters and/or stochastic volatility, and not the conventional univariate

linear models considered here. Second, their decomposition is based on full sample

estimates, whereas ours is based on out-of-sample forecasts. However, the forecasts

generated by the DFC scheme and the forecasts in Gargano et al. (2019) are both

markedly countercyclical. We turn to this point below.

2.5 Links to the real economy

In this section, we examine the link between DFC bond risk premia forecasts and the

real economy. Standard finance theory implies that investors demand compensation

for risks associated with recessions due to heightened risk aversion (Campbell and

Cochrane, 1999; Wachter, 2006; Buraschi and Jiltsov, 2007) and risk premia should

therefore be countercyclical and peak in recessions.

Table 2.6 reports contemporaneous correlations between economic activity and

the risk premia estimates from individual bond predictors, FC, and the dynamically

combined forecast generated by DFCA, DFCU, and DFCP. We employ PMI as our

measure of economic activity (Berge and Jordà, 2011; Christiansen et al., 2014). The

results offer two main insights. First, yield-based variables deliver risk premia es-

timates that are significantly positively correlated with real economic activity. The

methods therefore imply procyclical risk premia, which sharply contrasts canonical

theory. LN, on the other hand, realizes a significant negative correlation of about

-38% across the maturity spectrum, which is consistent with countercyclical risk

premia. This finding is consistent with Ludvigson and Ng (2009). The FC strategy
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Table 2.6: Correlations between forecasts and economic activity
This table reports correlation coefficients between out-of-sample generated forecasts from
individual bond predictors (Panel A), the static (equal-weighted) forecast combination (FC)
strategy (Panel B), and the dynamic forecast combination (DFC) strategies (Panel C) and
economic activity as measured by the Purchasing Managers’ Index (PMI). We report p-values
for the null of no correlation in parentheses. The out-of-sample evaluation period runs from
January 2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Individual bond predictors

CS 0.36 0.31 0.27 0.23
(0.00) (0.00) (0.00) (0.00)

FB 0.27 0.19 0.14 0.09
(0.00) (0.00) (0.01) (0.08)

PC 0.33 0.36 0.36 0.35
(0.00) (0.00) (0.00) (0.00)

CP 0.15 0.16 0.16 0.16
(0.01) (0.00) (0.00) (0.00)

LN -0.38 -0.38 -0.38 -0.38
(0.00) (0.00) (0.00) (0.00)

EH 0.07 0.14 0.16 0.17
(0.17) (0.01) (0.00) (0.00)

Panel B: Static forecast combination

FC 0.01 0.01 0.00 -0.01
(0.88) (0.87) (0.98) (0.90)

Panel C: Dynamic forecast combination

DFCA -0.39 -0.40 -0.39 -0.35
(0.00) (0.00) (0.00) (0.00)

DFCU -0.40 -0.36 -0.37 -0.39
(0.00) (0.00) (0.00) (0.00)

DFCP -0.29 -0.26 -0.27 -0.28
(0.00) (0.00) (0.00) (0.00)

produces risk premia estimates that are virtually acyclical and unrelated to the real

economy. The acyclicality is likely caused by the divergent cyclicalities being washed

out in the equal-weighted FC scheme. The DFC strategies produce markedly nega-

tive and statistically significant correlations with the real economy. This empirical

finding is consistent with recent evidence similarly documenting countercyclical

bond risk premia (Gargano et al., 2019; Andreasen et al., 2020; Bianchi et al., 2021)

and models with time-varying risk (Bekaert et al., 2009; Carpenter et al., 2020; Creal

and Wu, 2020). Dynamically eliminating poor methods from the candidate set of

methods prior to combination based on predicted performance therefore yields both

economically meaningful risk premia estimates that are strongly countercyclical

as well as substantial improvements in overall forecast accuracy.25 These findings

25Other types of business cycle indicators can naturally be entertained. We report in the Internet
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altogether demonstrate the importance of taking a conditional view on bond return

predictability.

2.6 Economic value

This section quantifies the economic value attainable from dynamically combining

forecasts across methods predicted to perform well. Specifically, we consider the

asset allocation decision of a mean-variance investor with relative risk aversion γ

that chooses the weight ω(k)
t to invest in a k-period bond and the weight

(
1−ω(k)

t

)
to invest in a one-period safe bond (Marquering and Verbeek, 2004).26 The resulting

portfolio return is then

r (k)
p,t+1 = y (1)

t +ω(k)
t r x(k)

t+1, (2.18)

where r x(k)
t+1 denotes monthly bond excess returns for a Treasury bond with k months

to maturity. Denoting moments conditional on Gt by subscript t , we assume that the

investor maximizes a utility function U
(
r (k)

p,t+1

)
of the form

U
(
r (k)

p,t+1

)
= Et

[
r (k)

p,t+1

]
− 1

2
γVart

[
r (k)

p,t+1

]
, (2.19)

where the solution to the maximization problem yields the optimal portfolio weights

ω
(k)
t = 1

γ

Et

[
r x(k)

t+1

]
Vart

[
r x(k)

t+1

] , (2.20)

where Et

[
r x(k)

t+1

]
is estimated using the i th predictive method and Vart

[
r x(k)

t+1

]
is

computed using a rolling window of past bond excess return realizations. We win-

zorize weights according to reasonable shorting and leverage constraints, similar to

Thornton and Valente (2012) and Gargano et al. (2019), such that ω(k)
t ∈ [−1,2] for all

maturities. Using the sequence of portfolio weights, we compute average utility, or

Appendix contemporaneous correlations among generated forecasts and each of the macroeconomic
uncertainty (U), recession probabilities of Chauvet and Piger (2008), the Chicago Fed National Activity
Index (CFNAI), and logarithmic growth rates to industrial production growth. It stands out that our
dynamic forecasting combination technique leads to much stronger countercyclical bond risk premia
than all yield-based variables and FC.

26Assuming that investors have mean-variance preferences in asset allocation exercises has a long
tradition in predictability studies and similar approaches can be found in, among many, Campbell and
Thompson (2008), Goyal and Welch (2008), Wachter and Warusawitharana (2009), Thornton and Valente
(2012), Sarno et al. (2016), Eriksen (2017), Ghysels et al. (2018), and Gargano et al. (2019). A multivariate
asset allocation exercise is, in principle, also possible, yet due to the very high correlation among the
considered bonds, cf. Table 2.1, the inverse of their covariance matrix is highly unstable, leading to
unrealistic and very large weights that renders their winzoriation binding in all periods. For these reasons,
we do not consider this approach.
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certainty equivalent return (CER), for each forecast method using (2.19). We similarly

compute the CER for the EH benchmark prediction in lieu of the predictive methods.

The CER gain is then the difference between the CER for the predictive models and

the CER for the EH benchmark. We annualize the CER gain so that it can be inter-

preted as the annual portfolio management fee that an investor would be willing to

pay to have access to the information in the predictive forecast relative to the EH

benchmark.27 Thus, this setup enables a direct assessment of the economic value

associated with the increased forecasting precision.

2.6.1 Certainty equivalent returns

Table 2.7 reports annualized CER gains for all individual bond predictors (for com-

parison) relative to the EH in Panel A, for FC in Panel B, and for the DFC strategies

relative to the EH and FC in Panels C and D, respectively. In our main results, we set

γ= 10.28 In order to evaluate the statistical significance of the CER gains, we follow

Eriksen (2017) and Gargano et al. (2019) and conduct a conventional t-test on the

mean of the time series of realized utility differences. Standard errors are obtained

using a Newey and West (1987) estimator.

Overall, we find little evidence that predictable deviations from the EH can be

exploited to generate economic value on average when considering individual meth-

ods (Panel A). The exception is LN that generally do well utility-wise, something

that contrast the statistical results, yet is consistent with the literature that often

find disagreeing economical and statistical results. FC (Panel B), on the other hand,

obtains positive CER gains for all maturities, indicating that combination forecasts

may improve the economic value.

Panel C considers the CER gains for DFCA, DFCU, and DFCP. Consistent with our

statistical results, we obtain positive CER gains in all cases that are reliably different

from zero. DFCA delivers positive CER gains between 0.39 and 1.43, which are sig-

nificantly different from zero at conventional significance levels for all maturities.

DFCU similarly delivers positive values that are significant on conventional signif-

icance levels for all maturity bonds except the 2-year bond. DFCP always delivers

less economic value than DFCA or DFCA, yet all are positive, close to that of the FC,

and the 4- and 5-year bonds deliver statistically significant gains on a five percent

level. As such, the overall message is clearly supportive of the notion that taking

state-dependencies in bond return predictability into account leads to substantial

improvements in forecasting accuracy and that these improvement translates into

better investment performance for a mean-variance investor that trades in the U.S.

Treasury bond market.

27Trading costs are generally small in U.S. Treasury bond markets (Adrian, Fleming, and Vogt, 2017).
28In unreported results, which are available upon request, we confirm that the results are robust to

using other reasonable values of γ.
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Table 2.7: Economic Value
This table reports certainty equivalent return (CER) gains for various predictive methods
for monthly bond excess return. For each method, we report the CER gains relative to the
expectations hypothesis (Panels A, B and C) and a static (equal-weighted) forecast combination
(FC) strategy (Panel D). Panel A considers individual bond predictors. CS is the yield spread
from Campbell and Shiller (1991), FB is the forward spread from Fama and Bliss (1987), PC is the
first three principal components of yields (Litterman and Scheinkman, 1991), CP is the forward
rate factor from Cochrane and Piazzesi (2005), and LN is the macro factor from Ludvigson
and Ng (2009). Panel B reports the results for a static FC strategy. Panel C reports results from
the dynamic forecast combination (DFC) strategies. DFCA uses economic activity measured
by the Purchasing Managers’ Index as state variable, DFCU uses macroeconomic uncertainty
from Jurado et al. (2015) as state variable, and DFCP is an unconditional alternative that uses
past performance. CER gains are based on an investor with mean-variance preferences and a
relative risk aversion of γ= 10. The out-of-sample evaluation period runs from January 2000 to
December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Individual bond predictors against EH

CS -0.64 -0.35 0.10 0.45
(0.90) (0.75) (0.43) (0.20)

FB -0.43 -0.12 0.32 0.58
(0.84) (0.62) (0.24) (0.17)

PC -1.65 -1.78 -1.65 -1.44
(0.98) (0.96) (0.93) (0.89)

CP -0.66 -0.83 -0.76 -0.48
(0.96) (0.95) (0.87) (0.73)

LN 0.85 1.75 2.32 2.74
(0.00) (0.00) (0.00) (0.00)

Panel B: Static forecast combination against EH

FC 0.10 0.34 0.86 1.07
(0.36) (0.16) (0.03) (0.02)

Panel C: Dynamic forecast combination against EH

DFCA 0.39 0.59 1.05 1.43
(0.08) (0.06) (0.02) (0.00)

DFCU 0.26 0.60 1.17 1.18
(0.16) (0.05) (0.01) (0.02)

DFCP 0.17 0.33 0.92 1.16
(0.26) (0.19) (0.03) (0.02)

Panel D: Dynamic forecast combination against FC

DFCA 0.28 0.25 0.19 0.37
(0.01) (0.04) (0.09) (0.03)

DFCU 0.16 0.25 0.31 0.12
(0.06) (0.02) (0.01) (0.27)

DFCP 0.06 -0.02 0.06 0.09
(0.13) (0.56) (0.24) (0.26)
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Panel D confirms this conclusion by documenting positive CER gains for the DFC

strategies relative to FC. Moreover, those increases are all statistically significant at

conventional significance levels except in one case. We stress that this strongly sup-

ports the idea that dynamically eliminating forecasting methods predicted to perform

poorly and only maintaining methods with best, yet indistinguishable conditional

predictive ability delivers both statistical as well as economic value. This is remark-

able as our approach is not designed to capture utility, but statistical predictability.29

This finding is also important in light of the puzzling contradiction between the sta-

tistical and economic evidence typically documented in the literature (Thornton and

Valente, 2012; Sarno et al., 2016). Our conditional view of bond return predictability

offers a resolution to the puzzle in a simple manner, complementing the findings in

Gargano et al. (2019).

2.6.2 State-dependent utility

Table 2.8 reports state-dependent CER gains for the individual predictors, FC, and

dynamically combined forecasts relative to the EH.

Individual predictors generally deliver negative CER gains in low (high) economic

activity (uncertainty) states and positive CER gains in high (low) economic activity

(uncertainty) states. This is fully consistent with the results from the statistical eval-

uation and suggests that PMI and U predict not only statistical performance, but

economic value as well. LN, however, stands out by delivering positive CER gains

across all states and maturities. We note that these findings contrast those of Sarno

et al. (2016) who document positive (negative) economic value relative to the EH

during times of high (low) uncertainty. Their setting, however, is different as predic-

tions are derived from affine term structure models and not predictive regressions as

here. We end this section by drawing attention to the strong and consistently positive

CER gains derived from the dynamically combined forecasts across all states and

bond maturities. This highlights the strength of dynamically combining forecasts

predicted to perform well and shows that applying a conditional view on bond return

predictability is key to resolving the contradicting results for statistical and economic

evaluations found in the literature.

29Section B.4.5 in the Internet Appendix reports resulting improvements in the Sharpe ratio earned
by an active investor exploiting predictive information (summarized by the R2

OS ) over the Sharpe ratio
earned by a buy-and-hold investor, following Gu, Kelly, and Xiu (2020). The results show that individual
predictors almost always lead to Sharpe ratio reductions and if any gain is achieved it is generally small.
On the other hand, FC provides notable Sharpe ratio improvements, yet our DFC scheme is superior for
all bond maturities. For instance, the buy-and-hold Sharpe ratio of a 2-year bond, which is 0.90 in our
out-of-sample period, can be improved with 0.48 (0.59) using PMI (U) as state variable. Improvements for
DFCP are almost identical to FC.
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Table 2.8: CER gains across states
This table reports certainty equivalent return (CER) gains for various predictive methods
for bond excess return conditional on states identified by the Purchasing Managers’ Index
(PMI) and the the macroeconomic uncertainty index (U) proposed in Jurado et al. (2015).
For each method and state, we report the CER gain relative to the EH. CS is the yield spread
from Campbell and Shiller (1991), FB is the forward spread from Fama and Bliss (1987), PC
is the first three principal components of yields (Litterman and Scheinkman, 1991), CP is the
forward rate factor from Cochrane and Piazzesi (2005), LN is the macro factor from Ludvigson
and Ng (2009), FC is a static forecast combination strategy, and DFCA, DFCU, and DFCP are
dynamic forecast combination strategies based on economic activity, uncertainty, and past
performance, respectively. High (low) states are identified using the 80% (20%) quantiles of the
time series of PMI and U. CER gains are based on an investor with mean-variance preferences
and a relative risk aversion of γ= 10. The out-of-sample evaluation period runs from January
2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1 r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Low activity Panel D: Low uncertainty

CS -3.22 -2.41 -2.04 -2.05 0.02 0.08 1.29 1.68
FB -2.44 -1.82 -1.83 -2.70 0.01 0.16 0.98 0.86
PC -7.17 -7.06 -6.92 -6.77 0.02 0.94 2.28 2.76
CP -2.42 -1.85 -0.91 -0.05 0.08 0.78 2.13 2.70
LN 1.22 2.47 2.05 0.25 0.02 0.41 1.30 1.55
FC -0.50 0.46 0.88 0.62 -0.01 0.37 1.39 2.10
DFCA 0.11 0.58 1.42 1.09 0.05 0.37 1.60 2.26
DFCU 0.07 1.18 1.49 1.14 0.37 0.47 1.93 1.92
DFCP 0.21 0.92 1.28 1.25 0.02 0.17 1.24 1.96

Panel B: Normal activity Panel E: Normal uncertainty

CS -0.19 0.01 0.32 0.48 -0.36 -0.21 0.03 0.24
FB -0.10 0.04 0.13 -0.01 -0.32 -0.21 0.01 0.07
PC -1.00 -1.20 -0.96 -0.72 -0.66 -0.72 -0.58 -0.49
CP -0.35 -0.78 -1.03 -1.02 -0.58 -0.80 -0.68 -0.69
LN 0.82 1.32 1.50 1.78 0.90 1.47 1.72 1.94
FC 0.18 0.21 0.64 0.97 0.04 0.24 0.66 0.92
DFCA 0.26 0.31 0.61 1.13 0.38 0.60 0.89 1.06
DFCU 0.26 0.38 0.96 1.04 0.11 0.41 0.84 1.00
DFCP 0.22 0.21 0.66 0.96 0.15 0.26 0.63 0.92

Panel C: High activity Panel F: High uncertainty

CS 0.51 0.57 1.43 1.82 -1.41 -0.57 -0.06 -0.18
FB 0.25 0.23 1.17 1.38 -0.82 -0.38 -0.55 -1.69
PC 1.75 2.44 2.84 2.56 -5.19 -5.62 -5.67 -5.60
CP 0.34 0.80 1.61 1.86 -0.74 -1.14 -1.98 -1.42
LN 0.59 1.34 1.99 1.88 1.16 2.30 1.71 0.29
FC 0.31 0.81 1.73 1.85 0.41 0.71 1.23 0.95
DFCA 1.17 1.74 2.56 2.17 0.61 0.69 1.28 1.52
DFCU 0.45 0.97 1.74 1.72 0.76 1.37 1.86 1.29
DFCP 0.33 0.49 1.29 1.72 0.70 0.85 1.42 1.34
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2.7 A model for time-varying predictability

Our empirical findings imply that (i) bond return predictability is state-dependent,

(ii) the EH should hold periodically in some states, but not in others, and (iii) the

states should be related to economic activity and/or uncertainty such that the EH

holds in low (high) economic activity (uncertainty) states. In this section, we show

that these findings can be explained within a nonlinear term structure model that

allows for state-dependencies in the yield curve. Specifically, we consider a version

of the nonlinear model presented in Feldhütter et al. (2018). We focus on a one-

factor specification to illustrate the predictions of the model in a simple setting, and

adopt a notation similar to that of Feldhütter et al. (2018). The Internet Appendix

provides further details on the model and the estimation procedure using a square-

root unscented Kalman filter.

2.7.1 The model

The model is an arbitrage-free dynamic term structure model in which the short rate

and market prices of risk are nonlinear functions of a Gaussian state variable X (t )

with dynamics

d X (t ) = κ(
θ−X (t )

)
d t +ΣdW (t ) , (2.21)

where κ, θ, and Σ are constants, and W (t ) is a standard Brownian motion. The model

assumes a functional form for the stochastic discount factor (SDF)

M (t ) = M0 (t )
(
1+γe−βX (t )

)
= M0 (t )+M1 (t ) , (2.22)

where M1 (t ) = M0 (t )γe−βX (t ), γ > 0 and β are constants, and M0 (t ) is a strictly

positive stochastic process that follows the dynamics

d M0 (t ) =−r0 (t ) M0 (t )d t −Λ0 (t ) M0(t )dW (t ), (2.23)

where r0 (t ) is the short (risk-free) rate, and Λ0 (t ) the market price of risk. M0 (t )

and M1(t) can be viewed as the SDFs corresponding to two artificial economies:

economy 0 and economy 1. We interpret these artificial economies as corresponding

to different states of the world. The short rate and market price of risk in the two

states are given by

ri (t ) = ρi ,0 +ρi ,X X (t ) , i = 1,2 (2.24)

Λi (t ) =λi ,0 +λi ,X X (t ) , i = 1,2 (2.25)

λ1,0 =λ0,0 +Σβ, (2.26)

λ1,X =λ0,X , (2.27)

ρ1,0 = ρ0,0 +βκθ− 1

2
β2Σ2, (2.28)

ρ1,X = ρ0,X −κβ−λ0,XΣβ, (2.29)
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where all parameters are scalars due to the one-dimensionality of X (t ). The price

of a zero-coupon bond is then a linear combination of the prices in two artificial

economies

P
(
t ,T

)= s (t )P0
(
t ,T

)+ (
1− s(t )

)
P1

(
t ,T

)
, (2.30)

where Pi
(
t ,T

)
denotes the discount bond price in the i th economy and the stochastic

weighting between the two states is determined by s (t ) = 1
1+γe−βX (t ) ∈ [0,1]. If either

γ= 0 or β= 0, then the model collapses to a Gaussian term structure model. Provided

that the short rate is affine in economy 0, the short rate is also affine in economy

1, implying that Pi
(
t ,T

)
is exponential affine for both i = 0,1. From Duffie and Kan

(1996), we then have that Pi
(
t ,T

)= e Ai (τ)+Bi (τ)X (t ) for i = 0,1. The expected log excess

return of buying a discount bond with k periods to maturity and a holding period of

τ in the i th economy is

Et

[
r x(k)

t+τ
]
=Ai

(
k −τ)+Bi

(
k −τ)Et

[
X (t +τ)

]
− Ai

(
k
)−Bi

(
k
)

X (t )+ Ai (τ)+Bi (τ) X (t ) , (2.31)

where Ai
(
T − t

)
and Bi

(
T − t

)
are the solutions to some ordinary differential equa-

tions. If the EH holds in economy i , then (2.31) must be a constant, and, hence,

independent of X (t). This restriction is satisfied if Bi (t ) = 0 for all t and implies, in

the i th economy, that the short rate ri (t ) = ρi ,0 +ρi ,X X (t ) must be independent of

X (t ) and equal to a constant, i.e., ρi ,X = 0.

2.7.2 Estimating the model

In estimating the model, we follow Sarno et al. (2016) and base our estimates on

both zero-coupon yields and excess holding period returns. More specifically, we

include zero-coupon yields with k = {
12,24,36,48,60

}
months to maturity as well

as monthly excess returns for bonds with a maturity of k = {
24,36,48,60

}
months.

The parameters are estimated over the out-of-sample period (i.e., from January 1990

to December 2018) and we use a square-root unscented Kalman filter. To ensure

identification of the parameters when s(t ) is close to zero or one, γ= 0, or β= 0, we

impose the normalization proposed in Dai and Singleton (2000), as do Feldhütter

et al. (2018).

2.7.3 Results

The implications described above translate into three testable hypotheses:

H(1): State-dependency requires that both γ and β must be different from zero

and that γ is not too large such that s(t ) is constant,

H(2): The EH holding periodically requires that either ρ0,X or ρ1,X is equal to

zero,
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H(3): The state weight s(t ) must be related to U and/or PMI and the EH should

hold in low (high) PMI (U) states.

Table 2.9: Nonlinear term structure model
This table reports parameter estimates and tests for relevant restrictions for the nonlinear
one-factor model of Feldhütter et al. (2018). Panel A reports relevant parameter estimates
with associated p-values from a t-test with asymptotic standard errors. Panel B provides
correlations between the stochastic weighting s (t ) and each of our conditioning variables (PMI
and U) with corresponding p-values for the null of no correlation in parentheses. All estimates
are based on yield and excess return data using our out-of-sample observations (i.e., January
1990 to December 2018). The bond maturities are ranging between 12 and 60 months for the
yields while we consider the excess return of maturities between 24 and 60 months with a
holding period of one month. The model is estimated using a square-root unscented Kalman
filter.

Panel A Panel B

ρ0,X 1.01e−06 PMI U

(1.00) ∆s(t ) -0.15 0.13
γ 3.14 (0.01) (0.01)

(0.00)
β -0.14

(0.00)

Panel A of Table 2.9 presents parameter estimates and p-values from an asymp-

totic t-test for γ, β, and ρ0,X . First, both γ and β are, consistent with H(1), statistically

significant. Hence, nonlinearity is important for explaining yields and excess returns

and state-dependency is present.30 Second, ρ0,X is economically and statistically in-

significant and numerically close to zero, implying that the model identifies economy

0 as corresponding to a state of the world in which the EH holds. Moreover, since the

estimated β 6= 0, the short rate in economy 1 is strongly related to X (t ) and we con-

clude that the EH is violated in economy 1. That is, the two economies are distinctly

different and, consistent with hypothesis H(2), that the EH holds periodically.

The final testable hypothesis from the model is whether the weighting between

states s (t ), i.e., between economy 0 (EH) and economy 1, is related to economic

activity and uncertainty (our conditioning variables). Figure 2.3 plots s(t) against

NBER recession dates and 20% and 80% percentiles of PMI and U, respectively.

To interpret the figure, note that Increases (decreases) in s(t ) correspond to larger

weights on economy 0 (economy 1). We highlight three observations: (i) s(t ) increases

during recessions, (ii) s(t ) increases (decreases) during periods with low (high) values

of PMI, and (iii) s(t ) increases (decreases) during periods with high (low) values of U.

30In unreported results, we perform two likelihood-ratio tests to test two hypotheses that correspond
to s(t ) being equal to zero or one for all periods, respectively. We reject both hypotheses and conclude that
the two tests confirm the importance of state-dependencies.
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Figure 2.3: Stochastic weights on economy 0
The figure illustrates the time series of the estimated stochastic weights s(t ) on economy 0 in
the non-linear model term structure model. s(t ) = 1 corresponds to an economy in which the
expectation hypothesis (EH) holds. Grey shaded areas represent NBER recessions. Green (yel-
low) shaded areas represent periods of high (low) activity and uncertainty, respectively, where
high (low) episodes are identified using the 80% (20%) quantiles of their time series. White
areas are normal times. The model is estimated using data from January 1990 to December
2018.
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To test the hypothesis quantitatively, we compute correlations between changes

in s (t ) and our conditioning variables.Panel B of Table 2.9 reports these correlations

as well as p-values for the null of zero correlation. The negative (positive) sign with

PMI (U) and magnitude of the correlation coefficients are in line with our results

and both are significantly different from zero at a 5% significance level. That is, s (t )

increases (decreases) during periods with low (high) values of PMI and vice versa,

which is fully consistent with our empirical results and H(3).

These findings suggest that zero-coupon bond prices (and excess returns) are

mainly set in a way consistent with the EH in states of low (high) economic activ-

ity (uncertainty), but vary with X (t ) in the others. This implies state-dependent

predictability of bond excess returns and demonstrates that our empirical findings

regarding state-dependencies in bond return predictability are consistent with the
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predictions of a nonlinear term structure model that allows for state-dependencies

in yields.

2.8 Additional considerations

2.8.1 A story of time-varying risk aversion?

In Section 2.2 we motivated the choice of state variables by an argument of uncer-

tainty and activity measure some salient measure of the business cycle, for instance,

risk-aversion. The argument implies that other proxies for risk-aversion should also

deliver gains in predictability.

To investigate whether the argument holds, we consider our forecasting exercise

conditional on the estimated risk aversion of Bekaert, Engstrom, and Xu (2021) and

the factor mimicking portfolio of financial intermediation by He, Kelly, and Manela

(2017). Table 2.10 presents the out-of-sample R2
OoS when conditioning on these two

variables evaluated against the EH benchmark.

Table 2.10: Out-of-sample results with alternative conditioning variables
This table reports out-of-sample results from forecasting monthly bond risk premia using
various predictive methods. For each method, we report the out-of-sample R2 from Campbell
and Thompson (2008) and the associated Diebold and Mariano (1995) p-value in parentheses
for the null of no predictability implied by the EH. Panel A reports results from the dynamic
forecast combination (DFC) strategies. DFCA uses economic activity measured by the Purchas-
ing Managers’ Index as state variable, DFCU uses macroeconomic uncertainty from Jurado
et al. (2015) as state variable. Panel B presents the results for the dynamic forecast combination
conditioning on the factor mimicking portfolio of financial intermediation by Bekaert et al.
(2021), DFCHKM,and the estimated risk aversion coefficient of ?, DFCRA, respectively. The
out-of-sample evaluation period runs from January 2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

DFCU 9.86 6.77 6.10 4.90
DFCA 7.98 5.64 5.11 5.46

Risk aversion proxies

DFCHKM 6.97 5.91 5.81 4.97
DFCRA 7.68 5.95 5.60 5.07

Applying our forecasting scheme conditioning on the two alternative variables,

generates higher R2
OoS than just conditioning on past performance, confirming the

link. Overall, we find similar results when using the two proxies for risk aversion,

confirming that time-varying risk aversion might be a plausible economic explanation

for our findings.
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2.8.2 Comparison with the Model Confidence Set

In Section 2.3.5 we claimed that our dynamic forecasting combination scheme intu-

itively can be understood as a conditional model confidence set. The claim naturally

raises the question of how our method performs relative to following Samuels and

Sekkel (2017) which uses the model confidence set algorithm of Hansen et al. (2011)

dynamically in a forecasting exercise.

Table 2.11: Performance relative to MCS This table reports out-of-sample results from fore-
casting monthly bond risk premia using various predictive methods. For each method, we
report the out-of-sample R2 from Campbell and Thompson (2008) and the associated Diebold
and Mariano (1995) p-value in parentheses for the null of no predictability implied by the
EH. Panel A reports results from the dynamic forecast combination (DFC) strategies. DFCA

uses economic activity measured by the Purchasing Managers’ Index as state variable, DFCU

uses macroeconomic uncertainty from Jurado et al. (2015) as state variable, and DFCP is an
unconditional alternative that uses past performance. The last method, MCS, uses the the
algorithm of Samuels and Sekkel (2017) which finds the model confidence set at each point
in time and construct an equal-weighted average. The out-of-sample evaluation period runs
from January 2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

DFCU 9.86 6.77 6.09 4.90
(0.00) (0.00) (0.00) (0.00)

DFCA 7.98 5.64 5.11 5.46
(0.00) (0.01) (0.01) (0.00)

DFCP 6.66 5.31 5.25 4.81
(0.01) (0.01) (0.00) (0.00)

MCS 5.89 5.50 4.64 3.69
(0.06) (0.03) (0.04) (0.06)

Applying the algorithm of Samuels and Sekkel (2017) generates very similar results

to just conditioning on past performance in our dynamic forecasting combination

scheme.

2.8.3 Gauging state-dependencies through regression coefficients

Our baseline results gauge state-dependencies in out-of-sample bond return pre-

dictability by studying predictable shifts in forecasts errors. As we discuss in the

paper, the use of forecast errors to assess out-of-sample predictability has a long

tradition in finance. However, others have addressed time variations in predictability

through shifts in regression coefficients (Henkel et al., 2011; Dangl and Halling, 2012;

Andreasen et al., 2020; Farmer et al., 2019), and this section addresses how well this

approach fares in our out-of-sample setting. In particular, we consider regression

models of the form

r x(k)
t+1 =α(k)

t +x ′
tβ

(k)
t +ε(k)

t+1, (2.32)
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where time variations in the coefficients are parametrized through a linear specifica-

tion that depends on the state variable ht , i.e.,

α
(k)
t =α(k)

0 +α(k)
1 ht (2.33)

β
(k)
t =β(k)

0 +β(k)
1 ht . (2.34)

If there are no variations in coefficients, then α(k)
t =α(k)

0 and β(k)
t =β(k)

0 . The condi-

tional regression in (2.32) can be written as an unconditional multivariate model of

the form

r x(k)
t+1 =α(k)

0 +α(k)
1 ht +x ′

t

(
β

(k)
0 +β(k)

1 ht

)
+ε(k)

t+1, (2.35)

where we note that β(k)
1 determines how the coefficient with respect to the predictor

xt changes with the state variable ht .

Table 2.12: Out-of-sample regressions: Time-varying parameters
This table reports out-of-sample results from forecasting monthly bond risk premia using
various predictive methods in which we include the predictors, the state variable, and their
interactions. We entertain three state variables: the Purchasing Managers’ Index (PMI), the
uncertainty index of Jurado et al. (2015), and log changes to non-farm employment. For each
method, we report the out-of-sample R2 from Campbell and Thompson (2008). CS is the yield
spread from Campbell and Shiller (1991), FB is the forward spread from Fama and Bliss (1987),
PC is the first three principal components of yields (Litterman and Scheinkman, 1991), CP is
the forward rate factor from Cochrane and Piazzesi (2005), and LN is the macro factor from
Ludvigson and Ng (2009). The out-of-sample evaluation period runs from January 2000 to
December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Intercept and slope vary with economic acticity

CS 0.48 0.06 0.33 0.58
FB 2.79 1.80 1.19 0.59
PC -7.13 -6.82 -5.42 -4.21
CP -4.46 -4.82 -4.20 -3.38
LN -7.30 -4.87 -4.23 -4.35

Panel B: Intercept and slope vary with economic uncertainty

CS -1.91 -0.12 1.05 1.53
FB -1.74 -0.49 -0.20 -0.39
PC -26.69 -19.46 -14.95 -12.51
CP -5.88 -4.51 -3.68 -3.03
LN -13.73 -9.74 -8.61 -8.65

Panel C: Intercept and slope vary with employment growth

CS 0.76 0.12 -0.13 -0.42
FB -1.32 -1.70 -1.84 -2.24
PC -3.81 -4.74 -4.20 -3.52
CP -5.78 -4.93 -3.84 -2.80
LN -16.01 -9.79 -7.85 -7.36
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Table 2.12 presents the out-of-sample R2 from estimating (2.35) using the same

rolling window scheme used for the baseline results presented in the paper and

evaluating the resulting forecasts against the EH benchmark. While some occasional

predictability can be detected (in terms of R2
OS > 0), there is little overall evidence

that modeling time variation in coefficients through the state variables leads to

predictability relatively to the EH for the set of predictors considered here.

We also consider an alternative set of regression in which we only allow the slope

coefficient to change over time as a function of the state variable ht . This corresponds

to setting α
(k)
1 = 0. Table 2.13 presents the out-of-sample R2 from these models.

Overall, we conclude that the differences are small and that parametric shifts in the

predictive coefficient cannot account for the state-dependencies that we document.

Table 2.13: Out-of-sample regressions: Time-varying slope
This table reports out-of-sample results from forecasting monthly bond risk premia using
various predictive methods in which we include the predictors and their interactions with the
state variable. We entertain three state variables: the Purchasing Managers’ Index (PMI), the
uncertainty index of Jurado et al. (2015), and log changes to non-farm employment. For each
method, we report the out-of-sample R2 from Campbell and Thompson (2008). CS is the yield
spread from Campbell and Shiller (1991), FB is the forward spread from Fama and Bliss (1987),
PC is the first three principal components of yields (Litterman and Scheinkman, 1991), CP is
the forward rate factor from Cochrane and Piazzesi (2005), and LN is the macro factor from
Ludvigson and Ng (2009). The out-of-sample evaluation period runs from January 2000 to
December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Slope varies with economic acticityy

CS -0.65 -0.32 0.11 0.42
FB 0.38 0.17 -0.10 -0.41
PC -6.84 -6.39 -5.29 -4.68
CP -6.58 -6.00 -5.13 -4.24
LN -7.17 1.20 3.68 3.80

Panel B: Slope varies with economic uncertainty

CS -1.16 0.18 0.87 1.10
FB -1.14 -0.42 -0.25 -0.44
PC -28.42 -20.22 -15.46 -13.24
CP -5.39 -4.51 -3.77 -3.15
LN -17.86 -5.41 -1.59 -1.18

Panel C: Slope varies with employment growth

CS 2.02 1.01 0.32 -0.22
FB 0.02 -1.08 -1.83 -2.41
PC -3.34 -4.14 -3.88 -3.80
CP -8.52 -6.80 -5.45 -4.30
LN -26.15 -15.91 -11.70 -9.78

Overall, we find little evidence that the interaction term is successful in capturing

time variations in forecasting ability in this setting. There can be many reasons for
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such findings, including difficulty in accurately pinning down the additional coeffi-

cients. Overall, this indicates that focusing on shifts in relative forecast errors is the

more fruitful route to follow. Put differently, to identify and exploit state-dependencies

in bond return predictability, modeling shifts in relative forecast errors and using pre-

dicted performance to select methods to combine across provides the most promising

results.

2.9 Concluding remarks

We study predictable state-dependencies in bond return predictability and provide

empirical evidence that bond return predictability is state-dependent and closely

related to economic activity and macroeconomic uncertainty. We show that bond risk

premia are predictable in times of high (low) economic activity (uncertainty) states

identified using the Purchasing Managers’ Index (PMI) and the uncertainty index pro-

posed in Jurado et al. (2015), whereas the EH implication of constant risk premia (no

predictability) provides a reasonable approximation in low (high) economic activity

(uncertainty) states. A dynamic forecast combination strategy that averages across

forecasting methods predicted to do well delivers substantially more informative

forecasts than both its individual constituents and a static equal-weighted forecast

combination scheme. The conclusion hold both across standard statistical evaluation

metrics and when considering the economic value to a mean-variance investor. We

provide evidence that the improved forecast performance originates from the state

variables ability to correctly predict periods in which individual predictors are likely

to perform well. Dynamically combined forecasts are strongly countercyclical in

contrast to most individual predictors’ forecasts and the static (equal-weighted) and

dynamic unconditional benchmarks. Last, we show that these findings are supported

by a nonlinear term structure model that allows for state-dependencies in yields.

We end by emphasizing that our econometric methodology of conditional pre-

dictive ability is not confined to studies of the Treasury bond market, but may find

many and diverse applications across the fields of economics and finance. For ex-

ample, it would be natural to study the conditional predictive ability of the Goyal

and Welch (2008) set of predictors in a multivariate setting as a complement to the

large literature on their unconditional performance and relation to the business cycle

(Henkel et al., 2011; Dangl and Halling, 2012). Similarly, the approach is likely to be

useful in evaluating inflation predictability and identifying periods in which variables

such as unemployment rates provides useful information. Finally, we also envision

its use in comparing professional forecasters and, in particular, to determine if some

forecasters are better than others conditional on being in a certain state. We leave

these considerations for future research.
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Appendix

B.1 Theoretical results, assumptions, and proofs

This section explains the adopted Giacomini and White (2006) assumptions used in

Theorem 1 along with its proof. The outline of several of the proofs follows Giacomini

and White (2006), making the necessary adjustments to account for the multivariate

nature of our tests. We also provide theoretical results with associated proofs for the

case of multi-step ahead forecasting, τ> 1, and the unconditional case, Gt = {;,Ω}.

B.1.1 One-step ahead forecasting and Giacomini and White (2006)

assumptions

In the one-step ahead case, τ = 1, we impose the following assumptions that are

adopted from Giacomini and White (2006).

Assumption 1. {ht } and {wt } are φ-mixing with φ(t) = O
(
t−r /(2r−1)−ι

)
, r ≥ 1, or

α-mixing with α(t ) =O
(
t−

r
r−1 −ι

)
, r > 1, for some ι> 0.

Assumption 1 imposes relatively mild restrictions on the dependence structure and

heterogeneity of data. We do not impose the stricter and common (covariance)

stationarity assumption as used in for instance Diebold and Mariano (1995) and

Mariano and Preve (2012). Specifically, data may exhibit arbitrary structural changes,

which is a common feature found in many empirical studies within macroeconomic

prediction (see e.g. Stock and Watson (2003) and Schrimpf and Wang (2010)), stock

return prediction (see, e.g., Fama and French (1997) and Paye and Timmermann

(2006)), and exchange rate prediction (see, e.g., Giacomini and Rossi (2010)), to name

a few, and is especially relevant in our context of possible instabilities.

Assumption 2. E[|dt+1,i |2(r+δ)] <∞ for some δ> 0, i = 1, . . . , qp, and for all t , where

subscript i indicate the i th element of dt+1.

Assumption 3. ΣT ≡ T −1 ∑T
t=1E[dt+1d ′

t+1] is uniformly positive definite.

Assumptions 2–3 are mainly technical assumptions ensuring (uniformly) bounded

moments of data and positive definiteness of the asymptotic variance. Both assump-

tions are commonly found in the forecast evaluation literature.

B.1.1.1 Proof of Theorem 1

The proof of part A. and B. adopts the necessary steps in Giacomini and White (2006).

We start by proving part A. Let dt+1 = ht ⊗∆L+1 and write

dt+1d ′
t+1 = g

(
ht , wt+1, . . . , wt−m

)
(B.1)
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for some measurable function g . Since m <∞, and {ht } and {wt } are mixing of the

same size according to Assumption 1, it follows from Theorem 3.49 in White (2001)

that {dt+1d ′
t+1} is mixing of the same size as {ht } and {wt }.

By Assumption 2, there exists a C ∈ R+ and δ > 0 such that E[|dm,t+1,i |2(r+δ)] <
C <∞ for i = 1, . . . , qp and for all t , where subscript i indicates the i th element in

dt+1. Hence, by the Cauchy-Schwartz inequality, one obtains

E[|dt+1,i dt+1, j |r+δ] ≤ E[|d 2
t+1,i |r+δ]1/2E[|d 2

t+1, j |r+δ]1/2 <C (B.2)

for i , j = 1, . . . , qp and for all t . By Corollary 3.48 in White (2001), it then follows

that Σ̂T −ΣT
P−→ 0. Furthermore, by Assumption 2, it follows that ΣT is finite and, by

Assumption 3, that it is uniformly positive definite.

Next, letλ ∈Rqp withλ′λ= 1 and consider

λ′Σ−1/2
T

p
T d t+1 = T −1/2

T−1∑
t=1

λ′Σ−1/2
T dt+1. (B.3)

Let λ̃i denote the i th element of the product λ′Σ−1/2
T , such that λ′Σ−1/2

T dt+1 =∑qp
i=1 λ̃i dt+1,i . Hence, under the null hypothesis

E[λ′Σ−1/2
T dt+1|Gt ] = E

[
qp∑
i=1
λ̃i dt+1,i |Gt

]
=

qp∑
i=1
λ̃iE[dt+1,i |Gt ] = 0, (B.4)

by measurability of λ̃i , such that the sequence {λ′Σ−1/2
T dt+1,Gt } is an MDS. The

asymptotic variance is

σ2
d = Var[λ′Σ−1/2

T

p
T d ]

=λ′Σ−1/2
T Var[

p
T d ]Σ−1/2

T λ

=λ′Σ−1/2
T ΣTΣ

−1/2
T λ

= 1 (B.5)

for sufficiently large T . Furthermore, since Σ̂T −ΣT
P−→ 0 it follows by the Continuous

Mapping Theorem that

1

T

T∑
t=1
λ′Σ−1/2

T d ′
t+1dt+1Σ

−1/2
T λ−σ2

d

=λ′Σ−1/2
T Σ̂TΣ

−1/2
T λ−λ′Σ−1/2

T ΣTΣ
−1/2
T λ

P−→ 0. (B.6)

Lastly, we need to check thatλ′Σ−1/2
T dt+1 has absolute 2+δmoment. By Minkowski’s

inequality and Assumption 2 we obtain

E[|λ′Σ−1/2
T dt+1|2+δ] = E

[∣∣∣ qp∑
i=1
λ̃i dt+1,i

∣∣∣2+δ
]

≤
(

qp∑
i=1
λ̃iE

[
|dt+1,i |2+δ

]1/(2+δ)
)2+δ

<∞. (B.7)
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Consequently, we can apply the CLT for MDS and deduce thatλ′Σ−1/2
T

p
T d

d−→ N (0,1).

By the Cramér-Wold device it then follows that

Σ−1/2
p

T d
d−→ N (0, Iqp ). (B.8)

Since Σ̂T −ΣT
P−→ 0, we deduce that

p
T

(
Σ̂−1/2

T d̄
)′p

TΣ−1/2
T d = T d

′
Σ̂−1

T d = Sh
d−→χ2(qp), (B.9)

as T →∞.

We now prove part B. By the same arguments as in the proof for part A., it follows

that the sequence {dt+1} is mixing of the same size as {wt } and {ht }. Furthermore,

Assumption 2 ensures that each element of dt+1 is bounded uniformly in t such that

d −E[d ]
P−→ 0 (B.10)

by Corollary 3.48 in White (2001). Under the alternative hypothesis there exists η> 0

such that E[d
′
m]E[d m] > 2η for T sufficiently large. It follows that

P[d
′
d > η] ≥P[d

′
d −E[d

′
]E[d ] >−η]

≥P[|d ′
m d −E[d

′
]E[d ]| < η] → 1, (B.11)

where the convergence to unity is due to (B.10). By identical arguments as the proof of

part A., d ′
t+1dt+1 is mixing with the same size as {wt } and each element is uniformly

bounded in t . Corollary 3.48 in White (2001) can then be applied, and it follows that

Σ̂T is a consistent estimator ofΣT . By Assumption 3,ΣT is uniformly positive definite.

Let c ∈R+. It then follows from Theorem 8.13 in White (1994) that

P[Sh > c] → 1, as T →∞. (B.12)

Last, we prove part C. Let L∗
t+1 be an arbitrary permutation of the forecasting losses,

i.e. L∗
t+1 = P Lt+1, where P is a (p + 1) × (p + 1) permutation matrix and Lt+1 =

(L1
t+1, . . . ,Lp+1

t+1 )′. Define the p × (p +1) matrix D by

D =


1 −1 0 . . . 0

0 1 −1
. . .

...
...

. . .
. . .

. . . 0

0 . . . 0 1 −1


such that ∆L∗

t+1 = DL∗
t+1 = DP Lt+1. In total, the number of permutations of the

forecast losses at each point of time t is (p +1)!. Mariano and Preve (2012) show that
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there always exists a nonsingular matrix B of dimension p ×p such that B∆Lt+1 =
∆L∗

t+1. Consequently, define the qp ×qp matrix A = (Iq ⊗B), where Iq is the q ×q

identity matrix. By standard properties of the Kronecker product A is nonsingular,

and we have that

d∗
t+1 = ht ⊗∆L∗

t+1 = (Iq ht )⊗ (B∆Lt+1) = (Iq ⊗B )(ht ⊗∆Lt+1) = Adt+1. (B.13)

Since the null hypothesis implies that the asymptotic variance can be estimated

consistently by the sample variance, it follows that

Σ̂∗
T ≡ 1

T

T∑
t=1

d∗
t+1d∗′

t+1 =
1

T

T∑
t=1

Adt+1d ′
t+1 A′ = AΣ̂T A′.

Due to the nonsingularity of A and Σ̂T , it follows that

d
∗′
t+1(Σ̂∗

T )−1d
∗
t+1 = d ′

t+1 A′(AΣ̂T A′)−1 Adt+1

= d ′
t+1Σ̂

−1
T dt+1,

which shows that the test is invariant to a permutation of the ordering of the forecast

losses.

B.1.2 Unconditional and multi-step predictive ability tests

In both the unconditional, Gt = {;,Ω}, and multistep conditional case the loss series

are no longer martingale difference sequences under the null hypothesis. Thus, the

sequence {ht ⊗∆Lt+τ} may be serially autocorrelated.31 In the conditional setting, the

null hypothesis imposes a particular structure on the serial correlation, namely that

it can be at most order τ−1. However, in the unconditional case no such restriction

exists. Consequently, we can no longer rely on the sample variance under the null for

estimating the covariance matrix as was the case in the one-step conditional setting

considered in the previous section. Instead, we consider a HAC-type estimator (see,

e.g., Newey and West (1987) and Andrews (1991)) with a bandwidth choice guided by

the implications of the null hypothesis. The estimator is given by

Σ̃T = 1

T

[ T∑
t=1

dt+τd ′
t+τ

+
bT∑
j=1

κ( j ,bT )
T∑

t=1+ j

(
dt+τd ′

t+τ− j +dt+τ− j d ′
t+τ

)]
, (B.14)

where {bT } is an integer-valued truncation point sequence satisfying bT →∞ as T →
∞ and bT = o(T ) (Newey and West, 1987) in the unconditional case, and bT = τ−1

in the conditional case. Furthermore, κ(·, ·) is a real-valued kernel weight function

31Note that that in the unconditional case ht = 1 for all t .
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satisfying the condition that κ( j ,bT ) → 1 as T →∞ for each j = 1, . . . ,bT (Andrews,

1991), and κ( j ,bT ) = 0 for j > bT . We refer to Clark and McCracken (2013) for a recent

review of data driven bandwidth selection methods.

Along the lines of the construction of the conditional test with τ= 1, we construct

the following Wald statistic which can be used in testing either unconditional or

multi-step conditional equal predictive ability. The test statistic is given by

Sh,τ = T d Σ̃−1
T d , (B.15)

where d = T −1 ∑T
t=1 dt+τ. Before turning the properties of the proposed test statistic,

we will need a slight modification of the assumptions from the previous section on

one-step ahead forecasting.

Assumption 1∗. {ht } and {wt } are φ−mixing with φ(t) = O
(
t−r /(2r−2)−ι

)
, r ≥ 2, or

α−mixing with α(t ) =O
(
t−

r
r−2 −ι

)
, r > 2, for some ι> 0.

Assumption 2∗. E[|dt+τ,i |r+δ] <∞ for some δ > 0, i = 1, . . . , qp, and for all t , where

subscript i indicates the i th element of dt+1.

Assumption 3∗. ΣT ≡ T −1 ∑T
t=1E[dt+τd ′

t+τ]+T −1 ∑bT
j=1

∑T
t=1+ j

(
E[dt+τd ′

t+τ− j ]

+E[dt+τ− j d ′
t+τ]

)
is uniformly positive definite, where bT = τ−1 in the conditional

case and bT = T −1 in the unconditional case.

Analogues to Theorem 1, Sh,τ is asymptotically chi-squared distributed with qp

degrees of freedom under the null hypothesis, has power under the alternative hy-

pothesis, and is permutation invariant. We summarize these results in Theorem 2

below.

Theorem 2 (Multistep multivariate predictive ability tests). Suppose that Assump-

tions 1*-3* hold.

A. Asymptotic distribution under the null. Suppose that either Gt = {;,Ω} and τ≥ 1

or Ft ⊆ Gt and τ > 1. For any test function sequence {ht }, m <∞, and under H0 in

(2.4),

Sh,τ
d−→χ2(qp), as T →∞. (B.16)

B. Consistency under the alternative. For any c ∈R+ and under HA,h in (2.8),

P[Sh,τ > c] → 1, as T →∞. (B.17)

C. Permutation invariance. Let L∗
t+τ be an arbitrary permutation of the forecast

losses, and define ∆L∗
t+τ = DL∗

t+τ, d
∗ = T −1 ∑T

t=1 d∗
t+τ with d∗

t+τ = ht ⊗∆L∗
t+τ and Σ̃∗

T
be the associated covariance estimator defined in (B.14). Then,

S∗
h,τ ≡ T d

∗′
m(Σ̃∗

T )−1d
∗ = Sh,τ (B.18)

for all T .
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Consequently, a multivariate test for equal conditional multistep predictive ability

or (multistep) unconditional predictive ability can be conducted by rejecting the

null hypothesis whenever Sh,τ > z1−α,qp , noting that the unconditional test has q =
1. The permutation invariance result in Theorem 2 for the unconditional case is

similar to Proposition 2 in Mariano and Preve (2012), but holds under the milder

Assumptions 1*–3*, and hence also applies in a setting with non-stationary data,

inclusion of nested models, and explicit account of estimation uncertainty.

B.1.2.1 Proof of Theorem 2

We start by proving part A. We proceed by a similar procedure as in the proof of The-

orem 1, however with modifications due to the dependency in dt+τ under the null

hypothesis. First, by Assumptions 2* and 3*, ΣT is finite and uniformly positive defi-

nite. Let λ ∈ Rqp with λ′λ= 1 and consider λ′Σ−1/2
T

p
T d = T −1/2 ∑T

t=1λ
′Σ−1/2

T dt+τ.

Furthermore, identical arguments as in Theorem 1 imply that {λ′Σ−1/2
T dt+τ} being

mixing of the same size as {ht } and {wt }. Moreover, the asymptotic variance satis-

fies σ2
d = Var[λ′Σ−1/2

T

p
T d ] = λ′Σ−1/2

T ΣTΣ
−1/2
T λ = 1 for all T sufficiently large. By

Minkowski’s inequality and computations as in (B.7),λ′Σ−1/2
T dt+τ has absolute 2+δ

moment for some δ> 0. Then, by Corollary 3.1 in Wooldridge and White (1988) we

deduce that λ′Σ−1/2
T

p
T d

d−→ N (0,1). Hence, by the Cramér-Wold device it follows

that Σ−1/2
T

p
T d

d−→ N (0, Iqp ). It remains to be shown that Σ̃T −ΣT
P−→ 0. Consider

Σ̃T −ΣT = 1

T

T∑
t=1

(
dt+τd ′

t+τ−E[dt+τd ′
t+τ]

)
+ 1

T

bT∑
j=1

κ( j ,bT )
T∑

t=1+ j

(
dt+τd ′

t+τ− j −E[dt+τd ′
t+τ− j ]

+dt+τ− j d ′
t+τ−E[dt+τ− j d ′

t+τ]
)
. (B.19)

By Theorem 3.49 in White (2001), {dt+τd ′
t+τ− j } is mixing of the same size as {ht } and

{wt } for each j = 0, . . . ,bT . Moreover, each of its elements are bounded uniformly in t

by Assumption 2*. Hence, since κ( j ,bT ) → 1 as T →∞ and κ(0,bT ) = 1 it follows via

Corollary 3.48 in White (2001) that

1

T
κ( j ,τ)

T∑
t=1+ j

(
dt+τd ′

t+τ− j −E[dm,t+τd ′
t+τ− j ]

)
P−→ 0,

for each j = 0, . . . ,bT . Combined with (B.19), this implies that Σ̃T −ΣT
P−→ 0 (see also

Andrews (1991)). Hence, we can deduce via similar steps as in (B.9) that Sh,τ
d−→χ2(qp)

as T →∞.

We now prove part B. The result follows by arguments similar to those in the proof

of Theorem 1. Hence, {dt+τ} is mixing with the same size as {ht } and {wt } and each
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element in dt+τ is bounded uniformly in t by Assumption 2*. Then it follows by Corol-

lary 3.48 in White (2001) that d̄ −E[d̄ ]
P−→ 0, and consequently similar computations as

in (B.11) applies. By arguments identical to those in the proof of part A., Σ̃T −ΣT
P−→ 0,

where ΣT is positive definite by Assumption 3*. Theorem 8.13 in White (1994) then

implies that under HA,h in (2.8) and for any constant c ∈ R+, P[Sh,τ > c] → 1 as

T →∞.

Last, we prove part C. Due the arguments in the proof of Theorem 1, it suffices to

show that Σ̃T ∗= AΣ̃T A′, where A = Iq ⊗B . Thus, let

Σ̃T (b) ≡ 1

T

T∑
t=1+b

dt+τd ′
t+τ−b ,

for b = 0,1,2 . . .. It then follows that

Σ̃T (b)∗ ≡ 1

T

T∑
t=1+b

d∗
t+τd∗′

t+τ−b = 1

T

T∑
t=1+b

Adt+τd ′
t+τ−b A′ = AΣ̃T (b)A′.

Consequently, it follows that Σ̃∗
T = AΣ̃T A′, which completes the proof.

B.2 A check of size and power properties

This section performs a Monte Carlo study to investigate the finite sample properties

of our multivariate test for equal conditional predictive ability. We focus on size and

power properties of the test in a setting that closely resembles the empirical analyses

in both a full out-of-sample analysis and when used in the dynamic ranking and

elimination rule.32

We examine a situation where the forecasts have equal predictive ability uncon-

ditionally, but conditional on some state variable h̃t at least one of the forecasts are

more (or less) accurate than the others. The data-generating process is set to

∆Lt+1 =µ
(
h̃t −%

)
+εt+1, (B.20)

where P
[

h̃t = 1
]
= % and P

[
h̃t = 0

]
= 1−%. To allow for the presence of estimation

error (approximately) asymptotically, as delineated by our theoretical setting, we

re-sample with replacement from de-meaned loss differentials from our empirical

analysis when generating εt+1. In this way, they retain the influence of the estima-

tion coming from the forecasting models as well as ensuring simulated time series

that exhibit realistic empirical behavior. Note also that E[∆Lt+1] = 0, together with

E[∆Lt+1|h̃t = 1] =µ(1−%) and E[∆Lt+1|h̃t = 0] =−µ%. That is, the unconditional null

32We refer to Borup and Thyrsgaard (2017) for extensive Monte Carlo evidence for all test statistics with
remedies for large dimensions and power enhancement techniques.
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hypothesis is true, whilst the conditional one is not necessarily so, depending on the

value of (the elements in) µ and %.

We consider three sample size lengths: short, medium, and long. The medium

size equals the length of our full out-of-sample window, T = 348, the short size equals

the sample length used in the dynamic ranking rule in the application, T1 = 120, and

the long size is set to 1,000 observations. Consistent with our empirical analysis, we

set p = 5 as the number of models under comparison less one due to the computation

of loss differentials. Since our ranking rules eliminate a model sequentially until it

no longer rejects, we consider the full range p = 1, . . . ,5. When p < 5, we randomly

sample without replacement (in any random order) among our full set of models and

subsequently reconstruct loss differentials based on the selected models. Note that

any reshuffling of the order of models has no influence on the test statistic due to

its permutation invariance, presented in Theorem 1, such that it has no influence

on the performance of the test statistic within a fixed p. To obtain (samples of) εt+1,

we consider the empirical loss differentials coming from forecasting the 2-year and

the 5-year bond, respectively, as illustrative cases. We set %= 0.4, since this links to

our findings below that documents notable superior predictability of at least one

model in each of the high and low economic activity or uncertainty states, and less

differences in predictive accuracy within the normal state. We use 10,000 Monte Carlo

replications.

B.2.1 Size properties

To examine the size properties of our test, we set µ= 0 such that both the uncondi-

tional and conditional null hypothesis are true. We consider two implementations

of the test. The first is unconditional and uses ht = 1 for all t , whereas a conditional

implementation uses ht = (1, h̃t )′. The results are reported in Table B.1 for a signifi-

cance level of 5%. Conclusions are identical using a 1% and 10% significance level,

and relevant tables are available upon request.

It is clear that both the conditional and unconditional tests are well-sized, show-

ing negligible deviations from the nominal significance level. Those minor deviations

generally decrease in sample size and increase in number of models under compari-

son. It is comforting to note that the tests maintain good size properties for the short

sample size used in the dynamic ranking rule. There is no notable difference when

sampling from loss differentials associated with the 2-year or 5-year bonds, except

from in the short sample case where the 5-year bond loss differentials lead to a slight

undersizing.

B.2.2 Power properties

To examine the power properties of our test, we let the first element ofµ deviate from

zero, and set the remaining elements equal to zero, similarly to Mariano and Preve
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Table B.1: Empirical size properties
This table reports the rejection frequency (empirical size) of the multivariate test for equal
predictive ability with a nominal size of 5%, data-generating process given by (B.20) with µ= 0,
and 10,000 Monte Carlo replications. We implement an unconditional test that sets ht = 1 for
all t and a conditional test that sets ht = (1, h̃t )′, and use three samples sizes referred to as
short (120 observations), medium (348 observations), and long (1,000 observations). Panel A
(B) reports results where εt+1 in (B.20) is sampled from the empirical loss differentials when
forecasting the 24-month (60-month) bond. The value of p indicates the dimension of the test
arising from the number of comparing models less one.

Unconditional Conditional

Short Medium Long Short Medium Long

Panel A: 24-month bond

p = 1 5.22 5.08 4.84 5.48 4.82 5.08
p = 2 4.65 4.99 5.09 4.85 5.27 4.98
p = 3 4.82 5.34 4.88 5.33 5.38 5.17
p = 4 4.91 5.12 5.03 4.84 5.27 5.14
p = 5 5.22 4.61 4.76 4.62 5.10 5.29

Panel B: 60-month bond

p = 1 4.73 4.87 5.26 3.96 4.53 4.99
p = 2 4.36 4.56 4.99 4.07 4.48 4.92
p = 3 4.05 4.47 4.99 3.79 4.56 4.78
p = 4 4.38 4.24 4.96 3.69 4.34 5.11
p = 5 4.30 4.59 5.02 3.22 4.50 4.89

(2012). Denote this first element by µ1. The deviation is anchored in the empirical

loss differentials, making it realistic in the context of the present paper. Specifically,

we compute the average absolute loss differentials across all models within the low

and high economic activity states using PMI defined in the empirical section of the

main paper, denoting it by η̂. We then set µ1 = cη̂ where c ∈ [0,2.5].33 Given the

specification in (B.20) and % = 0.4, this allows µ1 to deviate at most 1.5 times the

empirical value of average absolute loss differentials. We have also implemented a

version that lets all elements ofµ deviate from zero with a fraction c of each respective

element’s average absolute loss differentials within the low and high activity states.

The power is uniformly stronger in this case, and results are available upon request.

Note also that, in both versions, the unconditional null hypothesis remains true. We

therefore set ht = (1, h̃t )′ and examine the power of the conditional version of our

equal predictability test. The power curves for a 5% significance level are depicted in

Figure B.1. Conclusions are identical using a 1% and 10% significance level, and the

results are available upon request.

In line with the theoretical power result in Theorem 1, the test is consistent under

33We also ran the simulation using U as state variable, yielding similar conclusions, yet somewhat
stronger power.
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Figure B.1: Empirical power curves
This figure shows the rejection frequency (empirical power) of the multivariate test for equal
predictive ability with a nominal size of 5% and data-generating process given by (B.20) with
the first element in µ deviating and the remaining elements are set to zero. The first element
of µ is set to cη̂ where η̂ is the average absolute loss differentials across all models within the
low and high economic activity states defined in the empirical section and c ∈ [0,2.5]. We use
10,000 Monte Carlo replications. We implement a conditional test that sets ht = (1, h̃t )′, and
use three samples sizes referred to as short (120 observations), medium (348 observations) and
long (1,000 observations). The left (right) panel depicts results where εt+1 in (B.20) is sampled
from the empirical loss differentials when forecasting the 24-month (60-month) bond. The
value of p indicates the dimension of the test arising from the number of comparing models
less one.
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the (local) alternative considered, as power increases to unity for stronger deviations

from the null. It correctly exhibits empirical rejections equal to the nominal size at

c = 0. Power is stronger for fewer model comparisons, as expected, but the difference

is not substantial. Similar to size properties, it is comforting that the test exhibits

good power properties even for the relatively short sample length. To put this into

context, for c = 1/% = 1.67, we recover the empirical value of the mean absolute

values of loss differentials obtained in the empirical analysis when using (B.20). In

this case, the power exceeds 0.94 for the smallest sample size and p = 5, showing very

desirable power properties. There is no notable difference when sampling from loss

differentials associated with the 2-year or 5-year bonds.

B.3 Bond data

B.3.1 Bond risk premia

We use the Gürkaynak et al. (2007) dataset from 1962:M1 to 2018:M12. The time t log

yield on a k-period bond is computed using the methods developed in Nelson and

Siegel (1987) and Svensson (1994) as

y(k)
t =β0,t +β1,t

1−exp
(
− n
κ1,t

)
n
κ1,t

+β2,t

1−exp
(
− n
κ1,t

)
n
κ1,t

−exp

(
− n

κ1,t

)
+β3,t

1−exp
(
− n
κ2,t

)
n
κ2,t

−exp

(
− n

κ2,t

) , (B.21)

where we use parentheses in the superscript to distinguish maturity from exponen-

tiation and n = k
m and m denotes, respectively, the bond maturity in years and the

number of periods per year.

Let p(k)
t =−

(
k
m

)
y(k)

t be the log price of a k-period bond at time t . The log forward

rate at time t for loans between t +k −1 and t +k is defined as

f (k)
t = p(k−1)

t −p(k)
t =− k−1

m y(k−1)
t + k

m y(k)
t . (B.22)

The excess return to purchasing a k-period bond today and selling it as a k −1 period

bond after one month is

r x(k)
t+1 = p(k−1)

t+1 −p(k)
t +p(1)

t =− k−1
m y(k−1)

t+1 + k
m y(k)

t − 1
m y (1)

t , (B.23)

where y (1)
t denotes the risk-free one-period rate that we proxy using the implied yield

on a one-month Treasury bill obtained from the Center for Research in Security Prices

(CRSP) as in Gargano et al. (2019).34

34For k = 1, we have that f (1)
t = y (1)

t and that y(k−1)
t = y (0)

t = 0 due to p(0)
t being zero (log of terminal

payoff of one is zero).
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B.3.2 Predictor variables

We consider a set of standard bond predictors from the extant literature. In particular,

we consider yield spreads (Campbell and Shiller, 1991), forward spreads (Fama and

Bliss, 1987), principal components of yields (Litterman and Scheinkman, 1991), for-

ward rates (Cochrane and Piazzesi, 2005), and macroeconomic factors (Ludvigson

and Ng, 2009). We discuss the construction of each of the variables below.

The Campbell-Shiller (CS) yield spreads are computed for each bond maturity as

y s(k)
t = y(k)

t − y (1)
t , (B.24)

where y(k)
t denotes the time t log yield on a bond with k periods to maturity and y (1)

t

denotes the safe one-period return measured using the implied yield on a one-month

Treasury bill obtained from CRSP. The Fama-Bliss (FB) forward spreads are computed

similarly as

f s(k)
t = f (k)

t − y (1)
t , (B.25)

where f (k)
t denotes the forward rate for loans between t+k−1 and t+k. The principal

component (PC) of yields are computed from bonds with 12, 24, 36, 48, and 60 months

left to maturity and we focus on the first three components often referred to as level,

slope, and curvature. These components account for almost all of the variation in

yields. The Cochrane-Piazzesi (CP) single factor is formed from a linear combination

of forward rates using the projection

r x t+1 = δ+γ1 f (12)
t +γ2 f (24)

t +γ3 f (36)
t +γ4 f (48)

t +γ5 f (60)
t +εt+1, (B.26)

where r x t+1 = 1
4

∑5
i=2 r x(i×12)

t+1 can be viewed as the excess return on a portfolio

of Treasury bonds with different maturities. The CP factor is obtained as the fit-

ted values from the regression, CPt = δ̂+ γ̂ ft , with γ̂ = (γ̂1, γ̂2, γ̂3, γ̂4, γ̂5) and ft =
( f (12)

t , f (24)
t , f (36)

t , f (48)
t , f (60)

t )′. The Ludvigson-Ng (LN) macroeconomic factor is based

on a large T ×M panel of macroeconomic variables, x, that we assume can be ade-

quately described by a static factor model

xi ,t = κi g t +νi ,t ,, (B.27)

where g t is an s ×1 vector of common factors with s ¿ M that we estimate using

principal component analysis. We use the comprehensive FRED-MD dataset from

McCracken and Ng (2016). Following Ludvigson and Ng (2009), we build a single

factor as a linear combination of a subset of the principal components. We determine

the subset using the BIC and obtain the factor from a projection of r x t+1 onto the set

of selected macroeconomic factors.
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Table B.2 presents descriptive statistics for the set of predictors (Panel A) along

with contemporaneous correlations (Panel B). All variables are constructed using

the full range of available observations here, but are constructed recursively in the

out-of-sample exercise. Yield spreads and forward spreads are fairly persistent with

first-order autocorrelations between 0.82 and 0.92 and are heavily cross-correlated.

Unsurprisingly, PC2 — the slope component of the yield curve — is strongly related

to both yield and forward spreads. CP and LN are similarly positively correlated with

the spread variables and also positively correlated with each other. Last, we note that

CP and LN are relatively less persistent compared to the remaining variables.

B.3.3 Additional details on state variables

This section provides additional details on the state variables used in the empirical

analyses to address state-dependencies in bond return predictability.

The Purchasing Managers’ Index (PMI) is a leading economic indicator con-

structed from monthly surveys of the manufacturing sector and is released on the

first business day of every month. The survey covers senior purchasing executives

(or similar) at around 400 manufacturing companies. The PMI is a weighted average

of the following five indices: New Orders (30%), Output (25%), Employment (20%),

Suppliers’ Delivery Times (15%) and Stocks of Purchases (10%). For the PMI calcula-

tion, the Suppliers’ Delivery Times Index is inverted so that it moves in a comparable

direction to the other indices. For more details, we refer to IHS Markit’s product page

(https://ihsmarkit.com/products/pmi.html). The index ranges from 0 to 100 and is

specifically designed to capture the state of the economy with values above (below)

50 indicating an overall increase (decrease) compared to the previous month. We

have collected the index from Global Financial Data.

The macroconomic uncertainty index (U) of Jurado et al. (2015) measures a

common component in the time-varying volatilities of h-step ahead forecast errors

across a large number of macroeconomic series that include categories such as real

activity, prices, and financial assets. The idea build on the premise that what matters

for economic decision making is not whether particular economic indicators have

become more or less variable or disperse per se, but rather whether the economy has

become more or less predictable. The index is therefore associated with the variance

of the unpredictable components of macroeconomic variables. The index is obtained

from Sydney Ludvigson’s website (https://www.sydneyludvigson.com/macro-and-

financial-uncertainty-indexes).

https://ihsmarkit.com/products/pmi.html
https://www.sydneyludvigson.com/macro-and-financial-uncertainty-indexes
https://www.sydneyludvigson.com/macro-and-financial-uncertainty-indexes
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Table B.3: Conditioning variables
This table presents descriptive statistics for the state variables used in the empirical analysis.
PMI is the Purchasing Managers’ Index published by the Institute for Supply Managers and U

is the macroeconomic uncertainty index developed in Jurado et al. (2015). The table reports
mean, standard deviation, skewness, kurtosis, and first-order autocorrelation (AC(1)) of each
state variable. We also report the contemporaneous correlation between the variables. The
sample period is January 1962 to December 2018.

PMI U

Mean 52.61 0.66
Std. dev. 6.37 0.09
Skewness -0.61 1.63
Kurtosis 4.37 5.79
AR(1) 0.94 0.99
Correlation -0.48

Table B.3 presents full sample descriptive statistics for our two state variables that

captures economic activity and uncertainty, respectively: the Purchasing Managers’

Index (PMI) and the macroeconomic uncertainty index of Jurado et al. (2015). The

series are both highly persistent with autocorrelation coefficients well above 0.9. Most

importantly, we note that the series obtains a negative contemporaneous correlation

of −0.48 in the data, suggesting that they capture part of the some features, but are

not perfect substitutes.

B.4 Additional empirical results

B.4.1 In-sample predictive regressions

Table B.4 presents full sample least squares estimation results to facilitate comparison

with the extant literature. Specifically, we estimate predictive regressions of the form

presented in (2.1) with the one-month excess holding-period return on a bond with

k-periods to maturity r x(k)
t+1 as the dependent variable. We focus on bonds with 24, 36,

48, and 60 months to maturity and consider models based on the predictor variables

outlined in Section 2.2.2. We stress that these results are not available to a real-time

investor, but they are useful for gauging the mechanisms of the predictive models.

The slope coefficients for CS and FB are all positive and increasing with maturity

and are all statistically significant at conventional levels.35 We note that these positive

slope coefficients imply negative slopes for the companion regression of yield or for-

ward spreads on future yield changes as documented in Campbell and Shiller (1991).

Thus, both yield and forward spreads contain useful information about future bond

excess returns over the full range of available observations. Turning to the principal

35Bauer and Hamilton (2018) show that statistical test of predictive regression in full sample analyses
are subject to serious small sample distortions when using 12-month overlapping returns. However, we
use one-month non-overlapping returns here and are therefore not affected by their results. See also the
discussion in Gargano et al. (2019).
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Table B.4: In-sample regressions
This table reports full sample least squares estimates of the slope coefficients for various linear
predictive models for bond excess return. We consider yield spreads (Campbell and Shiller,
1991), forward spreads (Fama and Bliss, 1987), principal components of yields (Litterman and
Scheinkman, 1991), the Cochrane and Piazzesi (2005) forward rate factor computed from a
projection of average excess bond returns on two-, three-, four-, and five-year forward rates,
and the Ludvigson and Ng (2009) macroeconomic factor computed as a projection of average
excess bond returns on factors obtained from a large panel of macroeconomic variables. For
each model, we report slope coefficients, Newey and West (1987) t-statistics using a bandwidth
of twelve lags in parentheses, and the adjusted R2 in square brackets. The sample period is
January 1962 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Campbell-Shiller

CS 2.02 2.36 2.75 3.15
(2.67) (2.64) (2.85) (3.17)
[2.55] [2.32] [2.42] [2.61]

Panel B: Fama-Bliss

FB 1.20 1.41 1.69 1.99
(2.20) (2.30) (2.79) (3.38)
[1.80] [1.68] [1.90] [2.14]

Panel C: Principal components

PC1 0.01 0.01 0.01 0.01
(1.43) (1.04) (0.76) (0.56)

PC2 0.13 0.21 0.29 0.37
(1.72) (2.10) (2.46) (2.77)

PC3 0.23 0.31 0.24 0.09
(0.66) (0.63) (0.39) (0.13)
[1.05] [1.09] [1.19] [1.30]

Panel D: Cochrane-Piazzesi

CP 0.65 0.88 1.11 1.36
(4.60) (4.30) (4.12) (4.08)
[2.37] [2.16] [2.17] [2.30]

Panel E: Ludvigson-Ng

LN 0.65 0.90 1.12 1.33
(3.68) (3.96) (4.25) (4.46)
[6.62] [6.47] [6.33] [6.15]
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components, we find that PC1 has a constant slope coefficient across maturities,

PC2 increases monotonically, and PC3 displays an inverse U-shape. PC1 and PC3 are

mostly insignificant, whereas PC2 is significant for the longer maturities. This mirrors

the results for CS, but shows that maturity-specific spreads are more informative than

the common slope factor. Last, CP and LN both display monotonically increasing

slope coefficients that are highly significant. Of all the models, LN appears to explain

the largest fraction of bond risk premia, closely followed by CP and yield spreads.

Overall, in-sample results points to predictive relation between all our candidate

predictors.

B.4.2 Decision rule and model selection

Figure B.2 illustrates the size of the set of best models M∗
t selected over time using the

dynamic ranking and elimination rule based on PMI and U as conditioning variables,

respectively. We note that the best set of models varies considerably over time and

includes situations in which the set includes all models, leading to forecasts equal to

FC, and situations with a singleton. That is, at times there is no need for eliminations

from the full set of models and at other times we should only use the forecasts from a

single model. Importantly, this tells us why dynamic ranking and elimination leads to

improvements over a simple, static forecast combination rule.
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Figure B.2: Size of the set of best models
This figure illustrates the size of the set of best predictive models for each of the four bond
maturities and conditioning variables. Green (yellow) shaded areas represent periods of high
(low) activity and uncertainty, respectively, where activity is measured using the Purchasing
Managers’ Index (PMI) published by the Institute for Supply Management and uncertainty is
the macroeconomic uncertainty index (U) proposed in Jurado et al. (2015). High (low) episodes
are identified using the 80% (20%) quantiles of their time series. White areas are normal times.
The out-of-sample evaluation period runs from January 2000 to December 2018.
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Table B.5: Average size of the set of best models
This table reports the average size of the set of best predictive methods for each of the four bond
maturities and conditioning variables over the full out-of-sample period or conditional upon
episodes of the state variables. High (low) episodes are identified using the 80% (20%) quantiles
of their time series where activity is measured using the Purchasing Managers’ Index (PMI)
published by the Institute for Supply Management and uncertainty is the macroeconomic
uncertainty index (U) proposed in Jurado et al. (2015). The out-of-sample evaluation period
runs from January 2000 to December 2018.

PMI U

Full Low Normal High Low Normal High

Panel A: 24-month

DFCA 4.36 4.97 4.34 3.92 3.96 3.92 4.22
DFCU 4.07 4.85 3.95 3.89 2.89 4.01 5.07
DFCP 5.03 5.33 5.13 4.34 4.61 4.92 5.70

Panel A: 36-month

DFCA 4.61 4.94 4.61 4.32 4.36 4.45 5.37
DFCU 4.84 5.30 4.85 4.42 4.36 4.75 5.49
DFCP 5.07 5.27 5.21 4.34 4.79 4.95 5.72

Panel A: 48-month

DFCA 4.77 5.00 4.80 4.47 5.00 4.64 5.12
DFCU 4.77 5.36 4.76 4.32 4.32 4.69 5.37
DFCP 5.33 5.45 5.51 4.50 5.04 5.30 5.65

Panel A: 60-month

DFCA 4.68 4.88 4.77 4.13 5.21 4.58 4.70
DFCU 4.50 5.21 4.50 3.89 4.07 4.39 5.16
DFCP 4.98 5.36 5.09 4.18 5.21 5.85 5.28

Table B.5 reports the average size over the full out-of-sample period using DFCA,

DFCU, and DFCP, respectively, as well as the average size conditional on the low,

normal, and high states of the state variables. We observe an interesting pattern

in the size of the set of selected methods M∗
t . Over the full out-of-sample period,

the number of selected models are on average smaller (with about one method)

for DFCA and DFCU compared to DFCP. In times of low activity (high uncertainty),

when predictability of individual models is weak, a relatively large number of models

are selected which aids in diversification of the forecasts. On the other hand, in

times of high activity (low uncertainty), when predictability of individual models is

strong, a relatively small number of models are selected which harvests the prevailing

predictive accuracy.

B.4.3 Full out-of-sample period ranking

This section devices a rule that uses the full out-of-sample period for ranking all

forecasting methods based on their predictive accuracy conditional on the state
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variable. We formulate the rule using a single state variable (and a constant), but

note that the rule can be extended directly to a setting with multiple state variables.

Since h̃t may be continuous, we assume that it can be classified into a finite set of

A discrete, non-empty, states sa , a = 1, . . . ,A. For example, the state variable can

be a measure of economic growth, which may be classified into recessionary or

expansionary states, or a measure of macroeconomic uncertainty, which may be

classified into low, medium, and high uncertainty states.

Let M 0 denote the set of p +1 forecasting methods under consideration and M∗
a

a set of best forecasting methods in terms of some loss function within the ath state.

We then consider the following three-step procedure.

Step 0: Set Ma = M 0 for a = 1, . . . ,A. For all pairwise combinations of of fore-

casting methods, j , i ∈ Mt , i 6= j , estimate by OLS the regression model

∆Li , j
t+1 = Li

t+1 −L j
t+1 =ϕ j ht +ηt+1 (B.28)

over the entire out-of-sample period. The conditional expectation of the loss dif-

ferentials within each state, E
[
∆L j

t+τ|s = sa

]
=ϕ j

0+ϕ
j
1E

[
h̃t |s = sa

]
, a = 1, . . . ,A,

is approximated by ϕ̂ j
0 + ϕ̂

j
1µ̂

a
h̃

, where µ̂a
h̃

is the sample average of the state

variable h̃t in state sa . Based on the estimated conditional means, rank all p +1

methods (using a normalization of one method) in all states. The forecasting

method with lowest predicted loss across all pairwise combinations is ranked

first and the method with highest predicted loss is ranked last.

Step 1: Run the multivariate test for equal conditional predictive ability.

Step 2: If the test is not rejected, set M∗
a = Ma . Otherwise, eliminate the lowest

ranked forecasting method from Ma based on the ranking that associates with

state a. Iterate Steps 1–2 until the null is no longer rejected for all A states.

Concluding the algorithm leads to a set M∗
a for each state sa that contains the best

forecasting methods statistically indistinguishable in terms of predictive ability.

To facilitate interpretation and consistent with the empirical analysis in the main

paper, we classify the continuous state variables, PMI and U, into low, normal, and

high economic activity (uncertainty) states using the 20% and 80% quantiles as

discussed in Section 2.2.3.

Figure B.3 illustrates the full out-of-sample elimination order of the predictive

models determined by the ranking rule discussed in Section 2.3 when conditioning

on low, normal, and high PMI and U states, respectively, using a 10% significance

level. We uncover a striking pattern over the full sample. In particular, the EH tends

to be eliminated in high (low) economic activity (uncertainty) states across the entire

maturity spectrum. Interpreting the EH as a no-predictability benchmark implies

that bond risk premia are predictable when economic activity (uncertainty) is high
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Figure B.3: Full sample elimination order
This figure displays the full sample elimination order of predictive models in high, normal,
and low states separately for the Purchasing Managers’ Index (PMI) (left graphs) and the
macroeconomic uncertainty index (U) of Jurado et al. (2015) (right graphs) using the 20%
and 80% quantiles of their time series. White squares denote models included in the best set
of models and numbered tiles denote eliminated models and their elimination order. CS is
the yield spread from Campbell and Shiller (1991), FB is the forward spread from Fama and
Bliss (1987), PC is the first three principal components of yields (Litterman and Scheinkman,
1991), CP is the factor rate factor from Cochrane and Piazzesi (2005), LN is the macro factor
from Ludvigson and Ng (2009), and EH is the expectations hypothesis benchmark. The out-of-
sample evaluation period runs from January 2000 to December 2018.
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(low). Conversely, the consistent inclusion of EH in low (high) economic activity

(uncertainty) states suggests a lack of predictability.

B.4.4 Links to uncertainty

Table B.6 presents contemporaneous correlations between macroeconomic uncer-

tainty as measured by U and the risk premia estimates from the set of individual

models, FC, and the dynamically combined forecast generated by DFCA, DFCU, and

DFCP.

Table B.6: Correlations between forecasts and macroeconomic uncertainty
This table reports correlation coefficients between out-of-sample generated forecasts from
individual bond predictors (Panel A), the static (equal-weighted) forecast combination (FC)
strategy (Panel B), the dynamic forecast combination (DFC) strategies (Panel C), and economic
uncertainty as measured by the the macroeconomic uncertainty index (U) from Jurado et al.
(2015). We report p-values for the null of no correlation in parenthesis. The out-of-sample
evaluation period runs from January 2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Individual bond predictors

CS -0.09 -0.04 0.01 0.05
(0.10) (0.41) (0.92) (0.39)

FB -0.04 0.07 0.12 0.15
(0.49) (0.21) (0.02) (0.00)

PC 0.03 0.04 0.05 0.06
(0.57) (0.5) (0.34) (0.23)

CP 0.12 0.11 0.10 0.10
(0.02) (0.04) (0.06) (0.07)

LN 0.44 0.46 0.47 0.48
(0.00) (0.00) (0.00) (0.00)

EH 0.43 0.38 0.34 0.32
(0.00) (0.00) (0.00) (0.00)

Panel B: Static forecast combination

FC 0.31 0.34 0.35 0.35
(0.00) (0.00) (0.00) (0.00)

Panel C: Dynamic forecast combination

DFCA 0.54 0.53 0.50 0.50
(0.00) (0.00) (0.00) (0.00)

DFCU 0.59 0.56 0.54 0.55
(0.00) (0.00) (0.00) (0.00)

DFCP 0.54 0.47 0.46 0.47
(0.00) (0.00) (0.00) (0.00)

We find that most forecasts are positively correlated with uncertainty, implying

that investors demand higher risk premia in periods with heightened uncertainty.

The exception is CS and FB for the shorter maturities, where we observe negative

correlations. As for our main results concerning the relation to economic activity
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(see Table 2.6), we find that LN displays the highest correlation with U among the

individual predictors and FC. Turning to the dynamic forecast combination estimates

in Panel B, we find that both DFCA and DFCU deliver forecasts that are tightly linked to

uncertainty. That is, not only do they produce countercyclical risk premia estimates,

they only produce forecasts closely linked to uncertainty.

B.4.5 Additional results for economic value

As another test of the improvement in economic value, we assess how the predictive

content in our models under consideration maps into Sharpe ratio improvements.

We follow the approach by Gu et al. (2020) and use that the Sharpe ratio (SR∗
i ,k ) earned

by an active investor that utilizes predictive information (summarized by the R2
OS,i ,k )

for model i and bond maturity k is given by

SR∗
i ,k =

√√√√SR2
k +R2

OS,i ,k

1−R2
OS,i ,k

,

where SRk is the Sharpe ratio earned by a buy-and-hold investor on a k-maturity

bond. We then report annualized Sharpe ratio improvements for each method,p
12

(
SR∗

i ,k −SRk

)
, in the cases where R2

OS,i ,k ≥ 0. These are collected in Table B.7.

It is clear that individual predictors almost always lead to Sharpe ratio reductions

and if any gain is achieved, it is generally small. On the other hand, FC provides

notable Sharpe ratio improvements, yet our dynamic forecast combination is superior

for all bond maturities. For instance, the buy-and-hold Sharpe ratio of a 24-month

bond, which is 0.90 in our out-of-sample period, can be improved with 0.48 (0.59)

using PMI (U) as state variable. Improvements for DFCP are almost identical to FC.

B.5 Description of the nonlinear model and estimation

B.5.1 The model

We consider a one-factor version of the model in Feldhütter et al. (2018). In the model,

uncertainty is driven by an one-dimensional Brownian motion W (t ). There is then

an one-factor gaussian factor X (t ) with dynamics

d X (t ) = κ(θ−X (t ))d t +ΣdW (t ), (B.29)

where θ, κ and Σ are constants. In the absence of arbitrage, there exist a stochastic

discount factor (SDF) given by

M(t ) = M0(t )
(
1+γe−βX (t )

)
, (B.30)

where γ is a non-negative constant, β is a constant, and M0 (t ) is a strictly positive

process. This implies that M(t ) is strictly positive. Note that (B.30) is a departure from
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Table B.7: Sharpe ratio improvements
This table reports Sharpe ratio improvements for various predictive methods for bond excess
return. For each method, we report the Sharpe ratio improvement relative to that earned by
a buy-and-hold investor in Panel A. Panel B considers individual bond predictors. CS is the
yield spread from Campbell and Shiller (1991), FB is the forward spread from Fama and Bliss
(1987), PC is the first three principal components of yields (Litterman and Scheinkman, 1991),
CP is the forward rate factor from Cochrane and Piazzesi (2005), and LN is the macro factor
from Ludvigson and Ng (2009). Panel C reports the results for a static forecast combination
(FC) strategy. Panel D reports results from the dynamic forecast combination (DFC) strategies.
DFCA uses economic activity measured by the Purchasing Managers’ Index as state variable,
DFCU uses macroeconomic uncertainty from Jurado et al. (2015) as state variable, and DFCP is
an unconditional alternative that uses past performance. If R2

OS < 0, we do not report a value.
The out-of-sample evaluation period runs from January 2000 to December 2018.

r x(24)
t+1 r x(36)

t+1 r x(48)
t+1 r x(60)

t+1

Panel A: Buy-and-hold benchmark

SR 0.90 0.83 0.78 0.74

Panel B: Individual bond predictors

CS - - 0.05 0.11
FB - 0.10 0.13 0.14
PC - - - -
CP - - - -
LN - - - -

Panel C: Static forecast combination

FC 0.38 0.35 0.34 0.33

Panel D: Dynamic forecast combination

DFCA 0.48 0.37 0.35 0.43
DFCU 0.59 0.44 0.41 0.36
DFCP 0.41 0.35 0.36 0.35

standard term structure models in that this model specify the functional form of the

SDF directly rather than pinning it down from short rate and market price of risk

specifications.

The price P
(
t ,T

)
of a zero-coupon bond at time t that matures at T is given by

P
(
t ,T

)= s(t )P0
(
t ,T

)+ (
1− s(t )

)
P1

(
t ,T

)
, (B.31)

where

s(t ) = 1

1+γe−βX (t )
, (B.32)

Pi
(
t ,T

)= e Ai (T−t)+Bi (T−t)X (t ). (B.33)

The coefficients Ai
(
T − t

)
and Bi

(
T − t

)
solve the set of ordinary differential equa-
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tions

dBi
(
T − t

)
d(T − t )

=−(
κ+Σλi ,X

)
Bi

(
T − t

)−ρi ,X , (B.34)

d Ai
(
T − t

)
d(T − t )

= 1

2
Σ2Bi

(
T − t

)2 +Bi
(
T − t

)(
κθ−Σλi ,0

)−ρi ,0, (B.35)

λ1,0 =λ0,0 +Σβ, (B.36)

λ1,X =λ0,X , (B.37)

ρ1,0 = ρ0,0 +βκθ− 1

2
β2Σ2, (B.38)

ρ1,X = ρ0,X −κβ−λ0,XΣβ. (B.39)

For identification, we follow Feldhütter et al. (2018) and set θ = 0 and Σ= 1. If β= 0

or γ= 0, then the model collapses to a standard Gaussian term structure model. We

consider essentially affine market prices of risk.

B.5.2 Estimation procedure

We estimate the one-factor version of the nonlinear term structure model by max-

imum likelihood using Kalman filtering, shifting notation for expositional reasons

to using subscript for time indicators. We cast the model into a state space form

with a transition equation that describes the dynamics of the state factor, X t , and a

measurement equation that describes the relationship between X t and both yields

and excess returns.

Let Yt denote a vector of yields and excess returns, then the measurement equa-

tion is specified as

Yt = z
(
Θ, X t

)+εt , εt ∼N
(
0,Σmeasurement

)
(B.40)

where z (·) is the pricing function,Θ is a vector of model parameters, and εt is vector

of i.i.d. Gaussian pricing errors with covariance matrix Σmeasurement. To reduce the

number of parameters, we assume that pricing errors for all yields have the same

variance σ2
yields and that all pricing errors for excess returns have the same variance

σ2
excess.

The transition equation for the dynamics of the state variable X t have the form

X t+τ =C +D X t +ηt+τ, ηt+τ ∼N
(
0,Q

)
(B.41)

where D = e−κτ, C = (1−e−κτ)θ, and Q denotes the conditional variance of X t+τ given

X t . The latter is constant provided that X t is Gaussian. We refer to Fackler (2000) for a

closed-form solution. Similarly, the expected variance is given as

Σx,t+τ|t = D ′Σx,t |t D +Q. (B.42)
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In the nonlinear model, the pricing function z (·) is nonlinear both for yields and

excess returns. The unscented Kalman filter seems to be the standard approach for

gauging such nonlinearities (see, among others, Cieslak and Povala (2016), Filipović,

Larsson, and Trolle (2017) and Feldhütter et al. (2018)). We follow Christoffersen,

Dorion, Jacobs, and Karoui (2014) and implement the square-root unscented Kalman

filter of Van Der Merwe and Wan (2001) that is numerically more stable than the

standard unscented Kalman filter.

The unscented Kalman filter evaluates the measurement equation in a set of

sigma points rather than linearizing it as in the standard Kalman filter. These sigma

point vectors are given by

χ0 = X t+τ|t , (B.43)

χi = X t+τ|t +
(√

(N +λ)
√
Σx,t+τ|t

)
i

for i = 1, . . . , N , (B.44)

χi = X t+τ|t −
(√

(N +λ)
√
Σx,t+τ|t

)
i−N

for i = N +1, . . . ,2N , (B.45)

where N is the number of state factors in the state-space system. The number of

sigma points is, therefore, equal to 2N +1. Last, λ is a scaling factor determined by

λ=α2 (
N −κ)−N . (B.46)

We follow Van Der Merwe and Wan (2001) and set κ=0 and α = 10−3, where α is

intended to minimize higher-order effects. The first moment of the measurement

equation is approximated by

Y t+τ|t ≈
2N∑
i=0

W µ

i Mi (B.47)

where Mi = z
(
Θ,χi

)
. The variance of the measurement equation is

Sy = cholupdate

(
qr

[√
W σ

1 (M1:2N −M0) chol
(
H

)]
,M0 −Y t+τ|t ,W σ

1

)
, (B.48)

Ft+τ|t = Sy S′
y , (B.49)

where qr (·) is the orthogonal-triangular decomposition such that A = qr , where q is

a orthogonal matrix and r is a upper triangular matrix. The function returns the r

matrix. The function “chol” is the cholesky decomposition such that if B = chol
(

A
)

then BB ′ = A. The function “cholupdate
(

A,B ,C
)
” updates the cholesky decompo-

sition A such that cholupdate
(

A,B ,C
)= chol

(
A A′+C BB ′). In the case where C is a

matrix, then the procedure is performed column by column.
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The weights W µ

i and W σ
i are given by

W µ
0 = λ

N +λ , (B.50)

W σ
0 = λ

N +λ +1−α2 +β, (B.51)

W µ

i =W σ
i = λ

2
(
N +λ) , for i = 1, . . . ,2N . (B.52)

When X t is Gaussian, setting β= 2 is optimal (Van Der Merwe and Wan, 2001). The

next step is to use these to predict the measurement equation using the updating

step. The Kalman gain is

Kt+τ =
(
Px y /S′

y

)
/Sy . (B.53)

The update step is then performed by

X t+τ|t+τ = X t |t−1 +Kt+τ
(
Yt+τ−Y t+τ|t

)
(B.54)

Σx,t+τ|t+τ =Σx,t+τ|t −Σx y F−1
t+τ|tΣx y . (B.55)

To initialize the Kalman filter, we set X0|0 and Σx,0|0 equal to, respectively, the uncon-

ditional mean and variance of X t . We can then construct the loglikelihood function

as

l
(
Θ

)= T∑
t=1

−N

2
log (2π)− log

(| Ft |t−1 |
)

2
−0.5

(
Y (t )−Y t |t−1

)′
F−1

t |t−1

(
Y (t )−Y t |t−1

)
(B.56)

The estimates Θ̂ can then be obtained by maximizing (B.56) with respect to the

parameters,Θ. We follow Cieslak and Povala (2016) and maximize the loglikelihood

function using the differential evolution algorithm. The optimization is repeated with

multiple plausible initial starting values.
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Abstract

I introduce a nonlinear international term structure model that allows for a nonlinear

relationship between interest rate factors and the log currency depreciation rate.

The empirical findings, focusing on the EUR/USD currency, suggest a strong link

between economic policy uncertainty in the two countries and nonlinearity in the

model-implied relationship, in line with motivational regressions motivated by the

relationship between uncertainty and the risk premium. While a standard affine

model does not generate currency risk premium estimates in line with documented

empirical properties of currency risk premium, the nonlinear model does. The degree

of nonlinearity in the model correlates strongly with the absolute differences between

the two involved central banks’ assets value, suggesting that central bank interference

has an impact on deviations from an affine framework.
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3.1 Introduction

Asset pricing theory suggests a one-to-one correspondence between the exchange

rate and the stochastic discount factor in each of the two countries involved in

the currency pair. In particular, under no-arbitrage and completeness, the ratio

between the domestic and foreign stochastic discount factor determines the currency

depreciation rate (Backus et al., 2001). Recent evidence suggests switching behavior

in the government bond risk premium depending on the state of macroeconomic

conditions (Andreasen, Engsted, Møller, and Sander, 2021; Borup, Eriksen, Kjær, and

Thyrsgaard, 2021) implying that the stochastic discount factor differs across states of

macroeconomic conditions. The no-arbitrage restriction suggests that the currency

should also behave differently depending on the relative macroeconomic conditions

in the two countries. In this paper, I study the effect of economic policy uncertainty

in the two countries on the relationship between interest rate factors and exchange

rate and its risk premium, focusing on the EUR/USD currency.

I introduce a nonlinear international term structure model to examine the effect

of nonlinearity in the relationship between interest rates factors and both the log

currency depreciation rate and the currency risk premium. Using the no-arbitrage

condition of Backus et al. (2001) as a building block, I construct a model in which the

domestic stochastic discount factor corresponds to a standard affine term structure

model whereas the foreign stochastic discount factor has the functional form of

Feldhütter et al. (2018). An interpretation of the foreign stochastic discount factor

(SDF) is a linear combination between two affine Gaussian term structure models.

Estimating the model, I find that the parameters allowing for nonlinearity are highly

significant and the stochastic weight between the two SDFs, which drives nonlinearity,

correlates strongly with the difference in uncertainty between the two countries. The

stochastic weight, furthermore, has a strong relationship with the differences in the

value of the two central banks’ assets. This suggests that central bank involvement

has a direct impact on how to model exchange rates. I find, further, that the stochastic

weight reacts strongly to quantitative easing announcements. Overall, the model

implication suggests a strong link between economic policy uncertainty in the two

countries and nonlinearity in the relationship between interest rate factors and the

log currency depreciation rate.

In line with documented empirical properties of currency risk premium, the cur-

rency risk premium estimates of the nonlinear model correlate stronger with multiple

uncertainty measures relative to an affine benchmark model. More specifically, con-

sistent with Berg and Mark (2018), the risk premium estimates of the nonlinear model

correlate stronger to global policy uncertainty than the affine model. Additionally,

consistent with the so-called "safe haven" property of the U.S. dollar in line with Mag-

giori (2017) and Jiang, Krishnamurthy, and Lustig (2021), the currency risk premium

estimates of the nonlinear model are more pro-cyclical related to the U.S. economy,

relative to an affine model. Last, consistent with Della Corte, Sarno, Schmeling, and
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Wagner (2021), the nonlinear model generates risk premium estimates that correlate

negatively with the difference in economic uncertainty. The findings suggest, overall,

that nonlinearity is an important model feature when explaining the behavior of

currency risk premium.

The paper relates to several strands of literature. First, growing literature exam-

ining the relationship between currency risk premium and uncertainty. Both Lustig,

Roussanov, and Verdelhan (2011) and Menkhoff, Sarno, Schmeling, and Schrimpf

(2012) document a positive relationship between global uncertainty measured by

the VIX index and currency risk premium. Lustig, Roussanov, and Verdelhan (2014)

find currency risk premium to be countercyclical. Della Corte et al. (2021) show that

a long-short portfolio based on the countries’ CDS spread delivers a substantial risk

premium. This suggests that the currencies of countries with a high CDS spread tend

to appreciate more than countries with low. Della Corte and Krecetovs (2019) measure

uncertainty as forecast dispersion from a range of macroeconomic variables and

find that investment currencies deliver low returns compared to funding currencies

when uncertainty is unexpectedly high. Related to macroeconomic conditions and

currency risk premia, Colacito, Riddiough, and Sarno (2020) document a relationship

between the relative strength of two economies and their currency, while Dahlquist

and Hasseltoft (2020) find that investing in currencies with strong momentum in

economic fundamentals and funding with weak momentum generates a large sharp

ratio. I contribute to the literature by documenting that nonlinearity in the introduced

model is related to economic uncertainty in the two countries.

Second, the paper relates to the influence of central banks’ interference on asset

pricing. Central banks have, since the global financial crisis in 2008, initiated an array

of quantitative easing programs in which the central bank increases their balance

sheets by purchasing private and government securities. Vissing-Jørgensen and Krish-

namurthy (2011) examine the effect of the Federal Reserve’s QE program on interest

rates and find the QE program affects the interest rates through several channels.

Within a European focus, Koijen, Koulischer, Nguyen, and Yogo (2017) show that

the ECB’s QE program has an impact on the optimal portfolio rebalancing, while

Krishnamurthy, Nagel, and Vissing-Jørgensen (2018) document that the program

decreases yields in Greece, Ireland, Italy, Portugal, and Spain. Todorov (2020) show

that the QE program increases bond prices and liquidity in the European corporate

bond market. Focusing on the effect on exchange rates, Dedola, Georgiadis, Gräb,

and Mehl (2021) consider the EUR/USD currency and suggest that the QE programs

have large and persistent effects on exchange rates. I contribute to the literature by

showing that the relative value of the two involved central banks’ assets correlates

strongly with the degree of nonlinearity in the exchange rate.

Last, the paper is also related to a an extensive literature that examines the joint

behavior of interest rates and exchange rates, (e.g., Backus et al. (2001); Brandt and

Santa-Clara (2002); Diez de los Rios (2009); Anderson, Hammond, and Ramezani
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(2010); Egorov et al. (2011); Sarno et al. (2012); Chernov and Creal (2020); Lustig

and Verdelhan (2019)). The literature traditionally considers an international affine

term structure model, (e.g., Backus et al. (2001); Egorov et al. (2011); Diez de los Rios

(2009); Sarno et al. (2012); Chernov and Creal (2020)). Backus et al. (2001) adapt an

affine term structure model to a multi-economy setting. They establish a no-arbitrage

restriction for the SDFs in the two countries involved in the currency. Diez de los Rios

(2009) find mixed conclusions regarding whether an affine term structure model is

more accurate than a random walk in an out-of-sample exercise. Egorov et al. (2011)

focus on the EUR/USD currency and introduce four-factor models and find that a

model with two common and two local factors captures the joint dynamics of interest

rates and exchange rate reasonably well. Sarno et al. (2012) consider, as Egorov et al.

(2011), a four-factor model with two common and two local factors, and find a trade-

off between matching interest rates and currency depreciation rates. Chernov and

Creal (2020) suggest that using bond prices alone to estimate these kernels leads to

currency puzzles. I contribute to the literature by introducing nonlinearity in the

modeling framework and show that nonlinearity is an important model feature when

modeling interest rates and the currency depreciation rate, jointly.

The rest of the paper is organized as follows: Section 3.2 describes data and pro-

vides empirical motivation for that the relationship between interest rate factors and

the log currency depreciation rate is nonlinear and depend on economic uncertainty.

Section 3.3 presents a nonlinear international term structure model. Section 3.4

presents the affine benchmark model and estimation of the two models. Section 3.5

shows the empirical results. Section 3.6 describes implications for currency risk pre-

mium. Section 3.7 presents the economic driver of nonlinearity. Section 3.8 presents

some robustness for the model, while Section 3.9 concludes.

3.2 Data and motivational analysis

This section presents, first, the data and, second, some motivational evidence for the

relationship between interest rate factor factors and the log currency depreciation rate

is nonlinear in addition to this nonlinearity being a function of economic uncertainty

in the two countries.

3.2.1 Data

I consider monthly yields extracted from government bonds for the U.S. and Germany

obtained from Gürkaynak et al. (2007) and the Bundesbank. Both sources construct

the yield curve using the Svensson (1994) method to extract yields from a cross-

section of coupon bonds/notes. The sample consists of end-of-month observations

from January 2002 to December 2019 with maturities of 12-, 24-, 36-, 48-, and 60-

months, and obtain spot EUR/USD exchange rates from Datastream. The exchange

rate is given as domestic currency prices per unit of foreign currency and denote St
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as the spot exchange rate while st = log(St ) is the log spot exchange rate. The euro

was fully introduced as currency in January 2002 which motivates the starting point

of the sample.

Table 3.1: Descriptive statistics
The table shows the mean, standard deviation, skewness, and kurtosis of U.S. and German
government yields. The table is based on end-of-month observations from Gürkaynak et al.
(2007) and the Bundesbank. The data spans from January 2002 to December 2019.

Maturity 1-year 2-year 3-year 4-year 5-year

Panel A: U.S. yields

Mean 1.57% 1.79% 2.04% 2.29% 2.52%
Std. 1.49% 1.40% 1.31% 1.24% 1.19%
Skewness 1.03 0.85 0.70 0.56 0.44
Kurtosis 3.00 2.63 2.40 2.24 2.11

Panel B: German yields

Mean 1.13% 1.27% 1.43% 1.60% 1.77%
Std. 1.65% 1.70% 1.72% 1.74% 1.75%
Skewness 0.52 0.38 0.25 0.16 0.07
Kurtosis 1.88 1.72 1.60 1.53 1.49

Table 3.1 presents the descriptive statistics for the yield data, by maturity. Yields,

in both countries, have during the period been relatively low and the average is

ranging between 1.57% and 2.52% for the U.S. while they are ranging 1.13% and

1.77% for the German interest rates. The average yields are increasing in maturity for

both countries implying that on-average both yield curves are upward sloping. The

yields are, however, different in the two countries: interest rate volatility increases in

maturity for the U.S. and decreases for the German yields. Last, U.S. yields do suffer

from larger skewness and kurtosis relative to German yields.

3.2.2 Motivational evidence

Depending on the market-price-of-risk specification, affine international term struc-

ture models usually imply linearity in the relationship between the log currency

depreciation rate and interest rates factors (e.g., Egorov et al. (2011); Sarno et al.

(2012)). Let X t denote PCA factors from the joint panel of both U.S. and German

interest rates. An affine international term structure model, as introduced in e.g.

Egorov et al. (2011) and Sarno et al. (2012), motivates the following regression:

∆st+1 =α+β′X t +εt+1, (3.1)

where ∆st+1 = st+1 − st is the log currency depreciation rate. Given the linearity

assumption, one would expect a sizeable R2 from the regression. Panel A in Tabel 3.2

shows the results.
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Table 3.2: Motivational evidence: nonlinearity in the log currency depreciation rate and
economic uncertainty
The table reports regression results of regressing common interest rate factors, extracted using
PCA from the joint panel of U.S. and German government yields, on log currency depreciation
rates of EUR/USD. The table presents the coefficients and R2 from the regression sT − st =
αt +βt Xt +εT in which αt and βt are interaction terms with: a constant (standard linear), the
absolute difference in economic policy uncertainty, | ht |, the difference in economic policy
uncertainty ht . T-statistics are shown in brackets with Newey and West (1994) standard errors.
T-statistics are shown in brackets with Newey and West (1994) standard errors. The estimation
is based on a sample spanning from January 2002 to December 2019.

α X1 X2 X3 R2
Ad j

Panel A: Linear model

Constant 0.0012 -0.0036 0.0012 -0.0143 0.36%
[0.68] [-1.81] [0.28] [-0.69]

Panel B: Nonlinear model

Constant 0.0087 -0.0045 0.025 0.0431 13.35%
[3.18] [-1.74] [4.52] [1.56]

ht 0.0077 0.0023 -0.132 -0.4721
[0.25] [0.1] [-2.71] [-3.79]

| ht | -0.0226 0.0142 -0.2092 -0.5443
[-0.65] [0.55] [-3.52] [-3.08]

The regression in equation (3.1) reveals a R2 adjusted for the number of esti-

mated parameters of 0.36%. Furthermore, none of the coefficients are significant -

indicating that the usual factors identified from the interest rates appear to be unre-

lated to exchange rate movements and cannot explain variations in the log currency

depreciation rate. Overall, interest rate factors do not, on average, carry significant

information about future log currency depreciation rates.

To motivate the effect of economic uncertainty on the relationship between

exchange rate movements and interest rate information, consider the no-arbitrage

condition of Backus et al. (2001):

M̃(T )

M(T )
= S(T ), (3.2)

d M̃(T ) =−r̃T d t − λ̃T dWt , (3.3)

d M(T ) =−rT d t −λT dWt , (3.4)

where M(t) and M̃(t) denotes the domestic and foreign SDF,r and r̃ denotes the

risk-free rate in the two countries, λ and λ̃ the market-price of risk, and S(t) the

exchange rate measured as domestic currency prices per unit of foreign currency.

Applying Itô’s lemma to the expression for the log exchange rate reveals

d st = (rt − r̃t + (λ− λ̃)λ+ 1

2
(λ− λ̃)′(λ− λ̃))d t + (λ− λ̃)dWt . (3.5)
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The findings of Andreasen et al. (2021) and Borup et al. (2021) suggest that economic

uncertainty has an impact on the affineness in the relationship between the market-

price-of-risk, λ, and interest rate factors. Equation (3.5), hence, motivates that both

the difference in economic uncertainty and a term related to when uncertainty is

different in the two countries has an impact on the relationship between interest rate

factors and log currency depreciation rates.

To examine the hypothesis, consider the following regression which corresponds

to an Euler discretization of equation (3.5):

∆st+1 =αt +β′
t X t +εt+1, (3.6)

αt =α+ α̃ht + α̌ | ht |, (3.7)

βt =β+ β̃ht + β̌ | ht |, (3.8)

where ht denotes a state variable driving nonlinearity in the market-price of risk

which I proxy by uncertainty differences between the U.S. and Europe

ht = log(Ut )− log(U∗
t ), (3.9)

where Ut and U∗
t denote the economic policy uncertainty index for the U.S. and

Europe. To measure economic policy uncertainty, I consider the indices of Baker,

Bloom, and Davis (2016).1 They construct the uncertainty measures using news data,

from U.S. and European newspapers, by counting the number of articles containing

specific words related to uncertainty in the economy.2 I refer to Baker et al. (2016) for

a detailed description of the methodology to construct the two indices.

Figure 3.1 shows the evolution of the log difference in economic policy uncer-

tainty, ht , over time. The figure reveals that, for instance, ht is low during the southern

European debt crisis in late 2011 and the Brexit election in mid-2016 and is relatively

high at the break-out of the great recession.

The second column in Table 3.2 provides the results. For the second and third

PCA factors, both interaction terms have a significant impact while the level factor

is not affected by differences in economic uncertainty. Furthermore, the intercept

is significant when economic uncertainty is equal in the two areas. The effect from

allowing for nonlinearity in the relationship results in a notable increase in the degree

of explained variation. The adjusted R2 increases to 13.35% for the regression in

equation (3.6) relative to 0.36% in the linear regression in equation (3.1).

1The data is available at the webpage https://www.policyuncertainty.com and is updated monthly.
The European index is available in the German tab.

2The U.S. uncertainty measure is normalized to a mean of 100 between 1985 and 2009 while the
European uncertainty measure is normalized to a mean of 100 between 1987 and 2010. In absence of
a more obvious way, I overcome the issue by rescaling the U.S. uncertainty measure to a mean of 100
between 1987 and 2010.

https://www.policyuncertainty.com
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Figure 3.1: The time series of difference in economic policy uncertainty
The figure shows the time series of the difference in economic policy uncertainty measured
by the indices of Baker et al. (2016) between the U.S. and European. The sample spans from
January 2002 to December 2019.

2002 2004 2006 2008 2010 2012 2014 2016 2018 2020
-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

D
if
fe

re
n
c
e
 i
n
 U

n
c
e
rt

a
in

ty

3.2.2.1 What is the role of local factors?

The regression in equation (3.6) restricts the depreciation rate to depend only on

global interest rate factors. Both Sarno et al. (2012) and Diez de los Rios (2009) include

a local factor in their models for the international economy. Can such local factors

explain the findings in the previous subsection?

To examine the question, I construct a local factor by the first PCA factor, ηt , from

the residuals of regressing the German yields on the three common PCA factors. I

can interpret ηt as information from the German yields not included in the common

factors. To examine the effect of local factors, I include η̂t in equation (3.6) and

consider the following regression:

∆st+1 =αt +β′
t X t +bη̂t +εt+1. (3.10)

The estimates of αt and βt are unaffected by including a local factor, both in

terms of parameter value and in terms of t-statistics. The evidence suggests local

factors cannot explain the switching behavior in the relationship between common
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Table 3.3: Motivational evidence: The role of a local factor
The table reports regression results of regressing common interest rate factors, extracted using
PCA from the joint panel of U.S. and German government yields, on log currency depreciation
rates of EUR/USD. The table presents the coefficients and R2 from the regression sT − st =
αt +βt Xt +εT in which αt and βt are interaction terms with: a constant (standard linear), the
absolute difference in economic policy uncertainty, | ht |, the difference in economic policy
uncertainty ht . T-statistics are shown in brackets with Newey and West (1994) standard errors.
T-statistics are shown in brackets with Newey and West (1994) standard errors. The estimation
is based on a sample spanning from January 2002 to December 2019.

constant X1 X2 X3 η R2
Ad j

Linear in both common and local factors

Constant 0.0012 -0.0036 0.0012 -0.0142 0.0015 0.15%
[0.69] [-1.82] [0.27] [-0.67] [0.59]

Nonlinear in common factors, linear in local

Constant 0.0083 -0.0051 0.0253 0.0474 0.0013 13.07%
[2.88] [-2.08] [4.5] [1.66] [0.62]

ht 0.0048 -0.0004 -0.1273 -0.4712
[0.17] [-0.02] [-2.8] [-3.79]

| ht | -0.0247 0.0136 -0.2044 -0.5643
[-0.73] [0.52] [-3.59] [-3.02]

interest rate factors and the currency depreciation rate.

3.2.2.2 Adding more factors?

The literature examining excess bond returns finds that the fourth and fifth PCA factor

helps in explaining bond risk premia (Cochrane and Piazzesi, 2005). To investigate

whether this is also the case for currency depreciation rates, I extend the regression

in equation (3.6) with the fourth and fifth PCA factors from the cross-section of U.S.

and German interest rates.

While the fourth and fifth factors are insignificant when the level of uncertainty

is similar in the two countries, both interaction terms of the factors are significant.

Furthermore, the degree of explained variation increases a little from 13.35% for the

3-factor model to 14.10% and 15.38%, respectively, for the 4- and 5-factor model.

3.2.2.3 International evidence

While the focus of the paper is mainly on the EUR/USD currency, a natural question

is obviously whether the motivation for the relationship between uncertainty imbal-

ances and the marginal effect of interest rates on currency depreciation rates is also

present for other currencies. Table 3.5 presents the degree of explained variation for

the USD against AUD, CAD, JPY, and the GBP.

The table reveals that although the magnitude of the increase in explained vari-

ation when including the interaction term, is smaller than for the euro, I still find
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Table 3.4: Motivational evidence: nonlinearity in the log currency depreciation rate and
economic uncertainty
The table reports regression results of regressing common interest rate factors, extracted using
PCA from the joint panel of U.S. and German government yields, on log currency depreciation
rates of EUR/USD. The table presents the coefficients and R2 from the regression sT − st =
αt +βt Xt +εT in which αt and βt are interaction terms with: a constant (standard linear), the
absolute difference in economic policy uncertainty, | ht |, the difference in economic policy
uncertainty ht . T-statistics are shown in brackets with Newey and West (1994) standard errors.
The estimation is based on a sample spanning from January 2002 to December 2019.

constant X1 X2 X3 X4 X5 R2
Ad j

4 factors

Constant 0.01 0 0.02 0.05 -0.08 - 14.10%
[3.51] [-1.72] [4.23] [1.92] [-1.08]

ht -0.03 -0.04 -0.08 -0.46 0.72 -
[-1.38] [-2.32] [-2.12] [-4.71] [2.84]

| ht | -0.06 -0.03 -0.15 -0.58 0.99 -
[-2.2] [-1.28] [-3.27] [-3.95] [3.13]

5 factors

Constant 0.01 0 0.02 0.05 -0.03 0.32 15.38%
[3.44] [-2.49] [3.93] [2.08] [-0.53] [1.39]

ht -0.03 -0.04 -0.07 -0.58 0.45 -1.66
[-0.03] [-2.62] [-1.91] [-5.76] [2.00] [-2.13]

| ht | -0.05 -0.03 -0.14 -0.64 0.64 -3.05
[-0.05] [-1.35] [-2.87] [-4.76] [2.35] [-2.74]

Table 3.5: Motivational evidence from a broader cross-section
The table reports regression results of regressing common interest rate factors, extracted using
PCA from the joint panel of U.S. and foreign government yields, on log currency depreciation
rates. The table presents the degree of explained variation, R2, adjusted for the number esti-
mated parameters from the regression sT − st =αt +βt Xt +εT in which in which αt and βt
are interaction terms with: a constant (standard linear), the absolute difference in economic
policy uncertainty, | ht |, the difference in economic policy uncertainty ht for each country.
The estimation is carried out using a sample spanning from January 2002 and December 2019.

AUD CAD JPY GBP

R2
ad j linear 0.11% -0.56% 1.29% -0.19%

R2
ad j nonlinear -1.89% 0.92% 2.13% 0.81%
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an increase of roughly 1% for most of the currencies (except the Australian Dollar).

The implicit assumption about the uncertainty being equal in the indexed period

is probably not well suited for the entire cross-section. Section 3.8.3 presents an

alternative story for the findings which provides more convincing evidence for the

international cross-section.

3.2.2.4 The source of gain in in-sample predictability?

The log spot changes examined previously in the Section, can be decomposed into

two components: a risk premium and a forward premium:

sT − st = sT − ft ,T + ft ,T − st , (3.11)

where ft ,T denotes the log forward rate with maturity at T. The first term sT − ft ,T de-

notes the risk premium, while the second term ft ,T −st denotes the forward premium.

Under no-arbitrage (the covered interest rate parity) the forward premium is equal

to the interest rate difference which motivates whether the increase in predictability

stems from predictability of the excess return, interest rate difference, or both. Table

3.6 presents the degree of explained variation adjusted for the number of parameters

from the linear and nonlinear model for each of the two components of the spot

changes.

Table 3.6: The source of in-sample predictability
The table reports regression results of regressing common interest rate factors, extracted using
PCA from the joint panel of U.S. and foreign government yields, on log forward premium and
currency risk premium. The table presents the degree of explained variation, R2, adjusted for
the number of estimated parameters. The estimation is carried out using a sample spanning
from January 2002 and December 2019.

Interest rate difference Risk premium

R2
ad j linear 86.48% 0.72%

R2
ad j nonlinear 88.63% 13.51%

Completely in line with the motivation for the influence of economic uncertainty

on the relationship between interest rate information and exchange rate movements

in equation (3.5), the degree of explained variation increases dramatically for the risk

premium term from 0.72% to 13.51 % while the measure is essentially the same for the

forward premium term (from 86.48% to 88.63%) and close to unity (as expected by the

theory of affine term structure models). Confirming that while the affine assumption

seems valid for the interest rate difference, the assumption is questionable for the

risk premium.
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3.3 A nonlinear international term structure model

This section presents a nonlinear international term structure model in which the

relationship between interest rate factors and the log currency depreciation is allowed

to be nonlinear as motivated in Section 3.2. The design of the model is guided by,

among others, Backus et al. (2001), Brennan and Xia (2006), and Sarno et al. (2012). All

considering affine setups which I extend to an affine domestic SDF with a nonlinear

foreign SDF. More specifically, the nonlinear SDF is specified as Feldhütter et al.

(2018). The model design of the international economy allows for both foreign interest

rates, foreign market-price-of-risk, and implicit log currency depreciation rates being

nonlinear in interest rate factors. Section 3.8 examines whether the results are robust

towards specifying a European investor as the domestic and U.S. as the foreign.

Potentially both SDFs could have been nonlinear. I find, however, that identification

of the nonlinear parameters becomes difficult since the log currency depreciation

rate only depends on the relative difference in nonlinearity across the two countries.

3.3.1 A nonlinear continuous-time model for the international economy

The starting point of the international model is the no-arbitrage restriction developed

by Backus et al. (2001), which restricts the exchange rate to satisfy the following

condition:

M̃(T )

M̃(t )
= S(T )

S(t )

M(T )

M(t )
, (3.12)

where M̃(t ) denotes the foreign SDF, M(t ) the domestic, and S(t ) the exchange rate

measured as domestic currency prices per unit of foreign currency. The restriction

implies that given dynamics for the domestic and foreign SDFs, the exchange rate is

endogenous.

The first building block in the model is to define uncertainty. In the model, I

assume that a 3-dimensional Brownian motion, W (t ), drives all uncertainty in the in-

ternational economy. Next, a 3-dimensional state vector X (t ) exists with the following

representation under some probability measure M:

d X (t ) = κ(θ−X (t ))d t +ΣdW M(t ), (3.13)

where θ denotes a 3−dimensional vector, κ and Σ are 3×3−dimensional matrices.

To keep the model as parsimonious as possible, I assume X t is Gaussian and both

the domestic and foreign SDFs depend only on X (t): the common factors serve as

common drivers in the global economy and determine interest rates, risk premium,

and volatility. In order to avoid a massive number of parameters to estimate, I focus

in the paper on a three-factor model. The choice is also motivated by the three-factor

model in (3.6) is able to generate the story. In the next subsections, I define the
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dynamics of the stochastic discount factors and derive the dynamics of the exchange

rate.

3.3.1.1 The domestic economy

The domestic SDF has the following dynamics

d M(t )

M(t )
=−r (t )d t −Λ(t )dW (t ), (3.14)

with r (t ) andΛ(t ) both being affine in X (t ). More specifically,

r (t ) = ρ+ρX X (t ), (3.15)

Λ(t ) =λ+λX X (t ), (3.16)

where ρ0 is a scalar, while ρX and λ0 are d–dimensional vectors, and λX is a d ×d–

dimensional matrix.

The affine assumptions of r (t ) andΛ(t ) imply that the domestic SDF is a standard

Gaussian affine term structure model with essentially affine market price of risk

(Duffee, 2002). Following Duffie and Kan (1996), the domestic zero-coupon bond

price is:

P (t ,T ) = exp(A(τ)+B(τ)X (t )), (3.17)

with Ai (τ) and Bi (τ) solving the following ODEs:

dB(τ)

dτ
=−B(τ)(κ+λX )−ρX ,B(0) = 03×1, (3.18)

d A(τ)

dτ
= 1

2
B ′(τ)ΣΣ′B(τ)+B(τ)(κθ−λ)−ρ, A(0) = 0. (3.19)

(3.20)

3.3.1.2 The foreign economy

The foreign SDF is given as:

M̃(t ) = M̃0(t )
(
1+ γ̃e−ξ̃

′X (t )
)

, (3.21)

where γ̃ is a non-negative scalar, ξ̃ is a 3–dimensional vector and the dynamics of

M̃0(t ) is given by
d M̃0(t )

M̃0(t )
=−r̃0(t )d t − Λ̃0(t )dW (t ), (3.22)

with r̃0(t ) and λ̃0(t ) being affine in X (t ). Equation (3.21) is a departure from existing

international term structure models (Backus et al., 2001; Brennan and Xia, 2006; Diez

de los Rios, 2009; Sarno et al., 2012). The model is an outcome of many popular

equilibrium models used in the literature (Feldhütter et al., 2018) including the two



150 CHAPTER 3. ECONOMIC UNCERTAINTY AND THE BEHAVIOR OF EXCHANGE RATES

trees model (Pavlova and Rigobon, 2007), external habits (Heyerdahl-Larsen, 2014;

Stathopoulos, 2017), and heterogeneous beliefs (Beber, Breedon, and Buraschi, 2010).

A convenient way to interpret the model is by defining M̃1(t) = M̃0(t)γ̃e−ξ̃
′X (t ), the

foreign SDF is then a sum of two different SDFs

M̃(t ) = M̃0(t )+ M̃1(t ). (3.23)

In extremes γ̃= 0, γ̃=∞, or ξ̃= 03×1, the foreign SDF collapses to a standard affine

baseline model.

To put some restriction on the relationship between the domestic and foreign

economies, I follow Sarno et al. (2012) and assume the foreign market-price of risk in

the baseline SDF, M̃0(t ), Λ̃0(t ) =Λ0(t )− σ̃, r̃0 and Λ̃0 is given by the following

r̃0(t ) = ρ̃0 + ρ̃0,X X (t ), (3.24)

Λ̃0(t ) = λ̃0 + λ̃0,X X (t ), (3.25)

λ̃0 =λ0 − σ̃, (3.26)

λ̃0,X =λX , (3.27)

where ρ̃0 is a scalar, while ρ̃0,X and σ̃ are d–dimensional vectors. Feldhütter et al.

(2018) show that the zero-coupon bond price is a weighted average between two

Gaussian SDFs with a stochastic weight w̃(t ):

P̃ (t ,T ) = w̃(t )P0(t ,T )+ (1− w̃(t ))P1(t ,T ), (3.28)

w̃(t ) = 1

1+ γ̃e−ξ̃X (t )
, (3.29)

Pi (t ,T ) = exp(Ai (τ)+Bi (τ)X (t )), (3.30)

where Ai (τ) and Bi (τ) are solutions to the following ordinary differential equations

dBi (τ)

dτ
=−Bi (τ)(κ+ λ̃i ,X )− ρ̃i ,X , (3.31)

d Ai (τ)

dτ
= 1

2
B ′

i (τ)ΣΣ′Bi (τ)+Bi (τ)(κθ− λ̃i )− ρ̃i , (3.32)

with

ρ̃1 = ρ̃0 + ξ̃′κ,θ− ξ̃′Σλ̃0 − 1

2
ξ̃′ΣΣ′ξ̃, (3.33)

ρ̃1,X = ρ̃0,X −κ′ξ̃− λ̃′
0,XΣξ̃, (3.34)

λ̃1 = λ̃0 +Σ′ξ̃, (3.35)

λ̃1,X = λ̃0,X . (3.36)
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3.3.1.3 The exchange rate

Given the dynamics of the domestic and foreign SDFs, the dynamics of the exchange

rate is determined. From equation (3.12) the exchange rate is given as

S(T )

S(t )
= M̃(T )

M̃(t )

M(t )

M(T )
. (3.37)

Applying Itô’s formula to the expression for the log currency depreciation rate

reveals the following dynamics

d st =
[

(r (t )− r̃ (t ))+ 1

2
(Λ(t )′Λ(t )− Λ̃(t )′Λ̃(t ))

]
d t + (Λ(t )− Λ̃(t ))dW (t ), (3.38)

with

r̃ (t ) = w̃(t )r̃0(t )+ (1− w̃(t ))r̃1(t ), (3.39)

Λ̃(t ) = w̃(t )Λ̃0(t )+ (1− w̃(t ))Λ̃1(t ). (3.40)

The equations above illustrate that both drift and volatility of the instantaneous

currency depreciation rate depend on the stochastic weight w̃t .

The log currency depreciation rate is then the following

sT − st = log

(
M̃(T )

M̃(t )

)
− log

(
M(T )

M(t )

)
, (3.41)

= log

1+ γ̃e−ξ̃X (T )

1+ γ̃e−ξ̃X (t )

+ log

(
M̃0(T )

M̃0(t )

)
− log

(
M(T )

M(t )

)
, (3.42)

=− log

(
w̃(T )

w̃(t )

)
+ log

(
M̃0(T )

M̃0(t )

M(t )

M(T )

)
. (3.43)

Equation (3.43) reveals that the currency depreciation rate can be decomposed into

two components. First, the term, − log
(

w̃(T )
w̃(t )

)
, denotes the effect of changes in the

stochastic weight on the currency depreciation rate. Second, the term, log
(

M̃0(T )
M̃0(t )

M(t )
M(T )

)
,

denotes the log depreciation rate as if the model was a standard affine international

term structure model. The decomposition suggests that the log depreciation rate of

the model is the log depreciation rate of an affine model, corrected by changes in the

stochastic weight in the foreign interest rates.

Since X (t) is affine, the expectation of the second term of the log depreciation

rate has a closed-form solution.3 In the nonlinear international term structure model,

the log expected currency depreciation rate is

Et (sT − st ) =−Et

(
log

(
w̃(T )

w̃(t )

))
+Cex +Dex X (t ), (3.44)

3For proof see Diez de los Rios (2006).
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with

Dex = γ0 +γ′θ−γκ−1 (
I −e−κ

)
θ, (3.45)

Cex = γ′κ−1(I −e−κ), (3.46)

γ0 = ρX − ρ̃0,X + σ̃λX , (3.47)

γ= ρ0 − ρ̃0 + σ̃λ− 1

2
σ̃σ̃′. (3.48)

In the baseline model,4 the model collapses to an affine international term structure

model. Given X (t ) is Gaussian, the solution to the first term can be approximated by,

for example, a Gauss-Hermite Quadrature (see appendix C.1).

3.4 Estimation

This section describes how to estimate the model presented in section 3.3. To eval-

uate the effect of introducing nonlinearity into an international framework, I also

consider a standard affine international term structure model with global factors (as

considered in (Egorov et al., 2011; Sarno et al., 2012). The affine model is a special

case of the nonlinear model by imposing γ̃= 0.

3.4.1 An affine model

Let the dynamics of X (t ) be given as in equation (3.13). Then the domestic short rate

is given as

rt = ρ+ρX X (t ), (3.49)

with the domestic market price of risk given as

Λt =λ+λX X (t ). (3.50)

Duffie and Kan (1996) show that the price of a zero-coupon bond is given as

B T
t = exp(A(τ)+B(τ)X (t )), (3.51)

with A and B being solutions to the following ODEs

dB(τ)

dτ
=−(κ+λX )B(τ)−δX ,B(0) = 03×1 (3.52)

d A(τ))

dτ
= 1

2
B(τ)ΣΣ′B(τ)′+B(τ)(κθ−λ)−δ0, A(0) = 0. (3.53)

Similarly, I assume that the foreign short rate and market price of risk is the following

r̃t = ρ̃+ ρ̃X X (t ), (3.54)

Λ̃t =λ0 +λX X (t )− σ̃. (3.55)

4If γ̃= 0, then w̃(t ) = 0, if γ̃=∞, then w̃(t ) = 1, and if ξ̃= 03×1, then w̃(t ) = c but M̃0(t ) = M̃1(t )∀t .
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The dynamics of the log-exchange rate is then given as in Sarno et al. (2012)

d st = (rt − r∗
t + σ̃Λt − 1

2
σ̃σ̃′)d t + σ̃σ̃′dW (t ). (3.56)

Given the drift of d st is affine, Diez de los Rios (2006) shows that the solution of the

expected future depreciation rate is given as

Et (sT − st ) =Cex +Dex X (t ), (3.57)

with

Dex = γ0 +γ′θ−γκ−1 (
I −e−κ

)
θ, (3.58)

Cex = γ′κ−1(I −e−κ), (3.59)

γ0 = ρX − ρ̃0,X + σ̃λX , (3.60)

γ= ρ0 − ρ̃0 + σ̃λ− 1

2
σ̃σ̃′. (3.61)

3.4.2 Estimation methodology

I use the extended Kalman filter to estimate the nonlinear model and the Kalman

filter to estimate the affine model.

I cast the two models into state space representation in which the transition

equation for X (t ) is

X t+1 =C +D X t +ηt+1, ηt+1 ∼N(0,Q), (3.62)

where C denotes a d–dimensitional vector and D an d ×d matrix.

Stacking U.S. yields into the vector Y U S
t and the foreign yields into Y EU R

t , the

measurement equation is given as Y U S
t

Y EU R
t

∆st

=

 f U S (X t )

f EU R (X t )

g (X t )

+

σU S I5 05×5 0

05×5 σEU R I5 0

05×5 05×5 σ f x

εt , εt ∼N(0, I11), (3.63)

where f i (X (t)) determines the relationship between the latent state variables and

yields in country i , and g (X (t)) denotes the relationship between the latent state

variables and the currency depreciation rate (see equations (3.44) and (3.57)). Let

U.S. denote the domestic economy and the eurozone the foreign, then for a given

maturity, τ, f i (X (t )) is given as a vector of with the following elements

f U S
τ =−1

τ
log(P (t ,T )), (3.64)

f EU R
τ =−1

τ
log(P̃EU R (t ,T )), (3.65)
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where P (t ,T ) and P̃EU R (t ,T ) are given in equations (3.17) and (3.28). To ensure

identification of the parameters for w̃(t ) being close to either zero or one, I impose

the normalization scheme of Dai and Singleton (2000) for the domestic economy

in addition to Hamilton and Wu (2012). The normalization scheme imposes θ to

a zero vector, Σ to the identity matrix, and the elements of ρX to be non-negative.

The algorithm of Hamilton and Wu (2012) provides a way to examine whether the

data suffers from unit root issues under a pricing measure. Using the algorithm of

Hamilton and Wu (2012), I find the data suffers from a unit root under the pricing

measure implied by the domestic SDF. To overcome the issue, I follow Hamilton and

Wu (2012) and restrict the κ+λX matrix to the following:

κ+λX =

κ
Q
11 0 0

κ
Q
21 a κ

Q
23

κ
Q
31 κ

Q
32 a

 , (3.66)

with Q indicating the domestic probability measure, a > 0, and the additional restric-

tion that κQ
23 ≥ κQ

32. I impose the normalization scheme for both the nonlinear and

the affine benchmark model.

Especially the nonlinear model appears to be very sensitive to the choice of

starting points of the parameters. To accommodate for this, I follow the following

recipe:

1. Estimate a standard international affine model using the algorithm of Hamilton

and Wu (2012) which they show is easier to compute than maximum likeli-

hood.5 The algorithm assumes three of the U.S. yields are measured without

errors from which I extract the three factors.

2. Convert the parameters from discrete-time to continuous and calibrate the

foreign parameters (including the nonlinear γ̃ and ξ̃) conditional on the U.S.

parameters and the extracted factors.

The model is then estimated using the extended Kalman filter and optimized

using the CMAES algorithm which is a global optimizer. To ensure the likelihood

function, indeed, is optimized, I, lastly, consider a Nelder-Mead algorithm until con-

vergence. For robustness of the starting values, I draw 10000 additional starting points

from a uniform distribution within reasonable ranges and apply the optimization

procedure for the 50 best-associated likelihood values of the starting values. Applying

the optimization procedure for the additional starting points revealed that none of

the additional starting points were close to matching the results of the starting points

found using the algorithm of Hamilton and Wu (2012).

5I refer to Hamilton and Wu (2012) for a detailed description of the method. The authors have,
furthermore, uploaded the code for the algorithm on James Hamilton’s webpage.
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3.5 Empirical analysis

In this section, I present the empirical implications related to the models presented

in Sections 3.3 and 3.4. First, the section presents the parameter estimates for both

the nonlinear and affine model described in Section 3.3 and 3.4.1, respectively. Next,

the section shows evidence for a relationship between nonlinearity in the nonlinear

model and economic uncertainty with the implication that the marginal effect of

interest rate factors on expected model-implied currency depreciation rate correlates

strongly with both the difference and absolute difference of economic uncertainty, in

line with the regression in Section 3.2.

3.5.1 Estimation results

Table 3.7 reports parameter estimates of both the nonlinear and the affine model

along with p-values based on asymptotic standard errors.

For the model to be nonlinear, both γ̃ and ξ̃ must be different from zero. As

shown in Table 3.7 both γ̃ and ξ̃ parameters are highly significant at any conventional

significance level - implying that nonlinearity is an important model feature when

jointly explaining foreign yields and the currency depreciation rate.

Figure 3.2 shows the stochastic weight w̃(t) on the baseline model, M̃0(t), over

time.

The figure shows that the stochastic weight w̃(t) varies substantially over time:

the stochastic weight is roughly 1 between 2002 and 2008, while it is more volatile

during the rest of the sample. The weight decreases in the aftermath of the 2007-09

recession, in the period between 2011-2015 (which includes the Southern European

debt crisis), and increasing between 2017 and 2019. The plot, furthermore, indicates

a correlation between the difference uncertainty measure and the stochastic weight.

To quantify this relationship, Panel A in Table 3.8 presents the correlations between

w̃(t ) and the different measures for economic policy uncertainty.

The table shows high negative correlations with all uncertainty measure: The

economic policy uncertainty of the eurozone and the global economy delivers a

correlation of −0.61 and −0.44. The correlation with the uncertainty difference in

equation (3.9) is 0.59, implying a strong relationship between the stochastic weight

and the difference in economic policy uncertainty, in line with the motivational

evidence. Overall, strong evidence for the ratio between SDFs being nonlinear and

related to uncertainty.

The estimates suggest that nonlinearity matters for jointly modeling yields and

currency depreciation rates while the degree of nonlinearity in the model relates

closely to uncertainty.
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Table 3.7: Parameter estimates of the nonlinear and affine model
The table contains the parameter estimates from the nonlinear international term structure
model and the affine benchmark model. The left column presents parameter estimates for the
nonlinear model and the right column presents parameter estimates for the affine benchmark
model. The estimation is based on U.S. and German government bond yields in addition to the
log currency depreciation rate of EUR/USD. p-values calculated using asymptotic standard
errors are shown in parentheses. The extended Kalman filter is used to estimate the nonlinear
model, while the standard Kalman filter is used to estimate the affine A0(3) benchmark model.
The estimation is carried out using the sample from January 2002 to December 2019.

Nonlinear Model A0(3) Model

κ

0.0085 -0.009 -0.0421 0.0010 0.0054 -0.0078
(0.36) (0.38) (0.25) (0.90) (0.66) (0.11)

-0.0021 0.0247 0.1099 -0.0078 0.0015 0.0010
(0.81) (0.00) (0.00) (0.72) (0.86) (0.07)
-0.021 -0.0029 0.1394 -0.0049 -0.0593 0.0980
(0.00) (0.83) (0.00) (0.02) (0.01) (0.01)

λ0 0.5366 -0.1544 0.3486 -0.1904 -0.2100 -0.0954
(0.00) (0.00) (0.00) (0.28) (0.99) (0.97)

κQ

0.0152 - - 0.0010 - -
(0.00) (0.76)

-0.0145 0.0175 0.1087 0.1766 0.0188 0.6427
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
0.0073 -0.0041 0.0175 0.2185 -0.4223 0.0188
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

ρ0 0.0012 0.0024
(0.00) (0.98)

ρ1 0.0271e−3 0.1532e−3 0.0002e−3 0.0011 0.000 0.0037
(0.00) (0.00) (0.88) (0.00) (0.98) (0.00)

ρ̃0 0.0026 0.0038
(0.00) (0.91)

ρ̃1 0.1880e−3 0.0913e−3 0.0289e−3 -0.0010 0.0016e−3 -0.0010
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

σ̃ 0.3496 0.4253 0.1232 -0.1174 -0.0064 -0.0020
(0.00) (0.00) (0.00) (0.19) (0.00) (0.55)

γ̃ 0.0006
(0.00)

ξ̃ 0.2116 0.1239 -0.2348
(0.00) (0.00) (0.00)
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Figure 3.2: Time-series of the stochastic weight
The figure shows the stochastic weight, w̃(t ), of the nonlinear model defined in equation (3.29).
The model estimation is based on U.S. and German government bond yields in addition to the
log currency depreciation rate of EUR/USD. The estimation is carried out using the extended
Kalman filter and the sample spans from January 2002 to December 2019.
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3.5.2 The marginal effects of interest rate factors on the depreciation

rates

Section 3.2 suggests that the marginal effects of interest rate factors on the currency

depreciation rate depend on the difference and absolute difference in uncertainty.

A question is then whether the nonlinear model can capture this behavior. For the

affine benchmark model, the marginal effects of the interest rate factors are constants,

and, hence, the model class cannot generate the findings in Section 3.2.

To quantify the relationship between the marginal effects and various uncer-

tainty measures, Panel B in Table 3.8 presents correlations. As shown in the table,

the marginal effect of all three factors correlates significantly with all uncertainty

measures. The findings suggest a clear relationship between uncertainty drives and

changes in both the stochastic weight and the marginal effects. The nonlinear model

is, thereby, consistent with the motivational evidence presented in Section 3.2.

In sum, Allowing for nonlinearity in the model picks at least some part of currency

movements being nonlinear in interest rate factors and the nonlinearity can be picked
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Table 3.8: Stochastic weight, the marginal effect of interest rate factors on log currency de-
preciation rates, and uncertainty
The table presents the correlations between different uncertainty measures and the stochastic
weight w̃(t ) and the model-implied marginal effect of interest rate factors on model-implied
log currency depreciation rates. Both the stochastic weight and the model-implied log cur-
rency depreciation rates are based on U.S. and German government bond yields and the log
currency depreciation rate of EUR/USD. p-values for the null of no correlation are reported in
parentheses. The estimation is carried out by using the sample from January 2002 to December
2019.

U.S. European Difference in aAsolute difference in
uncertainty uncertainty uncertainty Uncertainty

Panel A: Stochastic weighting and uncertainty

-0.25 -0.61 0.59 -
(0.00) (0.00) (0.00)

Panel B: The marginal effect of interest rate factors on the log currency depreciation rate and uncertainty

0.29 0.56 -0.37 0.35
(0.00) (0.00) (0.00) (0.00)
0.28 0.50 -0.29 0.27

(0.00) (0.00) (0.00) (0.00)
-0.27 -0.63 0.54 -0.52
(0.00) (0.00) (0.00) (0.00)

up by uncertainty differences as motivated in Section 3.2.

3.6 Implications for currency risk premia

The results above suggest that the nonlinear effect matters for explaining the behavior

of the exchange rate. In this section, I examine the implication of the nonlinear

international model on currency risk premium in the model. I measure the currency

risk premium as deviations from the uncovered interest rate parity, implying that the

risk premia is given as:

r pt ,t+1 =∆st+1 − (yt (1)− y∗
t (1)), (3.67)

where yt (1) and y∗
t (1) are the nonannualized domestic and foreign 1-month yield,

respectively.

3.6.1 An effect on currency risk premia?

Another way to write up the currency risk premia is as the excess return of buying a

foreign currency in the forward market at time t −1 and selling it at t :

RPt =
St −Ft−1,t

St−1
, (3.68)

where Ft−1,t denotes the one-month forward.
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The regression analysis in subsection 3.2.2.4 suggest that the nonlinear effects are

mainly driven by the risk premium. Another angle to examine the effect on currency

risk premium is by focusing on the common factor structure of Lustig et al. (2011).

They show that common components in the cross-section of currency risk premia

are related to Dollar and Carry. The two factors are confirmed by Verdelhan (2018)

and Korsaye, Trojani, and Vedolin (2020).

More specifically, they consider the following factor structure of currency risk

premia

RPt = a +bDOLDOLt +bH ML H MLt +ηt , (3.69)

where DOLt corresponds to the dollar factor which denotes the return of a portfolio

consisting of selling the U.S. dollar and buying all currencies and H MLt corresponds

to the return of Carry trade in which the cross-section is sorted based on their forward

discount.6

To motivate that economic uncertainty in the two countries also have an impact

on the currency risk premium, consider the following regression in which the factor

exposures towards either the Carry and/or Dollar can depend on the difference

and/or absolute difference in economic uncertainty

RPt = at +bDOL
t DOLt +bH ML

t H MLt + η̃t , (3.70)

at = a + ãht−1 + ǎ | ht |, (3.71)

bi
t = bi + b̃i ht−1 + b̌ | ht |, (3.72)

where ht is the difference in economic policy uncertainty for the two countries.

The table reveals that both uncertainty differences and the absolute difference

have a significant impact on the factor structure on both the exposure towards the

Dollar factor and the HML factor. The simple regression suggests that economic

uncertainty in the two countries affect the factor structure of currency risk premia

and, thereby, currency risk premia itself.

3.6.2 Model implications

The existing literature documents many properties of currency risk premium. Sarno

et al. (2012) find that an increase in the country’s CDS spread is affiliated by a depreci-

ation in the currency which implies a negative correlation with European uncertainty

and a positive with the difference between U.S. uncertainty and European uncer-

tainty. Lustig et al. (2011) find a global risk factor correlated with the VIX index which

suggests a negative correlation between global economic policy uncertainty and

currency risk premium. Last, the literature suggests that the USD serves as a so-called

6The two factors are available from Adrien Veldelhans webpage:
http://web.mit.edu/adrienv/www/Data.html. I consider the time series for developed countries
when estimating the regression.

http://web.mit.edu/adrienv/www/Data.html
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Table 3.9: The common currency factor structure and economic uncertainty
The table presents the regression results for the common factor structure of currencies pre-
sented in Lustig et al. (2011). Panel A presents the results for the original regression of Lustig
et al. (2011) while Panel B presents the results for regression in equation (3.70). T-statistics are
shown in brackets with Newey and West (1994) standard errors. The estimation is carried out
by using the sample from January 2002 to December 2019.

Constant DOL HML R2
ad j

Panel A: standard

Constant -0.0005 1.1442 -0.098 85.91%
[-0.59] [29.05] [-2.83]

Panel A: Time-varying

Constant 0 1.2147 -0.2516 86.67%
[0.01] [21.06] [-5.73]

ht -0.0068 -0.4981 0.3753
[-1.59] [-2.67] [3.25]

| ht | -0.0076 -0.653 0.7756
[-1.08] [-2.63] [5.15]

"safe haven" currency as documented with arguments of Maggiori (2017) and Jiang

et al. (2021) which suggest a negative correlation between US uncertainty and the

risk premium such that the USD appreciated during periods of high uncertainty

and, thereby, provide a hedge in bad times. A large literature has shown that high

interest rate countries seem to appreciate against low interest rate country suggesting

a negative between currency risk premium and the interest rate difference (Clarida,

Davis, and Pedersen, 2009; Christiansen, Ranaldo, and Söderlind, 2011; Menkhoff

et al., 2012).

Panel A in Table 3.10 shows the correlation between economic policy uncertainty

for the U.S., European, and global and model-implied risk premium estimates of the

affine and nonlinear model. The currency risk premium estimates of the nonlinear

model correlate stronger to U.S. country-specific uncertainty relative to the affine

model. The risk premium of the nonlinear model generates correlations of -0.48 to

economic policy uncertainty of the U.S., whereas the affine model generates corre-

lations of -0.01. This implies that while the nonlinear model generates risk premia

estimates consistent with the "safe haven" literature, the affine models risk premia

estimates are acyclical. For the global uncertainty measure, the two models generate

correlations of -0.69 and 0.21 for the nonlinear and the affine model. Consistent with

Della Corte et al. (2021), the nonlinear model generates risk premia estimates highly

negatively correlated with European uncertainty and a positive correlation with the

difference in uncertainty. I find, however, that the affine model does not generate risk

premia estimates consistent with Della Corte et al. (2021) since the correlation with

the difference in uncertainty is negative (-0.21) and a positive correlation (0.14) with

European uncertainty. Consistent with the literature on the Carry trading strategy
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Table 3.10: Model-implied risk premia estimates and uncertainty
The table presents correlations between currency risk premia estimates, in both the benchmark
and the nonlinear model, and different uncertainty measures. The estimated currency risk
premia are based on U.S. and German government bond yields and the log currency deprecia-
tion rate of EUR/USD. The estimation is carried out by using the sample from January 2002
to December 2019. U.S., European, and Global uncertainty denote the indices of Baker et al.
(2016), the difference in uncertainty denotes the log difference between U.S. and European
uncertainty, the difference in output gap denotes the difference in output gap calculated
using the methodology of Hamilton (2018), while ∆y12

t denotes the difference between the
U.S. 12-month yield and the German. p-values for the null of no correlation are reported in
parentheses.

U.S. uncer-
tainty

European
uncer-
tainty

Global un-
certainty

Difference
in uncer-

tainty

Difference
in output

gap

∆y12
t

Model-implied risk premia estimates correlations

Nonlinear
Model

-0.48 -0.74 -0.69 0.49 0.33 -0.52
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

A0(3)
Model

-0.01 0.14 0.21 -0.21 0.00 0.52
(0.83) (0.04) (0.00) (0.00) (0.98) (0.00)

in currency markets, the nonlinear model generates a negative correlation between

the difference in 1-year yields and the model’s risk premium estimates and a positive

correlation with the difference in the output gap.

The results suggest that allowing for nonlinearity in the term structure model

is an important model feature to explain documented properties of currency risk

premium from the literature.

3.7 Central bank intervention and nonlinearity

In the sample period considered, both the FED and ECB have initiated massive

quantitative easing programs in which the central banks buy bonds from the market.

Table 3.11 provides descriptive statistics on quantitative easing announcements

in which ECB and FED release information about assets purchases or credit eas-

ing programs. I follow the dates of Dedola et al. (2021) and exclude some of the

announcements that did not have an impact on the central banks’ balance sheet.

Figure 3.3 shows the stochastic weighting over time with ECB announcements

shaded in yellow and FED announcements shaded in green. The figure reveals that

the stochastic weighting increases shortly after a FED announcement and decreases

shortly after an ECB announcement.

To examine how nonlinearity between the ratio of stochastic discount factor is

affected by central bank intervention, I proxy the degree of central bank invention

by the value of the central banks’ assets. Since the stochastic weighting measures

nonlinearity in the ratio of the SDFs, I consider relative central bank intervention as
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Table 3.11: Quantitative easing announcements
The table shows quantitative easing announcements including a short description of Dedola
et al. (2021). MBS refers to mortgage-backed securities, LTRO to longer-term refinancing
operations, SLTRO to supplementary longer-term refinancing operations, VLTRO to very-long-
term refinancing operations, TLTRO to targeted longer-term refinancing operations, ABSPP to
asset-backed securities purchase program, CBPP3 to third covered bond purchase program,
APP to asset purchase program, PSPP to public sector purchase program, and CSPP to corporate
sector purchase program.

Date Announcement

FED QE announcements

25-11-2008 LSAPS announced
01-12-2008 Bernanke’s suggestion to extend QE to Treasuries
16-12-2008 FOMC’s suggestion to extend QE to Treasuries
28-01-2009 Fed stands ready to expand QE and buy Treasuries
18-03-2009 LSAPs expanded
27-08-2010 Bernanke suggests role for additional QE
21-09-2010 FOMC emphasises low inflation
12-10-2010 FOMC ‘senses’ additional accommodation appropriate
15-10-2010 Bernanke reiterates FED stands ready to ease
03-11-2010 QE2 announced: FED purchases $600bn Treasuries
26-08-2011 Bernanke Speech at Jackson Hole
22-08-2012 FOMC judges additional accommodation likely
13-09-2012 QE3 announced: Fed purchases $40bn MBS per month
12-12-2012 QE3 expanded

ECB QE announcements

04-08-2011 SLTROs and other measures
06-10-2011 12/13-month SLTROs
08-12-2011 36-month VLTROs
05-06-2014 TLTROs
04-09-2014 ABSPP and CBPP3 announcement
02-10-2014 ABSPP and CBPP3 details
22-01-2015 APP announcement
05-03-2015 APP details
03-09-2016 Increase of PSPP issue limit
10-03-2016 CSPP announcement
21-04-2016 CSPP details
02-06-2016 CSPP Implementation details
08-12-2016 Extension of APP
26-10-2017 Extension of APP
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Figure 3.3: Stochastic weight and QE announcements
The figure shows the stochastic weight, w̃(t ), of the nonlinear model with FED QE announce-
ments shaded in green and ECB announcements shaded in yellow. The model estimation is
based on U.S. and German government bond yields in addition to the log currency deprecia-
tion rate of EUR/USD. The estimation is carried out using the extended Kalman filter and the
sample spans from January 2002 to December 2019.
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the absolute difference between the central banks’ assets for FED and ECB

∆BSt = log(BSF ED
t )− log(BSEC B

t ), (3.73)

where BSF ED
t is the value of FED’s assets and BSEC B

t is the value of ECBs assets at

time t . The source of the data is Fred St. Louis, and the data is available from 2003.7

Figure 3.4 plots the evolution of the relative value of the central banks’ assets over

time. Again, ECB announcements are shaded in yellow and FED announcements are

shaded in green.

The figure reveals a strong reaction of ∆BSt to QE announcements. To quantify

whether relative central bank invention is an economic driver of nonlinearity in the

ratio of SDFs, the correlation between the two is 0.74. The high correlation indicates

that relative central bank invention is the economic driver of nonlinearity. Intuitively,

7The data for FED is found at https://fred.stlouisfed.org/series/WALCL while the ECB data is found at
https://fred.stlouisfed.org/series/ECBASSETSW

https://fred.stlouisfed.org/series/WALCL
https://fred.stlouisfed.org/series/ECBASSETSW
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Figure 3.4: Differences in the value of FED and ECB assets
The figure shows the difference of the central banks’ assets measured in the local currency of
the FED and ECB. FED QE announcements are shaded in green and ECB announcements are
shaded in yellow. The sample spans from January 2003 to December 2019.
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during these periods, the central banks control both the supply and demand of

government bonds, which drives the switching behavior.

3.8 Further analysis

This section presents some further analysis and robustness to the analysis presented

in the previous sections. I first examine whether the model-implied results presented

earlier are robust towards the U.S. SDF being nonlinear and the European being affine.

Second, I present the results from a Mincer and Zarnowitz (1969) type of regression.

3.8.1 The definition of the domestic economy

In the model presented in Section 3.3, I took the perspective of a U.S. investor which,

naturally, raises the question of whether the findings are robust towards taking the

perspective of a European investor. In this subsection, I examine what happens if I

consider the European economy as domestic and the U.S. as foreign.
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Table 3.12: Replication of Table 3.8 with the U.S. SDF being nonlinear and the European
being affine
The table presents the correlations between different uncertainty measures and the stochastic
weight w̃(t ) and the model-implied marginal effect of interest rate factors on model-implied log
currency depreciation rates. The model-implied log currency depreciation rates are based on
U.S. and German government bond yields and the log currency depreciation rate of USD/EUR.
The estimation is carried out by using the sample from January 2002 to December 2019. p-
values for the null of no correlation are reported in parentheses.

U.S. uncertainty European uncertainty Difference in
Uncertainty

Absolute difference in
uncertainty

Panel A: Stochastic weighting and uncertainty

0.49 0.67 0.40 -
(0.00) (0.00) (0.00)

Panel B: The marginal effect of interest rate factors on the log currency depreciation rate and uncertainty

0.49 0.70 0.43 0.41
(0.00) (0.00) (0.00) (0.00)
0.47 0.67 0.42 0.40

(0.00) (0.00) (0.00) (0.00)
-0.48 -0.68 -0.42 -0.40
(0.00) (0.00) (0.00) (0.00)

Table 3.12 replicates Table 3.8 with the U.S. SDF being nonlinear and the European

being affine. The table reveals similar conclusions regarding the relationship between

uncertainty and nonlinearity in the model: the correlations are essentially at the

same magnitude and highly significant, suggesting that the model confirms the link

between uncertainty and nonlinearity in the relationship SDFs. The correlation with

the absolute difference in the value of central banks’ assets is 0.48 confirming the

economic link examined in the previous section.

Table 3.13 replicates the correlations between the model implied risk premium

estimates and uncertainty as in table 3.10 for the standard model. Again, the table

confirms the findings since the correlations are minus unity times the correlations

from the model defined oppositely.

Overall, the findings of the paper are robust towards which country is assumed to

be nonlinear and confirm that nonlinearity is an important model feature to explain

the findings of the currency risk premium literature.

3.8.2 Mincer-Zarnowitz regressions

This section presents the results from Mincer-Zarnowitz regressions i.e., I test whether

the model-implied depreciation rate is an unbiased measure of the currency deprecia-

tion rate. To examine the question, I regress the predicted model implied depreciation

rate on the actual depreciation rate.

∆st =α+β∆̂st +εt . (3.74)
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Table 3.13: Replication of Table 3.10 with the U.S. SDF being nonlinear and the European
being affine
Panel A in the table presents correlations between currency risk premia in both the benchmark
and the nonlinear model and different uncertainty measures. The estimated currency risk
premia are based on U.S. and German government bond yields and the log currency depre-
ciation rate of USD/EUR. p-values for the null of no correlation are reported in parentheses.
The estimation is carried out by using the sample from January 2002 to December 2019. U.S.,
European, and Global uncertainty denote the indices of Baker et al. (2016), the difference in un-
certainty denotes the log difference between U.S. and European uncertainty, the difference in
output gap denotes the difference in output gap calculated using the methodology of Hamilton
(2018), while ∆y12

t denotes the difference between the U.S. 12-month yield and the German.
p-values for the null of no correlation are reported in parentheses.

U.S. uncer-
tainty

European
uncer-
tainty

Global un-
certainty

Uncertainty
imbal-
ances

Difference
in output

gap

∆y12
t

Model-implied risk premia estimates correlations

Nonlinear
Model

0.32 0.54 0.64 -0.40 -0.20 0.80
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

Unbiasedness corresponds to test whetherα and β jointly are insignificantly different

from zero. I perform the test using a Wald test. Another consideration is whether the

model-implied currency depreciation rate contains more information than a random

walk, in which ∆st = 0, about the currency depreciation rate. I consider the question

by testing whether β is equal to zero.

Table 3.14: Mincer-Zarnowitz regressions
The table presents estimates for the intercept and coefficients from regressing the model-
implied log currency depreciation on the observed log currency depreciation rate. In addition
to the estimates, the table presents the results of a Wald test to test for unbiasedness. p-values
calculated using Newey and West (1994) standard errors are shown in parentheses. The model-
implied log currency depreciation rates are based on U.S. and German government bond yields
and the log currency depreciation rate of EUR/USD. The estimation is carried out by using the
sample from January 2002 to December 2019.

Nonlinear Model A0(3) Model

α 0.000 -0.000
(0.98) (0.85)

β 0.76 0.39
p-value(β= 0) (0.10) (0.10)
p-value(β= 1) (0.60) (0.01)

Waldtest 0.3517 7.06
(0.84) (0.03)

Table 3.14 presents the results from the regression of Mincer and Zarnowitz (1969)

and shows that I can reject the test for unbiasedness for the affine model but not the
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nonlinear on a standard 5% significance level. The slope coefficient β is roughly twice

as high for the nonlinear model and much closer to unity. This implies that while I

reject β= 1 for the affine model, I cannot reject β= 1 for the nonlinear. Overall, the

expected depreciation rate is closer to the observed currency depreciation rate.

3.8.3 A story of time-varying risk aversion?

Bekaert et al. (2021) find a correlation of 83% between economic uncertainty and their

measure for risk aversion. The question is, hence, whether time-varying risk aversion

is the economic driver of the findings. To examine the hypothesis, I measure risk

aversion by the variance risk premium of the individual countries. Bollerslev, Gibson,

and Zhou (2011) show that in a Heston-type model, the risk aversion is approximately

equal to the variance risk premium. The market price of risk in a continuous-time C-

CAPM model is given as the risk aversion multiplied by the variance of consumption

which motivates the use of the variance risk premium.

The variance risk premium is given as

V RPi ,t = EQ
t (RVi ,t+h)−EP

t (RVi ,t+h), (3.75)

where RVi ,t denotes the realized variance of the main stock index in country i at

time t . To measure the expectation under the risk-neutral measure, I consider the

implied volatility index for each country squared. To measure the expectation under

the physical measure, I follow Londono and Zhou (2017) and simply consider the

realized variance of the past 22 trading days at a daily frequency. Relative to the

economic uncertainty measure which is indexed to a specific period, the variance

risk premium is not indexed and, hence, directly comparable across countries.

Table 3.15 presents the degree of explained variation for the linear regression as

in equation (3.1) and the nonlinear model in equation (3.6) in which ht is replaced

with the difference in variance risk premium between the US and the stock index

of the foreign country. The data for the volatility indices and the stock indices are

obtained from Bloomberg.

Allowing for the nonlinear interaction terms generates size-able increases in the

degree of explained variation across the entire cross-section. The regression results,

hence, confirms that a story of time-varying risk aversion might be the underlying

economic phenomena explaining the findings of this chapter.

3.9 Concluding remarks

I examine the effect of economic uncertainty in the two countries on the relationship

between interest rate factors and the log currency depreciation rate. I introduce a

nonlinear international term structure model in which the domestic pricing kernel is

a standard affine specification and the foreign stochastic discount factor is nonlinear

and has the functional form as the model in Feldhütter et al. (2018). Nonlinearity is,
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Table 3.15: Difference in variance risk premium and nonlinearity in log currency deprecia-
tion rates
The table presents the degree of explained variation, R2, adjusted for the number estimated
parameters from the regression sT − st = αt +βt Xt + εT in which in which αt and βt are
interaction terms with: a constant (standard linear), the absolute difference in variance risk
premium, the difference in variance risk premium for each country. The results are based on
data from January 2002 to December 2019 or when data is availble (The time-series of the
Australian and Canadian stock indices are available a few years later (2007 and 2009)).

AUD CAD JPY GBP EUR

R2
ad j linear 0.18% -0.86% 1.69% 0.07% 0.36%

R2
ad j

nonlinear

21.29% 14.25% 5.03% 10.81% 7.61%

in the model, driven by a stochastic weight w̃(t), which I show correlates strongly

with differences in uncertainty. I find that nonlinearity is an important model feature

if we want to generate empirical documented properties of currency risk premia

- suggesting a strong impact of economic uncertainty in the two countries on the

behavior of exchange rates.

I end by motivating the effect of economic uncertainty on the factor exposure of

common currency factors. I find that, at least for the EUR/USD currency, uncertainty

have a significant impact of the common factors, Carry and Dollar on currency risk

premia. The finding raises the question of whether uncertainty generally have an

impact on the factor structure when considering a larger cross-section. If so, Opie

and Riddiough (2020) consider the factor structure of Lustig et al. (2011) in a dynamic

currency hedging exercise, we would also expect economic uncertainty to have a

significant impact on their hedging exercise implying investors potentially could

benefit from the findings. I leave these suggestions for future research.
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Appendix

C.1 Gauss-Hermite Quadrature

While the log currency depreciation rate in the affine model is given in closed-form,

it is not the case for the nonlinear model. Given X (t ) is Gaussian, it is straightforward

to approximate the expectation of the nonlinear correction in equation (3.43) using

the Gauss-Hermite Quadrature.

Let µX and ΣX denote the conditional mean and variance of X (u | t). Then we

are interested in approximating the conditional expectation of the function f (X (u)).

Given the Gaussianity assumption, the conditional expectation is given by

Et ( f (X (u))) =
(∫

Rd
f (x)

1√
(2π)d |ΣX |

e−
1
2 (x−µX )′Σ−1

X (x−µX )d x

)
, (C.1)

where d is the dimension of X (3 for the nonlinear model).

Define y =p
2σ−1

X (x−µX ) whereσX is the Cholesky decomposition ofΣX =σXσ
′
X

then by substituting in y for x, equation (C.1) can be written as

Et ( f (X (u))) =π− d
2

∫
Rd

f (
p

2σx y +µX )e−y ′y d y. (C.2)

Defining g (y) = f (
p

2σx y +µX ) then equation (C.2) can be approximated by an n

point Gauss-Hermite quadrature

Et ( f (X (u))) ≈
n∑

i=1

n∑
j=1

n∑
k=1

wi w j wk g (y1(i ), y2( j ), y3(k)), (C.3)

where wi are weights and yl (i ) are nodes for the n point Gauss-Hermite quadrature.

For the results in the empirical analysis, I set n = 4.
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