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ABSTRACT
The first general excitation level implementation of the time-dependent vibrational coupled cluster (TDVCC) method introduced in a recent
publication [J. Chem. Phys. 151, 154116 (2019)] is presented. The general framework developed for time-independent vibrational coupled
cluster (VCC) calculations has been extended to the time-dependent context. This results in an efficient implementation of TDVCC with
general coupling levels in the cluster operator and Hamiltonian. Thus, the convergence of the TDVCC[k] hierarchy toward the complete-space
limit can be studied for any sum-of-product Hamiltonian. Furthermore, a scheme for including selected higher-order excitations for a subset
of modes is introduced and studied numerically. Three different definitions of the TDVCC autocorrelation function (ACF) are introduced
and analyzed in both theory and numerical experiments. Example calculations are presented for an array of systems including imidazole,
formyl fluoride, formaldehyde, and a reduced-dimensionality bithiophene model. The results show that the TDVCC[k] hierarchy converges
systematically toward the full-TDVCC limit and that the implementation allows accurate quantum-dynamics simulations of large systems
to be performed. Specifically, the intramolecular vibrational-energy redistribution of the 21-dimensional imidazole molecule is studied in
terms of the decay of the ACF. Furthermore, the importance of product separability in the definition of the ACF is highlighted when studying
non-interacting subsystems.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0034013., s

I. INTRODUCTION

The possibility to perform accurate quantum-dynamics simu-
lations of molecules is an important step toward gaining a deeper
understanding of chemical processes at the microscopic level. For
low-dimensional systems, standard numerical methods exist for
solving the time-dependent Schrödinger equation (TDSE).1 Here,
the time-dependent wave packet is represented in a direct-product
basis [a time-dependent full vibrational configuration interaction
(TDFVCI) expansion], which makes the computational cost scale
exponentially with respect to the number of modes in the system.
This limits the applicability of these methods to systems with ≲ 6
degrees of freedom.

One of the most successful approaches to applying quantum-
dynamics simulations to larger systems is multiconfiguration time-
dependent Hartree (MCTDH). Here, a compact time-dependent
basis is employed, which adapts itself variationally to the time evo-
lution of the wave function. The scaling of MCTDH is, however, still
exponential with respect to system size, but relatively large systems

can be treated by combining the modes into multidimensional parti-
cles.2–6 This approach has later evolved into the powerful multilayer-
MCTDH method, which has been applied to studying very large
model systems.7–10 Recently, the systematically truncated multicon-
figuration time-dependent Hartree (MCTDH[n]) method11 and its
multi-reference (MR) extension12 have been introduced, which mit-
igate the exponential scaling by restricting the set of included config-
urations in the linear MCTDH expansion. However, as also known
from electronic-structure theory,13 truncated linear expansions do
not behave correctly with respect to product separability of the wave
function.11,14 This may become a severe drawback when studying
larger systems, as higher-order excitations must be included explic-
itly in order to maintain high accuracy. Thus, in a recent publica-
tion,15 we introduced the time-dependent vibrational coupled clus-
ter (TDVCC) method, which from the outset solves many of the
inherent separability problems of the linear MCTDH[n] and time-
dependent vibrational configuration interaction (TDVCI) meth-
ods. Time-dependent coupled cluster (CC) methods for describing
nuclear motion have been developed in previous studies,16–18 but
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these differ in many defining aspects including the use of harmonic-
oscillator ladder operators. Time-dependent CC methods for elec-
trons have been implemented in different contexts19–21 including up
to two-electron excitations.

In our first TDVCC work, we reported a very efficient imple-
mentation at the level of including only up to two-mode couplings
in the wave function and in the Hamilton operator. With this, very
encouraging results were obtained in terms of both accuracy and
efficiency. The limitation to only two-mode couplings is, neverthe-
less, significant with respect to the accuracy obtainable. Allowing
for higher-coupling computations is decisive for further research
based on the TDVCC idea, but due to the extreme complexity of
the problem, it requires a different approach to the implementa-
tion. In this work, we present an efficient general implementation
of the TDVCC method of Ref. 15 based on the automatic framework
developed for time-independent vibrational coupled cluster (VCC)
in Refs. 22 and 23. Using such an automatic approach generalized
to the complex time-dependent case is key to obtaining an efficient
implementation without the extremely tedious and error-prone
work of manual implementation of the hundreds or even thou-
sands of terms included in the TDVCC equations of motion (EOMs)
at a given excitation level beyond two-mode couplings in both
the wave function and Hamiltonian. Thus, despite the high com-
plexity of the detailed equations and implementation of TDVCC,
the computational scaling of a truncated excitation-level TDVCC
method is eventually polynomial, which should be compared to
the exponential scaling of the simpler-to-implement full MCTDH
method.

As opposed to the (truncated) MCTDH methods, the TDVCC
method employs a time-independent basis. The TDVCC ket is, thus,
parametrized in terms of a time-independent reference state and the
cluster operator, which generates all excitations included in the wave
function. EOMs are derived using the time-dependent bivariational
principle (TDBVP), which requires the bra and ket to be formally
independent. Thus, the bra state is defined in terms of the reference
state, the cluster operator, and a linear deexcitation operator and is,
therefore, not equal to the conjugate of the ket for truncated expan-
sions. This partially linear parameterization of the TDVCC bra has
non-trivial implications on the separability properties of expectation
values and, specifically, the TDVCC autocorrelation function (ACF).
We present three variants of the ACF, which are equivalent in the
exact limit, but differ significantly for truncated TDVCC wave func-
tions. Note that a fully exponential parameterization of both the bra
and the ket is required in order to obtain complete separability of
both EOMs and all observables,24 but the time-dependent extended
vibrational coupled cluster (TDEVCC) approach implementing this
so far appears too complicated to be practically applicable beyond
systems where exact results can be obtained. Note also that very
recently equations for a time-dependent CC with a time-dependent
basis have been derived,25 but while this method may end up being
sufficiently efficient, its general implementation is even more com-
plicated than the TDVCC theory considered here by a significant
margin.

The TDVCC wave functions introduced in this work are trun-
cated by restricting the mode-combination range (MCR) of allowed
excitations. A natural hierarchy denoted as TDVCC[k] is obtained
by including only up to k-mode excitations in the MCR. As an
example, the TDVCC[2] wave function accounts explicitly for all

configurations that are excited simultaneously in one or two modes,
while higher-order excitations are treated implicitly by product
terms arising from the exponential parameterization. However, the
implementation is completely general in the sense that the MCR may
include any set of mode combinations (MCs). Note also that while
the previous TDVCC[2] implementation was limited to only two-
mode couplings in the Hamiltonian, the present implementation
is also open ended with respect to coupling level in the Hamilto-
nian. The generality of the implementation with respect to defining
the MCR has previously been applied to screening away unimpor-
tant configurations in time-independent VCC calculations26 and for
including selected higher-order excitations in MCTDH[n].12 In this
work, we apply the latter approach to TDVCC in order to extend the
space of included excitations for one (or a few) selected mode, and
the effect on the convergence of the TDVCC[k] hierarchy is studied
numerically.

The numerical studies presented in this work serve two pur-
poses: (i) to back up the theoretical discussions regarding prod-
uct separability, convergence of the TDVCC hierarchy, and so on
and (ii) to showcase how TDVCC can be used as a practical tool
for performing accurate quantum-dynamics simulations of large
molecules. As an example of the latter, we study the intramolecular
vibrational-energy redistribution (IVR) of the imidazole molecule
(21 modes) using an accurate many-term potential-energy surface
(PES). The decay of the initially excited vibrational state is mon-
itored in terms of the ACF, but other properties of interest such
as position and momentum expectation values can also easily be
extracted from the TDVCC calculation. Previous works on IVR have
mainly focused on accurate quantum-mechanical simulations of
smaller molecules27–29 or classical simulations of larger systems.30,31

The new efficient TDVCC implementation presented here bridges
this gap by allowing accurate quantum-dynamics simulations of
larger systems to be performed.

The remainder of the paper is structured as follows: Section II
introduces the TDVCC ansatz, EOMs, and truncation scheme and
discusses ACFs in some detail. The new general implementation
is described in Sec. III, and the numerical results are presented in
Sec. IV. Finally, Sec. V provides a summary and future outlook.

II. THEORY
The system of interest consists of M distinguishable degrees of

freedom (DOFs) described by a set of coordinates, q = {qm}. For each
coordinate, we introduce a set of Nm one-dimensional basis func-
tions denoted as modals, {ϕmrm(qm)}. The exact solution to the TDSE
(in a given modal basis) can be written as a linear combination of
time-independent Hartree products (HPs), Φr(q),

Ψ(q, t) =∑
r
cr(t)Φr(q) (1)

with the HP being a product of modals,

Φr(q) =
M

∏
m=1

ϕmrm(qm). (2)

Obtaining the exact solution to the TDSE is, however, impossible
for anything but the smallest systems due to the inherent exponen-
tial scaling with respect to M, denoted as the curse of dimensionality.
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Therefore, approximate methods such as TDVCC15 are developed
in order to solve the TDSE for larger systems.

The TDVCC method is formulated using the second quan-
tization (SQ) framework introduced in Ref. 14, and thus, a brief
introduction is given in Subsection II A.

A. The many-mode SQ formulation
In SQ, all wave functions and operators are represented in

terms of creation (am †
rm ) and annihilation (amrm ) operators, which add

and remove occupation in modal rm of mode m, respectively. These
satisfy the following commutator relations that define the funda-
mental rules behind algebraic manipulations of operators and wave
functions,

[amrm , am
′

sm′ ] = [a
m †
rm , am

′ †
sm′ ] = 0, (3a)

[amrm , am
′ †

sm′ ] = δmm′δrmsm′ . (3b)

Introducing the vacuum state satisfying ⟨vac|vac⟩ = 1 and ⟨vac∣am †
rm

= amrm ∣vac⟩ = 0 ∀m, rm allows us to represent the HP [Eq. (2)] in
SQ as

∣Φr⟩ =
M

∏
m=1

am †
rm ∣vac⟩. (4)

In order to define the TDVCC method in Sec. II B, we partition
the modals of each mode into an occupied modal indexed by im and
a set of virtual modals with indices am, bm, . . .. This allows us to
introduce a reference state, |Φi⟩, together with excitation operators,

τmam ≡ ∏
m∈m

am †
am amim , (5)

which move occupation from occupied to virtual modals in all
modes included in the MC m. Thus, all HPs in the M-mode
space can be reached by applying excitation operators to the ref-
erence state. For simplicity, we will in the following omit the i
subscript from the reference state. Furthermore, we introduce the
compound indices μ, ν to denote arbitrary excited HPs where
the details of the specific modes and modals involved are sup-
pressed. Hence, |μ⟩ ≡ τμ|Φ⟩ defines an element of the excitation
manifold.

The Hamiltonian of the system (as well as any other operator)
may also be represented in SQ by requiring that the matrix elements
are identical to their first quantization (FQ) analogs. In the follow-
ing, we will employ the computationally favorable sum-of-product
(SOP) form6,32,33

H =∑
t
ct ∏

m∈mt

hm t , (6)

where the one-mode operators are defined as

hm t
= ∑

rmsm
hm t
rmsma

m †
rm amsm (7)

with integrals hm t
rmsm ≡ ⟨ϕmrm(qm)∣FQhm t

∣ϕmsm(qm)⟩.

B. The TDVCC method
The TDVCC ansatz is defined in terms of the reference state,

|Φ⟩, the cluster operator, T, and a time-dependent generalized (com-
plex) phase factor, ϵ,

∣Ψ⟩ ≡ e−iϵeT ∣Φ⟩ = e−iϵ∣Ψ̃⟩ (8)

with

T ≡∑
μ
sμτμ. (9)

In addition, we introduce the bra state,

⟨Ψ′∣ ≡ ⟨Φ∣(1 + L)e−Teiϵ
′

= ⟨Ψ̃′∣eiϵ
′

(10)

with

L ≡∑
μ
lμτ†μ . (11)

We note that the TDVCC bra and ket are not each other’s adjoints,
but it follows from their definition that

⟨Ψ′∣Ψ⟩ = ei(ϵ
′−ϵ). (12)

As shown in Ref. 15, ϵ′ = ϵ leading to ⟨Ψ′|Ψ⟩ = 1.
The EOMs for the TDVCC wave function parameters are

obtained from the TDBVP19,34,35 where a stationary point of the
functional,

I[Ψ, Ψ′] ≡ ∫
t1

t0
⟨Ψ′∣(i

∂

∂t
−H)∣Ψ⟩dt, (13)

is sought, subject to the conditions

δΨ(t0) = δΨ(t1) = δΨ′(t0) = δΨ′(t1) = 0. (14)

This is achieved by solving the Euler–Lagrange equations (E–L Eqs.)
using the Lagrangian

L ≡ ⟨Ψ′∣(i ∂
∂t
−H)∣Ψ⟩. (15)

The detailed derivations are found in Ref. 15, and here, we
simply state the final EOMs,

ṡμ = −i⟨μ∣e−THeT ∣Φ⟩ ≡ −ieμ, (16)

l̇μ = +i⟨Ψ̃′∣[H, τμ]∣Ψ̃⟩ ≡ i(ημ +∑
ν
lνAνμ), (17)

ϵ̇ = ⟨Φ∣e−THeT ∣Φ⟩, (18)

where eμ = ⟨μ|e−THeT |Φ⟩, ημ = ⟨Φ|[e−THeT , τμ]|Φ⟩, and
Aμν = ⟨μ|[e−THeT , τν]|Φ⟩ are the error- and η-vectors and the error-
vector Jacobian matrix, respectively. These are well-known in VCC
ground state and response theory22,23 where they have been imple-
mented in the time-independent real case, while in the present
context, all quantities are generally time-dependent and complex.
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The EOMs above have been derived for a general excitation
space, {|μ⟩}. The TDVCC[k] hierarchy that converges to the exact
wave function in the k = M limit is now defined by truncating the
MCRs of the T and L operators,

T = ∑
m∈MCR[T]

∑
am

smamτ
m
am , (19)

L = ∑
m∈MCR[L]

∑
am

lmamτ
m †
am . (20)

Including all MCs with dim(m) ≤ k in MCR[T] and MCR[L] defines
the TDVCC[k] method. Note that the configuration space is trun-
cated only in the sum over MCs and not in the am summation, i.e.,
all excitations are included for all included MCs. The TDVCC[k]
hierarchy approaches the exact limit in a simple and systematic
way. However, the EOMs are defined for general excitation spaces,
and for some systems of interest, it may become advantageous to
include selected higher-order excitations. This will be discussed
in Sec. II C.

C. Flexible configuration spaces
The TDVCC[k] hierarchy introduced in Sec. II B is based on

counting excitations relative to a single reference state. This single-
reference (SR) ansatz may, however, not result in the most bal-
anced and compact configurational space in cases where one or a
few selected DOFs are special and expected to govern the quantum
dynamics. As described in Ref. 12 in the context of MCTDH[n],11

the SR ansatz can be extended in a simple and flexible way to
include selected higher-order excitations in the MCR. This is done
by not counting excitations in the special DOFs when truncating the
MCR, as illustrated in Fig. 1. The scheme outlined here shares some
similarities with SR-based multi-reference coupled cluster (MRCC)
methods in electronic-structure theory.36–40 These types of MRCC
methods, however, still rely on the choice of formal reference state.
The formal reference cannot attain zero weight, and thus, the ref-
erence configurations are not treated identically in TDVCC unlike
in MR-MCTDH[n]. This becomes problematic in a TDVCC con-
text when the wave packet moves too far away from its initial posi-
tion and the reference state is not allowed to evolve in time. Thus,
because the TDVCC wave functions always depend on one formal
reference, we choose to denote the extended-MCR TDVCC meth-
ods as TDVCC[kextn] where n − k equals the number of modes
in which the MCR is extended. As an example, the TDVCC[2ext3]
wave function explicitly accounts for all one- and two-mode exci-
tations as well as all three-mode excitations that include the
special DOF.

In conclusion, we do not expect the extended-MCR TDVCC
ansatz to enable the application of TDVCC to studying, e.g., double-
well systems and nonadiabatic dynamics as long as the modals are
time independent. However, the flexible choice of configuration
space may enhance the convergence of the TDVCC hierarchy for
systems where TDVCC is already applicable (see Sec. IV D).

The flexible extension of the MCR discussed above can be
viewed as a special case of a more general approach to counting
excitations in many-mode systems. If each mode is assigned an exci-
tation weight, wm, the generalized excitation level of a given MC can
be defined as

wm
≡ ∑

m∈m
wm. (21)

A very general framework for defining TDVCC configuration spaces
can then be introduced by including all MCs with wm

≤ k. The
TDVCC[k] hierarchy is obtained in the special case of wm = 1 ∀ m,
while in the extended-MCR scheme shown in Fig. 1, we have wm = 0
for the special DOFs and wm = 1 in the remaining modes. However,
one could think of applying the general approach to, e.g., system-
bath problems, where a larger wm can be assigned to the bath modes
in order to include more configurations for the most important part
of the system.

D. Autocorrelation functions
To start off the discussion of ACFs, we will summarize a few

results regarding the TDVCC EOMs and expectation values from
Ref. 15 for a system composed of subsystems (denoted as X and Y in
the following). To describe the bra and ket states, we use the T and L
operators, which because of the exponential function and the linear
parameterization result in the state representations,

∣Ψtot ⟩ = e−i(ϵX+ϵY)eTX+TY ∣Φtot ⟩, (22)

⟨Ψ′tot∣ = ⟨Φtot∣(1 + LX + LY + LXY)e−(TX+TY)ei(ϵX+ϵY). (23)

The important thing to notice is how the product of the two clus-
ter operators differs for T and L. For the EOMs, it is shown that
if the cluster amplitudes sXYμXμY are zero initially, their time deriva-
tive is always zero,15 and in accord with this case, we have no TXY
above. For the L operator, we introduce the term LXY that contains
all the terms of the form lXYμXμY τ

X†
μX τ

Y†
μY and, importantly, is not in gen-

eral equal to the product LXLY . The EOM of the phase is shown to
be additively separable as

FIG. 1. Illustration of the flexible MCR
extension for a three-mode system. The
shown configuration is counted as two-
mode excited in the TDVCC[k] hierar-
chy, but only one-mode excited when
extending the MCR in m0.
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ϵ̇tot = ϵ̇X + ϵ̇Y . (24)

Finally, we will look at the separability of expectation values
for our two product states ∣Ψ̃tot⟩ and ⟨Ψ̃′tot∣ at the truncated k-level
leaving out the LXY term. For an additively (A = AX + AY ) and
a multiplicatively (M = MXMY ) separable operator, the resulting
expectation values become

⟨A⟩ = ⟨Ψ̃′X ∣AX ∣Ψ̃X⟩ + ⟨Ψ̃′Y ∣AY ∣Ψ̃Y⟩, (25)

⟨M⟩ = ⟨Ψ̃′X ∣MX ∣Ψ̃X⟩⟨Ψ̃′Y ∣MY ∣Ψ̃Y⟩

− ⟨ΦX ∣LXMX ∣ΦX⟩⟨ΦY ∣LYMY ∣ΦY⟩, (26)

which highlight the fact that only expectation values of addi-
tively separable operators are separable in TDVCC. The addi-
tively separable operators cover many typical operators like
the molecular Hamiltonian and the dipole operator. The mul-
tiplicative case is more special, but here it is also back-
ground for understanding that the situation for the ACF is not
unique.

Now on to a special case of an expectation value, the ACF,
which for the exact state is defined as the expectation value of the
time-evolution operator U(t, t′) (t′→ t). In exact theory, this is often
written for some time-dependent state |α⟩ as

S(t, t′) = ⟨α(t′)∣α(t)⟩ = ⟨α(t′)∣U(t, t′)∣α(t′)⟩. (27)

In the TDVCC framework, there is no simple expression for
an evolution operator since evolution is defined by the highly non-
linear equations in Eqs. (16)–(18). This gives some ambiguity in
the computation of the ACF in the context of TDVCC, and we
consider three different formulations of the ACF. These three func-
tions stem from the realization that in the exact limit, we can
write

S(t) = ⟨α(0)∣α(t)⟩ = ⟨α(t)∣α(0)⟩∗ = ⟨α∗(t/2)∣α(t/2)⟩. (28)

The last form is true under the assumptions that the Hamilton
operator is real symmetric H = H∗† and the wave function is real
at t = 0.6,41,42

Type A: Here, the time evolution operator operates on the ket
state, giving

S(t) = ⟨Ψ′(0)∣Ψ(t)⟩ = ⟨Φ∣(1 + L(0))eT(t)−T(0)∣Φ⟩e−i(ϵ(t)−ϵ(0)).
(29)

The primary strength of type A is that it is separable for certain ini-
tial states, whereas types B and C (described below) are not. The
ket ensures separability due to the fully exponential parameteriza-
tion, whereas the bra is partially linearly parametrized and, thus,
destroys this separability. This is investigated for the case of two
non-interacting subsystems in Sec. II D 1.

Type B: As mentioned above, the exact ACF may be written as
S(t, t′) = ⟨α(t)|α(t′)⟩∗. Using this definition, the type B TDVCC ACF
is defined as

S(t) = ⟨Ψ′(t)∣Ψ(0)⟩∗ = ⟨Φ∣(1 + L(t))eT(0)−T(t)∣Φ⟩∗e−i(ϵ
∗(t)−ϵ∗(0)).

(30)

Type C: Inspired by the t/2 trick described in previous stud-
ies,6,41,42 we define the type C ACF as

S(2t) = ⟨Ψ′ ∗(t)∣Ψ(t)⟩ = ⟨Φ∣(1 + L∗(t))eT(t)−T
∗(t)
∣Φ⟩e−i(ϵ(t)+ϵ

∗(t)).
(31)

This formulation allows the ACF at time t to be calculated after prop-
agating the wave function to time t/2. In the context of MCTDH, the
t/2 trick is used both for reducing the necessary propagation time
and for obtaining more accurate ACFs as the wave packet is generally
more accurate at short times. For a TDVCC wave packet, Eq. (31)
also allows computational savings, but the lack of separability of the
type C ACF is a potential drawback that will be studied further in
Sec. II D 1 (see also Ref. 24 for an illustration of the importance of
product separability).

1. Separability of the ACFs for two non-interacting
subsystems

In this section, we will show that the ACF, in general, is not
product separable for the three types, A, B, and C [Eqs. (29)–(31)],
though for a vibrational self-consistent field (VSCF) starting state,
type A actually becomes product separable.

We start out with the type A ACF denoted as SAtot for the super-
system of two systems, X and Y. Utilizing that for non-interacting
subsystems, X and Y, the total reference state is a simple product of
the reference states of the two subsystems denoted as |Φtot⟩, we have

SAtot(t) = ⟨Φtot∣(1 + LX(0) + LY(0) + LXY(0))

× e−Ttot(0)e+iϵtot(0)eTtot(t)e−iϵtot(t)∣Φtot ⟩

= (1 + ⟨ΦX ∣LX(0)eΔTX(t)∣ΦX⟩ + ⟨ΦY ∣LY(0)eΔTY(t)∣ΦY⟩

+ ⟨Φtot∣LXY(0)eΔTtot(t)∣Φtot⟩) ⋅ e−iΔϵtot(t). (32)

In Eq. (32), we have contracted the difference between the clus-
ter operator at time t and the initial one into ΔT(t) = T(t) − T(0).
The same has been done for the phase as Δϵ(t) = ϵ(t) −ϵ(0). Now,
the following factorization is used: (1 + α) (1 + β) − αβ = 1 + α + β,

SAtot(t) = ((1 + ⟨ΦX ∣LX(0)eΔTX(t)∣ΦX⟩)

× (1 + ⟨ΦY ∣LY(0)eΔTY(t)∣ΦY⟩)

− ⟨ΦX ∣LX(0)eΔTX(t)∣ΦX⟩ ⋅ ⟨ΦY ∣LY(0)eΔTY(t)∣ΦY⟩

+ ⟨Φtot∣LXY(0)eΔTtot(t)∣Φtot⟩) ⋅ e−iΔϵtot(t)

= SAX(t) ⋅ S
A
Y(t) + ⟨Φtot∣(LXY(0) − LX(0)LY(0))

× eΔTtot(t)∣Φtot⟩ ⋅ e−iΔϵtot(t). (33)
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This is about as simple as it gets for a general initial state, e.g., a VCC
ground state. The first term is simple to understand and expresses
the desired separability of the ACF into a product form that matches
the product separability of the exact state. The term involving the
difference in L operators, LXY (0) − LX(0)LY (0), potentially breaks
this, and the situation is indeed not completely simple as we will now
discuss. For a VSCF initial state, we have T(0) = 0, L(0) = 0, and
ϵ(0) = 0, which means we can significantly simplify the equation
to be

SAtot(t) = S
A
X(t) ⋅ S

A
Y(t). (34)

We also obtain a similar simple separability as in Eq. (34) if
LXY = LXLY . This is precisely the relation we have if the initial bra
state corresponds to the result of an complete space VCC computa-
tion,15 showing how we for an exact state in TDVCC parameteriza-
tion obtain exact results and exact separability. However, only when
all possible excitations for the combined system XY are included,
this separability is ensured exactly. Thus, in case A, we have exact or
inexact separability depending on the initial state, with exact separa-
bility for a VSCF initial state, over inexact separability for a poten-
tially more accurate but still approximate VCC starting state to exact
separability for the exact state. Thus, even if breaking separability is
perhaps surprising and certainly bad news in a CC context, having
the right behavior for both simple and exact limits gives some hope
for this approach being useful.

Now, for type B, a similar analysis leads to

SBtot(t) = S
B
X(t) ⋅ S

B
Y(t) + ⟨Φtot∣(LXY(t) − LX(t)LY(t))

× e−ΔTtot(t)∣Φtot⟩
∗e−iΔϵ

∗

tot(t). (35)

We see the final expression resembles that of type A very much in
structure and that the difference in L operators is the root of non-
separability. However, the non-separable term now depends on L(t)
and not only on L(0). This means that type B is not separable for
truncated TDVCC starting from a VSCF state, as during the evo-
lution, LX(t)LY (t) will generally reach out of the space included
for a given approximate TDVCC method. For the L amplitudes,
it is shown15 that in the exact case, the following relation holds:
l̇XYμXμY =

d
dt (l

X
μX l

Y
μY ). This means that we recover separability in the

complete cluster expansion limit assuming the relation holds for the
initial state, which would be the case for an exact VCC state, but not
an approximate state. Thus, for case B, the situation is more severe
than for case A: In case B, we have not exact separability for a VSCF
initial state and approximate VCC initial states and any evolved state
irrespective of initial state, but only exact separability for exact VCC
states evolved with exact TDVCC.

In type C, the time propagation happens both on the bra and
the ket. In addition, through a similar exercise as above, we get the
equation

SCtot(2t) = S
C
X(2t) ⋅ S

C
Y(2t) + ⟨Φtot∣(L∗XY(t) − L

∗
X(t)L

∗
Y(t))

× e2i Im[Ttot(t)]∣Φtot ⟩e−2iRe[ϵtot(t)], (36)

where SCX(2t) is defined as

SCX(2t) = (1 + ⟨ΦX ∣L∗X(t)e
2i Im[TX(t)]∣ΦX⟩)e−2iRe[ϵX(t)]. (37)

The separability discussion is thus fairly similar to case B. Because of
the partially linear representation of the TDVCC bra, non-physical

phenomena arise when propagating the ⟨Ψ′| state in time, which is
studied further in Sec. IV C.

III. IMPLEMENTATION
The general TDVCC methods have been implemented in the

Molecular Interactions, Dynamics And Simulations Chemistry Pro-
gram Package (MidasCpp),43 which also includes an array of meth-
ods for time-independent vibrational-structure calculations,44–46

tools for automatic PES generation,47–49 coordinate optimiza-
tion,50,51 and so on. The general-excitation-level TDVCC EOMs
have been implemented in the TDVCC framework of Ref. 15 by gen-
eralizing the VCC algorithms of Refs. 22 and 23 to accommodate
complex wave function parameters and integrals. Equations (16)–
(18) are evaluated by employing the Baker–Campbell–Hausdorff
(BCH) expansion,

e−THeT = H + [H,T]+ 1
2 [[H,T],T]+ 1

6 [[[H,T],T],T]+ . . . , (38)

and the n-mode expansion of the Hamiltonian,

H = H1 + H2 + H3 + . . . (39)

to write the TDVCC EOMs as sums of contributions of the form

iṡmam ← cBCH⟨am∣∏
i
(Ti)

NL
i HnH∏

j
(Tj)

NR
j ∣Φ⟩, (40)

− i̇lmam ← cBCH⟨L∣∏
i
(Ti)

NL
i HnH∏

j
(Tj)

NR
j τmam ∣Φ⟩, (41)

where ⟨L| ≡∑νlν⟨ν| and NL
i and NR

i are the number of cluster oper-
ators with excitation level i to the left and right of the Hamiltonian,
respectively. The η vector in Eq. (17) is evaluated as a simple special
case of (41). Evaluating the contributions shown in Eqs. (40) and
(41) is a matter of applying the Hamiltonian to states of the form
Tm
∣Φ⟩ = ∑am s

m
am ∣am ⟩. This is done by partitioning each one-mode

operator into four parts,

hm t
= hm t

imima
m †
im amim

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
hm t
p

+∑
am

hm t
amima

m †
am amim

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
hm t
u

+∑
am

hm t
imama

m †
im amam

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
hm t
d

+ ∑
ambm

hm t
ambma

m †
am ambm

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
hm t
f

, (42)

which defines four types of contractions (passive, up, down, and
forward) between the Hamiltonian integrals and the cluster ampli-
tudes. The lowest computational scaling is achieved by always per-
forming down contractions first (to lower the dimensionality of
the amplitude tensor) followed by forward and up. In addition to
the contractions, the evaluation of the EOMs also requires direct
products between (contracted) lower-order amplitude tensors, i.e.,
iṡmam ← Xm′

am′X
m′′
am′′ with m = m′ ∪m′′.22 Furthermore, a multi-

index down contraction between the lμ parameters and contracted
amplitude tensors is required in the evaluation of (41).23

The implementation employs the automatic identification and
storage of intermediates developed for the general VCC algorithms
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in order to lower the computational scaling with respect to the num-
ber of modes (M), the number of one-mode operators per mode
(O), and the number of modals per mode (N). As an example, the
scaling of TDVCC[3] with a three-mode-coupled Hamiltonian is
reduced from O(M6

) to O(M4
) by using intermediates. The num-

ber of terms in the T EOMs [Eq. (16)] at this coupling level is 202
when the T1 transformation of the Hamiltonian is employed,22 while
the left-hand Jacobian transformation contributing to the L EOMs
[Eq. (17)] contains 549 terms. This emphasizes the complexity of
implementing general-order TDVCC efficiently, as many hundreds
of terms need to be evaluated even for a relatively modest coupling
level. As shown in Table III of Ref. 22, the number of terms increases
rapidly for higher-order VCC models—especially when increasing
the coupling level in the Hamiltonian. The storage of intermedi-
ates is very flexible, and in principle, all contracted amplitude ten-
sors can be saved and reused. However, in order to strike a balance
between memory requirements and the cost of re-evaluating inter-
mediates, we choose as default to only save the intermediates that
reduce the computational scaling as well as the amplitude tensors
that have been down contracted (because they are of lower dimen-
sionality) and not forward contracted (otherwise, there would be too
many).

Equations (40) and (41) can be evaluated separately for each
MC. Thus, the derivative calculation has been parallelized over MCs
in the result vectors using distributed-memory parallelism [mes-
sage passing interface (MPI)]. This allows significant speedups to
be obtained when the MCR of included configurations is large, i.e.,
for high-dimensional systems and/or high excitation levels in the
wave function. We note that because intermediates are not shared
between the parallel processes, we do not expect the speedup to be
completely perfect.

The TDVCC EOMs have been propagated using the general-
purpose ordinary differential equation (ODE) integrator intro-
duced in Ref. 52 and used later in Refs. 11, 12, 15, 24, and 25.
As in previous studies, we employ the Dormand–Prince 8(5,3)
explicit Runge–Kutta method with adaptive step-size control and
dense output.53 We note that all EOMs were propagated with-
out noticeable problems with stability and no need was found
for symplectic integrators,21 but the adaptive step-size control is
important.

IV. RESULTS
Sections IV A–IV E present numerical results for formalde-

hyde (H2CO), formyl fluoride (HFCO), imidazole (C3N2H4), and
bithiophene [(C4H3S)2] obtained using the general TDVCC imple-
mentation. For the purpose of our test calculations, we study the
formyl fluoride PES of Ref. 11, the imidazole PES of Ref. 48, the two-
mode coupled formaldehyde PES of Ref. 54, and a system of two
uncoupled 2D bithiophene models taken from Ref. 55. In all cases,
simple kinetic energy operators with only standard second deriva-
tive terms were used. Thus, the special Watson terms were assumed
unimportant for the present study.

The imidazole molecule is represented in hybrid optimized and
localized vibrational coordinates (HOLCs)51 using optimized Morse
functions to describe the 5 N–H and C–H stretching modes.48 These

coordinates use VSCF to variationally optimize the coordinates sub-
ject to a delocalization penalty for a harmonic force field, which
has been shown to lead to a set of fairly localized and low-coupling
coordinates matching full-PES fully optimized coordinates. For the
purpose of this study, the PES has been truncated to only include up
to two-mode interactions. This 2M PES contains 10 928 terms, while
the full 3M PES contains more than 105 terms.

The focus of our numerical studies is to showcase the conver-
gence of the TDVCC hierarchy (Sec. IV B), the separability proper-
ties of the different ACFs (Sec. IV C), and the applicability of the new
TDVCC implementation to studying high-dimensional molecules
with realistic many-term Hamiltonians (Sec. IV D). Finally, the
application of a time-dependent Hamiltonian to the imidazole
molecule is presented in Sec. IV E.

A. Computational details
The TDVCC wave packets are expanded in a time-independent

B-spline basis56 for each mode, which is transformed to a set
of orthonormal VSCF modals before starting the propagation.
Thus, the reference state is always a time-independent VSCF state.
The initial wave packets are either VSCF wave functions [i.e.,
T(0) = L(0) = 0] or a VCC wave function of any order (higher-
order amplitudes may be removed or zeros inserted in order to fit
the order of the TDVCC wave function). The TDVCC computa-
tions were made using the implementation described above with
N time-independent modes, while the MCTDH computations were
carried out using implementations of Refs. 11 and 12 using A time-
dependent modals per mode, with the applied choices of N and A
given in the following.

B. Convergence of the TDVCC wave functions
We start out by studying the convergence toward the full exci-

tation space of the TDVCC[k] hierarchy as k is increased from 2–
5. The calculations were performed on the formaldehyde molecule
using two different initial states: (a) the simple case where the initial
state was generated by performing a VSCF calculation on the har-
monic part of the PES and (b) starting from a Gaussian wave packet
displaced by 0.2ωm for each mode (in a.u. where ωm is the harmonic
frequency of mode m). The time evolution was performed using the
N = 4 lowest-energy modals for each mode. The wave packets were
propagated to t = 2 ⋅ 103 a.u. using very tight absolute and relative
integrator tolerances, ϵabs = ϵrel = 10−15. The convergence is shown in
terms of the Hilbert-space angle between vectors ϑ = arccos ∣⟨v∣r⟩∣∥v∥∥r∥ ,
where r is the TDFVCI vector and v is the normalized full-space
representation of the TDVCC bra and ket states obtained by explic-
itly evaluating (and normalizing) ⟨Φ|(1 + L)e−Teiϵ and e−iϵeT |Φ⟩,
respectively. The numerical results are shown in Fig. 2. As expected,
we see a systematic improvement in the description of the TDFVCI
state as we increase the space of available excitations. For the simple
case (a), the accuracies of the bra and ket vectors are fairly equiva-
lent with the kets being the most accurate—especially at short times.
However, for the more challenging case (b), the kets are systemati-
cally more accurate (sometimes more accurate than the bra state at a
higher excitation level), as expected from the separability properties
of the fully exponential parameterization.
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FIG. 2. Hilbert-space angles of approximate TDVCC bra and ket vectors compared
to TDFVCI. (a) Starting from a Gaussian wave packet at the equilibrium geometry.
(b) Starting from a displaced Gaussian wave packet.

C. Separability of ACFs
Calculations on a set of two non-interacting 2D bithiophene

models have been performed to study the separability of the ACF.
The initial wave packet is the VSCF, VCC[2], or VCC[4] wave
function of an excited electronic state, and the time evolution is
then performed on the electronic ground state. Figure 3 shows the
three different types of ACFs presented in Sec. II D for different
initial states and TDVCC methods. We employ the notation “Ini-
tial WF/Time-dependent method,” e.g., a calculation with the ini-
tial wave function calculated with VSCF and then propagated using
TDVCC[2] is denoted as “VSCF/TDVCC[2].” As clearly seen from
Fig. 3, only type A performs well (stays in the physically relevant
interval between 0 and 1) when the time propagation is not exact
(TDVCC[4]). Thus, the lack of product separability of the type B
and C ACFs results in highly unphysical behavior even in the sim-
ple case of two non-interacting 2D systems. Even though type A
is not exactly separable when starting from a truncated VCC wave
function, the errors introduced by this are small in the current exam-
ple. This can be explained from the observation that the ACFs for
the three choices of initial wave functions do not differ much (the
lines corresponding to different initial conditions are almost indis-
tinguishable), which is due to small VCC amplitude norms in the
initial wave packets.

D. Intramolecular vibrational-energy redistribution
of formyl fluoride and imidazole

We now show the convergence of the TDVCC hierarchy and
the effect of the extended-MCR framework (Sec. II C) by studying
the IVR of formyl fluoride (6 modes) and imidazole (21 modes). For
both molecules, the initial wave packet is generated by performing a
state-specific VSCF calculation on the one-mode part of the PES tar-
geting the second-excited vibrational state of the highest-frequency
mode, i.e., the [0, 0, 0, 0, 0, 2] state in the case of formyl fluoride. Note
that VSCF is exact for an uncoupled Hamiltonian. The time propa-
gation is then performed using the full PES, and thus, the dynamics
are induced by the couplings between modes.

Figure 4 shows the absolute value of the type A ACF of
formyl fluoride. The TDVCC and TDVCI hierarchies are compared
to a converged MCTDH calculation (equivalent to TDFVCI). For
TDVCC and TDVCI, we truncate the time-independent basis to
N = 8 for each mode, while the MCTDH calculation is performed
using the full time-independent basis and A = 6 time-dependent
modals per mode. Initial tests have been performed to check that
these basis-set sizes are converged (based on visual inspection of
the ACFs). The formyl fluoride results show that the TDVCC and
TDVCI hierarchies converge systematically toward the exact result.
It is evident that the inclusion of (selected) three-mode excitations
is required for obtaining a qualitatively correct description of the
physics. The TDVCC[2] and TDVCI[2] ACFs exhibit correct oscil-
lations, but unlike the more accurate methods, their absolute values
do not decrease over time. The higher-order TDVCC methods are
seen to be slightly more accurate than their corresponding TDVCI
wave functions, although the effect is not dramatic in this case.
Finally, it is seen that the TDVCC[2ext3] results are much closer
to TDVCC[3] than to TDVCC[2], which shows that the extended-
MCR methods succeed in selecting the most important higher-order
excitations.

To further compare our TDVCC results with those from a
MCTDH calculation, we have included Tables I and II that show the
number of excitations explicitly accounted for in the (truncated-)
TDVCC and MCTDH methods. This is done so as to get
an idea of the number of parameters needed for the different
methods and some indications of computational complexity. We
consider computational complexity in this manner because the
comparison of, for example, computational time is not straightfor-
ward. Four major factors to consider are as follows: (i) for a large
system (such as imidazole), MCTDH is simply too costly to be
applicable, and for small systems, the difference between the meth-
ods is not apparent or representative; (ii) time-dependent vs time-
independent basis functions are used in MCTDH and TDVCC,
respectively, which means that basis-set convergence will be dif-
ferent (in favor of MCTDH); (iii) the implementation of TDVCC
and MCTDH has been done using different parallelization schemes
(MPI over MCs in the derivative vector vs OpenMP over terms in
the Hamiltonian, respectively); and (iv) we observe a large difference
in the integration-time steps the TDVCC and MCTDH methods
are able to achieve (in favor of TDVCC which can be integrated
using much larger time steps). Thus, comparing “time-to-solution”
or “time-per-derivative-evaluation” will be quite different. With
these considerations in mind, we prefer to showcase the number of
included excitations for the methods as this is simple and agnostic to
implementation.
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FIG. 3. ACFs for a system of two uncoupled 2D bithiophene models. Note the different y-axis ranges in the three plots.

For imidazole, a small basis of size N = 8 for each mode is not
sufficient to converge the ACF due to the higher number of low-
frequency modes. We, thus, start out by examining the basis-set
convergence at the TDVCC[2] and TDVCC[2ext3] levels by per-
forming calculations with different N values, as shown in Figs. 5
and 6. The results show that the ACF converges systematically when

FIG. 4. Absolute value of the ACF (type A) for TDVCC and TDVCI compared
to MCTDH for formyl fluoride. The TDVCC and TDVCI calculations use N = 8
basis functions per mode, while the MCTDH results are obtained using A = 6
time-dependent modals per mode.

increasing the overall number of basis functions. Beyond N = 18,
the TDVCC[2] ACFs become virtually indistinguishable, while the
N = 18 and N = 20 results differ only slightly for TDVCC[2ext3].
We note that the number of basis functions does not have to be equal
for all modes, and it may be possible to devise a scheme for choos-
ing the individual Nm values that results in a more compact con-
verged basis than simply choosing Nm = 20 ∀m. We have, however,
examined various choices based on VSCF modal energies, but none
were able to converge as systematically as the simple scheme used
above.

We now study the convergence with respect to TDVCC order.
Because the high-order methods become computationally very
expensive for the large N = 20 basis, we analyze the excitation-level
convergence in the smaller N = 8 and N = 15 bases. The N = 8 cal-
culations include up to TDVCC[3ext4] results and are propagated
to t = 2000 a.u., while the N = 15 wave functions are propagated
to t = 5000 a.u. As shown in Figs. 7 and 8, the ACF is close to
converged already at the TDVCC[2ext3] level. The TDVCC[2ext3]
and TDVCC[3] ACFs are almost identical, and as seen from the
N = 8 results, the effect of adding selected four-mode excitations
(TDVCC[3ext4]) is not dramatic. This again exemplifies that the
extended-MCR scheme succeeds in including the most important
configurations, and because TDVCC[2ext3] is much faster than
full TDVCC[3], the flexible choice of configuration spaces allows
accurate results for large systems to be obtained. As a concrete
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TABLE I. Number of configurations explicitly accounted for in the wave function (reference plus number of excitations) for
the TDVCC and MCTDH calculations on formyl fluoride. For TDVCC, we have used N = 8 for all modes, while the MCTDH
calculation employs A = 6 time-dependent modals per mode.

TDVCC[2] TDVCC[2ext3] TDVCC[3] TDVCC[3ext4] MCTDH

Nconf 778 4208 7638 31 648 46 656

TABLE II. Number of configurations explicitly accounted for in the wave function (reference plus number of excitations) for
the TDVCC calculations on imidazole.

N 8 12 15 18 20

TDVCC[2] 10 438 25 642 41 455 61 048 76 210
TDVCC[2ext3] 75 608 278 532 562 815 994 518 1 379 420
TDVCC[3] 466 628 1 795 872 3 690 975 . . . . . .
TDVCC[3ext4] 3 203 768 . . . . . . . . . . . .

example, the TDVCC[2ext3] calculation withN = 15, which includes
5.6 × 105 configurations, is ∼ 6 times faster than full TDVCC[3]
including 3.7 × 106 configurations. Because of the different M
scalings of the two methods, we expect the benefit of using the

FIG. 5. Absolute value of the TDVCC[2] ACF (type A) of imidazole using different
numbers of primitive basis functions.

FIG. 6. Absolute value of the TDVCC[2ext3] ACF (type A) of imidazole using
different numbers of primitive basis functions.

extended-MCR method to increase with system size. For compari-
son, using all 15 modals in a full MCTDH wave function results in
more than 1024 configurations, while a A = 6 MCTDH has still more
than 1016 configurations.

E. Time-dependent Hamiltonian
We finally look at a time-dependent Hamiltonian simulating,

e.g., a laser-pulse experiment. Calculations are performed on the

FIG. 7. Absolute value of the TDVCC ACFs (type A) of imidazole using N = 8 in all
modes.

FIG. 8. Absolute value of the TDVCC ACFs (type A) of imidazole using N = 15 in
all modes.
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imidazole molecule, which is perturbed by a Gaussian pulse, where
the Hamiltonian is written as

H = H0 + c(t)H1. (43)

Here, H0 is the usual time-independent Hamiltonian, H1 is the
interaction operator, and c(t) is the Gaussian pulse,

c(t) = A exp(−
(t − t0)2

2σ2 ) cos(ω(t − t0) − ϕ). (44)

In these calculations, the interaction operator is the z dipole
moment, μz , which like the PES has been truncated to include
up to two-mode couplings. The pulse is defined with the peak,
t0, at 3.3 ⋅ 103 a.u., an amplitude of 5.0 ⋅ 10−2 a.u., and a phase
shift of ϕ = 0. The angular frequency was found as the fun-
damental excitation energy of the N–H stretch (denoted as q20)
obtained by performing state-specific VSCF calculations. σ was cho-
sen by setting the full width at half maximum (FWHM) to be
four times the oscillation period inspired by the water calculations
in Ref. 15.

Figure 9 shows the expectation value of the N–H mode, ⟨q20⟩,
together with the pulse strength, c(t). In the calculations, we have
used N = 8 modal basis functions and integrator tolerances of
1.0 ⋅ 10−8, propagated to 104 a.u. The initial wave packet is gen-
erated by performing a ground-state VSCF calculation on the full
PES, and thus, the dynamics prior to the pulse seen in Fig. 9 are

FIG. 9. Top: Expectation value of the imidazole N–H stretch, ⟨q20⟩, relative to the
initial value computed using TDVCC[2ext3] and N = 8 ∀ m. Bottom: The shape of
the Gaussian pulse interacting through the z-dipole-moment operator, μz .

initiated by the dynamic mode correlation not described exactly by
VSCF. As demonstrated for the IVR calculations in Sec. IV D, the
N = 8 basis is probably too small to obtain a converged descrip-
tion of the dynamics. Thus, the results shown in Fig. 9 merely serve
as an example of a type of calculation that can be performed using
the general TDVCC framework. We note that when studying time-
dependent pulse experiments, the frequency of the pulse is of major
importance. Thus, the results obtained at different levels of theory
using the same pulse frequency may differ significantly as the fre-
quency may be close to resonance for some methods, but not for
others.

V. SUMMARY AND OUTLOOK
A new general implementation of TDVCC with time-

independent modals has been presented. The implementation
employs automatic derivation and evaluation of the TDVCC EOMs
as well as automatic identification and storage of intermediates used
for lowering the computational scaling. This allows TDVCC cal-
culations with general MCRs to be performed on any SOP Hamil-
tonian. Two approaches for defining the MCR of the TDVCC
wave function have been discussed and analyzed numerically: the
TDVCC[k] hierarchy that includes all MCs of dimension ≤ k and
the TDVCC[kextn] scheme that includes selected higher-order cou-
plings in one or a few special DOFs. The TDVCC[k] hierarchy is
shown to converge systematically toward the full-space limit, and
the TDVCC[kextn] methods are proven to enhance convergence
for systems where the dynamics are dominated by one (or a few)
selected mode. As an example, the TDVCC[2ext3] and TDVCC[3]
ACFs of the IVR calculation on imidazole are seen to be virtually
indistinguishable.

Due to the different bra and ket parameterizations, the TDVCC
ACF can be defined in multiple ways. We have defined and ana-
lyzed (both theoretically and numerically) three versions denoted
as types A, B, and C. Only the type A ACF is shown to be
product separable when starting the TDVCC propagation from a
VSCF wave packet, and complete separability is otherwise only
guaranteed when complete-space (TD)VCC is used for defining
the initial state and time evolution. The numerical tests on a
set of two uncoupled reduced-dimensionality bithiophene mod-
els show that only the type A ACF produces physically mean-
ingful results for all choices of initial conditions and TDVCC
order.

The TDVCC methods presented in this work employ time-
independent modals. However, there are many theoretical and com-
putational reasons for introducing time-dependence in the modal
bases as, e.g., done in (truncated) MCTDH. First of all, time-
dependent modals would allow us to expand the TDVCC wave
packet in a much more compact modal basis, which would allow
converged-basis calculations to be performed on larger systems. Sec-
ond, using a time-dependent reference state in the TDVCC wave
function is essential for describing dynamics far from equilibrium
where the wave packet moves far away from the initial conditions.
As an example, the time-independent modal TDVCC method is
not able to describe a state that is orthogonal to the reference.
This is usually not a problem in time-independent VCC ground-
state or response calculations, but the situation may very well be
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encountered in the time-dependent picture. The theory of time-
dependent vibrational coupled cluster with time-dependent modals
(TDMVCC) has been presented in Ref. 25 together with an ineffi-
cient pilot implementation used for demonstrating its accuracy and
theoretical benefits. Developing open-ended TDMVCC implemen-
tations using the automatic framework described in this paper is an
exciting challenge for future developments in the field, which will
hopefully allow highly accurate quantum-dynamics simulations of
large molecules to be performed.
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