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ABSTRACT
For the first time, equations are derived for computing stationary vibrational states with extended vibrational coupled cluster (EVCC) and
for propagating nuclear wave packets using time-dependent EVCC (TDEVCC). Expressions for energies, properties, and auto-correlation
functions are given. For TDEVCC, convergence toward the ground state for imaginary-time propagation is shown, as well as separability
in the case of non-interacting subsystems. The analysis focuses substantially on the difference between bra and ket parameterizations for
EVCC and TDEVCC compared to normal vibrational coupled cluster (VCC) and time-dependent VCC (TDVCC). A pilot implementation is
presented within a new full-space framework that offers easy access to completely general, albeit not efficient, implementations of alternative
VCC variants, such as EVCC. The new methods were tested on 35 three- and six-mode molecular systems. Both EVCC[k] and TDEVCC[k]
showed good, hierarchical convergence toward the exact limit. This convergence was generally better than for normal VCC[k] and TDVCC[k]
and better still than for (time-dependent) vibrational configuration interaction, though this should be balanced with the higher computational
complexity of EVCC. The results highlight the importance of exponential parameterizations and separability in general, as seen, in particular,
for the TDEVCC bra parameterization, which is in contrast to the partially linear one of TDVCC. With the results being rooted in the general
structures of coupled cluster (CC) theory, they are expected to be relevant to other applications of both normal and extended CC theory as
well.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0015413., s

I. INTRODUCTION

Coupled cluster (CC) theory has become a very well-established
theoretical methodology for treating electron correlation.1 How-
ever, CC theory has also been successfully applied in many other
contexts, including the description of nuclear motion,2,3 which is
our focus here. Most works employing CC theory use what can be
denoted as normal or traditional CC theory, which often simultane-
ously provides high accuracy and relatively low computational cost
(compared to other CC theories). There exist a number of alterna-
tive CC methods that are not in widespread use because of their
high complexity, but they continue to attract interest due to various
attractive theoretical features. This includes the surge of interest in
unitary CC methods in relation to quantum computing4–6 as well
as in extended coupled cluster (ECC) theory in a number of dif-
ferent contexts.7–14 See Refs. 7, 10, 11, 15, and 16 for a comparison
of various alternative CC methods. Recent years have seen increas-
ing interest in time-dependent coupled cluster (TDCC) theory,3,17–23

also motivated by developments in experimental methods. Here, the
normal CC approach has also been the preferred initial methodol-
ogy, though the time-dependent context may open new issues.

Recently, we introduced the time-dependent vibrational cou-
pled cluster (TDVCC) method for describing the dynamics of
nuclear motion.3 TDVCC also employs the traditional CC Ansatz
in the continuation of previous works on vibrational coupled cluster
(VCC) theory for anharmonic vibrational states, response functions,
and spectra.2,24,25 We studied various aspects of its performance the-
oretically and numerically and found it generally very encouraging.
However, one aspect that attracts attention in these studies is that the
convergence to the exact limit is quite different for different types of
parameters. Another way of stating this is that the bra and ket states
are parameterized quite differently, and accordingly, they have dif-
ferent convergence characteristics. Most noticeably, when consider-
ing a supersystem Hamiltonian that is exactly separable into a sum of
subsystem Hamiltonians, the fully exponentially parameterized ket
state is also in the approximate case product separable like the exact
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state, while the same is not generally true for the partially linearly
parameterized bra state of traditional CC theory. As a consequence,
the bra state could numerically be shown to deviate more from the
exact state than the ket, even after very short time-evolution. This
affected autocorrelation functions and expectation values for which
some expressions are appropriately separable, while others are not.
The natural question is then whether an exponentially parameter-
ized bra state performs better in these aspects and what can be
learned from this. Accordingly, we consider in this study the bra
state in a fully exponential parameterization by developing extended
vibrational coupled cluster (EVCC) and time-dependent extended
vibrational coupled cluster (TDEVCC). The former describes sta-
tionary states in a time-independent context, while the latter is con-
cerned with the evolution of time-dependent wave packets. Some
of our conclusions should also be of interest for the application
of ECC in other contexts, and the present work thus substan-
tially expands the theoretical and numerical experience with ECC,
in general.

ECC theory was introduced in 1983 in a seminal paper by Arpo-
nen26 using a bivariational principle (BVP) to derive the equations
of motion (EOMs). Its performance in time-independent electronic
structure theory has been studied,10,11,13,14 but due to its high com-
putational cost, it has not been used much and is certainly not part of
the standard computational chemistry toolbox. ECC methods have
also recently been studied from a more mathematical point of view
by Laestadius and Kvaal,27 emphasizing the role of the BVP as in
Kvaal’s previous TDCC work.17 For nuclear motion, the traditional
CC Ansatz has been used in different forms. The form used for the
EVCC theory of this work is based on the many-mode second quan-
tization (SQ) introduced in Refs. 2 and 28 and allows any choice of
basis, coordinates, and Hamiltonian operator to be used. A quite
different framework for applying CC to anharmonic problems is
the boson CC approach of Banik and co-workers29 and the closely
related XVCC methods of Faucheaux and Hirata.30 For background
on other methods in vibrational structure theory, we refer to the
reviews in Refs. 31–33. In the context of nuclear motion, a vibra-
tional analog of ECC has not been developed so far. However, very
recently, Dinesh and Banik34 implemented perturbational equations
related to EVCC, noting though that their work does not derive
from the BVP. We are not aware of any numerical studies of time-
dependent ECC theory in any contexts, though Arponen’s original
theoretical formulation of ECC was, in fact, in a time-dependent
context.

The implementation of VCC theory can be extremely diffi-
cult due to the combination of the non-linearity of the CC Ansatz
with a Hamiltonian containing a potential that may couple not
only two but also three or more modes at a time, leading to
many thousands of terms. Historically, this has required either very
general approaches2 or code-driven equation derivation, analysis,
and implementation.35,36 These approaches to implementation took
many years of development for VCC alone, and the implementation
of EVCC would likely be extremely complicated along this route. In
this work, we have instead developed a general full-space matrix rep-
resentation (FSMR) framework and used this framework to develop
pilot implementations of EVCC and TDEVCC. Although the result-
ing code is even less efficient than full vibrational configuration
interaction (FVCI) (and its time-dependent version TDFVCI), it
is sufficiently efficient to allow extensive test computations. This

implementation is used to examine EVCC and TDEVCC numeri-
cally in a benchmark study for 35 systems, comprising 21 three- and
four-atomic molecules as well as model systems and non-interacting
dimers of the three-atomic molecules.

We have solely studied vibrational dynamics on the electronic
ground state potential energy surface (PES), initiated by a slight dis-
placement of an initial wavepacket away from the reference geome-
try. In principle, we expect it to be possible to extend TDEVCC (and
TDVCC) to multistate vibronic problems by employing the single-
reference (SR)-based multireference-formalism described in Ref. 37.
For complete non-adiabatic transitions from one electronic state to
another, we would, however, still expect that approach to become
troublesome, when the initial state population becomes low, because
it would require the cluster amplitudes to become excessively
large. This practical limitation is well-known for all SR-based CC
methods.

In this article, TDEVCC and TDVCC (as presented in Ref. 3)
are primarily applied to the study of small-scale oscillations around
the electronic ground state reference geometry. This is especially
due to the stationarity of the underlying basis functions. A nat-
ural extension would be to also let the basis functions evolve in
time; in the vibrational dynamics community, this approach has
led to multi-configurational time-dependent Hartree (MCTDH)38,39

and related methods, e.g., multilayer-MCTDH (ML-MCTDH),40–43

Gaussian-based MCTDH (G-MCTDH),44,45 and variational multi-
configurational Gaussian (vMCG),46,47 which have been very suc-
cessful and have found widespread use. Although efficient due to
the use of time-dependent basis functions, the computational cost of
(traditional) MCTDH still scales exponentially with the system size.
We have recently introduced a hierarchy of truncated MCTDH[k]
methods,37,48 which mitigate the exponential scaling but are not
product separable. In the bigger picture, TDEVCC and TDVCC
(especially with time-dependent basis functions) will be viable alter-
natives to MCTDH, similarly to MCTDH[k], that have modest
polynomial scaling with respect to M, simple hierarchical conver-
gence toward full MCTDH with an increasing truncation level, and
which retain high accuracy and separability properties. We empha-
size again, however, that the present FSMR implementation is not
intended to be efficient and that it remains an open question whether
an efficient TDEVCC implementation is even possible. Further-
more, the presented TDEVCC method employs time-independent
basis functions.

In Sec. II, we derive the necessary theory for EVCC and
TDEVCC, while we describe our pilot implementation in Sec. III.
Section IV presents the results of our benchmark study. In Sec. V,
we give a summary and outlook.

II. THEORY
A. Essentials of second quantization

Our point of departure is the SQ formalism for distinguish-
able degrees of freedom, as it is described in Ref. 28. Consider a
quantum mechanical system with M degrees of freedom, modes,
or coordinates, denoted as {qm}. In the first quantization (FQ), we
assume, for each coordinate, an orthonormal basis of 1-mode func-
tions {ϕm

rm(qm)∣rm
∈ {0, . . . , Nm − 1}}, which we denote modals, and

Nm denotes the number of such modals for mode m. In our usual
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case of the degrees of freedom being vibrational modes, a complete
1-mode basis would have to be infinite-dimensional, but, in prac-
tice, it suffices with a limited number of 1-mode basis functions, Nm
being of the order of magnitude 10. Importantly, the 1-mode basis
can always be extended toward the complete limit.

In the complete 1-mode limit, the exact wave function of the
system is an element of the full direct-product space Mfull spanned
by Hartree-products, which are of the form

Φr(q) =
M

∏
m=1

ϕm
rm(qm). (1)

We shall denote its dimension by Nfull ≡ dim(Mfull) = N1⋯NM .
In SQ, such Hartree-products can be expressed in terms of fun-

damental creation and annihilation operators, am†
rm and am

rm , which
create and remove occupancy, respectively, in the modal ϕm

rm(qm).
Thus, the FQ wave function in Eq. (1) is equivalent to the SQ state,

∣Φr⟩ =
M

∏
m=1

am†
rm ∣vac⟩, (2)

where |vac⟩ is the vacuum state, with no occupancy in any modes.
The SQ formalism rests on the canonical commutator relation-

ships for the fundamental creation and annihilation operators,

[am
rm , am′

sm′ ] = 0, (3a)

[am†
rm , am′†

sm′ ] = 0, (3b)

[am
rm , am′†

sm′ ] = δmm′δrmsm′ . (3c)

Along with the normalization of the vacuum state, ⟨vac|vac⟩ = 1, and
the condition that

⟨vac∣am†
rm = am

rm ∣vac⟩ = 0, (4)

this establishes the foundation for algebraic manipulations of SQ
expressions. Apart from expressions like Eq. (2), all operators
employed in this article are number-conserving, i.e., they never
change the number of occupied modes but only transfer occupation
from some modals to others. It is therefore convenient to introduce
the 1-mode shift operators,

Em
rmsm ≡ am†

rm am
sm . (5)

The correspondence with FQ is completed by expressing opera-
tors in terms of the fundamental SQ operators. Taking the Hamilto-
nian as an example, and assuming a sum-over-products (SOP) form,
the SQ operator is given by

SQH =
T

∑
t=1

ct ∏
m∈mt

SQhm,t

=
T

∑
t=1

ct ∏
m∈mt

∑
rm ,sm

SQhm,t
rmsm Em

rmsm . (6)

The corresponding FQ expression is FQH = ∑T
t=1 ct∏m∈mt

FQhm,t ,
and when FQH is projected onto the space Mfull = span{∣Φr⟩}

(which is implicitly always done as a consequence of the choice of

modal bases), the two expressions are in correspondence if setting
the SQ matrix elements equal to those of the FQ operators,

SQhm,t
rmsm ≡ ⟨ϕm

rm(qm)∣
FQhm,t

∣ϕm
sm(qm)⟩. (7)

In VCC and similar theories, one specific Hartree-product state
is often singled out as the reference state. As is common, we distin-
guish between modals that are occupied in the reference state and
those that are not, denoted as occupied and virtual modals, respec-
tively. We use the convention that, for each mode, the index im refers
to the occupied modal, while am, bm, . . ., refer to the virtual ones and
rm, sm, . . ., refer to any modal of unspecified occupancy. Thus, the
reference state can be written as |Φi⟩, but where no confusion arises
we shall simply denote it by |Φ⟩, with the compound index i implied.

With the reference state in mind, we introduce excitation oper-
ators and their adjoints, the deexcitation operators,

τmam ≡ ∏
m∈m

Em
amim , (8a)

τm†
am = ∏

m∈m
Em

imam . (8b)

When operating on a ket to the right, τmam shifts occupation from
occupied to virtual modals in the modes given by m. τm†

am has the
reverse effect, i.e., it shifts from virtual to occupied modals when
operating to the right or, equivalently, from occupied to virtual when
operating on a bra to the left.

From Eqs. (3a)–(3c) and (4) follow the relations

0 = [τmam , τm
′

bm′ ] = [τ
m†
am , τm

′†
bm′
], (9)

0 = ⟨Φ∣τmam = τ
m†
am ∣Φ⟩. (10)

In most derivations, when the specifics of m and am are not
important, it is better to just use compound indices such as μ, ν, etc.,
for the excitation operator subscripts and the states that result when
they operate on the reference, τμ|Φ⟩ = |μ⟩.

Central to all (truncated) reference-based methods is the choice
of which excitations out of the reference to include parameters for.
This applies to both electronic and vibrational methods: singles,
doubles, triples, etc., parameterizations in electronic structure the-
ory,1 and in vibrational correlation models through the choice of a
mode combination range (MCR), as seen in, e.g., VCC,2 vibrational
configuration interaction (VCI),28,49 TDVCC,3 and more recently in
truncated MCTDH methods.48 An obvious choice, though not the
only one,37 is the MCR[n] hierarchy in which MCR[n] includes all
k-mode combinations with 0 < k ≤ n.

Similarly to the convention about im and am, . . ., for occupied
and virtual modes, the usual convention is that μ, ν, κ are used
as compound indices for excitation operators τmam whose MC m is
included in the employed MCR. The so-called excitation space is
defined as the span of states of the form τμ |Φ⟩, i.e.,Mexc ≡ span{∣μ⟩}
with dimension Nexc ≡ dim(Mexc). Note that by convention, ∣Φ⟩
∉Mexc.

In this article, we furthermore introduce μX as a compound
index for m, am for non-empty MCs m that are not included
in the MCR. In this sense, we introduce the excluded space,
Mexcl ≡ span{∣μX⟩}. With this division, we may write the full space
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as Mfull = span ∣Φ⟩ ∪Mexc ∪Mexcl and, e.g., write the resolution of
identity (within Mfull) as

I = ∣Φ⟩⟨Φ∣ +∑
μ
∣μ⟩⟨μ∣ +∑

μX

∣μX⟩⟨μX∣, (11)

to be used later. Occasionally, we shall also use ∅ as an empty index
as well as α, β as indices that can represent either μ, ν or ∅.

For the derivations in Sec. II, we shall make an assumption
about the MCR, namely, that it is whole, which we define to mean
that it has no missing MCs in its interior. In precise terms, this means
that for any non-empty excluded MC mexcl ∉ MCR ∪ {}, and any
MCs m′, m′′ (included or excluded), at least one of mexcl ∪ m′ ∉
MCR or mexcl/m′′ ∉MCR holds true.

Requiring the first condition (mexcl ∪ m′ ∉ MCR) to always
be true leads to the slightly stronger requirement that the excita-
tion space be closed under de-excitation (CUD); one cannot obtain a
non-empty excluded MC by removing modes from an included one.

As an example, the MCR = {{1}, {2}, {3}, {1, 2}, {1, 3}, {1, 2, 3}}
is neither whole nor CUD due to the lack of the MC {2, 3} for which
we have {2, 3} ∪ {1} = {1, 2, 3} ∈ MCR and {2, 3}/{3} = {2} ∈ MCR.
On the other hand, the MCR = {{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}} is whole
but not CUD due to the missing 1-mode MCs. The MCR = {{1}, {2},
{1, 2}} is CUD and thus also whole.

Note that if the chosen MCR is whole, then for any ∣μX⟩ ∈Mexcl,
any ∣μ⟩, ∣ν⟩ ∈Mexc, and any excitation indices m′, am′ and m′′, bm′′,
we must have either

⟨μ∣τm
′†

am′ ∣μX⟩ = 0 or ⟨μX∣τm
′′†

bm′′
∣ν⟩ = 0, (12)

while the latter equality is always true if the MCR is CUD.
Both wholeness and CUD are, in practice, very mild assump-

tions, since they can always be restored by adding the missing MCs
to the MCR. Such missing MCs must, by definition, be smaller than
the largest MCs of the MCR, and since the latter determine the over-
all computational complexity and efficiency of the method, it will
never incur a large computational overhead to restore wholeness.
The hierarchical MCR[n] are CUD, and thus whole, by construction.

B. Parameterization Ansatz
Similarly to the approach in Ref. 3, we shall employ an Ansatz

in which the bra and ket vectors are not adjoints of each other.
Both bra and ket are therefore needed to describe the state of the
system, which necessitates the use of the BVP to determine EOMs
and stationary state conditions.26,27,50–52 This is in contrast to varia-
tional Ansätze, such as MCTDH38,39 and MCTDH[n],48 which can
derive EOMs from the Dirac–Frenkel variational principle (DFVP).
The BVP may, however, be thought of as the more general approach
in the sense that for Ansätze where bra and ket are adjoints of each
other, the BVP yields the same EOMs as the DFVP.17

The EVCC Ansatz is the following parameterizations of the
vibrational state in terms of the ket and bra vectors, |Ψ⟩ and ⟨Ψ′|:

∣Ψ(t)⟩ ≡ e−iϵ(t)
∣Ψ̃(t)⟩ ≡ e−iϵ(t)eT(t)

∣Φ⟩, (13a)

⟨Ψ′(t)∣ ≡ ⟨Ψ̃′(t)∣eiϵ′(t)
≡ ⟨Φ∣eΣ(t)e−T(t)eiϵ′(t), (13b)

which is the vibrational counterpart of the ECC parameteriza-
tion.26,27,50

The cluster operators are here defined as

T(t) ≡∑
μ

sμ(t)τμ, (14a)

Σ(t) ≡∑
μ
σμ(t)τ†μ (14b)

in terms of the cluster amplitudes sμ(t) and extended amplitudes
σμ(t). We briefly note that Arponen also introduced the canoni-
cally conjugate variables {s′μ, σμ},26,50,51 where s′μ ≡ ∑ν⟨μ|eΣ|ν⟩sν.
However, we shall not pursue this approach further.

It is customary in the quantum chemistry literature to use tμ
for the cluster amplitudes, but as in Ref. 3, we use sμ to avoid con-
fusion with the time t. Notation for the extended amplitudes and
their cluster operator also varies in the literature,10,15,26,27,50 and the
choice in Eq. (14b) is simply the one that facilitates our compari-
son with TDVCC the best. Note that the time-dependence is only
carried by the amplitudes, whereas the modal bases, and thus the
excitation and deexcitation operators, are time-independent in this
article. With this in mind, we omit the (t) for brevity from now, when
not necessary.

The phase-norm-separated variants (signified by a tilde), ∣Ψ̃⟩
and ⟨Ψ̃′∣, satisfy the following intermediate normalization property
by construction:

⟨Φ∣Ψ̃⟩ = ⟨Ψ̃′∣Ψ̃⟩ = 1. (15)

We would furthermore like the intermediate normalization

⟨Ψ′∣Ψ⟩ = e−i(ϵ−ϵ′)
= 1 (16)

to be satisfied but will technically have to wait with this requirement
until after having derived the EOMs in Sec. II C.

As discussed in Sec. II A, the summations over μ are implic-
itly over all excitation indices specified by the MCR that has been
chosen. For the choice MCR[n], this defines a hierarchy of EVCC[n]
methods, which converges toward the FVCI method, which is seen
as follows:

The FVCI state is a (normalized) linear combination of all
possible configurations (Hartree-products), given the chosen modal
bases,

∣FVCI⟩ =∑
r

cr∣Φr⟩, (17)

whose coefficients can be grouped into a vector c ∈ KNfull , with K = R
or C. Collect the sμ and σμ in vectors s, σ ∈ KNexc .

The operator exponential expressions eT−iϵ|Φ⟩ and ⟨Φ∣eΣ+iϵ′ are
(non-linear) maps of the phase-norm and amplitudes, (ϵ, s) and
(ϵ′, σ), to ket and bra vectors in Mfull and the dual space M∗

full,
respectively. Assuming that ⟨Φ|FVCI⟩ ≠ 0, the mappings become
invertible2 in the limit of choosing the full MCR, MCR[M], which
is therefore referred to as the FVCI limit. In this limit, for a given c,
one may choose (ϵ, s) so that eT−iϵ|Φ⟩ = |FVCI⟩ and then (ϵ′, σ) so
that ⟨Φ∣eΣ+iϵ′

= ⟨FVCI∣eT .
The similarity of the EVCC Ansatz with VCC merits some fur-

ther discussion, the only difference being the parameterization of the
bra vector, which is

⟨Λ∣ ≡ ⟨Φ∣(1 + L)e−Teiϵ′ , (18a)

L ≡∑
μ

lμτ†μ (18b)
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for TDVCC.3 As shown in Ref. 3, this Ansatz also converges to the
FVCI limit because (ϵ′, l) can then be chosen so that ⟨Φ∣(1 + L)eiϵ′

= ⟨FVCI∣eT . In this limit, the two methods are therefore expected to
be related by eΣ = 1 + L, but for truncated MCRs, we expect the func-
tional forms to exhibit different properties and advantages regarding
separability and computational efficiency (see Secs. II F and III A,
respectively). In the truncated case, the (1 + L) of TDVCC can also be
obtained as the first-order approximation eΣ = 1+Σ+ 1

2Σ
2 +⋯ ≈ 1+Σ,

as also discussed elsewhere for the fermionic/electronic case.10,26,27,53

This latter perspective also motivates higher-order approximations
such as the quadratic coupled cluster,53 which will, however, not be
studied further here.

The motivation for the EVCC Ansatz of Eqs. (13a) and (13b)
thus lies in its ability to converge toward the FVCI limit and the
mathematical merits of the purely exponential form of the bra
vector, as opposed to the TDVCC Ansatz.

C. Equations of motion
We first set out to derive EOMs for TDEVCC and will then, in

Sec. II D, consider the stationary (time-independent) case. We define
the Hamiltonian and Lagrangian functionals as

H(s,σ, ϵ, ϵ′) ≡ ⟨Ψ′∣H∣Ψ⟩, (19a)

L(s, ṡ,σ, ϵ, ϵ̇, ϵ′) ≡ ⟨Ψ′∣(i ∂
∂t −H)∣Ψ⟩, (19b)

and introduce similar definitions for their phase-norm-separated
counterparts,

H̃(s,σ) ≡ ⟨Ψ̃′∣H∣Ψ̃⟩, (20a)

L̃(s, ṡ,σ) ≡ ⟨Ψ̃′∣(i ∂
∂t −H)∣Ψ̃⟩ (20b)

in terms of which we can rewrite Eqs. (19a) and (19b) as

H(s,σ, ϵ, ϵ′) = H̃(s,σ)e−i(ϵ−ϵ′), (21a)

L(s, ṡ,σ, ϵ, ϵ̇, ϵ′) = (L̃(s, ṡ,σ) + ϵ̇)e−i(ϵ−ϵ′). (21b)

The Hamiltonian may be a function of time, although not explicitly
signified here; the derivations are the same in any case.

The BVP states, that requiring ∫t1
t0
Ldt to be stationary with

respect to arbitrary variations, under the conditions ⟨δΨ′(t0)| =
⟨ δΨ′(t1)| = |δΨ(t0)⟩ = |δΨ(t1)⟩ = 0, yields the time-dependent
Schrödinger equation (TDSE) and its conjugate for the exact quan-
tum state. Satisfying the BVP is achieved, also for approximate states,
by solving the Euler–Lagrange equations (E–L eqs.), 0 = ∂L

∂pi
− d

dt
∂L
∂ṗi

,
for all parameters, pi.

The E–L eqs. for ϵ and ϵ′ are

0 =
∂L
∂ϵ
−

d
dt

∂L
∂ϵ̇
= −iL + i(ϵ̇ − ϵ̇′)e−i(ϵ−ϵ′), (22a)

0 =
∂L
∂ϵ′
−

d
dt

∂L
∂ϵ̇′
= +iL. (22b)

Adding these equations yields ϵ̇′ = ϵ̇. We are therefore free to choose

ϵ′(t) = ϵ(t) (23)

at all times, and the intermediate normalization condition in
Eq. (16) is thus satisfied as desired. Equation (23) leads to some
simplifications of the Hamiltonian and Lagrangian functionals,

H(s,σ) = H̃(s,σ) = ⟨Φ∣eΣH̄∣Φ⟩, (24a)

L(s, ṡ,σ, ϵ̇) = ϵ̇ + i∑
ν
⟨Φ∣eΣ∣ν⟩ṡν −H(s,σ), (24b)

using that [Ṫ, T] = 0 and, therefore, that the e±T cancel each other
in the time derivative term. We have introduced the definition
H̄ ≡ e−THeT . Using Eq. (23), the remaining E–L eqs. become

0 =
∂L
∂σμ
−

d
dt

∂L
∂σ̇μ
= i∑

ν
⟨μ∣eΣ∣ν⟩ṡν −

∂H
∂σμ

, (25a)

0 =
∂L
∂sν
−

d
dt

∂L
∂ ṡν
= −

∂H
∂sν
− i∑

μ
σ̇μ⟨μ∣eΣ∣ν⟩. (25b)

We collect the derivatives of the Hamiltonian functional into
the vectors hσ ,hs ∈ KNexc , whose elements are given by

hσμ ≡
∂H
∂σμ
= ⟨μ∣eΣH̄∣Φ⟩, (26a)

hsν ≡
∂H
∂sν
= ⟨Φ∣eΣ[H̄, τν]∣Φ⟩. (26b)

Furthermore, define the vectors k±∅ ∈ KNexc and matrices
K± ∈ KNexc×Nexc by their elements,26

k±∅ν ≡ ⟨Φ∣e
±Σ
∣ν⟩, (27a)

k±μν ≡ ⟨μ∣e
±Σ
∣ν⟩. (27b)

Although only defined in terms of ∣μ⟩, ∣ν⟩ ∈Mexc, K− and K+ are still
inverses of each other, assuming that the MCR is whole, as defined
in Sec. II A. This is seen by

[K∓K±]μν =∑
κ
⟨μ∣e∓Σ∣κ⟩⟨κ∣e±Σ∣ν⟩

= ⟨μ∣e∓Σe±Σ∣ν⟩ − ⟨μ∣e∓Σ∣Φ⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=0

⟨Φ∣e±Σ∣ν⟩

− ∑
μX

⟨μ∣e∓Σ∣μX⟩⟨μX∣e±Σ∣ν⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

one of the factors =0

= δμν, (28)

where we have used Eqs. (11) and (12) for the resolution of identity
and zeroing terms, respectively. Using similar arguments, one also
obtains

k±⊺∅ K∓ = −k∓⊺∅ . (29)

These identities allow us to derive the vectorized EOMs for the
amplitudes,

iK+ṡ = hσ ⇔ ṡ = −iK−hσ , (30a)

−iσ̇⊺K+
= h⊺s ⇔ σ̇⊺ = ih⊺sK

−. (30b)

The EOM for ϵ is obtained from Eqs. (22b) and (24b) by inserting ṡ
from Eq. (30a) and using Eq. (29),

ϵ̇ = H − ik+⊺
∅ ṡ = H + k−⊺∅ hσ . (31)
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The final TDEVCC EOMs in elementwise form are then

ϵ̇ = ⟨Φ∣eΣH̄∣Φ⟩ +∑
μ
⟨Φ∣e−Σ∣μ⟩⟨μ∣eΣH̄∣Φ⟩, (32a)

ṡμ = −i∑
ν
⟨μ∣e−Σ∣ν⟩⟨ν∣eΣH̄∣Φ⟩, (32b)

σ̇μ = +i∑
ν
⟨Φ∣eΣ[H̄, τν]∣Φ⟩⟨ν∣e−Σ∣μ⟩. (32c)

Note that for the normal VCC parameterization, projection of
the TDSE and derivation using the BVP lead to equivalent equa-
tions,3 but for EVCC, the two approaches differ; while projection
of the TDSE with ⟨μ|eΣe−T generally yields Eq. (32b), projection of
the conjugated TDSE with eTe−Σ|μ⟩ only gives Eq. (32c) in the FVCI
limit. Most works seem to follow Arponen’s original definition of
ECC through the BVP,26 but there are exceptions.8,34 We prefer the
original BVP approach as defined above and will exclusively dis-
cuss and implement this in the following, though extension to the
projective version would be simple.

D. Stationary state equations
In the framework of the BVP, we search for a stationary point

of the Hamiltonian functional in order to obtain the equations to
be solved for the time-independent case.10,26,27,51 This is equivalent
to finding a state for which ṡ = σ̇ = 0 (but whose phase-norm ϵ is
allowed to evolve), in analogy with finding stationary eigenstates of
H in the exact case.

As opposed to the sμ and lμ of traditional VCC theory,
Eqs. (26a) and (26b) couple sμ and σμ in EVCC and must there-
fore be solved simultaneously. Hence, we collect the amplitudes and
first-order H̃ derivatives in the combined vectors p,h ∈ K2Nexc , where

h(p) ≡ (hσ(s,σ)hs(s,σ)
) with p ≡ (sσ). (33)

The task is then to find a stationary state solution, pss, such that
the non-linear system of equations h(pss) = 0 is fulfilled, and the
stationary state energy is then obtained from Eq. (24a).

Laestadius and Kvaal’s analysis of (electronic) ECC27 is directly
applicable to our EVCC as well, since it is also based on the BVP.
On the condition that the zeroth-order solution [vibrational self-
consistent field (VSCF)] be sufficiently good and that the vibrational
ground state be non-degenerate with a sufficiently large spectral gap,
their analysis guarantees the existence and uniqueness of the solu-
tion to the ground-state equations for both untruncated and trun-
cated EVCC. Additionally, the truncated solution approaches the
untruncated limit with quadratic convergence of the error in energy.

Finding pss is usually accomplished using an iterative (quasi-)
Newton method. At each iteration i, the current guess, pi, may be
written in terms of a deviation from pss, pi = pss + Δpi. Assuming a
small Δpi, the first-order expansion of h(pi) yields

h(pi) = h(p
ss
) + HssΔpi +⋯ ≈ HssΔpi, (34)

where Hss is the relevant matrix of second-order derivatives of H̃ at
pss. This justifies updating pi with −Δpi = −(H

ss
)
−1h(pi) or some-

thing similar using either the exact second-derivative matrix or some
approximation thereof, depending on the chosen equation solver
method (see Sec. III B for implementation details).

The second-derivative matrix has the block structure

H = (HσsHσσ
Hss Hsσ

), (35)

with the elements of the blocks being

hσμsν =
∂hσμ
∂sν
= ⟨μ∣eΣ[H̄, τν]∣Φ⟩, (36a)

hsμσν =
∂hsμ
∂σν
= ⟨ν∣eΣ[H̄, τμ]∣Φ⟩, (36b)

hσμσν =
∂hσμ
∂σν
= ⟨Φ∣τ†μτ

†
ν eΣH̄∣Φ⟩, (36c)

hsμsν =
∂hsμ
∂sν
= ⟨Φ∣eΣ[[H̄, τμ], τν]∣Φ⟩. (36d)

Assuming that the chosen modal basis (e.g., the VSCF modals),
and hence |Φ⟩, constitutes a good zeroth-order approximation to the
stationary state, the Hamiltonian can conveniently be recast as a sum
of a zeroth-order term, H0, and a fluctuation potential containing
H − H0. The zeroth-order approximation Hss,0 may then be a useful
substitute for Hss, as is also the case for the VCC Jacobian.

H0 is, by definition, the part of H diagonalized by the basis
modals and can hence be written H0 = ∑m,rm εm

rm Em
rmrm , with εm

rm being
the eigenvalues/eigenenergies. Seeing that [H0, τmam] = Δεmamτmam ,
where Δεmam ≡ ∑m,am(εm

am − εm
im) are excitation energies, we have

H̄0 = H0 + [H0, T] +⋯ = H0 +∑μ Δεμsμτμ. If |Φ⟩ is non-degenerate,
it is easily shown that s = σ = 0 is the unique zeroth-order stationary
state solution, i.e., Tss,0 = Σss,0 = 0.

Replacing H, T, and Σ with H0, Tss,0, and Σss,0, respectively, the
elements of Hss,0 are seen to be

hss,0
σμsν = hss,0

sμσν = δμνΔεμ, (37a)

hss,0
σμσν = hss,0

sμsν = 0, (37b)

making it diagonal with modal energy differences as its diagonal
elements. The update −Δpi = −(H

ss,0
)
−1h(pi) can thus easily be

calculated. These considerations also motivate the use of (Hss,0
)
−1

as a diagonal preconditioner in other quasi-Newton methods
(see Sec. III B).

E. Energy evolution
The bivariational expectation value of an operator A is given by

⟨A⟩ = ⟨Ψ′∣A∣Ψ⟩ (38)

or symmetrized versions like 1
2(⟨Ψ

′
∣A∣Ψ⟩ + ⟨Ψ′∣A†

∣Ψ⟩∗).3,17,23,26,54

Regardless of which expression is used, the time-evolution of the
energy expectation value is solely determined by the explicit time
dependence of the Hamiltonian, as expected from the BVP. This is
seen by

d⟨H⟩
dt
=

dH
dt
= ⟨Ψ′∣Ḣ∣Ψ⟩ +∑

μ
(
∂H
∂σμ

σ̇μ +
∂H
∂sμ

ṡμ)

= ⟨Ψ′∣Ḣ∣Ψ⟩ + i∑
μν
(hsνk

−
νμhσμ − hsμk−μνhσν)

= ⟨Ψ′∣Ḣ∣Ψ⟩ (39)
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using the EOMs in Eqs. (32b) and (32c) and switching indices in the
last term of the summation. Obviously, energy is conserved if the
Hamiltonian is time-independent.

F. Separability
As discussed in Sec. II B, EVCC distinguishes itself from VCC

in the expression for the bra vector. For a system consisting of two
non-interacting subsystems A and B (H = HA + HB), the VCC ⟨Λ|
is not product separable, whereas the EVCC ⟨Ψ′| is. Despite the
lack of product separability, the TDVCC EOMs ensure that TDVCC
expectation values are still correct for additively separable operators,
although not for multiplicatively separable ones.3 The multiplicative
separability of ⟨Ψ′| is a well-known fact in the ECC literature,27,51 but
in light of our non-trivial conclusions regarding TDVCC separabil-
ity, we believe that a thorough analysis for TDEVCC in the spirit of
Ref. 3 is justified. In this section, we shall therefore rigorously show
that the TDEVCC Ansatz leads to complete separability in the bra
and ket vectors, EOMs, and hence also for all expectation values, as
expected.

For the combined system, we write the cluster operators as

T = TA + TB + TAB, (40a)

Σ = ΣA + ΣB + ΣAB, (40b)

where the terms operate in subsystem A, B, or both A and B, respec-
tively. Thus, [TA, ΣB] = [TB, ΣA] = 0, but TAB and ΣAB generally do
not commute with the other terms.

Assume that the total state is initially given by the product
separable bra and ket vectors. Then, we have

∣Ψtot⟩ = (e−iϵA eTA Wref
A )(e

−iϵB eTB Wref
B )∣vac⟩

= e−i(ϵA+ϵB)eTA+TB ∣Φtot⟩, (41a)

⟨Ψ′tot∣ = ⟨vac∣((Wref
A )

†eΣA e−TA eiϵA)((Wref
B )

†eΣB e−TB eiϵB)

= ⟨Φtot∣eΣA+ΣB e−(TA+TB)ei(ϵA+ϵB), (41b)

where the operators Wref
A and Wref

B create the reference configura-
tions |ΦA⟩ and |ΦB⟩, respectively, and |Φtot⟩ is the product reference
configuration Wref

A Wref
B ∣vac⟩. The forms in Eqs. (41a) and (41b) are

valid EVCC parameterizations with TAB = ΣAB = 0, and TDEVCC is
thus able to correctly describe a product separable initial state, also
when truncated.

Because of this, the EOMs can be derived exactly as in Sec. II C,
omitting the details of which subsystem(s) the specific amplitudes
belong to, and not yet making assumptions about TAB = ΣAB = 0.
Note that the K± invertibility is unchanged because the total MCR
is whole if the MCR of each subsystem is whole, which can, e.g., be
shown through proof by contradiction. Thus, we obtain the same
EOMs as in Eqs. (32a)–(32c), but for the purpose of the following
discussion, we recast them in terms of the composite indices α, β
(see Sec. II A). With this notation, a general index μ for the com-
bined system can be rewritten as αAαB. If one of αA or αB is ∅, then
αAαB is just an excitation index for one of the subsystems, μB or μA,
and if neither of them are ∅, then αAαB = μAμB is excited in both
subsystems. Finally, μ ≠ ∅ implies that αA and αB cannot both be ∅.

The EOMs are then

ϵ̇tot = ⟨Φtot∣eΣH̄∣Φtot⟩ + ∑
αAαB

⟨Φtot∣e−Σ∣αAαB⟩

× ⟨αAαB∣eΣH̄∣Φtot⟩, (42a)

ṡαAαB = −i ∑
βAβB

⟨αAαB∣e−Σ∣βAβB⟩⟨βAβB∣eΣH̄∣Φtot⟩, (42b)

σ̇αAαB = +i ∑
βAβB

⟨Φtot∣eΣ[H̄, τβAβB]∣Φtot⟩⟨βAβB∣e−Σ∣αAαB⟩. (42c)

If TAB =ΣAB = 0 for the current point in time, then H̄ = H̄A+H̄B,
with H̄I ≡ e−TI HIeTI for I = A, B. Using the product separabil-
ity of eΣA+ΣB , collecting factors for each subsystem, and seeing that
⟨αI ∣e±ΣI ∣ΦI⟩ = δαI∅, Eq. (42b) then yields

iṡαAαB =∑
βA

⟨αA∣e−ΣA ∣βA⟩⟨βA∣eΣA H̄A∣ΦA⟩δαB∅

+∑
βB

⟨αB∣e−ΣB ∣βB⟩⟨βB∣eΣB H̄B∣ΦB⟩δαA∅. (43)

In a similar manner, but also using the resolution of identity as
well as Eq. (12) (owing to the wholeness of the subsystem MCRs),
Eq. (42c) becomes

−iσ̇αAαB =∑
βA

⟨ΦA∣eΣA[H̄A, τβA]∣ΦA⟩⟨βA∣e−ΣA ∣αA⟩δαB∅

+∑
βB

⟨ΦB∣eΣB[H̄B, τβB]∣ΦB⟩⟨βB∣e−ΣB ∣αB⟩δαA∅. (44)

For both αA and αB unequal to ∅, one obtains ṡμAμB = σ̇μAμB = 0,
meaning that TAB = ΣAB = 0 at all times if initially zero. Furthermore,
by letting one of αA or αB be ∅, one sees that sμA , sμB , σμA , and σμB

evolve according to the EOMs of the individual subsystems. Finally,
Eq. (42a) reduces to ϵ̇tot = ϵ̇A + ϵ̇B.

Since the TDEVCC parameterization and EOMs are thus able
to correctly represent and evolve the product separable state for both
bra and ket, it automatically follows that both additively and multi-
plicatively separable expectation values are also correctly separable,
i.e.,

⟨AA + AB⟩ = ⟨Ψ′A∣AA∣ΨA⟩ + ⟨Ψ′B∣AB∣ΨB⟩, (45a)

⟨MAMB⟩ = ⟨Ψ′A∣MA∣ΨA⟩⟨Ψ′B∣MB∣ΨB⟩. (45b)

This improvement over TDVCC, for which only the first equal-
ity holds, will be further investigated in Sec. IV D 3.

G. Autocorrelation functions
As we discussed in Ref. 3, different choices are possible for

calculating the autocorrelation in the framework of the BVP, all
of which are equivalent for the exact quantum state as well as for
the variational ones [e.g., time-dependent vibrational configuration
interaction (TDVCI)]. We denote these choices as type “A,” “B,” and
“average” and define them by

CA(t) ≡ ⟨Ψ′(0)∣Ψ(t)⟩, (46a)

CB(t) ≡ ⟨Ψ′(t)∣Ψ(0)⟩∗, (46b)

Cavg(t) ≡ 1
2(CA(t) + CB(t)). (46c)
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For TDVCC, we noted, in Ref. 3, that CA(t) (but not CB) yields
the proper FVCI results for non-interacting subsystems owing to
the product separable Ansatz for the TDVCC ket (but not for the
bra). These results were for the special, but important, choice of the
initial state having T(0) = L(0) = 0, i.e., starting from the VSCF ref-
erence state. With this choice, ⟨Ψ′(0)| and |Ψ(0)⟩ are both exact,
meaning that only errors in |Ψ(t)⟩ and ⟨Ψ′(t)| affect CA(t) and CB(t),
respectively. The average version is motivated by bra/ket symmetry
considerations;3,23 we studied its behavior but found that it solves no
fundamental problems due to the very different nature of CA and CB,
and we shall only briefly discuss Cavg results in Sec. IV D 4.

Because TDEVCC is product separable for both bra and ket,
we would expect less of a discrepancy between CA and CB for TDE-
VCC than for TDVCC, which is the main subject of Sec. IV D 4.
Motivated by the perspective that the VCC ⟨Λ| can be seen as a
first-order approximation to the EVCC ⟨Ψ′|, we will furthermore
examine whether CB for TDVCC can be improved by “extending”
the (1 + L) to an exponential form (like eΣ). Similarly, we examine
whether CB for TDEVCC is considerably worsened by truncating eΣ

to only operate in Mexc [like (1 + L)].
In precise terms, we introduce the inverse exponential map-

ping, invexp, which maps a cluster operator (such as L) to the cluster
operator that generates the same exponential expansion in Mexc
(but obviously differs outside Mexc). It is thus defined by

⟨Φ∣ exp(invexp(L))P = ⟨Φ∣(1 + L), (47)

where P ≡ |Φ⟩⟨Φ| + ∑μ|μ⟩⟨μ| is the projection operator onto
span ∣Φ⟩ ∪Mexc. Letting L′ denote invexp(L), the exponential map-
ping in Eq. (47) is given on an MC basis by2,55

lmam = ∑
p(m)∈
Sp(m)

∏
m′∈

p(m)

l′m
′

am′ , (48)

where Sp(m) is the set of all partitions of the MC m, whose sub-
MCs are in the chosen MCR of the method. p(m) is one such parti-
tion of m, m′ is a subset of m, and am′ is the corresponding subset
of the indices in am. The invexp mapping is then easily calculated
recursively via the formula

l′mam = lmam −∑
p(m)∈

Sp(m)∖{m}

∏
m′∈

p(m)

l′m
′

am′ . (49)

As an example, l′{1}
a1 = l{1}

a1 , l′{1,2}
a1a2 = l{1,2}

a1a2 − l′{1}
a1 l′{2}

a2 , etc.
Thus, we define the extended and truncated versions of CB(t)

for TDVCC and TDEVCC, respectively,

CVCC
B,ext(t) ≡ ⟨Φ∣ exp(invexp(L(t)))e−T(t)

× eT(0)
∣Φ⟩∗e−i((ϵ(t)−ϵ(0))∗), (50a)

CEVCC
B,trc (t) ≡ ⟨Φ∣e

Σ(t)Pe−T(t)eT(0)
∣Φ⟩∗e−i((ϵ(t)−ϵ(0))∗). (50b)

For comparison, the unmodified versions of Eq. (46b) are

CVCC
B (t) ≡ ⟨Φ∣(1 + L(t))e−T(t)eT(0)

∣Φ⟩∗e−i((ϵ(t)−ϵ(0))∗), (51a)

CEVCC
B (t) ≡ ⟨Φ∣eΣ(t)e−T(t)eT(0)

∣Φ⟩∗e−i((ϵ(t)−ϵ(0))∗). (51b)

Because of the equivalence of exp(invexp(L)) with (1 + L)
within Mexc, CB,ext(t) has thecorrect convergence toward the FVCI

limit, but at low truncation levels, it may benefit from the bra
extending into the full space.

H. Propagation in imaginary time
Similarly to our approach in Ref. 3, we here seek to study the

convergence of the TDEVCC state toward the EVCC ground state,
when propagated in imaginary time. Aside from the purely theoreti-
cal aspects, imaginary time convergence provides an additional way
to confirm the correct implementation of the EOMs. As is also the
case for TDVCC, the TDEVCC bra and ket cannot simply be prop-
agated backwards and forwards in imaginary time, respectively, in
order to obtain the ground state of the system. This is in contrast to
the exact quantum state and is due to the presence of the sμ ampli-
tudes in both vectors.3,17 Instead, we therefore take the pragmatic
approach of examining the convergence of TDEVCC when the sμ
amplitudes are propagated forwards in imaginary time (τ+) and the
σμ amplitudes are propagated backwards (τ−). Substituting t→ ∓iτ±
(with τ± ∈ R) in Eqs. (30a) and (30b), one obtains the EOMs,

t → −iτ+ ⇒ ∂s
∂τ+
= −K−hσ , (52a)

t → +iτ− ⇒ ∂σ
∂τ−
= −K−⊺hs, (52b)

describing the imaginary time-evolution of the parameters. With
the given convention on forwards/backwards imaginary time, it
is implied that sμ and sμ(τ) mean sμ(τ+), while σμ and σμ(τ)
mean σμ(τ−) and that ∣Ψ̃(τ)⟩ = ∣Ψ̃(s(τ+))⟩, whereas ⟨Ψ̃′(τ)∣
= ⟨Ψ̃′(s(τ+),σ(τ−))∣.

For the purpose of studying convergence toward the ground
state, we parameterize the amplitudes as s = sgs + Δs and σ = σgs

+ Δσ, where sgs, σgs solve the ground state equations and Δs, Δσ are
deviations from the ground state parameters. Thus, we have

0 = hσμ(s
gs,σgs

) = ⟨μ∣eΣ
gs

H̄gs
∣Φ⟩, (53a)

0 = hsμ(s
gs,σgs

) = ⟨Φ∣eΣ
gs

[H̄gs, τμ]∣Φ⟩ (53b)

for all μ, where H̄gs
≡ e−Tgs

HeTgs
. In this perspective, we want to show

that, when propagating in imaginary time, Δs, Δσ → 0, and thus,
(s, σ)→ (sgs, σgs).

Combining Eqs. (52a) and (52b) leads to

∂p
∂τ
= −K′−h with K′− ≡ (K

− 0
0 K−⊺). (54)

We then expand K−hσ and K−⊺hs in terms of the ground state and
deviation amplitudes. Assuming that the latter are small, the terms
that are more than first order in the deviations may be neglected.
Equations (53a) and (53b) furthermore cause the ground state terms
to vanish. This approach is equivalent to the derivations in Refs. 3
and 27 and yields

∂Δp
∂τ
≈ (

K−gs(H
gs
σsΔs + Hgs

σσΔσ)
K−⊺gs (H

gs
ss Δs + Hgs

sσΔσ)
) = −K′−gs H

gsΔp. (55)

We then look at the evolution of the squared norm of the deviation,

∂
∂τ ∥Δp∥

2
= 2Re[Δp† ∂Δp

∂τ ] = −2Δp†
[K′−gs H

gs
]HΔp, (56)
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where [⋅]H denotes the Hermitian part of the matrix. Assume that
[K′−gs Hgs

]H is positive definite with the smallest eigenvalue ωmin.
Then,

∂
∂τ ∥Δp∥

2
≤ −2ωmin∥Δp∥2, (57)

meaning that ∥Δp∥ decays at least exponentially fast toward zero,
with decay constant ωmin.

This positive definiteness is not guaranteed to hold, in gen-
eral, but for well-behaved molecular systems with non-degenerate
ground states and reasonable choices of modal bases, we hypothe-
size that it is a reasonable assumption. To support this statement,
we may furthermore carry out the same zeroth-order analysis as in
Sec. II D. With Σ = Σgs,0 = 0, K−gs,0 simply becomes the identity, and
Eq. (56) then simplifies to

∂
∂τ ∥Δp∥

2
≈ −2Δp†Hgs,0Δp ≤ −2Δεmin∥Δp∥2, (58)

confirming the convergence when the zeroth-order approximation
is good.

We note that our present analysis bears much resemblance
to Laestadius and Kvaal’s ECC analysis.27 Their analysis, however,
deals with the existence, uniqueness, and convergence of the trun-
cated ECC ground state solutions toward the untruncated limit,
whereas we here consider convergence toward the truncated ground
state solutions. Furthermore, their analysis does not involve the
K′− matrix, since they only deal with the stationary state equations.

In the language of Ref. 27, h is the flipped gradient of H̃, and
the convergence toward the (possibly truncated) ground state solu-
tion pgs rests on the “modified” flipped gradient K′−h being locally
strongly monotone (LSM) in the vicinity of pgs. In this case, Eq. (54)
corresponds to a steepest descent toward the minimum, pgs, of a
hypothetical potential with K′−h as its gradient. [Note that pgs is
actually a saddle-point of H̃,17 rather than a minimum, and steep-
est descent using the (non-flipped) gradient∇H̃ would generally not
converge.]

Under the previously described assumptions, our analysis
shows that K′−h is LSM in the zeroth-order approximation, thanks
to the positive definiteness of the matrix of second derivatives. As
these results are sufficient for our numerical investigations, we leave
the elaborate and rigorous mathematical analysis as an unsolved
problem for others to investigate.

III. IMPLEMENTATION
A. Full-space matrix representations

The EVCC and TDEVCC methods have been implemented in
MidasCpp56 using a general-purpose FSMR framework. For finite
modal bases, the employed vector space, CNfull , is isomorphic with
the direct-product space CN1×⋯×NM as well as with Mfull, the space
spanned by all Hartree products. Any given Hartree product ∣Φr⟩ ∈

Mfull is represented by the standard basis vector ei ∈ CNfull , where
the absolute index i ∈ {0, . . ., Nfull − 1} and the composite index r ∈
{0, . . ., N1 − 1} ×⋯× {0, . . ., NM − 1} are related by the invertible
mapping,

i = a(r) ≡
M

∑
m=1

rm
M

∏
m′=m+1

Nm′ , (59)

where the empty product (when m = M) is taken to be 1. Specifically,
e0 represents the VSCF ground state |Φ0⟩.

All number-conserving operators used in MidasCpp can
(assuming physical operators to have SOP form) be written as lin-
ear combinations of products of one-mode operators such as hm ,t

or Em
rmsm . The matrix representation Om

∈ CNfull×Nfull of a product
operator Om =∏m∈mOm is defined by its matrix elements,

[Om
]ij = ⟨Φt∣∏

m∈m
Om
∣Φu⟩ = ∏

m∈m
om

tmum ∏
m′∉m

δtm′um′ , (60)

where t = a−1(i) and u = a−1(j). Thus, Om is a Kronecker product
(denoted by⊗) of the one-mode operator matrices Om for the modes
m ∈m and identity matrices Im′ for the remaining modes m′ ∉m.

As an example, consider a system with two modes and two
modals per mode, M = 2, N1 = N2 = 2. The standard basis vectors
e0, . . . , e3 ∈ C4 then represent |Φ0,0⟩, |Φ0,1⟩, |Φ1,0⟩, ∣Φ1,1⟩ ∈ Mfull
according to the ordering defined by Eq. (59). The cluster operator
T = s1

1τ1
1 + s2

1τ2
1 + s1,2

1,1τ
1,2
1,1 has the matrix representation

T = s1
1(τ

1
1 ⊗ I2

) + s2
1(I

1
⊗ τ2

1) + s1,2
1,1(τ

1
1 ⊗ τ2

1)

=

⎛
⎜
⎜
⎜
⎝

0 0 0 0
s2

1 0 0 0
s1

1 0 0 0
s1,2

1,1 s1
1 s2

1 0

⎞
⎟
⎟
⎟
⎠

. (61)

The FSMRs in CNfull×Nfull automatically inherit the theoretical
properties of the number-conserving operators of SQ vibrational
theory. The matrices may therefore be manipulated numerically in
the exact same way as how the theoretical equations are written on
paper; the hσ of Eq. (26a) can, e.g., be computed directly as

hσ = exp(Σ) exp(−T)H exp(T)e0. (62)
The cluster operator matrix exponentials can simply be evaluated as
their Taylor series, exp(αT) = ∑M

k=0
αk

k! T
k, where the infinite series

truncates because TM+1 = 0 as a consequence of Eq. (10). In practice,
however, matrix–matrix products are avoided by instead evaluating
the matrix–vector products exp(αT)v through successive multipli-
cations with T, stored as a sparse matrix. Because the Hamiltonian
matrix H ∈ CNfull×Nfull is generally denser and is reused through-
out every calculation, we pre-calculate and store it as a full matrix.
Operations with the Hamiltonian are then implemented directly as
matrix–vector products. Alternatively, one could avoid the matrix
storage by utilizing the SOP form at each H multiplication. This can,
however, be costly with respect to computation time for large oper-
ator sums. At present, we have chosen the former approach over the
latter, choosing the faster computation time at the expense of larger
memory requirements.

Because Nfull scales exponentially with M, the FSMR framework
obviously suffers from the curse of dimensionality, making calcu-
lations on all but the smallest systems unfeasible—in practice, we
found the limit to be M ≈ 6 for around six modals per mode. Its
main virtue, however, lies in the ease and robustness with which the-
oretical expressions can be implemented, thanks to the high level of
abstraction it provides. This paves the way for pilot implementations
of new models (such as EVCC) as well as for writing reliable, inde-
pendent tests for optimized implementations of new and existing
models.

Regarding complexity, we note that it should be possible to
make a computationally faster EVCC implementation with polyno-
mial complexity in M, O(Mp

), rather than exponential. This can be
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seen by rewriting H = ⟨Φ∣eΣe−THeTe−Σ∣Φ⟩ using Eq. (10) and simi-
larly for hσμ and hsν in Eqs. (26a) and (26b). These expressions may
then be evaluated by using a double Baker–Campbell–Hausdorff
expansion. If using an SOP form for H, these expansions eventu-
ally terminate because the resulting [⋅, τ] and [τ†, ⋅] commutators
become zero at some level of nesting (depending on the mode-
coupling level of H), and this permits an implementation with poly-
nomial complexity.27,57 The complexity will generally be worse than
for the traditional VCC, as is seen by rewriting Eqs. (26a) and (26b)
as

hσμ = ⟨μ∣H̄∣Φ⟩ + ⟨μ∣(Σ + 1
2Σ

2 +⋯)H̄∣Φ⟩, (63a)

hsν = ⟨Φ∣(1 + Σ)[H̄, τν]∣Φ⟩ + ⟨Φ∣( 1
2Σ

2 +⋯)[H̄, τν]∣Φ⟩. (63b)

Here, the first terms are equivalent to those of traditional VCC, while
the last terms generally entail additional complexity. The complex-
ity of an efficient EVCC implementation will therefore generally
be worse than that of traditional VCC35 and will generally increase
with increasing mode-coupling levels of H and/or the cluster opera-
tors. A detailed complexity analysis along the lines of Ref. 35, how-
ever, requires computational intermediates and automatic equation
derivation, which is beyond the scope of the present work.

We also note that similar, general full- or extended-space
approaches have been implemented in electronic and vibrational
structure theory2,10,11,58—the idea here is similar, but note that the
ordering of the absolute indices i in Eq. (59) does not correspond
to the “usual” ordering based on excitation levels out of a reference.
In fact, due to the vibrational modes being treated as distinguishable
particles, with separate modal bases, the direct-product structure is
obtained. Also note that Eq. (59) defines a possible way to compu-
tationally store and access the elements of an arbitrary M’th-order
tensor (a multidimensional array in CN1×⋯×NM ), as a contiguous vec-
tor (inCNfull ) in computer memory. This reflects the close connection
between vibrational correlation methods and the tensor-models of
applied mathematics.59–65

B. Equation solvers and integrators
The ground state equations of EVCC in Sec. II D are solved

using a general-purpose implementation in MidasCpp of a non-
linear equation solver using the direct inversion in the iterative sub-
space (DIIS) algorithm66 with the diagonal preconditioner (Hss,0

)
−1

[see Eqs. (37a) and (37b)].
The EOMs for TDEVCC in Secs. II C and II H were prop-

agated using the general-purpose ordinary differential equation
(ODE) integrator also used in Refs. 3, 37, 48, and 67. Similarly to
those works, we use a Dormand–Prince 8(5,3) explicit Runge–Kutta
method with adaptive step-sizes, which are controlled by the ODE
tolerance defined in Ref. 68.

C. Hilbert space angles
In Secs. IV B and IV D 2, we shall use the Hilbert space angle as a

measure of closeness of elements ∣u⟩, ∣v⟩ ∈Mfull or ⟨u∣, ⟨v∣ ∈M∗
full. Its

virtue is that it is insensitive to phase and norm differences between
the elements, which is desirable because such differences do not
affect physically measurable quantities.39 Due to the isomorphism
with CNfull , it can equivalently be evaluated as the angle between vec-
tors u, v ∈ CNfull , where u and v are the coefficient vectors of the

FVCI expansions of |u⟩, |v⟩ in Mfull. This is what is done, in practice,
numerically.

Letting u, v denote two elements in any of these spaces, the
Hilbert space angle is defined as

ϑ(u, v) ≡ arccos(
∣⟨u∣v⟩∣
∥u∥∥v∥

) ∈ [0; 1
2π]. (64)

This formula is numerically unstable for small angles because the
argument to arccos is then close to 1, which is mapped to a value
close to 0. In floating-point arithmetics, this leads to a substantial
loss of precision. Due to round-off errors, it is also possible that the
argument incorrectly becomes slightly larger than 1 in which case
arccos is undefined.

Our implementation instead introduces the phase- and norm-
corrected vectors,

u′ ≡ 1
∥u∥ ei arg(⟨u∣v⟩)u, (65a)

v′ ≡ 1
∥v∥v, (65b)

where ⟨u|v⟩ = |⟨u|v⟩|eiarg(⟨u |v⟩) is the polar form of ⟨u∣v⟩ ∈ C. Then,

⟨u′∣v′⟩ =
e−i arg(⟨u∣v⟩)

⟨u∣v⟩
∥u∥∥v∥

=
∣⟨u∣v⟩∣
∥u∥∥v∥

∈ [0; 1]. (66)

We define the difference norm Δ = ∥u′ − v′∥. By construction, u′, v′

are normalized and ⟨u′|v′⟩ is real, so

Δ2
= ∥u′∥2 + ∥v′∥2

− 2Re[⟨u′∣v′⟩] = 2(1 − ⟨u′∣v′⟩), (67)

and therefore,

ϑ(u, v) = arccos(⟨u′∣v′⟩) = arccos(1 − 1
2Δ

2
). (68)

Using the Taylor series of arccos(1− 1
2 x2
) for x ≥ 0, we then achieve

ϑ(u, v) = Δ(1 + 1
24Δ

2 + 3
640Δ

4 + 5
7168Δ

6
) + 35

294 912Δ
9 +⋯. (69)

Since Δ can be computed in a numerically stable manner, Eq. (69)
retains high numerical precision for small angles, as opposed to
directly applying Eq. (64). The Δ9 term is used as an error estimate;
if its magnitude relative to the sum of the first terms is less than the
εmach (machine-epsilon) of the used floating-point type, Eq. (69) is
numerically exact and therefore used. Otherwise, Eq. (68) is used.
For double-precision floating-point numbers (εmach ≈ 2.22 × 10−16),
Eq. (68) is then used for Δ ≳ 3.4 × 10−2, where it is sufficiently
numerically accurate.

IV. RESULTS
A. Computational details

The numerical results are based on calculations on the 35
molecular systems with 3 and 6 modes listed in Table I. For the 21
single molecules, the 3-mode coupled SOP PESs computed in Ref. 69
were used. The (3-mode and 6-mode) Henon–Heiles (HH) model
systems are defined by the Hamiltonian

H = −
1
2

M

∑
m=1

∂2

∂qm2 +
1
2

M

∑
m=1

q2
m + λ

M−1

∑
m=1
(q2

mqm+1 −
1
3

q3
m+1), (70)
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TABLE I. The molecular systems used for calculations, divided into groups according to the number of modes M, and whether
they are single molecules or non-interacting duplicates.

M Molecules

3 3M-HH, Cl2O, ClNO, F2O, FNS, FSN,
H2O, H2S, NOF, O3, S3, SO2

6 6M-HH, Cl2CO, F2CO, FNO2, H2CO, H2CS,
HFCO, cis-HNO2, N2CO, SOCl2, SOF2

6 2 × 3M-HH, 2 × Cl2O, 2 × ClNO, 2 × F2O, 2 × FNS, 2 × FSN,
2 ×H2O, 2 ×H2S, 2 × NOF, 2 × O3, 2 × S3, 2 × SO2

with λ = 0.111 803 and qm ∈ [−6.00; 6.00], ensuring that the M-mode
HH PESs are bounded from below in all dimensions.3,67 In addi-
tion to the single molecules, a group of 6-mode systems were used,
which consisted of non-interacting duplicates of each of the 3-mode
system.

All calculations start out with a VSCF calculation using a prim-
itive B-spline basis; the resulting VSCF modals are then used as the
1-mode basis functions of the subsequent correlation calculation,
be it time-independent or -dependent. For time-independent cal-
culations, the VSCF calculation is performed on the actual PES of
the system. For time-dependent calculations, the VSCF calculation
is performed on a harmonic oscillator (HO) approximation to the
PES, shifted in all coordinates qm by a fraction δ of the classical
HO ground state turning point for that mode. This choice of ini-
tial state mimics the instantaneous placement of an HO ground state
onto the PES of the molecule, away from equilibrium. Calculations
have been run with δ = 0.20 and 0.50, and the simulation time was
104 a.u. for the molecules and 102 a.u. for the HH systems (whose
dynamics take place on a shorter timescale). The absolute and rela-
tive ODE tolerance was set to 10−15, except where otherwise noted.
This is an unnecessarily tight tolerance for most practical purposes
but was chosen so as to avoid errors from numerically inaccurate
ODE integration.

Calculations have generally been performed for all of VCI[k],
VCC[k], and EVCC[k] in both time-dependent and independent
versions. The FVCI results (obtained as the VCI[M] model) are gen-
erally used as the reference for comparisons. The Hilbert space angle
ϑ, discussed in Sec. III C, is used for comparing bra and ket vectors.
While |VCC⟩ and ⟨Λ| are customarily used for ket and bra vectors
in (time-dependent) VCC,3 we here use the following more uniform
notation to avoid confusion: |ΨFVCI⟩, |ΨVCI[k]⟩, |ΨVCC[k]⟩, |ΨEVCC[k]⟩

and ⟨Ψ′FVCI∣, ⟨Ψ′VCI[k]∣, ⟨Ψ
′
VCC[k]∣, ⟨Ψ

′
EVCC[k]∣ for the ket and bra vec-

tors of the respective models. (For the VCI models, the ket and
bra are each other’s adjoints by construction.) |ΨX[k]⟩ and ⟨Ψ′X[k]∣,
X = VCI, VCC, EVCC, are used to denote such vectors without
specifying the model.

Note that Ref. 3 only presents an efficient TDVCC[2] imple-
mentation. While an efficient, general TDVCC[k] implementation
is being developed and will be the subject of a future publication,
the TDVCC[k] calculations presented here have employed a pilot
implementation using the FSMR framework.

B. EVCC ground state solutions
For assessing the performance of the time-independent

EVCC[k] models, we solved for the EVCC[k] ground state for all the
systems in Table I and compared the results with the corresponding
VCI[k] and VCC[k] models. All calculations used Nm = 6, k = 2, . . .,
M, and tight convergence thresholds of 1.0 ⋅ 10−15 for the residual
vector norms. All calculations converged, and for k = M, they con-
verged to the same FVCI solution in accordance with the existence
proofs discussed in Sec. II D. The ground state amplitude vector
norms were all of order 10−2 to 10−1, both for EVCC and VCC, with
the largest contributions stemming from 1- and 2-mode excitations.

Statistics were calculated for various quantities for each of the
three groups in Table I. The analyzed quantities are

● the deviation of the model’s ground state energy from the
FVCI energy as a fraction of the FVCI correlation energy
(i.e., the error of the VSCF energy),

ΔfracEX[k] ≡
∣EX[k] − EFVCI∣

∣EVSCF − EFVCI∣
, (71)

● the Hilbert space angles between the FVCI state, and ket
and bra vectors of the model, ϑ(|ΨX[k]⟩, |ΨFVCI⟩) and
ϑ(⟨Ψ′X[k]∣, ⟨Ψ

′
FVCI∣), respectively, and

● the Hilbert space angles, ϑ(⟨Ψ′X[k]∣, ∣ΨX[k]⟩
†
), between bra

and the adjoint of the ket for the same model.

The first quantities directly measure how close the results from a
model are to the FVCI results. The motivation for the last quantity
lies in the observation that the use of the BVP generally breaks the
property ⟨Ψ′X[k]∣ = ∣ΨX[k]⟩

† for VCC and EVCC. Due to the param-
eterization with (1 + L) in VCC, as opposed to the eΣ in EVCC,
⟨Ψ′VCC[k]∣ is restricted to the excitation space, whereas ⟨Ψ′EVCC[k]∣,
|ΨVCC[k]⟩, and |ΨEVCC[k]⟩ are generally elements in the full space,
and we would therefore expect the bra/ket angle to be less for
EVCC[k] than for VCC[k].

The statistics are shown in Fig. 1 for the 6-mode systems; the 3-
mode results are similar but show less convergence trends because
the FVCI limit is realized already at k = 3. The figures display
the minimum and maximum observations within each group of
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FIG. 1. Ground state results of VCI[k], VCC[k], EVCC[k], k = 2, . . ., M, compared with FVCI results. Statistics are for the 6-mode single molecules (left) and the non-interacting
duplicated 3-mode molecules (right). The measured quantities are ΔfracEX[k ], ϑ(|ΨX[k ]⟩, |ΨFVCI⟩), ϑ(⟨Ψ′X[k]∣, ⟨Ψ

′
FVCI∣), and ϑ(⟨Ψ′X[k]∣, ∣ΨX[k]⟩†), as labeled on the y axes.

Triangles show minimum and maximum observations, circles show geometric means μg, and error bars show geometric standard deviations μgσ±1
g . Absent points are due

to values of zero.

molecules as well as the geometrical means μg and standard devia-
tion factors σg of the groups. For n measurements of the quantity v,
they are defined by

μg(v) ≡ (
n

∏
i=1

vi)

1
n
= exp(μa(ln v)), (72a)

σg(v) ≡ exp(σa(ln v)), (72b)

where μa, σa are the (usual) arithmetic mean and standard devia-
tion. We have chosen to present geometric statistics because of their

appropriateness and ease of interpretation when discussing data that
are most easily visualized on a logarithmic scale. We did, however,
also inspect the arithmetic statistics as well as the quartiles (boxplots)
and found that the observed trends were the same.

In Fig. 1, we first of all observe that all models converge toward
the FVCI limit, as expected. VCI[k] is generally furthest away,
although not by much for the single molecules, which is also not sur-
prising given the small sizes of the systems and the fact that ground
states are computed; vibrational ground states are rarely highly
correlated, so differences between methods are generally modest
(although it should be noted that relative correlation energies are
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plotted). Furthermore, the advantages of the separable CC forms
become increasingly pronounced as molecules become larger, and
long-distance intramolecular interactions become weaker.

The energy expectation value errors are basically identical for
VCC and EVCC. Their kets, |ΨVCC[k]⟩ and |ΨEVCC[k]⟩, are also
equally close to |ΨFVCI⟩, whereas the ⟨Ψ′EVCC[k]∣ is closer to ⟨Ψ′FVCI∣

than ⟨Ψ′VCC[k]∣, the latter being on the same level as ⟨Ψ′VCI[k]∣. This
discrepancy is also seen when comparing the bra/ket angles for
VCC[k] and EVCC[k]; the EVCC bra and ket are generally much
closer to being each other’s adjoints. These points are especially
noticeable when looking at the non-interacting duplicate systems for
which both VCC[k] and EVCC[k] energies and kets reach the FVCI
limit at k = 3, the size of the subsystems.

All these observations reflect the size extensivity of the
VCC and EVCC energies, the multiplicatively separable forms of
|ΨVCC[k]⟩, |ΨEVCC[k]⟩ and ⟨Ψ′EVCC[k]∣, as well as the lack thereof for
⟨Ψ′VCC[k]∣ and the VCI[k] state. Regarding the bra/ket angles, we also
examined the angles between the parts of the VCC[k] and EVCC[k]
that are within the excitation space to see whether the larger dis-
crepancy for VCC[k] could be ascribed to ⟨Ψ′VCC[k]∣ being confined
to the excitation space. The results (not included) showed that the
bra/ket angles are smaller by about a factor of 10 for both VCC[k]
and EVCC[k], but the EVCC[k] results are still about 102.50 smaller
than for VCC[k].

In conclusion, all methods perform rather well for ground state
calculations, with VCC and EVCC being slightly more advantageous
in terms of energy expectation values. The advantage of EVCC over
VCC is the fully separable form of both bra and ket, but for ground
state energies, this difference does not matter, as is well known.2

In the perspective that the (1 + L) of VCC is a first-order approx-
imation to the eΣ of EVCC, it is also not surprising that similar
results are obtained when the σμ are small. We will return to the
expectation values of additively and multiplicatively operators in a
time-dependent context in Sec. IV D 3.

C. TDEVCC imaginary time propagation
For the purpose of testing the TDEVCC[k] implementation as

well as for examining the theoretical predictions in Sec. II H, we per-
formed propagation in imaginary time for all the single molecules in
Table I, all k = 2, . . ., M and with Nm = 6.

In all cases, we first did a ground state EVCC[k] calculation
exactly as in Sec. IV B. The resulting ground state amplitudes, sgs,
σgs, and energy, Egs, were then saved and used as references for eval-
uating the amplitude and energy deviations, Δp, Δs, Δσ, and ΔE, at
each time point (τ) of the propagation. We then plotted |ΔE|, ∥Δp∥,
∥Δs∥, and ∥Δσ∥ as functions of τ.

For all calculations, all the deviation measures converged to
zero, confirming the theoretical predictions as well as the correct
implementation of the TDEVCC method. Furthermore, the devia-
tions were seen by eye to decay exponentially, also in line with the
theory. All the plots look generally similar to each other and similar
to the equivalent TDVCC[2] plots in Ref. 3. For TDVCC[2], how-
ever, we always observed ∥Δs∥ to be smaller than ∥Δl∥, whereas for
TDEVCC, ∥Δσ∥ is sometimes smaller than ∥Δs∥, and in some cases,
their curves cross during the propagation. Figure 2 shows an exam-
ple of this last phenomenon but is otherwise representative of all the
plots.

FIG. 2. Convergence of the TDEVCC[4] state toward the EVCC[4] ground state of
SOF2, when propagated in imaginary time. Deviations (Δ) are with respect to the
EVCC[4] ground state energy and amplitudes. Note that the y axes are different.

This difference with respect to TDVCC is not surprising. We
ascribe it to the fact that the TDEVCC EOMs are coupled to each
other both ways, whereas ṡ is independent of l in TDVCC theory.
For TDVCC, we could thus analyze the decay of ∥Δs∥ and ∥Δl∥ sepa-
rately, whereas the TDEVCC analysis in Sec. II H is for the combined
amplitude vector Δp.

In summary, imaginary time propagation of the TDEVCC[k]
amplitudes is a feasible way of obtaining the EVCC[k] ground state,
although it is computationally inefficient compared to solving the
ground state calculations using a preconditioner algorithm such as
DIIS, as in Sec. IV B. Although not a strict guarantee, it furthermore
supports that the time-dependent method has been implemented
correctly.

D. TDEVCC propagation
Finally, we shall discuss results from TDEVCC[k] propaga-

tions and compare them with results from equivalent TDVCI[k],
TDVCC[k], and TDFVCI propagations. Because each calculation
contains several time series of data, it is difficult to present all results
in a compact way. Instead, we shall discuss the general trends along
with notable exceptions and present figures that are representative of
our observations. The interested reader, however, is encouraged to
refer to the supplementary material, which contains all figures that
our discussion is based on.

For all molecular systems and methods, energy was conserved
in accordance with the chosen ODE tolerance, as expected from
Sec. II E. Energy evolution was discussed for TDVCC[2] in Ref. 3,
and we shall not discuss it further here.

In addition to energy, we have computed the evolution of
amplitude vector norms, Hilbert space angles with respect to the
FVCI vectors, position expectation values, and autocorrelation func-
tions, which we shall discuss in Secs. IV D 1–IV D 4.

1. Amplitude vector norms
It is instructive to inspect the evolution of the TDVCC and

TDEVCC amplitude vector norms for the purpose of assessing
whether the models are able to reasonably parameterize the quan-
tum state. The CC parameterizations are best suited to describe
states with a large reference weight, and as such, we expect them
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to become ill-suited when the amplitude vector norms become sig-
nificantly larger than one. For the δ = 0.20 simulations, all ampli-
tude vector norms (for both TDVCC and TDEVCC) remain in the
approximate range 0.1–1, meaning that the smaller displacement
of the initial state does not significantly strain the models. For the
larger δ = 0.50 displacement, most amplitude vector norms remain
in the approximate range 0.5–2, signifying that the models are being
pushed harder.

We generally observe the ∥s∥ and ∥σ∥ of TDEVCC to qualita-
tively follow the ∥s∥ and ∥l∥ of TDVCC, but with ∥σ∥ being slightly
smaller than ∥l∥. Given the overall similarity of the parameteriza-
tions, as well as the difference between the 1 + L and the eΣ, these
remarks are not surprising.

For some simulations, we observe the TDVCC ∥s∥ and ∥l∥
to become very large and display erratic oscillations. This is also
reflected in similar erratic behavior of expectation values and auto-
correlation functions. See, e.g., the results for cis-HNO2, H2CS, and 2
× H2S with δ = 0.50, k = 2 in the supplementary material. To inves-
tigate whether the divergence of the TDVCC norms were artifacts
due to numerical instabilities, we performed simulations with ODE
tolerances varying from 10−1 to 10−16 for cis-HNO2. Based on visual
inspection, the norm evolutions were the same for ODE tolerances

10−4 to 10−16, and we therefore concluded that the observations are
actual features of the TDVCC propagations, signifying again the
importance of not applying TDVCC to states with a small reference
weight. Even in cases where TDVCC faced difficulties, TDEVCC
performed remarkably stably, apparently owing to the more robust
parameterization of the bra vector.

Aside from these remarks, both the δ = 0.20 and δ = 0.50 simu-
lations are in support of our forthcoming discussions, but with some
points being less pronounced for δ = 0.20.

2. Hilbert space angles with respect to FVCI
While the quantum state is only described by the bra and ket

vectors in conjunction for TDEVCC and TDVCC, the closeness of
the individual bra and ket vectors of the TDVCI[k], TDVCC[k],
and TDEVCC[k] to the TDFVCI state provides valuable insight into
hierarchical convergence with respect to truncation levels k, the per-
formance of different parameterizations, and exactness in the FVCI
limits.

Figure 3 shows the Hilbert space angles with respect to FVCI,
ϑFVCI for short, for δ = 0.20 simulations of HFCO and 2 × FNS.
We observed no unstable amplitude vector norm behavior for
δ = 0.20, and we, therefore, take our comparisons to reflect the

FIG. 3. Closeness to TDFVCI (TDVCI[6]), measured in terms of the Hilbert space angle, for |ΨX[k ]⟩ and ⟨Ψ′X[k]∣, for the vectors of X[k] = VCI[k], VCC[k], EVCC[k] and
truncation levels k = 2, . . ., 6. The number of dots in the line patterns equals k. The figures are for HFCO (top) and 2 × FNS (bottom), both with δ = 0.20 initial displacement.
All y axes are logarithmic but with different ranges, while x axes are logarithmic on the left panels and linear on the right ones. The left panels highlight the initial behavior
and exactness of multiplicatively separable vectors, while the right ones provide a detailed view on the remaining methods at longer times.
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general performance of all methods within their regions of appli-
cability. Similar figures for all systems and δ = 0.50 are shown in the
supplementary material.

We always observe that ϑFVCI attains values close to zero,
≲10−12, for methods with k = M, i.e., TDEVCC (and TDVCC) cor-
rectly converge to the FVCI limit, as expected. For 2 × 3-mode non-
interacting subsystems, this also holds true for the three multiplica-
tively separable vectors ∣ΨEVCC[k]⟩, ⟨Ψ′EVCC[k]∣, and |ΨVCC[k]⟩, with
k ≥ 3, also as expected. Hierarchical convergence is evident; when
comparing ϑFVCI for different k within the same method, higher k
always results in lower angles.

It is a general trend that the separable vectors obtain lower
ϑFVCI than the |ΨVCI[k]⟩ and ⟨Ψ′VCC[k]∣ of the same k, sometimes
even attaining the same level of exactness as the k + 1 or k + 2
VCI states. There are exceptions to this observation, e.g., for cis-
HNO2, δ = 0.20 (see the supplementary material), where TDVCI[5]
has the lowest ϑFVCI for 250 a.u. ≲ t ≲ 3000 a.u. This improvement,
however, is not significantly observable in the position expectation
values. For all the low-order k = 2, 3 methods (δ = 0.20), TDVCI
always has a significantly larger ϑFVCI than the three separable
vectors.

The ϑFVCI for both TDEVCC bra and ket tend to follow each
other closely, whereas those for TDVCC bra and ket are significantly
further apart, with the ϑFVCI for the TDVCC[k] bra resembling that
of TDVCI[k], although usually slightly better. In terms of ϑFVCI,
TDEVCC provides a visibly more well-balanced description of both
bra and ket, compared to TDVCC, owing to the eΣ parameterization
instead of the use of (1 + L).

As a final comment, the δ = 0.50 simulations (see the sup-
plementary material) show the same trends; specifically, the ϑFVCI
for the three separable vectors are even lower, relative to those of
TDVCI, with the exception that the TDVCC angles diverge for those
simulations where its amplitude vector norms become unphysically
large.

3. Position expectation values and separability
In practice, it is the physical quantities that are of importance

for time-dependent calculations, rather than the ϑFVCI angles. For
all calculations, we computed the position expectation values ⟨qm⟩,
m = 1, . . ., M. For the infinitely separated dimers, we further-
more calculated the expectation values ⟨qm + qm+3⟩ and ⟨qmqm+3⟩,
m = 1, . . ., 3, for the purpose of demonstrating the points made in
Sec. II F. For such Hermitian operators, we implicitly take the real
part of Eq. (38) to be the physically relevant quantity in accordance
with the symmetrized expectation value also discussed in Sec. II E.

We leave the ⟨qm⟩ figures to the supplementary material, since
they are similar in appearance to the ⟨q2 + q5⟩ plot of Fig. 4. Our
observations from the ⟨qm⟩ figures are that TDEVCC undoubtedly
performs best and is almost quantitatively correct in all but a few
cases, where it is still good, however (see TDEVCC[2] for cis-HNO2,
H2CS, 2 × H2S, δ = 0.20 and 0.50). TDVCC is generally good,
sometimes as good as TDEVCC, and usually better than TDVCI,
especially for δ = 0.50, except for some calculations where ⟨qm⟩ oscil-
lations become irregular (H2CO, H2CS, cis-HNO2, and 6M-HH,
δ = 0.50). These irregular oscillations are correlated with the

FIG. 4. Expectation values of the additively and multiplicatively separable operators, q2 + q5 (top) and q2q5 (bottom), of the 2 × F2O system, which is composed of two
non-interacting 3-mode subsystems. Initial displacement of δ = 0.50. The left panels show the expectation values of TDVCI[3], TDVCC[3], and TDEVCC[3] superimposed on
those of TDFVCI, while the deviations with respect to the TDFVCI values are shown on the right. Note that calculation of the deviations required interpolation to a common
set of time points, which limits how close the deviations can be to zero.
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divergence of the TDVCC amplitude vector norms discussed in
Sec. IV D 1, signifying again that the TDVCC parameterization
becomes unphysical in these cases. TDVCI[k] generally performs
poorly, with the ⟨qm⟩ being qualitatively wrong for low k-level and
only reaching good results at around k = 4. This is a large contrast
to TDVCC[k] and especially TDEVCC[k], which are generally good
already at k = 2.

We now turn to discussing the expectation values of the sum
and product operators, qm + qm+3 and qmqm+3. At the k = 3 level,
their expectation values are both expected to be correspondingly
separable, and thus exact, for TDEVCC[3] [see Eqs. (45a) and (45b)],
while only ⟨qm + qm+3⟩ is expected to be exact for TDVCC[3].3 This
is indeed observed to be the case for all such calculations, without
exception; Fig. 4 shows a representative example for 2 × F2O, while
the remaining figures are provided in the supplementary material.

These results confirm the derivation in Sec. II F and illustrates
an important improvement of TDEVCC over TDVCC. It is also seen
at the k = 2 level (see the supplementary material) that ⟨qmqm+3⟩ is
better for TDEVCC[2] than for the other methods, signifying that
TDEVCC[2] also benefits from the separable parameterization, even
though it is not exact at k = 2.

4. Autocorrelation functions and spectra
Finally, we turn to studying the autocorrelation functions (CA

and CB) described in Sec. II G, as well as their corresponding energy
spectra (σA and σB), which are obtained as the absolute value of
the Fourier transforms of the autocorrelation functions. The supple-
mentary material contains figures for all systems, δ = 0.20 and 0.50,
and k = 2, while Fig. 5 shows a representative example for F2CO,
with initial δ = 0.50 displacement.

FIG. 5. Autocorrelation functions (left) and corresponding spectra (right) for k = 2 models and TDFVCI for F2CO with δ = 0.50 initial displacement. The displayed autocorrelation
functions are CA(t) = ⟨Ψ′X[2](0)∣ΨX[2](t)⟩ (top), CB(t) = ⟨Ψ′X[2](t)∣ΨX[2](0)⟩∗ (middle), while deviations with respect to TDFVCI results are shown for both on the
bottom. For CB and σB, results for the “extended” VCC and “truncated” EVCC bra vectors are also shown. Spectra are normalized with respect to the intensity of the largest
peak, given as functions of energy/wave number relative to the largest peak.
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Looking at the autocorrelation function magnitude |CA(t)|, it
is evident that the TDEVCC[2] and TDVCC[2] are much closer to
TDFVCI than TDVCI[2], which is not even qualitatively correct.
For the |CB| magnitudes, TDEVCC[2] is at the same level of accu-
racy as for |CA|, whereas the TDVCC[2] results are very far from the
TDFVCI reference. Note that for TDVCC[2], it frequently occurs
that |CB| > 1, which is unphysical. Because TDVCI[2] and TDFVCI
are variational, CA and CB are equivalent for them. These remarks
are also illustrated by the |ΔFVCIC| panel, which additionally takes
differences in the complex phase into account.

The observations for the autocorrelation functions are also
reflected by the spectra; while σA for TDEVCC[2] and TDVCC[2]
and σB for TDEVCC[2] are nearly exact, the σB for TDVCC[2]
and both TDVCI[2] spectra are qualitatively wrong, with peaks
occurring at wrong energies and with wrong intensities.

As described in Secs. IV D 2 and IV D 3, TDEVCC provides a
more well-balanced description of the bra and ket, resulting in type
A and B autocorrelation functions and spectra being equally good.
This is in contrast to TDVCC, where type A is significantly bet-
ter. Returning to the possible choices of autocorrelation functions
in Eqs. (46a)–(46c), they are all equally good for the present TDE-
VCC[2] calculations, but CA is far superior for TDVCC[2]. Note
that while Cavg results are not shown in Fig. 5, it is obvious that with
CA being nearly correct but CB being very inaccurate, Cavg will also
be very inaccurate. Since the Fourier transform respects linearity, the
σavg spectra (resulting from Cavg) will also simply be an average of σA
and σB and hence inherit the inaccurate characteristics of the latter.
For the present choice of initial state with L(0) = 0, CA is therefore
the best choice of autocorrelation function for TDVCC.

These conclusions raise the question whether the TDVCC[2]
lμ coefficients are simply inferior to the σμ obtained from TDE-
VCC[2], or whether they are of comparable quality, but with the lμ
merely hampered by the restricted (1 + L) parameterization. Indeed,
as seen in Fig. 5, the “extended” TDVCC[2] type B autocorrelation
function [Eq. (50a)] is, in fact, qualitatively closer to the TDFVCI
result in appearance, whereas the truncated TDEVCC[2] type B
autocorrelation function [Eq. (50b)] is about as bad as the regu-
lar TDVCC[2] one. We therefore conclude that the poor perfor-
mance of the TDVCC type B autocorrelation functions is at least
partly due to the limitations of the (1 + L) and that the results can
be improved through extension into the full space. Although such
full space expansions are computationally impractical to pursue for
large systems (M > 6), this may provide inspiration for practical
improvements on TDVCC theory.

V. SUMMARY AND OUTLOOK
Using the BVP, we have derived EOMs for TDEVCC and sta-

tionary state conditions for EVCC. The use of the BVP entails some
desirable features such as energy conservation for TDEVCC and
hierarchical convergence of EVCC[k] energies toward the FVCI
limit. We have also linked the convergence of EVCC[k] ground state
solvers and TDEVCC[k] imaginary time propagation to the posi-
tive definiteness of the second-derivative matrix of the Hamiltonian
functional.

The eΣ parameterization of the EVCC bra may be regarded as
a multiplicatively separable extension of the (1 + L) of the VCC

bra, and in this light, we have demonstrated how TDEVCC offers
improvements over TDVCC. From a theoretical perspective, this is
most easily seen in Sec. II F; for non-interacting subsystems, TDE-
VCC expectation values are appropriately separable for both addi-
tively and multiplicatively separable operators, while for TDVCC,
the separability only holds for the additively separable ones, and for
TDVCI, none of them are correctly separable.

We have made novel pilot full-space implementations of EVCC
and TDEVCC, which are robust but computationally unfeasible for
systems with more than around six modes. Even so, the implemen-
tations provide valuable insights into the performance of the new
methods.

From numerical results for 3- and 6-mode systems, we have
seen that the EVCC[k] ground state can be obtained using the DIIS
algorithm, as well as by using imaginary time propagation, although
much more slowly. For ground state energies, EVCC[k] does not
seem to offer a significant advantage over VCC[k], but the hierar-
chical convergence toward the FVCI limit is correctly observed as
well as the separability of both EVCC bra and ket for non-interacting
subsystems.

For the time-dependent methods, we generally observe TDE-
VCC[k] to perform significantly better than TDVCC[k], and better
still than TDVCI[k], in terms of closeness of bra and ket vectors
to the TDFVCI state, and accuracy of position expectation val-
ues, autocorrelation functions, and spectra. In all cases, the TDE-
VCC[k] propagation remained stable, even for the few cases where
TDVCC[k] methods became unphysical.

We have furthermore numerically demonstrated the separa-
bility properties of TDEVCC, both in terms of expectation val-
ues and autocorrelation functions, and compared the results with
TDVCC. For autocorrelation functions, both ⟨Ψ′(0)|Ψ(t)⟩ (type A)
and ⟨Ψ′(t)|Ψ(0)⟩∗ (type B) perform well for TDEVCC, whereas the
latter performs poorly for TDVCC. It can, however, be improved
by “extending” the VCC bra into the full space in analogy with the
EVCC parameterization. Note that these observations are for initial
states being equal to the VSCF reference.

In conclusion, the EVCC methods (both time-independent and
dependent) are theoretically attractive and numerically stable and
accurate extensions of the VCC methods. However, these virtues
come at the cost of being computationally more expensive; while
we have not analyzed the computational complexity of EVCC in
detail, it seems unlikely that an implementation as efficient as for
VCC is feasible. Looking forward, we therefore particularly view our
presented findings as shedding light on the advantages and short-
comings of TDVCC as well as highlighting again the importance of
exponential parameterizations and separability. Whereas TDEVCC
provides a well-balanced treatment of both bra and ket, TDVCC
treats the two in drastically different ways, and this is what enables
the computationally efficient implementations of TDVCC. How-
ever, it is evidently important not to apply the TDVCC method to
cases where its bra parameterization becomes unphysical. In our
computations, we observe how this may happen in cases where the
parameters become large. Similarly, the difference in bra and ket
parameterization should be acknowledged, and the two choices
of autocorrelation functions should not blindly be treated on an
equal footing. While our explorations on extending the normal
TDVCC autocorrelation function was intended solely for analysis
purposes, this idea may be useful for defining improved type B
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correlation functions, though further approximations are likely
needed for being practical. All the above theoretical and numeri-
cal results were obtained in the context of CC theory applied to
wave functions for nuclear motion, but being primarily rooted in
the basic structure of CC theory, they are expected to be of relevance
for applications of CC theory in other contexts as well.

One way to keep amplitude vector norms low would be to
let the modal basis evolve in time and adapt to the needs of the
quantum state throughout the simulation. A TDVCC model with
time-dependent modals is currently being developed in our research
group and will be the subject of a future publication.

As a final note, our FSMR module provides a highly flexible and
robust framework for implementing other exotic vibrational correla-
tion methods, e.g., variational and unitary VCC. While such FSMR
implementations would also only be applicable to small molecular
systems, the present study has shown that such pilot implemen-
tations could nevertheless be a valuable means to illuminate the
features of traditional VCC.

SUPPLEMENTARY MATERIAL

See the supplementary material for the comprehensive list of
figures on which our discussions and conclusions in Secs. IV C and
IV D are based.
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