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ABSTRACT
The success of applying machine learning to speed up structure search and improve property prediction in computational chemical physics
depends critically on the representation chosen for the atomistic structure. In this work, we investigate how different image representations of
two planar atomistic structures (ideal graphene and graphene with a grain boundary region) influence the ability of a reinforcement learning
algorithm [the Atomistic Structure Learning Algorithm (ASLA)] to identify the structures from no prior knowledge while interacting with an
electronic structure program. Compared to a one-hot encoding, we find a radial Gaussian broadening of the atomic position to be beneficial
for the reinforcement learning process, which may even identify the Gaussians with the most favorable broadening hyperparameters during
the structural search. Providing further image representations with angular information inspired by the smooth overlap of atomic positions
method, however, is not found to cause further speedup of ASLA.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0015571., s

I. INTRODUCTION

Machine learning (ML) has become a widely used tool in
the quantum chemistry and computational materials science com-
munities. Some of the most prominent applications of machine
learning techniques so far have been in fitting potential energy
expressions with unmatched accuracy to large databases of first-
principles stabilities of molecular structures1–4 and in establishing
atomistic force fields by fitting against diverse structural samples and
molecular dynamics trajectories for both molecular and solid state
materials.5,6

The fitting of machine learning models, whether energy expres-
sions or force fields, has been done, e.g., using kernel methods
as in Gaussian process regression7,8 or using artificial neural net-
works.9,10 Some recent reviews of the rapidly moving field are given
in Refs. 11 and 12. Examples of applications involving kernel mod-
els include studies of structural properties of liquid and amorphous
phases of carbon and silicon,13,14 melting transitions of metallic,
semi-conducting, and oxidic materials,15,16 and prediction of
energy–pressure relationships of super hard tungsten nitride bulk
materials.17 Examples of applications based on artificial neural net-
works include the studies of the ground state structure of solid

boron18 and metallic nanoparticles,19–21 the phonon dispersion rela-
tions and melting temperatures of bulk semiconductors and met-
als,22 and the self-diffusion properties of metal surfaces.23,24

A common theme for all the mentioned machine learning
models, whether kernel or neural network based, is that they need
to represent the constituent atoms by the so-called features that
capture the chemically important aspects for the given regression
or classification task. The field has been driven by the proposal
of efficient hand engineered features, starting from a series of
radial and angular atomic symmetry functions as in the Behler–
Parrinello approach1 and so far reaching highly complex represen-
tations such as the smooth overlap of atomic positions (SOAP),25

Faber–Christensen–Huang–Lilienfeld (FCHL),26 and graph-based
representations where nodes correspond to atoms and edges cor-
respond to bonds.27,28 Identifying the ideal feature for a new
task can be a cumbersome process, which led to the develop-
ment of neural network architectures designed to learn the rep-
resentation from data. Such architectures include SchNet,29 which
uses continuous convolutions to iteratively improve an atomic
representation.

When introduced in connection with global structure opti-
mization, machine learning models may be constructed as accurate

J. Chem. Phys. 153, 044107 (2020); doi: 10.1063/5.0015571 153, 044107-1

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/5.0015571
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0015571
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0015571&domain=pdf&date_stamp=2020-July-24
https://doi.org/10.1063/5.0015571
https://orcid.org/0000-0002-3550-8379
https://orcid.org/0000-0001-8048-5092
https://orcid.org/0000-0002-4244-3585
https://orcid.org/0000-0002-7849-6347
mailto:hammer@phys.au.dk
https://doi.org/10.1063/5.0015571


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

surrogate energy landscapes that allow for most of the computation-
ally demanding local relaxation steps to be performed at the model
level.30 Once a model relaxed candidate structure is obtained, a sin-
gle or a few single-point energy evaluations at the first-principles
level may be conducted. Subsequently, the machine learning model
may be updated, and hence, a more and more reliable model may
be established in an active learning setting while the global struc-
ture optimization is completed.19,21,31–34 Other schemes for machine
learning enhanced global structure optimization have, however, also
been proposed in which the ML models are intentionally not some
surrogate energy landscapes. Rather, the ML models may provide
local energy information,35,36 serve to provide uncertainty measures
to balance exploration vs exploitation,37–39 or act to remove energy
barriers by adding extra dimensions40 or making energy landscapes
simpler and more convex.41,42

Recently, an entirely different approach to global structure
optimization, namely, utilizing reinforcement learning, was pro-
posed.43,44 In our work,43 we utilize image recognition techniques to
have a machine learning agent learn by itself how to build atomistic
structures. The method Atomistic Structure Learning Algorithm
(ASLA) revolves around a convolutional neural network (CNN)
based agent, which directs the construction of new candidate struc-
tures while actively learning about the stability of the built struc-
tures by interacting with a first-principles total energy evaluator,
such as a density functional theory (DFT) program. Compared to
traditional global optimization methods, such as an evolutionary
algorithm, that often rely on local relaxations that can require many
force evaluations, the ASLA requires only a single energy calculation
per candidate structure (see Ref. 45 for a comparison of the com-
putational demands). Furthermore, problem specific mutations are
not required as the algorithm learns to build high quality candidates
with the information stored in the CNN, rather than iteratively gen-
erating them through chance. An additional strength of the method
is the ability to transfer knowledge from one problem to another, as
showcased in the original paper. In our first application of ASLA,
we employed a one-hot encoding of the atomic positions, meaning
that the neural network agent takes as input discretized images of
space in which pixels are 1 wherever atoms are present and 0 else-
where. The purpose of the present work is to investigate how the
input representation of atomistic structure may be augmented uti-
lizing ideas from the general field of machine learning in chemical
physics and to probe to what degree an improved representation
may speed up the function of ASLA in determining global minimum
energy structures.

CNNs have been used for drug-discovery applications, and dif-
ferent representations have been suggested in this field. Wallach
et al. presented a CNN for this task based on protein–ligand descrip-
tors of differing complexity evaluated at each grid point.46 Torng
and Altman used a CNN with a one-hot representation followed
by a Gaussian filter for amino-acid environment classification,47

whereas Ragoza et al. used a piecewise Gaussian and quadratic func-
tion as the representation for a CNN for protein–ligand scoring.48

In both of the latter works, the length scale of the Gaussian was
chosen based on the van der Waals radius of the atom. Kuzminykh
et al. showed that a wave representation, with the filter being a
Gaussian multiplied by a sine function, leads to a lower recon-
struction loss of an autoencoder when compared to a pure Gaus-
sian representation.49 The above works share the common feature

that they work in a supervised learning setting, that is, the neu-
ral network is trained based on a predetermined dataset and the
important performance measure is accuracy on an unseen valida-
tion set. This is very different from the ASLA setting, wherein the
algorithm produces its own training data as it progresses. An unfor-
tunate choice of representation can lead to the algorithm stagnating
whereby it becomes unable to generate training examples that can
further the search. A more suitable choice of representation would
then lead to a significant decrease in the amount of computational
effort required to find the global minimum structure, as will be
shown.

This paper is organized as follows: Sections II and III intro-
duce ASLA and present the impact of replacing the one-hot
encoding with a radial on-site Gaussian broadening, respectively.
Section IV extends the representation to one with a background
bias. Section V probes the possibilities of automatically finding an
appropriate Gaussian representation by expanding the kernel in a
basis of on-site Gaussians. Section VI extends this basis expansion
to displaced Gaussians so as to generate a more general radial ker-
nel. In Sec. VII, we investigate the effect of representing atoms in
a SOAP-like manner with displaced Gaussians and angular terms.
Finally, in Secs. VIII and IX, we discuss the usability of the devel-
oped method for multi-component systems investigated with a full
DFT description and conclude this paper, respectively.

II. ASLA
The general layout of the atomistic structure learning algorithm

(ASLA) is shown in Fig. 1(a). The ASLA contains a reinforcement
loop of episodes, each of which has three main phases: a build-
ing phase, an evaluation phase, and a training phase. The building
phase involves an agent in the form of a convolutional neural net-
work that produces a structural candidate, the evaluation phase is a
sole single-point (i.e., unrelaxed) total energy calculation, e.g., per-
formed within DFT, and the training phase is a back-propagation
step improving the agent. The building phase is further detailed in
Figs. 1(b) and 1(c). The new structures are built atom by atom in
a discretized space, possibly starting from a template, where some
atoms are already placed. Space may be a 2D layer or a 3D matrix,
and different atom types are treated in separate input layers or matri-
ces. For each atom to be added, an iteration is taken in which the
current, incomplete structure is input to the agent, which outputs
a Q-value map. This map details the agent’s current expectation of
how stable a final atomistic structure can become if the next atom is
placed at any given pixel in the map. Maximum Q-values of 1 indi-
cate that the most stable structure is expected, while smallerQ-values
down to −1 predict less stable final structures. In most iterations, a
greedy action is taken, meaning that the atom type and position are
chosen according to where the agent outputs the maximum Q-value.
However, to provide some exploration, the atom type and posi-
tion are sometimes chosen entirely randomly or randomly among a
fraction of the highest Q-values. The reinforcement learning comes
about since the agent keeps building according to its expectation,
while at the same time, it keeps being confronted with the reality
once the structure is finalized and its stability calculated in the evalu-
ation phase. This means that every predicted Q-value for atoms actu-
ally placed during the build iterations can be associated with a target
Q-value depending on the energy calculated in the evaluation phase.
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FIG. 1. (a) General layout of ASLA. (b) The cyclic build action, where the agent provides Q-values that determine position and type of next atom to place. (c) The action of
the agent following ASLA as in Ref. 43: The one-hot representation of atoms is input directly to the deep convolutional neural network (CNN). (d) This work: The one-hot
representation of atoms is converted using a convolutional layer before being fed into the standard ASLA deep CNN.

This is what is done during the training phase, which involves expe-
rience replay, symmetrization augmentation, and back-propagation.
The results presented in this work were conducted using a CNN with
four convolutional filters, with the filters of the hidden layers hav-
ing 10 kernels of size 15 × 15, resulting in a total of 49 531 trainable
weights. For further details, see Refs. 43, 45, and 50.

III. GAUSSIAN REPRESENTATION
To probe the effect of how atoms are represented to the agent

in ASLA, we start by modifying the input, as shown in Fig. 1(d).
Now, the original one-hot encoding is modified by applying a sin-
gle hard-coded convolution kernel that runs over the entire input
image using appropriate periodic or zero-padding boundary con-
ditions depending on the problem at hand. This “representation
kernel” has dimensions 25 × 25, zero bias, and weights according
to a Gaussian,

Kλ(r) = e−
1
2 r

2/λ2

, (1)

where r is the distance from the mid-point of the convolution
kernel, i.e., pixel (13,13), and the hyperparameter λ controls the
width of the Gaussian. The large size of the representation kernel
ensures that the kernel is approximately zero at the edge even for
large λ without having to introduce a cutoff function. Note how
Kλ conveniently collapses to a delta-function and hence a one-
hot encoding in the limit of small values of the hyperparameter
λ, λ→ 0.

As a test system, the ASLA is setup to build a pristine graphene
sheet by placing 23 C atoms in a periodic cell, where initially, one C
atom is present. This system, previously considered in Ref. 43, has a
grid of 41 × 36 pixels2 with a side length of Δ ≈ 0.20 Å. Energy calcu-
lations are performed with density functional tight-binding (DFTB)
using the DFTB+ program,51 as the algorithm needs to be restarted
a large number of times to obtain reliable statistics. The trade-off in
accuracy of using DFTB compared to DFT is not of importance as we
are not interested in specific chemical properties, rather in the algo-
rithm’s performance as a global search method. In fact, the global
search problem is actually more difficult in the DFTB landscape,
likely due to minima not present in DFT.

In order to study the effect of the Gaussian representation and
the importance of the hyperparameter λ, we have determined the
success curves of ASLA as a function of λ. Two such curves are
presented in Fig. 2(a). They are each based on a large number of
restarted runs with new random initialization of the weights in the
CNN agent. The success curves then record as a function of com-
pleted reinforcement episodes the share of restarts that have found
the global minimum (GM) energy structure. As indicated with the
blue dashed line, the median number of episodes, n50%, required for
runs to successfully identify the GM is ≈750 when using the one-
hot encoding. Resorting, however, to the Gaussian representation,
the median number of episodes required reduces significantly and
becomes less than 500. The Gaussian used in Fig. 2(a) has λ = 1.25Δ
≈ 0.25 Å, which appears to be the optimal value, as evidenced by
Fig. 2(b), showing the n50% vs λ.

The reason for the faster identification of the global minimum
energy structure using the Gaussian representation may be sought
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FIG. 2. (a) Success curves for one-hot and Gaussian representation with
λ = 1.25Δ ≈ 0.25 Å; dashed lines mark the number of episodes required to reach
50% success rate. (b) Episodes required for 50% success rate as a function of λ.

in an improved ability of the agent to generalize from such an input.
To substantiate this, we present in Fig. 3 examples of two agents that
have been trained in a supervised learning setting, either on a one-
hot representation or on a Gaussian representation. Only the two
pieces of training data shown in Fig. 3 (top) are provided. Subse-
quently, the trained agents are presented with the structures shown
in Fig. 3 (middle), leading to the Q-value maps of Fig. 3 (bottom).
It is seen that both agents have been trained sufficiently to repro-
duce the target Q-values completely whenever the kernels pass over
regions [dashed boxes in Fig. 3 (middle)] of the input image that
overlap with the training data. However, the agent trained and tested
on the one-hot encoded input appears to produce random noise
for elsewhere. Contrary to this, the agent trained and tested on
the Gaussian represented input does provide a smoothened Q-value
map and hence predicts what appears to be meaningful Q-values

FIG. 3. Use of a one-hot representation (left hand side) vs Gaussian representa-
tion (right hand side). The agents are trained in a supervised training setting on
two pieces of data only (top part), and the depicted Q-values should be repro-
duced. For the top left feature, this is illustrated by a schematic network and
an arrow; the arrows for the other three features should be understood as the
same operation of feeding the feature through the network. Once applied over the
entire image of an extended structure (middle part), they provide predicted Q-value
maps (lower part). The extended structures are shown dimmed outside a unit cell,
highlighting the use of periodic padding. The dashed squares over the extended
images identify inputs corresponding to those present in the training data, and
the arrows indicate the learned Q-values that are in accordance with the train-
ing data. Using one-hot encoding, other predictions in the Q-value map appear
noisy, while using a Gaussian representation, the agent appears to generalize
better.

throughout the image. The tendency becomes particularly appar-
ent in the present example due to the translational symmetry of
the structure considered. However, the effect will also be present in
less symmetric environments and with other training data. It reflects
that by smearing the atomic position on the input, more environ-
ments will be conceived by the neural network as resembling the
training data and will consequently lead to the predicted Q-values
influenced by the training data. The degree to which such favorable
generalization from training data to test data appears depends on the
λ hyperparameter. Since the Q-values essentially represent rescaled
energies, the optimal choice of λ thus reflects, to some degree, the
natural length scale for energy variations, i.e., some measure of how
much each atomic position can be changed while still expecting a
similar stability of the structure. In this light, the reported λ = 0.25 Å
appears sensible.
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IV. BIAS
The results presented up until now were obtained with zero bias

in the convolution that converts the input from the one-hot repre-
sentation to a Gaussian representation. However, including a single
bias as an extra degree of freedom in this conversion would lead to
improved performance. This is illustrated in Fig. 4 where statistics
is shown for ASLA when run with either a fixed negative (−0.1) or
a fixed positive (+0.1) bias. Using the negative bias is beneficial to
the method, improving n50% from ≈500 with no bias to ≈400. On
the other hand, using a positive bias is seen to be detrimental as
n50% increases to ≈700. Note that these results are obtained with-
out optimizing the biases, while λ is reoptimized in the presence of a
bias.

To explain the favorable effect of the negative bias, it is instruc-
tive to consider the value of pixels far from any atoms. In the pres-
ence of the negative bias, such pixels become negative and the ker-
nels in the ASLA network can thus operate on these regions, e.g.,
one could imagine that the ASLA CNN could amplify these nega-
tive values to easily learn that Q-values of −1 should be attributed
to these regions. At first thought, the same argument should hold
for a positive bias, but the problem arises that it becomes diffi-
cult for the network to distinguish between pixels that are close to
an atom and hence positive due to the tail of the Gaussian or are
far from an atom and therefore positive due to the bias. In fact, if
instead the Gaussian kernel is chosen to have a negative amplitude,
the effect of the sign of the bias becomes reversed. With a bias of
zero, the kernels of the ASLA CNN can only operate on regions close
to atoms, and these degrees of freedom can therefore not be used
efficiently.

FIG. 4. Top panel illustrates the optimal Gaussian kernel with negative, zero, and
positive biases. The same kernel is found for positive and zero biases, whereas
a slightly more shallow kernel is found for negative bias. In the bottom panel, the
success statistics for the runs are shown.

V. AUTOMATED GAUSSIAN REPRESENTATION
The kernels for the conversion of the one-hot representation

to the Gaussian representation used in Secs. III and IV have been
hard-coded based on the chosen values of λ and bias. With proper
choices, the ASLA exhibited improved performance. However, it is
also clear that if either λ or the bias is chosen wrongly, the improve-
ment can become insignificant or, in the worst case, degrade. Scan-
ning for the optimal values of these hyperparameters is compu-
tationally expensive and would negate the gain in performance.
We hence propose in this section to follow a different strategy,
namely, to consider the representation network and ASLA’s deep
CNN as one combined network, whereby the representational hyper-
parameters may be optimized as an integral part of the backprop-
agation, when the loss function (the mean-squared error between
Q-values and the rewards calculated based on structural energies) is
minimized.

The simplest approach would be to make λ trainable and to
write the representation kernel as a function of it. However, doing so,
we identified a strong dependence of the resulting optimized value of
λ on the initialization of λ. The issue was circumvented by expanding
the kernel in a basis of Gaussian kernels of predetermined widths,

K(r) =∑
i
cie−

1
2 r

2/λ2
i , (2)

where the expansion coefficients, ci, become the hyperparameters
trained according to the loss function. The set of λ’s is chosen in
terms of the grid spacing, as λn = { 1

3Δ, 2
3Δ,Δ, 4

3Δ, 5
3Δ, 2Δ, 7

3Δ, 8
3Δ, 3Δ}.

Some of these “basis kernels” are shown schematically in Fig. 5
alongside the remainder of the network to clarify the architecture.
In order to improve the training of the expansion coefficients, the
representation resulting from the convolution between the basis
expanded kernel and the one-hot representation is batch normal-
ized, a technique commonly used in neural networks.52 Since batch
normalization contains a learnable bias, this effectively provides the
bias, which was identified in Sec. IV to be beneficial to the ASLA’s
success rate. The basis coefficients are initialized randomly from a
uniform distribution in the range [0, 0.5].

The procedure just described is named the Automated Gaus-
sian Representation (AGR) method, and ASLA’s performance using
it is demonstrated in Fig. 6(a). It is seen that the success curve of
ASLA with the AGR method exceeds that of ASLA with the one-hot
representation and that it yields a comparable performance to that of
ASLA when the Gaussian representation of optimal, predetermined
λ is employed. This is a striking result showing that learning the rep-
resentation on-the-fly represents only a minor further complication
of the overall problem.

Figure 6(c) presents a histogram of the expansion coefficients
that were found after 1000 episodes. The coefficients, which have
been averaged over 250 restarts, show a rather broad distribution
over the kernels of the various allowed λ values. This is perhaps sur-
prising given that Fig. 2(b) showed a rather narrow range of well
performing λ values for predetermined kernels. The analogy may,
however, be recovered by adding L1 regularization to the loss func-
tion, thereby penalizing sizable expansion coefficients on less useful
kernels. Specifically, we add

L1 = β1∑
i
∣ci∣ (3)
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FIG. 5. Schematic of the kernel basis expansion method. The ASLA network is prepended with additional weights that are interpreted as the expansion coefficients of a
predetermined set of basis kernels.

to the loss function, where β1 is a weighting factor that determines
the importance of the L1 term. The success curves of ASLA shown
in Fig. 6(b) appear largely unaffected by the addition of the L1 reg-
ularization, but the distributions of coefficients now become more
narrowly peaked around the kernels of optimal λ (∼λ4) values, as
evidenced by Figs. 6(d) and 6(e).

To further test the AGR method, we turn to a significantly
harder problem: the atomic structure inside a grain boundary in
a 2D graphene sheet. The geometric setup is illustrated in the
inset of Fig. 7. The template provides the C atoms at the positions
of the light gray disks setting up the edges of two carbon sheets
tilted 13.17○ with respect to each other. The ASLA is tasked with

FIG. 6. Use of the automated Gaussian
representation (AGR) method for solving
the problem of placing 23 C atoms as
graphene on a periodic template with 1
C atom present. (a) Comparison of suc-
cess curves to one-hot representation
and the best single width Gaussian from
Fig. 2(b). Comparison of success with
the AGR method using varying degrees
of L1 regularization. [(c)–(e)] Histograms
of mean expansion coefficients for β1
= 0, 0.01, and 0.1, respectively. Orange
bars indicate positive values, and the
blue bar indicates a negative value.
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FIG. 7. Success curves for one-hot and AGR method on grain boundary between
two angled graphene sheets shown in inset.

placing 20 C atoms in the void between the two edges. Eventually,
the ASLA will find the global minimum energy structure supported
by the grid, where the 20 C atoms assume the positions of the dark
gray disks.

The success curves for solving this grain boundary structure are
given in Fig. 7. Using the one-hot encoding, the ASLA requires 4400
episodes on average to solve the problem correctly with 50% likeli-
hood. However, when using the AGR method, the ASLA requires
only about 2200 episodes to reach the same fidelity and attains
more than 80% success after 5000 episodes. The AGR thus proves
highly successful when used in solving this more difficult structural
optimization problem.

VI. DISPLACED GAUSSIAN BASIS
The basis used in Sec. V was a set of atom-centered Gaus-

sians with different width parameters, λi. In this section, we shall
instead probe the use of displaced radially Gaussians while settling
on the use of a single value of λ. The kernel expansion now looks
like

K(r) =∑
i
cie−

1
2 (r−ri)2/λ2

, (4)

where the ci’s are again expansion coefficients but now acting on
basis functions, where an offset ri has been introduced. For a 25 × 25
kernel, as has been used thus far, with a basis set of seven Gaussians
with ri = 2iΔ with i going between 0 and 6, where λ then controls
the overlap between neighboring Gaussians, here, λ = Δ is chosen.
Selected basis kernels are displayed in Figs. 8(a)–8(d). The initial-
ization of the expansion coefficients decides the initial shape of the
kernel. Three initialization strategies were explored:

(i) random uniform initialization of the expansion coefficients
between −1 and 1,

(ii) random initialization of the expansion coefficients as in (i)
but modulated by a linearly decreasing envelope function
that decays from 1 for i = 0 to 0.1 for i = 6, and

FIG. 8. [(a)–(d)] Selected displaced Gaussian basis kernels. (e) Success curves for
the displaced Gaussian basis representation with the three initialization strategies
compared to the AGR method.

(iii) initialization to mimic a near-optimal kernel composed of
one Gaussian, as identified in Fig. 2(b), i.e., having c0 = 1 and
the remaining trainable ci’s initially set to 0.

In all three cases, the expansion coefficients were trained as
described for the AGR method but without L1 regularization.

The ASLA success curves for solving the periodic graphene
problem with 1+23 C atoms are given in Fig. 8(e). It is seen that
the first two types of initialization provide unfavorable representa-
tions that significantly delay ASLA’s finding of the global minimum
energy structure. Only the final choice where knowledge of a known
optimum representation is utilized is reasonably successful, yet infe-
rior to the use of a single on-site Gaussian. We conclude that when
selecting Gaussian type kernels for the representation of atomic
structure as blurred images, the choice of a collection of on-site
radial Gaussians of varying widths appears to be more robust than
the selection of a collection of differently displaced radial Gaussians.
The latter type of Gaussians will, however, be used in Sec. VII, where
we further consider the representation of angular information.
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VII. ANGULAR KERNELS
So far, only radial information has been incorporated in the

representation, and ASLA’s CNN network has to learn about bond
angles in later layers. In this section, we will, however, be explor-
ing if providing angular information immediately in the image
representation is capable of speeding up the ASLA’s learning
rate.

Naively, providing angular information about every pixel in an
image of an atomistic structure may sound like a formidable task.
At any given empty pixel in an image, information about a bond
angle may be of relevance if placing an atom at that pixel does lead
to the formation of at least two bonds, whose mutual angle may be
derived. Formulated in this way, the computational task does not
lend itself to be solved with kernels in a CNN setup, as has been
done for the radial information up until now. However, if we apply
the same trick as done in the construction of the SOAP feature, the
angular information can easily be derived from the application of
convolutional kernels.

In SOAP, the power spectrum of the spherically harmonic
expansion of Gaussian broadened atomic positions provides the
required angular information. SOAP has the obvious advantage over
standard protocols for obtaining bond angle information, such as the
one found in the Behler–Parrinello approach, that it does not con-
tain any double sum over neighboring atomic positions. It is the very
same virtue that makes it useful in the present context.

In the present scope with the usage in a 2D setup with ASLA,
it suffices to consider the angular information starting from the
circular harmonic functions,

Km(θ) = eimθ = cos(mθ) + i sin(mθ). (5)

Figure 9 defines the angle θ and depicts the Km(θ) coefficients
for several m. These complex-valued coefficients can be used in
combination with a radially displaced Gaussian kernel,

Kλ,rs(r) = e−
1
2 (r−rs)2/λ2

, (6)

to calculate a real-valued representation in the following way. First a
general complex kernel is defined as

Kλ,rs ,m(r, θ) = Kλ,rs(r)Km(θ), (7)

the point at which a real-valued representation can be calculated as

Rout
λ,rs ,m = (Re[Kλ,rs ,m(r, θ)] ∗ R

in)2

+ (Im[Kλ,rs ,m(r, θ)] ∗ R
in)2

, (8)

where ∗ should be understood as the convolution operator and Rin

is the original one-hot encoded image that is being converted to an
output channel, Rout

λ,rs ,m. This allows the construction of representa-
tions using multiple stacked channels, with differing parameters λ,
rs, m, analogous to RGB images that use three channels, one for
each color. The convolutions act as the inner products leading to
the expansion coefficients of the smeared atomic densities in the cir-
cular harmonics representation, and the complex squaring provides
the value of the power spectrum at the given m. The use of convo-
lutions assures that the information is constructed for every pixel in

FIG. 9. Real and imaginary parts of circular harmonic coefficients of different angu-
lar orders m. The angle θ is calculated between the horizontal and the line going
from the central pixel to the pixel of interest.

the image in one go. A similar methodology was proposed by Ref. 53
for constructing rotationally invariant CNNs and expanded upon
by Ref. 54 for 3D geometries, whereas Ref. 55 used a wavelet based
rotationally invariant network for predicting molecular energies in a
supervised setting.

Figure 10 depicts how Eqs. (7) and (8) can be implemented
in practice using convolutions and element-wise products that
are available in most neural network software packages, such as
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FIG. 10. Radial and angular kernels are separately multiplied to obtain the real and imaginary parts of a general equivariant kernel, which are then convolved with a one-hot
representation, which is subsequently squared and summed leading to the final equivariant representation.

Tensorflow.56 The figure uses a small λ and an rs that is close to
the ideal bond distance and probes for m = 1. In the input image,
two different pixels are highlighted. Both pixels are placed at a dis-
tance rs from two neighboring atoms, but placing an atom at one of
the pixels would form three atoms in a linear configuration, while
placing an atom at the other pixel would form three atoms in a 90○

bent configuration. The m = 1 part of the power spectrum is capa-
ble of discriminating these two situations as evidenced by the output
representation. The pixel that would lead to a linear configuration

attains a low value, while the pixel that would lead to a 90○ bent
configuration ends up having a large value. The corresponding
m = 0 channel (not shown) is purely radial and would not dis-
criminate between the two pixels, but provide the same large value
for both of them. Representing the atomistic structure with a series
of different m (in principle, also λ and rs) values thus seemingly
facilitates the learning that must take place in ASLA’s deep CNN.

To probe the usefulness of presenting the ASLA with radial
and angular information in such stacked input representations, we

FIG. 11. Tests of multi-channel representations for (a) the 1 + 23 C pristine graphene problem and (b) the 20 C graphene grain boundary problem. The two-channel
representation consists of an on-site Gaussian with λ = 1.5Δ and a Gaussian with rs = 1.4 Å with λ = Δ, both with m = 0. [Note that while λ = 1.5Δ was not the optimal value
for a single on-site Gaussian found in Fig. 2(b), it is the optimal value for a similar search if batch-normalization is utilized, as it is here.] The three-channel representation
uses the same two channels and an additional m = 1 channel with rs = 1.4 Å and λ = Δ. The four- and five-channel representations are constructed in the same way by
stacking with additional channels having m = 2 and m = 3, respectively, again with rs = 1.4 Å and λ = Δ. Generally, the more the input channels are present, the harder it is
for the ASLA to solve the problem. However, when the 120○ channel is added (m = 3), a slight improvement is observed. The performance of the AGR method is shown with
the dashed curve for reference.
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conducted a number of structural searches with ASLA for the perfect
1+23 C graphene problem and the 20 C grain boundary problem.
In none of the cases, however, did we find that the ASLA benefited
from having angular information provided over just having radial
information. The details of these results are given in Fig. 11.

Starting with the 1+23 C graphene problem in Fig. 11(a), it is
seen that the best performance is obtained with the purely radial
AGR method described above. Adding rs = 1.4 Å channels with
m = 0, 1, and 2 progressively deteriorates the success curves, suggest-
ing that the ASLA finds no useful information in these extra input
channels and that the ASLA spends costly reinforcement episodes
realizing this. Only when arriving at the m = 3 channel, a rela-
tive improvement of ASLA is seen. This is not surprising since the
m = 3 part of the power spectrum is capable of identifying and dis-
criminating between positions that would lead to the formation of
60○ and 120○ bond angles, which is precisely what is needed to learn
to build honeycomb rather than hexagonal close packed structures.
However, despite the improved performance for ASLA when pre-
sented with input channels of angular information up to m = 3, it
does, according to the success curves in the figure, not identify the
favorable information fast enough to outperform the situation when
only fed with the radial input as with the AGR method.

The same scenario plays out for the harder 20 C graphene grain
boundary problem, as seen from Fig. 11(b). Again, the AGR method
shows a high success rate, which cannot be matched in runs where
angular channels are provided as input. Again, some improvement
is observed when the expansion in angular components include the
m = 3 term, but not sufficient for the success curve to become even
comparable to that of the AGR method. We are led to conclude
that useful angular information may indeed be provided to ASLA
via SOAP-inspired transformations of a one-hot encoded represen-
tation of the atomic structure. However, the ASLA, when provided
with multiple input channels, must identify which channels are use-
ful, which causes a delay in ASLAs learning, and which is not com-
pensated by the presence of more concise information in some of
these extra channels.

FIG. 12. Success curves for the organic system with one-hot and Gaussian rep-
resentations. Inset: global minimum energy structure of naphthalene with the
template atoms shown dimmed.

TABLE I. Timings for the three phases of an ASLA episode averaged over the 10 000
episodes of 15 restarts with 5 cores of a 2.1 GHz Intel Xeon Gold 6230 processor.
Numbers in parentheses indicate the percentage of an entire episode for each phase.
The additional time used during building and training caused by the extra convolution
required for the Gaussian representation is negligible compared to the time of a DFT
calculation.

Phase One-hot (s) Gaussian (s)

Building 0.81(5.6%) 0.95(6.4%)
Evaluation 10.39(72.3%) 10.24(69.0%)
Training 3.17(22.1%) 3.65(24.6%)

VIII. OUTLOOK: MULTIPLE SPECIES
Thus far, we have shown that for systems consisting of a sin-

gle atomic species, the performance of ASLA improves given a bet-
ter representation. In this section, we report on initial findings for
multi-species systems, namely, on the ASLA tasked with building
naphthalene. The performance of a one-hot representation for each
atomic species is compared to a Gaussian representation for each
species, but with the same λ of 1Δ with a 15 × 15 kernel, the result-
ing success curves are shown in Fig. 12. A significant performance
increase is observed without fine-tuning λ for each species, and fur-
ther studies should investigate the influence of species-specific λ
and extend the AGR method to multi-species. We suspect that the
length-scale of variations of the Q-map is determined by the largest
λ, at least for systems with a similar number of each atomic species,
and different λ may therefore not be beneficial. For this system,
energy calculations were performed using DFT with the Perdew-
Burke-Ernzerhof (PBE) functional in the GPAW package using a
dzp LCAO basis set, constituting a relatively fast full DFT calcu-
lation yet much more computationally demanding than the DFTB
calculations employed thus far.57–59

The timings for different phases of the algorithm on this system
are reported in Table I. With the above settings for the DFT calcu-
lation, the overall central processing unit (CPU) time is dominated
by the DFT calculation, with the building and training phases taking
up only 25%–30% of the time, with only a small increase when the
Gaussian representation is included.

IX. CONCLUSION
We have shown that augmenting the image representation of

the atomistic structure from a one-hot encoding to various forms
of Gaussian broadened representations is beneficial for the ASLA,
which makes it capable of learning faster from such an input. The
conclusion holds for conversion of one input layer to another input
layer based on an on-site radial broadening convolution. Provid-
ing several input layers with angular information in the form of the
power spectrum of the first terms of a circular harmonic expan-
sion of atomic densities, however, does not make the ASLA learn
faster. The latter is explained in terms of only some of the extra
channels having valuable information, which poses an extra learning
challenge, namely, identifying those channels.

We have further shown that employing the Gaussian rep-
resentation is beneficial for a multi-component system, naphtha-
lene, when studied in a full DFT setting, where the computational
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overhead of introducing the Gaussian representation is negligible
compared to the cost of the DFT calculations.
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