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ABSTRACT
We develop time-dependent vibrational coupled cluster with time-dependent modals (TDMVCC), where an active set of one-mode basis
functions (modals) is evolved in time alongside coupled-cluster wave-function parameters. A biorthogonal second quantization formulation
of many-mode dynamics is introduced, allowing separate biorthogonal bases for the bra and ket states, thus ensuring complex analyticity. We
employ the time-dependent bivariational principle to derive equations of motion for both the one-mode basis functions and the parameters
describing the cluster (T) and linear de-excitation (L) operators. The choice of constraint (or gauge) operators for the modal time evolution
is discussed. In the case of untruncated cluster expansion, the result is independent of this choice, but restricting the excitation space removes
this invariance; equations for the variational determination of the constraint operators are derived for the latter case. We show that all single-
excitation parts of T and L are redundant and can be left out in the case of variationally determined constraint-operator evolution. Based on
a pilot implementation, test computations on Henon–Heiles model systems, the water molecule, and a reduced-dimensionality bi-thiophene
model are presented, showing highly encouraging results for TDMVCC. It is demonstrated how TDMVCC in the limit of a complete cluster
expansion becomes equivalent to multiconfiguration time-dependent Hartree for the same active-space size. Similarly, it is discussed how
TDMVCC generally gives better and more stable results than its time-independent-modals counterpart, while equivalent results are obtained
for complete expansions and full one-mode basis sets.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0024428., s

I. INTRODUCTION

Describing dynamics is essential to understand molecular sys-
tems in many contexts. While for some problems purely classical
molecular-dynamics simulations are seemingly sufficient, quantum-
dynamics treatments are necessary for many others, for example, for
describing any process involving tunneling or quantum coherence
effects and for describing measurements involving quantum transi-
tions. Methods that are highly useful for quite small systems with
two to four atoms are not necessarily applicable to larger molecu-
lar systems. It is therefore essential to develop accurate and efficient
methods for computations of quantum dynamics for larger sys-
tems. We introduce for this purpose the time-dependent vibrational

coupled cluster with time-dependent modals (TDMVCC) method,
reporting a detailed derivation and account of the theory and the
first set of test computations.

The vibrational coupled cluster (VCC) ansatz1–3 was intro-
duced for the solution of the time-independent Schrödinger equa-
tion (TISE) and has recently been applied to the time-dependent
Schrödinger equation (TDSE)4 using a time-independent basis.
VCC allows accurate and efficient computation of vibrational wave
functions, spectra, and properties. Implementations of VCC with a
polynomial scaling with respect to the number of molecular coor-
dinates have been reported,2,3,5 representing an improvement over
the exponential computational scaling of commonly used tensor-
product-basis methods at the same time as achieving higher accuracy
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with the same number of parameters as similarly truncated time-
independent vibrational configuration interaction (VCI) wave func-
tions. The extension to time-dependent vibrational coupled clus-
ter (TDVCC) showed very encouraging formal properties4 such
as better results compared to corresponding linear parameteriza-
tions and applicability to large systems. However, since the TDVCC
method described in Ref. 4 employed a time-independent basis,
there are some significant limitations on its applicability and effi-
ciency. A time-independent basis means that the reference state
used for describing the wave packet is time-independent. Together
with the fact that single-reference VCC-based methods can only be
used to investigate states that are not orthogonal to the reference
Hartree product, this poses a limit to the types of systems and phe-
nomena amenable to investigation. Efficiency is reduced since the
cluster amplitudes are used to describe effects that could (at least
partially) be described much more compactly by introducing time-
dependent modals and reference state. Employing adaptive varia-
tional evolution of modals and reference state is expected to yield
significant improvements on these limitations. Accordingly, in this
work, we pursue the extension of TDVCC to a time-dependent
basis, which requires significant further work on the side of theo-
retical formulation. Inspiration for this work also comes from the
success of multiconfiguration time-dependent Hartree (MCTDH)
based methods6,7 and the work on electronic time-dependent cou-
pled cluster (CC) methods with time-dependent orbitals by Kvaal8

and the associated focus on the bivariational principle.9 In the lat-
ter case, there are similarities but also significant differences in the
theory due to the fundamental differences between indistinguish-
able electrons and distinguishable degrees of freedom. The different
second quantization commutator relations are one such important
difference, as well as quite different forms for the final equations are
obtained. Nevertheless, some of our analysis, for example, on redun-
dancies, may well be useful if translated back to electronic structure
theory.

Consider a molecular system whose nuclear configuration is
described by M internal coordinates {q1, q2, . . ., qM}, from here on
denoted modes. In the type of quantum dynamical methods con-
sidered here, we search for approximate solutions in the Hilbert
subspace V = ⊗mVm generated as the product space of the Nm-
dimensional single mode functions denoted modals for each mode
m. We denote this as a Hartree space or full VCI space. The
simplest elements of such space are the Hartree product (HP)
states,

Φs(q) =
M

∏
m=1

ϕmsm(qm), (1)

where the elements are the time-independent modals ϕmsm(qm)
indexed by sm for each mode and collected in index vectors as
s = (s1, s2, . . ., sM). General states in the Hartree space can then
be obtained as linear combinations of HPs with time-dependent
expansion coefficients,

Ψ(q, t) =
N
∑
s
Cs(t)Φs(q), (2)

and summation limits given by the vectors of modal sizes, N
= (N1, N2, . . ., NM). We denote variational approaches to solve the
TDSE based on such a linear parameterization of the Hartree space

using time-independent Hartree basis kets as time-dependent vibra-
tional configuration interaction (TDVCI) methods. If all possi-
ble Hartree products for the given modal space are included, the
time-dependent full vibrational configuration interaction (TDFVCI)
limit is obtained. The TDFVCI method achieves a (numerically)
exact solution of the TDSE within the Hartree space defined by
the size of the modal subspaces Nm. Increasing the one mode
basis toward the complete basis limit, the exact numerical solution
to the TDSE is, in principle, obtainable. However, as the dimen-
sion of the Hartree space grows as ∏M

m Nm
= NM , with N being

the (geometric) mean value of Nm, TDFVCI is limited to systems
with no more than ∼6 degrees of freedom and modest-sized basis
sets. To investigate larger systems using HP-based methods, it is
imperative to reduce the complexity, and several different strate-
gies have been pursued. One approach is limiting the number of
expansion parameters by selecting a subset of (static) HPs, as in
the TDVCI, or by parameterizing the space in another way like in
the TDVCC method. This class of methods relies on the choice
of truncation criteria. A common truncation criterion is that of a
maximum number of modes excited (n). Thus, there are at most n
modes in a HP that are excited out of a reference HP in TDVCI[n].
The TDVCI[n] hierarchy converges to TDFVCI in the limit of
n = M, as illustrated in the lower part of Fig. 1, at the cost of
a higher and higher number of coefficients and resulting higher
cost in memory and CPU time. Similarly, TDVCC[n] converges to
the same TDFVCI limit, but for truncated expansions, it includes
formally all HPs although described approximately with only the
same number of independent parameters as TDVCI[n], through
the exponential of a cluster operator T containing up to n-mode
excitations.

A rather different route is to reduce the number of HPs needed
for convergence by allowing a smaller number of modals to vari-
ationally evolve in time and use these time-dependent modals to
construct the Hartree space, as in the MCTDH method. Thus, a
time-dependent HP basis is used, which is constructed from a set
of time-dependent modals,

Φ̃s(q, t) =
M

∏
m=1

ϕ̃msm(qm), (3)

Ψ̃(q, t) =
A
∑
s
C̃s(t)Φ̃s(q, t). (4)

The MCTDH method only depends on the number of active
time-dependent modals for each mode Am, converging to the
TDFVCI limit with Am

→ Nm for each mode, as illustrated to
the right in Fig. 1. Also noteworthy is that in the limit of all
Am = 1, MCTDH reduces to the time-dependent Hartree (TDH)

FIG. 1. Overview of the convergence of different time-dependent wave-function
methods with different basis sets toward the TDFVCI limit.
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method [also denoted as time-dependent self-consistent-field (TD-
SCF)]. With both configuration-space coefficients and modals
evolving variationally, MCTDH has significant flexibility to adapt
itself to the evolving wave packet and can thus be a very com-
pact but still accurate representation. Thereby, MCTDH poten-
tially allows converged results for a much wider range of sys-
tems to be obtained and has in many ways become the golden
standard of quantum dynamics. However, an exponential scaling
of the computational complexity with respect to the number of
degrees of freedom M is still inherent to MCTDH although with
a reduced base compared to TDFVCI (A instead of N). A num-
ber of methods for reducing the scaling and cost of MCTDH and
hence increasing the range of applicability of MCTDH have been
proposed, including multilayer MCTDH (ML-MCTDH)10–14 and
various methods for reducing the configuration space.15–20 Note
also that many other methods for exploring multi-configurational
quantum dynamics in various forms have been investigated
recently.21–34

The ideas above can be combined. Recently, truncated multi-
configuration time-dependent Hartree (MCTDH[n]) methods were
introduced15 where excitation-level truncation of the MCTDH wave
function was combined with variational determination of basis
functions. This was followed by a multi-reference (MR) exten-
sion multi-reference truncated multiconfiguration time-dependent
Hartree (MR-MCTDH[n]) for improved accuracy in, for example,
non-adiabatic computations.16 In these methods, linear configu-
rational parameterizations are combined with variationally deter-
mined time-dependent basis functions. In full MCTDH, one usu-
ally introduces a constraint (or gauge) operator in order to have a
well-defined modal evolution for the active modals. However, while
the full MCTDH wave function is invariant under unitary trans-
formations of the active time-dependent modals, this invariance no
longer holds for truncated MCTDH methods. An essential compo-
nent of MCTDH[n] is, thus, the choice of this constraint operator
as it affects the quality of the propagation beyond numerical con-
venience, and in particular, a variational choice of the constraint
operator was introduced. Hence, in this case the constraint oper-
ator becomes an integral part of the variational parametrization.
In the TDMVCC[n] methods introduced in this work, we com-
bine the attractive non-linear parameterization of TDVCC with
the idea of variational determination of one-mode functions. As
in MCTDH[n], an essential ingredient is the non-trivial variational
determination of the constraint operator. Special to TDMVCC[n]
is the need to augment the use of variational constraint operators
with careful consideration of redundancy between the constraint
operators and other parameters of the theory. Here, we will show
and use that all one-mode excitations can be excluded. By def-
inition, both MCTDH[n] and TDMVCC[n] converge to the full
MCTDH method as the excitation level is increased to include
all excitations, i.e., when n = M, identical results are obtained,
MCTDH[M] = TDMVCC[M] = MCTDH, as illustrated in the lower
part of Fig. 1. In all other cases, MCTDH[n] and TDMVCC[n]
give numerically different results, and both give results different
from MCTDH. With TDMVCC[n], we thus obtain a new hierar-
chy of quantum-dynamics methods that have the exact solution
as a well-defined limit for n → M, Am

→ Nm, and Nm
→ ∞,

hopefully achieving another level of compact wave-function param-
eterizations through the fast configuration-space convergence of CC

theory combined with variational adaptive modals in the spirit of
MCTDH.

This paper is structured as follows. In Sec. II, we introduce the
bi-variational approach to CC methods pioneered by Arponen9 and
applied to the electronic structure by Kvaal8 (see also Refs. 35 and
36 for recent electronic-structure time-dependent CC work and the
work of Pedersen et al. in a quite different context37). To ensure ana-
lyticity of the bi-variational Lagrangian, the modal functions used
for defining the bra and ket states must be formally independent.
This can be achieved by employing separate biorthogonal bases for
the bra and ket states and modifying the vibrational second quanti-
zation (SQ) formalism accordingly. These aspects of the theory are
all described in Sec. II A as are the initial considerations on the
properties of the constraint operator. We then proceed to apply-
ing the bi-variational principle by defining a quantum-mechanical
Lagrangian for VCC parameterized bras and kets with time-evolving
modals, and employing Euler–Lagrange equations (E–L Eqs.), we
obtain equations of motion (EOMs) for all the relevant parameters
(Sec. II B). The EOMs obtained from the TDMVCC parameteriza-
tion with a constraint operator for the active model evolution poten-
tially entail redundancies, and thus, Sec. II C details the non-trivial
issue of obtaining a non-redundant parameterization for TDMVCC
and describes a way to obtain unique EOMs for all non-redundant
parameters. After identifying equations for the part of modal evo-
lution introduced into the active space from its orthogonal com-
plement in Sec. II D, we summarize the TDMVCC equations in
Sec. II E, concluding the theory part of this paper. The details of a
pilot implementation are described in Sec. III, and Sec. IV presents
the numerical results that demonstrate the features of TDMVCC by
applying it to Henon–Heiles model systems, the water molecule, and
a reduced-dimensionality bi-thiophene model. Section V brings the
paper to a conclusion with a summary of our results and an outlook
on future work.

II. THEORY
Following the time-dependent bivariational principle (TDBVP),

we look for approximate solutions of the TDSE by searching for
stationary points of the functional,8,9

S[⟨Ψ′∣, ∣Ψ⟩] = ∫
T

0
⟨Ψ′∣Ĥ∣Ψ⟩ − i⟨Ψ′∣Ψ̇⟩dt, (5)

where

Ĥ = K̂ + V(q1, . . . , qM) (6)

is the Hamiltonian operator, K̂ is the kinetic energy operator in the
internal coordinates, and V(q1, . . ., qM) is the Born–Oppenheimer
potential. Subject to the constraints

δΨ′S = 0, (7)

δΨS = 0, (8)

δΨ′(0) = δΨ(0) = 0, (9)

δΨ′(T) = δΨ(T) = 0, (10)
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independent unconstrained variations of ⟨Ψ′| and |Ψ⟩ give the
couple of time-dependent Schrödinger equations

i∣Ψ̇⟩ = Ĥ∣Ψ⟩, (11)

−i⟨Ψ̇′∣ = ⟨Ψ′∣Ĥ. (12)

As long as the ⟨Ψ′| and |Ψ⟩ vectors represent the same physi-
cal state, the evolution of expectation values follows a bivariational
Ehrenfest theorem

d
dt
⟨Ψ′∣Â∣Ψ⟩ = −i⟨Ψ′∣[Â, Ĥ]∣Ψ⟩ + ⟨Ψ′∣ ˙̂A∣Ψ⟩, (13)

analogous to the exact case.
The practical appeal of the TDBVP is that it can be applied to

methods where the form of the parameterization for the ⟨Ψ′| and
|Ψ⟩ vectors differs (as is the case for CC based methods) as long
as the bra and ket states can be considered independent, and the
Lagrangian

L(⟨Ψ′∣, ∣Ψ⟩) = ⟨Ψ′∣Ĥ∣Ψ⟩ − i⟨Ψ′∣Ψ̇⟩ (14)

satisfies complex analyticity conditions with respect to its complex
parameters, as discussed by Kvaal.8 The dynamical EOMs can then
be obtained from the E–L equations,

0 =
∂L
∂zi
−

d
dt

∂L
∂żi

, (15)

where z are the parameters defining the pair of state vectors.
Reference 38 introduces a vibrational SQ formalism suitable for

manipulations of Hartree space elements employing creation and
annihilation operators and their combinations into mode-conserving
operators. This can, in turn, be used for defining cluster operators,
as first described in Ref. 1, and was previously used in the con-
text of TDVCC with time-independent modals. However, that work
was based on an orthogonal set of modals, and for the purpose of
formulating a theory with independent modal-basis functions for
bra and ket states as required for complex analyticity, we will in
Sec. II A describe an extension of this formulation to the biorthogo-
nal case.

A. Many-mode second quantization in a biorthogonal
framework

To ensure analyticity of the bi-variational Lagrangian, the
modal functions used for defining the bra and ket states must be
formally independent. This can be achieved by employing separate
biorthogonal bases for the bra and ket states. TDVCC theory has so
far been presented using time-independent SQ for an orthonormal
basis,4 while a time-dependent orthonormal representation is used
in the context of TDH39 and MCTDH.15 In the following, we present
the necessary extension to a biorthogonal formulation with time-
dependent modals, together with many intermediate results needed
in the subsequent derivations.

1. Second quantization: Results from an orthogonal
framework

While TDMVCC theory can to a large extent be expressed in
terms of time-dependent elementary operators, practical implemen-
tation typically requires reference to a time-independent primitive
basis that for convenience can be chosen orthonormal. Accordingly,
we summarize some of the results of SQ in a time-independent
orthogonal basis for later reference. We introduce creation (am †

αm )
operators that create occupation in modal αm for mode m in a
ket state and similarly annihilation (amαm ) operators that remove the
occupation (or, equivalently, create occupation in the bra state). The
basic SQ commutation relations are

[amαm , am
′ †

βm′ ] = δmm′δαmβm′ , (16a)

[amαm , am
′

βm′ ] = 0, (16b)

[am †
αm , am

′ †
βm′ ] = 0. (16c)

The vacuum state with no occupation in any modal, |vac⟩, is nor-
malized, ⟨vac|vac⟩ = 1 and

amαm ∣vac⟩ = 0. (17)

All relevant operators and states can be written in SQ with a one-to-
one correspondence between all matrix elements in first and second
quantization. We write the Hamilton operator as a sum of terms
where each term collects all contributions having reference to a given
set of modes simultaneously,

Ĥ = ∑
m∈MCR[H]

Ĥm. (18)

Here, m is the mode combination (MC), i.e., the set of modes
operated on by Ĥm. The set of MCs that are present in the
Hamiltonian is denoted as the mode-combination range (MCR) of
the operator, MCR[H]. This general form can represent both the
exact and various approximate Hamiltonians. A corresponding SQ
representation is

Ĥ = ∑
m∈MCR[H]

∑
αmβm

Hm
αmβm ∏

m∈m
am †
αm amβm , (19)

with the dim(m)-dimensional integrals being

Hm
αmβm = ⟨∏

m∈m
χmαm ∣Ĥ

m
∣∏
m∈m

χmβm⟩. (20)

Here, αm is an index vector equivalent to (αm1
1 ,αm2

2 ,⋯αmn
n ) in the

case where the MC is (m1, m2, . . ., mn). Summations over αm
correspond accordingly to summation over all n αmi

i indices.
The Hamiltonian is often represented in the computationally

favorable sum-of-products (SOP) form1,7,40

Ĥ =∑
t
ct ∏

m∈mt

ĥmt . (21)

Here, mt is the set of modes that are operated on by non-trivial
(different from multiplication by one) operators in term t. The
one-mode operators in SQ can be written as
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ĥmt
= ∑

αmβm
hmt
αmβma

m†
αm a

m
βm , (22)

where hmt
αmβm are one-dimensional integrals. The SOP form is obvi-

ously a special case of the more general Hamiltonian above, but it is
the one we implement in practice later.

2. Biorthogonal framework
We now define the biorthogonal time-dependent single-mode

creation (ãm †
sm ) and annihilation (b̃mrm ) operators,

ãm†
sm ∣vac⟩ = ∣ϕ̃msm⟩, (23)

⟨vac∣b̃mrm = ⟨ϕ̃
′m
rm ∣. (24)

The biorthogonality condition with respect to the bra and
ket bases, ⟨ϕ̃′mrm ∣ϕ̃msm⟩ = δrmsm , can be re-cast as the commutation
relationship as

[b̃mrm , ãm
′†

sm′ ] = δmm′δrmsm′ , (25a)

[b̃mrm , b̃m
′

sm′ ] = 0, (25b)

[ãm†
rm , ãm

′†
sm′ ] = 0. (25c)

We introduce the time-dependent one-mode shift operators in the
biorthogonal basis as

Ẽm
rmsm = ã

m†
rm b̃msm (26)

with commutation relationships,

[Ẽm
pmqm , Ẽm′

rm′ sm′ ] = δmm′(δqmrm Ẽm
pmsm − δpmsm Ẽ

m
rmqm), (27)

and the many-mode generalization,

Ẽm
rmsm = ∏

m∈m
ãm †
rm b̃msm . (28)

Using a linear parameterization for the time-dependent operators
in terms of the time-independent orthonormal primitive basis, we
define

ãm†
pm =∑

αm
am †
αm Um

αmpm , (29)

b̃mpm =∑
αm

Wm
pmαma

m
αm (30)

so that the time-dependent modal expansion coefficients can be
written as

Um
αmpm = [a

m
αm , ãm†

pm ], (31)

Wm
pmαm = [b̃

m
pm , am†

αm ]. (32)

From Eqs. (16), (25), (29), and (30) follows, as expected,

∑
αm

Wm
pmαmU

m
αmqm = δpmqm , (33)

or in matrix notation, which we from now will use whenever
convenient,

WmUm
= Im. (34)

These equations need to be satisfied at all times for the bra and ket
time-dependent bases to remain biorthogonal. Note that this is of
fundamental importance as the commutator relationships between
creation and annihilation operators, as well as the normalization of
the bra and ket vectors, depend on the biorthogonality of the modal
bases.

The Hamiltonian can also be written in the biorthogonal time-
dependent basis as

Ĥ = ∑
m∈MCR[H]

∑
αmβm

Hm
αmβm ∏

m∈m
am †
αm amβm

= ∑
m∈MCR[H]

∑
rmsm

H̃m
rmsm Ẽ

m
rmsm . (35)

We thus have the following relation for the transformation of the
Hamiltonian integrals:

H̃m
rmsm = ∑

αm1αm2⋯
Wm1

αm1 rm1 W
m2
αm2 rm2⋯ ∑

βm1 βm2⋯
Hm

αmβmU
m1
βm1 sm1 U

m2
βm2 sm2⋯,

(36)

where m = (m1, m2, . . .). For later reference, we note that

∂H̃m
rmsm

∂Wm
pmαm

= H̃m
(rm∖mαm)smδrmpm , (37)

∂H̃m
rmsm

∂Um
qmαm

= H̃m
rm(sm∖mαm)δsmqm , (38)

where (rm /mαm) means that the rm of the index set rm has been
replaced by αm, meaning that this index has not been transformed
from the primitive time-independent basis to the time-dependent
biorthonormal basis.

3. Division of the modal space
Each time-dependent modal space is divided into an active

and a secondary space. Only creation and annihilation operators for
active modals are then used to construct the wave function. This
allows the TDMVCC expansion to take place only in the (contained)
product space generated by the active modals, while the active
modals evolve adaptively in a larger space according to the TDBVP.
The secondary space is formally the orthogonal complement to the
active space, but a concrete representation will never be needed.
In Table I, we summarize index conventions and modal-basis
sizes.

The coefficient matrices can now be subdivided in different
spaces. Accordingly, we partition the Um and Wm matrices into dif-
ferent components according to active and secondary parts. We thus
write the Nm

× Nm Um and Wm matrices in terms of active matri-
ces (Um

A and Wm
A of size Nm

× Am and Am
× Nm, respectively) and
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TABLE I. Upper part: Convention for indices and number of modals per mode. Lower part: Convention for indices in the
M-mode space. Left: Index. Middle: Description. Right: Size of space.

im Reference time-dependent active modal for mode m Om = 1
am, bm, cm Active-space excited time-dependent modals for mode m Vm

tm, um, vm, wm Active-space generic time-dependent modals for mode m Am = Vm + Om = Vm + 1
xm, ym, zm Secondary-space time-dependent modals for mode m Sm = Nm − Am

pm, qm, rm, sm Generic full-space time-dependent modal for mode m Nm = Am + Sm

αm, βm, γm Primitive-basis modals for mode m Nm

μ, ν Active-space-excited HPs included in the wave function NA,I
exci

μX , νX Active-space-excited HPs excluded from the wave function NA,X
exci

χ Excited HPs outside the active space NS
exci

ρ, σ Generic excitations in the M-mode space Nexci = NA,I
exci + NA,X

exci + NS
exci

secondary matrices (Um
S and Wm

S of size Nm
× Sm and Sm × Nm,

respectively),

Um
= [Um

AUm
S], (39)

Wm
= [

Wm
A

Wm
S
]. (40)

We can express biorthogonality of vectors in the active space
alone as

Wm
AU

m
A = I

m
A , (41)

where ImA is a Am
× Am unit matrix.

We now introduce an operator that when applied to a state in
the physical space projects it onto the active space for mode m,

P̂m
=∑

vm
Ẽm
vmvm . (42)

Within the physical space where mode m is only occupied one time,
the following identity holds:

P̂mP̂m
= P̂m. (43)

For further discussion of such projection operators, see Ref. 39. We
can obtain the projection on the active space for all modes from

P̂ =∏
m

P̂m. (44)

For convenience of later arguments, we note that it follows from
Eq. (43) that

P̂mP̂ = P̂mP̂m
∏
m′≠m

P̂m′
= P̂m

∏
m′≠m

P̂m′
= P̂. (45)

The matrix representation of the operator P̂m in the primitive
basis is

Pm
= Um

AW
m
A . (46)

It follows from Eqs. (46) and (41) that Pm is the matrix projector
for coefficient vectors, i.e., PmPm = Pm, PmUm

A = Um
A , PmUm

S = 0,
Wm

APm
=Wm

A , and Wm
S Pm

= 0.

4. The constraint operators
When time evolution of the active modal basis is allowed, con-

straints need to be introduced to ensure that the active bases remain
biorthogonal.15,39 To understand which constraints are necessary,
consider the total time derivative

d
dt
[b̃mum , ãm†

vm] = 0 = [b̃mum , ˙̃am†
vm] + [˙̃bmum , ãm†

vm]. (47)

This leads to the following constraints for ensuring conservation of
biorthogonality:

[b̃mum , ˙̃am†
vm] = −ig̃mumvm

[
˙̃bmum , ãm†

vm] = ig̃mumvm ,
(48)

where g̃mumvm is an element of a (arbitrary) time-dependent matrix.
These are equivalent to the introduction of the constraints

⟨ϕ̃′mum ∣ ˙̃ϕ
m
vm⟩ = −⟨

˙̃ϕ′mum ∣ϕ̃
m
vm⟩ = −ig̃mumvm (49)

on the first quantized biorthogonal modal basis. In terms of primi-
tive modal basis coefficients, this implies

Wm
A U̇

m
A = −ig̃

m, (50)

Ẇm
AU

m
A = ig̃

m. (51)

The active-space components of the modal-coefficient time-
derivatives are completely determined by the constraint matrix and
the instantaneous values of the active modal coefficients as

PmU̇m
A = U

m
AW

m
A U̇

m
A = −iU

m
A g̃

m, (52)

Ẇm
AP

m
= Ẇm

AU
m
AW

m
A = ig̃

mWm
A . (53)

As any other one-mode operator, we can define a total
constraint operator as the sum of the one-mode constraint
operators as
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ĝ =∑
m
ĝm =∑

m
∑
umvm

g̃mumvm Ẽm
umvm . (54)

The constraint operator is from the outset only defined within the
active space. It is fully possible to extend it also to be in the full space.
However, these additional elements have no consequences inside the
wave function and are thus unnecessary and will not be discussed
further here.

5. The projected time-derivative operator
Consider a general HP state,

∣Φ̃s⟩ =
M

∏
m=1

ãm †
sm ∣vac⟩. (55)

Its time derivative will be

∂

∂t
∣Φ̃s⟩ =∑

m′
˙̃am
′ †

sm′ ∏
m≠m′

ãm †
sm ∣vac⟩

=∑
m′
∑
qm′

˙̃am
′ †

qm′ b̃
m′

qm′∏
m

ãm †
sm ∣vac⟩ = D̂∣Φ̃s⟩. (56)

In the final equality, we have defined the operator

D̂ =∑
m
∑
qm

˙̃am †
qm b̃mqm , (57)

which generates all the components of the time derivatives of the ket
states.

In many cases, only the active-space projection of D̂ is needed.
Projecting the D̂ operator on the (active) modal space gives by using
Eq. (45),

P̂D̂P̂ = P̂∑
m
P̂m
∑
qm

˙̃am †
qm b̃mqm P̂

mP̂

= P̂
⎛

⎝
∑
m
∑

vmwm
ãm†
vm∑

qm
[b̃mvm , ˙̃am†

qm ][b̃
m
qm, ãm†

wm]b̃mwm
⎞

⎠
P̂

= P̂(∑
m
∑

vmwm
(−ig̃mvmwm)ãm†

vm b̃mwm)P̂ = P̂(−iĝ)P̂. (58)

Thus, the effect of the time-derivative operators in the active
space will be represented by the constraint operator ĝ.

6. Excitations relative to a reference
By choosing reference modals ∣ϕ̃mim⟩, ⟨ϕ̃′mim ∣ for each mode and

hence defining a bra and ket reference HP, we can define any general
state using the elementary excitation operators

τ̃mam = Ẽ
m
amim , (59)

τ̃m‡
am = Ẽ

m
imam . (60)

Note that we are using ‡ and not † as τ̃m‡
am is not, in general, the

Hermitian conjugate of τ̃mam . However, due to biorthogonality, the
matrix element ⟨Φ̃′∣τ̃m‡

am τ
m′

bm′ ∣Φ̃⟩ will still be equal to δmm′δambm as in
the usual (orthonormal) case.

General multi-mode reference states and excitation operators
can then be defined similarly. Thus, ∣Φ̃⟩ and ⟨Φ̃′∣ are time-dependent
HP reference states,

∣Φ̃⟩ =
M

∏
m=1

ãm†
im ∣vac⟩, (61)

⟨Φ̃′∣ = ⟨vac∣
M

∏
m=1

b̃mim , (62)

where from the biorthonormal commutator relations, it follows
that

⟨Φ̃′∣Φ̃⟩ = 1. (63)

The ∣Φ̃⟩ and ⟨Φ̃′∣ states implicitly depend on the index vector i, but
this will be suppressed in the notation in the following without any
confusion as there is only one occupied modal per mode. General
excitation operators are defined as

τ̃μ = ∏
m∈mμ

τ̃mam , (64)

where μ is a compound index containing the am indices and mμ con-
tains the modes operated on. The usual commutator relations apply
in both excitation and de-excitation variants,

0 = [τ̃μ, τ̃ν] = [τ̃‡μ , τ̃‡ν ], (65)

as well as the killer conditions,

0 = ⟨Φ̃′∣τ̃μ, (66)

0 = τ̃‡μ ∣Φ̃⟩. (67)

We will use the following nomenclature for excited bra and ket
states:

∣μ̃⟩ = τ̃μ∣Φ̃⟩, (68)

⟨μ̃′∣ = ⟨Φ̃′∣τ̃‡μ . (69)

Together, the reference state and the set of excited HPs span the
complete M-mode space, i.e., without truncation in the state space,
we have

1 = ∣Φ̃⟩⟨Φ̃′∣ +∑
ρ
∣ρ̃⟩⟨ρ̃′∣

= ∣Φ̃⟩⟨Φ̃′∣ +∑
μ
∣μ̃⟩⟨μ̃′∣ +∑

μX
∣μ̃X⟩⟨μ̃′X ∣ +∑

χ
∣χ̃⟩⟨χ̃′∣. (70)

B. Time-dependent vibrational coupled cluster with
time-dependent modals
1. The TDMVCC ansatz

We are now prepared to introduce the TDMVCC ansatz in a
time-dependent biorthogonal basis. We define the phase-separated
bra and ket VCC states as

∣Ψ̄⟩ = e−iϵ∣Ψ̃⟩ = e−iϵeT ∣Φ̃⟩, (71)

⟨Ψ̄′∣ = ⟨Ψ̃′∣eiϵ
′

= ⟨Φ̃′∣(1 + L)e−Teiϵ
′

, (72)

J. Chem. Phys. 153, 174108 (2020); doi: 10.1063/5.0024428 153, 174108-7

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

where the time-dependent cluster operator T is

T =∑
μ
sμ(t)τ̃μ, (73)

while the L operator is defined as

L =∑
μ
lμ(t)τ̃‡μ . (74)

The sum over excitations is here generic. Using the TDBVP, we will
now derive EOMs for the relevant parameters.

2. Euler–Lagrange equations
The active-space projected time derivative of the ket vector is

P̂
∂

∂t
∣Ψ̄⟩ = −iϵ̇∣Ψ̄⟩ +∑

μ
ṡμτμ∣Ψ̄⟩ − iĝ∣Ψ̄⟩. (75)

The first two terms contain the contributions from time derivatives
of the phase-factor parameter and the cluster amplitudes that deter-
mine the expansion in HPs. These two terms are already completely
inside the active space. The third and last term contains the contri-
bution due to the active-space projection of the time derivative of
the string of SQ creation operators for each ket, where Eqs. (56) and
(58) have been used.

The Lagrangian can then be defined as

L(s, ṡ, l,WA,UA, U̇A, ϵ′, ϵ, ϵ̇) = ⟨Ψ̄′∣(i
∂

∂t
−H)∣Ψ̄⟩

=
⎛

⎝
i∑

μ
lμ ṡμ + ϵ̇ − EĤ−ĝ

⎞

⎠
e−i(ϵ−ϵ

′). (76)

Here, EĤ−ĝ is the (modified) energy functional defined by

EĤ−ĝ = ⟨Ψ̃
′
∣(Ĥ − ĝ)∣Ψ̃⟩. (77)

To ensure that the bra and ket modal bases remain biorthogonal dur-
ing time evolution, we add the constraints (33) to the Lagrangian to
obtain

Lc = L + ∑
tmum

λmumtm(∑
αm

Wm
tmαmU

m
αmum − δtmum). (78)

We are then prepared to obtain parameters from stationary points
of the action functional,

S = ∫
T

0
Lc dt, (79)

by considering the E–L Eqs.
We initially consider the E–L Eqs. for the phase factors

(ϵ and ϵ′),

0 =
∂Lc

∂ϵ
−

d
dt

∂Lc

∂ϵ̇
= −iL + i(ϵ̇ − ϵ̇′)e−i(ϵ−ϵ

′), (80)

0 =
∂Lc

∂ϵ′
−

d
dt

∂Lc

∂ϵ̇′
= iL. (81)

These lead to the following EOMs for the phase factors:

ϵ̇ = EĤ−ĝ − i∑
μ
lμ ṡμ, (82)

ϵ̇′ = ϵ̇. (83)

As in the absence of modal time-dependence, setting ϵ(0)
= ϵ′(0) ensures that e−i(ϵ−ϵ

′)
= 1 at all times and furthermore that

⟨Ψ̃′∣Ψ̃⟩ = 1 as long as the overlap between the bra and ket ref-
erence HPs is constant. This also allows the use of the simpler
Lagrangian,

L̄c = i∑
μ
lμ ṡμ + ϵ̇ − EĤ−ĝ + ∑

tmum
λmumtm(∑

αm
Wm

tmαmU
m
αmum − δtmum),

(84)

in the following.
The second two E–L equations,

0 =
∂L̄c

∂lμ
−

d
dt

∂L̄c

∂ l̇μ
= iṡμ −

∂EĤ−ĝ
∂lμ

, (85)

0 =
∂L̄c

∂sμ
−

d
dt

∂L̄c

∂ ṡμ
= −i̇lμ −

∂EĤ−ĝ
∂sμ

, (86)

result in EOMs for the s and l amplitudes,

ṡμ = −i⟨μ̃′∣e−T(Ĥ − ĝ)eT ∣Φ̃⟩, (87)

l̇μ = i⟨Φ̃′∣(1 + L)e−T[Ĥ − ĝ, τμ]eT ∣Φ̃⟩. (88)

Equation (87) is used to rewrite the phase EOM (82) as

ϵ̇ = ⟨Φ̃′∣(Ĥ − ĝ)∣Ψ̃⟩. (89)

We can write the amplitude equations in vector notation as

ṡ = −iωĤ−ĝ , (90)

l̇ = iηĤ−ĝ , (91)

where we have introduced the ωĤ−ĝ and ηĤ−ĝ vectors with elements
for Ô = Ĥ − ĝ given by

ωÔ
μ = ⟨μ̃

′
∣e−TÔ∣Ψ̃⟩, (92)

ηÔμ = ⟨Ψ̃
′
∣[Ô, τμ]∣Ψ̃⟩. (93)

The EOMs for the modals can be obtained from the following
two E–L equations:

0 =
∂L̄c

∂Um
αmvm

−
d
dt

∂L̄c

∂U̇m
αmvm

= −
∂EĤ−ĝ
∂Um

αmvm
+

d
dt

∂EĤ−ĝ
∂U̇m

αmvm

+∑
tm

λmvmtmW
m
tmαm

= −
∂EĤ

∂Um
αmvm

− i∑
um
(Ẇm

umαmρ
m
vmum + Wm

umαm ρ̇
m
vmum) +∑

tm
λmvmtmW

m
tmαm ,

(94)
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0 =
∂L̄c

∂Wm
vmαm

−
d
dt

∂L̄c

∂Ẇm
vmαm

= −
∂EĤ−ĝ
∂Wm

vmαm
+∑

um
λmumvmUm

αmum

= −
∂EĤ

∂Wm
vmαm

+ i∑
wm

ρmwmvm U̇m
αmwm +∑

um
λmumvmUm

αmum . (95)

Here, we have used

EĤ−ĝ = ⟨Ψ̃
′
∣(Ĥ − ĝ)∣Ψ̃⟩

= ⟨Ψ̃′∣Ĥ∣Ψ̄⟩ − ⟨Ψ̃′∣ĝ∣Ψ̄⟩

= EĤ − ∑
umvm

ρmvmum g̃
m
umvm

= EĤ − i ∑
umvm

ρmvmum∑
αm

Wm
umαm U̇

m
αmvm (96)

and

d
dt

∂EĤ−ĝ
∂Ẇm

vmαm
= 0. (97)

In addition, we have introduced the one-mode density matrix

ρmwmvm = ⟨Ψ̃′∣Ẽm
vmwm ∣Ψ̃⟩. (98)

The active-space biorthogonality constraint equations (41) are triv-
ially obtained from the remaining E–L equations,

∂L̄c

∂λmumtm
=∑

αm
Wm

umαmU
m
αmtm − δumtm = 0. (99)

Introducing further F̌m
αmvm =

∂EĤ
∂Wm

vmαm
and F̌′mvmαm =

∂EĤ
∂Um

αmvm
, we can

write Eqs. (94) and (95) as

0 = −F̌′m − i(ρmẆm
A + ρ̇mWm

A ) + λmWm
A , (100)

0 = −F̌m + iU̇m
Aρ

m + Um
Aλ

m. (101)

We shall now derive concrete expressions for the energy derivatives
F̌m
αmvm and F̌′mvmαm before we further analyze the modal evolution

given by Eqs. (100) and (101).

3. Modal-coefficient derivatives of the energy
functional

To derive more explicit forms of the previous equations, we
need to consider the derivatives of the energy functional in more
detail. We thus consider the energy functional using the general
form of the Hamiltonian expressed in the time-dependent biorthog-
onal basis in Eq. (35),

EĤ = ⟨Ψ̃
′
∣Ĥ∣Ψ̃⟩ = ∑

m∈MCR[H]
⟨Ψ̃′∣Ĥm

∣Ψ̃⟩, (102)

= ∑
m∈MCR[H]

∑
rmsm
⟨Ψ̃′∣Ẽm

rmsm ∣Ψ̃⟩H̃
m
rmsm . (103)

We can now recognize

ρmsmrm = ⟨Ψ̃
′
∣Ẽm

rmsm ∣Ψ̃⟩ (104)

as a dim(m)-mode density matrix. By Wick’s theorem, its value does
not depend on the specific modals involved, as long as they are
biorthogonal. This means that ⟨Ψ̃′∣Ĥ∣Ψ̃⟩ depends on the amplitudes
and the modal coefficients only through the density matrix and the
Hamiltonian matrix elements, respectively,

⟨Ψ̃′∣Ĥ∣Ψ̃⟩ = ∑
m∈MCR[H]

∑
rmsm

H̃m
rmsm(WA,UA)ρ

m
smrm(l, s). (105)

Accordingly, we can, using Eq. (37) for the integral derivatives,
write the derivatives of the energy functional with respect to modal
coefficients as

F̌m
αmvm ≡

∂EĤ
∂Wm

vmαm
= ∑

m∈MCR[H]∣m∈m
∑
rmsm

ρmsmrm
∂H̃m

rmsm

∂Wm
vmαm

= ∑
m∈MCR[H]∣m∈m

∑
rmsm

ρmsmrmH̃
m
(rm∖mαm)smδrmvm

= ∑
m∈MCR[H]∣m∈m

∑
rm∖msm

∑
qm

H̃m
(rm∖mqm)smU

m
αmqm

× ⟨Ψ̃′∣Ẽm
vmsm ∏

m′∈m∖m
Ẽm′

rm′ sm′ ∣Ψ̃⟩

= ∑
m∈MCR[H]∣m∈m

∑
rmsm

H̃m
rmsm[a

m
αm , ãm†

rm ]

× ⟨Ψ̃′∣Ẽm
vmsm ∏

m′∈m∖m
Ẽm′

rm′ sm′ ∣Ψ̃⟩

= ∑
m∈MCR[H]∣m∈m

∑
rmsm

H̃m
rmsm

× ⟨Ψ̃′∣ãm†
vm[amαm , Ẽm

rmsm] ∏
m′∈m∖m

Ẽm′

rm′ sm′ ∣Ψ̃⟩

= ⟨Ψ̃′∣ãm†
vm[amαm , Ĥ]∣Ψ̃⟩, (106)

where we have used Eq. (31). A similar procedure can be applied for
evaluating the Um

αmvm derivative,

F̌′mvmαm ≡
∂EĤ

∂Um
αmvm

= ⟨Ψ̃′∣[Ĥ, am†
αm ]b̃

m
vm ∣Ψ̃⟩. (107)

We thus see that the TDMVCC modal-coefficient derivatives can
be seen as effective Hamiltonians or mean-field matrices. The above
mean-field matrices refer to to both the active modal basis and prim-
itive basis. Transforming the primitive basis to the modal basis, we
introduce the following active-space mean fields as

F̃m =Wm
A F̌

m, (108)

F̃′m = F̌′mUm
A . (109)

The matrix elements of these active-space mean-field operators can
be given in terms of commutators as

F̃m
wmvm ≡∑

αm
Wm

wmαm
∂EĤ

∂Wm
vmαm

= ⟨Ψ̃′∣ãm†
vm[b̃mwm , Ĥ]∣Ψ̃⟩, (110)

F̃′mvmwm ≡∑
αm

Um
αmwm

∂EĤ
∂Um

αmvm
= ⟨Ψ̃′∣[Ĥ, ãm†

wm]b̃mvm ∣Ψ̃⟩. (111)
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Note that the difference between these active-space mean fields
can conveniently be written as

F̃′mvmwm − F̃m
vmwm = ⟨Ψ̃′∣[Ĥ, ãm†

wm]b̃mvm − ãm†
wm[b̃mvm , Ĥ]∣Ψ̃⟩

= ⟨Ψ̃′∣[Ĥ, Ẽm
wmvm]∣Ψ̃⟩. (112)

All of the above effective Hamiltonians or mean-field matri-
ces will be key quantities in the actual computation of the EOMs.
It is comforting to see that they match previously found struc-
tures for mean-field matrices in, e.g., MCTDH15 and electronic-
structure multiconfigurational self-consistent field (MCSCF) and
Hartree–Fock (HF) theory.41

C. Active-space modal equations: Constraints
and redundancies
1. Considerations on the size of the parameter space

The parameters used to describe the TDMVCC bra and ket
states are the phase factor, ϵ, the amplitudes, sμ and lμ (both of
size NA,I

exci), and the modal coefficients for the active modals, Um
αmum

and Wm
vmβm both containing AmNm elements for each mode. These

elements are not all free parameters but subject toAm
×Am biorthog-

onality requirements (again for each mode). Furthermore, the time-
dependent g̃mumvm matrix elements (Am

× Am per mode) need to be
determined in order to conserve biorthonormality. As also discussed
in Ref. 8, this parameterization is redundant in the sense that a
(group of) transformation(s) of the parameters results in the same
value of the action functional [Eq. (79)]. Such parametric redun-
dancy is to be avoided for both theoretical and numerical reasons,
and we thus analyze the parameters that may be omitted from the
TDMVCC parameterization in Secs. II C 2 and II C 3.

The redundancies originate from the following observations:

1. The action functional is invariant with respect to rotations of
the virtual time-dependent bra and ket modals as long as the
amplitudes are counterrotated.

2. A time-dependent phase factor can be freely moved between
the occupied modals as long as the conjugate phase is applied
to the modals of the dual state to preserve biorthonormality.

3. The T1 amplitudes and the active-space modal rotations gen-
erate the same variations.

4. The L1 parameters are redundant if the ĝ operators are deter-
mined from the TDBVP (as well as in other special cases).

1 and 2 are related to redundancies in the constraint operator, ĝ,
which completely determines the active-space part of the time evo-
lution of the modals, as seen from Eqs. (52) and (53). These will be
analyzed further in Secs. II C 2 and II C 3 where it is shown that only
the off-diagonal blocks need to be optimized to satisfy the TDBVP.
Points 3 and 4 will also be analyzed in Sec. II C 3, and different equa-
tions for determining the non-redundant blocks of the constraint
operators are derived for the case of including and excluding the
one-mode amplitudes, respectively.

2. Active-space part of the modal EOMs
We now consider the active-space components of Eqs. (100)

and (101), multiplying Eq. (100) from the right with Um
A and (101)

from the left with Wm
A . Using Eqs. (41), (50), (51), (108), and (109),

we obtain

0 = −F̃′m + ρmg̃m − iρ̇m + λm, (113)

0 = −F̃m + g̃mρm + λm. (114)

Recalling that the time evolution of the active-space components of
Wm

A and Um
A are both determined by the constraint matrix g̃m, we

want to use the EOMs for their active-space parts to eliminate the
multipliers and derive an equation for g̃m. Subtraction of the above
two equations gives

(F̃′m − F̃m) + (ρmg̃m − g̃mρm) − iρ̇m = 0, (115)

which can be interpreted as an equation for g̃m, which ensures that
the active-space component of the active modals evolves according
to the TDBVP. The first two terms match precisely the difference
between mean fields obtained in Eq. (112), i.e., ⟨Ψ̃′∣[Ĥ, Ẽm

wmvm]∣Ψ̃⟩.
In addition, the following two terms can be obtained as the expecta-
tion value of a commutator with Ẽm

wmvm ,

⟨Ψ̃′∣[ĝ, Ẽm
wmvm]∣Ψ̃⟩ =∑

um
(ρmvmum g̃

m
umwm − g̃mvmumρ

m
umwm). (116)

Concerning the time derivative of the density matrix, this can be
written in terms of ṡμ and l̇μ as

iρ̇mvmwm = i
d
dt
⟨Ψ̃′∣Ẽm

wmvm ∣Ψ̃⟩

=∑
μ
(
∂ρmvmwm

∂sμ
(iṡμ) +

∂ρmvmwm

∂lμ
(i̇lμ)). (117)

The equations for ṡμ and l̇μ are known from Eqs. (87) and (88). Note
the dependency on the ĝ operator. Combining these equations, we
can obtain variational equations for the ĝ operator as

0 = ⟨Ψ̃′∣[Ĥ − ĝ, Ẽm
wmvm]∣Ψ̃⟩ + iρ̇mvmwm

= ⟨Ψ̃′∣[Ĥ − ĝ, Ẽm
wmvm]∣Ψ̃⟩ +∑

μ
(
∂ρmvmwm

∂sμ
(iṡμ) +

∂ρmvmwm

∂lμ
(i̇lμ)).

(118)

Although appearing simple, the ĝ-equations in Eq. (118) are impor-
tant, have non-trivial implications, and require some afterthought
in order to obtain good final equations. We therefore proceed to a
closer analysis of the set of equations given by Eq. (118) to deter-
mine: a) which wm, vm pairs correspond to non trivial equations;
b) which ĝ-operator terms are non-redundant and; c) the interplay
between potential redundancies in the ĝ-operator and redundancies
in T and L.

3. Redundant and non-redundant variables
We write the ĝ operator in four terms according to the index

combinations,
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ĝ = uĝ + d ĝ + f ĝ + pĝ =∑
m
[
uĝm + d ĝm + f ĝm + pĝm]

=∑
m
[∑
am

g̃mamim Ẽ
m
amim +∑

am
g̃mimam Ẽ

m
imam + ∑

ambm
g̃mambm Ẽ

m
ambm + g̃mimim Ẽ

m
imim].

(119)

Following Ref. 2, u, d, f, and p denote the up, down, forward, and
passive parts of a one-mode operator. Here, the operator increases
the excitation level (u), decreases the excitation level (d), and main-
tains the same excitation level but potentially changing index (f )
on configurations counting excitations relative to a reference vec-
tor. Finally, passive (p) is a contribution that only applies to the
ground-state part of the vector applied to returning simply a scaled
ground-state contribution. Arranging the matrix elements in a vec-
tor with corresponding u, d, f, and p components, we can write the ĝ
equations as

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uuM udM ufM upM
duM ddM dfM dpM
fuM fdM ffM fpM
puM pdM pfM ppM

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ug̃
dg̃
f g̃
pg̃

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uv
dv
f v
pv

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (120)

We want to determine which terms involving the ĝ operator can-
cel out of the variational equations. For the purpose of this analysis,
another form of Eq. (118) is convenient. After some derivations, it
can be shown (see Subsection 1 of the Appendix) that Eq. (118) can
be rewritten as

0 =∑
μX,L

⟨Ψ̃′∣[Ĥ − ĝ, τ̃μX,L]∣Ψ̃⟩⟨μ̃
′
X,L∣e

−T Ẽm
wmvm ∣Ψ̃⟩

− ∑
μX,T

⟨Ψ̃′∣[Ẽm
wmvm , τ̃μX,T ]∣Ψ̃⟩⟨μ̃

′
X,T ∣e

−T
(Ĥ − ĝ)∣Ψ̃⟩, (121)

where μX ,T and μX ,L denote excitations within the active space
that are not included in T and L, respectively. In the case of an
exact parameterization, i.e., T and L include all excitations and de-
excitations, the μX space is empty. The equation is zero, and the full
ĝ operator is redundant. Thus, it has no role in the evolution and can
be set to zero. In other cases, there are redundancy relations between
ĝ elements and Ṫ1 and L̇1, which shall now be explicitly discussed. In
the following analysis, we have to report the result in two slightly
different cases, namely, the case where the set of singles excitations
are included in the set of allowed excitations in T/L (ST1 ⊆ ST) and
the case where they are excluded (ST1 ⊈ ST).

From Eq. (121), we obtain an algebraic equation for the g̃mwmvm

elements,

∑
m′
∑

wm′vm′

⎧⎪⎪
⎨
⎪⎪⎩

∑
μX,L

⟨Ψ̃′∣[Ẽm′

wm′vm′ , τ̃μX,L]∣Ψ̃⟩⟨μ̃
′
X,L∣e

−T Ẽm
wmvm ∣Ψ̃⟩

× −∑
μX,T

⟨Ψ̃′∣[Ẽm
wmvm , τ̃μX,T ]∣Ψ̃⟩⟨μ̃

′
X,T ∣e

−T Ẽm′

wm′vm′ ∣Ψ̃⟩
⎫⎪⎪
⎬
⎪⎪⎭

g̃m
′

wm′vm′

=∑
μX,L

⟨Ψ̃′∣[Ĥ, τ̃μX,L]∣Ψ̃⟩⟨μ̃
′
X,L∣e

−T Ẽm
wmvm ∣Ψ̃⟩

− ∑
μX,T

⟨Ψ̃′∣[Ẽm
wmvm , τ̃μX,T ]∣Ψ̃⟩⟨μ̃

′
X,T ∣e

−TĤ∣Ψ̃⟩. (122)

The shift-operator expressions in this equation can be analyzed for
whether they are zero or not. This analysis is detailed in Subsection 2
of the Appendix. The result of the analysis is summarized in Table II.
From the table, we see that many of the relevant matrix elements
of the shift operators are zero. As a consequence, all forward and
passive elements of M and v are zero, giving

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uuM udM 0 0
duM ddM 0 0
0 0 0 0
0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ug̃
dg̃
f g̃
pg̃

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uv
dv
0
0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (123)

This means that the forward and passive elements of g̃m do not con-
tribute to the equations and correspondingly that the forward and
passive equations are always zero. If some elements of the g̃mwmvm

matrix elements cancel out and do not contribute to the variational ĝ
equations in any case, then these matrix elements are without conse-
quence for the variational optimization of ĝ and are therefore redun-
dant parameters. We therefore conclude that g̃mambm and g̃mimim are
redundant and can be set to any value, such as zero, independently
of other parameters in the theory.

We will now zoom-in on determining the matrix elements of
uĝ and d ĝ assuming forward and passive parts are for simplicity not
included, i.e., ĝ = uĝ + d ĝ. Here, we specifically need to carefully
consider redundancies between uĝ and d ĝ and the singles-excitation
parameters, which lead to a non-trivial case where different situa-
tions occur depending on whether singles excitations are included or
not and whether the ĝ is variationally determined or not. Although
Eq. (121) was useful for the above analysis, the unrestricted sums
over the excluded excitations in the active space are not useful in
practical applications. To obtain working equations and for the ease
of the following analysis, we derive another variant of Eq. (118) by
substituting the expressions in (87) and (88) for ṡμ and l̇μ. Separating
the terms involving the Hamiltonian, Ĥ, and the constraint operator,
ĝ, we obtain

⟨Ψ̃′∣[ĝ, Ẽm
wmvm]∣Ψ̃⟩ −∑

μ
(⟨Ψ̃′∣[ĝ, τ̃μ]∣Ψ̃⟩⟨μ̃′∣e−T Ẽm

wmvm ∣Ψ̃⟩

− ⟨μ̃′∣e−T ĝ∣Ψ̃⟩⟨Ψ̃′∣[Ẽm
wmvm , τ̃μ]∣Ψ̃⟩)

= ⟨Ψ̃′∣[Ĥ, Ẽm
wmvm]∣Ψ̃⟩ −∑

μ
(⟨Ψ̃′∣[Ĥ, τ̃μ]∣Ψ̃⟩⟨μ̃′∣e−T Ẽm

wmvm ∣Ψ̃⟩

× −⟨μ̃′∣e−TĤ∣Ψ̃⟩⟨Ψ̃′∣[Ẽm
wmvm , τ̃μ]∣Ψ̃⟩). (124)

TABLE II. Different wmvm cases for ⟨μ̃′X ∣e−T Ẽmwmvm ∣Ψ̃⟩ and ⟨Ψ̃′∣[Ẽmwmvm , τ̃μX ]
∣Ψ̃⟩ when the space of all one-mode excitations, ST1 , is included in and excluded
from the excitation space of T (ST ), respectively.

⟨μ̃′X ∣e−T Ẽm
wmvm ∣Ψ̃⟩ ⟨Ψ̃′∣[Ẽm

wmvm , τ̃μX ]∣Ψ̃⟩

wmvm ST1 ⊆ ST ST1 ⊈ ST ST1 ⊆ ST ST1 ⊈ ST
imim 0 0 0 0
ambm 0 0 0 0
amim 0 ≠0 0 0
imbm ≠0 ≠0 ≠0 ≠0
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We now put these equations for wmvm in the up (amim) and down
(imam) cases and for ĝ = uĝ + d ĝ in the matrix form above. We obtain
the following matrix elements:

uuMmm′

ambm′ = 0, (125)

duM
mm′

ambm′ = ⟨Ψ̃
′
∣[Ẽm′

bm′ im′, Ẽ
m
imam]∣Ψ̃⟩

+ ∑
μ
⟨Ψ̃′∣[Ẽm

imam, τ̃μ]∣Ψ̃⟩⟨μ̃′∣e−T Ẽm′

bm′ im′ ∣Ψ̃⟩

= {
0 if ST1 ⊆ ST
−δmm′Zm

bmam if ST1 ⊈ ST ,
(126)

udM
mm′

ambm′ = −
duM

m′m
bm′ am = {

0 if ST1 ⊆ ST
δmm′Zm

ambm if ST1 ⊈ ST ,
(127)

ddM
mm′

ambm′ =∑
μ
⟨Ψ̃′∣[Ẽm

imam , τ̃μ]∣Ψ̃⟩⟨μ̃′∣e−T Ẽm′

im′ bm′ ∣Ψ̃⟩

− ∑
μ
⟨μ̃′∣e−T Ẽm

imam ∣Ψ̃⟩⟨Ψ̃
′
∣[Ẽm′

im′ bm′, τ̃μ]∣Ψ̃⟩, (128)

uv
m
am = ⟨Ψ̃

′
∣[Ĥ, Ẽm

amim]∣Ψ̃⟩ −∑
μ
⟨μ̃′∣e−T Ẽm

amim ∣Ψ̃⟩⟨Ψ̃
′
∣[Ĥ, τ̃μ]∣Ψ̃⟩

=

⎧⎪⎪
⎨
⎪⎪⎩

0 if ST1 ⊆ ST
ηĤ,m
am if ST1 ⊈ ST ,

(129)

dv
m
am = ⟨Ψ̃

′
∣[Ĥ, Ẽm

imam]∣Ψ̃⟩ +∑
μ
⟨Ψ̃′∣[Ẽm

imam , τ̃μ]∣Ψ̃⟩

× ⟨μ̃′∣e−TĤ∣Ψ̃⟩ −∑
μ
⟨μ̃′∣e−T Ẽm

imam ∣Ψ̃⟩⟨Ψ̃
′
∣[Ĥ, τ̃μ]∣Ψ̃⟩. (130)

Here, we have introduced

Zm
ambm = ⟨Ψ̃

′
∣(δambm Ẽ

m
imim − Ẽ

m
ambm)∣Ψ̃⟩

= δambmρ
m
imim − ρ

m
bmam , (131)

ηÔ,m
am = ⟨Ψ̃

′
∣[Ô, Ẽm

amim]∣Ψ̃⟩, (132)

where Ô is some operator (here, Ĥ, ĝ, Ĥ − ĝ, etc).
It is clearly seen from Table II or Eqs. (126), (127), and (129)

how the case of single excitations included in the parameteriza-
tion (ST1 ⊆ ST) is different from the case of singles excitations
excluded from the set of allowed excitations (ST1 ⊈ ST) by having
additional zero matrix elements, giving a different structure of the
equations. We accordingly analyze the two cases separately in the
following.

In the case where the one-mode excitations are included in the
cluster operators, we see from the third row of Table II or Eqs. (125)–
(127) and (129) that all elements in Eq. (123) with reference to “up”
elements are zero. With all elements of M and v with reference to
“up” elements zero, the non-redundant elements are restricted to
g̃m

′

im′ bm′ , and Eq. (123) reduces to a linear set of equations involving
only these ĝ matrix elements,

∑
m′
∑
bm′

ddM
mm′

ambm′ g̃
m′

im′ bm′ =
dv

m
am . (133)

It is interesting that when singles excitations are included in the
excitation space, the optimal ĝ operator is determined by solving
a linear algebraic equation for the g̃mimbm elements, while the g̃mamim
elements can be chosen freely without affecting the variational opti-
mality of the ĝ operator. In fact, the g̃mamim elements can be chosen
to ensure that the time derivative of the singles-excitation parame-
ters are always zero. Considering the EOM for the smam parameters
recalling, we have chosen that pĝ = f ĝ = 0,

iṡmam = ⟨ã
m ′
∣e−T(Ĥ − d ĝ − uĝ)∣Ψ̃⟩. (134)

This expression is always zero if the redundant g̃mamim parameters
are chosen such that ⟨ãm ′∣e−Tuĝ∣Ψ̃⟩ = ⟨ãm ′∣e−T(Ĥ − d ĝ)∣Ψ̃⟩. If we
assume that smam = 0 ∀m, am (which is realizable as a start guess by
appropriate rotation of the initial modals), we obtain an equation
determining g̃mamim that keeps smam = 0 zero,

g̃mamim = ⟨ã
m ′
∣e−TĤ∣Ψ̃⟩ − ∑

m′≠m
∑
bm′

g̃m
′

im′ bm′ s
mm′

ambm′ . (135)

This showcases a redundancy. Similarly, one can see that l̇mam is, in
fact, zero due to the variational ĝ equations as the EOM for the lmam
parameters (88) is repeated when setting wmvm → amim in Eq. (118),

− iρ̇mimam = −i̇lam = ⟨Ψ̃
′
∣[Ĥ − ĝ, Ẽm

amim]∣Ψ̃⟩, (136)

where we have used the identity ρmimam = ⟨Φ̃′∣(1 + L)Ẽm
amim ∣Φ̃⟩ = lam .

This demonstrates that L̇1 can safely be excluded as its EOM is
already present. Thus, we are allowed to set L̇1 = 0 as long as the
ĝ operator is determined by the variational equations. It is there-
fore interesting to consider the case where the singles excitations
are excluded from the excitation space from the outset. In that case,
the last piece of analysis must be reconsidered to take into account
that singles excitations are excluded, and, for example, Eq. (133) no
longer holds.

When singles excitations are excluded from the wave function,
uuM and udM are no longer zero. However, uuM is still zero, and the
set of equations for the g̃mimbm and g̃mamim elements can be solved by first
solving for dg̃m and subsequently for ug̃m. Note further that uuM and
udM can only have non-zero elements when the mode indices are the
same. From the above analysis, we thus find that the dg̃m elements
can be found mode by mode by solving

Zm dg̃m = ηĤ,m. (137)

The ug̃m elements can also be found mode by mode but require the
full set of “down” elements to be available,

− (Zm
)
T ug̃m = dv

m
−∑

m′

ddM
mm′ dg̃m

′

= um. (138)

The last equations define the vectors um needed for solving for the
ug̃m equations. Different forms can be derived and um is analyzed
further in Subsection 3 of the Appendix.

J. Chem. Phys. 153, 174108 (2020); doi: 10.1063/5.0024428 153, 174108-12

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

An important observation is that the uĝ matrix elements
obtained from Eq. (138) derived when singles excitations are
excluded are not identical to the ones of Eq. (135) that ensure
Ṫ1 = 0 when singles excitations are included. These are two dif-
ferent ways of parameterizing the evolution of the system. How-
ever, consider the general equation (121). This equation is triv-
ially fulfilled when all excitations are included (including the singles
excitations) since the excluded space is empty. Interestingly, in the
limit of including all configurations except the singles excitations, it
reduces to

0 =∑
m
∑
am
⟨Ψ̃′∣[Ĥ − ĝ, Ẽm

amim]∣Ψ̃⟩⟨ã
m ′
∣e−T Ẽm′

wm′vm′ ∣Ψ̃⟩

− ∑
m
∑
am
⟨Ψ̃′∣[Ẽm′

wm′vm′ , Ẽm
amim]∣Ψ̃⟩⟨ã

m ′
∣e−T(Ĥ − ĝ)∣Ψ̃⟩. (139)

The first term is zero when the g̃mimam elements are determined by
Eq. (137) (⟨Ψ̃′∣[Ĥ − ĝ, Ẽm

amim]∣Ψ̃⟩ = ηĤ,m
am − ⟨Ψ̃

′
∣[ĝ, Ẽm

amim]∣Ψ̃⟩ = ηĤ,m
am

− [Zm dg̃m]
am

). The equation therefore leads to

∑
am

Zm
bmam⟨ã

m ′
∣e−T(Ĥ − ĝ)∣Ψ̃⟩ = 0, (140)

and thus,

⟨ãm ′∣e−T(Ĥ − ĝ)∣Ψ̃⟩ = 0. (141)

This would be the right-hand side of the EOM for the smam parame-
ters if they were included in the wave function. Therefore, excluding
the singles amplitudes and determining the ĝ matrix elements from
Eqs. (137) and (138) converge to a limit corresponding to zero time
evolution of single-excitation parameters [Ṫ1 seen from above and
L̇1 from the Eq. (137)]. However, when other excitations than the
singles are not included, the zero right-hand side in Eq. (141) is no
longer assured, but there are no single-excitation parameters that
are evolved. This should not be seen as a problem as the singles are
simply no longer part of the parameterization as preference to varia-
tionally determined ĝ matrix elements has been given in the elimina-
tion of redundancies. Thus, including all configurations except the
singles excitations and determining the constraint-operator matrix
elements from Eqs. (137) and (138) lead to the same wave function
(the MCTDH limit) as including all configurations (also the singles)
and determining d ĝ from Eq. (133). Note that the active modals in
the two cases will generally be linear combinations of each other and
the T and L parameters correspondingly different, but the two types
of computations in the exact limit will still represent the same wave
function.

In conclusion, we have thus established that we may use the
parameter set consisting of g̃mamim , g̃mimam , sμ, and lμ, where μ ∈ ST
excludes singles excitations when all parameters are obtained from
the variational conditions. Choosing so, smam and lmam are redundant
and can be safely ignored. Note that if, for example, g̃mamim and
g̃mimam are not found from the variational conditions, the smam and
lmam parameters cannot necessarily be removed. Thus, smam and lmam
would be much needed in case of choosing ĝ = 0. g̃mambm , g̃mimim
are redundant and can be ignored. However, we may choose any
value for g̃mambm , g̃mimim without any consequence for the variational ĝ
equations, and we may thus choose those according to numerical

convenience, but besides this, they have no effect on the properties
of the solution.

D. Secondary-space contribution to the modal EOMs
To obtain the equations for the secondary components of the

modal coefficients’ time derivative, we apply the projector on the
secondary modal space,

Qm
= (1m −Um

AW
m
A ). (142)

Multiplying Eq. (100) from the right and (101) from the left with Qm

and using 0 =Wm
AQm

= QmUm
A and Eqs. (50), (51), (108), and (109),

we obtain

iρmẆm
A = −ρ

mg̃mWm
A − F̌

′m + F̃′mWm
A , (143)

−iU̇m
Aρ

m
= −Um

A g̃
mρm − F̌m + Um

A F̃
m. (144)

Introducing the inverse density explicitly, these equations can
also be written as

iẆm
A = −g̃

mWm
A − [ρ

m
]
−1F̌′mQm, (145)

iU̇m
A = U

m
A g̃

m + QmF̌m[ρm]−1. (146)

Given a choice of g̃m, these equations fully determine the evo-
lution of the modals. The s and l parameters enter through the
mean fields, F̌m, F̌′m, F̃m, and F̃′m. It is comforting to note that
multiplying Eq. (143) from the right with Um

A , we obtain [using
Eqs. (109) and (41) to mutually cancel the two mean-field terms]
ρmẆm

AUm
A = ρmg̃m in agreement with Eq. (51). Similarly, multiply-

ing Eq. (144) from the right with Wm
A , we obtain [using Eqs. (108)

and (41)] Wm
A U̇

m
Aρm = g̃mρm in agreement with Eq. (50). Projecting

on the secondary space with Qm, we obtain iρm(Ẇm
AQm
) = −F̌′mQm

and −i(QmU̇m
A )ρm = −QmF̌m. We thus see how the variational time

evolution of Wm
A and Um

A through Eqs. (143) and (144) determines
an active-space part in accordance with the variational g̃m choice and
at the same time includes a component from the secondary space as
determined by the mean fields and thereby coupled to the evolution
of s and l. With Eqs. (143) and (144), we finally have the complete
set of EOMs for propagating a TDMVCC wave packet, which are
summarized in Subsection II E.

E. Summary of final TDMVCC equations
We have now all equations in place defining the time depen-

dence of the TDMVCC wave function. The EOMs and the elements
entering the EOMs are summarized in Table III in the case where
the redundant T1 and L1 parameters have been excluded from the
parameterization. References to the original equation numbers are
included as well. Note that the equations in a few cases have been
specialized to make their order of evaluation clearer for Sec. III
on the implementation. For example, when single excitations are
included, it is easy to see that the uĝ operators do not contribute to
the ωĤ−ĝ and ηĤ−ĝ vectors apart from the singles part that has been
now excluded.
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TABLE III. Summary of equations and definition of the relevant vectors and matrices
for the TDMVCC wave function with T1 and L1 excluded from the parameterization.

Quantity Equation Introduced in Eq.

ṡ iṡ = ωĤ−d ĝ (87)

l̇ i̇l = −ηĤ−
d ĝ (88)

ϵ̇ ϵ̇ = ⟨Φ̃′∣(Ĥ − d ĝ)∣Ψ̃⟩ (89)

g̃m [
0 (dg̃m)T

ug̃m 0
]

Zm dg̃m = ηĤ,m (137)
−(Zm

)
T ug̃m = um (138)

U̇m iU̇m
A = Um

A g̃m + QmF̌m[ρm]−1 (146)
Ẇm iẆm

A = −g̃mWm
A − [ρm]−1F̌′mQm (145)

ωĤ−d ĝ
μ ⟨μ̃′∣e−T(Ĥ − d ĝ)∣Ψ̃⟩ (92)

ηĤ−
d ĝ

μ ⟨Ψ̃′∣[Ĥ − d ĝ, τμ]∣Ψ̃⟩ (93)

ηĤ,m
am ⟨Ψ̃′∣[Ĥ, Ẽm

amim]∣Ψ̃⟩ = F̃′
m
imam − F̃m

imam (132)
Zm
ambm δambmρmimim − ρmbmam (131)

ρmwmvm ⟨Ψ̃′∣Ẽm
vmwm ∣Ψ̃⟩ (98)

F̌m
αmvm ⟨Ψ̃′∣ãm†

vm[amαm , Ĥ]∣Ψ̃⟩ (106)
F̌′mvmαm ⟨Ψ̃′∣[Ĥ, am†

αm ]b̃
m
vm ∣Ψ̃⟩ (107)

Qm Qm
= (1m −Um

AWm
A ) (142)

The formulation has a number of appropriate special cases and
limits. Neglecting all modal evolution and associated ĝ terms, we
obtain the TDVCC limit where it must be recalled that singles exci-
tations should be reintroduced. On the other hand, neglecting all
cluster parameters, we obtain the TDH limit similar to the linear-
parameterized SQ formulation of Ref. 39, where the modals for the
bra and ket evolves identically if initiated identically. In this case,
all non-diagonal blocks of g̃m become redundant. In TDH, as pre-
sented in Ref. 39, the passive term of g̃m was included, and with
this in mind, Eq. (51) in Ref. 39 is the analog of our equations
here.

It was previously shown in the case of a complete cluster expan-
sion that the variational ĝ equations are automatically fulfilled and
thus redundant. However, later we chose to remove the singles exci-
tations because of the redundancy between singles and ĝ elements.
Having done this, the ĝ equations are no longer redundant but deci-
sive. It was then illustrated [see discussion following Eq. (141)] that
we obtain in the complete limit with variational ĝ elements single
excitations that do not evolve. Thus, the bra and ket modals will
be different and also both different from MCTDH modals, as will
the configurational parameterization even when the same states are
represented in the limit of n = M.

In the limit of Am
→ Nm, the projection on the secondary space

becomes zero, Qm
→ 0, and the modal evolution will be solely deter-

mined by the ĝ operator. Note again that due to the absence of
single excitations, this is different from the full MCTDH also in the n
= M case, where—since the variational space is closed with respect
to rotations in the active space—the ĝ operator has no overall effect
on the wave function.

III. IMPLEMENTATION
The TDMVCC methods have been implemented in the Molec-

ular Interactions, Dynamics And Simulations Chemistry Program
Package (MidasCpp),42 which also includes implementations of
other TDVCC variants employing time-independent modals,4,43

MCTDH,15,16 TDH,39 and an array of methods for solving the
time-independent Schrödinger equation.

The pilot implementation employs the full-space matrix repre-
sentation (FSMR) framework described in Ref. 43 for implementing
the EOM for ṡ and l̇ in Eqs. (87) and (88) for general excitation
levels as well as for constructing the mean fields, density matri-
ces, and the right-hand side of the constraint operator equations in
Eqs. (137) and (138). The FSMR framework ensures a robust and
general implementation that is, however, not efficient as the com-
putational cost scales exponentially with the number of modes, M.
Thus, the current implementation is not practically applicable to sys-
tems with more than ∼ 6 degrees of freedom. Developing a special-
ized implementation in line with Ref. 4 (or even a general framework
as in Refs. 2,3) is a subject for future investigation (see Sec. V for
more details).

The modal EOMs are ill-defined when the density matrices
become singular—a situation that occurs when the number of time-
dependent modals is larger than required, e.g., when starting from
a vibrational self-consistent field (VSCF) wave packet. Furthermore,
as the EOMs are not integrated exactly, the bra and ket modals are
not ensured to remain biorthonormal. Thus, inspired by previous
works on MCTDH,7 the EOMs have been implemented as

iU̇m
A = U

m
A g̃

m + Qm
non-ortho(Ȟ

m
1 + F̌mR [ρ

m
reg]
−1
), (147)

−iẆm
A = g̃

mWm
A + (Ȟ′m1 + [ρmreg]

−1
F̌′mR )Q

m
non-ortho, (148)

where the non-biorthogonal projector has been defined as

Qm
non-ortho ≡ 1m −U

m
A [W

m
AU

m
A ]
−1Wm

A , (149)

and the regularized density-matrix inverse is performed using the
singular-value decomposition (SVD), ρm = UmΣmV†

m,

[ρmreg]
−1
≡ Vm(Σm + ϵ exp(−Σm/ϵ))−1U†

m. (150)

Note that ρm is not a Hermitian matrix for TDMVCC, and we
therefore use SVD, rather than the regularization with a Hermitian
eigenvalue decomposition employed in MCTDH.7 Finally, we have
separated out the one-mode parts of the Hamiltonian in the defi-
nition of the mean-field matrices in order to avoid regularizing the
density-matrix inverse on the separable part of H,

1M F̌m
αmvm = ∑

t ∣mt={m}
ct⟨Ψ̃′∣ãm †

vm [amαm ,hm t
]∣Ψ̃⟩

=∑
wm

⎛

⎝
∑

t ∣mt={m}
ct ȟm t

αmwm
⎞

⎠
ρmwmvm

= [Ȟm
1 ρ

m
]
αmvm , (151)

1M F̌′mvmαm = [ρ
mȞ′m1 ]

vmαm
, (152)
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and defined F̌mR (and F̌′mR ) as the mean-field matrices of the non-
separable part of the Hamiltonian.

The total time dependence of the TDMVCC wave function
with T1 and L1 excluded from the parameterization is defined by
the EOMs summarized in Table III. It is calculated by the following
procedure:

1. Transform the Hamiltonian integrals to the time-dependent
basis.

2. Evaluate the terms of Eqs. (87)–(89) involving Ĥ as well as the
ηĤ,m vectors.

3. Construct mean fields and density matrices and evaluate the
secondary-space part of Eqs. (147) and (148).

4. Solve Eq. (137) using the ηĤ,m vectors calculated above.
5. Solve Eq. (138) using the d ĝ matrix elements found in the

previous step.
6. Add the terms involving ĝ to both the amplitude and modal

derivatives.

The EOMs are solved using the general-purpose routines intro-
duced in Ref. 39. We employ the Dormand–Prince 8(5,3) explicit
Runge–Kutta method with adaptive step-size control and dense
output for all calculations presented in Sec. IV. We note that we
have also implemented and tested other choices of constraints (e.g.,
ĝ = 0), but we have found that the resulting EOMs very quickly
become difficult to propagate as the norms of the amplitude vec-
tors grow very large. Thus, we only present numerical results for the
variational constraints (with T1 and L1 excluded) in Sec. IV.

IV. NUMERICAL RESULTS
The rest of this section the numerical results of TDMVCC

calculations on the 5D trans-bithiophene model of Ref. 44, the
3M4T water potential (in normal coordinates) of Ref. 45, and
multi-dimensional Henon–Heiles systems, where the Hamiltonian
is defined as

HHenon-Heiles = −
1
2

M

∑
m=1

∂2

∂q2
m

+
1
2

M

∑
m=1

q2
m + λ

M−1

∑
m=1
(q2

mqm+1 −
1
3
q3
m+1),

(153)

with λ = 0.111 803. For all Henon–Heiles calculations, the initial
wave packet is a Gaussian shifted by 0.5 in all dimensions, which is
generated by performing a VSCF calculation on a harmonic poten-
tial. In all calculations, a B-spline basis is employed, which is trans-
formed to an orthonormal VSCF basis before starting the propa-
gation. The time-dependent modals at t = 0 are chosen as the Am

lowest-energy VSCF modals in all modes.
The TDMVCC results are compared to the TDVCC[2] results

obtained with the implementation described in Ref. 4 and the
MCTDH[n] results obtained as in Ref. 15, investigating ampli-
tude norms, autocorrelation functions and spectra, separability,
and convergence to the MCTDH limit. In some calculations, the
time-independent basis used in TDVCC[2] is truncated. This is
done by cutting away the highest-energy VSCF modals in each
mode.

In the TDMVCC and TDVCC calculations, the autocorrelation
function is computed as

S(t) = ⟨Ψ̃′(0)∣Ψ̃(t)⟩. (154)

Note that because the bra and ket are different in the VCC meth-
ods, this definition is not, in general, equal to ⟨Ψ̃′(t)∣Ψ̃(0)⟩∗
(for truncated expansions) as discussed in Ref. 4. Spectra
are obtained by Fourier transformation of the autocorrelation
function.

A. Convergence to the exact limit
We first study the convergence of the TDMVCC, TDVCC[2],

MCTDH, and MCTDH[2,V] wave functions toward the exact limit
(TDFVCI). The test system is a 3D Henon–Heiles potential, which
is propagated for 100 au, and the accuracy is quantified by the
difference between the approximate and TDFVCI autocorrelation
functions. Figures 2–4 show the differences in the real parts of the
autocorrelation functions for (truncated) MCTDH, TDVCC[2], and
TDMVCC, respectively (note that the y-axis ranges are different).
The imaginary-part plots show the exact same trends and are, thus,
not shown here.

The results clearly show that the MCTDH and TDMVCC[3]
results converge identically toward the TDFVCI limit since for
a three-mode system, TDMVCC[3] should be equivalent to full
MCTDH. The time-dependent modal bases are converged for these
calculations at Am = 8 and already Am = 6 is close to converged
for the considered time interval. For TDVCC[2], systematic con-
vergence with respect to the number of basis functions is also
observed where it should be recalled that for TDVCC, it is the time-
independent basis that is truncated. In this case, the autocorrela-
tion function is converged at Nm = 6, but, of course, not to the
TDFVCI limit as the configuration space is truncated. The con-
vergence with respect to Am is less systematic for MCTDH[2,V]
and TDMVCC[2] where small time-dependent bases in some cases

FIG. 2. Difference between the real parts of the autocorrelation functions for
(truncated) MCTDH and TDFVCI wave functions for a 3D Henon–Heiles system.
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FIG. 3. Difference between the real parts of the autocorrelation functions for
TDVCC[2] and TDFVCI wave functions for a 3D Henon–Heiles system.

exhibit the smallest deviations from TDFVCI. It is, however, evi-
dent that the TDMVCC[2] results are much closer (almost by
an order of magnitude) to the TDFVCI autocorrelation function
compared to both MCTDH[2,V] and TDVCC[2]. This highlights
the benefits of the CC parameterization over the linear MCTDH
ansatz and the advantage of employing time-dependent modals in
TDMVCC. Note that the TDMVCC[2] results are more accurate
than TDVCC[2] even in the converged-basis limit. Thus, the time-
dependent modals reduce the required size of the basis and at the
same time increase accuracy by allowing the reference to evolve in
time.

B. Amplitude norms
We now turn to study the norms of the s and l vectors in

the TDMVCC and TDVCC wave functions. The test system is a
3D Henon–Heiles potential, and the wave packet is propagated for
100 au using Am = 6 time-dependent modals in all modes for
TDMVCC.

FIG. 4. Difference between the real parts of the autocorrelation functions for
TDMVCC and TDFVCI wave functions for a 3D Henon–Heiles system.

The results shown in Fig. 5 clearly demonstrate that the norms
of the cluster amplitudes are kept small in TDMVCC due to the
time-evolving reference. Thus, the use of a time-dependent refer-
ence HP lowers the amount of correlation that the cluster amplitudes
need to account for (see also the later discussion for water for even
clearer examples).

C. Separability

We now demonstrate one of the main advantages of the
CC parameterization, namely, the separability of the wave func-
tion for non-interacting subsystems (see Ref. 4 for an in-depth
discussion of separability). Figure 6 shows the autocorrelation
function of a 4D system composed of two non-interacting 2D
Henon–Heiles systems. The MCTDH wave function includes all
configurations and is exact for the given choice of time-dependent
modal basis, while the MCTDH[2,V] method only includes configu-
rations that are up to two-mode excited with respect to the reference
configuration.

The results show that TDMVCC[2] is converged to the
MCTDH limit (as expected), while MCTDH[2,V] starts to devi-
ate significantly around t ∼ 65 au. The separability property of the
TDMVCC wave function is of fundamental importance because
it is key to maintaining high accuracy when applying truncated
TDMVCC to larger systems.

FIG. 5. Norms of the s and l vectors of TDMVCC and TDVCC[2] calculations on a
3D Henon–Heiles potential.
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FIG. 6. Autocorrelation function of two uncoupled 2D Henon–Heiles systems using
MCTDH, MCTDH[2,V], and TDMVCC[2].

D. Intramolecular vibrational-energy redistribution
of water

The intramolecular vibrational-energy redistribution (IVR) of
the water molecule is studied in terms of the autocorrelation
function. The initial wave packet is generated by performing a
VSCF calculation on the harmonic part of the potential energy
surface (PES) targeting the state where the symmetric stretch is
excited to n = 2, i.e., the [0, 2, 0] state. The autocorrelation func-
tion shown in Fig. 7 is computed with MCTDH, MCTDH[2,V],
TDMVCC[2], and TDMVCC[3] using four time-dependent modals
per mode.

The TDMVCC[3] and MCTDH results are completely equiva-
lent as expected. Furthermore, the TDMVCC[2] method is seen to
outperform MCTDH[2,V] although both methods seem close to the
MCTDH results when looking at Fig. 7. However, when plotting the
absolute difference between autocorrelation functions, as done in
Fig. 8, it becomes evident that the TDMVCC results are much closer
to MCTDH during the entire propagation. It should be noted that
the absolute difference between autocorrelation functions is a very
sensitive measure where small differences in frequencies between the
wave functions stand out clearly. Thus, the MCTDH[2,V] results are
not as bad as Fig. 8 might indicate, but we find it impressive that

FIG. 7. Autocorrelation function of water starting from an initially excited symmetric
stretch overtone using MCTDH, MCTDH[2,V], TDMVCC[2], and TDMVCC[3].

FIG. 8. Difference between autocorrelation functions (compared to MCTDH) for
the IVR calculation on water.

the TDMVCC[2] results reproduce the MCTDH autocorrelation
function so accurately.

In order to highlight the benefits of using time-dependent
modals, we have also performed TDVCC[2] calculations as shown in
Fig. 9. Because the water PES is three-mode coupled, these calcula-
tions cannot be performed using the efficient TDVCC[2] implemen-
tation of Ref. 4. Instead, the FSMR framework has been used in the
small-basis calculations, and the calculations in larger basis sets have
been performed using a new general excitation level TDVCC imple-
mentation46 (not covering TDMVCC). The results clearly demon-
strate that even in a much larger modal basis, the TDVCC[2] method
is still inferior to TDMVCC[2]. In the small basis sets (N ≤ 6), the

FIG. 9. Water autocorrelation function for IVR computations. Top: Difference
between autocorrelation functions (compared to MCTDH) for TDMVCC[2] and
TDVCC[2]. Bottom: Norms of the cluster-amplitude vectors for TDMVCC[2] with
A = 4 and TDVCC[2] with N = 8.
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parameter space is simply not flexible enough to describe the cor-
rect physics using TDVCC[2], and in the larger bases, the propa-
gation eventually becomes unstable due to large amplitude norms.
Thus, time-dependent modals are absolutely necessary for describ-
ing the long-time dynamics of this simple IVR process using a
CC parameterization because the weight of the time-independent
reference (the excited vibrational state) becomes negligible over
time.

E. Franck–Condon spectrum of trans -bithiophene
We finally study the Franck–Condon emission spectrum of the

5D trans-bithiophene model of Ref. 44. The initial wave packet is
generated as the VSCF ground state on the excited electronic sur-
face and then placed on the ground-state PES. Figure 10 shows the
absolute value of the TDMVCC autocorrelation functions and the
absolute difference compared to TDMVCC[5]. The primitive basis
consists of 30 tenth-order B-spline functions with boundaries deter-
mined by the adaptive density-guided approach (ADGA) used for
constructing the PES.44,47,48 The B-spline basis is transformed to an
orthonormal set of VSCF modals before starting the propagation. In
all TDMVCC calculations, four time-dependent modals are used in
all modes.

The results clearly demonstrate that the TDMVCC wave
function is almost converged at the TDMVCC[2] level, while
the TDMVCC[3] results are virtually indistinguishable from
the untruncated TDMVCC[5]. For comparison, Fig. 11 shows
the TDVCC[2] (with time-independent modals) results. The
TDVCC[2] calculations use the same primitive (VSCF) basis, but

FIG. 10. Top: Absolute value of the TDMVCC autocorrelation function with Nm

= 30 and Am = 4 for all modes. Bottom: Absolute difference between TDMVCC
autocorrelation functions compared to TDMVCC[5].

FIG. 11. Absolute value of the TDVCC[2] autocorrelation function with different
sizes of the (truncated) VSCF basis.

it is truncated (in the case of N < 30) by cutting away the highest-
energy VSCF modals. Note that even in the N = 30 limit, the
TDVCC[2] and TDMVCC[2] wave functions still differ as the
TDMVCC reference configuration is evolved in time according to
the constraint operators. Figure 11 clearly shows that a much larger
basis (and thus many more configurations) is required for obtaining
a physically meaningful description. The spectra obtained by Fourier
transforming the autocorrelation functions are shown in Fig. 12. As
can be expected from the similarity of the autocorrelation functions,
the TDMVCC spectra are all essentially similar, showcasing how the
TDMVCC[2] method is able to describe a spectrum using a very
compact wave function. The TDVCC[2] spectrum is fairly similar,

FIG. 12. Franck–Condon spectra obtained as Fourier transforms of the autocorre-
lation functions in Figs. 10 and 11.
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but a much larger basis must be used since the TDVCC[2] results for
N < 10 result in meaningless spectra as the autocorrelation functions
become unphysical (>1).

V. SUMMARY AND OUTLOOK
The theory behind time-dependent vibrational coupled cluster

with time-dependent modals has been derived using a biorthogo-
nal SQ formulation and the TDBVP. Using the TDBVP, the evo-
lution of the parameters describing the different bra and ket CC
states, as well as the different bra and ket active modals, is deter-
mined. A key feature of the theory is the use of a variationally deter-
mined constraint operator for the active modals, leading to single-
excitation operators being redundant in the CC wave-function
parameterization.

A pilot implementation was presented, allowing the first
numerical studies of the method considering Henon–Heiles model
systems, the water molecule, and a reduced-dimensionality bi-
thiophene model. The results were highly encouraging, showing that
(i) the expected convergence to the MCTDH limit with increas-
ing excitation level was fast, (ii) the convergence with the active
modal basis size was uncomplicated, (iii) more accurate and stable
results were obtained with TDMVCC compared to TDVCC, (iv) bet-
ter results were obtained with TDMVCC[n] than MCTDH[n,V] at
the same n level, and (v) for separable systems, the correct separa-
bility TDMVCC[n] was confirmed numerically, while the incorrect
behavior of MCTDH[n,V] eventually led to significant deviations
after some time.

These highly encouraging numerical results present TDMVCC
as a framework for obtaining high accuracy relative to the num-
ber of parameters used for describing the system. It is up to future
research to unfold the potential of TDMVCC deriving from this
fact. To do so requires, in particular, the development of effi-
cient implementations of TDMVCC, recalling that the implemen-
tation used here was a pilot implementation restricted by the same
exponential scaling with respect to the number of modes as a
numerically exact computational wave packet approach. Further
numerical studies and theoretical developments will be needed to
further develop the understanding of the method and its pros and
cons.

Although the theory behind TDMVCC is not simple and
only a pilot implementation is presented here, we are confident
that an efficient implementation can be made. For TDVCC[2],
the first implementation already allowed computations with more
than a hundred coupled modes with many-term Hamiltoni-
ans. The same specialized two-mode coupling implementation
should be extendable to TDMVCC[2] and even further improved
for speed in many ways, with the specific challenge of iden-
tifying how the different mean-field matrices can be efficiently
computed. Nevertheless, given the very good performance of
TDMVCC[2] in these initial studies, there is a great perspective
in TDMVCC[2] as a fairly accurate wave-packet methodology that
can be applicable to larger molecular systems with realistic many-
term Hamiltonians that previously could not be addressed with
quantum-dynamical methods. Along a similar line, it would be
highly interesting to implement TDMVCC[2] in a type of direct
dynamics context inspired by, e.g., direct-dynamics variational

multi-configurational Gaussian (DD-vMCG)24,49,50 and on-the-fly
MCTDH.51,52

As in time-independent VCC, efficient implementation of
general-order excitation-level wave functions with high-level cou-
plings in the Hamiltonian are extremely complicated, with automa-
tized equation derivation, analysis, and code generation so far being
the most successful.2,3 The variational determination of modals
introduces new structures in the theory that do not easily fit into the
current approach as implemented, again with the the mean fields as
an example, but it should be possible to develop similar implemen-
tations. Thus, developing a general TDMVCC[n] implementation
exhibiting a low-order polynomial increase in computational cost
with increasing system size is a realistic albeit technically challenging
future project.

Finally, it would be very interesting to extend the TDMVCC
theory in various ways. For example, we note that the numer-
ical tests in this study were all single-PES computations. For
MCTDH[n], it was recently illustrated how an MR extension to
the theory, MR-MCTDH[n],16 was very attractive, in particular,
for computations involving several electronic states such as in
simulating non-adiabatic events. We anticipate that similar MR-
TDMVCC extensions are needed, attractive, and possible along
the same lines. For future non-adiabatic TDMVCC extensions, it
will be highly interesting to study theoretically and numerically
whether it is advantageous that different states have each their
own biorthogonal basis or they share one common biorthogonal
basis.
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APPENDIX: FURTHER ANALYSES OF G-OPERATOR
VARIATIONAL EQUATIONS
1. Detailed derivations for ĝ variational equations

Here, we report for completeness the detailed derivations
in connection to the variational equations for the ĝ operator
[Eq. (121)].

For brevity, we choose to switch to a slightly different nota-
tion by including amplitudes for the reference configuration in T
and L as

T ≡ s∅ +∑
μ
sμτ̃μ +∑

μX
sμX τ̃μX =∑

κ
sκτ̃κ, (A1)

L ≡ l∅ +∑
μ
lμτ̃‡μ +∑

μX
lμX τ̃

‡
μX =∑

κ
lκτ̃‡κ , (A2)

leading to

⟨Ψ̄′∣ ≡ ⟨Φ̃′∣Le−T , (A3)

∣Ψ̄⟩ ≡ eT ∣Φ̃⟩, (A4)

where the reference amplitudes are defined as s∅ ≡−iϵ and
l∅ ≡ 1. All amplitudes for excluded configurations (indexed by μX)
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are set to zero from the outset, and the EOMs are only solved for the
included configurations, leading to ṡμX = l̇μX = 0. Note that in this
section, the indices κ, λ are used to denote the union of the refer-
ence and excitations within the active space (i.e., the union of Φ, μ,
and μX).

We now define the following auxiliary quantities:

eκ ≡ ⟨κ̃′∣e−T(Ĥ − ĝ)eT ∣Φ̃⟩, (A5)

ζκ ≡ ⟨Ψ̄′∣[Ĥ − ĝ, τ̃κ]∣Ψ̄⟩. (A6)

The derivatives of the density matrix with respect to the ampli-
tudes are

∂ρmvmwm

∂lκ
= ⟨κ̃′∣e−T Ẽm

wmvmeT ∣Φ̃⟩, (A7)

∂ρmvmwm

∂sκ
= ⟨Ψ̄′∣[Ẽm

wmvm , τ̃κ]∣Ψ̄⟩. (A8)

This leads to the following expression for the first term of
Eq. (118):

⟨Ψ̃′∣[Ĥ − ĝ, Ẽm
wmvm]∣Ψ̃⟩

=∑
κ
(⟨Ψ̃′∣(Ĥ − ĝ)eT ∣κ̃⟩⟨κ̃′∣e−T Ẽm

wmvm ∣Ψ̃⟩

− ⟨Ψ̃′∣Ẽm
wmvmeT ∣κ̃⟩⟨κ̃′∣e−T(Ĥ − ĝ)∣Ψ̃⟩)

=∑
κ
(⟨Ψ̃′∣[Ĥ − ĝ, τ̃κ] + τ̃κ(Ĥ − ĝ)∣Ψ̃⟩⟨κ̃′∣e−T Ẽm

wmvm ∣Ψ̃⟩

− ⟨Ψ̃′∣[Ẽm
wmvm , τ̃κ] + τ̃κẼm

wmvm ∣Ψ̃⟩⟨κ̃′∣e−T(Ĥ − ĝ)∣Ψ̃⟩)

=∑
κ
(ζκ

∂ρmvmwm

∂lκ
−
∂ρmvmwm

∂sκ
eκ), (A9)

where we have used that

∑
κ
(⟨Ψ̃′∣τ̃κ(Ĥ − ĝ)∣Ψ̃⟩

∂ρmvmwm

∂lκ
− ⟨Ψ̃′∣τ̃κẼm

wmvm ∣Ψ̃⟩eκ)

=∑
κλ
⟨Φ̃′∣Lτ̃κτ̃λ∣Φ̃⟩(⟨λ̃

′
∣e−T(Ĥ − ĝ)∣Ψ̃⟩

∂ρmvmwm

∂lκ

− ⟨λ̃′∣e−T Ẽm
wmvm ∣Ψ̃⟩eκ)

=∑
κλ
⟨Φ̃′∣Lτ̃κτ̃λ∣Φ̃⟩(eλ

∂ρmvmwm

∂lκ
−
∂ρmvmwm

∂lλ
eκ)

= 0. (A10)

Thus, Eq. (118) reduces to

0 =∑
κ
[
∂ρmvmwm

∂lκ
(ζκ + i̇lκ) −

∂ρmvmwm

∂sκ
(eκ − iṡκ)]. (A11)

If the EOMs for the amplitudes of the included configurations are
satisfied, i.e., i̇lμ = −ζμ and iṡμ = eμ, this leads to Eq. (121).

2. Analysis for zero terms in the ĝ equations
In this section, we will analyze the individual terms in Eq. (122)

to determine which terms cancel out and hence if some of the g̃mvmwm

matrix elements are redundant. We start by considering the shift-
operator expressions

⟨μ̃′X ∣e
−T Ẽm

wmvmeT ∣Φ̃⟩ = ⟨μ̃′X ∣e
−Tm Ẽm

wmvmeTm ∣Φ̃⟩, (A12)

where Tm are the terms in T operating on mode m (all other terms in
T commute with Ẽm

wmvm , therefore canceling out). Note that Tm also
includes higher excitation operators than Tm, but at least one mode
of the modes excited is m. Tm is a nilpotent operator with T2

m∣ρ⟩ = 0
for any state |ρ⟩ in the physical space as all terms in T2

m involves a
double annihilation in the reference modal in mode m. Thus,

⟨μ̃′X ∣e
−Tm Ẽm

wmvmeTm ∣Φ̃⟩ = ⟨μ̃′X ∣(1 − Tm)Ẽm
wmvm(1 + Tm)∣Φ̃⟩. (A13)

This allows us to determine which combinations of wm, vm corre-
spond to a non-zero term.

Case wm, vm = im, im:

⟨μ̃′X ∣(1 − Tm)Ẽm
imim(1 + Tm)∣Φ̃⟩ = ⟨μ̃′X ∣(1 − Tm)Ẽm

imim ∣Φ̃⟩ = 0 (A14)

as TmẼm
imim ∣Φ̃⟩ is in the excitation space, while ⟨μ̃′X ∣ is—by

definition—not.
Case wm, vm = am, bm:

⟨μ̃′X ∣(1 − Tm)Ẽm
ambm(1 + Tm)∣Φ̃⟩ = ⟨μ̃′X ∣Ẽ

m
ambmTm∣Φ̃⟩ = 0 (A15)

as, again, Ẽm
ambmTm∣Φ̃⟩ is in the excitation space.

Case wm, vm = am, im:

⟨μ̃′X ∣(1 − Tm)Ẽm
amim(1 + Tm)∣Φ̃⟩

= ⟨μ̃′X ∣Ẽ
m
amim + [Ẽm

amim ,Tm] − TmẼm
amimTm∣Φ̃⟩

= ⟨μ̃′X ∣Ẽ
m
amim ∣Φ̃⟩

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

= 0 if one-mode excitations are included in
the excitation space

≠ 0 otherwise.
(A16)

Here, we in the second step used that Ẽm
amim is a one-mode excita-

tion operator and therefore commutes with all excitation operators
[Eq. (65)] as well as it was used that T2

m∣Φ̃⟩ = 0.
Case wm, vm = im, bm:

⟨μ̃m′X ∣(1 − Tm)Ẽm
imbm(1 + Tm)∣Φ̃⟩ = ⟨μ̃m′X ∣(1 − Tm)Ẽm

imbmTm∣Φ̃⟩

= δm∉m⟨μ̃m′X ∣Ẽ
m
imbmTm∣Φ̃⟩

− δm∈m⟨μ̃m′X ∣TmẼm
imbmTm∣Φ̃⟩.

(A17)

Here, δm∈m is 1 if m ∈ m but 0 if m ∉ m. Similarly, δm∉m is 1 if
m ∉ m but 0 if m ∈ m. Both when single excitations are included
in the excitation space and when they are excluded, these terms have
non-zero components.

We then move on to analyze the terms
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⟨Ψ̃′∣[Ẽm
wmvm , τ̃mμX ]∣Ψ̃⟩ = δm∈m⟨Ψ̃

′
∣[Ẽm

wmvm , τ̃mμX ]∣Ψ̃⟩. (A18)

The first observation is that only excitation operators involving
the m mode will be needed as the others commute with the shift
operators. Second, we notice that in the case wm, vm = amim, the
commutator will be zero. We then consider the commutator

[Ẽm
wmvm , τ̃mμX ] = [Ẽ

m
wmvm , ∏

m′∈m
τ̃m

′

cm′ ]

= [Ẽm
wmvm , τ̃mcm] ∏

m′∈m∖m
τ̃m

′

cm′

= [Ẽm
wmvm , Ẽm

cmim]τ̃
m∖m
μX

= (δvmcm Ẽm
wmim − δimwm Ẽm

cmvm)τ̃m∖mμX . (A19)

In the two cases wm, vm = imim and wm, vm = ambm, it is easy to
show that the commutator results in an excitation operator with the
same excitation level of the original τ̃mμX . As these commute with
other excitation operators and, furthermore, as they are excluded
from excitations included in the L operator, all those terms must not
contribute.

This leaves us with the case wm, vm = imbm for which

[Ẽm
imbm , τ̃mμX ] = (δbmcm Ẽ

m
imim − Ẽ

m
cmbm)τ̃

m∖m
μX . (A20)

Using the BCH expansion of the similarity transformation,

⟨Ψ̃′∣[Ẽm
imbm , τ̃mμX ]∣Ψ̃⟩

= δm∈m⟨Φ̃′∣(1 + L)([Ẽm
imbm , τ̃mμX ] + [[Ẽm

imbm , τ̃mμX ],T])∣Φ̃⟩

= δm∈m⟨Φ̃′∣(1 + L)(Ẽm
imbm τ̃

m
μX + TmẼm

imbm τ̃
m
μX)∣Φ̃⟩. (A21)

With reference to Eq. (A20) and the logic employed above,
higher order terms in the commutator expansion are zero, and only
the Tm term contributes in the commutator involving T. In the fol-
lowing step, we have expanded the commutators and used the facts
that ⟨Φ̃′∣τ̃μmX = 0, ⟨Φ̃′∣Lτ̃μmX = 0, and τ̃mμ τ̃mν ∣ρ⟩ = 0 for all physical
states |ρ⟩ and all excitations that both have mode m excited. The
first term is zero if τ̃mμX is more than singly excited out of the exci-
tation space, but will, in general, be non-zero. Therefore, this term
is generally non-zero for both one-mode excitations included and
excluded.

3. Detailed analysis of the right-hand side of Eq. (138)
The right-hand side can be written in a number of different

ways using

ωÔ,m
am = ⟨ã

m′
∣e−TÔeT ∣Φ̃⟩, (A22)

TωÔ

=∑
μ
τ̃μωÔ,μ, (A23)

Lη
Ô

=∑
μ
τ̃‡μη

Ô,μ. (A24)

Noting first that

dv
m
am = F̃′

m
amim − F̃

m
amim + ⟨Ψ̃′∣[Ẽm

imam ,TωH

]∣Ψ̃⟩ − ⟨Φ̃′∣Lη
H

e−T Ẽm
imame

T
∣Φ̃⟩,

(A25)

we obtain further

umam = F̃′
m
amim − F̃

m
amim + ⟨Ψ̃′∣[Ẽm

imam ,TωĤ

]∣Ψ̃⟩ − ⟨Φ̃′∣Lη
Ĥ

e−T Ẽm
imame

T
∣Φ̃⟩

− ⟨Ψ̃′∣[Ẽm
imam ,Tω

d ĝ

]∣Ψ̃⟩ + ⟨Φ̃′∣Lη
d ĝ

e−T Ẽm
imame

T
∣Φ̃⟩

= F̃′mamim − F̃
m
amim + ⟨Ψ̃′∣[Ẽm

imam ,TωĤ−d ĝ

]∣Ψ̃⟩

− ⟨Φ̃′∣Lη
Ĥ−d ĝ

e−T Ẽm
imame

T
∣Φ̃⟩. (A26)

Noting that when μ is a two-mode or higher excitation, the varia-
tional equations for sμ and lμ can be written as

iṡμ = ωĤ−d ĝ
μ , (A27)

i̇lμ = −ηĤ−
d ĝ

μ , (A28)

where uĝ does not contribute. We can now write

umam = F̃′
m
amim − F̃

m
amim +∑

μ
(⟨Ψ̃′∣[Ẽm

imam , τ̃μ]∣Ψ̃⟩(iṡμ)

+ (i̇lμ)⟨μ̃′∣e−T Ẽm
imam ∣Ψ̃⟩). (A29)

Thus, we recognize 0 = (Zm
)
T ug̃m + um corresponding to Eq. (118)

with the found dg̃m as it should since this was the point of depar-
ture. Note that ωĤ−d ĝ is the same as ωĤ−d ĝ−u ĝ for higher than sin-
gles since “up” one-mode operators have only the trivial one-mode
contributions due to commuting with T.

In our pilot implementation, the um vectors are calculated by
rewriting the right-hand side of Eq. (138) as

[
dvm −∑

m′

ddM
mm′ dg̃m

′

]

am

= ⟨Ψ̃′∣[H, Ẽm
imam]∣Ψ̃⟩

+ ∑
μ
(⟨Ψ̃′∣[Ẽm

imam , τ̃μ]∣Ψ̃⟩⟨μ̃′∣e−T(H − d ĝ)∣Ψ̃⟩

− ⟨Ψ̃′∣[H − d ĝ, τ̃μ]∣Ψ̃⟩⟨μ̃′∣e−T Ẽm
imam ∣Ψ̃⟩), (A30)

which can be evaluated directly in the FSMR framework. This is
a robust, yet inefficient, way of computing um, which can serve
as a reference in the future development of efficient TDMVCC
implementations.
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