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Abstract

This thesis contains various investigations of radiation emission and pair pro-
duction in classical and quantum electrodynamics in strong electromagnetic
fields. Classically an electromagnetic field is said to be strong when a charged
particle affected by the field becomes relativistic in its average rest frame.
Quantum mechanically, an electromagnetic field is considered strong when it
becomes of the order of the critical Schwinger field Ec = 1.3×1018 V/m in its
average rest frame. For strong electromagnetic fields, processes such as pho-
ton emission and pair production become non-linear and these classical and
quantum non-linearities are a subject of investigation throughout the thesis.
Experimentally, strong electromagnetic fields can be realized by colliding GeV
electrons and positrons with a high-intensity focused laser pulse or with an
oriented single crystal. The outcome of several experiments with the NA63
group at CERN, using oriented single crystals, was analyzed, investigating the
problem of classical radiation reaction. For strong electromagnetic fields, the
amount of radiation emitted can become so large, that the force from emitting
radiation acting on the emitting particle becomes much larger than that from
the external field. We found that the Landau-Lifshitz equation of motion can
be used to describe the classical motion of a particle in a strong field, emitting
radiation. But when the electromagnetic field strength in the rest frame of
the electron is increased, and quantum non-linearities start appearing, minor
quantum corrections are needed to accurately describe experimental measure-
ments. One of the main outcomes of the PhD is the simulation platform for
Strong Field QED, which features electromagnetic fields from both crystals
and lasers. This has been and will be one of the primary simulation tools for
theoretical predictions for NA63 and hopefully for the E320 experiment at the
Stanford Linear Accelerator Complex in the future.
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Resumé

Denne afhandling indeholder forskellige undersøgelser af strålingsudsendelse
og parproduktion i både klassisk og kvantemekanisk elektrodynamik i stærke
elektromagnetisk felter. Klassisk set er et elektromagnetisk felt stærkt hvis
ladet partikel, påvirket af det elektromagnetisk felt, bliver relativistisk i dets
gennemsnitelige hvilesystem. Kvantemekanisk siger man at et felt er stærkt
hvis styrken når det kritiske Schwinger felt Ec = 1.3 × 1018 V/m i dets gen-
nemsnitlige hvilesystem. For stærke elektromagnetiske felter bliver processer
som strålingsudsendelse og parproduktion ikke-lineære, og disse klassiske og
kvantemekaniske ikke-lineariteter bliver undersøgt i detajle igennem afhan-
dlingen. Experimentelt kan stærke felter realiseres ved at kollidere GeV elek-
troner og positroner med en stærk fokuseret laserpuls eller en orienteret krys-
tal. Resultater fra flere eksperimenter med NA63 gruppen på CERN, som
benytter orienterede krystaller, er analyseret, og det klassiske problem med
strålings tilbagevirkning er undersøgt. For stærke elektromagnetiske felter
kan mængden af udsendt stråling blive så stor, at kraften fra strålings ud-
sendelses processen, som virker tilbage på den strålende partikel selv, blive
meget større end kraftpåvirkningen fra det eksterne elektromagnetiske felt.
Vi fandt at den klassiske Landau-Lifshitz ligning kan beskrive en partikels
klassiske bane i et stærkt elektromagnetisk felt imens partiklen stråler. Men
når det elektromagnetiske felt i hvilesystemet for partiklen øges, og kvante-
mekaniske ikke-lineariteter begynder at spille en rolle, er der behov for kvan-
temekaniske korrektioner for at kunne beskrive de eksperimentielle data. Et
af de primære produkter af PhD’en er en simuleringsplatform til stærk felts
elektrodynamik, og indeholder både elektromagnetiske felter for krystaller og
lasere. Dette har og vil i fremtiden være et af de primære simulerings værk-
tøjer til teoretiske forudsigelser i NA63 gruppen og forhåbentlig også E320
eksperimentet på Stanford Linear Accelerator Complex i fremtiden.
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Preface

The majority of the work presented in this PhD thesis is produced as a part of
several different experimental collaborations, NA63 at CERN based in Aarhus
and E320 and T523 at SLAC (Stanford Linear Accelerator Complex). The
work is both theoretical and experimental and is centered around classical
and quantum mechanical strong field electrodynamics. Theoretical predic-
tions for photon emission and pair production in Quantum Electrodynamics
(QED) have been rigorously tested through experiments since the birth of
QED, and is mostly considered a completed chapter in physics. The area of
Strong Field Quantum Electrodynamics (SFQED) has been driven mostly by
theory for many decades, since the field strengths required for strong field ef-
fects to become relevant, are so large that they are technologically extremely
difficult to produce and control. The aim of this PhD thesis is therefore to
increase our understanding in the field of SFQED through experiments. One
of the few methods used to access such fields is through multi GeV electrons
and positrons impinging on oriented single crystals, where in the rest frame
of such a particle, fields can reach what is called the critical Schwinger field,
which is where strong field effects start becoming relevant. Orienting a per-
fect single crystal along one of its major crystallographic orientations allows a
relativistic particle to move in a bound coherent motion between planes and
along strings of the crystal nuclei, which means that the particle moves in
electric fields of atomic strengths, but over a macroscopic length scale. The
energy a particle requires to approach the critical Schwinger field in crystals
are currently only available at CERN on the fixed target beam lines on the
Super Proton Synchrotron (SPS), where up to 200GeV electrons and positrons
are being produced. With the Large Electron-Positron collider (LEP), single
electron/positron energies did not even exceed 100 GeV due to radiation loss
from synchrotron radiation. So even though theory predictions have been pub-
lished many decades ago, experimental investigations are only now beginning
to emerge. Another method of reaching strong fields is by tightly focusing
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high intensity short pulsed laser beams, and colliding these with a counter
propagating GeV electron beam. The fields found in crystals are static, and
hence limited in strength by nature and by the energy of the impinging elec-
tron, but the field strength of a laser depends on how much energy you put
into it, meaning that it is basically unlimited. Laser technology is a relatively
new technology and is in rapid development and hence the laser field strengths
are limited by technology, but new laser systems around the world are being
proposed, which only require electrons with a few GeV to reach the critical
Schwinger field. This has sparked a new interest in the SFQED community,
since these types of experiments no longer are limited to CERN, but can be
performed at many different accelerator facilities that are willing to invest in
such a laser system. All optical systems are also being developed, where the
conventional accelerator is replaced by a laser wakefield accelerated beam of
electrons, which then collide with a second tightly focused laser.

As we enter the strong field regime, electrons and positrons start emit-
ting photons with energies comparable to the emitting particle’s energy. For
ultrarelativistic electrons and positrons it turns out that even for a completely
quantum mechanical theory, the emitted radiation is determined solely by the
classical trajectory of the particle. One can even retrieve the quantum me-
chanical radiation spectrum for spin-0 particles by a simple kinematic substi-
tution of the photon frequency in the the classical Liénard-Wiechert radiation
integrals. The fact that the radiation is bound to the classical motion is in-
teresting and gives rise to the concept of the formation length which will be
used and discussed in almost every part of this thesis. The formation length
can be seen as a length scale over which the coherent motion of an emitting
particle influences the emitted photon. Naively this can be interpreted as the
length an emitting particle has to travel before the emitted photon and the
particle are separated by one reduced wavelength, after which the emitted
photon is no longer influenced by the motion of the emitting particle. The
formation length diverges for low energy photons but is usually on a relatively
small length scale. An interesting phenomenon occurs if a particle is put into
a plane wave field where the formation length starts diverging for specific
photon frequencies throughout the radiation spectrum. This means that a
particle in principle should travel indefinitely in the plane wave before it has
decided what photon to emit. The diverging points of the formation length
in the spectrum constitute a very small part of the full spectrum, and the
divergence itself has no practical consequence if one were to compare theory
with an experiment.
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Photon emission in SFQED is often described by a first order time
dependent perturbation in the emitted photon, where the external field is em-
bedded in the electron wave function. Analytical solutions for the emission
spectrum are in the case of a plane wave and a constant external field avail-
able, but for more complicated trajectories, a numerical implementation of
the semi-classical radiation integrals is needed. Most of the work presented
throughout this thesis is tied to the semi-classical radiation integrals, where
a lot of time has been invested to numerically implement and test these. The
radiation integrals allow one to numerically evaluate the radiation from a
charged relativistic particle following an arbitrary trajectory, and has proven
to be an incredibly powerful tool to investigate radiation in many cases.

With the NA63 collaboration, the problem of classical radiation reac-
tion has been investigated by measuring the radiation emitted from multi
GeV electrons and positrons penetrating oriented single crystals, shown in
chapter 3. Since classical radiation theory interprets radiation emission as a
continuous flow of dissipating energy, the damping of the particle motion also
becomes continuous. In order to measure the effect of the damping it has
to be significant, meaning that the external fields should be large. This also
means that the radiation process becomes increasingly quantum mechanical
and that the damping no longer can be assumed continuous, but rather as an
instantaneous recoil from emitting high energy photons. It therefore also be-
came a validity test of the classical radiation reaction formulas going slightly
into the quantum regime, which required adding simple quantum corrections
to the classical formulas. This work included two experimental runs at the
H4 beamlines on CERN at the SPS.

With the T523 collaboration, radiation emission from volume reflected
electrons in bent silicon crystals was investigated, shown in chapter 4. Here
the strength of the radiation integrals was displayed as the radiation per-
taining to individual parts of the trajectory through the crystal could be
pinpointed in the simulations and compared to experimental measurements.

Work with the E320 collaboration, which aim to collide the FACET II
13 GeV electron beam with a tightly focused laser pulse, included a 6 month
stay on SLAC at Stanford, helping with the design process of the experiment.
Since the stay abroad, much effort has gone into implementing a pulsed laser
field in the numerical framework of the radiation integrals, and developing a
platform for theoretical predictions of the E320 experimental outcome. This
process led to several theoretical investigations on the theory side where the
applicability of the most commonly used radiation models in SFQED has
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been benchmarked. Here the formation length again showed its strength, as
it turns out to be a decisive factor when determining whether a radiation
model is applicable or not for a given set of parameters.

The thesis is mostly a collection of papers published throughout the
PhD project where the individual theory sections in each paper is combined
into a single, large introductory section. In the following chapters/sections
the results from each paper is then discussed. As will be evident throughout
the thesis, even though all collaborations are experimental, most of the work
features numerical simulations of different kinds. This is mostly due to the
LHC long shutdown, which was further delayed by Covid-19, excluding NA63
from any experimental programs at CERN and a complete lockdown on SLAC
for 5 months during my 6 month stay.

xviii



CHAPTER 1
Introduction

In this chapter we go through the general theoretical formalism on which
the thesis is based. The rest of the chapters throughout the thesis is based
on individual publications where some theory sections and the theory would
otherwise have been repeated. A common theme throughout all papers is
radiation emission from electrons and positrons, which is the first subject
which will be discussed, together with a small introduction to the pair pro-
duction formulas used throughout. Then a description of the different sources
of strong electromagnetic fields (crystals and lasers) follows. The numerical
implementations of the different theoretical formalisms are described partly in
the relevant theory section and in chapters on standalone publications of the
implementations. It is assumed that the reader is familiar with four-vector
notation, see e.g. [11, 12] for more information.

1.1 Radiation Theory

In the following sections classical radiation theory will be described in detail
which leads to a quantum mechanical description where only the most im-
portant parts of the derivations will be shown. Much emphasis is put on the
classical and quantum mechanical radiation integrals, which is the back bone
of most of the work presented in later chapters. From the radiation integrals
the concept of formation lengths emerge, which is also discussed in detail.
All descriptions are done with a numerical implementation kept in mind, as

1



2 CHAPTER 1. INTRODUCTION

almost all radiation spectra presented is implemented in a large code base
developed for SFQED simulations.

1.1.1 Classical Radiation Theory

Classically, radiation from a charged particle can be understood by consider-
ing the continuity of the electric field lines emanating from the particle [13].
When not accelerated, the field lines continue in a straight line away from
the particle, but if the particle accelerates, a distortion in the field lines is
introduced, carrying away energy which we call radiation. On fig. 1.1 the

Figure 1.1: Illustration of the electromagnetic field lines (blue) from a charge
undergoing scattering on two particles changing the direction of motion (black),
taken from [14]. The red curve is a highlight of one field line. An animation is
found in the link [15].

field of a particle changing direction during two collisions is shown, where the
field distortions carrying away energy can be seen moving radially away from
the particle in motion.

The electromagnetic field from a charged particle can be described by
the vector potential Aµ = (Φ(R, t, t′),A(R, t, t′)), which depends on the dis-
tance Rµ = ((t − t′)c,x − r′) the field has to travel from the point of origin
r′ at time t′, to the observer x at time t. For a particle at rest the vector
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potential must reduce to [16]

φ =
e

R(t, t′)
, A = 0, (1.1)

and the invariant combination of four-vectors that reduce to eq. (1.1) is called
the Liénard-Wiechert potentials [17, 18]

Aµ = e
uµ

Rνuν
, (1.2)

φ(x, t) =

[
e

R− v·R
c

]
ret

, A(x, t) =

[
ev

c(R− v·R
c )

]
ret

. (1.3)

which if inserted into

E = −1

c

∂

∂t
A−∇φ, and B = ∇×A. (1.4)

gives the electric field

E(x, t) = e

[
n− β

γ2(1− β · n)3R2

]
ret

+
e

c

[
n× ((n− β)× β̇)

(1− β · n)3R

]
ret

, (1.5)

where B = [n × E]ret. The first term in eq. (1.5) is called the velocity field,
Ev, this does not carry away energy, but serves as a static coulomb type field
around the particle. The second term is called the acceleration field Ea, and
is the term which radially carries energy away as displayed in fig. 1.1. The
Poynting vector gives the directional flux of energy emitted as [16]

S =
c

4π
E×B =

c

4π
B2n =

c

4π
E2n, (1.6)

where B = [n×E]ret with ret indicating that the field is considered retarded.
That the velocity term doesn’t carry away energy can be seen by considering
the total energy flux from the Poynting vector through the surface of a sphere
with radius R. As integration over the surface provides a factor R2, all terms
with a 1/R2 dependency, which is only the |Ea|2 term, gives a finite answer
while terms with 1/R3 and 1/R4 dependencies falls off as R→∞.

Integrating Poynting’s vector using the acceleration fieldEa from eq. (1.5),
when the velocity is small compared to the speed of light, gives the non-
relativistic power emitted from acceleration, called the Larmor formula [16]

P =
2

3

e2

c
β̇2, (1.7)
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An invariant relativistic version should reduce to Larmors formula when the
velocity is small and must contain elements of the type β and β̇, which sug-
gests that

P = −2

3

e2

m2c

(
dpµ

ds

dpµ
ds

)
, (1.8)

could be a solution. Expanding this in terms of β and β̇ gives [16]

P =
2

3

e2

c3
γ6
(
β̇2 − (β × β̇)2

)
. (1.9)

From Equation (1.9) it is evident that acceleration perpendicular or parallel to
the direction of motion gives different rates of emitted radiation. Acceleration
perpendicular to the direction of the momentum results in circular motion as
found in storage rings while acceleration parallel to the direction of momentum
is found in linear accelerators. We can write the power radiated in each
situation as we know that β× β̇ = ββ̇ for circular motion, and β× β̇ = 0 for
linear motion:(

dp

dt

)
lin

= cmγ3β̇, and
(
dp

dt

)
circ

= cmγβ̇, (1.10)

which gives the powers

Plin =
2

3

e2

c3m2

(
dp

dt

)2

, and Pcirc =
2

3

e2

c3m2
γ2

(
dp

dt

)2

. (1.11)

It is evident that if a particle accelerate with constant acceleration β̇, the
power radiated from linear acceleration is a factor γ2 higher than radiation
from circular acceleration. If instead the particle was accelerated by a constant
force dp

dt , perpendicular acceleration emits a factor γ2 more radiation than in
the linear case. From eq. (1.11), it is also clear that light particles emit more
radiation due to the strong inverse mass dependence. Using Equation (1.11)
for circular acceleration allows us to evaluate a useful relation for the energy
loss due to synchrotron radiation, which is radiation emitted from circular
motion in a constant magnetic or electric field. Using the Lorentz force [16]

dp

dt
= e(E−H× β), (1.12)

for a constant electric field E perpendicular to the velocity β the power emit-
ted becomes

P =
2

3
α2γ2mc2

E2

E2
c

c

re
, (1.13)
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where α = e2/~c is the fine structure constant, re = e2/mc2 is the classical
electron radius and Ec = m2c3/e~ is the Schwinger critical field [19] (Ec will
discussed later in more detail).

From the Poynting vector the power emitted per solid angle dΩ of a
moving charge emitting the electric field in eq. (1.5) can be written as [16]

dP (t)

dΩ
=

c

4π
[REa(t)]2ret. (1.14)

Taking the fourier transformation of the electric field into frequency domain
while changing Ea to E for readability, gives the frequency spectrum of the
electric field:

E(ω) =
1√
2π

∫ ∞
−∞

eiωtE(x, t)dt =
e

c

1√
2π

∫ ∞
−∞

eiωt

[
n× ((n− β)× β̇)

(1− β · n)3R

]
ret

dt,

(1.15)
By changing the integration variable t to t′, and using that R(t′) ≈ x−n · r′,
where x is the distance from origo to the observation point, applicable if n is
constant in time, gives

E(ω) =
e

c

1√
2π

∫ ∞
−∞

n× ((n− β)× β̇)

(1− β · n)3R
eiω(t′−n·r′/c)dt′. (1.16)

The energy per unit solid angle per frequency interval is then given by

d2I

dωdΩ
= 2

c

4π
|E(ω)|2. (1.17)

With the electric field in eq. (1.16), this gives classical Liénard-Wiechert ra-
diation integral

d2I

dωdΩ
=

e2

4π2c

∣∣∣∣∣
∫ ∞
−∞

n× (n− β)× β̇
(1− β · n)2

eiω(t−n·x(t)/c)dt

∣∣∣∣∣
2

, (1.18)

where the primes on the retarded variables have been omitted for the sake of
readability. Equation (1.18) gives the frequency spectrum for a particle if the
trajectory is known. This calculation shows, that when treated completely
classical, the radiation spectrum is determined solely by the trajectory of the
charge, but also that the motion throughout the trajectory adds coherently
to the final spectrum.
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1.2 Quantum Radiation Theory

The common starting point for all the quantum models for radiation emission
investigated in this thesis is a first order perturbation in the radiated photon
field [20, 21, 22], with the transition matrix element

M = e

∫
Ψ̄p′(x)ê′

∗
Ψp(x)

e−ik
′x√

2k′0
d4x (1.19)

taking an electron from its initial state Ψp(x) to its final state Ψp′(x) through
the interaction with the radiated photon. Hereˆdenotes an operator,¯denotes
the Hermitian conjugate, e is the electron charge, ê′ is the photon polarization
vector, p and p′ is the electron four momentum in its initial and final state
respectively, k′ is the photon four momentum and Ψp(x) and Ψp′(x) are the
electron wave functions. The first two models, called the Non-linear Compton
model (NLCM) and the Local Constant Field Approximation (LCFA), are
based on the exact solution to the Dirac equation found by Volkov [23, 20,
21], where the vector potential Aµ(φ) of the external electromagnetic field,
in which the electron moves, is assumed only to depend on the invariant
variable φ = kx. Here kµ is a zero-length four-vector with kµ = (|k|,k) where
k determines the propagation direction of the external field. The Volkov
solutions can be written as

Ψp(x) =

[
1− e/k /A(φ)

2kp

]
u(p)√

2p0
e−iS , (1.20)

where u(p) is the free particle plane wave bispinor. The parameter S is the
classical action of an electron moving in an electromagnetic field with vector
potential Aµ(φ), given by

S = px+ e

∫ φ

0

[
pA(φ′)

kp
− eA(φ′)2

2kp

]
dφ′. (1.21)

As stated in [20], the electron wave function is determined by the classical ac-
tion, meaning that the Volkov solution is semiclassical. As a result, the tran-
sition matrix element becomes semiclassical, so the interaction between the
electron and the external electromagnetic field is treated classically, whereas
the interaction between the electron and the radiated photon is treated quan-
tum mechanically. One thing worth noting is that the Volkov wave functions
are solutions to the Dirac equation, hence completely quantum mechanical,
and the semiclassical nature is not at any point inferred. The semiclassical
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nature of the wave function could have been predicted by looking at quantum
effects in the photon emission process and in the trajectory of the electron
moving in an electromagnetic field. Such considerations are made in e.g. [21,
22]. Quantum effects in the trajectory of the particle becomes important
when the energy levels in the electromagnetic field becomes comparable to
the energy of the particle. The quantized energy levels of a particle moving
perpendicular to a magnetic field H, have a spacing of

~ω0 = ~
v|e|H
|p|

≈ |e|H
ε
, (1.22)

where w0 is the classical frequency of revolution of a particle with energy
ε, momentum p and velocity v. The right hand side holds for γ � 1 with
γ being the relativistic Lorentz factor. For the motion to be classical we
therefore have that ~ω0/ε � 1. It is convenient to introduce the quantum
non-linearity parameter χ and the critical Schwinger field H0 [21]

χ =
√

(Fµνuν)2/H0, H0 = m2/e~ = 4.4 · 1013 G , (1.23)

where Fµν is the external electromagnetic field tensor, uµ is the four-velocity
of the electron. The parameter χ can be expressed as the ratio between the
Lorentz boosted electromagnetic field and the critical field in the rest frame
of the particle so the condition for the trajectory to be classical can therefore
be written as

1� ~ω0

ε
=
vmH

γH0
≈ H

H0

1

γ2
=

χ

γ3
. (1.24)

Quantum effects in the emission process become important when the energy
of a single emitted photon is comparable to the energy of the emitting par-
ticle. Classically a relativistic particle can emit photons with frequencies up
to the critical frequency ωc ≈ ω0γ

3 [16]. For a relativistic particle moving
perpendicular to a magnetic field, the condition for the emission process to
be classical is

1� ~ωc
ε
≈ γ H

H0
= χ. (1.25)

From the above discussion, it is evident that the parameter χ is decisive in
determining if the emission process or the trajectory can be treated classically
or has to be treated quantum mechanically. Presently, no experiment has
been close to producing fields comparable to the Schwinger critical field in
the laboratory frame, so the trajectory for relativistic particles can safely be
treated classically. Due to the extra γ3 factor on the radiation condition,
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quantum effects in the radiation process quickly start becoming important as
the energy increases. Therefore it is not surprising that the trajectory of the
electrons end up being treated classically, even though a quantum theory is
being used.

In the following sections we outline the derivations of three methods to
evaluate the radiation spectrum from an electron moving in electromagnetic
fields, with the goal of highlighting the major differences between the methods.
This will provide an understanding of the advantages and limitations of each
models, that will be investigated later.

1.2.1 Non-linear Compton Model

Consider an electron moving in a linearly polarized plane wave field with a
vector potential of the form Aµ(φ) = aµcos(φ), where aµ is a constant four po-
tential amplitude. Evaluating the integral in the classical action analytically
results in the following wave function [20, 24]

Ψp(x) =

[
1− e/k/acos(φ)

2kp

]
u(p)√

2q0
exp

(
i
eap

kp
sin(φ)− ie

2a2

8kp
sin(2φ) + iqx

)
,

(1.26)
where qµ = pµ − kµe2a2/4kp, is the quasimomentum of the electron in the
plane wave. The transition matrix element in eq. (1.19) will depend on func-
tions of the type

cosn(φ)ei(αsin(φ)−βsin(2φ)), n = 0, 1, 2 (1.27)

with the parameters

α = e

(
ap

kp
− ap′

kp′

)
, β =

e2a2

8

(
1

kp
− 1

kp′

)
. (1.28)

The functions in eq. (1.27) can be written in terms of a discrete Fourier series

cosn(φ)ei(αsin(φ)−βsin(2φ)) =
∞∑

s=−∞
An(s, α, β)eisφ, (1.29)

where s is an integer and

An(s, α, β) =
1

2π

∫ π

−π
cosn(φ)ei(αsin(φ)−βsin(2θ)−sφ)dφ. (1.30)
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The above parameters can be written as

α = z cos(θ), (1.31)

z =
η2
√

1 + η2/2

χ

√
u(us − u), (1.32)

us =
2sχ

η(1 + η2/2)
, (1.33)

β =
η3u

8χ
, (1.34)

with u = kk′/(kq′) ≈ ~ω/(ε−~ω) is related to the ratio of the emitted photon
energy to the initial electron energy. The parameter

η =
e
√
a2

mωl
, (1.35)

is an invariant often called the classical non linearity parameter because the
emission process becomes non-linear in η for η ≥ 1. Sometimes the RMS
value of the field strength is used instead of

√
a2 [25], then one must include

a factor 1/
√

2 and the resulting cross sections have to be altered accordingly.
Here ωl is the frequency of the plane wave in which the particle is moving.
The parameter η is equivalent to the work done in units of the electron rest
mass by the external field on the particle over a wavelength.

Integrating the wavefunction in eq. (1.26) over dx4 in eq. (1.19) leads to
delta functions of the type δ(skµ+qµ−q′µ−k′µ) for each term in the sum over
s. Therefore it is natural to relate each term in the sum to a specific number
of absorbed photons s from the background field, since the energy is being
delivered in quantas of k. This is surprising since the interaction between
the background field and the electron is determined by the classical action,
and the quantum nature of the background field (interpreting it as a density
of photons) is not included. This also means that the spectrum will be an
incoherent sum of contributions from absorbing different number of photons,
leading to sharp edges in the emission spectrum for values of η around unity.
The position of each edge is determined by the kinematic relation of absorbing
s photons and emitting a single heavy photon. For a collision with a plane
wave this relation can be written as [20, 25]

xs =
2s(kp)

m(1 + η2/4) + 2s(kp) + ε2θ2
, (1.36)
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where kp ≈ ε~ωl(1 + cos θ′), θ′ is the collision angle between the plane wave
and the electron and θ is the emission angle with respect to the direction of
the electron.

The resulting probability for an electron moving in a linearly polarized
plane wave to emit a photon with energy ratio xω = ~ω/ε per unit time
becomes

dP
dtdxω

=
αm2

2πq0

∞∑
s=1

∫ 2π

0

(
−A2

0 + η2

[
1 +

u2

2(1 + u)

]
(A2

1 −A0A2)

)
dθ,

(1.37)
where the ratio xω relates to u by u = xω/(1− xω).

1.2.2 Local Constant Field Approximation

A special case of a plane wave field is approximated by letting the frequency
ωl become very small, letting the parameter η →∞, which corresponds to the
particle being in a constant crossed field. Analytically this can be achieved
by expressing the vector potential to be linear in the phase φ = kx and of
the form Aµ(φ) = aµφ[21]. The corresponding electron wave function then
becomes

Ψp(x) =

[
1− e/k/aφ

2kp

]
u(p)√

2p0
exp

(
i
eap

2kp
φ2 − ie

2a2

6kp
φ3 + ipx

)
, (1.38)

and the transition matrix elements will contain functions of the type

φn exp

[
i

(
αφ2

2
− 4βφ3

3

)]
, n = 0, 1, 2, (1.39)

where α and β are defined in eq. (1.28). These functions can be written in
terms of a continuous Fourier integral

φne[i(αφ
2/2−4βφ3/3)] = in

∫ ∞
−∞

eisθ
∂nC(s, α, β)

∂sn
ds, (1.40)

where

C(s, α, β) = (4β)−1/3 exp

(
−is α

8β
+ i

8β

3

(
α

8β

)3
)
Ai(y), (1.41)

depends on the Airy function Ai(y) and its derivative Ai′(y) where the argu-
ment is given by y = (4β)2/3[s/4β − (α/8β)

2
]. The resulting probability for
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an electron to emit a photon with energy ratio xω per unit time becomes [20,
21, 22]

dP
dxωdt

(χ, u) = −αm
2

ε

∫ ∞
z

dtAi(t) +
Ai′(z)
z

[
2 +

u2

(1 + u)

]
, (1.42)

where z = [u/χ]2/3.
As evident from the steps shown above, the derivation is similar to the

Non-Linear Compton Model (NLCM) eq. (1.37), where the major difference
arise from taking the limit of η →∞. This means that the discrete series in s
that appeared in the NLCM is replaced by a continuous integral over s in the
LCFA. This is maybe not so surprising as the discrete series in the limit of
η →∞ could be approximated as a continuous integral. Another consequence
is that the electron quasimomentum qµ is replaced by its "regular" momentum
pµ and that the only relevant parameter in describing the emission process is
the parameter χ. This parameter is often called the quantum non-linearity
parameter as for χ � 1, the emission process becomes linear in χ while it
becomes non-linear in χ for χ ≥ 1 [20, 26]. That the process only depends
on a single parameter is of significant practical importance when calculating
the spectrum in a simulation because the dimensionality of the problem by
is reduced by 1. This makes it easier to approximate the function, which is
a difficult integral to evaluate numerically, by a function that is much faster
to evaluate. Therefore it is often of interest to use the LCFA when possible
as the computation time is significantly lower than for the other radiation
models investigated here.

1.2.3 Radiation Integral-BCK model

For the two previous models, a specific vector potential has been assumed,
which limits the versatility of the models to specific field configurations. This
final method provides a general expression to calculate the resulting radiation
emitted from a relativistic charged particle moving along a classical trajectory
in an arbitrary electromagnetic field. Starting with the semiclassical wave
function of a particle moving in an external electromagnetic field

Ψ =
1√
2Ĥ

u(p̂)e−(i/~)Ĥtφ(x), (1.43)

where Ĥ is the Hamiltonian operator. The function φ(x) ∝ e−iS/~ is the
spatial wave function and depends on the classical action S. In perturbation
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theory, the probability to emit a photon with frequency ω and wave vector
k is usually evaluated by squaring the transition matrix element, multiplying
by the density of states and summing over the final states of the electron

dP =
∑
f

|M |2 d3k

(2π)3
=
∑
f

∣∣∣∣∫ V (t)dt
∣∣∣∣2 d3k

(2π)3
. (1.44)

The transition matrix element in eq. (1.19) is the same as in the above ex-
pression, but now we separate the integral d4x into d3xdt where the element
V (t) now becomes a 3 dimensional integral over space instead

V (t) = −e
√

2π√
~ω

∫
Ψ†p′(x, t)e

∗ ·αeiωt−ik·xΨp(x, t)d3x, (1.45)

where α is the regular Dirac matrix. We can write the new matrix element
in terms of the operator Q̂(t)

V̂ =
e
√

2π√
~ω
〈f | Q̂(t) |i〉 eiωt, (1.46)

which is defined as

Q̂(t) =
u†f (p̂(t))√

2Ĥ(t)
e∗ ·αe−ik·x ui(p̂(t))√

2Ĥ(t)
, (1.47)

where factors of the form e−(i/~)Ĥt have been absorbed, converting the op-
erators into time-dependent Heisenberg operators. By using that the spatial
wave functions form a complete basis we can write

∑
f |f〉 〈f | = δ(x2 − x1),

reducing the emission probability to an expectation value

dP =
e2d3k

4π2~ω

∫ ∫
〈i|Q†(t2)Q(t1) |i〉 eiω(t1−t2)dt1dt2. (1.48)

The above expression is reduced by using the semiclassical operator method
developed by Baier and Katkov [22], where if the product Q̂†Q̂ is reduced
to a product of commuting operators, the expectation value is equivalent to
replacing all operators by their classical non-operator value. To an accuracy
of 1/γ this is possible and a detailed derivation is shown in [21, 22, 26]. The
result has been further reduced to a single integral over time (first seen in [27]
and derivations shown in [28] and [29]):

d2P

d~ωdΩ
=

e2

4π3

(
ε∗2 + ε2

2~ωε2
|I|2 +

~ω
2E2γ2

|J |2
)
, (1.49)
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where ε∗ = ε− ~ω, (ε∗ω∗ = εω) and I and J are given by

I =

∫ ∞
−∞

n× [(n− β)× β̇]

(1− n · β)2
eiω
∗(t−n·r)dt, (1.50)

J =

∫ ∞
−∞

n · β̇
(1− n · β)2

eiω
∗(t−n·r)dt. (1.51)

We call this model the BCK model. Here n = (sinϑ cosϕ, sinϑ sinϕ, cosϑ)

is the direction of emission with polar and azimuthal angles ϑ and ϕ defined
relative to a suitable axis and dΩ = sinϑdϑdϕ. The classical trajectory is
characterized by the instantaneous position r(t), the instantaneous velocity
β(t), and the instantaneous acceleration β̇(t).

As evident from the derivation, no details of the external field or the
trajectory have been inferred, only that the trajectory should be described
classically, which holds for 1 � χ/γ3. From the discussion in [22], the angle
of the emitted radiation has been assumed to be of the order 1/γ when de-
termining the commutativity of the operators, and we can therefore expect
errors of the order 1/γ2 when using this method. It is necessary to determine
the trajectory first and then evaluate the spectrum numerically for arbitrary
external fields. An implementation of the BCK model is shown in detail later.
Classically the radiation from an electron can be determined by the Liénard-
Wiechert radiation integrals [16] which is very similar to the BCK model. So
the fact that a semi classical version, integrating over the classical trajectory
exists might not be surprising.

If the only non-negligible quantum effect is the photon recoil, this can
be taken into account by a simple substitution of the frequency variable in the
classical photon spectrum (eq. (1.18)) regardless of the details of the motion
of the particle [30]. Based on the Weizsäcker-Williams method [16, 31], but
bypassing the actual computation of the virtual photon spectrum, Lindhard
showed that for spin-0 particles with energy E, substituting the frequency ω
by

ω∗ = ω/(1− ~ω/E) (1.52)

in the classical number spectrum gives exactly the quantum number spectrum
for single-photon emission [30]

dNc

d~ω
(ω∗) =

dNq

d~ω
(ω) . (1.53)

This implies that the intensity spectrum translates as
dEγq
d~ω

(ω) =
ω

ω∗
dEγc
d~ω

(ω∗). (1.54)
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The result in eq. (1.54) is confirmed by a full quantum mechanical calculation
for a spinless particle moving in a constant magnetic field carried out many
years prior to Lindhard’s investigation [32]. Therefore, when effects related
to the spin of the positrons or the electrons can be neglected, employing the
substitution of the frequency variable in eq. (1.18) according to the prescrip-
tion eq. (1.54) will reproduce the full quantum spectrum. Throughout the
thesis this model is called the substitution model.

Implementation

Here we briefly describe the numerical implementation of the radiation in-
tegrals shown in the previous section. The classical radiation integral in
eq. (1.18) is written as

d2I

dωdΩ
=

e2

4π2

∣∣∣∣∫ ∞
−∞

f(t,n)eiω(t−n·x(t))dt

∣∣∣∣2 , (1.55)

f(t,n) =
n× (n− β)× β̇

(1− β · n)2
. (1.56)

Since radiation emission from relativistic particles often is of interest, we are
dealing with small differences between large numbers when evaluating the
radiation integrals numerically. To increase the numerical precision, we do
a series expansion of these large quantities, as is done in [29], keeping only
the leading order terms of the changes to these large numbers. Assuming the
particle travels in the z-direction, one can solve the equation of motion for
the values δz(t) = z(t) − β0t and δvz(t) = vz(t) − β0 where β0 ≈ 1 − 1

2γ2 .
Since almost all radiation is emitted in the forward direction we also have that
nz =

√
1− n2

x − n2
y ≈ 1 − θ2

2 , where θ2 = n2
x + n2

y. Substituting the above
variables in eq. (1.55) and eq. (1.56) we get [29]

fx =

{
(v̇z + nyv̇y)(nx − vx)

−
[
ny(ny − vy) +

(
−θ

2

2
− δvz +

1

2γ2

)]
v̇x

}
g, (1.57)

fy =

{
(v̇z + nxv̇x)(ny − vy)

−
[
nx(nx − vx) +

(
−θ

2

2
− δvz +

1

2γ2

)]
v̇y

}
g, (1.58)
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fz =

{[
− θ2

2
− δvz +

1

2γ2

]
(nxv̇x + ny v̇y)

− [nx(nx − vx) + ny(ny − vy)]v̇z
}
g, (1.59)

where

g =

(
1

2γ2
+
θ2

2
− δvz − nxvx − nyvy

)−2

, (1.60)

and the exponential phase becomes

ω(t− n · x) = ω

((
1

2γ2
+
θ2

2

)
t− δz − nxx− nyy

)
. (1.61)

This expansion is used in both the classical radiation integral the two semi-
classical integrals (BCK and substitution model).

The substitution model and the BCK model are both derived in a first
order approximation in the interaction with the radiation field, which means
that they apply for single photon emission and only for pure Lorentz force tra-
jectories. Due to the energy dependent phase factor, the radiation spectrum
from a particle following a long trajectory, in which its energy changes, will be
incorrect. If the particle changes energy along the trajectory, the substituted
frequency variable becomes time dependent and the result depends on the
initial phase, which is non-physical. To account for this the trajectory must
be divided into smaller sections in which the change in energy of the particle
has no effect on the spectrum. We then fix the energy of the particle in the
radiation integral to the initial value it has when entering the given section.
The initial conditions of the particle when entering a new section is then the
final conditions from the previous section. The full spectrum for an entire
trajectory is then the incoherent sum of the spectra from each section. The
section length must be chosen such that the spectrum from a pure Lorentz
force trajectory is the same as the spectrum for a trajectory where the particle
changes its energy. For e.g. 50 GeV positrons channeled in the (110) plane of
Si this length will be 0.1 mm.

If the energy of the particle does not change along the trajectory but
recoil from photon emission is to be included, this is taken into account in the
transition between each section. Based on the previous section, the probability
of emitting a photon is evaluated and if a photon is to be emitted, the energy is
determined from the spectrum and the electron experiences an instantaneous
recoil going into the next section. Using this energy loss model, the section
length has to be small such that the photon emission probability remains
substantially below 1.
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1.2.4 Formation Length

A relevant concept, especially when one uses the radiation integrals where
you need a suitable time over which to integrate the trajectory, is the for-
mation/coherence length. The models considered in this thesis are all single
photon emission processes so the trajectory over which you integrate should
amount to a probability of emitting a photon below 1. When considering the
oscillating phase term in the exponent of eqs. (1.50) and (1.51), the particle
can only travel a certain length before the oscillating phase becomes large and
starts canceling out coherent contributions in the trajectory to the radiation
probability. In practice this means that if one integrates over long trajecto-
ries, the initial and final part of the trajectory do not add coherently to the
spectrum. The initial and final part of the trajectory could then be consid-
ered two separate trajectories where the radiation in each part would just add
incoherently to the combined spectrum of the total trajectory. Expanding the
exponential phase term in eqs. (1.50) and (1.51) into small quantities (see [29,
3]), while neglecting the terms that vary with the position of the particle, the
formation length can expressed as

lf = 2γ2E − ~ω
Eω

. (1.62)

For simulations it is important that the trajectory over which one integrates is
several formations lengths long. From the classical view, the formation length
can be considered as the distance an electron and the emitted photon travel
before they are separated by more than one reduced wavelength. Therefore
the formation length can be expressed as

lf = 2γ2/ω. (1.63)

The quantum version of the formation length can be retrieved by the same
substitution of the frequency variable mentioned earlier ω → ω∗. A detailed
discussion of the concept of the formation lengths is presented in [33, 34].

It should be noted that the neglected phase term is not always negligible
and can, in some cases, cause a significant increase or decrease the formation
length. If the particles trajectory bends considerably outside the 1/γ light
cone, the coherence is broken and the effective formation length is smaller.
In the Non-Linear Compton case, a similar oscillating phase term appears in
the derivation (see eq (50) in [35] where we neglect the θ2 term) which can be
written as. [35]

lf =
2γ2

Eω(1+η2/2)
E−~ω − 4γ2sωl

. (1.64)
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In this case it is clear that the position varying part of the phase is non-
negligible as the formation length diverges for particular photon frequencies,
which turns out to be at the exact frequency of the harmonics in the Non-
Linear Compton spectrum. Given that the parameter η suppresses the for-
mation length is no surprise, since it is equivalent to the amount of transverse
momentum the particle receives during one plane wave cycle. This means that
for large η, particles will be bent outside the emitting light cone and hence
break the coherence. An interesting consequence when considering a plane
wave is that the formation length diverges, meaning that for specific photon
frequencies the electron has not "decided" which photon to emit, even after
an extremely long trajectory in the plane wave.

Using the radiation integrals, it is important to keep in mind when
breaking up the trajectory into smaller sections, that the beginning and end
points of each part of the trajectory in principle behave exactly as a collision,
where the field is turned on and off instantaneously at the end points. The
running phase inside the radiation integrals carry a rapidly oscillating and a
slowly varying term which, when integrated, cancels out. Starting and ending
the integral at random times and positions inside a non-zero field means that
the first and last cycles of the slowly varying envelopes do not fully cancel
out, resulting in a small non-physical contribution to the spectrum. The
error one introduces is on the order of the formation length and results in a
small underlying Bethe-Heitler type radiation which extends towards higher
photon energies. These effects only appear when the external field is large
and the section length has to be small so the probability of emission can be
kept below one in each section. This apparently only seems like a problem
for the radiation integrals since one actively has to consider the integration
length, but similar problems arise in the LCFA and NLCM where the choice of
integration has been made analytical to go from −∞ to ∞. For such strong
fields one anyway has to consider that a single-photon emission theory no
longer suffices and that a multi-photon emission theory is needed.

1.3 Radiation Reaction

As a particle emits radiation, energy is carried away and the particle is sub-
sequently slowed down, this process is often called radiation reaction. Quan-
tum mechanically, when solving the matrix elements for the photon emission
process, energy loss is already taken into account in the final state of the
electrons, but classically the problem is less simple. The following section is
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mostly based on [14, 36]. A charged particle in a magnetic field would move
in a circular orbit indefinitely, according to the Lorentz force, but due to radi-
ation reaction the particle should spiral inwards. The energy loss of a particle
in the time interval between t1 and t2, can be determined by the Larmor for-
mula eq. (1.7), and must equal the work done by the radiation reaction force
on the particle during the same time interval. By assuming periodic motion
or boundary conditions satisfying v̇ · v = 0 at t1 and t2, Lorentz first wrote
the radiation reaction force Frad as:

Frad =
2e2

3c3
v̈. (1.65)

Inserting eq. (1.65) into the equation of motion for the particle subjected to
an external force Fext gives the Lorentz-Abraham-Dirac (LAD) equation of
motion

m(v̇ − τ v̈) = Fext, (1.66)

where τ = 2e2/3c3m. For Fext = 0, one of the solutions to the LAD equation
is the notorious runaway solutions

v̇(t) = 0 and v̇(t) = v̇(0)et/τ , (1.67)

where v̇(0) is the acceleration at t = 0. At the same time, solutions where
Fext 6= 0 show particle motion which break causality [37], meaning that other
methods must be used to describe the process of radiation reaction.

For relativistic particles the equation of motion in an external electro-
magnetic field is described by [18]:

mc
duµ

ds
=
e

c
Fµνuν . (1.68)

Here uµ is the four velocity and Fµν is the field strength tensor. Radiation
reaction is included by adding a damping term gµ,

mc
duµ

ds
=
e

c
Fµνuν + gµ. (1.69)

Considering the limit where v � c, the spacial components of gµ must satisfy
g→ Frad/c which the following term does

2e2

3c

d2uµ

ds2
. (1.70)
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At the same time gµuµ = 0 should be satisfied, which is true for all four-vector
forces [18]. An auxiliary term is added to satisfy this condition, while at the
same time, this term has to vanish for v→ 0. Using that uµuµ = 1 the force
becomes

gµ =
2e2

3c
(
d2uµ

ds2
− uµuν

d2uν

ds2
). (1.71)

Assuming that gµ is small, eq. (1.68) is used to express gµ in terms of Fµν ,
where

d2uµ

ds2
=

e

mc2
(Fµν

duν
ds

+
dFµν

ds
uν). (1.72)

Putting eq. (1.72) into eq. (1.71) gives the Landau-Lifshitz force:

gµ =
2e2

3c
(
e2

m2c4
FµνFνσu

σ +
e

mc2
∂Fµν

∂xσ
uνu

σ + uµ
e2

m2c4
F ρνuνFρσu

σ).

(1.73)

For numerical implementations, a form only including the spatial fields is of
interest. The following derivation is based on [14] and is included to make the
derivation more transparent.

An antisymmetric rank 2 tensor such as Fµν can be expressed in terms
of two cartesian vectors, an axial vector V1 and a polar vector V2, while
a four-vector can be expressed in terms of a scalar c1 and a cartesian polar
vector V3 in the following way[18]

Aµν =

 0 V1x V1y V1z

−V1x 0 −V2z V2y

−V1y V2z 0 −V2x

−V1z −V2y V2x 0

 , (1.74)

Aµν = (V1,V2) , Aµν =

(
−V1

V2

)
, bν = (c1,−V3) , bν =

(
c1
V3

)
.

(1.75)

A contraction between such a rank two tensor and a four-vector results in
another four-vector, and will be expressed as

Aµνb
ν = (V1,V2) #

(
c1
V3

)
= (V1 ·V3,−c1V1 + V2 ×V3) . (1.76)
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Here correct indexing is crucial for succes. Using this notation and writing
Fµν = (E,H), where E is the electric field and H is the magnetic field, the
first term in eq. (1.73) becomes

e2

m2c4
FµνFνσu

σ = γ
e2

m2c4
Fµν (E,H) #

(
1
v
c

)
, (1.77)

= γ
e2

m2c4

(
−E
H

)
#
(
v·E
c ,−E + H×v

c

)
, (1.78)

= γ
e2

m2c4

(
E ·E−E · H×vc

v·E
c E + E×H + 1

cH× (H× v)

)
. (1.79)

Before doing the contraction of index ν on the second term, ∂σ and uσ is
applied and multiplied respectively onto each element of Fµν .

e

mc2
∂Fµν

∂xσ
uνu

σ = γ
e

mc2

(
−uσ∂σE
uσ∂σH

)
# (1,−v

c ) , (1.80)

= γ2 e

mc2

(
−
(

1
c
∂
∂t + v·∇

c

)
E(

1
c
∂
∂t + v·∇

c

)
H

)
# (1,−v

c ) , (1.81)

= γ2 e

mc3

(
1
cv ·

(
∂
∂t + v · ∇

)
E(

∂
∂t + v · ∇

)
E + 1

cv ×
(
∂
∂t + v · ∇

)
H

)
. (1.82)

The third term is simply a contraction between the two resulting four-vectors
arising from the multiplication of F ρνuν and Fρσuσ.

uµuν
e2

m2c4
F ρνFρσu

σ = γ2uµ
e2

m2c4

(
−E
H

)
# (1,−v

c ) (E,H) #

(
1
v
c

)
, (1.83)

= γ2uµ
e2

m2c4

(
v·E
c

E + v×H
c

)(
v·E
c ,−E− v×H

c

)
, (1.84)

= γ2uµ
e2

m2c4

((
v ·E
c

)2

−
(

E +
v ×H

c

)2
)
, (1.85)

= γ3 e2

m2c4

(
1
v
c

)((
v ·E
c

)2

−
(

E +
v ×H

c

)2
)
.

(1.86)
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The spatial components of gµ, which are defined as γf/c, becomes

FLL = γ
2e3

3mc3

((
∂

∂t
+ v · ∇

)
E− 1

c
v ×

(
∂

∂t
+ v · ∇

)
H

)
+

2e4

3m2c4

(
1

c
(v ·E)E + E×H +

1

c
H× (H× v)

)
−γ2 2e4

3m2c5
v

((
E +

v ×H

c

)2

−
(

v ·E
c

)2
)
,

(1.87)

and in the case of H = 0, gives

FLL = γ
2e3

3mc3

(
∂

∂t
+ v · ∇

)
E+

2e4

3m2c5
(v ·E)E

− γ2 2e4

3m2c5
v

(
E2 −

(
v ·E
c

)2
)
.

(1.88)

which is the expression used in all crystal simulations when no magnetic fields
are present and leads to the Landau Lifshitz (LL) equation of motion for a
charged particle in an external electric field

dp
dt

= eE +
2e3

3mc3

[
γ (v ·∇)E +

e

mc2
(v ·E)E− γ2e

mc2
v

(
E2 −

(
v ·E
c

)2
)]

.

(1.89)
For high energy the last term in the LL force dominates due to the factor γ2

and is the main driving term for slowing down the particle. The first term in
the LL force which is often called the Schott or the derivative term, depends
on the derivative of the field. This is the second most dominant term and
behaves differently from the last term by being parallel to the electric field
instead of the velocity, meaning that it dampens the acceleration and hence
the radiation emitted. The Schott term is also only feasible to address using
crystals because high gradients of the fields can be achieved, compared to
lasers where the field changes over a wavelength (800 nm), where in crystals
the field changes over the length of an atom (1 Å).

1.4 Pair Production

Throughout the thesis, two different electron positron pair production cross
sections are used, a Bethe-Heitler type cross section and a cross sections based
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on the Local Constant Field Approximation, similar to what is described in
section 1.2. Here both cross sections are shown without detailed derivations
as they have only been implemented in simulations.

1.4.1 Bethe-Heitler Pair Production

When a photon exchanges a virtual photon with a target nucleus carrying a
charge Z, the photon might decay into an electron positron pair. From second
order time dependent perturbation theory in the interaction with the nuclei,
Tsai [38] gives a differential pair production probability, similar to the Bethe-
Heitler formula, that is accurate to within a few % down to photon energies
of 1 GeV

dP
dldx

=
1

X0

[
1− 4

3
x(1− x)

]
, (1.90)

where x = E−/Eγ is the energy ratio between one of the produced particles
and the initial photon energy and l is the distance traveled in the material
with radiation length X0. The total probability of pair production is obtained
by integrating over x from 0 to 1, which gives

dP
dl

=
7

9X0
. (1.91)

The above formulas are displayed in units of the radiation length, where usu-
ally one would have to also multiply by the density of the material and the
molar mass of the target constituents. For compound targets such as lead
glass, using only the radiation length therefore makes calculations much sim-
pler.

1.4.2 Pair Production in the Local Constant Field
Approximation

The process of pair production is in many ways identical to photon emission,
where crossing symmetry between incoming and outgoing particles allows one
to retrieve the pair production cross section from the photon emission cross
section, and afterwards summing over the proper final and initial states. Fol-
lowing the derivation in section 1.2, it is clear that the choice of electron wave
function impacts the result heavily, and we have for now only implemented
and worked with the LCFA version of pair production where the wavelength
of the external plane wave goes to infinity. Since we are not concerned with
polarization effects, the total probability which is the sum of the parallel and
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perpendicular polarization directions of the incoming photon with respect to
the external electric field is used. For an unpolarized photon in a constant
electromagnetic field, the differential pair production probability per unit time
is given by [20, 21, 22]

dPpair

dxdt
(χγ , x) = α

m2

Eγ

{∫ ∞
z̃

dt′Ai(t′) −Ai′(z̃)w − 2

z̃

}
, (1.92)

where Eγ is the photon energy, z̃ = [w/χγ ]2/3, Ai′ is the derivative of the Airy
function Ai and χγ is the quantum non linearity parameter of the emitted
photon. Here the parameter w = 1/(x(1 − x)) is related to the energy ratio
x = E−/Eγ . Integrating this over the energy ratio x gives the total pair
production probability for an unpolarized photon in a locally constant strong
electromagnetic field per unit time given by [39, 20, 21, 22]

dPPair
dt

= −α 2m2

3Eγ

∫ ∞
4

dw
(2w + 1)

w
√
w(w − 4)

Ai′(z̃)
z̃

. (1.93)

1.5 Channeling and Oriented Crystals

The following section describes one of the few methods to address strong field
effects through oriented single crystals, this is a slightly revised version of the
theory section of the paper [1].

When a charged particle is incident at a small angle to a major crystallo-
graphic direction, its motion is in first approximation governed by successive,
correlated small-angle collisions with screened target nuclei. Effectively, the
trajectory of the particle is determined by the continuum potential obtained
by smearing the atomic charges along the axis or the planes with which it is
nearly aligned, [40, 41] and [42, 34]. The continuum potential (energy) varies
in the two directions transverse to the axis in the former case, and in the
single transverse direction to the planes in the latter. In the axial case, for
instance, the continuum potential reads

U(r) =
1

d

∫ ∞
−∞

dzV (r, z) , (1.94)

where V denotes the potential energy pertaining to the interaction between
the projectile and a target atom, z is the coordinate along the atomic row, r
the transverse distance to the center of the axis, and d is the average spacing
between atoms along it. For a single isolated row of atoms, U has rota-
tional symmetry, Eq. (1.94). For a true crystal there will be a periodicity
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in transverse space, U = U(r). In the work presented later in the thesis,
the Doyle-Turner potential which is based on an analytical approximation to
relativistic Hartree-Fock atomic potentials, is used for all crystal simulations.
For a single row of atoms and unit projectile charge it reads

U(r) = ± e
2

a0

2a2
0

d

4∑
i=1

ai
Ci

e−r
2/Ci , (1.95)

where the sign reflects that of the incoming charge (±|e|),

Ci = Ci(ρ) ≡ bi/4π2 + ρ2 , (1.96)

and ρ denotes the two-dimensional root-mean-square thermal displacement of
the atom from the equilibrium position. For details and explicit values of the
coefficients ai (Å) and bi (Å2) see [43, 44, 45], for values of the thermal vibra-
tion amplitude see [46]. The Doyle-Turner potential for a single continuum
plane similarly takes the form

U(x) = ±2π1/2 e
2

a0
a2

0ndp

4∑
i=1

ai

C
1/2
i

e−x
2/Ci , (1.97)

where x is the distance from the plane, dp the distance between neighboring
planes, and n the atomic density.

For a particle of mass M and energy E whose motion is governed by
the continuum potential, the z-component of the force exerted by the crystal
vanishes. Hence its longitudinal momentum pz will be a constant of motion.
In consequence also the "longitudinal energy" Ez ≡ (p2

zc
2 +M2c4)1/2 as well

as its "transverse" counterpart E⊥ ≡ E−Ez are conserved. The latter is com-
posed of the potential energy belonging to the interaction with the continuum
crystal and kinetic energy associated with the transverse motion. Channeling
is a phenomenon that occurs when the motion of the charged particle is bound
around a single string of atoms or between a set of adjacent planes, that is,
to the kinetic energy associated with the transverse motion being less than
the depth or height U0 of the continuum potential. For GeV electrons and
positrons quantum states are close-lying and the motion is effectively classical.
This is revealed by an estimate of the number of bound states of transverse
motion; in the axial case this number is of order the Lorentz factor γ, in the
planar case of order γ1/2. In the current investigation γ ∼ 105. For a thor-
ough discussion of the motion of charged particles in aligned single crystals,
including details on the differences and similarities between planar and axial
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channeling, the reader is refered to the original publication by J. Lindhard
[40], the extensive lecture notes by J. U. Andersen [41], as well as review
articles [42, 34].

The “critical angle” or “Lindhard angle” provides a measure for incidence
angles to crystal axes or planes below which a high fraction of the incoming
particles will be channeled. In the axial case, where it is usually denoted ψ1,
the critical angle assumes the value

ψ1 =

√
4Ze2

pvd
=

α
√
γβ

√
4Za0

d
(1.98)

for unit-charge impact at momentum p and velocity v = βc on a target of
atomic number Z. In the planar case the corresponding expression is

ψp =

√
4Ze2ndpCa

pv
=

α
√
γβ

√
4Za0ndpCa , (1.99)

where C2 is a constant normally set to 3 and a is the atomic screening length
usually chosen as the Thomas-Fermi value a = 0.885a0Z

−1/3. Note that ψ1

and ψp both scale as 1/(pv)1/2, that is, for high values of the Lorentz factor
they decrease in proportion to 1/

√
γ.

The motion of a penetrating charged particle according to the contin-
uum model is perturbed by the difference between the true lattice potential,
accounting for discreteness of target constituents and fluctuations in position
due to thermal vibrations and quantum behavior, and the continuum poten-
tial. In simulations, scattering on individual target atoms and electrons at
each time step in the integration is included by an energy conserving veloc-
ity change selected at random according to a Gaussian distribution of width
proportional to the root-mean-square multiple scattering angle pertaining to
the distance traveled during the time step. As in other simulations, e.g. [47],
the deflection in the continuum potential is neglected in the calculation of
this scattering. The error committed by such omission appears for diffraction
and bremsstrahlung in oriented single crystals in the quantum perturbation
limit as a reduction by 10–20% below the amorphous yield of the incoherent
contribution, see e.g. [42] (the reduction factor, typically 0.8–0.9, is 1 minus a
Debye-Waller factor in the Born approximation). The unsystematic or inco-
herent scattering is presumed to follow the local density of the scatterer. For
scattering on target electrons, the application of the local density may at first
seem somewhat questionable but it remains a reasonable approximation since
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distant collisions between the projectile and target electrons only perturb the
channeling or near-channeling motion marginally [41].

With the assumption of uncorrelated electron and nuclear contribu-
tions to multiple scattering, the mean-square scattering angle is the sum of
the mean-square angles belonging to each of the two types of collisions. By
introduction of the radiation length X0 corresponding to the (average) den-
sity of target atoms, the result derived in [16] for the nuclear contribution
over a distance ∆l may, for projectiles of unit charge and velocities near c, be
expressed as

〈θ2〉n
∆l

=
4πα−1m2c4

E2

1

X0

nn(r)

n
, (1.100)

where the constant in the numerator equals (21.2 MeV)2. For a single trans-
verse direction, the mean-square scattering angle is half the value displayed
in Eq. (1.100) corresponding to a constant of (15.0 MeV)2. When applied in
Eq. (1.100) the radiation length should not include the electron contribution,
that is,

1

X0
= 4αr2

enZ
2 ln (184Z−1/3), (1.101)

where Z is the target atomic number and the argument of the logarithm is
according to [48]. It may be noted that the formula quoted in [48] for the root-
mean-square multiple scattering angle in one dimension contains a slightly
different constant than the 15.0 MeV corresponding to the expression (1.100),
namely 13.6 MeV. As explained in [49], fits to numerical simulations pro-
duce the latter value along with a depth dependence of the root-mean-square
scattering angle which, besides the square root of the penetrated depth, also
contains a logarithmic term. This simplified implementation of the multiple
scattering is inconsistent with such dependence. We therefore stick to the
expression (1.100), the error committed being at the same level as those due
to the other approximations made in simulations.

For impact of a heavy particle of unit charge at high γ, the electronic
contribution to the mean-square multiple scattering angle (two independent
transverse directions) attains the value [50]

〈θ2〉el
∆l

=
4πr2

e

γ2

[
ln

(
2mγ2c2

I
− 1

)]
nel(r), (1.102)

where I is the mean ionization potential. In this form, the average of the
squared scattering angle due to collisions with target electrons has been ex-
pressed in terms of the electronic stopping power. Restriction to close colli-
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sions is included by division by a factor of 2 reflecting the equipartition be-
tween close and distant collisions in electronic stopping (see also [40]). While
it is standard to apply (1.102) the expression may appear odd since it contains
the local electron density along with the global electronic stopping logarithm
(from Bethe’s expression for the stopping power) which corresponds to a max-
imum range of interaction increasing with γ and reaching far beyond a single
channel at the energies considered in the studies presented in this thesis. Fur-
thermore, at high energies the stopping logarithm is actually smaller than
that appearing in (1.102) due to polarization of the target electron gas, the
so-called density effect. But without the density effect there is equipartition
between close and distant collisions for heavy particles and hence Eq. (1.102)
applies. For electron or positron impact the electronic contribution will ac-
tually be less since, due to kinematics, close collisions contribute less than
for heavy particles, in our case about 1/3 less. We have ignored this differ-
ence and applied Eq. (1.102) for the electronic contribution to the multiple
scattering. The electronic contribution is generally of minor importance ex-
cept for “proper” channeled positrons which move through the crystal in open
channels far from target nuclei.

In the harmonic approximation for interatomic forces the local density
of target nuclei to enter Eq. (1.100) reads

nn
string(r) =

1

πρ2d
e−r

2/ρ2 (1.103)

for an isolated row of atoms and

nn
plane(x) =

ndp√
πρ
e−x

2/ρ2 (1.104)

for a single plane. The same distributions were applied in the derivation of
the expressions (1.95–1.97) for the continuum potential. The local electron
density may be obtained from Doyle and Turner’s fit to the X-ray scattering
factor [43]. For an isolated string of atoms the density is given as [51]

nel
string(r) =

1

πd

4∑
i=1

a
(X)
i

C
(X)
i

e−r
2/C

(X)
i + c(X)nn

string(r), (1.105)

where
C

(X)
i = C

(X)
i (ρ) ≡ b(X)

i /4π2 + ρ2 . (1.106)
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For an isolated plane, the expression is

nel
plane(x) =

ndp√
π

4∑
i=1

a
(X)
i√
C

(X)
i

e−x
2/C

(X)
i + c(X)nn

plane(x). (1.107)

For details and explicit values of the coefficients c(X), a(X)
i , and b(X)

i see [43].
Note that c(X) +

∑4
i=1 a

(X)
i = Z.

1.5.1 Radiation From Unsystematic Scattering

The radiation resulting from unsystematic scattering on target constituents,
which we account for in simulations through the inclusion of multiple scat-
tering in the determination of the trajectory entering the radiation integrals,
poses a separate challenge. For a small change in velocity happening over a
distance sufficiently short that the variation of the phase in the exponential
factor in the intensity eq. (1.49) is negligible, that is, for a distance short
compared to the formation length, the radiated intensity amounts to

dEγ
dω

=
2

3π

e2

c
γ2|∆β|2 (1.108)

according to classical electrodynamics [16]. The result holds for |∆β| smaller
than, approximately, 2/γ (dipole regime) beyond which the intensity becomes
small. A derivation based on the BCK formula (1.49) yields [52]

dEγ
d~ω

=
2

3π
αγ2|∆β|2

(
1− ~ω

E
+

3

4

(
~ω
E

)2
)
, (1.109)

which reduces to (1.108) in the classical limit. In simulations, the distance
traveled during one time step is much smaller than the formation length. The
time steps used are such that essentially all velocity changes computed ac-
cording to the multiple scattering distributions in one time step are less than
2/γ and hence contribute to the radiation according to Eq. (1.108) or (1.109).
However, in the collision with a single atom, the mean-square scattering angle
is about twice the average of the square of the scattering angles contributing
to bremsstrahlung. In other words, if |∆β|2 in (1.109) is replaced by 〈θ2〉
as given by Eq. (1.100), a radiation intensity twice that given by the Bethe-
Heitler formula for bremsstrahlung results. Hence the radiation associated
with unsystematic scattering is overestimated by a factor of 2, essentially, in
our implementation. See also [53] for a similar note. To account for this,
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we reduce the multiple scattering, Eqs. (1.100) and (1.102), by a factor of 2.
This reduction may be seen as a way to compensate for the dipole approxima-
tion implicitly imposed by our numerical procedure to the multiple-scattering
contribution to the radiation. Our simulations then produce the correct high-
energy Bethe-Heitler tails of the radiation spectra visible beyond the coherent
contribution pertaining to motion in the continuum potential. The reduced
redistribution over "transverse energies" is expected to have minor influence
on the radiation spectra.

1.6 Tightly focused lasers

This section describes the analytical models of linearly polarized tightly fo-
cused lasers used in numerical simulations throughout the thesis. Emphasis in
this section will be put on Gaussian laser beams focused by parabolic mirrors.
Later chapters include work done to numerically solve the resulting focused
laser field given a laser field with an arbitrary wave front and intensity distri-
bution focused by a parabolic mirror with arbitrary apertures. The analytical
models described in this section are simply stated for completeness and no
details in the derivations are given.

Focusing a Gaussian laser pulse with a transverse intensity distribution
given by I ∝ exp[−2(r/w)n] with r2 = x2 + y2, n = 2 and a mirror with
diameter dm � 2w will result in a Gaussian intensity distribution around the
focus [54, 55, 56]. This has been solved to first order analytically (often called
the paraxial approximation or the Gaussian beam approximation) where the
vector E = E(r, z, t) is given by [54, 55]

E = E0
w0

w(z)
exp

[
− r2

w2(z)
− 2 ln(2)

(ct− z)2

c2τ2
0

]
× Re

{
exp

[
iω(t− z/c)− ikr2

2R(z)
+ iψg(z)

]}
e⊥ (1.110)

with B = n×E where n is the direction of propagation of the laser pulse. Here
E0 is the peak electric field at the focus, w(z) = w0

√
1 + (z/zR)2 describes

the evolution of the beam width as a function of distance z from the waist, and
zR = πw2

0/λ is the Rayleigh length. Furthermore, the wave-front curvature is
described by R(z) = z[1 + (zR/z)

2], ψg(z) = arctan(z/zR) denotes the Gouy
phase and Re denotes the real part of what is inside the parenthesis. If we
assume that the laser pulse is not extremely short, i.e., cτ0 � λ, the spatial
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and temporal evolution can be decoupled and treated individually (τ0 denotes
the FWHM pulse duration of the intensity profile).

The above model is a first order approximation to the field at the focus
of a parabolic mirror, and for higher intensities, higher order corrections are
needed to ensure correct behavior of particles moving through the field [57]. In
numerical simulation codes throughout the thesis, up to fifth order corrections
in the diffraction angle ε = w0/zr is implemented through [57]

Ex = E

{
S0 + ε2

[
ξ2S2 −

ρ4S3

4

]
+ε4

[
S2

8
− ρ2S3

4
− ρ2(ρ2 − 16ξ2)S4

16
− ρ4(ρ2 + 2ξ2)S5

8
+
ρ8S6

32

]}
(1.111)

Ey = Eξν

{
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[
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ρ4S5

4

]}
(1.112)

Ez = Eξ
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(1.113)

Bx = 0 (1.114)
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where
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, (1.117)
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and

E = E0
w0

w
exp

(
− r

2

w2
− 2 ln(2)

(ct− z)2

c2τ2
0

)
. (1.119)

Here ρ = r/w0, ξ = x/w0 and ν = y/w0. The fields described above are
assumed to be x polarized and propagating along the +z direction with its
focus at x = y = z = 0.

The Gaussian beam models are fully defined by the wavelength, tem-
poral pulse length, peak electric field strength and the width w0 at the focus.
Usually the peak intensity is given in terms of the energy in the laser pulse, as
this is a more well known parameter in an experiment. The peak electric field
E0 for the first order Gaussian beam is obtained by considering the integral
of the energy density u of the laser pulse [16]:

EL =

∫
ud3xdt =

∫
ε0
2

(E2 + c2B2)d3xdt, (1.120)

where EL is the total energy contained in the laser pulse and ε0 is the vacuum
permittivity. In the paraxial approximation we have that E2 = cB2, which
means that

EL =

∫
ε0E

2d3x. (1.121)

Using eq. (5.26) we get the following relation between the peak electromag-
netic field E0 and the total energy in the pulse

E0 =

√
8EL

w2
0τ0ε0c

√
ln (2)

π3
, (1.122)

while the peak intensity is given by

I0 =
cε0
2
E2

0 =
EL

πτ0w2
0

4

√
ln(2)

π
≈ 2EL
πτ0w2

0

(1.123)

This estimate for the peak field will also be used for the fifth order Gaussian
beam approximation, given the total energy in the pulse.

The intensity of a laser field is often given by the classical intensity
parameter [58]

η = eE0/(ωmc) ≈ 0.60µm−1λ

√
2I0 × 10−18W−1cm2. (1.124)
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As mentioned earlier, corrections become increasingly important for more
intense laser fields [57], but also increase the computation time of the field
considerably in numerical simulations. For low intensity fields its is therefore
more efficient to use the first order Gaussian beam approximation which is
why both models are implemented in the simulation platform developed to
accurately simulate collisions between electrons and pulsed laser fields.



CHAPTER 2
GPU Accelerated Simulation
of Channeling Radiation of

Relativistic Particles

This chapter is almost identical to the paper [3] where a GPU (Graphics Pro-
cessing Unit) accelerated implementation of the radiation integrals is shown,
for particles penetrating aligned crystals. A few of the figures displayed are
also shown in my master thesis, references are supplied. The theoretical mod-
els implemented in the code are described in detail in sections 1.1 and 1.5.

The problem at hand is numerically extremely difficult since evaluating
the radiation spectra involve integration of rapidly oscillating functions. This
code utilizes the enormous parallelism available on GPUs. Thus evaluating
radiation from ultra-relativistic particles is now possible with the enhanced
double precision capabilities in modern GPUs such as the Nvidia GP100 [59],
GV100 [60] and the Titan V (which is equipped with the same chip as the
GV100 [61]). The code is written in C++/CUDA1, where the serial task of
solving the equation of motion of single particles is done on a CPU, while the
radiation integrals are solved on the GPU.

1CUDA is a C/C++ parallel computing platform designed to implement the use of
GPUs for general purpose programming. This allows the user to launch thousands of
parallel processes. https://www.geforce.com/hardware/technology/cuda
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Other codes for the purpose of evaluating radiation from relativistic
particles have been developed, see e.g. [62], an implementation in the existing
Meso Bio Nano explorer software (MBN Explorer). This software is very
capable, but for larger calculations it requires large CPU clusters. For many
research-groups, gaining access to large CPU clusters is not possible, and we
show in this paper that by using GPUs, these very demanding numerical tasks
can be performed on personal workstations.

2.1 Code implementation

The entire program can be divided into two parts; calculating the trajectory
and calculating the radiation integral, given the trajectory. The two parts
work independently and the radiation integrals are evaluated on the GPU
while the trajectories are evaluated on the CPU. The reason why the trajec-
tories are not evaluated on the GPU is because the task of solving the equation
of motion is a serial task which only has to be done once for each particle and
the number of particles usually does not exceed 2000 per simulation. This
means that we are not even close to saturating high end GPUs.

On fig. 2.1 a diagram of the code structure is shown. This outlines the
basic steps that are taken in the process of evaluating a radiation spectrum.
The trajectories are evaluated with a Runge-Kutta (RK45) Ordinary Differ-
ential Equation (ODE) solver which features step size modulation. We have
implemented this method including a lower bound on the modulated step size
in order to avoid step sizes converging to zero due to stiffness of the differen-
tial equation. The stiffness of the differential equation only affects the part
of the trajectory for electrons very close to the string in the axial case. The
error imposed by setting a fixed lower step size, which is reached in only a few
steps during a simulation of 1000 particles, we estimate is much lower than
the inaccuracy of the theoretical models used to calculate the fields and mul-
tiple scattering. Since Monte Carlo based processes are included, like multiple
scattering, we first do one step with the ODE solver, and afterwards change
the trajectory by hand, based on the Monte Carlo processes. This step can be
modulated in size within the solver but it returns only the trajectory at the
point in time specified by the step. In this way we can control the resolution of
the trajectory, which is vital when calculating the radiation spectrum, as for
high-frequency photon emission the radiation integral oscillates much more
rapidly and more points in time are required for the integral to converge.

We have written a library that evaluates the effective electric field and
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Initialization
of run

Loop over slices

RK45 

Electric fields

Loop Over steps 

Monte
Carlo Processes 

Calculate spectrum
for slice on GPU

Loop over particles (openMP)

Copy trajectory to
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Copy spectrum to
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Return average 
spectrum

Set particle initial
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Figure 2.1: Flow diagram of the code. As the crystal is divided into sections in
which the spectrum is evaluated, we loop over each of these sections, which we call
a slice. A step is going from one point in the trajectory to the next.
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gradient of the field as a function of position within the crystal and which
crystal type/orientation we are using. This library features the placement of
strings and planes for FCC and BCC crystals in the (111), (110), (100), 〈111〉,
〈110〉 and 〈100〉 orientations. The elements which have been implemented are
Silicon, Diamond, Germanium and Tungsten, with easy implementation of
new elements which have the same crystal structure.

When the trajectory is evaluated, it is copied onto the GPU memory
on which the spectrum pertaining to the trajectory is evaluated and copied
back to the CPU. By only copying the trajectory and the spectrum once, we
limit the amount of data copied between GPU and CPU and therefore reach
more than 99% workload on the GPU during the entire simulation.

To produce a spectrum of the type dI/dω we need to evaluate the
spatial integral over dΩ for every frequency ω in the spectrum. We therefore
have to evaluate the integral over the same trajectory Nx ×Ny ×Nω times,
where Nx and Ny is the number of points in the spatial integral in the x and y
direction respectively and Nω is the number of points in the spectrum. As an
example, it is not unreasonable to have Nx = Ny = 50 and Nω = 100, when
multiple scattering is included, which amounts to 0.25 · 106 integrals over the
same trajectory. When multiple scattering is included the spatial features of
the spectrum are spread out and only 50 points in both spatial dimensions
are needed, but if multiple scattering is not included, and the particle follows
a periodic motion, the spatial features become very narrow, and depending
on how many periods the integral contains, we could need more than 3000
points in both spatial dimensions. This would amount to 900 · 106 individual
integrals over the same trajectory, which at this point begin to approach the
limit of how much memory is accessible on the GPU. The average spectrum
of a beam of particles would then be the average spectrum of many particles
with different initial conditions entering the crystal.

The above point is also one of the reasons why we evaluate the trajec-
tories on the CPU individually, and only evaluate the spectrum pertaining to
one trajectory on the GPU at a time. The GPU is saturated with work by
evaluating a spectrum from just one particle, which means that we do not lose
much performance by evaluating trajectories on the CPU. To always keep the
GPU saturated by work we use openMP to evaluate trajectories in parallel on
the CPU, each CPU thread then instructs the GPU to evaluate the spectrum
pertaining to its trajectory. This means that the GPU can be working on the
spectrum from one CPU thread, while another CPU thread is evaluating an-
other trajectory. Depending on which energy, crystal orientation and number
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of integrals per trajectory we need, the time it takes to evaluate a trajectory
can either be faster or slower than evaluating a spectrum. So it can in some
cases affect the performance a lot if you are balancing between which process
is the fastest. Evaluating a trajectory for a planar oriented crystal is generally
faster by up to an order of magnitude than evaluating a trajectory in the axial
case.

The workload on the GPU is distributed such that each thread on the
GPU evaluates one integral and saves the result in a cube (3 dimensional ma-
trix corresponding to the dimensions Nx, Ny and Nω). This cube is copied
back onto the CPU where we do the final sum over the spatial integrals eval-
uated by the GPU and produce the final spectrum.

As already mentioned the radiation spectra rely on small differences be-
tween large numbers, this means that we need high precision on the data type
used, and we are required to use double precision numbers when calculating
the trajectory and the radiation spectrum. This is required even though we
do a series expansion as explained in section 1.1.

A version of the code can be found in the repository on 2.

Test of integral implementation

To test the numerical implementation of eq. (1.18), we evaluated the radi-
ation emitted from an electron traversing a plane strong undulator in the
z-direction, with a magnetic field in the y direction:

Hy = B0sin
(

2πz(t)

λ

)
. (2.1)

In the test we used a magnetic field strength B0 = 1 T, an undulator period
length λ = 53 mm, an electron at 2 GeV and N = 20 periods. The resulting
radiation is compared to the analytical expression found in [63]. On fig. 2.2 the
radiation evaluated with the CUDA program in the forward direction is shown
together with an analytical solution to the problem and their relative error.
We clearly see good agreement between the two solutions. In the vicinity of
the peaks the error drops to around 1-2% and in the areas where there is no
peak, we see rather large error oscillations up to 20%, and even a few larger
than 100% which are not shown in the figure. These large errors occur in
areas where the functions are very small. While the analytical solution might
be zero by construct in the valleys, small numerical errors in the program

2https://gitlab.au.dk/au483748/channelingradiation.git
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Figure 2.2: Figure from [14]. Radiation Spectrum from a 2 GeV electron in
an undulator in the forward traveling direction, with an undulator period length
λ = 53 mm, N = 20 periods and a magnetic field strength B0 = 1 T. The figure
on the left shows the radiation spectrum evaluated using the CUDA program (blue),
together with an analytical solution to the same problem (red), found in[63]. The
inserted figure is a zoom on the peak at 380 eV and even in this case the blue
curve is hardly visible due to the almost perfect match with the red curve. The
figure on the right shows the relative error between the two solutions. The inserted
figure is a zoom of what corresponds to the peak around 380 eV.

result in large relative deviations from the analytical solution. These error
patterns are therefore expected.

We also evaluated the energy radiated per solid angle dI/dΩ in an area
with a maximal opening angle of 5/γ, numerically integrating eq. (1.56) with
respect to ~ω from 0-500 eV. This is shown on fig. 2.3, together with the
relative error in percent between the solution found by the CUDA program
and the analytical solution. We again see good agreement between the CUDA
program and the analytical solution, with relative errors within a few percent,
except in a small area. In fig. 2.3 we only show relative errors up to 14% in
order to highlight the smaller errors, but in the center of the area with the
large errors lies a few points with up to 200% error which is not shown.
These large errors, are again results of small numerical errors in the CUDA
program. The function values we compare in the area are very small, and a
small numerical error will result in large differences between the functions.

From this test we conclude that the CUDA program written to eval-
uate radiation emitted from accelerating charged particles given the particle
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Figure 2.3: Figure from [14]. dI
dΩ from a 2 GeV electron in an undulator with

an undulator period length λ = 53 mm, N = 20 periods and a magnetic field
strength B0 = 1 T. The integrated photon energy range is 0-500 eV. Left figure
is the solution found by the CUDA program. Right figure is the relative error
in percent between the solution found by the CUDA program and the analytical
solution found in[63].

trajectory works, and could be used to evaluate the radiation emitted from
arbitrary motion, e.g. positrons and electrons channeled in crystals. We
therefore proceed to testing this as described in the next section.

Test of trajectory implementation

We test the implementation of the continuum potential by evaluating the ra-
diation emitted from a 50 GeV positron traversing a (110) oriented Si crystal,
initially moving at an angle of 300 µrad with respect to the crystal planes
with an initial position between two planes. These simulations are compared
to quantum mechanical calculations using the formulation of coherent brem-
strahlung found in [64, 65]. Here the particle is treated as a plane wave
traversing the crystal planes at an angle. This model breaks down for small
angles, while the continuum model breaks down for large angles. Even though
the models break down in different regimes, the positions of the harmonic
peaks are accurate, as this is a kinematic effect related to the frequency of
which the particles traverse a plane. On fig. 2.4 the spectra using the classical
radiation integral and the BCK model is shown together with the coher-
ent bremstrahlung calculation which we call Maratea, produced by Allan H.
Sørensen from Aarhus University. It is clear that the classical model no longer
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Figure 2.4: Radiation spectrum from a 50 GeV positron traversing the (110)
plane of Si at an angle of 300 µrad. The label MS tells whether multiple Coulomb
scattering is included or not. The classical and BCK model are both the result
from the CUDA/C++ program, and the curve labeled Maratea is the result of a
quantum mechanical calculation done by Allan H. Sørensen at Aarhus University,
using the model described in [64, 65].

agrees with the quantum calculations, since effects like the photon recoil is
neglected. The discrepancy between the classical model and the BCK model
starts to show even at 5 GeV photon energies (10% of the incoming particle
energy). We see good agreement of the location of the harmonic peaks be-
tween the BCK and the Maratea model. It is clear that including multiple
Coulomb scattering is necessary to describe the level difference at high photon
energy, which relates to incoherent bremstrahlung.

A final test of the implementation of radiation emission when multiple
Coulomb scattering in oriented crystals is included, involves evaluating the
radiation spectrum from 6.7 GeV positrons and electrons traversing the (110)
plane of a 0.105 mm thick Si crystal. On fig. 2.5 we show a comparison of
the theoretical spectrum with experimental data measured by the authors
from [66]. By considering the beam divergence and angular resolution in the
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Figure 2.5: Radiation spectra from 6.7 GeV positrons and electrons traversing
the (110) plane of a 0.105 mm thick Si crystal. Entry angles of the particles in
the simulation are uniformly distributed between ±110 µrad. The squares and
triangles are experimental data points digitized from [66].

experimental cuts, the entry angle of the simulated particles is chosen to follow
a uniform distribution of angles between ±110 µrad. We see good agreement
between simulation and experiment, even when looking at the spectral features
of the radiation from the positrons.

2.2 GPU vs CPU

In this section we compare computation times of the radiation integrals be-
tween different GPUs and CPUs. We will be using a variety of GPUs to also
illustrate the performance increase between GPUs. The two CPUs used in
the test are the Intel 7820x processor, which features 16 parallel cores and
the second CPU is the Xeon Gold 6140 processor, featuring 36 parallel cores.
The GPUs used in the test are the GeForce 1080ti, Titan V and the Quadro
GP100. The code used for the CPU’s are nearly identical to the GPU version,
as the data structure and function evaluations are the same. Since the data
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Figure 2.6: Computation time as a function of the number of evaluated radiation
integrals (eq. (1.56)), each integral has 3000 points in time. The 7820x CPU has
16 parallel cores, and the Xeon processor has 36 parallel cores.

structure used are only c-style arrays and the fact that we only use low-level
math functions like sines and square roots, the GPU code is also optimized
well for CPU’s. The only difference is that no data is transferred between
GPU and CPU, and that now only one thread is working on the spectrum
from a single trajectory if many particles are simulated. In the following tests
we only simulate one particle, which means that all threads available on the
CPU will be working on the spectrum just like in the GPU case, evaluating
one integral each.

The test involves measuring the computation time of a certain amount
of radiation integrals of the form in eq. (1.56). Each integral consists of
3000 points in time, which corresponds to ≈ 0.01 mm thick planar oriented
crystal. To do the spatial integration of dΩ, one has to calculate the integral
eq. (1.56) for a certain number of points in space, which in the case of the
spectra in fig. 2.4 amounts to 5 · 106 points in space, since the spatial spectral
features become very narrow when propagating a particle along the same
oscillatory motion for an extended time. Then to produce a spectrum one
has to also calculate each integral for each photon frequency in the spectrum,
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corresponding to 5 · 108 integrals in total. It is therefore necessary to see how
each chip performs as a function of the number of integrals.

On fig. 2.6 the computation time for each chip is shown. The processors
are run in single core mode, doing every integral sequential, and in parallel
mode, meaning that their 16 and 36 cores respectively are working in parallel.
As expected the CPUs have faster computation time for very low number of
threads, we also see that the single core processors are faster than the parallel
processor, which is due to the overhead of starting a parallel process. We see
a flat trend for each GPU for ≈ 104 threads, this is due to the amount of cores
available on the GPUs not saturated with working threads. The number of
threads needed before each GPU is saturated is different for each GPU and
we see that the first GPU to reach saturation in threads is the 1080ti which
is expected. What is perhaps not expected is that the most expensive GPU,
the Quadro GP100, reaches saturation before the Titan V. After saturation
the computation time for the GPUs become linear in number of threads, as
the CPUs. From fig. 2.6 we also see that the number of threads needed for
the Xeon CPU and the Titan V GPU to reach identical performance is only
350, after which the Titan V is faster.

On fig. 2.7 the speed-up of each chip is shown compared to the 7820x
processor in parallel mode. Here each chip is fully saturated by threads. As
expected we see a factor of ≈ 2 between the 36 cores from the Xeon processor
and the 16 cores on the 7820x processor, while we reach a speed up of 205.1
for the Titan V.

This shows that if one had a parallel job capable of running effectively
on GPUs, a single Titan V could replace a computer cluster running almost
100 nodes, each equipped with a 36 core Xeon processor.

One thing also worth noting is that these integrals require double pre-
cision operations. The architecture on the Titan V and the GP100 allows for
much faster double precision calculations than earlier models like the 1080ti
[67] and even the new Titan RTX which is not built to support effective double
precision calculations [61]. Choosing a GPU for a specific job therefore de-
pends on the datatype used in the calculation, which becomes more important
when calculations require double precision.
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Figure 2.7: Speed up with respect to the 7820x processor running in parallel
mode. The speed up value for each chip is listed above their respective bar.

2.3 Concluding remarks and future
implementations

The current version of the CUDA code is a platform capable of evaluating both
classical and quantum mechanical radiation spectra from charged relativistic
spin 0 and 1/2 particles following arbitrary classical trajectories. These cal-
culations are done on a single GPU and an even higher speedup could be
achieved using a cluster of GPUs. The bottleneck in computation time is cal-
culating the actual trajectory of particles when simulating particles traversing
oriented single crystals. The C++ program feature axial and planar oriented
crystal trajectory simulations for Tungsten, Diamond, Germanium and Sili-
con. Every particle trajectory is calculated in parallel on the CPU and an
implementation where many particle trajectories are evaluated in parallel on
the GPU is of interest.

It is clear from our analysis that GPUs can be a very powerful tool
when extensive calculations become impossible due to computation time. The
evolution of computation performance of GPUs the past decade has pushed
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the boundaries of what is numerically possible and we believe that GPUs are
the future of computation in many areas of science, not only physics.

GPUs are being used in almost every major code implementation pre-
sented in this thesis, whenever the problem can be parallelized, and this spe-
cific simulation platform is used for all projects involving crystal simulations.





CHAPTER 3
Experimental Investigation of
Classical Radiation Reaction

This chapter contains the results from an experimental investigation on the
problem of classical radiation reaction, through experiments done on CERN
in 2017 and 2018. It is almost identical to the paper [1] with some of the
general theory moved to previous chapters.

The Lorentz force accounts for the dynamics of charged particles moving
in the presence of electromagnetic fields and represents a cornerstone of clas-
sical electrodynamics [16, 18]. This fundamental relation is complemented by
Maxwell’s equations, which describe the evolution of the electromagnetic field
due to charged particles in motion. A well-known consequence of Maxwell’s
equations is that accelerated charged particles emit electromagnetic radia-
tion [16, 18]. Under typical experimental conditions the energy radiated by
a charged particle is negligible compared to its kinetic energy, such that the
radiation can be safely neglected in determining the dynamics of the particle.
However, it was realized already at the beginning of the twentieth century [68,
69, 70] that if the particle undergoes large accelerations, the amount of en-
ergy radiated becomes comparable to its kinetic energy such that it is essential
to include the back-action of the radiation, called the radiation reaction, on
the dynamics of the particle [71, 72]. Such large accelerations, due to strong
external electromagnetic fields (called strong-field effects), are achievable for
ultrarelativistic particles penetrating single crystals. The reader is referred to
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[73] for a thorough discussion of the history of the radiation reaction problem,
and to [74, 34, 42] for an introduction to strong-field effects in crystals.

The equation of motion for a light, charged particle, in a strong exter-
nal electromagnetic field must take into account the reaction of the radiation
on its dynamics. This is done by the Lorentz-Abraham-Dirac (LAD) equa-
tion [68, 69, 70]. The LAD equation, however, has peculiar and problematic
features. They originate in a dependence of the additional force due to radia-
tion reaction on the time-derivative of the acceleration, which makes the LAD
equation structurally “non-Newtonian”. The presence of the derivative of the
acceleration allows for the existence of unphysical (“runaway”) solutions, with
the particle acceleration increasing exponentially even if no external field is
present. Runaway solutions can be removed by transforming the LAD equa-
tion into an integro-differential equation [72]. However, as a result of this
remedy, the particle starts to accelerate before it is acted upon by the exter-
nal force, which violates the causality principle.

The Landau-Lifshitz (LL) equation provides an alternative to the con-
troversial LAD equation. It rests on a perturbation expansion which requires
the radiation-reaction force to be much smaller than the Lorentz force in the
instantaneous rest frame of the charged particle [18]. For an electron mov-
ing in an external static electric field E and vanishing magnetic field the LL
equation reduces to [18]

dp

dt
= eE +

2e3

3mc3

[
γ (v ·∇) E +

e

mc2
(v ·E)E

−γ2 e

mc2
v

(
E2 −

(
v ·E
c

)2
)]

. (3.1)

Here e = −|e| is the charge of the electron, p = γmv its momentum, m its
mass, and v its velocity while γ = (1−v2/c2)−1/2 denotes the Lorentz factor.

The radiation reaction phenomenon, and its relation to the LL equa-
tion, have been under active investigation in recent years both theoretically
[75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90] and to some extent
experimentally [91, 92, 93] (see the recent reviews [94, 95, 96] for previous
publications). This paper addresses the validity of the LL equation in char-
acterizing radiation reaction near the classical limit by comparing theoretical
simulations based on the LL equation to a combination of new and previ-
ously published [7] experimental radiation spectra recorded for high-energy
electrons and positrons penetrating aligned single crystals.
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The dynamics of the particles, and the emitted radiation, is sensitive
to the magnitude of the quantum nonlinearity/strong-field parameter χ. The
classical limit is reached for χ tending to 0, while quantum effects influence
the emission spectra already well before χ approaches unity and are dominant
for large values of χ. For emission in a constant field, χ is the ratio of ~ωc
to the primary energy (up to a factor of 3 depending on the convention for
the numerical factor entering the definition of ωc), where ωc is the critical
frequency for synchrotron radiation according to classical electrodynamics.
For a field that is purely electric (E) in the laboratory and transverse to the
direction of motion, which is essentially what is experienced by a positron
or an electron penetrating a crystal under or near channeling conditions, we
have χ = γE/E0. Note that in this case Eq. (3.1) simplifies as two terms
disappear.

The condition for application of the perturbation approach used to de-
rive the LL equation is that the fields experienced by the radiating electron
or positron in its rest frame are small compared with m2c4/e3 [18]. This may
be expressed as δ � 1 where the classical parameter δ, the aforementioned
ratio, may conveniently be expressed as δ = χα although neither χ nor the
fine-structure constant α = e2/~c ' 1/137 appear in classical physics. For
a highly relativistic electron or positron, the radiative damping force is pro-
portional to γ2, Eq. (3.1), and for a purely electric field transverse to the
direction of motion the ratio of the damping force to the external force is
ζ = γ2re|e|E/mc2 (up to a factor of 2/3) where re = e2/mc2 denotes the
classical electron radius. Alternatively, ζ may be expressed as ζ = γδ, that is,

ζ = αγχ = αγ2E/E0 . (3.2)

For experimental investigations approaching the classical regime, i.e. for
χ � 1, it is therefore necessary to have large Lorentz-factors, γ � 1, for
the magnitude of the radiation damping force to be appreciable in compar-
ison with the Lorentz force, that is, to achieve a non-negligible ζ. As em-
phasized by Landau and Lifshitz in a footnote [18], and likely surprising on
first account, a large value of the ratio of the damping force to the Lorentz
force "does not in any way contradict" the application of the perturbation
approach to the derivation of the LL equation. Since the damping force is
longitudinal and the primary force due to the crystal field transverse, their
ratio is not Lorentz invariant. After stating the formula for the ratio of the
damping force to the external force, Landau and Lifshitz derive an energy
Ecrit that the particle cannot exceed after passing through the external field.
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In the planning of the experiments the expected percentage of energy
lost to radiation is important. It can be estimated as the average radiative
damping force times crystal thickness dc divided by primary energy γmc2.
For a transverse electric field this ratio may be expressed as

∆ = 2dc〈χ2〉/3γa0 = 2dc〈χ2〉α/3γλ̄C , (3.3)

where a0 ≡ ~2/me2 is the Bohr radius (of hydrogen) and λ̄C ≡ ~/mc the
(reduced) Compton wavelength of the electron.

Under our experimental conditions we have χ . 0.1 so δ � 1 is clearly
fulfilled. With ζ attaining values roughly in the range 10–100 the radiation-
reaction force dominates the dynamics of the particles while χ is still suffi-
ciently small that the influence of quantum effects is expected to be moderate.
Quantum effects could be avoided by using weaker fields, i.e. smaller χ, but
the magnitude of the LL force would then decrease and its effect would be
difficult to detect. Our experimental conditions therefore provide an ideal
avenue for testing the applicability of the Landau-Lifshitz equation. As a
“standard accelerator” comparison, the magnetic dipole energy loss accord-
ing to the Lienard formula takes place with a characteristic distance given as
cτ = 3χ−2γa0/2 (= dc/∆) in the high-energy limit, where, in this magnetic
case, χ = γB/B0 where B0 = 4.41×109 T (cB0 = E0). For a 50 GeV electron
in a 2 T field this distance is 6 orders of magnitude larger than the thicknesses
of the crystals in our experiments as it equals almost 4 km, a distance over
which the particle energy loss has to be replenished by the RF system for the
particle to remain in the accelerator.

We report experimental results on the spectrum of photons emitted by
positrons and electrons crossing aligned single crystals in the regimes of pla-
nar and axial channeling. The dynamics of the charged particles is strongly
altered by the self electromagnetic field. Our study presents the first high-
statistics quantitative test of the classical LL equation near the classical limit
by measuring the single photon emission spectra of electric charges accelerated
in strong background fields. Previous tests employing intense laser radiation
[92, 93] were based on comparison between the final and the initial energy
distribution of ultrarelativistic electrons interacting with a tightly focused
terawatt laser, a setup with challenges e.g. in terms of shot-to-shot stabil-
ity. An advantage of using aligned single crystals is that the electric fields
are stationary, stable, and well described, while the fields produced by high-
intensity lasers are inherently unstable. In this experiment 50 GeV positrons
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cross silicon single crystals in directions close to (110) planes and 40 – 80 GeV
electrons cross diamond single crystals in directions close to the 〈100〉 axis.

Other applications of crystals to address the radiation reaction process
have been investigated theoretically including exploration of the change in
angular divergence of electrons and positrons traversing an oriented single
crystal close to the channeling regime [97, 98].

An attractive phenomenon to investigate using the interaction of elec-
trons with crystalline fields, that is not easily accessible with a laser field, is
the Schott term in the classical radiation reaction. The Schott term, which is
the first term in square brackets in Eq. (3.1), contains a derivative with respect
to position. Since the crystalline fields have a rapid transverse variation, they
vary over an Å or less whereas laser wavelengths are of the order microns, the
fields from a crystal have a significant advantage to disclose the effect of the
Schott term. We have, however, investigated this in the present context and
have found in simulations that under our experimental conditions the effect of
the Schott term, taking the effect of multiple scattering into account, amounts
to at most a few percent and, hence, is too small to detect reliably.

3.1 Simulation

The simulation platform described in chapter 2 is used to simulate the the-
oretical radiation spectra in the following sections. Here we describe a few
minor implementations that turned out to be important when comparing the
simulated radiation spectra with experimental radiation spectra.

3.1.1 Quantum reduction of the damping force

Generally, the energy radiated by an electron or a positron following a classical
trajectory is higher according to classical than to quantum electrodynamics.
Hence, the LL equation overestimates the radiation reaction in case quan-
tum effects are of any influence. A priori there is no cure for this since a
quantum version of the LL equation does not exist. However, under certain
circumstances, the emission process appears as if the electromagnetic field
were constant, and for such a field the ratio of the radiated energy, quan-
tum to classical, is known. This may be utilized to reduce the damping force
contained in the LL equation, albeit in an approximate manner.

When the variation in angle of a charged particle passing through the
crystal is large compared to the opening angle of the radiation cone, 1/γ,
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the emitted radiation approaches that pertaining to a (locally) constant elec-
tromagnetic field. The critical channeling angle decreases slower than the
opening angle of the radiation cone with increasing energy. At high energies,
a charge traversing the crystal far beyond the channeling region will experi-
ence deflections beyond 1/γ when incident with angles to the plane/axis less
than ΘB = U0/m [42]. For a silicon crystal oriented along the (110) plane ΘB

is ' 45 µrad, while for a diamond crystal oriented along the 〈100〉 axis of di-
amond we find ΘB ' 175 µrad. In the positron experiment, ΘB is only twice
the critical angle and only four times the opening angle of the radiation cone,
so a constant field approximation (CFA) is dubious here as also discussed in
[7]. In the electron experiment, on the other hand, ΘB is around 3.5 (5) times
the critical angle at 40 GeV (80 GeV) and 14 (28) times the opening angle of
the radiation cone, so the CFA is expected to work quite well in and near the
axial channeling regime.

As a measure of the applicability of the CFA under channeling condi-
tions, the authors of [74] introduced the parameter ρc = 2U0E/m

2 (termed ξ2

in the strong-field laser community and known as the dipolarity parameter).
It reduces to ρc = 2ΘB/γ

−1 which assumes a value close to 9 for planar chan-
neling of 50 GeV positrons and around 55 (27) for 80 GeV (40 GeV) electrons
axially channeled. The large value of ρc in the latter case again indicates that
CFA is a very useful approach for channeled electrons in our experiment, in
particular at the highest energy, whereas its modest value in the former case
points towards a limited use of CFA for the positrons as also shown in [7] by
explicit calculation of spectra.

A quantum correction to the intensity of the emitted radiation inherent
in the LL equation may be included in an approximate manner for the axial
case by multiplying the radiation reaction force contained in the LL equation
by a damping factor defined as the ratio between the quantum and classi-
cal radiation intensity in the constant field approximation. An approximate
expression for this factor is

G(χ) =
[
1 + 4.8(1 + χ) ln(1 + 1.7χ) + 2.44χ2

]−2/3
. (3.4)

The accuracy of the analytical expression (3.4) is within 2% for all values of
χ [74], and G(χ) has been validated experimentally in [99].

3.1.2 Implementation

The classical radiation integral, may be applied for any trajectory including
trajectories determined from the LL equation. This is not the case for the semi
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(a) (b)

Figure 3.1: (a) Theoretical enhancement spectra for 50 GeV positrons channeled
in the (110) plane of a 0.1mm thick Si crystal. Full-drawn spectra pertain to
trajectories determined by the LL equation of motion. Dotted spectra pertain to
trajectories determined by the Lorentz force. Spectra obtained in the classical model
are drawn in red, spectra obtained with the substitution model appear in purple,
BCK spectra are drawn in blue. The insert shows the spectra on a logarithmic
intensity scale all way the up to the primary energy. (b) Theoretical enhancement
spectra for 80 GeV electrons channeled along the 〈100〉 axis of a 20µm thick
diamond single crystal. Spectra obtained using the classical model are drawn in
red, spectra obtained using the BCK model in the CES are drawn in blue, and
spectra obtained using the substitution model in the CES are drawn in purple.
Dotted lines show spectra obtained using pure Lorentz-force trajectories, solid lines
indicate the LL equation has been used, and dashed lines are spectra calculated for
trajectories determined by the LL equation including the G(χ)-correction.

classical radiation integrals since they are first-order approximations in the
interaction with the radiation field, that is, they only apply for single-photon
emission. Hence the semi classical models only allow for pure Lorentz-force
trajectories. The electrons and positrons in our experiment emit multiple
photons when traversing a thick crystal. To adapt the semi classical models
to this scenario, we divide the crystal in sufficiently thin sections so that
the probability for photon emission in each section is low. The radiation
spectrum is evaluated in each section and the exit position and momentum of
a particle in one section determine its initial conditions for the next section.
Two schemes are applied. One, which comes in a number of variants, is based
on the LL equation. The other, which serves as a benchmark for the first, is
not based on the LL equation, but accounts for quantum stochasticity. The
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Crystal Energy Critical angle ΘB

C 〈100〉 40 GeV 50 µrad
175 µrad

80 GeV 35 µrad
Si (110) 50 GeV 23 µrad 45 µrad

Table 3.1: Critical Lindhard angle ψp (plane), ψ1 (axis) and Baier angle ΘB for
the energy and crystal combinations used in the experiment.

stochastic scheme is almost identical to that presented in [7]. A minimum
photon energy of 1 GeV is taken in this scheme.

When dividing the crystal into smaller sections it is important that the
section length is longer than the formation length lf = 2γ2(E − ω)/Eω of
most photons emitted by the particle. For a positron or an electron of 40 to
80 GeV emitting a 5 GeV photon we have lf of around 0.4 to 2 µm. A section
length of 20 µm is used for the axial case, which is significantly longer than
the formation length of a typical photon in our experiment, but short enough
that the emission probability is small. For 40 GeV electrons, only photons of
energy less than 120 MeV have formation lengths longer than 20 µm, while
for 80 GeV the limit is 0.5 GeV. In the planar case a similar analysis has led to
the choice of a section length of 0.1 mm, which corresponds to the formation
length of 40 MeV photons.

The radiative losses during the penetration of a section, albeit small,
imply a time dependence of the energy of the radiating particle and, hence,
of the frequency ω∗, Eq. (1.52). Since ω∗ appears in the exponential phase
factor of the radiation integrals, the spectrum then depends on the initial
phase. This is nonphysical. We eliminate the ambiguity by fixing the energy
of the particle, where explicit in the radiation integrals, to its initial value
when entering the section. We refer to this procedure as the Constant Energy
Scheme (CES). Despite the name, the particle trajectory in the section is
determined by the LL equation.

The gradual radiative energy loss due to coherent scattering on crystal
atoms, that is, due to the deflection in the continuum potential, is contained
in the LL equation. Energy loss due to radiation emission associated with
unsystematic scattering on individual nuclei and electrons is evaluated nu-
merically in each integration step and subtracted. From Eq. (1.109) the loss
corresponding to a scattering angle θ is

∆E =
1

2π
αγ3mc2θ2 (3.5)
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(a) (b)

Figure 3.2: (a) Theoretical enhancement spectra for 50 GeV positrons channeled
in the (110) plane of a 6.2mm thick Si single crystal. Spectra drawn in solid
lines, except purple, pertain to trajectories determined by the LL equation of
motion. Dotted spectra pertain to trajectories determined by the Lorentz force.
Spectra obtained in the classical model are drawn in red, spectra obtained with
the substitution model using the CES appear in yellow, BCK spectra using the
CES are drawn in blue. The purple spectrum is calculated by the application of
the stochastic scheme. The insert shows the spectra on a logarithmic intensity
scale all the way up to the primary energy. The quantum models (yellow, blue
and purple) overlap in the coherent region where they are hard to distinguish. (b)
Theoretical enhancement spectra for 80 GeV electrons channeled along the 〈100〉
crystallographic axis of a 1.0mm thick diamond single crystal. Spectra obtained in
the classical model are drawn in red, spectra from the BCK model using the CES
appear in blue, and a spectrum simulated in the stochastic scheme is drawn in
purple. Pure Lorentz-force trajectories have been used for the dotted spectra, the
LL equation has been used for solid-line spectra, except purple, and dashed lines
display spectra based on the LL equation with the G(χ)-correction.

by integration over photon energies.
In the stochastic scheme a charged particle traverses a section governed

only by the Lorentz force. The radiation spectrum from the charge is eval-
uated in each section using the BCK model and the probability for photon
emission is calculated based on the spectrum. This probability and the spec-
trum is used to determine if a photon is emitted in the section and, if so, to
fix its energy. If a photon is emitted, the particle loses an amount of energy
equal to the energy of the emitted photon and continues into the next sec-
tion. The corresponding change in particle momentum is obtained through
the simplifying assumption that the photon is emitted in the direction of mo-
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tion of the radiating particle, that is, only the magnitude of the momentum
is changed, not the direction. The stochastic scheme does not involve the
LL equation. Compared to the implementation of the model in [7], our im-
plementation does not require the motion to be periodic, which is essential
when considering electrons traversing axially aligned crystals. The stochastic
scheme presented in [100] is discussed in [7].

As described in chapter 2, the task of evaluating the theoretical radia-
tion spectra for particles penetrating oriented single crystals is not easy and,
to our knowledge, not many programs exist which are capable of doing this.
One first has to solve the equation of motion for particles moving in the con-
tinuum potential inside the crystal, and afterwards integrate each trajectory
using one of the radiation integrals mentioned earlier. Since the radiation
integrals are differential in energy (d~ω) and emission angle (dΩ), we have
to compute the integral for each emission angle in space for each photon en-
ergy to produce a full radiation spectrum. Each trajectory is influenced by
stochastic perturbations due to multiple Coulomb scattering and the initial
conditions vary according to angle of incidence within the beam profile and
point of entry into to crystal. As a result we have to make an average spec-
trum from thousands of individual incident particles before we can compare
the simulated spectrum to an experimental spectrum. A spectrum from a
single beam of particles hitting a specific crystal is not unlikely to consist of
5 × 108 integrals over the trajectory, which contains approximately 1 × 106

points in time per mm crystal traversed.

In Sec. 3.3 the theoretical spectra are compared to the experimental
spectra using two types of simulations. The first type of simulation pro-
duces a radiation spectrum from a clean beam penetrating an aligned crystal
based on the theory described previously. Such theoretical spectra cannot
be compared directly to experimental data because of the experimental en-
vironment smearing out the true spectrum emitted from within the crystal.
Because of this we developed a second simulation which produces a spectrum
of the response of the experimental setup from the theoretical spectrum pro-
duced by the first type of simulation. In this simulation, the response of the
experimental setup is based on the geometry of the experiment, physics pro-
cesses (multiple Coulomb scattering through the beamline elements, multiple
Coulomb scattering of the pair created in the converter foil), the Mimosa-26
detector resolution, the conversion of two hits within 50 µm into a single hit,
and the opening “Borsellino” angle of the pair (of the order mc2/~ω, with a
known distribution). The output of the simulation is a data file identical to
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what we get from the experiment, this data file is then analyzed as with the
experimental data files and a simulated spectrum is produced. The simulation
of the experiment is also what produces the amorphous spectra we compare
to the amorphous experimental spectra, here we use the Bethe-Heitler cross
section when particles penetrate the crystal.

In some of our figures we display what we term an enhancement spec-
trum, which is the radiation spectrum emitted by particles traversing an
aligned single crystal, divided by the radiation spectrum from particles with
identical initial conditions traversing the same crystal placed in an amorphous
orientation, that is, far from any major crystallographic axis or plane. For
experimental radiation spectra, the enhancement spectra use the spectrum
measured by orienting the crystal in an amorphous orientation for normal-
ization. When simulated spectra are compared to experimental data, the
simulated spectra are normalized to a bremsstrahlung spectrum simulated
by substituting the cross-section for photon emission in the target crystal,
in the simulation of the experiment, by the Bethe-Heitler cross-section [48].
Purely theoretical enhancement spectra are simply normalized to the analyt-
ical Bethe-Heitler radiation spectrum.

In Fig. 3.1a we show enhancement spectra for 50 GeV positrons travers-
ing a 0.1 mm thin silicon single crystal channeled in the (110) plane calculated
by the CES. Particle entry angles are confined between ±30 µrad with respect
to the plane, and sampled from a Gaussian distribution with a mean of 0 and
divergence of 100 µrad. Since the radiative energy loss due to coherent scat-
tering in this case amounts to a few GeV/mm, we see no effect of the LL
equation. In all models, the spectrum produced in 0.1 mm of (110) silicon by
trajectories governed by the LL equation is essentially indistinguishable from
that where the positron motion is governed solely by the Lorentz force.

Comparing the different models, three important observations are ap-
parent:

1. Quantum corrections are observed near the peak of the enhancement
spectrum which corresponds to coherent scattering on crystal constituents.

2. The substitution and BCK models produce essentially identical results
up to 20 GeV, as expected.

3. At high energy, where the coherent effects have vanished, the substitu-
tion model fails due to neglect of effects of the positron spin.
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It should be noted that the level of the high-energy tail, which is due to
incoherent scattering on target constituents, is below that pertaining to a
uniform particle flux through the target due to focusing in low-density regions
resulting from the channeling motion [40]. For the high-energy tail of the
spectrum, the discrepancy between the classical and BCK model derives from
the last factor in Eq. (1.109), a signature of the Bethe-Heitler bremsstrahlung
formula, which reduces to 3/4 in the high-energy limit.

In Fig. 3.1b we show theoretical enhancement spectra for 80 GeV elec-
trons traversing a 20 µm thin diamond single crystal with incident angles
ψ < ψ1 relative to the 〈100〉 axis. Under these conditions the radiative energy
loss is ∼ 50 GeV per mm. Again, we still see essentially no effect of the LL
equation on the spectrum due to the small thickness. The discrepancy be-
tween the two semi-classical models, although moderate, points out that the
spin-contribution cannot be neglected in this case. Due to the larger value
of χ, 0.06 in Fig. 3.1b compared to 0.015 in Fig. 3.1a, quantum corrections
affect the electron spectra across almost the entire energy range, including its
peak.

From the discussion above we see that including the LL force for thin
crystals has no effect on the radiation spectrum in the planar regime and
almost no effect in the axial regime. Since the spin contribution is non-
negligible for the axial case, we will use the BCK model in both the CES and
stochastic schemes when calculating electron spectra.

Figure 3.2a displays the theoretical enhancement spectra for 50 GeV
positrons traversing a 6.2 mm Si crystal, parallel to the (110) plane. Par-
ticle entry angles are confined between ±30 µrad with respect to the plane,
and sampled from a Gaussian distribution with a mean of 0 and divergence
of 100 µrad. The spectra are evaluated using each model and scheme de-
scribed above, and it is evident that quantum effects are non-negligible even
at χ = 0.015. We see that the substitution and BCK models (CES) give
identical spectra around the peak, and that the BCK model includes the
high-energy bremsstrahlung tail from random scattering in the crystal. This
shows that quantum effects related to spin are negligible when looking at the
channeling radiation, and only the kinematic effect of photon recoil is impor-
tant in our regime. We also see that quantum stochastic effects are negligible.
Therefore, we choose to use the substitution model in our analysis of the
planar channeling spectra due to its simple kinematic interpretation.

Figure 3.2b shows the theoretical spectra for 80 GeV electrons traversing
a 1.0 mm diamond single crystal in the 〈100〉 axial channeling regime with
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incident angles ψ < ψ1. The incoming electrons have the same distribution
as the positrons do in the planar case. It is clear that quantum effects are
non-negligible. There is a noticeable difference between the spectra produced
using the LL equation with and without the damping factor G(χ). When the
damping factor is included, the BCK model using the LL equation in the CES
agrees quite well with the stochastic model in the region beyond the peak,
but is is clear that stochastic effects cannot be neglected entirely in the axial
channeling regime.
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Figure 3.3: Experimental setup during the 2017 experiment. A schematic
representation of the experimental setup in the H4 beam line in the SPS North
Area at CERN. The symbols “Sj”, with j = 1, 2, 3, denote the scintillators and the
symbols “Mi”, with i = 1, . . . , 6, denote ‘Mimosa-26’ position-sensitive detectors
with a resolution of 3.5 µm.

3.2 Experiments

The experiments were performed at the H4 beamline of the CERN SPS by
the NA63 collaboration. Four silicon single crystals and two diamond single
crystals with thicknesses ranging from 1.0 mm to 6.2 mm were used, aligned
with the beam along the (110) plane or 〈100〉 axis. The experimental runs
using silicon single crystals were performed in 2017, and the runs using dia-
mond single crystals were performed in 2018. A schematic of the 2017 setup
is shown in Fig. 3.3. Essentially the same setup was used for the 2018 exper-
iment except the scintillators were placed between the crystal and the large
magnet instead of between the helium encasing and the crystal.

A 200 µm converter foil of amorphous tantalum corresponding to 5%

of the radiation length (3.8% chance of pair production), was employed to
generate e+/e- pairs from the emitted photons which were subsequently an-
alyzed in a magnetic spectrometer, see Fig. 3.3. The magnetic spectrometer
measures the deflection angle of both the electron and the positron produced
by the photon, and by knowing the field of the magnet we can find the energy
of each particle, and in turn the energy of the original photon, assuming that
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the energy of the converted photon is much larger than the rest mass of an
electron.

Each Mimosa has a detection area of 1 cm × 2 cm, this means that
alignment of the beam through the telescope arm spanned by M1–M6 has
to be precise. It also means that we have an energy cutoff in the magnetic
spectrometer, because low-energy particles produced by low-energy photons
will be deflected outside the detection area of M5 and M6. Ensuring that low-
energy photons are deflected outside M5 and M6 and by using a thin converter
foil, this procedure enables us to measure the single-photon spectrum in the
radiation-reaction regime where many photons are emitted by a single electron
or positron, thus the problem of photon pile-up is avoided.

The scintillators S1–S3 produce a trigger signal for the Mimosas to save
their data buffer. S1 and S3 are mm thin scintillation sheets, while S2 is a
cm thick scintillation sheet with a hole in its center with a radius of 5 mm. A
successfull trigger is thus S1 + !S2 + S3, meaning that both S1 and S3 have to
give a signal while S2 has to be quiet. As mentioned above, the placement of
the scintillators has been switched between the 2017 experiment and the 2018
experiment. The selected locations each have advantages and disadvantages.
By placing the scintillators before the crystal, we are able to trigger on a
much “cleaner" beam, as it has not yet been perturbed by penetration of the
crystal. When placing the scintillators after the crystal, the initial direction
of each particle determined by M1 and M2 has not yet been perturbed by the
penetration of the scintillators before it hits the crystal. In practice we have
not seen any difference between the two placements.

For each beam configuration a background measurement has been made
where the radiation is measured with the target crystal removed. The back-
ground consists of photons produced by bremsstrahlung from the beam hitting
material such as vacuum windows, scintillators, collimators, and air gaps up-
stream of the large magnet. This background spectrum is subtracted from
each measurement with a target resulting in a pure crystal spectrum. To
mimic the experimental conditions, a simulation of the background spectrum
is made by placing material in the beam path matching that which is present
in the experiment. Simulated spectra with the target crystal in place then
includes the material producing the background photons, and from those we
subtract the simulated background with no crystal installed to obtain the pure
crystal spectra. The simulated background agrees well with the background
measured in the experiment.
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3.3 Results and discussion

When the beam divergence is significantly larger than the critical Lindhard
angle, as is the case in our experiments, many particles in the beam are
initially outside the channeling region. As a result, the average value of the
strong-field parameter, χ̄, that the beam particles are exposed to, will be
different from that experienced if they were all immediately channeled. For
positrons in the planar channeling regime, χ̄ will be larger for the full beam
than for channeled positrons. For electrons incident on a crystal oriented along
an axis, χ̄ will be smaller for the full beam of electrons than for channeled

electrons. Simulated values of χ̄,
√
χ2 and expected energy loss ∆ from

eq. (3.3) for different energies, crystals, and entry angles are listed in Table
3.2.

In the analysis of the experimental data and in our simulations we
make various cuts on the angle of incidence of the projectiles in order to
vary those parameters that are essential for our investigation. Among these,
the strong-field parameter χ, plays a dual role. In itself the magnitude of χ
determines how strongly the spectra are influenced by quantum effects like
recoil and spin. Entering the ratio, ζ, of the radiative damping force to the
external force as ζ = γχα, Eq. (3.2), the magnitude of χ further reflects
the magnitude of the radiation reaction at given projectile energy. We wish
to minimize quantum effects but aim to maximize the radiation reaction.
Selecting particles with different impact angles, for instance aiming for those
initially channeled versus excluding such particles, is one way of trying to
learn how best to handle this conflict of interests. Another parameter we vary
by making specific selections in angle of incidence is the ratio of the opening
angle of the radiation cone to the typical angle of excursion of the projectiles
whose motion in first approximation is governed by the continuum crystal
potential. This parameter, which typically varies much more between the
cuts than the strong-field parameter, is a measure of how well a constant-field
approximation for the radiation-emission process will work.

For the positrons, an angular cut selecting particles with angles smaller
than 30 µrad to the planar direction is made. With this cut, which covers
the channeling region (see Table 3.1), the maximum value of χ̄ is reached for
the thinnest crystal, 1.1 mm, which is χ̄ ≈ 0.014, otherwise it is χ̄ ≈ 0.016

when no cuts are made. As a result, the positrons are closer to the classical
regime χ̄ � 1 than in the previous investigation [91] that was performed in
the regime where quantum stochasticity, spin, and single photon recoil played
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a dominant role. We note that the value of χ̄ falls with increasing thickness
of the crystals because the energy of the particle is lower in the later part of a
thick crystal than in the beginning. Data and simulations for positrons using
the 30 µrad cut are shown in Figs. 3.4 and 3.9, while Figs. 3.5 and 3.10 are
without angular cuts.

For the electrons we have made two angular cuts. The first cut selects
particles with angles smaller than the critical angle (see Table 3.1) and hence
includes all initially channeled electrons. The second cut selects particles in a
“donut” around the axis, with angles between two and four times the critical
angle, and thereby excludes all channeled electrons. For both cuts we have
χ̄ ≈ 0.06 for the 1.0 mm crystal at 80 GeV, with the value for the donut falling
14 % below that for the central cut. Such value of the strong-field parameter
is large enough that quantum effects significantly influence the spectrum but,
yet, it is smaller than that used previously [91]. Spectra for the critical-angle
cut are shown in Fig. 3.7 and spectra for the “donut”-cut appear in Fig. 3.8.
Figure 3.6 displays spectra for electrons without any cuts on the angle of
incidence.

As seen in table 3.2, eq. (3.3) substantially overestimates the energy
loss compared to the simulated energy loss for the electrons when including
the G(χ) correction. On the other hand, when excluding G(χ) everywhere, ∆

is never more than 1% off ∆ELL (not shown in the table). For the positrons
the prediction underestimates the energy loss by around 20% in all cases
compared to the simulated results without the G(χ) correction. As the sim-
ulation includes energy loss by incoherent scattering based on eq. (3.5), we
expect that the simulated energy loss would be higher than what eq. (3.3)
predicts. The ratio of energy lost due to incoherent scattering and the LL
equation is much lower for the electrons than for the positrons where this ra-
tio is around 10%− 20% and only a few percent for the electrons, explaining
the underestimated energy loss by eq. (3.3).

“Amorphous spectra” are recorded and simulated for both positrons
and electrons by orienting the crystals far from all low-index crystallographic
orientations. These spectra are in good agreement with the Bethe-Heitler
spectrum for amorphous targets of the same material and density, when a
combined detection efficiency of about 3/4 (with slight variations between
targets due to the small variation in the beam conditions) is taken into ac-
count. Since the Bethe-Heitler spectrum is well-known, this constitutes a
reassuring test of the simulation algorithm.

Having experimental data for both the axial and planar channeling



3.3. RESULTS AND DISCUSSION 63

regimes provides us with the unique opportunity to investigate the applica-
bility of the LL equation over a wide range of values of χ and to estimate the
regions where quantum effects can be treated as perturbations to the classical
theory.

Figure 3.4 shows power spectra for a 30 µrad angular cut on the inci-
dent positron beam. The power spectrum is the intensity spectrum divided
by the crystal thickness, hence the 1/mm dimension. A clear agreement is
observed between the experimental data and theoretical spectra based on the
LL equation and the substitution model for all crystal thicknesses. When
excluding the radiation-reaction force contained in the LL equation, the dis-
crepancy between data and theory increases with the crystal thickness. For
entry angles less than 30 µrad the coherent part of the spectrum originating
from the motion in continuum potential reaches up to 10–15 GeV. Radiation
beyond this point is due to incoherent scattering, mainly multiple Coulomb
scattering on nuclei. For well-channeled positrons moving between a set of
planes, the average density of nuclei encountered along their trajectories is
much lower than in an amorphous material. This means that the incoherent
part of the aligned spectrum is lower than the amorphous spectrum.

The positron data are taken with two beam configurations with different
angular divergence σ and beam direction with respect to the detectors, due
to an unexpected long-duration interruption of the SPS caused by technical
problems. The beam with the smaller divergence, σ = 85 µrad, has an entry
angle which is slightly tilted with respect to the telescope arm spanned by
M1–M6, meaning that less particles will reach M3–M6, but the beam hits the
scintillator hole with the same amount of particles as with the σ = 100 µrad
beam. For this reason the tighter beam has a lower intensity than the broader
beam.

Figure 3.5 displays the power spectra for the full positron beam. The
peak intensity is essentially as for the cut, Fig. 3.4, but due to the higher
value of χ̄, the coherent part of the spectra extends to higher photon energies.
As is particularly evident for the thicker crystals, the experimental data again
clearly favors the simulation based on the LL equation over that accounting for
the pure Lorentz force only. Since all particles in the beam are included with a
beam divergence reaching σ = 100 µrad, particles in the angular distribution
with large angles are likely not to reach M3–M6. Under this condition it is
challenging to simulate the experiment because the position of the detectors
and the beam entry angles are input parameters of the simulation. As a
result, the discrepancies seen between data and simulation spectra generally
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are larger for the full beam compared to the spectra in Fig. 3.4 where angular
cuts have been applied. Nevertheless it is clear that inclusion of the LL
damping force is essential. With the full beam we do not see an effect of
beam focusing on the incoherent part of the spectrum since only a minor
fraction of the positrons are channeled.

Figure 3.6 shows power spectra for the full electron beam. For elec-
trons, the difference between the theoretical curves including and excluding
the radiation reaction as described by the LL equation are large even for the
1 mm crystal. The experimental data falls roughly half way between the two
sets of theory curves in all cases. For the full electron beam conditions (Table
3.2), χ̄ varies from 0.03 to 0.06. At such values of χ̄, even though smaller than
1, the LL equation overestimates the radiation emitted leaving the electrons
with less energy going forward through the crystal. This results in lowering
the emission rate for the remaining length of the crystal and an underesti-
mation of the total radiation emitted. The conditions are reflected by the
damping factor G(χ) attaining values considerably less than 1, for instance,
G(0.06) = 0.76. When multiplying G(χ) on the radiative damping force in the
LL equation the resulting radiation spectra fit the experimental findings quite
well but slightly underestimate the data. The stochastic scheme, which is not
based on the LL equation, also produces spectra that fit the experimental
data well with, in general, even less deviations.

By comparing the electron and the positron data, it is evident that
electrons at lower energy on axis produce a much higher enhancement over
the amorphous spectrum than do positrons at a higher energy on a plane.
One reason is that axial continuum potentials are stronger than their planar
counterparts by a factor of up to about 10, another is that electrons spend
more time than positrons in the vicinity of the nuclei which is the location
of the strongest electric field. Typically the total radiative energy loss is
higher for the electrons than for the positrons for the crystals used in our
experiments, cf. Table 3.2.

Figure 3.7 displays power spectra for electrons excluding ones incident
to the crystal axis at angles larger than the Lindhard critical angle ψ1; see
Table 3.1 for actual values of ψ1. With this cut, the radiation process for elec-
trons following trajectories determined by the continuum potential proceeds
as if they are in a locally constant electromagnetic field. This is especially
true for the highest electron energy, cf. Subsec. 3.1.1. Accordingly, the sim-
ulated spectra, based on the LL equation with the G-factor included on the
damping term, fit the experimental data very well. Generally, these spectra
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reproduce the data as well as does the stochastic scheme which underlines the
effectiveness of the LL equation when the quantum effects in the radiation
process are properly included. Only near the peak in some of the spectra
does the stochastic scheme appear slightly superior.

Applying the cuts in Fig. 3.7 to the incident electron beam we see that
more photons are emitted on average per electron than for the full beam but
also that the hardness of the spectrum is lower than in the full-beam spectra.
By comparing Figs. 3.6 and 3.7 we observe that confinement of particles to
the axis enhances the spectrum more at lower than at higher energies, with
the high-energy end of the spectrum essentially remaining the same up to
focussing effects due to channeling.

Figure 3.8 shows power spectra where the incoming electrons are con-
fined to entry angles between 2ψ1 and 4ψ1 with respect to the crystal axis.
These spectra are similar to the spectra obtained with the full beam, Fig. 3.6.
Since much of the beam lies within this cut, the similarity between spectra
is no surprise. It is worth noting that the agreement between the stochastic
curve and the simulation based on LL equation, including the damping fac-
tor G(χ), is nearly perfect around the peak. Yet, when electrons move well
outside the channeling region, the procedure of applying the damping factor
is less justified as G pertains to emission in a constant field.

The photon emission spectra, shown in Figures 3.4 to 3.8, display fea-
tures that cannot be reproduced if only the Lorentz force is used to calcu-
late the particle trajectories. Moreover, the agreement is remarkably good
between our experimental data and theory that includes radiation reaction
according to the LL equation with proper inclusion of quantum effects. Nev-
ertheless, due to the unavoidable quantum corrections introduced in the ra-
diation spectra, there exists a discrepancy between the energy loss predicted
by the LL equation and the energy loss obtained by integrating the radia-
tion spectrum. In the planar channeling regime, this discrepancy is 16–17%
for well-channeled particles and approximately 30% for the full positron beam
(see Table 3.2). The discrepancy easily reaches 50% for the electrons in our ex-
periment. The discrepancy is smallest for well-channeled positrons since they
emit the relatively softest radiation whereby a smaller quantum correction
results. Non-channeled positrons and the electrons have a larger discrepancy.
The discrepancy is generally largest in the axial channeling regime due to the
stronger fields. As is evident from Table 3.2, inclusion of the damping factor
G(χ) improves the situation dramatically by producing a substantial reduc-
tion of discrepancies. The modest energy loss difference of 7% for ψ < ψ1
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when including the damping factor at the highest electron energy, can be
taken as an indication of the quality of the procedure applied and validates
the constant-field approach to the radiation process for high-energy channeled
electrons.

The agreement between experiment and theory-based simulation where
we include the LL equation is supported by looking at the enhancement spec-
tra on Fig. 3.9 and Fig. 3.10. Here the theory-based simulation curves do
not rely on an intricate analysis algorithm as we divide the theoretical curves
by the analytical Bethe-Heitler spectrum. These enhancement spectra are
directly comparable to the experimental enhancement spectra as the pertur-
bations to the spectra from the experimental setup is removed during division.
In addition, the experimental data is directly based on data obtained from
the aligned crystal divided by data obtained in the amorphous orientation
(Bethe-Heitler), and are thus, at least to first order, independent of selection
criteria for the pairs, detection efficiencies etc. Due to poor statistics of the
amorphous data set for the diamond single crystals we do not show similar
figures for the axial case but since the simulation includes the same physical
effects the same conclusion can be drawn.

3.4 Conclusion

We investigated the necessity of radiation reaction for several unique cases
near the classical limit in aligned crystals. The energy losses are moderate in
the planar channeling regime for 50 GeV positrons so it could be expected that
the spectra obtained neglecting radiation-reaction effects would be roughly
adequate, but the experiments and simulations clearly show that this is not
the case. The results of our experiments demonstrate that the pure Lorentz
force is inadequate to describe the dynamics of electric charges when moving
in strong electromagnetic fields. The simulations without radiation reaction
overestimate the emitted radiation for both axial and planar channeling, even
with χ̄ � 1. In contrast, predictions according to the Landau-Lifshitz equa-
tion, when accounting for the photon recoil in the radiation spectra through
the substitution model, result in remarkable agreement with the experimental
radiation spectra pertaining to planar channeled 50 GeV positrons. For the
axially channeled electrons in our experiment it is even more essential to in-
clude the radiation reaction than for the positrons. For axially channeled 40
GeV and 80 GeV electrons we find that theoretical spectra calculated using
trajectories obtained from the Landau-Lifshitz equation with the radiation-
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reaction force multiplied by G(χ) convincingly reproduce our experimental
data for all cuts, energies, and crystal thicknesses when accounting for pho-
ton recoil and particle spin. Due to the large energy loss experienced by the
particle as it traverses the crystal, exclusion of the G(χ)-correction leads to
an underestimation of the emitted radiation intensity in the latter parts of
the crystal. We note further that the stochastic scheme based on the BCK
model generally reproduces the theoretical spectra well and, as noted also in
[7], that this scheme does not rely on the constant-field approximation which
is the origin of the G(χ) factor.

Recording the radiation emitted at different values of the strong-field
parameter, χ̄ ≈ 0.01 – 0.06 (see Table 3.2), has allowed us to probe the border
between the classical and the quantum-mechanical description of radiation
reaction. We find that particularly planar channeling of 50 GeV positrons
provide a regime where quantum corrections cannot be neglected but they
also do not dominate, a compromise that must be made to illustrate the effect
of the LL equation. We further see that even with a relatively small value of
the strong-field parameter, as χ ' 0.03 encountered by 40 GeV electrons in
the axial channeling regime of a diamond crystal aligned along the 〈100〉 axis,
quantum effects (particle spin, photon recoil, and reduction of the radiation
intensity) have a significant influence on the radiation-emission spectrum. The
most drastic influence of radiation reaction encountered in our experiments,
and of quantum effects, appears for axially channeled electrons at the highest
applied energy, 80 GeV, where χ attains its largest value χ ' 0.06.

The detailed results and analysis presented above clearly demonstrate
that the Landau-Lifshitz equation, with suitable modifications, is applicable
in a very wide regime of combinations of particle energies, crystal orientations,
materials, and thicknesses to describe the phenomenon of radiation reaction.
Overall, our results strongly point towards the LL equation as a very satis-
factory answer to the century-old problem of radiation reaction in classical
electrodynamics.
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Figure 3.4: Radiation power spectra obtained for 50 GeV positrons passing 1.1,
2.0, 4.2, and 6.2 mm thick silicon crystals aligned with the (110) plane, and the
corresponding amorphous spectra. Only particles with entry angle between ± 30
µrad with respect to the crystal planes are included. The two top-most figures
show experimental data and calculations obtained with a beam with a divergence of
σ⊥ = 100 µrad in the direction transverse to the plane, while the three remaining
figures are obtained for a beam with a divergence of σ⊥ = 85 µrad. The theoretical
spectra calculated using the substitution model in the CES are shown for trajectories
deriving from the LL equation (“RR sim”) as red solid lines and for Lorentz-force
trajectories (“noRR sim”) as yellow dashed lines. The simulated amorphous spectra
(“Amorphous sim”) is shown in solid green curves. The data from the planar
aligned crystal (“Aligned exp”) is shown in blue triangles while the data from the
amorphous setting (“Amorphous exp”) appear as purple squares.
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Figure 3.5: As Figure 3.4 but including all positrons in the beam.
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Figure 3.6: Radiation power spectra obtained for 40 GeV (left) and 80 GeV
(right) electrons traversing 1.0 mm (bottom) and 1.5 mm (top) thick diamond
crystals aligned to the 〈100〉 axis, and the corresponding amorphous spectra. The
beam divergences are [σx, σy] = [192, 89] µrad and [σx, σy] = [129, 75] µrad for the
40 GeV and 80 GeV beam, respectively, with x and y both approximately aligned
with (110) planes. The theoretical spectra calculated using the BCK model in the
CES are shown for trajectories deriving from the LL equation without the G(χ)
correction (“RR sim”) as green dotted lines, from the LL equation including the
G(χ) correction (“RR G(χ) sim”) as red solid lines, and for pure Lorentz-force
trajectories (“noRR sim”) as yellow dashed lines. The spectra calculated using the
BCK model in the stochastic scheme (“stochastic sim”) are shown as dashed-dotted
blue lines while the simulated amorphous spectra (“Amorphous sim”) appear solid
purple. The data from the axially aligned crystal (“Aligned exp”) is shown in blue
triangles while the data from the amorphous setting (“Amorphous exp”) appear in
purple squares.
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Figure 3.7: As Figure 3.6 but including only electrons with entry angle less than
the critical Lindhard angle ψ1 with respect to the crystal axis.
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Figure 3.8: As Figure 3.6 but including only electrons with entry angle between
2ψ1 and 4ψ1 with respect to the crystal axis.
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Figure 3.9: Enhancement spectra for 50 GeV positrons passing 1.1, 2.0, 4.2, and
6.2 mm thick silicon crystals aligned to the (110) plane. Only particles with entry
angle between ± 30 µrad with respect to the crystal planes are included. Solid lines
pertain to spectra where radiation-reaction effects are included via the substitution
model in the CES (“RR”). Dashed lines pertain to spectra where radiation-reaction
effects are excluded (“noRR”). Triangles show experimental data with statistical
error bars (“exp”). The purple and green lines show pure theoretical calculations
of the channeling radiation divided by the analytical Bethe-Heitler bremsstrahlung
spectrum (“Theory”), while the red and yellow curves display enhancement spectra
where both the amorphous and the channeling spectrum have been through the
experimental simulation and analysis routine (“sim”).
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Figure 3.10: As Figure 3.9 but including all positrons in the beam.





CHAPTER 4
Radiation from Volume

Reflection in Bent Crystals

This chapter is almost identical to the paper [4], which is a standalone exper-
iment performed on SLAC with the T523 collaboration, where the radiation
emitted from electrons during penetration of a strongly bent planar oriented
Si crystal is studied. The motion of charged particles penetrating strongly
bent crystals has been studied in great detail [101, 102, 103, 104, 105], but
with little experimental emphasis on their radiation emission. These studies
show that particles undergo several different processes during penetration of a
bent crystal: mainly channeling, curvature or multiple scattering dechannel-
ing, volume capture (VC) and volume reflection (VR). Here, in particular, we
are interested in the radiation emitted during the process of VR. During VR
the electrons are exposed, for a prolonged time, compared to the oscillatory
motion when channeling or skipping the crystal planes, to a strong part of
the electric field in the crystal, which leads to an enhancement of radiation
emission which we show is synchrotron like. As we show, the radiation from
the VR process can indeed be identified, and our experiment agrees well with
numerical VR simulations. In our experiment we measure the single photon
spectrum from 12.6 GeV electrons passing nearly parallel to the (111) planes
of a 60 µm bent silicon crystal with a bending radius of 0.15 m. By rotat-
ing the crystal we vary the incident angle of the electrons hitting the crystal,
which enables a study of the radiation emitted from the different processes
during passage through the crystal.

77
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This experiment serves as a more detailed study of the nature of VR
radiation than previous studies, see: [106, 107, 108, 109], which where all
made at significantly higher and lower energies than this experiment.

4.1 Experiment
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Figure 4.1: Sketch of the experimental setup at the SLAC ESTB. Distances are
not to scale.

The experiment was conducted at the SLAC National Accelerator Lab-
oratory End Station A Test Beam (ESTB) facility. The experimental setup
is shown in fig. 4.1. The incoming secondary electron beam rate is 5 Hz with
an average of 10 electrons as measured by exposing the counter to the beam
and analysing the resulting spectrum in terms of a Poisson distribution. The
secondary beam has an estimated energy spread of a few percent and diver-
gence of 75 µrad. The crystal is mounted on a horizontally translating stage
and horizontally rotating stage, capable of rotating in ' 5 µrad steps. The
vertical bending magnet removes the electrons from the beam line after the
crystal, dumping them in the collimators which consists of 25 cm Cu followed
by 60 cm of Pb, ensuring that only photons produced in the crystal hit a
scintillating fiber (SciFi) calorimeter positioned approx. 48 m downstream of
the crystal. The SciFi has an energy resolution of around 10% for the photon
energies of relevance here. The SciFi has a detection surface area of 9 × 9

cm2 and is 30 cm deep, which is large enough to minimize shower leakage.
Each electron hitting the 60 µm crystal produces on average 0.025 photons;
the calculated average pile-up rate for 0.25 photons/pulse is about 6%.
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To find the plane of the crystal, the primary electron beam with a
divergence of σ ≈ 5 µrad and 108 electrons per pulse was used. By imaging a
Cerium doped Yttrium Aluminium Garnet (YAG) screen of 500 µm thickness,
placed in the primary beam after the crystal, we are able to determine when
the beam hits the crystal parallel to the plane, as a portion of the beam is
deflected due to channeling through the bent crystal. On fig. 4.2 an image
of the YAG screen is shown for the aligned orientation where the beam hits
the crystal parallel to the plane at the crystal entrance face. The almost
circular light peak to the right in the image originates from the channeled
particles, near which the so-called quasi-channeling oscillations can be seen
[110], and to the left is seen the volume reflected particles and/or the fraction
of particles that is not channeled due to the finite beam divergence and its
surface transmission. After identifying the direction of the plane, we switched
to the secondary beam which has a significantly higher divergence of around
σ ≈ 75 µrad. To set the average number of electrons per pulse to the desired
value of 10, the collimators were gradually opened until the SciFi spectrum
matched the pre-calculated shape and energy range, followed by re-powering
the bending magnet to allow for radiation measurements.

A background spectrum with the crystal moved out of the beam is
measured and subtracted from every experimental spectrum measured with a
crystal in the beam. The background photons mainly originate from brems-
strahlung emitted from electrons hitting objects along the beam-line. Per
linac pulse, there is about the same number of background photons present as
coming from the crystal in amorphous orientation, for a signal-to-noise ratio
of 1:1 in this case.

To compare simulated radiation spectra with the experimental spectra,
the efficiency of the setup must be known. Our data in amorhpous orientation
of the crystal agrees with the expected Bethe-Heitler distribution indicating
that the counter efficiency does not depend on the photon energy in our
spectral range. Therefore we can find an efficiency factor by measuring the
amorphous spectrum from electrons traversing the crystal at an angle far
from any low-index crystallographic orientation. Then by normalizing the
analytical Bethe-Heitler bremsstrahlung spectrum [111] to the experimentally
obtained spectrum, we find the efficiency factor of the setup. Every simulated
spectrum compared to experimental spectra should then be multiplied by this
factor.
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Quasi channeling
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Figure 4.2: Image of the YAG screen with the crystal in channeling orientation.

4.2 Theoretical Simulation

In our theoretical simulation we consider electrons with an energy of 12.6
GeV, moving on a trajectory determined by classical electrodynamics, in the
electric field of the thermally averaged Doyle-Turner potential described in
section 1.5. We will be considering the (111) plane of a silicon crystal, bent
with a bending radius of 0.15 m as in the experiment. Our simulation code has
been scrutinized against some of our previous results for particle deflection
with bent crystals [112, 103], and reproduces earlier observations.

By converting the YAG-screen image into a grey-scale pixel image the
probability density of the deflection angle can be retrieved and is shown in
fig. 4.3. Here we clearly see that a majority of the particles undergo VR and
is deflected to negative angles, while some particles are channeled through
the entire crystal. The VR peak is truncated due to saturation of the camera
at the peak. In Ref. [103] an analytical model is shown which describes
the probability density of the deflection angle. The volume reflected and
channeled particles are described by individual Gaussian functions while the
dechanneled particles follow an exponential decay type function. The resulting
fit function can be written as

dP
dθ

= Y 1 + Y 2 + Y 3, (4.1)
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Figure 4.3: Probability density in arbitary units of the deflection angle of 12.6
GeV electrons hitting the (111) plane of a bent silicon crystal with a bending radius
of 0.15 m and an entry angle of 0 µrad. Blue points are experimental data, dashed
line is from a theoretical simulation and the full drawn lines are fit functions based
on eq. (4.1)
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Here σi and µi (i = 1, 2) is the width and position of the Gaussian peaks
respectively, P1 is a scaling parameter for the VR deflection peak, Ld is the
dechanneling length and L is the length of the crystal and. Furthermore we
have ∆θ = θ − σ2

2/θd and θd = θbLd/L where θb is the bending radius of the
crystal. On fig. 4.3 the fit function is shown to agree well with the measured
deflection angles. We also show the deflection angle found from the simulation
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Figure 4.4: Reduced velocity βx = vx/c perpendicular to the plane as a function
of distance traveled in the crystal, for a 12.6 GeV electron hitting the (111) plane
of a bent silicon crystal with a bending radius of 0.15 m and an entry angle of 175
µrad. Here multiple Coulomb scattering is not included. Each color represents a
section in which the radiation spectrum has been evaluated. The corresponding
spectra are shown in fig. 4.5.

tool used to determine the radiation emission, where only the height is scaled
to match the experimental data and good agreement is found.

With a classical trajectory we can determine the radiation emitted
throughout the crystal as described in section 1.1. We use the BCK semi
classical radiation integrals shown in section 1.2 to evaluate the theoretical
radiation spectra from the numerically simulated trajectories, where energy
loss can safely be neglected due to the small thickness and low energy of the
electrons. This gives us the radiated photon intensity spectrum of a single
electron following a particular trajectory, but since multiple Coulomb scatter-
ing has a large effect on dechanneling, and therefore the radiation spectrum,
the radiation spectra are averaged over many particles with identical initial
conditions. To also account for the beam divergence in the experiment, the
initial angle of the electrons is randomly sampled from a Gaussian distribution
with mean zero and σ = 75 µrad. When an angular distribution of the parti-
cles is used, the initial conditions of each particle is different, so the number of
particles used in a simulation is chosen to ensure convergence of the resulting
averaged spectra, this number is around 1000 particles for this experiment.
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Figure 4.5: Radiation spectra from a 12.6 GeV electron hitting the (111) plane
of a bent silicon crystal with a bending radius of 0.15 m and an entry angle of
175 µrad. Here multiple Coulomb scattering is not included. The color of each
spectrum pertains to the respective section in fig. 4.4 with the same color. The
black dashed curve is the the synchrotron spectrum for a 12.6 GeV electron with a
characteristic frequency of ~ωc = 0.3 GeV, which corresponds to a bending radius
of 0.03 m.

Since the electrons only undergo VR once, and in a short section of the
crystal, the overall spectrum from the entire crystal is dominated by coherent
bremsstrahlung. To see the radiation spectrum pertaining to VR we divide
the crystal into sections and evaluate the radiation spectrum for each section.
In fig. 4.4 and fig. 4.5 the velocity perpendicular to the crystal plane as a
function of distance traversed in the crystal and the radiation spectrum from
each 10 µm crystal section, respectively, is shown for a single electron hitting
the crystal at an entry angle of 175 µrad. In section 3 the electron undergoes
VR where its simulated spectrum clearly shows that the radiation pertaining
to the VR process has a large enhancement in low-energy photon emission.
The spectrum in fig. 4.5 is from only one electron and does not include multiple
Coulomb scattering. Since almost the entirety of section 3 is acceleration in
the same direction, the radiation spectrum should be synchrotron like. On
fig. 4.5 the synchrotron spectrum [16] for a 12.6 GeV electron moving on a
curved trajectory with a bending radius of ρ = 0.03 m is shown, which is
a compromise between the average bending radius for this section ρ ≈ 0.06
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Figure 4.6: Radiation spectra from 1000 12.6 GeV electrons hitting the (111)
plane of a bent silicon crystal with a bending radius of 0.15 m and an entry angle
of 175 µrad including multiple scattering. The color of each spectrum pertains to
its respective 10 µm section throughout the crystal as given in fig. 4.4.

m and the smallest bending radius experienced in the VR process, ρ = 0.02
m. The synchrotron spectrum is properly scaled according to a trajectory of
the same length as the VR part of section 3 shown on fig. 4.4. At an average
bending radius of 0.03 m during the reflection process, the bending takes place
on the order of 1000 atomic distances, which justifies the use of the continuum
model in analysing the VR process. This being so, it can be argued that the
description of the relevant part of the VR spectrum as a form of synchrotron
radiation is meaningful in this context. A synchrotron like spectrum is also
measured in [113], which could be due to VR, but no estimate where made
on how much of the spectrum pertain to VR.

In fig. 4.6 the spectra for each section is shown determined by averaging
for 1000 independent electrons with an entry angle of 175 µrad and multiple
scattering included. It is evident that when multiple scattering is included,
radiation from VR is still clearly visible in section 3 but also visible in section 4
because particles now also undergo VR in section 4 due to multiple scattering.
The sharp features of the spectra seen in fig. 4.5 are in fig. 4.6 smeared due to
multiple scattering when averaging over many particles with slightly different
trajectories. Since the radiation before and after VR is so similar (see figs. 4.5
and 4.6), even with differences imposed by multiple scattering, we expect
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to see fairly similar spectra for particles with varying entry angles between
100-300 µrad.

4.3 Results and Discussion

The measurement program featured 9 runs, each with a different entry angle
with respect to the crystal plane. The different average beam entry angles,
listed in µrad, are θ0 = [-200, -100, 0, 100, 200, 300, 450, 550, 700], where 0
corresponds to the electron beam being aligned parallel to the crystal plane on
entry. In fig. 4.7, the upper figures are the measured and simulated radiation
spectra as a function of entry angle where the simulated electron beam has a
beam divergence of σ = 75 µrad. The lower figures are simulated deflection
plots at the beam divergences of σ = 5 µrad and σ = 75 µrad. Several
conclusions can be made from the experimental and simulated results: i)
Electrons with zero deflection have passed the crystal without undergoing
VR or VC at any point within the crystal, while electrons with a considerable
negative deflection have undergone VR at some point inside the crystal. ii)
Electrons with positive deflection have at some point been channeled within
the crystal, and have either channeled through the rest of the crystal after
undergoing VC (the hypotenuse of the triangle) or have been dechanneled
after at some point channeling along the planes (body of triangle). iii) The
red line follows the centroid of the lower ridge, which shows that the majority
of particles within 100-300 µrad undergo VR. The reason we show the σ = 5

µrad deflection plot is to illustrate the features of the triangle more clearly.
With σ = 75 µrad, as is relevant for the experiment, these features are still
visible but not very clear. iv) By looking at the deflections in this plot we
observe that the majority of the electrons with incidence angles between ' 100

µrad and ' 350 µrad undergo VR which means that the radiation spectra
should have signs of the corresponding radiation.

Comparing the measured and the simulated radiation spectra in fig. 4.7,
there is good qualitative agreement. Even the features of the spectrum at
larger crystal angles — the "wings" due to coherent bremstrahlung — are
visible in both spectra. A more quantitative comparison is seen in fig. 4.8
where each experimental spectrum corresponding to a certain mean entry
angle is shown together with their respective theoretical spectrum. Also here
the features of the spectra are in good agreement. The reader is reminded
that only one overall efficiency factor is used in this comparison; i.e. there are
no fitting parameters introduced in the simulation.
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Figure 4.7: Radiation and deflection spectra spectra from 12.6 GeV electrons
with different entry angles with respect to the (111) plane of a 60 µm thick bent
silicon crystal. The top left figure is the experimental radiation spectra and the
top right figure is the simulated radiation spectra for electron beams with a beam
divergence of σ = 75 µrad. The bottom figures are the simulated angular deflection
of electrons for beams with different entry angles and beam divergences. The red
line is the centroid of the lower ridge.

Looking at the spectra between 100-300 µrad entry angle, we see a
convincing agreement between the experimental values and the theoretical
simulation. The enhancement in radiation intensity for low-energy photons,
which is an enhancement of about 8 at 0.2 GeV with a standard deviation of
0.25 GeV, is clear in this area, and from the discussion earlier, this enhance-
ment should be, and we conclude is, the effect of VR. The red lines in fig. 4.8
highlight the part of the spectrum where VR dominates, as seen in figs. 4.5
and 4.6. The offset on the simulated spectra in the range 450-700 µrad we
believe is due to statistical errors regarding the normalization of the simu-
lated spectrum. With the large distance between the crystal and the SciFi,
which has a 9×9 cm detection surface, the acceptance depends strongly on the
opening angle of the photons, which changes significantly due to the bending
of the electron trajectory in the crystal.
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Figure 4.8: Radiation spectra spectra from 12.6 GeV electrons with different
entry angles with respect to the (111) plane of a 60 µm thick bent silicon crystal.
The blue data points are the experimental data points and the black curves show
the results of the theoretical simulation which has no free parameters. The red
curve highlights the area of the spectrum which is dominated by VR as seen from
figs. 4.5 and 4.6.





CHAPTER 5
Projects Related to the E320

Experiment on SLAC

The E320 experiment [114], at the Stanford Linear Accelerator Complex
(SLAC) in California is a new collaboration across several institutes around
the world. E320 aims to collide tightly focused laser light from a TW laser
system with the 13 GeV electron beam at FACET II. This chapter describes
the work done with the E320 collaboration both theoretical and experimental.

As will be discussed later in detail and also shown in section 1.1, the
radiation spectrum from electrons moving in an external plane wave field,
such as a laser, depends on the parameters χ and η. The Non-Linear Comp-
ton Model (NLCM) gives the exact semi-classical solution to the radiation
spectrum in a plane wave, while the commonly used Local Constant Field
Approximation (LCFA) provides the spectrum in the limit of η →∞. One of
the most recognized experiments in the history of SFQED is the E144 exper-
iment [25], which was very similar to the upcoming E320 experiment, where
E144 reached peak values of the parameters η ≈ 0.7 and χ ≈ 0.25. In this
regime, the photon spectrum is dominated by photons emitted by electrons
absorbing only one or a few laser photons, giving rise to sharp features in the
photon spectrum. The E320 experiment aims to reach η ≈ 7.3 and χ ≈ 1

before any major upgrade, which means that we should be able to scan the
transition from single to multi-photon absorption. On fig. 5.1 the radiation
spectrum from a single 13 GeV electron hitting the FACET II laser at a 30
deg angle for different values of η is shown. It is clear that for η = 0.6 we see

89
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Figure 5.1: Radiation spectrum from 13 GeV electrons colliding with the FACET
II laser beam at a 30 Deg angle for different laser intensities η. The red curve is
the spectrum evaluated using the LCFA and the blue spectrum is evaluated using
the BCK model.

the clear features from the electron absorbing only a few photons from the
laser field, while the edges smear out and get redshifted as η increases. For
η = 6 the spectra become completely smooth but we still see that the curves
below 1 GeV don’t match. As we begin to reach higher intensities around
χ > 1, we should start seeing electron-positron pairs being produced from
either the direct trident process or through a real photon decaying into a pair
in the laser field. Models other than the LCFA for pair production have not
yet been implemented nor fully investigated in this thesis, but remain as the
next important implementation.

While being a part of the E320 collaboration I spent 6 months at SLAC
in the first half of 2020. Before arrival I took part in the initial positron
detector design and during my stay, a central part of the Interaction Point
(IP) design, developing the CAD model together with collaborators at JENA
for the Picnic Basket (PB), containing the set of off-axis parabolas (OAPs)
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Figure 5.2: Radiation spectrum from the FACET II electron beam buch colliding
with the FACET II laser beam at a 30 Deg angle for different laser intensities η
and beam energies. Dashed lines are 10 Gev, Dashed dotted lines are 11.5 GeV
and full drawn lines are 13 GeV. Black is η = 2, Green is η = 2.9, Red is η = 4.5,
Blue is η = 6.4 and Cyan is η = 9.1. Detailed parameters of the laser and electron
beam are shown in the text.

which focus the TW laser and recollect the light for re-imaging. Due to
nationwide lock down in California, the SLAC campus was closed for access
during most of the stay, this meant that I began developing several simulation
codes to be used in the E320 experiment, with inspiration from the crystal
code (see chapter 2). The hope is that this newly developed code could be
used as one of the primary sources of theoretical predictions for E320 and it
has shown great promise so far.

Using the LCFA model for pair production we can get some reliable
estimates of what we expect to measure. Initial data runs are not expected
to have electron energies higher than 10 GeV and the laser power is also
expected to gradually increase until we reach a peak intensity of η ≈ 7 once
the setup is fine-tuned. In order to determine what experimental programs
should be prioritized as the machine is optimized, simulations for different
values of electron energy and laser intensity is made and shown on figs. 5.2
to 5.5 . The photon spectrum is evaluated using the LCFA whenever η > 2
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Figure 5.3: Total amount of positrons produced from colliding the FACET II
electron beam buch with the FACET II laser beam at a 30 Deg angle for different
laser intensities η and beam energies. Blue is 13 Gev, Red is 11.5 GeV and yellow
is 10 GeV. Detailed parameters of the laser and electron beam are shown in the
text.

and the NLCM when η < 2. This is done to keep computation time relatively
low, as computation time for the NLCM increases rapidly as η increases.

The simulation parameters are chosen to match the expected exper-
imental conditions during the first run of E320. The electron beam energy
varies from 10-13 GeV and has a transverse Gaussian charge distribution with
σ = 30 µm and a 250 µm flat top charge distribution longitudinally. The
transverse distribution is truncated at 0.2 σ, meaning that we only include
the center of the bunch. The laser pulse has a FWHM duration of τ = 35 fs,
a wavelength λ = 800 nm, a focal width w0 = 1.39 µm and contains a total
energy which varies from 0.01 J - 0.2 J. The electron and laser beam collide at
a 30 Deg collision angle. At FACET II the electron beam charge distribution
is not truncated as in the simulation but spans the entire transverse area, we
choose to truncate here because electrons outside the truncated area never hit
the high-intensity part of the focus, hence they don’t contribute to the final
spectra. In total 2.5 · 108 electrons are simulated per shot ( 1010 electrons
per bunch), which match the expected electron density per shot at FACET
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Figure 5.4: Positron spectrum from the FACET II electron beam buch colliding
with the FACET II laser beam at a 30 Deg angle for different laser intensities η
and beam energies. Dashed lines are 10 Gev, Dashed dotted lines are 11.5 GeV
and full drawn lines are 13 GeV. Black is η = 2, Green is η = 2.9, Red is η = 4.5,
Blue is η = 6.4 and Cyan is η = 9.1. Detailed parameters of the laser and electron
beam are shown in the text.

II [114] inside the truncated area, and each simulation, therefore, show the
average expected yield per shot.

On fig. 5.2 we see that the total photon yield is increased by more than
an order of magnitude going from η = 2 to η = 9, but what is maybe more
important is the number of high energy photons emitted. The combination
of high energy and high intensities is important if the goal is to emit heavy
photons. As the pair production process is exponentially suppressed as χ
drops, this also means that high-energy photons are needed if positrons are
to be produced. This is clear from looking at the positron spectrum, where
we see a difference between the two extreme cases larger than 10 orders of
magnitude. The total amount of positrons produced per shot can be seen
on fig. 5.3, and it seems that the positron yield depends more heavily on the
parameter η. This is encouraging since the laser intensity most likely will be
a much easier parameter to improve than the beam energy. We can also see
that the positron yield per shot drops even faster than exponential as η < 5.
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Figure 5.5: Electron spectrum from the FACET II electron beam buch colliding
with the FACET II laser beam at a 30 Deg angle for different laser intensities η
and beam energies. Dashed lines are 10 Gev, Dashed dotted lines are 11.5 GeV
and full drawn lines are 13 GeV. Black is η = 2, Green is η = 2.9, Red is η = 4.5,
Blue is η = 6.4 and Cyan is η = 9.1. Detailed parameters of the laser and electron
beam are shown in the text.

If we assume that the beam energy will remain at 10 GeV for a while, we will
have to go above η > 5 in order to measure any positrons produced at the IP.

Another thing visible on the photon spectrum is the Non-Linear Comp-
ton edges which also impart in the electron spectrum shown on fig. 5.5. The
position of the edges and overall intensity might at first, before the laser
system is properly tuned and η still remains low, be the aim of the initial
experimental program. From looking at the η = 2 results, the edges move
quite significantly when changing the electron beam energy, and this behav-
ior should be measurable, as the beam energy should be tunable below 10
GeV. Comparing the Compton edges on the electron spectrum and the pho-
ton spectrum, it also seems that the edges in the photon spectrum remain
more prominent as η increases. But similar to the photon spectrum, the first
edge is near identical in shape when changing the energy.

Lastly, we see that as η increases, the lowest energy electron for each
initial electron energy seems to converge toward the same energy level.
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As the electron is assumed to move indefinitely in a perfect plane wave
in the NLCM, whether one can use this model as a local model (as is done on
fig. 5.2) is questionable. Investigations on improving the NLCM to include the
laser pulse shape in the integral over the electron wavefunction are undergoing
[115], while other investigations on improving the LCFA emerges [116, 117].
So even though positron production cannot be detected at low intensity and
low energy, several experimental programs remain relevant.

Figure 5.6: Internal design of the picknic basket at FACET II at SLAC, complete
assembly by Robert Ariniello. The construction in the center of the image is the
E320 IP design, with two OAPs and a microscope objective located at the focus
to image the spot. Blue line is the electron beam, transparent orange tube is the
laser beam and the purple line is the outgoing microscope image of the focus. The
electron beam goes from left to right, while the laser beam enters on the top left of
the picture, and exits in the top right.

5.1 IP Design

The task of designing the IP layout in the Picknic Basket (PB) is very chal-
lenging because 10-15 other experiments are present within the PB at the
same time, while at any time we should be able to switch between experi-
ments remotely, as access to the experimental area will be limited after LCLS
II starts commissioning. This required many iterations and cross collabora-
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tion meetings to sign off even small extensions of each experimental footprint
in the PB. The final design of the PB, shown on fig. 5.6 has been put to-
gether by Robert Ariniello from SLAC, using the CAD models developed by
the different experiments. The E320 layout has 3 major retraction stages (2
Horisontal and one vertical) used to move the mirrors to their in or out po-
sition, depending on what experiment is running. The two OAPs are located
on a central invar platform which is to be built by collaborators in JENA, this
includes a collective vertical movement of the OAPs by driving 3 screws with
a common belt system. The OAPs are positioned on XYZ stages which can
be used to align the OAPs to the laser. A vertical retraction stage is used to
drive a target frame which contains a thin YAG screen, a pinhole and a tung-
sten needle, which together with the microscope objective located on a third
horizontal retraction stage, should be used to determine the alignment of the
laser and the overlap with the electron beam. Once we take data, the micro-
scope objective and the target stage will be retracted, and only the OAPs will
be in their in position. In the initial version of the PB, not all stages will be
motorized and we will have to manually adjust these stages before closing the
vacuum chamber. As we get more experienced with the setup, more motors
will be considered.

On fig. 5.7 an image of the current state of the PB in the FACET II
tunnel is shown, with colored lines showing the laser, electron and imaging
system paths as on fig. 5.6. The image shows the E320 system in its out
position and with an aluminum plate to support the OAPs instead of the
invar plate, which is to be installed at a later time. Several items are still to
be installed, and should be installed and ready for beam by the end of 2022.

5.2 Positron Detectors

Downstream of the PB in the electron beamline, a bending magnet will sep-
arate electrons and positrons produced at the IP, where the aim is to mea-
sure both the spectrum of the electrons and the positrons, together with the
amount of pairs produced in the interaction. As the primary beam has a
nC charge, and the dump is located close to the diagnostics, the detectors
used for measuring single positrons and their energy has to be functional in
an environment with immense background radiation coming from the dump,
which makes the use of sensitive tracking detectors difficult. The proposed
design is Cherenkov lead glass detectors with a volume large enough to cap-
ture the entire electromagnetic cascade from a GeV positron. On fig. 5.8 a
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Figure 5.7: Current state of the picknic basket. A more detailed layout can be
seen in the CAD Drawing in fig. 5.6.

first concept design of an idealized placement of these detectors are shown for
positron detection. The large block is the bending magnet and the smaller
blocks are the lead glass detectors. The longitudinal separation of the detec-
tors allows each detector to have an almost identical energy resolution, as the
high energy particles need longer travel distance to separate after the magnet.
On fig. 5.9 a reconstruction of the spectrum produced with a GEANT4 sim-
ulation is shown, with events consisting of 100 positrons per shot produced
at the IP with an energy distribution identical to the initial energy sample
shown in the figure. Each detector will be calibrated and be responsible for
a certain energy range of particles depending on the magnet setting. This
means that if we measure the total energy deposited in one detector, and
know which particles should hit the detector due to geometry, we can divide
the total energy deposited in a detector, with the calibration energy belonging
to that detector. The results show that both the spectrum and the number
of positrons can be measured reliably. This design also solves the problem
of the large background, since the energy deposited in an event should be of
the order GeV to miscount the number of positrons by just one. Nevertheless
due to spatial constraints in the experimental area for the first experimental
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Figure 5.8: Sketch of the proposed calorimeter placement. Large block is the
bending magnet, smaller blocks are lead glass detectors distributed over a 10 meter
distance.

run, a much more compact version has been further developed by JENA to
fit only few meters after the bending magnet.

5.3 Simulation Tool for E320

The simulation tool developed for E320 can be considered a remake of the
crystal code developed for the NA63 experiments and is now referred to as
the SFQED simulation code. The code base is rebuilt to be considerably more
agile and new implementations or changes are included by addition and not
through modification. The philosophy still is to avoid using expensive super
computer clusters to run the simulations, but only a powerful workstation
accelerated with a single GPU.

A code for calculating the exact electromagnetic field from a short laser
pulse focused by a parabolic mirror is also developed. This code is meant
to provide the SFQED simulation with the electromagnetic fields from an
arbitrary pulse being focused by a parabolic mirror. This type of implemen-
tation is, as far as we know, the first of its kind in a SFQED simulation and
could become of great importance when laser control and diagnostic tech-
nology reaches a point where one can measure the intensity and wave front
errors of the incoming laser beam from shot to shot. Even small aberrations
in the wavefront or intensity profile can give rise to a focal spot that devi-
ates significantly from the analytical solutions that are used today (Paraxial
approximation). This means that if the SFQED community is to progress
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Figure 5.9: Yellow: Initial positron spectrum for the GEANT4 simulation.
Blue: Total energy deposited in a detector, divided by the respective calibration
energy. Red: Total amount of positrons hitting each detector. Each blue data
point corresponds to one detector and its calibration energy.

into even more precise measurements, these artifacts have to be known or at
least controlled. The following is mainly from the paper [6] on the SFQED
simulation code.

5.3.1 Simulation Scheme

When using the SFQED simulation, the user only interacts with the IPSimu-
lation class, which initializes the simulation parameters and begins the simu-
lation. Each simulation is run on the GPU, where each thread gets a particle
object containing all properties of the particle such as momentum and po-
sition. Each individual GPU thread then propagates its particle forward in
time, while the particle object in each push (One step forward in time) up-
dates position, momentum, and time. This continues until the time reaches
a predetermined simulation time set by the user. Each particle object can
either be a photon or a charged particle with mass m which in each time step
calculates the local value of χ and determines if a photon should be emitted
(only for charged particles) or if a pair should be created (only for photons).
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Depending on what information the user wants, several simulations can
be initialized. When the value of χ is large and the probability of producing
a pair is large, a cascade simulation can be initiated. This simulation scheme
is significantly slower than the rest if χ and η are large, because of the large
number of particles produced, and should only be used if the probability
of pairs being produced from secondary particles, is considerable. In the
cascade simulation, each thread is responsible for one primary particle, and
the following emitted particles. If a primary particle emits a photon, the
thread saves the current particle properties and starts pushing the emitted
photon from the point of creation, if this photon decays into a pair, the two
particles produced are pushed one at a time. This means that if a particle is
produced, the thread starts pushing the new particle and returns to finalize
pushing the initial particle only after the current branch of emitted particles is
finished. From a CUDA perspective, this method could cause serious branch
divergences, but these are limited because each new particle has the same
instructions in each push, although this still remains a very slow simulation
type compared to the rest.

If the user only wants information about the final momentum and po-
sition of the primary particles, a single simulation is available where electrons
emit photons but the threads track the primary particle to the end of the
simulation. If the probability of pair production is low, and pair production
from secondary particles is negligible, a separate simulation scheme can be
initiated, which initially pushes a set of primary charged particles through
to the end. If a photon is emitted, the properties of the particle are saved
in a list, which, with enough primary particles, represents the most likely
space-time and particle properties to emit a photon. After the initial simu-
lation which usually is of the order 104 − 106 particles, a second simulation
is started. Each GPU thread in the second simulation picks a random entry
in the list of photon emissions, from which it calculates which photon should
be emitted based on the space-time and particle properties stored in the list
from the previous simulation. The resulting photon is then pushed through
to the end, and has, in each time step, a finite probability of decaying into a
pair. This scheme allows us to skip simulating most of the charged particles
and primarily focus computation time on the photons. Because each thread in
the second simulation pushes a photon from the beginning and not a charged
particle, the simulation is very effective if the goal is to observe the secondary
charged particle spectrum when χ ≈ 1, because the amount of pairs produced
per primary electron is extremely small for short laser pulses.
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The primary goal of this code is to efficiently simulate the primary
electron spectrum, photon spectrum, and secondary charged particle spectrum
for interactions with a maximum value of χ ≈ 1. This is why most of our
efforts have been to optimize this simulation scheme rather than the cascade
simulation scheme, which is needed for cases with higher values of χ and η.

Since submitting the paper [6], a new feature is implemented which en-
ables us to simulate far fewer particles and to avoid the problem of using an
enormous sampling size of particles to produce only a few positron-electron
pairs, if the field intensity is low. One can start a simulation where, in each
time step, each particle evaluates the analytical spectrum for a relevant pro-
cess to occur and save this to a global spectrum which is then averaged over
the number of particles used. This scheme is included for the process of elec-
trons emitting photons and for photons to decay into a pair. This method
is similar to how the total photon spectrum in the crystal code is evaluated,
where the total spectrum is the average of the individual spectra from each
electron in the entire electron beam entering the crystal. This still requires
several thousands of electrons to get a proper sampling of initial conditions.
For pair production of photons, the probability drops off exponentially below
χ = 1, meaning that e.g. a laser pulse with an intensity that allows the ini-
tial electron beam to reach χ = 1 at the focus, only very few photons will
even contribute to the pair production spectrum, due to the exponential sup-
pression. The amount of photons required for the analytical pair production
spectrum, therefore, varies greatly depending on the laser intensity and the
maximum value of χ achievable, and one must check the number of particles
needed for convergence before starting an actual simulation.

On fig. 5.10 a comparison between photon, electron, and positron spec-
tra (made by Matteo Tamburini) and the SFQED simulation code using the
LCFA is shown. Matteos’ results were the initial theory spectra produced for
E320, presented in [114]. The simulation parameters were chosen to match
the initially expected experimental conditions during the first run of E320,
which are discussed at the beginning of this chapter. The only noteworthy
parameter which has changed is the waist of the laser focus, which is now ex-
pected to be around w0 ≈ 1.39 µm instead of 3 µm. The electron beam has an
energy of 13 GeV with an energy spread of ±13 MeV, a transverse Gaussian
charge distribution with σx = 24.4 µm, σy = 29.6 µm and a 250 µm flat top
charge distribution longitudinally. The transverse distribution are truncated
at 0.2 σ, meaning that we only include the center of the bunch. The laser
pulse has a FWHM duration of τ = 35 fs, a wavelength λ = 800 nm, a focal
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(a) Photon spectrum
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(b) Electron spectrum
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(c) Positron spectrum

Figure 5.10: Benchmark of SFQED code against results produced by Matteo
Tamburini for E320. Electron beam colliding with a tightly focused laser pulse
with parameters shown in the text.
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width w0 = 3 µm and contains a total energy of 0.6 J. The electron and laser
beam collide at a 30 Deg collision angle.

The agreement between the two results is remarkable, which gives great
confidence in both simulation codes moving forward. The major difference
here is that in the SFQED code, the photon and positron spectra are average
spectra produced through the analytical expressions. This becomes advanta-
geous when the probabilities become small, which is the case for high-energy
photon emission and pair production for the parameters investigated here.
Only the electron spectrum requires the simulation to run every single parti-
cle and emit single photons to produce the final spectrum. The speed of the
code, therefore, depends heavily on what result the user wants. Simulating
a photon spectrum can be done in seconds, while a positron spectrum takes
minutes and the electron spectrum takes up to an hour if 108 electrons are
needed (for these parameters on a single workstation with an Nvidia Titan V
GPU).

5.3.2 Implementation of Radiation Emission, Pair
Production and Energy Loss

Photon emission and pair production are modeled by the LCFA (Local Con-
stant Field Approximation) and are implemented using Chebyshev polynomi-
als [118]. The BCK model is also implemented as described in section 1.2.3.
Any smoothly varying function f(x) can be represented by the sum

f(x) ≈ R(x) =
∞∑
n=0

cnTn(x), (5.1)

where Tn(t) = cos(nθ) and t = cos(θ) while the first coefficient in the sum is
divided by 2. The coefficients can be found by the orthogonality relation

cn =
2

π

∫ π

0

dθ cos(nθ)f(x). (5.2)

For functions in more than one dimension, the procedure is the same, a func-
tion g(x, y) can be represented by the sum

g(x, y) ≈ R(x, y) =

∞∑
n=0

∞∑
m=0

cn,mTn(x)Tm(y), (5.3)

where the terms with c0,0 should be divided by 4, and the terms with cn,0,
c0,m should be divided by 2. To avoid the cost of evaluating cosines on the
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GPU we use the Clenshaw algorithm to evaluate the Chebyshev polynomials
[119].

Photon Emission

The probability per unit time for an electron to emit a photon in a locally
constant strong electromagnetic field is given by [74, 20, 21, 22]

dPrad

dt
= −αm

2

E−

∫ ∞
0

du
5u2 + 7u+ 5

3(1 + u)3z
Ai′(z), (5.4)

where Ai′(z) is the derivative of the Airy function, z = [u/χ]2/3, E− is the
electron energy, χγ = χ u

1+u where χγ and χ is the quantum non linearity
parameter of the emitted photon and the electron respectively and α is the
fine structure constant. To avoid evaluating an integral in each time step to
determine the local probability of emitting a photon we express eq. (5.4) by
a Chebyshev series. The asymptotic behavior of eq. (5.4) for χ < 1 is not
handled well by the Chebyshev series, we therefore express eq. (5.4) by the
function

dPrad

dt
=

2.69χ

1 +Rχ<1(tχ)

αm2

2E−
, tχ = 2

√
χ− 1, (5.5)

when χ < 1 and by

dPrad

dt
= Rχ>1(tχ)

αm2χπ

2
√

3E−
, tχ = 2χ−1/3 − 1, (5.6)

when χ > 1. The functions R(tχ) are then the Chebyshev series (eq. (5.1))
found by inverting eq. (5.5) and eq. (5.6) together with eq. (5.2). With 30
coefficients in the Chebyshev series Rχ>1(t) and Rχ<1(tχ), the relative error
of each series expansion is less than 10−10.

The corresponding photon energy spectrum is then given by [20, 21, 22]

dPrad

dudt
(χ, u) = −αm

2

E−

1

(1 + u)2

{∫ ∞
z

dtAi(t)

+
Ai′(z)
z

[
2 +

u2

(1 + u)

]}
. (5.7)

To determine what energy an emitted photon should have we define the cu-
mulative probability density function and set it equal to a random number
distributed uniformly between 0 and 1, times the total probability of emission

r′
dPrad

dt
[χ] =

∫ ur′

0

du
dPrad

dudt
[χ, u]. (5.8)
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Figure 5.11: top: Pair production energy distribution of electrons in units of
the initial photon energy. Bottom: Emitted photon energy in units of the initial
electron energy. Red lines are exact analytical expressions (eq. (5.15) and eq. (5.8))
and the black triangles are the resulting normalized spectra obtained by sampling
from the Chebyshev series. All curves are produced for χ = 1 with an energy of
the interacting particle of 20 GeV.
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After choosing a random number, we then invert the equation and solve for
the ratio x = ur′

ur′+1 = Eγ/E− where Eγ is the resulting photon energy. This
is again extremely time consuming to do for every emission and the result-
ing photon/electron energy ratio is therefore expressed with a 2-dimensional
Chebyshev series R(tr, tχ) as follows

x = R(tr, tχ)

[
log(1− r′)χ

log(1− r′)χ− 1
− log(r′)χ

1− log(r′)χ

]
. (5.9)

The dependency of r′ changes dramatically with χ, and two sets of coefficients
for the Chebyshev series are needed to achieve proper accuracy, one in the
interval χ < 3 with tr = 2r′ − 1 and tχ = χ2/3 − 1, and one in the interval
3 < χ < 1000 with tr = 2r′− 1 and tχ = (χ− 3)2/(1000− 3)− 1. Both series
have 100 × 100 coefficients and the relative error of each series expansion is
less than 10−10.

The energy loss is accounted for by an instantaneous recoil from emit-
ting a photon based on the formalism described above. The recoil is assumed
to be an overall dampening of the energy and does not change the direction
of the momentum.

Pair Production

The pair production probability for an unpolarized photon in a locally con-
stant strong electromagnetic field per unit time is given by [39, 20, 21, 22]

dPPair
dt

= −α 2m2

3Eγ

∫ ∞
4

dw
(2w + 1)

w
√
w(w − 4)

Ai′(z̃)
z̃

, (5.10)

where Eγ is the photon energy, z̃ = [w/χγ ]2/3. Here the parameter w =

1/(x(1−x)) is related to the energy ratio x = E−/Eγ , where E− is the energy
one of the charged particles receives after the photon decays. Since the energy
Eγ >> m the rest of the energy goes to the other particle E′− = Eγ − E−.
We again express the probability of a photon to decay as a Chebyshev series
where we express eq. (5.10) by the function

dPPair
dt

= Rχγ<0.4(tχγ )
αm2

Eγ
, tχγ = 2

χγ
0.4
− 1, , (5.11)

when χγ < 0.4, by

dPPair
dt

=
χγαm

2

R0.4<χγ<10(tχγ )Eγ
e−

8
3χγ , tχγ = 2

χγ − 0.4

10− 0.4
− 1, (5.12)
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when 0.4 < χγ < 10 and by

dPPair
dt

= R10<χγ<1000(tχγ )
αm2

Eγ
, tχγ = 2

χγ − 10

1000− 10
− 1, (5.13)

when 10 < χγ < 1000. The functions R(t) are then the Chebyshev se-
ries (eq. (5.1)). With 30 coefficients in the Chebyshev series Rχγ<0.4(tχγ ),
R0.4<χγ<10(tχγ ) and R10<χγ<1000(tχγ ), the relative error of each series ex-
pansion is less than 10−10.

If a pair is created the energy distribution between the positron and
electron has to be found, for an unpolarized photon in a strong electromagnetic
field per unit time this distribution is given by [20, 21, 22]

dPpair

dxdt
(χγ , x) = α

m2

Eγ

{∫ ∞
z̃

dtAi(t)−Ai′(z̃)
w − 2

z̃

}
, (5.14)

To determine what the energy ratio between the created particles should
be we define the cumulative probability density function and set it equal to a
random number times the total probability of emission

r′
dPpair

dt
[χγ ] =

∫ wr′

0

dx
dPpair

dxdt
[χγ , x]. (5.15)

After choosing a random number, we then invert the equation and solve for
the ratio x. This is also expressed with a 2-dimensional Chebyshev series
R(tr, tχγ ) as follows

x =
R(tr, tχγ )

2

[
log(1− r)χ3/4

γ

log(1− r)χ3/4
γ − 5/3

+ 1

]
. (5.16)

To achieve proper accuracy over a large interval of χγ we make two sets of
Chebyshev coefficients, one in the interval 0.1 < χγ < 3 with tr = 2r′− 1 and
tχγ = (χγ − 0.1)2/(3 − 0.1) − 1, and one in the interval 3 < χγ < 1000 with
tr = 2r′ − 1 and tχγ = (χγ − 3)2/(1000− 3)− 1. Both series have 100× 100

coefficients and the relative error of the series expansion is less than 10−10.
The dependency of r in eq. (5.16) becomes extremely difficult to fit for low
values of χγ since the probability to decay is exponentially suppressed for low
χγ , the χγ interval is therefore cut at χγ = 0.1 below which no photons in
practice will produce any pairs when colliding with a femtosecond laser.

On fig. 5.11 we have sampled 107 particle energies (Pair production and
Photon emission) from the Chebyshev series discussed above and compared
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the resulting spectra with the exact expressions eq. (5.15) and eq. (5.8). Even
though the 2-dimensional Chebyshev series contain 104 coefficients, these
functions are only evaluated if a particle emits a photon or if a photon decays,
which happens only a few times per particle during a simulation with χ ≈ 1,
where the probability to emit is evaluated in every time step. With only 30
coefficients (Photon emission probability series) this is extremely fast when
employing the Clenshaw algorithm [119] which only uses multiplication, addi-
tion and division. To lower memory fetch latency the Chebyshev series with
few coefficients are stored in constant device memory. Because all threads in a
warp1 evaluate the probability to emit in every time step at the same point in
the code, memory access to the cooeficients of the 1-dimensional Chebyshev
series happens in parallel for all threads within the warp. Branch divergence
within a warp cannot be avoided if a photon is emitted or a photon decays, as
the single thread now has to evaluate the energy ratio series, but since these
events are rare the performance loss is negligible. By using Chebyshev series
we avoid the problem of solving a 2 dimensional minimization problem for
every emission/decay event which for one event could take seconds, now we
are able to sample 107 events in seconds on the GPU.

5.3.3 Focused Laser Field from Diffraction Integrals

Generally one can find the electromagnetic field in any point in space, given
a reflective surface and a laser field reflecting off the surface, by solving the
Stratton-Chu vector diffraction integrals [120]. For a parabolic mirror the
vector diffraction integrals can be written as a surface integral over the mirror
surface S0 [121]:

E(P ) =
ik exp(−iωt)

2π

∫ ∫
S0

dx0dy0G exp(−ikz0)×{[(
1−

(
1− 1

ikr

)
x0∆x

2fr

)
Ψ0x −

(
1− 1

ikr

)
y0∆x

2fr
Ψ0y

]
x̂

+

[(
1−

(
1− 1

ikr

)
y0∆y

2fr

)
Ψ0y −

(
1− 1

ikr

)
x0∆y

2fr
Ψ0x

]
ŷ

+

[(
x0

2f
Ψ0x +

y0

2f
Ψ0y

)(
1−

(
1− 1

ikr

)
∆z

r

)]
ẑ

}
,

(5.17)

1A warp is group of 32 threads, each thread in a warp receive
and execute the same command during runtime on the GPU chip
[https://en.wikipedia.org/wiki/Thread_block_(CUDA_programming)].
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H(P ) =
ik exp(−iωt)

2π

∫ ∫
S0

dx0dy0
G

µ0cr

(
1− 1

ikr

)
exp(−ikz0)×{[

−∆yx0

2f
Ψ0x +

(
x2

0 + y2
0

4f
− f − ∆yy0

2f

)
Ψ0y

]
x̂

+

[
∆xy0

2f
Ψ0y −

(
x2

0 + y2
0

4f
− f − ∆xx0

2f

)
Ψ0x

]
ŷ

+ [∆yΨ0x −∆xΨ0y] ẑ

}
,

(5.18)

where µ0 is the vacuum permeability, c is the speed of light, k is the wave
number, ω is the frequency (k = 2π/λ = ω/c where λ is the laser wavelength)
and f is the focal distance of the mirror. The incoming field on the mirror
surface is given by:

Ei = (Ψ0xx̂ + Ψ0yŷ) exp(−iωt− ikz), (5.19)

Hi =
1

µ0c
(Ψ0yx̂−Ψ0xŷ) exp(−iωt− ikz), (5.20)

where Ψ represents the spatial envelope of the laser field. We have defined

G =
1

r
exp(ikr), (5.21)

and
r = |rp − r0| =

√
(xp − x0)2 + (yp − y0)2 + (zp − z0)2

=
√

∆x2 + ∆y2 + ∆z2,
(5.22)

where the subscript 0 denotes a position on the mirror surface, and the sub-
script p denotes a point in space where we wish to evaluate the reflected field.
The center of the focus is located at x = y = z = 0, which means that the
integrals are rapidly oscillating outside the focus.

5.3.4 Solving the Diffraction Integrals

In order to solve the rapidly oscillating integrals a code has been developed
based on the scheme described in [122], which implements the Levin method,
together with the pseudo spectral method using the Chebyshev differentiation
matrix. The described scheme can be used on any integral of the form

I =

∫ ∫
...f(x, y, ...) exp(ig(x, y, ...))dxdy..., (5.23)
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for an arbitrary number of dimensions, where f and g are smoothly varying
functions. In our case we limit ourselves to 2 dimensions. If we define a
function p(x, y) which satisfies

∂2p exp(ig)

∂x∂y
= f exp(ig), (5.24)

we can express the integral as [122]

I = p(xu, yu) exp(ig(xu, yu))− p(xu, yl) exp(ig(xu, yl))

−p(xl, yu) exp(ig(xl, yu)) + p(xl, yl) exp(ig(xl, yl)),
(5.25)

where u and l indicate the upper and lower boundaries on the x and y. The
boundaries on x and y can be chosen independently. The function p(x, y)

can be found at the boundary values of x and y by solving the partial dif-
ferential equation eq. (5.24) using the Chebyshev pseudo spectral method.
First we choose a number of grid points in x and y, at the Chebyshev La-
batto nodes, let’s say M and N respectively. The nodes are defined by
txm = cos(πm/(M − 1)) and tyn = cos(πn/(N − 1)) where m and n are the
indices of the node. The value of t which ranges from -1 to 1 are converted back
to the physical parameters x and y by xm = txm(xu − xl)/2 + (xu + xl)/2

and similarly for yn. The inner integral about y is then solved for all grid
points xm which involves solving a N by N system of linear equations for each
value of xm. After solving M systems of linear equations of dimension N by
N, we are left with solving two M by M systems of linear equations, which
is the outer x integrals for the two y boundary values yu and yl . After this
operation we have the value of p(x, y) at the boundary values of x and y and
the integral can be solved by eq. (5.25).

As explained in [122] the matrices can be ill conditioned and care has
to be taken in order to reach proper convergence in the integral. Since we
encounter stationary points where ∂g(x, y)/∂x = 0 or ∂g(x, y)/∂y = 0, we
must use a truncated singular value decomposition (TSVD) in order to solve
the matrix equations. In both the outer and inner integrals we have exactly
one stationary point which produces one singular dimension in each matrix
equation that has to be truncated. The truncated singular values are of the
order 10−11−10−15. On fig. 5.12 we show the convergence of the field solutions
for Ex as a function of the number of Chebyshev grid points, here we use M
= N. We show the relative errors when TSVD is used to solve both the outer
and inner integrals, and the errors when the much faster Lower-Upper (LU)
decomposition is used to solve the inner integrals and TSVD is used to solve
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Figure 5.12: the relative error between the electric field solution Ex and the
mean value to which they converge as a function of the number of Chebyshev grid
points. Red curve uses LU decomposition to solve the inner inegrals and TSVD to
solve the outer. Blue curve uses TSVD to solve both the inner and outer integrals.

the outer integrals. We see that the solution of the fields converge to an error of
around 10−11−10−12, which is the same order of magnitude as the truncated
singular values. We also see that even though the inner integrals have ill
conditioned matrices, using LU decomposition to solve the inner integrals
and TSVD to solve the outer integrals, the error converges slightly slower but
towards the same value as when TSVD is used for all integrals. By using LU
decomposition for the inner integrals we are able to speed up the calculation
by more than an order of magnitude compared to when TSVD is used for all
integrals.

The scheme described above has to be evaluated for each polarization
direction (3 for both E-field and B-field) and at several points in space to get
the full 3D field required for the SFQED simulation where at least 3000×100×
100 grid points in space is required for laser with a wavelength λ = 800 nm.
Our code solves the independent systems of linear equations in parallel on the
GPU using CUDA batched LU decomposition implementation to solve each
slice in z (100× 100 integrals in this case), while looping over the 3000 points
in z. As CUDA has no implementation of a batched TSVD solver, larger
than 32 by 32 matrices, we implement our own TSVD solver based on Jacobi
rotations [123, 124] which is called in parallel on each thread, solving the final
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2 systems of linear equations in each integral. The decision to let each thread
solve one TSVD is based on the fact that TSVD algorithms are extremely
serial and not much would be gained from parallelizing these algorithms. The
total computation time for the entire grid ( 3000 × 100 × 100 points) on a
Tesla V100 GPU approaches 5 hours for one polarization direction.

5.3.5 Test of Diffraction Integrals

The method described above allows us to evaluate the electromagnetic field
components of the laser pulse around the focus for an arbitrary intensity
distribution and wave front error on the focusing mirror. Focusing a Gaussian
laser pulse of the form I ∝ exp[−2(r/w)n] with r2 = x2 + y2, n = 2 and a
mirror with diameter dm � 2w will result in a Gaussian intensity distribution
around the focus [54, 55]. This has been solved to first order analytically (often
called the paraxial approximation) where the vector E = E(r, z, t) is given by
[54, 55]

E = E0
w0

w(z)
exp

[
− r2

w2(z)
− 2 ln(2)

(ct− z)2

c2τ2
0

]
× Re

{
exp

[
iω(t− z/c)− ikr2

2R(z)
+ iψg(z)

]}
e⊥ (5.26)

(see, e.g, [57] for higher-order corrections or section 1.6). Here, E0 is the peak
electric field at the focus, w(z) = w0

√
1 + (z/zR)2 describes the evolution of

the beam width as a function of distance z from the waist, and zR = πw2
0/λ

is the Rayleigh length. Furthermore, the wave-front curvature is described by
R(z) = z[1 + (zR/z)

2], ψg(z) = arctan(z/zR) denotes the Gouy phase and
Re denotes the real part of what is inside the parenthesis. If we assume that
the laser pulse is not extremely short, i.e., cτ0 � λ, the spatial and temporal
evolution can be decoupled and treated individually (τ0 denotes the FWHM
pulse duration of the intensity profile).

On fig. 5.13 we show the x component of the electric field at the focus
of a parabolic mirror, for a Gaussian laser beam with n = 2 and for a Super-
Gaussian laser beam with n = 30, w0 = 2.1 cm for the laser beam and a focal
distance of the mirror f = 8.1 cm. Equation (5.26) has been fitted to the
result of the Gaussian diffraction integral at z = 0, and perfect agreement is
found. For a flat intensity distribution with a clear round aperture one expects
the field around the focus of the mirror to be described by an Airy pattern,
i.e., I(r) = I[2 J1(x)/x]2, with x = πDr

(fλ) and J1 being the Bessel function of
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first kind and order one [125]. Here we have the diameter D (FWHM) of the
incoming laser beam and the wave length of the laser beam λ. We again see
perfect agreement by the fitted Airy pattern and the field evaluated by the
diffraction integrals.

Most importantly the fields should be a solution to the Maxwell equa-
tions [16]. We have defined a measure to determine how well the fields satisfy
Maxwell’s equations with no free charges:

∇ ·E = 0 :
3|∇ ·E|

max
√

(∂xEx)2 + (∂yEy)2 + (∂zEz)2
, (5.27a)

∇ ·B = 0 :
3|∇ ·B|

max
√

(∂xBx)2 + (∂yBy)2 + (∂zBz)2
, (5.27b)

∇×E = −∂tB :
2|∇ ×E + ∂tB|

max(|∇ ×E|+ |∂tB|)
, (5.27c)

∇×B = ∂tE :
2|∇ ×B− ∂tE|

max(|∇ ×B|+ |∂tE|)
. (5.27d)

Here max indicates the maximum value of what is inside the parenthesis for
the space time grid on which the fields are calculated. On fig. 5.14 we show
the errors according to eqs. (5.27a) to (5.27d), averaged over several laser
periods in time as a function of the step size used in the numerical derivative.
The errors are evaluated at x = 0.5 µm, y = 1 µm, z = 1.3 µm (arbitrarily
chosen), with the focus at x = y = z = 0. We show the errors for both the
Gaussian beam implementation to fifth order in the diffraction angle found
in [57] and the diffraction integral. All numerical operations are done with
double precision and the numerical derivatives are evaluated by

f ′(x) =
f(x+ h)− f(x− h)

2h
, (5.28)

where h is the step size. Since the Gaussian beam model is only implemented
to fifth order in the diffraction angle we expect a lower bound on the error
determined by terms of sixth order in the diffraction angle, which we clearly
see in fig. 5.14 as a flattening of the error curves for the Gaussian beam
implementation. The diffraction integrals are solved using the Levin method
as described above and impose an error due to the truncation when doing
the truncated singular value decomposition. Since the truncation errors reach
10−11 we lose a few digits worth of precision compared to the initial double
precision. Although the diffraction integrals are a result of many different
numerical operations our solution to the diffraction integrals reach the same
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Figure 5.13: Electric field (x component) around the focus of a parabolic mirror.
Squares: Result of diffraction integral calculation for a Super-Gaussian intensity
profile on the focusing mirror with n = 30. Red line: Analytical Airy disc pattern,
fitted to the square data points. Triangles: Result of diffraction integral calculation
for a Gaussian intensity profile on the focusing mirror with n = 2. The radius of
the mirror is 5 sigma of the intensity distribution of the laser field, meaning that
the mirror is much larger than the incoming laser beam and light lost due to the
aperture of the mirror is negligible. Blue line: Analytical Gaussian beam, fitted to
the triangular data points.

error as a fifth order analytical approximation. This result gives confidence
that our implementation of the diffraction integrals can be used in place of
the often employed analytical solutions.

If the field on the mirror is Gaussian and has no aberrations it is of
course faster and easier to use analytical solutions. The diffraction inte-
grals should be used to find the fields around the focus of arbitrarily shaped
parabolic mirrors with arbitrary intensity distributions and wavefront errors
by introducing an imaginary phase which depends on x and y in the function
f in eq. (5.23). This does not change the procedure of the Levin method
which has to be solved for the real and the imaginary part of the integral
in any case. We can confirm that by introducing wavefront errors described
by the first order Zernike polynomials tip, tilt and defocus [126, 127], the
focus is shifted in space. Introducing higher order wavefront errors result in
effects at the focus which has to be investigated together with experimental
measurements, and both are subject for future studies.
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Figure 5.14: Measure of the error according to eqs. (5.27a) to (5.27d) as a
function of the step size used in the numerical derivatives, averaged over several
wavelengths in time at x = 0.5 µm, y = 1 µm, z = 1.3 µm, with the focus at
x = y = z = 0. Dotted lines are the Gaussian beam implementation from [57]
while the full drawn lines are the diffraction integral results.

5.3.6 SFQED Simulation Results Using Diffraction Field

In this section we will compare SFQED simulation results produced using
the fifth order Gaussian beam approximation and the field obtained using
the diffraction integrals. The Gaussian beam model is fully defined by the
wavelength, temporal pulse length, peak electric field strength and the width
w0 at the focus. From the diffraction integral we obtain the width at the focus
from fitting a Gaussian as is done in fig. 5.13. Usually the peak intensity is
given in terms of the energy in the laser pulse, as this is a more well known
parameter in an experiment. The peak electric field E0 for the Gaussian
beam is obtained by considering the integral of the energy density u of the
laser pulse [16]:

EL =

∫
ud3xdt =

∫
ε0
2

(E2 + c2B2)d3xdt, (5.29)

where EL is the total energy contained in the laser pulse and ε0 is the vacuum
permittivity. In the paraxial approximation we have that E2 = cB2, which
means that

EL =

∫
ε0E

2d3x. (5.30)
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Using eq. (5.26) we get the following relation between the peak electromag-
netic field E0 and the total energy in the pulse

E0 =

√
8EL

w2
0τ0ε0c

√
ln (2)

π3
. (5.31)

We will be using this estimate for the peak field when using the fifth order
Gaussian beam approximation, given the total energy in the pulse.

When using the diffraction integrals we need to scale the resulting
diffraction fields by the peak field on the mirror, since we assume that this is
1 when we solve the integrals. Now we have to integrate the energy density
for the pulse hitting the mirror and relate this to the peak field on the mirror
in the same way as we did before. We again have the energy density and use
that E2 = cB2. Since we are interested in cases that differ from the Gaussian
beam solutions when using the diffraction integrals, we have implemented an
analytical scaling for two separate intensity distributions on the mirror (as-
suming that the laser is x polarized), a round and a square super Gaussian
distribution given by

Round: Ex = E0Ψ0x = E0 exp

(
− r

n

wn

)
, (5.32)

Square: Ex = E0Ψ0x = E0 exp

(
−|x|

nx

wnxx
− |y|

ny

w
ny
y

)
, (5.33)

where E0 is the peak field on the mirror, r =
√
x2 + y2, w is the width of

the round super Gaussian, wx and wy is the width in x and y respectively
of the square super super Gaussian and n, nx, ny = 1, 2.... The function Ψ0x

is the spatial envelope of the laser pulse on the mirror (same as in eq. (5.19)
and eq. (5.20)). We use the same temporal envelope as in eq. (5.26) for the
incoming beam on the mirror. Even though we consider a laser pulse hitting a
mirror, integrating the energy density still has to be done over all space since
we want to equate the integral to the total energy contained in the pulse. If
some energy is lost due to the aperture of the mirror, the diffraction integrals
will take this into account. By integrating the energy density over all space
for the super Gaussian distributions we get the following relation between the
peak electric field on the mirror E0 and the total energy in the pulse for the
round super Gaussian:

E0 =

√
2EL

τ0ε0cw2

22/nn

Γ(2/n)

√
ln (2)

π3
, (5.34)
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Figure 5.15: Primary electron (top left, 5 · 106 electrons), photon (top right,
5 · 108 photons) and secondary positron (bottom, 5 · 108 photons above 2 GeV)
spectra for particles exiting the focus in a head on collision between a 13 GeV
electron beam and a 100 fs FWHM short laser pulse containing 1 J of total energy.
Blue dots are simulations where the fifth order Gaussian beam approximation has
been used to model the electromagnetic field around the focus. Red full drawn line
is with the diffraction integrals. Detailed simulation parameters can be found in
the text.
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and for the square super Gaussian:

E0 =

√
EL

τ0ε0cwxwy

21/nx21/nynxny
Γ(1/nx)Γ(1/ny)

√
ln (2)

π
. (5.35)

The integral over z has in all calculations been changed to be over t while
setting z = 0, this means that w(z) = w0. Since 1/w >> τ0, the temporal
envelope decouples from the oscillating phase which then averages to 1/2.
When using a field obtained with the diffraction integrals, one then has to
scale the field with E0 pertaining to the incoming field distribution on the
mirror used to evaluate the diffraction integrals.

On fig. 5.15 we show the spectra for primary electrons, photons and
secondary positrons exiting the focus after a head on collision between a 13
GeV electron beam and a laser pulse containing 1 J of total energy. The
electron beam has a spherical Gaussian distribution with σ = 1 µm. The
simulation was carried out using the fifth order Gaussian beam approximation
and with the electromagnetic fields obtained through the diffraction integrals.
For the diffraction integrals we have used a pulse length of τ0 = 100 fs, a
wavelength of λ = 1057 nm, a focal length of the mirror of f = 146.5 cm,
a round Gaussian beam distribution with n = 2 and width of w = 20.5

cm. The diffraction integrals have been solved on a grid with dimensions
Nx = Ny = 95, Nz = 3000 and with boundaries of x = y = 17 µm and
z = 75 µm, symmetric around (0,0,0), all points are equidistant going in one
direction and tricubic interpolation is used to evaluate the fields between the
grid points. The resulting beam width at the focus is w0 = 2.436 µm, which
is what we use for the Gaussian beam approximation together with the same
parameters as for the diffraction simulation. With these parameters we reach
a maximum value of χ ≈ 1 for the 13 GeV electrons.

The simulations are done in two steps as described earlier, we have
here simulated an initial 5 · 106 electrons which emit photons, we have then
sampled 5 · 108 photons from emission points of the electrons. Since low en-
ergy photons are very unlikely to decay into a pair, the positron spectra are
made by simulating 5 · 108 photons above 2 GeV, all sampled from the ini-
tial electron simulation. When determining positron production and photon
emission rates one then has to scale the count numbers afterwards by the cor-
responding amount of electrons that goes into the photon simulation which
can be determined the number of photons per electron in the initial electron
simulation.
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We have performed a Kolmogorov Smirnov test [128] to determine how
well the distributions agree, the p-values are shown in fig. 5.15. We see from
the test that the photon and electron spectra evaluated using the Gaussian
beam approximation and the diffraction integrals agree with a significance
level of 100% meaning that according to the Kolmogorov Smirnov test the
two spectra originate from the same distribution. The positron spectra, which
suffer from significantly lower count numbers than the positron and electron
spectra, agree to a significance level of more than 1−10−9%. We are therefore
confident that the diffraction integrals together with the tricubic interpolation
produce reliable results and can be used in place of the analytical models.

5.4 Applicability of Radiation Models in Plane
Wave like Fields

This section contains the results and discussion presented in the paper [5]
while the theory section is contained in section 1.1. All NLCM curves are
produced by Robert Holtzapple using a modified version of the code used for
the old E144 experiment [25] while the rest of the curves are produced by the
SFQED code.

The radiation from high energy electrons and positrons moving in strong
electromagnetic fields has been [129, 25] and is being studied [93, 92, 130, 131,
132, 133, 114, 134, 135, 136, 137, 138, 139, 140] intensively. The prevalent
theoretical approach is to treat the radiation field as a perturbation while keep-
ing the interaction between external electromagnetic fields inside the electron
wave function. The wave function of the radiating particle can, for some spe-
cific external fields, be reduced analytically to a point which enables one to
evaluate the resulting radiation spectrum. Some benchmkarks have previously
been made [141, 116, 117, 115] on some of the models investigated here, to-
gether with extensions of already known models. For arbitrary external fields
the perturbation method does not work. Instead one evaluates the spectrum
numerically as an integral over the particle trajectory through the arbitrary
electromagnetic field [22, 32, 28]. The numerical method for arbitrary fields
has been shown to give reliable results for high energy electrons and positrons
penetrating oriented single crystals [1, 3].

Even though the different analytical expressions have been around for
decades, the difficulty of actually evaluating the radiation spectra has pre-
vented a detailed comparison. With several upcoming experiments aiming
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to use these models for theoretical predictions, we believe that a detailed
investigation of the different radiation models is useful and important.

In the following we investigate the strengths and limitations of the
different methods developed to evaluate the radiation spectra for electrons
and positrons in strong electromagnetic fields. In section 1.1 the important
points when deriving the theoretical models are shown, highlighting where
the models differ. Here we compare simulated spectra for each model for
different relevant experimental cases to see which models can be used given
the experimental parameters.

5.4.1 Simulations and Results

Theoretical predictions of SFQED experiments are almost always based on
simulations where it is necessary to evaluate the radiation spectra multiple
times and for different parameters. As discussed in the previous section, all
three radiation models originate from the same initial matrix element but
they deviate when approximations or assumptions are made to simplify the
calculation. The difficulty of numerically evaluating the radiation spectrum
using each model varies a lot, with the LCFA model being the easiest and
fastest to evaluate. Depending on how many terms in the sum over absorbed
photons one needs, the BCK model and NLCM can take several orders of
magnitude longer to evaluate than the LCFA model. It is therefore important
to understand when the approximations for the three models are valid and
when they fail under various experimental conditions.

In the laboratory, there are in principle two different sources of strong
fields, tightly focused pulsed lasers, and oriented crystals using high energy
particles. It is clear that the underlying assumption of the external field used
in the NLCM does not apply for crystals, so the primary focus in this paper
will be laser fields. First we will investigate a regular plane wave for different
values of η and χ where the NLCM should give the exact solution to the
emitted radiation. Then we will investigate the case of a tightly focused laser
pulse, which corresponds to putting a gradient on the plane wave amplitude.

For the LCFA model, the photon spectrum is evaluated at each particle
time step based on the local value of χ. Whereas the NLCM divides the
trajectory into bigger sections where the average η and χ values are used to
evaluate the spectrum for each section. The total NLCM spectrum is then
sum of the individual spectra from each section. For simplicity, the electrons’
energy stay at 13 GeV during the entire simulation for each model even though
they emit photons. As a result, the BCK model can integrate over the entire
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trajectory which leads to probabilities of emitting a photon being larger than
one. We do this to correctly capture the coherent parts of the trajectory in
the radiation spectrum which results in an overall scaling of the intensity.

Figure 5.16: Radiation spectrum from head-on collision between 13 GeV electrons
moving 100 fs through a plane wave field for different values of η, χ, and wavelength.
Black curve is the radiation spectrum according to the LCFA, the blue curve is
the NLCM and the red curve is the BCK model.

5.4.2 Plane wave Simulation

In fig. 5.16 we show the radiation spectra from a head on collision between
electrons propagating 100 fs through a counter propagating plane wave. The
radiation spectra have been evaluated using all three models, for four different
configurations of η and χ. The value of η and χ are determined by the wave-
length λ, electron energy, and peak value of the electric field. The electrons
energy for all simulations is 13 GeV, while the wavelength is either 800 or
8000 nm, and the plane wave amplitude is fixed to either η = 1 and η = 7.

When η = 1 for both wavelengths, the structure of the spectra clearly
display the number of photons absorbed (harmonics) by the electron. While
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this spectra is fundamental to the NLCM, it is also captured perfectly by
the BCK model, where the harmonics originate from the frequency of the
oscillatory motion the particle makes in its rest frame. In addition, the LCFA
model fails to reproduce the NLCM/BCK models for both wavelengths, which
is no surprise since the LCFA model is identical to the NLCM in the limit
η →∞.

As discussed earlier, the formation length (see eq. (1.64)) diverges for
the harmonic frequencies of the spectrum. This is evident in the spectrum
and is why the harmonics in the BCK model are not as sharp as the NLCM,
where the particle trajectory is integrated analytically to infinity.

In both η = 7 cases, there is good agreement between the NLCM and
BCK spectra where now the strong harmonic peaks appear as noise. Distin-
guishing these spectra experimentally would be extremely difficult because
there is no clear difference even at low energy.

Although the LCFA in principle is the same as the NLCM in the limit
η →∞, it is somewhat surprising that the NLCM spectrum has such promi-
nent features for the 8000 nm plane wave. The features in the spectrum can
be understood by examining the formation length. According to eq. (1.62), a
13 GeV electron emitting a 2 GeV photon, has a value of lf ≈ 0.1 µm. For a
plane wave with 8000 nm wavelength, the field can safely be considered a con-
stant within 0.1 µm, but evidently the formation length extends far beyond
what eq. (1.62) predicts.

In fig. 5.17 we show the formation length as a function of emitted photon
frequency according to eqs. (1.62) and (1.64) for both η = 7 and η = 1 in
the 8000 nm case. The divergence of the formation length clearly has a large
effect in the η = 1 case. The diverging peaks, that occur at the number of
absorbed of photons s from the external field, spans a large region of the
spectrum. Increasing the value of η, increases the transverse momentum a
particle receives during a plane wave cycle. If the particle is deflected outside
the light cone, which is of the order 1/γ, the coherence in the motion of the
particle is lost. As a result, the effective coherence length becomes smaller
than the formation length for larger η. This η suppression of the formation
length is clearly visible in the η = 7 case, where only a small fraction of the
spectrum extends above the region where the field is not constant.

The difference in spectra for low energy photons between the LCFA
model and NLC/BCK models can be understood in terms of the formation
length. The formation length becomes much longer for low energy photons
for all cases investigated in this paper.
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Figure 5.17: Formation length for a 13 GeV electron with different values of
η and χ moving through a plane wave with 8000 nm wavelength according to
eq. (1.62) (red), and eq. (1.64) (black) for increasing values of absorbed photons
from the external field s throughout the spectrum. The blue line marks a length
of 0.1 µm. The values of s are not equidistant and are chosen to represent the
entire spectrum

5.4.3 Short Pulsed Laser Simulation

In fig. 5.18 we show the radiation spectra for a head-on collision between
13 GeV electrons with a pulsed laser having a 40 fs FWHM pulse duration,
transverse spot size of w0 = 3 µm, and 800nm wavelength for three different
laser intensities. When η ≈ 2, harmonics in the spectrum are still significant
for the NLC/BCK models but not for the LCFA. When the laser intensity
is increased the harmonics disappear and we see agreement between all three
models except near the peak of the spectrum. The large discrepancy be-
tween the LCFA and the NLC/BCK models at small η is expected, but the
pulsed laser enhances this discrepancy. Even for η ≈ 11, discrepancies in the
spectrum are present up to the energy of 3 GeV.

Even when the laser pulse has a large gradient in the electromagnetic
fields, the spectrum from the BCK and NLC models agree. This can be
explained by examining the formation length based on eqs. (1.62) and (1.64),
which is shown in fig. 5.19, and compare it to three wavelengths of the laser
cycle where the laser field can be approximated by a monochromatic plane
wave. The formation length based on the NLCM remains below the three
wavelength line for all cases of η. Decreasing η increases the formation length
but also decrease the gradient of the field. As a result, the NLCM is applicable
for all values of η as long as the multi-photon emission processes remains
negligible, which is the case for all the laser parameters simulated in this
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Figure 5.18: Radiation spectra for 13 GeV electrons colliding head-on with a
pulsed laser having a 40 fs FWHM pulse duration and a transverse spot size of
w0 = 3 µm. Legends indicate the maximum η and χ parameter at the focal point
of the laser pulse. The black curve is based on the LCFA, the red curve is based
on the BCK model and the blue curve is based on the NLCM.

paper.

With longer laser pulse lengths, the probability of several interactions
occurring during a collision between the laser and an electron increases, mak-
ing it difficult to experimentally distinguish if an electron has emitted one
hard photon or two softer photons. To avoid this situation, we investigate
the spectrum produced from an ultra short laser pulse. In fig. 5.20 we show
the radiation spectrum from electrons colliding head on with a pulsed laser
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Figure 5.19: Formation length for a 13 GeV electron with different values of η
and χ moving through a plane wave with 800 nm wavelength according to eq. (1.62)
(red), and according to eq. (1.64) (black) for increasing values of s throughout the
spectrum. The blue line marks a length of 2.4 µm (3 wavelengths). The values of
s are not equidistant and are chosen to represent the entire spectrum

having a 10 fs FWHM pulse duration, a transverse spot size of w0 = 3 µm,
and a wavelength of 800 nm for two different laser intensities. As evident
from the η = 1.25 case, the difference between the LCFA and the NLC/BCK
models has increased as the laser pulse length has decreased. In addition, we
now start seeing a difference between the NLCM and the BCK model. While
the average spectra agree fairly well, the harmonics are now missing from the
NLC spectrum. The missing harmonics occur because the plane wave am-
plitude used to calculate the Non-Linear Compton spectrum is no longer a
constant within the formation length. Unfortunately these features that are
prominent in simulated spectra will be difficult to measure experimentally due
to required energy resolution necessary to distinguish these differences.

For the η = 3.95 case, we see the same trend as in previous simula-
tions. The η suppression of the formation length ensures that the plane wave
amplitude does not change significantly within the reduced formation length,
as a consequence the NLCM agree well with the BCK model. We still see
disagreement with the LCFA model starting from the peak moving to lower
energy.

5.4.4 Discussion

In our investigation we have shown that even though all three radiation models
(NLCM, LCFA and BCK) originate from the same matrix element in time
dependent perturbation theory, there applicability varies greatly with regard
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Figure 5.20: Radiation spectra for 13 GeV electrons colliding head-on with a
pulsed laser having a 10 fs FWHM pulse duration and a spot size of w0 = 3 µm.
Legends indicate the maximum η and χ parameter at the focal point of the laser
pulse. The black curve is based on the LCFA, the red curve is based on the BCK
model and the blue curve is based on the NLCM.

to which external field the radiating particle traverses. Comparing radiation
spectrum from an electron beam and perfect plane waves with 800 and 8000
nm wavelength showed that the BCK model is in excellent agreement with
the NLCM even considering that the NLCM gives the exact solution for a
perfect plane wave. The discrepancy between the two spectra is evident in
the sharpness of the Compton edges which depends on how long you integrate
over the trajectory through the plane wave. Achieving complete agreement
would become an academic exercise in how long one can numerically integrate
the trajectory.

We showed that the formation length is an extremely powerful tool in
predicting which model is applicable for a given operational situation. Ac-
cording to the formation length version (eq. (1.62)), the LCFA model should
be applicable for the 8000 nm wavelength plane wave cases. But in reality, the
formation length diverges at the harmonics in the Non-Linear Compton spec-
trum, and as a consequence, the relevant parameter for the applicability of the
LCFA model is the η parameter. The discrepancy between the LCFA model
and the NLC/BCK models is highly dependent on η and not on the gradient
of the plane wave which changes in e.g. a pulsed laser. As η increases, the
BCK and NLC spectra becoming smoothly varying, and start to agree with
the LCFA model for high photon energies. The largest discrepancy between
the LCFA and BCK/NLC models occurs below the peak in the spectrum at
low photon energies.

We also investigated the applicability of the NLCM in the case of a
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pulsed laser, where the plane wave amplitude changes over a number of cycles.
For a 40 fs long pulse duration, the field amplitude changes slow enough
within the formation length that the NLCM agrees with the BCK model.
When increasing η, and thereby the gradient of the field, we found that the
η suppression of the formation length drops faster than the field changes.
Therefore if a regime exists where the NLCM would not be applicable in a
head on collision with a laser pulse, it would be for η values around 1 and
below. Even for a 10 fs long laser pulse, where the pulse duration is only a
couple of plane wave cycles, the η suppression kicks in and makes the NLCM
pertinent. For η = 1.25 in the 10 fs pulse duration case, we start seeing a
notable difference in the underlying features of the BCK and NLCMs. The
average spectrum is still in agreement and the difference in spectrum would
not be measurable in current experiments due the the high energy resolution
required.

One thing worth noting is that all comparisons are done without any
re scaling to fit, which originating from two codes that use completely differ-
ent methods of propagating particles and evaluating emission spectra. This
benchmark together with the initial benchmark against Matteos results really
gives confidence in the different simulation codes developed.





CHAPTER 6
Closing Remarks and Outlook

As has been a recurring theme throughout the thesis, the fact that photon
emission from a charged particle can be determined by its classical trajec-
tory, even though the emission process is quantum mechanical, fascinates me.
Simple arguments show that quantum effects in the trajectory become neg-
ligible already for particles in a constant electromagnetic field with energies
only slightly above the rest mass γ > 1, and become even more negligible
as the energy increases. Other simple arguments also show that quantum
effects in the photon emission process become important as the quantum
non-linearity/strong-field parameter χ approaches unity. A code implement-
ing the classical and semi-classical radiation integrals, which calculates the
radiation by integrating over an arbitrary classical trajectory, was developed.
Great effort was put into developing a GPU accelerated version that evaluated
these fast oscillating integrals in parallel. This code proved to be an incredibly
powerful tool to investigate various radiation processes for different regimes,
both classical and quantum mechanical.

Initially, we started investigating the problem of classical radiation re-
action and the Landau-Lifshitz equation of motion with the NA63 group by
impinging multi GeV electrons and positrons onto oriented single diamond
and silicon crystals. Here, quantum non-linearities (non-linear in chi) and
their onset was encountered since the amount of emitted radiation for the ra-
diation reaction force to have a measurable effect, has to be significant. The
energy and field strength required for the effect to be significant meant that
we reached peak values of χ ≈ 0.06. At χ ≈ 0.01 quantum recoil corrections

129
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to the classical photon spectrum were needed to describe experimental data.
As χ was increased the Landau-Lifshitz equation significantly overestimated
the radiation reaction force, and additional quantum corrections, in the form
of damping of the radiation reaction force and inclusion of the spin of the
emitting particle in the photon spectrum was needed. This study showed
that the Landau-Lifshitz equation can indeed be used to describe the classical
motion of a charged particle in an electromagnetic field when χ ≤ 0.01. We
also showed that by including simple quantum corrections, the applicability
of the Landau-Lifshitz equation can be extended into the non-linear regime of
QED for small but non-negligible values of χ. This study might be interest-
ing to continue to see how far into the non-linear quantum regime a quantum
corrected version of the Landau-Lifshitz equation remains applicable.

The semi-classical radiation integrals were also used to analyze the data
from the T514 experiment on SLAC where radiation from volume reflected
particles in a bent silicon crystal was measured. Since χ was low, quantum
effects in both the radiation spectrum and the trajectories were negligible. We
found that the radiation emitted during volume reflection is almost identical
to classical synchrotron radiation in a constant magnetic field, with a strong
enhancement over amorphous silicon. The strength of the radiation integrals
was on display in the analysis, as radiation from different parts of a trajectory
could be easily identified.

By the end of 2019, work with the E320 collaboration on SLAC began
which included a 6-month stay at SLAC at the beginning of 2020. Here we
finalized the design of the picnic basket and the interaction point between
the FACET II pulsed laser and bunched electron beam. The stay was meant
to further include work in the FACET II beam tunnel, setting up the newly
designed experiment which was originally planned for commission in late 2020.
This was delayed due to Covid-19 and most of the time was put into further
developing the crystal simulation platform to include more radiation models
and various pulsed laser fields. The new simulation platform was designed
to be considerably more agile and versatile, without requiring the user to
alter any code to simulate different scenarios, while still being accelerated by
GPUs. The FACET II electron beam is expected to contain ≈ 108 electrons
that interact with the focused laser pulse per shot. For values of χ ≈ 1 and
the classical non-linearity parameter (non-linear in η) η ≈ 7, this takes less
than an hour to simulate using a single personal workstation accelerated by a
GPU. This means that if the experimental laser and electron beam diagnostics
improve to a point where reliable laser and beam parameters are known in
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each shot, we can simulate the expected outcome from shot to shot in the
offline analysis. Simulations show that even if the expected laser intensities
and electron beam energies cannot be reached initially, there are still relevant
experimental programs to conduct as e.g. the non-linear Compton model of
radiation emission and the transition to the classical non-linear regime.

Further development of the simulation platform led to a theoretical
investigation of the applicability of different semi-classical radiation models
when colliding electrons with plane wave-like fields, such as a focused pulsed
laser. The models under investigation were the local constant-field approxi-
mation, the non-linear Compton model, and the semi-classical radiation inte-
grals. All models originate from the same semi-classical matrix element, while
different approximations are made during the calculations. Here we saw that
the radiation integrals and the non-linear Compton model were in agreement
for pure plane-wave fields and different fields of pulsed plane waves (focused
laser pulse). Slight disagreement in the harmonics of the photon spectrum
was found as the laser pulse duration was limited to 10 fs. The local con-
stant field approximation, on the other hand, features no harmonics in the
spectrum, and agreement with the other models only occurred when the clas-
sical non-linearity parameter became large. Though even for η ≈ 11, we still
saw disagreement for photon energies up to 3 GeV for a 13 GeV electron.
These discrepancies could be explained by considering the radiation forma-
tion length which throughout the thesis has been considered in almost every
project involving radiation emission.

In 2022 we plan to measure the trident production process (direct
electron-positron pair production of an electron) with the NA63 group at
CERN, by impinging up to 200 GeV electrons onto axially aligned crystals.
This work will run alongside the E320 experiment at SLAC which means
2022 will contain more experimental work. On the theory side, a model for
direct trident production remains to be implemented. A simple model using
the Weizacker-Williams method of virtual quanta [16] for direct production,
combined with the LCFA model for pair production, is currently being tested.
Preliminary calculations show a large sensitivity to the choice of minimum im-
pact parameter in the Weizacker-Williams method, which is why we hope to
find a more robust model. This is not only relevant for the NA63 experiment
but also for E320 when the intensity and energy are increased.

All radiation models discussed in this thesis, except for the numerical
implementation of the radiation integrals, are analytically integrated over
the trajectory from −∞ to ∞, which hides the connection to the formation
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length. Through implementing an extensive usage of the radiation integrals,
the formation length is directly evident as the length over which a particle has
to travel before oscillating parts in the integral cancel out and no longer add
coherently. Naively this can be interpreted as the length it takes for a photon
to be produced/emitted and similar expressions for the formation length can
be retrieved from simple kinematic considerations of how long it takes for
a photon to separate from the emitting electron. The formation length has
been one of the most useful and simple concepts I have been familiarized
with during the PhD, while at the same time being the root of the most
confusing recurring problem of my physics career; the locality of the photon
emission process. The fact that a quantum emission process, which is an
instantaneous process, depends on a classical trajectory of non-zero length,
where parts of the trajectory add coherently together is difficult to grasp.
One can think of an electron that has decided to emit a photon, does so,
but determine its energy only after it has traveled a certain distance and
according to what happened along the trajectory. This is one thing that
keeps fascinating me about QED and SFQED and parallels can be drawn to
the double-slit experiment, where the outcome of the experiment is determined
by whether one observes which slit the particle goes through or not. Where a
photon emits a photon in quantum mechanics, along a classical trajectory is
something that one cannot measure without destroying some coherence as in
the double-slit experiment. Notwithstanding one still has to decide on where
to emit a photon in simulations, and with the numerical radiation integrals,
you must decide what parts of the trajectory should affect the emission process
coherently, and what parts shouldn’t. To many, QED is a closed chapter in
physics but simple details such as the locality of photon emission remain to
me a mystery and i believe there is still much to learn.
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