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Quantum many-body scars with chiral topological order in two dimensions
and critical properties in one dimension
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We construct few-body, interacting, nonlocal Hamiltonians with a quantum scar state in an otherwise thermal-
izing many-body spectrum. In one dimension, the embedded state is a critical state, and in two dimensions, the
embedded state is a chiral topologically ordered state. The models are defined on slightly disordered lattices, and
the scar state appears to be independent of the precise realization of the disorder. A parameter allows the scar
state to be placed at any position in the spectrum. We show that the level spacing distributions are Wigner-Dyson
and that the entanglement entropies of the states in the middle of the spectrum are close to the Page value. Finally,
we confirm the topological order in the scar state by showing that one can insert anyons into the state.
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I. INTRODUCTION

Thermalization in quantum many-body systems is encoded
in individual eigenstates of a generic Hamiltonian, and such a
mechanism is hypothesized under the name eigenstate ther-
malization [1,2]. Integrable systems, on the other hand, fail
to thermalize owing to the existence of an extensive set of
conserved quantities. Disordered systems also add to the list
of counterexamples to eigenstate thermalization. The disorder
can give rise to an emergent integrability in the systems that
leads to a phenomenon called many-body localization where
all eigenstates in the spectrum are nonergodic at large enough
disorder strengths [3–5].

Recently, an experiment in a Rydberg atomic chain
witnessed a weak ergodicity breaking where long-time oscil-
lations of local observables persisted when the system was
initialized in a specific quantum many-body state [6], and such
periodic revivals were termed “quantum many-body scars”
[7–9] in analogy to the quantum scars in chaotic single-
particle systems [10].

Currently, quantum many-body scars are defined as
instances of one or more states in the spectrum of a noninte-
grable Hamiltonian that violate the strong sense of eigenstate
thermalization, and several interesting models have been stud-
ied and constructed that support these nontrivial states in the
sea of thermal states [11–19]. The scar states essentially have
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low and subextensive entanglement entropy, similar to gapped
or critical ground states. Systematic constructions have even
been proposed to allow for a scar state to have nonchiral
topological order [20,21] and survive in a disordered setting
[22].

Here, we construct a few-body Hamiltonian on two-
dimensional (2D) lattices, which has a scar state with chiral
topological order in the middle of the spectrum. We also
construct a few-body Hamiltonian on one-dimensional (1D)
lattices with a critical scar state. For both models, a param-
eter allows us to place the scar state at any desired position
in the spectrum. The models are defined on slightly disor-
dered lattices in 1D and 2D, and the scar state in 2D is a
lattice Laughlin state. We provide evidence that the spectra
are thermal by showing that the level spacing distributions
are Wigner-Dyson and that the entanglement entropies of the
excited states are close to the Page value. The scar state, on the
contrary, is nonergodic and has a much lower entanglement
entropy. We demonstrate the topological properties of the scar
state in 2D by introducing anyons into the state.

Our construction starts from sets of operators Ai and Bi that
annihilate the scar state |�scar〉 of interest, i.e.,

Ai|�scar〉 = Bi|�scar〉 = 0. (1)

We use these to construct the Hamiltonian

H =
∑

i

A†
i Ai − γ

∑
i

B†
i Bi, (2)

which has |�scar〉 as an exact zero-energy eigenstate. The
Hamiltonian H can have both positive and negative eigen-
values, and the real parameter γ can be used to adjust the
position of the scar state relative to the range of the many-
body spectrum. For the special case γ = 0, we observe that
|�scar〉 is the ground state. We expect this approach to work
quite generally to construct scar models, although the thermal
properties of the spectrum need to be checked in each case.
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This paper is structured as follows. In Sec. II, we give
the exact expression for the scar states in 1D and 2D. In
Sec. III, we construct few-body Hamiltonians for these scar
states by exploiting operators that annihilate the scar state.
The Hamiltonians can be defined on arbitrary lattices in 1D
and 2D, and we describe the slightly disordered lattices that
we use for the numerical computations. In Sec. IV, we first
show that the scar states can be placed at desired positions
in the spectra by adjusting a parameter in the Hamiltonians.
We then compute the energy level spacing distributions and
entanglement entropies to show that the spectra are thermal.
In Sec. V, we discuss the properties of the scar states on
the disordered lattices. The scar state in 1D is critical, and
we show that the scar state in 2D is topologically ordered
by constructing well-screened anyons. Sec. VI concludes the
paper.

II. QUANTUM SCAR WAVE FUNCTION

The exact wave function for the quantum scar that we wish
to embed in a many-body spectrum is given by

|�scar〉 =
∑

n1,n2,...,nN

�(n1, n2, . . . , nN )|n1, n2, . . . , nN 〉, (3)

where

�(n1, n2, . . . , nN ) ∝ (−1)
∑

j ( j−1)n j δn

∏
i< j

(zi − z j )
2nin j−ni−n j .

Here, ni ∈ {0, 1} is the number of hardcore bosons on the ith
lattice site, and

δn =
{

1 for
∑

i ni = N/2,

0 otherwise (4)

fixes the number of particles in the state to N/2. The complex
number zi denotes the position of the ith lattice site. In 1D,
when the lattice sites sit evenly on a circle (z j = ei2π j/N ), the
state coincides with the ground state of the Haldane-Shastry
model after a transformation to the spin basis [23,24]. In 2D,
on a square lattice, the state is the half-filled bosonic lattice
Laughlin state, which has chiral topological order [25].

III. HAMILTONIANS

We now construct few-body Hamiltonians for which
|�scar〉 is an exact eigenstate. The construction relies on the
observation that the state (3) can be written as a correlation
function in conformal field theory and that one can use this
property to derive families of operators that annihilate the
state. The operators that we use below were derived in [26].

A. Hamiltonian in 1D

We first consider a 1D system, which is obtained by re-
stricting all the positions z j to be on the unit circle, i.e.,
z j = eiφ j for all j, where φ j are real numbers. We also require
that all z j are different from one another. It was shown in [26]

that the operators

�1D
i =

∑
j( �=i)

wi j[d j − di(2n j − 1)],

�1D
i =

∑
j( �=i)

wi jdid j, wi j = zi + z j

zi − z j
(5)

annihilate |�scar〉. The operators d j , d†
j , and n j = d†

j d j , acting
on site j, are the annihilation, creation, and number operators
for hardcore bosons, respectively.

We build the Hamiltonian for the scar model in 1D by
constructing the Hermitian operator

H1D =
∑

i

(
�1D

i

)†(
�1D

i

) + (α − 2)
∑

i

(
�1D

i

)†(
�1D

i

)
, (6)

which has |�scar〉 as an exact energy eigenstate with zero
energy. The real parameter α is chosen to position the scar
state at the desired position in the spectrum of H1D, as we
shall see below. Expanding this expression, we get

H1D =
∑
i �= j

GA
i j d†

i d j +
∑
i �= j

GB
i j nin j +

∑
i �= j �=l

GC
i jl d†

i dl n j

+
∑

i

GD
i ni + GE , (7)

where the coefficients are given by

GA
i j = −2w2

i j,

GB
i j = (2 − α)w2

i j + 4
∑

l ( �= j �=i)

wi jwil ,

GC
i jl = −αw jiw jl ,

GD
i = −2

∑
j( �=i)

w2
i j −

∑
j �=l ( �=i)

wi jwil ,

GE = −N (N − 2)(N − 4)

6
. (8)

Equation (7) is thus a real, particle-number-conserving two-
body Hamiltonian with some nonlocal terms. As we aim to
construct a model with a thermal spectrum, we add a small
amount of random disorder to the lattice site positions to avoid
any additional symmetries. Specifically, we choose

z j = e2π i( j+γ j )/N , j ∈ {1, 2, . . . , N}, (9)

where γ j is a random number chosen with constant probability
density in the interval [− δ

2 , δ
2 ] and δ is the disorder strength.

In all the numerical computations below, we choose δ = 0.5
and consider one particular disorder realization.

B. Hamiltonian in 2D

We next allow z j to be in the complex plane, and we assume
that all z j are different from one another. In this case, the
operators

�2D
i =

∑
j( �=i)

ci j[d j − di(2n j − 1)],

�2D
i =

∑
j( �=i)

ci jdid j, ci j = 1

zi − z j
, (10)
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annihilate |�scar〉, as shown in [26], and we use them to con-
struct the Hamiltonian

H2D =
∑

i

(
�2D

i

)†(
�2D

i

) + β
∑

i

(
�2D

i

)†(
�2D

i

)
(11)

for the scar model in 2D. In this expression, β is a real param-
eter, which we can adjust to position the scar state anywhere
in the spectrum, as we shall see below. After expanding out
the terms, we get

H2D =
∑
i �= j

F A
i j d†

i d j +
∑
i �= j

F B
i j nin j +

∑
i �= j �=k

FC
i jk d†

i d jnk

+
∑

i �= j �=k

F D
i jk nin jnk +

∑
i

F E
i ni, (12)

where

F A
i j = 2c∗

i jci j +
∑

k( �=i,�= j)

(c∗
kick j + c∗

jic jk + c∗
ikci j ),

F B
i j = βc∗

i jci j − 2
∑

k( �=i,�= j)

(c∗
i jcik + c∗

ikci j ),

FC
i jk = −2(c∗

jic jk + c∗
ikci j ) + βc∗

kick j,

F D
i jk = 4c∗

ikci j,

F E
i =

∑
j( �=i)

(c∗
jic ji + c∗

i jci j ) +
∑

j,k( �=i)

c∗
i jcik .

The Hamiltonian conserves the number of particles, it is non-
local, and it consists of terms involving up to three particles.

We disorder the positions of the lattice sites slightly to
avoid additional symmetries in the model. Specifically, if zc

i
is the position of the ith site in the perfect square lattice, we
choose zi = zc

i + δ(εa + iεb), where εa and εb are independent
random numbers chosen with constant probability density in
the interval [0,1] and δ is the disorder strength. In all the nu-
merical computations below, we choose δ = 0.1 and consider
one particular disorder realization.

IV. PROPERTIES OF THE HAMILTONIANS

Since the Hamiltonians conserve the number of particles
and the scar state has N/2 particles, where N is the number
of lattice sites, we restrict our focus to the sector with lattice
filling one half in the rest of the paper.

A. Positioning the scar state

We first show that the parameters α and β serve as tuning
parameters to place the scar state at the desired position of the
many-body spectrum. If the scar state is the nth eigenstate,
when ordering the eigenstates in ascending order according to
energy, we define the normalized position of the scar state as

nnorm = n

D
, (13)

where D = ( N
N/2

)
is the dimension of the Hilbert space in

the half-filled sector. The energy of the scar state is zero by
construction, and the normalized energy of the scar state is
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FIG. 1. (a) Normalized position (13) and normalized energy (14)
of the scar state in the many-body spectrum of the 1D Hamiltonian
(7) plotted as a function of the tuning parameter α for a slightly
disordered lattice on a unit circle with N = 16 sites. (b) Same as (a),
but computed for the 2D Hamiltonian (12) for a slightly disordered
square lattice of size 4×4. It is seen that, in both 1D and 2D, the
scar state can be positioned at any desired place in the many-body
spectrum by a suitable choice of α and β, respectively.

hence

Enorm = −Emin

Emax − Emin
, (14)

where Emin (Emax) is the lowest (highest) energy in the spec-
trum of the Hamiltonian.

In Fig. 1, we show these two quantities for the 1D and
2D Hamiltonians in Eqs. (7) and (12), respectively. From the
plots it is seen that the scar state can be placed at any desired
position in the many-body spectrum by choosing α and β

appropriately. The scar state is the ground state for α = 0 and
β = 0, respectively.

B. Level spacing distribution

We next show numerically that the level spacing distri-
butions follow the Wigner surmise for ergodic Hamiltonians
[27]. In particular, time-reversal-invariant Hamiltonians with
real matrix entries are known to follow Gaussian orthogonal
ensemble (GOE) statistics, while those with complex entries
breaking time-reversal symmetry are known to follow Gaus-
sian unitary ensemble (GUE) statistics [28]. In Fig. 2, we
show the level spacing distributions for the Hamiltonians in
1D and 2D using the standard technique of unfolding the
energy spectrum [29]. The energy level spacing distribution
follows GOE statistics for the 1D case, while it follows GUE
statistics for the 2D case. This suggests that most of the states
in the many-body spectrum of the Hamiltonians are ergodic.

C. Entanglement entropy

Scar states are nonergodic states that reside in the bulk
of the spectrum where the density of states is high. The
entanglement entropy of scar states is low compared to the en-
tanglement entropy of the states in the middle of the spectrum
that obey the eigenstate thermalization hypothesis. When the
subsystem is half of the system, the entanglement entropy of
the latter states is close to the Page value [N ln(2) − 1]/2 [30].

We now show that the models considered here display
such a behavior. Specifically, we consider the von Neumann
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FIG. 2. (a) The level spacing distribution for the Hamiltonian
in 1D with α = −4.5 matches the GOE statistics for a system that
is time reversal invariant. (b) The level spacing distribution for the
Hamiltonian in 2D with β = −4 matches the GUE statistics for a
system that is not time reversal invariant. This suggests that most of
the states in the spectrum are ergodic.

entropy S = −Tr[ρA ln(ρA)] of a subsystem A, where ρA =
TrB(|ψ〉〈ψ |) is the reduced density matrix after tracing out
part B of the system and |ψ〉 is the energy eigenstate of
interest. For the 1D case, we choose region A to be half of
the chain, and for the 2D case, we choose region A to be
the left half of the lattice. The choice of subsystems and
the entanglement entropy for all the states for a disordered
case are shown in Fig. 3. It is seen that the states in the
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FIG. 3. (a) and (c) The slightly disordered lattices in 1D and 2D
with N = 16 spins. The red dashed lines show the partitioning into
subsystems A and B used for computing the entanglement entropies.
(b) and (d) Entanglement entropy for all the eigenstates of the Hamil-
tonian in 1D [Eq. (7)] with α = −4.5 and in 2D [Eq. (12)] with
β = −4, respectively. The states in the middle of the spectrum have
entropies close to the Page value [N ln(2) − 1]/2 = 5.05 (dashed
lines), except the scar state (marked with a red star), which has a
much lower entropy.
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FIG. 4. (a) Entanglement entropy for all the eigenstates of the
Hamiltonian in 1D [Eq. (7)] with α = −4.5 and δ = 0. (b) Entan-
glement entropy for all the eigenstates of the Hamiltonian in 2D
[Eq. (12)] with β = −4 and δ = 0. Dashed lines indicate the Page
value [N ln(2) − 1]/2 = 5.05, and the scar state is marked with a red
star.

middle of the spectrum have large entanglement entropy close
to the Page value, while the scar state has low entanglement
entropy in both 1D and 2D.

We also compute entropies for models without disorder, as
shown in Fig. 4. For the 1D case, the entropies in the middle of
the spectrum are no longer distributed around the Page value.
However, for the 2D clean model, the entropies close to the
middle of the spectrum are close to the Page value, while the
scar state has low entanglement.

V. PROPERTIES OF THE SCAR STATES

As mentioned above, the scar state coincides with the
ground state of the Haldane-Shastry model when defined on
a uniform 1D lattice, and on a 2D square lattice, the scar
state is a lattice Laughlin state. These properties remain the
same after disordering the lattices slightly, as we will now
discuss.

A. Critical state in 1D

The ground state of the Haldane-Shastry model has been
studied extensively and is known to be a critical state with
Luttinger liquid properties [23,24]. The entanglement entropy
of a critical state scales logarithmically with the subsystem
size L. More precisely [31],

S ≈ c

3
ln

[
N

π
sin

(
πL

N

)]
+ const, (15)

where c is the central charge of the underlying conformal
field theory and c = 1 for the Haldane-Shastry state. Numer-
ous studies have confirmed that the state is robust to weak
disorder and does not change its universality class [32,33].
The entropy of the scar state hence scales logarithmically also
on the slightly disordered lattice.
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B. Lattice Laughlin state in 2D

The lattice Laughlin state (3) is known to have chiral
topological order and to support anyonic excitations when
defined on different regular lattices [25,26,34,35]. Here, we
confirm the topological properties of the scar state on a
slightly disordered lattice by introducing anyons. The anyons
are introduced by modifying the state as follows [34]:

|�A〉 =
∑

n1,...,nN

�A(w1,w2, n1, . . . , nN )|n1, . . . , nN 〉, (16)

where

�A(w1,w2, n1, . . . , nN )

= C(w1,w2)−1 δn (−1)
∑

j ( j−1)n j

×
∏
i, j

(wi − z j )
n j

∏
i< j

(zi − z j )
2nin j

∏
i �= j

(zi − z j )
−ni .

Here, w1 and w2 are the centers of the two anyons, C(w1,w2)
is a real normalization constant, and

δn =
{

1 for
∑

i ni = (N − 2)/2,

0 otherwise (17)

fixes the number of particles to (N − 2)/2.
For a topological liquid, one expects a constant density of

particles in the bulk. In the presence of quasiholes, however,
the density is reduced in a local region around each of the
quasihole coordinates wk . We define the excess density of the
kth quasihole as

Qk =
N∑

i=1

ρ(zi ) �(R − |zi − wk|), k ∈ {1, 2}, (18)

where

ρ(zi ) = 〈�A|ni|�A〉 − 〈�|ni|�〉 (19)

is the density difference between the situations in which there
are quasiholes in the system and in which there are not. The
Heaviside step function �(· · · ) restricts the sum to a circular
region of radius R and center wk . When R is large enough to
enclose the quasihole and small enough to not enclose other
quasiholes or part of the edge of the lattice, the excess density
is equal to minus the charge of the quasihole. The charge of
the quasihole is 1/2 for the considered Laughlin state.

We use the Metropolis-Hastings algorithm to compute
ρ(zi ) and Qk in Fig. 5. The density difference profile shows
that the quasiholes are well screened, and we find that the ex-
cess densities Q1 and Q2 converge to −0.5 as we increase the
radius R. For the lattice Laughlin state, it can be shown analyt-
ically that the quasiholes have the correct braiding properties
if it can be assumed that the anyons are screened and have
the correct charge [36]. Since the scar state hence admits the
insertion of local defects with anyonic properties, it follows
that it is a topologically ordered state even in the presence of
the amount of disorder considered here.

VI. CONCLUSION

We have demonstrated the construction of 2D models
featuring quantum many-body scar states that have chiral

FIG. 5. (a) Density difference profile ρ(zi ) [see (19)] on a
slightly disordered square lattice with the two quasihole coordinates,
w1 and w2, marked by the blue and red stars, respectively. The
observation that ρ(zi ) is only nonzero in a finite region around each
of the quasihole coordinates shows that the anyons are well screened.
(b) The excess densities, Q1 and Q2 [see (18)], as a function of the
radius R converge to the correct value of −0.5 for a quasihole, which
shows that the state is topological (see text). The number of lattice
sites is N = 316, and the edge of the lattice is chosen to be roughly
circular in order to resemble a quantum Hall droplet. The error bars
due to Metropolis sampling are of order 10−4.

topological order. Specifically, we have used sets of operators
that annihilate the scar state of interest to construct nonlocal,
few-body Hamiltonians, which have the scar state as an exact
eigenstate. Using a similar construction for a 1D system,
we have also obtained a scar model in which the scar state
is critical. For both models, a parameter allows us to place
the scar state at any desired position in the spectrum. We
have found that the level spacing distributions of the spectra
are Gaussian and that the excited states in the middle of
the spectra have entanglement entropies close to the Page
value, which is what is expected for thermal spectra. The
scar state, however, is special and has a much lower entan-
glement entropy. Finally, we have confirmed the topological
nature of the scar state in 2D by showing that one can insert
anyons with the correct charge and braiding properties into the
state.

We expect that the construction method used can be applied
to build several other scar models. One can, for instance, also
find families of operators that annihilate Halperin states [37]
and Moore-Read states [38]. Operators can also be found that
annihilate, e.g., lattice Laughlin states with anyons [34]. This
would allow for the construction of scar models where the
scar state contains anyons. In all cases, one should check, e.g.,
numerically, whether the spectra of the constructed models
are, indeed, thermal. For the models mentioned, the lattice
positions serve as free parameters, so even if the spectrum is
not thermal for a particular choice of lattice, it may be thermal
for another choice.
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