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One-dimensional subwavelength atom arrays display multiply-excited subradiant eigenstates
which are reminiscent of free fermions. In this Letter, we show that such free-fermion eigenstates
appear in case of a quadratic dispersion relation of the band of singly-excited states, by demonstrat-
ing that near the band-edge, Hamiltonians of the long-range resonant dipole-dipole interactions can
be approximated by a nearest-neighbour-tunneling model diagonalized by Jordan-Wigner fermions.
The universal mechanism for this phenomenon implies that the free-fermion ansatz extends to states
with finite decay rates and we propose schemes for their observation, exploiting a physical transfer
process between sub- and super-radiant free-fermion eigenstates, and by angular coincidences in the
emission from a laser driven atomic array.

The resonant dipole-dipole interaction (RDDI) me-
diated between atoms by the quantized radiation field
can be described by an effective non-Hermitian Hamilto-
nian and displays strong all-to-all interactions [1]. This
makes analytical theories challenging, especially for the
multi-excitation regime. Recently, significant efforts have
been devoted to the multiply-excited eigenstates of the
RDDI Hamiltonians of 1D atom arrays [2–28]. While
many results have been derived for the case of arrays
coupled to ideal 1D waveguides [29] where RDDI has
a simple form [30], some of them are regarded as uni-
versal and expected to apply for RDDI mediated by
other quantum fields, e.g., the 3D free space field [31],
and fields engineered by hyperbolic metamaterials [32] or
photonic crystal waveguides [33], etc. One such feature
is the appearance of free-fermion eigenstates [3–5] rep-
resented as Slater determinants of spatially distributed
singly-excited eigenstates. Within the ideal 1D waveg-
uide model [5], we have mapped the RDDI Hamil-
tonian to the Lieb-Liniger model [34] and interpreted
the free-fermion subradiant states as a Tonks-Girardeau
gas [35, 36]. However, universal features must be rooted
in principles at a more fundamental level. To verify or
substantiate if the free-fermion eigenstates are universal
for the RDDI, a more generic, system-independent theory
is necessary.

In this Letter, we show that if the band of singly-
excited states induced by RDDI has a quadratic ex-
tremum point kex, i.e., its dispersion relation can be ex-
panded as ωeff(k) ≈ ωeff(kex) + a2(k − kex)2 for k ≈ kex

with a2 an expansion coefficient, there is a family of free-
fermion multiply-excited eigenstates defined in the vicin-
ity of kex. This result provides a criterion for the free-
fermion states that is easy to verify. Moreover, it implies
the existence of free-fermion states with finite decay rates
and properties that may hence be observed in the emitted

field, which is not an attractive option for the previously
discovered subradiant free-fermion states [3–5]. Disper-
sion relations with a higher power law leads to even more
subradiant states [37], but they correspond to interacting
fermions and do not follow the free-fermion ansatz.
Preliminaries. We consider atoms with two levels,

the ground state |g〉 and an excited state |e〉, between
which the energy gap is ω0 (~ = 1). In a regular 1D array,
the atoms are equally spaced with coordinates zm = md.
The light field can be specified by its dyadic Green’s ten-
sor G. Assuming the Born-Markov approximation and
translation symmetry of the light field in the direction
along the array, the effective RDDI Hamiltonian is ex-
pressed as [38–40]

Heff = −µ0ω
2
0

N∑

m,n=1

d∗m ·G(zm − zn, ω0) · dnσ†mσn, (1)

where µ0 denotes the vacuum permeability, d is the tran-
sition dipole moment, and σ† = |e〉 〈g|. The Hamilto-
nian (1) can be rewritten in Fourier space as

Heff = Nd

∫ π/d

−π/d

dk

2π
ωeff(k) σ†kσk, (2)

where the spin-wave operator reads

σ†k =
1√
N

N∑

m=1

eikzmσ†m, (3)

and ωeff(k) is the complex dispersion relation of the band
of singly-excited eigenstates. For an infinite array, the
state |k〉 ≡ σ†k |G〉, with |G〉 the atomic ground state, has
the energy <ωeff(k) and decay rate γ(k) = −2=ωeff(k),
where < and = denote the real and imaginary parts, re-
spectively.
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According to Eq. (2) the full information of the 2N -
dimensional Hamiltonian Heff is contained in the disper-
sion relation ωeff(k), and thus, any universal features of
the multiply-excited system must reflect a common prop-
erty of the single excitation dispersion relation, ωeff(k).
The dispersion relation near a band edge is such a char-
acteristic property of periodic systems, and we shall now
show that it accounts for the universal existence of exci-
tations that can be described as free fermions.

Free-fermion states. In our analysis we shall approx-
imate Heff by a simpler Hamiltonian

H1 = c1N̂e −
a2

d2

N−1∑

j=1

(
tex σ

†
jσj+1 + t∗ex σ

†
j+1σj

)
, (4)

where the choice of parameters, c1 = ωeff(kex) + 2a2/d
2

and tex = e−ikexd leads to the same ωeff(k) as Heff

in the vicinity of kex (N̂e =
∑N
j=1 σ

†
jσj is the total

number of excitations). H1 has the exact dispersion
relation, ω1(k) = c1 − 2a2/d

2 cos[(k − kex)d], and it
can be diagonalized by the Jordan-Wigner transforma-

tion [41] σ†j = eiπ
∑j−1
m=1 f

†
mfmf†j and its Hermitian con-

jugate, where fm and f†m are fermionic operators satis-

fying the anti-commutation relations {fi, f†j } = δi,j and
{fi, fj} = 0. The transformation leads to a free-fermion
Hamiltonian

H1 =
N∑

ξ=1

ω1(kex + qξ) f
†
ξ fξ, (5)

where fξ =
∑N
j=1 〈ψξ|σ

†
j |G〉 fj is the annihilation opera-

tor for the single-excitation eigenmode

|ψξ〉 =
1√
2

(σ†kex+qξ
− σ†kex−qξ) |G〉 , (6a)

with

qξ = ξ
π/d

N + 1
, 1 ≤ ξ ≤ N. (6b)

We have 〈ψξ|ψξ′〉 = δξ,ξ′ and {fξ, f†ξ′} = δξ,ξ′ , and states
|ψξ〉 with ξ � N have wavenumbers in the vicinity of kex,
where the quadratic expansion of ωeff(k) is valid. Then
an eigenstate of H1 with ne excitations has the form of

|F~ξ〉 = f†ξ1f
†
ξ2
· · · f†ξne |G〉 . (7)

where ~ξ denotes the string ξ1 ≤ ξ2 ≤ · · · ≤ ξne .
A similar idea of studying a (different) simpler Hamil-

tonian was recently used to prove a universal power-law
scaling of the decay rates of the singly-excited subradi-
ant states [37]. As in [37] we shall validate our solution
by treating the difference between the exact Heff and the
approximate H1 as a perturbation, ∆H = Heff − H1,
which can also be written in the form of Eq. (2) with a

dispersion relation δω(k) = ωeff(k)− ω1(k). To proceed,
we consider the perturbative expression

〈F~ξ|∆H|F~ξ〉 = Nd

∫ π/d

−π/d

dk

2π
δω(k) 〈F~ξ|σ

†
kσk|F~ξ〉 . (8)

By definition, δω(k) scales as N−3 for |k − kex| ∼ N−1,
but generally as O(1) outside the neighborhood of kex,

while the occupation 〈F~ξ|σ
†
kσk|F~ξ〉 scales as O(1) for

|k − kex| ∼ N−1 and as N−4 elsewhere. We assume that
ωeff(kex) is not degenerate with ωeff(k) at other wave
numbers, as hybridization of these states may requires
further treatment. The reported scalings are inferred
from an inequality derived in the Supplemental Mate-
rial [42]:

∥∥∥σk |F~ξ〉
∥∥∥ < 1

N

ne∑

α=1

∣∣hk(−qξα , qξα)
∣∣

+
2
√
ne
N

∑

1≤α<β≤ne
ε1,ε2=±1

∣∣∣hk(ε1qξα , ε2qξβ )
∣∣∣ ,

(9)

where hk(q1, q2) = cot[(k− kex− q1)d/2]− cot[(k− kex−
q2)d/2]. Eq. (8) thus yields the scaling 〈F~ξ|∆H|F~ξ〉 ∝
N−3, which is a factor N smaller than the separation of
the eigenvalues of H1. The same scaling also holds for
off-diagonal terms 〈F~ξ|∆H|F~ξ′〉 where ξ 6= ξ′. Therefore,
∆H can be consistently viewed as a perturbation to H1,
and the free-fermion states |F~ξ〉 are the leading order
eigenstates of Heff.

The above derivation solidifies the following more
physical argument for the free-fermion states: A
quadratic ωeff(k) corresponds to a kinetic energy that can
be represented by ∝ (∂x)2. Discrete versions of this oper-
ator, defined on a lattice, reduce to nearest-neighbor tun-
neling. Therefore, although displaying long-range hop-
ping terms, Heff can be approximated by H1 and give
rise to Jordan-Wigner fermions due to the nature of two-
level atoms.
Experimental signatures of free-fermion eigenstates.

The above derivation did not apply any assumption
about the vanishing or smallness of =ωeff(k) and =a2,
and the free-fermion states are not necessarily subradi-
ant [3–5]. This makes it possible to observe their prop-
erties in experiments by their optical emission. Within
the Markov approximation, the electric field (positive fre-
quency part) of the emission from the atomic ensemble
reads

Ê(+)(r) = µ0ω
2
0

N∑

j=1

G(r− rj , ω0) · djσj(t). (10)

In the far field, G(r, ω0) ∝ r−1eik0rf(θ, φ), where k0

is the resonant wavenumber and f(θ, φ) the radiation
pattern at polar angle θ and azimuthal angle φ [43].
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Thus, Ê+(θ) ∝
√
Nσk0cos θ. This implies that distri-

butions and correlation functions in the form of 〈σ†kσk〉
and 〈σ†kσ†qσqσk〉, etc., can be efficiently measured if k, q ∈
[−k0, k0]. In the following, we propose two experimental
schemes for the study of signatures of the free-fermion
states.

Detection scheme-1. First, we exploit the experimen-
tal ability to rapidly evolve the atomic system between
the extremely subradiant and the superradiant free-
fermion states: Systems with parity symmetry ωeff(k) =
ωeff(−k) have at least two extremum points, kex,0 = 0
and kex,π = π/d. If the dispersion relations is quadratic
around both extrema, they both support families of free-
fermion states, that we can denote by |F 0

~ξ
〉 and |Fπ~ξ 〉,

respectively. (Without parity symmetry, e.g., in chiral
systems, the two extremum points may occur at other
wavenumbers.) States |Fπ~ξ 〉 are extremely subradiant if

the atom-atom separation d is smaller than half of the
resonant wavelength of the light field, while states |F 0

~ξ
〉

are usually radiant and even superradiant. The super-
and sub-radiant states are connected by a single unitary
Uπ = σz ⊗ I⊗ σz ⊗ I⊗ σz ⊗ · · · , so that Uπ |F 0

~ξ
〉 = |Fπ~ξ 〉

and Uπ |Fπ~ξ 〉 = |F 0
~ξ
〉 for any ~ξ. Uπ factorizes and its π

phase shifts between the excited states of any two neigh-
boring atoms can be realized, e.g., exploiting Raman en-
ergy shifts induced by a gradient magnetic field or the
AC Stark shift induced by an off-resonant standing wave
laser field [44].

States with the fermionic anti-symmetry are difficult to
excite directly, and we propose instead to initially pre-
pare the array in the symmetrically excited state, e.g.,
|Ψ0〉 = |B0,0,0〉 ∝ (σ†k=0)3 |G〉 (see methods in Ref. [4]),
and subsequently apply Uπ to transfer the excitations to
the vicinity of kex,π. The resulting state does not ex-
clusively populate an anti-symmetric free-fermion state,
but it may be realized through a subsequent “evapo-
rative cooling” process: Given no light emission is ob-
served, the atomic state follows the “no-jump” trajectory
|Ψt〉 ∝ e−iHefftUπ |Ψ0〉 and gradually converges to the
most long-lived component in the eigenstate expansion of
Uπ |B0,0,0〉. This state, in turn, is dominated by the de-
sired free-fermion state, |Fπ1,2,3〉 (in some systems a class
of bound states appear with even longer lifetime [6, 7]).

Note that we can arrest the “cooling” at any time t,
and apply Uπ to convert the system to a radiant or su-
perradiant state around kex,0. Then the time evolution
is governed by the radiative master equation

i
d

dt
ρ = Heffρ− ρH†eff + i

N∑

ξ=1

γξ σφξ ρ σ
†
φξ

(11)

where σφξ =
∑N
j=1 〈φξ|σ

†
j |G〉σj , γξ and |φξ〉 are eigen-

values and eigenstates of 2HIm
eff , the dissipative part of

Heff defined through Heff ≡ HRe
eff − iHIm

eff [45]. Since kex,0

Figure 1. Detection scheme-1. (a) Dissipative state evolution
between the triply excited states Uπ |B0,0,0〉 and |Fπ1,2,3〉 of
20 atoms. Fidelities between |Ψt〉 and Uπ |B0,0,0〉 (Fb, blue)
and |Fπ1,2,3〉 (Ff , red) as a function of time, in unit of 1/γ0
where γ0 is the single atom spontaneous emission rate in 3D
free space. The intermediate state |Ψinter〉 has Fb = Ff . (b)
Renormalized photon axial momentum distribution Pk for
|B0,0,0〉, Uπ |ψinter〉 and |F 0

1,2,3〉, respectively. The log scale
inset shows the central parts of Pk.

is also a quadratic extremum point of =ωeff(k), we have
|φξ〉 ≈ |ψξ〉 for ξ � N .

As an example, we consider an atom array with k0d =
π/2 and N = 20 in 3D free space, where the atomic
transition dipoles d are aligned parallel to the array (fur-
ther details are given in the Supplemental Material [42]).
In Fig. 1(a), we simulate the “evaporative cooling” pro-
cess and plot the fidelities Fb = | 〈Ψt|Uπ|B0,0,0〉 |2 (blue
line) and Ff = | 〈Ψt|Fπ1,2,3〉 |2 (red line), respectively.
The free-boson and free-fermion states are not orthog-
onal, and fully populating one implies a 0.53 popula-
tion of the other. Along the no-jump trajectory, the
atomic coincides with the symmetrically excited and then
phase flipped free-boson state Uπ |Ψ0〉, an intermediate
state |Ψinter〉 with equal overlap with the phase flipped
free-boson and free-fermion state, and, finally, the free-
fermion state |Fπ1,2,3〉. In the simulations of the optical
emission, these three states are acted upon by Uπ and
then used as the initial state for the simulation of ra-
diative emission governed by the master equation (11).
In Fig. 1(b), we plot the renormalized axial photon

momentum distribution Pk =
∫∞
t
dτ〈σ†k(τ)σk(τ)〉, inte-

grated over time. The distribution is defined according
to Eq. (10), and it is evaluated by averaging over 200
quantum trajectories [45].

The quantum states |F 0
1,2,3〉 and |B0,0,0〉 are not or-

thogonal, but, as shown in Fig. 1(b), the free-fermion
state |F 0

1,2,3〉 has a distinct emission profile, Pk with a
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lower peak value and wider shoulders than the free-boson
state |B0,0,0〉. The insert in Fig. 1(b) emphasizes the de-
structive interference in Pk for |B0,0,0〉 at k ≈ ±0.1π/d.
The intermediate state Uπ |Ψinter〉 overlaps equally with
|B0,0,0〉 and |F 0

1,2,3〉, and shares emission features of both
states.

Detection scheme-2. An alternative detection of the
free-fermion state characteristics may employ continuous
laser excitation with a constant spatial phase, driving
excitations with k ' kex,0 of the atoms. Such driving is
also studied in Refs. [26, 46, 47]. The collective driving
is modeled by

HL = Ω(e−iδLtσ†k=0 + eiδLtσk=0) (12)

and we assume the detuning δL = ω0 + <ωeff(kex,0) so
that |F1,2〉 is the doubly-excited state closest to reso-
nance. The amplitude Ω is assumed to be weak so that
excited state components with ne ≥ 3 are neglected. The
emitted radiation signal may be dominated by the most
populated singly-excited components of the steady state,
but we can extract the properties of the doubly-excited
components by observation of photon coincidences, de-
scribed by the 2nd-order equal-time correlation function
G(k1, k2) ≡ N2 〈σ†k1σ

†
k2
σk2σk1〉 of the scattered field.

If the RDDI is negligible, the two-excitation compo-
nent of the steady state will be |B0,0〉 ∝ (σ†k=0)2 |G〉, and
only for sufficiently strong interactions will the atomic
steady state, and hence the optical emission show fea-
tures of |F1,2〉. To focus on the essential physical mecha-
nisms rather than system-dependent details, we propose
a minimal model

i
d

dt
ρ = H1ρ− ρH†1 − [ρ,HL] + iβγex

N∑

ξ=1

σψξρσ
†
ψξ
, (13)

where H1 is derived from H1,

H1 = β
γex

2i
N̂e −

<(a2)

d2

N−1∑

j=1

(σjσ
†
j+1 + σj+1σ

†
j ). (14)

In this model ∆ω = <a2/(Nd)2 characterizes the en-
ergy gaps between the free-fermion states and βγex char-
acterizes their linewidths, where β is introduced to ex-
plicitly control the value of the dimension-less ratio
rβ = ∆ω/(βγex). When rβ is large, eigenstates other
than |F1,2〉 are far from resonance and the doubly-
excited states predominantly occupy |F1,2〉. Moreover,
the quantum jump operators in Eq. (13) appear with the
same magnitude. Thus they are equivalent to individ-
ual atomic decay described by

∑
j σjρσ

†
j . Eq. (13) hence

describes atoms decaying independently with decay rate
βγex while being coherently coupled to the nearest neigh-
bors with “renormalized” tunneling strength <a2/d

2.
We have both solved Eq. (13) and Eq. (11), including

HL, for the same parameters as used in Scheme-1 but al-
lowing variation of the dissipative part through the factor

β, i.e., Heff → HRe
eff − iβHIm

eff . This choice of Heff yields
<ωeff(kex) ≈ −1.03γ0, γex ≈ 3γ0, and <a2/d

2 ≈ 0.17γ0,
that we apply in Eq. (13). In Fig. 2 we show the results of
the simulation for N = 20 atoms with paired parameters
(β = 1/25, Ω = 0.01γ0) and (β = 1/150, Ω = 0.008γ0).
In the Supplemental Material [42], we show results for
a larger value of N = 30 which blurs some of the fea-
tures of |F1,2〉. The results are obtained by averaging
over 200 quantum trajectories following the Monte-Carlo
wavefunction formalism [45].

In Fig. 2(a), we extract the two-excitation component
of each quantum state trajectory, renormalize it, and
we plot its fidelity with |F1,2〉 (|B0,0〉) with red (blue)
lines [The solid lines are for Eq. (13) and the dotted
lines are for Eq. (11)]. We see that for the simulation
of Eq. (11), the choice of β = 1/25 (left panel, dotted
lines, rβ ≈ 0.004) leads to a dominant steady state over-
lap with |F1,2〉 while for Eq. (13) (solid line) the dom-
inant overlap is with |B0,0〉. For β = 150 (right panel,
rβ ≈ 0.02), both models yield dominant overlap with the
free-fermion state |F1,2〉.

In Fig. 2(b), we plot the two-photon coincidences,
log10G(k1, k2) with 0 ≤ k1, k2 ≤ 0.2π/d for the steady
states of Eq. (13) (the first row, labelled by “toy”) and
Eq. (11) (the second row). In the plots, the patterns col-
ored by dark blue represent suppression of two-photon
coincidences. In each row, plots for β = 1/25 and
β = 1/150 are shown in the left and right column, re-
spectively. In the third row we show results evaluated as
expectation values in the states |B0,0〉 (left) and |F1,2〉
(right).

The almost identical patterns obtained for the same β
in Fig. 2(b) show that Eq. (13) approximates Eq. (11)
well. For β = 1/25 and β = 1/150, the patterns dis-
play an upright cross as a signature of the state |B0,0〉
and two sloping lines, characteristic of the state |F1,2〉,
respectively. To distinguish them more quantitatively, in
Fig. 2(c) we plot the diagonal terms, i.e., log10G(k, k),
of the four subplots labeled “1-4” in Fig. 2(b), and plot
those of |B0,0〉 and |F1,2〉 in the insert. The insert shows
that the upright cross of |B0,0〉 results in anti-bunching
at k ≈ 0.1π/d, while the avoided crossing of |F1,2〉 leads
to a more smooth curve. The anti-bunching is clearly
seen in the blue solid and dashed lines (β = 1/25), but
are smoothed in the red lines (β = 1/150). The qualita-
tive agreement between the dashed lines and solid lines
in Fig. 2(c) further validates the approximate treatment
by Eq. (13).

Candidate systems supporting large values of rβ are
atom arrays coupled to photonic crystals where the
atomic transition frequency ω0 is in the vicinity of the
photonic band edge [33, 48]; and atom arrays coupled to
1D waveguide modes, where at kex = 0 HRe

eff is enhanced
while HIm

eff is reduced due to coupling via residual non-
guided modes [3].

With a more sophisticated state preparation, one may
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Figure 2. Scheme-2. (a) Fidelities between the two-excitation
components of the steady states (normalized) and the bosonic
state |B0,0〉 (blue) and |F1,2〉 (red). Solid lines are for Eq. (13)
and dotted lines are for Eq. (11). (b) Two-photon correlation
function log10G(k1, k2) evaluated in the steady states, with
the 1st row for the steady states of Eq. (13), the 2nd row for
steady states of Eq. (11), and the third row for |B0,0〉 and
|F1,2〉. The color map on the right applies to the 1st and 2nd
rows. Color map of the 3rd row is not shown. (c) log10G(k, k),
i.e., values along the diagonal in the plots in (b).

distinguish free-fermion and free-boson ansatz states di-
rectly by the measurements. For example, for |F 0

ξ1,ξ2
〉 the

correlation function G(k,−k) = 〈σ†−kσ
†
kσkσ−k〉 will van-

ish for any k as long as ξ1 + ξ2 is an even integer, while
for |Bξ1,ξ2〉 it vanishes when ξ1 + ξ2 is odd.

Discussions and Conclusions. To conclude, we have
presented general arguments for the existence of free-
fermion multiply-excited states of 1D atom arrays. By
approximating the RDDI Hamiltonian Heff with a model
of free Jordan-Wigner fermions, we show that the free-
fermion states appear as a universal consequence of
the quadratic dispersion relation near the band edge of
singly-excited states. We propose to observe the free-
fermion excited states by their optical emission in two
basic schemes. Scheme-1 combines unitary and dissipa-
tive evolution to prepare a subradiant free-fermion state
and exploits a transfer of the quantum system between
the sub- and super-radiant states to observe the direc-
tional distribution of radiation. Scheme-2 observes the
2nd-order correlation function of the steady state emis-
sion by the atoms subject to constant laser driving.

The free-fermion state is not a precise ansatz if the

extremum point of ωeff(k) is not quadratic. Quartic ex-
tremum points exist in atom arrays in 3D free space [37].
In this case, H1 (4) should be replaced by one with be-
yond nearest neighbor tunneling processes. After the
Jordan-Wigner transformation, this corresponds to a
strongly-interacting fermionic model.
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[9] S. Mahmoodian, G. Calajó, D. E. Chang, K. Hammerer,
and A. S. Sørensen, Dynamics of many-body photon
bound states in chiral waveguide qed, Phys. Rev. X 10,
031011 (2020).

[10] O. A. Iversen and T. Pohl, Strongly correlated states of
light and repulsive photons in chiral chains of three-level
quantum emitters, Phys. Rev. Lett. 126, 083605 (2021).

[11] Y. Ke, A. V. Poshakinskiy, C. Lee, Y. S. Kivshar, and
A. N. Poddubny, Inelastic scattering of photon pairs in
qubit arrays with subradiant states, Phys. Rev. Lett.
123, 253601 (2019).

[12] Y. Ke, J. Zhong, A. V. Poshakinskiy, Y. S. Kivshar, A. N.
Poddubny, and C. Lee, Radiative topological biphoton
states in modulated qubit arrays, Phys. Rev. Research 2,
033190 (2020).



6

[13] J. Zhong, N. A. Olekhno, Y. Ke, A. V. Poshakinskiy,
C. Lee, Y. S. Kivshar, and A. N. Poddubny, Photon-
mediated localization in two-level qubit arrays, Phys.
Rev. Lett. 124, 093604 (2020).

[14] I. Iorsh, A. Poshakinskiy, and A. Poddubny, Waveguide
quantum optomechanics: Parity-time phase transitions
in ultrastrong coupling regime, Phys. Rev. Lett. 125,
183601 (2020).

[15] A. V. Poshakinskiy, J. Zhong, Y. Ke, N. A. Olekhno,
C. Lee, Y. S. Kivshar, and A. N. Poddubny, Quan-
tum hall phases emerging from atom–photon interac-
tions, npj Quantum Information 7, 10.1038/s41534-021-
00372-8 (2021).

[16] A. V. Poshakinskiy and A. N. Poddubny, Dimerization
of many-body subradiant states in waveguide quantum
electrodynamics (2021), arXiv:2106.09423 [quant-ph].

[17] J. S. Douglas, T. Caneva, and D. E. Chang, Photon
molecules in atomic gases trapped near photonic crystal
waveguides, Phys. Rev. X 6, 031017 (2016).

[18] M. T. Manzoni, D. E. Chang, and J. S. Douglas, Simulat-
ing quantum light propagation through atomic ensembles
using matrix product states, Nature Communications 8,
10.1038/s41467-017-01416-4 (2017).

[19] J. Lang, D. Chang, and F. Piazza, Interaction-induced
transparency for strong-coupling polaritons, Phys. Rev.
Lett. 125, 133604 (2020).

[20] S. J. Masson and A. Asenjo-Garcia, Atomic-waveguide
quantum electrodynamics, Phys. Rev. Research 2,
043213 (2020).

[21] J. Javanainen, J. Ruostekoski, B. Vestergaard, and M. R.
Francis, One-dimensional modeling of light propagation
in dense and degenerate samples, Phys. Rev. A 59, 649
(1999).

[22] J. Ruostekoski and J. Javanainen, Emergence of corre-
lated optics in one-dimensional waveguides for classical
and quantum atomic gases, Phys. Rev. Lett. 117, 143602
(2016).

[23] J. Ruostekoski and J. Javanainen, Arrays of strongly cou-
pled atoms in a one-dimensional waveguide, Phys. Rev.
A 96, 033857 (2017).

[24] L. A. Williamson and J. Ruostekoski, Optical response of
atom chains beyond the limit of low light intensity: The
validity of the linear classical oscillator model, Phys. Rev.
Research 2, 023273 (2020).

[25] L. A. Williamson, M. O. Borgh, and J. Ruostekoski, Su-
peratom picture of collective nonclassical light emission
and dipole blockade in atom arrays, Phys. Rev. Lett. 125,
073602 (2020).

[26] A. Cidrim, T. S. do Espirito Santo, J. Schachenmayer,
R. Kaiser, and R. Bachelard, Photon blockade with
ground-state neutral atoms, Phys. Rev. Lett. 125, 073601
(2020).

[27] S. J. Masson, I. Ferrier-Barbut, L. A. Orozco,
A. Browaeys, and A. Asenjo-Garcia, Many-body signa-
tures of collective decay in atomic chains, Phys. Rev.
Lett. 125, 263601 (2020).

[28] I. M. Mirza and J. C. Schotland, Two-photon entangle-
ment in multiqubit bidirectional-waveguide qed, Phys.
Rev. A 94, 012309 (2016).

[29] A. S. Sheremet, M. I. Petrov, I. V. Iorsh, A. V. Poshakin-
skiy, and A. N. Poddubny, Waveguide quantum electro-
dynamics: collective radiance and photon-photon corre-
lations (2021), arXiv:2103.06824 [quant-ph].

[30] D. E. Chang, L. Jiang, A. V. Gorshkov, and H. J. Kimble,

Cavity qed with atomic mirrors, New J. Phys. 14, 063003
(2012).

[31] J. Rui, D. Wei, A. Rubio-Abadal, S. Hollerith, J. Zeiher,
D. M. Stamper-Kurn, C. Gross, and I. Bloch, A subradi-
ant optical mirror formed by a single structured atomic
layer, Nature 583, 369 (2020).

[32] W. Newman, C. Cortes, A. Afshar, K. Cadien, A. Mel-
drum, R. Fedosejevs, and Z. Jacob, Observation of long-
range dipole-dipole interactions in hyperbolic metamate-
rials, Science Advances 4 (2018).

[33] J. Hood, A. Goban, A. Asenjo-Garcia, M. Lu, S.-P.
Yu, D. Chang, and H. Kimble, Atom–atom interactions
around the band edge of a photonic crystal waveguide,
PNAS; Proceedings of the National Academy of Sciences
113, 10507 (2016).

[34] E. H. Lieb and W. Liniger, Exact analysis of an interact-
ing bose gas. i. the general solution and the ground state,
Phys. Rev. 130, 1605 (1963).

[35] L. Tonks, The complete equation of state of one, two
and three-dimensional gases of hard elastic spheres, Phys.
Rev. 50, 955 (1936).

[36] M. Girardeau, Relationship between systems of impene-
trable bosons and fermions in one dimension, Journal of
Mathematical Physics 1, 516 (1960).

[37] Y.-X. Zhang and K. Mølmer, Subradiant emission from
regular atomic arrays: Universal scaling of decay rates
from the generalized bloch theorem, Phys. Rev. Lett.
125, 253601 (2020).

[38] T. Gruner and D.-G. Welsch, Green-function approach
to the radiation-field quantization for homogeneous and
inhomogeneous kramers-kronig dielectrics, Phys. Rev. A
53, 1818 (1996).
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In this Supplemental Material, we present the detailed proof of our main result that a quadratic
single excitation dispersion relation implies free-fermion multiply-excited states of arrays of atomic
dipoles in Sec. S-I; we present elements of the theory of atomic arrays in 3D free-space and evidence
of free-fermion superradiant states that are used in our detection scheme-1 in Sec. S-II, and we show
simulations of our detection scheme-2 with N = 30 atoms in Sec. S-III.

S-I. QUADRATIC DISPERSION IMPLIES
FREE-FERMION STATES

Here we present our main result in details. Without
loss of generality, we assume kex = 0 throughout this
section. Cases of kex 6= 0 can be obtained by a formal
translation in the Brillouin zone.

S-I.A. Write |F~ξ〉 in the spin basis

In the main text, the free-fermion state |F~ξ〉 is ex-

pressed with the Jordan-Wigner fermions. Here we write
them in the spin basis for later convenience.

To start, we introduce a state of ne excitations, which
are ordered in the 1D array and specified by a wavenum-
ber

| ~kξ〉 = |kξ1 , kξ2 , · · · , kξne 〉

=
1

(
√
N)ne

∑

x↑
ei

∑ne
j=1 kξjxj |x1, x2 · · ·xne〉 .

(S1)

Above we have used the basis in real space

|x1, x2 · · ·xne〉 = (

ne⊗

j=1

σ†xj ) |G〉 , (S2)

with the short-hand notation

∑

x↑
· · · ≡

∑

z1≤x1<x2···<xn≤zN
· · · , (S3)

where z1 = d and zN = Nd are coordinates of the first
and last atom. Similarly, we will use the notation

|ψ1, ψ2, · · ·ψne〉 =
∑

x↑

[ ne∏

j=1

ψj(xj)

]
|x1, x2 · · · , xne〉

(S4)

Then the free-fermion state |F~ξ〉 is expressed as

|F~ξ〉 =
∑

P
(−1)P |ψP(ξ1), ψP(ξ2) · · · , ψP(ξne )〉

=
∑

P
(−1)P

∑

x↑

[ ne∏

j=1

ψP(ξj)(xj)

]
|x1, x2, · · ·xne〉

=
1√
2ne

∑

P
(−1)P

[ ne∏

j=1

εj

]
|ε1kP(ξ1), · · · εnekP(ξne )〉

(S5)
where (−1)P denotes the parity of the permutation of
~ξ, ψP(ξj)(xj) = 〈G|σj |ψP(ξj)〉 with |ψP(ξj)〉 defined in
Eq. (6) of the main text, which can be rephrased as

|ψξ〉 =
1√
2

(|qξ〉 − |−qξ〉). (S6)

In the 3rd equality of Eq. (S5), εj = ±1 for j =
1, 2, · · · , ne.

1. Normalization of |F~ξ〉

We use the above notation to verify the normalization
of |F~ξ〉. Consider the inner product

〈F~ξ|F~ζ〉 =
∑

P,P′
(−1)PP

′∑

x↑

n∏

l=1

ψ∗P(ξl)
(xl)ψP′(ζl)(xl).

(S7)
We can replace the summation of permutation P and P ′
by first choosing a P0 and sum over P and P ′ = PP0:

〈F~ξ|F~ζ〉

=
∑

P0,P
(−1)P0

∑

x↑

n∏

l=1

ψ∗P(ξl)
(xl)ψPP0(ζl)(xl)

=
∑

P0,P
(−1)P0

∑

x↑

n∏

l=1

ψ∗ξl [P−1(xl)]ψP0(ζl)[P−1(xl)]

=
∑

P0

(−1)P0

∑

P

∑

Px↑

n∏

l=1

ψ∗ξl(xl)ψP0(ζl)(xl),

(S8)
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where in the 2nd equality, the permutation is moved from
subindex of ψ to its coordinate argument; and in the 3rd
equality, the replacement xl → P(xl) is used.

Next, we notice that now the following substitution is
allowed:

∑

P

∑

Px↑
→

zN∑

x1=z1

zN∑

x2=z1

· · ·
zN∑

xn=z1

. (S9)

Note that nonphysical contributions with xi = xj cancel
each other due to the anti-symmetry of the free-fermion
states implied in our calculation. Using the equality
〈ψξl |ψξm〉 = δl,m, we immediately obtain

〈F~k|F~q〉 =
∑

P0

(−1)P0δ~k,P0(~q). (S10)

This shows that the free-fermion states are orthonormal.

S-I.B. An equality for σk |F~ξ〉

Here we derive an expansion of σk |F~ξ〉, which will be

used to estimate its magnitude. The derivation is sepa-
rated into a few steps.

1. the evaluation of σk |~q〉

Consider a state |~q〉 defined in the form of Eq. (S1),
which is a component of |F~ξ〉 given in Eq. (S5). We have

the following expansion

√
Nσk |q̃〉 =

N∑

j=1

1

Nne/2

∑

x↑
ei

∑n
l=1 qlxl−ikxjσj |x1, x2 · · · , xn〉

=

ne∑

m=1

1

Nne/2

∑

x↑
ei

∑n
l=1 qlxl−ikxm |· · ·xm−1, xm+1 · · ·xn〉 .

(S11)

In the 2nd equality, the summation over xm can be evaluated using the fact that xm−1 < xm < xm+1:

xm+1−d∑

xm=xm−1+d

ei(qm−k)xm =
ei(qm−k)(xm−1+d) − ei(qm−k)xm+1

1− ei(qm−k)d
. (S12)

The above formula assumes qm 6= k, while the case of qm = k can be recovered by taking the limit of the further
derived expressions as q → km. Finally, we have

Nσk |~q〉 =
ei(q1−k)z1

1− ei(q1−k)d
|q2, q3 · · · , qn〉 −

ei(qn−k)(zN+d)

1− ei(qn−k)d
|q1, q2 · · · , qn−1〉

+
n−1∑

m=1

fk(qm, qm+1) |q1, · · · , qm−1, qm + qm+1 − k, qm+2, · · · , qn〉
(S13)

where

fk(qm, qm+1) = −1 +
i

2
cot(

qm+1 − k
2

d)− i

2
cot(

qm − k
2

d). (S14)

2. the calculation of σk |F~ξ〉

We start from one particular sequence of arguments ~ξ,

Nσk |ψξ1 , ψξ2 · · · , ψξne 〉 =fk,L(q1) |ψξ2 , ψξ3 , · · · , ψξne 〉 − fk,R(qn) |ψξ1 , ψξ2 , · · · , ψξne−1
〉

+

ne−1∑

m=1

∑

ε1,2=±
ε1ε2fk(ε1qm, ε2qm+1) |ψξ1 , · · · , ψξm−1 , ε1qm + ε2qm+1 − k, ψξm+2 , · · · , ψξne 〉

(S15)

where the chain-end coefficients are

fk,L(q1) =
ei(q1−k)z1

1− ei(q1−k)d
− ei(−q1−k)z1

1− ei(−q1−k)d
(S16a)

fk,R(qn) =
ei(qn−k)(zN+d)

1− ei(qn−k)d
− ei(−qn−k)(zN+d)

1− ei(−qn−k)d
. (S16b)
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Following Eq. (S5), now we consider the permutations
and evaluate

Nσk
∑

P
(−1)P |ψP(ξ1), · · ·ψP(ξne )〉 . (S17)

Substituting Eq. (S15) into the permutations, we see that
terms corresponding to the right hand side of the first
lines of Eq. (S15) are straightforward (ne − 1)-excitation
states, but those in the second line are more involved
with (ne−2) arguments in the form of ψξ and one in the
form of ε1qα + ε2qβ − k. We start by collecting all terms
that have the same group of arguments but in different
orders. We assume that α = m and β = m + 1, and we

fix a particular order of (ne − 2) indices,

(ξ1, · · · , ξm−1, ξm+2, · · · ξne). (S18)

Next, we insert (ξm, ξm+1), as a pair in one of the (ne−1)
possible locations in the above string of (n − 2) indices.
This yields (ne − 1) different permutations of the string
~ξ, which all have the same parity.

For every one of these (ne − 1) permutations, one
can apply Eq. (S15) and obtain one term resembling
the second line of Eq. (S15), i.e., a state denoted with
ε1qm + ε2qm+1 − k inserted in a string of ψ. The sum of
all these (n-1) terms is hence

ε1ε2fk(ε1qm, ε2qm+1)σ†ε1qm+ε2qm+1−k |ψξ1 · · ·ψξne 〉m,m+1
(S19)

where we have used a short-hand notation

|ψξ1 · · ·ψξne 〉m,m+1
= |ψξ1 · · · , ψξm−1

, ψξm+2
, · · ·ψξne 〉 , (S20)

and used the fact that

σ†k |~q〉 = |k, q1, q2 · · ·〉+ |q1, k, q2, q3 · · ·〉+ |q1, q2, k, q3 · · ·〉+ · · ·+ |q1, q2, · · · , qne , k〉 . (S21)

Next, these states can also be generated in the same way by inserting the ordered pair (qm+1, qm) into Eq. (S18).
The parity of these permutations are just opposite to those obtained above. By adding them together, we replace the
factor fk(· · · ) in Eq. (S19) by

λk(ε1qm, ε2qm+1) ≡fk(ε1qm, ε2qm+1)− fk(ε2qm+1, ε1qm)

=i cot(
k − ε1qm

2
d)− i cot(

k − ε2qm+1

2
d).

(S22)

For any pair (qα, qβ), we introduce the notation

σ†qα,qβ ;k = (−1)α+β−1
∑

εα,εβ=±1

εαεβλk(εαqα, εβqβ)σ†εαqα+εβqβ−k (S23)

and obtain the concise formula that

Nσk |F~ξ〉 =

ne∑

α=1

fk,LR(qα) |F~ξ〉α +
∑

α<β

σ†qα,qβ ;k |F~ξ〉α,β . (S24)

Here, |F~ξ〉α and |F~ξ〉α,β are defined in the manner of Eq. (S20), i.e., fermionic states defined upon the ordered sequence

~ξ with ξα or both ξα and ξβ , removed, respectively; and fk,LR reads

fk,LR(qα) ≡ (−1)α+1[fk,L(qα) + (−1)nefk,R(qα)]

= (−1)α+1[1 + (−1)nee−i(qα−k)(N+1)d]
i

2

[
cot(

k + qα
2

d)− cot(
k − qα

2
d)

]
.

(S25)

In the second equality we have employed the conditions that ei2qα(N+1)d = 1 and z1 = d.

S-I.C. Eigenvalues of σ†
kσk and σkσ

†
k

Here we study the eigenvalues of σ†kσk, which will be
used in the next subsection. First of all, we use a local

unitary transformation

Uk =

+∞⊗

i=−∞

(
eikxi |ei〉 〈ei|+ |gi〉 〈gi|

)
. (S26)
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to transform σ†kσk into the standard collective spin oper-
ator

S†S = U†kσ
†
kσkUk (S27)

where S† = 1√
N

∑N
i=1 σ

†
i . Then the problem is reduced to

the spectrum of S†S, which can be expressed by angular
momentum operators:

S†S =
4

N
(L2 − L2

z + Lz) (S28)

where L2 is the squared magnitude of the total angular
momentum and Lz = 1

2

∑
i σ

z
i is the z-component.

In the space of ne-excitation states, the eigenvalue of
Lz is lz = −N/2 + ne. The eigenvalue of L2 is l(l +
1), where the values of l should satisfy the relation that
|lz| ≤ l ≤ N/2. Let us introduce x = l −|lz|. Then the
eigenvalues of S†S are expressed as

4

N
x(N − 2ne + x+ 1), 0 ≤ x ≤ ne. (S29)

Given that ne � N , the magnitude of the eigenvalues of
S†S do not scale with N , i.e.,

∥∥S†S
∥∥ ∼ O(1). Similarly,

the eigenvalues of SS† = 4
N (L2 − L2

z − Lz) are

4

N
(x+ 1)(N − 2ne + x), 0 ≤ x ≤ ne, (S30)

hence
∥∥SS†

∥∥ ∼ O(1) as well.

S-I.D. Derivation of Eq. (9) of the main text

Here we estimate the magnitude of
∥∥σk |F~q〉

∥∥ by using
the triangle inequality on Eq. (S24)

∥∥∥σk |F~ξ〉
∥∥∥ ≤ 1

N

ne∑

α=1

∣∣fk,LR(qα)
∣∣+

1

N

∑

α<β

∥∥∥∥σ
†
qα,qβ ;k |F~ξ〉α,β

∥∥∥∥ , (S31)

where we have used the normalization
∥∥∥|F~ξ〉α

∥∥∥ = 1. There are totally ne(ne + 1)/2 terms in the right hand side of the

inequality (S31), but n2
e does not scale with N , given that we restrict ourselves to ne � N .

From Eq. (S25), it can be seen that the first term on the right hand side of the inequality (S31) is bounded from
above by

∣∣fk,LR(qα)
∣∣ ≤
∣∣hk(−qα, qα)

∣∣

=

∣∣∣∣cot(
k + qα

2
d)− cot(

k − qα
2

d)

∣∣∣∣ ,
(S32)

where hk(q1, q2) is defined in the main text.
For the second term on the right hand side of the inequality (S31), we notice that

∥∥∥∥σ
†
qα,qβ ;k |F~ξ〉α,β

∥∥∥∥ ≤
∑

εα,εβ=±1

∣∣λk(εαqα, εβqβ)
∣∣
∥∥∥∥σ
†
εαqα+εβqβ−k |F~ξ〉α,β

∥∥∥∥

≤
∑

εα,εβ=±1

∣∣λk(εαqα, εβqβ)
∣∣
√

max
ne−2

∥∥∥σεαqα+εβqβ−kσ
†
εαqα+εβqβ−k

∥∥∥
(S33)

where by maxne−2‖· · · ‖ we mean the largest eigenvalue in the subspace of (ne − 2) excitations. We have

max
ne−2

∥∥∥σεαqα+εβqβ−kσ
†
εαqα+εβqβ−k

∥∥∥ =
4

N
(N − ne − 2)(ne − 1) < 4ne. (S34)

Substituting the above inequality and Eq. (S22) into Eq. (S33), we obtain that
∥∥∥∥σ
†
qα,qβ ;k |F~ξ〉α,β

∥∥∥∥ < 2
√
ne

∑

εα,εβ=±1

∣∣hk(εαqα, εβqβ)
∣∣ . (S35)

Assembling the above results we obtain Eq. (9) in the main text.
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S-I.E. Consistency of our perturbation theory
approach

The assumption ξne � N implies that for |k| ∼ N−1,
the magnitude of σk |F~ξ〉 scales as O(1). This is because

|k〉 overlaps with states in the form of |ψξj 〉 that consti-
tute |F~ξ〉.

On the other hand, for k not in the vicinity of kex = 0,
i.e., |k| > p0 for any constant p0 in the Brillouin zone,
there will be a sufficiently large N0 so that for N > N0

we have
∥∥∥σk |F~ξ〉

∥∥∥ ∼ N−2. To verify this, in the previous

section we have introduced

hk(q1, q2) = cot(
k − q1

2
d)− cot(

k − q2

2
d). (S36)

For |k| > p0 and q1, q2 ∼ N−1 hence q1, q2 � |k| for a
sufficiently large N . Then the above expression is ap-
proximated by

hk(q1, q2) ≈ 1

sin2(kd/2)

q1 − q2

2
d

∼ N−1.

(S37)

The inequality derived above then leads to
∥∥∥σk |F~ξ〉

∥∥∥ ∼
N−2, or equivalently, 〈F~ξ|σ

†
kσk|F~ξ〉 ∼ N−4.

In summary, we have

〈F~ξ|σ
†
kσk|F~ξ〉 ∼

{
O(1), if |k| ∼ N−1

N−4, if |k| > O(N−1)
(S38)

Recall that we can rewrite ∆H as

∆H = N

∫ π/d

−π/d

dk

2π
δω(k)σ†kσk (S39)

where δω(k) = ωeff(k) − ω1(k) can be given by a Taylor
series approximation

δω(k) = a3(k − kex)3 +O(k4), for k ≈ kex. (S40)

Alternatively, we may use the Lagrange form of the re-
mainder of the 2nd order Taylor polynomial, and write

δω(k) =
δω(3)(ξk)

6
(k − kex)3 (S41)

where δω(3) is given by the 3rd order derivative of δω and
ξk is a value in the interval between kex and k.

To show that ∆H is a perturbation to |F~ξ〉 with ξne �
N , we rewrite Eq. (8) of the main text here:

〈F~ξ|∆H|F~ξ〉 = N

∫ π/d

−π/d

dk

2π
δω(k) 〈F~ξ|σ

†
kσk|F~ξ〉 . (S42)

We notice that in a short interval of k ∼ N−1 (the mea-
sure of this interval is O(N−1)) we have δω(k) ∼ N−3

Figure S1. (a) <ωeff(k) (blue curve) and γ(k) = −2=ωeff(k)
(red curve) for 1D atom array in 3D free space, with the
atomic transition dipoles oriented parallel to the array direc-
tion. γ(k) = 0 outside the shaded light cone region. (b) State
fidelities (grey bars) with the free-fermion ansatz of all the
two-excitation eigenstates of an array with N = 20 atoms.
The eigenstates are found by numerical diagonalization and
sorted according to increasing decay rates (red curve).

and 〈F~q|σ†kσk|F~q〉 ∼ O(N0). While for the integral of
k not in the vicinity of kex = 0, for which the mea-

sure is O(1), we have δω(k) ∼ O(1) but 〈F~ξ|σ
†
kσk|F~ξ〉 ∼

O(N−4). Therefore, the scaling of the integral must be

〈F~ξ|∆H|F~ξ〉 ∼ N−3. (S43)

This shows that 〈F~ξ|∆H|F~ξ〉 will be much smaller than

the energy separation between different |F~ξ〉, which scale

as N−2, and confirms the consistency of our perturbation
approach.

S-II. ATOM ARRAY IN THE 3D FREE SPACE

The RDDI Hamiltonian of an atom array in 3D free
space has a closed form expression. It is used in the
detection scheme-1 and in detection scheme-2 after sup-
plementing its dissipative part with a scaling factor β.

The dyadic Green’s tensor is given by

G(r, ω0) =
eik0r

4πk2
0r

3

[
(k2

0r
2 + ik0r − 1)I+

(−k2
0r

2 − 3ik0r + 3)
rr

r2

]
,

(S44)

where I is the 3×3 identity tensor, rr is the dyadic vector
product, and r is the magnitude of r. As in the main text
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we suppose the atomic transition dipoles are aligned par-
allel to the array direction. Then the dispersion relation
is given by

ωeff(k) = −i3γ0

2

∑

ε=±1
ξ=2,3

(
i

k0d
)ξLiξ[e

i(k0+εk)d] (S45)

where Liξ(z) =
∑∞
n=1 z

nn−ξ is the polylogarithm of or-
der ξ. The second order derivative of ωeff(k) is

d2ωeff(k)

dk2
= i

3d2γ0

2

∑

ε=±1
ξ=0,1

(
i

k0d
)ξ+2Liξ[e

i(k0+εk)d] (S46)

where Li0(z) = z
1−z and Li1(z) = − ln(1 − z). We plot

<ωeff(k) (blue curve) and the decay rate −2=ωeff(k) (red
curve) in Fig. S1(a), for atom arrays with k0d = π/2.
It can be seen that k = 0 and kex = 2 are extremum
points. We numerically obtain the two-excitation eigen-
states of the effective RDDI Hamiltonian for an array of
N = 20 atoms, and show their fidelities with the free-
fermion states (grey bars) in Fig. S1(b), where the states
are sorted by increasing decay rates (red curve). For-
mally, the shown fidelity is defined as

max
ξ1,ξ2

∣∣〈Fξ1,ξ2 |ψj〉
∣∣2 (S47)

for all 190 two-excitation eigenstates 1 ≤ j ≤ 190. It
confirms that there are two families of states around the
most subradiant and the most superradiant states that
have high fidelities with the free-fermion ansatz.

S-III. SIMULATIONS OF SCHEME-2 WITH
N = 30

It is argued that the ratio rβ = ∆ω/(βγex) with ∆ω =
<a2/(Nd)2 determines the visibility of the free-fermion
feature. However, in the main text, results are presented
only for N = 20. Calculations with identical parameters
but N = 30 show that a larger N leads to a smaller
energy gap between the eigenstates and hence blurs the
visibility of the free-fermion states. The simulation is
restricted to the Hilbert space of ne ≤ 3, and obtained
by averaging over 150 samplings of Monte Carlo quantum
trajectories.

Comparing Fig. S2(a) with Fig. (2a) of the main text,
we see that now for β = 1/25 the steady states are ap-
parently closer to the free-boson state |B0,0〉; and for
β = 1/150, the steady states are closer to but not per-
fectly described by |F1,2〉. As in Fig. (2a) of the main
text, the red solid and dotted curves match better than
the blue curves. This is because |B0,0〉 has overlap with
states |Fξ1,ξ2〉 that are not close to kex = 0, for which our
“toy model” becomes less precise.

In Fig. S2(b) we plot log10G(k1, k2) for 0 ≤ k1, k2 ≤
0.2π/d. The arrangement of the subplots is same as in
the main text. It can be seen that patterns of suppressed

coincidence are different for |B0,0〉 and |F1,2〉: the former
is featured by four upright crossings, which are absent
in the latter. The two states of β = 1/25 clearly dis-
play the crossings, while for β = 1/150 the crossings are
deformed. Comparing them with the plot of |F1,2〉 we
can see that the character of the free-fermion state is not
clear, demonstrating that a larger N reduces the visibil-
ity.

In Fig. S2(c) we plot the diagonal lines of the subplots
of Fig. S2(b). In the insert we see that the blue solid and
dashed lines for |B0,0〉 feature two regions of suppressed
coincidences (β = 1/25). The curves for β = 1/150 (red
lines) unambiguously show the first reduced coincidence,
at about k ≈ 0.1π/d, a little bit towards larger k com-
pared with those of |B0,0〉 and the values for β = 1/25.
However, the second region with suppressed coincidences
is flattened for |F1,2〉 (the red curves).

It is important to emphasize that the eigenstates of the
system become better and better approximated by the
fermionic states for large N . What we have shown here
is only that the reduced level spacing for larger N makes
it more difficult to prepare and detect the fermionic states
by optical means.

Figure S2. Detection scheme-2 with N = 30. (a) Fidelities
between the two-excitation components of the steady states
(normalized) and the bosonic state |B0,0〉 (blue) and |F1,2〉
(red), with solid lines and dotted lines defined as in Fig. 2 of
the main text. (b) log10 G(k1, k2) evaluated from the steady
states, with the three rows defined as in Fig. 2 of the main
text. The color map belongs to the 1st and 2nd rows. The
color map of the 3rd row is not shown. (c) log10 G(k, k), i.e.,
the diagonal lines of the plot in (b).


