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SUMMARY

This dissertation is composed of three self-contained chapters, where the common

object of interest is VIX assets.

Chapter 1, The economic value of VIX ETPs1 (joint with Kim Christensen and

Charlotte Christiansen), investigates the economic value as defined in Fleming, Kirby,

and Ostdiek (2001) of including VIX exchange traded products (ETPs) in a portfolio

of stocks and bonds. VIX ETPs are designed to track the returns of a constant ma-

turity position in VIX futures. Since VIX futures tend to rise in value during market

turmoil, VIX ETPs offer portfolio protection when it is needed the most. However,

due to the typical upward sloping shape of the VIX futures term structure, a constant

matuirty position tend to suffer a large decay value as the contracts roll-down the

term structure. Thus, the protection comes at a cost. We consider two different al-

location strategies, representing two different approaches to investing in VIX ETPs.

One stragey holds a constant allocation in the respective asset classes, the other

strategy dynamically allocates capital to different asset clases on the basis of their

expected future returns, variances and covariances. The dynamic strategy applies

the VIX premium as defined in Cheng (2019) for estimating expected future returns

of VIX ETPs and the HAR-DCC model of Oh and Patton (2016) for forecasting the

covariance matrix. Comparing the portfolio performance with a benchmark portfolio

composed of only stocks and bonds we find that the economic value of diversifying

with VIX ETPs depend on the allocation strategy. A constant allocation to a VIX ETP

results in a much lower portfolio performance compared to the benchmark wheras

the dynamic strategy outperforms the benchmark portfolio. Thus, VIX ETPs are too

expensive to hold conatantly as an insurance. Allocations must be timed by carefully

consider how the returns, variances and covariances are forecasted.

Chapter 2, Betting on mean reversion in the VIX? Evidence from ETP flows (joint

with Ole Linnemann Nielsen), investigates flows into VIX ETPs. Since the inception

of the first products, VIX ETPs have become very popular and have had massive net

inflows. We investigate how investors apply the products. Our starting hypothesis

1Published in Journal of Empirical Finance 58 (2020), 121-138.
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viii SUMMARY

is that investors incorporate the mean reverting nature of the VIX in how they trade

VIX ETPs. A regression of aggregated dollar flows on lagged values of the VIX and an

event study of flows around the largest increases in the VIX confirm this hypothesis.

Then, using the methodology in Barber, Huang, and Odean (2016) and Berk and van

Binsbergen (2016) we find no evidence of investors pricing any systematic risk in

VIX ETPs. Finally, we provide evidence that the investor behavior in VIX ETPs is a

very likely explanation for the “low premium response puzzle” in the VIX premium

documented by Cheng (2019).

Chapter 3, Dynamics in the VIX complex, investigates the dynamic interactions in

the VIX complex, composed of the VIX itself, the term structure of VIX futures, and VIX

ETPs. Issuers of VIX ETPs have exposure to VIX futures which most often is hedged in

the same instruments. Over the years VIX ETPs have grown large in size relative to

the VIX futures market. Hence, it is likely that these products have pricing impacts on

the same asset that they are tracking, leading to a “tail-wagging the dog” effect. The

analysis of this chapter is two-fold. First, I apply the Dynamic Nelson-Siegel (DNS)

model of Diebold and Li (2006) to fit the VIX futures term structure. The three factors

of the DNS model are estimated as latent state variables in a state space model as in

Diebold, Rudebusch, and Aruoba (2006) and Koopman, Malle, and van der Wel (2010),

and the estimated model fits the VIX futures term structure very well. As a second

step of my analysis, the state space model is expanded with the VIX and an estimate

of VIX futures hedge demand from VIX ETPs, following Todorov (2020). Thereby the

VIX complex is modeled as a nonstrutural VAR(1) system. Implulse resonse functions

show that a shock to the hedge rebalancing of VIX ETPs distorts the VIX futures term

structure but I find no evidence any impacts to the VIX.
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DANISH SUMMARY

Denne afhandling består af tre selvstændige kapitler. Fælles for de tre kapitler er at

de omhandler VIX aktiver.

Kapitel 1, The economic value of VIX ETPs1 (fælles med Kim Christensen og Char-

lotte Christiansen) undersøger, den økonomiske værdi, som defineret i Fleming et al.

(2001), ved at inkludere børshandlede VIX produkter (VIX ETP’er) i en portefølje

af aktier og obligationer. VIX ETP’er er designet til at følge afkastet på en position

med konstant varighed i VIX futures. Da VIX futures typisk stiger ved turmult på

de finansielle markeder, beskytter VIX ETP’er en portefølje, når behovet er størst.

Grundet formen på VIX futures kurven, som typisk har positiv hældning, vil en sådan

position ofte tabe penge, da kontrakterne “ruller ned” af kurven. Beskyttelse har

dermed en pris. Vi betragter to forskellige allokeringsstrategier, som repræsenterer to

forskellige tilgange til at investere i VIX ETP’er. Den første strategi holder en konstant

allokering i de respektive aktiv klasser, og den anden allokerer dynamisk kapital til de

forskellige aktiver baseret på forventede fremtidige afkast, varianser og kovarianser.

Til at estimere det forventede afkast anvender den dynamiske strategi VIX præmien,

som defineret i Cheng (2019) samt HAR-DCC modellen af Oh and Patton (2016), til at

“forecaste” kovarians matricen. Ved at sammenligne porteføljens værdiudvikling med

en benchmark portefølje bestående kun af aktier og obligationer finder vi, at den øko-

nomiske værdi ved at diversificere med VIX ETP’er afhænger af allokerings strategien.

En konstant allokering til et VIX produkt resulterer i en meget lavere værdiudvikling

relativt til benchmark porteføljen, hvorimod den dynamiske allokerings strategi slår

benchmark porteføljen. Dermed er VIX ETP’er for dyre til at holde konstant som en

forsikring. Allokeringer skal times ved nøje at overveje, hvordan afkast, varianser og

kovarianser “forecastes”.

Kapitel 2, Betting on mean reversion in the VIX? Evidence from ETP flows (fælles

med Ole Linnemann Nielsen) undersøger pengestrømme (flows) i VIX ETP’er. Siden

introduktionen af de første VIX ETP’er er produkterne blevet meget populære og har

oplevet massive net positive flows. Vi undersøger, hvordan investorerne anvender

1Publiceret i Journal of Empirical Finance 58 (2020), 121-138.
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produkterne. Vores start hypotese er, at investorernes investeringsstrategi inkorpoe-

rer det typiske mean reverting mønster i VIX indekset. En regression af aggregerede

flows på VIX og laggede værdier af VIX samt et event studie af flows omkring de største

stigninger i VIX bekræfter denne hypotese. Dernæst undersøger vi vha. metoderne i

Barber et al. (2016) og Berk and van Binsbergen (2016), hvorvidt investorerne prisfast-

sætter systematisk risiko i VIX ETP’er. Dette finder vi ikke bevis for. Til slut viser vi,

at investoradfærden i produkterne er en sandsynlig forklaring på det fænomen i VIX

præmien, der kaldes “low premium response puzzle” dokumenteret i Cheng (2019).

Kapitel 3, Dynamics in the VIX complex undersøger dynamikkerne i VIX komplek-

set bestående af VIX, VIX futures kurven og VIX ETP’er. Udstedere af VIX ETP’er har

en eksponering mod VIX futures, som oftest vil blive afdækket i samme instrument.

Igennem årene er VIX ETP’erne vokset i størrelse sammenlignet med VIX futures

markedet. Det er derfor sandsynligt, at disse produkter har prisindvirkning på det

samme aktiv, som de følger, hvorved der opstår en “halen logrer med hunden- effekt”.

Analysen i dette kapitel er todelt. Først anvender jeg den Dynamiske Nelson-Siegel

(DNS) model af Diebold and Li (2006) til at fitte VIX futures kurven. De tre faktorer

i DNS modellen er estimerede som latente faktorer i en state space model som i

Diebold et al. (2006) og Koopman et al. (2010), og den estimerede model giver godt

fit til VIX futures kurven. Dernæst udvides ”state space modellen” med VIX og et

estimat på VIX ETP’ernes efterspørgsel af VIX futures som følge af et behov afdækning

jf. Todorov (2020). Derved modelleres VIX komplekset som et ikke-strukturelt VAR(1)

system. “Impulse response” funktionerne viser at et stød til afdækning fra VIX ETP’er

skævvrider VIX futures kurven, men jeg finder ikke bevis for nogen indvirkning på

VIX.
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Abstract

The fairly new VIX ETPs have been promoted for providing effective and easily acces-

sible diversification while at the same time having large negative returns. We examine

the economic value of using VIX ETPs for diversification of stock-bond portfolios. Our

analysis begins in 2009 when the first VIX ETPs are introduced, and, therefore, only

considers the period after the recent financial crisis. For investors with a constant

allocation strategy, the diversification benefits of the VIX ETPs do not offset their

negative returns. This implies negative economic value of a constant allocation. For a

dynamic allocation strategy, including short VIX ETPs in the investment opportunity

set can have substantial positive economic value.
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2 CHAPTER 1. THE ECONOMIC VALUE OF VIX ETPS

1.1 Introduction

In this paper, we use the framework of Fleming et al. (2001) to quantify the economic

value stemming from investing in portfolios that not only consist of the benchmark

assets (stocks and bonds) but also relies on the new and increasingly popular VIX

exchange-traded products (ETPs) for diversification. We extend the previous usage

of economic value from evaluating trading futures based on intra-daily realized

variances to its usage for investing in VIX ETPs.

In 2009 the first exchange traded volatility products, iPath S&P 500 VIX Short-Term

Futures Exchange Traded Note (VXX) and S&P 500 VIX Mid-Term Futures Exchange

Traded Note (VXZ) are launched by Barclays Capital. The introduction of VIX ETPs

makes volatility exposure available to retail investors who are typically too small or

unsophisticated to trade in the futures market and to institutions such as pension and

endowment funds that may be restricted from trading derivatives. Today, 13 VIX ETPs

are listed, which differ in terms and format, e.g., some provide inverse and leveraged

exposure to volatility. As other asset classes like stocks and bonds tend to become

near perfectly correlated in times of severe distress, volatility exposure is a desirable

portfolio component as it diversifies and protects portfolios when it is needed the

most. However, this exposure comes at a cost in terms of negative expected returns

of long positions in VIX ETPs during normal times (see, e.g., Alexander and Korovilas

(2013), Alexander, Kapraun, and Korovilas (2015), and Eraker and Wu (2017)).

We use the concept of economic value to look further into the VIX ETPs. Our

study is highly timely as the first VIX ETPs, VXX and VXZ, have expired on January 30,

2019, 10 years after their inception. New versions have been launched subsequently.

This prompts the question of whether the economic value from investing in these

products offer diversification benefits that are sufficient to compensate for the quite

substantial negative returns that they have generated so far. The purpose of this paper

is to provide an answer. We refer to VIX ETPs as products with long exposure to VIX

futures, which is the main focus of our study. However, we also include results for VIX

ETPs with short exposure to VIX futures, which we refer to as inverse VIX ETPs.

Our paper makes two main contributions. First, we make use of the popular

concept of economic value from Fleming et al. (2001) to measure the advantage of

adding a third asset class to the traditional stock-bond portfolios. This allows us to

quantify the portfolio performance in an economic sense. This is an improvement

compared to basing the analysis on the classical portfolio performance measures

such as the Sharpe ratio. Second, we investigate in detail the new and understudied

VIX ETPs. Here, we use an up-to-date sample which is longer than in previous studies.

Furthermore, we exploit the findings in Cheng (2019) for estimating the expected

returns on VIX ETPs, and we use intra-daily data for estimating the conditional

covariance matrix, using the method of Oh and Patton (2016), which gives us much

more efficient estimates than using only daily data as in the previous literature. A third

minor contribution is that we use the intra-daily quote and trade data to estimate the
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transaction costs of trading in VIX ETPs.1

The prior literature studies the benefits of volatility investing. Both Dash and

Moran (2005) and Daigler and Rossi (2006) find diversification benefits of adding

variance swaps to portfolios of stocks and portfolios of hedge funds, respectively.

Szado (2009) finds positive diversification benefits based on arbitrary allocations

between VIX futures and other assets in a sample focused on the period around

the recent financial crisis. Brière, Burgues, and Signori (2010) find that a long stock

investor who is mean-value at risk optimizing increases the risk-adjusted return by

adding a combination of long VIX futures and short variance swaps to the portfolio,

in a sample running from 2004 to 2008. In a sample ending in 2008, Chen, Chung,

and Ho (2011) perform a mean-variance spanning test on four US stock portfolios

and find that VIX futures enlarge the investment opportunity set. Whaley (2013)

investigates how the indices which the VIX ETPs are tracking perform as an asset

class on their own. He shows that from 2005 to 2012, investors in VIX ETPs (excluding

inverse products) have lost about $3.89bn.

A recent study is Alexander, Korovilas, and Kapraun (2016), who consider three

investor types that allocate capital between stocks, bonds, and VIX ETPs on a monthly

basis using different optimization methods. They introduce the concept of the opti-

mal diversification threshold, which is the minimum expected return for VIX ETPs

in order to be included in the optimal portfolio. They find that diversification with

VIX ETPs is frequently ex-ante optimal. However, the apparent benefits are never

realized in the ex-post performance due to the high roll costs for these products. They

only find diversification benefits of the VIX ETPs (constructing these synthetic prior

to 2009) during the banking crisis of 2008.2 Caloiero and Guidolin (2017) use the

same approach where they back-test different portfolios with exposure to either a

short-term VIX ETP or the VIX (not investable) on a sample running from 2010 to 2016.

In some cases, depending on the allocation strategy, they find benefits of including

the VIX in a portfolio but never the VIX ETP. By means of a simple regression analysis,

Bordonado, Molnár, and Samdal (2017) determine the weights in the VIX ETP that

fully hedge a position in the S&P 500 index. In an in-sample analysis, the performance

is then compared with an unhedged position. On a sample running from 2006 to

2013, they find that inclusion of the VIX ETP would have improved the Sharpe ratio

marginally.3 This result, however, is sensitive to the choice of rebalancing frequency,

and when the impact of the financial crisis in 2008 is filtered out, the inclusion of

the VIX ETP offers no improvement on the Sharpe ratio. One of the newest studies

on the subject is Berkowitz and DeLisle (2018), who use a five-factor model to do a

performance evaluation of portfolios comprised of a broad stock index and VIX ETPs

1The VIX ETP bid-ask spreads obtainable from data vendors such as Bloomberg and Thomson Reuters
are missing or flawed for many observation points.

2As VIX ETPs were not available during the 2008 banking crisis, they construct synthetic returns for
this period using VIX futures.

3Prior to the inception of the first VIX ETPs, they use returns of the index that the products track.
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on a sample beginning at the inception of the first VIX ETPs. They find that the VIX

ETPs are too expensive and that they underperform the pure stock portfolio.

In this study, we consider two different allocation strategies. One strategy holds

a constant allocation in the respective asset classes, the other strategy dynamically

allocates capital to different asset classes on the basis of their expected future returns,

variances, and covariances. Hence our study examines two very different approaches

to investing in VIX ETPs. One which holds VIX ETPs constantly in the portfolio as

an insurance, and one which seeks to time the exposure to VIX ETPs in expectation

of increased future returns or changes in the correlation structure. For each alloca-

tion strategy, we examine three different portfolios. The first portfolio serves as the

benchmark and contains only stocks and bonds. The second and third portfolios are

extended with a VIX ETP, either a short- or a medium-term VIX ETP.

For each strategy, the realized out-of-sample performance of the two portfolios

containing VIX ETPs is compared to the benchmark portfolio. For the performance

evaluation, we apply the concept of economic value introduced in Fleming et al.

(2001). In our context, the economic value is interpreted as the performance fee

that a mean-variance optimizing investor will be willing to pay, ex-post, to have

included a VIX ETP in the portfolio. Our findings depend on the allocation strategy.

For the investor with a constant allocation, the value of protection during times of

market stress is quickly vaporized due to the roll costs associated with the rebalancing

strategy of the VIX ETPs, resulting in an overall ex-post negative economic value

of holding VIX ETPs continuously. However, for the investor seeking to time the

allocation, performance is enhanced by including a short-term VIX ETP (VXX) in the

opportunity set.

Like Alexander et al. (2016) and Caloiero and Guidolin (2017), our approach is

back-testing in nature. For the investor who times the portfolio allocation, our results

are highly influenced by our estimates of expected future returns and the covariance

matrix. Hence, we pay special attention to how we model these. Specifically, we

exploit the ability of the VIX premium to forecast VIX futures returns, see (Cheng

(2019)), and we follow the procedure of Oh and Patton (2016) for forecasting the

covariance matrix.

The literature described above can be divided into three categories based on the

sample period considered. These are (i) before and during the recent financial crisis,

(ii) before, during, and after the financial crisis, and (iii) after the financial crisis. Our

study belongs to the latter category because we only want to use traded data for

the VIX ETPs, and thus the sample period must start when the VIX ETPs actually

start trading in 2009. As our analysis leaves out the financial crisis, it partly takes the

perspective of investors who have used VIX ETPs since their inception in anticipation

that these products will shield portfolio performance during times of market stress.

Hence, our study can be seen as a test of whether or not the market volatility in the

period after the launch of VIX ETPs has been sufficiently high for these products to
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offer positive economic value. As we find that this is not the case for the strategy

with constant allocations, we make a simple simulation of a new market crash of the

same magnitude as the recent financial crisis in 2008. Hereby, we investigate if the

simulated crash would enable investors who have held constant positions in VIX ETPs

to catch up with the benchmark portfolio of stocks and bonds. Even accounting for

the simulated market crash is not enough for the VIX ETPs to add ex post economic

value to the investor with a constant allocation. Thus, our conclusion is that holding

VIX ETPs constantly in a portfolio as an insurance is too expensive. To take advantage

of the exposure to volatility that these products offer, the allocation must be timed.

Our findings indicate that the VIX premium may provide an effective signal of when

to increase the allocation since the strategy that times the exposure outperforms the

benchmark.

We extend the analysis by investigating the impact of the fees paid to the issuers of

the VIX products and also whether investing in a single VIX futures contract provides

a more effective exposure to volatility. For the investor with a constant allocation, the

fees have a non-negligible impact on long-term performance. However, what really

matters is the roll-cost associated with the rolling strategy of VIX futures. Investing

only in the second-month VIX futures improves the performance, but the exposure is

still too expensive to include as a constant portfolio component. For an investor who

successfully times the exposure, it is more efficient to use the first-month VIX futures

instead of a VIX ETP.

Finally, we consider allocating capital to inverse VIX products, which give con-

strained investors access to short VIX futures exposure. Despite several drawdowns

in portfolio value, an investor with a constant allocation to an inverse VIX product

is able to lever the overall portfolio performance in our sample. An investor with a

timing strategy can also enhance performance, substantially, by exposure to inverse

products, using the VIX premium as a signal of when to decrease or close the position.

The paper is organized into six additional sections. Section 1.2 reviews the method-

ology of our analysis. Section 1.3 provides a thorough description of the VIX ETPs,

and Section 1.4 describes the data that we use. Section 1.5 documents the economic

value of investing in VIX ETPs, while Section 1.6 discusses the empirical portfolio

allocations for the investment strategies. Finally, Section 1.7 contains the conclusions.

Further results are presented in the online appendix.

1.2 Methodology

The aim of our paper is to consider the economic value of portfolio diversification

using the new financial product, VIX ETPs, relative to the benchmark portfolio, which

only diversifies between stocks and bonds. We evaluate portfolios consisting of VIX

ETPs as well as stocks and bonds by considering their economic value compared

to the benchmark portfolios. The economic value calculations follow Fleming et al.
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(2001). Previously, the concept of economic value has been used in relation to realized

volatility of futures contracts based on intra-daily data and in relation to forecasting,

so we extend the economic value literature.

First, in Section 1.2.1 we provide details about the three portfolios and the two

allocation strategies that investors use for their investment decisions. Then, Section

1.2.2 and Section 1.2.3 describe how we estimate the expected returns and covari-

ances. Finally, in Section 1.2.4 we describe the economic value of these investment

strategies.

1.2.1 Allocation strategies

Initially, we consider two different VIX ETPs with long volatility exposure that only

differ with respect to their maturity (short- and medium-term). The two VIX ETPs are

described in detail in Section 1.3. It is, of course, possible to use our framework to

assess the economic value of adding any other asset than VIX ETPs to the traditional

stock-bond portfolio (as in Fleming et al. (2001)).

We consider different portfolios that contain the VIX ETP and measure their

performance against the benchmark portfolio. The benchmark portfolio (P-bench)

only contains US stocks and bonds. The second portfolio (P-short) is comprised of

stocks, bonds, and a short-term VIX ETP, while the third portfolio (P-mid) is comprised

of a mid-term VIX ETP instead. Hence, the portfolios that we analyze are:

• P-bench: US stocks and bonds

• P-short: US stocks, bonds, and short-term VIX ETP

• P-mid: US stocks, bonds, and mid-term VIX ETP

P-short and P-mid will also be referred to as the "VIX portfolios."

The investor re-balances her portfolio at a monthly frequency (at month end),

assuming 21 trading days in a month. At the re-balance date, the investor allocates

her funds across assets according to her asset allocation strategy.

We take the perspective of a short-sales constrained investor (e.g., a pension fund

or a retail investor) whose portfolio can only be composed of long positions and who

cannot apply leverage. We consider two different allocation strategies, which we label

constant (constant weights), and CE (certainty equivalent optimizing), respectively.

We fix notation first. Let Rt+1 denote an N×1 vector of risky asset returns.µt+1|t ≡
Et [Rt+1] denotes the conditional expected value of Rt+1.Σt+1|t ≡Et [(Rt+1-µt+1|t )(Rt+1-

µt+1|t )′] is the conditional covariance matrix of Rt+1. R f is the return on the risk-free

asset. wt is an N×1 vector of portfolio weights on the risky assets.

The first allocation strategy, constant, is simply a static portfolio where the weights

to each asset are constant through time at conventional levels using weights similar

to Szado (2009). For the benchmark portfolio, w′
t = (60%,40%,0%) where the first,

second, and third element is the stock, bond, and VIX ETP weight, respectively. This
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is commonly referred to as the 60/40 rule by the financial media, and has historically

been used as a rule of thumb by financial planners and advisers. For the two VIX

portfolios, w′
t = (60%,30%,10%).

The second strategy, CE, is to maximize the expected utility and the certainty

equivalent. For a quadratic utility function, the investor’s realized utility in period

t +1 can be written as:

U (Wt+1) =Wt Rp,t+1 −
aW 2

t

2
R2

p,t+1, (1.1)

where Wt+1 is the investor’s wealth at t +1, a is her absolute risk aversion parameter,

and Rp,t+1 = (1−w′
t 1)R f +w′

t Rt+1 is the period t+1 return on her portfolio. The utility

function can also be expressed in terms of the certainty equivalent given as:

C E ≈ E[Rp,t+1]+ 1

2

U ′′(E[Rp,t+1])

U ′(E[Rp,t+1])
Var[Rp,t+1]. (1.2)

This implies that the investor maximizes utility by maximizing the certainty equiva-

lent. Then from Equations (1.1) and (1.2), we get that the certainty equivalent (CE)

maximizing strategy is obtained by solving:

max
wt

w′
t (µt+1|t −R f 1)− a

1−aw′
t (µt+1|t −R f 1)

w′
tΣt+1|t wt ,

s.t.w′
t 1 ≤ 1,

wt ≥ 0 ∀t , (1.3)

We set the absolute risk aversion parameter, a, to 4 as in Alexander et al. (2016).

The two strategies are very different in nature. Contrary to the constant strategy,

the amount of capital deployed will be varying through time in the CE strategy, as

estimates of expected returns and the covariance matrix are updated. Hence, our

analysis takes the perspective of an investor who holds VIX ETPs constantly through

time as an insurance against drawdowns, and that of an investor who is timing the

allocation based on expected returns, volatility, and correlation over the coming

investment horizon. Consequently, we must carefully consider how to model these

inputs, which is addressed in the following two sub-sections.

In the appendix, we provide results for alternative constant weights and for two

additional strategies. These are the minimum variance strategy as in Fleming et al.

(2001) and the maximum diversification strategy as in Yves and Coignard (2008). The

appendix also provides performance results for unconstrained allocations, represent-

ing investors (e.g., a hedge fund) who can apply leverage and hold short positions.

1.2.2 Expected returns

For the stock and bond components, in any portfolio, we use a simple backward-

looking average of the daily realized returns over the previous month. This is, of
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course, simplistic. However, it will be equally wrong for both the benchmark portfolio

and the VIX portfolios, so this will not bias our overall conclusions.

For the VIX ETPs, we rely on the findings in Cheng (2019). He defines the VIX

premium, denoted V I X PT |t , as the difference in the expected value of the VIX, at

some future date, T , under the risk neutral measure and under the physical measure.

That is:

V I X PT |t ≡ EQ
t [V I XT ]−E P

t [V I XT ]. (1.4)

The premium tends to become negative during periods of increased market risk

(e.g., elevated levels of the VIX), and it is a good predictor of VIX futures returns.

Since VIX ETPs are based on VIX futures, we estimate expected returns via the VIX

premium. Denote RV I X ET P
t as the month t return of the VIX product. Then we obtain

our estimated expected returns via the following regression:

RV I X ET P
t+1 = b0 +b1 ×V I X PT |t +εt+1. (1.5)

In the case of the CE investor, our study, in essence, becomes a test of the economic

value of timing the allocation to VIX products via the VIX premium.

1.2.3 Conditional covariances

For estimating the conditional covariance matrix, we rely on the theory of real-

ized measures. The work of Andersen, Bollerslev, X. Diebold, and Labys (2001) and

Barndorff-Nielsen and Shephard (2002) suggest that we can use intra-daily returns

to construct volatility estimators that are more efficient than those based on daily

returns. By a standard no-arbitrage condition, we assume prices are semimartingales.

Then, as shown in Andersen et al. (2001), we can think of the quadratic covariation

as an unbiased estimator of the conditional covariance matrix, where the quadratic

covariation between asset j and k is defined as:

Σt+1( j ,k) =
∫ t+1

t
σ j ,k (s)d s. (1.6)

The quadratic covariation may be approximated directly from high-frequency

return data. Suppose we divide the time interval t to t +1 into n sub-periods of length

h = 1/n and let rt+ih denote the d ×1 vector of continuously compounded returns

that starts at time t + (i −1)h and ends at time t + i h, i = 1, . . . ,n. We then define the

realized covariance matrix as:

Vt+1 =
n∑

i=1
rt+i hr′t+i h . (1.7)

Then, Andersen et al. (2001) show that under weak regularity conditions:

p-limn→∞Vt+1 =Σt+1, (1.8)
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where Σt+1 = (Σt+1( j ,k)) j ,k=1,...,d . Hence, for a sufficiently large n, the realized covari-

ance provides a good approximation to the quadratic covariation, which in turn is an

unbiased estimator of the conditional covariance matrix, i.e., Et (Σt+1) =Σt+1|t . So,

by using intra-day returns, we can construct non-parametric and unbiased estimates

of the conditional covariance matrix.

Several studies (see, e.g., Renò (2003), Griffin and Oomen (2011), and Barndorff-

Nielsen, Hansen, Lunde, and Shepard (2011)) confirm a bias towards zero for realized

covariances computed over a short fixed time period due to non-synchronous trading.

This phenomenon is often referred to as the Epps effect. However, as long as the price

series is fairly liquid, this effect will be small or even negligible (see Renò (2003)

and Zhang (2011)). Another potential issue with intra-daily returns is the lack of

observations when markets are closed overnight, which causes a downward bias in

the realized covariance matrix. To mitigate this, we include the overnight returns

when constructing Vt+1.

For obtaining forecasts of the realized covariance matrix, we apply the HAR-

DCC model developed in Oh and Patton (2016), which combines the ideas of the

dynamic conditional correlation (DCC) model by Engle (2002) with the heterogeneous

autoregressive (HAR) model of Corsi (2009). The approach relies on the following

decomposition of Vt+1:

Vt+1 =
√

RVart+1 ×RCorrt+1 ×
√

RVart+1, (1.9)

where RVart+1 is a diagonal matrix with the realized variances on the diagonal and

RCorrt+1 is the correlation matrix. First, we model each component of RVart+1 sepa-

rately by specifying a HAR model for each (log) realized variance:

log RV ari ,t+1 = c +βi ,1log RV ar (d)
i ,t +βi ,2log RV ar (w)

i ,t +βi ,3log RV ar (m)
i ,t +εi ,t+1,

(1.10)

where RV ar (d), RV ar (w) and RV ar (m) denote the realized variance of the previ-

ous day and the average realized variance over the past week and month, respec-

tively. Then for RCorrt+1 we model all the unique elements in the matrix jointly

as a restricted HAR model. Let ρt+1 denote the vectorized strictly lower triangular

matrix of RCorrt+1, and let ρ̄ = 1
T

∑T
t=1ρt denote the sample average. The K (K -1)/2-

dimensional vector, ρt+1 is modeled using the following specification:

ρt+1 = (1−a1 −a2 −a3)ρ̄+a1ρ
(d)
t +a2ρ

(w)
t +a3ρ

(m)
t +ηt+1. (1.11)

The models in Equation (1.10) and (1.11) are estimated using OLS, and with these, we

can obtain the forecast Vt+1|t via the decomposition in Equation (1.9). Oh and Patton

(2016) show that the forecast Vt+1|t is positive definite since the original time series

of Vt are all positive definite by construction.

For the portfolio allocation, we need estimates of the covariances over the next

month. Conveniently, the HAR framework extends to longer forecast horizons than
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one day (see Andersen, Bollerslev, and Diebold (2007) and Bollerslev, Patton, and

Quaedvlieg (2016)). Using the above notation, the prediction of the average over the

next month is given as:

l og RV ar (m)
i ,t+m = c +βi ,1log RV ar (d)

i ,t +βi ,2l og RV ar (w)
i ,t +βi ,3log RV ar (m)

i ,t +εi ,t+m ,

(1.12)

and

ρ(m)
t+m = (1−a1 −a2 −a3)ρ̄+a1ρ

(d)
t +a2ρ

(w)
t +a3ρ

(m)
t +ηt+m , (1.13)

from which we can obtain an estimate of the average covariance matrix over the

next month. To get the cumulative covariance matrix, we multiply this estimate by

m, which is the number of days (we assume 21) in the month. This will be our final

estimate of the conditional covariance matrix Σt+m|t , to be applied in the portfolio

optimization.

By estimating the β or a parameters using the full dataset, we could potentially

be introducing a look-ahead bias into our results. However, as in Fleming, Kirby, and

Ostdiek (2003), this is not an empirical problem since the estimate implied by the

minimum MSE criterion is different from the one which maximizes the economic

value. The same argument applies to estimating b0 and b1 in Equation (1.5).4

1.2.4 Economic value

To assess the economic diversification benefits of adding the VIX ETPs to the bench-

mark portfolio, we follow Fleming et al. (2001) and calculate the economic value of

portfolio diversification with the short- and mid-term VIX ETPs.

In Equation (1.1), we hold aWt constant. This is equivalent to setting the investor’s

relative risk aversion, γt =−U ′′/U ′Wt = aWt /(1−aWt ) equal to some fixed value γ.

The average realized utility can then be used to estimate the expected utility generated

by a given level of initial wealth W0 as follows:

U (·) =W0

(
T−1∑
t=0

Rp,t+1 − γ

2(1+γ)
R2

p,t+1

)
. (1.14)

We estimate the economic value of VIX products by equating the average utilities for

two alternative portfolios P-bench and P-short (or P-mid), as follows:

T−1∑
t=0

(R shor t/mi d
p,t+1 −∆)− γ

2(1+γ)

(
R shor t/mi d

p,t+1 −∆
)2 =

T−1∑
t=0

Rbench
p,t+1 − γ

2(1+γ)

(
Rbench

p,t+1

)2
,

(1.15)

4Changing our β1-estimate for VXX by. e.g., -.01 gives better economic results of using this product.
Likewise, subtracting 0.001 from our estimate of b1 also results in higher economic value.
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where R shor t/mi d
p,t+1 and Rbench

p,t+1 are the portfolio returns from the portfolio holding a VIX

ETP and the benchmark portfolio, respectively. We can interpret ∆ as the maximum

performance fee that the investor would be willing to pay for switching from the

benchmark portfolio to the VIX portfolio.∆ is thereby the economic value of investing

in the VIX portfolio. As enlarging the investment opportunity set can only enhance

diversification ex-ante, we stress that economic value in our setting is purely an

ex-post performance measure.

We report our estimates of ∆ as annualized fees in basis points (bps) using two

different values of γ, 1 and 10.5

1.3 Introduction to VIX ETPs

Although the VIX itself is not a tradeable product, the Chicago Futures Exchange

launch futures contracts on the VIX in March 2004. A vital property of VIX ETPs is

that they are linked to VIX futures and not the VIX itself. S&P computes four constant

maturity VIX futures indexes and all VIX ETPs track one of these.

The index tracked by most products is the S&P 500 VIX Short-Term Futures Index

(SPVXSP) which tracks a strategy of holding long positions in the first- and second-

month VIX futures contracts in proportions such that the average maturity is kept

constant at 30 days at the close of trading. On the following day, a fraction of the

first-month contract is sold and the same amount is invested in the second-month

contract. This rolling strategy continues until the first-month contract expires at

which point the position is fully invested in the second-month contract and the cycle

repeats. Hence losses and gains are realized on a daily basis.

Consider the following example: On October 30, 2018, the first- and second-

month contracts expire on 11/21/2018 and 12/19/2018, respectively. In order to have

an average maturity of 30 days, the VIX futures position is comprised of 75% of the

November contract and 25% of the December contract. On the next day, the fraction

held in the November contract is reduced to 70% and increased for the December

contract to 30%.6 For hedging the exposure, the VIX ETPs must follow a similar

strategy.7

As the VIX futures term structure is most often in contango (upward sloping), this

strategy incurs a roll cost at each rebalancing, by selling the lower priced first-month

contract and buying the higher priced second-month contract. This daily roll cost

creates highly negative long-run returns for products with long positions in the VIX

futures.

5According to Gandelman and Hernàndez-Murillo (2015), the most commonly accepted measures of
the coefficient of relative risk aversion lie between 1 and 3. Hence, our chosen levels should indeed test the
most extreme cases.

6For further elaboration on how these fractions are calculated please see the index methodology by
S&P which is available at https://us.spindices.com/indices/strategy/sp-500-vix-short-term-index-mcap.

7Note that most of the ETPs are ETNs that are not required to hold the underlying futures contracts.
Hence the issuer of these products can hedge themselves in other products or simply choose not to hedge.
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We pay special attention to two VIX ETPs, namely VXX and VXZ. Figure 1.1 shows

the price development of VXX and VXZ from the inception date until September

2018. VXX is the largest VIX ETP, and it is benchmarked to SPVIXSTR with a leverage

factor of one, which means that its performance is benchmarked to one times the

daily index return (minus management fees and expenses). Because of the roll cost, a

long position in VXX during the sample period would have lost 99.9 % of the initial

investment.

Figure 1.1: Price development of VXX and VXZ

Over the lifetime of the products, the value of VXX has been severely eroded, and the issuer has made no
less than five 1-for-4 reverse splits (only one for VXZ). The depicted price development has been adjusted
for these hence the magnitude of the left-hand y-axis.
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VXZ is a mid-term product linked to a strategy that rolls between the fourth-,

fifth-, sixth-, and seventh-month futures to maintain a constant average maturity of

five months. Since the curve is typically not as steep for longer maturities, the price

difference between the contracts sold and bought is smaller, yielding a smaller roll

cost. As a consequence, the price deterioration has been less severe than for VXX.

When volatility is high and the VIX spikes, the futures curve inverts and becomes

downward sloping (backwardation). Short-term products will benefit more from this

than mid-term products due to the steepness at the short end of the curve. So when

volatility spikes, the returns of the short-term products tend to be highest. Hence,

an investor who wants to insure against corrections in the equity market faces the

trade-off between paying higher premiums in terms of negative returns and then
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getting larger payouts in times of market distress versus paying lower premiums but

also getting lower potential payouts from the mid-term products.8

1.4 Data set

1.4.1 Sample period

Our sample period is from January 30, 2009 (inception date of VXX and VXZ) to June

29, 2018. Although our sample is after the financial crisis, it contains several episodes

of turbulence such as May 2010 (flash crash), June 2010 (greek debt crisis), August

2011 (S&P downgrade of the US credit rating), August 2015 (Renminbi devaluation),

and February 2018 (Volmageddon). In our sample, we have 2,369 trading days, and,

assuming 21 trading days per month, we have 112 monthly re-balancing points.

1.4.2 Data sources

For our empirical analysis, we use the products VXX and VXZ for our short-term

(P-short) and mid-term (P-mid) VIX portfolios. These are the first VIX ETPs issued.

Hence, using these gives us the longest sample. Furthermore, VXX has the largest

market value and is the most liquid of all the VIX ETPs (across both leverage and

term).

As a proxy for the US stock and bond components of the portfolios, we use two

market-wide indexes traded as exchange-traded funds (ETFs), namely SPY tracking

the S&P 500 index and AGG tracking the Bloomberg Barclays U.S. Aggregate Bond

Index.9 For the risk-free interest rate, we use the 1-month US Treasury bill, collected

from Kenneth French’s webpage.10

For calculating the realized covariance matrix and the expected returns, we use

intra-daily observations. The data are extracted from the NYSE Trade and Quote

(TAQ) database and include both trade and quote data for the official trading hours

from 9:30 to 16:00 local New York time. For cleaning the data, we follow the rou-

tines proposed in Christensen, Oomen, and Podolskij (2014) and Barndorff-Nielsen,

Hansen, Lunde, and Shepard (2009). The VIX premium used for estimating expected

returns on VIX ETPs are obtained from the web page of Ing-Haw Cheng.11

1.4.3 Realized returns

Very high-frequent data are contaminated with microstructure noise (e.g., bid-ask

bounce and price discreteness), which will make our realized covariance estimator

8See also Alexander et al. (2015) and Bollen, O’Neil, and Whaley (2017) for descriptive statistics, trading
volume and size on different VIX ETPs.

9The index measures the performance of the total US investment-grade bond market.
10http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
11http://www.dartmouth.edu/∼icheng/
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diverge. To mitigate this, we use sparse sampling at five-minute intervals, which is

the standard frequency in the literature. This is done by constructing a grid of five-

minute intervals that spans the trading day. Next, we identify and take the log of the

last traded price at each grid point and then take the first differences of these prices.

This sampling method gives us 79 prices during the trading day (the first sampling is

9.30) hence 78 log-returns. With the addition of the overnight return, we finally get a

total of 79 log returns for each trading day.

Figure 1.2a plots the realized returns for each instrument. We note the very severe

spikes for both VIX ETPs on February 5, 2018, where the VIX complex blows up, also

referred to as the Volmageddon event. On this day, the VIX makes a one-day move

from 17.31 to 37.32, and as a consequence, the VIX futures term structure goes into

steep backwardation. This yields a very large one-day return for both VXX and VXZ of

28.9% and 15.1%, respectively. We also note severe spikes in June 2016 when stocks

tumble due to weakening activity data in the US and China and around August 2011

where the US credit rating is downgraded.

Table 1.1 provides descriptive statistics for the realized returns. Panel A shows that

the VIX ETPs have very poor average returns, which are more negative than reported

in previous studies (e.g., Alexander et al. (2015) and Alexander and Korovilas (2013)).

This is, of course, no surprise given the fact that the VIX futures term structure has

mainly been in contango during our sample period. The standard deviations indicate

that the VIX ETPs are far more volatile than both stocks and bonds. Finally, we note

that contrary to SPY and AGG (the stock and bond indexes), the return skewness

for both VIX ETPs is positive. This indicates a potential for increasing skewness in a

stock-bond portfolio.

Table 1.1: Summary statistics for SPY, AGG, VXX and VXZ returns

This table provides summary statistics for daily returns (computed as sum of intraday log-returns) on SPY,
AGG, VXX, and VXZ. Panel A reports the mean returns (µ), standard deviations (σ), and mean realized
volatilities (σt ). These values are annualized using 252 trading days per year. Panel B reports the mean
realized correlations based on our covariance matrix estimated by the procedure described in 1.2.3.

Panel A: Annualized Mean Return, Standard Deviation, Mean Realized Volatility and Skew

Ticker µ σ σt Skew

SPY 12.34 16.22 13.08 -0.28
AGG 0.46 3.67 3.50 -0.33
VXX -84.32 62.11 52.52 0.87
VXZ -32.34 30.27 28.81 0.66

Panel B: Correlation Matrix

Ticker SPY AGG VXX VXZ

SPY 1.00 -0.22 -0.77 -0.51
AGG -0.22 1.00 0.19 0.15
VXX -0.77 0.19 1.00 0.59
VXZ -0.51 0.15 0.59 1.00
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Figure 1.2: Daily realized returns, realized volatilities and realized correlations

Panel (a) and (b) show the daily realized returns and realized volatilities, respectively, for SPY, AGG, VXX,
and VXZ. The realized returns are computed as the sum of intraday log-returns. The values are not
annualized. Panel (c) shows the daily realized cross-market correlations between SPY and the three other
tickers used for constructing portfolios. The realized correlations are based on our covariance matrix
estimated by the procedure described in 1.2.3.
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1.4.4 Realized volatilities and correlations

All instruments that we use are fairly liquid, so we do not expect any issues related to

the potential Epps effect, cf. the discussion in Section 1.2.

The average realized volatility estimates are reported as σt in Panel A of Table 1.1

and are generally consistent with the standard deviation of the realized returns. The

entire series of realized volatilities are plotted in Figure 1.2b. We see that for both VXX

and VXZ, the volatility varies considerably over the entire sample, with pronounced

spikes in May 2010, August 2015, and February 2018. Furthermore, the estimates for

both VIX ETPs are far above those for stocks and bonds for the entire sample.

Figure 1.2c plots the daily realized correlations. Panel B of Table 1.1 provides the

correlation matrix for the different products, where the reported correlations are the

average realized correlations over the sample period.

As expected and in line with the results reported by Alexander et al. (2015), both

VXX and VXZ correlate very negatively with SPY. The SPY-VXX correlation is between

-0.7 and -0.9 with a maximum in absolute terms of -0.98. However, on December

13, 2016, SPY, VXX, and VXZ all have a positive realized return, and the correlation

drops, in absolute terms, to -0.02, and the correlation between SPY and VXZ actually

becomes positive. For the entire sample period, VXX is more negatively correlated

with SPY than VXZ, which is no surprise given the different structures of the products.

1.4.5 Transaction costs

For assessing the out-of-sample portfolio performance, transaction costs are taken

into account. At each portfolio rebalancing point, a cost equal to the product of the

bid-ask spread in bps and the absolute change in weights, summed over all assets, is

subtracted from the portfolio return.

We estimate the daily bid-ask spread via quote data from TAQ as the size weighted

median spread of all the quotes during the trading day. The mid-price is computed

as the sum of the size weighted average bid and ask, divided by two.12

1.5 Empirical economic value of VIX ETPs

In this section, we estimate the economic value of holding the VIX ETPs in the portfo-

lios.

Via the regression in Equation (1.5), we estimate the expected returns over the

next month, for VXX and VXZ as:

Et [RV X X
t+1 ] =−0.0049

(−0.21)
−0.0465

(−3.55)
×V I X PT |t , (1.16)

Et [RV X Z
t+1 ] =−0.0054

(−0.47)
−0.0164

(−2.31)
×V I X PT |t , (1.17)

12The bid-ask spread in bps is the spread divided by mid-price.
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which we need as input in the CE strategy.13

Throughout the sample period, the portfolios are marked to market each day. That

is, the ex-post daily return for each portfolio is computed by multiplying the portfolio

weights by the observed next-day returns on the components. At each rebalancing

day, the weights are changed according to the allocation strategy. We subtract the

transaction cost from the portfolio return.

Figure 1.3 depicts the evolution of $100 invested in each of the portfolios for both

the CE and constant strategy.

The relative performances of the VIX portfolios are dependent on the allocation

strategy. Considering the CE strategy, Figure 1.3a, P-short clearly has the best overall

performance. Over the entire period, the portfolio has a total return of 83.8% against

41.3% and 37.1% for the benchmark and P-mid, respectively. For the first two and a

half years of our sample, all the portfolios perform the same, as neither P-short nor

P-mid has yet allocated any capital to the respective VIX product (see Section 1.6).

P-short then appreciates sharply in value during August 2011, when the US credit

is downgraded. Through this month, VXX has an average daily return of 2.2%. The

VIX premium becomes negative already by the end of July, which provides a signal of

positive expected returns of VXX, resulting in a high allocation to this asset. P-mid

does not experience the same increase in value through this period of turmoil due

to a lower allocation and lower daily returns of VXZ. Next, through November 2011

(eurozone debt crisis), P-bench suffers a loss of about 8%. P-short decreases only 3%

due to an increased allocation in VXX. Finally, there is a sharp upward spike in P-short,

occurring December 2012 (concerns about US debt ceiling) where the allocation to

VXX has increased. Even though there is a quick reversal in value, as equity markets

stabilize, the portfolio still has a positive return of almost 2% through this period,

whereas the benchmark is flat.

Panel A of Table 1.2 reports the performance results for the CE strategy. For the

entire sample, the two VIX portfolios yield mean returns of 7.01% (P-short) and 3.76%

(P-mid). The sample volatilities are 9.86% (P-short) and 8.73% (P-mid). P-short clearly

beats the benchmark portfolio, which has a mean return of 4.09% and a volatility of

8.71%. This difference in performance translates into an ex-post, economic value

which is positive. A mean-variance optimizing investor would pay between 282.09

and 286.70 annual bps for swapping the returns of the benchmark portfolio with the

returns of P-short. Overall it appears that through tactical allocation to VXX, the CE

investor can benefit from periods of market stress.

The performance of all three portfolios is also broken down by two-year sub-

periods. For only two sub-periods (2009-2010) and (2015-2016), the economic value

of the returns of P-short is negative. As the performance of P-mid is overall worse

than the benchmark, the returns generated by P-mid have negative economic value.

Hence the VIX premium is not working well as a signal for timing the allocation to

13t-statistics calculated with Newey-West standard errors are given in parenthesis.
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Figure 1.3: Ex post performance

Panel (a) and (b) show the ex-post performance for the CE, and constant strategy, respectively.
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VXZ. Since this product is linked to VIX futures contracts on the longer end of the

term structure, our results indicate that the VIX premium is a better predictor of

short-term futures returns.

For the constant strategy, the results reported in Panel B Table 1.2 indicate that

VIX ETPs are unsuitable as a portfolio component to be held constantly through time,

like stocks and bonds. For the entire sample and all sub-periods, the economic value

for both products is negative. Hence the negative returns that VIX ETPs generate

during calm markets is a too large drag on the portfolio returns, and, as such, the
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insurance that they offer is way too expensive to hold for long periods. Intuitively,

we would expect P-short and P-mid to outperform the benchmark during times

of market stress. From Figure 1.4a, we see that this is also the case. Here we have

plotted the three-month rolling economic values for P-short and P-mid, together

with movements in the VIX. The overall correlation between the rolling economic

values and the VIX is 0.50 for P-short and 0.56 for P-mid.

Figure 1.4b plots the 3-month rolling Sharpe ratios against the VIX. The corre-

lations between the Sharpe ratios and VIX are 0.17 and 0.25 for P-short and P-mid,

respectively. As expected, there is a clear connection between changes in the VIX

and the value of holding VIX products. This is clearly visible during the pronounced

VIX spikes in 2010, 2011, and 2018 where the economic values of both VIX portfolios

increase sharply. However, as the VIX then reverts, so does the economic value of

both portfolios, and it becomes negative for lower levels of the VIX. This suggests that

throughout our sample, spikes in volatility have been too rare and too short-lived for

these products to have any sustainable long-term value as a constant component in a

portfolio. Thus, in the volatility regime we have experienced since the inception of the

products, an investor would need to tactically time the allocations for the products to

add any value.

A final interesting observation from Table 1.2 is that the P-short and P-mid tend to

have a higher skewness than the benchmark portfolio. So by including VIX products,

an investor is able to counteract the typical negative skewness of stock and bond

portfolios. This could suggest that the negative returns investors with a constant

allocation in general pay for holding long positions in VIX ETPs can be viewed as

a skewness premium, in order to reduce negative skewness of common portfolio

components.

1.5.1 Financial crisis scenario

A potential weakness of our analysis is that our sample period does not contain

the recent financial crisis of 2008 (the 2008 crash in the following), an event during

which the previous literature has reported benefits of holding some kind of volatility

instrument (variance swaps, VIX futures, or VIX ETPs). This could potentially bias our

conclusion about holding constant allocations in VIX ETPs.

For this reason, we extend our results with a simple what-if analysis. What would

have happened to the value of the portfolios if a scenario like the 2008-crash had

occurred at the end of the sample period? Would the distress in asset prices during

such a crash be sufficient for the VIX portfolios to have caught up with the benchmark

portfolio? For the CE investor, an occurrence of such a crash could lead to an even

larger out-performance of P-short.

We take the perspective of an investor who has held a position in VIX ETPs in

expectation of protection during market crashes. Now, after having endured a long

period of suppressed volatility, we simulate that a 2008 crash occurs. The question
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Figure 1.4: 3-month rolling performance and the VIX level

Panel (a) shows the three-month rolling economic value of portfolios P-short and P-mid against the level
of the VIX. The economic value is for a relative risk aversion(γ) equal to 1. Panel (b) shows the
three-month rolling Sharpe ratios of portfolios P-short and P-mid against the level of the VIX. To facilitate
a comparison, the time series are standardized to have a 0 mean and unit standard deviation. These values
are for the constant strategy. The correlation between economic value and the VIX is 0.50 (P-short) and
0.56 (P-mid). The correlation between Sharpe ratios and the VIX is 0.17 (P-short) and 0.25 (P-mid).
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is whether this gives sufficient reason for having held VIX ETPs constantly in the

portfolio, and thereby having suffered long periods of inferior returns compared to

the benchmark.

We consider the height of the 2008 crash. We assume that during the simulated



22 CHAPTER 1. THE ECONOMIC VALUE OF VIX ETPS

new crash, our assets follow the same path as during the actual 2008 crash. We use

the period from September 2, 2008, to December 31, 2008, which encapsulates the

2008 crash (e.g., it contains the two historic highs of the VIX at 80.06 and 80.86 in

October and November). As VXX and VXZ did not exist in 2008, we proxy these by

the returns of their underlying futures indexes (SPVIXSTR and SPVIXMTR). This is

also done in other studies (see, e.g., Whaley (2013) and Bordonado et al. (2017)). For

each portfolio, we use the average weights from our previous analysis, along with the

asset returns during the 2008 crash, to calculate the portfolio returns during the crash

scenario.

Figure 1.5 depicts the value development of each portfolio in the crash scenario.

First, for the CE investor, the gap in value between P-short and P-bench has increased

at the end of the crash scenario. Second, for the constant strategy, in terms of portfolio

value, none of the VIX portfolios have caught up with their respective benchmark at

the end of the crash period.

Consulting Table 1.3 for the performance statistics, it is clear that the allocations

to the VIX ETPs have, to some extent, cushioned the portfolio returns through the

crash period. All the VIX portfolios have performed much better than the benchmark,

which translates into large economic values.

Table 1.3: Financial crisis scenario - portfolio performance

The table summarizes the performance of each portfolio throughout the crash scenario. For each portfolio,
we report the annualized mean return (µ) and the annualized volatility (σ). For P-short and P-mid, we
report the economic value (∆) in annual bps for a level of relative risk aversion (γ) of 1 and 10.

Panel A: CE

Portfolio µ σ ∆1 ∆10

P-bench -47.5 37.49
P-short -20.9 25.34 2844.80 3002.30
P-mid -43.33 35.53 452.81 477.42

Panel B: Constant

P-bench -46.96 37.17
P-short 6.67 19.51 5591.3 5807.8
P-mid -23.9 27.79 2460.9 2598.8

The question is then what the overall picture looks like if we extend the actual

portfolio returns with the returns from the crash scenario. Table 1.4 reports the

performance results. Compared with the results based on the actual sample period

(cf. Table 1.2), we see that adding the crash scenario period has increased the ex-post

value of holding VIX ETPs in the portfolios. However, for the constant strategy the

economic values are still negative. Thus the overall conclusion stays the same.

For investors who hold VIX ETPs constantly as a portfolio component, not even

the occurrence of a market crash of the same magnitude as the 2008 crash is enough

for the products to add positive ex-post economic value. For this to happen, either

the crash should have been even more severe, or the VIX portfolios should have
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Figure 1.5: Financial crisis scenario - portfolio performance

Panel (a) and (b) show the ex-post performance for the CE, and constant strategy, respectively, throughout
the crash scenario.
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larger weights in VIX ETPs. The latter premise would imply the correct timing of the

allocation. So for investors who consider holding VIX ETPs at rather constant levels,

the conclusion is clear. It has been way too expensive to hold these products over

a long calm period, and not even a crash of similar magnitude as the 2008 crash

would have been enough to break even. For a successful application, the allocation to

these products must be timed in a tactical manner, as in the case of the CE investor’s

allocations to VXX. Our results indicate that the VIX premium, as defined in Cheng

(2019), provides a rather good signal of when to increase or decrease the exposure.

In the appendix, we consider various alternative allocation weights for the con-

stant portfolio. None of these yield positive economic value for either of the VIX

portfolios.

Table 1.4: Portfolio performance: Entire sample extended with financial crisis scenario

The table summarizes the performance of each portfolio for the entire sample with the addition of the
crash scenario. For each portfolio, we report the annualized mean return (µ), the annualized volatility (σ),
the Sharpe Ratio (SR), and the skewness of returns (Skew). For P-short and P-mid, we report the economic
value (∆) in annual bps for a level of relative risk aversion (γ) of 1 and 10.

Panel A: CE

Portfolio µ σ SR Skew ∆1 ∆10

P-bench 2.60 10.08 0.234 0.05
P-short 6.16 10.39 0.569 1.43 354.38 352.53
P-mid 2.39 9.99 0.215 0.22 -20.61 -20.00

Panel B: Constant

P-bench 7.61 11.41 0.646 0.61
P-short 3.06 6.65 0.424 1.56 -433.43 -415.60
P-mid 5.57 8.72 0.611 0.61 -191.95 -177.19

1.5.2 VIX futures

In this subsection, we investigate how much performance will be impacted if the

VIX ETPs are substituted with their underlying assets, the VIX futures. Both VXX and

VXZ have an expense ratio of 0.89%, which is relatively high compared to SPY and

AGG, for which they are 0.09% and 0.05%. The costs will compound over time and

might have a non-negligent impact on long-term returns. Furthermore, previous

studies (e.g., Bollen et al. (2017) and Dong (2016)) suggest that VIX ETPs are the "tail

wagging the dog" in the sense that much of the issuers hedging end up in the VIX

futures market, steepening the term structure and making the roll-strategy, described

in Section 1.3, even more, expensive to follow. Thus, it might be more efficient to

hold a position in a single VIX futures contract. We evaluate the performance using

the returns of SPVIXSTR instead of VXX. Furthermore, we consider two different

strategies where only one VIX futures contract is bought. The first strategy is simply

to invest in the first-month contract and hold it through the rebalancing period. If
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the contract has less than three days to expiry, the position will be rolled over to the

second-month contract, which is then held for the remaining days until the next

rebalancing. The second strategy is to buy the second-month contract. If this contract

at some point within our rebalance window becomes the first-month contract, we

will not roll it over. We will use the same allocations as those applied in our first

empirical analysis (see Section 1.6). As we do not have any bid-ask spreads on the

VIX futures, our comparison with VXX will be on a zero transaction cost basis.14 The

portfolio values are displayed in Figure 1.6, and Table 1.5 reports the performance in

terms of economic value. In the following, we only comment on economic value for

γ=1.

Table 1.5: VIX futures comparison

The table summarizes the performance comparisons using VXX, SPVIXSTR, first-month VIX futures, and
second-month VIX futures as the exposure to volatility. We report the economic value (∆) in annual bps for
a level of relative risk aversion (γ) of 1 and 10.

Panel A: CE

∆1 ∆10

VXX 289.78 285.62
SPVIXSTR 273.78 265.70
1mFutures 329.00 317.15
2mFutures 247.78 239.63

Panel B: Constant

VXX -650.30 -639.69
SPVIXSTR -591.55 -583.08
1mFutures -570.78 -564.20
2mFutures -554.94 -548.17

First of all, note that the economic value of VXX has increased for both strategies,

compared to our previous analysis (cf. Table 1.2), by 3 and 2 bps approximately, due

to the removal of transaction costs. Consider then the impact of substituting VXX with

SPVIXSTR for the CE strategy. The performance of using SPVIXSTR instead of VXX is

16 annual bps worse (difference in economic values), which seems counterintuitive

given that SPVIXSTR is not subject to an expense ratio. However, this difference is

very much driven by the very volatile period around the Volmagedon event at the

beginning of February 2018. On February 6, SPVIXSTR falls by 25%, whereas VXX only

falls by 2.4%. A reason for this discrepancy could be that VXX is an ETN and not an

ETF. Thus, new shares are solely created by the issuer, which might provide obstacles

for market makers to arbitrage away prices above net asset value. Disregarding this

period, from Figure 1.6a, we see that the portfolio paths are almost identical, so for

an investor who is timing the exposure and only holds VXX for brief periods, the

expense ratio seems to matter very little for the overall performance. If we consider

14It is not unrealistic that large institutional investors would be able to trade at prices near the mid-
quote.
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Figure 1.6: VIX futures comparison

This figure compares the performances using VXX against SPVIXSTR, the first- and the second-month
futures contract only. Panel (a) is for the CE strategy, and panel (b) is for the constant strategy.
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the constant strategy, however, there is an increase in performance by 59 bps (from

-650 to -592) by swapping VXX with SPVIXSTR. Hence, for constant allocations, the

compounding of expenses paid to the issuer has a substantial impact on the long

term.

Next, consider the impact of applying just a single futures contract instead of VXX.

If the first-month strategy is applied, there is a significant performance increase of

55 bps for the CE strategy. When the futures term structure inverts during periods of

market stress, the first-month contract will typically be the one that increases most

in value. As the strategy of VXX and SPVIXSTR holds positions in both the first-month

and second-month contract, these will not increase as much. The CE strategy proves

to be relatively successful at timing these periods, so the optimal strategy is simply to

invest only in the first-month contract. Conversely, for the constant strategy, what

yields the best performance (in terms of minimizing underperformance relative to

the benchmark), is to apply the second-month contract. This is due to the fact that

the further you go on the term structure, the lower is the “roll-down” of the futures

price. Hence the drag on portfolio performance will be lower by just holding a single

position in the second-month contract.

It is clear from the above that the design of volatility exposure has an impact on

the overall performance. However, the changes in performance that we find here do

not change the conclusion that a constant allocation to a VIX futures or assets linked

to VIX futures is far too expensive. In order for VIX futures exposure to add economic

value, the timing aspect is still crucial.

Variance swaps are another important volatility asset. However, applying returns

of synthetic variance swaps made available by Johnson (2017) for the period of March

2009-December 2017 yield much worse performance for both strategies. These results

are available upon request. Our optimal allocation weights for the CE strategy have

been estimated on the basis of assets linked to VIX futures and not variance swaps,

which could very well be the reason for this. Proper allocation to variance swaps

would, in our case, imply the calculation of intra-daily synthetic variance swaps,

which is beyond the scope of this study.

1.5.3 Inverse VIX ETPs

A final important aspect to consider is the value of including inverse VIX ETPs. These

products promise minus the leverage factor times the return of the underlying bench-

mark, SPVXSP. Hence, for a constrained investor, these products provide access to

short exposure to VIX futures and will, in general, earn the roll cost incurred by long

VIX ETPs. As in our previous analyzes, we take the perspective of an investor who

applies a tactical allocation to a VIX ETP and an investor who holds the instrument as

a constant portfolio component. However, VXX is now substituted with an inverse VIX

ETP. We consider the product XIV, which has a leverage factor of minus one. This is the

largest and most liquid inverse product through our sample period. The inception
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date is November 29, 2010. However, during the first months after inception, the

liquidity is very poor. Hence, for this analysis, we start our sample period on June

1, 2011. Due to a 93% loss of value during the Volmageddon event, XIV was closed

by the issuer on February 15, 2018. In the appendix, we include the results of the

second-largest inverse product, SVXY.

Figure 1.7a plots the portfolio values for the CE strategy. Disregarding the be-

ginning of the sample, P-XIV is consistently above P-bench. In particular, there is a

large surge in value over the period from December 2011 to October 2012, where, on

average, 43% of capital is allocated to XIV. In this period, XIV has an average daily

return of 0.65% against 0.078% in SPY. During the last half of August 2015 (Renminbi

devaluation), there is a large drawdown in the value of P-XIV. XIV has an average daily

return of -5.9% against -0.61% in SPY, which is why P-XIV decreases much more than

the benchmark. For the constant investor, we see from Figure 1.7b that P-XIV also

has several drawdowns, particularly at the end of the sample, where XIV is closed.

Despite these, the value of P-XIV is above P-bench for the majority of our sample.

The performance results for XIV are reported in Table 1.6. For the CE investor,

the allocations to XIV result in much higher mean returns than for the benchmark

(9.50% against 2.31%), but the returns are also more volatile as the standard deviation

is 16.63% for P-XIV and only 6.93% for P-bench. These numbers translate into ex-post

economic values of 662 and 615 bps for γ=1 and 10, respectively. For the constant

strategy, P-XIV also outperforms the benchmark, with economic value of 137 and 119

bps. The inclusion of XIV in the opportunity set has levered the performance for both

strategies. In our previous analyzes, we find that the rareness of large volatility in our

sample makes it too expensive to hold long VIX ETPs (VXX and VXZ) constantly as an

insurance. Since inverse products are basically on the other side of the trade, selling

insurance, it is not surprising that a constant allocation of capital to XIV has added

value, despite several drawdowns. However, as with any leveraged position, timing

the allocation is crucial for avoiding drawdowns, and our results for the CE strategy

suggest that the VIX premium is a useful signal as the added value is much higher for

this strategy.

1.6 Empirical portfolio allocations

Here we examine when and how often the optimal portfolio for the CE strategy

contains either VXX or VXZ. First, the CE strategy allocates capital to VXX and VXZ,

30% and 13%, respectively, of all the re-balancing points.

Considering the question of how much capital is allocated to the VIX ETPs, Fig-

ure 1.8 shows the weights held in VXX and VXZ, together with the level of the VIX

premium.

Conditional on the weights being greater than zero, the average allocation is

13% for VXX and 10% for VXZ. The allocation is very much dependent on the level
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Figure 1.7: XIV performance

Panel (a), and (b) show the ex-post performance applying XIV. For the constant strategy, the weights are
w′

t =(60%,40%,0%) for the benchmark, and w′
t =(50%,40%,10%) for the VIX portfolio.
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of the VIX premium, and no capital is invested in either VXX or VXZ when the VIX

premium is large. This is clearly evident in the period from 2009 to mid-2011 and

from 2012 to 2013. We note the high allocations in VXX at the end of July 2011 (US

credit downgrade), November 2012 (concerns about US debt ceiling), and September

2015 (the aftermath of Renminbi devaluation). These are all periods where the VIX

premium drops below zero. The correlation between allocations to VXX and the VIX

premium is -0.52. For VXZ, the corresponding correlation is -0.36.
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Table 1.6: Portfolio performance: XIV

The table summarizes the ex-post performance, applying the inverse VIX ETP, XIV. For each portfolio, we
report the annualized mean return (µ), the annualized volatility (σ), the Sharpe Ratio (SR), and the
skewness of returns (Skew). For P-short and P-mid, we report the economic value (∆) in annual bps for a
level of relative risk aversion (γ) of 1 and 10. For the constant strategy, the weights are w′

t =(60%,40%,0%)
for the benchmark, and w′

t =(50%,40%,10%) for the VIX portfolio.

Panel A: CE

Portfolio µ σ SR Skew ∆1 ∆10

P-bench 2.31 6.93 0.307 -1.51
P-XIV 9.50 16.63 0.560 -0.93 661.99 615.23

Panel B: Constant

P-bench 7.21 8.33 0.843 -0.52
P-XIV 8.80 12.61 0.684 -0.96 136.58 118.74

Figure 1.9 shows the allocations to the inverse product, XIV, along with the level

of the VIX premium. The allocation frequency is 49%. Conditional on a positive

allocation, 23% of the capital is on average invested in XIV. In comparison, 70%

of capital is invested in the stock component. As depicted, the amount of capital

allocated to XIV is closely related to the level of the VIX premium. The correlation

between the two series is 0.80. We see that the VIX premium turns negative and

remains close to zero from the end of 2012 to mid 2013, and no position is opened in

XIV.

1.7 Conclusion

In this paper, we use the concept of economic value of Fleming et al. (2001) to evaluate

the portfolio performance of allocation strategies that include VIX ETPs in addition

to stocks and bonds.

With the proliferation of VIX ETPs more than ten years ago, retail and restricted

institutional investors have gained access to volatility trading and the potential of

improving portfolio diversification in periods of severe market turmoil. The VIX ETPs

have become quite popular, as the number of listed products and the combined

market value has increased significantly over the decades. The purpose of this paper

has been to quantify the diversification benefits that these products offer in terms of

economic value.

Our empirical study considers two different allocation strategies, representing

two different approaches to investing in VIX ETPs. The first strategy is to hold a

constant fraction (10%) of the portfolio value in the VIX ETP, while the certainty

equivalent strategy (CE) changes the allocation dynamically based on changes in

expected returns and the covariance matrix over the investment horizon.

For the CE strategy, we estimate the expected returns on the VIX ETPs via the VIX

premium, defined in Cheng (2019), and we employ high-frequency data along with
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Figure 1.8: CE allocations to VXX and VXZ

Panel (a) and (b) show the optimal allocation to VXX and VXZ, respectively. Weights are shown for the CE
strategy with an absolute risk aversion, a, equal to 4.

-2

0

2

4

6

8

V
IX

 P
re

m
iu

m

2010 2011 2012 2013 2014 2015 2016 2017 2018
0

10

20

30

40

50

P
or

tfo
lio

 w
ei

gh
ts

(%
)

VXX allocation VIX Premium

(a) Allocation to VXX

-2

0

2

4

6

8

V
IX

 P
re

m
iu

m

2010 2011 2012 2013 2014 2015 2016 2017 2018
0

10

20

30

40

50

P
or

tfo
lio

 w
ei

gh
ts

(%
)

VXZ allocation VIX Premium

(b) Allocation to VXZ

the methodology suggested in Oh and Patton (2016) for forecasting the covariance

matrix. This gives us more sophisticated and forward-looking estimates than in the

prior literature. Our analysis covers the period after the recent financial crisis, which

implies that it is a period where VIX ETPs have been less valuable to investors than

during crisis periods.

Evaluating the ex-post performance of the CE strategy, the short-term VIX port-

folio outperforms the benchmark equity-bond portfolio. For the constant strategy,
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Figure 1.9: CE allocations to XIV

This figure shows the optimal allocation to XIV. Weights are shown for the CE strategy with an absolute risk
aversion, a, equal to 4.
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both VIX portfolios perform worse than the benchmark equity-bond portfolio. In

economic terms, the value added of these VIX products is negative, implying that

an investor would be willing to pay for not having included these in the portfolio. A

simple what-if simulation analysis shows that not even the occurrence of a market

crash of similar magnitude as the recent financial crisis in 2008 will imply a positive

economic value of the VIX ETPs. Hence, the costs of holding these products constantly

in a portfolio as an insurance clearly outweigh the diversification benefits in periods

of market turmoil. To successfully take advantage of the long exposure to volatility,

the allocation to VIX ETPs must be timed in a tactical manner, and our results suggest

that the VIX premium is a useful tool for this.

We evaluate the impact of the expense ratio by substituting the VIX ETPs with their

underlying indexes. For the CE strategy, the expense ratio does not have an impact on

performance, but it would more efficient to only invest in the first-month VIX future

contract. For the constant strategy, the expense ratio has a non-negligent impact on

the long-term performance, but not enough to make up for the underperformance

relative to the benchmark portfolio.

Finally, we consider the application of the inverse VIX ETP, XIV, which gives

constrained investors access to short VIX futures exposure. By using the VIX premium

for tactical allocation to XIV, the CE investor can lever performance substantially

compared to the benchmark. For the constant strategy, the portfolios with XIV beat

the benchmark, despite several large drawdowns in portfolio value during the sample

period.
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Appendix

A.1 Further empircal results

This appendix contains further empirical results. In Section A.1.1 we describe the

additional assset allocation strategies and Section A.1.2 contains the performance

results for these. In Section A.1.3 we document the performance results where we

consider alternative portfolio weights for the constant strategy. Section A.1.4 contains

performance results for unconstrained allocations for all the dynamic allocation

strategies (CE + the additional strategies) and finally in Section A.1.5, we report the

performance results for the inverse product, SVXY.

A.1.1 Additional allocation strategies

In addition to the two asset allocation strategies in the paper, we consider two ad-

ditional strategies which are both dynamic. Hence the allocation depends on the

expected future returns and/or the estimated conditional covariance matrix over the

investment horizon. For all the dynamic allocation strategies, we consider both an

investor without access to short-sales and leverage (e.g. a retail investor or a restricted

pension fund) and an investor who can access both (e.g. a hedge fund). We refer to

these as constrained and unconstrained respectively.

The minimum variance (MinVar) allocation strategy is to minimize the portfolio

variance for a pre-specified target portfolio return µp . At each re-balancing date t ,

the capital is allocated across assets by solving the quadratic program:

min
wt

w′
tΣt+1|t wt ,

s.t.w′
tµt+1|t + (1−wt

′1)R f =µp ,

wt ≥ 0 ∀t , (A.1)

for the constrained investor and:

min
wt

w′
tΣt+1|t wt ,

s.t.w′
tµt+1|t + (1−wt

′1)R f =µp , (A.2)

for the unconstrained investor. We use a target expected return, µp , of 10%, for the

MinVar optimization.

The maximum diversification (MD) strategy is to maximize the diversification

of the portfolio. The maximum diversification is obtained by applying an objective

function that maximizes the ratio of the weighted average asset volatilities to portfolio
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volatility. The objective is to solve:

max
wt

w′
tσt+1|t√

w′
tΣt+1|t wt

,

s.t.w′
t 1 = 1,

wt ≥ 0 ∀t , (A.3)

for the constrained investor and:

max
wt

w′
tσt+1|t√

w′
tΣt+1|t wt

,

s.t.w′
t 1 = 1, (A.4)

for the unconstrained investor, respectively, where σt+1|t is an N× 1 vector of asset

volatilities, the square root of the diagonal terms of Σt+1|t . The objective function

in equation (A.3) and (A.4) has the form of a Sharpe ratio, where the asset volatility

vector, σt+1|t , replaces the expected returns vector.

A.1.2 Empirical economic value - additional strategies, constrained

Figure A.1 plots the portfolio values for the two additional strategies, minimum vari-

ance (MinVar) and maximum diversification (MD). Table A.1 reports the performance

results. For each portfolio, we report the annualized mean return (µ), the annualized

volatility (σ), the Sharpe Ratio (SR), and skewness of the returns. Furthermore, for P-

short and P-mid, we report the economic value (∆) over the sample period in annual

basis points (bps). We report the economic value for a level of relative risk aversion

(γ) of 1 and 10. The sample period is January 30, 2009, through June 2018. The first

month of data is withheld for estimating the expected return and conditional covari-

ance matrix for the first re-balancing date. We also report results for each two-year

subsample.
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Figure A.1: Ex post performance of constrained portfolios

Panel a, b show the ex-post performance of the constrained portfolios for the MinVar, and MD strategy,
respectively.
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A.1.3 Empirical economic value - alternative constant allocations

Table A.2 reports the performance results where we consider alternative portfolio

weights for the constant investor. We consider different allocations to stocks and

bonds in the benchmark portfolio and different allocation to stocks, bonds and VIX

ETP in the VIX portfolio. Performance is reported as ex-post economic value for a

level of relative risk aversion equal to one. The results are for the entire sample + crash

scenario.

Table A.2: Ex post performance of alternative constant allocations

This table shows the performance results of the constant strategy for various allocations, for the entire
sample+crash scenario. The first column is the % amount of capital allocated to stock and bond
respectively, in the benchmark portfolio. The second column is the % amonut of capital allocated to stock,
bond, and VIX ETP respectively, in the VIX portfolio. The third column is the ex-post economic value of the
VIX portfolio, for a level of relative risk aversion, γ, equal to one. Panel A, contains the results where VXX is
in the VIX portfolio. Panel B, contains the results where VXZ is in the VIX portfolio.

Panel A: VXX
Benchmark portfolio(%) VIX portfolio(%) ∆1

60-40-00 60-35-05 -211.03
60-40-00 60-39-01 -41.53
70-30-00 70-25-05 -207.33
90-10-00 90-00-10 -411.90
100-00-00 90-00-10 -508.95
100-00-00 99-00-01 -48.76

Panel B: VXZ

60-40-00 60-35-05 -93.52
60-40-00 60-39-01 -18.76
70-30-00 70-25-05 -92.44
90-10-00 90-00-10 -180.72
100-00-00 90-00-10 -278.09
100-00-00 99-00-01 -27.10

A.1.4 Empirical economic value - unconstrained

Figure A.2 plots the portfolio values for the all the dynamic strategies CE, MinVar and

MD, but where the allocations are unconstrained. Table A.3 reports the performance

results. For each portfolio, we report the annualized mean return (µ), the annualized

volatility (σ), the Sharpe Ratio (SR), and skewness of the returns. Furthermore, for P-

short and P-mid, we report the economic value (∆) over the sample period in annual

bps. We report the economic value for a level of relative risk aversion (γ) of 1 and 10.

The sample period is January 30, 2009, through June 2018. The first month of data is

withheld for estimating the expected return and conditional covariance matrix for

the first re-balancing date. We also report results for each two-year subsample.
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Figure A.2: Ex post performance of unconstrained portfolios

Panel a, b, and c show the ex-post performance of the unconstrained portfolios for the CE, MinVar, and
MD strategy respectively.
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A.1.5 SVXY

SVXY is an inverse VIX ETP, hence it promises minus the leverage factor times the

return of the underlying benchmark, SPVXSP. Figure A.3 plots the portfolio values for

the benchmark portfolio and the portfolio with allocations to SVXY. For these results

we only consider the CE and constant allocation strategies. For the constant strategy,

the benchmark portfolio is, w′
t = (60%, 40%, 0%), and the SVXY-portfolio is, w′

t = (50%,

40%, 10%). Table A.4 reports the performance results. Panel A reports the results for

the CE strategy, applying an absolute risk aversion, a, equal to 4. Panel B reports the

results for the constant strategy. For each portfolio, we report the annualized mean

return (µ), the annualized volatility (σ), the Sharpe Ratio (SR), and skewness of the

returns. Furthermore, for P-SVXY, we report the economic value (∆) over the sample

period in annual bps. We report the economic value for a level of relative risk aversion

(γ) of 1 and 10. The sample period is June 1, 2012 through June, 2018.

Table A.4: Portfolio performance: SVXY

The table summarizes the ex-post performance, applying the inverse VIX ETP, SVXY. For each portfolio, we
report the annualized mean return (µ), the annualized volatility (σ), the Sharpe Ratio (SR), and the
skewness of returns. For P-short and P-mid, we report the economic value (∆) in annual bps for a level of
relative risk aversion (γ) of 1 and 10. For the Constant portfolios, the weights are w′

t =(60%,40%,0%) for the
benchmark, and w′

t =(50%,40%,10%) for the VIX portfolio.

Panel A: CE

Portfolio µ σ SR Skew ∆1 ∆10

P-bench 1.26 6.32 0.151 -1.08
P-SVXY 1.90 11.07 0.144 -0.89 43.06 25.84

Panel B: Constant

P-bench 7.03 7.29 0.924 -0.48
P-SVXY 9.12 11.55 0.116 -0.95 188.57 177.19
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Figure A.3: SVXY performance

Panel a, b show the ex-post performance for the CE, and Constant portfolios, applying SVXY. For the
Constant portfolios, the weights are w′

t =(60%,40%,0%) for the benchmark, and w′
t =(50%,40%,10%) for

the VIX portfolio.
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Abstract

We investigate flows of VIX ETPs with long volatility exposure. We find an inverse

relation between flows and the level of the VIX, implying that investors sell VIX ETPs

when the VIX is at elevated levels, consistent with investors incorporating the typical

mean reverting behavior of volatility. We find no evidence supporting that investors

consider exposure to risk factors when they evaluate VIX ETP performance. Finally,

our results suggest that large outflows following increases in the VIX may be a partial

explanation of the “low premium response puzzle” in the VIX premium.
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2.1 Introduction

Since January 2009, volatility as an asset class has been available to all types of

investors via VIX exchange traded products (ETPs). VIX ETPs are designed to provide

either long or inverse exposure to fluctuations in future market volatility. In this

paper, we are interested in products with long volatility exposure. These products are

often promoted as tools for portfolio diversification, as they offer protection against

down markets when volatility is high. However, insurance comes at a cost. The cost is

realized through losses of the constant maturity strategy in VIX futures, which the

products are tracking (see the left-hand axis of Figure 2.1).1

The main contribution of this paper is to provide the first investigation of flows

into VIX ETPs with a long volatility exposure. In the remainder of the paper, we refer to

VIX ETPs with a long volatility exposure simply as VIX ETPs. During the past decade,

VIX ETPs have become very popular. Among the most liquid ETPs is the iPath S&P VIX

Short Term Future ETN (VXX), which has had massive net inflows during its lifetime.

Figure 2.1 depicts the price of VXX together with the cumulative net flow which as of

February 2019, amounts to approximately $8 bn.

Figure 2.1: Price development and cumulative net dollar flow of VXX

Over the lifetime of the product, the value of VXX has been severely eroded, and the issuer has made no
less than five 1-for-4 reverse splits. The depicted price development has been adjusted for these hence the
magnitude of the left-hand y-axis.
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Given the special characteristics and large popularity of VIX ETPs, we investigate

how investors apply these products. Our study provides three main insights. First,

by examining the relation between flows and the VIX, we find that increases in the

VIX are typically accompanied by large outflows, which is consistent with investors

incorporating the typical mean reversion of volatility in how they trade VIX ETPs.

Second, by applying a revealed preferences approach as in Berk and van Binsbergen

1See, e.g., Christensen, Christiansen, and Posselt (2020) on the structure of VIX ETPs.
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(2016), Barber et al. (2016), and Agarwal, Green, and Ren (2018) we find no evidence

of investors adjusting for exposure to risk factors when they evaluate the performance

of these products. Finally, we document that the low VIX premium response puzzle

discovered by Cheng (2019) is likely related to price impact caused by the flow pattern

of VIX ETPs.

VIX ETPs are closely linked to the VIX, which is known to be mean reverting by

nature. Our starting hypothesis is that investors incorporate this mean reversion in

how they trade VIX ETPs. Hence, following a VIX increase, we would expect to see

outflows. Indeed, this is also the case. First, by regressing dollar flows, summed across

ETPs, on the VIX and its lags, we obtain negative coefficients for the initial lags and

positive but smaller in magnitude coefficients for longer lags. An event study of flows

confirms this effect, as the largest increases in the VIX tend to be followed by very

large outflows. We also find that the inverse relation between flows and the VIX varies

with the level of persistence, defined by the speed-of-mean-reversion, in the VIX.

When persistence is low, the inverse relation between flows and the VIX is slightly

enhanced.

For our second finding, we consider the framework of Berk and van Binsbergen

(2016), Barber et al. (2016), and Agarwal et al. (2018). These papers study the relation

between flows and performance of mutual- and hedge funds, where performance

is measured by abnormal returns (alpha) implied by different asset pricing models.

Along with raw returns, we consider five different asset pricing models. The alphas for

the different models are individually applied as explanatory variables in regressions

that have the flows or the sign of the flows as the dependent variable. We hypothesize,

that for holding VIX ETPs and thereby incurring negative expected returns, investors

must price the systematic risk of VIX ETPs with some asset pricing model. The idea

behind our hypothesis is that positive updates of alpha are followed by positive

updates of flows. A positive model alpha will imply that VIX ETPs are cheap relative to

their risk exposure, and investors will be inclined to buy the products. By comparing

the ability of different models to predict flows, we can infer which type of risk, if any,

is of concern to investors in VIX ETPs. From all the models we consider, raw returns

are the only measure that significantly explains the flows of VIX ETPs. Thus we find

no evidence of investors pricing any systematic risk in VIX ETPs. Put in another way,

investors do not evaluate whether the insurance that VIX ETPs provide is considered

expensive or cheap by the asset pricing models considered in our study.

To obtain our last finding, we estimate the VIX premium at different horizons.

Given the flow pattern documented in our previous analyzes, we hypothesize that

investor behavior causes issuers of the ETPs to reduce positions in VIX futures when

the VIX increases. Consequently, this will put downward price pressure on VIX fu-

tures, contributing to the low VIX premium response puzzle documented in Cheng

(2019). The relation between flows and VIX premiums is first studied via a simple OLS

regression where we regress changes in the VIX premium on changes in aggregated
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dollar-flows. We find a positive relation between the flows of short-term products

and VIX premiums, and the relation is decreasing on the horizon of the VIX premium.

We investigate this positive relation further by means of a quantile regression. We

find that the correlation between flows and VIX premiums is particularly high when

the VIX premium is large in absolute terms. Finally, we consider bivariate dynamics

using a vector autoregression of flows and the VIX premium. The impulse response

functions show that a shock to flows impacts the VIX premium. All in all, our results

indicate that the flow pattern in VIX ETPs may provide a partial explanation of the

low premium response puzzle.

The prior literature on volatility assets can be divided into three different cate-

gories. The first category includes papers that examine the diversification benefits

of volatility assets in broad investment portfolios. Recent studies such as Bordon-

ado et al. (2017) and Berkowitz and DeLisle (2018) all reject the existence of any

potential diversification benefits of VIX ETPs. Christensen et al. (2020), however, find

that including VIX ETPs in a dynamic asset allocation strategy can have substan-

tial economic value. The second category is concerned with the causality and price

discovery between different markets of volatility assets. In particular, between the

VIX futures market and the spot VIX (e.g., Shu and Zhang (2012), Bollen et al. (2017),

and Fernandez-Perez, Frijns, Tourani-Rad, and Webb (2019)). The final category is

concerned with the pricing of volatility assets (e.g., Zhang and Zhu (2006), Zhang and

Huang (2010), and Gehricke and Zhang (2018)). To the best of our knowledge, none

of the previous studies investigate how investors use volatility assets as investments.

We do this by analyzing the flows of VIX ETPs.

This paper is also related to the literature on variance- and VIX premia. Bollerslev,

Tauchen, and Zhou (2009) and Bekaert and Hoerova (2014) calculate the variance risk

premium as the risk-neutral minus physical expectation of the 30-day variance of S&P

500 returns. Both papers find that the variance risk premium positively predicts stock

returns. Closer related to our work, Cheng (2019) defines the VIX premium as the risk-

neutral minus the physical expectation of the future value of the VIX. Interestingly,

both the variance- and VIX premia tend to become negative during periods of elevated

market risk. Negative risk premia suggest that the demand for insurance decreases

around periods of elevated market risk, which seems illogical. The findings in our

study add support to the argument that this puzzle exists because of the systematic

pricing impact of market participants and are not just due to measurement error.

The paper is organized into five additional sections. Section 2.2 briefly describes

our data. Section 2.3 contains our first empirical results, where we investigate how

flows relate to the VIX. Section 2.4 examines the impact of risk factors, and Section

2.5 links flows to the VIX premium. Finally, Section 2.6 contains the conclusions.
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2.2 Data

We obtain daily prices and assets under management (AUM) on all VIX ETPs from

Bloomberg and daily close levels of the VIX from the Chicago Board Options Exchange

(CBOE). Even though the first VIX ETPs were issued already in 2009, AUM is not

available at a daily frequency before October 2012. As a consequence, the sample

period spans from October 2012 to February 2019.

In this study, we are interested in the flow patterns of ETPs with a long exposure

towards volatility. We consider both short-term (e.g., VXX) and mid-term products

(e.g., VXZ) and also include products that use leverage (e.g., TVIX). Products with an

inverse exposure towards volatility (e.g., XIV) or an average AUM of less than $15

million are excluded from the sample.2

The dependent variable of interest is daily net flows of VIX ETPs. We follow prior

literature on fund flows (cf. Barber et al. (2016)) and define the daily net flow as the

percentage growth in assets under management unrelated to returns.

Fi t = AU Mi t

AU Mi t−1
− (1+Ri t ). (2.1)

Here Fi t is the daily flow for ETP i at day t , AU Mi t is the assets under manage-

ment, and Ri t is the total return. We assume that all flows take place at the end of the

day. Flows in dollar terms are defined as:

DFi t = AU Mi t − (1+Ri t )× AU Mi t−1. (2.2)

The final sample includes six different VIX ETPs. Panel A, Table 2.1, presents

summary statistics of the ETPs in our sample. The average daily flow equals 0.49%,

with a median of 0.11%. The median ETP has $179.65 million (mm) in AUM, while

the average is approximately twice as large ($354.24 mm). This suggests that there

is a positive skew in product size. The average age is 5.45 years (median 5.45 years),

and the average expense ratio is 1.08%. Finally, the average spread is 1.22 basis points

(bp), with a median of only 0.12 bp. This indicates that there are large differences in

liquidity across products.

2.3 Flows and the VIX

VIX ETPs are by construction closely linked to the VIX, incurring high positive returns

when the VIX increases against negative returns when the VIX is low. As other volatility

measures, the VIX is characterized by occasional swings from low to high levels, as

depicted in Figure 2.2. Despite varying degrees of persistence, the VIX eventually

2See Appendix A.1 for a list of the VIX ETPs that we include in our sample.
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Table 2.1: VIX ETP summary statistics

This table presents summary statistics of characteristics for the six ETPs in our sample across 8001
ETP-day observations in the period October 2012 to February 2019. The data include only VIX ETPs with
direct exposure to the VIX futures. Daily flow is calculated by Equation (2.1).

Mean Std. Dev Median

Daily Flow 0.49% 6.26% 0.11%
Size ($mil) 354.24 405.08 179.65
Age (years) 5.45 2.09 5.45
Yearly Expense Ratio 1.08% 0.33% 0.89%
Spread (bp) 1.22 5.92 0.12

declines from the high levels, and the process appears to be mean reverting over the

long run.3

Figure 2.2: The VIX

This figure shows the level of the VIX during our sample period.
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Our first analysis investigates how the flows of VIX ETPs relate to the VIX. We make

the empirical prediction that investors in VIX ETPs incorporate the mean reverting

nature of the VIX in how they trade the products. At an increase in volatility, an

investor who expects a reversal to the long term mean will also expect lower future

returns of VIX ETPs and reduce her position in the instrument. Hence, following an

increase in the VIX, we would expect to see net outflows.

Denote, Ag g DFt = ∑N
i=1 DFi t , as the dollar flows aggregated across the differ-

ent ETPs in our study, at time t . We investigate our hypothesis by regressing the

aggregated dollar flows on the VIX, lagged values of the VIX, and lagged flows:4

3See also Whaley (2009) for a description of the mean reverting nature of the VIX.
4By means of an augmented Dickey-Fuller test of the VIX during our sample period, we reject the null
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Ag g DFt = a +
7∑

j=0
b j+1 ×V I X t− j +

6∑
i=1

ci × Ag g DFt−i +ut . (2.3)

Table 2.2 reports the estimated regression coefficients of the model in Equation

(2.3). First, we note that the regression coefficient for the VIX at time t is positive,

implying that an increase in the VIX tends to be accompanied by net inflows to VIX

ETPs on the same day. Given the insurance-like characteristics of VIX ETPs, this is

consistent with the flight-to-safety behavior that is typically seen in other markets

at the signs of stress. For example, investors buy outright protection such as put

options, causing the VIX to increase, or they buy safe-haven assets like treasuries

and money-market instruments (cf. Longstaff (2004), Baele, Bekaert, Inghelbrecht,

and Wei (2019), and Adrian, Crump, and Vogt (2019)). For the one to three days lag,

the coefficients are all negative but only statistically significant at the one-day lag.

A one-unit increase in the VIX is associated with a net outflow of 24.49 mm at t −1.

For longer lags (four to six days), the coefficient becomes positive again but much

smaller in magnitude (12.81 mm at t − 4 and 3.67 mm at t − 6). In summary, the

coefficients suggest that investors buy VIX ETPs on the day of an increase. In the few

days following an increase, they sell before they again start to buy at longer horizons.

This pattern seems consistent with investors expecting volatility to decrease after

an initial increase. Then, as time has passed, volatility is likely to have declined and

investors start to buy again as further decreases are less likely. Overall, the pattern

that we observe in the regression coefficients of lagged VIX is in the direction we

would expect if investors incorporate the typical mean reversal of the VIX in how they

trade VIX ETPs.

Finally, we note that the coefficients for the lagged values of aggregated flows are

statistically insignificant at all lags.

2.3.1 Flow pattern around the largest increases of the VIX

The above results suggest that investors sell VIX ETPs on the days following right after

an increase in the VIX. To further illuminate this inverse relation, we now examine

the flow pattern around the largest increases in the VIX by conducting an event study.

Specifically, we define an event as a relative change of the VIX above its 95th percentile

over the entire sample period. This gives us 78 event days in the sample. We consider

an event window of -21 to +21 days relative to the VIX increase at day 0 (event day).

Again, our variable of interest is the aggregated dollar flows. For each day t in the

event window, we sum the flows over all previous days to obtain the cumulative flows

as:

hypothesis of a unit root at a 95% confidence level.
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Table 2.2: AggDF and the VIX

This table presents the results for the regression as in Equation (2.3). The dependent variable is aggregated
dollar flows, calculated as, Ag g DFt =∑N

i=1 DFi t . Explanatory variables are the VIX and lagged values of
the VIX and aggregated dollar flows. T-statistics in parenthesis are calculated with Newey-West standard
errors. ***, and ** represent significance at 1% and 5% respectively.

Constant
63.30***

(4.87)

VIXt
12.49**
(2.19)

VIXt−1
-24.49***

(-6.50)

VIXt−2
-4.18

(-0.98)

VIXt−3
-6.07

(-1.05)

VIXt−4
12.81**
(2.19)

VIXt−5
1.92

(0.84)

VIXt−6
3.67**
(2.04)

AggDFt−1
-0.03

(-0.94)

AggDFt−2
-0.05

(-1.20)

AggDFt−3
-0.03

(-0.71)

AggDFt−4
0.04

(1.26)

AggDFt−5
0.01

(0.23)

AggDFt−6
-0.03

(-1.04)

Observations 1525
R2(%) 20.04
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Cum Ag g DFt =
t∑

τ=1
Ag g DFτ. (2.4)

Figure 2.3 plots the average of Cum Ag g DF and the average level of the VIX across

the 78 different events. From day -21 until day -11, there is a small upward trend in

cumulative flows, where the level of the VIX is low. From day -10 until the event day,

the VIX is slightly increasing, and the cumulative flows fluctuate around a fixed level.

This indicates that the direction of cumulative investor flows becomes ambiguous

as uncertainty increases. Then, after day 0, the event day, following a large decline,

the cumulative flows become negative. The downward trend for flows is strongest

for the first four days after the event and diminishes at day +8. In the remaining days

of our event study, cumulative flows trend upwards. This aggregate trading pattern

suggests that investors sell at elevated levels of the VIX. Then as the VIX stabilizes

at lower levels, investors start to buy VIX ETPs again, which is consistent with the

regression output in our previous analysis.

Figure 2.3: Event study

This figure depicts the average cumulative flows (left-hand y-axis) and the average level of the VIX index
(right-hand y-axis) over the event window.
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Table 2.3 reports the cumulative flows with corresponding t-statistics from Equa-

tion (2.4). For the days -20 to -11, most of the cumulative flows are significantly

positive. As we get closer to the event day, the VIX increases, and the cumulative flows

become statistically insignificant from zero. After the event day, cumulative flows

are, on average, negative. From day +3 to +9, the cumulative flows are significantly

negative, which implies that there are large outflows in the days following a spike

in the VIX. From day +10 and onward, the cumulative flows are no longer signifi-

cantly below zero, which indicates that investors start to buy the VIX ETPs again as

the VIX stabilizes at lower levels. Thus, outflows of VIX ETPs appear in large chunks

after increases in the VIX. Inflows, on the other hand, occur continuously in lower

magnitudes at low levels of the VIX.

We also perform separate event studies for each of the following product types:

short-term, mid-term, leveraged, and un-leveraged. First, Figure 2.4a depicts the

event study for short-term products. Our sample contains two leveraged products,

and as both are short-term, we exclude them from the short-term group. We see that

the pattern in flows is similar to the one in our initial event study, although there

is no clear upward trend prior to the spike. After the event day, there are massive

outflows, which decrease in magnitude as the VIX stabilizes at a lower plateau. After

the stabilization of the VIX, outflows are eventually replaced by inflows. Second,

Figure 2.4b focuses on mid-term products. For mid-term products, we see a noisy

pattern in flows across our event window. In the days leading up to the spike, there is

an upward trend in flows, although small in magnitude in terms of dollars. After the

spike, we see further inflows, which are then followed by outflows. The event study

for the mid-term products is the only case where cumulative flows are higher in the

days right after the spike than the days just before the spike. However, if we look at

the magnitude of cumulative dollar-flows, we see that they are much more modest

for mid-term products than for short-term products. Third, Figure 2.4c depicts the

evolution of flows for leveraged products. There is a positive trend in flows prior to

the spike, whereas subsequent to the spike, there are large outflows for the first three

days. The outflows then decrease in magnitude, and from day +7, there is a strong

upward trend in cumulative flows. The reversal in flows, as the VIX stabilizes at lower

levels, is also present for un-leveraged products, as seen in Figure 2.4d, although the

reversal effect is much larger for leveraged products.

Overall the event study shows a clear inverse relation between flows and the

level of the VIX. Peak values in the VIX are followed by large outflows, suggesting

that investors expect a decrease in volatility and the future returns of the VIX ETPs.

Interestingly, the large outflows occur while the assets generate positive returns. VIX

ETPs typically have their largest appreciation on the day of the increase in the VIX

(the event day), but returns tend to stay positive for several days due to persistent

backwardation in the VIX futures term structure. As an example, consider the VIX

increase on August 24, 2015 (“Black Monday” on the Chinese stock market). On this
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Table 2.3: Event study

This table provides the results of the event study. The first column represents each day, t , in the event
window. The second column shows the average cumulative flows. The third column shows the t-statistics
of the cumulative flows. The fourth column shows the average value of the VIX index at each day in the
event window.

t CumAggDF t-stat VIX level

-21 5.60 0.651 14.21
-20 28.04 2.076 14.30
-19 28.93 1.770 14.31
-18 42.06 2.081 14.28
-17 50.85 2.127 14.50
-16 49.10 1.775 14.51
-15 69.77 2.262 14.69
-14 72.45 2.348 14.62
-13 66.15 2.159 14.78
-12 59.13 1.755 14.91
-11 65.38 1.843 14.74
-10 60.65 1.555 14.92

-9 46.31 1.083 14.90
-8 53.57 1.192 14.81
-7 63.97 1.440 14.73
-6 71.30 1.548 14.99
-5 47.32 0.970 14.96
-4 54.88 1.107 15.08
-3 76.45 1.459 15.48
-2 67.66 1.267 15.81
-1 49.57 0.912 15.86
0 64.09 1.095 19.59
1 21.23 0.358 19.30
2 -53.92 -0.912 18.89
3 -125.66 -2.105 18.57
4 -159.50 -2.658 18.16
5 -160.35 -2.598 17.92
6 -177.15 -2.762 17.70
7 -189.35 -2.872 17.24
8 -197.00 -2.841 16.83
9 -183.11 -2.493 16.56

10 -148.01 -1.921 16.48
11 -142.00 -1.867 16.49
12 -128.26 -1.668 16.22
13 -127.22 -1.677 16.23
14 -96.53 -1.213 16.46
15 -101.57 -1.279 16.09
16 -99.72 -1.268 16.05
17 -97.11 -1.196 16.34
18 -77.63 -0.946 16.29
19 -68.36 -0.819 16.25
20 -61.15 -0.710 16.26
21 -55.31 -0.637 16.03
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Figure 2.4: Event study: Split on different product types
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(a) Short-term products
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(b) Mid-term products
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(c) Leveraged products
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(d) Unleveraged products

day, VXX, the largest product, had a return of 17.7%. Over the following six days, the

total outflows amounted to $719 mm, despite an average daily return of 4.2%.

2.3.2 Speed of mean reversion

Persistence in the VIX varies through time. From Figure 2.2, we see that there are

periods where the reversion towards lower levels after spikes happens fast and pe-

riods where high levels are more persistent. We now examine whether the level of

persistence in the VIX impacts how investors trade VIX ETPs. It is likely that during

periods where reversals from high levels happen at a faster pace, investors will sell

more following an increase in the VIX. Vice versa, in periods where volatility is more

persistent, investors are more uncertain about the direction of future volatility and

will be less inclined to sell following an increase in the VIX. We hypothesize that

in periods with low persistence, defined by the high speed of mean reversion, the
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negative relation between flows and lagged VIX is amplified.

We quantify the speed of mean reversion in the VIX by its half-life. Specifically,

we define the half-life of the VIX as the expected number of days it takes for the VIX

to reduce half of the distance to its long-run mean. In order to quantify the speed of

mean reversion, we assume that the stochastic process of the level of the VIX follows

a mean reverting Ornstein-Uhlenbeck (OU) process:

dVIXt = κ(VIXLR −VIXt )d t +σdWt . (2.5)

Here, κ > 0 is the speed of reversion for the OU process, VIXLR is the long-run

mean of the VIX, VIXt is the current value of the VIX,σ> 0 is the instantaneous volatil-

ity, and Wt is a Brownian motion. The process in Equation (2.5) is mean reverting

since negative deviations ((VIXLR −VIXt ) > 0) from the long-run mean, on average,

lead to upward revisions in the VIX, and vice versa.

In order to operationalize the process in Equation(2.5), we discretize it to an AR(1)

process.

VIXt = c +φVIXt−1 +bεt , |φ| < 1. (2.6)

For c = κVIXLR∆t , φ = (1−κ∆t), b = σ
p
∆t , and ε ∼ N(0,1), we get the Euler-

Maruyama discretization of the OU process in Equation (2.6). Weak stationarity im-

plies that E[VIXt ] =µ= c/(1−φ) for all values of t . This allows us to define deviations

from the stationary mean as:

V̂IXt =φV̂IXt−1 +ut , (2.7)

where V̂IXt = VIXt −µ is the deviation from the long-run mean of the VIX. In order

to calculate the expected number of days it takes for the VIX to reduce half of the

distance to its long-run mean, we solve for k in the following expectation:

E[V̂IXt+k ] = 0.5V̂IXt ,

⇔φk V̂IXt = 0.5V̂IXt ,

⇔ k =− ln(2)

ln|φ| . (2.8)

Here, the expectation, E[V̂IXt+k ], is obtained via recursive substitution. To esti-

mate the half-life, k, we use a rolling window of data comprising the latest two years

of data (2*252 days). Further, we use an ln-transformation of the VIX. The time-series

dynamics of the half-life of the VIX is presented in Figure 2.5.
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Figure 2.5: Half-life of the VIX

Figure 2.5 shows the expected number of days, k, it takes for the VIX to reduce half of the distance to its
long-run mean as defined in Equation (2.8). Grey areas correspond to the upper (lower) decile of days
where the speed of mean reversion (half-life) is high (low).
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We re-run the regression in Equation (2.3) for days where the half-life of the

VIX is in its 10th percentile. The output is reported in Table 2.4. As the negative

coefficients for lags larger than one day were (and still is) insignificant, we only report

the coefficient estimate for VIXt−1. Comparing the results in Panel A and B, we find

that when the speed of mean reversion is high, a one unit increase in the VIX leads to

an aggregated dollar outflow of 25.21 mm on the following day. In periods with higher

persistence in the VIX (lower speed of mean reversion), the outflows following a VIX

increase are marginally lower (23.46 mm). In Panel C, we test whether this difference

is significant by augmenting the regression with an interaction term between VIXt−1

and a dummy that takes on the value 1 for dates where the half-life is in the 10th

percentile. Although it is statistically significant, the size of the coefficient suggests

that outflows following an increase in the VIX at t −1 are marginally increased by

only 1.14 mm in periods of high speed of mean reversion. Hence, we do detect some

evidence that the level of persistence in the VIX impact how investors trade VIX ETPs,

but the effect is rather small in economic terms.
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Table 2.4: Speed of mean reversion

This table shows the results from the panel regression as in Equation (2.3), where we have divided the
sample into periods with high and low speeds of mean reversion, respectively. We define periods of high
mean reversion as days where the VIX half-life is in the 10th percentile. Panel A presents the results for the
period where the speed of mean reversion is high, and Panel B shows the results for the period where the
speed of mean reversion is low. Panel C shows the results, where we have augmented the regression with
an interaction term between the VIX at t −1 and a dummy, which is one if the speed of mean reversion is
high. T-statistics in parenthesis are calculated with Newey-West standard errors. ***, and ** represent
significance at 1% and 5% respectively.

Panel A: High speed of mean reversion

VIXt−1
-25.21***

(-3.57)

Observations 152
R2(%) 30.55

Panel B: Low speed of mean reversion

VIXt−1
-23.46***

(-4.58)

Observations 1373
R2(%) 17.90

Panel C: Entire period

VIXt−1
-23.77***

(-6.10)

VIXt−1× Speed of mean reversion
-1.14**
(-2.41)

Observations 1525
R2(%) 17.94

2.4 Do risk factors matter?

All VIX ETPs in our study produce long-term returns that are very negative. But

despite negative returns, the products may still be attractive when adjusting for their

systematic risk exposure. For instance, from a CAPM perspective, we would intuitively

expect very low returns, given the very negative correlation that the assets have with

the market portfolio. The negative returns may thus be regarded as an insurance

premium. If so, a positive risk-adjusted return (alpha) would imply that the insurance

embedded in the VIX ETP is cheap through the lenses of the CAPM model. In the

previous section, we document an inverse relation between the VIX level and flows,

suggesting that investors incorporate the typical mean reverting behavior of the VIX

in their trading strategy. But it may also be the case that changes in alphas are the

driver of flows, meaning that investors buy (sell) when the ETPs are cheap (expensive)
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relative to their embedded systematic risk exposure. In this section, we examine that

hypothesis by taking a revealed preferences approach as in Berk and van Binsbergen

(2016) (BvB), Barber et al. (2016) (BHO), and Agarwal et al. (2018) (AGR). That is, we

compare the ability of different asset pricing models to explain the flows and thereby

try to ascertain which risks factors, if any, are of concern to VIX ETP investors. The

studies by BvB, BHO, and AGR suggest that mutual fund- and hedge fund investors

are mainly concerned with market risk. If this is also the case for VIX ETP investors,

we would expect that flows will react more strongly to CAPM alphas than to the alphas

implied by more elaborate models.

2.4.1 Asset pricing models

In this section, we are interested in the relation between VIX ETP flows and perfor-

mance implied by different asset pricing models. By examining a set of candidate

models, we can infer the risk model, which is closest to the model that investors

use in making their investment decision. In addition to raw returns, we estimate

alphas for five different asset pricing models. We consider the CAPM (Sharpe (1964)

and Lintner (1965)), the downside CAPM (Hogan and Warren (1974) and Bawa and

Lindenberg (1977)), the coskewness CAPM (Harvey and Siddique (2000), Mitton and

Vorkink (2007), and Christoffersen, Fournier, Jacobs, and Karoui (2019)) and the four-

factor (4F) model (Carhart (1997)). For the fifth model, we augment the CAPM model

with the returns of an at-the-money S&P 500 straddle (long position). The idea of

including this additional factor is to capture a premium for a long volatility exposure.

We estimate beta from the downside CAPM only for observations where the excess

market return is below zero. Further, we follow Harvey and Siddique (2000), Mitton

and Vorkink (2007), and Christoffersen et al. (2019) and measure coskewness beta

with respect to squared market excess returns. We estimate alphas over the most

recent 11 days (half a month) by subtracting the benchmark adjusted returns from

the excess returns of the ETPs:

α̂M ,i t = 1

11

t∑
j=t−10

(ri j −
N∑

n=1
β̂M ,n,i t × fn, j ). (2.9)

Here M is the asset pricing model, N is the number of factors, ri j is the return

of ETP i on day j in excess of the daily 1-month T-bill rate, fn, j is a risk factor, and

β̂M ,n,i t is an estimated beta for a risk factor in model M . We obtain daily factor returns

from Kenneth French’s webpage.5 For the straddle returns, we use the series made

publicly available by Travis L. Johnson.6 For all asset pricing models, we estimate

betas using a rolling window of 60 days. Finally, for the raw return measure (r r aw ),

we calculate the 11-days average of the returns, not subtracting the risk-free rate.

5https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
6https://www.travislakejohnson.com/data.html

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
https://www.travislakejohnson.com/data.html
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In Panel A of Table 2.5, we present summary statistics of the estimated VIX ETP

betas. For the CAPM, the betas (β̂) are, on average, negative, -4.60. This illustrates the

very negative correlation that VIX ETPs have with equities. Given the negative CAPM

betas, we expect the VIX ETPs to have negative returns. The estimated downside

betas (β̂−) are, on average, even more negative, -5.51. This implies that the negative

correlation becomes even stronger in down markets. For the 4F model, we find that

the VIX ETPs on average load negatively, -0.40, on the momentum factor (β̂mom). This

is not surprising since products that most of the time have negative returns are the

exact opposite of assets having momentum. Harvey and Siddique (2000) find that

the size factor, to some extent, proxies for conditional skewness. Notably, we find

that the load on the size factor (β̂smb) is, on average positive, 0.35. This can relate to

positive coskewness between VIX ETPs and the market portfolio, as the returns of VIX

ETPs are, in general, positively skewed (e.g., Christensen et al. (2020)). The positive

coskewness is also confirmed via the coskewness CAPM, where the load on squared

excess market returns (βcosk ) on average equals 53.71. Not surprisingly, the loading

on the straddle factor is positive, 0.22.

Panel B of Table 2.5 provides summary statistics for the performance of the VIX

ETPs. The average daily raw return measure is -0.21%, while the median return is

-0.29%. This reflects the positive skewness in the return distribution of these products.

Similarly, the average daily alpha for the coskewness CAPM is negative, -0.31%. For

the CAPM and 4F model, the average daily alpha is much less negative, although still

significant, -0.01%, and -0.02%, respectively. For the downside CAPM, the daily alpha

becomes positive, 0.05%, and for the straddle model, alpha is zero on average.

Table 2.6 presents a correlation matrix between return measures from our dif-

ferent asset pricing models. We find that raw returns are modestly correlated with

alphas from the five asset pricing models. The two lowest correlation coefficients

are between raw returns and downside alpha (0.24) and raw returns and coskewness

alpha (0.32). We find the largest correlation coefficient between the CAPM and the

4F alphas and the lowest correlations between raw returns and downside CAPM,

coskewness, and straddle alphas.

2.4.2 Estimation of the flow-alpha relation

We examine the relationship between performance and flows by estimating the

model:

Fi t = a +b × α̂M ,i t−1 + c ×Xi t−1 +ui t , (2.10)

where Fi t is the daily ETP flow estimated via Equation (2.1), α̂M ,i t−1 is the alpha

estimated from model M by Equation (2.9), and Xi t−1 is a vector of control variables.

As controls, we include the lagged ETP flow from day t-1, the day t-1 ETP bid-ask

spread in basis points, and the t-1 ratio of price to net-asset-value (NAV). We calculate

t-statistics using robust standard errors by double clustering by product and day.
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Table 2.5: Summary Statistics

This table presents summary statistics of characteristics, betas, and performance for the six ETPs in our
sample across 8001 ETP-day observations in the period October 2012 to February 2019. The data include
only VIX ETPs with direct exposure to the VIX futures. β̂ is CAPM beta and β̂− is downside CAPM beta.
β̂mkt , β̂mom , β̂smb , and β̂hml are factor betas from the Fama-French-Carhart 4F model. β̂cosk is the load
on the second factor from the coskewness CAPM model. β̂str addle is the load on straddle returns from
the straddle model. Note that beta and performance estimates are stated using daily values.

Panel A: VIX ETP betas

Mean Std. Dev Median

β̂ -4.60 2.99 -3.85
β̂− -5.51 4.04 -4.48
β̂mkt -4.67 3.08 -3.81
β̂mom -0.40 0.76 -0.29
β̂smb 0.35 0.81 0.22
β̂hml -0.22 1.17 -0.19
β̂cosk 53.71 94.82 29.93
β̂str addl e 0.11 0.08 0.10

Panel B: VIX ETP performance measures

Mean Std. Dev Median

r r aw -0.21% 1.46% -0.29%
α̂capm -0.01% 0.80% -0.05%
α̂downsi de 0.05% 0.90% 0.00%
α̂4F -0.02% 0.77% -0.05%
α̂cosk -0.31% 0.78% -0.22%
α̂str addle 0.00% 0.01% 0.00%

Table 2.6: Correlations of Performance measures

This table shows the correlation coefficients between performance measures from raw returns, CAPM,
downside CAPM, Fama-French-Carhart 4F model, coskewness CAPM, and straddle model.

r r aw α̂capm α̂downsi de α̂4F α̂cosk α̂str addle

r r aw 1.00 0.52 0.24 0.56 0.32 0.41
α̂capm 1.00 0.86 0.95 0.79 0.84
α̂downsi de 1.00 0.86 0.75 0.86
α̂4F 1.00 0.75 0.78
α̂cosk 1.00 0.76
α̂str addl e 1.00
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Table 2.7 reports the results of the panel regression from Equation (2.10). Columns

(1)-(6) present results for the raw return measure, the CAPM, downside CAPM, 4F

model, coskewness CAPM, and the straddle model, respectively. We only find a signif-

icant flow-performance relation for the raw return measure and the downside CAPM,

with the downside CAPM estimate being significant only at the 10% level. For the raw

return measure, we find that a one percentage point increase in a VIX ETP’s raw re-

turns is associated with a 0.72 percentage point decrease in flows on the following day.

In Section 2.3, we have documented that a rise in the VIX is followed by a decrease in

aggregated dollar flows. Since increases in the VIX are associated with positive returns

of VIX ETPs, the inverse relation between raw returns and flows comes as no surprise.

For the downside CAPM, a one percentage point increase in alpha leads to a 0.49

percentage point increase in future flows. The intuition of the downside CAPM model

is that investors are concerned about how an asset correlates with the market during

downturns. The positive coefficient then implies that investors increase (decrease)

their positions when the VIX ETPs offer cheap (expensive) protection against market

downturns, as implied by a positive (negative) alpha. Given the insurance-like payoff

of the products, this result is intuitively appealing.

For the included control variables, we interestingly find that the coefficient of

Price-to-NAV is positive. In principle, this implies that investors tend to buy (sell) the

ETPs when they are expensive (cheap) relative to the value of the underlying assets

(VIX futures). However, in economic terms the size of the coefficient is very small.

2.4.3 Are the results unique to the chosen performance horizon?

In Table 2.8, we report the results of the panel regression from Equation (2.10) for

the raw returns and downside CAPM model using performance horizons of 20, 40

days, and 60 days. Changing the performance horizon does not alter the results. Also

for the other asset pricing models in our study (CAPM, 4F, coskewness CAPM, and

straddle), we obtain almost identical results to those reported previously.

2.4.4 Sign-test

We also investigate the alpha-flow relation via the methodology of BvB who develop

a sign-test to explain flows of mutual funds. The test relates the sign of a flow to the

sign of performance, given as alpha, implied by an asset pricing model. If investors

consider exposure to risk factors then intuitively positive updates of alpha lead to

positive flows, and vice versa. The frequency with which positive (negative) alphas

generate inflows (outflows) provides a ranking of competing asset pricing models.

The model with the highest frequency is the model that best explains flows. Below we

provide a description of our implementation of the test.

Let φ(·) be a function that returns the sign of a real number, taking the value 1 for

a positive number, -1 for a negative number, and 0 for zero. For every asset pricing
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Table 2.7: Product flow-performance regression

This table presents the results for the panel regression as in Equation (2.10). The dependent variable is
daily percentage VIX ETP flow. Performance measures are the average daily raw return or risk-adjusted
returns from the CAPM, downside CAPM, 4F model, coskewness CAPM, and straddle model over the last
11 days calculated as in Equation (2.9). Control variables are the lagged ETP flow, the ETP spread measured
in basis points, and the price-to-NAV ratio. T-statistics in parenthesis are calculated with double clustered
standard errors by product and day. ***, **, and * represent significance at 1%, 5%, and 10% respectively.

(1) (2) (3) (4) (5) (6)

r r aw -0.732***
(-4.403)

α̂capm -0.163
(-0.713)

α̂downsi de 0.212*
(1.837)

α̂4F -0.250
(-1.049)

α̂cosk -0.228
(-0.297)

α̂str addle -0.042
(-0.189)

Lagged flow
0.056

(1.367)
0.084*
(1.773)

0.084*
(1.837)

0.084*
(1.753)

0.084*
(1.790)

0.085*
(1.799)

Spread
-0.002***
(-3.224)

-0.002***
(-2.784)

-0.002***
(-2.848)

-0.002***
(-2.760)

-0.002**
(-2.500)

-0.002***
(2.864)

Price-to-NAV
0.004***
(2.811)

0.005***
(3.263)

0.005***
(3.387)

0.005***
(3.247)

0.005***
(2.660)

0.005***
(3.472)

Observations 8001 8001 8001 8001 8001 8001

model, we regress the signs of ETP flows on the signs of alpha from an asset pricing

model and obtain the coefficient BFα, given by:

BFα = cov(φ(Fi t ),φ(α̂M ,i t−1))

var (φ(α̂M ,i t−1))
, (2.11)

where M refers to the asset pricing model. To avoid look-ahead bias, we use

lagged alphas and contemporary flows as in AGR. From Equation (2.11), we calculate

the average probability of future flows being positive (negative) conditional on past

alphas being positive (negative) as (1+BFα)/2. An average probability above (below)

50% indicates that positive updates of performance predicts positive updates of

flows. If future flows and past alphas are unrelated, then BFα = 0, and the average

probability becomes 50%.
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Table 2.8: Robustness check - performance horizon

This table presents the results for the panel regression as in Equation (2.10). Dependent variable is daily
percentage VIX ETP flow. Performance measures are the average daily raw return or risk- adjusted returns
from the downside CAPM model calculated as in Equation (2.9) but with different performance horizons
(20 days, 40 days, and 60 days). Control variables are the lagged ETP flow, the ETP spread measured in
basis points, and the price-to-NAV ratio. T-statistics in parenthesis are calculated with double clustered
standard errors by product and day. ***, and * represent significance at 1% and 10%, respectively.

20 days horizon 40 days horizon 60 days horizon

r r aw -0.704***
(-4.189)

-0.660***
(-4.424)

-0.587***
(-4.178)

α̂downsi de 0.148*
(1.817)

0.217*
(1.814)

0.266*
(1.814)

Controls Yes Yes Yes Yes Yes Yes
Observations 8001 8001 8001 8001 8001 8001

In order to compare models M and K , we use the following regression:

φ(Fi t ) = γ0 +γ1 ×
(

φ(α̂M ,i t−1)

var (φ(α̂M ,i t−1))
− φ(α̂K ,i t−1)

var (φ(α̂K ,i t−1))

)
+ζi t . (2.12)

If γ1 is positive, it implies that model M better explains subsequent flows than

model K . This statement is conditional on the hypothesis that there is a positive

relation between flows and alpha. For the regressions in Equation (2.11) and Equation

(2.12), we calculate t-statistics with robust standard errors by double clustering by

ETP and day.

Table 2.9 presents results from Equations (2.11) and (2.12). The first column

presents estimates of BFα. For all models, the coefficient is negative. That is, negative

performance predicts inflows across all models and vice versa. The second column

presents the average probability of the flows being positive (negative) conditional on

past performance being positive (negative) for each asset pricing model. We find that

the raw return measure has the lowest average probability, 43.93%, to predict future

positive flows conditional on positive past returns. This is equivalent to an average

probability of 56.07% to predict positive flows conditional on negative past returns.

For the downside CAPM, the coskewness CAPM, and the straddle model we cannot

reject that (1+BFα )/2 is different from 50%, which suggests that these models have

no predictive power.

If VIX ETP investors consider exposure to risk factors, then we would expect a

significant positive relation between alpha and flows, which we do not find. Hence,

these results do not support that hypothesis. In the last five columns, we provide

pairwise comparisons of the asset pricing models with estimates of γ1 from Equation

(2.12). Comparing raw returns against the other models, we see that γ1 is estimated to
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be significantly below 0. Given the negative relation that we have estimated between

flows and alpha, this result is of minor interest as it only suggest that negative raw

returns is best at explaining subsequent positive flows.

Table 2.9: Sign-test

This table provides the results of the sign-test as in Berk and van Binsbergen (2016). B̂Fα is the coefficient
estimate from regressing the signs of daily flows on the signs of daily performance as in Equation (2.11).
The percentage of signed flows explained by signed performance is obtained as (1+B̂Fα)/2. Tests for
pairwise comparisons of models as in Equation (2.12) are provided in the last five columns. T-statistics
given in parenthesis are calculated with double-clustered standard errors by product and day. *** and **
represent significance levels of 1% and 5%, respectively.

Model B̂Fα % Flow explained CAPM Downside CAPM 4F Coskewness Straddle

Raw return
-0.122***
(-2.919)

43.93%
-0.065**
(-2.066)

-0.074**
(-2.608)

-0.075**
(-2.380)

-0.062**
(-2.474)

-0.072**
(-2.536)

CAPM
-0.038***
(-2.974)

48.08%
-0.087***
(-4.008)

-0.021
(-0.947)

-0.021
(-0.972)

-0.039
(-2.450)

Downside CAPM
-0.007

(-0.489)
49.64%

0.043
(1.948)

0.018
(0.768)

0.006
(0.347)

4F
-0.031**
(-2.433)

48.45%
-0.009

(-0.552)
-0.023

(-1.497)

Coskewness
-0.023

(-1.362)
48.84%

-0.012**
(-0.652)

Straddle
-0.012

(-0.743)
49.41%

2.5 Flows and the VIX premium puzzle

In this final empirical section, we link our findings to the study by Cheng (2019) (IHC).

IHC defines the VIX premium at time t with horizon T − t as:

V I X P T
t ≡ EQ

t [V I XT ]−E P
t [V I XT ], (2.13)

where the physical expectation is given by the estimate from some statistical model,

and the risk neutral expectation is the VIX futures price with maturity T .7 This pre-

mium can be interpreted as the expected dollar loss for a long VIX futures position

with $1 notional value held through futures expiration date T . Interestingly, there

is a negative or flat relation between changes in the VIX premium and changes in

various risk measures (e.g., realized volatility, the VIX, and SPX Skew). Hence, when

risk increases, the VIX premium tends to decrease or stay flat before increasing at

a later point in time. This empirical pattern is in IHC labeled as the “low premium

response” puzzle. Apparently, the low premium response is tradable. A short investor

7IHC use an ARMA(2,2) model for the physical expectation but makes a robustness check with several
other models.



2.5. FLOWS AND THE VIX PREMIUM PUZZLE 69

who sees her estimated premiums falling can close her position and sidestep ex-post

low-profit high-risk situations.

We hypothesize that the low premium response puzzle can, at least partially, be

explained by the large VIX ETP outflows that we have documented tend to follow

after an increase in the VIX. Brøgger (2019) and Todorov (2020) show how the hedge

demand of issuers of futures-based ETPs is increasing (decreasing) in inflows (out-

flows). Thus, large capital outflows decrease the hedging requirement for the issuer

of the ETP, who will reduce the position in VIX futures. This reduction in the issuer’s

position will, all else equal, put downward pressure on the futures prices. Consider

an example for illustration: Due to some perception of increased risk in the equity

markets, the VIX increases. Following this increase, investors on a large scale reduce

their positions in VIX ETPs. Consequently, the issuers of VIX ETPs reduce their inven-

tory in VIX futures, which puts downward pressure on prices. The expected future VIX

then increases less under the risk-neutral measure than under the physical measure,

making the VIX premium, as defined by Equation (2.13), negative.

To explore our hypothesis, we first estimate VIX premiums at different horizons

(one-month to seven-month). We follow the same procedure as IHC and estimate

E P
t [V I XT ] with an ARMA(2,2) model, and we obtain EQ

t [V I XT ] as the price of a

futures contract, which is rolled over on the last trading day of a month.8 For our time

T forecast of E P
t [V I XT ], we estimate the ARMA(2,2) model using all data (daily VIX

close from 1990) through date t . Figure 2.6 plots our estimates of the one-month, four-

month, and seven-month VIX premium. For all horizons, the premiums are mainly

positive. However, we also see large downward movements at the end of August

2015 (China’s renminbi devaluation), the end of June 2016 (Brexit referendum), and

the beginning of February 2018 (“Volmageddon”). The downward movements are

especially large for the one-month premium. We also see that the premiums are

smaller in absolute value for larger horizons and that they are highly correlated.

2.5.1 Simple regression

As an initial examination of the relation between premiums and flows, we estimate

the simple model of Equation (2.14):

∆V I X P h
t = a +b ×∆Ag g DFt + c ×∆X t +ut . (2.14)

Here, V I X P h
t is the estimated horizon-h VIX premium at time t , Ag g DFt is the

aggregate dollar-flow for all products in our sample as defined in Equation (2.2), and

X t is a vector of control variables. As controls, we include the default spread (between

Moody’s BAA and AAA corporate bond yields) and the term spread (between the

ten-year T-bond and the three-month T-bill yields), both obtained from the website

8The one-month premiums estimated by IHC along with a description of the estimation procedure
are made available at: http://www.dartmouth.edu/~icheng/

http://www.dartmouth.edu/~icheng/
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Figure 2.6: VIX premiums

This figure shows our estimated VIX premiums defined as the difference between the expected future
value of the VIX under the risk-neutral and physical measure, respectively. For estimating these, we follow
Cheng (2019). That is, the expected value under the risk-neutral measure is estimated as the price of a
futures contract, which is rolled on the last trading day of a month. The expected value under the physical
measure is estimated via an ARMA (2,2) model, where we use all data (daily VIX close from 1990) through
date t .
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of the Federal Reserve Bank of St. Louis. We also include the P/E ratio for the S&P 500

index, the WTI-crude oil price, the gold price, and the USD/JPY FX rate, all obtained

via Bloomberg. For several of our control variables, we fail to reject the null hypothesis

of a unit root, which is why we apply the first difference transform in Equation (2.14).

The event study in Section 2.3.1 shows that flows in short-term products follow a

different pattern than flows in mid-term products. Hence, if our hypothesis is true,

we expect the relationship between the VIX premium and flows to be different for

short-term and mid-term VIX ETPs. Therefore, we estimate Equation (2.14) for short-

term and long-term products separately. For ease of interpretation, we standardize

all variables to have zero mean and unit standard deviation.

Panel A in Table 2.10 shows the regression output for short-term products. The

regression coefficients for the changes in flows are displayed along the columns

for the different VIX premium horizons. T-statistics (reported in parenthesis) are
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calculated with Newey-West standard errors. We see that there is a positive relation

between changes in flows in short-term products and changes in VIX premiums. For

example, a one standard deviation increase in ∆Ag g DF leads to a 0.331 standard

deviation increase in ∆V I X P . The coefficients are highly significant at all horizons.

However, we also see that the relationship is strongest for the first two VIX premiums

and decreases for longer horizons. This is the pattern we expect to see if hedging

activity of short-term products impacts VIX premiums. This is the case since hedging

activity of short-term products occurs from trades in the futures contracts at the short

end of the term structure. Hence, short-dated futures contracts are exposed to the

largest pricing impact. Most of the VIX products in our sample are ETN’s, which are

not required to hold the underlying assets. This means that they are free to hedge

their exposure as they desire (or not hedge at all). It is possible that ETN issuers are

hedging some of the exposure using futures further out on the term structure, which

could explain the positive relation between short-term product flows and longer

horizon VIX premiums.

Panel B shows the regression output for mid-term products. The regression coef-

ficients of ∆Ag g DF are insignificant at all horizons. This implies that the hedging

activity of mid-term products cannot explain the low premium-response puzzle.

This fits well with the findings in our event study in Section 2.3.1 that investors in

mid-term products are less prone to sell during high levels of the VIX. Hence, the

issuers will be less likely to reduce their hedge position in VIX futures when market

risk is elevated.

2.5.2 Relation in the quantiles

From IHC, we know that the VIX premium is lowest when risk is high, which is also

when large outflows tend to occur. Then, if the low premium response puzzle is

explained by the large outflows following increases in the VIX, we would expect the

regression coefficient of aggregated flows in Equation (2.14) to be higher at the lowest

quantiles of the distribution of VIX premiums. We explore whether this is the case via

a quantile regression (see Koenker and Bassett (1978)), with the criterion function to

minimize given by:

QT (βq ) =
T∑

t :yt≥x ′
tβ

q |yt −x ′
tβq |+

T∑
t :yt<x′

tβ

(1−q)|yt −x ′
tβq |. (2.15)

Here, we define y = ∆V I X P h
t and x ′

tβ = a +b ×∆Ag g DFt + c ×∆X t , which is

similar to Equation (2.14). In Figure 2.7, we plot the slope estimate for ∆Ag g DF for

quantiles in the range q ∈ (0.01 : 0.01 : 0.99) with corresponding bootstrapped 95%

confidence bands in grey. We obtain slope estimates using one-month VIX premiums

and aggregate flows for short-term products. For comparison, we also plot the OLS

slope estimate from Equation (2.14) with 95% confidence bands. From Figure 2.7,



72 CHAPTER 2. BETTING ON MEAN REVERSION IN THE VIX? EVIDENCE FROM ETP FLOWS

Table 2.10: VIX premium puzzle

This table shows the results of the regression in Equation (2.14). The dependent variable is changes in the
horizon-h VIX premium. The explanatory variable of interest is changes in dollar-flow aggregated across
products. Panel A contains the results where we only include flows from short-term products. Panel B
contains results where we only include mid-term products. In both cases, control variables are the default
spread(between Moody’s BAA and AAA corporate bond yields), the term spread (between the ten-year
T-bond and the three-month T-bill yields), the S&P 500 P/E ratio, the WTI-crude oil price, the gold price,
and the USD/JPY FX rate, all in terms of differences. T-statistics given in parenthesis are calculated with
Newey-West standard errors. *** represents significance at 1%.

Panel A: Short-term products

∆V I X P 1
t ∆V I X P 2

t ∆V I X P 3
t ∆V I X P 4

t ∆V I X P 5
t ∆V I X P 6

t ∆V I X P 7
t

∆Ag g DFt
0.331***
(5.161)

0.338***
(4.973)

0.310***
(5.271)

0.279***
(4.850)

0.273***
(4.905)

0.296***
(4.894)

0.254***
(4.978)

Controls Yes Yes Yes Yes Yes Yes Yes
Observations 1352 1352 1352 1352 1352 1352 1350
R2(%) 29.64 29.54 27.15 25.37 26.49 29.01 28.60

Panel B: Mid-term products

∆V I X P 1
t ∆V I X P 2

t ∆V I X P 3
t ∆V I X P 4

t ∆V I X P 5
t ∆V I X P 6

t ∆V I X P 7
t

∆Ag g DFt
-0.000

(-0.014)
0.016

(0.255)
0.012

(0.232)
0.006

(0.129)
0.018

(0.428)
0.032

(0.663)
0.002

(0.267)

Controls Yes Yes Yes Yes Yes Yes Yes
Observation 1352 1352 1352 1352 1352 1352 1352
R2(%) 18.73 18.15 17.59 17.63 19.11 20.37 22.19

we first note that there is a significant and positive regression coefficient across

all quantiles. Secondly, we see a prominent U-shape in the relation between VIX

premiums and short-term product flows. That is, the relation between flows and the

VIX premium is strongest at extreme quantiles, particularly the lower quantiles which

we know coincide with high levels of risk and large outflows.

2.5.3 Bivariate dynamics

The estimates in Table 2.10 do not allow for the dynamics of premiums to feedback

into flows. We allow for this by estimating a three-lag vector autoregression (VAR)

system of aggregated flows and the one-month VIX premium, both in levels.9 Both

variables are again standardized and we order flows first to assess the contempora-

neous impact of flows on the VIX premium. Figure 2.8 depicts the impulse response

functions of the VAR system along with the bootstrapped 95% confidence bands.

The shocks are orthogonalized, and the time horizon is days after a shock. The VIX

9See Appendix A.2 for details on lag order selection.
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Figure 2.7: Quantile regression: One-month VIX premium and short-term VIX ETP flows

This figure shows slope estimates for ∆Ag g DF from Equation (2.15) for quantiles in the range
q ∈ (0.01 : 0.01 : 0.99) with corresponding bootstrapped 95% confidence bands in grey. We use 1,000
bootstrap resamples to obtain confidence bands. Slope estimates are obtained using one-month VIX
premiums and aggregate flows for short-term VIX products. For comparison, we also plot the OLS slope
estimate from Equation (2.14) with 95% confidence bands in pink.
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premium increases on the impact of a shock to the aggregated flows. Despite a small

increase at day 3 following the shock, the effect decreases monotonically and is prac-

tically negligible after 10 days. A shock to the VIX premium has no significant impact

on flows at any horizon. In Appendix A.2, we provide plots of the impulse response

functions where we have included the VIX in the VAR system and also where we have

applied the reverse ordering. In both cases, we find that a shock to aggregated flows

impacts the one-month VIX premium.

In sum, the empirical results of this section suggest that the flow pattern in VIX

ETPs, at least to some degree, may explain why the VIX premium tend to become

negative when risk is elevated.

A final note; a negative VIX premium positively predicts VIX futures returns.

Hence, an implication of our hypothesis being true is also that VIX ETP investors

predict the VIX to revert faster than it does ex-post. Put another way, when the VIX
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Figure 2.8: AggDF and VIXP impulse responses

Figure 2.8 shows the responses down the rows to the shocks of AggDF and the one-month VIX premium.
Both series are standardized to have zero mean and a unit standard deviation. The shocks are
orthogonalized with AggDF ordered first. The dashed lines are 95% confidence bands based on
bootstrapped standard errors with 1,000 bootstrap resamples.
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increases, it is much more persistent than investors expect, and they end up selling

volatility too cheap.

2.6 Conclusion

VIX ETPs with long volatility exposure have become very popular. The main purpose

of this paper is to examine how these products are applied by investors.

From a regression of aggregated dollar flows on the VIX and its lags, we find

that an increase in the VIX is followed by outflows. This inverse relation is further

examined in an event study of flows around the largest VIX increases, which shows

very large outflows at elevated VIX levels. The documented flow pattern is consistent

with investors incorporating the typical mean reversion of volatility in how they trade

VIX ETPs. We estimate the speed of mean reversion as the half-life of the distance to a

long-run level of the VIX, and we find that the inverse relation between flows and the

VIX is slightly amplified in periods with a high speed of mean reversion.

Using the framework of Barber et al. (2016), Berk and van Binsbergen (2016), and

Agarwal et al. (2018), we investigate whether investors adjust for exposure to risk
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factors when they invest in VIX ETPs. Across the different asset pricing models that

we consider, none of the models explain flows better than the simple raw returns.

Hence, we do not find clear evidence of investors adjusting for risk factors.

Finally, we provide a possible explanation for the low premium response puzzle

documented in Cheng (2019). By regressing the changes of VIX premiums on changes

in flows, we find a significant and positive relation. In line with our prediction, this

only holds for short-term products, and the effect is decreasing for VIX premiums

at longer horizons. From a quantile regression, we show that the positive relation

between flows and the VIX premium increases at the extreme levels of the premium.

We examine the bivariate dynamics by a vector autoregression of the aggregated

dollar flows and the VIX premium. From the impulse response functions, a shock to

the aggregated flows increases the VIX premium, but a shock to the VIX premium has

no effect on flows. In sum, these results indicate that the flow pattern in VIX ETPS, at

least to some degree, may explain why the VIX premium tends to become negative

when risk is elevated.
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Appendix

A.1 VIX ETPs

This appendix contains a description of VIX ETPs with long volatility exposure.

Table A.1: VIX ETP overview

This table provides an overview of the VIX ETPs (inverse products not included) that have been active
during our sample period. The Average AUM is the average calculated over our sample period. All
products, except EVIX, track either the S&P 500 VIX short- or mid-term futures indexes, indicated by either
ST or MT. EVIX tracks VSTOXX Short-Term Futures Investable Index. The leverage factor of the ETP is
applied to the daily return of the index that it tracks. A leverage ratio of 1 means that the ETP promises the
daily rate of return on the underlying index. A leverage factor of 2 means that the ETP promises twice the
return of the index. Expense ratio is an annual management fee and is charged on a daily basis. The last
column indicates whether we have included the ETP in our sample.

Synbol Name Date of inception
Average AUM

($mm)
ST/MT

Leverage
factor

Expense
ratio (%)

Included

VXX iPath S&P 500 VIX Short-Term Futures ETN 01/29/2009 1103.10 ST 1 0.89 Yes
VXZ iPath S&P 500 VIX Mid-Term Futures ETN 01/29/2009 48.35 MT 1 0.89 Yes
VIXM ProShares VIX Mid-Term Futures ETF 01/03/2011 41.72 MT 1 0.85 Yes
VIIZ VelocityShares VIX Medium-Term ETN 11/29/2010 1.11 MT 1 0.89 No
EVIX VelocityShares 1x Long VSTOXX Futures ETN 05/02/2017 10.23 ST 1 1.35 No
VMAX REX VolMAXX Long VIX Futures Strategy ETF 05/03/2016 2.79 ST 1 1.25 No
VIXY Proshares VIX Short-Term Futures ETF 01/03/2011 153.65 ST 1 0.85 Yes
VIIX VelocityShares VIX Short-Term ETN 11/29/2010 11.94 ST 1 0.89 No
TVIX VelocityShares Daily 2x VIX Short-Tern ETN 11/29/2010 340.88 ST 2 1.65 Yes
UVXY ProShares Ultra VIX Short-Term Futures ETF 10/04/2011 421.03 ST 1.5 1.65 Yes
TVIZ VelocityShares Daily 2x VIX Mid-Term ETN 11/29/2010 2.56 MT 2 1.65 No

A.2 Flows and the VIX Premium

Table A.2: VAR order selection

This table reports the log-likelihood (Log LH), the Bayesian information criterion (BIC), and Akaike’s
information criterion (AIC) for VAR models of AggDF and the one-month VIX premium, of lag order 1-5.

VAR(1) VAR(2) VAR(3) VAR(4) VAR(5)

Log LH -3808.91 -3764.19 -3715.09 -3730.29 -3706.05
BIC 7661.51 7601.21 7561.24 7562.52 7572.28
AIC 7629.81 7548.38 7466.18 7488.57 7456.10
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Figure A.1: VIX Premiums

Figure A.1 shows the responses down the rows to the shocks of the VIX, AggDF, and the one-month VIX
premium. All series are standardized to have zero mean and a unit standard deviation. The shocks are
orthogonalized, with the VIX ordered first. The dashed lines are 95% confidence bands based on
bootstrapped standard errors with 1,000 bootstrap resamples.
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Figure A.2: VIXP and AggDF impulse responses

Figure A.2 shows the responses down the rows to the shocks of AggDF and the one-month VIX premium.
Both series are standardized to have zero mean and a unit standard deviation. The shocks are
orthogonalized, with the VIX premium ordered first. The dashed lines are 95% confidence bands based on
bootstrapped standard errors with 1,000 bootstrap resamples.
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C H A P T E R 3
DYNAMICS IN THE VIX COMPLEX

Anders Merrild Posselt
Aarhus University and CREATES

Abstract

This paper provides a characterization of the dynamic interactions in the VIX com-

plex, composed of the VIX itself, the term structure of VIX futures, and VIX ETPs. I

investigate a model that summarizes the VIX futures term structure using latent fac-

tors (level, slope, and curvature) and expand it with the VIX and VIX futures demand

stemming from VIX ETPs. I find evidence of VIX ETPs impacting the VIX futures term

structure, but no evidence of any impacts on the VIX.

81
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3.1 Introduction

In this paper, I investigate the dynamics between the term structure of VIX futures,

the VIX exchange traded products (ETPs), and the VIX. I refer to the whole of these as

the “VIX complex.” The interactions and dynamics between the different components

of the VIX complex have received much attention in financial media and by regulators

(see BIS (2018)) due to fears of destabilizing feedback mechanisms. I reduce the VIX

complex to a simple nonstructural VAR system of the VIX itself, VIX futures term

structure factors, and hedge demand of VIX ETP issuers. Estimating the model in a

state space framework, I find evidence of pricing impacts from the VIX ETPs to the

VIX futures term structure on the days following a shock in hedge demand. My results

contain no evidence of feedback effects from VIX ETPs or VIX futures to the VIX.

The VIX, commonly referred to as the “investor fear gauge,” is probably the most

used indicator of risk in the US stock market. The purpose of the index is to measure

the expected volatility of the Standard and Poor’s 500 index (S&P500) over the next

month implied by stock index option prices. Formally, it is the square root of the

risk-neutral expectation of the integrated variance of the S&P 500 over the next 30

calendar days. VIX futures were introduced in 2004 by the Chicago Board of Options

Exchange (CBOE). The idea behind this innovation was to offer market participants an

exposure to volatility as an asset class, with no need for delta-hedging in underlying

securities. An idea that originally dates all the way back to Brenner and Galai (1989)

and Whaley (1993). Furthermore, as VIX futures are exchange cleared, the counter-

party risk present in variance swaps is of reduced concern. VIX futures have a variety

of applications such as portfolio protection, yield enhancement, or vega-hedging by

option market makers.1

Following a long period after the launch with poor liquidity and meager trading

volume, VIX futures have become an increasingly important asset. Figure 3.1 shows

a huge surge in both open interest (OI) and volume from 2009 and onward, and

VIX futures are now among the most actively traded futures on the CBOE Futures

Exchange (CFE). To a large extent, VIX futures have overtaken in popularity from

variance swaps. Mixon and Onur (2015) document that for maturities below one year,

the gross notional vega of VIX futures is more than twice as large as that of S&P 500

variance swaps. Understanding the dynamics of the VIX futures term structure is of

general, vital interest, in particular to market participants applying this asset.

An important driver of the increased liquidity of VIX futures has been the intro-

duction of VIX ETPs, which are structured to track the returns of a constant maturity

portfolio of VIX futures (SPVXSTR). These are products that allow investors who are

otherwise cut off from derivatives, like retail investors, to obtain volatility exposure.2

In line with the general surge in passive investing, these products have become in-

1In the options terminology, “vega” is the sensitivity of the option price to volatility.
2The first two VIX ETPs, VXX and VXZ, were launched in 2009 by Barclays. Since then, other financial

institutions have entered this market. Today the largest issuers are Barclays, Credit Suisse, and CitiGroup.
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Figure 3.1: VIX futures open interest and volume

Figure 3.1 shows the open interest (OI) and average daily trading volume by month for VIX futures from
November 2005 to the middle of June 2020.
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creasingly popular. The issuers of VIX ETPs have exposure to VIX futures and will

often hedge this in the same market. Consequently, the large growth in the market of

VIX ETPs has raised concerns that the hedging activities of the issuers have pricing

impacts that distort the VIX futures market and potentially spill over to the index op-

tions that underlie the VIX. Many market participants believe that this is exactly what

occurred on February 5, 2018, referred to as “Volmagedon,” where the VIX doubled,

following a drop of 2.1% in the S&P500, which seems relatively small compared to the

subsequent response of the VIX.3 Also, the fixed-income and currency markets were

largely unaffected, supporting the claim that this VIX spike was driven by technical,

not fundamental, factors.

This paper has two main contributions. First, I illustrate how the VIX futures

term structure can be fitted in a simple state space model. Second, I provide a first

investigation of the dynamics of the entire VIX futures term structure, VIX ETPs, and

the VIX.

The prior literature on volatility assets has studied the relation between the VIX

and VIX futures. Shu and Zhang (2012) provide the earliest study on the dynamics be-

tween the VIX and VIX futures, more specifically the first- and fourth-month contracts.

3See e.g., Bloomberg (2019).
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Relying on daily data, they detect bi-directional Granger causality (cf. Granger (1969))

between the VIX and VIX futures. However, when broken up quarter by quarter, their

results indicate no information spillover from VIX futures to the VIX. Using intraday

returns, Frijns, Tourani-Rad, and Webb (2016) find weak evidence of bi-directional

Granger causality between the first month contract and the VIX. Chen and Tsai (2017)

also find intradaily information spillover from the first-month contract and that this

increases around macro-economic announcements. Using a lead-lag measure that

accounts for non-synchronous trading, Bollen et al. (2017) conduct two different ana-

lyzes using all intraday traded prices. They examine the dynamics between one of the

largest VIX ETPs, VXX, and its underlying benchmark index, SPVXSTR, then between

SPVXSTR and the VIX. According to their findings, lead-lag relations between the

price of VXX and SPVXSTR are very short-lived, whereas SPVXSTR leads the VIX 31%

of the days at the end of their sample, which spans from 2005 to 2013. By modeling

the efficient VIX futures price, as an unobserved state variable, Fernandez-Perez et al.

(2019) find that for the two front-month VIX futures, deviations from the efficient

price are more persistent after the introduction of VIX ETPs. The most recent studies

are Brøgger (2020) and Todorov (2020). Brøgger (2020) finds that the rebalancing of

leveraged VIX ETPs amplifies market moves in the front-month VIX futures leading

up to market close with no evidence of this effect being exacerbated by predatory

traders. Todorov (2020) derives a synthetic VIX futures price from SPX options and VIX

options, which is not influenced by hedging activity of ETP issuers, thereby obtaining

a fundamental value of the VIX futures. For the two front-month VIX futures, the

difference between the fundamental and the observed value is strongly related to

hedge demand of ETP issuers.

To the best of my knowledge, all previous studies of the subject consider only the

front-month VIX futures and not the entire term structure. In this study, I explore the

dynamics of the entire VIX futures term structure, together with the VIX and VIX ETPs.

The majority of VIX ETPs are exposed to the front-month VIX futures, but pricing

impacts in these may potentially spill over to the entire curve. For instance, following

a large shock in the short-dated contracts, a market participant with exposure to both

the short and long end is likely to alter her position held in the long dated contracts,

to keep exposure fixed.4 As the liquidity of VIX futures tend to be decreasing in

time-to-maturity, the price distortions may be most persistent at the long end of the

curve.

Potential feedback effects have been investigated in other markets as well. The

evidence of stock ETPs impacting the underlying stocks (see Cheng and Madhavan

(2009), Schum, Hejazi, Haryanto, and Rodier (2016), Ivanov and Lenkey (2018), and

Ben-David, Franzoni, and Moussawi (2018)) is rather mixed, and the magnitude tend

to be small because, unlike VIX ETPs, they comprise a small fraction of the market

4E.g. A market participant may partially finance a long volatility exposure in the short dated VIX
futures, by selling the longer dated VIX futures.
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for the underling asset. Investigating the options market, the studies by Ni, Pearson,

and Poteshman (2005), Golez and Jackwerth (2012), and Ni, Pearson, Poteshman,

and White (2021) find that delta-hedging by dealers, has an economically significant

impact on the price of the underlying stocks.

The analysis of this paper is two-fold and follows the structure of Diebold et al.

(2006). First, I apply the Dynamic Nelson-Siegel (DNS) model of Diebold and Li (2006)

to fit the VIX futures term structure. The DNS model provides a nice dimensionality

reduction of the term structure, which facilitates the analysis of the term structure

dynamics. The three factors of the DNS model, level, slope, and curvature, are esti-

mated as latent state variables in a state space model as in Diebold et al. (2006) and

Koopman et al. (2010). The estimated model fits the term structure very well and has

very low pricing errors, something which can be difficult to obtain for many dynamic

derivative valuation models (cf. Menacía and Sentana (2013)). Next, I expand the state

space model, with the VIX and an estimate of VIX futures hedge demand from VIX ETP

issuers. Thus, the VIX complex is modeled as a nonstructural VAR(1) system, whereby

I can provide a characterization of the dynamics between the different components.

I find that a shock to the demand variable impacts the curvature factor, suggesting

that the hedge rebalancing of VIX ETP distorts the VIX futures term structure. I find

no evidence of an impact from hedge demand to the VIX. Finally, my results suggest

that demand reverses quickly following a spike in the VIX, in line with the findings of

Nielsen and Posselt (2020).

The paper is organized into three additional sections. In Section 3.2, I describe

and estimate the basic VIX futures-only model - that is, the model of just VIX futures

without the other components of the VIX complex. In Section 3.3, I incorporate the

VIX and hedge demand into the model. Section 3.4 provides a conclusion.

3.2 The VIX futures-only model

In this section, I introduce a factor model of the VIX futures term structure without the

additional components of the entire VIX complex (the VIX and VIX ETPs). The purpose

of this is, first of all, to introduce the state space framework that I use throughout the

paper. Furthermore, this VIX futures-only model will serve as a useful benchmark to

which I can subsequently compare the full model that incorporates the remaining

components of the VIX complex. But first, I provide a brief description of VIX futures.

3.2.1 Briefly about VIX futures

The financial assets of interest in this study are VIX futures. These trade on the CBOE

Futures Exchange (CFE), they are cash-settled with a contract multiplier of $1000

and have both weekly and monthly expiration, usually on Wednesday mornings.

As indicated by the name, the underlying index of these futures is the VIX. CBOE

maintains a formal real-time calculation of the VIX. However, the exercise-settlement
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value of VIX futures is calculated using the auction clearing prices of SPX options in

an auction called the Special Opening Quotation (SOQ).5 At any given point in time,

there are several futures contracts trading, each with a different time to maturity. VX1

is the ticker of the monthly futures contract with the shortest time to maturity, VX2 for

the second shortest, and so on. For example, at the time of this writing, VX1 expires

on August 18, 2020, and VX2 expires on September 15, 2020. Thus at any point in

time, there is an entire term structure of VIX futures available. The liquidity is mainly

concentrated in the two nearest-to-maturity contracts, VX1 and VX2, and is in general

best in the monthly contracts.

3.2.2 The Dynamic Nelson-Siegel model

Following the work of Nelson and Siegel (1987), Diebold and Li (2006) introduce

the Dynamic Nelson-Siegel (DNS) model to fit a set of yields, yt (τi ), of N different

maturities, τ1 < · · · < τN , available at time t = 1,...,T using the three factor model:

yt (τi ) =β1t +β2t

(
1−e−λτi

λτi

)
+β3t

(
1−e−λτi

λτi
−e−λτi

)
+εi t , (3.1)

with the disturbances, ε1t , ...,εN t , assumed to be independent with mean zero and

constant variance σ2
t for a given time t .

β1t , β2t , and β3t can be interpreted as latent dynamic factors. β1t is a long-term

factor since lim
τ→∞ yt (τi ) =β1t . It is labeled “Level” since the loading on this factor is

identical at all maturities, and thereby it controls the level of the entire yield curve.

The loading on β2t , (1-e−λτi )/(λτi ), is a function that starts at one and decays mono-

tonically and quickly to 0, implying that this is a short-term factor. The short end of

the curve is given as, lim
τ↓0

yt (τi ) =β1t +β2t , and defining the slope of the yield curve

as yt (∞)− yt (0), then this is exactly equal to -β2t . Thus this factor is denoted “Slope.”

Finally, the loading on β3t , (1-e−λτi )/(λτi )-e−λτi , is a function starting at 0, which

increases and then decays to 0 for longer maturities, hence we may view this as a

medium term factor. It loads minimally on the short and long end of the curve but

impacts the medium terms. Thus this factor is denoted “Curvature.” The last parame-

ter in the DNS model, λ, controls the exponentially decaying rate of the loadings for

the slope and curvature factors, and a smaller value produces a slower decay. Figure

3.2 presents a plot of the three different factor loadings with λ = 0.018, as an example.

In the original Nelson and Siegel (1987) model λ is time-varying, so at every time

point t , the parameters of the model would be estimated by nonlinear least squares.

However, in the DNS model of Diebold and Li (2006), λ is fixed at a prespecified value,

which facilitates the use of ordinary least squares to estimate the betas (factors).

The DNS is a purely statistical model that neither relies on no-arbitrage nor

equilibrium assumptions, so, despite the original purpose of yield-curve fitting, there

5See, e.g., Griffin and Shams (2018) for more on the settlement details.
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Figure 3.2: Factor loadings

Figure 3.2 plots the factor loadings in the three-factor Nelson-Siegel model. I fix λt = 0.018.
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are no theoretical arguments against applying it to other asset classes. Previous

studies have found it quite useful in the context of derivative prices. For instance,

Grønborg and Lunde (2016) use it to fit the term structure of oil futures, and West

(2012) uses it in the setting of futures on various agricultural products. More related

to my study are Guo, Han, and Zhao (2014), Guo, Han, and Lin (2017), and Chen, Han,

and Niu (2018), who all fit the term structure of option-implied volatilities, for a fixed

strike price, by means of the DNS.

In my setting, yt (τi ) denotes the VIX futures price with maturity τi (measured as

days to maturity) at time, t .

3.2.3 State space representation of the Dynamic Nelson-Siegel model

I apply the same methodology as in Diebold et al. (2006) and Koopman et al. (2010)

but in the setting of VIX futures prices instead of interest rates. I estimate the time

series of the latent factors in the DNS model (Level, Slope, and Curvature) via a state

space model. In this setting, Equation (3.1) is rewritten as:

yt =Λ(λ)βt +εt , εt ∼ NID(0,R), t = 1, ...,T, (3.2)

with observation vector yt = (yt (τ1), ..., yt (τN ))′ (where yt (τi ) is the VIX futures price

with maturity τi ), disturbance vector εt = (ε1t , ...εN t )’, and an N× 3 factor loading
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matrixΛ(λ), where the i -th row is given by:

Λi (λ) =
1,

(
1−e−λτi

λτi

)
,

(
1−e−λτi

λτi
−e−λτi

) . (3.3)

Then, let βt = (Levelt ,Slopet ,Curvaturet )′ denote the latent state vector, and the

time series processes for the latent factors are modeled by the vector autoregressive

(VAR) process:

βt+1 = (I−Φ)µ+Φβt +ηt , ηt ∼ NID(0,Q), (3.4)

for t = 1,...,T , with mean vector µ, coefficient matrixΦ, and variance matrix Q.

In my entire analysis, I will assume that the matrix Q is non-diagonal, and the

matrix R is diagonal. The latter assumption implies that the deviations of the futures

prices at various maturities from the fitted prices are uncorrelated. This assump-

tion is quite common in the yield curve literature but is also applied in previous

studies of VIX futures-pricing, see Menacía and Sentana (2013). The assumption of

an unrestricted Q matrix allows the shocks to the three term structure factors to be

correlated.

3.2.4 Data

I examine VIX futures, with monthly expiration, on a sample running from September

2011 to the middle of June 2020. I consider the 1st, 2nd, 3rd, 4th, 5th, 6th, 7th, and

8th contract, which over my sample has an average time to maturity of 16, 46, 77,

107, 137, 168, 199, and 229 days respectively. Occasionally there is a 9th and 10th

contract available, but I disregard these due to their inconsistent availability. I use

the end-of-day closing prices collected from CBOE. In Figure 3.3, I provide a three-

dimensional plot of my VIX futures term structure data. For the main part of the

sample period, the shape is upward sloping (contango). However, a sharp downward

slope (backwardation) is very pronounced at the end of the sample during the large

Covid19 stock market selloff and also at the 2018 Volmagedon event, where the VIX

complex blew up. Regarding the level of the entire term structure, we also detect

a temporal variation. At the beginning of the sample, it is rather elevated. Then it

decreases steadily to a lower plateau at which it remains (occasionally lifted) for the

major part of the sample period, reflecting the tenacious run-up in stocks of the past

decade. At the very end of the sample, it jumps to a historical high, caused by the

Covid19 market turmoil.

Descriptive statistics of the eight contracts are provided in Table 3.1. The typi-

cal contango of the term structure is clearly reflected in the mean prices, as these

are monotonically increasing in maturity. The column with max prices depicts the

typical backwardation of the term structure when stock-market volatility is high.

Furthermore, we see that the volatility of the futures prices is highest for the short
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Figure 3.3: Cross section of VIX futures

Figure 3.3 depicts the cross section of VIX futures during my sample, spanning from September 2011 to
the middle of June 2020. I consider the 1st to the 8th (included) contract. The VIX futures have an average
time to maturity ranging from 16 days to 229 days.

end, monotonically decreasing for longer maturities, reflecting the typical the mean

reverting nature of the VIX (cf. Whaley (2009)). OI and volume is monotonically de-

creasing in maturity, reflecting that liquidity is mainly concentrated at the front of

the term structure.

3.2.5 Fitting the VIX futures term structure

As discussed above, the VIX futures-only model forms a state space system, with a

VAR(1) state equation summarizing the dynamics of the vector of latent state variables

and a linear measurement equation relating the observed futures to the state vector.

The parameters in the VAR coefficient matrixΦ, the variance matrices R and Q, the

mean vector µ, and λ are treated as unknown coefficients to be estimated. They are

all estimated using maximum likelihood estimation. That is, for a given parameter

configuration, I use the Kalman filter to compute optimal VIX futures predictions

and the corresponding prediction errors (see Appendix A.1), after which I evaluate

the Gaussian likelihood function using the prediction-error decomposition of the

likelihood. For maximizing the likelihood, I use a numerical method. Specifically, I
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Table 3.1: Descriptive statistics, VIX futures

This table reports descriptive statistics of the VIX futures considered in this study. Column 2 - 4 reports the
mean, standard deviation, min, and max, respectively, of the prices. Column 6 and 7 reports the average OI
and volume respectively.

Futures contract Mean Std. dev. Min. Max. OI Volume

VX1 17.38 6.31 9.88 72.63 133,609 90,995
VX2 18.13 5.41 11.33 61.43 131,582 76,277
VX3 18.67 4.82 12.23 51.5 46,619 23,197
VX4 19.09 4.47 12.98 44.30 32,781 11,500
VX5 19.50 4.34 13.48 37.48 26,504 6,807
VX6 19.85 4.24 13.93 35.15 19,510 4,102
VX7 20.15 4.14 14.53 35.30 10,882 2,396
VX8 20.39 4.02 14.90 34.65 3,681 681

deploy the Covariance Matrix Adaptation Evolution Strategy (CMA-ES), see Hansen

and Ostermeier (1996).6

In the first panel of Table 3.2, I present the estimation results forΦ.7 These results

indicate highly persistent dynamics for all three factors, with estimated own-lag

coefficients of 0.98, 0.97, and 0.95 for Levelt , Slopet , and Curvaturet respectively. The

cross-factor dynamics all appear to be of minor importance (-0.01 and 0.01 for Levelt ,

-0.01 and -0.04 for Slopet , and 0.03 and 0.06 for Curvaturet ) although all except for two

are statistically significant at the 1% level. The estimates also indicate that persistence

decreases (measured by the diagonal elements ofΦ), and transition shock volatility

increases (measured by the diagonal elements of Q), as we move from Levelt to Slopet

to Curvaturet . Interestingly, these findings are in line with the factor dynamics of the

yield curve in Diebold et al. (2006). If we consider the remaining estimates, they all

appear sensible; the mean level factor is 25.5, which is quite close to the mean price

of the 8th VIX futures contract. The mean slope factor is approximately -6.40, which

indicates that the term structure on average is in contango, and the mean curvature

factor is -3.73.8 In Panel B, I report the upper diagonal of the estimated Q matrix, and

we see that all the off-diagonal elements are significantly different from zero. Finally,

I obtain an estimate of λ of 0.0181, which implies that the loading on the curvature

factor is maximized at a maturity of 98 days.

The VIX futures-only model fits the term structure very well, also in compari-

son with models applied in previous studies (see Menacía and Sentana (2013) for a

comparison of different dynamic models). Table 3.3 contains the mean and standard

deviation of the measurement errors for each of the eight VIX futures that I consider.

The error is the lowest for VX7 (0.01). However, it is negligible across all the contracts.

6MATLAB implementation is made publicly available by Nikolaus Hansen.
7Stationarity is assured since all eigenvalues are below 1.
8Recall from Section 3.2.2 that slope is defined as short end minus long end, so that a negative mean

slope implies that the VIX futures price tend to increase in maturity.
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Table 3.2: Parameter estimates of the VIX futures-only model

Table 3.2 reports the estimates of the parameter coefficients of the state space model. Panel A reports the
VAR coefficient matrixΦ and the mean vector µ. Panel B reports the coefficients of the variance matrix Q .
Standard errors are given in parenthesis. ** represents significance at 1%.

Panel A: Estimates ofΦmatrix and µ vector

Levelt−1 Slopet−1 Curvaturet−1 µ

Levelt
0.98**
(0.00)

-0.01**
(0.00)

0.01
(0.01)

25.51**
(1.47)

Slopet
-0.01
(0.01)

0.97**
(0.00)

-0.04**
(0.02)

-6.36**
(0.80)

Curvaturet
0.03**
(0.01)

0.06**
(0.02)

0.95**
(0.03)

-3.73**
(0.66)

Panel B: Estimate of Q matrix

Levelt Slopet Curvaturet

Levelt
0.72**
(0.04)

-0.10**
(0.03)

-0.89**
(0.07)

Slopet
2.65**
(0.03)

-0.17**
(0.04)

Curvaturet
2.77**
(0.12)

The standard deviation also appears quite low-ranging, from 0.17 (VX1) to 0.25 (VX6)

and a mean of 0.21 across all contracts.

Table 3.3: Summary statistics of measurement errors - futures-only model

Futures contract Mean Standard deviation

VX1 -0.04 0.17
VX2 0.06 0.24
VX3 0.03 0.19
VX4 -0.04 0.18
VX5 -0.03 0.24
VX6 -0.02 0.25
VX7 0.01 0.18
VX8 0.02 0.21

In Figure 3.4, I provide plots of the raw term structure together with the 3-factor

fitted curve for selected dates. From this, the three-factor model is obviously capable

of replicating the VIX futures term structure for a variety of shapes: upward sloping,

downward sloping, humped and inverted humped. It does, however, have difficulties

at dates with large dispersion in the futures prices, and several minima or maxima,

visible in Panel (b) and Panel (d). It is quite likely that large dispersion arises due to
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Figure 3.4: Selected fitted (model-based) term structures of VIX futures

Figure 3.4 shows the fitted term structure of VIX futures for selected dates, together with the actual futures
prices.

(a) Term structure on 01/06/2012

0 50 100 150 200 250
Maturity (Days)

23

24

25

26

27

28

29

V
IX

-F
ut

ur
es

 p
ric

e

(b) Term structure on 01/28/2019
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(c) Term structure on 03/17/2020
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(d) Term structure on 05/27/2020

0 50 100 150 200 250
Maturity (Days)

28

29

30

31

32

V
IX

-F
ut

ur
es

 p
ric

e

US-election 

liquidity effects. However, in the case of Panel (d), the spike in VX5 is likely due to

the market pricing of increased uncertainty and market volatility around the 2020

US-election.

Now finally, for this section, let us consider the time series of the filtered latent

term structure factors. In Figure 3.5, I provide a plot of these together with the respec-

tive empirical proxies. Panel (a), depicts the level factor along with the price of VX8.

Indeed these series seem very related, and the correlation between the two is 0.89.

The level is rather elevated at the beginning of the sample but declines steadily until

it appears persistently low from 2013, interrupted by brief spikes reflecting short peri-

ods of market turmoil. Then in the final part of the sample, it increases significantly

during the Covid19 market turmoil. Turning to the slope factor, depicted in Panel (b),

we see that this factor is also very closely related to its empirical proxy, the price of



3.3. A MODEL OF THE VIX COMPLEX 93

VX8 minus the price of VX1. The correlation between the slope factor and VX8 minus

VX1 is -0.99. Throughout the sample period, the slope factor is rather persistent at a

negative level implying an upward-sloping term structure (contango). However, we

note several sharp spikes to positive levels, which inverts the term structure. These

are very pronounced end-of-August 2015 (devaluation of the Renminbi), beginning

of February 2018 (Volmagedon), and end-of-March 2020 (Covid19), which are all

periods with increased volatility in financial markets. For the curvature factor, Panel

(c) reveals a very close relation with the empirical proxy (2×VX3-(VX1+VX8)), con-

firmed by a correlation of 0.92, which again lends credibility to the interpretation of

this factor. We note the downward spikes almost simultaneously with the downward

spikes in the slope factor, at high-volatility periods.

3.3 A model of the VIX complex

Given the ability of the level, slope and curvature factors to provide a good represen-

tation of the VIX futures term structure, it is of interest to relate these to the two other

components of the VIX complex, which are the VIX itself and VIX ETPs. I do this in

the following subsections by expanding the above state space model. However, I first

elaborate on the introduction of the VIX ETPs and explain the potential feedback

mechanism that these products may have induced in the VIX complex. Then, I esti-

mate the expanded state space model and analyze the dynamic interactions between

the VIX futures term structure, the VIX, and the VIX ETPs, obtaining a characterization

of the VIX complex as a whole.

3.3.1 VIX ETPs

ETPs based on VIX futures were introduced in 2009. Since then, they have increased

tremendously in popularity and are today among the most liquid and popular prod-

ucts in all of the ETP space. They all track the returns of a portfolio with a constant

maturity in VIX futures, however, with variations in the maturity, leverage, and direc-

tion of exposure (as some products have an inverse exposure).9 Panel (a), in Figure

3.6, shows the development in total assets under management (AUM) of the VIX ETPs

split on the type of product, i.e., unleveraged, leveraged, and inverse. We see that the

size of the overall product group has grown appreciably since the inception of the first

product and reaches a peak of about $11 bn. during the Covid19 stock market crash in

the spring of 2020. During the first years after the introduction, normal products (i.e.,

direct, unleveraged exposure) constitute the entire market. But from 2012, inverse

products make up a larger and larger share of the market, peaking at approximately

9The benchmark that most ETPs track is SPVXSTR. Formally this is an index maintained by Standard
& Poor’s that tracks the returns of a portfolio that rolls daily between the two front-month VIX futures
contracts in order to maintain a constant maturity of 30 days. SPXMTR is similar only it tracks the fourth-,
fifth-, sixth-, and seven-month futures to maintain a constant average maturity of five 150 days.
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Figure 3.5: Latent factors

Figure 3.5 shows the time series of the filtered latent term structure factors, together with the empirical
proxies. Correlations are; 0.89 for Level and VX8, -0.99 for Slope and VX8 minus VX1, and 0.92 for
Curvature and 2×VX3-(VX1+VX8).
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65% in February 2018. The effects of the Volmagedon event on February 5, 2018, then

make a dramatic reduction in the AUM of inverse products, clearly visible in the

figure. The used-to-be largest inverse product, XIV, lost over 90% of net-asset-value

during this event and was subsequently closed by the issuer. From 2016 we see that

leveraged products make up an increasingly larger share of the market, and by the

end of my sample, it is the largest group with a total AUM of $1.5 bn. Panel (b) depicts

the AUM split by the target maturity of the strategy that the products track. This

maturity is either 30 days (short-term) or 150 days (mid-term). It is quite clear that

throughout the sample, short-term products are by far the largest group.

As VIX futures are the underlying assets of a VIX ETP, the issuer of the ETP is

exposed to changes in the VIX futures prices. Consequently, there will be a hedging

demand from the issuers entering the VIX futures market. Todorov (2020) shows that

the hedging demand, in dollar terms, of an ETP for the first-month contract, VX1, can

be estimated as:

D$
t ,V X 1 =− L

K
At−1(1+Lrt )︸ ︷︷ ︸
calendar reb.

+αt−1 At−1L(L−1)rt︸ ︷︷ ︸
leverage reb.

+ (αt−1 − 1

K
)Lut︸ ︷︷ ︸

flow reb.

+αt−1(1−βt−1)At−1L(r V X 2
t − r V X 1

t )︸ ︷︷ ︸
remainder

. (3.5)

Many different variables enter this expression, which require a description; L

denotes the leverage target of the ETP (L<0 for an inverse product and L=1 for a

non-leveraged product), At−1 is the AUM at time t −1, ut is the capital flow (inflows

(outflows) when customers buy (sell)) at time t , and K is the target maturity of

the ETP. Let T1 and T2 denote the time to maturity of the first- and second-month

futures contracts, respectively. Then in order to have a 30 days average maturity

of the entire position in VIX futures, a fraction, αt−1, must be invested in the first-

month contract such that αt−1T1 + (1−αt−1)T2 = 30 days. r V X 1
t and r V X 2

t are the

net returns on the first-month and the second-month futures contracts, respectively.

βt−1 = αt−1VX1t−1
αt−1VX1t−1+(1−αt−1)VX2t−1

where VX1t−1 and VX2t−1 are the futures prices at t−1.

rt =βt−1r V X 1
t +(1−βt−1)r V X 2

t is the net return on the benchmark index. Analogously,

the total dollar hedging demand for the second-month futures contract, VX2, is

estimated as:

D$
t ,V X 2 =

L

K
At−1(1+Lrt )︸ ︷︷ ︸
calendar reb.

+ (1−αt−1)At−1L(L−1)rt︸ ︷︷ ︸
leverage reb.

+ (1−αt−1 − 1

K
)Lut︸ ︷︷ ︸

flow reb.

+βt−1(1−αt−1)At−1L(r V X 2
t − r V X 1

t )︸ ︷︷ ︸
remainder

. (3.6)

The hedge demand can be decomposed into three different sources (disregarding

the residual term), as seen by the first three terms of Equation (3.5) and (3.6). First, in
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Figure 3.6: VIX ETP assets under management

Figure 3.6 shows the assets under management of VIX ETPs grouped by leverage (Panel (a)) and by
maturity (Panel (b)) from January 2020 through the middle of June 2020.
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order to have a position with a maturity of 30 days, the issuer holds a portfolio of the

first- and second-months futures in proportions yielding an average maturity of 30

days. As each of these contracts gets closer to expiry, the position in the first-month

contract must be decreased, and the position in the second-month contract must

be increased (assuming the ETP has a long exposure). This is denoted as calendar

rebalance. Second, leveraged and inverse products must rebalance as the underly-

ing changes in order to keep their leverage at the target. This mechanism induces

both leveraged and inverse (L<0) ETPs to be selling (buying) as the benchmark in-

dex decreases (increases), equivalent of having a short gamma exposure in options.

Appendix A.2 provides an illustrative example of this mechanism. The final part of

the hedging demand is due to capital inflow or outflow of the ETP. Demand in both

VX1 and VX2 is increasing with this flow component. Thus, all else equal, inflows

(outflows) generate a buying (selling) pressure from VIX ETPs. An important remark is

that most of the VIX ETPs are exchange traded notes (ETNs), which, unlike exchange

traded funds (ETFs), are not required to hold the underlying assets. Hence the issuer

of an ETN can choose to hedge in VIX futures further out on the term structure (due

to cost considerations), other types of derivatives, or not to hedge at all.10

The total dollar demand of all N ETPs in the market is given by: D$,al l
t ,V X 1 =

∑N
j=1 D$, j

t ,V X 1,

D$,al l
t ,V X 2 =

∑N
j=1 D$, j

t ,V X 2.

The growth of the VIX ETP market has been a main driver of the increased liq-

uidity in the VIX Futures. However, concerns have been raised that the products

are susceptible to causing feedback dynamics in the entire VIX complex and have

become the “tail wagging the dog.” This is due to the large size of the ETPs relative to

the market for VIX futures, which underlies the products. Illustrating this concern,

Figure 3.7, Panel (a) shows the hedging demand for the two front-month VIX futures,

VX1 and VX2, measured in number of futures contracts relative to the OI. Assuming

that all VIX ETPs are 100% hedged via VIX futures, their demand occasionally absorbs

substantial shares of the entire futures market. This is particularly pronounced at the

Volmagedon event, February 5, 2018, where the combined demand of all VIX ETPs

made up 79% and 80% of the OI in VX1 and VX2, respectively. Inevitably, demand

of this magnitude will have a pricing impact on the VIX futures. Panel (b) shows the

decomposition of the hedging demand throughout my sample period, combined for

VX1 and VX2. Demand is in absolute values. Calendar rebalance makes up a large

fraction, with 40% of the total demand on average. Leverage rebalance is, on average,

much lower (24%) but tends to spike in certain periods. For instance, on February 5,

2018, leverage rebalance makes up 90% of the demand, and 99% at the end of August

2015. In general, we see that the contribution from this source tends to cluster around

periods of increased volatility (August 2015, February 2018, March 2020), where the

returns on the underlying benchmark index of VIX ETPs are large in magnitude. The

10As anecdotal evidence, this was the case for the inverse product SVXY during the volmagedon event,
see e.g., Bloomberg (2018).
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contribution from flow rebalancing is quite consistent through the sample and makes

up 30% on average. Finally, we can note that the remainder term of Equations (3.5)

and (3.6) is very small (on average 2.6%).

Figure 3.7: VIX ETP hedge demand

Figure 3.7 shows the theoretical hedge demand for VIX futures from VIX ETPs throughout my sample.
Panel (a) shows the number of contracts relative to the total open interest in VIX futures for the first and
second-month contracts (VX1 and VX2). Panel (b) shows decomposition of the total demand in absolute
values.
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(b) Decomposition of ETP hedge demand

The leverage targeting of inverse and leveraged ETPs is of particular concern

as this may cause feedback loops that destabilize not only the VIX futures market

but also the market for SPX options that underlie the VIX. Figure 3.8 illustrates the
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potential feedback mechanism in the VIX complex. A negative shock to the stock

market is the catalyst. In reach for protection, market participants will buy up the

price of SPX put options whereby the VIX will increase by construction. As the VIX

is the underlying of VIX futures, the VIX futures prices will naturally rise as well,

yielding a positive return in the underlying benchmark index of VIX futures that the

ETPs track. From Equations (3.5) and (3.6), the leverage rebalance is increasing in

the returns of the benchmark, hence leveraged and inverse products will need to

buy more VIX futures in order to maintain their leverage target. Furthermore, this

demand is also increasing in the AUM of the ETP. Hence, large products will likely

have a pricing impact, driving the VIX futures prices further up. Then again, due to

the leverage target, they need to buy even more, etc. So there is clearly a potential

feedback mechanism between VIX ETPs and VIX futures. However, we may also have

spillover effects on the SPX options market. The market maker on the other side of

the ETP demand will have a short vega position (i.e., lose money if volatility increases)

from selling VIX futures. If the capacity in the market for VIX futures is exhausted, she

may choose to hedge this via the SPX options that enter the VIX calculation instead.

In a stressed market, this may drive up the price of SPX options and thereby cause a

further increase in the VIX, which will feed over into the VIX futures, which then again

induce further buying on the leveraged and inverse ETPs. So what initially may seem

like a small spike in the volatility or the VIX can potentially be severely amplified

by these rebalancing mechanisms of leveraged and inverse ETPs. It seems to be the

widespread belief that these dynamics are what caused the Volmagedon event on

February 5, 2018, where the entire VIX complex blew, up and XIV generated a 90%

loss of value.

3.3.2 The VIX complex model: Specification and estimation

I investigate the dynamics of the VIX complex by expanding the state space model

in Section 3.2.3 with two additional variables. Specifically, I include the VIX and a

demand variable (standardized to mean zero and unit variance). I define the demand

variable as:

Demandt =
D$,al l

t ,V X 1/(m ×VX1t )

OIV X 1
t

+
D$,al l

t ,V X 2/(m ×VX2t )

OIV X 2
t

, (3.7)

with m being the contract multiplier and OIV X 1
t (OIV X 2

t ) is the OI of VX1 (VX2), at

time t . The numerator of each term is the dollar demand converted into number of

contracts. Thus each term is the demand relative to the total size of the market for the

specific futures contract. Thereby I isolate the effect of a larger share of ETP demand

from a pure increase in the size of the overall market as in Todorov (2020).

The state vector now becomes βt = (VIXt ,Levelt ,Slopet ,Curvaturet ,Demandt )′,
in that order. The dimensions ofΦ,µ, R, and Q are increased as appropriate.11 By this

11Appendix A.3.1 provides details on how the state space system is specified for the VIX complex model.
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Figure 3.8: Potential feedback dynamics in the VIX complex

Figure 3.8 illustrates the potential feedback mechanism of the VIX complex.
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particular recursive causal ordering of the state vector, I am assuming that a shock

first occurs in the VIX, in line with the dynamics of the VIX complex described above.

As I only consider demand in VX1 and VX2, I am disregarding the potential pricing

impacts stemming from the mid-term ETPs. But given the small size of this product

segment, it seems fair to assume that short-term ETPs are the main source of price

distortions.

I collect the daily VIX close from CBOE. Daily AUM and prices of the VIX ETPs

alive during my sample are collected from Bloomberg.12 From these two series, I

calculate daily capital flows, following the procedure in Barber et al. (2016).

Panel A of Table 3.4 displays the parameter estimates of Φ and µ.13 First of all,

we note that the VIX is very persistent with an own-lag coefficient of 0.99. The cross-

factor dynamics for the VIX and the other variables are all insignificant. Hence there

appear to be no spill-over effects from the other variables to the VIX. The mean

level of the VIX is 16.63, reflecting the run-up in stock prices over the sample period.

Panel B contains the upper diagonal coefficients of the matrix Q. Not surprisingly,

all the off-diagonal elements are significant, implying correlated shocks. Finally, the

12AUM at daily frequency via Bloomberg is available from October 2012. For the days prior, I estimate
AUM from net asset value and number of outstanding shares.

13Stationarity is assured since all eigenvalues ofΦ are below 1.
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estimate of the loading parameter, λ, is 0.0149.

Table 3.4: Parameter estimates of the VIX complex model

Table 3.4 reports the estimates of the parameter coefficients of the expanded state space model. Panel A
reports the VAR coefficient matrixΦ and the mean vectorµ. Panel B reports the coefficients of the variance
matrix Q . The recursive causal ordering of the state variables is VIX, Level, Slope, Curvature, and Demand.
Standard errors are given in parenthesis. ** and * represents significance at 1% and 5%, respectively.

Panel A: Estimates ofΦmatrix and µ vector

VIXt−1 Levelt−1 Slopet−1 Curvaturet−1 Demandt−1 µ

VIXt
0.99**
(0.03)

0.00
(0.03)

-0.02
(0.03)

-0.01
(0.01)

-0.05
(0.04)

16.63**
(1.20)

Levelt
0.01

(0.02)
0.98**
(0.02)

-0.02
(0.02)

0.02**
(0.00)

-0.06
(0.04)

22.12**
(1.46)

Slopet
0.17**
(0.03)

-0.19**
(0.03)

0.80**
(0.03)

-0.03**
(0.00)

-0.04
(0.03)

-5.26**
(0.77)

Curvaturet
-0.06*
(0.03)

0.06
(0.04)

0.11**
(0.04)

0.96**
(0.01)

0.28**
(0.08)

-1.43
(1.47)

Demandt
-0.08**
(0.02)

0.08**
(0.02)

0.07**
(0.02)

0.00
(0.00)

-0.00
(0.01)

0.00
(0.00)

Panel B: Estimate of Q matrix

VIXt Levelt Slopet Curvaturet Demandt

VIXt
6.54**
(0.11)

1.35**
(0.06)

3.72**
(0.10)

-4.93**
(0.14)

1.80**
(0.06)

Levelt
0.78**
(0.03)

0.08**
(0.04)

-2.21**
(0.08)

0.24**
(0.04)

Slopet
3.54**
(0.09)

-1.06**
(0.09)

1.60**
(0.05)

Curvaturet
7.33**
(0.24)

-1.11**
(0.09)

Demandt
1.96**
(0.03)

The time-series estimates of the level, slope, and curvature factors are very similar

to those obtained in the futures-only model, see Appendix A.3.2. Thus, as shown in

the second and third columns of Table 3.5, the means and standard deviations of the

measurement errors are almost identical to those of the VIX futures-only model and

are small in magnitude.
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Table 3.5: Summary statistics of measurement errors - VIX complex model

Futures contract Mean Standard deviation

VX1 -0.03 0.19
VX2 0.04 0.25
VX3 0.02 0.19
VX4 -0.04 0.17
VX5 -0.03 0.24
VX6 -0.01 0.25
VX7 0.02 0.19
VX8 0.02 0.21

3.3.3 VIX complex impulse response functions

I examine the dynamics of the VIX complex via impulse response functions, which

are depicted in Figure 3.9, along with 95 percent confidence bands. The shocks are

orthogonalized using a Cholesky decomposition of the variance matrix Q. Time is

measured in days after the shock. First, consider the responses to a shock in the VIX.

The level factor increases sharply and shows a significant level of persistence. This

implies that VIX spikes increase the entire term structure, which remains elevated for

the period following, in line with the typical clustering of market volatility. A VIX shock

also increases the slope factor. As a negative slope factor equals an upward-sloping

term structure, the slope thus decreases with the VIX shock, implying an inverted

term structure for high VIX values. This effect is also very persistent, implying that

the term structure tends to stay in backwardation for several days following a VIX

spike. The curvature factor decreases and is also rather persistent, but the effect

seems to die out slightly faster than for the level and slope factors. After ten days,

zero is included within the confidence band. Finally, a shock to the VIX increases the

demand variable. The benchmark index of the ETPs will have large positive returns

when the VIX increases, and, consequently, leveraged and inverse products must buy

VIX futures to maintain the leverage target. However, there is a quick reversal. This

is in line with the empirical fact that spikes in the VIX are typically followed by large

capital outflows, as documented in Nielsen and Posselt (2020). These outflows will

induce the issuers to reduce their hedge positions in VIX futures, whereby demand

decreases. Next, we look at the responses to a shock in demand. First, we see that

demand quickly reverses following the shock. Second, the VIX is clearly unaffected

at all horizons. Thus my results provide no evidence of VIX futures demand from

ETPs impacting the VIX. We detect a small decrease in the level factor, but it is not

statistically significant. There is no response in the slope factor. The curvature factor,

on the other hand, increases at time t+1, with zero not included in the confidence

band. Some likely explanations could be the following; Consider the empirical proxy

of the curvature factor 2×VX3-(VX1+VX8). An increased curvature could be due to

an increase in the price of VX3, thereby implying a spillover of price distortions to VIX
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futures further out on the term structure. As indicated by the OI and Volume numbers

in Table 3.1, these contracts has lower liquidity and whereby price distortions may

be more persistent than for VX1 and VX2. An increase in VX3 could indicate that

the issuers of VIX ETPs are also hedging their exposure via VIX futures further out

on the term structure. These typically have a lower decay in value than the front-

month contracts and are thereby “cheaper” to hold. Another explanation for the

effect on the curvature factor could be that demand quickly reverses following a

shock for instance due to capital outflows. Consequently, the issuers will reduce

their position in VX1, resulting in downward price pressure, whereby the curvature

increases. This explanation would support the hypothesis in Nielsen and Posselt

(2020), which suggests that the VIX premium puzzle of Cheng (2019) is caused by VIX

ETP investors betting on mean reversion of the VIX. In either case, rise in curvature

following the demand shocks indicates that the hedging activity of ETPs impacts the

VIX futures term structure.

Next, we focus on shocks to the different term structure factors. The VIX has no

response to either of the factors. The level factor is quite persistent as it reverts very

slowly following the shock. The response to the slope factor is negative, implying an

increased slope of the term structure. Recalling the empirical proxy for the slope, VX8 -

VX1, the increase in the slope likely follows from the increase in VX8, which proxies for

the level factor. The curvature factor also has a negative response. Again this follows

intuitively from the empirical proxy, which is decreasing in the long term level, VX8.

The demand variable also decreases in response to the level shock. This could suggest

that the front-month futures, VX1 and VX2, tend to decrease when the long term

level increases, as the issuer demand is increasing in the returns of these contracts. A

shock to the slope factor increases the demand variable. An increased slope factor

implies an inverted term structure, with large increases in VX1 and VX2, which then,

in turn, increases the hedging demand. Finally, a shock to the curvature factor leads

slowly to an increase in the level factor and a time t=0 decrease in demand, which

reverts very quickly.

3.3.4 Variance decomposition of VIX futures, the VIX and demand

As a final analysis, I make variance decompositions for analyzing the interactions of

the VIX complex. These are calculated following the appendix of Diebold et al. (2006),

assuming a non-diagonal variance matrix, Q. Panel A of Table 3.6 provides a variance

decomposition of the VIX futures contracts, VX1, VX4, and VX8 (representing the

front, middle and long end of the VIX futures term structure) at forecast horizons

of 1, 5 and 10 days based on the VIX futures-only model. Across all the contracts,

the main contribution to variation is either from the level or slope factor. Curvature

seems to be of minor importance. But if we then consider the variance decomposition

based on the VIX complex model, provided in Panel B, much of the variation in the

futures prices attributed to the level or slope factor is now traced to the VIX. For
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Figure 3.9: Impulse responses of the VIX complex model

Figure 3.9 shows the responses down the rows to the shocks of each variable along the columns. The
shocks have been orthogonalized by means of a Cholesky decomposition of the variance matrix Q. The
recursive causal ordering of the state variables is VIX, Level, Slope, Curvature, and Demand.
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example, in the VIX futures-only model for VX1 at a one-day horizon, 18% and 81%

of the price variation is accounted for by the level and slope factor, respectively. In

the VIX complex model, these are 3% and 10%, whereas the VIX accounts for 87%.

However, for VX8, the effect is the opposite for the curvature factor. The contribution

has increased slightly in the VIX complex model compared to the VIX futures-only

model (from 14% to 15%).

In the VIX complex model, we see that across all contracts, the majority of the

variance contribution is from the VIX. However, a non-negligible part can still be

traced to the slope factor. This matches very well with Johnson (2017), who finds

that the second principal component of the VIX term structure (not to be confused

with the term structure of VIX futures) explains much of the variation in returns of

different volatility assets. VIX futures tend to roll down the term structure as they get
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closer to expiry, and the slope can be regarded as an estimate of how large the price

decay will be. The steeper the slope, the larger is the expected decay. In light of this,

the slope can be regarded as variance risk premium paid by the buyer of a VIX futures

contract.

Panel B also contains the variance decomposition of the VIX and the demand

variable. For the VIX at horizon 1 and 5 days, all the variation is entirely driven by itself.

However, at the 10-day horizon, the level factor accounts for 1% of the variance. This

indicates that for very low (high) levels, the VIX tends to revert upwards (downwards)

to the long-term level, thus reflecting the typical mean reverting nature of the VIX.

Also, for the demand variable, the VIX is a large contributor (26% at all horizons),

but the slope factor also drives much of the variation with 16% at all horizons. A

steep positive slope (high contango) would mean a large variance risk premium, and

thereby a large roll-down of the VIX futures, decreasing the return of the benchmark

index. This will, in turn, decrease the demand from ETPs. In the case of a steep

negative slope (high backwardation), the process is reversed. The benchmark index

will have high positive returns inducing an increased demand from ETPs.

3.4 Conclusion

The interactions between the VIX, VIX futures and VIX ETPs have received much

attention. Concerns have been raised that the hedging activities of the issuers of

VIX ETPs impacts the pricing of VIX futures and potentially also the VIX, leading

to a “tail wagging the dog” effect. By means of the Dynamic Nelson-Siegel (DNS)

model estimated in a state space framework, I first show that the VIX futures term

structure is well described by the three latent factors, Level, Slope, and Curvature.

The estimated model produces very low pricing errors.

The state space model is expanded with two additional variables; The VIX and a

proxy for the VIX futures demand from issuers of VIX ETPs. Thereby I model the VIX

complex as a nonstructural VAR(1) system. Similar to the VIX futures-only model, the

expanded model fits the VIX futures term structure quite well, with low pricing errors.

The dynamics of the VIX complex are examined via impulse response functions.

Not surprisingly, a shock to the VIX raises the level of the VIX futures term structure

and decreases the slope (inverting the term structure). Furthermore, hedge demand

for ETP issuers also increases, as they must buy (sell) when the VIX futures prices

increases (decreases). I find no evidence of effects from VIX futures or demand to

the VIX. However, a shock to demand increases the curvature of the VIX futures term

structure, suggesting that the hedging of VIX ETPs do have pricing impacts that distort

the VIX futures market. Finally, a variance decomposition shows that the VIX and the

slope factor are the main drivers of the variation in the prices of VIX futures.
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Table 3.6: Variance decomposition

Table 3.6 shows the variance decomposition of the VIX futures contracts VX1, VX4, and VX8 from the VIX
futures-only model in Panel A and the VIX complex model in Panel B. Furthermore, Panel B also contains
the variance decomposition of the VIX and demand.

Panel A: Futures-only model

Horizon VIX Level Slope Curvature Demand

VX1 1 − 0.18 0.81 0.01 −
5 − 0.21 0.78 0.00 −

10 − 0.25 0.75 0.00 −

VX4 1 − 0.31 0.54 0.16 −
5 − 0.34 0.54 0.12 −

10 − 0.38 0.53 0.09 −

VX8 1 − 0.64 0.22 0.14 −
5 − 0.66 0.22 0.12 −

10 − 0.67 0.22 0.11 −
Panel B: VIX complex model

VX1 1 0.87 0.03 0.10 0.00 0.00
5 0.94 0.01 0.05 0.00 0.00

10 0.96 0.01 0.03 0.00 0.00

VX4 1 0.66 0.09 0.17 0.08 0.00
5 0.78 0.05 0.10 0.07 0.00

10 0.85 0.03 0.06 0.06 0.00

VX8 1 0.70 0.00 0.15 0.15 0.00
5 0.77 0.01 0.09 0.13 0.00

10 0.80 0.02 0.06 0.12 0.00

VIX 1 1.00 0.00 0.00 0.00 0.00
5 1.00 0.00 0.00 0.00 0.00

10 0.99 0.01 0.00 0.00 0.00

Demand 1 0.26 0.02 0.16 0.01 0.55
5 0.26 0.02 0.16 0.01 0.55

10 0.26 0.02 0.16 0.01 0.55
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Appendix

A.1 Estimation based on the Kalman filter

Denote β̂t |s as the linear least square forecast of the state vector, βt , given observa-

tions y1, ...,ys with mean square error (MSE) matrix, Pt |s , for s=t −1, t . Then, when

observation yt becomes available, the Kalman filter computes β̂t |t and Pt |t as (the

filtering step):

β̂t |t = β̂t |t−1 +Pt |t−1Λ(λ)′F−1
t vt ,

Pt|t = Pt|t−1 −Pt|t−1Λ(λ)′F−1
t Pt|t−1, (A.1)

where vt = yt−ŷt |t−1 = yt−Λ(λ)β̂t |t−1 is the forecast error vector and Ft =Λ(λ)Pt|t−1Λ(λ)′+
R is he forecast error variance matrix. The t +1 forecast of the state vector conditional

on y1, ...,yt, is provided by the prediction step:

β̂t+1|t = (I−Φ)µ+ β̂t |t ,

Pt+1|t =ΦPt|tΦ′+Q. (A.2)

Then, by updating the system of Equation (A.1) and Equation (A.2) recursively for t =

1, ..., T I obtain a time series of the latent factors (Level, Slope, and Curvature) of the

VIX futures term structure.

I initialize the Kalman filter using the unconditional mean of the state vector (0)

and the unconditional covariance matrix of the state vector, Σβ which is chosen such

that Σβ−ΦΣβΦ′ = Q.14 To solve for Σβ , apply the vectorization operator to both

sides and obtain:

vec(Σβ)− vec(ΦΣβΦ
′) = vec(Q). (A.3)

Rewrite this as:

Ivec(Σβ)− (Φ⊗Φvec(Σβ) = (I− (Φ⊗Φ))vec(Σβ) = vec(Q), (A.4)

where I is the identity matrix with dimension n ×n, with n being the number of state

variables. The final solution for vec(Σβ) is then given by:

vec(Σβ) = (I− (Φ⊗Φ))−1vec(Q). (A.5)

A.2 Rebalance dynamics of inverse and leveraged ETPs

Consider the example of a leveraged ETP that promises 2x the returns of the underly-

ing, X . The ETP initially issues 100,000 shares at a price of $100 (initial AUM of $10

14This enables the Kalman filter to provide a minimum mean squared error estimate of βt at every
time t = 1, ... , T given information up to time t−1. See Hamilton (1994) or Koopman et al. (2010)
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mm.), borrows an additional $10 mm. and invest all the proceeds in the underlying,

X , at a price of 400 whereby the ETP holds 50,000 shares. Table A.1 illustrates the

effective leverage of the ETP through time as X varies. At time 1, X , yields a return of

5%, and the return of the ETP is 10%. Thus a return of the desired leverage is obtained.

But for the subsequent periods, the ETP fails to achieve its target of 2. The problem is

that the AUM of the ETP changes. In this case, it went up while the amount of debt is

constant. So following an increase in the underlying, the 2x leveraged ETP must buy

additional shares in X , worth of the percentage change in the ETP times the AUM at

time t −1, using additional leverage.

Table A.1: Performance of leveraged ETP that does not rebalance

Table A.1 shows the development of the leverage ratio through time for a leveraged ETP that does not
rebalance the number of shares it holds in the underlying. The second column shows the value
development of the underlying that the ETP tracks. The third column shows the return of the underlying,
and the fourth column is the NAV of the ETP calculated as # of shares multiplied by Xt + Cash (last
column), all divided by the number of outstanding shares in the ETP (seventh column). The fifth column
shows the return of the ETP, and the sixth contains the leverage through time, calculated as return of the
ETP divided by the return of the underlying. Column six is the asset under management (AUM) of the ETP,
calculated as outstanding shares in the ETP multiplied by the NAV. Column seven is the number of shares
that the ETP holds in the underlying at the start of the day. Column eight is the number of shares that the
ETP buys or sells at the end of the trading day.

Time X t r X
t NAVt r ET P

t Leveraget ETP shares AUM # shares ∆ shares Cash

0 400 - 100 - - 100,000 $ 10,000,000 50,000 - $ -10,000,000
1 420 5% 110 10% 2.0 100,000 $ 11,000,000 50,000 - $ -10,000,000
2 428 2% 114 3.8% 1.9 100,000 $ 11,420,000 50,000 - $ -10,000,000
3 386 -10% 93 -19% 1.9 100,000 $ 9,278,000 50,000 - $ -10,000,000
4 424 10% 112 21% 2.1 100,000 $ 11,205,800 50,000 - $ -10,000,000
5 450 6% 125 11% 1.9 100,000 $ 12,478,148 50,000 - $ -10,000,000

Table A.2 illustrates how the leveraged ETP must rebalance the amount of debt

and the position in X through time in order to keep the leverage constant at 2. At

time 1, following the increase in the underlying, the ETP must buy an additional 2,381

shares in X by raising $1,000,020 of extra debt. To minimize the tracking error, the

purchase of these shares will be done near the market close or in the after-market.

Consider next the example of an ETP that promises the inverse of the return of X .

Thus, the desired leverage of the ETP is now -1. Again the ETP initially issues 100,000

shares at a price of $100. Then it sells short 25,000 shares in X and deposits all the

proceeds (investor capital + proceeds from short sale) in a bank account. Table A.3

shows effective leverage through time if the ETP does not rebalance.

At time 1, the return of X is 5%, and for the ETP, it is -5%, so the desired leverage

is initially obtained. But then, as X increases further in value, the short exposure

also increases. This is because the AUM of the ETP has decreased, but the value

of the shorted shares has increased. Thus, the ETP now has too many short shares

outstanding relative to the AUM. Thus following an increase in the underlying and
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Table A.2: Performance of leveraged ETP that rebalances

Table A.2 shows the development of the leverage ratio through time for a leveraged ETP that rebalances
the number of shares it holds in the underlying. The second column shows the value development of the
underlying that the ETP tracks. The third column shows the return of the underlying, and the fourth
column is the NAV of the ETP calculated as # of shares multiplied by Xt + Cash (last column), all divided
by the number of outstanding shares in the ETP (seventh column). The fifth column shows the return of
the ETP, and the sixth contains the leverage through time, calculated as return of the ETP divided by the
return of the underlying. Column six is the asset under management (AUM) of the ETP, calculated as
outstanding shares in the ETP multiplied by the NAV. Column seven is the number of shares that the ETP
holds in the underlying at the start of the day. Column eight is the number of shares that the ETP buys or
sells at the end of the trading day.

Time X t r X
t NAVt r ET P

t Leveraget ETP shares AUM # shares ∆ shares Cash

0 400 - 100 - - 100,000 $ 10,000,000 50,000 - $ -10,000,000
1 420 5% 110 10% 2.0 100,000 $ 11,000,000 50,000 2,381 $ -11,000,020
2 428 2% 114 4% 2.0 100,000 $ 11,440,000 52,381 1,028 $ -11,440,415
3 386 -10% 93 -20% 2.0 100,000 $ 9,151,959 53,409 -5,934 $ -9,152,502
4 424 10% 110 20% 2.0 100,000 $ 10,982,405 47,475 4,316 $ -10,982,987
5 450 6% 123 12% 2.0 100,000 $ 12,300,328 51,791 2,932 $ -10,000,000

Table A.3: Performance of inverse ETP that does not rebalance

Table A.3 shows the development of the leverage ratio through time for an inverse ETP that does not
rebalance the number of shares it holds in the underlying. The second column shows the value
development of the underlying that the ETP tracks. The third column shows the return of the underlying,
and the fourth column is the NAV of the ETP calculated as # of shares multiplied by Xt + Cash (last
column), all divided by the number of outstanding shares in the ETP (seventh column). The fifth column
shows the return of the ETP, and the sixth contains the leverage through time, calculated as return of the
ETP divided by the return of the underlying. Column six is the asset under management (AUM) of the ETP,
calculated as outstanding shares in the ETP multiplied by the NAV. Column seven is the number of shares
that the ETP holds in the underlying at the start of the day. Column eight is the number of shares that the
ETP buys or sells at the end of the trading day.

Time X t r X
t NAVt r ET P

t Leveraget ETP shares AUM # shares ∆ shares Cash

0 400 - 100 - - 100,000 $ 10,000,000 -25,000 - $ 20,000,000
1 420 5% 95 -5% -1.0 100,000 $ 9,500,000 -25,000 - $ 20,000,000
2 428 2% 92.9 -2.2% -1.1 100,000 $ 9,290,000 -25,000 - $ 20,000,000
3 386 -10% 104 12% -1.2 100,000 $ 10,361,000 -25,000 - $ 20,000,000
4 424 10% 94 -9% -0.9 100,000 $ 9,397,100 -25,000 - $ 20,000,000
5 450 6% 88 -7% -1.1 100,000 $ 8,760,926 -25,000 - $ 20,000,000

inverse ETP must cover a part of the short position by buying back shares, using

some of the cash that initially was deposited in the bank account. Likewise, in case

of a decrease in the underlying, the inverse ETP must short an additional amount of

shares, or the short exposure will be lower than the target.

For both leveraged and inverse ETPs the number of shares to either sell or buy in

order to maintain the leverage is given by:

∆ shares = L× (L−1)× r X
t ×AUMt−1

X t
. (A.6)
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Table A.4 shows how many shares that the inverse ETP must buy and sell through

time to maintain leverage of -1. Note that the ETP always buys and sells in the

direction of X . This is also the case for the leveraged ETP. Thus both leveraged and

inverse ETPs must buy (sell) whenever the underlying increases (falls) in value.

Table A.4: Performance of inverse ETP that rebalances

Table A.4 shows the development of the leverage ratio through time for an inverse ETP that rebalances the
number of shares it holds in the underlying. The second column shows the value development of the
underlying that the ETP tracks. The third column shows the return of the underlying, and the fourth
column is the NAV of the ETP calculated as # of shares multiplied by Xt + Cash (last column), all divided
by the number of outstanding shares in the ETP (seventh column). The fifth column shows the return of
the ETP, and the sixth contains the leverage through time, calculated as return of the ETP divided by the
return of the underlying. Column six is the asset under management (AUM) of the ETP, calculated as
outstanding shares in the ETP multiplied by the NAV. Column seven is the number of shares that the ETP
holds in the underlying at the start of the day. Column eight is the number of shares that the ETP buys or
sells at the end of the trading day.

Time X t r X
t NAVt r ET P

t Leveraget ETP shares AUM # shares ∆ shares Cash

0 400 - 100 - - 100,000 $ 10,000,000 -25,000 - $ 20,000,000
1 420 5% 95 -5% -1.0 100,000 $ 9,500,000 -25,000 2,381 $ 18,999,980
2 428 2% 93 -2% -1.0 100,000 $ 9,310,000 -22,619 887 $ 18,619,989
3 386 -10% 102 10% -1.0 100,000 $ 10,240,99 -21,732 -4,829 $ 20,481,585
4 424 10% 92 -10% -1.0 100,000 $ 9,15,913 -26,561 4,829 $ 18,433,802
5 450 6% 87 -6% -1.0 100,000 $ 8,663,900 -21,732 2,460 $ 17,327,877
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A.3 VIX complex model

A.3.1 State space representation

The observation vector, yt , is now expanded with the variables, VIXt and Demandt .

The observation equation is the given by:



VIXt

yt (τ1)
...

yt (τN )

Demandt
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1 0 0 0 0

0 1 1−e−λτ1

λτ1

1−e−λτ1

λτ1
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...
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λτN
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λτN
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0 0 0 0 1




VIXt

Levelt
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0

ε1t
...
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0


,

(A.7)

with the state equation given by:
VIXt+1

Levelt+1

Slopet+1

Curvaturet+1

Demandt+1

= ( I
5×5

− Φ
5×5

) µ
5×1

+ Φ
5×5


VIXt

Levelt

Slopet

Curvaturet

Demandt

+ ηt
5×1

(A.8)

A.3.2 Filtered term structure factors of VIX complex model
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Figure A.1: Latent factors

Figure A.1 shows the time series of the filtered latent term structure factors from the VIX complex model,
together with the empirical proxies. Correlations are; 0.85 for Level and VX8, -0.96 for Slope and VX8
minus VX1, and 0.94 for Curvature and 2×VX3-(VX1+VX8).
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