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Abstract. Numerical simulations of massive neutrino cosmologies consistently find a spoonlike feature in the non-linear matter power spectrum ratios of cosmological models that differ
only in the neutrino mass fraction fN . Typically, the ratio approaches unity at low wave
numbers k, decreases by ∼ 10fN at k ∼ 1 h/Mpc, and turns up again at large k. Using
the halo model of large-scale structure, we show that this spoon feature originates in the
transition from the two-halo power spectrum to the one-halo power spectrum. The former’s
sensitivity to fN rises with k, while that of the latter decreases with k. The presence of this
spoon feature is robust with respect to different choices of the halo mass function and the
halo density profile, and does not require any parameter tuning within the halo model. We
demonstrate that a standard halo model calculation is already able to predict the depth,
width, and position of this spoon as well as its evolution with redshift z with remarkable
accuracy. Predictions at z & 1 can be further improved using non-linear perturbative inputs.
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1

Introduction

Following the 1998 discovery of atmospheric neutrino oscillations, the past two decades have
seen an explosive proliferation of neutrino experiments, detecting and measuring the properties of neutrinos from both natural and man-made sources [1]. Of these, the totality of
flavour oscillations data has enabled us to establish firmly (i) maximal mixing amongst the
three standard-model families of neutrinos, and (ii) that at least one neutrino state has a
mass exceeding ∼ 0.05 eV [2, 3]. Concurrently, laboratory kinematics constraints from weak
decays — notably the tritium β-decay endpoint measurements of the Mainz and Troisk experiments [4, 5] and most recently KATRIN [6]— currently limit the effective electron neutrino
mass to mee . 1.1 eV (90%C.L.). In combination, P
these experimental facts translate into
a present-day cosmic neutrino energy density ων =
mν /(94 eV) of 0.0005 . ων . 0.04,
making the neutrino an inevitable and potentially sizeable component of the dark matter.
Interestingly, cosmology
itself also provides an independent constraint on ων and hence
P
the neutrino mass sum
mν by way of the phenomenon of free-streaming and its associated
impact on large-scale structure formation [7–9]. Within the framework of linear cosmological
perturbation theory, the signatures of massive neutrino free-streaming in observables such
as the cosmic microwave background (CMB) anisotropies and the large-scale matter power
spectrum are well known and computed precisely by such Boltzmann solvers as Camb [10, 11]
and Class [12]. Indeed, an oft-repeated statement is that, comparing the present-day matter
power spectrum of a massive to a massless neutrino cosmology, the former is suppressed on
small scales by a fractional amount 8fN , where fN := ων /ωm is the fraction of the total
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Figure 1. The spoon feature seen in N -body simulations is not evident in higher-order perturbative
calculations of the matter power spectrum ratio, which prefer instead a ratio that continues to slide
downwards at small scales. The large-mν and small-mν models compared here correspond to fN =
0.012 and fN = 0.0044 respectively.

matter density ωm in massive P
neutrinos. Null observation of these effects so far has allowed
us to place an upper limit on
mν in the ball-park of . 0.2 eV for restrictive assumptions
about the dark energy, though this weakens by a factor of ≈ 3 when the dark energy equation
of state and its derivative are simultaneously allowed to vary [13–15].
Less precisely known, however, are the signatures of neutrino free-streaming in observables for which the dynamics of structure formation have become non-linear. This is an
especially pressing concern — and one that has attracted growing interest and activity in
recent years — in view that forthcoming cosmological surveys such as the Large Synoptic
Survey Telescope and the ESA Euclid mission are expected to derive
P most of their constraining power vis-á-vis neutrino masses — 1σ error forecasted at σ( mν ) ≈ 0.02 eV [16, 17] —
from observables of this category. Pioneering N -body simulations of massive neutrino cosmologies [18–20] consistently found a maximum fractional power suppression that exceeds the
linear-theory prediction of 8fN — approximately 10fN at z = 0, attained at a wavenumber of
k ∼ 1 h/Mpc, a result that has been confirmed by subsequent, independent simulations [21–
28] and is likewise borne out by higher-order perturbative calculations [29–33].
Consensus, however, has yet to be reached on what should transpire beyond k ∼
1 h/Mpc. The N -body simulations of [18] observed a “spoon” feature in the massive-tomassless matter power spectrum ratio, wherein the neutrino-mass-induced fractional suppression first deepens to approximately 10fN at k ∼ 1 h/Mpc and then turns around, diminishing
eventually to below even the linear-theory suppression of 8fN , as shown in figure 1. While
this spoon feature has been repeatedly confirmed by independent N-body and hydrodynamical simulations [22, 23, 25, 28, 34], a confluence of factors surrounding the scale at which the
spoon emerges has nonetheless cast lingering doubts in some quarters about its actuality:
1. No higher-order perturbative calculation to date has managed to reproduce the power
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spctrum spoon. Rather, perturbative analyses prefer the fractional suppression to
deepen further with increasing k, culminating in a “slide”-shaped power spectrum ratio
evident in figure 1.
2. Simulating the matter power spectrum at percent-level accuracy beyond k ∼ 1 h/Mpc is
a computationally formidable task that necessitates the use of some of the largest computing facilities in the world. While the spoon feature and its upturn at k & 1 h/Mpc
pertain to the power spectrum ratio, for which achieving percent-level numerical convergence is a much simpler affair [35], it remains a legitimate concern that the large k
upturn may be but an artefact of poor resolution and/or convergence. This is especially
so in view that simulations have not always produced spoons of the same shape or that
dip at the same place.
3. The manner in which massive neutrinos are represented in an N -body simulation may
leave something to be desired on those same scales as well. Shot noise is a known
problem in those simulations that utilize a particle realization of the neutrino fluid,
while hybrid methods that model neutrinos using some form of linear perturbation
theory may be missing crucial non-linear physics.
In this work, we investigate the spoon feature using an alternative approach based
upon the halo model of large-scale structure [36]. While other works such as reference [37]
have noted the presence of a spoon in halo models designed to fit realistic simulations, our
goals are to establish the generality of the spoon within the halo model, and to quantify
its depth, location, and variation with redshift and halo mass. The premise of the halo
model is that all clustering matter is contained within discrete units called “halos”. Then,
describing the clustering statistics of the large-scale matter distribution reduces to stitching
together several simple components: the matter distribution within a halo (halo density
profile), the distribution of these halos in mass (halo mass function), and in space (halo
bias). These components usually need to be established from and calibrated individually
against simulations if precision is desired. However, there exist also generic predictions
following hierarchical structure formation arguments that are able to capture their qualitative
behaviors to an acceptable level.
In connection to the matter power spectrum, the halo model description means that
the two-point matter clustering statistics are on large scales dominated by correlations between two halos, and approach the linear-theory prediction in the region k . 0.1 h/Mpc,
wherein massive neutrino suppression effects increase with k. On small scales, the two-point
statistics follow predominantly correlations within one halo. Using generic (i.e., non-N -body
calibrated) predictions for the halo mass function and density profile, we shall show that the
one-halo correlation always has the opposite behavior relative to its two-halo counterpart:
in the one-halo term, a strong neutrino suppression prevails at low k and then diminishes
at high k. The spoon shape observed in the total matter power ratio originates thus in the
transition from a rising two-halo power suppression to a falling one-halo one with increasing k. The dip in the spoon corresponds to a small-scale suppression of two-halo clustering,
while the rise reflects the increasing independence of modes deeper inside a halo upon the
background cosmology.
The rest of the paper is organized as follows. Section 2 introduces the main ingredients
of the halo model. We compute in section 3 the one-halo power spectrum using a variety
of halo mass function and density profile inputs. These are combined with the two-halo
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power spectrum and contrasted with predictions from N -body simulations in section 4 to
demonstrate the existence of the neutrino spoon. We conclude in section 5.

2

Background

The halo model posits that all clustering matter in the universe is contained in halos. It then
follows that the simplest, two-point statistics of the large-scale matter distribution can be
discussed in terms of correlations within a single halo and correlations between two different
halos. In Fourier space, these two distinct contributions are respectively referred to as the (dimensionless) “one-halo” power spectrum ∆21h (z, k) and “two-halo” power spectrum ∆22h (z, k),
k3
where ∆2 (k) := 2π
2 P (k), and P (k) is the Fourier transform of the two-point correlation function. Together, these add to form the dimensionless total halo power spectrum
∆2halo (z, k) = ∆21h (z, k) + ∆22h (z, k)

(2.1)

of the clustering matter distribution in the universe. We use the term “clustering matter”
to mean cold dark matter (CDM) and baryons — collectively “CB” — but not neutrinos,
whose clustering around halos we neglect in this work.
The detailed forms of ∆21h (z, k) and ∆22h (z, k) will be noted in the appropriate places.
Here, we discuss first in this section the main ingredients that make up these expressions.
See [36] for an authoritative review of the halo model formalism.
2.1

Spherical collapse of halos

Consider a spherical overdensity with comoving Lagrangian radius R in an Einstein-de Sitter
universe. Let the linear-theory density contrast in the region be δ0 > 0 at the current time,
so that at scale factor a it is aδ0 > 0. At early times aδ0 is much less than unity. It then
3
follows that the mass of the overdensity is well approximated by M = 4π
3 ρ̄CB R , where ρ̄CB
is the mean comoving density of clustering matter.
The comoving Eulerian radius RE (z) of this region falls with time as described by the
parametric equations
RE
1 + z 1 − cos θ
= 5
;
R
2
3 δ0

1
a(θ) =
=
1+z

 2/3
3
(θ − sin θ)2/3
.
5
4
3 δ0

(2.2)

The physical radius aRE therefore increases from 0 at θ = 0 to its maximum value at
θ = π, turns around, and collapses back to zero at θ = 2π. At turnaround, denoted by the
turnaround redshift zta := z(π), we find (RE (zta )/R)3 = 16/(9π 2 ).
Rather than collapsing all the way to zero, suppose that the overdensity virializes at a
redshift zv := z(2π), with a physical radius Rv equal to half the physical radius at turnaround,
i.e., a(2π)Rv = a(π)RE (zta )/2. The comoving size of this virialized object is then


Rv
R

3


=

1 + zv RE (zta )
2(1 + zta ) R

3
=

1
1
=:
,
2
18π
Dv

(2.3)

and has a constant comoving density equal to 3M/4πRv3 = Dv ρ̄CB ≈ 178ρ̄CB , or, equivalently,
a density contrast of Dv − 1 ≈ 177. We refer to such a virialized object as a halo. The
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corresponding linear-theory density contrast at virialization — the so-called linear collapse
density contrast, δsc — is given by
3
δsc := a(2π)δ0 =
5



3π
2

2/3
≈ 1.68647,

(2.4)

where we have used equation (2.2) to evaluate a(2π).
Note that extending the spherical collapse model to a wCDM or ΛCDM cosmology
does in general yield δsc and Dv values that differ from the Einstein-de Sitter predictions and
are furthermore redshift-dependent. Importantly, however, within each class of cosmologies,
adding a subdominant amount of scale-dependent growth to the spherical collapse treatment
(due to, e.g., massive neutrinos or clustering dark energy) generally has no big impact on the
outcome δsc and Dv : in the case of massive neutrinos, the fractional change is of order fN [38],
while for clustering dark energy, the change is typically sub-percent [39]. Henceforth, we shall
use exclusively the Einstein-de Sitter values of δsc and Dv .
2.2

Halo density profiles

Suppose that a mass M has virialized at comoving radius Rv into a spherically symmetric
halo with density ρ(r) at a comoving distance of r from its center. Let y := r/Rv and take
for simplicity ρ(yRv ) = ρv %(y), where ρv denotes the halo density at the virial radius. Then,
Z ∞
3
M = 4πρv Rv
dy y 2 %(y) =: 4πρv Rv3 µ,
(2.5)
0

where the dimensionless parameter µ depends on the shape of the assumed dimensionless
density profile %(y) alone.
Finding the matter Rpower spectrum requires that we calculate the normalized Fourier
transform U (~k) = M −1 d3 r exp(−i~k · ~r)ρ(r) of the halo profile. For a spherically symmetric profile ρ(r), the Fourier transform reduces to a Hankel transform and U (~k) = U (k).
Furthermore, because of the simplified profile ρ(yRv ) = ρv %(y), the normalized Fourier transform U (k) is effectively dependent only on the dimensionless wave number q := kRv , i.e.,
Z ∞
p
U (q) = µ−1 q −1/2 π/2
dy y 3/2 J1/2 (qy)%(y),
(2.6)
0

where J1/2 denotes a Bessel function of the first kind. Table 1 shows %(y), µ, and U (q) for
several profiles of interest.
The first four rows of table 1 list power-law density profiles truncated to zero at r > Rv .
Of particular interest here are (i) the tophat halo (α = 0) which is a simple example of a
profile with a smooth core, and (ii) the Singular Isothermal Sphere (SIS; α = 2) which has a
sharp central cusp. In the fifth and sixth rows, the exponential and Gaussian profiles are not
truncated at Rv , but have in each case an r-independent parameter c that allows the density
to fall on a length scale Rs = Rv /c different from the virial radius. A halo with large c has
much of its mass concentrated inside a radius much smaller than Rv , for which reason c is
referred to as the concentration of the halo. The seventh row displays the Navarro-FrenkWhite (NFW) universal halo profile [40], a reasonable fit to the dark matter halo profiles
obtained from collisionless N -body simulations. The concentration c of this last class of
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%(y)
Θ(1−y)
yα
Θ(1−y)
yα
Θ(1−y)
yα
Θ(1−y)
yα

(α < 3)

µ
(3 −

(α = 0)

1/3

(α = 1)

1/2

(α = 2)

1

exp(−cy)

U (q)

α)−1

1 F2

2c−3

exp(−c2 y 2 /2)

c−3

Θ(1−y)
cy(1+cy)2

log(1 + c) −

pπ
2
c
1+c



3
2

−

α 3 5
2 ; 2, 2

Notes
−

q2
α
2;− 4



3
(sin(q) − q cos(q))
q3
2
(1 − cos(q))
q2
1
q Si(q)
c4
(c2+q 2 )2 
q2
exp − 2c
2
sin(q)
sin( qc )[Si(q+ qc )−Si( qc )]+cos( qc )[Ci(q+ qc )−Ci( qc )]− q+q/c
log(1+c)−c/(1+c)

tophat
SIS

NFW

Table 1. Dimensionless halo density %(y) = ρ(yRv )/ρv , mass µ = M/(4πρv Rv3 ), and normalized
Fourier-transformed density U (q) for several halo profiles. Here, y = r/Rv is the dimensionless
radius, q = kRv the dimensionless wave number, Θ(x) the Heaviside step function, and Si(x) and
Ci(x) the sine and cosine integrals.

models generally correlates with the halo mass M and redshift z with significant scatter [41].
However, parametrized fits exist for the mean concentration c̄(z, M ), namely [41],

−0.13
M
c∗0
,
(2.7)
c̄(z, M ) =
1 + z M∗ (z)
where c∗0 = 9, and M∗ (z) is a characteristic mass to be defined in section 2.3 under equation (2.11). Unless stated otherwise, we shall use the fit (2.7) and neglect the scatter in
c(z, M ) throughout this work. Note however that it is also possible to emulate c̄(z, M ) from
simulations across a broad range of cosmological parameters [42].
2.3

Halo mass function

The halo mass function quantifies the distribution of halos as a function of the halo mass M .
Let n(M ) be the mean number density of halos with masses no greater than M . Then, the
dimensionful mass function F (M ) = dn/dM is the number density of halos per unit mass.
Since the halo model explicitly assumes that all clustering matter is contained in halos, the
sum over all halo masses
R ∞ weighted by the halo mass function must equal the CDM+baryon
energy density, i.e., 0 dM M F (M ) = ρ̄CB .
While we generally expect the dimensionful halo mass function F (M ) to depend on
cosmology, using the spherical collapse description of halos, it is possible to recast F (M ) into
a “universal” form that is cosmology-independent at the ∼ 10% level. To this end, we first
define the mean-squared fluctuation amplitude inside spheres of comoving radius R to be
Z ∞
2
σ (z, R) =
d ln(k) ∆2CB (z, k)W 2 (kR),
(2.8)
0

where ∆2CB (z, k) denotes the dimensionless linear CDM+baryon power spectrum, and W (x) =
(3/x3 ) [sin(x) − x cos(x)] corresponds to a real-space tophat filter. Then, contrasting σ(z, R)
with the linear collapse density contrast δsc of equation (2.4), we can generally expect the
fraction of overdense regions collapsing into halos of mass M = (4π/3)ρ̄CB R3 to be large if
σ(z, R)  δsc , while for σ(z, R)  δsc halos of the corresponding masses will be rare.
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At a given redshift z, let ν = δsc /σ(R). This implicitly defines R(ν) and hence M (ν) as
monotonically increasing functions of ν.1 Next, define
f (ν) =

1
ρ̄CB

M (ν)F (M (ν))

dM
,
dν

(2.9)

such
R ∞ that the requirement that all clustering matter be contained in halos translates to
0 f (ν) dν = 1. The function f (ν) is the so-called “universal” mass function, universal
in the sense that simulations have consistently shown f (ν) to be independent of cosmology
— including massive neutrino cosmologies — and redshift at the ∼ 10% level [43–45]. In
other words, to ∼ 10%-accuracy, cosmology and redshift affects only the mapping between ν
and M , but not the functional form of f (ν) itself. Henceforth, we shall exclusively refer to
f (ν) as the mass function.
Two commonly used mass functions are that of Press and Schechter [46] and that of
Sheth and Tormen [47], given respectively by
r
2
f (ν) =
exp(−ν 2 /2),
(Press-Schechter), (2.10)
π


1
f (ν) = Ast (pst , qst ) 1 +
exp(−qst ν 2 /2),
(Sheth-Tormen).
(2.11)
(qst ν 2 )pst
The Press-Schechter mass function has no fitting parameters, while the more accurate ShethTormen mass function has two, pst = 0.3 and qst = 0.707, obtained from fits to ΛCDM
1/2
simulations, and a normalization Ast (pst , qst ) = 2pst +1/2 qst [2pst π 1/2 + Γ( 12 − pst )]−1 ≈ 0.2162.
Note that setting the Sheth-Tormen fitting parameters to pst = 0 and qst = 1 reproduces
the Press-Schechter mass function. Both mass functions decrease exponentially for ν & 1,
implying that halos of masses M (ν  1) are exponentially rare. It is useful to define a
characteristic mass scale M∗ := M (1), to be interpreted as the largest mass at which halos
are still common. This (redshift-dependent) characteristic mass is the same M∗ (z) that
appears in the parametrized fit (2.7) of the mean NFW halo concentration [41].

3

Suppression of the one-halo power spectrum

The chief result of this work is that the power spectrum spoon arises through the transition
from a two-halo power spectrum ratio whose dependence on fN rises with k, to its onehalo counterpart whose fN -dependence falls with k. Falling fN -dependence of the one-halo
power spectrum implies that perturbations in the interior of each halo are less sensitive to
the background cosmology than are perturbations on the outskirts of the halo. The goal of
this section is to demonstrate qualitatively the said behavior of the one-halo power spectrum
ratio. We begin with simple, analytical arguments in order to highlight the generality of
our result, before proceeding to more accurate treatments incorporating well-motivated halo
mass functions and halo density profiles. Throughout the article we plot CB power spectra
and ratios, since observed galaxies trace the CDM and baryon fluids rather than the total
matter. Table 2 lists the cosmological models used in this work.
1

Note that the time-dependence of R(ν) characterizes changes in the population of halos with redshift. It
is not related to the dynamical evolution of the pre-virialization halo radius in the spherical collapse model
discussed in section 2.1, which applies to a single halo.
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Figure 2. One-halo power spectrum for the ΛCDM(1) model of table 2, computed using the ShethTormen mass function (2.11) and the NFW halo density profile of table 1 and its associated mean
concentration (2.7). For comparison, we show also the corresponding linear power spectrum output of
Camb [10, 11], and non-linear power spectrum predictions of Time-RG perturbation theory [13, 33]
and of the FrankenEmu cosmic emulator [48].

3.1

One-halo power spectrum

The dimensionless one-halo power spectrum as defined in reference [36] can be written in our
notation as
Z
2k 3 ∞
2
∆1h (z, k) =
dνf (ν)R3 (z, ν)U 2 (z, kR(z, ν)Dv1/3 ).
(3.1)
3π 0
Here, the Fourier-space halo profile U (z, q) of section 2.2 has been recast as a function of ν
as follows. At a given redshift z, ν determines the comoving smoothing scale R(ν) which
we identify with the comoving Lagrangian radius R of a spherical overdensity discussed in
1/3
section 2.1. It then follows from equation (2.3) that Rv (ν) = R(ν)Dv , and the dimensionless
1/3
wave number q on which U depends is equivalently q = kR(ν)Dv . As a point of reference,
figure 2 shows the one-halo power spectrum for the ΛCDM(1) model of table 2, computed
using the Sheth-Tormen mass function (2.11), the NFW density profile of table 1, and the
NFW mean concentration (2.7).
Consider the limiting behaviors of ∆21h . At low k, the normalization of U requires it to
approach unity; the low-k one-halo power spectrum therefore becomes
Z
2k 3
2
∆1h (z, k → 0) →
dν f (ν)R3 (z, ν).
(3.2)
3π
At the other end of the spectrum, the high-k behavior of U depends upon our choice of halo
profile. Using for instance the truncated power law profiles of table 1, we find for the SIS
profile U (q → ∞) → π/(2q) and hence
Z ∞
1
2
2/3
∆1h (z, k → ∞) → πDv k
d νf (ν)R(z, ν),
(3.3)
6
0

–8–

ΛCDM(1)
νΛCDM(2)
νΛCDM(3)
νΛCDM(4)
νΛCDM(5)

ωm
0.1335
0.1335
0.1335
0.1432
0.1432

ωb
0.02258
0.02258
0.02258
0.0220
0.0220

ων
0
0.01
0.001
0.000637
0.00171

h
0.71
0.71
0.71
0.67
0.67

As
2.1625 × 10−9
2.1625 × 10−9
2.1625 × 10−9
2.1 × 10−9
2.1 × 10−9

ns
0.963
0.963
0.963
0.96
0.96

τ
0.09296
0.09296
0.09296
0.09296
0.09296

Table 2. Cosmological models considered in this work, specified by the standard cosmological parameters: the total matter density ωm := Ωm h2 , which includes CDM, baryons, and neutrinos; the
baryon density ωb := Ωb h2 ; the neutrino density ων := Ων h2 ; the dimensionless Hubble parameter
h = H0 /(100 km/sec/Mpc); the amplitude As of primordial scalar perturbations; the scalar spectral
index ns ; and the optical depth τ to reionization.

where, as discussed in section 2.1, Dv can be taken to be independent of ν and cosmology.
Thus, up to constant factors, the one-halo integrand transitions from f R3 at low k to f R at
high k for the SIS halo.
Indeed, this decrease in the exponent of R in the integrand with increasing k is a completely general feature of the one-halo power spectrum, arising from the generic expectation
that U must flatten at low q and decrease at high q. If we were to approximate the high-q
behavior of |U | as a power law, i.e., |U | ∼ q −β , where β is a positive constant, then the
exponent of R decreases from 3 to 3 − 2β. Evidently from table 1, β = 1 characterizes the
high-q behavior of the SIS halo, while β = 2 describes the tophat.
Consider now a massive neutrino cosmology characterized by a neutrino fraction fN =
ων /ωm . If all other cosmological parameters besides fN are held fixed, then at high k we
generically expect the linear CB power spectrum ∆2CB (z, k) to decrease with fN at fixed k.
This decrease translates into a decrease in σ 2 (z, R) as defined in equation (2.8) and hence an
increase in ν at fixed R. Equivalently, because R(ν) is monotonically increasing, a reduction
in linear power due to a finite fN results in a fixed ν mapping to a smaller value of R.
This mapping of ν to smaller R values with increasing suppression in ∆2CB is precisely
what we need to explain the k-dependence of the one-halo power spectrum ratio between
a massive and a massless neutrino cosmology. Suppose that a neutrino-mass-induced suppression of the linear power spectrum maps to a fractional decrease of  in R at a fixed ν.
Neglecting for now the ν-dependence of , the one-halo power spectrum can be expected to
reduce by 3 at low k and by (3 − 2β) at high k, the latter of which evaluates to  for the
SIS halo. Thus, through this simple estimate, we see that suppression of the one-halo power
spectrum due to massive neutrinos must decrease with increasing k.
3.2

An analytical argument

Before proceeding to a numerical integration of the one-halo power spectrum (3.1) for different massive neutrino cosmologies, we first provide an analytical estimate of the expected
fractional suppressions of the low-k and high-k one-halo powers in terms of the neutrino fraction fN . For simplicity, we use in this subsection the Press-Schechter mass function (2.10)
and the SIS halo profile of table 1.
The filter function W 2 (kR) in equation (2.8) acts as a sharp cutoff on the integrand
at k ≈ 1/R. The effective integrand is thus sharply peaked, with a peak width given by
the inverse of the effective spectral index n∆ (k) := ∂ ln ∆2CB /∂ ln k. Thus, the integral (2.8)
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evaluates approximately to
σ 2 (R) ≈

h∆2CB (R−1 )i
,
hn∆ (R−1 )i

(3.4)

where the angle brackets h· · · i serve as a reminder that integration normally smooths out
the baryon acoustic oscillations present in ∆2CB and n∆ . In practice, to mimic this smoothing effect, we can simply replace ∆2CB and n∆ with the no-wiggle power spectrum ∆2eh of
Eisenstein and Hu [49] and its logarithmic derivative n∆eh . See details in appendix A.
1/2

,
Armed with the approximation (3.4) and hence ν(R) ≈ δsc n∆eh (R−1 )/∆2eh (R−1 )
we are now in a position to estimate the neutrino-mass-induced suppression to the low-k and
high-k integrals as per equations (3.2) and (3.3). Suppose each integral is dominated by its
integrand at ν = ν0 . In order that ν0 remains the same under a change of cosmology, we
must have
"
#
δ∆2CB
δν
1 δn∆
≈
−
ν0
2 n∆,0 ∆2CB,0
#
(
"
)
(3.5)
∂ ln n∆,0
δR
1
−1
−1
−1
n (R0 ) − ∆ (R0 ) + n∆,0 (R0 ) −
= 0,
=
2
∂ ln k k=R−1 R0
0

where n and ∆ are fractional changes in n∆ and ∆2CB , respectively, at fixed k = R0−1 due
to neutrino masses. Typically, |n |  |∆ |; the (smoothed) effective spectral index n∆ also
varies much more slowly than the (smoothed) power spectrum ∆2CB with k. Then, ignoring n
and the derivative of n∆,0 , equation (3.5) can be rearranged to give
δR
∆ (R0−1 )
≈
R0
n∆,0 (R0−1 )

(3.6)

for the fractional change in the mapping of ν to R at ν = ν0 .
Now, neutrinos making up a fraction fN of the total matter changes the linear CB
power spectrum ∆2CB by a fraction ∆ ≈ −6fN on scales relevant to the one-halo power
spectrum [7].2 It then follows that the low-k integral (3.2) changes approximately by
δ∆21h (z, k → 0)
δR
18fN
≈3
≈−
≈ −12fN ,
2
R0
∆1h,0 (z, k → 0)
n∆,0 (R0−1 )

(3.7)

and the high-k integral (3.3) by
δ∆21h (z, k → ∞)
δR
6fN
≈
≈−
≈ −4fN ,
2
R0
∆1h,0 (z, k → ∞)
n∆,0 (R0−1 )

(3.8)

where in both cases we have used n∆,0 (R0−1 ) ≈ 1.5 evaluated at the quasi-linear scale k =
0.1 h/Mpc on the basis of ΛCDM(1) of table 2. Actual numerical evaluations of the integrands
for different cosmologies displayed in figure 3 reveal that they in fact peak at scales somewhat
different from our canonical choice of R0−1 = 0.1 h/Mpc. Nonetheless, comparing the peak
values of ∆21h (z, k → 0) and ∆21h (z, k → ∞) between ΛCDM(1) and νΛCDM(2) shows
2

While the total linear matter power spectrum — defined as ∆2m = (1−fN )2 ∆2CB +2(1−fN )fN ∆2CBν +fN2 ∆2ν ,
with ∆2CBν and ∆2ν the CB-neutrino cross and the neutrino power spectrum respectively — is suppressed by
a fraction 8fN on small scales , the linear CB power spectrum ∆2CB is suppressed only by 6fN .
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Figure 3. Integrands of the low-k and high-k integrals (3.2) and (3.3) as functions of R, evaluated in
the approximation (3.4) using the Eisenstein and Hu no-wiggle power spectrum ∆2eh and the PressSchechter mass function (2.10), for three different cosmological models of table 2.

suppressions of ≈ 9fN and ≈ 5fN respectively; our estimates (3.7) and (3.8) are therefore
reasonably good.
Thus, a rough picture of the non-linear power spectrum spoon emerges. Going from
small to large wave numbers k, the two-halo power spectrum at first coincides with the linear
CB power spectrum; here, the fractional power suppression due to massive neutrinos grows
from zero at very low k to ≈ 6fN at larger, but still linear, wave numbers. At some quasilinear scale, the one-halo power spectrum begins to take over and eventually dominates; here,
the fractional suppression first deepens to ≈ 9fN and then diminishes to ≈ 5fN at very large k
values. This series of transitions, 0 → 6fN → 9fN → 5fN , in the fractional power suppression
is the origin of the neutrino spoon.
3.3

Numerical computation

Having now developed an analytical picture of the neutrino spoon, we turn next to computing
numerically the one-halo power spectrum (3.1) in different massive neutrino cosmologies. By
default we use the Sheth-Tormen mass function (2.11), the NFW density profile of table 1,
and the NFW mean concentration (2.7) in our numerical computations. Our goal in this
subsection is to show that the decreasing fN -dependence of ∆21h , and hence the spoon feature,
is qualitatively stable over a broad range of halo profile and mass function choices.
Figure 4 shows the ratio of the νΛCDM(3) to the ΛCDM(1) one-halo power spectrum
under the following variations.
• Top left: We test all six halo density profiles listed in table 1;
• Top right: We vary the NFW halo concentration parameter c∗0 in equation (2.7) over
a range c∗0 ∈ [5, 13];
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Figure 4. Ratios of the νΛCDM(3) to the ΛCDM(1) one-halo power spectra, computed under variations of the halo model ingredients. Our default choices are the Sheth-Tormen mass function (2.11)
and the NFW halo density profile of table 1 and its associated mean concentration (2.7). Top left: Variations in the halo profile following table 1. Top right: Variations in the NFW concentration parameter c∗0 . Bottom left: Variations in the parameters pst and qst of the halo mass function (2.11). Bottom
right: Variations in the virialization overdensity Dv and the spherical collapse threshold δsc .

• Bottom left: We adjust the two parameters pst and qst of the Sheth-Tormen mass
function (2.11) over the ranges pst ∈ [0, 0.4] and qst ∈ [0.5, 1], noting that the settings
pst = 0.3 and qst = 0.707 correspond to the standard Sheth-Tormen mass function,
while pst = 0 and qst = 1 reproduces the Press-Schechter mass function; and
• Botton right: We tune the virialization overdensity Dv and the spherical collapse threshold δsc , one at a time, over the ranges Dv ∈ [100, 300] and δsc ∈ [1.0, 2.5].
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Consider first the top left plot of figure 4. With fN ≈ 0.75% for the νΛCDM(3) model,
we see a large-scale suppression of ≈ 11fN decreasing to a small-scale suppression of ≈ 5fN
for the SIS profile; the NFW profile likewise yields a similar result up to k = 10 h/Mpc.
Thus, we predict an fN -dependent power spectrum suppression that increases from 0 at large
scales to 6fN on quasi-linear scales, peaks at 11fN as the one-halo power spectrum comes to
dominate, and then diminishes to 5fN at small scales. This prediction is largely consistent
with that of section 3.2 based on simple, analytical estimates (section 3.2 finds a maximum
suppression of 9fN , as opposed to 11fN from numerical computation).
Secondly, figure 4 reveals that variations to the halo density profile (i.e., shape and Dv )
affect primarily the high-k behavior of spoon, while variations pertaining to the halo mass
function (i.e., pst , qst , and δsc ) impact on the power on all scales. In all cases, however, the
qualitative trend of a decreasing sensitivity to fN with increasing k is the same. Importantly,
the determination and calibration of all ingredients used in the construction of the one-halo
power spectrum — the halo density profiles and mass functions, the spherical collapse model,
and even the halo model formalism itself — predate the first observations of the neutrino
spoon in N -body simulations [18, 19]. Thus, in this sense, one could argue that the neutrino
spoon is but a natural consequence of hierarchical structure formation.
In summary, we have shown through analytical estimates and numerical computations
that the sensitivity of the one-halo power spectrum to fN falls with rising k. This arises
from the behavior of the Fourier-transformed halo profile U (q), which is flat at low q but
decreasing at high q, and is robust with respect to our choice of mass function, density profile,
and virialization parameters. Physically, this decreasing sensitivity means that changes to
the background cosmology have a greater effect upon fluctuations at the outskirts of a halo
than upon fluctuations near its center. This accords with our intuition that the virialization
of a perturbation well inside a halo diminishes its memory of its initial condition, and makes it
more dependent upon our choice of density profile, relative to a mode near the halo outskirts.
The top panels of figure 4 provide further confirmation of this intuition. For standard halo
model parameter choices, we estimate the depth of the spoon as ≈ 10fN . We will demonstrate
in the next section that the decreasing fN -sensitivity of the one-halo term is essential for
understanding the power spectrum spoon.

4

Halo model spoon

Our central argument is that the neutrino spoon is born of (i) opposing behaviors of the
two-halo and one-halo sensitivities to fN as a function of k, and (ii) a transition from a
two-halo to a one-halo dominance in the total CB power spectrum as we increase k. Figure 5
motivates this argument. Recall from figure 2 that the one-halo term becomes larger than
the linear power at k ≈ 0.5 h/Mpc. Here, figure 5 shows that the neutrino sensitivity of the
one-halo power spectrum drops below that of the linear power spectrum at k ≈ 4 h/Mpc.
We therefore expect the bottom of the spoon to lie between these two wavenumbers. In the
following, we shall examine the location and magnitude of the spoon in more detail.
4.1

Two-halo power spectrum

Following [36] the two-halo CB power spectrum can be approximated as
∆22h (k) = B 2 (k)∆2CB (k),
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(4.1)
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Figure 5. Ratios of the νΛCDM(3) to the ΛCDM(1) CB power spectra, formed from (i) the linear
power spectrum output of Camb [10, 11], (ii) the non-linear predictions of Time-RG perturbation
theory [13, 33], and (iii) the one-halo power spectrum (3.1) for two halo mass function and halo
profile combinations.

where ∆2CB is the linear CDM+baryon power spectrum. The scale-dependent bias factor B(k)
is given by
Z
∞

B(k) =

dν f (ν)U (z, k, M (z, ν))b1 (z, ν),


qst ν 2 − 1
2pst
b1 (z, ν) = 1 + D(z) ·
,
+
δsc
δsc (1 + (qst ν 2 )pst )
0

(4.2)

where D(z) is the linear growth factor, and pst and qst are the fit parameters of the halo mass
function (2.11). On large scales, B(k) approaches unity; on small scales, its effect is to turn
off the two-halo power, since fluctuations at small separations likely belong in the same halo.
Combining equation (4.1) and the one-halo term (3.1), figure 6 shows ratios of the
νΛCDM(3) to the ΛCDM(1) total halo power spectra computed for a range of halo model
variations. Consistent with figure 4, changing the halo profile and concentration affects
primarily the small-scale behavior of the spoon, while varying the mass function, Dv , and δsc
can broaden and deepen the spoon as well as shift the location of its minimum. None of the
tested variations, however, comes even close to eliminating the spoon feature altogether. We
therefore conclude that the existence of a spoon due to neutrino masses does not require any
parameter tuning or special choices of halo model ingredients.
4.2

Redshift and halo mass dependence of the spoon

Let us also consider the redshift dependence of the spoon in figure 7. Two trends are evident
in the top panel. Firstly, the spoon shifts to smaller scales at higher redshifts. This comes
about because the linear growth factor D(z) decreases at higher z, causing R(ν) at fixed ν
to decrease, thereby pushing the one-halo power to smaller scales. This rightward shift of
the one-halo power is particularly apparent in the bottom panel of figure 7, and is consistent
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Figure 6. Ratios of the νΛCDM(3) to the ΛCDM(1) total halo power spectra, computed under variations of the halo model ingredients. Our default choices are the Sheth-Tormen mass function (2.11),
the NFW halo density profile of table 1 and its associated mean concentration (2.7), and a two-halo
term according to equation (4.1), Left: Variations in the halo profile and the NFW concentration
parameter c∗0 . Right: Variations in the halo mass function parameters pst and qst , virial density Dv ,
and spherical collapse threshold δsc .

with our expectation that, at higher redshifts, non-linear corrections to the power spectrum
come to prominence on smaller scales.
Secondly, the spoon deepens at higher redshifts. Recall from section 3.2 that reducing R at which the one-halo integrand is maximized also forces us to evaluate the effective
spectral index n∆ (k) in equations (3.7) and (3.8) at a higher value of k = R−1 . Because
n∆ (k) decreases with k and is fairly independent of redshift, this immediately means that
the neutrino-induced one-halo power suppressions (3.7) and (3.8) must evaluate to larger
magnitudes as seen in the bottom panel of figure 7, which in turn deepen the spoon. Thus,
our simple analytical approximation of section 3.2 is qualitatively consistent with both trends
in figure 7.
Next, we consider the dependence of the spoon on the halo mass. Thus far, we have
integrated over all ν — hence all halo masses — in the one-halo power spectrum (3.1) and
the two-halo bias (4.2). Figure 8 restricts these integrals to several narrow ranges of halo
masses. We find that each mass range has its own spoon, with lower-halo-mass spoons being
deeper and shifted to smaller scales. Since different types of galaxies trace different halo mass
ranges at small scales, an observational search for a spoon must take care to identify the halo
masses being probed. Additionally, the mass-dependence of the spoon is a novel prediction
of our calculation, which may be tested by observing multiple galaxy populations.
4.3

Comparison with N -body simulations

Finally, we test the precision of our halo model spoon predictions against N -body simulations.
Massive neutrinos introduce new systematic effects into simulations, which are presently
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Figure 7. Ratios of the νΛCDM(3) to the ΛCDM(1) power spectra at several redshifts, computed
using the default Sheth-Tormen mass function, the NFW halo density profile, and a two-halo term
according to equation (4.1). Top: Ratios of the total power spectra according to equation (4.1).
Bottom: Ratios of one-halo (solid) and two-halo (dashed) power spectra.

P
under better control for small neutrino masses ( mν . 0.5 eV) than for larger ones [19].
In order to minimize the impact of these systematic effects on our calculation, we choose to
compare two low-mass
neutrino models, νΛCDM(4) and νΛCDM(5) from table 2. Model
P
νΛCDM(4) has
mν = 0.059 eV, near the lower bound
Pimplied by neutrino oscillations in
a normal neutrino hierarchy [3], while νΛCDM(5) has
mν = 0.159 eV, at the upper end
of the range currently allowed by cosmological measurements in the simplest extensions to
the base ΛCDM model [14]. The remaining parameters of νΛCDM(4) and νΛCDM(5) are
either identical or close to the best-fit values inferred from the Planck 2018 data [14].
Our set of high resolution N -body simulations has been performed using a modified
version of the Pkdgrav3 [50] code including general relativistic effects and a grid-based
implementation of massive neutrinos as described in Dakin et al. [51]. First discussed in [19],
the grid-based implementation incorporates only linear neutrino perturbations, and can thus
compute the power spectra
Pto 1% precision or better strictly only for those cosmologies with
modest neutrino masses,
mν . 0.5 eV [19], a criterion satisfied by both νΛCDM(4) and
νΛCDM(5). The simulations are performed in a box of side length L = 384 Mpc/h with
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Figure 8. Ratios of the νΛCDM(3) to the ΛCDM(1) power spectra for several halo mass ranges,
computed using the default Sheth-Tormen mass function, the NFW halo density profile, and a twohalo term according to equation (4.1), at redshift z = 0.

N = 10243 cold particles. These settings enable us to extract a power spectrum spanning
the wave numbers 0.05 . k/(h/Mpc) . 15. All runs have been initialized at z = 99 using
the output of Class [32] in the N -body gauge.
Figure 9 shows the ratios of the νΛCDM(5) to the νΛCDM(4) CDM+baryon power
spectra at redshifts z = 0 to z = 1.5 obtained from our simulations. Compared with our
default halo model calculations — which, we emphasise again, use the standard spherical
collapse parameters Dv = 18π 2 ≈ 178 and δsc = (3π/2)2/3 · 3/5 ≈ 1.68647, the NFW halo
profile, and the Sheth-Tormen mass function, without further adjustments — we see good
agreement between the two sets of predictions in terms of both the position and depth of the
spoon, as well as its deepening and rightward shift with increasing redshift.
Interestingly, reference [36] suggests that using a non-linear perturbative CDM+baryon
power spectrum rather than the linear one as input in the two-halo term (4.1) may improve
the halo model predictions. We consider this option in the context of the neutrino spoon, and
replace ∆2CB in the two-halo term (4.1) with its counterpart computed from the Time-RG
perturbation theory of references [31, 52] as implemented in references [13, 33].
As shown in figure 9, using a non-linear perturbative ∆2CB input improves the agreement
between the halo model and N -body simulations in terms of predicting the broadening and
deepening of the spoon at higher redshifts (z & 1); it however overestimates both of these
effects at lower redshifts. This finding is qualitatively consistent with those of references [33,
53] that up to k ∼ 1 h/Mpc, Time-RG perturbation theory yields results compatible at
the 10% level with N -body simulations at z & 1 but overpredicts non-linear growth at
z . 0.5. At these lower redshifts, our linear and non-linear perturbative calculations provide
approximate upper and lower bounds, respectively, on the N -body spoon. Further accuracy
may be achievable through non-linear corrections to the halo bias, as in references [54–56].
However, since these corrections involve divergent integrals whose regularization introduces
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Figure 9. Ratios of the νΛCDM(5) to the νΛCDM(4) power spectra at several redshifts, obtained
from (i) N -body simulations, (ii) our default halo model using the default Sheth-Tormen mass function, the NFW halo density profile, and a two-halo term according to equation (4.1), and (iii) same
as (ii), but with the linear-theory ∆2CB in the two-halo term (4.1) replaced with its counterpart
computed from Time-RG perturbation theory.
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fitting parameters into the power spectrum, we do not pursue this approach here.
We therefore conclude that a simple halo model calculation accurately predicts the
existence of the N -body neutrino spoon, as well as its depth, width, location, and redshift
evolution. Discrepancies between the two at z & 1 can be addressed through non-linear
perturbation theory with no further adjustment to the halo mass function and density profile.
Remaining low-redshift differences are consistent with the breakdown of perturbation theory
seen in other comparisons with simulations.
4.4

Comparison with the literature

The presence of the power spectrum spoon has been observed in simulations over the years [18,
22, 23, 25, 28, 34, 37]. Notably, Massara, et al. [37] attributes the spoon to a greater reduction
in the number of large halos relative to small ones in massive neutrino cosmologies. Although
our argument in section 3.2 is qualitatively consistent with their finding that a reduction in
power spectrum amplitude gives rise to a spoon, we disagree with their explanation in two
important details.
Firstly, the two-halo power spectrum term depends upon two powers of the mass function while the one-halo term depends upon just one. If the spoon results from a greater
reduction in the number of large halos relative to small halos with increasing fN , then the
two-halo term ought to be the dominant contributor to the total spoon. Evidently from
the lower panel of figure 7, such a two-halo spoon is indeed present. However, it is several
times smaller than the actual spoon observed in N -body simulations and becomes shallower
at higher redshifts, both of which effects are incompatible with the two-halo term being the
dominant source of the spoon feature. By contrast, in section 3 we explain the spoon using
the decreasing fN -dependence of the one-halo power spectrum with increasing k, which implies that the background cosmology has a greater effect on fluctuations farther from the halo
center. Our one-halo explanation of the spoon correctly estimates its depth, about 10fN , and
its deepening with redshift in figure 7.
Secondly, if the spoon feature did arise through the greater dependence of the power
spectrum on low-mass halos at small scales, then we would not expect such a feature in the
power spectrum of halos of a single mass or of masses within a narrow range. By contrast,
as shown in figure 8, we do predict such spoon features within several narrow ranges of halo
masses, provided that (i) the halos trace the linear power spectrum on large scales, and that
(ii) perturbations deep inside each halo are less sensitive to the cosmological background than
perturbations on its outskirts. This is an observationally testable prediction, since different
types of galaxies are found in halos of different masses.

5

Conclusions

We have demonstrated that the spoon feature seen in the power spectrum ratio of massiveto-massless neutrino (or high-mν to low-mν ) cosmologies is a generic prediction of the halo
model of large-scale structure, which assigns all clustering, cold matter to virialized structures
called halos. Through analytical and graphical estimates as well as numerical calculations,
we have shown that the power spectrum associated with a pair of density fluctuations within
one halo has a decreasing sensitivity to the neutrino mass fraction fN with increasing wave
number k. This contrasts with the power spectrum for a pair of density fluctuations belonging
to two different halos, whose fN -dependence increases with increasing k. Thus, beginning at
the largest length scales and considering successively smaller scales, we see a power spectrum
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ratio initially equal to unity falling with k due to neutrino suppression of two-halo clustering,
and then rising again as virialization causes perturbations deep inside each halo to “forget”
their initial conditions.
This qualitative trend, the origin of the power spectrum spoon, is remarkably robust
with respect to variations of the halo mass function, the halo density profile, and the spherical
collapse model. As demonstrated in figures 4 and 6, notwithstanding wide variations of the
halo model parameters well beyond standard values, we were unable to find a parameter
region in which the one-halo power exhibits the undesired behavior of becoming more fN dependent on small scales.
Our simple halo model prediction, based upon the Sheth-Tormen mass function and the
Navarro-Frenk-White halo profile, matches N -body simulations remarkably well in figure 9.
Moreover, at redshifts z & 1, residual differences between our predictions and simulations can
be substantially reduced by using non-linear perturbation theory as input for the computation
of the two-halo power spectrum. Though we do not expect even non-linear perturbation
theory to predict accurately the absolute matter power spectrum at k & 1 h/Mpc, evidently
the associated errors are sufficiently fN -independent that they largely cancel out of the power
spectrum ratio, yielding accurate calculations of the power spectrum spoon that do not
require any parameter tuning whatsoever.
In conclusion, the N -body power spectrum spoon in massive neutrino cosmologies observed repeatedly over the past twelve years is a real, physical phenomenon rather than
a systematic error associated with the simulations themselves. It arises through a nonperturbative effect, namely, the collapse and virialization of cold matter into halos. The spoon
feature is confirmed to remarkable accuracy by a simple halo model calculation (with optional
higher-order perturbative inputs), which reproduces N -body predictions of the depth, width,
position, and redshift-dependence of the spoon with no need for fitting parameters.
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A

Eisenstein and Hu no-wiggle power spectrum

The Eisenstein and Hu no-wiggle linear power spectrum and the corresponding effective
spectral index are given by [49]
N 3+ns 2
2
k
D (z)Teh
(k),
2π 2
∂ ln ∆2eh
∂ ln Teh (k)
n∆eh (z, k) :=
= 3 + ns + 2
.
∂ ln k
∂ ln k
∆2eh (z, k) =

(A.1)
(A.2)

Here, D(z) is the linear growth factor (equal to the scale factor a in an Einstein-de Sitter
universe), N is a normalization constant with units (Mpc/h)3+ns , and Teh (k) is the linear
transfer function. The last is well fitted by
Teh (k) =

Leh (k)
2 (k) ,
Leh (k) + Ceh (k)qeh

– 20 –

(A.3)

with coefficients
Leh (k) = ln(2e + 1.8qeh (k)),
731
Ceh (k) = 14.2 +
,
1 + 62.5qeh (k)


TCMB,0 2
k
,
qeh (k) =
Γeff (k) 2.7 K


ωm
1 − αΓ
Γeff (k) =
αΓ +
,
h
1 + (0.43ks)4
ωb
ln(431ωm ) + 0.38
αΓ = 1 − 0.328
ωm
44.5h ln(9.83/ωm )
Mpc/h.
s= q
3/4
1 + 10ωb

(A.4)


ωb
ωm

2
ln(22.3ωm ),

Note that this set of fitting functions applies strictly only to ΛCDM cosmologies.
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