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Abstract. The restriction of an irreducible unitary representation π of a real reductive
group G to a reductive subgroup H decomposes into a direct integral of irreducible unitary
representations τ of H with multiplicities m(π, τ) ∈ N ∪ {∞}. We show that on the smooth
vectors of π, the direct integral is pointwise defined. This implies that m(π, τ) is bounded
above by the dimension of the space HomH(π∞|H , τ∞) of intertwining operators between
the smooth vectors, also called symmetry breaking operators, and provides a precise relation
between these two concepts of multiplicity.

Introduction

Let G be a real reductive group and H ⊆ G a reductive subgroup. Then, for any irreducible
unitary representation (π,Hπ) of G, its restriction to H decomposes into a direct integral of
irreducible unitary representations (τ,Hτ ) of H, i.e. there exists an H-equivariant unitary
isomorphism

T : Hπ →
∫ ⊕
Ĥ
Hτ ⊗Mπ,τ dµπ(τ), (1)

where Mπ,τ is a family of Hilbert spaces (called multiplicity spaces) and µπ a Borel measure

on the unitary dual Ĥ of H. Here, H acts only on the first factor of Hτ ⊗Mπ,τ , so

m(π, τ) = dimMπ,τ ∈ N ∪ {∞}

is the multiplicity of τ in π. Note that the function τ 7→ m(π, τ) is unique up to a set of
measure zero, and in this sense the direct integral decomposition is unique.

The map T is in general not pointwise defined, i.e. there do not exist continuous linear

maps Aπ,τ : Hπ → Hτ ⊗Mπ,τ such that T (v)τ = Aπ,τ (v) for µπ-almost every τ ∈ Ĥ. In
fact, the existence of a non-zero H-equivariant continuous linear map Hπ → Hτ implies that
τ occurs discretely inside π|H , i.e. µπ({τ}) > 0. To also capture the continuous part of the
decomposition, one has to restrict to a subspace of Hπ. We show that the dense subspace
H∞π of smooth vectors is sufficient for this purpose:

Theorem A. The restriction of T to the smooth vectors H∞π is pointwise defined, i.e. for

every τ ∈ Ĥ there exists an H-equivariant continuous linear map A∞π,τ : H∞π → Hτ ⊗Mπ,τ

such that

T (v)τ = A∞π,τ (v) for µπ-almost every τ ∈ Ĥ.
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We remark that every H-equivariant continuous linear map H∞π → Hτ automatically maps
into the smooth vectors H∞τ of τ , i.e. is contained in HomH(H∞π ,H∞τ ). Such operators are
also called symmetry breaking operators (see Kobayashi [5]). The space of symmetry breaking
operators has been studied intensively in connection with finite multiplicity/multiplicity one
statements (see e.g. [6, 10]) and branching laws for specific pairs of groups (G,H) (see e.g.
[2, 3, 7, 9]). Theorem A shows that the direct integral decomposition (1) of an irreducible
unitary representation can always be constructed in terms of symmetry breaking operators.
This statement might have been common knowledge, but we could not find a reference in the
literature.

Theorem A implies an upper bound for the multiplicity m(π, τ) in terms of the dimension
of the space HomH(π∞|H , τ∞) = HomH(H∞π ,H∞τ ) of symmetry breaking operators between
the smooth vectors of π and τ :

Corollary B. For µπ-almost every τ ∈ Ĥ:

m(π, τ) ≤ dim HomH(π∞|H , τ∞).

We remark that, although this upper bound is attained for some representations τ , the
right hand side might be strictly larger in many cases. This means that not every non-trivial
symmetry breaking operator contributes to the decomposition of the unitary representation.

Acknowledgments. The author was supported by a research grant from the Villum
Foundation (Grant No. 00025373).

1. Direct integrals of Hilbert spaces

We briefly recall the construction of direct integrals of Hilbert spaces following the exposi-
tion in [8, Section 8].

Let (Hλ)λ∈Λ be a family of Hilbert spaces indexed by a second-countable topological space
Λ and let µ be a σ-finite Borel measure on Λ. Denote by 〈·, ·〉λ the inner product on Hλ.
We identify elements s ∈

∏
λ∈ΛHλ with sections s : Λ →

⊔
λ∈ΛHλ satisfying s(λ) ∈ Hλ for

every λ ∈ Λ. Suppose we are given a subspace F ⊆
∏
λ∈ΛHλ, called the space of measurable

sections, satisfying:

• For all s, t ∈ F the map Λ→ C, λ 7→ 〈s(λ), t(λ)〉λ is measurable.
• If s ∈

∏
λ∈ΛHλ is such that λ 7→ 〈s(λ), t(λ)〉λ is measurable for all t ∈ F , then s ∈ F .

• There exists a countable subset (sn)n∈N ⊆ F such that {sn(λ) : n ∈ N} spans a dense
subspace of Hλ for every λ ∈ Λ.

The family (Hλ)λ∈Λ together with the measure µ and the subspace F of measurable sections
is called a measurable family of Hilbert spaces. The direct integral of such a family is defined
as the Hilbert space∫ ⊕

Λ
Hλ dµ(λ) =

{
s ∈ F :

∫
Λ
〈s(λ), s(λ)〉λ <∞

}/
∼

of square integrable sections modulo the subspace of sections which are zero almost every-
where. This Hilbert space carries the obvious inner product.

A continuous linear map T : E →
∫ ⊕

Λ Hλ dµ(λ) from a topological vector space E into a
direct integral is said to be pointwise defined if there exists a continuous linear map Tλ : E →
Hλ for every λ ∈ Λ such that for every v ∈ E:

T (v)(λ) = Tλ(v) for almost every λ ∈ Λ.
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Theorem 1 (Gelfand–Kostyuchenko, see e.g. [1, Theorem 1.5]). Every Hilbert–Schmidt

operator T : H →
∫ ⊕

Λ Hλ dµ(λ) is pointwise defined.

Lemma 2. Assume that T : H →
∫ ⊕

Λ Hλ dµ(λ) is pointwise defined and has dense image,
then almost every Tλ : H → Hλ has dense image.

Proof. Let (sn) ⊆
∫ ⊕

Λ Hλ dµ(λ) as in the definition of the direct integral. For each n we let

Λn = {λ ∈ Λ : sn(λ) /∈ Tλ(H)}.

We first show that every Λn has measure zero. Assume to the contrary that some Λn has
positive measure. Then

‖sn − T (v)‖2 =

∫
Λ
‖sn(λ)− Tλ(v)‖2 dµ(λ) ≥

∫
Λn

‖sn(λ)− Tλ(v)‖2 dµ(λ)

=

∫
Λn

‖sn(λ)⊥‖2 + ‖sn(λ)‖ − Tλ(v)‖2 dµ(λ) ≥
∫

Λn

‖sn(λ)⊥‖2 dµ(λ),

where sn(λ)‖ resp. sn(λ)⊥ denotes the orthogonal projection of sn(λ) to Tλ(H) resp. Tλ(H)⊥.
The latter integral is positive since sn(λ)⊥ 6= 0 on Λn which is of positive measure. This shows
that ‖sn − T (v)‖ ≥ c > 0 for all v ∈ H, contradicting the fact that T has dense image.
We have shown that Λn is of measure zero for every n, hence the countable union

⋃
n Λn

has measure zero. This implies for almost every λ that sn(λ) ∈ Tλ(H) for all n, so by
the assumption that (sn(λ))n spans a dense subspace of Hλ for every λ, we obtain that

Tλ(H) = Hλ for almost every λ. �

2. Sobolev norms on unitary representations

Let G be a real reductive group, g its Lie algebra and g = k ⊕ p a Cartan decomposition.
Denote by ∆k ∈ U(k) the Casimir element of k with respect to an invariant inner product on
k. For an irreducible unitary representation (π,H) of G we write (π∞,H∞) for the subrepre-
sentation on the Fréchet space of smooth vectors. For every N ∈ N,

‖v‖2N =
N∑
j=0

‖(dπ(∆j
k )v‖

2 (v ∈ H∞)

defines a continuous norm ‖ · ‖N on H∞ which dominates the Hilbert space norm ‖ · ‖ of H.
Therefore, the completion HN of H∞ with respect to the norm ‖ · ‖N naturally embeds into
H and yields a scale of Hilbert spaces

H∞ ⊆ . . . ⊆ HN+1 ⊆ HN ⊆ . . . ⊆ H0 = H.

Lemma 3. For 4N > dim k the embedding HN ↪→ H is Hilbert–Schmidt.

Proof. Note that we may assume G to be connected by decomposing H into the direct sum
of finitely many irreducible representations of the identity component G0 of G.
Next, decompose H =

⊕
σ∈K̂ H[σ] into K-isotypic components. Then dπ(∆)|H[σ] is a scalar

multiple of the identity. To describe the scalar, we identify an irreducible representation σ
of K with its highest weight in it∗ with respect to a maximal torus t ⊆ k and a system of
positive roots. Then

dπ(∆k)|H[σ] = −(|σ + ρk|2 − |σ|2) idH[σ],
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where | · | denotes the norm on t∗ induced from the same invariant inner product on k that
was used for the construction of the Casimir element ∆k. It follows that the square of the
Hilbert–Schmidt norm of the embedding HN ↪→ H is given by∑

σ∈K̂

dimH[σ]∑N
j=0(|σ + ρk|2 − |σ|2)2j

≤ C
∑
σ∈K̂

(1 + |σ|)−4N dimH[σ]

for some C = CN > 0, where ρk ∈ it∗ is half the sum of all positive roots. By a result
of Harish–Chandra [4, Theorem 4] combined with the Weyl Dimension Formula, there exist
C ′, C ′′ > 0 such that

dimH[σ] ≤ C ′(dimσ)2 ≤ C ′′(1 + |σ|)dim k−dim t for all σ ∈ K̂.
Hence, the square of the Hilbert–Schmidt norm of the embedding HN ↪→ H can be bounded
by a multiple of ∑

σ∈K̂

(1 + |σ|)dim k−dim t−4N .

Summation is over the highest weight lattice in it∗, hence the sum is finite if and only if
dim k− dim t− 4N < −dim t. �

3. Proof of the main results

Combining Lemma 3 with Theorem 1 shows that the restriction of T to the Sobolev com-
pletion HNπ is pointwise defined for N sufficiently large. Composing with the continuous linear
embedding H∞π ↪→ HNπ shows Theorem A.

Now let A∞π,τ : H∞π → Hτ ⊗Mπ,τ , τ ∈ Ĥ, be as in Theorem A. For an orthonormal basis
(wα)α=1,...,m(π,τ) of Mπ,τ , m(π, τ) = dimMπ,τ ∈ N ∪ {∞}, write

A∞π,τ (v) =
∑
α

A∞π,τ,α(v)⊗ wα (v ∈ H∞)

with Aπ,τ,α ∈ HomH(H∞π ,Hτ ). If A∞π,τ has dense image, then the operators A∞π,τ,α have to be
linearly independent, so m(π, τ) = dimMπ,τ ≤ dim HomH(H∞π ,Hτ ). Lemma 2 implies that
this is the case for almost every τ .
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