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ABSTRACT
We present a new efficient approach for potential energy surface construction. The algorithm employs the n-mode representation and com-
bines an adaptive density guided approach with Gaussian process regression for constructing approximate higher-order mode potentials. In
this scheme, the n-mode potential construction is conventionally done, whereas for higher orders the data collected in the preceding steps
are used for training in Gaussian process regression to infer the energy for new single point computations and to construct the potential. We
explore different delta-learning schemes which combine electronic structure methods on different levels of theory. Our benchmarks show
that for approximate 2-mode potentials the errors can be adjusted to be in the order of 8 cm−1, while for approximate 3-mode and 4-mode
potentials the errors fall below 1 cm−1. The observed errors are, therefore, smaller than contributions due to missing higher-order elec-
tron excitations or relativistic effects. Most importantly, the approximate potentials are always significantly better than those with neglected
higher-order couplings.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5092228

Vibrational spectroscopy is a powerful tool for studying various
phenomena in different fields of chemistry ranging from industrial
to biological applications. However, it is often difficult to assign sig-
nals in the spectrum correctly based on experimental measurements
only. Therefore, it is of importance to have methods of theoreti-
cal chemistry which deliver accurate predictions of spectroscopic
parameters. Starting from the early days of quantum chemistry, the
harmonic approximation is commonly used to calculate IR spectra;
however, over the last decade, methods such as Vibrational Pertur-
bation Theory1–3 (VPT), Vibrational Configuration Interaction4–6

(VCI), and Vibrational Coupled Cluster6–8 (VCC) gained a lot of
interest since they provide a highly accurate description of anhar-
monic frequencies. However, these methods require accurate poten-
tial energy surfaces (PESs) to be available. Therefore, very accurate
but costly electronic structure methods, for example, Coupled Clus-
ter Singles and Doubles with inclusion of the perturbative Triples
correction [CCSD(T)], are required. A large number of single point

computations (SPCs) are needed for a sufficiently accurate descrip-
tion of the PES, limiting the use of these methods to small molecular
systems. Although the increasing dimensionality of PESs for larger
systems is unavoidable, it is relevant to consider if the calculated data
contain redundancies and if the same accuracy can be achieved at a
smaller computational cost. Here, techniques originating from the
field of Machine Learning (ML) can offer inspiration for new solu-
tions. These methods have gained a lot of interest in the recent years
and were also successfully applied in quantum chemistry by a num-
ber of research groups.9–16 For example, Gaussian Process Regres-
sion (GPR) was already successfully applied to construct PESs,13,17–20

evaluate PES matrix elements in a convenient format,21 acceler-
ate time-dependent dynamics,22 model collision dynamics,10,23 and
accelerate geometry optimizations.24,25 We here apply GPR in com-
bination with a physically motivated sampling technique and delta-
learning26 to significantly lower the number of costly SPCs needed.
In delta learning, we perform GPR on the difference between the
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accurate but costly method M1 and the less expensive method M2
to provide access to fast and approximate but still very accurate M1
level data.

A full dimensional description of the PES becomes soon
impractical for a large number of atoms, Natoms. To address this
issue, the n-mode expansion27–30 can be invoked to approximate the
potential V(q) as a converging sequence of terms

V(1)(q),V(2)(q),V(3)(q), . . . ,V(M)(q). (1)

Here, the vector q denotes the normal coordinates with M = 3Natom

− 6(5) of degrees of freedom. V (n) includes at most n-mode cou-
plings and is a linear combination of m-mode cuts (m ≤ n; e.g.,
Vm1m2 , Vm1 ). The potential can, thus, be written as

V = ∑
mn∈MCR{V}

V̄mn , (2)

where MCR is the range of included mode combinations (MCs)
mn = (m1, m2, . . ., mn) of various sizes and the equality to the exact
potential holds only if the MCR is not truncated. Overcounting in
this expansion is avoided by defining the “bar” potentials used above
as

V̄mn = Ŝmn
n
∑
n′=1
(−1)n−n

′
(n
n′
)Vmn′ , (3)

where Ŝmn is a symmetrization operator. For a 2-mode potential, this
yields, for example,

V̄m1m2 = Vm1m2 − Vm1 − Vm2 . (4)

These potentials are usually obtained via fitting (by, e.g., polynomi-
als) to V̄m1m2 values obtained from the data of SPCs. The number of
the SPCs for an n-mode potential is given by

Npoints =
n
∑
k=1
(M
k
)(gk)k, (5)

where gk is the number of single points per direction in the
generation of the direct product grid at the mode-coupling
level k.

The optimal number of gk is usually unknown. It depends on
the specific case and can vary for different parts of the PES of the
same molecular system. For some regions, a dense grid is required,
while for other regions a more coarse grained description may be
sufficient. To mitigate this problem, we will employ the adaptive
density guided approach (ADGA) for selecting gk in a black-box
manner within an n-mode representation. Note that the construc-
tion of the n-mode representation becomes in some sense trivial
if a full-dimensional PES is available. Still, it can be challenging to
actually use a full mode-coupling potential in VCI and other com-
putations, and the n-mode coupling expansion is in this sense still
useful there. The recent work of Chen and Bowman in Ref. 31 for
the formic acid dimer is an example employing the full potential
described in Ref. 32.

ADGA33 is an iterative procedure to sample points on the PES
by means of the average vibrational density

ρave
iter(qm) =

1
Nmodal

Nmodal

∑
sm=1
∣φmsm(qm)∣2, (6)

obtained from a set of vibrational self-consistent field (VSCF) one-
mode mean field eigenfunctions, φmsm(qm). The ADGA convergence
criteria determine whether the potential is converged in terms of
changes in the energy-like quantity in different intervals I,

∫
I
ρave

iter(qm)Vmn
iter(qm)dqm. (7)

Convergence will be checked for an absolute and relative change
from iteration to iteration. If necessary, ADGA also extends the
grid boundaries. During the ADGA iterations, the individual MCs
are fitted to a sum of products form, allowing any fit basis to be
used according to Ref. 34. ADGA has previously been employed
in a multilevel manner.35 In this work, our focus is not to change
ADGA itself but only to employ ML alongside ADGA in a mul-
tilevel fashion. Thus, in addition to conventionally calculated elec-
tronic structure SPCs, we will use GPR to infer some of the data for
ADGA.

GPR belongs to a class of machine learning algorithms based
on the Bayesian inference.36 A Gaussian Process (GP) is a statisti-
cal distribution of functions, for which every finite linear combina-
tion of samples has a joint Gaussian distribution. For the present
purpose of constructing a potential V(x), we introduce the vec-
tor v = (V(x1),V(x2), . . . ,V(xN)), where x = (x1, x2, . . . , xd)
is a vector of dimensionality d containing the coordinates for
a given structure in the training set of N data points. It will
be assumed that the elements of v have a multivariant Gaussian
distribution

v ∼ N(0,K + σ2I) (8)
with zero mean function 0, co-variance matrix K, in which elements
i, j are obtained from a kernel function K ij = k(xi, xj), and a regular-
ization term σ2I, where I is the identity matrix. The kernel performs
an implicit mapping to a higher-dimensional feature space.37,38 We
make use of a modified Matérn 5/2 kernel

k(x, x′) = σ2
⎛
⎜
⎝

1 +

¿
ÁÁÀ5

d
∑
i=1

(xi − x′i)2

l2i
+

5
3

d
∑
i=1

(xi − x′i)2

l2i

⎞
⎟
⎠

× exp
⎛
⎜
⎝
−

¿
ÁÁÀ5

d
∑
i=1

(xi − x′i)2

l2i

⎞
⎟
⎠

, (9)

where d is the number of orthogonal dimensions in the vector x.
The parameters σ2 and li are usually referred to as hyperparameters.
In this work, the hyperparameters are optimized by maximizing the
logarithm of the marginal likelihood36 using the iRprop algorithm39

as described in Ref. 24.
To predict the energy of unknown points v∗ = (V(x∗1 ),V(x∗2 ),

. . . ,V(x∗N)), we condition the joint Gaussian prior on the observa-
tions

v∗∣v ∼ N(µ,Σ) (10)
and use the mean function of the conditional distribution as a
predictor

V(x) ≈ µ = K(X∗,X)(K(X,X) + σ2I)−1
v = K(X∗,X)ω. (11)

The co-variance matrix,

Σ = K(X∗,X∗) − K(X∗,X)K(X,X)−1K(X,X∗), (12)
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can be used as a statistical error estimate. The weights ω are obtained
by solving the linear system of equations

(K + σ2I)ω = v (13)

using Cholesky decomposition and back substitution, which scales
as O(N3).

To train the predictor to a sufficiently high accuracy, it is
important that the data are as representative as possible. ADGA can
be seen as a physically motivated sampling technique, and we there-
fore employ ADGA to generate a representative data set for GPR
training. Here, we choose a clear-cut multilevel approach, in which
ADGA is run on an n-mode PES surface with SPCs without any GPR
contribution. Subsequently, the GPR is trained on these data-points
providing access to (n + 1)- or higher-order mode coupling surfaces.
ADGA can now run for the n + 1 couplings, e.g., using the GPR as
the SPC provider. This scheme is illustrated in Fig. 1 for the so-called
[n gpr n + δ]M scheme.

Additionally, we employ delta-learning26 in the construction of
PESs with the aid of GPR. This means that the GPR is not trained
on, for instance, the full CCSD(F12∗)(T) energy but on a correction
∆, which corrects lower-level methods. The following options are
considered:

● ∆SCF: Learning the difference of CCSD(F12∗)(T) and SCF
(HF).

● ∆MP2: Learning the difference of CCSD(F12∗)(T) and
RI-MP2.

● ∆MP2-F12: Learning the difference of CCSD(F12∗)(T) and
RI-MP2-F12.

Our initial tests indicate that errors obtained with the addi-
tional choice of ∆ZERO [learning the full CCSD(F12∗)(T) energy]
are significantly larger than those from other schemes. Therefore,
it is not considered in this paper. At the end of this section, we
also show that the main saving of employing GPR in the asymp-
totic limit does not originate from the choice of M2 as long as the
computational scaling of M1 and M2 differs by a power of two or
more.

There are some aspects of our choices, which need to be com-
mented. In the sketched setup, the GPR training and prediction
is done in nonredundant internal coordinates using bond length,
bond angles, and dihedrals with individual hyperparameters for each
internal coordinate. Internal coordinates are attractive for this pur-
pose since by construction they fulfill rotational and translational

invariance and offer an easy physical interpretation. Other aspects
such as permutational invariance under exchange of equivalent par-
ticles are not built into our scheme. Ensuring always the same order
of atoms and coordinates, etc., there is no particular problem in the
predictions in the present context. However, permutational symme-
try has been very successfully used in PES construction in general
and also discussed in ML contexts40–42 and may be an important
efficiency gain in future work. It should, for example, be relatively
straightforward to pick up ideas of Conte et al. from their work43

on permutationally invariant fitting bases for PESs. Another reason
for doing the GPR training in internal coordinates while the ADGA
PES is done in normal coordinates is that this gives an alternative
interpolating view on the PES. In the extreme case, consider train-
ing the GPR in the n-mode representation by calculating V̄ surfaces
individually in normal coordinates. If we consider the (noise-free)
prediction of an (n + 1)-coupling from a data set strictly lying only
on the n- and lower-order sub-surfaces, then the particular n + 1-
coupling will be predicted to be zero. Furthermore, the use of inter-
nal coordinates for the GPR based on the full set of grid points of a
normal coordinate n-mode expansion offers a possibility to do inter-
polations across the different surfaces for different couplings and
different coupling levels. This exploits that the two set of coordinates
are different with the internal coordinate providing another relevant
physical description.

Linked to the choice of coordinates is the choice of a kernel.
We use a Matérn kernel since we found it superior to the also imple-
mented squared exponential kernel, but any kernel can be easily
used. The final outcome depends on both the choice of coordinates
and the choice of kernel function. Still, we advocate to use individual
hyperparameters which are optimized for each internal coordinate
and thus adjusted to both the physical nature of the coordinate and
the data set. In any case, care must be exercised in choosing con-
sistent and well-behaved coordinate ranges for periodic coordinates
like dihedral angles.

Before assessing the different schemes using n-mode data for
inference of higher-order mode contributions n + δ with δ = 1, 2,
. . ., we discuss some formal computational cost arguments. In par-
ticular, the computational cost of the conventional PES construction
and the one based on GPR should be compared. For this purpose, we
consider only the leading terms in Eq. (5) and assume the same num-
ber of grid points g for the different MC levels. Then, the cost ratio
is given by

FIG. 1. Illustration on incorporation of
GPR into ADGA. The ADGA procedure
is carried out conventionally up to the
n-mode level. For the levels n + δ, the
generated data are used to train a GPR,
which is then used as a replacement for
conventional electronic structure calcula-
tions.
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GPR(n + δ)
Full(n + δ) =

n+δ
∏

k=n+1
k

gδ
M−n
∏

k=M−(n+δ)+1
k

+ Ns2−s1
orb

p2

p1
, (14)

where M is the number of modes, Norb is the number of atomic
orbitals in the electronic structure method, s1 and s2 are the com-
putational scaling of methods M1 and M2, and p1 and p2 are their
prefactors. For the simplest case with δ = 1, we obtain

GPR(n + 1)
Full(n + 1) = n + 1

(M − n)g + Ns2−s1
orb

p2

p1
. (15)

Note that Norb is proportional to M. For s2 − s1 = −2 or smaller
[s2 = 5 and s1 = 7 for the MP2 and CCSD(T) cases], the second
term on the right-hand side is faster decaying than the first term.
Although n is here in the nominator, the ratio will for realistic set-
tings always be below 1. Already for unrealistically small values like
M = 3, g = 4, and n = 2, the ratio drops below 1. For realistic values
of g of order 10 and, in particular, for larger M, the factor will be of
order of a few percent; i.e., the GPR is a major efficiency boost.

It would of course reduce computational cost further if the
M2 electronic structure calculations for the higher order mode cou-
plings were completely avoided. However, this ∆ZERO model gives
poor results in the current setup. It will only be a relevant option,
if a different sampling technique was used. It is certainly possible
to consider some general stochastically sampling techniques. This
could give a more global view on the PES, but the prize of that is the
cost of the sampling will be less clear-cut compared to that obtained
within the n-mode expansion. Thus, a reduction in computational
costs might not be ensured, and the scaling with increasing dimen-
sionality is uncertain. The fraction of the total M2 computation time
used compared to that for the M1 level can be estimated, along sim-
ilar lines as above. Clearly with very high δ, the most computational
work derives from the M2 computations. However, for the δ = 1
case, we have

M2(n + 1)
M1(n) = g

p2

p1
Ns2−s1

orb
M − n
n + 1

. (16)

Since Norb is proportional to M, we find for s2 − s1 = −2 or smaller
a decaying ratio with increasing M. That is, as the molecule size
increases, the CCSD(T) computations will more and more dominate
over the MP2 cost for [2gpr3] and [3gpr4] computations. For the
δ = 2 case

M2(n + 2)
M1(n) = g2 p2

p1
Ns2−s1

orb
(M − n)(M − n − 1)
(n + 2)(n + 1) , (17)

we have overall similar scaling of the MP2 and the CCSD(T) part,
and the details will decide where the primary costs are for [1gpr3]
and [2gpr4]. In summary, GPR offers a major efficiency boost, and
the additional lower level computations add modest extra cost for
increasing the mode-coupling level with 1 or perhaps even 2. If
even higher mode couplings should be needed, it is likely relevant
to enlarge also the M1 database for a balanced use of computational
effort. However, a GPR boost of 1–2 levels of coupling for a similar
level of computational cost is very promising, and we now turn to
testing the method in these regimes.

We used the TURBOMOLE program package V7.044 both
for structure optimization and calculation of the SPs required. As
basis, the cc-pVDZ-F12 basis set of Peterson and co-workers45

was used. The MidasCpp code46 was used for all potential con-
struction within the n-mode expansion27–30 employing ADGA and
VCC[2], VCC[3], and full vibrational configuration interaction
(FVCI) response theory47 for the anharmonic energy computations.
To train the ML algorithms, we used a minimal set of internal coor-
dinates as described in our previous work.24 Further computational
details are included in the supplementary material.

To assess the accuracy of different [n gpr n + δ]M schemes,
we used the test set listed in Table I. We construct approximate
2-mode and 3-mode potentials and use the deviation in, respec-
tively, the VCC[2] and VCC[3] fundamental frequencies from those
in conventionally calculated potentials as error measure. All the
raw data with 837 fundamental frequencies ν can be found in the
supplementary material. VCC[2] was used for the 2-mode poten-
tials, whereas VCC[3] calculations were carried out for the 3-mode
potentials. Figure 2 shows the error distribution for [1gpr2]M and
[2gpr3]M potentials for the different tested delta-learning schemes.
Recall that [1gpr2]M is compared against a 2M reference, while
[2gpr3]M is compared against 3M values. For [1gpr2]M, the distri-
butions are relatively broad and the mean absolute errors (MADs)
are in the range of 5–11 cm−1. For the different [1gpr2]M schemes,
the following hierarchy of accuracy can be observed: ∆SCF < ∆MP2
< ∆MP2-F12. In the case of the [2gpr3]M potentials, the error dis-
tributions are much more narrow and in the case of ∆MP2 and
∆MP2-F12 are closely centered around zero. For those two schemes,
the MADs are around 1 cm−1, while for ∆SCF it is still around
7 cm−1. Thus, we observe a greater improvement for ∆MP2 and
∆MP2-F12. Furthermore, ∆MP2 and ∆MP2-F12 results are very similar
and, in fact, ∆MP2 performs slightly better. We can establish the
following hierarchy: ∆SCF < ∆MP2-F12 ≈ ∆MP2. Since RI-MP2 calcu-
lations are typically by a factor of 7–10 faster than RI-MP2-F12
calculations, there is no substantial advantage of ∆MP2-F12 over ∆MP2
here.

So far, the GPR was used to extrapolate from the n to the n
+ 1 PES. The next logical step is to also investigate the n + 2 extrap-
olation. For these purposes, we studied the [1gpr3]M case using
3M data as reference in VCC[3]. The root mean sqaure deviation
(RMSDs) for the different tested approaches are given in Fig. 3. The
results for [1gpr3]M are in the same ballpark as for their [1gpr2]M
counterparts. It is interesting to see if this trend carries over to
[2gpr4]M potentials. Here, it is much more challenging to create the
reference values and we restrict ourselves to only a few examples.
The errors in the obtained frequencies are plotted in Fig. 4. As com-
parison, the errors on the VCC[3]/[2gpr3]M level are also plotted.
The errors are nearly on top of each other in most cases. How-
ever, to some extent, this can be explained by the frequencies not

TABLE I. List of the molecules in the test set in alphabetical order.

Molecules

SOF2 SOCl2 SO2 S3 O3 NOF N2CO HONO HNO2 HFCO H2S
H2O H2CS H2CO FSN FNS FNO2 F2O F2CO ClNO Cl2O
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FIG. 2. Distribution φ(∆ν) = 1/
√

2πσ2
∆ν exp (−(∆ν−µ∆ν)2

/2σ2
∆ν) for the errors ∆ν in the VCC[2]/VCC[3] fundamentals, where µ∆ν is the mean error and σ2

∆ν is the standard
deviation. Different approximate 2- and 3-mode potentials with different delta-learning schemes were tested. As reference, always the equivalent non-GPR approximated
potential was used. On the right side, the distributions for the 2-mode potentials are shown separately on a larger range to better show their relative performance.

differing much when calculated based on a 3-mode or a 4-mode
potential. Nevertheless, there are cases of larger changes, for exam-
ple, for the fundamental frequency ν6 in H2CO, where we observe
contributions around 10 cm−1, which are also captured by the GPR
corrected potentials. For a complete list of all values, we refer to
the supplementary material. Thus, all observations so far lead to the
conclusion that the accuracy of the GPR is mainly affected by the
used training set size. This is a promising finding. In most cases, it
will be possible to calculate a 2-mode potential or at least a 1-mode
potential with very accurate electronic structure methods and the
GPR then allows us to construct 4-mode potentials and higher mode
couplings with a similar accuracy on the electronic structure level at
reduced computational costs. To give a concrete example in terms of
required SPCs, we take a closer look at H2CO. For the full 4-mode
potential, 82 111 CCSD(F12∗)(T) calculations are needed. In the
[2gpr4]M scheme, only 2517 of those calculations are needed, while

FIG. 3. RMSD for fundamental frequencies ν (cm−1) on the VCC[2] and VCC[3]
level for the 2- and 3-mode potentials, respectively. Results are shown for three
different learning schemes ∆SCF (red), ∆MP2 (blue), and ∆MP2-F12 (green).

the remaining 79 594 SPCs are done using RI-MP2-F12 including
GPR correction. This results in a large efficiency boost.

The observed results, especially for the RI-MP2 and RI-MP2-
F12 n ≥ 3 mode potentials, are encouraging, and the errors are
smaller than those one usually expects from neglecting higher-
order electron correlation effects or relativistic effects. However, it is
important to obtain a clearer overview on how much the GPR cor-
rection improves the description given by the lower-level method
here for, e.g., RI-MP2. For this purpose, the errors in the fun-
damentals are plotted in Fig. 5 when calculated from a RI-MP2
potential and a RI-MP2 potential including GPR correction. In all
cases, the results including GPR correction are better than those
without it.

In summary, we have demonstrated how to combine GPR with
a physically motivated sampling technique in the context of PES
construction to build approximate CCSD(F12∗)(T) potentials in the

FIG. 4. Errors in the fundamental frequencies on the [2gpr3]M (red) and [2gpr4]M
level (blue). For the 4-mode potential, the frequencies were calculated on the FVCI
level and for the 3-mode potential on the VCC[3] level. In all cases, RI-MP2-F12
was used as the lower level method.

J. Chem. Phys. 150, 131102 (2019); doi: 10.1063/1.5092228 150, 131102-5

Published under license by AIP Publishing

https://scitation.org/journal/jcp
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-150-030914


The Journal
of Chemical Physics COMMUNICATION scitation.org/journal/jcp

FIG. 5. Errors in the fundamental frequencies at the VCC[2] and VCC[3] levels. The
results are obtained with RI-MP2 (red squares) and RI-MP2 and GPR correction
(blue dots) and are plotted for the individual molecules on a logarithmic scale.
As reference, the fundamentals are used, which were obtained with PESs based
on CCSD(F12∗)(T) calculations. The results are presented for the 2- and 3-mode
potentials on the top and bottom, respectively.

n-mode representation. The data of the n-mode potential were used
to train a GPR for constructing the higher mode potential, where
a surface of a lower level electronic structure method is corrected
to yield CCSD(F12∗)(T) accuracy. This extrapolation scheme was
tested based on a test set of 21 molecules.

For the [1gpr2]M potential, the different delta-learning
schemes behave similarly and a RMSD around 20 cm−1 for the
fundamental frequencies can be obtained. For [2gpr3]M, ∆MP2
and ∆MP2-F12 are superior to ∆SCF. Using either ∆MP2/[2gpr3]M or
∆MP2-F12/[2gpr3]M, the errors fall below 1 cm−1. Thus, the errors
are smaller than those that can be expected from neglecting higher-
order electron correlation, core effects, or relativistic effects in the
potential. Furthermore, it was found that the accuracy of the GPR
is mainly bounded by the training set quality. This allows extrapola-
tion to the [2gpr4]M scheme with similar accuracy. These findings
encourage further study of the “extrapolative” feature of the GPR
setup.

So far, we only considered energy information in the GPR.
However, since differentiating is a linear operation, the derivative
of Gaussian process is also a Gaussian process and, therefore, gradi-
ent information or Hessian information can easily be incorporated
in this framework. In future work, we plan to investigate if this
additional information can be used to either increase the predictive
accuracy and/or reduce the number of SPCs needed.

The supplementary material contains further details on the
used computational settings for the SPCs as well as all calculated
fundamental frequencies.
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