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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 

Keywords: Assembly; Design method; Family identification

1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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1. Introduction

Machining of compliant workpieces can be challenging
due to both forced vibrations and chatter stability issues, and
the fact that the response of the structure changes as mate-
rial is removed from the workpiece. Excessive vibrations and
instability of the process may cause tool damage and prob-
lems obtaining proper tolerances and surface requirements
[2]. Off-line simulation of the process is a powerful tool to op-
timize the process parameters such that the productivity is as
high as possible without having vibration and/or instability
problems. Finite element models are widely utilized to pre-
dict the response and how it changes during the process, but
the impact of the vise clamping the workpiece is commonly
neglected (examples are [8, 11]). Neglecting the boundary
conditions can cause significant errors in the model, even-
tually causing either vibrational problems during the process
or an inefficient machining process.

This contribution present work on modelling a L-shaped
workpiece which is clamped in a vise. The boundary be-
haviour consists of nonlinear phenomena such as contact
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and friction. In this contribution the vise properties are ap-
proximated using linear elastic springs to obtain the least
complex model possible. A finite element model of the work-
piece is established and the proper spring stiffness values
are determined through minimization of dynamic residu-
als. The experimentally determined frequencies and mode
shapes of the setup are identified using Operational Modal
Analysis (OMA) [4] which is an output-only modal analysis
technique. OMA is advantageous compared to other modal
testing methods because it can be used directly in the opera-
tional condition, and that it does not disturb the normal op-
eration of the structure. Thus it is feasible to use the method
directly in a machine tool instead of establishing an artificial
lab setup to extract the parameters.

2. Experimental Work

2.1. Operational Modal Analysis

OMA is utilized to identify the modal parameters (mode
shapes and poles) of the physical structure in this contribu-
tion. OMA is an output only modal analysis technique where
vibrations are recorded for a number of points on the struc-
ture without knowledge about the excitation forces. Output
sensors must be placed such that relevant mode shapes are
observable, the excitation signal has to be as random in time2212-8271 © 2019 The Authors. Published by Elsevier B.V.
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and space as possible and the system must be linear and time
invariant [4]. For a linear time invariant system the input and
output in the frequency domain can be related through the
frequency response matrix as in Eqn. 1

X (iω) = H(iω) Y (iω) (1)

where X (iω), H(iω) and Y (iω) are response (output), fre-
quency response function and excitation (input) respectively.
The frequency response matrix can be written in terms of
modal parameters through the following summation over all
modes

H(iω) =
N∑

r=1

Ar

iω−λr
+ A∗

r

iω−λ∗
r

(2)

where N is the number of modes, λr is the pole of the rth

mode, and Ar is the residue matrix of the rth mode. The
residue matrix contains mode shapes and modal scaling con-
stants. Reformulating Eqn. 1 to power spectrum yields

Gx x (iω) = H(iω) G y y (iω) H T (iω) (3)

where Gx x (iω) and G y y (iω) is the Power Spectral Density
(PSD) matrices of response and excitation respectively. If
the input signal is indeed random the excitation PSD matrix
G y y (iω) is constant. Thus the response PSD matrix Gx x (iω)
contains sufficient information to identify the frequency re-
sponse matrix H(iω), and thereby to identify the modal pa-
rameters; frequencies, damping ratios and mode shapes.

2.1.1. Modal Parameter Identification
In this contribution the Frequency Domain Decomposi-

tion (FDD) [6] is utilized for identification of modal param-
eters. The response PSD can be written in terms of modal co-
ordinates as follows

Gx x (iω) =ΦGp p (iω) Φ∗ (4)

where Φ and Gpp (iω) are the matrix of mode shapes and the
PSD in modal coordinates respectively. In the case of random
excitation the PSD matrix is diagonal [5]. The response PSD
can also be written in terms of a Singular Value Decomposi-
tion (SVD) at a certain frequency as

Gx x (iω) =U ΣV ∗ (5)

25 mm

147 mm

50 mm

190 mm

75 mm

19 mm

6 mm

40 mm Machined region

Clamped surfaces

Fig. 1: Illustration of L-shaped workpiece. Clamped surfaces and region
which is machined off is indicated.

where U and V are matrices of left and right singular vectors
and Σ is the matrix of singular values. For a Hermitian and
positive definite matrix the left and right singular values are
identical. This is the case for the PSD matrix, and therefore
Eqn. 5 can be written as

Gx x (iω) =U ΣU∗ (6)

Comparing Eqn. 4 and 6 suggests a direct relationship be-
tween singular vectors U and mode shapes Φ. Thus, by iden-
tifying peaks in the singular values the corresponding sin-
gular vectors are representative of the mode shapes of Eqn.
4 and frequencies are representative of structural frequen-
cies. Single degree of freedom (SDOF) systems are fitted to
the identified peaks, and the modal damping ratio is obtained
through linear regression of the logarithmic decrement in the
time domain.

2.2. Setup

The aluminium 6063-T6 workpiece considered in this con-
tribution is shown in Fig. 1. The L-shape is designed to en-
sure the presence of multiple bending and torsion modes in
a relatively narrow frequency band. The workpiece is fixed
in a vise, which is clamped to a heavy duty t-slot table. The
vise is a Geradi STANDARD Type 3-4. The nut of the vise is
tightened with the same torque for each test to avoid non lin-
ear changes of the response. The resulting surface pressure
on the workpiece is approximately 10 MPa in each setup. A
total of 13 B&K 4508-B accelerometers are mounted on the
workpiece in a pattern which ensured observability of ex-
pected mode shapes. Through various experiments the most
successful random excitation method is found to be brushing
various surfaces of the workpiece with a nylon hair scrubbing
brush. A sampling frequency of 10240 Hz and a data collec-
tion duration of 120 seconds is used in the experiments. Data
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(a)

(b)

Fig. 2: Singular value plots for (a) unmachined part (b) machined part

is recorded using NI-9234 DAQ units. Modal tests are initially
performed for the geometry shown in Fig. 1 and modal pa-
rameters are identified. Afterwards, the portion marked in
Fig. 1 is machined of the workpiece, thus changing the vi-
brational response of the workpiece. This is followed by yet
another modal test and modal parameter extraction. The
boundary conditions are unchanged, thus it is possible to iso-
late the vibrational behaviour caused by them in the data.

2.3. Experimental data

Singular value decomposition plots for the unmachined
workpiece and the machined workpiece are shown in Fig.
2. Mode number five is not particularly clear in Fig. 2a, but
nonetheless it is concluded to be a physical mode shape
based on information from models and various experimen-
tal setups. The SVD plot for the machined part, Fig. 2b, dis-
closes that the number of modes in the measurement range
has decreased to five indicating that the structure is signifi-
cantly altered by the machining conducted.

Mode shapes for the six identified poles for the unma-
chined workpiece are illustrated in Fig. 3. Mode one and two
are bending of the horizontal section of the workpiece in-
and out-of-plane respectively, mode three includes bending

of the vertical section. Mode four is torsion around the weak
axis of the cross section, and mode five is torsion of the hori-
zontal section. Mode six involves bending of both horizontal
and vertical sections of the workpiece, with the connection
node standing still. For the machined workpiece the torsional
mode (number five) is out of the measurement range, while
the remaining five modes are of similar shape as in Fig. 3.

3. Modelling of Workpiece-vise Assembly

The workpiece structure is modelled using the finite ele-
ment method. The model of the unmachined workpiece con-
sists of 672 hexahedra elements with eight nodes pr element
yielding 3171 degrees of freedom. Boundary conditions are
applied in regions which the vise clamps in the experimental
setup, marked in Fig. 1.

Discrepancies between finite element model response and
response of the physical system are often caused by misrepre-
sented boundary conditions in the model [7]. One way of rep-
resenting the vise boundary is to assume that the workpiece is
fully clamped, i.e. prescribing zero displacement of all nodes
in the clamped region shown in Fig. 1. In this contribution the
boundary condition is modelled using linear elastic springs

in x, y and z directions having stiffness ks = [
kx ky kz

]T re-
spectively. A set of x,y,z springs are added to every node in the
clamped region highlighted in Fig 1.

As written in Sec. 2 13 accelerometers are mounted on the
workpiece during operational modal analysis experiments.
The sensors are included in the finite element model to ac-
commodate the mass loading caused by the mounted sen-
sors. A point mass which is representative of the mass of each
accelerometer is added to the finite element model at the sen-
sor locations.

4. Parameter Identification

The dynamic model presented in Sec. 3 yields discretized
undamped equations of motion as

M q̈(t )+K (ks ) q(t ) = f (t ) (7)

where M and K (ks ) are mass- and stiffness matrices re-
spectively, and q(t ) is the vector of coordinates. By setting

q(t ) = X eλt in Eqn. 7 the eigenvalue problem can be ob-
tained as

(
K (ks )−ω2

i M
)
φ

i
= 0 (8)

where ωi is the ith vibrational frequency and φ
i

is the cor-

responding mode shape. By combining the experimental fre-
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tween singular vectors U and mode shapes Φ. Thus, by iden-
tifying peaks in the singular values the corresponding sin-
gular vectors are representative of the mode shapes of Eqn.
4 and frequencies are representative of structural frequen-
cies. Single degree of freedom (SDOF) systems are fitted to
the identified peaks, and the modal damping ratio is obtained
through linear regression of the logarithmic decrement in the
time domain.

2.2. Setup

The aluminium 6063-T6 workpiece considered in this con-
tribution is shown in Fig. 1. The L-shape is designed to en-
sure the presence of multiple bending and torsion modes in
a relatively narrow frequency band. The workpiece is fixed
in a vise, which is clamped to a heavy duty t-slot table. The
vise is a Geradi STANDARD Type 3-4. The nut of the vise is
tightened with the same torque for each test to avoid non lin-
ear changes of the response. The resulting surface pressure
on the workpiece is approximately 10 MPa in each setup. A
total of 13 B&K 4508-B accelerometers are mounted on the
workpiece in a pattern which ensured observability of ex-
pected mode shapes. Through various experiments the most
successful random excitation method is found to be brushing
various surfaces of the workpiece with a nylon hair scrubbing
brush. A sampling frequency of 10240 Hz and a data collec-
tion duration of 120 seconds is used in the experiments. Data



252 Kasper Ringgaard et al. / Procedia CIRP 82 (2019) 249–254
K. Ringgaard et al. / Procedia CIRP 00 (2019) 000–000 4

ω1 = 307.5 H z ω2 = 385.3 H z ω3 = 986.5 H z

ω4 = 1535.5 H z ω5 = 2862 H z ω6 = 2934.5 H z

Fig. 3: Mode shapes of unmachined L-shaped item

quencies and mode shapes, ωEi and φ
Ei

with the model sys-

tem matrices any discrepancies will yield Eqn. 8 to equal a
vector different from the zero vector. That vector is denoted
the dynamic force residual Ri . This property is utilized for pa-
rameter identification using the method proposed by Farhat
et. al. [9] where the sum of dynamic force residuals are mini-
mized by adjusting the model parameters generating the sys-
tem matrices. The minimization problem is formulated as

minimize
f

f =
nmodes∑

i=1
||Ri ||2 (9)

where Ri is the dynamic force residual of the ith mode given
by

Ri =
(
K (ks )−ω2

Ei M
)
φ

Ei
(10)

where the matrix K (ks ) depends on the boundary condition
springs which are used to model the compliance of the vise
clamping the workpiece. The mode shapes are scaled to unit
length, || φEi || = 1. In this contribution the finite element
model is assumed to be representative of the aluminium
workpiece, thus only the boundary conditions springs are
updated. The optimization routine is built up by two steps.
Firstly global optimization is conducted using Simulated An-
nealing [3], and secondly a local search using Steepest Descent

Search [3] is initiated based on the results from the global op-
timization method.

4.1. Mode Shape Expansion

The vibrational experiments are conducted using 13 sen-
sors yielding 13 degrees of freedom for each mode shape
ΦEi . The system matrices has 3171 degrees of freedom. Thus
Eqn. 10 cannot be computed. In this contribution the Sys-
tem Equivalent Reduction Expansion Process (SEREP) [10]
method is applied to expand the experimental mode shapes
to fit the dimensions of the model matrices. Firstly the sys-
tem matrices are partitioned into master- and slave degrees
of freedom. The former is the degrees of freedom which are
measured in the experiments, denoted ()m , and the latter are
unmeasured degrees of freedom, denoted ()s .

The experimental mode shapes are assumed to be a linear
combination of modelled mode shapes as Eqn. 11

ΦE =ΦN T (11)

where ΦE and ΦN are the experimental mode shapes and
modelled mode shapes respectively. T is the transformation
matrix from experimental to modelled mode shapes. By using
only measured degrees of freedom from the model matrices
an approximation of T is found through Eqn. 12

T̂ =Φ†
N m ΦEm (12)
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Fig. 4: Results for unmachined workpiece with identified boundary parame-
ters. (a) Frequency comparison, (b) Modal assurance criterion comparison.

where Φ†
N m is the pseudoinverse of the measured mode

shape dofs from the model. Having the approximation T̂ the
next step is to use it for expanding the experimental mode
shapes using the model following Eqn. 13

[
Φ̂Em

Φ̂E s

]
=

[
ΦN m

ΦN s

]
T̂ (13)

5. Results

The identified boundary stiffness’s ks =
[
kx ky kz

]T are ap-
plied to the model described in Sec. 3. Frequencies and mode
shapes of the model are compared to the experimental results
to asses the correlation obtained by using the methods de-
scribed in this contribution. Mode shapes are compared us-
ing the modal assurance criterion [1].

Figure 4 shows comparison for the unmachined work-
piece. Frequencies are in general well estimated by the up-
dated model with mode 2 to 5 having relative errors below 3
% and mode 1 and 6 having relative errors between 6 % and
9 %. Four mode shapes out of six have high correlation. The

(a)

(b)

Fig. 5: Results for machined workpiece with identified boundary parameters.
(a) Frequency comparison, (b) Modal assurance criterion comparison.

two mode shapes correlating approximately 50% are the two
torsional modes.

Figure 5 compares experimental- and model results for the
machined part. The relative error of the first frequency is still
approximately 6 %, while number 2 and 3 are below 3 %. Fre-
quency number 4 is around 8 % off, while frequency 5 is ap-
proximately 14 % off. In general frequencies deviate slightly
more than prior to machining, but the four well correlated
mode shapes are still in good agreement. The remaining tor-
sional mode is still only correlated approximately 50%.

An additional effect is taken into consideration based
on observations during experimental data processing. Mode
shape visualizations disclosed some rigid-body-like motion
of the workpiece while clamped in the vise. By expanding
Eqn. 11 such that it includes a linear combination of rigid
body modes of the workpiece Eqn. 14 is obtained

ΦE =ΦN T +ΦR TR (14)

where ΦR and TR are rigid body modes and a linear scaling
matrix respectively. Only measured degrees of freedom are
taken into account, yielding an estimate of the transforma-
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springs which are used to model the compliance of the vise
clamping the workpiece. The mode shapes are scaled to unit
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model is assumed to be representative of the aluminium
workpiece, thus only the boundary conditions springs are
updated. The optimization routine is built up by two steps.
Firstly global optimization is conducted using Simulated An-
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The vibrational experiments are conducted using 13 sen-
sors yielding 13 degrees of freedom for each mode shape
ΦEi . The system matrices has 3171 degrees of freedom. Thus
Eqn. 10 cannot be computed. In this contribution the Sys-
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method is applied to expand the experimental mode shapes
to fit the dimensions of the model matrices. Firstly the sys-
tem matrices are partitioned into master- and slave degrees
of freedom. The former is the degrees of freedom which are
measured in the experiments, denoted ()m , and the latter are
unmeasured degrees of freedom, denoted ()s .

The experimental mode shapes are assumed to be a linear
combination of modelled mode shapes as Eqn. 11

ΦE =ΦN T (11)

where ΦE and ΦN are the experimental mode shapes and
modelled mode shapes respectively. T is the transformation
matrix from experimental to modelled mode shapes. By using
only measured degrees of freedom from the model matrices
an approximation of T is found through Eqn. 12

T̂ =Φ†
N m ΦEm (12)
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tion T̂R rough Eqn. 15

T̂R =Φ†
Rm (ΦEm −ΦN m) (15)

where subscript ()m denotes measured degrees of freedom
and Φ†

Rm is the pseudoinverse of the measured degrees of
freedom of the rigid body modes. Thus an estimate of con-
tent of the different rigid body modes is obtained. The anal-
ysis discloses considerable rigid-body-like motion content in
the experimental results. Through MAC comparison for the
unmachined workpiece it is found that the first two mode
shapes obtain full correlation and that the correlation of tor-
sional mode shapes increase to approximately 70% when
considering rigid body motion. Mode shapes three and six
loose part of their correlation but are still reasonably good.
This indicate that some rigid body motion is present even
though the workpiece is clamped in the vise.

Figure 6 sums up the results of this study in bar plots. Fig-
ure 6a shows sum of normalized frequency error. The elastic
boundary conditions improve the frequency prediction ac-
curacy of the model. Figure 6b shows that mode shapes are
better estimated using the identified elastic boundary con-
ditions, and that including rigid body motion leads to a small
increase for the unmachined part and a small decrease for the
machined part.

6. Conclusion

This contribution presents a study on application of Oper-
ational Modal Analysis, Finite Element Modelling and param-
eter identification using minimization of dynamic residuals
for identification of vise stiffness parameters. Operational
modal analysis is successfully conducted for the workpiece,
and a set of boundary stiffness coefficients which increase
the experiment-to-model correlation is determined using the
parameter identification method. By applying the identified
boundary properties to the model of the machined work-
piece a better correlation between experiments and model is
found. This indicates that the spring constants determined
are a better approximation of the vise than the clamped
boundary conditions. Additionally, it is shown that taking
rigid body motion into consideration can provide additional
increase of experiment-to-model correlation.
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