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INTEGRAL PICARD GROUP OF THE STACK OF

QUASI-POLARIZED K3 SURFACES OF LOW DEGREE

ANDREA DI LORENZO

Abstract. We compute the integral Picard group of the stack K2l of quasi-
polarized K3 surfaces of degree 2l = 4, 6, 8. We show that in this range the
integral Picard group is torsion-free and that a basis is given by certain elliptic
Noether-Lefschetz divisors together with the Hodge line bundle.

To achieve this result, we investigate certain stacks of complete intersections
and their Picard groups by means of equivariant geometry.

In the end we compute an expression of the class of some Noether-Lefschetz
divisors, restricted to an open substack of K2l, in terms of the basis mentioned
above.

Introduction

Picard groups of moduli problems are the subject of an extensive mathematical
literature. Since the landmark paper [Mum65], where Mumford computed the
Picard group of the stack M1,1 of elliptic curves, many explicit presentations of
Picard groups have been obtained: among the most striking results, we mention
here the marvellous papers [Har83] and [AC87], respectively by Harer and Arbarello,
Cornalba, where the authors determined the Picard group of the stack Mg,n of
smooth n-pointed curves of genus g for g ≥ 3, as well as the Picard group of its
compactification Mg,n by means of stable pointed curves.

Another moduli space whose Picard group had been thoroughly investigated in
the last years is the moduli space K2l of quasi-polarized K3 surfaces of degree 2l,
using approaches that involved intersection theory, hodge-theoretic methods and
modular forms.

For instance, in [O’G86] it has been proved that the rank of Pic(K2l) ⊗ Q can
be arbitrarily large.

In [Bru02] the author computed the rank of an interesting sub-vector space of
Pic(K2l)⊗Q, namely the linear subspace of the so called Noether-Lefschetz divisors.

Furthermore, in [MP13] the authors conjectured that the linear subspace of
Noether-Lefschetz divisors is actually equal to the whole rational Picard group
of K2l. This conjecture is now a theorem (see [LT], [GLT15], [BLMM17]).

In this work we investigate the integral Picard group of the stack K2l of quasi-
polarized K3 surfaces of degree 2l for l = 2, 3, 4. Our main result is the following:

Theorem. Let Dd,h indicate the Noether-Lefschetz divisors on the stack of quasi-
polarized K3 surfaces (see (2.0.5)) and let λ1 be the class of the Hodge line bundle
(see (2.0.6)). Then:

• Pic(K4) ≃ Z · λ1 ⊕ Z · [D1,1] ⊕ Z · [D2,1].
• Pic(K6) ≃ Z · λ1 ⊕ Z · [D1,1] ⊕ Z · [D2,1] ⊕ Z · [D3,1].
• Pic(K8) ≃ Z · λ1 ⊕ Z · [D1,1] ⊕ Z · [D2,1] ⊕ Z · [D3,1].

In particular, all these groups turn out to be torsion-free. We also compute
explicitly some classes of Noether-Lefschetz divisors in terms of the generators
above.
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2 A. DI LORENZO

Theorem. Let U2l be the open substack of quasi-polarized K3 surfaces of degree 2l
whose quasi-polarization induces a birational morphism. Then:

• In Pic(U4) ≃ Z · λ1 we have:

[D0,0] = 108 · λ1, [D3,1] = 320 · λ1

• In Pic(U6) ≃ Z · λ1 ⊕ Z · [D3,1] we have:

[D0,0] = 78 · [D3,1] + 98 · λ1

• In Pic(U8 \ D3,1) ≃ Z · λ1 we have:

[D0,0] = 80 · λ1

These results are achieved by giving a presentation as quotient stacks to some
properly chosen substacks of K2l (where l = 2, 3, 4).

In particular, we show that these substacks are isomorphic to certain stacks of
complete intersections, of which we are able to compute the Picard group using
equivariant techniques.

Structure of the paper. Here we briefly present the content of each section of
the paper. A more detailed account can be found at the beginning of every section.

In Section 1 we define two types of stack of complete intersections, namely
G(d,m, n) and F (a, b, n). Of both these stacks we give a presentation as quotient
stacks and we compute their integral Picard groups.

In Section 2 we recall some notions from the theory of quasi-polarized K3 surfaces
and we prove some results which will be relevant in the remainder of the paper.

In Section 3 we compute the Picard groups of K2l, the stack of quasi-polarized
K3 surfaces of degree 2l, for l = 2, 3, 4 (see Theorem 3.1.5, Theorem 3.2.4 and
Theorem 3.3.5).

In Section 4 we compute the classes of some Noether-Lefschetz divisors in terms
of the generators of the Picard groups.

1. Stacks of complete intersections

In this section we introduce two stacks: the first one, denoted G(d,m, n) (see
(1.1.1)), is the stack whose objects are flat families of complete intersections of
m hypersurfaces of degree d inside a Brauer-Severi variety having n-dimensional
fibres.

The second one, denoted F (a, b, n) (see (1.2.1)), is the stack whose objects are
families of complete intersections of two hypersurfaces of degree a and b inside a
Brauer-Severi variety having n-dimensional fibres.

We give a presentation of these stacks as quotients (Proposition 1.1.2 together
with Proposition 1.2.3) and we compute their Picard groups (Proposition 1.1.4 and
Proposition 1.2.4).

1.1. Equidegree complete intersections.
(1.1.1) Let n, d, m be three strictly positive integers with 0 < m < n.

We define the stack G(d,m, n) as the stack whose objects consist of the data
(X ⊂ P → S), where:

• P → S is a Brauer-Severi variety with n-dimensional fibres.
• X ⊂ P is a closed subscheme and the induced morphism X → S is flat.
• For every geometric point s in S, the fibre Xs is a complete intersection of
m hypersurfaces of degree d in Ps.

A morphism between two objects (X ⊂ P → S) and (X ′ ⊂ P ′ → S) is given by
an isomorphism of Brauer-Severi varieties P ≃ P ′ that induces an isomorphism
X ≃ X ′.
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Let Wd be the GLn+1-representation SymdE∨, where E is the standard GLn+1-
representation. Let Grm(Wd) be the grassmannian of m-dimensional subspaces in
Wd: this variety has a well defined PGLn+1-action, because PGLn+1 naturally acts
on P(∧mWd) preserving the elements of the form [f1 ∧ · · · ∧ fm].

(1.1.2) Proposition. There exists a PGLn+1-invariant, closed subscheme Z ⊂
Grm(Wd) of codimension > 1 such that G(d,m, n) ≃ [(Grm(Wd) \ Z)/PGLn+1].

Proof. Consider the PGLn+1-torsor G
′(d,m, n) → G(d,m, n) whose objects are

pairs (X ⊂ P → S, α), where (X ⊂ P → S) is an object of G(d,m, n) and
α : P ≃ Pn

S is an isomorphism over S.
We claim that G

′(d,m, n) ≃ Grm(Wd) \ Z for some PGLn+1-invariant, closed
subscheme Z of the grassmannian of codimension > 1.

Observe that G
′(d,m, n) is equivalent to the stack whose objects are families

of embedded complete intersections of equidegree d, i.e. closed subschemes X ⊂
Pn

S , flat over S, such that for each geometric point s the fibre Xs is a complete
intersection of m hypersurfaces of degree d in Pn

k(s).

We can construct a morphism G
′(d,m, n) → Grm(Wd) as follows: given an

object (X ⊂ Pn
S) of G

′(d,m, n), we have an exact sequence

0 → IX(d) → OPn
S
(d) → OX(d) → 0

Pushing forward along the projection pr1 : Pn
S → S, we get:

0 → pr1∗IX(d) → pr1∗O(d) → pr1∗OX(d) → R1pr1∗IX(d)

The sheaf pr1∗O(d) is isomorphic to Wd ⊗ OS .
We want to prove that (1) R1pr1∗IX(d) = 0, (2) the sheaf pr1∗IX(d) is locally

free of rank m, and (3) the morphism from this sheaf to Wd ⊗ OS is an embedding
of locally free sheaves, i.e. injective on the fibres. Those three facts together will
determine a morphism G

′(d,m, n) → Grm(Wd).

(1) Let I be the ideal of the closed embedding Xs ⊂ Pn
k(s). By the cohomol-

ogy and base change theorem ([Har77, 3.12.11]), it is enough show that
H1(Pn

k(s), I(d)) = 0 for any geometric point s in S.

If m = 1, then I(d) ≃ O. If m > 1, the fact that we that Xs is a
complete intersections implies that the Koszul complex

0 →

m∧
(O(−d)⊕m) → · · · →

2∧
(O(−d)⊕m) → O(−d)⊕m → I → 0

is exact. Tensoring with O(d) we obtain the exact sequence

0 → O((1 −m)d) → · · · → O(−d)⊕(m

2 ) → O⊕m → I(d) → 0

It follows that H1(Pn
k(s), I(d)) = 0 if and only if Hm(Pn

k(s),O((1 −m)d)) =

0, which is always the case as m < n.

(2) From (1) and the cohomology and base change theorem it follows that
pr1∗I(d) is locally free. Its rank is equal to the dimension ofH0(Pn

k(s), I(d)),

which can be proved to be m by a simple computation with the exact se-
quence above.

(3) From (1) and (2) we see that the restriction of the morphism pr1∗IX(d) →
Wd ⊗OS over a geometric point s of S is equal to H0(Pn

k(s), IXs
(d)) → Wd,

which is obviously injective.
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The three points above determine a morphism G
′(d,m, n) → Grm(Wd).

To produce the inverse morphism, consider the tautological locally free subsheaf
T ⊂ Wd ⊗ OGrm(Wd).

Observe that over the product variety Grm(Wd) × Pn we have the surjective
morphism Wd ⊗ pr∗

2O(−d) → O. Define then IX as the image along this morphism
of pr∗

1T ⊗ pr∗
2O(−d), regarded as a subsheaf of Wd ⊗ pr∗

2O(−d).
Let X be the subscheme of Grm(Wd) × Pn determined by the ideal sheaf IX :

due to the fact that T ⊂ Wd ⊗ OGrm(Wd) is an inclusion of locally free sheaves, we
deduce that the fibres of X over Grm(Wd) are the zero locus of the image of the
fibres of T inside Wd, hence they are complete intersections of m hypersurfaces of
degree d.

Let Z the closed subscheme of Grm(Wd) whose complement is the flat locus of
X → Grm(Wd): then we have a well defined morphism Grm(Wd)\Z → G

′(d,m, n).
It is pretty much straightforward to check that the first of the two morphisms that

we have constructed factors through Grm(Wd) \ Z, and that the two compositions
are both equal to the identity.

We only have to check that the codimension of Z in Grm(Wd) is > 1. Let
D ⊂ Grm(Wd) be the closed subscheme where the morphism X → Grm(Wd) is not
smooth: we claim that D is an irreducible divisor.

Observe that the general fibre overD has only isolated singularities: in particular
the generic element is flat over D, because it is a complete intersection of the right
codimension.

The subscheme Z is contained in D: this follows from the fact that smoothness
implies flatness. Therefore, Z is a closed subscheme of an irreducible divisor, hence
its codimension must be > 1.

We are only left with proving that D is an irreducible divisor. Let Xsing be
the singular locus of X → Grm(Wd): if we show that Xsing is irreducible and of
dimension equal to dim(Grm(Wd)) − 1, we are done.

Consider the morphism Xsing → Pn: the irreducibility of Xsing is a consequence
the irreducibility of the fibres over Pn. if we prove that the fibres of Xsing → Pn

are irreducible, this would imply the irreducibility of Xsing.
Actually, we only have to check that the fibre over the point (0 : · · · : 0 : 1) of

Pn is irreducible, because if that is the case, then we can use the PGLn+1-action
over Xsing to deduce the irreducibility of all the other fibres.

The same argument also shows that the dimension of Xsing is equal to the di-
mension of Grm(Wd) × Pn minus the codimension of the fibre over (0 : · · · : 0 : 1).

Applying the Jacobian criterion of smoothness, we see that the fibre over (0 :
· · · : 0 : 1) of X is isomorphic to the locus of (n + 1) × m-matrices of rank < m,
and this is well known to be irreducible and of codimension n + 1. From this the
desired conclusion easily follows. �

(1.1.3) Let X be a scheme endowed with the action of a linear algebraic group

G. We will denote PicG(X) the G-equivariant Picard group, i.e. the group of
G-linearized line bundles. It is well known that there is an isomorphism

Pic([X/G]) ≃ PicG(X)

between the integral Picard group of the quotient stack [X/G] and theG-equivariant
Picard group.

(1.1.4) Proposition. Let T be the tautological bundle over Grm(Wd), let k :=
mcm(n+ 1,md)/md and p := mcm(n+ 1,md)/(n+ 1) . Then:

Pic(G(d,m, n)) ≃ PicPGLn+1(Grm(Wd)) ≃ Z · [det(T )⊗k]
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and the formula

((f1(A−1x), . . . , fm(A−1x)), det(A)p(f1(A−1x) ∧ · · · ∧ fm(A−1x))⊗k)

describes the PGLn+1-linearization of det(T )⊗k.

Proof. By Proposition 1.1.2, we know that Pic(G(d,m, n)) ≃ PicPGLn+1(Grm(Wd)),
the group of isomorphism classes of PGLn+1-linearized line bundles over Grm(Wd).
The homomorphism from this group to Pic(Grm(Wd)) that forgets the PGLn+1-
linearization is injective: this follows from the fact that PGLn+1 has no non-trivial
character.

It is well known that Pic(Grm(Wd)) is freely generated by det(T ), the determi-

nant of the tautological bundle, hence PicPGLn+1(Grm(Wd)) is free as well. The
points in the total space of det(T ) are given by pairs ((f1, . . . , fm), (f1 ∧ · · · ∧ fm)),
where the fi are linearly independent homogeneous forms of degree d. We have
to find the minimum k > 0 such that det(T )⊗k admits a PGLn+1-linearization, or
equivalently a Gm-invariant GLn+1-linearization.

Any GLn+1-linearization must be of the following form: given an element A of
GLn+1, it acts on the point above by sending

(f1, . . . , fm) 7−→ (f1(A−1, x) . . . , fm(A−1x))

and

A · (f1 ∧ · · · ∧ fm)⊗k = det(A)p(f1(A−1x) ∧ · · · ∧ fm(A−1x))⊗k

The subtorus Gm ⊂ GLn+1 of scalar matrices acts as

λ · (f1 ∧ · · · ∧ fm)⊗k = λp(n+1) · λ−mdk · (f1 ∧ · · · ∧ fm)⊗k

The minimum k such that the action above is trivial can be read off from the
minimum common multiple of n+1 and md: more precisely, it is equal to mcm(n+
1,md)/md, and p = mcm(n + 1,md)/(n + 1). This concludes the proof of the
Proposition. �

(1.1.5) Given a family of complete intersections (X ⊂ P → S) in G(d,m, n), let
π : X → S be the induced (flat) morphism.

We can define a sheaf on S as follows:

Φ(S) := π∗

(
ω⊗k

X/S ⊗ (ωP/S |X)⊗(p−k)
)

where p and k are as in Proposition 1.1.4, and ωX/S and ωP/S are the relative
dualizing sheaves.

From the fact that Φ(S) is build using only canonically determined sheaves it
immediately follows that there exists a sheaf Φ on G(d,m, n) whose pullback to S
is equal to Φ(S).

(1.1.6) Corollary. Let k, p be as in Proposition 1.1.4 and let Φ be the sheaf defined
in (1.1.5). Then Φ is a line bundle and it freely generates Pic(G(d,m, n).

Proof. Let Grm(Wd)o := Grm(Wd) \ Z, the open subscheme of Grm(Wd) that
appears in Proposition 1.1.2.

It is enough to show that the pullback of Φ along the PGLn+1-torsor

f : Grm(Wd) \ Z → G(d,m, n)

is a line bundle, and that it generates PicPGLn+1(Grm(Wd)). We have:

f∗Φ ≃ π∗

(
ω⊗k

X/(Grm(Wd)o) ⊗ (pr∗
2ωPn |X)⊗(p−k)

)
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where X ⊂ Grm(Wd)o × Pn is the family of complete intersections constructed in
the proof of Proposition 1.1.2.

The normal bundle N of X is equal to the restriction to X of pr∗
1T ∨ ⊗ pr∗

2O(d).
The dualizing sheaf of the local complete intersection morphism π : X → Grm(Wd)o

is isomorphic to det(N)⊗ (ωP/ Grm(Wd)o |X). After some easy manipulations we get:

f∗Φ ≃ pr1∗

(
pr∗

1 det(T ∨)⊗k ⊗ pr∗
2ω

⊗p
Pn (kmd)

)

Applying the projection formula, and using the relation kmd = p(n+1), we conclude

that f∗Φ is isomorphic to det(T ∨), a generator of PicPGLn+1 . �

(1.1.7) There are two substacks of G(d,m, n) that will be of some interest for us:

• G(d,m, n)rat, the stack of complete intersection with at most ADE singu-
larities.

• G(d,m, n)sm, the stack of smooth complete intersections.

1.2. Complete intersections of codimension 2 and bidegree (a, b).
(1.2.1) Fix three integers a, b, n with n > 0 and b > a > 0. We define the stack
F (a, b, n) as the stack whose objects are determined by the data (X ⊂ P → S),
where:

• P → S is a Brauer-Severi variety with n-dimensional fibres.
• X ⊂ P is a closed embedding and the induced morphism X → S is flat.
• For every geometric point s in S, the fibre Xs is a complete intersection of

two hypersurfaces of degree a and b.

A morphism between two objects (X ⊂ P → S) and (X ′ ⊂ P ′ → S) is given by
an isomorphism of Brauer-Severi varieties P ≃ P ′ that induces an isomorphism
X ≃ X ′.

(1.2.2) Let E be the standard GLn+1-representation and set Wd := SymdE∨ for
d > 0.

The morphism of representations Wa ⊗ Wb−a → Wb induces an injective mor-
phism of vector bundles over P(Wa), that is:

ϕ : Wb−a ⊗ OP(Wa)(−1) → Wb ⊗ OP(Wa)

Let P(Va,b) → P(Wa) be the projectivization of the quotient vector bundle

Va,b :=
Wb ⊗ OP(Wa)

Im(ϕ)

Observe that both P(Va,b) and P(Wa) inherit a PGLn+1-action.

(1.2.3) Proposition. There exists a PGLn+1-invariant closed subscheme Z ⊂
P(Va,b) of codimension > 1 such that F (a, b, n) ≃ [(P(Va,b) \ Z)/PGLn+1].

Proof. The proof is similar to the one of Proposition 1.1.2, hence we will only give
here a sketch of the key steps, without diving too much into the details.

Consider the PGLn+1-torsor F
′(a, b, n) → F (a, b, n) whose objects are of the

form (X ⊂ P → S, α), where (X ⊂ P → S) is an object of F (a, b, n) and α : P ≃ Pn
S

is an isomorphism: we want to show that F
′(a, b, n) is isomorphic to P(Va,b) \ Z,

where Z is a PGLn+1-invariant, closed subscheme of codimension > 1.
First we construct the morphism F

′(a, b, n) → P(Va,b) using the characterization
of the functor of points of these schemes.
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Take an object (X ⊂ Pn
S → S) of F

′(a, b, n). A routine application of cohomology
and base change theorem shows that the following is an exact sequence of locally
free sheaves:

0 → pr2∗(IX ⊗ pr∗
1O(a)) →→ pr2∗pr∗

1O(a) → pr2∗(OX ⊗ pr∗
1O(a)) → 0

In particular, the sheaf in the middle is isomorphic to Wa ⊗ OS and the one on the
left has rank 1. This induces a morphism f : S → P(Wa) such that f∗O(−1) ≃
pr1∗(IX ⊗ pr∗

2O(b)).
We also get the following diagram:

pr1∗(IX ⊗ pr∗
2O(a)) ⊗Wb−a

≃
//

��

f∗OP(Wa)(−1) ⊗Wb−a

��

pr1∗(IX ⊗ pr∗
2O(b)) // Wb ⊗ OS

Define L as the quotient of pr1∗(IX ⊗ pr∗
2O(b)) by pr1∗(IX ⊗ pr∗

2O(a)) ⊗ Wb−a:
this can be proved to be a line bundle, and from the commutativity of the diagram
above we deduce that it is a line subbundle of f∗Va,b.

Therefore, the line bundle L determines a morphism S → P(Va,b).
The whole construction above is functorially well-behaved, in the sense that it

induces a natural transformation between the functors of points of F
′(a, b, n) and

P(Va,b), and hence it determines a morphism F
′(a, b, n) → P(Va,b).

To produce a morphism in the other direction, we have to construct a universal
family of complete intersections in Pn over P(Va,b).

Let Y ⊂ P(Wa) ×Pn be the universal hypersurface over P(Wa), and consider its
pullback Y ′ := π−1Y along π : P(Va,b) → P(Wa).

By construction Y ′ lives in P(Va,b) × Pn. On this product scheme we have the
following injective morphism of sheaves:

pr∗
1OP(Va,b)(−1) ⊗ pr∗

2OPn(−b) →֒ pr∗
1Va,b ⊗ pr∗

2OPn(−b)

Observe that the restriction of pr∗
2Va,b to Y ′ is equal to Wb ⊗ OY ′ . In this way we

can define the following morphism:

pr∗
1OP(Va,b)(−1) ⊗ pr∗

2OPn(−b)|Y ′ → Wb ⊗ pr∗
2O(−n)|Y ′ → OY ′

The image of this morphism is an ideal inside Y ′: let X be the associated closed
subscheme of Y ′.

The fibres of X over P(Wa,b) are complete intersections inside Pn of two hyper-
surfaces of degree a and b.

Let Z ⊂ P(Va,b) be the locus where X → P(Va,b) is non-flat. Then Z is strictly
contained in the singular locus of X → P(Va,b), which can be proved to be an
irreducible divisor using the same arguments of the proof of Proposition 1.1.2.

We deduce that Z has codimension > 1.
This construction determines a morphism P(Va,b) \ Z → F

′(a, b, n). It is easy
to check that the compositions of the two morphisms we have introduced so far
are both equal to the identity, hence P(Va,b) \ Z ≃ F

′(a, b, n), which concludes the
proof. �

(1.2.4) Proposition. The group Pic(F ′(a, b, n)) is isomorphic to the sublattice

〈[OP(Va,b)(−d) ⊗ π∗OP(Wa)(−l)]〉 ⊂ Pic(P(Va,b) ≃ Z⊕2

where d and l are such that n+ 1 divides ad+ bl.
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Proof. Proposition 1.2.3 implies that Pic(F (a, b, n)) is isomorphic to the sublattice

PicPGLn+1(P(Va,b)) of Pic(P(Va,b)).
The latter is freely generated by [OP(Va,b)(−1)] and [π∗OP(Wa)(−1)]. We have to

find those elements that admits a PGLn+1-linearization.
Any possible PGLn+1-linearization on OP(Va,b)(−d) ⊗ π∗OP(Wa)(−l) must be of

the form:

A · f(x)⊗d ⊗ g(x)⊗l := det(A)pf(A−1x)⊗d ⊗ g(A−1x)⊗l

The condition under which the scalars act trivially is that (n+ 1)p = al+ bd. From
this the Proposition follows. �

(1.2.5) Observe that given a family of complete intersections (π : X ⊂ P → S) in
F (a, b, n), there exists a unique hypersurface Y ⊂ P of degree a that contains X .

We can define the sheaf:

Φl,d(S) := π∗

(
ω⊗d

X/S ⊗ (ωY/S |X)⊗l−d ⊗ (ωP/S |X)⊗p−l+d
)

It is pretty straightforward to check that there exists a globally defined sheaf
Φl,d whose pullback along S → F (a, b, n) is equal to Φ(S).

(1.2.6) Corollary. Let d, l, p be such that ad+ bl = (n+ 1)p. The the sheaves Φl,d

defined in (1.2.5) are line bundles. Morever, the Picard group of F (a, b, n) is free
of rank 2 and it is formed by the line bundles Φl,d defined in (1.2.5).

Proof. Set P(Va,b)
o := P(Va,b)\Z, where the latter is the open subscheme of P(Va,b)

introduced in Proposition 1.2.3.
We will argue as in the proof of Corollary 1.1.6. Consider the PGLn+1-torsor

f : P(Va,b) \ Z → F (a, b, n) given by Proposition 1.2.3.
We want to show that f∗Φl,d ≃ OP(Va,b)(l) ⊗ π∗OP(Wa)(d). This would allows us

to conclude by Proposition 1.2.4.
Let X ⊂ P(Va,b)o × Pn be the complete intersection constructed in the proof

of Proposition 1.2.3, and let Y be the pullback from P(Wa) × Pn of the universal
degree a hypersurface over P(Wa).

We have:

ωX/P(Va,b)o ≃ det(NX/Y ) ⊗ ωY/P(V o
a,b

)|X

ωY/P(Va,b)o ≃ det(NY ) ⊗ pr∗
2ωPn |Y

The normal bundle NX/Y of X in Y is isomorphic to
(
pr∗

1OP(Va,b)(1) ⊗ pr∗
2OPn(b)

)
|X

The normal bundle NY of Y in P(Va,b)
o × Pn is isomorphic to

pr∗
1π

∗OP(Wa)(1) ⊗ pr∗
2OPn(a)

where π : P(Va,b)o → P(Wa) is the projection morphism.
A straightforward computation shows the following:

f∗Φl,d ≃ pr1∗

(
pr∗

1(OP(Va,b)o (l) ⊗ π∗OP(Wa)(d)) ⊗ pr∗
2(ω⊗p

Pn (ad+ bl))
)

Applying the projection formula, we get the desired conclusion. �

(1.2.7) There are two open substacks of F (a, b, n) which will play a role in the
remainder of the paper, namely:

• The stack F (a, b, n)rat of complete intersections with at most ADE singu-
larities.

• The stack F (a, b, n)sm of smooth complete intersections.
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2. Recap on moduli of quasi-polarized K3 surfaces

In this section we briefly recall some notions from the theory of moduli of (quasi-
) polarized K3 surfaces. A more in deep account of this theory, with a specific
focus on the stacky approach, can be extracted from [Ols04] or it can be found
in [Riz06, Sec. 3-4]. A discussion of the geometry of the coarse moduli space of
(quasi-)polarized K3 surfaces is contained in [HT15, Sec. 1-2]. In this section, every
scheme is assumed to be defined over Q.

(2.0.1) Let X be a K3 surface over a field k, i.e. a geometrically connected,
smooth, proper scheme of dimension 2 over Spec(k) such that ωX/k ≃ OX and

H1(X,OX) = 0.
The Picard functor PicX/k is represented by a separated, smooth 0-dimensional

scheme over k ([Riz06, Lemma 3.1.2]): we define a quasi-polarization of degree l for

X as a rational point σ of PicX/k that on the algebraic closure k of k is the class
of a nef line bundle L satisfying:

(1) (L2) = l, where the degree of a line bundle is defined as the self-intersection
number of its first Chern class.

(2) if C ⊂ Xk is an irreducible curve such that (L · C) = 0, then (C2) = (−2).

A quasi-polarization σ is an actual polarization if the line bundle L is ample and
it is primitive if it is not a positive power of a point in PicX

k
/k.

(2.0.2) A family of K3 surfaces is a proper and smooth morphism of schemes
π : X → S whose fibres are K3 surfaces.

As before, the relative Picard functor PicX/S is represented by a separated al-
gebraic space, locally of finite presentation ([Riz06, Th. 3.1.1]): we define a quasi-
polarization of degree l of the family π : X → S as a section σ of PicX/S → S such
that for every geometric point s of S the restriction σs is a quasi-polarization of
degree l for Xs → s.

A quasi-polarization for a family of K3 surfaces is an actual polarization if its
restriction to every geometric fibre is so, and it is primitive if its restriction to every
geometric fibre is primitive.

An isomorphism of (quasi-)polarized K3 surfaces (X,σ) → (X ′, σ′) is an iso-
morphism f : X → X ′ such that f∗σ′ = σ. Similarly, an isomorphism of families
of (quasi-)polarized K3 surfaces (X/S, σ) → (X ′/S′, σ′) is given by a morphism
f : S → S′ together with an isomorphism g : X → X ′ ×S′ S such that tg∗σ′ = σ.

(2.0.3) Let 2l ≥ 4 be a positive number and define K2l as the fibred category over
the site of schemes (Sch/Q)fppf whose objects are families of K3 surfaces together
with a primitive quasi-polarization of degree 2l.

The morphisms in K2l are isomorphisms of quasi-polarized K3 surfaces. By
[Ols04, Thm. 6.2] we have that K2l is a smooth Deligne-Mumford stack that admits
a coarse moduli space K2l: this scheme coincides with the usual moduli space
of quasi-polarized K3 surfaces constructed through the period map (see [HT15,
Subsec. 2.1]).

(2.0.4) The integral Picard group Pic(K2l) can be defined either as the group of
invertible sheaves over K2l or as the first cohomology group H1(K2l,O

∗): these two
approaches are in fact equivalent (see [Mum65, Sec. 5]).

Moreover, due to the fact that K2l is smooth, there it is an isomorphism between
the divisor class group of K2l and its Picard group: in particular, every closed
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substack D ⊂ K2l of pure codimension 1 induces an exact sequence:

⊕iZ · [Di] → Pic(K2l) → Pic(K2l \ D) → 0

where the Di are the irreducible components of D.

(2.0.5) We recall here the definition of the Noether-Lefschetz divisors inside K2l:
for a more detailed account of this theory, see [MP13, Sec. 1].

Fix two integers d, h and define Dd,h as the fibred category whose objects are
families of primitive quasi-polarized K3 surfaces (X → S, σ) of degree 2l such that
there exists an element β in PicX/S(S) whose restriction over any geometric point
s of S satisfies:

(β · β)Xs
= 2h− 2, (β · σ)Xs

= d

If d2 + 2l(1 − h) > 0 then Dd,h ⊂ K2l is an irreducible divisor. The divisors defined
in this way are called Noether-Lefschetz divisors.

(2.0.6) Consider the sheaf on K2l defined as follows:

(π : X → S, σ) 7−→ π∗ωX/S

This sheaf is actually a line bundle.
Indeed, observe that the restriction of ωX/S to any fibre π−1(s) =: Xs is trivial.

Applying the cohomology and base change theorem ([Har77, Thm. 3.12.11]) we
immediately deduce that R1π∗ωX/S = 0 and that π∗ωX/S is locally free of rank

equal to h0(XsOXs
), i.e. is a line bundle.

We will refer to this line bundle as the Hodge line bundle, and its class in Pic(K2l)
will be denoted λ1.

(2.0.7) Lemma. Let (π : X → S, σ) be a family of primitively quasi-polarized K3
surfaces of degree 2l. Up to passing to an étale cover of X, we can assume that
there is a line bundle L such that σ = [L] in Pic(X)/π∗Pic(S). Then π∗(L⊗p) is a
locally free sheaf on S of rank p2l + 2.

Proof. We will show that π∗(L⊗p) is locally free using the cohomology and base
change theorem ([Har77, Thm. 3.12.11]). All we need to do is to prove that

H1(Xs, L
⊗p
s ) is equal to 0 for every geometric point of S.

This can be done using the Kawamata-Viehweg vanishing theorem, as L⊗p is nef
by hypothesis, and it is also big because (L2) > 0.

We know by hypothesis that (L2
s) = 2l and moreover h1(L⊗p

s ) = h2(L⊗p
s ) = 0 by

Kawamata-Viehweg vanishing theorem. Riemann-Roch formula then tells us that
h0(Ls) = 2 + p2l. �

(2.0.8) Let (π : X → S, σ) be a family of primitively quasi-polarized K3 surfaces.
Lemma 2.0.7 gives us a line bundle L on X and the canonical morphism π∗π∗L → L
induces a rational morphism X 99K P((π∗L)∨) of S-schemes.

Being X normal and P(π∗L
∨) proper over S, the rational morphism extends in a

unique way to the complement of a codimension 2 subscheme of X . By [SD74, Cor.
3.2], there exists a unique extension ψσ : X → P(π∗L

∨) of the rational morphism
to the whole family.

Observe that the morphism ψσ is uniquely determined by σ, although the line
bundle L is not.

(2.0.9) Proposition. Let (X,σ) be a primitively quasi-polarized K3 surface of
degree 2l ≥ 4, L a line bundle on X representing σ and ψσ : X → P(H0(X,L)∨)
the induced morphism described in (2.0.8). Then one of the following occurs:
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(1) ψσ is birational onto its image.
(2) ψσ is finite of degree 2: this happens if and only if (X,σ) is a point of D2,1

in K2l.
(3) The image of ψσ is a curve: this happens if and only if (X,σ) is a point of

D1,1 in K2l.

Proof. We start by proving (3).
Suppose that the image of ψσ : X → P(H0(X,L)∨) is a curve C. Denote H a

hyperplane section of P(H0(X,L)∨): we can assume that H ∩ C = p1 + · · · + pk,
where the pi are all regular and distinct. Then L = ψ∗

σ(H∩X) = D+(E1+· · ·+Ek),
where D is the fixed component of L and each Ei has genus 1 (this follows from
the adjunction formula).

Observe that (E2
i ) = 0 and (Ei · Ej) = 0, which implies that D 6= 0. Moreover,

by [SD74, Prop.2.6] the divisor E1 + · · · +Ek is linearly equivalent to kE for some
genus 1, irreducible curve E. By [SD74, (2.7.4)] we have D = D1 + · · · + Dn with
(D1 ·E) = 1 and (Di ·E) ≤ 0 for i > 1. By hypothesis, as (E2) 6= (−2), we have:

0 < (L · E) = k(E2) + (D1 ·E) +
∑

i>1

(Di · E) = 1 +
∑

i>1

(Di ·E)

The inequality (Di · E) ≤ 0 for i > 1 implies that (Di · E) = 0 and (L · E) = 1,
hence (X,σ) is in D1,1.

Suppose now that there exists E ⊂ X such that (E2) = 0 and (E · L) = 1.
Then (L − (l + 1)E)2 = (−2) and (L · (L − (l + 1)E)) = l − 2. For 2l ≥ 4,
this implies that there exists an effective divisor D with (D2) = −2 such that
L = (l+ 1)E +D. Observe that h0(O(E)) = 2, hence h0(O((l+ 1)E)) ≥ l+ 2. By
hypothesis h0(L) = l+ 2, thus h0(O((l+ 1)E)) = l+ 2 and D is a fixed component.

This implies that ψσ is actually the morphism ψ(l+1)E induced by the base-point
free linear system |(l + 1)E|. Moreover, every divisor in |E|, which has dimension
1, get contracted by ψ(l+1)E , so that the image of this morphism must necessarily
be a curve.

Point (2) is [SD74, Thm. 5.2], and point (1) is [SD74, (4.1)]. �

3. Integral Picard group of K2l for l = 2, 3, 4

In this section we compute the Picard group of K2l for l = 2, 3, 4 (see Theorem 3.1.5,
Theorem 3.2.4 and Theorem 3.3.5).

These Picard groups turn out to be free abelian groups on respectively 3, 4 and
4 generators. Moreover, the generators of these Picard groups are in each case
given by the Hodge line bundle (see (2.0.6)) and some (elliptic) Noether-Lefschetz
divisors (see (2.0.5)).

From now on, every quasi-polarization is assumed to be primitive.
Moreover, we will always be assuming that there exists a line bundle representing

the quasi-polarization.
This may not be true on the nose, but only up to passing to an étale cover.

Nevertheless, this technical detail will not be playing any role in our arguments, so
its omission should be harmless.

3.1. Computation of Pic(K4).
(3.1.1) Let (X → S, σ) be a family of quasi-polarized K3 surfaces of degree 4.
Proposition 2.0.9 tells us that the quasi-polarization σ = [L] induces a morphism
ψσ : X → P(π∗L

∨), which can be either birational, finite of degree 2 or of relative
dimension 1.
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Moreover, the substack of families whose polarization induces a birational mor-
phism is an open substack of K4, namely the complement of the Noether-Lefschetz
divisors D1,1 and D2,1. We will refer to this open substack as U4.

Recall that in (1.1.7) we introduced the stack G(d,m, n)rat of complete inter-
sections of equidegree d and codimension m inside a Brauer-Severi variety with
n-dimensional fibres, having at most ADE singularities.

(3.1.2) Proposition. The stack U4 is isomorphic to G(4, 1, 3)rat.

Proof. Given a family of quasi-polarized K3 surfaces (π : X → S, σ) of degree 4
whose quasi-polarization induces a birational morphism ψσ : X → P(π∗L

∨), the
image X := ψσ(X) will be a degree 4 hypersurface in P(π∗L

∨) whose singularities
are at most rational double points: this can be checked fibre by fibre, and for a
K3 surface with a non-ample quasi-polarization this follows from the fact that the
exceptional locus will be a chain of (−2)-rational curves.

An automorphism of the family of quasi-polarized K3 surfaces will induce an
automorphism of P(π∗L

∨), hence of X.
Therefore, we have a well defined morphism of stacks f : U4 → G(4, 1, 3)rat,

which sends a family of quasi-polarized K3 surfaces (X → S, σ) of degree 4 to its
projective model (X ⊂ P(π∗L

∨)). We claim that this is actually an isomorphism of
stacks.

Our strategy for proving the claim consists in applying the Zariski main theorem
for representable morphisms of algebraic stacks. We have to prove that f is (1)
representable, (2) quasi-finite, surjective, birational and separated

(1) Representability of f means the following: let (X → S, σ) be a family of
quasi-polarized K3 surfaces of degree 4 and let X ⊂ P → S be a family of
degree 4 hypersurfaces in a projective bundle of relative dimension 3 with
at most rational double points.

Suppose that X is the image of X along the birational morphism induced
by the quasi-polarization σ: then we want to show that there is no non-
trivial automorphism of the family X → S which descends to the identity
on X → S.

Let ϕ : X → X be such an automorphism: by hypothesis ϕ∗σ = σ, hence
it induces an automorphism ϕ′ of P(π∗L

∨) and we have that ϕ′|X ◦ ψσ is

equal to ψσ ◦ ϕ on the regular locus of X, hence ϕ is generically equal to
the identity. As both schemes are reduced and separated, we deduce ϕ = id.

(2) Birationality follows from the fact that the restriction of f to Uo
4 , the dense

open substack of polarized K3 surfaces of degree 4 whose polarization in-
duces a closed embedding, is an isomorphism onto G(4, 1, 3)sm, the open
substack of smooth hypersurfaces.

Quasi-finiteness and surjectivity can be checked on points: then our
claim is a consequence of the fact that a minimal resolution of a hypersur-
face X of degree 4 in P3 with at most rational double points is a K3 surface

X and it is unique. Such a resolution X̃ will always exist: by adjunction
ωX ≃ OX , and ω

X̃
≃ f∗ωX because the singularities are rational double

points.

For the same reason, as H1(X,OX) = 0, also H1(X̃,O
X̃

) = 0. The
uniqueness of the resolution is a consequence of the well known fact that
any two birational K3 surfaces are actually isomorphic. This also implies
separatedness of f .
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So we have proved that f : U4 → G(4, 1, 3)rat is representable, birational, quasi-
finite and surjective. The Zariski main theorem for representable morphisms of
algebraic stacks implies that it is an isomorphism. �

(3.1.3) Corollary. The stack G(4, 1, 3)rat is smooth, open in G(4, 1, 3) and its
complement has codimension > 1.

Proof. By Proposition 3.1.2 we know that G(4, 1, 3)rat ≃ U4, and this is an open
substack of the Deligne-Mumford stack K4, which is smooth ([Ols04, Thm. 6.2]).

This readily implies that G(4, 1, 3)rat is smooth inside G(4, 1, 3), and it has the
same dimension, hence it is open.

The complement of G(4, 1, 3)rat is strictly contained in the divisor of singular
complete intersections, which is irreducible, as discussed in the end of the proof of
Proposition 1.1.2): therefore, the complement of G(4, 1, 3)rat must have codimen-
sion > 1. �

(3.1.4) Let E be the standard GL4-representation, and define W4 := Sym4E∨.
Consider the line bundle O(−1) over P(W4) with the PGL4-linearization given

by the formula

A · f(x) := det(A)f(A−1x)

By Proposition 1.1.4, the PGL4-quotient of O(−1) defines a line bundle over the
stack G(4, 1, 3) which freely generate its Picard group.

Corollary 3.1.3 tells us that the codimension of the complement of G(4, 1, 3)rat

in G(4, 1, 3) is > 1, hence the Picard groups of the two stacks are isomorphic. By
Proposition 3.1.2 we know that U4 ≃ G(4, 1, 3)rat, and then we deduce that Pic(U4)
is freely generated over one element.

From Corollary 1.1.6 we deduce that the generator of Pic(U4) is the restricted
Hodge line bundle λ1|U4

.
We are ready to prove the main result of the subsection.

(3.1.5) Theorem. We have:

(1) Pic(U4) ≃ Z · λ1|U4
.

(2) Pic(K4) ≃ Z · [D1,1] ⊕ Z · [D2,1] ⊕ Z · λ1.

Proof. We already proved (1) in (3.1.4). Consider the exact sequence

Z · [D1,1] ⊕ Z · [D2,1] → Pic(K4) → Z · (λ1|U4
) → 0

We know from [Bru02, (6)] that PicQ(K4) has rank ≥ 3, hence the arrow on the
left in the sequence above must be injective. This implies (2). �

3.2. Degree six case.
(3.2.1) Let U6 be the open substack of K6 formed by those families (π : X → S, σ)
of quasi-polarized K3 surfaces of degree 6 such that the quasi-polarization induces
a birational morphism, i.e. the image of ψσ : X → P is birational to X .

Recall that in (1.2.7) we defined the stack F (a, b, n)rat whose objects are families
of complete intersections of codimension 2 and bidegree (a, b) in a Brauer-Severi
variety having n-dimensional fibres such that the fibres have at most ADE singu-
larities.

(3.2.2) Proposition. The stack U6 is isomorphic to F (2, 3, 4)rat.
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Proof. The proof is similar to the one of Proposition 3.1.2, so we will be skipping
some of the details.

It is well known that the image of a family of quasi-polarized K3 surfaces of
degree 6, whose polarization induces a birational morphism, is equal to a complete
intersection of bidegree (a, b) in a P4-bundle. Moreover, this image will have at
most ADE singularities.

This fact determines a morphism f : U6 → F (2, 3, 4)rat, which we claim to be
an isomorphism. As usual, in order to apply the Zariski Main Theorem, we need
to show that f is representable, birational, quasi-finite and surjective.

Representability can be proved using exactly the same argument of Proposition 3.1.2,
i.e. there exists a bijection between automorphisms of P that restrict to automor-
phisms of the family of complete intersections and automorphisms of the original
family of quasi-polarized K3 surfaces.

Birationality follows from the isomorphism between the open substack of families
of quasi-polarized K3 surfaces with a very ample polarization and F (2, 3, 4)sm, the
stack of smooth complete intersections.

Quasi-finiteness and surjectivity are proved in the same way as in the proof of
Proposition 3.1.2. �

(3.2.3) The complement of the substack F (2, 3, 4)rat inside F (2, 3, 4) has codimen-
sion > 1: indeed, let Urat be the preimage of F (2, 3, 4)rat along the PGL5-torsor
(P(V2,3)\Z) → F (2, 3, 4). By definition, its complement is strictly contained in the
closed subscheme of singular complete intersections, which is an irreducible divisor,
as observed at the end of the proof of 1.2.3.

We deduce that Pic(F (2, 3, 4)rat) ≃ Pic(F (2, 3, 4)). Proposition 1.2.4 implies
that the latter is isomorphic to the sublattice of Pic(P(V2,3)) ≃ Z⊕2 below:

Pic(F (2, 3, 4)) ≃ Z · [π∗OP(W2)(5)] ⊕ Z · [OP(V2,3)(1) ⊗ π∗OP(W2)(1)]

Corollary 1.2.6 allows us to give an explicit description of the generators of Pic(U6):
the first one is equal to the line bundle Φ0,5 (we are using the notation introduced
in (1.2.5)) and the second one is just the Hodge line bundle restricted to U6.

We are ready to state and prove the main result of this subsection.

(3.2.4) Theorem. We have:

(1) Pic(U6) = Z · [D3,1|U6
] ⊕ Z · λ1|U6

.
(2) Pic(K6) ≃ Z · [D1,1] ⊕ Z · [D2,1] ⊕ Z · [D3,1] ⊕ Z · λ1.

Proof. Proposition 2.0.9 tells us that U6 = K6 \ (D1,1 ∪ D2,1).

By Proposition 3.2.2, we know that Pic(U6) ≃ PicPGL5(P(V2,3). The latter had
been computed in (3.2.3)

Observe that the divisor ∆ of singular quadrics in P(W2) has degree 5: this
follows from the formula for the degree of the resultant. Its preimage in P(V2,3) is
then a generator of the PGL5-equivariant Picard group of P(V2,3).

The isomorphism of Proposition 3.2.2 induces an isomorphism between D3,1|U4

and complete intersections of singular quadrics and cubics.
This can be seen as follows: let X ⊂ P4 be a complete intersection of a quadric

and a cubic containing a curve C of genus 1 and degree 3. A simple computation
with Riemann-Roch formula shows that this curve must be planar, i.e. is contained
in some P2 ⊂ P4.

The intersection P2 ∩ X is a conic, unless the complete intersection contains a
plane, which should then be the case.
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Therefore, we can assume that the degree 2 homogeneous form defining the
quadric is contained in the homogeneous ideal generated by X3 and X4. It is
pretty straightforward to check that the determinant of any such quadratic form is
zero.

We deduce the following exact sequence:

⊕3
i=1Z · [Di,1] → Pic(K6) → Z · λ1 · 0

The arrow on the left must be injective, otherwise the rank of Pic(K6) would be < 4,
and we know from [Bru02, (6)] that the sublattice of Noether-Lefschetz divisors has
rank ≥ 4.

This implies the theorem. �

3.3. Degree eight case.
(3.3.1) Let (X → S, σ) be a quasi-polarized family of K3 surfaces of degree 8. Let
ψσ : X → P be the morphism induced by the quasi-polarization σ: the fibres of P
over S are hence isomorphic to P5.

Let us define U8 as the open substack inside K8 of quasi-polarized families such
that the morphism ψσ : X → P is birational: Proposition 2.0.9 implies that U8 =
K8 \ (D1,1 ∪ D2,1).

(3.3.2) Proposition. The stack U8 \ D3,1 is isomorphic to G(2, 3, 5)rat.

Proof. The proof is similar to the one of Proposition 3.1.2, so we only sketch here
the key steps.

If (π : X → S, σ) is a family of quasi-polarized K3 surfaces such that ψσ : X → P
is birational, the image ψσ(X) will be a family of complete intersection of three
quadrics with at most rational double points, unless there exists a curve C ⊂ X of
genus 1 and degree 3, where the degree is computed with respect to σ. For a proof
of this, see [SD74, Thm. 7.2].

Henceforth, we obtain a morphism f : U8 \ D3,1 → G(2, 3, 5)rat. We claim that
this f is an isomorphism, and we proceed to proving it by means of the Zariski
Main Theorem.

Representability of f follows from the same argument used in the proof of
Proposition 3.1.2, namely the fact that any automorphism ϕ of X induces an au-
tomorphism of P whose restriction to ψσ(X) generically coincides with ϕ.

Birationality follows from the isomorphism between the open substack of families
of K3 surfaces possessing a very ample polarization, not contained in D3,1, and the
stack G(2, 3, 5)sm.

The proof of quasi-finiteness and surjectivity for f can be copied almost word
by word from the one given for Proposition 3.1.2. �

(3.3.3) Corollary. The stack G(2, 3, 5)rat is smooth, open in G(2, 3, 5) and its
complement has codimension > 1.

Proof. By Proposition 3.3.2 we know that G(2, 3, 5)rat is smooth and has the di-
mension of G(2, 3, 5), which is irreducible: we deduce that G(2, 3, 5)rat is open in
G(2, 3, 5).

Its complement is strictly contained in the irreducible divisor (see the proof of
Proposition 1.1.2) of singular complete intersection, hence must have codimension
> 1. �

(3.3.4) Let E be the standard GL6-representation, and define W2 := Sym2E∨.
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We know from Proposition 1.1.4 that Pic(G(2, 3, 5) is isomorphic to the PGL6-
equivariant Picard group of Gr3(W2).

This group is generated by the line bundle det(T ) with the PGL6-linearization
given by the formula:

A · q1 ∧ q2 ∧ q3 := det(A)q1(A−1x) ∧ q2(A−1x) ∧ q3(A−1x)

The quotient of det(T ) by PGL6 gives a generator for Pic(G(2, 3, 5).
Proposition 3.3.2 implies that Pic(U8\D3,1) ≃ Pic(G(2, 3, 5), which we computed

in Proposition 1.1.4.
By Corollary 1.1.6, we see that a generator for Pic(U8 \ D3,1) is given by restric-

tion of the Hodge line bundle.
We are ready to prove the main result of the subsection.

(3.3.5) Theorem. We have:

(1) Pic(U8 \ D3,1) ≃ Z · λ1|U8\D3,1
.

(2) Pic(K8) ≃ Z · [D1,1] ⊕ Z · [D2,1] ⊕ Z · [D3,1] ⊕ Z · λ1.

Proof. We proved point (1) in (3.3.4). The localization exact sequence applied to
(∪3

i=1Di,1) ⊂ K8 gives:

⊕3
i=1Z · [Di,1] → Pic(K8) → Z · λ1|U8\D3,1

→ 0

The arrow on the left must be injective, otherwise we would have rk(Pic(K8)) < 4,
and the rank of the sublattice of Pic(K8) spanned by Noether-Lefschetz divisors is
known to be equal to 4 by [Bru02, (6)].

From this (2) easily follows. �

4. Some related computations

In this last section we compute the cycle classes of some divisors in the moduli
stack of complete intersections. These results are then interpreted in terms of
Noether-Lefschetz divisors in the stack of quasi-polarized K3 surfaces.

More precisely, we compute in Proposition 4.1.3 the class of [G(d,m, n)sing], the
divisor of singular complete intersections, in terms of the generator Φ (see (1.1.5))
of Pic(G(d,m, n)).

We deduce in Proposition 4.1.5 an expression of [D0,0|U4
] in terms of λ1|U4

, where
U4 is the stack of quasi-polarized K3 surfaces of degree 4 whose polarization induces
a birational morphism.

We also deduce in Proposition 4.1.7 an expression for [D0,0|(U8\D3,1)].
A similar computation is also performed for the stack F (a, b, n), and the results

obtained therein are used to write the class of [D0,0|U6
] in terms of [D3,1|U6

] and
λ1|U6

(see Proposition 4.2.6).
Finally, in Proposition 4.3.2 we compute the cycle class in the Picard group of

G(4, 1, 3) of the divisor of quartic surfaces containing a line. From this we deduce
in Proposition 4.3.3 an expression of [D3,1|U4

] in terms of the generator λ1|U4
of

Pic(U4).

4.1. The divisor of singular complete intersections in G(d,m, n).
(4.1.1) Recall from (1.1.1) that G(d,m, n) is the stack of complete intersections of
m hypersurfaces of degree d in a Brauer-Severi variety having n-dimensional fibres.

Proposition 1.1.2 tells us that

G(d,m, n) ≃ [(Grm(Wd) \ Z) \ PGLn+1]

whereWd = SymdE∨, the d-th symmetric power of the dual of the standard GLn+1-
representation, and Z is a PGLn+1-invariant, closed subscheme of codimension > 1.
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Let G(d,m, n)sing be the closed substack of singular complete intersections. The
isomorphism of Proposition 1.1.2 sends G(d,m, n) to the PGLn+1-quotient of the
divisor Grm(Wd)sing of singular complete intersections embedded in Pn.

The expression of [Grm(Wd)sing] in terms of det(T )∨ is given by the following
Proposition.

(4.1.2) Proposition. We have:

[Grm(Wd)sing] =

(
n−m+1∑

i=0

(−1)i

(
n+ 1

i

)(
n+ 1 − i

m

)
dn−i

)
· [det(T )∨]

Proof. The proof is basically the same as the proof of [DL18, Cor. 2.2.9], with the
only difference that one has to put c1 = 0 in the formula contained therein. �

Let k := mcm(n+1,md)/md. Then by Corollary 1.1.6 we know that the Picard
group of G(d,m, n) is freely generated by the line bundle Φ, which is equal to the
PGLn+1-quotient of the line bundle [det(T )⊗(−k)] defined over Grm(Wd).

Let G(d,m, n)sm be the substack of smooth complete intersections.

(4.1.3) Proposition. Let k := mcm(n + 1,md)/md. Then Pic(G(d,m, n)sm) is
generated by Φ and it is cyclic of order

1

k

(
n−m+1∑

i=0

(−1)i

(
n+ 1

i

)(
n+ 1 − i

m

)
dn−i

)

Proof. It follows from the short exact sequence

0 → Z · [G(d,m, n)sing] → Pic(G(d,m, n)) → Pic(G(d,m, n)sm) → 0

that Pic(G(d,m, n)sm) is generated by Φ and it is cyclic of order equal to the
number p such that [G(d,m, n)sing] = p · Φ.

Observe that [Grm(Wd)sing]PGLn+1
= p · [det(T )⊗(−k)]PGLn+1

.
The formula of Proposition 4.1.2 allows us to compute pk, hence p. �

(4.1.4) Let U4 be the open substack of K4 having as objects the families of quasi-
polarized K3 surfaces (π : X → S, σ) whose quasi-polarization induces a birational
morphism.

By Proposition 3.1.2 we have:

U4 ≃ G(4, 1, 3)rat

where the stack on the right is the stack of complete intersections with at most
ADE singularities.

Consider the Noether-Lefschetz divisor D0,0|U4
: the image of any K3 surface

containing a curve C such that (C · L) = 0 and (C2) = (−2) will have a singular
point to which the curve C will get contracted by the quasi-polarization (see (2.0.1)).
The singularity will be of course of ADE type, hence we deduce that D0,0|U4

is sent
to the restriction of the divisor [G(4, 1, 3)sing].

(4.1.5) Proposition. [D0,0|U4
] = 108 · λ1|U4

Proof. A straightforward application of Proposition 4.1.3. �
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(4.1.6) A similar argument can be applied in the case of quasi-polarized K3 surfaces
of degree 8. More precisely, let Uo

8 = U8 \ D3,1 be the substack of families whose
quasi-polarization induces a birational morphism with a complete intersection.

The isomorphism of Proposition 3.3.2 sends the restricted Noether-Lefschetz di-
visor D0,0|Uo

8
to an open substack of Gr3(W2), whose class we know from the formula

contained in Proposition 4.1.2.

(4.1.7) Proposition. [D0,0|Uo
8
] = 80 · λ1|Uo

8

4.2. The divisor of singular complete intersections in F (a, b, n).
(4.2.1) Let P(Va,b) be the projective bundle over P(Wa), the projective space of
degree a hypersurfaces in Pn, that we introduced in (1.2.2). We can interpret this
scheme as a paramenter space for complete intersections in Pn of codimension 2
and bidegree (a, b).

Let P(Va,b)sing be the closed subscheme of singular complete intersections in Pn of
bidegree (a, b). We briefly sketched in the proof of Proposition 1.2.3 that P(Va,b)sing

is an irreducible divisor.
Recall that Pic(P(Va,b) is freely generated by π∗OP(Wa)(1) and OP(Va,b)(1). The

class of P(Va,b)sing is given by the following formula.

(4.2.2) Proposition. Let

A =

n−1∑

i=0

n−1−i∑

k=0

(−1)i

(
n+ 1

i

)
an−1−i−kbk(1)

B =

n−2∑

i=0

n−2−i∑

k=0

(−1)i

(
n+ 1

i

)
(n− 1 − i − k)an−2−i−kbk(2)

C =

n−2∑

i=0

n−1−i∑

k=1

(−1)i

(
n+ 1

i

)
kan−1−i−kbk−1(3)

Then:

[P(Va,b)sing] = (ab · B + b ·A)[π∗OP(Wa)(1)] + (ab · C + a ·A)[OP(Va,b)(1)]

Proof. The proof is the same as the one of [DL18, Prop. 1.2.6], with the only
difference that in our context c1 = 0. �

(4.2.3) Recall that F (a, b, n) is the stack of complete intersections of two hyper-
surfaces of degree a and b inside a Brauer-Severy variety having n-dimensional
fibres.

In Proposition 1.2.3 we established an isomorphism of this stack with the quo-
tient stack [(P(Va,b)\Z)/PGLn+1], where Z is a PGLn+1 invariant closed subscheme
of P(Va,b).

Let F (a, b, n)sing be the closed substack of singular complete intersections: this
is sent by the isomorphism of Proposition 1.2.3 to a restriction of the substack
[P(Va,b)sing/PGLn+1].

Therefore, the isomorphism of Picard groups

Pic(F (a, b, n) ≃ PicPGLn+1(P(Va,b)

sends [F (a, b, n)sing] to the PGLn+1-equivariant class of P(Va,b)sing. From this we
deduce the following result.
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(4.2.4) Proposition. Let F (a, b, n)sm be the stack of smooth complete intersec-
tions of bidegree (a, b) in a Brauer-Severi variety having n-dimensional fibres.

The Pic(F (a, b, n)sm) is a quotient lattice of the free rank 2 lattice Pic(F (a, b, n))
(see Proposition 1.2.4) by the rank 1 lattice spanned by [P(Va,b)sing].

(4.2.5) Let U6 be the stack of quasi-polarized K3 surfaces of degree 6 whose polar-
ization induces a birational morphism.

As in the previous cases, the class of the Noether-Lefschetz divisor D0,0|U6
is

sent by the isomorphism of Picard groups

Pic(U6) ≃ Pic(F (2, 3, 4))

induced by Proposition 3.2.2 to the cycle class of F (2, 3, 4)sing. Applying Proposition 4.2.4
we obtain the following result.

(4.2.6) Proposition. [D0,0|U6
] = 78 · [D3,1|U6

] + 98 · λ1|U6
.

4.3. Computation of [(D3,1)|U4
].

(4.3.1) Let U4 be the stack of quasi-polarized K3 surfaces of degree 4 whose quasi-
polarization induces a birational morphism.

Consider the Noether-Lefschetz divisor D3,1, which by definition consists of those
quasi-polarized surfaces that contain a genus 1 curve C whose degree, with respect
to the polarization, is equal to 3.

Proposition 3.1.2 together with Proposition 1.1.4 gives an isomorphism:

Pic(U4) ≃ PicPGL4 (P(W4))

This isomorphism sends [D3,1|U4
] to the PGL4-equivariant cycle class of D3,1, the

divisor of degree 4 hypersurfaces in P3 containing a genus 1 curve of degree 3.

(4.3.2) Proposition. [D3,1] = [OP(W4)(320)] in Pic(P(W4)).

From this we deduce the following:

(4.3.3) Proposition. [D3,1] = 320 · λ1|U4
in Pic(U4).

Proof. Recall from Proposition 1.1.4 that PicPGL4(P(W4)) is generated by the line
bundle OP(W4)(1), which descends to the class of the Hodge line bundle λ1|U4

.
The class of [(D3,1)|U4

] is sent by the isomorphism of Picard groups

Pic(U4) ≃ PicPGL4 (P(W4))

to the equivariant cycle class of D3,1, which we computed in Proposition 4.3.2. �

The remainder of this subsection is devoted to prove Proposition 4.3.2. We
start with a technical lemma. In what follows, we will denote CH(X) the Chow
group/ring of a variety X .

(4.3.4) Lemma. Let 0 → F → E → Q → 0 be a short exact sequence of vector
bundles or rank f , e and q over a smooth variety X. Then we have:

[P(F )] =

q∑

i=0

ci(Q) · tq−i

inside CH(P(E)), where t denotes the hyperplane class of P(E).
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Proof. Let p : P(E) → B be the projection morphism. Then the fundamental class
of P(F ) is given by the top Chern class of the normal bundle, which is equal to
p∗Q⊗ OP(E)(1).

A simple computation with the Chern roots of the normal bundle prove the
formula above. �

The first step towards a proof of Proposition 4.3.2 is the following.

(4.3.5) Lemma. The divisor D3,1 in P(W4) is equal to the divisor of quartic
surfaces containing a line.

Proof. Let X be hypersurface in D3,1. Call C the genus 1 curve in X : then C must
be contained in a hyperplane H ⊂ P2. We can assume that the intersection of H
with X is a curve of degree 4 that must also contain C: from this it follows that
there is a line L inside X .

On the other hand, if X contains a line L, we can always find a hyperplane H
containing L and not contained in X : the intersection H ∩ X must then be equal
to the union of L with another curve C of genus 1 and degree 3. �

Before proceeding further, we need some preliminary results on the geometry of
quartic hypersurfaces containing a line.

(4.3.6) Lemma. The generic degree 4 hypersurface in P3 that contains a line
actually contains only one line.

Proof. The generic degree 4 surface X in P3 containing a line F has Pic(X) ≃
Z · [F ] ⊕ Z · [L], where L is the polarization (we can assume it to be very ample).
Recall that (L2) = 4, (F · L) = 1 and (F 2) = −2.

Therefore, any other line F ′ contained in X must be linearly equivalent to a
divisor of the form a ·L+b ·F for some integers a, b. A straightforward computation
shows that we must necessarily have a = 0, b = 1. In other terms F ′ must be linearly
equivalent to F .

We can apply Riemann-Roch to compute h0(OX(F )): this number turns out to
be 1, hence F ′ is actually equal to F . �

(4.3.7) Let Gr1(P3) be the grassmannian of projective lines in P3 and call T the
associated rank 2 tautological bundle. Let J be the ideal sheaf of the closed em-
bedding P(T ) →֒ P3 × Gr1(P3), so that we have the following exact sequence on
P3 × Gr1(P3):

0 → J → OP3×Gr1(P3) → OP(T ) → 0

We twist the sequence above by pr∗
1OP3(4) and we take the pushforward along pr2,

obtaining in this way the following exact sequence on Gr1(P3):

0 → pr2∗(J ⊗ pr∗
1OP3(4)) → W4 × OGr1(P3) → pr2∗(OP(T ) ⊗ pr∗

1OP3(4))

We claim that the morphism on the right is surjective, i.e. R1pr2∗(J ⊗pr∗
1OP3(4)) =

0.
This vanishing can be deduced applying cohomology and base change theorem

([Har77, 3.12.11]), once we prove that H1(P3, J(4)) = 0, where J is the ideal of a
line in P3.

Consider the Koszul resolution of J :

0 → OP3(−2) → OP3(−1)⊕2 → J → 0

By twisting with OP3(4) and taking the associated long exact sequence in cohomol-
ogy, one easily verifies that H1(P3, J(4)) = 0.
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Let F := pr2∗(J ⊗ pr∗
1OP3(4)): then the short exact sequence above defines

a closed embedding of P(F) inside P(W4) × Gr1(P3). Moreover, the projection
P(F) → P(W4) is generically 1:1 onto D3,1: this is because P(F) parametrizes
those pairs (X,F ) where F is a line in P3, X is a hypersurface of degree 4 and
F ⊂ X , and by Lemma 4.3.6 the generic hypersurface that satisfies this property
contains only one line.

Let p : P(W4) × Gr1(P3) → P(W4) be the projection onto the first factor: then
p∗[P(F)] = [D3,1], where [P(F)] denotes the fundamental class of P(F) in the Chow
ring CH(P(W4) × Gr1(P3)).

(4.3.8) The projective bundle formula tells us that

CH(P(W4) × Gr1(P3)) ≃ CH(Gr1(P3))[h]/(f(h))

where f is a relation in degree equal to the rank of W4, which is 35.
Observe that the rank of Q := pr2∗(OP(T ) ⊗ pr∗

1OP3(4)) is constantly equal to
5, hence by Grauert theorem this is a locally free sheaf. Applying Lemma 4.3.4 we
have that

[P(F)] =
5∑

i=0

ci(Q) · h5−i

hence

p∗[P(F)] =
5∑

i=0

(p∗ci(Q)) · h5−i

The only non-zero term in the formula above is p∗(c4(Q)) · h for fairly simple
dimensional reasons, and

p∗(c4(Q)) =

∫

Gr1(P3)

c4(Q)

so that we are left with computing the integral above.

(4.3.9) The Chow rings of P(W4) and Gr1(P3) are both free as Z-modules, and the
Chow ring of P(W4) × Gr1(P3) is freely generated as CH(Gr1(P3))-module. This
implies that we can retrieve the Chern classes of Q from its Chern character ch(Q),
using the relations:

c1(Q) = ch1(Q)

c2(Q) =
c1(Q)2

2
− ch2(Q)

c3(Q) = 2ch3(Q) −
c1(Q)3

3
+ c1(Q)c2(Q)

c4(Q) =
c1(Q)4

4
− c1(Q)2c2(Q) +

c2(Q)2

2
+ c1(Q)c3(Q) − 6ch4(Q)

We can use Grothendieck-Riemann-Roch formula to compute ch(Q).
Let us recall where the locally free sheaf Q comes from: it is obtained as the

pushforward along pr2 : P3 × Gr1(P3) of the sheaf OP(T ) ⊗ pr∗
1OP3(4), where P(T )

is the projectivization of the tautological vector bundle over Gr1(P3).
The cohomology groups Hi(F,OF (4)) vanish for any line F ⊂ P3 and i > 0:

using the cohomology and base change theorem we deduce that the higher direct
images of OP(T ) ⊗ pr∗

1OP3 (4) along pr2 vanish as well, hence the following equality

holds in K0(Gr1(P3), the K0-group of vector bundles on the grassmannian:

pr2∗[OP(T ) ⊗ pr∗
1OP3 (4)] = [pr2∗(OP(T ) ⊗ pr∗

1OP3(4))]
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Therefore ch(Q) is equal to the Chern character of the term on the left, and by
Grothendieck-Riemann-Roch we have:

ch(pr2∗[OP(T ) ⊗ pr∗
1OP3 (4)]) = pr2∗(ch([OP(T ) ⊗ pr∗

1OP3 (4)]) · pr∗
1Td(TP3))

Let t denote the hyperplane class of P3 (and its pullback to P3 × Gr1(P3)), so that
we have:

pr∗
1Td(TP3) =

(
t

1 − e−t

)4

The multiplicativity of the Chern character holds:

ch([OP(T ) ⊗ pr∗
1OP3(4)]) = ch(OP(T )) · pr∗

1ch(OP3(4) = ch(OP(T )) · e4t

We apply again Grothendieck-Riemann-Roch to compute ch(OP(T )), as the higher

direct images of the embedding i : P(T ) →֒ P3 × Gr1(P3) vanish. We get:

ch(OP(T )) = i∗(Td([TP(T )] − i∗[TP3×Gr1(P3)]))

The short exact sequence for a regular embedding implies that the difference [TP(T )]−
i∗[TP3×Gr1(P3)] is equal to −[NP(T )], where the latter is the class of the normal bun-
dle.

The normal bundle of P(T ) is equal to i∗(pr∗
2S ⊗ pr∗

1OP3(1)), where S is the
tautological quotient bundle over Gr1(P2). We deduce:

ch(OP(T )) = Td([pr∗
2S ⊗ pr∗

1OP3(1)])−1 · [P(T )]

Let α and β be the Chern roots of S, and let s1 = α+β and s2 = αβ be respectively
the first and the second Chern class of S. The Chern roots of pr∗

2S ⊗ pr∗
1OP3(1) are

then α+ t and β + t.
Lemma 4.3.4 gives us:

P(T ) =
2∑

i=0

si · t2−i

and by definition of Todd class, we get:

Td([pr∗
2S ⊗ pr∗

1OP3(1)])−1 =
(1 − e−α−t)(1 − e−β−t)

(α+ t)(β + t)

Putting all together, we get the following formula for ch(pr2∗[OP(T ) ⊗ pr∗
1OP3(4)]):

pr2∗

(
e4t

(
(1 − e−α−t)(1 − e−β−t)

(α+ t)(β + t)

)( 2∑

i=0

si · t2−i

)(
t

1 − e−t

)4
)

Taking the pushforward along pr2∗ is equivalent to taking the coefficient in front of
the term t3. A straightforward computation gives the following result:

ch(pr2∗[OP(T ) ⊗ pr∗
1OP3(4)])0 =5

ch(pr2∗[OP(T ) ⊗ pr∗
1OP3(4)])1 =10s1

ch(pr2∗[OP(T ) ⊗ pr∗
1OP3(4)])2 = − 5s2

1 + 20s2

ch(pr2∗[OP(T ) ⊗ pr∗
1OP3(4)])3 =

5

3
s3

1 − 10s1s2

ch(pr2∗[OP(T ) ⊗ pr∗
1OP3(4)])4 =

5

12
s4

1 +
10

3
s2

1s2 −
5

3
s2

2
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We can then retrieve the Chern classes of Q = pr2∗(OP(T ) ⊗ pr∗
1OP3(4)) using the

relations we mentioned before. We get:

c1(Q) = 10s1

c2(Q) = 55s2
1 − 20s2

c3(Q) = 220(s3
1 − s1s2)

c4(Q) = 5(143s4
1 − 264s2

1s2 + 42s2
2

The class of [D3,1] is then equal to [OP(W4)(l)], where l is value given by the integral
∫

Gr1(P3)

5(143s4
1 − 264s2

1s2 + 42s2
2)

The intersection theory of the 4-dimensional grassmannian Gr1(P3) is quite well
known since Schubert himself. In particular, if [p] is the fundamental class of a
point in Gr1(P3), we have:

s4
1 =2[p]

s2
1s2 = s2

2 =[p]

From this it follows that the integral above is equal to 320, hence [D3,1] is isomorphic
to OP(W4)(320). This proves Proposition 4.3.2.
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