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English summary

This dissertation contains three chapters consisting of self-contained essays about the
term structure of interest rates. The first chapter explores the implications of estimating
dynamic term structure models directly to the full cross-section of US Treasuries. The
second chapter proposes to abandon rational expectations of investors by considering
economies with heterogeneous investors. The third chapter investigates the empirical
properties of dynamic term structure models with spanned and unspanned macroeconomic
risks.

The first chapter explores the implications of estimating exponential affine term struc-
ture models directly to US Treasuries and not on synthetic zero-coupon yields as com-
monly done in the literature. The empirical evidence shows that three-factor exponen-
tial affine term structure models are capable of providing a satisfactory fit to the full
cross-section of the US Treasury market. Moreover, only a tiny fraction of the US Trea-
sury pricing residuals can be explained by liquidity distortions. The traditional two-step
approach using zero-coupon yield appears to be robust for conducting inference about
interest rates for maturities between six months to ten years.

The second chapter studies subjective risk premia in the Treasury market at the level
of individual investors using survey data. Expectations of investors cannot be reconciled
with factor dynamics implied by affine term structure models as investors abruptly update
long-horizon expectations about the short-rate. Risk premia at the individual level do
not move unanimously, presenting a challenge for extant representative agent models.
The chapter shows that the information set of investors is not subsumed by the term
structure of interest rates but heterogeneous and related to the macro-economy. Further,
the information set of a few investors robustly predict excess bond returns.

The third chapter examines the spanning property implied by common macro-finance
term structure models. These macro-finance term structure models imply that the macroe-
conomy is spanned by the yield curve. The spanning property of these models has been
challenged by regression evidence showing that macroeconomic factors are unspanned by
the yield curve. However, recent research has revealed that the regression evidence pro-
vides no basis for rejecting spanned models. This study, therefore, explores the empirical
in-sample and out-of-sample properties of spanned and unspanned macro-finance term
structure models in order to examine the empirical relevance of the spanning property.
The results show that spanned models with three factors are unable to fit the cross-section
of yields satisfactory. Furthermore, extending the spanned models to more than three fac-
tors leads to the macroeconomic factors being weakly spanned by the yield curve while

vii



implying unrealistic maximal Sharpe ratios and model-implied yields for the long end of
the yield curve. Out-of-sample evidence indicates that both the spanning restrictions and
macro variables are unimportant for forecasting yields.
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Danish summary

Denne afhandling indeholder tre kapitler som består af tre uafhængige essays vedrøren-
de dynamiske rentestruktur modeller. Det første kapital undersøger konsekvenser af at
estimere dynamiske rentekurve modeller direkte på hele tværssnittet af det amerikanske
statsobligationsmarkedet. Det andet kapital foreslår at gå væk fra antagelsen om ratio-
nelle forventninger og istedet modellere økonomier med heterogene investorer. Det tredje
kapital udforsker de empiriske egenskaber vedrørende dynamiske rentekurver modeller
med makroøkonomiske risikofaktorer.

Det første kapital undersøger implikationerne af at estimere eksponentielle affine ren-
testruktur modeller direkte på amerikanske statsobligationer istedet for på syntetiske
nulkupon obligationer som ellers er gjort i literaturen. Empirien viser at tre-faktor ekspo-
nentielle affine rentestruktur modeller er i stand til at give en tilfredsstillende beskrivelse
af hele tværsnittet af det amerikanske statsobligationsmarkedet. Yderligere, så er det kun
en brøkdel af målefejlene som kan foreklares ved likviditetspræmier. Den traditionelle to-
skridts metode med nulkuponrenter lader til at være robust i forhold til at udføre inferens
omkring renter for udløbstider mellem seks måneder og ti år.

Det andet kapital studerer subjektive risikopræmier i det amerikanske statsobliga-
tionsmarkedet på niveauet for individuelle investorer ved anvendelse af survey data. In-
vestorernes forventninger kan ikke forsones med faktor dynamikken impliceret af affine
rentestruktur modeller da investorerne pludseligt opdatere deres langsigtede forventninger
omkring den korte rente. Risikopræmier på niveauet af individuelle investorer bevæger sig
ikke ensrettet, hvilket præsentere en udfordring for eksisterende modeller med en repræ-
sentativ agent. Kapitlet viser at investorernes informationssæt er ikke indeholdt i rente-
kurven, men er istedet homogen og relateret til makroøkonomien. Yderligere er enkelte
investorers informationsæt brugbart til at forudsige merafkast på obligationer.

Det tredje kapital undersøger implikationer af at antage at informationen i makroøko-
nomiske variabler er indeholdt i rentekurven. Denne antagelse er udfordret af regressioner
som viser at antagelsen ikke holder. Dog har nyligt forskning vist at regressioner ikke er
tilstrækkelig til at afvise at antagelsen holder. Kapitlet undersøger derfor de empiriske
implikationer af at antage at rentekurven indeholder alt information fra makroøkonomien.
Resultaterne viser at antagelsen kræver større modeller for at kunne forklare tværsnittet
af obligationer langs rentekurven. Disse større modeller har dog den egenskab at makroø-
konomien kun er svagt forklaret af rentekurven og yderligere antyder den Sharpe ratios
som er urealistiske høje samt negative renter for lange løbetider. Slutteligt, viser det sig
at makroøkonomiske variabler ikke er vigtige for at forudsige fremtidige renter.

ix





Chapter 1

Representativeness of synthetic
zero-coupon yields and liquidity
distortions
Thomas Mogensbjerg Jensen
Aarhus University and CREATES

Abstract

This paper explores the implications of estimating exponential affine term struc-
ture models directly to US Treasuries and not on synthetic zero-coupon yields as
commonly done in the literature. The empirical evidence shows that three-factor
exponential affine term structure models are capable of providing a satisfactory fit
to the full cross-section of the US Treasury market. Moreover, only a tiny frac-
tion of the US Treasury pricing residuals can be explained as liquidity distortions.
The traditional two-step approach using zero-coupon yield appears to be robust for
conducting inference about interest rates for maturities between six months to ten
years.

1



2 1. REPRESENTATIVENESS OF SYNTHETIC ZERO-COUPON YIELDS

1.1 Introduction

The dynamic term structure literature has focused almost exclusively on the modeling of
synthetic zero-coupon bonds. These synthetic zero-coupon bonds are not observed but
are instead constructed from cross-sections of US Treasuries. This means that dynamic
term structure models are usually studied using a two-step estimation approach. In
the first step, the researcher constructs a synthetic yield curve from Treasuries at each
observation date by means of a parametric or non-parametric functional form of the yield
curve. This implies that the synthetic yield curves are independently estimated at each
in point time, thereby ignoring information in the time-series dimension. Further, while
the functional form of the yield curves is chosen to produce a tight fit of the observed
market prices of Treasuries, they do not impose no-arbitrage restrictions and are void of
any economic content. In the second step, the dynamic term structure model of interest
is estimated from the time-series of these independently constructed and non-tradable
synthetic zero-coupon bond yields.

The one-step approach (Andreasen et al., 2019), on the other hand, directly esti-
mates the dynamic term structure model using Treasuries, thus imposing no-arbitrage
restrictions on actually traded assets and allows for full exploitation of the time-series in-
formation in the data. However, the one-step approach comes at a cost as it significantly
complicates the estimation of dynamic term structure models as prices of Treasuries,
unlike zero-coupon bonds, are non-linear functions of the state vector in the exponential
affine model. The one-step approach, therefore, requires a more sophisticated and compu-
tationally demanding filtering method and is usually avoided in favor of the much simpler
two-step estimation method. Crucially, the economic validity and robustness of a vast
literature hinge on whether the synthetic yields are sufficiently representative of the true
underlying data to the extent that the two-step approach has no economic implications
for the estimation of dynamic term structure models and inference about interest rates.

A simultaneous empirical issue that cannot be avoided regarding US interest rates
is that of liquidity and market segmentation. Indeed, the sovereign US bond market is
known to suffer from liquidity distortions and market segmentation issues, see for instance
Amihud and Mendelson (1991); Cherian et al. (2004); Goldreich et al. (2005); Jordan and
Jordan (1997); Kamara (1994); Duffee (1996); Duffie (1996); Musto et al. (2018) and the
references therein. These liquidity distortions are evident from the observable market
prices of US Treasuries. In particular, two bonds with similar maturity and cash flows
might trade at different yield-to-maturity beyond what could simply be attributed to as
measurement noise. This has important implications for the estimation of dynamic term
structure models as well as the construction of synthetic yields as it implies that one
estimates yield curves for certain levels of liquidity. The salient and perhaps most widely
used set of synthetic yields are those estimated by Gürkaynak et al. (2007). They address
the liquidity issue by removing the Treasuries that are believed to be severely affected by
liquidity distortions such as the most recently issued securities which are said to be “on-
the-run.” Consequently, their cross-sections consist of more homogeneous and seasoned
bonds. While one could make the argument that the yields from Gürkaynak et al. (2007)
are more representative of changes in underlying economic forces rather than liquidity
dynamics, most of the trading activity in the US Treasury market is nevertheless pertained
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to the on-the-run issues (Fabozzi and Fleming, 2000). To this end, it is instructive to
examine what effect the bonds included during estimation have on the estimated dynamic
term structure model. This paper, therefore, explores the impact that different data sets
with different liquidity profiles and cross-sectional sizes have on the estimation of dynamic
term structure models. Moreover, the resulting pricing residuals are examined to uncover
how much of the variation that can be explained as liquidity distortions.

This paper shows that a three-factor exponentially affine term structure model is ca-
pable of providing a close fit to essentially all outstanding US Treasuries with root mean
squared pricing errors at around seven basis points. This is a striking result due to the
sheer number of securities in the Treasury market with more than 300 outstanding bonds
in recent times. The tight fit is, however, not attained when the model is estimated using
the two-step approach, which produces substantially larger pricing errors. Notwithstand-
ing, comparing the model-implied yield curves reveal that the estimation method and
data set mainly leads to differences in the short and long end of the yield curve, while
the model-implied yields are close for maturities between six months to ten years with
less than ten basis points in root mean squared differences. While the one-step approach
generates a tighter fit to the underlying coupon bonds than the traditional one-step esti-
mation approach, an out-of-sample forecasting exercise show that the one-step approach
does not generate better out-of-sample forecasts. Thus, the benefits of the one-step ap-
proach seems to mainly lie in the cross-sectional properties of the model.

Only a tiny fraction of the variation in the pricing errors of US Treasuries can be
attributed as liquidity distortions as various proxies of liquidity jointly reduce the pricing
errors by less than a basis point. Nevertheless, the liquidity distortions are important for
the individual securities as the estimated effect size for each liquidity measure is large
and statistically significant. Moreover, there is essentially no difference between dynamic
term structure models that are estimated from the full cross-section of Treasuries and
those that are estimated on cross-sections that removes the highly liquid securities as
in Gürkaynak et al. (2007). Conversely, large differences do appear when a model is
estimated on a data set that only consists of bonds that are on-the-run and thus carrying
large liquidity premia. Taken together, the results suggest that liquidity distortions do not
present an issue for the estimation of term structure models as long as the cross-section
of bonds is sufficiently large and thus diversify away from the liquidity distortions of
individual securities. Moreover, the traditional two-step approach using synthetic yields
constructed from qualifying cross-section of bonds as in Gürkaynak et al. (2007) also
appears robust to liquidity distortions.

The estimated parameter values are impacted not only by whether a one or two-step es-
timation approach is taken, but also by the size of the cross-section used in the estimation.
Specifically, estimating models using the one-step approach leads to in large differences in
factor persistency under the risk-neutral measure, compared to the traditional approach.
Additionally, the second and third factors are more volatile when estimated using a large
cross-section of Treasuries compared to smaller cross-sections, suggesting that samples of
the latter type do not identify all variations in the latent factors.

The idea of estimating dynamic term structure models in a one-step approach is
not a novelty of this paper. Indeed, the traditional way of estimating term structure
models and conducting inference about interest rates has been challenged by Andreasen
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et al. (2019), who estimate an arbitrage-free Nelson Siegel model (Christensen et al.,
2011) directly in a one-step approach to the Canadian sovereign bond market. They
find that the term structure model provides a better fit of the underlying data when
fitted directly in a one-step approach and that it is primarily the short and long end of
the yield curve that is affected by the estimation method. Furthermore, they provide
Monte-Carlo evidence for the econometric gains of the one-step procedure. This study
is complementary to Andreasen et al. (2019). The Canadian bond market is a smaller
sovereign bond market that is not known to suffer from liquidity distortions to the same
degree as US Treasuries. Thus, their results can be primarily attributed to the econometric
gains of the one-step approach but it is not clear how their result extrapolates to the US
bond market, which is known to be affected liquidity distortions. The cross-sectional size
of the US Treasury market dwarfs that of the Canadian sovereign bond market. While
standard implementations of a non-linear Kalman filter is sufficient for estimating dynamic
term structure models to Canadian sovereign bonds, such implementations will lead to
numerically singular covariance matrices for the US Treasury market. In this pursuit, this
paper provides the simple extension of Jungbacker and Koopman (2015) to the non-linear
setting to handle the large cross-sectional size of the US Treasury market. This paper
shows that their results also apply to the US Treasury market as the liquidity distortions
in the Treasury market do not seem to materially affect the estimated model parameters.
Similarly, their result that differences in model-implied yield curves lie mainly in the short
and long end of the yield curve is replicated for the US Treasury market.

In the related literature beyond Andreasen et al. (2019), Fontaine and Garcia (2011)
estimate an arbitrage-free Nelson Siegel model augmented with an additional liquidity
factor on cross-sections consisting of pairs of a newly issued bond and an older bond
with a similar time to maturity. The liquidity factor is then used to explain the yield
differentials between the pairs, where the liquidity factor loadings are driven by the age
of the instruments to proxy for their liquidity. They show that their liquidity factor
relates to funding constraints throughout the economy and predicts excess returns on
zero-coupon bonds. Dai et al. (2004) examines whether zero-coupon bond excess return
predictability regressions are consistent with affine term structure models. Moreover,
they examine whether their results are robust to the method used to construct the zero-
coupon yields. They find that the dynamic term structure models can generate the
regression evidence of bond predictability, and their result is robust to various methods of
constructing synthetic zero-coupon yields. Pancost (2018) estimates a linearity-generating
model (Gabaix, 2007) to daily cross-sections of US Treasuries with more than 12 months
to maturity. He describes a yield spread between bonds that are more than 15 years old
and other securities during the financial crisis. Moreover, he examines the predictability
of excess bond returns for actual tradable US Treasuries.

The rest of the paper is organized as follows. Section 1.2 defines the exponential affine
term structure model underlying the empirical application and describes the difference
between the one-step and two-step approach by outlining the state-space representation
of the model in both cases. Section 1.3 describes a non-linear computationally efficient
Kalman filter for handling the full cross-section of US Treasuries. Section 1.4 contains
the empirical application, while Section 1.5 concludes.
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1.2 Bond pricing and state-space representations of affine term
structure models

In this section, a generic exponentially affine term structure model is defined, which will
serve as the modeling foundation for the empirical application. As the state-vector in ex-
ponentially affine term structure models is generally unobserved, it is necessary to either
employ filtering techniques to uncover the state vector or assume that N linear combina-
tions of zero-coupon yields are priced perfectly by the model which can then be inverted
for the state vector. While Joslin et al. (2011) show that the states can be reliably in-
ferred as the first N principal components of a panel of zero-coupon yields, there is no
straightforward way to invert observed coupon bond prices as these are non-linear func-
tions of the state vector. This, therefore, necessitates non-linear filtering for estimating an
affine term structure model directly on US Treasuries. In accordance, this section details
the state-space representation of an exponentially affine term structure model depend-
ing on whether zero-coupon yields or coupon bonds are observed by the econometrician.
Essentially, these state-space representations outline the difference between the one-step
and two-step estimation strategies by taking observations of either synthetic zero-coupon
yields or traded coupon bonds observations as given.

1.2.1 Affine term structure models

Attention is restricted to the A0 (N) family of affine term structure models of Dai and
Singleton (2000), that is Gaussian models with constant volatility, as these models appear
to have been the most widely used in the literature and have been successful in capturing
the most salient empirical properties of interest rates (Dai and Singleton, 2000, 2002).
The A0 (N) class of models is formulated in continuous time by the existence of an N -
dimensional state vector Xt which moves through time according to an Itô process with
constant diffusion and linear drift under both the physical probability measure P and the
risk-neutral pricing measure Q. The short-rate is assumed to be an affine function of the
state vector. Accordingly, the model is described by the system

dXt = κP
(
θP −Xt

)
+ ΣW P

t (1.1)

dXt = κQ
(
θQ −Xt

)
+ ΣWQ

t (1.2)
rt = ρ0 + ρ1Xt, (1.3)

where W P
t ,W

Q
t are the underlying N -dimensional Brownian motions generating uncer-

tainty in the model under the physical and risk-neutral probability measure. This implies
essentially-affine market prices of risk as in Duffee (2002).

In the absence of arbitrage opportunities, Duffie and Kan (1996) show that the term
structure model in (1.1)-(1.3) implies that log zero-coupon bond prices with τ time to
maturity are affine in the state vector Xt

p (τ,Xt) = A (τ) +B (τ)
′
Xt, (1.4)
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where A (τ) , B (τ) solves a set of ordinary differential equations, see appendix 1.A for
details. The model-implied yield for the zero-coupon bond is

yzt (τ,Xt) = −
(
A (τ) +B (τ)

′
Xt

)
/τ

= a (τ) + b (τ)
′
Xt.

The conditional distribution of Xt is normal, where the first two moments under P
are given as

Et (Xt+h) = θP + exp
(
−κPh

) (
Xt − θP

)
(1.5)

V art (Xt+h) =

∫ h

0

exp
(
−κPu

)
ΣΣ′ exp

(
−κP′u

)
du. (1.6)

The conditional distribution ofXt sampled at discrete time intervals can thus be described
by the vector autoregression (VAR) given by

Xt+h = H0 +H1Xt + εt+h, εt+h ∼ NID (0, Q) , (1.7)

where H0, H1 and Q follows from matching the moments in (1.5) and (1.6).

1.2.1.1 State-space representation for zero coupon yields

Suppose the econometrician has obtained a panel of synthetic zero coupon yields. Under
the assumption that each yield is observed with additive, independent, identically, nor-
mally distributed noise, the measurement equation follows by stacking yields of various
maturities into a vector yzt at each point in time, obtaining the measurement equation

yzt = a+ bXt + et, et ∼ NID
(
0, Iσ2

e

)
, (1.8)

where I denotes the identity matrix of the conforming dimension, a and b are stacked
factor loadings of the respective maturities, and σe is a scalar.

Philosophically, the measurement errors can be understood to be errors during the
construction of the synthetic yields or just outright pricing errors of the term structure
model. The measurement equation, along with the factor dynamics from (1.7) denotes a
linear state-space system that can be readily estimated using maximum likelihood meth-
ods by the standard Kalman filter.

1.2.1.2 State-space representation for coupon bonds

Suppose instead the econometrician observes a panel of coupon bond prices Pt = {Pi,t}i
and an associated cash flow vector for each bond Ci,t =

[
c
(1)
i,t , ..., c

(ni,t)
i,t

]′
, where c(j)i,t

denotes the j’th payment of the i’th bond with maturity τ (j)
i,t at time t. The observed

coupon prices are related to the term structure model by observing that the cash flow
generated by the coupon and principal payments of the bond can be exactly replicated
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by a portfolio of zero-coupon bonds. Thus, by no-arbitrage, the model-implied price of
the i′th coupon bond is

P̃i,t =

ni,t∑
j=1

c
(j)
i,t exp

(
A
(
τ

(j)
i,t

)
+B

(
τ

(j)
i,t

)′
Xt

)
. (1.9)

The deviations of the model-implied prices to observed prices give rise to measurement
or pricing errors, which, once again, can be assumed to be independent across the cross-
section. As in the zero-coupon case, the measurement equation is obtained by stacking
individual bonds into Pt giving

Pt = P̃t + et, ei,t ∼ NID
(
0, Iσ2

e

)
.

Note, however, that the measurement equation is no longer linear as the model-implied
coupon bond prices are sums of exponential functions that do not further algebraically
compress. It is, therefore, necessary to turn to non-linear Kalman filtering methods as
will be described in the following section.

To fix the remaining notation related to coupon bonds, the yield-to-maturity of a
coupon bond yci,t and duration Di,t are defined as

Pi,t −
ni,t∑
j=1

c
(j)
i,t exp

(
−yci,tτ

(j)
i,t

)
= 0 (1.10)

Di,t =
1

Pi,t

ni,t∑
j=1

τ
(j)
i,t c

(j)
i,t exp

(
−yci,tτ

(j)
i,t

)
= −∂ logPi,t

∂yci,t
. (1.11)

Thus, yci,t is the bond-dependent interest rate which discounts the coupon stream to the
observed price, i.e. the internal rate of return of the bond, and Di,t is the semi-elasticity
of the bond price with respect to yci,t. The model-implied yield-to-maturity ỹci,t is obtained
by solving (1.10) where Pi,t has been substituted by P̃i,t.

1.3 Non-linear Kalman filtering for large cross-sections of US
Treasuries

It is well-known that Kalman filtering for large cross-sections can become slow and sus-
ceptible to the accumulation of rounding errors during the filter recursions, which can
lead to numerical instability due to numerically singular covariance matrices. Arguably,
the cross-sectional size of US Treasuries, which typically exceeds 300 observations in re-
cent times, will cause computational problems that makes estimation using a standard
implementation of the Kalman filter infeasible. This section describes in some detail a
computational efficient non-linear Kalman filter for estimating the states and evaluating
the likelihood function of a dynamic term structure model on all outstanding Treasury
coupon bonds.

The Kalman filter in question is the simple extension of Jungbacker and Koopman
(2015) to non-linear systems. They show that the updating step of a linear Kalman filter
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can be carried out by separating a linear transformation of the observations into a low
and high-dimensional vector, where only the low-dimensional vector depends on the state
vector. As a result, the Kalman filter only has to be run for the low-dimensional observa-
tions to filter the state vector while the contribution of the high-dimensional observations
to the likelihood function can be recovered by computationally efficient generalized least
squares projections.

The non-linear coupon bond prices of the exponential affine term structure models
are handled by linearizing the measurement equation. Moreover, an iterative procedure
is used to find the mode of the state vector conditional on all observations by iterating on
the approximation point. Mode estimation of the state vector in the context of dynamic
term structure models is used in Andreasen et al. (2019). This section can, therefore, be
seen as an extension of the estimation method in Andreasen et al. (2019) to handle larger
cross-sections of coupon bonds such as US Treasuries. Moreover, Andreasen et al. (2019)
show that the estimation procedure is equivalent to full information maximum likelihood
estimation for N → ∞ and T → ∞ by adopting a frequentist approach to filtering, i.e.,
by treating the states as parameters to be estimated. See Andreasen et al. (2019) for
further details.

To set up the notation for the state-space model, let the observed coupon bond prices
at time t be stacked in the vector Pt of dimension nt for t ∈ {1, .., T}. Let P̃t = gt(Xt,Θ)
denote the vector-valued non-linear pricing function obtained by applying (1.9) for each
corresponding element in Pt. Similarly, let the pricing errors be gathered in the vector
et. The non-linear state-space system is then given by

Xt+1 = H0 +H1Xt + εt+1, εt+1 ∼ NID (0, Q) (1.12)
Pt = gt (Xt; Θ) + et, et ∼ NID (0, Rt) (1.13)

where the change of variables Rt ≡ Intσ
2
e has been used for notional simplicity. Let

Pt denote the observations of coupon bond prices made up to time t. The relevant
conditional moments for filtering are denoted by Xt|t′ = E (Xt|Pt′) , Vt|t′ = V ar (Xt|Pt′)
for t′ ∈ {t− 1, t, T}. The one-step ahead prediction errors of the observations are denoted
by vt = Pt − E (gt (Xt; Θ) |Pt−1) and the associated conditional variance is defined as
Ft = V ar (vt|Pt−1).

1.3.1 Conditional mode estimation of the state vector

Given that the coupon bond prices are non-linear functions of Xt, there are no immediate
closed-form solutions for the minimum mean-squared error estimate of Xt as in the linear
Kalman filter setting. To handle the non-linearity, the measurement equation can be
linearized by a first-order approximation around the best guess of the state vector available
at each iteration. Defining Zt = ∂gt(X;Θ)

∂X′

∣∣∣X=Xt|t−1
, the measurement equation is then

approximated as
Pt = µt + ZtXt + ẽt, ẽt ∼ NID (0, Rt) (1.14)

where µt is the constant term of the Taylor approximation. Equation (1.14) along with
(1.13) generates an approximating linear system that can be solved by the ordinary
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Kalman filter and smoother. Selecting the approximation point as Xt|t−1 amounts to
the extended Kalman filter. It is, however, trivial to improve upon the extended Kalman
filter by choosing a “better” linearization point. In particular, the mode of the state vector
of the non-linear model conditional on all observations can be found by iterating on the
approximation point as outlined in Durbin and Koopman (2012).

To describe the implementation of this procedure, let X̃ denote the current best esti-
mate of X. An initial value of X̃ can be found by running the Kalman smoother on the
output from the extended Kalman filter. Then, by approximating the non-linear mea-
surement equation around X̃, one obtains a new linear approximating system. The log
joint distribution of the observations and state vector of the new system is given by

log f(X,PT ) =c− log f (X1)− 1

2

T∑
t=2

log |Q|+ (Xt − (H0 +H1Xt−1))
′
Q−1 (Xt − (H0 +H1Xt−1))

(1.15)

− 1

2

T∑
t=1

log |Rt|+ (Pt − (µt + ZtXt))
′
R−1
t (Pt − (µt + ZtXt))

where c is a constant, and µt and Zt are given by

Zt =
∂gt (Xt; Θ)

∂X ′t

∣∣∣∣
Xt=X̃t

µt = gt

(
X̃t; Θ

)
− ZtX̃t.

The mode of the state vector conditional on all observations of the linear system can
be found by maximizing log f(X,PT ) with respect to X since f (X|PT ) is proportional
to f(X,PT ). Thus, the mode of the state vector of the approximating linear system X̂
solves

∂f(X,PT )

∂X ′
=
∂ log f (X1)

∂X1
−

T∑
t=2

Q−1 (Xt − (H0 +H1Xt−1)) (1.16)

−
T∑
t=1

∂gt (Xt; Θ)

∂X ′t

∣∣∣∣
Xt=X̃i

t

R−1
t

(
Pt − gt

(
X̃t; Θ

)
− ∂gt (Xt; Θ)

∂X ′t

∣∣∣∣
Xt=X̃i

t

(
Xt − X̃t

))
=0.

As the system is Gaussian, the mode is equal to the mean. Thus, X̂ is computed by an
application of the Kalman filter and smoother on the linearized system.

For the non-linear model, the joint distribution is given by

f̄(X,Pt) ∝ log f (X1)− 1

2

T∑
t=2

log |Q|+ (Xt − (H0 +H1Xt−1))
′
Q−1 (Xt − (H0 +H1Xt−1))

(1.17)

− 1

2

T∑
t=1

log |Rt|+ (Pt − gt (Xt; Θ))
′
R−1
t (Pt − gt (Xt; Θ))
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Hence, similar to the linearized system, the conditional mode of the state vector solves

∂f̄(X,Pt)
∂X ′

=
∂ log f (X1)

∂X1
−

T∑
t=2

Q−1 (Xt − (H0 +H1Xt−1)) (1.18)

−
T∑
t=1

∂gt (Xt; Θ)

∂X ′
R−1
t (Pt − gt (Xt; Θ))

=0.

Thus, when X̃ = X̂ the mode of the non-linear model coincides with the mode of the
approximating linear system. Accordingly, the conditional mode of the state vector for
the non-linear model can be found by iterating on the Kalman filter and smoother on
the approximating linear system. Convergence is typically achieved within four to five
iterations.

1.3.2 Collapsing the measurement equation

To address the computational burden, Jungbacker and Koopman (2015) provide a conve-
nient procedure for handling large cross-sections in a linear Kalman filter setting. Thus,
their procedure applies to the approximating linear system. Their procedure is based
on transforming each observed cross-section by a partitioned matrix Ct =

[
CLt CHt

]′,
where CLt and CHt is of dimension N × nt and (nt −N) × nt respectively, to obtain the
partitioned observations

CtPt =

[
PLt
PHt

]
,

In particular, Ct is chosen such that rank (Ct) = nt, CHt R
−1
t CLt = 0, columns of Zt lies

in the null-space of CHt and
∣∣CHt ∣∣ = 1. The full-rank ensures no information is lost by

the transformation, the zero covariance property ensures that PLt , PHt are uninformative
about each other, the orthogonality condition CHt ⊥Zt implies that only PLt depends on the
state, and finally, the unit determinant of Ct simplifies the likelihood function. Jungbacker
and Koopman (2015) show that picking CLt = Z ′tR

−1
t satisfies the requirements while CHt

need not be explicitly calculated.
The partitioned measurement equation is

PLt = CLt µt + CLt ZtXt + CLt et (1.19)

PHt = CHµt + CHet. (1.20)

Given that only PLt depends on the state vector, it is sufficient to run the filter and
smoother on the low dimensional system.

The log-likelihood function of the prediction error decomposition for the transformed
observations is

L (PT ; Θ) = L
(
PLT ; Θ

)
+ L

(
PHT ; Θ

)
+

T∑
t=1

log |Ct|
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where

L
(
PLT ; Θ

)
= −1

2

T∑
t=1

N log (2π) + log |Ft|+ v′tF
−1
t vt

is the usual likelihood function of the Kalman filter. Given the assumptions imposed on
Ct, Jungbacker and Koopman (2015) show that the contribution of the high-dimensional
observations and the Jacobian term originating from the transformation are given by

L
(
PHT ; Θ

)
+ T log |C| = −1

2

T∑
t=1

(nt −N) log (2π) + log
|Rt|∣∣CLt RtCL′t ∣∣ + eH′t R−1

t eHt

where
eHt =

(
Int − Zt

(
Z ′tR

−1
t Zt

)
Z ′tR

−1
t

)
(Pt − µt) .

The GLS projection matrix Zt
(
Z ′tR

−1
t Zt

)
Z ′tR

−1
t can be efficiently computed by the QR

decomposition.1
Assuming H1 is a convergent matrix, the linear filter is initialized at the unconditional

moments implied by the VAR(1) in (1.12).2 The filter recursions are standard up to the
linear transformation and given by

Xt|t−1 = H0 +H1Xt−1|t−1

Vt|t−1 = H1Vt−1|t−1H
′
1 +Q

vt = PLt − CLt
(
µt + ZtXt|t−1

)
Ft = CLt ZtXt|t−1Z

′
tC

L′
t + CLt RtC

L′
t

Kt = Vt|t−1C
L
t ZtF

−1
t

Xt|t = Xt|t−1 +Ktv
L
t

Vt|t =
(
I −KtC

L
t Zt

)
Vt|t−1,

while the smoother recursions are standard and given by

Xt|T = Xt|t + Vt|tH1V
−1
t+1|t

(
Xt+1|T −Xt+1|t

)
Vt|T = Vt|t − Vt|tH ′1V −1

t+1|tH1Vt|t.

Asymptotic standard errors are obtained as the square root of the diagonal of the
information matrix I, whose i, j’th element is approximated as

Iij (Θ) =

T∑
t=1

1

2
tr
(
F̄−1
t

∂F̄t
∂Θi

F̄−1
t

∂F̄t
∂Θj

)
+

(
∂v̄t
∂Θi

)′
F̄−1
t

∂v̄t
∂Θj

F̄t = ZtXt|t−1Z
′
t +Rt

v̄t = Pt −
(
µt + ZtXt|t−1

)
,

1Let Q be the orthogonal matrix retrieved from the QR decomposition of
√
Rt
−1
Zt, then it is easy

to show that Zt
(
Z′tR

−1
t Zt

)
Z′tR

−1
t = QQ′.

2The unconditional moments are X0|0 = (I −H1)−1H0, V0|0 = (I −H1 ⊗H1)−1Q.
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where the partial derivatives are computed numerically by a central finite difference
scheme.

1.4 Empirical Application

This section explores the empirical implications of estimating term structure models us-
ing either synthetic yields in a two-step approach or US Treasuries directly in a one-step
approach. Moreover, various sub-samples of US Treasuries with different cross-sectional
sizes and bond characteristics will be considered. This will uncover how the estimated
models are impacted by the liquidity profile of the bonds included during estimation. The
estimated term structure models are compared by their parameter estimates, smoothed
states, model-implied yield curves as well as their ability to fit the synthetic yields con-
structed by Gürkaynak et al. (2007) and the full cross-section of US Treasuries. Finally,
the pricing residuals of the US Treasuries will be analyzed to examine to what extent
bond and liquidity characteristics can explain the variation in bond yields that are left
unexplained by the workhorse exponential affine term structure model.

1.4.1 Data description

The CRSP Treasury file provides historical prices on all US Treasuries. To facilitate
comparisons between the two estimation methods, the data set by Gürkaynak et al. (2007)
is used as a representation of synthetic zero-coupon yields as commonly used in the
literature. As their data set is based on fitted Nelson-Siegel-Svensson yield curves, it is
straightforward to calculate yields for any maturity at any date. Moreover, Gürkaynak
et al. (2007) provide a rough guideline of which bonds they include during estimation, at
least up to ad hoc exclusions, which enables the construction of a mimicking coupon data
set from the CRSP files.

I examine the time-period from January 1990 to December 2016 using end-of-month
prices. The sample period includes the financial crisis and the recent zero-lower bound
period. Any issues about the zero-lower bound are abstracted away from. The economic
implications of the zero lower bound are largely irrelevant as the main focus of this study
is on the cross-section of Treasuries and not on predictions for the future path of the short-
rate. Accordingly, the data set consists of 324 monthly observations in the time-series
dimension for both the coupon bonds and the zero-coupon bonds.

A total of 2,819 Treasuries were traded during the sample period. Of these 2,819
Treasuries, I exclude 88 Treasuries with callable features. Unreported results show that
two older bonds, originally issued with 38 and 40 years to maturity, are consistently
fitted with atypical large negative pricing errors and are therefore excluded as outliers.
Observations with less than three months to maturity are excluded as well throughout
the analysis, as in Gürkaynak et al. (2007). For the remaining coupon bonds, there are a
total of 3,912,047 coupon payments to be discounted across 2,923 unique maturities along
the yield curve.

Nominal US Treasuries can be divided into three broad categories. The three cate-
gories can be distinguished by maturity at issuance, where bills have maturities up to
a year, notes between two and ten years while bonds consist of maturities longer than
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1975 1980 1985 1990 1995 2000 2005 2010 2015

0.5

1

2

3

4

5

7

10

15

20

30

Figure 1.2: Maturity and issuance date of Treasuries

ten years and up to 30 years. Notes and bonds pay coupons semi-annually while bills
are zero-coupon bonds. Figure 1.1 displays the number of outstanding Treasuries along
with the distribution of bills, notes, and bonds over the sample period. The number of
outstanding Treasuries started to decline at the end of the 1990s from around 200 to
150 in the early 2000s, while steadily increasing to around 300 Treasuries and remaining
steady since 2014. Most of the variation in the number of outstanding Treasuries has been
through notes, whereas the number of bills and bonds have remained relatively stable.
Figure 1.2 plots the time to maturity of each bond at its issuance date. The issuance
patterns are regular with a few exceptions such as lack of new thirty-year bonds during
the early 2000s, the lack of new seven-year notes between 1994 and 2008 and lastly the
disappearance of newly issued one year bills between 2002 and 2007. Nevertheless, the
issuance pattern of US Treasuries has remained remarkably steady since the financial
crisis. Figure 1.3 shows the distribution of time to maturity of all observations over the
sample period. It is evident that the yield curve is densely populated at the shorter end
of the yield curve and sparsely populated beyond ten years to maturity.
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Figure 1.3: Time to maturity of observations

1.4.1.1 Liquidity issues and segmentation in the Treasury market

The US Treasury market is known to be subject to liquidity distortions and market
segmentation as certain types of Treasuries trade at a higher or lower yield-to-maturity
than other Treasuries with similar cash flows. For instance, Duffee (1996) finds that bills,
since the 1980s, contain a common component in their yields that appear orthogonal to
notes and bonds. Moreover, he finds that bills with less than three months to maturity
exhibit idiosyncratic variations in their yields. Duffee (1996) attributes his findings to
increased market segmentation. Amihud and Mendelson (1991) find that notes with less
than six months to maturity trade at higher yields compared to maturity matched bills.
Further, they find that this yield differential is a convex function of time to maturity and
attribute it to the higher liquidity of bills.

Duffie (1996) characterizes the repurchase (repo) markets where Treasuries can be
used for collateralized loans. A borrowing rate on the repo market is associated with
each Treasury and is referred to as the repo rate. If a specific instrument has a repo
rate below the general repo rate, then that Treasury is said to be “on special.” Since the
general repo rate is close to the federal funds rate, a bondholder can effectively utilize
the repo specialness to attain a dividend yield. Moreover, Duffie (1996) shows that repo
specialness ordinarily pertains to the on-the-run issues, i.e., the most recently auctioned
Treasuries of each maturity.

While repo specialness naturally generates a price premium for on-the-run issues,
the yield differential between on-the-run and off-the-run Treasuries cannot be solely at-
tributed to repo specialness. In particular, Jordan and Jordan (1997) show that the yield
differential for on-the-run Treasuries remains after controlling for repo specialness. They
attribute the remaining yield differential to the higher liquidity of the on-the-run issues.
Furthermore, Goldreich et al. (2005) specialize in two-year notes and relate the observed
liquidity premium of on-the-run securities to the remaining amount of future liquidity.
Krishnamurthy (2002) documents that older 30-year bonds tend to trade at higher yields
than more recently issued series. Kamara (1994) investigates yield differentials between
maturity matched notes and bonds and relates this difference to liquidity. Additionally,
Kamara (1994) relates the magnitude of this yield spread to the inventories of notes kept
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by bond dealers in the secondary Treasury market. Musto et al. (2018) study the pricing
disparity in off-the-run notes and bonds during the financial crisis and document a feed-
back loop where illiquid securities tend to flow to longer-horizon investors and thereby
increasing their illiquidity.

1.4.1.2 Data set construction and nomenclature

I construct four data sets from the set of non-callable Treasuries to analyze the impact
that various selections of coupon bonds have on the estimated term structure models.
I consider a data set with no further exclusions referred to as ALL. The next data set
resembles the data selection of Gürkaynak et al. (2007) by excluding all bills, the two most
recently auctioned issues of any maturity, and lastly any 20-year bonds after 1996. This
data set also excludes any observations of Treasuries that are traded on the when-issued
forward market. To reflect the fact that the data set contains off-the-run instruments, I
denote this data set as OFF .

Next, I construct a data set containing the two most recently issued Treasuries, i.e.,
the on-the-run and just-off-the-run series, with 6 and 12 months as well as 2, 3, 4, 5, 7,
10, 20 and 30 years to maturity. Moreover, the bonds are restricted to be at most six
months old. This data set includes and is heavily influenced by the on-the-run issues and,
therefore, aptly denoted as OTR. The last data filtration of Treasuries I consider is similar
to OTR but instead consists of the third and fourth most recently issued Treasuries with
the same maturities as previously. Moreover, this data set is free of any age restrictions
and is, therefore, also marginally larger in terms of bonds in the cross-sections. This final
data set is denoted as NOTR (not on the run), reflecting that the Treasuries are not on
the run but yet relatively more liquid than older off-the-run instruments.

Thus, a total of four data sets of coupon bonds will be considered with certain simi-
larities shared between the data sets. ALL and OFF are similar in the sense of having
large cross-sections of bonds included, but OFF removes the issues believed to be af-
fected by liquidity premia or market segmentation. OTR and NOTR consist of smaller
cross-sections, but the difference lies in whether the Treasuries are on-the-run or not. Ac-
cordingly, ALL and OTR can be interpreted as respectively large and small cross-sections
contaminated by liquidity premia and other issues, whereas OFF and NOTR consist of
more homogeneous selections of Treasuries. The data sets ALL, OFF , OTR, and NOTR
are used estimate the term structure model using the one-step approach.

From the Nelson-Siegel-Svensson parameter estimates of Gürkaynak et al. (2007) data
set, I construct a data set of synthetic yields for maturities six months, 1, 2, 3, 4, 5,
7, 10 years to maturity and another data set which is extended with 20 and 30 years to
maturity. I denote these data sets as ZERO10 and ZERO30, respectively, which serve as
benchmark data sets being representative of how term structure models are traditionally
estimated using the two-step approach.

1.4.1.3 Further estimation details

I estimate three-factor affine term structure models, as outlined in Section 1.2, using
the Kalman filter described in Section 1.3 with a slight modification to the non-linear
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measurement equation. It turns out that minimizing equally weighted pricing errors
will lead to large yield to maturity fitting errors for short maturity bonds, implying an
imprecise estimate of the yield curve at the short end. This is the case because bonds
nearing maturity become increasingly less sensitive to the discounting interest rate. The
obvious solution of directly minimizing yield to maturity pricing errors is computationally
infeasible for large cross-sections because (1.10) has to be solved for all bonds at each
iteration. Following Gürkaynak et al. (2007); Andreasen et al. (2019); BIS (2005), I scale
the observations by the inverse of duration and the measurement equation is now given
as

Pt/Dt = gt (Xt; Θ) /Dt + et, et ∼ NID (0, Rt) .

Intuitively, this puts a heavier weight on matching prices at the short end of the yield
curve. Given that duration is the semi-elasticity of the bond price with respect to its
internal rate of return, this appropriately weighs the pricing errors to match the yield-to-
maturity up to a first-order approximation.

For identification purposes the following standard restrictions are imposed upon the
parameter space: θQ = 0N×1, ρ1 = 1N×1, κQ is diagonal with distinct, real and ordered
elements and Σ is lower triangular. These restrictions lead to a canonical representation
of the A0 (N) family up to the assumption of distinct and real eigenvalues of κQ while
allowing for closed form solutions of the ordinary differential equations governing the
factor loadings in (1.4). In addition, I impose the further over-identifying restrictions:
κP, Σ is diagonal, and ρ0 is fixed at 8%. Imposing a diagonal feedback and diffusion
matrix reduces the dimensions of the parameter space significantly while barely affecting
the in-sample fit. Moreover, Christensen et al. (2011) show that these diagonal restrictions
improve out-of-sample forecasting performance. The restriction on ρ0 can be justified as
the first eigenvalue of κQ is usually estimated to be close to zero such that Xt,1, the first
element in Xt, is nearly a random walk under Q. If Xt,1 is a random walk under Q,
then the corresponding yield factor loading equals unity for all maturities. This causes
ρ0 to be unidentified as ρ0 similarly enters as an intercept term for all maturities and an
observationally equivalent model is attained by the transformation Xt,1 + a and ρ0 − a.
Naturally, since the parameter is weakly identified, leaving the parameter unrestricted can
increase the computational burden.3 The parameter ρ0 is therefore fixed to an arbitrary
value to facilitate comparisons of the parameter estimates and ensure the first latent factor
has similar means across the data sets. Lastly, the eigenvalues of κP are restricted to be
positive such that the Kalman filter can be initialized from well-defined unconditional
moments.

1.4.2 Estimation results

The root mean squared error measure (RMSE ) is used to evaluate the distance between
the observed and the model-implied yields. Let yt denote a vector of dimension nt con-
taining the yields to maturity at time t of some data set that consists of either synthetic

3While ρ0 in the zero-coupon case can be concentrated out of the likelihood function as it enters
linearly in the measurement equation (Harvey, 1990), there is no straightforward equivalent method in
the non-linear setting with coupon bond prices.
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Table 1.1: In-sample fit
This table reports the RMSE in yield-to-maturity of the bonds included during estimation
for the respective data sets. The models belonging to the datasets ALL, OFF, NOTR, and
OTR are estimated using the one-step approach whereas those who belong to ZERO10
and ZERO30 are estimated using the two-step approach. The RMSE are calculated for
maturity buckets as well as for all observations. For the models estimated on zero-coupon
bonds, the buckets report the RMSE for the maturity corresponding to the end of the
intervals. The units are in basis points.

Maturity, RMSE ALL OFF OTR NOTR ZERO10 ZERO30

3-6 months 10.06 12.83 4.79 5.93 3.74 9.45
6-12 months 9.96 6.62 6.61 6.10 3.69 4.96
1-2 years 7.07 6.11 6.86 7.51 3.87 9.81
2-3 years 5.40 5.30 4.26 4.61 2.67 9.08
3-5 years 5.18 4.50 5.34 5.53 4.48 6.51
5-7 years 7.32 7.11 6.82 7.24 3.21 9.28
7-10 years 9.78 8.76 6.31 6.48 5.22 13.70
10-20 years 6.37 5.98 – 3.75 – 10.50
20-30 years 8.99 7.84 8.52 7.91 – 15.20

All 7.75 6.79 6.09 6.44 3.91 10.28

Log-likelihood 87,485 77,044 4,306 5,505 12,190 14,403
No. of bonds 2,596 1,142 1,905 1,903 – –
Observations 65,714 54,121 4,144 5,135 2,268 2,916

zero-coupon bonds or US Treasuries and let ỹt be the corresponding model-implied yields.
The RMSE are then calculated by

RMSE =

√√√√ 1

T

T∑
t=1

n−1
t (yt − ỹt)′ (yt − ỹt).

For data sets consisting of synthetic yields, the RMSE is calculated for each maturity
and jointly for all maturities. For the data sets consisting of coupon bonds, the RMSE is
computed for US Treasuries within a maturity bucket, as well as for all maturities jointly.
Table 1.1 summarizes the cross-sectional fit of the term structure models computed at
the smoothed state estimates.

The models that are estimated on coupon bonds using a one-step approach, i.e. ALL,
OFF , NOTR, and OTR, generally fit the data quite well. The large cross-sections in
ALL and OFF are fitted surprisingly well, considering the large cross-sectional dimen-
sions, with around just 7 basis points (bp) for all maturities jointly. The two smaller
cross-sections in OTR and NOTR are fitted slightly better, both with around 6 bp of
RMSE. The models estimated using the two-step procedure fits the zero-coupon yields
as expected. The model estimated on ZERO10 attains a tight fit with less than 4 bp
RMSE. Conversely, ZERO30 is fitted with around 10 bp RMSE. The seemingly large



18 1. REPRESENTATIVENESS OF SYNTHETIC ZERO-COUPON YIELDS

Table 1.2: Parameter estimates
This table displays the estimated parameters of the affine term structure models for each
data set. Asymptotic standard errors are indicated in parenthesis.

Θi ALL OFF OTR NOTR ZERO10 ZERO30

κP11 0.016 0.017 0.032 0.025 0.063 0.045
(0.020) (0.022) (0.037) (0.030) (0.069) (0.066)

κP22 0.370 0.394 0.281 0.254 0.170 0.129
(0.158) (0.163) (0.134) (0.126) (0.116) (0.111)

κP33 2.523 1.884 0.974 1.078 0.752 0.396
(0.452) (0.386) (0.276) (0.292) (0.259) (0.199)

κQ11 0.009 0.010 0.019 0.019 0.039 0.006
(0.000) (0.000) (0.001) (0.000) (0.003) (0.001)

κQ22 0.430 0.425 0.334 0.320 0.274 0.269
(0.002) (0.003) (0.006) (0.004) (0.010) (0.007)

κQ33 0.614 0.602 1.042 1.133 1.099 0.915
(0.003) (0.003) (0.027) (0.027) (0.040) (0.043)

Σ11 0.004 0.005 0.007 0.006 0.010 0.007
(0.000) (0.000) (0.000) (0.000) (0.001) (0.000)

Σ22 0.058 0.060 0.021 0.019 0.017 0.012
(0.002) (0.002) (0.001) (0.001) (0.001) (0.001)

Σ33 0.135 0.115 0.024 0.023 0.019 0.013
(0.001) (0.001) (0.001) (0.001) (0.001) (0.001)

σε 0.060 0.054 0.050 0.052 0.000 0.001
(0.000) (0.000) (0.001) (0.001) (0.000) (0.000)

θP1 0.017 0.012 −0.021 −0.021 −0.020 −0.015
(0.023) (0.023) (0.022) (0.024) (0.019) (0.017)

θP2 −0.158 −0.154 −0.032 −0.031 −0.032 −0.039
(0.028) (0.027) (0.013) (0.013) (0.029) (0.022)

θP3 0.096 0.097 0.007 0.005 0.007 0.010
(0.011) (0.012) (0.005) (0.004) (0.007) (0.009)

increase in RMSE for ZERO30 is typical when only three-factors are used to fit the term
structure out to 30 years to maturity. Examining the RMSE for the maturity buckets
reveals that the bonds in the short end of the yield curve are fitted relatively worse in
the large cross-sections ALL and OFF . Additionally, the long end of the yield curve is
generally fitted slightly worse than other maturities across all data sets. This pattern is
especially evident for ZERO30, where the RMSE is around 15 bp for the 30-year yield.

Parameter estimates are displayed in Table 1.2. The parameter estimates and their
associated standard errors are typical, and some common patterns emerge across the data
sets. The parameters related to the factor dynamics under P are estimated relatively
imprecise, reflecting the well-known fact that it is hard to infer the dynamics of highly
persistent processes in short samples. The risk-neutral feedback matrix κQ, underlying
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Figure 1.4: Smoothed state estimates.

the factor loadings of zero-coupon yields, are estimated with small standard errors for all
samples. Similarly, Σ is estimated with tiny standard errors. Further examination of the
table reveals that certain pairs of data sets procure similar parameter estimates. Indeed,
most of the estimated parameters are more or less the same for ALL and OFF , and
similarly for OTR,NOTR, and to an lesser extent ZERO10, and ZERO30. Some large
differences do emerge between the pairs, however. In particular, the estimated volatility
of the second and third factor is substantially larger for ALL and OFF . Similarly, ALL
and OFF have vastly different estimates of the second and third eigenvalue under Q. For
ZERO10, the only data set which have no observations beyond maturities of ten years,
the first eigenvalue under Q is also smaller than for any of the other models. Additionally,
the diffusion parameters Σ22 and Σ33 are estimated to be substantially larger for the two
larger data sets ALL and OFF .

Figure 1.4 plots the estimated states for the data sets, and Table 1.3 displays the
correlation matrix for each of the states for the data sets. The state vectors of ALL and
OFF are nearly identical to each other, with correlation coefficients close to one. Further,
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Table 1.3: Correlation of estimated states
This table displays the correlation of the three states estimated from each data set.

First factor

ALL 1.000
OFF 1.000 1.000
OTR 0.994 0.992 1.000
NOTR 0.996 0.994 0.998 1.000
ZERO10 0.981 0.980 0.974 0.974 1.000
ZERO30 0.992 0.991 0.993 0.996 0.964 1.000

Second factor

ALL 1.000
OFF 0.997 1.000
OTR 0.932 0.915 1.000
NOTR 0.913 0.895 0.991 1.000
ZERO10 0.855 0.843 0.942 0.949 1.000
ZERO30 0.940 0.931 0.940 0.929 0.841 1.000

Third factor

ALL 1.000
OFF 0.996 1.000
OTR 0.960 0.956 1.000
NOTR 0.957 0.954 0.988 1.000
ZERO10 0.933 0.944 0.927 0.919 1.000
ZERO30 0.731 0.754 0.810 0.817 0.771 1.000

the mean of their first factors are substantially above the mean of the first factors from the
other models, and the reverse is true for the second and third factors. Consistent with the
estimated Σ22 and Σ33 parameters, the volatility of the smoothed states is remarkably
higher for ALL and OFF . Recalling that Σ22 and Σ33 enter the model through both
the volatility of factors and the yield factor loadings, this suggests that the model does
not simply use the different estimates of Σ22 and Σ33 to provide a better fit of the cross-
section, but also to fit the time-series properties of Xt. Further, the phenomenon does not
appear to be related to the estimation method as Σ22 and Σ33 are estimated on a similar
scale for both small cross-sections of synthetic yields and Treasuries. Taken together, this
indicates that small cross-sections of bonds understate the volatility of the second and
third states.

1.4.3 Comparing the estimated yield curves

The most economically interesting object is ultimately the model-implied zero-coupon
yields. To illustrate the economic implication the data selection has on the model-implied
yield curves, Table 1.4 shows the root mean squared differences (RMSD) between the
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Table 1.4: Differences in model-implied zero-coupon yield curves
This table reports the RMSD between the model-implied yield curves estimated from
each data set. The differences are computed at a maturity grid of monthly increments for
the maturities indicated in each panel. The units are in basis points.

Panel A: 6 months to 10 years maturity, RMSD

ALL OFF OTR NOTR ZERO10 ZERO30
ALL
OFF 1.33
OTR 8.76 9.21
NOTR 5.94 6.41 5.49
ZERO10 5.20 4.99 9.84 7.77
ZERO30 6.25 6.17 9.90 6.93 7.87

Panel B: 6 months to 30 years maturity, RMSD

ALL OFF OTR NOTR ZERO10 ZERO30
ALL
OFF 1.33
OTR 8.76 9.21
NOTR 5.94 6.41 5.49
ZERO10 5.20 4.99 9.84 7.77
ZERO30 6.25 6.17 9.90 6.93 7.87

model-implied yield curves for each of the model estimated on the six data sets. For two
models A and B, the RMSD is computed by

RMSDA,B =

√√√√ 1

Tnm

T∑
t=1

(
yzt,A − yzt,B

)′ (
yzt,A − yzt,B

)
,

where yzt,A denotes a vector of fitted zero-coupon yields for a set of nm maturities at time
t and T denotes number of observation dates. The yields are computed for two maturity
grids at the smoothed state estimates. The maturity grids are constructed from monthly
increments starting at six months to maturity and ending at, respectively, 10 and 30 years
to maturity. The RMSD calculated for the former grid are displayed in panel (A) in Table
1.4, while panel (B) displays the latter grid.

For maturities between six months and 10 years, the RMSD between the models are
quite small, ranging from around 1 bp to 10 bp, while differences upwards of 24 bp emerge
when the grid is extended out to 30 years. As expected, given the similar parameter and
state estimates, the RMSD between ALL and OFF are less than 2 bp for both maturity
grids. The model estimated on the highly liquid bonds in OTR disagrees the most with the
other models and is most similar to NOTR, which was also estimated on a small sample
of coupon bonds. For the shorter maturity grid, ZERO10 is overall closest to ALL and
OFF . Meanwhile, ZERO30 is closest to ALL and OFF for maturities out to 30 years.
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Figure 1.5: RMSD of model-implied zero-coupon yields against synthetic yields by GSW
(2007)

Accordingly, the models estimated on synthetic zero-coupon yields are reasonably close
to those estimated on large cross-sections of bonds.

At this point, it might be informative to compare how close the model-implied yield
curves are to the synthetic yield curves constructed by Gürkaynak et al. (2007). If the
synthetic yields are representative of the full cross-section of US Treasuries, then ALL
and OFF should extrapolate well at fitting the synthetic yields. To this end, Figure
1.5 shows the RMSD between the model-implied yield curves and the synthetic yields
from Gürkaynak et al. (2007) for maturities of six months to thirty years. Interestingly,
ALL and OFF procure a fit that is competitive with the models estimated directly on
the synthetic yields. In fact, from around 1 year to maturity out to around 20 years
to maturity, ALL and OFF fits the synthetic yields better than ZERO30. This could
reflect the fact that ZERO30 places a disproportionate weight on fitting the 30 year
bond when the measurement errors are assumed homoscedastic across maturities, whereas
ALL and OFF weighs the maturities according to the density of Treasuries. It is also
evident that ZERO10 performs significantly worse at fitting maturities beyond 10 years,
which indicates that the tight fit of the maturities included in the estimation does not
generalize to longer maturities. For maturities less than a year, ALL and OFF are
still acceptably close to the synthetic yields with less than 10 bp of RMSE. Regarding the
models estimated on small samples of coupon bonds, the figure shows that OTR disagrees
with the synthetic yields by around 15 bp at the short end of the yield curve, and with
more than 20 bp for maturities beyond 10 years. The other smaller data set NOTR does
slightly better and fits the synthetic yields just slightly worse ZERO30 with around 10-20
bp RMSE for most maturities.

The yield curves are now investigated to uncover whether the different liquidity profiles
of the bonds in each data set cause the level of the model-implied yield curve to shift at
certain maturities. For instance, one could expect that the mean yield curve estimated
from OTR would be lower than that in NOTR, due to the higher liquidity and repo
specialness of recently issued bonds. To this end, Figure 1.6 illustrates the mean deviation
of the model-implied yield curves against the synthetic yields from Gürkaynak et al.
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Figure 1.6: Mean deviation of model-implied zero-coupon yields from synthetic yields by
GSW (2007)

(2007). The figure shows that liquidity does matter. The average model-implied yield
curves estimated from OTR are lower on average than the yield curves estimated from the
other data sets for most maturities. The difference is especially large at around 17 years
to maturity with a 20 bp difference. Moreover, the yield curves from NOTR are also
below those in ALL, OFF, ZERO10 and ZERO30 for most maturities as well, which
could indicate that the third and fourth most recently issued series still benefit from
higher liquidity. Both ALL and OFF lies below the synthetic yields at the short end by
around 5 bp. For longer maturities, however, ALL and OFF are relatively close to the
synthetic yields, and the average deviation over all maturities is close to the models that
are estimated directly on the synthetic yields. The additional and highly liquid bonds
that are included in ALL appear to have an impact on the level of the estimated yields
as well when compared to OFF , but the difference is small at around a basis point for
most maturities.

1.4.4 Pricing the full sample of US Treasuries

The estimated term structure models will now be used to price the full sample of US
Treasuries, and the resulting residuals will be examined for any systematic bias related
to the bond and liquidity characteristics. The ability of the estimated term structure
models to fit the full cross-section of Treasuries can be viewed as a partly out-of-sample
exercise along the cross-sectional dimension. Of course, for ALL, the following analysis
is entirely in-sample, and similarly, OFF is almost entirely in-sample as well. The ability
of the models estimated using the two-step approach, namely ZERO10 and ZERO30,
to fit the full cross-section of coupon bonds gives an indication of how representative the
synthetic yields of Gürkaynak et al. (2007) are of the true underlying data. Comparisons
in the goodness of fit between the small cross-sections in OTR and NOTR and the models
estimated from synthetic yields are particularly informative as they illustrate how well
the synthetic yields represent the full sample compared to the information contained in
just a fraction of the outstanding coupon bonds. In addition to examining the fit of
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Table 1.5: Cross-sectional fit of US Treasuries
This table displays the cross-sectional fit of the full sample of US Treasuries for each of
the estimated models. The yield RMSE are reported in basis points.

Maturity, RMSE ALL OFF OTR NOTR ZERO10 ZERO30 GSW

3-72 months 10.06 13.97 10.94 10.29 18.23 21.84 15.09
6-12 years 9.96 10.14 11.40 11.17 10.72 12.21 10.42
12-24 years 7.07 6.14 9.51 9.02 5.80 8.64 4.24
24-36 years 5.40 5.34 6.57 6.39 4.84 9.49 3.90
36-60 years 5.18 4.76 6.78 5.94 5.21 8.04 3.50
60-84 years 7.32 7.01 8.53 8.15 6.59 8.69 4.61
84-120 years 9.78 10.07 9.35 9.84 8.48 11.78 8.36
120-240 years 6.37 6.10 21.85 16.88 12.18 12.49 3.54
240-360 years 8.99 9.08 18.57 10.59 25.62 6.94 4.15

All 7.75 8.21 11.69 9.71 11.97 11.54 7.20

the estimated models, the synthetic yields of Gürkaynak et al. (2007) will also be used
to price the US Treasuries. This will indicate how precise the no-arbitrage three-factor
term structure models fits the data in relation to the synthetic yields of Gürkaynak et al.
(2007).

Table 1.5 reports the RMSE of the estimated models on the full cross-section of
US Treasuries, and the RMSE of the synthetic yields from Gürkaynak et al. (2007) are
denoted as GSW in the table. As expected, given the results thus far, OFF performs just
about as well as ALL in pricing the Treasuries at around 8 bp RMSE. Of the remaining
models, NOTR performs the best at pricing the full cross-section of bonds. Interestingly,
OTR performs just about as well as ZERO10 and ZERO30 at pricing the full cross-
section despite the apparent bias in the average level of the yield curve owing to the
liquidity difference. The best performing model that was estimated using synthetic yields
is ZERO30. However, comparing the RMSE with ALL, the one-step approach leads
to a striking reduction in pricing errors of more than 30%. Taking a look at the pricing
errors for each maturity bucket reveals some further differences between the models. First
and foremost, all models perform quite similar for maturities between one and ten years
to maturity, while the differences, once again, mainly lies in the short and long end of
the yield curve. ZERO30 does the best job at fitting Treasuries on the long end of the
yield curve while fitting the short end Treasuries the worst of all models. Unsurprisingly,
ZERO10 fits the longest of the yield curve the worst while only performing slightly better
than ZERO30 at the short end. Thus, the previously discovered differences in the short-
end of the yield curve have substantial implications for pricing shorter maturity Treasury
bonds. The three-factor term structure model estimated on ALL performs nearly as well
as the synthetic yields of Gürkaynak et al. (2007) in pricing US Treasuries. While the
synthetic yields are significantly worse at pricing Treasuries below 6 months to maturity,
they perform much better at pricing bonds with longer maturities, and particularly so for
bonds with more than 20 years to maturity.
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In summation, while the models estimated from the synthetic yields of Gürkaynak
et al. (2007) perform acceptable at pricing US Treasuries, a more precise fit of the under-
lying bonds can be achieved by fitting the term structure model directly to just a small
cross-section of coupon bonds, as shown by the pricing errors attained by the model esti-
mated from NOTR. In particular, estimating directly on coupon bonds results in a more
balanced dispersion of the pricing errors across the maturity spectrum.

1.4.4.1 Liquidity distortions and pricing residuals

Subsection 1.4.1.1 provided a summary of the literature on liquidity issues and repo
specialness in the US Treasury market. For this subsection, the liquidity distortions can
be concisely summarized as the following three stylized facts. First, on-the-run Treasuries
tend to trade at lower yields owing to repo specialness and higher liquidity. Secondly,
bills are more liquid than old notes and bonds of similar maturity and therefore trade at
lower yields. Thirdly, older Treasuries tend to trade at higher yields to compensate for
their increasing illiquidity.

Given that the liquidity issues have been well established in the extant literature and
that the affine term structure models are only equipped to price interest rate risk, one
would expect some systematic patterns related to liquidity to show up in the pricing
residuals. It is important to emphasize that the dynamics of liquidity premia and repo
specialness moves at a daily or even intraday frequency. For example, Treasury bills are
regularly auctioned weekly, thus several shifts occur in the on-the-run issues during a
month that cannot be picked up at a monthly sampling frequency. Moreover, Cherian
et al. (2004) show that the repo specialness of the on-the-run 5, 10, and 30-year securities
peak within 1-2 weeks before the auction date of the next issue. Furthermore, as the
cross-sections in this study are sampled at the end of the month and auctions for specific
maturities tend to happen at specific calendar days during a month, the observations
take place at different points in the auction cycle for the various maturities. The follow-
ing evidence should, therefore, only be understood to measure to what extent liquidity
distortions can explain the remaining variation in bond prices that are left unexplained
by the term structure model.

To examine the presence of liquidity distortions of the pricing residuals, I run panel
regressions for each estimated model of the form

ei,t = β0+βageagei,t+βvolvolumei+

N∑
j=1

βjOTRI
OTR,mj

i,t +

N∑
j=1

βmj
I
mj

i +

T/12∑
j=1

βjyearI
yearj
t +vi,t,

where ei,t is the pricing error of Treasury i at time t measured in yield to maturity from
each model, agei,t denotes the age of the Treasury, volumei is the total outstanding
dollar amount in tens of billions of the i’th bond at issuance, IOTR,mj

i,t is a dummy
variable indicating if the i′th maturity Treasury is on-the-run, βmj

denotes the fixed
effect coefficients for each bond maturity (at issuance), and βjyear are the coefficients for
year dummies. On-the-run dummy variables are dropped for four-year notes as only 14
new bonds were issued during the sample period. The coefficients are estimated by a
least square dummy variable estimator, and robust standard errors are clustered across
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Table 1.6: Residual regression results
This table displays the results from the regression

ei,t = β0+βageagei,t+βvolvolumei+

N∑
j=1

βjOTRI
OTR,mj

i,t +

N∑
j=1

βmj
I
mj

i +

T/12∑
j=1

βjyearI
yearj
t +vi,t.

The table reports coefficients, t-statistics, R2 and RMSE of the regression residuals and
the change in RMSE compared to the pricing errors on the left-hand side. The standard
errors underlying the t-statistics are clustered around time to maturity. The residuals on
the left-hand side are reported in basis points, the volume variable is measured in tens of
billions, and the age variable is measured in years. The year dummies are not reported.
Significant coefficients are indicated in bold.

Variable ALL OFF OTR NOTR ZERO10 ZERO30

coef. t-stat coef. t-stat coef. t-stat coef. t-stat coef. t-stat coef. t-stat

age 0.41 11.14 0.40 11.67 0.21 3.27 0.50 8.97 0.56 5.59 0.39 5.47
volume 0.96 8.12 0.89 6.04 0.67 2.61 0.89 3.36 0.77 2.25 0.72 3.50
OTR 6 months 0.56 2.88 1.31 4.73 2.50 8.23 2.31 6.52 3.39 7.24 3.45 7.50
OTR 12 months −1.63 −6.15 −0.03 −0.06 0.25 0.37 −0.07 −0.11 3.26 2.16 3.91 2.22
OTR 2 years −1.26 −5.16 0.03 0.09 −2.10 −3.96 −2.65 −5.18 1.73 1.26 2.29 1.57
OTR 3 years −1.98 −5.68 −1.31 −5.86 −6.17 −6.87 −6.00 −6.12 −1.61 −2.10 −0.92 −0.94
OTR 4 years −2.66 −9.39 −2.73 −11.99 −3.80 −8.61 −3.92 −7.78 −2.48 −9.29 −3.22 −12.22
OTR 7 years −1.24 −2.67 −1.16 −2.54 −0.12 −0.26 0.95 1.77 0.17 0.33 −1.73 −3.50
OTR 10 years −11.29 −14.61−11.37 −14.16 −4.21 −9.51 −4.58 −10.49 −7.68 −11.12−10.01 −14.44
OTR 30 years −4.09 −8.66 −4.44 −9.31−10.49 −10.85 −8.29 −10.38−10.92 −8.47 −2.40 −2.80
Mat. 6 months 0.15 0.31 −2.62 −5.01−15.26 −14.39 −5.65 −6.22 −6.46 −4.88−11.14 −11.29
Mat. 12 months −2.59 −4.04 −4.46 −9.12−13.74 −11.85 −5.31 −5.48 −5.24 −2.82 −9.98 −5.28
Mat. 2 years 2.22 3.49 1.99 3.78 −9.34 −7.99 −0.99 −0.94 3.38 1.73 −0.62 −0.31
Mat. 3 years 2.99 4.53 2.90 6.80 −7.11 −5.16 −0.19 −0.14 5.62 3.50 1.44 0.92
Mat. 4 years −1.21 −1.97 −1.02 −2.00−11.32 −10.36 −4.46 −4.25 −0.53 −0.39 −3.26 −2.12
Mat. 5 years 2.64 4.06 3.08 6.31−10.50 −9.60 −3.70 −3.43 4.55 4.05 1.33 1.59
Mat. 7 years 3.02 5.85 3.07 6.13 −8.45 −8.55 −2.39 −2.85 5.95 4.15 2.46 2.62
Mat. 10 years −1.35 −1.91 −0.99 −1.59−11.25 −11.41 −5.98 −6.48 1.02 1.17 −2.48 −3.84
Mat. 15 years −4.06 −5.11 −4.24 −4.04−13.61 −14.08 −9.69 −11.26 −5.98 −4.03 −7.13 −4.18
Mat. 20 years −3.51 −6.05 −2.74 −4.20−12.87 −20.75−10.24 −20.97 −2.04 −2.17 −4.13 −6.23

R2 0.09 0.13 0.41 0.20 0.20 0.16
RMSE 7.41 7.67 8.99 8.67 10.72 10.57
∆RMSE −0.34 −0.54 −2.69 −1.04 −1.25 −0.97

time to maturity at quarterly buckets for fixed T and N →∞. The regression output is
displayed in Table 1.6.

The regression results are predominantly in line with economic intuition and the ex-
tant literature. The on-the-run variables for the various maturities are mostly negative
across the data sets, although some exceptions do occur. For instance, the on-the-run
dummies for the two- and seven-year bonds are positive for some data sets but not sta-
tistically significant. The estimated coefficient for age is consistently positive across the
data sets, picking up the liquidity loss as the instruments age. For most data sets, the
fixed effects coefficients for the 6 and 12-month bills are smaller than those estimated for



1.4. EMPIRICAL APPLICATION 27

other maturities except for the 15 and 20 year maturities. Thus, the fixed effect dum-
mies for bills are mostly consistent with the higher liquidity of Treasury bills. Naturally,
the regressions would predict a lower yield for a bill compared to an older 15 or 20 year
bond with the same remaining time to maturity when controlling for age. The volume
coefficient is estimated with a positive sign, which indicates that a higher supply of bonds
are associated with higher yields and thus lower prices. This implies that if volume is
an indication of liquidity, then the associated change in supply dominates the effect of
liquidity.

For the large cross-sections ALL and OFF , the R2 sits around 8% and the improve-
ment in RMSE, i.e., the change in RMSE of the regression residuals compared to the
pricing errors on the left hand side, is less than a basis point. The biggest change in
RMSE is attained by OTR at near 3 bp, whereas the lowest change in RMSE belongs to
ALL at 0.3 bp. For the other data sets, however, the liquidity measures only add up to
around one basis point of the residuals. Thus, regardless of whether the term structure
model is estimated directly on the data or from synthetic yields, the majority of the resid-
uals cannot be explained as liquidity distortions and instead appear to be idiosyncratic
pricing errors. Finally, the predictive power of the liquidity proxies is minimized when
the models are estimated on large cross-sections of coupon bonds rather than smaller
cross-sections of Treasuries and synthetic zero-coupon yields.

To explore time-variation in liquidity premia, I run the following regressions on single
cross-sections of pricing residuals obtained from ALL

ei,t = β0 + βage,tagei,t + βbill,tI
bill
i,t + βOTR,tI

OTR
i,t + vi,t,

where ei,t is the pricing error in terms of yield to maturity and IOTRi indicates whether
a Treasury is on-the-run or not, and Ibilli,t indicates whether a Treasury is a bill or not.
The time-series of the regression coefficients, as well as the improvement in RMSE,

are displayed in Figure 1.7. The shaded areas correspond to NBER recessions. The
significance of the coefficients is displayed at the 5% level in the graph. The figure shows
that the coefficients exhibit significant variation over time. The premia associated with
being on-the-run is primarily significant during the first half of the sample period before
becoming insignificant, leading up to the financial crisis. During the peak of the financial
crisis in 2008, the on-the-run premium is of the wrong sign at a relatively large magnitude
of almost 20 bp. Following the crisis, the on-the-run premium appears to have disappeared
with the exceptions of a few months. Similarly, the age coefficient is often close to zero
and insignificantly different from zero occasionally. Moreover, during the financial crisis,
the age coefficient increased to more than 2 bp, reflecting that investors highly preferred
less seasoned securities during this period. Additionally, the bill dummy is also somewhat
regularly changing sign over the sample period. The improvement in RMSE shows that
the liquidity proxies primarily help explain the pricing residuals after the 2002 recession
as well as the financial crisis and its aftermath from 2008 to 2010. Nonetheless, outside
these periods, the improvement in RMSE is generally less than a single basis point.

If the age of a Treasury is a proxy for liquidity, then there should exist a positive rank
correlation between age and pricing errors. Rank correlation is used as the relationship
was found to be convex in Amihud and Mendelson (1991) for bills. The rank correlations
between age and the pricing errors of ALL are calculated by pooling all Treasuries across
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(a) On-the-run (b) Age

(c) Bill dummy (d) ∆RMSE

Figure 1.7: Time-series of regression coefficients and ∆RMSE
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Figure 1.8: Rank correlation between pricing errors and age

time and sorting the pairs into one-month maturity buckets. The rank-correlation is then
calculated within each bucket, ensuring that the rank correlation is calculated for bonds
with similar time to maturity. This identifies the effect of age by isolating the impact of
bond maturity and is necessary since the yield curve is upward sloping on average. Figure
1.8 shows the rank correlation within each of the maturity buckets. The significance is
reported at the 5% level under the assumption of the residual and age being drawn from
a bi-variate normal distribution, where the null hypothesis is zero correlation. The corre-
lation peaks at around six months and five and ten years to maturity, while being close to
zero and insignificant for most other maturities. The rank correlation is particularly high
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for Treasuries with ten years to maturity which also carried the largest on-the-run premia
in the panel regressions. Keeping the bias due to asynchronous sampling with respect to
auction cycles in mind, the evidence suggests that age as a measure for liquidity premia
only holds near maturities of bonds with large on-the-run premia such as the ten year
note.

1.4.5 Out-of-sample forecasting

So far the focus has been on the cross-section of yields. This subsection investigates
whether the one-step approach leads to better out-of-sample forecasting of yields. Given
the results thus far, the prior expectation would be that the models perform similarly.
Although large cross-section of Treasuries can provide more information about one-step
ahead prediction errors than a small number of synthetic yields, it is not self-evident that
this additional information is useful given the tiny measurement errors and strong factor
structure present in both data sets.

To test whether the one-step approach leads to better forecasting performance com-
pared to the two-step approach, I consider a fixed estimation window and estimate a
three-factor model on a truncated sample of ALL and another model on a truncated
sample of ZERO30. A fixed estimation window is chosen to lessen the computational
burden associated with the one-step estimation procedure. The estimation window thus
runs from January 1990 to October 2012, which leaves the fifty observations from De-
cember 2013 to December 2016 for evaluating the forecasting performance of the models.
The forecasting objective is taken to be the average of the zero-coupon yields implied by
ALL and the synthetic yields of Gürkaynak et al. (2007) at maturities of 1, 2, 5, 7, and
10 years. As shown in Figure 1.6, the mean distance between the model-implied zero-
coupon yields from ALL and Gürkaynak et al. (2007) is less than five basis points for the
considered maturities. While the mean difference is already small, the average value of
the two is used as the forecasting objective to avoid favoring either estimation method
above the other. I consider forecasting horizons of three, six and twelve months and the
RMSE measure is used to evaluate the forecasts. I test the hypothesis of equal predictive
ability using the Diebold and Mariano (2002) test with the small-sample bias correction
suggested by Harvey et al. (1997). Finally, the forecasting performance of the random
walk is considered as a benchmark. The model-implied forecasts for forecast horizon h
are

Et
(
yzt+h(τ)

)
= a (τ) + b (τ)

′
Et (Xt+h)

where Et (Xt+h) is given as in Equation 1.5, reproduced below for convenience.

Et (Xt+h) = θP + exp
(
−κPh

) (
Xt − θP

)
.

The factor loadings a (τ) and b (τ)
′ as well as the parameters of the factor dynamics θP

and κP are fixed throughout the forecasting exercise at their estimated values. The state
vector Xt is filtered using information up to time t. Table 1.7 reports the forecasting
results.

Both models estimated using the the one-step and two-step approach beat the random
walk benchmark in forecasting zero-coupon yields at most horizons and maturities. The
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Table 1.7: Out-of-sample forecasting
This table reports the out-of-sample forecasting performance of term structure models
that are estimated using either the one-step or two-step approach. The forecasting per-
formance of a random walk (RW) is considered as a benchmark. The table reports the
RMSE of the forecasting errors associated with each model. The units are in basis points.
Lastly, the table reports the Diebold-Mariano test statistic for equal predictive ability be-
tween the one-step and two-step procedures and the associated p-value.

Three-month
forecasts

Maturity of yields

One-year Two-year Five-year Seven-year Ten-year

RW (RMSE ) 10.82 15.94 29.02 33.41 36.61
One-step (RMSE ) 10.67 16.36 28.86 32.00 35.85
Two-step (RMSE ) 10.71 17.82 28.15 31.41 35.57
DM-stat −0.06 −1.03 0.98 1.79 0.33
p-value 0.95 0.31 0.33 0.08 0.75

Six-month
forecasts

Maturity of yields

One-year Two-year Five-year Seven-year Ten-year

RW (RMSE ) 14.89 19.25 35.24 41.88 47.61
One-step (RMSE ) 14.18 19.17 34.74 39.83 46.80
Two-step (RMSE ) 13.87 20.20 33.53 39.18 46.40
DM-stat 0.68 −0.95 1.65 2.15 0.38
p-value 0.50 0.35 0.11 0.04 0.71

Twelve-month
forecasts

Maturity of yields

One-year Two-year Five-year Seven-year Ten-year

RW (RMSE ) 21.00 21.02 39.68 49.35 58.97
One-step (RMSE ) 19.14 19.92 38.41 46.27 58.18
Two-step (RMSE ) 18.30 21.05 37.43 45.66 56.92
DM-stat 0.82 −0.72 0.69 0.72 0.59
p-value 0.42 0.47 0.49 0.47 0.56
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forecasting performance of the two estimation procedures are generally close, but the two-
step approach generally tends to perform the best, as indicated by the positive Diebold-
Mariano test statistics. The difference in forecasting performance, however, is small and
generally not statistical significant. The only statistical significant result, in fact, is that
the model estimated using two-step approach beats the one-step approach at forecasting
the seven-year yield at the six-month horizon. Thus, the forecasting exercise indicate that
models estimated using the one-step approach does not generate better out-of-sample
forecasts than the traditional estimation approach.

1.5 Conclusion

This study examines the implications of estimating dynamic term structure models di-
rectly to the US Treasury bond market in a one-step approach rather than using synthetic
zero-coupon bonds as in the traditional two-step approach.

The empirical application shows that a three-factor exponential affine term structure
model is more than capable of providing a close fit to the full sample of Treasuries. This
is a striking result as the US sovereign bond market consists of more than 300 securities
in recent years. Moreover, this shows that the well established three-factor structure of
zero-coupon yields extrapolates remarkably well to the entire US sovereign bond market.
Additionally, the paper shows that a term structure model estimated on synthetic zero-
coupon yields by the traditional two-step approach performs significantly worse at pricing
the full cross-section of US Treasury bonds. Especially for Treasuries in the short and long
end of the yield curve. This is consistent with the findings by Andreasen et al. (2019) for
the Canadian bond market. Regarding the liquidity distortions present in US Treasuries,
the vast variation of the resulting pricing residuals cannot be explained using liquidity
proxies, which indicates that most of the variation in pricing errors is idiosyncratic noise.
Notwithstanding, the liquidity proxies are statistically significant and the estimated effect
size is economically important for the individual Treasuries that they affect.

Analyzing the model-implied yield curves of the estimated models leads to several in-
sights. The differences in the model-implied yield curves are small for maturities between
six months to ten years for models that are either estimated from large cross-sections of
coupon bonds or synthetic zero-coupon yields. In this case, there are only meaningful dif-
ferences in the short and long end of the model-implied yield curves as in Andreasen et al.
(2019). Moreover, removing the securities that are the most affected by liquidity issues
during estimation does not change the estimated model in any meaningful way when the
number of bonds included is sufficiently large. On the other hand, when only a smaller
cross-section of US Treasuries is included in the estimation, the liquidity profile of the
included bonds has an observable impact on the model-implied yield curve. This suggests
that liquidity distortions should only be ignored when large cross-sections of Treasuries
are included during estimation. The out-of-sample forecasting exercise show that the
one-step approach does not generate better out-of-sample forecasts than the traditional
one-step estimation approach.

Concluding, this paper shows that the traditional two-step approach stands as a reli-
able and robust method of inferring the yield curve between six months and ten years to
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maturity, while the one-step approach can be implemented to gain more reliable inference
about the short and long end of the yield curve.
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1.A Factor Loadings

The arbitrage-free zero-coupon bond price P z (τ,Xt) = exp p̃ (τ,Xt) is given by

P z (τ,Xt) = EQ
t

[
e−

∫ t+m
t

rudu
]

(1.21)

Guessing the solution

P z (τ,Xt) = exp
(
A (τ) +B (τ)

′
Xt

)
and applying Ito’s lemma to (1.21) gives the PDE

∂P zt
∂t

+
(
κQθQ

)′ ∂P zt
∂X

+
1

2
tr

(
ΣΣ′

∂2P zt
∂P zt ∂P

z′
t

)
= rtP

z
t (1.22)

By the Feynmann-Kac (1.21) is the solution to (1.22).
Thus, the factor loadings solves

∂A(τ)

∂τ
= −

(
κQθQ

)′
B − 1

2
tr (Σ′BB′Σ)− ρ0

∂B(τ)

∂τ
= −

(
κQ
)′
B + ρ1.
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Abstract

This paper studies subjective risk premia in the Treasury market at the level
of individual investors using survey data. Expectations of investors cannot be rec-
onciled with factor dynamics implied by affine term structure models as investors
abruptly update long-horizon expectations about the short-rate. Risk premia at the
individual level do not move unanimously, presenting a challenge for extant repre-
sentative agent models. I find that the information set of investors is not subsumed
by the term structure of interest rates but heterogeneous and related to the macro-
economy. Further, the information set of a few investors robustly predict excess
bond returns.
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2.1 Introduction

Inferring expectations about monetary policy and the expected path of the short-rate re-
quires disentangling risk premia from observed nominal bond prices. Bond risk premia are
usually determined under the assumption of rational expectations using either predictive
regressions or dynamic term structure models. Empirically, researchers must identify the
relevant set of variables determining risk premia. While standard affine term structure
models generally imply that the yield curve itself should contain all relevant information,
several studies have found variables with predictive power for excess bond returns after
conditioning on the yield curve (Cieslak and Povala, 2015; Cochrane and Piazzesi, 2005;
Cooper and Priestley, 2009; Fontaine and Garcia, 2011; Joslin et al., 2014; Ludvigson and
Ng, 2009; Bauer and Rudebusch, 2018).

Suppose for a moment that investors are rational and that all useful information is
contained in the yield curve. Even so, inferring bond risk premia is non-trivial as it is
well-known that the physical factor dynamics of affine term structure models are difficult
to estimate due to the time-series properties of yields. The parameter estimates are biased
in small samples due to the high persistence of yields and likely to suffer from structural
breaks in longer samples (Bauer et al., 2012; Kim and Orphanides, 2012; Beechey et al.,
2009). Notwithstanding, Cieslak (2018) shows that consensus short-rate forecast errors
are predictable ex-post during recessions using measures of economic activity. Market
expectations are thus not congruent with rational expectations. It is, therefore, irrelevant
if a factor predicts bond excess returns ex-post if investors do not exploit its information
in real-time. Further, if bond risk premia are meant to reflect what investors believed in
real-time, then risk premia become a matter of inference rather than prediction due to
the absence of rational expectation.

This paper departs from rational expectations by extending the affine term structure
model to incorporate heterogeneous investors. Investors commonly assume that the yield
curve at any given point in time can be accurately summarized by the three well-known
level, slope and curvature factors. Heuristically, these factors are easy to estimate from
the cross-section of yields and the mapping between the factors and individual yields
remains remarkably stable over time. Investors, however, hold heterogeneous subjective
beliefs about the time-series properties of yields. The subjective beliefs of each investor
are modeled in reduced-form by a change of probability measure. These subjective prob-
ability measures are parameterized with time-varying parameters, whose time-variation
reflect changes in beliefs as investors update their beliefs about the factor dynamics over
time as they learn from past observations of yields and experience shocks to the macroeco-
nomic conditions. The changes in beliefs are unpredictable, and the subjective dynamics
thus exhibit shifting endpoints as in Kozicki and Tinsley (2001). The reduced-form mod-
eling approach avoids having to directly define the learning problem of investors and
the economic mechanisms which causes them to hold different beliefs. In the reduced-
form representation proposed here, investors do not explicitly exploit the information of
new data to update their beliefs and their beliefs do not convergence towards the data-
generating process as in typical models of learning. Taking the model literally, investors
exhibit a degenerate form of learning due to the non-stationary properties associated with
shifting endpoints. This is not a weakness of the framework, but is, in fact, its inten-
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tion. By avoiding to model the learning problem of investors, the subjective probability
measure of investors do not depend upon the data-generating process and is as a result
robust to its misspecification. Moreover, the reduced-form specification of the subjective
probability measures is naturally validated in its ability to fit the observed forecasts of
each investor.

Each investor in the model is identified as a corresponding survey forecaster in the data.
Working with survey data at the level of the individual forecaster solves several issues
that plague conventional estimation of bond risk premia. This approach ensures that the
probability distribution from which bond premia are derived belongs to an actual investor
limited to real-time information and is free of any aggregation bias. Thus, given an
econometrically identified model, the first moment of the subjective probability measure
is observable from time-series of reported forecasts and the information set of each investor
can be estimated by Kalman filtering without imposing counter-factual full-information
rational expectations.

I document a strong factor structure in survey forecasts using principal component
analysis. The principal components of survey forecasts are highly correlated with principal
components of yields. I find that the expectations of investors cannot be accurately
explained by term structure factors alone. Although consensus forecasts approximately
aggregate the joint information of all survey forecasts for a fixed number of factors, they
are not sufficient in explaining the forecasts at the level of the individual investors.

The estimated subjective beliefs of investors produce substantially different short-rate
expectations and term premia compared to the benchmark affine term structure model.
Particularly in the latter half of 2011, where investors suddenly believe the low interest
rate will persist for a prolonged period of time. This particular change in beliefs of in-
vestors is not picked up by the standard model, which instead assigns the corresponding
movements in long-term yields as variations in term premia. Further, a maximum likeli-
hood ratio tests indicate that investors do update their beliefs about the subjective factor
dynamics and strongly reject time-invariant parameters, revealing that the term struc-
ture of yields does not summarize the information set of investors. Spanning regressions
show that the information sets of investors are related to several macro variables beyond
those spanned by the term structure of interest rates. Interestingly, I find that while
the information set of the consensus forecaster does not predict excess bond returns, the
information set of a few investors do. Their information sets are in particular informative
about excess bond returns for shorter maturities.

Models with rational expectations are intrinsically related to the concept of a repre-
sentative agent. Surely, if investors knew the data-generating process, they would deliver
optimal forecasts with no observable heterogeneity. However, I find that not only is there
a large dispersion in subjective term premia of individual investors, but their expectations
occasionally move in different directions simultaneously. As such, one cannot infer that
term premia are either counter- or pro-cyclical over the business cycles. Naturally, such
inference is only made possible through the lens of a model with heterogeneous investors
that fits the underlying data as the one proposed here.

In the related literature Cieslak (2018) examines consensus forecast errors of the fed-
eral funds rate. Cieslak (2018) finds that forecast errors are predictable ex-post using
measures of economic activity and constructs a measure of the wedge between expecta-



38 2. SUBJECTIVE RISK PREMIA OF HETEROGENEOUS INVESTORS

tions of the econometrician and the survey forecaster. She finds that the wedge widens
around recessions. Giacoletti et al. (2018) model a representative agent, who learns about
the parameters underlying the physical term structure dynamics in real-time using a spec-
ified Bayesian learning rule. They find that their Bayesian agent outperforms consensus
forecasts, especially following recessions. Chernov and Mueller (2012) model inflation ex-
pectations of survey forecasters using subjective probability measures, but they find that
the objective probability measure is sufficient in capturing the expectations about future
inflation of the survey participants. Buraschi and Whelan (2018) develops a consumption-
based heterogeneous asset pricing model and test its implications empirically. They find
that disagreement varies over the business cycle and is a priced risk in the bond market.
Bond investors tend to be persistently pessimistic or optimistic and their interest rate fore-
casts are consistent with their beliefs about future inflation and economic growth. Bauer
and Rudebusch (2018) propose a macro-finance model under rational expectations with
shifting endpoints. The shifting endpoint in their model is driven by a single-stochastic
trend that picks up changes in trend-inflation and the real equilibrium interest rate. The
model proposed here is similar to theirs in the sense that shifting endpoints are used in
both models to capture information unspanned by the yield curve. The shifting endpoints
in their model bridge the gap between the yield curve and macroeconomy under the data-
generating process, whereas the shifting endpoints here captures the information set of
the individual investors under their subjective probability measures.

The remaining part of the paper is organized as follows. Section 2.2 describes com-
mon measures of bond risk premia and predictive regressions of excess bond returns.
The affine term structure model is introduced in Section 2.3 and extended to incorporate
heterogeneous investors. Section 2.4 describes the data of the empirical application and
performs a preliminary factor analysis. The econometric implementation of the proposed
term structure model is described in 2.5. Section 2.6 examines risk premia and short-rate
expectations of heterogeneous investors. Section 2.7 explores whether the macroeconomic
variation that is orthogonal to yields is in the information set of investors. Section 2.8
explores whether the information sets of investors predict excess bond returns after con-
ditioning on the term structure of interest rates. Section 2.9 concludes.

2.2 Bond risk premia

Expected excess bond returns are a common measure of interest rate risk over shorter
holding periods. Consider the realized excess return from buying an m maturity bond at
time t and holding it for h periods above the return of an h-period bond

rxmt,t+h = pm−ht+h − p
m
t − hyht , (2.1)

where pmt and ymt denotes, respectively, the log price and yield of an m maturity bond.
The uncertainty of the return pertains to the time t+h price of the m−h maturity bond.
Expected excess returns are defined by taking the conditional expectation

Et
(
rxmt,t+h

)
= Et

(
pm−ht+h

)
− pmt − hyht .

In the absence of arbitrage, expected excess returns gives a measure of the risk compen-
sation investors demand for holding an m maturity bond h periods ahead.



2.3. AFFINE TERM STRUCTURE MODELS WITH HETEROGENEOUS
INVESTORS 39

A related and useful decomposition of yields is given by

ymt =
1

m
Et

m/h−1∑
i=0

hyht+ih

+ tpm,ht

where h is a divisor of m. This decomposes the observed yield into an expectations
component of future interest rates and a risk component, i.e. the term premium. The
term premium is equivalent to the expected excess return of a risky roll-over strategy in
shorter bonds up to the maturity of the long bond, that is

tpm,ht =
1

m
Et

m/h−2∑
i=0

rxm−iht+ih,t+ih+h

 .

The term premium thereby serves as a measure of the long-horizon risk compensation
associated with longer maturity bonds. The term premium is commonly computed with
h corresponding to a single period such that the expectation components correspond to
the expected path of the short-rate set by the monetary authority. While investors might
be concerned with expected excess returns, the term premia decomposition is of crucial
importance to central banks to infer the expectations of the financial market about the
path of future monetary policy.

Inference about bond risk premia requires that the researcher gets the expectations
of the market right. If expectations are not observable, the researcher must turn to
models to infer expectations from observable data. Simple models of expected excess
bond returns are given as predictive regressions as in Fama and Bliss (1987); Cochrane
and Piazzesi (2005) and others. In the predictive regression framework, the researcher
must first determine the information set Zt used by the market to predict excess bond
returns. Expected excess returns are then obtained as the fitted values from running the
regression

rxmt,t+h = β0 + β1Zt + vt+h. (2.2)

While predictive regressions are straightforward to implement, they provide no guidance
for selecting Zt and suffers from small-sample bias due to highly persistent regressors
and overlapping observations (Bauer and Hamilton, 2017). Furthermore, they necessarily
assume rational expectations and do not ensure the absence of arbitrage and inherently
overstates predictability when returns are examined ex-post. It is therefore unlikely that
predictive regressions actually capture real-time expectations of investors.

2.3 Affine term structure models with heterogeneous investors

A more complete description of the bond market can be obtained by considering an
asset pricing model that jointly characterizes the distribution of interest rates under the
physical as well as the risk-neutral probability measure. Dai and Singleton (2002) show
that lower-dimensional Gaussian exponentially affine term structure models are successful
in capturing risk premia under rational expectations. Henceforth, the exponentially affine
term structure model has emerged as the standard tool for inferring market expectations
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and term premia from the observable yield curve. For example, the FRED database
routinely reports the term premia on a ten-year bond as estimated from the three-factor
affine model in Kim and Wright (2005).

A general affine term structure model specifies the one-period interest rate as a deter-
ministic function of the N -dimensional state vector Xt

rt = ρ0 + ρ′1Xt. (2.3)

The state vector follows a discrete time Gaussian vector autoregression (VAR) under the
physical probability measure

Xt+1 = KP
0 +KP

1Xt + Σvt+1, (2.4)

where Σ is lower-triangular and vt ∼ NID(0, IN ). In the absence of arbitrage, the
equivalent martingale measure dynamics of Xt is

Xt+1 = KQ
0 +KQ

1 Xt + ΣvQt+1. (2.5)

This implies that the probability measures P and Q are linked by the “essentially affine”
market prices of factor risk of Duffee (2002)

Λt = Σ−1 (λ0 + λ1Xt) . (2.6)

Duffie and Kan (1996) show that yields are affine in Xt and given by

ymt = Am +BmXt

where Am, Bm are the solutions to a set of first difference equations, see Appendix 2.A
for further details.

The log price of a zero-coupon bond is

pmt = am + bmXt,

where am = −mAm and bm = −mBm. Model-implied excess bond returns are given by

rxmt,t+h = (am−h + ah − am) + (bh − bm)Xt + bm−hXt+h.

The conditional expectation of excess bond returns under the physical probability measure
are thus

Et
(
rxmt,t+h

)
= (am−h + ah − am) + (bh − bm)Xt + bm−hEt (Xt+h) .

In particular, if the bond is held for a single period the expression simplifies to

Et
(
rxmt,t+1

)
= bm−1 (λ0 + λ1Xt)−

1

2
b′m−1ΣΣ′bm−1, (2.7)

where the first term is the priced factor risk and the second term is a Jensen’s inequality
adjustment. Equation (2.7) is the model-implied counterpart to predictive regressions,
which aligns with investor beliefs under rational expectations.
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In principle, the model provides theoretical guidance towards designating the relevant
information set for explaining bond risk premia. This is the case since yields are condi-
tional expectations of the short-rate and should, therefore, embed all relevant information
about the future short-rate. The guidance, however, is not perfect as yields are condi-
tional expectations under the risk-neutral probability measure and not under the physical
probability measure. In particular, Joslin et al. (2014); Duffee (2011a) show that a factor
that does not affect the risk-neutral expectations can nonetheless still affect expectations
under the physical probability measure. Bond prices will not depend on such a factor,
but expected excess returns will. Therefore, if such a hidden factor exists, it cannot be
identified from the yield curve alone.

Affine term structure models are subject to a well-known small-sample bias problem of
estimating highly persistent VAR dynamics in small samples (Yamamoto and Kunitomo,
1984). The small-sample bias reduces the estimated persistence in the factor dynamics
with important economic implications as short-rate expectations at long-horizons mean-
reverts too quickly. Consequently, term premia of long-maturity bonds, now acting as
a residual for price movements, are highly volatile and appears disconnected from the
business cycle (Bauer et al., 2012; Kim and Orphanides, 2012). Assuming rational ex-
pectations, Kim and Orphanides (2012) use consensus survey forecasts to estimate the
physical dynamics and obtain more persistent factor dynamics. Additionally, they com-
pare the estimated dynamics using surveys to those obtained from a longer sample of
yields without surveys. While the factor dynamics are more persistent when estimated
using survey data, they still appear different than the dynamics estimated using the long
sample. This suggests that investors do not have rational expectations or the presence of
structural breaks, providing further econometric motivation for departing from rational
expectations.

2.3.1 Heterogeneous investors

This section relaxes the rational expectations assumption which allows the model to
incorporate beliefs of a finite set of heterogeneous investors. The following subsection
introduces time-variation in the parameters governing the subjective probability measure
of investors, which reflect that investors change their beliefs over time.

Suppose the economy is populated by a finite amount of investors. In this world, each
investor, indexed by i ∈ (1, .., I), observes the same realized yield curve through time.
From the sample variance of yields, each investor infers the factor structure of yields
summarized in Xt. Since investors observe the one-period interest rate from the yield
curve, they also effectively know the short-rate specification (2.3). Investors, however,
do not know the true data-generating process of Xt. While investors can estimate the
dynamics of Xt from observed time-series of yields, they are aware that the dynamics are
difficult to estimate due to the high persistence of yields. Instead, each investor forms a
subjective belief about the evolution of Xt that is different from any real-time estimation
of (2.4). Deviation from rationality as well as heterogeneity might, therefore, arise due
to model uncertainty and not necessarily the absence of utility-maximizing behavior by
individual investors.



42 2. SUBJECTIVE RISK PREMIA OF HETEROGENEOUS INVESTORS

The investor-specific subjective beliefs are exogenously specified and represented in
reduced-form as equivalent probability measures (Si)i∈1,...,I . The subjective dynamics of
Xt as believed by investor i is

Xt+1 = KSi
0 +KSi

1 Xt + ΣvSit+1, (2.8)

where the process
Ψi,t = Σ−1

(
ψi0 + ψi1Xt

)
(2.9)

underlies the change of measure from P to Si.1 This implies that investors have Markov
beliefs about the term structure and the process ΣΨi,t measures the deviation from rational
expectations of investor i. In particular, Ψi,t is unknown to investors as it is exactly the
quantity that captures how far off the data-generating process their subjective probability
measure is. Moreover, differences in Ψi,t between investors is what generate heterogeneity
in the model. That is, the disagreement about the yield curve tomorrow for a pair of
investors is described by the process

Dij,t =
(
ESi
t − E

Sj
t

)
Xt+1 = Σ (Ψi,t − Ψj,t) .

The investors populating the economy are risk-averse and demand compensation for
being exposed to factor risk. By assumption, investors do not demand any compensation
for uncertainty regarding their own or other investors’ subjective beliefs about the dynam-
ics of Xt, i.e., investors agree to disagree. As such, investors only demand compensation
for risks related to the factors Xt underlying variations in the observed yield curve. Each
investor consequentially prices bonds by the means of an individual-specific pricing kernel

ξi,t+1 = exp

(
−rt −

1

2
Λ′i,tΛi,t − Λ′i,tv

Si
t+1

)
(2.10)

Λi,t = Σ−1
(
λi0 + λi1Xt

)
, (2.11)

where Λi,t denotes the subjective prices of risk. If the commonly observed bond prices
are characterized by an equilibrium, it must be the case that each investor prices bonds
such that the following condition holds

ESi
t

(
ξi,t+1P

m−1
t+1

)
= EQ

t

(
e−rtPm−1

t+1

)
, ∀i (2.12)

where the left-hand side is the bond price of an m-maturity bond at time t as priced
by the i′th investor, and the right hand side is the conditional expectation under the
risk-neutral measure generating the observed bond prices. Hence, bond prices follow a
joint distribution that is identical to the standard model. Intuitively, the subjective risk

1The Radon-Nikodym derivative is

fSi (Xt+1|Xt)
fP (Xt+1|Xt)

=
exp

(
−Ψ̃i,tXt+1

)
Et

(
exp−Ψ̃i,tXt+1

)
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premia are defined such that each investor believes the observed yield curve is fairly priced
from the reference point of his subjective beliefs about the data-generating process of Xt.
Note that the model implies that deviations from rationality Ψi,t as well as disagreement
Dij,t are effectively priced risks in the bond market as they are affine functions of Xt.

It is empirically unlikely that all investors agree on the bond pricing distribution.
Some investors might employ a different class of term structure models such as Filipović
et al. (2017), disagree about the dimension of the state vector (Adrian et al., 2013; Duf-
fee, 2011a) or wish to incorporate the macroeconomy explicitly into the state vector (Ang
and Piazzesi, 2003). Notwithstanding, the factor structure of observable yields is gen-
erally sufficiently strong in the sense that a large subset of models produces a tight fit
of the observed yields with measurement errors on the magnitude of just a few basis
points. Agreeing on the pricing distribution can thus be seen as a simplifying assumption
under the qualification that their chosen model fits the cross-section tightly such that
heterogeneity pertains to beliefs about the time-series properties of yields.

2.3.1.1 Spanning concerns

The yield curve must at any point in time encode a great deal of information as the
expectations of investors as well as deviations from rationality and disagreement are all
affine functions of Xt. Indeed, if the risk-neutral distribution is non-degenerate such that
rank

(
B′m1

, ..., B′mN

)
= N , then the yield curve must contain all information in the econ-

omy about heterogeneous beliefs. For example, the model imposes the restriction that
a forecast of an investor is a deterministic function of any other N forecasts produced
by some other investor.2 Conversely, the empirical properties of yields strongly suggest
that yields follow a low-dimensional factor structure (Litterman and Scheinkman, 1991).
Furthermore, affine term structure models with large N are symptomatic of overfitting,
implying economic implausible Sharpe ratios and negative interest rates for maturities be-
yond those included in estimation (Duffee, 2011b; Joslin et al., 2011). A low-dimensional
factor structure of Xt might be too tightly constrained to span a desirable quantity of
heterogeneity among investors.

2.3.2 Time-varying subjective beliefs

A limitation of the model in the previous subsection is that investors do not change
their beliefs about the subjective factor dynamics over time. This subsection introduces
time-variation in the long-horizon mean which reflect changes in investor beliefs as they
experience shocks to the macroeconomy and learn from observing movements in yields.
Certainly, as investors are subject to model uncertainty and limited to real-time informa-
tion, one would indeed expect investors to update their beliefs as time passes, and not
have constant beliefs about the factor dynamics. Moreover, the spanning concerns raised
in the previous subsection are resolved by time-variation in beliefs.

2To see this, note that the expected forecast for the m-maturity yield at the next time period for
investor i is given by ESi

t

(
ymt+1

)
= Am + Bm

(
K

Si
0 +K

Si
1 Xt

)
. Thus, Xt can inverted from N forecasts

produced by any investor and then substituted to express the forecasts of all other investors as a function
of these forecasts.
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Formally, the investor-specific subjective dynamics are now taken to be

Xt+1 = Ki,t +KSi
1 Xt + ΣvSit+1 (2.13)

Ki,t+1 = Ki,t + Σiwi,t+1, (2.14)

where wi,t ∼ NID(0, In) and E
(
wi,tw

′
j,t

)
= 0. The subjective dynamics now reflect that

investors updates their beliefs by letting the intercept Ki,t be time-varying.3 Equation
(2.14) implies that investors cannot predict changes in their own beliefs and the subjective
dynamics are thus non-stationary. Regardless, if all eigenvalues of KSi

1 are within the unit
circle, then forecasts at any point in time behave exactly as a stationary VAR, but where
the long-horizon expectations are allowed to change over time. Hence, the subjective
dynamics exhibit “shifting endpoints” as in Kozicki and Tinsley (2001). Taking the model
literally, investors exhibit a form of non-degenerate learning as they will never converge to
the data-generating process due to non-stationarity. It should be noted that the objective
of the reduced-form subjective dynamics is not to specify how agents learn, but rather
provide the model enough flexibility to match the observed heterogeneity in the data.4
Hence, there is no requirement that the beliefs of investors should eventually converges
to the data-generating process.

The system (2.13) & (2.14) can be written as a higher dimensional time-homogeneous
VAR(1) [

Xt+1

Ki,t+1

]
=

[
KSi

1 IN
0 IN

] [
Xt

Ki,t

]
+

[
Σ 0
0 Σi

] [
vSit+1

wi,t+1

]
,

highlighting that Ki,t can be interpreted as a “basis” vector spanning the information set
of investor i additional to Xt. Thus, the shifting endpoints of the subjective dynamics
can be interpreted as if investors use additional information beyond the yield curve itself.

The risk-neutral bond prices of the previous subsection are preserved if the subjective
market prices of risks are redefined to

Λi,t = Σ−1
(
λi0,t + λi1Xt

)
,

where λi0,t is given by
KQ

0 = KSi
0,t − λi0,t ∀t. (2.15)

The market price of risk (2.15) ensures that variations in Ki,t are offset by changes in the
market price of risk λi0,t such that short-rate expectations under the risk-neutral measure
are unaffected by Ki,t. Consequently, bond prices depend only on Xt, and {Ki,t}Ii=1
cannot be inverted from the yield curve. Equation (2.15) can, therefore, be seen as a
knife-edge restriction generating unspanned risk as in Joslin et al. (2014); Duffee (2011a).

3Although it is possible to introduce time-variation in additional parameters, it turns out that allowing
for time-variation in the intercept is sufficient to fit the observed data. Moreover, pertaining time-variation
in parameters to the intercept serves to keep the model tractable and stay within a linear state-space
framework.

4In principle it would be possible to also allow for time-variation in KSi
1 at the computational cost of

further increasing the dimension of the state vector. Moreover, as will be seen, allowing for time-variation
in the intercept gives the model sufficiently flexibility in matching the data.
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Here, however, the risk factor is relevant under the subjective probability measure as op-
posed to the objective probability measure. In economic terms, the knife-edge restrictions
maintain the assumption that investors only demand compensation for risks that pertains
to variations in yields through Xt.

A critic of unspanned risk factors is that the so-called knife-edge restrictions that
are necessary to generate unspanned risk are hard to motivate economically (Duffee,
2011a). However, unspanned risk factors arise naturally from the viewpoint of a model
with heterogeneous investors when the information set of some investors is not priced by
bond markets. Indeed, it would be remarkable if the full information set of all investors
would be invertible from the yield curve. Conversely, by invoking the market selection
hypothesis of Friedman (1953), only investors who are precise in their predictions about
future asset prices ought to survive in the economy. However, it is precisely those agents
who survive and accumulate wealth who attain a large influence on asset prices in which
case the relevant information becomes public and subsumed by the yield curve. However,
if investors do not have rational expectations, they might use information that has no
predictive content for bond prices. Thus, unlike an objective unspanned risk factor, there
is no reason to require that a subjective unspanned risk factor should help in predicting
future interest rates ex-post, as its purpose is to explain the expectations of investors.
Whether investor forecasts are unspanned by the term structure and if the information
set of investors has incremental predictive power is ultimately a question that has to be
answered empirically.

Subjective probability measures as considered here can be interpreted in a larger gen-
erality. Giacoletti et al. (2018) consider a Bayesian representative agent who learns about
risk premia in real-time using the past history of Xt. The beliefs of their representa-
tive agent are represented by some density f (Xt+1|Xt, ..., X1) generated from a Bayesian
learning rule. Specializing in a setting with many investors, I instead assume that beliefs
are exogenously specified and impose the Markov restriction on beliefs in (2.13). The
econometric identification of the parameters governing the distribution of each investor,
therefore, requires observable data that depends on Si. It turns out that forecasts of yields
can be used for that purpose as investors infer Am, Bm and Xt from the cross-section of
yields and their one-period ahead model-implied forecast for the m maturity yield is

ESi
t

(
ymt+1

)
= Am +BmE

Si
t (Xt+1) . (2.16)

Additionally, (2.16) reveals that linear combinations of the first moment are observable
under the subjective probability measure, thus avoiding the aforementioned small-sample
issues associated with estimating highly persistent VAR(1) processes from observations
on realizations. Indeed, the reason why the risk-neutral distribution of yields is easily
estimated is precisely due to the fact that asset prices are transformations of the first
conditional moment under the risk-neutral measure.

2.4 Data description

The empirical exercise is conducted from January 1990 to March 2017 at a monthly
frequency. Zero-coupon yields at maturities of 3, 6 and 12 months and 2, 3, 5, 7 & 10



46 2. SUBJECTIVE RISK PREMIA OF HETEROGENEOUS INVESTORS

years are obtained from Gürkaynak et al. (2007). Proxies of investor expectations about
interest rates are obtained from the Blue Chip Financial Forecasts surveys. The surveys
are conducted near the end of the month, prior to being compiled and released at the
beginning of the following month. The survey panel consists primarily of economists
from large financial institutions. The participants are asked to forecast constant maturity
yields as reported in the H.15 statistical release by the Federal Reserve averaged over the
course of a quarter. The constant maturity yields are derived from on-the-run Treasuries
which typically trade close to par. From the yield forecasts provided in surveys, I include
the maturities of 3, 6, 12 months and 2, 5, 10 years, thereby excluding forecasts of the
federal funds rate and the thirty-year bond. In the context of a no-arbitrage model, it is
not obvious that the federal funds rate is, in fact, the short-rate underlying the pricing
of longer-term bonds due to market imperfections (Duffie, 1996). The thirty-year bond
is excluded as more than three pricing factors might be needed to accurately model the
long end of the yield curve.

The forecasts are made for the current quarter, and up to five quarters ahead, this
means that the forecast horizons change according to the month of the quarter in which
the forecasts are observed. For example, the current quarter forecasts released 1 January
are for averages in the upcoming three months, whereas the current quarter forecasts in
February are the averages of the yields realized in the previous month and the yields in
the two upcoming months. I follow Chun (2010); Giacoletti et al. (2018) and construct
a monthly data set with constant forecast horizons instead of quarter forecasts by lin-
early interpolating forecasts across horizons. For instance, three-month ahead forecasts
standing at 1 February are constructed by taking a linear combination of the first and
second quarter forecasts with the respective weights of 2/3 and 1/3. Next, in order to
avoid working with par yields that are non-linear functions of the state vector, I construct
forecasts of zero-coupon yields by bootstrapping the forecasted par yields as in Le and
Singleton (2013) by assuming a constant forward rate between the maturities. Thus, the
survey forecasts are converted into zero-coupon yield curves that perfectly fit the observed
survey forecasts for each horizon, date, and forecaster.

As the surveys contain missing observations at the individual level for some horizons
and maturities, I pick out 25 participants that have participated most actively over a ten
year period from January 2007 to March 2017 as measured by the total number of provided
forecasts. This ensures that there is a sufficient and comparable number of observations
available to estimate the parameters of the model associated with each investor. Table 2.1
reports the number of observations for each forecaster included in the sample. The panel
is somewhat close to being fully balanced with a few missing observations. The missing
observations tend to be for the longest forecast horizon, this is a natural implication of
not having interpolation horizons available outside of the first month of the quarter. The
panel is particularly well balanced along the shorter horizons and the maturity dimension.
However, some investors are missing observations for shorter maturity yields. Each of the
participants is taken to represent a single investor in the econometric implementation of
the model. In addition, the consensus forecast is included as a useful benchmark of a
representative investor, aggregating the information of individuals.

It is not obvious that a longer sample of surveys would be preferred as the survey
participants change over time, giving rise to a trade-off between sample length across
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Table 2.1: Number of survey observations at the individual level
This table shows the number of observations for each forecaster. The number of observations
is given as the total number of forecasts, average per observation date as well as the number of
observations at each maturity for all horizons and at each forecast horizon for all maturities.

Forecaster Total Dates Average Horizon Maturity

3m 6m 9m 12m 15m 18m 3m 6m 12m 2y 5y 10y

1 3,809 119 32.01 713 714 714 714 714 240 634 635 635 635 635 635
2 3,666 115 31.88 686 686 686 686 686 236 615 609 609 609 609 615
3 3,636 116 31.34 680 680 680 680 680 236 615 578 583 620 620 620
4 3,906 122 32.02 732 732 732 732 732 246 651 651 651 651 651 651
5 3,487 109 31.99 653 653 653 653 653 222 582 582 582 582 577 582
6 3,894 122 31.92 732 732 732 732 732 234 649 649 649 649 649 649
7 3,667 115 31.89 689 689 689 689 689 222 612 612 607 612 612 612
8 3,831 120 31.93 718 718 719 719 718 239 637 640 640 634 640 640
9 3,738 117 31.95 702 702 702 702 702 228 623 623 623 623 623 623
10 3,774 118 31.98 708 708 708 708 708 234 629 629 629 629 629 629
11 3,640 119 30.59 684 684 684 684 684 220 554 554 630 634 634 634
12 3,799 119 31.92 713 713 713 713 713 234 634 634 629 634 634 634
13 3,906 122 32.02 732 732 732 732 732 246 651 651 651 651 651 651
14 3,780 118 32.03 708 708 708 708 708 240 630 630 630 630 630 630
15 3,768 118 31.93 708 708 708 708 708 228 628 628 628 628 628 628
16 3,846 121 31.79 720 720 720 726 720 240 641 641 641 641 641 641
17 3,904 122 32.00 732 731 731 732 732 246 651 649 651 651 651 651
18 3,609 113 31.94 675 675 675 675 675 234 604 599 594 604 604 604
19 3,492 109 32.04 653 653 653 653 653 227 583 583 577 583 583 583
20 2,544 120 21.20 490 490 490 490 445 139 516 0 159 623 623 623
21 3,894 122 31.92 731 731 731 731 731 239 650 645 649 650 650 650
22 2,548 118 21.59 502 500 500 502 431 113 504 87 158 601 599 599
23 2,577 122 21.12 484 483 484 484 481 161 628 218 539 272 272 648
24 3,894 122 31.92 732 732 732 732 732 234 649 649 649 649 649 649
25 3,906 122 32.02 732 732 732 732 732 246 651 651 651 651 651 651

time and the available number of investors with minimal missing data. Additionally,
there is also a trade-off with longer samples and structural breaks. The applied selection
criterion might possibly introduce sampling bias due to favoring a high participation rate.
A high participation rate could proxy for asserting abnormally high effort into producing
accurate forecasts. Conversely, a high participation rate could be a symptom of carelessly
made forecasts. Another possibility is that active participation in the survey is used as a
signaling device to attract customers. If the surveys are used as a signaling device, then the
reported forecasts might not be truthful as reporting forecasts that are different from the
consensus could be viewed as a signal of private information by potential customers. On
the other hand, the participants might lean towards less informative forecasts in order to
keep information private. In any event, the investors are not necessarily representative of
the excluded survey participants nor ordinary investors but are instead taken to represent
sophisticated investors.
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Table 2.2: Principal component analysis of surveys
This table shows the variance of surveys explained by the first three principal components.
Additionally, the table shows the R2 obtained by projecting the principal components of
surveys onto the first five principal components of yields.

Yield PC projections, R2

Survey
PC

Variance
explained

Individual Joint

1st 2nd 3rd 4th 5th 1-3 1-5

1st 90.58 94.59 0.08 1.33 0.07 0.81 96.00 96.88
2nd 6.14 0.20 83.90 0.54 0.04 0.61 84.64 85.29
3rd 1.78 3.54 2.71 58.43 2.22 8.32 64.68 75.22

2.4.1 Statistical properties of survey forecasts

Let st,m,h,i denote the forecast by investor i made at time t for the average m maturity
yield over the time period t + h − 3 to t + h. Let S be the T ×MHI matrix collecting
all forecasts, where M denotes the number of maturities for yield forecasts, H denotes
the number of forecast horizons and I is the number of investors in the data set. Table
2.2 reports the results from a principal component analysis of S and the R2 obtained
from projecting the survey principal components onto principal components of yields.
The results reveal a strong factor structure in the survey forecasts with around 98%
of the variation explained by the first three principal components of forecasts. Linear
projections of the survey components onto the first three principal components of yields
reveal a strong relationship with the contemporaneous yield curve. In particular, each
principal component of surveys appear to be highly correlated with the corresponding
yield component. The relationship is particularly strong between the first two components
with an R2 at 94%. The third survey component also appears to be weakly correlated
with each of the yield components.

In order to uncover the economic importance of information beyond the yield curve
at the aggregate level, I run regressions of the type

st,m,h,i = β0 + β1PCt,surveys + β2PCt,yields + εt,m,h,i,

for different collections of principal components computed from yields and surveys and
consider the RMSE across all horizons, maturities, and forecasters jointly. The regres-
sions can be seen as a simple model that does not impose no-arbitrage across maturities
nor restrictions across horizons as implied by a dynamic factor model. Moreover, the
regressions imply that all forecasters have the same information set as summarized by the
different sets of principal components. The results from the regressions are displayed in
Table 2.3. No matter the number of yield principal components used, the first principal
component of surveys leads to a large reduction in fitting errors, whereas the higher-order
survey components have weaker incremental explanatory power after having conditioned
on the yield curve.

Next, I examine to which extent the consensus forecasts embed all relevant information
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Table 2.3: Fitting surveys with principal components
This table reports the RMSE obtained from regressing survey forecasts on different combina-
tions of principal components of forecasts and yields. The RMSE are pooled across horizons,
maturities and forecasters. The units are in basis points.

Surveys Yields

PC1 PC1-2 PC1-3 PC1-4 PC1-5

– 47.53 39.54 35.32 34.61 32.34
PC1-1 40.41 37.84 26.85 25.65 24.86 24.26
PC1-2 28.84 25.93 25.30 24.31 23.47 22.94
PC1-3 24.80 24.28 23.93 23.49 22.70 22.17

underlying the forecasts of individual investors by running regressions of the type

st,m,h,i = β0 + β1PCt,z + β2PCt,yields + εt,m,h,i,

where the principal components PCt,z are either the first three principal components
computed from either consensus forecasts, all forecasts or the forecasts produced by the
individual forecaster. I consider the root mean squared errors (RMSE) for each investor
over computed over all maturities and horizons. The difference in fit between a model
using principal components of the investors’ own forecasts to those computed from ag-
gregate information reveals the extent of heterogeneous information. Additionally, the
regressions are also run where the first three principal components of yields are excluded.
The results are displayed in Table 2.4. The principal components of consensus forecasts
and those computed from all forecasts perform about equally well at explaining the fore-
casts of the individual investors. However, regardless of whether the information in yields
are included or not, there is a significant reduction in RMSE when the principal compo-
nents are those computed from the forecaster himself. In general, the aggregate measures
result in RMSE around 20-30 basis points, whereas the RMSE are reduced to 10-15 ba-
sis points when the included principal components are the investor’s own. The results
suggest that although consensus provides a reliable approximate aggregation of the joint
information, the aggregation does lose important information in explaining the forecasts
of the individual investors.

Lastly, I examine how well the investors have performed in forecasting future interest
rates over the sample period. I calculate forecasting errors for each investor as well as for
the consensus and a random walk benchmark. The random walk benchmark uses current
yields as forecasts for the average yields over the three-month periods. The forecasting
performance is measured by the RMSE computed across all forecasts, for each maturity
at all horizons, and for each horizon at all maturities. Pairs consisting of each maturity
and horizon is not investigated for the sake of brevity. Table 2.5 displays the results. In
terms of overall forecasting errors, no survey forecaster beats the random walk benchmark.
However, the majority of the forecasters beat the random walk in forecasting the three-
month yield, and some also beat the random walk benchmark at forecasting the six-
month yield. An interesting pattern occurs as the forecasting performance of a random
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Table 2.4: Aggregation of investors
This table displays the RMSE in basis points of regressing consensus forecasts and forecasts
at the individual level onto different sets principal components. The considered principal
components are the first three computed from consensus forecasts only, all forecasts jointly
and from the forecasts produced by the individual forecasters themselves. Moreover, the
regressions are carried out where the first three principal components of yields are either
included or excluded.

Forecaster Yield PCs included Yield PCs excluded

Consensus All Own Consensus All Own

Consensus 6.90 9.91 6.90 8.81 10.44 8.81
1 31.66 31.91 12.98 37.26 37.87 14.99
2 34.81 34.86 11.18 39.78 39.37 12.88
3 32.73 33.35 15.35 35.85 35.82 18.17
4 26.35 22.63 13.47 30.14 25.06 19.51
5 23.34 23.14 12.94 24.65 24.43 16.63
6 15.56 16.12 10.48 17.26 17.18 15.55
7 43.87 43.54 11.30 48.60 47.48 14.84
8 23.46 24.29 11.37 26.71 26.07 12.64
9 29.80 29.11 11.31 31.90 31.20 14.81
10 36.70 35.73 11.80 39.74 39.69 13.18
11 33.51 32.48 10.97 38.86 37.55 12.43
12 34.51 32.57 14.12 37.25 33.78 19.67
13 20.58 22.58 8.73 26.11 23.72 12.29
14 34.15 34.27 12.38 39.98 39.36 17.69
15 25.96 26.30 10.99 31.47 31.26 15.43
16 20.12 21.34 10.96 22.02 22.62 13.48
17 19.02 22.43 13.34 20.78 23.23 18.18
18 45.10 45.12 17.42 51.84 49.92 19.57
19 29.78 30.17 10.11 32.92 33.12 13.55
20 23.76 24.25 11.72 27.51 26.30 16.21
21 23.93 23.95 12.97 26.12 25.42 19.56
22 31.67 34.87 13.81 35.90 36.83 16.38
23 16.79 17.42 11.82 18.90 18.64 27.27
24 20.31 21.95 14.28 23.21 23.15 17.41
25 22.68 22.65 14.32 25.37 24.25 19.46



2.4. DATA DESCRIPTION 51

Table 2.5: Forecasting errors
This table shows the root mean squared forecasting errors at the level of the individual
forecasters. The table also includes the consensus and a random walk benchmark. The table
reports the RMSE of the forecasts aggregated across all maturities for each forecast horizon
and aggregated across all forecast horizons for each maturity. Numbers in bold indicate that
the random walk benchmark has been outperformed.

Forecaster Total
RMSE

Maturity Horizon

3m 6m 12m 2y 5y 10y 3m 6m 9m 12m 15m 18m

RW 0.80 0.91 0.88 0.84 0.77 0.72 0.67 0.22 0.51 0.70 0.85 1.02 1.14
Consensus 1.22 0.86 0.94 1.00 1.07 1.46 1.76 0.68 0.91 1.13 1.34 1.59 1.80
1 1.39 1.00 1.10 1.19 1.31 1.62 1.89 0.71 0.99 1.28 1.57 1.82 2.01
2 1.14 0.81 0.85 0.91 0.97 1.37 1.65 0.68 0.89 1.07 1.23 1.44 1.63
3 1.35 1.00 1.05 1.13 1.24 1.60 1.86 0.68 0.95 1.21 1.51 1.82 1.99
4 1.28 0.90 0.97 1.04 1.16 1.53 1.83 0.70 0.94 1.17 1.42 1.68 1.85
5 1.36 1.03 1.10 1.19 1.29 1.55 1.84 0.70 0.97 1.24 1.52 1.79 2.04
6 1.24 0.86 0.96 1.07 1.13 1.46 1.73 0.69 0.93 1.15 1.37 1.61 1.80
7 1.26 0.90 0.96 1.00 1.11 1.53 1.81 0.74 0.95 1.16 1.38 1.63 1.90
8 1.10 0.73 0.80 0.86 0.91 1.32 1.68 0.66 0.86 1.03 1.21 1.41 1.55
9 1.32 0.99 1.06 1.13 1.19 1.55 1.81 0.70 0.95 1.19 1.45 1.74 2.05
10 1.17 0.90 0.96 1.00 0.99 1.39 1.59 0.65 0.85 1.04 1.28 1.54 1.74
11 1.11 0.78 0.82 0.75 0.96 1.36 1.60 0.70 0.88 1.07 1.23 1.38 1.47
12 1.52 1.20 1.32 1.42 1.45 1.74 1.87 0.71 1.02 1.33 1.68 2.05 2.42
13 1.48 1.14 1.23 1.36 1.40 1.70 1.89 0.76 1.06 1.35 1.66 1.95 2.19
14 1.62 1.25 1.33 1.41 1.52 1.89 2.13 0.75 1.04 1.36 1.78 2.24 2.60
15 1.11 0.79 0.83 0.88 0.94 1.33 1.65 0.66 0.87 1.06 1.24 1.42 1.53
16 1.22 0.92 0.98 1.02 1.11 1.43 1.68 0.66 0.89 1.13 1.37 1.59 1.77
17 1.25 0.84 0.91 1.02 1.20 1.52 1.72 0.67 0.89 1.13 1.37 1.64 1.91
18 1.36 1.13 1.18 1.21 1.22 1.56 1.74 0.73 0.97 1.23 1.51 1.78 2.04
19 1.28 0.91 0.97 1.03 1.10 1.51 1.86 0.72 0.96 1.18 1.40 1.65 1.87
20 1.22 0.81 – 1.28 0.88 1.32 1.61 0.81 1.00 1.18 1.34 1.53 1.67
21 1.24 0.89 0.97 1.03 1.03 1.37 1.87 0.72 0.95 1.17 1.38 1.58 1.78
22 1.44 0.96 1.76 1.44 1.12 1.53 1.85 0.84 1.11 1.39 1.65 1.85 2.09
23 1.07 0.85 0.26 1.03 0.58 0.96 1.54 0.71 0.87 1.01 1.16 1.32 1.44
24 1.23 0.90 0.96 1.02 1.07 1.44 1.77 0.68 0.90 1.14 1.37 1.62 1.79
25 1.28 0.89 0.94 0.99 1.07 1.53 1.91 0.71 0.96 1.17 1.40 1.65 1.89
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walk is better at long maturities in absolute terms, whereas the opposite is true for the
survey participants. Several investors also manage to outperform the consensus forecaster
throughout the sample period. The forecasting results are consistent with the findings of
Chun (2012) who examined an earlier sample of the Blue Chip Financial Forecasts and
also found the random walk to outperform individual forecasters at longer horizons.

2.5 Econometric implementation

This section describes the empirical implementation of the model.
The model-implied forecast of investor i for the three month average of an m maturity

bond is given by

ŝt,m,h,i = Am +Bm
1

4

h∑
j=h−3

[
IN 0

] [ KSi
1 IN
0 IN

]j [
Xt

Ki,t

]
. (2.17)

Let st,i denote a vector containing forecasts of all available maturities and horizons at
time t for forecaster i. The observation equation for the i′th investor is

si,t = C +Di

[
Xt

Ki,t

]
+ εi,t, (2.18)

where C,D follows from stacking (2.17). Further, the measurement errors are assumed
to be normally distributed and independent along all dimensions εi,t ∼ NID(0, Iσ2

i ).
Similarly, the observation equation for a collection of yields with maturities m1, ..,mJ is
given by

yt = A+BXt + et (2.19)

where A = [Am1
, ..., AmJ

]
′, B =

[
B′m1

, ..., B′mJ

]′ denotes the no-arbitrage factor loadings
for the stacked yields, and et ∼ NID

(
0, IJσ

2
e

)
denotes the measurement errors of the

yields. The state dynamics of Xt and Ki,t are given, respectively, in (2.4) and (2.14),
which completes the state-space representation of the model.

2.5.1 Identification

In order to parameterize the model it is useful to define subsets of the parameter space
depending on which observation equations they affect. The full parameter set is given by

Θ =
{

ΘP,ΘQ, σe,
{

ΘSi
}I
i=1

}
,

where ΘATSM =
{

ΘP,ΘQ, σe
}

denotes the parameter subset governing the yield ob-

servation equation and factor dynamics of Xt+1, and ΘSi =
{
KSi

1 , σi,Σi

}
denotes the

parameters related to investor i.
In the parameterization of ΘATSM , I use the identification scheme of Joslin et al.

(2011), briefly described as follows. By exploiting the invertibility of (2.19), the latent
factors Xt are rotated to model-implied yield portfolios. Specializing in a setting with
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N = 3, the weights of the portfolios W are fixed as the weights of the first three prin-
cipal components of observed yields. Thus, Xt represents the well-known level, slope,
and curvature factors. Identification of Xt is achieved by imposing restrictions on the
parameters governing the risk-neutral distribution of rt. In particular, A,B depend only
on the primitive parameter set ΘQ =

{
rQ∞, λ

Q,Σ
}
, where rQ∞ denotes the unconditional

short-rate under the risk-neutral measure and λQ denotes the eigenvalues of KQ
1 which are

assumed to be real and distinct, see Joslin et al. (2011) for further details. The parameters
governing the physical dynamics of Xt, ΘP =

{
KP

0 ,K
P
1 ,Σ

}
, are left unrestricted.

Since ΘATSM are fully identified from observed yields alone, it only remains to identify
ΘSi . Consider the conditional expectation

ESi
t

([
Xt+1

Ki,t+1

])
=

[
KSi

1 IN
0 IN

] [
Xt

Ki,t

]
. (2.20)

Clearly, it is not possible to neither scale nor rotate Ki,t while leaving the imposed struc-
ture on the feedback matrix unaffected. Thus all elements in KSi

1 are identified. The
identification of Σi follows trivially from (2.14) and is fully identifiable, but assumed to
be diagonal in order to reduce the dimensions of the parameter space. The eigenvalues of
KSi

1 and KP
1 are restricted to lie within the unit circle to ensure stability.

2.5.2 Estimation method

As the state-space system is linear in the state vector, the model could in principle
be directly estimated by the Kalman filter. However, the number of parameters to be
estimated is N2 (1 + I)+2N+N (N + 1) /2+I (N + 1)+2. For a model with 25 investors
and N = 3, this amounts to a total of 348 parameters. Furthermore, the dimension of the
state vector is 78, which raises concerns about the numerical stability of the Kalman filter
recursions. A direct application of the Kalman filter is therefore computational infeasible.

However, the parameter dependence of the measurement equations in (2.19) and (2.18)
is suggestive of an alternative sequential approach. In particular, the former measure-
ment equation together with state dynamics of Xt can be used to estimate Θ̂ATSM . This
amounts to estimating a term structure model in the usual fashion by Kalman filtering.
Then, holding Θ̂ATSM fixed, the parameters for each investor Θ̂Si can be estimated se-
quentially by applying the Kalman filter to (2.18) and 2.14, where the filtered values of Xt

from the first step is taken to be observed and Ki,t is initialized from a diffuse prior with
zero mean. In estimating in Θ̂Si , I introduce two penalty terms to the usual log-likelihood
function evaluated by the Kalman filter. The two penalty terms Γ1,i and Γ2,i are given
by

Γ1,i = c1

N∑
i=1

N∑
j=1
i6=j

[
KSi

1

]2
ij
, c1 < 0 (2.21)

Γ2,i = c2

[
1

T

T∑
t

11×N

((
IN −KSi

1

)−1

Ki,t −Xt

)2
]
, c2 < 0. (2.22)
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The first penalty term shrinks the off-diagonal elements in KSi
1 towards zero and the

second penalty term shrinks the mean infinite horizon forecast of Xt towards its realized
in-sample mean. The penalty terms are introduced in order to reduce overfitting as
the parameters of the subjective probability distribution are not estimated from realized
values. Instead, the subjective parameters are estimated from linear transformations
of the first moment implied by a VAR. However, as the longest forecast horizon is 18
months, there is a risk that the models will not generalize to longer horizons as there is
no information in the data about the behavior of the subjective factor dynamics for long
horizons. The penalty terms result in a modest reduction in the likelihood. Shrinkage
of the maximum likelihood estimator is also used to combat overfitting in affine term
structure models by Duffee (2011b); Chernov and Mueller (2012).

Several remarks are in order. Firstly, while it would be possible to obtain more
efficient parameter estimates of Θ̂Si , the sequential estimation procedure ensures that
investors price bonds using the same risk-neutral distribution as the benchmark model.
This allows for a direct comparison between objective risk premia from the standard affine
term structure model and the subjective risk premia of investors. Furthermore, as there
is no feedback between investors through either the risk-neutral or physical probability
measure, Xt contains only information spanned by the yield curve, thus providing a clear
delineation of the high-dimensional state vector.

Secondly, it is well-known that three-factor models provide a tight fit to observed
yields. The three first principal components Wyt are fitted especially well, with root
mean squared filtering errors of less than one basis point. Thus, due to the tiny measure-
ment errors of yields, the Kalman filter aggressively updates inference about Xt, which is
consequently primarily inferred from the cross-section of yields.5 Hence, there is a weak
dependence between the parameters underlying the physical probability measure and the
subjective probability measures of the investors.

Lastly, the risk-neutral density of the short-rate is estimated using the full sample
and not limited to the real-time information of investors. This justifies a robustness
check, especially as the sample period includes the financial crisis and the following spell
near the zero lower bound where one might expect structural breaks in the risk-neutral
distribution. Thus, to check the stability of the estimated risk-neutral dynamics through
the sample period, I estimate a term structure model using the full sample as well as a
subsample from 1990 to 2006 which ends the month before the first observations of the
survey forecasts are made. The filtered factors and loadings are displayed in Figure 2.1.
Evidently, the risk-neutral distribution remains remarkably stable throughout the sample

5To see this, note that the Kalman gain Kt can be written as

Kt = B+B V art−1 [Xt]B
′ (B V art−1 [Xt]B

′ + Iσe
)−1

where B+ denotes the psuedo (left) inverse of B. Since limσe→0Kt = B+, the filtered value of Xt
depends only on information in the cross-section in the limit

EtXt = Et−1Xt +B+ (yt −A−BEt−1Xt)

= B+ (yt −A) .

Consequently, EtXt is identical to a linear projection of yt −A onto B.
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Figure 2.1: Stability of filtered state vector and factor loadings
This graph displays the filtered state vector and factor loadings of yields from two term
structure models estimated from the full sample period 1990-2017 as well as from the
subsample 1990-2006. The subsample ends the month before the first survey observations
are made.
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period as both the filtered state and the factor loadings are essentially identical for both
sample periods.

2.5.3 Estimation results

In order to test the hypothesis that the yield curve, as summarized by the Xt, is not
sufficient to explain survey forecasts, I estimate a model where the subjective dynamics
are constant over time as in (2.8). The unrestricted model with time-varying subjective
dynamics is observationally equivalent to a model with dynamics[

Xt+1

Ki,t+1 −KSi
0

]
=

[
KSi

0

0

]
+

[
KSi

1 IN
0 IN

] [
Xt

Ki,t −KSi
0

]
+

[
Σ 0
0 Σi

] [
vSit+1

wi,t+1

]
.

Nesting is thus attained by assuming a fixed prior forKi,t0 = 0 and restricting Σi to a zero
matrix such that Ki,t = 0∀t. However, as Σi = 0 lies on the boundary of the parameter
space, the limiting distribution of the likelihood ratio statistic is non-standard and the
acceptance region is too large (Harvey, 1990). To this end, I perform a conservative
hypothesis test by assuming that the likelihood ratio test statistic follows the usual χ2

3

distribution.6 The penalty terms described in (2.21) and (2.22) are not imposed on the
restricted version on the model and pushes the test further towards conservatism.7

The goodness of fit of the considered models is displayed in Table 2.6. The affine
term structure model provides a tight fit of the observed yields with RMSE below 4 basis
points as expected. As shown in the table, the fit of the unrestricted model generally lies
around 15-20 basis points in RMSE, whereas the fit is around 30-40 basis points for the
restricted model. The fitting errors of forecasts are well below the realized forecasting
errors, particularly for the unrestricted model, indicating that the model is sufficiently
precise in capturing the expectations of investors for any practical purpose. The relative
deterioration in fit of the restricted model is naturally accompanied by a vast reduction in
the log-likelihood. Indeed, the likelihood ratio tests show that the information beyond the
yield curve is statistically significant, and the constant VAR(1) is strongly rejected in favor
of shifting endpoints. The table also reports the absolute value of the largest eigenvalues
in order to get a read on the perceived persistence of interest rates by investors. The
persistence of subjective dynamics is much lower in the unrestricted model compared to
both the unrestricted models and objective dynamics, indicating that investors expect
interest rates to converge to their perceived infinite horizon level much faster when the
level is allowed to be time-varying.

The estimated parameters are displayed in Appendix 2.B. As shown in the appendix,
the subjective parameters underlying each investor are estimated with small standard
errors. Figure 2.2 displays the filtered states from the consensus forecasts along with
the 95% confidence intervals. As indicated by the figure, the first and second factors

6Note that KSi
0 is restricted to a zero vector in the unrestricted model. KSi

0 is in principle identified in
the unrestricted model, but only up to the first observation due to the random walk assumption of Ki,t.
Thus, KSi

0 cannot be estimated consistently and is therefore asymptotically irrelevant for the unrestricted
model. Accordingly, the restricted model has three fewer degrees of freedom but the same number of
parameters.

7The likelihood-ratio test statistic is also calculated without including the penalty terms.
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Table 2.6: Goodness of fit
This table summarizes the goodness of fit of the estimated models in the first and second
estimation step. The goodness of fit is reported for the restricted and unrestricted model.
The goodness of fit is measured by the root mean squared errors of yields and forecasts as
well as the maximized log-likelihood value for each estimation step. Additionally, the table
reports the log-likelihood ratio test statistic and the associated p-value. Finally, the table
also reports the persistence of the estimated factor dynamics as measured by the largest
absolute eigenvalue. The first row reports the persistence of the physical factor dynamics.
The RMSE are reported in basis points. The penalty to the log-likelihood function of the
unrestricted model are not applied to the value reported in the table.

Forecaster Unrestricted, shifting endpoints Restricted, constant mean

Total RMSE Log-Likelihood max |λ| Total RMSE Log-likelihood max |λ| LR stat P-value

Yields 3.80 3775 0.99 – – – – –
Consensus 12.38 3179 0.96 28.39 −334 0.98 7026 0.00
1 19.13 1551 0.92 36.87 −1302 0.96 5705 0.00
2 17.87 1649 0.96 39.27 −1496 0.97 6290 0.00
3 19.56 1293 0.95 40.27 −1570 0.98 5725 0.00
4 17.11 2000 0.98 49.57 −2658 0.99 9317 0.00
5 15.93 1853 0.97 38.27 −1411 0.99 6528 0.00
6 15.12 2384 0.97 33.97 −1063 0.98 6894 0.00
7 21.03 1102 0.91 48.80 −2379 0.97 6961 0.00
8 15.87 2139 0.94 32.16 −784 0.99 5846 0.00
9 17.80 1643 0.97 37.73 −1357 1.00 6001 0.00
10 21.39 1135 0.89 42.13 −1703 1.00 5676 0.00
11 18.10 1630 0.82 38.21 −1327 0.99 5915 0.00
12 17.93 1650 0.99 46.51 −2298 1.00 7895 0.00
13 15.73 2267 0.94 33.61 −1004 0.99 6543 0.00
14 18.74 1450 1.00 46.40 −2235 0.98 7370 0.00
15 13.11 2656 0.98 32.25 −844 0.99 6999 0.00
16 16.91 1969 0.94 33.29 −884 0.99 5707 0.00
17 16.39 1994 0.96 34.50 −1070 0.98 6128 0.00
18 23.75 441 0.89 49.62 −2312 0.99 5506 0.00
19 18.40 1490 0.98 38.87 −1415 1.00 5811 0.00
20 17.19 1140 0.79 34.62 −671 0.98 3622 0.00
21 19.29 1430 0.96 33.34 −830 0.99 4521 0.00
22 21.41 551 0.88 44.66 −1381 0.98 3864 0.00
23 13.65 1544 0.87 27.72 −66 1.00 3221 0.00
24 19.26 1561 0.93 34.60 −995 0.98 5111 0.00
25 17.38 1893 0.99 38.63 −1544 0.99 6875 0.00
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Figure 2.2: Filtered states from consensus forecasts
This graph displays the filtered state vector from the consensus forecasts along with 95%
confidence intervals computed by the Kalman filter. The factors are named according to
which of the yield factors they predict one period ahead.

are accurately estimated, whereas the third factor is estimated with more uncertainty.
The amount of uncertainty in the filtered state estimates for the consensus forecaster, as
reflected by width of the confidence interval, are similar for the individual forecasters.

2.6 Investor expectations and risk premia

This section investigates the differences in short-rate expectations, term premia, and
expected excess returns between the objective probability measure as inferred from the
standard affine term structure model and the subjective probability measures of investors.

Figure 2.3 plots expectations of the one-month interest rate ten years ahead. The
figure displays objective expectations and expectations of the consensus in all its subplots.
The expected short-rate of each investor is displayed in panel 2.3a, the 10th and 90th
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(a) All investors (b) Percentiles

(c) Combinations (d) Top five

Figure 2.3: Short-rate expectations.
This graph displays the expected one-month interest rate ten years ahead under the esti-
mated objective probability measure and the subjective probability measures of investors.
Panel (a) shows each investor individually, (b) shows the 10th and 90th percentile, (c)
shows the combination of the top and bottom five forecasters, and (d) shows each of the
top five forecasters. The combinations in (c) are calculated as mean expectations across
the top and bottom five investors, respectively.
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percentile of short-rate expectations in panel 2.3b, the mean short-rate expectations of
the top and bottom five forecasters in 2.3c, and finally the expectations for each of the
top five forecasters in panel 2.3d. The bottom five and top five forecasters were identified
in Table 2.5. As the figure illustrates, the ten-years ahead expectations of the standard
model remain relatively stable throughout the zero-lower bound episode. On the other
hand, the ten-year expectation of investors drops abruptly during 2011Q3, indicating that
investors started to expect the low interest environment of the financial crisis to prevail.
Unsurprisingly, the top five forecasters generally expected lower interest rates than both
the consensus and bottom five forecasters.

Figure 2.4 displays term premia for a ten-year bond and the subplots are constructed
similarly to before. The term premia are calculated as the difference between observed
ten-year yields and expected average one-year interest rates up to expiry. A shift in term
premia naturally occurs in 2011Q3 as investors adjusted their short-rate expectations.
During this quarter, the consensus term premium rise abruptly, whereas the objective
term premium moves in the opposite direction. The 10th percentile and bottom five
forecasters follow the direction of the consensus. Conversely, the 90th percentile, as well
as the top five forecasters, follow the direction of the objective term premia, but not by
nearly the same magnitude. Indeed, the objective term premium drops much more than
any subjective risk premia measures as the standard model fails to reflect the change in
short-rate expectations of investors. Importantly, term premia at the level of individual
investors move in different directions at multiple points in time. This is evident during the
financial crisis where the term premia of the top forecasters spike while the term premia
of bottom forecasters fall. Obviously, this phenomenon cannot be captured by any model
with a single representative agent.

Excess bond returns for a two-year bond over a one-year holding period are illustrated
in Figure 2.5. The figure reveals that most investors generally expect smaller excess
returns than implied by the standard model. Furthermore, the difference is sufficient in
magnitude to cause the expected excess returns for many investors to change sign multiple
times over the sample period. This reflects that investors frequently change their opinion
about the two-year bond as being either a risky asset or a hedge. Additionally, the same
pattern observed previously occurs during 2011Q3 where the expected excess returns of
the consensus, bottom five forecasters and 10th percentile move in the opposite direction
to the expectations of the objective, top five forecasters and 90th percentile.

2.7 Information of investors and the macroeconomy

A thorny issue in macro-finance models is related to the so-called spanning puzzle (Duffee,
2012). Conventional wisdom dictates that the macro-economy is related to interest rates in
which case these macro-economy variables should be contained inXt, absent Q-degenerate
models as in Joslin et al. (2014); Duffee (2011a); Bauer and Hamilton (2017) and the
model considered here. Heuristically, spanning regressions of most macro variables onto
the yield curve reveals that the information in macro variables is not subsumed by the
yield curve (Bauer and Rudebusch, 2017; Duffee, 2013; Joslin et al., 2014). This section
investigates whether the extracted information set of investors captures the variations in
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Figure 2.4: Term premia
This graph displays term premia implied by the estimated objective probability measure
and the subjective probability measures of investors. Term premia are calculated as
the difference between observed prices of a ten-year bond less the average expected one-
year interest rate up to the expiry of the ten-year bond. Panel (a) shows each investor
individually, (b) shows the 10th and 90th percentile, (c) shows the combination of the
top and bottom five forecasters, and (d) shows each of the top five forecasters. The
combinations in (c) are calculated as mean term premia across the top and bottom five
investors, respectively. The units are in percent.
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(a) All investors (b) Percentiles

(c) Combinations (d) Top five

Figure 2.5: Expected excess returns
This graph displays expected excess returns as implied by the estimated objective prob-
ability measure and the subjective probability measures of investors. The excess returns
are calculated for a two-year bond over a one-year holding period. Panel (a) shows each
investor individually, (b) shows the 10th and 90th percentile, (c) shows the combination
of the top and bottom five forecasters, and (d) shows each of the top five forecasters. The
combinations in (c) are calculated as mean expected excess returns across the top and
bottom five investors, respectively. The units are annualized log returns.
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macro variables that are orthogonal to yields.
I run regressions of the type

Mt = β0 + β1Xt + β2Ki,t + εt

where Mt denotes some macro variable and consider the incremental explanatory power
of Ki,t by the increase in R2. Statistical significance is determined by whether all N
elements in β2 are jointly significantly different from zero using an F-test. In addition to
the regressions where Ki,t contains the information of each investor, I consider regressions
where Ki,t is replaced by the aggregate information of all investors computed as the first
principal components for each element in Ki,t. That is, for each j ∈ (1, 2, 3) I compute

the first principal component of
{(

[Ki,t]j

)T
t=1

}I
i=1

where [Ki,t]j denotes the j
′th element

of the vector Ki,t.8 Additionally, I compute the principal components of the top five
and bottom five forecasters in a similar fashion. The considered macro variables are
the unemployment gap, UGAP, calculated as the difference between the unemployment
rate and the natural rate of employment, the year over year growth rate in employment
EMPLOY, year over year core inflation rate CPI, the Chicago Fed National Activity Index
CFNAI measuring the distance to the historical trend rate of growth, and finally the year
over year growth rates in the industrial production index INDPRO. The macro variables
are obtained from the FRED database.

The regression output is displayed in Table 2.7. As previously found by Bauer and
Rudebusch (2017), UGAP and CPI are closely related to the yield curve as measured by
the high baseline R2 whereas the other macro variables have significantly lower R2 and are
seemingly unspanned by the term structure. The information in the consensus forecasts
does not provide any additional statistically significant explanatory power for UGAP and
CPI. However, a different picture emerges when the information set of individual investors
are considered as their additional information is statistically significant but result in only
modest improvements in R2. For the remainder macro variables that appear unspanned
by the yield curve, the information sets of investors lead to large improvements in R2

which are economically meaningful and statistically significant. This is especially the
case for CFNAI, where the ∆R2 for the aggregate, top five and consensus forecasters is
above 40%. In summary, it appears that investors do pay attention to variations in the
macroeconomy that are not captured by yields when forming their expectations about
the future term structure of interest rates.

2.8 Information of investors and excess return predictability

By the efficient market hypothesis, all relevant information should be contained in Xt.
Moreover, by the market selection hypothesis, the information set of any successful in-
vestor should become priced into the yield curve in the long run as the investor accumu-

8The first factors explain 52%, 47%, and 46% of the variation respectively. This indicates that the
commonality of the information set of investors is not only pertained to the information in yields, but
also in the part of their information sets that is unspanned by the yield curve.
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Table 2.7: Spanning regressions
This table reports the regression results from projecting the macro variable indicated in each
column onto the filtered information of the yield curve and the additional information of
each investor. The table reports the R2 from the regression using only information from the
yield curve in the first row. In the other rows, the table reports the incremental explanatory
power of the information sets of investors as measured by ∆R2, and the p-value from testing
whether the regression coefficients belonging to the additional information is significantly
different from zero.

Information set UGAP EMPLOY CPI CFNAI INDPRO

∆R2 p-val ∆R2 p-val ∆R2 p-val ∆R2 p-val ∆R2 p-val

Yields 0.62 0.31 0.46 0.12 0.08
Aggregate 0.06 0.02 0.26 0.00 0.09 0.01 0.52 0.00 0.41 0.00
Consensus 0.03 0.08 0.23 0.00 0.02 0.32 0.42 0.00 0.33 0.00
Top five 0.07 0.01 0.33 0.00 0.06 0.04 0.46 0.00 0.38 0.00
Bottom five 0.06 0.02 0.13 0.01 0.07 0.02 0.31 0.00 0.23 0.00
1 0.15 0.00 0.18 0.00 0.12 0.01 0.25 0.00 0.20 0.01
2 0.15 0.00 0.09 0.03 0.05 0.07 0.20 0.00 0.13 0.02
3 0.01 0.28 0.20 0.00 0.09 0.01 0.32 0.00 0.24 0.00
4 0.11 0.00 0.38 0.00 0.14 0.00 0.38 0.00 0.65 0.00
5 0.08 0.01 0.10 0.02 0.01 0.45 0.20 0.00 0.20 0.01
6 0.04 0.06 0.36 0.00 0.06 0.05 0.48 0.00 0.42 0.00
7 0.12 0.00 0.20 0.00 0.17 0.00 0.23 0.00 0.14 0.02
8 0.05 0.03 0.20 0.00 0.10 0.01 0.38 0.00 0.28 0.00
9 0.01 0.56 0.17 0.00 0.03 0.17 0.29 0.00 0.22 0.00
10 0.10 0.00 0.20 0.00 0.11 0.01 0.46 0.00 0.32 0.00
11 0.12 0.00 0.22 0.00 0.06 0.04 0.26 0.00 0.28 0.00
12 0.10 0.00 0.13 0.01 0.02 0.35 0.26 0.00 0.18 0.01
13 0.08 0.01 0.02 0.49 0.03 0.18 0.15 0.01 0.02 0.43
14 0.04 0.04 0.18 0.00 0.04 0.11 0.36 0.00 0.25 0.00
15 0.12 0.00 0.17 0.00 0.06 0.04 0.33 0.00 0.33 0.00
16 0.06 0.01 0.17 0.00 0.00 0.79 0.12 0.02 0.19 0.01
17 0.01 0.31 0.16 0.00 0.05 0.05 0.17 0.01 0.12 0.02
18 0.16 0.00 0.10 0.02 0.05 0.06 0.05 0.16 0.03 0.29
19 0.10 0.00 0.15 0.01 0.05 0.06 0.18 0.01 0.19 0.01
20 0.12 0.00 0.19 0.00 0.00 0.82 0.05 0.14 0.18 0.01
21 0.08 0.01 0.07 0.05 0.04 0.10 0.14 0.01 0.15 0.01
22 0.06 0.02 0.09 0.03 0.06 0.05 0.11 0.03 0.15 0.01
23 0.03 0.08 0.22 0.00 0.01 0.63 0.19 0.01 0.13 0.02
24 0.01 0.47 0.36 0.00 0.04 0.12 0.39 0.00 0.48 0.00
25 0.01 0.38 0.26 0.00 0.06 0.04 0.28 0.00 0.39 0.00
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lates wealth and attains a large influence on asset prices. Thus, I run predictive regressions
of excess bond returns

rxmt,t+h = β0 + β1Xt + β2Ki,t + vt+h, (2.23)

and test whether β2 is statistically significant from zero for different sets of Ki,t as in
Section 2.7. Naturally, the objective here is not to infer expectations of investors, but
to infer whether the information set of investors do have predictive content ex-post. As
described in 2.5, the empirical estimate of {Ki,t} is filtered directly from observed fore-
casts produced by investors in real-time. Hence {Ki,t} is free of any forward-looking
information, and the explanatory variables are accordingly an accurate representation of
the information set investors had available in real-time.

I consider excess returns for a two, five, and ten-year bond over a holding period of
a single month. Excess return predictability studies typically use holding periods of a
year. However, as discussed in Bauer and Hamilton (2017), such holding periods give rise
to overlapping observations when the data is sampled at the monthly frequency. Due to
the short sample size, there would only be ten truly independent observations available.
Further, Bauer and Hamilton (2017) show that regressions such as (2.23) are subject to
severe small sample bias and suggest a bootstrap method for conducting robust inference
about bond risk premia. To this end, I implement a modified version of their bootstrap
method. Instead of using principal components of observed yields and assuming they
follow a VAR(1), I use the estimated dynamics of Xt and collect the residuals from (2.4)
to produce bootstrap samples of Xt. Bootstrapped yields are then obtained from Xt by
the estimated no-arbitrage factor loadings A,B. I then estimate a separate VAR(1) for
each Ki,t and similarly use the resulting residuals to construct a bootstrapped sample for
the information set of each investor. Accordingly, Ki,t has no predictive power for yields
in the bootstrapped samples. The regression in (2.23) is then run for each bootstrap
replication, and bootstrapped p-values are calculated as the fraction of replications in
which the bootstrapped F-statistic exceeds the F-statistic in the data. I consider a total
of 50,000 bootstrap replications.

Table 2.8 displays the regression and bootstrap results. Neither the aggregate nor
consensus information set have any predictive content for realized excess bond returns.
The predictive content in the information sets of the top five and bottom five forecasters
are insignificant despite doubling the R2. The results are for most individual investors
similar, as the coefficients are jointly insignificant with modest improvement in R2. How-
ever, the information set of a few investors predict bond returns with substantial changes
in ∆R2 that are statistically significant. The heterogeneous information appears to be
most useful for predicting shorter maturity bonds, consistent with the previous finding
that investors had smaller forecasting errors for shorter maturities. Three of the six in-
vestors with significant incremental information are also the top four forecasters, whereas
two of the six are the fifth- and seventh-worst forecasters. Thus, one cannot conclude
that the additional information is significant solely due to the fact that they are inferred
from those forecasts that happened to be the most correct ex-post. Indeed, it is perhaps
puzzling that the information set of poor forecasters turns out to be significant. It is pos-
sible that while some investors produced their forecasts using relevant information, they
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Table 2.8: Predicting excess bond returns using the information of investors
This table reports the results from regressing realized excess bond returns of two, five and
ten year bonds over a one-month holding period on lagged explanatory variables. The ex-
planatory variables are the filtered information from the yield curve and each investor. The
first row reports the regression R2 from using only yield information. For the other rows,
the first column reports the incremental ∆R2 from including the additional information of
investors, the second column reports the asymptotic p-value of testing the joint significance
of the additional information of the investor while the third column reports the bootstrapped
p-values as described in the text. ∆R2 is indicated in bold when the bootstrapped p-value
is less than the 5% significance level.

Information set 2 year bond 5 year bond 10 year bond

p-value p-value p-value
∆R2 a.s. b.s. ∆R2 a.s. b.s. ∆R2 a.s. b.s.

Yields 11.33 8.56 6.87
Aggregate 6.42 0.10 0.16 6.97 0.09 0.34 5.28 0.16 0.24
Consensus 1.11 0.70 0.85 0.54 0.87 0.91 1.83 0.54 0.80
Top five 17.90 0.01 0.16 17.78 0.01 0.09 17.07 0.01 0.12
Bottom five 10.18 0.04 0.13 13.80 0.02 0.13 10.18 0.04 0.10
1 28.91 0.00 0.01 24.91 0.00 0.01 15.41 0.01 0.07
2 6.66 0.10 0.30 11.94 0.03 0.05 13.60 0.02 0.02
3 1.11 0.70 0.84 5.07 0.17 0.30 9.42 0.05 0.13
4 1.66 0.56 0.62 0.98 0.75 0.88 5.69 0.14 0.73
5 4.79 0.18 0.12 2.45 0.42 0.50 3.12 0.34 0.24
6 3.99 0.23 0.46 2.81 0.37 0.37 1.93 0.52 0.81
7 18.51 0.01 0.01 12.88 0.02 0.10 8.88 0.06 0.10
8 14.19 0.01 0.01 8.83 0.06 0.11 3.06 0.34 0.61
9 0.14 0.98 0.99 1.32 0.65 0.74 1.75 0.56 0.79
10 10.06 0.04 0.22 19.57 0.01 0.02 20.96 0.00 0.36
11 27.51 0.00 0.01 29.66 0.00 0.00 25.98 0.00 0.01
12 3.10 0.32 0.73 3.33 0.31 0.56 2.10 0.49 0.71
13 3.82 0.25 0.39 1.88 0.53 0.81 0.19 0.97 0.99
14 8.42 0.06 0.49 16.63 0.01 0.26 16.79 0.01 0.09
15 14.34 0.01 0.00 10.50 0.04 0.01 6.09 0.13 0.14
16 3.11 0.32 0.51 2.87 0.36 0.87 3.41 0.30 0.62
17 1.55 0.59 0.57 1.21 0.68 0.66 0.63 0.85 0.82
18 8.30 0.06 0.01 19.72 0.01 0.00 25.89 0.00 0.00
19 2.06 0.48 0.51 5.48 0.15 0.29 5.59 0.15 0.75
20 4.89 0.17 0.46 7.70 0.08 0.36 9.19 0.05 0.37
21 4.04 0.23 0.14 3.74 0.26 0.19 3.89 0.26 0.15
22 1.08 0.71 0.95 0.83 0.79 0.89 0.59 0.86 0.96
23 10.99 0.03 0.09 6.26 0.12 0.14 0.81 0.80 0.80
24 0.34 0.93 0.99 1.76 0.55 0.58 3.60 0.28 0.45
25 1.76 0.54 0.58 1.02 0.73 0.81 0.93 0.76 0.77
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failed at interpreting the information correctly. Another possible explanation could be
that the survey participants do no report forecasts under what they believe to be the true
probability distribution but are risk-averse and embed risk premia into their forecasts.

2.9 Concluding remarks

Subjective risk premia of investors in real-time presents a different perspective on risk
premia and approach to modeling the expectation formations of economic agents. This
paper proposed a reduced-form model that attains an accurate fit of both yields and
survey forecasts which identifies the information set of investors in real-time. Investors
pay attention to macroeconomic fundamentals beyond those described by the yield curve
alone, and the information set of a few investors has ex-post predictability of excess bond
returns. Further, in the light of the evidence presented here, it is unquestionable that risk
premia of investors cannot be summarized by a representative agent.

Subjective risk premia are substantially different from objective risk premia of the
affine benchmark model. Investors change their opinions about Treasuries being either
hedges or risks much more often than previously thought. Term premia of investors do
not always co-move, and a large divergence in term premia occurred during the financial
crisis. This suggests that term premia are neither pro nor counter-cyclical but both.
These stylized facts stand as a challenge and aspiration to be explained by future macro-
finance models of the term structure. It is an open question whether the shifting ends
points of investors, as identified here, are related to macro fundamentals such as trend
inflation and the real equilibrium interest rate as considered by Bauer and Rudebusch
(2018).
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2.A Factor loadings

By no-arbitrage theory, the zero-coupon bond prices are given as the expected gross
return under the martingale measure from rolling over the one-period short-rate up to
the maturity of the bond.

Pmt = exp pmt = EQ
t

[
m−1∏
i=0

e−rt+i

]
.

Inserting the model-implied short-rate we get the following recursive relationship

Pmt = e−ρ0−ρ
′
1XtEQ

t

[
Pm−1
t+1

]
By definition, the price of a zero-maturity bond is unity, P 0

t = 1. Thus, by an iterative
argument, it is easy to show that bond prices for longer maturities are given by

Pmt = e−ρ0−ρ
′
1XtEQ

t

[
eam−1+b′m−1Xt+1

]
,

= eam+bmXt

where am and bm are the solution to the following recursions

am = am−1 + b′m−1K
Q
0 +

1

2
b′m−1ΣΣ′bm−1 − ρ0

b′m = b′m−1K
Q
1 − ρ′1

with the initial conditions a0 = 0 and b0 = 0N×1 that satisfies P 0
t = 1, ∀Xt ∈ RN .

As Pmt = exp−mymt it follows that yields are given by

ymt = Am +BmXt,

where Am = −am/m and Bm = −bm/m.
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2.B Parameter estimates

2.B.1 Parameter estimates in step one for the benchmark model

Table 2.9: Step one parameter estimates.
This table displays the estimated parameters underlying the phys-
ical and risk-neutral distribution of yields in the first estimation
step. Asymptotic standard errors are indicated in parenthesis.

ΘP ΘQ

KP
0 [1] 0.534 λQ[1] 0.998

(0.185) (0.000)
KP

0 [2] −0.081 λQ[2] 0.953
(0.090) (0.006)

KP
0 [3] 0.072 λQ[3] 0.943

(0.045) (0.007)
KP

1 [1, 1] 0.994 rQ∞ 0.014
(0.007) (0.001)

KP
1 [2, 1] −0.001 Σ[1, 1] 0.660

(0.003) (0.024)
KP

1 [3, 1] 0.001 Σ[2, 1] 0.183
(0.002) (0.014)

KP
1 [1, 2] −0.030 Σ[3, 1] −0.067

(0.030) (0.007)
KP

1 [2, 2] 0.963 Σ[2, 2] 0.262
(0.018) (0.010)

KP
1 [3, 2] −0.001 Σ[3, 2] 0.002

(0.006) (0.006)
KP

1 [1, 3] −0.496 Σ[3, 3] 0.117
(0.129) (0.003)

KP
1 [2, 3] 0.240 σe 0.033

(0.066) (0.000)
KP

1 [3, 3] 0.891
(0.028)
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2.B.2 Parameter estimates in step two for the unrestricted model

Table 2.10: Step two parameter estimates for the unre-
stricted model 1/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the unrestricted model. Asymptotic standard errors are indicated
in parenthesis.

ΘS
i Consensus 1 2 3 4 5 6

KSi
1 [1, 1] 0.952 0.913 0.852 0.954 0.960 0.970 0.950

(0.002) (0.002) (0.004) (0.002) (0.001) (0.002) (0.001)

KSi
1 [2, 1] −0.043 −0.027 −0.081 −0.025 −0.033 −0.008 −0.027

(0.004) (0.003) (0.006) (0.005) (0.003) (0.006) (0.003)

KSi
1 [3, 1] 0.011 0.017 0.004 0.017 0.022 −0.042 0.010

(0.002) (0.002) (0.004) (0.002) (0.011) (0.017) (0.002)

KSi
1 [1, 2] −0.238 −0.160 −0.295 −0.169 −0.115 −0.082 −0.232

(0.007) (0.007) (0.010) (0.008) (0.007) (0.009) (0.007)

KSi
1 [2, 2] 0.746 0.856 0.732 0.784 0.824 0.722 0.827

(0.013) (0.009) (0.012) (0.014) (0.013) (0.017) (0.009)

KSi
1 [3, 2] −0.000 −0.038 0.008 −0.016 −0.008 −0.015 −0.009

(0.005) (0.007) (0.009) (0.006) (0.040) (0.044) (0.007)

KSi
1 [1, 3] −0.342 −0.469 −0.265 −0.473 −0.005 −0.025 −0.215

(0.010) (0.011) (0.019) (0.010) (0.029) (0.017) (0.011)

KSi
1 [2, 3] 0.026 0.107 0.085 −0.004 0.032 −0.026 0.067

(0.023) (0.014) (0.026) (0.014) (0.050) (0.043) (0.015)

KSi
1 [3, 3] 0.847 0.863 0.755 0.916 0.000 0.192 0.837

(0.011) (0.008) (0.024) (0.010) (0.321) (0.165) (0.013)
Σi[1, 1] 0.093 0.106 0.173 0.133 0.086 0.108 0.106

(0.010) (0.008) (0.016) (0.014) (0.004) (0.008) (0.008)
Σi[2, 2] 0.066 0.043 0.104 0.085 0.055 0.107 0.069

(0.008) (0.004) (0.011) (0.007) (0.005) (0.008) (0.006)
Σi[3, 3] 0.010 0.021 0.020 0.018 0.079 0.201 0.015

(0.002) (0.001) (0.003) (0.002) (0.026) (0.039) (0.002)
σi 0.092 0.142 0.132 0.145 0.127 0.118 0.112

(0.001) (0.001) (0.001) (0.001) (0.000) (0.001) (0.001)
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Table 2.11: Step two parameter estimates for the unre-
stricted model 2/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the unrestricted model. Asymptotic standard errors are indicated
in parenthesis.

ΘS
i 7 8 9 10 11 12 13

KSi
1 [1, 1] 0.866 0.928 0.984 0.800 0.693 0.969 0.932

(0.003) (0.002) (0.002) (0.004) (0.006) (0.001) (0.002)

KSi
1 [2, 1] −0.058 −0.030 −0.040 −0.061 0.012 −0.052 −0.052

(0.004) (0.004) (0.003) (0.007) (0.022) (0.003) (0.003)

KSi
1 [3, 1] 0.002 0.006 0.020 0.013 0.004 0.010 0.011

(0.002) (0.002) (0.002) (0.003) (0.006) (0.001) (0.002)

KSi
1 [1, 2] −0.284 −0.172 −0.283 −0.203 −0.022 −0.086 −0.074

(0.010) (0.007) (0.006) (0.012) (0.022) (0.006) (0.006)

KSi
1 [2, 2] 0.749 0.730 0.815 0.684 0.123 0.878 0.824

(0.013) (0.022) (0.008) (0.024) (0.119) (0.010) (0.010)

KSi
1 [3, 2] −0.010 0.020 −0.004 0.004 −0.007 −0.021 −0.009

(0.010) (0.009) (0.007) (0.008) (0.013) (0.005) (0.006)

KSi
1 [1, 3] −0.414 −0.305 −0.271 −0.472 −0.339 −0.421 −0.321

(0.013) (0.010) (0.011) (0.010) (0.013) (0.008) (0.009)

KSi
1 [2, 3] 0.119 0.004 0.070 0.082 0.014 −0.023 0.031

(0.018) (0.026) (0.021) (0.023) (0.051) (0.015) (0.018)

KSi
1 [3, 3] 0.877 0.863 0.908 0.907 0.831 0.948 0.907

(0.012) (0.015) (0.014) (0.013) (0.013) (0.008) (0.010)
Σi[1, 1] 0.155 0.134 0.132 0.145 0.183 0.120 0.094

(0.011) (0.009) (0.012) (0.014) (0.012) (0.008) (0.006)
Σi[2, 2] 0.086 0.095 0.082 0.095 0.272 0.067 0.061

(0.006) (0.009) (0.008) (0.009) (0.038) (0.004) (0.005)
Σi[3, 3] 0.018 0.019 0.016 0.015 0.026 0.016 0.018

(0.002) (0.002) (0.002) (0.002) (0.002) (0.001) (0.002)
σi 0.156 0.118 0.132 0.158 0.135 0.133 0.117

(0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001)
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Table 2.12: Step two parameter estimates for the unre-
stricted model 3/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the unrestricted model. Asymptotic standard errors are indicated
in parenthesis.

ΘS
i 14 15 16 17 18 19 20

KSi
1 [1, 1] 1.006 0.942 0.923 0.909 0.931 0.954 0.815

(0.003) (0.003) (0.002) (0.002) (0.002) (0.001) (0.006)

KSi
1 [2, 1] −0.040 −0.039 −0.050 −0.040 −0.027 −0.031 −0.045

(0.003) (0.006) (0.005) (0.004) (0.004) (0.003) (0.011)

KSi
1 [3, 1] 0.019 0.009 0.008 0.020 0.016 0.014 −0.020

(0.003) (0.005) (0.005) (0.002) (0.004) (0.017) (0.015)

KSi
1 [1, 2] −0.389 −0.275 −0.074 −0.057 −0.232 −0.107 0.044

(0.006) (0.009) (0.007) (0.007) (0.007) (0.006) (0.021)

KSi
1 [2, 2] 0.849 0.757 0.855 0.879 0.729 0.861 0.701

(0.008) (0.017) (0.014) (0.009) (0.017) (0.014) (0.034)

KSi
1 [3, 2] −0.015 0.031 −0.020 −0.036 −0.020 0.061 −0.031

(0.007) (0.015) (0.011) (0.006) (0.008) (0.042) (0.040)

KSi
1 [1, 3] −0.434 −0.253 −0.243 −0.479 −0.272 −0.008 −0.051

(0.009) (0.016) (0.011) (0.008) (0.012) (0.031) (0.053)

KSi
1 [2, 3] 0.150 0.103 −0.031 −0.062 0.085 −0.003 −0.010

(0.014) (0.031) (0.017) (0.011) (0.019) (0.082) (0.127)

KSi
1 [3, 3] 0.914 0.661 0.760 0.940 0.817 0.000 0.000

(0.032) (0.026) (0.031) (0.007) (0.017) (0.336) (0.291)
Σi[1, 1] 0.141 0.172 0.093 0.137 0.269 0.108 0.129

(0.014) (0.026) (0.006) (0.011) (0.023) (0.008) (0.007)
Σi[2, 2] 0.066 0.116 0.061 0.076 0.201 0.084 0.090

(0.005) (0.017) (0.005) (0.005) (0.019) (0.008) (0.008)
Σi[3, 3] 0.017 0.051 0.030 0.023 0.059 0.075 0.083

(0.002) (0.006) (0.003) (0.001) (0.005) (0.024) (0.025)
σi 0.139 0.097 0.125 0.122 0.177 0.136 0.130

(0.001) (0.000) (0.001) (0.001) (0.001) (0.001) (0.001)
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Table 2.13: Step two parameter estimates for the unre-
stricted model 4/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the unrestricted model. Asymptotic standard errors are indicated
in parenthesis.

ΘS
i 21 22 23 24 25

KSi
1 [1, 1] 0.947 0.908 0.862 0.987 0.962

(0.002) (0.002) (0.004) (0.002) (0.001)

KSi
1 [2, 1] −0.052 −0.026 −0.071 0.002 −0.034

(0.004) (0.004) (0.009) (0.005) (0.003)

KSi
1 [3, 1] 0.017 0.023 0.014 0.011 0.018

(0.019) (0.004) (0.006) (0.002) (0.010)

KSi
1 [1, 2] −0.042 0.096 −0.105 −0.254 −0.168

(0.007) (0.013) (0.013) (0.010) (0.005)

KSi
1 [2, 2] 0.836 0.874 0.729 0.765 0.746

(0.016) (0.015) (0.025) (0.020) (0.010)

KSi
1 [3, 2] 0.034 0.007 −0.038 0.010 0.038

(0.051) (0.009) (0.019) (0.010) (0.028)

KSi
1 [1, 3] 0.008 −0.177 −0.184 −0.288 −0.010

(0.042) (0.020) (0.015) (0.016) (0.040)

KSi
1 [2, 3] 0.000 −0.049 −0.060 0.094 0.014

(0.081) (0.028) (0.024) (0.030) (0.077)

KSi
1 [3, 3] 0.000 0.803 0.747 0.853 0.000

(0.498) (0.029) (0.021) (0.020) (0.313)
Σi[1, 1] 0.099 0.132 0.137 0.095 0.102

(0.006) (0.009) (0.012) (0.008) (0.008)
Σi[2, 2] 0.098 0.074 0.111 0.051 0.084

(0.010) (0.005) (0.012) (0.006) (0.011)
Σi[3, 3] 0.151 0.027 0.056 0.018 0.076

(0.074) (0.004) (0.005) (0.003) (0.024)
σi 0.143 0.162 0.104 0.143 0.129

(0.000) (0.001) (0.001) (0.001) (0.001)
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2.B.3 Parameter estimates in step two for the restricted model

Table 2.14: Step two parameter estimates for the re-
stricted model 1/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the restricted model. Asymptotic standard errors are indicated in
parenthesis.

ΘS
i Consensus 1 2 3 4 5 6

KSi
0 [1] 0.307 1.590 0.616 0.506 0.647 0.300 0.438

(0.017) (0.155) (0.038) (0.054) (0.035) (0.021) (0.021)

KSi
0 [2] 0.185 0.558 0.154 0.200 0.419 0.249 0.194

(0.010) (0.049) (0.018) (0.015) (0.033) (0.012) (0.012)

KSi
0 [3] 0.089 0.558 0.199 0.269 0.088 0.116 0.090

(0.013) (0.061) (0.021) (0.039) (0.014) (0.023) (0.014)

KSi
1 [1, 1] 0.997 0.973 0.983 0.995 0.988 1.001 0.988

(0.001) (0.005) (0.002) (0.002) (0.002) (0.001) (0.001)

KSi
1 [2, 1] −0.009 −0.023 −0.012 −0.013 −0.012 −0.009 −0.009

(0.001) (0.001) (0.001) (0.001) (0.002) (0.001) (0.001)

KSi
1 [3, 1] −0.002 −0.009 −0.004 −0.005 −0.003 −0.001 −0.002

(0.001) (0.002) (0.001) (0.002) (0.001) (0.001) (0.001)

KSi
1 [1, 2] 0.027 −0.079 −0.017 0.004 −0.008 0.002 0.009

(0.003) (0.021) (0.007) (0.008) (0.008) (0.005) (0.004)

KSi
1 [2, 2] 0.960 0.888 0.944 0.958 0.928 0.957 0.955

(0.002) (0.006) (0.003) (0.003) (0.008) (0.003) (0.003)

KSi
1 [3, 2] −0.014 −0.067 −0.031 −0.041 −0.015 −0.027 −0.019

(0.003) (0.008) (0.004) (0.006) (0.003) (0.005) (0.003)

KSi
1 [1, 3] −0.286 −1.394 −0.484 −0.454 −0.498 −0.220 −0.316

(0.012) (0.131) (0.029) (0.044) (0.025) (0.014) (0.016)

KSi
1 [2, 3] 0.011 −0.121 0.110 0.036 −0.162 −0.078 −0.003

(0.007) (0.041) (0.016) (0.014) (0.017) (0.010) (0.007)

KSi
1 [3, 3] 0.906 0.516 0.844 0.769 0.938 0.888 0.925

(0.010) (0.051) (0.016) (0.031) (0.011) (0.016) (0.011)
σi 0.264 0.341 0.364 0.373 0.478 0.363 0.318

(0.001) (0.001) (0.001) (0.001) (0.002) (0.001) (0.001)
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Table 2.15: Step two parameter estimates for the re-
stricted model 2/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the restricted model. Asymptotic standard errors are indicated in
parenthesis.

ΘS
i 7 8 9 10 11 12 13

KSi
0 [1] 1.412 0.514 0.251 0.344 0.543 0.092 0.168

(0.108) (0.014) (0.017) (0.033) (0.021) (0.027) (0.003)

KSi
0 [2] 0.356 0.212 0.166 0.092 0.048 0.088 0.222

(0.041) (0.007) (0.009) (0.021) (0.011) (0.014) (0.025)

KSi
0 [3] 0.391 0.071 0.119 0.229 0.152 0.138 0.017

(0.041) (0.007) (0.013) (0.048) (0.013) (0.021) (0.026)

KSi
1 [1, 1] 0.957 0.989 1.008 0.998 0.981 1.023 1.000

(0.004) (0.001) (0.001) (0.002) (0.001) (0.002) (0.000)

KSi
1 [2, 1] −0.018 −0.008 −0.007 −0.008 −0.003 −0.006 −0.023

(0.002) (0.001) (0.001) (0.002) (0.001) (0.001) (0.003)

KSi
1 [3, 1] −0.011 −0.002 −0.003 0.001 −0.005 −0.001 0.004

(0.002) (0.001) (0.001) (0.003) (0.001) (0.002) (0.002)

KSi
1 [1, 2] −0.141 −0.000 0.034 −0.013 −0.023 0.086 0.021

(0.018) (0.003) (0.004) (0.006) (0.004) (0.006) (0.001)

KSi
1 [2, 2] 0.926 0.963 0.957 0.964 0.968 0.970 0.941

(0.006) (0.002) (0.002) (0.003) (0.002) (0.003) (0.007)

KSi
1 [3, 2] −0.063 −0.006 −0.025 −0.019 −0.021 −0.032 0.000

(0.007) (0.002) (0.003) (0.010) (0.003) (0.005) (0.006)

KSi
1 [1, 3] −0.853 −0.460 −0.299 −0.299 −0.396 −0.347 0.007

(0.071) (0.013) (0.015) (0.042) (0.018) (0.031) (0.004)

KSi
1 [2, 3] −0.006 −0.037 0.036 0.096 0.132 0.065 0.207

(0.029) (0.006) (0.007) (0.032) (0.012) (0.012) (0.026)

KSi
1 [3, 3] 0.754 0.914 0.914 0.660 0.869 0.892 0.856

(0.027) (0.007) (0.012) (0.061) (0.012) (0.023) (0.025)
σi 0.463 0.297 0.348 0.380 0.348 0.443 0.313

(0.002) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001)
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Table 2.16: Step two parameter estimates for the re-
stricted model 3/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the restricted model. Asymptotic standard errors are indicated in
parenthesis.

ΘS
i 14 15 16 17 18 19 20

KSi
0 [1] 1.106 0.415 0.268 0.252 0.192 0.269 0.548

(0.069) (0.020) (0.009) (0.017) (0.054) (0.025) (0.018)

KSi
0 [2] 0.378 0.207 0.078 0.096 0.112 0.109 0.294

(0.036) (0.009) (0.007) (0.010) (0.028) (0.012) (0.021)

KSi
0 [3] 0.378 0.119 0.083 0.162 0.221 0.109 0.026

(0.027) (0.011) (0.008) (0.014) (0.071) (0.018) (0.010)

KSi
1 [1, 1] 0.999 1.003 1.001 0.997 1.008 1.000 0.978

(0.003) (0.001) (0.001) (0.001) (0.003) (0.001) (0.001)

KSi
1 [2, 1] −0.009 −0.003 −0.010 −0.006 −0.011 −0.003 −0.019

(0.001) (0.001) (0.001) (0.001) (0.002) (0.001) (0.002)

KSi
1 [3, 1] −0.003 −0.000 −0.003 −0.005 0.007 −0.002 −0.002

(0.001) (0.001) (0.001) (0.001) (0.004) (0.001) (0.001)

KSi
1 [1, 2] −0.029 0.019 0.009 0.028 0.058 0.046 −0.042

(0.013) (0.004) (0.002) (0.003) (0.008) (0.005) (0.004)

KSi
1 [2, 2] 0.911 0.969 0.981 0.977 0.949 0.965 0.923

(0.007) (0.002) (0.002) (0.002) (0.004) (0.002) (0.006)

KSi
1 [3, 2] −0.075 −0.013 −0.024 −0.038 −0.011 −0.015 −0.010

(0.005) (0.002) (0.002) (0.003) (0.011) (0.004) (0.003)

KSi
1 [1, 3] −0.951 −0.496 −0.224 −0.276 −0.376 −0.314 −0.300

(0.052) (0.013) (0.007) (0.014) (0.085) (0.019) (0.010)

KSi
1 [2, 3] −0.052 −0.105 0.089 0.063 0.133 0.044 0.085

(0.024) (0.008) (0.007) (0.008) (0.046) (0.010) (0.011)

KSi
1 [3, 3] 0.775 0.873 0.956 0.869 0.578 0.905 0.971

(0.021) (0.007) (0.007) (0.012) (0.104) (0.014) (0.006)
σi 0.437 0.303 0.305 0.318 0.459 0.363 0.315

(0.002) (0.001) (0.001) (0.001) (0.001) (0.001) (0.002)
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Table 2.17: Step two parameter estimates for the re-
stricted model 4/4.
This table displays the estimated parameters underlying the sub-
jective probabiltity measures of each investor in each column for
the restricted model. Asymptotic standard errors are indicated in
parenthesis.

ΘS
i 21 22 23 24 25

KSi
0 [1] 0.265 0.252 0.191 0.256 0.148

(0.007) (0.024) (0.006) (0.012) (0.013)

KSi
0 [2] 0.101 0.146 0.090 0.185 0.330

(0.007) (0.017) (0.007) (0.009) (0.013)

KSi
0 [3] 0.034 0.007 0.082 0.064 0.070

(0.007) (0.013) (0.006) (0.010) (0.017)

KSi
1 [1, 1] 0.993 0.994 0.997 0.997 0.995

(0.001) (0.002) (0.000) (0.001) (0.001)

KSi
1 [2, 1] −0.009 −0.010 −0.003 −0.007 −0.014

(0.001) (0.001) (0.001) (0.001) (0.001)

KSi
1 [3, 1] −0.004 −0.001 −0.005 −0.002 −0.005

(0.001) (0.001) (0.001) (0.001) (0.001)

KSi
1 [1, 2] 0.019 0.075 0.027 0.046 0.049

(0.002) (0.005) (0.001) (0.003) (0.003)

KSi
1 [2, 2] 0.970 0.949 0.969 0.963 0.923

(0.002) (0.004) (0.002) (0.002) (0.004)

KSi
1 [3, 2] −0.007 −0.002 −0.030 −0.004 −0.009

(0.002) (0.003) (0.001) (0.002) (0.005)

KSi
1 [1, 3] −0.151 −0.313 −0.185 −0.269 −0.132

(0.005) (0.016) (0.004) (0.011) (0.008)

KSi
1 [2, 3] 0.076 0.115 0.032 −0.021 0.040

(0.005) (0.010) (0.004) (0.008) (0.008)

KSi
1 [3, 3] 0.995 0.971 0.979 0.921 0.959

(0.006) (0.010) (0.004) (0.009) (0.011)
σi 0.299 0.416 0.248 0.312 0.359

(0.001) (0.002) (0.001) (0.001) (0.001)
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Abstract

Macro-finance term structure models commonly assume that the yield curve
spans the macroeconomy. The spanning property of these models has been chal-
lenged by regression evidence showing that macroeconomic factors are unspanned
by the yield curve. However, recent research has revealed that the regression evidence
provides no basis for rejecting spanned models. This study, therefore, explores the
empirical in-sample and out-of-sample properties of spanned and unspanned macro-
finance term structure models in order to examine the empirical relevance of the
spanning property. The results show that spanned models with three pricing fac-
tors are unable to fit the cross-section of yields satisfactory. Furthermore, extending
the spanned models to more than three pricing factors leads to the macroeconomic
factors being weakly spanned by the yield curve while implying unrealistic maximal
Sharpe ratios and model-implied yields for the long end of the yield curve. Out-of-
sample evidence indicates that both the spanning restrictions and macro variables
are unimportant for forecasting yields.
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3.1 Introduction

Common wisdom dictates that the term structure of interest rates is closely related to the
macroeconomy. Since Ang and Piazzesi (2003) considerable effort has been put into so-
called macro-finance term structure models (MTSM s). These macro-finance models are
divided into two broad categories. In the first category, reduced-form MTSMs augment
the typical arbitrage-free exponentially-affine latent factor setup in Duffie and Kan (1996)
by including macroeconomic variables such as GDP growth and inflation as risk factors.
The second category consists of equilibrium MTSMs based on stronger assumptions mo-
tivated by economic theory. Equilibrium MTSMs allow for economic interpretation of the
state vector as well as model coefficients at the cost of providing a less precise fit of the
data. Bauer and Rudebusch (2017) provide extensive references to existing MTSMs in
both categories.

A common feature of MTSMs is the presence of a linear mapping between yields and
risk factors. If the linear map is invertible, then the model exhibits spanned macroe-
conomic risks. Spanned MTSMs imply that the macroeconomy can be expressed as a
linear combination of yields, in which case the contemporaneous yield curve summarizes
all information in the macroeconomy. Consequently, macro variables have no predictive
content for neither future excess bond returns nor future states of the macroeconomy
after having conditioned on the yield curve. These are the economic implications of the
so-called spanned property implied by the vast majority of extant MTSMs.

The spanning property, however, is not supported by regression evidence as several
studies have found variables that predict excess bond returns after controlling for the yield
curve (Ludvigson and Ng, 2009; Cooper and Priestley, 2009; Joslin et al., 2014; Cieslak
and Povala, 2015). Motivated by the regression evidence, Joslin et al. (2014) propose to
abandon the extant MTSMs and consider MTSMs with unspanned macroeconomic risks
where the linear map between yields and risk factors is non-invertible by construction.
The invertibility is broken by enforcing so-called knife-edge restrictions, which ensure
that the short-rate does not depend on macro variables under the risk-neutral pricing
distribution. Bond prices, consequently, do not depend on macroeconomic risks, which
are then left unspanned by the yield curve. If unspanned factors do not affect bond
prices, what then are their purpose in the model? While unspanned factors do not
affect bond prices in unspanned MTSMs, they still affect expectations of future yields
under the physical probability measure, giving unspanned factors the potential to predict
excess bond returns after conditioning on yields consistent with the regression evidence.
Conversely, the knife-edge restrictions are hard to motivate economically as they preclude
models where the short-rate follows a Taylor rule.

Bauer and Rudebusch (2017) argue that existing MTSMs are, in fact, not inconsistent
with the regression evidence. First, they show that the regression evidence is much weaker
for macro variables that central banks pay attention to, such as core inflation and the
unemployment gap, which they refer to as policy factors. Projections of core inflation and
unemployment onto principal components of yields show that policy factors are nearly
spanned by the term structure with R2 around 80% and 72% respectively. This stands
in contrast to the non-policy macro variables, such as the Chicago Fed National Activity
Index, considered by Joslin et al. (2014) where the R2 is just 15%. Furthermore, they
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provide Monte-Carlo evidence showing that spanned term structure models can generate
the observed regression evidence. This is possible since the spanning property only applies
to implied-model yields, and the conventional amount of measurement error noise at
around five basis points of root mean squared errors (RMSE) is sufficient to hide the
macro variables in the cross-section of yields.

Both Joslin et al. (2014) and Bauer and Rudebusch (2017) test the spanning hypothesis
by maximum likelihood ratio tests. However, their tests are based upon different null and
alternative hypotheses. Joslin et al. (2014) test an implication of a three-factor spanned
MTSM, namely that three linear combinations of yields are sufficient to forecast future
macro-economic variables and yields, whereas Bauer and Rudebusch (2017) test the knife-
edge restrictions using a five-factor spanned MTSM against an alternative unspanned
MTSM with three pricing factors and two unspanned macro variables. The former study
rejects that the yield curve is sufficient to forecast the macroeconomy, whereas the latter
study rejects the knife-edge restrictions imposed by the unspanned MTSM. Accordingly,
the literature does not seem to have reached a consensus on the best approach to modeling
the interaction between the macroeconomy and the term structure of interest rates in
MTSMs. As the spanning property is only economically important if it has any relevant
implications for MTSMs, this study examines the differences in model-implied moments
between reduced-form MTSMs with spanned and unspanned macroeconomic risks and
also compares the MTSMs to the alternative yields-only models. The considered models
and dimensionality covers the perspective of both Joslin et al. (2014) and Bauer and
Rudebusch (2017). Further, the implications of the spanning property is also considered
under more general measurement error assumptions about yields and macro variables
than the former studies. Finally, a contribution is made with regards to the usefulness of
macro variables when forecasting yields out-of-sample of MTSMs with either spanned or
unspanned macroeconomic risks relative to yields-only models.

This study shows that the unspanned model fits the cross-section of yields satisfactory
with three pricing factors. Moreover, the unspanned MTSM implies plausible Sharpe ra-
tios, captures the rejection of the expectation hypothesis, and correctly identifies risk
premia. On the contrary, spanned MTSMs require five pricing factors to deliver a com-
parable fit. The added fourth and fifth pricing factors explain just a small amount of the
variation in yields in both absolute terms and relative terms when compared to a five
factor yields-only model. This suggests that the fourth and fifth pricing factors are pri-
marily utilized to ensure that the macro variables are spanned by the model-implied yield
curve. Further, the spanned MTSM with five pricing factors implies unrealistically high
maximal Sharpe ratios that cast doubt upon the validity of its stochastic discount factor.
Additionally, the model implies negative sample means of yields with maturities longer
than those included in estimation. Notwithstanding, the spanned MTSM implies realis-
tic Sharpe ratios for individual bonds and also captures the rejection of the expectation
hypothesis and correctly identifies risk premia. A possible remedy for the inconsistency
between the spanning property and regression evidence is to assume that the macroe-
conomic variables are measured with error. However, allowing for measurement errors
in the macro variables does not provide any relief as the unspanned variation in macro
variables are either attributed as measurement error or captured by the fourth and fifth
pricing factor. In the former case, the unspanned information in the macro variables is
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disregarded as noise, reducing the MTSM to a yields-only model, whereas the latter case
is identical to observing the macro variables without error. Out-of-sample forecasting
results indicate that MTSM s do not improve upon the forecasts from yields-only models.
Further, both spanned and unspanned MTSMs perform similarly in forecasting yields,
as well as macro variables, and as such, the spanning property does not appear to be
important for forecasting.

The remainder of the paper is organized as follows. Section 3.2 introduces the yields-
only models as well as the spanned and unspanned MTSMs. Section 3.3 contains the
in-sample empirical analysis, while out-of-sample forecasts are investigated in section 3.4.
Finally, section 3.5 concludes.

3.2 Macro-finance term structure models

This section introduces the class of exponential affine term structure models in discrete
time. The first subsection describes the yields-only model of Duffie and Kan (1996);
Dai and Singleton (2000); Duffee (2002) as well as the identification scheme of Joslin
et al. (2011) used in the econometric implementation of the considered models. The
second subsection introduces the spanned and unspanned variants of MTSMs. The third
subsection presents the regression evidence from the literature. The fourth subsection
reconciles the studies of Joslin et al. (2014) and Bauer and Rudebusch (2017) and describes
the nesting relationships between MTSMs and yields-only models.

3.2.1 A generic Gaussian dynamic term structure model

Consider an economy with N risk factors denoted by Zt ∈ RN where the one-period
interest rate rt is

rt = ρ0Z + ρ′1ZZt. (3.1)

The risk factors evolve through discrete time according to a Gaussian vector autoregres-
sion (VAR) under the physical probability measure P given by

Zt+1 = KP
0Z +KP

1ZZt + ΣZε
P
t+1, (3.2)

where εPt ∼ NID(0, IN ).
Investors in the economy price nominal bonds with the reduced-form stochastic dis-

count factor
ζZ,t+1 = exp

(
−rt −

1

2
Λ′Zt

ΛZt − Λ′Zt
εPt+1

)
, (3.3)

where the market prices of risk are essentially affine as in Duffee (2002)

ΛZt
= Σ−1

Z (Λ0 + Λ1Zt) . (3.4)

This implies that the dynamics of the factors under the risk neutral probability measure
Q is given by

Zt+1 = KQ
0Z +KQ

1ZZt + ΣZε
Q
t+1, ε

Q
t+1 ∼ NID(0, IN ). (3.5)
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Duffie and Kan (1996) show that model-implied yields yt,m of a zero-coupon bond at time
t are affine functions of Zt

yt,m = AZ,m +B′Z,mZt. (3.6)

The factor loadings AZ,m, BZ,m satisfy a set of first-order difference equations across
maturities, see Appendix 3.A for further details.

Any affine term structure model is subject to invariant transformations, that is trans-
lations, scalings, and rotations of the state vector Zt that leaves bond yields unaffected
(Dai and Singleton, 2000). Hence, for notational clarity, let Zt denote a generic rotation
of the state vector and let the subscript on the coefficients indicate which rotation of
the state vector they belong to. In the traditional finance yields-only models, the state
vector is latent with no further economic interpretation, in which case the state vector is
denoted as Xt. The latent factors Xt cannot be identified without imposing restrictions
on the parameter space Θ =

{
ρ0X , ρ1X ,K

P
0X ,K

P
1X ,K

Q
0X ,K

Q
1X ,ΣX

}
. Joslin et al. (2011),

cited as JSZ henceforth, propose a normalization scheme that identifies the latent factors.
Moreover, their proposed normalization is canonical in the sense that the restricted model
is maximally flexible as there exists a surjective map between any affine term structure
model and their canonical form. In their canonical form, ρ1X is restricted to a vector of
ones, KQ

0X is a vector of zeros and KQ
1X is in Jordan normal form. Jointly, these restric-

tions identify the model. Moreover, they show that the latent factors Xt can be rotated
to linear combinations of yields such that Zt is PNt = Wyt, see JSZ for further details.1
A popular choice for W is obtained from principal component analysis of yields such that
PNt corresponds to the well-known level slope and curvature factors in Litterman and
Scheinkman (1991). This choice of W is maintained henceforth.

Let yot denote a vector of observed zero-coupon yields and AP , BP the corresponding
factor loadings, the measurement equation for the state-space system is then

yot = AP +B′PPNt + et,

where et ∼ NID
(
0, Iσ2

y

)
. The transition equation is obtained from (3.2) where Zt has

been substituted by PNt . The N−factor yields-only model is referred to as YM(N ) in
the following sections.

3.2.2 Reduced-form macro-finance term structure models

This subsection details the two reduced-form macro-finance models where the macroeco-
nomic risks are either spanned or unspanned by the term structure of interest rates.

1Let yt = AX +BXXt denote a vector of yields. If BX is invertible, then for any full-rank W

Xt = (WBX)−1 (Wyt −WAX) .

Substituting back reveals the linear map

yt =
(
IN −BX (WBX)−1W

)
AX +BX (WBX)−1 PNt

= AP +BPPNt .

In particular, this allows the risk-neutral distribution to be parameterized in terms of parameters de-
scribing the risk-neutral distribution of Xt.
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3.2.2.1 The spanned macro-finance term structure model

In studying the relationship between the macroeconomy and the term structure of interest
rates, researchers have been considering models with state vectors of the form Zt =[
Mt,PLt

]′, where Mt is a set of M macro variables, PLt denotes L linear combinations
of yields and the dimension of Zt is N = M + L. A typical choice is to select a macro
variable related to economic activity and another linked to inflation, e.g., Mt = [gt, πt]

′

where gt is the output gap, and πt denotes current inflation. This leads to a model where
the short-rate specification essentially resembles a Taylor rule

rt = ρ0 + ρ′ggt + ρ′ππt + ρ′PPLt , (3.7)

and the yield portfolios PLt enters the monetary rule as persistent policy shocks. Fur-
thermore, the model provides a VAR for the joint evolution of the yield portfolios and
macroeconomy through time, as well as an arbitrage-free environment in which investors
price bonds taking the macroeconomy into account. At first glance, such a model seems
attractive as it connects no-arbitrage term structure modeling with monetary policy anal-
ysis. However, in the reduced-form setting explored here, the coefficients ρg, ρπ are not
uniquely identified as the reaction functions of a central monetary authority absent the
imposition of further economic structure. This is the case since different yield portfolios
PLt , e.g., choices of WL, leads to different coefficient estimates of the reaction functions
while being observationally equivalent (Joslin et al., 2013a; Duffee, 2012).

With the exception of degenerate cases, Joslin et al. (2013b) (henceforth JLS) show
that the model-implied yields can be inverted to express Mt as N linear combinations of
yields, giving rise to the so-called spanning property

Mt = γ0 + γ1PNt . (3.8)

In particular, JLS show that for any MTSM with risk factors Zt =
[
Mt,PLt

]′
, there exists

a unique observationally equivalent model, where the macro variables in the state vector
have been replaced by linear combinations of yields. This follows by exploiting (3.8), in
which case the state vector can be written as[

Mt

PLt

]
=

[
γ0

0L×1

]
+

[
γ1

IL 0L×M

]
PNt . (3.9)

The spanning property (3.8) is, therefore, the only thing that separates conventional
MTSMs from yields-only models. Thus, in spanned MTSMs, the usefulness of the M
observed macroeconomic variables comes from the fact that they are particularly infor-
mative of the state vector as the spanning property reduces the degrees of freedom in PNt
from N to L. JLS show that the MTSM is identified and maximally flexible by imposing
the same restrictions as in JSZ but with the additional free parameters in γ0 and γ1. The
state-space representation of an MTSM is given by the same transition equation as an
YM(N ) while the measurement equation is[

Mt

yot

]
=

[
γ0

AP

]
+

[
γ1

BP

]
PNt +

[
0M×1

et

]
.



3.2. MACRO-FINANCE TERM STRUCTURE MODELS 87

The N -dimensional spanned MTSM is denoted as SM(L,M) hereafter.
Although there are several papers such as Ang and Piazzesi (2003); Jardet et al.

(2013) who consider MTSMs with additional lags, the scope of the term structure models
considered here is limited to models with a single lag. Introducing additional lags natu-
rally changes the physical as well as the risk-neutral probability measure. Increasing the
number of lags under the latter probability measure will result in yields depending upon
lagged state variables, thus effectively increasing the number of pricing factors. Moreover,
Joslin et al. (2013a) show that the spanning property as a result would then imply that
the contemporaneous yield curve would contain all information about the current as well
as the lagged state vectors, placing an even larger burden upon the yield curve. Given
the low-dimensional factor structure of observed yields as discovered by Litterman and
Scheinkman (1991), it is thus unlikely that adding additional lags is useful for model-
ing the risk-neutral distribution of the short-rate. Joslin et al. (2013a) then considers a
new specification of the market price of risk which allows an MTSMs to have additional
lags under the physical probability measure, but not under the risk-neutral probability
measure. In this specification, the spanning implications of the single lag MTSMs are
preserved and the additional lag under P allows the model to capture richer dynamics.
However, this naturally comes at a cost of parameters and since MTSMs with five factors
will be studied here, the introduction of additional lags will surely lead to too large a
parameter count.

3.2.2.2 Unspanned macro-finance term structure models

Spanned MTSMs have been heavily criticized by Joslin et al. (2014), (JPS). They argue,
based on empirical regression evidence, that macro variables are not linearly spanned
by observable term structure factors and contain information above the term structure
of interest rates for forecasting excess bond returns and macroeconomic variables. JPS
propose that conventional MTSMs should be abandoned in favor of unspanned MTSMs,
which are described in this subsection.

Consider, once again, the choice of risk factors Zt =
[
Mt,PLt

]′ but where short-rate
only depends on PLt

rt = ρ′0 + ρ′PPLt . (3.10)

The factor dynamics under P is given in block notation by[
Mt+1

PLt+1

]
=

[
KP

0M

KP
0P

]
+

[
KP

1MM KP
1MP

KP
1PM KP

1PP

] [
Mt

PLt

]
+

[
ΣMM 0
ΣPM ΣPP

] [
εPM,t+1

εPP,t+1

]
,

(3.11)
where ΣMM , ΣPP are lower-triangular and εPM,t+1, ε

P
P,t+1 are standard normally dis-

tributed vectors of conforming dimensions. Investors are assumed to price bonds using
the stochastic discount factor

ζP,t+1 = exp

(
−rt −

1

2
Λ′Pt

ΛPt − Λ′Pt
εPP,t+1

)
,

where ΛPt = Σ−1
PP
(
Λ0 + Λ1PLt +KP

1PMMt

)
. Thus, the stochastic discount factor de-

pends only on the shocks εPP,t+1, and the third term in the market prices of risk ensures
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that Mt plays no role in predicting PLt under the risk-neutral probability measure. The
risk-neutral dynamics of PLt are thus

PLt+1 = KQ
0P +KQ

1PPt + ΣPPε
Q
t+1, ε

Q
t+1 ∼ NID(0, IN ). (3.12)

It is obvious from (3.10) and (3.12) that the risk-neutral distribution of the short-rate in
an unspanned MTSM is identical to a YM(L). As such, bond prices do not depend on
Mt which is consequently hidden from the cross-section of yields.

In comparison to an SM(L,M), the model-implied yields are only derived from L
factors instead of N factors. Thus, the unspanned model gives a more parsimonious
representation of the yield curve while preserving the joint dynamics of the yield portfo-
lios and macroeconomy. Moreover, the unspanned model does not enforce the spanning
property in the sense that the equation

Mt = γ0 + γ1PNt +OMt

has the residual OMt, which contains all macroeconomic variations that are unspanned by
yields, whereas the spanning property of a SM (L,M) enforces OMt = 0∀t. Additionally,
unspanned MTSMs imply that there is no additional information in PNt after having
controlled for the information in PLt , i.e., the first three factors, as any collection of yields
can have at most rank L in a USM(L,M) due to itsM fewer pricing factors.

Unspanned MTSMs with L pricing factors and M macro variables are denoted as
USM(L,M) and represented in state-space form by the measurement equation[

Mo
t

yot

]
=

[
0
A

]
+

[
IM 0
0 B

] [
Mt

PLt

]
+

[
0
et

]
,

and the transition equation in (3.11).

3.2.3 The regression evidence

The most salient evidence against the spanning property is arguably the additional pre-
dictability of excess bond returns of macro variables after having controlled for the yield
curve. Expected excess bond returns for an m maturity bond over a holding period of h
months is

Et
(
rxmt,t+h

)
= Et

(
pm−ht+h

)
− pmt − hyht .

Empirically, expected excess bond return are usually obtained in a model-free fashion
from regressions such as

rxt+h = β0 + β1PC
N
t + β2Mt + εt+h,

where PCNt denotes principal components of observed yields, and Mt is some macro
variable thought to be important for modeling bond risk premia. MTSMs imply a similar
linear relationship between expected excess bond returns and its state vector that is given
by

Et
(
rxmt,t+h

)
= (AZ,h −AZ,m +AZ,m−h) +

(
BZ,h −BZ,m +BZ,m−h

(
KP

0Z +KP
1Z

))
Zt.
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Since the state vector of any non-degenerate MTSM can be equivalently represented in
terms of yield portfolios, the spanning property of an SM (L,M) implies that no macro
variable should have any predictive content after having controlled for the information
in N = L +M linear combination of yields. Hence, the statistical significance of the
elements in β2 seemingly provides evidence against the spanning property.

However, the literature has, at large, focused on N = 3 and found several variablesMt

that help predict excess bond returns with large increases in R2, see for instance Ludvigson
and Ng (2009); Cooper and Priestley (2009); Joslin et al. (2014); Cieslak and Povala
(2015); Bauer and Rudebusch (2018). However, as Bauer and Rudebusch (2017) point out,
the regression evidence necessarily assumes that the principal components of yields are
measured without error. Notwithstanding, they also point out that the regression evidence
for N = 3 is consistent with spanned MTSMs which have more than three pricing factors
such as an SM(3, 2). In this case, five yields portfolios would be needed to capture the full
information of the yield curve. Moreover, Bauer and Rudebusch (2017) provide Monte
Carlo evidence that a SM(3, 2) can produce the observed regressions results regardless of
whether three or five principal components are included in the regressions. Accordingly,
they resolve the “spanning puzzle” in the sense that the regression evidence alone is not
enough to reject the spanning property. Additionally, Bauer and Hamilton (2017) show
that predictive regressions of excess bond returns give unreliable reference in small samples
due to overlapping observations and highly persistent regressors and cast doubt about the
validity of previously found risk factors. As the literature has already devoted substantial
attention to the predictive content of macro variables and excess bond returns, this study
will instead investigate the predictive content of macro variables in the context of MTSMs
in the out-of-sample forecasting exercise in Section 3.4.

3.2.4 Model-based tests of the spanning hypothesis

In addition to the regression evidence, both JPS and Bauer and Rudebusch (2017) consider
model-based statistical hypothesis tests, which will be described in this subsection. Their
model based tests differ substantially as JPS consider the spanned model to be nested
in the unspanned model, whereas Bauer and Rudebusch (2017) consider nesting in the
opposite direction. The ambiguity arises due to different reference points that are either
motivated by the empirical properties of yields or fundamental economic theory. This
subsection, therefore, describes and reconcile their test results.

3.2.4.1 A test of spanned macro forecasts

JPS compare an unrestricted USM(3, 2) with a restricted version of an USM(3, 2) where
the blocks KP

MM ,K
P
PM in the state transition equation are set to zero. Let the restricted

model be denoted as USMR(3, 2). These restrictions imply that the macro variables do
not contain any information above the portfolios P3

t in terms of forecasting the yield curve
and macro variables. Note that the state vector of the USMR(3, 2) has the same number
of pricing factors as an SM(1, 2). Moreover, the spanning property of an SM(1, 2) implies
the same spanned macro forecasts as an USMR(3, 2). Thus, an SM(1, 2) only differs from
USMR(3, 2) in that the former model enforces the observed macroeconomic variables to
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be spanned by P3
t . JPS find that these restrictions are strongly rejected with a χ2 statistic

of 1,189 against the critical value 18.31 at the 5% significance level.
As a point of critic against their test, JPS assume that the first three yield portfolios are

observed without error, i.e., the entire state vector is observable P3
t = PC3

t . Accordingly,
there is no flexibility during estimation, which could allow the information from the
macro variables to enter the state vector. This would have been possible if the principal
component of yields was assumed to be measured with errors, i.e., P3

t = PC3
t +Wet, and

estimation had been facilitated by the Kalman filter. Moreover, one of their two macro
variables, GRO, is the Chicago Fed National Activity Index. As pointed out by Bauer and
Rudebusch (2017), GRO displays a weak link to P3

t in the sense that projections of the
former onto the latter gives an R2 of only 15%. It is thus possible that their test would
not reject spanned forecasts of other macroeconomic variables that display a stronger link
to the yield curve.

3.2.4.2 A test of knife-edge restrictions

Bauer and Rudebusch (2017) note that the unspanned model USM(3, 2) is nested in an
SM(3, 2) by imposing the knife-edge restrictions. The knife-edge restrictions correspond
to M restrictions on the short rate equation, i.e., rt = ρ0 + ρPPt + 0Mt and M×L
restrictions on KQ

PM = 0. Under these restrictions, yields do not load on macroeconomic
factors

yt,m = AP,m +BP,mPLt + 01×MMt. (3.13)

For an SM(3, 2), this corresponds to a total of eight restrictions, suggesting the use of a
likelihood ratio test. However, after imposing the required restrictions for identification,
it turns out that the unspanned model has fourteen, and not eight, fewer identified pa-
rameters than the unspanned alternative. Hence the log-likelihood ratio test cannot be
carried out with the usual amount of degrees of freedom in the χ2-distribution, as the
distribution of the test statistic is non-standard (Bauer and Rudebusch, 2017). Bauer
and Rudebusch (2017) provide a solution to this problem by noting that both models are
nested within simple factor models without arbitrage restrictions. In this case, they show
that 50 restrictions are needed to obtain the unspanned model within the reduced-form
model, thus the χ2-distribution with 50 degrees of freedom provides conservative criti-
cal values for comparing an USM(3, 2) with an SM(3, 2). Bauer and Rudebusch (2017)
strongly reject the USM(3, 2) in favor of an SM(3, 2) with test statistics of 658 and 254
for their two sets of considered macro variables against the 0.1% critical value of 86.7.

3.2.4.3 Reconciling their hypothesis tests

As described above, nesting relationships between the spanned and unspanned MTSMs
can be obtained from two different points of view, which result in two very different
outcomes. The different outcomes arise by either considering a fixed number of pricing
factors or by holding the dimension of the state vector constant. Moreover, it is difficult
to determine which point of view is correct as it depends on one’s inclination towards
favoring stylized facts about yields or fundamental economic theory.
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The argument of holding the number of pricing factors constant is motivated by the
empirical properties of yields. Principal component analysis strongly suggests that yields
follow a three-factor structure. If three factors underlie all variations in observed yields,
then there should be no need for more than three pricing factors in the model. In this
case, the macroeconomy is either spanned by the latent factor space of yields, or it is
not. If it is spanned, then the spanning property can be enforced to obtain an MTSM
with one latent and two macro factors, i.e., an SM (1, 2), as shown by JLS. If it is not
spanned, then the macroeconomy does not lie in the vector space of yields, and the three-
dimensional state vector must, therefore, be expanded to accommodate the unspanned
variation as in JPS. In this case, an USM(3, 2) is obtained by expanding the yields-only
model. From this point of view, the spanned model is less general than a yields-only
model, which in turn is less general than an unspanned model. Thus, all models have the
same number of pricing factors, but the unspanned model has an extended state vector
to capture unspanned macroeconomic variations that might be important for modeling
the time-series properties of yields.

JPS tested whether the dynamics of macro variables are sufficiently described by the
yield factors alone. Enforcing the spanning restriction in their setting would have led to a
further restricted model, and the interpretation that JPS do not reject spanned MTSMs
as argued by Bauer and Rudebusch (2017) is, therefore, not in accordance with this point
of view. The important question to ask after having rejected the spanning property in the
context of models with three pricing factors, is whether the inclusion of macroeconomic
variables in the factor dynamics improves the forecasting ability of the model or if three
linear combinations of yields contain all relevant information for modeling the time-series
properties of yields.

Affine term structure models do not fit the observed yields perfectly, giving rise to
pricing errors, or rather measurement errors. In a yields-only model, measurement er-
rors imply that the pricing factors cannot be inverted from the cross-section of yields.
As such, the factor space is latent, and filtering techniques must be used. Thus, from
the other point of view, one maintains the assumption that the macroeconomy influence
the short-rate as motivated by fundamental economic theory. In this case, the filter-
ing problem is lessened as a subset of the state vector is known to be macro variables.
Indeed, as shown by JLS, the spanning property uses the information contained in the
macroeconomy to uncover information about the latent factors driving yields that could
otherwise be difficult to extract from yields alone. Thus, holding the dimensions of the
state vector fixed, unspanned macroeconomic variation requires imposing the knife-edge
restrictions, which creates the nesting relationship between the unrestricted SM(3, 2) and
the restricted USM(3, 2) as considered by Bauer and Rudebusch (2017). The relevant
empirical question is then whether it can be justified to consider more than three pricing
factors and if enforcing the spanning property is, in fact, helpful in identifying the latent
factor space of yields.
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3.3 In-sample empirical analysis

This section contains the in-sample empirical analysis. Subsection 3.3.1 describes the
data and estimation method. Subsection 3.3.2 performs a factor analysis of the data.
Subsection 3.3.3 reviews the goodness of fit and performs the two likelihood ratio tests
suggested by JPS and Bauer and Rudebusch (2017). Subsection 3.3.4 examines the pric-
ing implication of yields portfolios when spanning is enforced in MTSM s. Subsection
3.3.5 analyzes the model-implied Sharpe ratios and the fit of long-maturity yields as di-
agnostics of overfitting. Subsection 3.3.6 runs the LPY tests of Dai and Singleton (2002)
to examine whether the models capture the historical behavior of yields and time-varying
risk premia appropriately. Lastly, subsection 3.3.7 relaxes the assumption of measuring
macroeconomic variables without errors.

3.3.1 Data and estimation methodology

The sample period runs from January 1985 to December 2007 at the monthly frequency for
a total of 276 observations. The observed yields are unsmoothed Fama-Bliss bootstrapped
US Treasury zero yields as in JPS and Bauer and Rudebusch (2017).2 The considered
maturity of yields is 3 and 6 months and 1, 2, 3, 5, 7 and 10 years. The choice of macro
variables is the unemployment gap and core inflation. The two macro factors are chosen
as they were the best set of policy factors found by Bauer and Rudebusch (2017) in their
selection of ten different macro variables. They refer to policy factors as macro factors
that appear to be related to monetary policy by being closely related to the federal funds
rate as well as principal components of yields and are, therefore, the most suitable choice
of spanned macroeconomic risk factors for MTSMs. Following Bauer and Rudebusch
(2017), the unemployment gap (UGAP) is constructed as the difference between the
unemployment rate (UNRATE 3) and the natural rate of unemployment (NROU 4). Core
inflation is obtained from the consumer price index excluding food and energy prices
(CPILFESL)5, which is used to calculate year-over-year inflation rates. These inflation
rates are denoted by CPI.

Section 3.2 has provided the state transition and measurement equations for all models.
All models are, therefore, readily estimated by the Kalman filter. As the models are known
to fit the data quite well, it is generally the case that the filtered state vector almost
coincides with the corresponding observed linear combinations of yields, that is PNt ≈
PCt. Reliable starting values of most parameters can consequently be obtained from
suitable OLS regressions as in JSZ. All models are restricted to be stationary under the

2I thank Anh Le for providing me with these yields.
3US. Bureau of Labor Statistics, Civilian Unemployment Rate [UNRATE], retrieved from FRED,

Federal Reserve Bank of St. Louis; https://fred.stlouisfed.org/series/UNRATE, September 15, 2016.
4US. Congressional Budget Office, Natural Rate of Unemployment (Long-Term) [NROU], retrieved

from FRED, Federal Reserve Bank of St. Louis; https://fred.stlouisfed.org/series/NROU, September 14,
2016.

5US. Bureau of Labor Statistics, Consumer Price Index for All Urban Consumers: All Items
Less Food and Energy [CPILFESL], retrieved from FRED, Federal Reserve Bank of St. Louis;
https://fred.stlouisfed.org/series/CPILFESL, September 15, 2016.
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Table 3.1: Unspanned macroeconomic variation and principal component analysis of
yields

Individual portfolios Joint portfolios
1st 2nd 3rd 4th 5th 1-3rd 1-5th

Macro spanning R2 (%)
UGAP 0.346 69.190 3.264 0.925 0.029 72.800 73.753
CPI 68.703 2.274 9.579 0.003 1.409 80.557 81.969

Variance of yields
explained (%)

94.194 5.487 0.242 0.044 0.017 99.923 99.984

Note: This table displays amounts of unspanned macroeconomic variation measured
by the R2 obtained from spanning regressions of the type Mt = β0 + β1PCt + εt,
where PCt denotes different sets of principal components of yields. Finally, the table
also reports the amount of variance of yields explained by the principal components.

physical probability measure, and the Kalman filter is initialized from the unconditional
moments of the state vector.

3.3.2 Preliminary factor analysis

A preliminary factor analysis is carried out before proceeding with the estimation results.
Additionally, each of the two macro variables is regressed onto sets of principal components
of yields to uncover the amount of observed unspanned macroeconomic variations.

The spanning regressions are given by

Mt,i = β0 + β1PCt + εt, (3.14)

where PCt denotes a set of principal components of observed yields and Mt,i denotes the
macro variables. In particular, the considered sets are the first three and five principal
components jointly as well as each component individually. The results of the principal
component analysis and spanning regressions give an indication of how large the dimen-
sions of the state vector should be in order to jointly explain the macroeconomy as well
as provide a tight fit to the observed yields. The results of the principal component anal-
ysis and the spanning regressions are displayed in Table 3.1. As expected, the principal
component analysis indicates that virtually all variations in yields are explained by the
first three principal components, as originally discovered by Litterman and Scheinkman
(1991), leaving little to no variation to be explained by the fourth and fifth components.
Furthermore, UGAP is related to the slope of the yield curve, the second principal compo-
nent, while CPI is related to the level factor and shows some correlation to the curvature
factor as well. Moreover, the spanning regressions reveal that the fourth and fifth princi-
pal components jointly explain less than two percent of the variation in UGAP and CPI,
while the first three components capture 73% and 81%, respectively.

Thus model-free regressions indicate that three yields factors should be sufficient for
both minimizing the amount of observed unspanned macroeconomic variations as well
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Table 3.2: Goodness of fit

Three pricing factors Five pricing factors
YM(3) USM(3, 2) SM(1, 2) YM(5) SM(3, 2)

Log-likelihood 1,587 1,939 -427 2,100 1,988

RMSE (bp)
All yields 5.732 5.737 28.322 3.144 5.533
1st portfolio 0.738 0.753 10.097 0.297 0.724
2nd 1.828 1.886 74.698 0.743 1.841
3rd 4.081 4.071 22.188 1.696 3.828
4th 11.467 11.473 11.526 2.836 11.339
5th 7.470 7.479 7.515 3.503 6.693
Note: This table displays the log-likelihood obtained from the Kalman filter
estimation procedure as well as the RMSE of yields across all maturities and for
individual yield portfolios with weights obtained from principal components of
observed yields.

as explaining most variation in yields across maturities, motivating three-factor models.
Furthermore, with R2 values around 73% and 81%, it is perhaps not unlikely that the
remaining unspanned macroeconomic variations after conditioning on three factors could
be due to measurement errors in the yield portfolios or the macroeconomic variables.

3.3.3 Goodness of fit

This subsection examines how well the considered models fit the data. Additionally, the
two hypothesis tests considered in JPS and Bauer and Rudebusch (2017) are carried out
to examine the implications of assuming that the entire state vector is unobservable, as
described in subsection 3.2.4.

The considered metrics for goodness of fit are the estimated log-likelihood as well as
root mean squared errors (RMSE ) of yields across all maturities and for the first five
principal components of yields. The fitted yields are obtained from evaluating the models
at the filtered state estimates. The results are summarized in Table 3.2. Overall most
models match the observed yields precisely with typical RMSE of less than six basis
points (bp). An exception is SM(1, 2) with RMSE of 28 bp. Thus, comparing the fit
of SM(1, 2) with YM(3) reveals that enforcing the spanning property leads to a severe
deterioration in the fit of yields. On the other hand, USM(3, 2) provides a fit of the yields
that is near identical to YM(3) as expected. Extending the YM(3) with two additional
pricing factors, thus obtaining the YM(5), results in a significant improvement in the fit.
The RMSE of the yields are down to around three basis points. Moreover, in addition
to improving the fit of the first three principal components, the higher-order principal
components are now fitted quite accurately as well. Moving from the SM(1, 2) to the
SM(3, 2) results in a dramatically better fit as well. The RMSE of the yields drop from
28 bp to 5 bp. Thus, the fit of the SM(3, 2) is similar to the YM(3) and USM(3, 2)
despite its extra two pricing factors. Moreover, the SM(3, 2) is not able to match the
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fit of the fourth and fifth principal components as precisely as the YM(5) as it fits the
higher order principal components just marginally better than the YM(3).

Running the likelihood ratio test from Bauer and Rudebusch (2017) at the 0.1% sig-
nificance level, which tests the knife-edge restrictions imposed by USM(3, 2), gives a
χ2-statistic of 98.36 against the critical value of 86.7. The knife-edge restrictions are
accordingly rejected in favor of the SM(3, 2), consistent with the results in Bauer and
Rudebusch (2017). Their result is thus robust to allowing all yield portfolios to be mea-
sured with error and hence estimated with the Kalman filter. As for the test of spanned
macroeconomic forecasts in JPS, the restricted model USMR(3, 2) is estimated with a
log-likelihood of 1,308.6 Hence the χ2-statistic against the unrestricted USM(3, 2) is thus
1,260. The critical value of the test statistic at the 0.1% significance level is 29.58, and
spanned macroeconomic forecasts are rejected as in JPS. Their result also holds when the
principal components of yields are assumed to be measured with errors and when both
macro variables are policy factors that are nearly spanned by the first three principal
components of yields.

3.3.4 Enforcing the spanning property

As the macro variables are assumed to be observed without error, the spanning property of
SM(1, 2) and SM(3, 2) ensures that the model-implied yield portfolios span the observed
macroeconomic variables. However, the preliminary factor analysis indicated that only up
to 74% and 82% of UGAP and CPI, respectively, were spanned by the first five observed
yield portfolios. This begs the question, how does the model-implied yield curve from a
SM(L,M) span the macroeconomic variables?

To this end, it is helpful to state the spanning property from equation (3.8) in terms
of observed principal components of yields and their associated measurement errors. Let
PCNt denote the first N principal components of yields, i.e., the empirical counterpart
to the model-implied bond portfolios PNt . Then, since PCNt = PNt + WN et, it follows
that the spanning property of an SM(N ,L) can be restated in terms of the portfolio
measurement errors and principal components of yields as

Mt = γ0 + γ1PC
N
t − γ1W

N et. (3.15)

Comparing (3.15) to the spanning regressions in (3.14) reveals that the observed un-
spanned macroeconomic variations are absorbed into measurement errors in the last term
of (3.15). Or put differently, if the macroeconomic variables identify variation in the
latent factors that are not identified from the cross-section of yields, then the change
in information when moving to the model-implied state vector is facilitated through the
pricing errors WN et. Hence, it suffices to check WN et to uncover the implications of
enforcing the spanning property onto the state vector.

This result provides the intuition for the poor cross-sectional fit of an SM(1, 2). The
principal component analysis indicated that three yield factors are able to capture nearly
all variations in bond yields. However, some of the portfolios must be measured with
significant errors in order to capture the unspanned macroeconomic variation, which in

6The goodness of fit of the USMR(3, 2) is not reported in table 3.2.
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Table 3.3: Spanning regressions on model-implied yields

Individual portfolios Joint
1st 2nd 3rd 4th 5th 1-3rd

Macro spanning R2 (%)
SM(1, 2)

UGAP 2.884 96.948 0.168 - - -
CPI 65.304 8.639 26.057 - - -

SM(3, 2)
UGAP 2.884 63.654 8.907 21.256 3.299 75.445
CPI 64.944 5.615 11.972 3.452 14.018 82.531

Variance of yields explained (%)
SM(1, 2) 96.252 3.690 0.058 - - -
YM(3) 94.316 5.467 0.216 - - -
SM(3, 2) 94.306 5.472 0.220 0.0017 0.0002 99.998
YM(5) 94.248 5.477 0.231 0.0351 0.0084 99.956

Note: This table displays the R2 from unspanned macroeconomic variation
regressions of the type Mt = α+ βP̃t + εt and percentage of the explained variance
of yields with different selections of model-implied yields portfolios P̃t as indicated
in the columns. The portfolio weights are obtained from principal component
analysis of model-implied yields from the corresponding model.

turn negatively affects the fit of yields. The same intuition explains the dramatic change
in cross-sectional fit when expanding the SM(1, 2) with two additional pricing factors.
The two additional pricing factors of an SM(3, 2) opens up for the possibility to enforce
spanning using a fourth and fifth yield portfolio. Consequently, the likelihood function
and Kalman filter can minimize the pricing errors on individual yields using three pricing
factors, while the spanning property can be enforced by measurement errors of the fourth
and fifth yield portfolios that are unimportant for explaining the cross-section of yields.

Thus, having estimated the models, it is possible to reexamine the spanning regressions
and perform a principal component analysis of model-implied yields. By treating the
estimated states as population values, this will exactly reveal the structure of the model-
implied factor space as the measurement errors are thereby removed. Note that as the
model-implied joint distribution of yields and macroeconomic variables is in-variant to
the choice of W (Joslin et al., 2013b), the portfolios P̃Nt = W̃N yt can be interpreted
as the state vector of an observational equivalent model where W̃N denotes the weights
of the first N principal components of model-implied yields. Table 3.3 summarizes the
regression and principal component analysis results on the model-implied yields. For
the SM(3, 2), one notices that the amount of unspanned macroeconomic variation that
remains after conditioning on the first three portfolios P̃Lt is near identical to what was
seen in the preliminary factor analysis in section 3.3.2. Moreover, the two highest order
principal components in SM(3, 2), despite jointly explaining the remaining variation in
UGAP and CPI, are weakly spanned by the yield curve as they explain just 0.2 basis
points of the variations in the model-implied yields. It is not surprising, due to the weak
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link between the higher order principal components and model-implied yields, that the
simulated regression evidence from Bauer and Rudebusch (2017) show that a SM(3, 2)
can generate the observed unspanned macroeconomic variations after adding just a few
basis points of measurement errors to their simulated yields. Furthermore, as the state
transition equation of an SM(3, 2) and USM(3, 2) is identical up to measurement errors,
the only implication of the knife-edge restrictions is that the fourth and fifth principal
components of yields have no explanatory power for yields. Thus, the rejection of the
knife-edge restrictions in the likelihood ratio test of Bauer and Rudebusch (2017) is based
entirely on the result that the fourth and fifth principal components are statistically
important for explaining the cross-section of yields despite jointly explaining less than
a single basis point of the variance in model-implied yields. Taken together with the
goodness of fit reported in Table 3.2, this indicates that the fourth and fifth pricing factors
barely helps in fitting the observed fourth and fifth principal components of yields, but
are instead utilized to complete the spanning of the macro variables.

3.3.5 Overfitting diagnostics

This subsection considers two diagnostics of overfitting within affine term structure mod-
els. The first considered diagnostic is model-implied sample Sharpe ratios, where maximal
Sharpe ratios will be investigated along with the Sharpe ratio of individual bonds. Assets
with payoffs that are perfectly correlated with the stochastic discount factor attain the
maximal model-implied Sharpe ratio (Duffee, 2011b). Large model-implied Sharpe ratios
indicate the presence of near-arbitrage opportunities, hence maximal Sharpe ratios essen-
tially examines the validity of the stochastic discount factor. Duffee (2011b) shows that
the conditional sample maximal Sharpe ratio of an affine term structure model is given
by

smaxt =
√

Λ′Zt
ΛZt .

Moreover, the sample Sharpe ratios for individual bonds of maturity m are

st,m =
Bm−1 (Λ0 + Λ1Zt)(
Bm−1ΣZΣ′ZB

′
m−1

)1/2 .
Duffee (2011b); Joslin et al. (2011) find that affine term structure models with more
than three factors imply implausibly large maximal Sharpe ratios, which they interpret
as symptoms of overfitting. Conversely, Adrian et al. (2013) find that their five-factor
yields-only model implies maximal Sharpe ratios below one.

In addition to Sharpe ratios, model-implied yields for long maturities are consid-
ered as another diagnostic for overfitting. If the risk-neutral distribution of the factors
is accurately estimated, then the no-arbitrage factor loadings should produce plausible
model-implied interest rates for the long end of the yield curve. JSZ find that five-factor
yields-only models generate unrealistic sample means for model-implied yields at maturi-
ties beyond those included during estimation. The sample means of model-implied yields
at maturities of 20 and 30 years are therefore investigated as well.

Table 3.4 reports the means of sample Sharpe ratios and long maturity yields for the
estimated models. YM(3) and USM(3, 2) produce the two lowest maximal Sharpe ratios
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Table 3.4: Sharpe ratios and the long maturity yields
.

Three pricing factors Five pricing factors
YM(3) USM(3, 2) SM(1, 2) YM(5) SM(3, 2)

Mean Sharpe ratios
Maximal 0.585 0.629 1.185 0.901 4.078
3m bond 0.482 0.378 0.410 0.581 0.568
6m 0.391 0.336 0.339 0.453 0.450
1y 0.266 0.272 0.262 0.293 0.300
2y 0.169 0.203 0.199 0.184 0.191
3y 0.131 0.167 0.170 0.149 0.155
5y 0.097 0.128 0.138 0.121 0.118
7y 0.080 0.107 0.119 0.104 0.084
10y 0.066 0.089 0.102 0.088 0.029
Mean fitted yields (%)
20y 6.695 6.699 6.721 4.654 2.281
30y 6.627 6.640 6.721 -37.559 -9.120

Note: This table displays the mean maximal conditional log Sharpe ratio, log
Sharpe ratio for each bond with maturities included in the estimation and mean
sample model-implied yields with 20 and 30 years to maturity.

at around 0.6. Interestingly, the SM(1, 2) model produces a maximal Sharpe ratio of
1.1, which, while not completely unreasonable, is higher than the YM(5) despite its two
fewer pricing factors. Indeed, consistent with the findings of Adrian et al. (2013), the
mean maximal Sharpe ratio of the YM(5) is below one. The stochastic discount factor
in the SM(3, 2) produces on average maximal Sharpe ratios of four that is economically
implausible. Nevertheless, the SM(3, 2) imply average Sharpe ratios for individual bonds
that are similar to the other models. Regarding model-implied yields for the long end of
the yield curve, the models with three pricing factors largely agree on the pricing of bonds
with 20 and 30 years to maturity with mean yields around 6 percent. Conversely, the
YM(5) and SM(3, 2) both predict negative 30 year yields. The symptoms of overfitting
are especially evident for YM(5) with a sample mean of the 30-year bond at -37%, while
less severe for the SM(3, 2) at -9%.

Following Duffee (2011b), it is next investigated whether a constrained high-dimensional
spanned model can reduce the symptoms of overfitting. In particular, the model is con-
strained to imply that the mean maximal sample Sharpe ratio is below 0.9. This threshold
is chosen as it is identical to the Sharpe ratio implied by the YM(5) and is also a conser-
vative threshold with respect to the nested USM(3, 2). The restricted model is denoted
as SMSC(3, 2) and estimated by adding a penalty term to the log-likelihood function of
the Kalman filter. The model-implied Sharpe ratio of the estimated constrained model
lies right on the threshold of 0.9. The Sharpe ratio constraint slightly reduces the fit
of yields with RMSE at 5.727 bp, compared to the 5.533 bp of the unrestricted model.
Thus, the SMSC(3, 2) is able to provide reasonable Sharpe ratios without adversely af-
fecting the fitted yields too much. Additionally, the maximized log-likelihood drops from
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1988 to 1933. While this might seem to be a slight decrease, the log-likelihood is now
below the otherwise nested USM(3, 2). Moreover, restricting the Sharpe ratio does not
help to improve the model-implied long end of the yield curve, as it turns out that the
mean model-implied yield at the 30 year maturity is now at -75.82%. Thus, restricting
the model-implied maximal Sharpe ratios does not help recover a plausible estimate of
the risk-neutral distribution of the short-rate at long horizons.

3.3.6 Linear projections of yields

The LPY (i) and (ii) specification tests of Dai and Singleton (2002) will now be considered.
The LPY tests examine whether estimated term structure models capture the rejection
of the expectation hypothesis and correctly infer bond risk premia. The LPY (i) test is
based upon running the Campbell and Shiller (1991) regressions

yot+1,m−1 − yot,m = αm + βm
1

m− 1

(
yot,m − rot

)
+ εt

The expectation hypothesis predicts that the slope coefficients should equal one βm = 1,
while the constant term αm should capture the constant maturity specific risk premium.
As found by Campbell and Shiller (1991), the estimated slope coefficients using observed
yields are typically found to be negative and decreasing with maturity. The purpose
of LPY (i) is not to reject the expectation hypothesis, but rather assess whether the
model-implied population moments of βm are capturing the overall pattern of decreasing
coefficients across maturities, and thus the rejection of the expectation hypothesis in the
data. The model-implied population moment for βm is

βpopm = (m− 1)

(
BP,m−1K

P
1 −BP,m

)
V ar(Pt) (BP,m − ρ1P)

′

(BP,m − ρ1)V ar(Pt) (BP,m − ρ1P)
′ ,

where V ar(Pt) is the unconditional covariance matrix from the estimated VAR dynamics.
The LPY (ii) test takes the idea a step further. If deviations from the expectation

hypothesis are due to time-varying risk premia not captured by the constant αm, then
correcting the Campbell and Shiller (1991) regression for the appropriate model-implied
time-varying risk premia should recover unity estimates of β across maturities. Dai and
Singleton (2002) show that the risk premia correction term is given by

(tpt+1,n−1 − tpt,n−1) +
1

n− 1
fpt,n−1,

where tpt,n denotes the term premium and fpnt is the forward term premium given by

tpt,n = ynt −
1

n

n−1∑
i=0

EP
t [rt+n]

fpnt = EQ
t [rt+n]− EP

t [rt+n] .

Thus, the adjusted Campbell and Shiller (1991) regression is given by

yot+1,m−1−yot,m− (tpt+1,n−1 − tpt,n−1) +
1

n− 1
fpt,n−1 = αQ

m+βQ
m

1

m− 1

(
yot,m − rot

)
+ εt.
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The LPY (ii) regressions are carried out using observed yields and model-implied risk
premia recovered at the fitted state variables. By construction, the model-implied pop-
ulation moments of βQ

m is equal to one, thus LPY (ii) tests whether the observed yield
changes are consistent with the model-implied risk premia by running the regression using
observed yields. Figure 3.1 plots the slope estimates from both tests across maturities,
while coefficients and standard errors are available in appendix 3.B.
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Note: This figure shows slope coefficients from the two LPY regressions on the
y-axis while the time to maturity in years is indicated on the x-axis.

Figure 3.1: The LPY tests

For the LPY (i) test, all models perform similarly and produce slope coefficients that
are decreasing with maturity. The YM(5) captures the rejection of the expectation
hypothesis particularly well for maturities greater than one year. All model-implied pop-
ulation coefficients after one year to maturity are within the standard deviations of the
sample estimates. As for the LPY (ii) test, the models YM(3), USM(3, 2), and SM(3, 2)
produce similar coefficients that are reasonably flat with the exception of the coefficients
at five years to maturity. For all models, the unity line lies within two standard deviations
of the LPY (ii) estimates except for the first two maturities. Qualitatively, the LPY tests
do not exclude any model as all models correctly and similarly captures the time-series
properties of bond yields and risk premia.

3.3.7 Macro measurement errors

The macroeconomic variables have up to this point been assumed to be observed without
errorMo

t = Mt. This assumption will now be relaxed. The relationship between observed
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Table 3.5: Goodness of fit with macro measurement errors

.

SMM (1, 2) SMM (3, 2) YM(3) YM(5)
Log-likelihood 1297.072 2020.023 1587.475 2099.641

RMSE (bp)
UGAP 37.204 3.172 - -
CPI 42.266 43.749 - -
All yields 5.852 3.891 5.732 3.144
1st portfolio 0.803 0.436 0.738 0.297
2nd portfolio 2.104 1.061 1.828 0.743
3rd portfolio 5.127 2.631 4.081 1.696
4th portfolio 11.467 3.551 11.467 2.836
5th portfolio 7.487 6.855 7.470 3.503

Note: This table displays the log-likelihood obtained from the Kalman filter
estimation procedure as well as the RMSE of the fitted macroeconomic variables,
individual yields and yield portfolios.

and model-implied macroeconomic variables is now given by

Mo
t = Mt + eMt

where eMt ∼ NID(0,Σm) and the covariance matrix Σm is assumed to be diagonal. The
spanned model with macro measurement errors is denoted as SMM (L,M). Unspanned
MTSMs with macro measurement errors are not examined as unreported results show
that they fit the macroeconomic variables with RMSE of less than one basis point and
are therefore near-identical to the case with no macro measurement errors.

The implications of the spanning property change when macroeconomic variables are
observed with errors. Namely, the SMM (L,M) enforces that model-implied macroeco-
nomic variables are spanned by model-implied yield portfolios. Accordingly, the model
can now attribute the observed unspanned macroeconomic variation as either macro mea-
surement errors or as yield portfolio measurement errors

Mo
t = γ0 + γ1PC

N
t − γ1W

N eyt + eMt .

JLS examined the implications of allowing macroeconomic variables to be observed with
errors within an SMM (1, 2). They found that allowing for macro measurement errors
leads to a better fit of the yields at the expense of large macro measurement errors. The
analysis in this study differs from JLS as the considered macroeconomic variables here
are policy factors. Furthermore, the implications of measurement errors in the macro
variables are considered for the larger dimensional SMM (3, 2) as well.

The goodness of fit for the models with macro measurement errors and the corre-
sponding yields-only models is reported in Table 3.5. The spanned models fit the yields
remarkably similar to the corresponding yields-only models in terms of RMSE for yields
and most portfolios. However, the tight fit of the yields comes at the cost of the fit of the
macro variables, as UGAP and CPI are fitted with RMSE of 37 and 42 bp, respectively,
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Table 3.6: Spanning regressions with macro measurement errors

Individual portfolios Joint portfolios
1st 2nd 3rd 4th 5th 1-3rd 1-5th

Macro spanning R2 (%)
SMM (1, 2)

UGAP 2.883 63.967 10.708 - - 77.559 -
CPI 64.956 5.608 13.242 - - 83.807 -

SMM (3, 2)
UGAP 2.886 63.480 8.555 0.304 24.618 74.922 99.845
CPI 64.937 5.585 11.980 0.002 0.145 82.503 82.651

Variance of yields explained (%)
SMM (1, 2) 94.318 5.466 0.214 - - 100 -
SMM (3, 2) 94.264 5.475 0.226 0.032 0.001 99.966 100
Note: This table displays the R2 from unspanned macroeconomic variation
regressions of the type Mo

t = α+ βP̃t + εt and percentage of the explained variance
of yields with different selections of model-implied yields portfolios P̃t as indicated
in the columns. The portfolio weights are obtained from principal component
analysis of model-implied yields from the corresponding model.

in the SMM (1, 2). The larger model fits UGAP well with 3 bp of RMSE, whereas CPI
is fitted with 43 bp RMSE.

The spanning regressions will now be revisited for the SMM (1, 2) and SMM (3, 2) to
investigate whether all observed unspanned variation is attributed to measurement er-
rors or if the macro variables help identify the latent yield portfolios. The regressions
are carried out using the observed macro variables and model-implied yield portfolios
that are rotated to the model-implied principal components, as in subsection 3.3.4. If
SMM (1, 2) and SMM (3, 2) reproduce the regression evidence when the model-implied
yield portfolios are used instead of the observable principal components of yields, then
the unspanned macroeconomic variations are attributed as macro measurement errors,
and the spanning property does not use the observed macro variables to provide informa-
tion about the model-implied yield portfolios. The results are summarized in Table 3.6.
For the SMM (1, 2), the yield portfolios explain around 78% and 84% of UGAP and CPI,
respectively. Thus, SMM (1, 2) reproduces the regression evidence from the preliminary
factor analysis. Similarly, SMM (3, 2) explain virtually all observed unspanned variations
in CPI as macro measurement errors. Conversely, the fifth yield portfolio in SMM (3, 2)
picks up almost all unspanned macroeconomic variation in UGAP that remains after con-
ditioning on the first four portfolios. This indicates that the higher dimensional spanned
MTSM use CPI to identify the fifth yield portfolio. Thus, when the macroeconomic vari-
ables are assumed to be measured with errors, neither of the two MTSMs fit CPI, while
only the higher-dimensional MTSM fits UGAP . In particular, the spanning regression
and principal component analysis show that it is the fifth principal component of yields
that completes the spanning of the unemployment gap.
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3.4 Out-of-sample forecasts

The in-sample model-implied moments do not indicate that the information in macro
variables is important for either fitting yields or capturing time-variation in risk pre-
mia. Moreover, there is some evidence that the high-dimensional SM(3, 2) is subject to
overfitting, although it appears similar to the USM(3, 2) in other aspects. This section
now examines whether the inclusion of macro variables in the state vector improves the
forecasting performance of MTSMs beyond the alternative yields-only models.

3.4.1 Forecasting design

The out-of-sample forecasts are constructed from an expanding estimation window. The
first estimation window uses 120 observations from January 1985 to December 1994. The
considered forecast horizons are 1, 3, 6, 9, and 12 months ahead. Forecasts of macro vari-
ables and yields are made at each following observation date using information up to the
current date. This gives a total of 145 forecasts for each yield maturity and macro vari-
able at each horizon. The models are re-estimated once a year to keep the out-of-sample
exercise computationally feasible. The forecast performance is measured using the root
mean squared forecasts errors (RMSFE ) as the loss function. In particular, the models
are compared by their relative performance against the USM(3, 2) as measured by ratios
of RMSFE. Ratios below one suggest that the USM(3, 2) is the better forecaster. The
hypothesis of superior predictive ability of the unspanned model against the alternatives
is tested using the White (2000) reality check test with 1,000 draws from a stationary
bootstrap with an average block length of 12.

Testing the USM(3, 2) against the YM(3) reveals whether macro variables are use-
ful for forecasting beyond the information contained in yields. However, including the
macroeconomic variables as extra factors comes at the cost of an additional 18 parame-
ters inKP

0 ,K
P
1 . One could, therefore, expect the YM(3) to outperform the USM(3, 2) due

to its more parsimonious structure. To this end, comparisons of USM(3, 2) against the
YM(5) are informative as it has the same number of parameters in its VAR specification
and is limited to the information from the cross-section of yields. The forecasting per-
formance of SM(1, 2) and SM(3, 2) will reveal whether enforcing the spanning property
results in better forecasts relative to the alternative unspanned model. The in-sample
results indicate that SM(3, 2) and USM(3, 2) are nearly identical as yields are barely
affected by the two additional pricing factors in the SM(3, 2) while sharing the same
factor dynamics. The prior expectation is, therefore, that the SM(3, 2) and USM(3, 2)
will perform similarly. Conversely, the SM(1, 2) provides a poor fit of yields in-sample,
which might result in poor forecasts despite its more parsimonious three-factor structure.

The random walk is usually used as the benchmark in forecasting yields as it is well-
known that the forecasting performance of a random walk is hard to beat due to the high
persistence of yields (Duffee, 2002; Diebold and Li, 2006). Indeed, better forecasts are
usually obtained by restricting the level factor to follow a random walk (Duffee, 2011a) or
imposing a diagonal feedback matrix KP

1 (Christensen et al., 2011). However, restricting
the level factor to a random walk or setting off-diagonal elements in KP

1 to zero would
wipe out the interaction between the macroeconomic factors and the yield curve. The
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random walk benchmark might not be beaten as both the USM(3, 2) and SM(3, 2) have
a large number of parameters governing the factor dynamics. Thus, the out-of-sample
exercise is carried out using unrestricted canonical models with the focus on the relative
performance of the competing models.

3.4.2 Forecasting results

Table 3.7 contains the forecasting results for yields. The USM(3, 2) does not beat the
YM(3). The three-factor yields-only model turned out to be the best performing model.
While the USM(3, 2) does have some gains above the yields-only model at forecasting
the ten-year yield, the difference is small and not statistically significant. Additionally,
the YM(5) beats the USM(3, 2) at the four shortest maturities while the USM(3, 2)
outperforms the YM(5) at forecasting longer maturity yields, however, the difference is
again not significant. Moving on to the spanned models, it is evident that the USM(3, 2)
beats the SM(2, 1) consistently and that the difference is significant for forecasts at the
one month horizon. However, USM(3, 2) is not significantly better than the SM(2, 1)
beyond horizons of six months. As expected, the difference is small between SM(3, 2)
and the USM(3, 2) as they forecast about equally well.

Table 3.8 contains the forecasting results of the macroeconomic variables. The USM(3, 2)
outperforms the SM(1, 2) with lower RMSFE across the board, but the forecasts are only
significant for UGAP at the two longest horizons. The SM(3, 2) forecasts UGAP slightly
better than USM(3, 2), which in turn forecasts CPI better and significantly so at the
3-month horizon. However, the difference is small, and the MTSM s generally have similar
predictive power for macroeconomic variables whether or not spanning is enforced and
regardless of the dimension of the state vector.

The forecasting results of the random walk benchmark is found in Appendix 3.C,
where its forecasting performance of yields and macro variables relative to the YM(3)
and the considered MTSMs are reported. The random walk benchmark outperforms the
considered models for this forecast design.

3.5 Conclusion

This paper has studied the empirical relevance of the spanning property by examining
MTSMs with spanned as well as unspanned macroeconomic risks as well as compared the
models to the yields-only alternatives. In general, both types of MTSMs imply similar fit
of yields, term premia, and similarly capture the rejection of the expectation hypothesis
and time-varying excess bond returns. However, the spanned model does imply implau-
sible high maximal Sharpe ratios as well as negative sample means of yields for long
maturities that were not included during estimation. Other than these less attractive fea-
tures, high-dimensional spanned MTSMs do not appear to be significantly different from
the nested unspanned alternatives. Furthermore, the out-of-sample evidence did not sup-
port the hypothesis that the inclusion of macro variables are important for capturing the
time-series dynamics of yields as evidenced by having similar forecasting performance to
the traditional yields-only models.
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Table 3.7: Out-of-sample yield forecasts

Months ahead Maturity
3m 6m 1y 2y 3y 5y 7y 10y

Panel A
YM(3)
1 1.16 1.16 1.11 1.05 1.02 0.99 0.99 0.99
3 1.24 1.20 1.16 1.09 1.05 1.00 1.00 0.99
6 1.23 1.20 1.17 1.11 1.07 1.02 1.01 0.98
9 1.19 1.18 1.16 1.12 1.09 1.04 1.01 0.97
12 1.16 1.16 1.15 1.12 1.10 1.04 1.00 0.95

YM(5)
1 1.14 1.28 1.21 1.03 1.00 0.98 0.97 1.00
3 1.26 1.25 1.17 1.03 0.99 0.95 0.91 0.92
6 1.24 1.20 1.13 1.03 0.99 0.94 0.89 0.87
9 1.19 1.15 1.09 1.01 0.98 0.92 0.85 0.83
12 1.14 1.11 1.07 1.00 0.97 0.90 0.83 0.79

SM(1, 2)
1 0.48* 0.63* 0.79* 0.91* 0.89* 0.73* 0.63* 0.58*
3 0.89* 0.93 0.96 0.97 0.95 0.88 0.81 0.75*
6 0.98 0.97 0.97 0.97 0.97 0.95 0.91 0.85
9 0.96 0.94 0.94 0.95 0.96 0.95 0.92 0.87
12 0.93 0.92 0.92 0.93 0.93 0.92 0.90 0.84

SM(3, 2)
1 1.02 1.06 1.04 1.00 1.01 1.01 1.01 1.02
3 1.03 1.05 1.04 1.02 1.02 1.03 1.03 1.04
6 1.03 1.04 1.03 1.02 1.03 1.03 1.03 1.03
9 1.02 1.03 1.03 1.02 1.02 1.03 1.02 1.03
12 1.02 1.03 1.02 1.01 1.02 1.02 1.00 1.01
Panel B
USM(3, 2)
1 0.21 0.26 0.29 0.32 0.30 0.30 0.30 0.29
3 0.52 0.59 0.63 0.64 0.61 0.57 0.54 0.51
6 0.93 1.02 1.07 1.04 0.97 0.89 0.83 0.75
9 1.30 1.38 1.41 1.35 1.24 1.11 1.01 0.92
12 1.66 1.74 1.77 1.67 1.53 1.33 1.18 1.05
Note: Panel A of the table displays the ratios of RMSFE between the USM(3, 2) in
the nominator and the benchmark models in the denominator. Values below 1
indicates that the USM(3, 2) outperforms the benchmark. An asterisk indicates
significance at the 5% level for superior predictive ability of the USM(3, 2) against
the corresponding benchmark. Panel B reports the absolute RMSFE of the
USM(3, 2) model in percent.



106 3. MACROECONOMIC RISKS IN DYNAMIC TERM STRUCTURE MODELS

Table 3.8: Out-of-sample macro forecasts

Panel A Panel B

Months ahead SM(1, 2) SM(3, 2) USM(3, 2)

UGAP CPI UGAP CPI UGAP CPI
1 0.97 1.00 1.00 0.99 0.13 0.13
3 0.94 0.99 1.00 0.97* 0.23 0.23
6 0.93 0.98 1.01 0.98 0.37 0.39
9 0.92* 0.97 1.02 0.99 0.49 0.55
12 0.92* 0.97 1.02 1.00 0.60 0.71

Note: Panel A of the table displays the ratios of RMSFE between the USM(3, 2) in
the nominator and the benchmark models in the denominator. Values below 1
indicates that the USM(3, 2) outperforms the benchmark. An asterisk indicates
significance at the 5% level for superior predictive ability of the USM(3, 2) against
the corresponding benchmark. Panel B reports the absolute RMSFE of the
USM(3, 2) a in percent.

In summary, all evidence indicates that if the macroeconomy is important for modeling
the term structure of interest rates, then the important macroeconomic information is
already subsumed by the level, slope and curvature factors as measured by the first three
principal components of yields.
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3.A Bond pricing

By no-arbitrage theory, zero-coupon bond prices are given as the expected gross return
under the martingale measure from rolling over the one-period short-rate up to the ma-
turity of the bond.

Pmt = EQ
t

[
m−1∏
i=0

e−rt+i

]
.

Inserting the model-implied short-rate we get

Pmt = e−ρ0Z−ρ
′
1ZZtEQ

t

[
Pm−1
t+1

]
By definition, the price of a zero-maturity bond is unity, P 0

t = 1. Thus, by an iterative
argument, it is easy to show that bond prices for longer maturities are given by

Pmt = e−ρ0−ρ
′
1XtEQ

t

[
eaZ,m−1+b′Z,m−1Zt+1

]
,

= eaZ,m+bZ,mZt

where aZ,m and aZ,m are the solution to the following recursions

aZ,m − aZ,m−1 = b′Z,m−1K
Q
0 +

1

2
b′Z,m−1ΣΣ′bZ,m−1 − ρ0Z

bZ,m − bZ,m−1 =
(
KQ

1 − IN
)
− ρ1Z

with the initial conditions AZ,0 = 0 and BZ,0 = 0N×1 that satisfies P 0
t = 1, ∀Xt ∈ RN .

The factor loadings for yields are

AZ,m = −aZ,m
m

BZ,m = −bZ,m
m
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3.B LPY coefficients

Table 3.9: LPY coefficients

Maturity
3m 6m 1y 2y 3y 5y 7y 10y

Panel A: LPY (i)
YM(3) -0.038 -0.018 -0.068 -0.287 -0.519 -0.869 -1.142 -1.521
YM(5) 0.698 0.552 0.483 -0.147 -0.801 -1.499 -1.821 -2.002
USM(3, 2) -0.019 -0.030 -0.106 -0.314 -0.482 -0.686 -0.834 -1.056
SM(1, 2) -1.554 -0.884 -0.791 -1.157 -1.574 -2.123 -2.527 -3.063
SM(3, 2) 0.102 0.039 -0.093 -0.371 -0.533 -0.699 -0.852 -1.101
Sample
Coefficient -0.034 0.104 0.168 -0.287 -0.882 -1.693 -1.775 -2.273
S.E. 0.126 0.223 0.399 0.657 0.870 1.144 1.369 1.691
Panel B: LPY (ii)
YM(3)
Coefficient 0.187 0.476 0.748 0.804 0.666 0.474 0.713 0.753
S.E. 0.124 0.212 0.366 0.609 0.812 1.028 1.155 1.286
YM(5)
Coefficient 0.162 0.362 0.492 0.631 0.651 0.751 1.123 0.927
S.E. 0.124 0.211 0.374 0.645 0.865 1.036 1.087 1.151
USM(3, 2)
Coefficient 0.182 0.457 0.690 0.679 0.526 0.299 0.513 0.496
S.E. 0.123 0.208 0.352 0.582 0.782 1.016 1.157 1.291
SM(1, 2)
Coefficient 0.207 0.454 0.622 0.597 0.419 0.090 0.279 0.090
S.E. 0.122 0.205 0.352 0.606 0.853 1.205 1.478 1.831
SM(3, 2)
Coefficient 0.166 0.420 0.664 0.733 0.607 0.354 0.583 0.622
S.E. 0.123 0.208 0.351 0.576 0.775 1.021 1.184 1.363

Note: Panel A of the table displays LPY i model-implied population moments as
well as the sample slope coefficients β̂m. Panel B reports the risk-adjusted slope
estimates β̂Q

mand their standard deviations.

3.C Random Walk forecast



3.C. RANDOM WALK FORECAST 111

Table 3.10: Out of sample yields forecast against the random walk

Maturity of yields
Months ahead 3m 6m 1y 2y 3y 5y 7y 10y
Panel A
YM(3)
1 0.91* 1.11 1.16 1.07 1.01 1.03 1.05 1.08
3 0.95 1.10 1.16 1.14 1.10 1.12 1.13 1.15
6 1.00 1.11 1.19 1.20 1.18 1.21 1.22 1.26
9 1.03 1.11 1.18 1.23 1.24 1.29 1.30 1.36
12 1.05 1.12 1.17 1.23 1.25 1.30 1.33 1.41
Panel B
RW
1 0.20 0.20 0.23 0.28 0.29 0.30 0.29 0.27
3 0.44 0.45 0.47 0.52 0.53 0.51 0.48 0.44
6 0.76 0.76 0.77 0.78 0.76 0.72 0.67 0.61
9 1.06 1.05 1.03 0.98 0.92 0.83 0.77 0.69
12 1.35 1.35 1.32 1.21 1.12 0.98 0.88 0.79

Note: Panel A of the table displays the ratios of RMSFE between the YM(3) in the
nominator and the random walk in the denominator. Values below 1 indicates that
the YM(3) outperforms the benchmark. An asterisk indicates significance at the
5% level for superior predictive ability of the YM(3). Panel B reports the absolute
RMSE of the random walk in percent.

Table 3.11: Out-of-sample macro forecasts against the random walk

Panel A Panel B

Months ahead USM(3, 2) SM(1, 2) SM(3, 2) RW
UGAP CPI UGAP CPI UGAP CPI UGAP CPI

1 1.03 1.03 1.06 1.03 1.03 1.04 0.13 0.12
3 1.11 1.13 1.18 1.14 1.11 1.15 0.21 0.20
6 1.15 1.24 1.24 1.27 1.14 1.27 0.33 0.31
9 1.12 1.34 1.22 1.38 1.10 1.36 0.44 0.41
12 1.11 1.45 1.20 1.50 1.08 1.45 0.55 0.49

Note: Note: Panel A of the table displays the ratios of RMSFE between the models
in the nominator and the random walk models in the denominator. Values below 1
indicates that the USM(3, 2) outperforms the random walk. An asterisk indicates
significance at the 5% level for superior predictive ability of the corresponding
model against the random walk. Panel B reports the absolute RMSE of the random
walk model in percent.


