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SUMMARY

This thesis comprises four self-contained chapters resulting from the collection of
four research articles. The common denominator unifying the chapters of this thesis is
the concept of financial contagion, that is the wave of market changes generated by a
sharp drop in one specific market. During the 2008 financial crisis, the Lehman Broth-
ers collapse acted as the catalyst for an exemplary feedback effect that infected the
credit and equity markets worldwide. This and similar contagion episodes have moti-
vated the research focus to deviate from traditional models, which are by construction
unable to foreseen such a threatening contagious structure. This opened up the idea of
exploiting the most parsimonious exciting point process, the Hawkes (1971) process,
first proposed in the scientific literature as mathematical model to forecast earthquake
clustered occurrences or transmission of contagious diseases. The research presented
in this thesis will be concerned with both theory of Hawkes-based models as well as
their application to asset allocation and risk management. The chapters, along with a
short description, are presented below.

The inaugural chapter, Contagion Modeling with Hawkes Processes: An Analysis
with a View Towards Estimation is primarily theoretical as it sets out the unifying mod-
eling approach that will be used, at different levels of generality, throughout the thesis.
This chapter can also be considered as the Chapter 0 of this manuscript, as it intro-
duces and develops all the theoretical results on which all the other chapters of the
thesis are grounded. Specifically, I consider an operational modeling setup where stan-
dard multivariate Lévy jump-diffusive dynamics are endowed with contagion patterns
through stochastic intensity with Hawkes-type exciting paths. The framework is gen-
eral enough to encompass many popular specifications, yet retaining the analytical
tractability of affine processes. Having in mind applications to model estimation, I
provide exact formulas for the joint conditional characteristic function, the joint con-
ditional moments of any order, and the conditional autocorrelation functions. Based
on these results, a selection of widely-used methods of model-fitting are reviewed and
tailored to this framework. As main contribution, I propose a non-trivial double-stage
extension of the technique of Cuchiero et al. (2012) to estimate the model based on the
generalized method of moments.

The second chapter, Constant Proportion Portfolio Insurance in Contagious Mar-
kets (joint work with Thomas Kokholm), examines a popular insurance strategy – the
Constant Proportion Portfolio Insurance (CPPI) – allowing to gear up the upside po-
tential of a stock index while limiting its downside risk.1 From the issuer’s perspective
it is important to adequately assess the risks associated with the CPPI, both for cor-
rect "gap” fee charging and for risk management. The literature on CPPI modeling
typically assumes diffusive or Lévy-driven dynamics for the risky asset underlying the

1Published in Quantitative Finance 18.2 (2018): 311–331.
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strategy. In either case the self-contagious nature of asset prices is not taken into ac-
count. In order to account for contagion while preserving analytical tractability, we in-
troduce self-exciting jumps in the underlying dynamics via Hawkes processes. Within
this framework we derive the loss probability when trading is performed continuously.
Moreover, we estimate measures of the risk involved in the practical implementation
of discrete-time rebalancing rules governing the CPPI product. When rebalancing is
performed on a frequency less than weekly, failing to take contagion into account will
significantly underestimate the risks of the CPPI. Finally, in order to mimic a situation
with low liquidity, we impose a daily trading cap on the risky asset and find that the
Hawkes process driven models give rise to the highest risk measures even under daily
rebalancing.

The third chapter, Expected Shortfall and Portfolio Management in Contagious Mar-
kets (joint work with Thomas Kokholm and Marco Nicolosi), studies the impact of mar-
ket contagion on portfolio management.2 To model possible recurrence in the arrival
of extreme events, we equip classic Poisson jumps with long memory via past-weighted
randomization of the likelihood of their occurrences (Hawkes processes). Within this
framework, we tackle the problem of optimal portfolio selection in terms of Expected
Shortfall (ES). We use the generalized method of moments to estimate the model on
three US stock indexes, representing three major sectors of the US economy. The mo-
ment conditions of the model are computed efficiently in closed form applying a novel
technique. Given parameter estimates we maximize (at a monthly frequency in the
period 2001-2016) the expected return subject to a constraint on ES of a portfolio con-
sisting of the three US sector indexes. We find that the weights of the optimal portfolio
are significantly adjusted when the level of contagion is high. Finally, we perform an
extensive out-of-sample back-test of the model’s ability to measure ES and find that the
Hawkes jump-diffusion model outperforms two traditional models that are commonly
implemented.

The fourth and final chapter, Shock Waves and Golden Shores: The Asymmetric In-
teraction between Gold Prices and the Stock Market (joint work with Thomas Kokholm),
examines the dynamic inter-linkage of gold prices and the stock market. Specifically,
we model the log-prices of gold and a stock index as jump-diffusive processes, with the
jumps arriving with mutually exciting intensities. Hence, the occurrence of a negative
shock to the stock index spills over into a higher probability of positive shocks to the
gold price and vice versa. To perform the empirical analysis, we consider daily data on
gold prices and daily closing prices on the SPX index. Utilizing the knowledge that the
moment conditions of the model are computed efficiently in closed form, we use the
generalized method of moments to estimate the parameters of the model. We docu-
ment the existence of cross-excitation between the stock index and gold prices, with
the channel from the stock index to gold prices being the most pronounced. Finally,
we study the power of the proposed jump model to predict future price jumps and find
good performance.

2Forthcoming in Journal of Banking and Finance. Accepted March, 7 2019.
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DANISH SUMMARY

Denne afhandling består af de fire selvstændige kapitler præsenteret nedenfor.

Det indledende kapitel, Contagion Modeling with Hawkes Processes: An Analysis
with a View Towards Estimation er teoretisk og beskriver den samlende modeller-
ingsmetode, der anvendes på forskellige niveauer af generalitet i hele afhandlingen.
Nærmere bestemt benytter jeg et setup, hvor en klassisk multivariate Lévy spring-
diffusive dynamik er udstyret med afsmittende effekter med stokastisk intensitet med
stier af Hawkes type. Setuppet er generelt nok til at omfatte mange populære speci-
fikationer, herunder Hawkes-drevne spring-diffusive modeller som i (Aït-Sahalia et al.,
2015), og den bevarer den analytiske brugbarhed iforbundet med affine processer
(Duffie et al., 2000). Med anvendelser inden for modelestimering i tankerne, udleder
jeg formler for den fælles betingede karakteristiske funktion, fælles betingede mo-
menter af en hvilken som helst orden, samt betingede autokorrelations-funktioner.
Baseret på disse resultater, gennemgås og skræddersyes nogle udbredte metoder til
modelestimering inden for det beskrevne setup. Som hovedbidrag foreslår jeg en ikke-
triviel to-trins forlængelse af Cuchiero et al. (2012) til at estimere modellen baseret på
Generaliserende Moment Metoder (GMM) af Hansen (1982).

Det andet kapitel, Constant Proportion Portfolio Insurance in Contagious Markets
(skrevet sammen med Thomas Kokholm), undersøger en populær forsikringsstrategi –
Constant Proportion Portfolio Insurance (CPPI) – der gør det muligt at geare investerin-
gen i et aktieindeks, mens den begrænser risikoen nedadtil. Ud fra udstederens per-
spektiv er det vigtigt at vurdere risikoen forbundet med CPPI tilstrækkeligt, både for
korrekt prisfastsættelse af risikoen og for risikostyring. Litteraturen om CPPI modeller-
ing antager typisk diffusiv eller Lévy-drevet dynamik for det risikable aktiv bag strate-
gien. Der tages ikke hensyn til selv-afsmittende egenskaber ved det risikofyldte aktiv i
nogle af tilfældene. For at tage højde for denne afsmittende effekt og samtidig kunne
håndtere problemet analytisk, introducerer vi selv-afsmittende spring i den under-
liggende dynamik via Hawkes-processer. Inden for dette setup udledes tabs sandsyn-
ligheden, når handel udføres løbende. Derudover estimerer vi den risiko, der er for-
bundet med den praktiske gennemførelse af diskret tids rebalanceringsregler for CPPI-
produktet. Når rebalancering udføres med en hyppighed mindre end ugentlig, vil und-
ladelse af at tage højde for den afsmittende effekt lede til en betydelig undervurdering
af risikoen ved CPPI. Til sidst for at efterligne en situation med lav likviditet pålægger vi
en øvre grænse på den daglige handel i det risikable aktiv og finder, at Hawkes proces
drevne modeller giver anledning til de højeste risikomål selv under daglig rebalancer-
ing.

Det tredje kapitel, Expected Shortfall and Portfolio Management in Contagious Mar-
kets (skrevet sammen med Thomas Kokholm og Marco Nicolosi), undersøger virknin-
gen af afsmittende effekter i markedet på porteføljevalg. For at modellere mulige gen-
tagelser af ekstreme bevægelser i markedet, udstyrer vi klassiske Poisson spring med
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lang hukommelse via historisk-vægtet randomisering af sandsynligheden for deres
forekomster (Hawkes processer). Inden for dette setup løser vi problemet med optimal
porteføljevalg i forhold til Expected Shortfall (ES). Vi bruger den generelle momenters
metode til at estimere modellen på tre amerikanske aktieindekser, der repræsenterer
tre hovedsektorer i den amerikanske økonomi. Momentbetingelserne for modellen
beregnes effektivt i lukket form via en ny teknik. Med modelparametrene estimerede
maksimerer vi derefter (med en månedlig frekvens i periode 2001-2016) det forventede
afkast på porteføljen af de tre amerikanske sektorindekser og underlagt en begræn-
sning på ES. Vi finder, at vægten af den optimale portefølje er signifikant anderledes,
når niveauet af afsmittende effekter i markedet er højt. Endelig udfører vi en omfat-
tende out-of-sample back-test af modelens evne til at måle ES og finder, at Hawkes
spring-diffusions-modellen slår to traditionelle modeller, der ofte benyttes.

Det fjerde og sidste kapitel, Shock Waves and Golden Shores: The Asymmetric In-
teraction between Gold Prices and the Stock Market (skrevet med Thomas Kokholm),
undersøger det dynamiske sammenspil imellem guldpriser og aktiemarkedet. Guld
betragtes som et såkaldt ”safe- haven” aktiv, der giver negativt afkast korrelation med
aktiemarkedet i dårlige tider, mens korrelationen mellem de to er tæt på nul i mere
rolige perioder. Den eksisterende litteratur inden for guldmodellering udbygges ved at
overveje en todimensional Hawkes process til at modellere selv- og kryds-afsmittende
effekter af spring på priserne på guld og aktier. Mere specifikt modellerer vi log-
priserne på guld og et aktieindeks som spring-diffusive processer, hvor springene med
gensidigt påvirker intensiteterne af spring på de to aktiver. Det betyder at et neg-
ativt chok til aktieindekset øger sandsynligheden for positive chok til guldprisen og
omvendt. Til at udføre den empiriske analyse, benytter vi daglige data på guldpriser i
amerikanske dollars samt daglige lukkepriser på S&P 500 indekset. Vi bruger den gen-
eraliserende momenters metode til at estimere modellen. Momentbetingelser bereg-
nes effektivt i lukket form. Vi dokumenterer eksistensen af kryds-afsmittende effekter
mellem aktieindekset og guldpriser. Effekten der løber fra aktieindekset til guldprisen
er mest udtalt. Vi studerer den foreslåede springmodels evne til at forudsige fremtidige
prisspring og finder gode resultater.
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C H A P T E R 1
CONTAGION MODELING WITH HAWKES

PROCESSES: AN ANALYSIS WITH A VIEW TOWARDS

ESTIMATION

Alice Buccioli
Aarhus BSS, Aarhus University

Abstract

I consider an operational modeling setup where standard multivariate Lévy jump-
diffusive dynamics are endowed with contagion patterns through stochastic inten-
sity with Hawkes-type exciting paths. The framework is general enough to encom-
pass many popular specifications, yet retaining the analytical tractability of affine pro-
cesses. Having in mind applications to model estimation, I provide exact formulas for
the joint conditional characteristic function, the joint conditional moments of any or-
der, and the conditional autocorrelation functions. Based on these results, a selection
of widely-used methods of model-fitting are reviewed and tailored to this framework.
As main contribution, I propose a non-trivial double-stage extension of the technique
of Cuchiero et al. (2012) to estimate the model based on the generalized method of
moments.

1



2 CHAPTER 1. CONTAGION MODELING WITH HAWKES PROCESSES

1.1 Introduction

When considering the joint dynamics of the components of a given financial sys-
tem, strong attention is typically paid to the interconnections between assets of the
same class. In contrast, at a macroscopic level, the interdependence between distin-
guished market sectors is often considered less instrumental to this purpose. However,
it is a stylized fact that financial markets do display large-scale harmful patterns of
prolonged instability, compounding effects of shocks and mutual contagion, see e.g.
Aït-Sahalia et al. (2015) and Azizpour et al. (2018). The collapse of Lehman Brothers
(September 2008) is a prominent example of how a huge shock in a single market is
likely to spread across other sectors, as discussed in Fratzscher (2012). Thus, when
modeling individual market dynamics it is very important to mimic the interactions
between the aggregate system. While in principle any model can be augmented to ac-
count for a richer correlation structure, there are not many avenues to pursue this goal
in a tractable way.

A traditional approach to model co-movements in volatility in a diffusive frame-
work has been proposed by Gourieroux and Sufana (2010) and Da Fonseca et al.
(2007). They consider a multivariate stochastic volatility model, in which the stochas-
tic variance-covariance matrix follows a multivariate extension of the CIR (Cox et al.,
1985) process, the Wishart process, which was originally introduced by Bru (1991) and
studied in Gouriéroux et al. (2009). If the focus is to model the stochastic correlation
among asset returns in a manner that is consistent with the documented patterns of
contagion, considering a jump-diffusion framework in which the intensities of asset
jumps evolve stochastically with an exciting dynamics is a valid alternative. A parsimo-
nious way to obtain mutually exciting jump processes is proposed in a seminal paper
by Hawkes (1971). As a matter of fact, a model featuring Hawkes-type jumps is flex-
ible enough to accommodate non-trivial stochastic dynamics for both variances and
covariances, even without pure diffusive stochastic volatility. Compared to the afore-
mentioned traditional approach, this reduces by one the Markov dimensionality of the
system, which benefits analytical tractability.

Following the latter approach, this article outlines an operational modeling setup,
the SIJJ model, in which standard multivariate Lévy jump-diffusive dynamics are en-
dowed with contagion patterns through Hawkes-type stochastic intensity. In this set-
ting, the stochastic intensity process possesses a flexible cross-sectional structure al-
lowing for three sources of feedback effects between assets or asset classes. First, an
inter-temporal propagation, termed self-contagion, in which one idiosyncratic shock
increases the likelihood of further to follow. Second, a cross-sectional diffusion of
shocks from one individual market that spills over into the aggregate economy, termed
cross-contagion. Finally, a volatility feedback effect (Campbell and Hentschel, 1992,
Bekaert and Wu, 2000 and Carr and Wu, 2017), visible as a negative correlation be-
tween equity returns and volatility, which is obtained under suitable conditions on the
jump sizes.

The framework is general enough to encompass many popular specifications such
as the Hawkes-driven jump-diffusion (HJD) model proposed by Aït-Sahalia et al.
(2015), whereas, in turns, it belongs to the class of affine processes (Duffie et al., 2000)
and to the more general framework of polynomial processes (Cuchiero et al., 2012).
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As a result, the model allows for the exact computation of the joint conditional char-
acteristic function, the joint conditional moments of any order, and the conditional
autocorrelation functions, which opens a wide range of applications. This paper spe-
cializes to the context of model estimation along the following lines: First, a selection of
widely-used methods of model-fitting, based on maximum-likelihood and character-
istic function, are reviewed and tailored to this framework. As main contribution, I de-
rive closed-form expressions for the unconditional moments and autocorrelations of
the joint log-returns process sampled at a fixed frequency, with in mind the estimation
of the model via the generalized method of moments (GMM) of Hansen (1982). Being
the joint price process affine, their conditional joint moments can be found resorting to
the approach of Cuchiero et al. (2012), which applies to the more general class of poly-
nomial processes. However, a number of technical difficulties arise when one consid-
ers the unconditional moments of the log-returns, and the above mentioned technique
cannot be applied straightforwardly. I overcome these issues by reading the dynamics
of the log-return process on a bi-dimensional time index, one denoting the observation
date and the other one denoting the horizon at which the log-return is computed. This
leads to a non-trivial double-stage extension of the technique of Cuchiero et al. (2012).
It is important to stress that the resulting unconditional moment formulas take the
sampling frequency as an input, which means that several sampling frequencies could
be combined together to estimate the single set of parameters driving the continuous-
time price dynamics.

A similar GMM-based technique to estimate the bi-dimensional HJD model is in-
vestigated in Aït-Sahalia et al. (2015), where explicit but approximate moment condi-
tions are given as second-order Taylor expansions in the log-return sample frequency,
which are primarly designed to work with observations sampled at high frequency. Ex-
act formulas for the long-run mean of Hawkes jump-counting process and both the
long-run mean and variance of its intensity are provided by Errais et al. (2010). These
formulas are extended to the first-order autocorrelation functions, covariance matrix
and a number of other statistics in the series of papers by Da Fonseca and Zaatour
(2014, 2015, 2017). I contribute to the aforementioned literature by providing exact
formulas for the marginal moments of any order, the cross-moments of any order, and
the autocorrelation functions of the log-returns of the n assets in the SIJJ model, jointly
with their jump intensities. Clearly, the log-return process under the SIJJ model is an
extension of the Hawkes jump-counting process to the case where stochastic jump
sizes as well as Brownian diffusive components are allowed.

The structure of the paper is as follows. In Section 1.2, I outline the analytical frame-
work and describe how the model incorporates different sources of contagion. In Sec-
tion 1.3, I provide a full description of the mechanism for the computation of the joint
conditional moments of any order and the conditional autocorrelation functions. In
Section 1.4, I present the novel double-stage technique to compute the unconditional
moments needed in the GMM estimation. In Section 1.5, I review two alternative esti-
mation procedures that are applicable in this framework, and Section 1.6 concludes.
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1.2 An affine jump-diffusion model with stochastic in-
tensity

In this section I introduce a general jump-diffusion model with stochastic inten-
sity allowing for inter-temporal exciting behavior in a given set of financial assets. Let
(Ω,F,P, (Ft )) be a filtered probability space verifying the usual hypotheses (see, for ex-
ample, Protter, 2004). Consider a frictionless market consisting of n assets S1, . . . ,Sn

and, for simplicity, assume zero interest rates. Let X = (
log

(
S1

)
, . . . , log(Sn)

)
denote the

row vector of the asset log-prices. The standing modeling assumption in this paper
is that X is a jump-diffusion process with constant Brownian volatility and stochastic
diffusive-jumping intensity λ = (

λ1, . . . ,λn
)
, where λi = (

λi
t

)
t≥0 is the intensity of the

i -th asset – the exact meaning of “jump intensity” will be clarified later in this section.
I label this general framework SIJJ (Stochastic Intensity with Jumps in price and Jumps
in intensity). The notion of stochastic intensity can be introduced in several ways. In
this paper, I opt for an operational definition obtained by characterizing the process
as a semimartingale, which unveils right away several properties of the SIJJ model via
its differential characteristics. However, such definition provides little intuition about
stochastic intensity and, in particular, about how contagion is introduced in the model.
For this reason, a preliminary informal discussion is in order.

1.2.1 Informal definition of stochastic intensity

Leaving aside mathematical rigorousness, assume that jumps in the log-returns
occur as a sequence of random i.i.d. realizations, whose number is controlled by a
“counting” process H = (Ht )t≥0, i.e., an integer-valued increasing stochastic process.
This setting inherently rules out the possibility of having infinitely many jumps over a
finite time interval. Consider now the conditional probability at a given time t ≥ 0 of
having one jump over [t , t +∆t ]. With a slight abuse of notation, I may define the jump
intensity λt as follows

λt = lim
∆t→0

1

∆t
E [ Ht+∆t −Ht | Hs , s ∈ [0, t ] ] ,

which implies
P ( Ht+∆t −Ht = 1 | Hs , s ∈ [0, t ] ) ≈λt∆t , t ≥ 0.

Therefore, over a small time interval, the jump intensity can be seen as the likelihood
of a jump per unit of time. When the arrival of jumps is governed by a Poisson process,
the intensity remains constant over time. In the SIJJ model, the intensity is modeled
stochastically through the past as follows

λt = D t +ε
∫ t

0
e−δ(t−s)dLs , (1.1)

where D t is a pure diffusive past-independent process – which also incorporates a pos-
sibly predictable factor in the intensity, whereas the evolution of the remaining part of
the process is dictated by the past time information contained in Lt , with a magnitude
regulated by ε and where the relevance of recent over old history is controlled by the
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parameter δ. For example, in the celebrated Hawkes (1971) model, the process D t is set
to a constant value and the process Lt is set equal to the number of jump occurrences,
Ht .

This intuition can be translated into a rigorous definition by resorting to the theory
of semimartingales. The remainder of this section is devoted to providing a mathemat-
ical definition of the SIJJ model and its main properties. The standing assumption of
this paper is that the (2n)-dimensional stochastic vector Y := (X ,λ)> is an affine semi-
martingale with – in the sense and with the same notation of Kallsen (2006) – differen-
tial characteristics ∂Y := (bt ,ct ,Ft ) defined pathwise as functions of the state variables
as follows

bt (ω) =β (X t−(ω),λt−(ω), t ) ∈R2n , ω ∈Ω ,

ct (ω) = γ (X t−(ω),λt−(ω), t ) ∈R(2n)×(2n) , ω ∈Ω ,

Ft (ω,G) =ϕ (X t−(ω),λt−(ω), t ;G) ∈R2n , ω ∈Ω , G ∈B(
R2n)

,

where (b,c,F ) are affine functions of Yt− – as clarified in Sections 1.2.2-1.2.3. By very
definition of differential characteristics, the process

e iζ>Y −
∫ ·

0
e iζ>Yt−φt (u)

is a local martingale for any ζ ∈R2n , where1

φt (u) := u>bt + 1

2
u>ct u +

∫
R2n

(
eu>z −1−u>z

)
Ft (d z) .

In particular, ∂Y can be seen as the differential counterpart of the standard character-
istic triplet (B ,C ,ν) – see (Jacod and Shiryaev, 2003, Definition II.2.6) – which is defined
as2

Bt =
∫ t

0
bs d s , Ct =

∫ t

0
cs d s , ν ([0, t ]×G) =

∫ t

0
Fs(G) d s, G ∈B(

R2n)
.

1.2.2 One-dimensional SIJJ model

In the univariate case (n = 1) the SIJJ model has the following parameters: µ ∈R, µ̃ ∈
R, σ≥ 0, λ̄> 0, δ> 0, η≥ 0, ε> 0 and a probability density function f possessing finite
moments of any order, which describes the distribution of the jump size in the log-
returns. Finally, there is an extra quantity controlling this model, which consists of a so-
called “modulating function”, i.e., a continuous function q :R→R≥0 that is used to map
possibly negative jumps in the log-returns into positive intensity jumps. This is needed
to ensure that the intensity process remains positive. This function is normally fixed
beforehand and typical choices are q(z) = 0 (absorbing modulation, i.e., no jumping
intensity), q(z) = 1 (unitary modulation) and q(z) = |z| (reflecting modulation).

1Following Kallsen (2006), I generally assume as "truncation" function the identity h(x) = x.
2Even though the two characteristics are equivalent up to integration, I prefer the differential notation

as it proves more convenient to characterize the affine structure of the SIJJ model.
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Before defining the SIJJ model, it is useful to introduce the following notation for
the jump size moments

M(k) :=
∫ +∞

−∞
zk f (z)d z , k ∈N ,

and the modulated jump size moments

M q (k) :=
∫ +∞

−∞
q(z)k f (z)d z , k ∈N .

In this setting, the joint process (X ,λ)> is said to follow the SIJJ model if M(k) <
∞, M q (k) < ∞, and if its differential characteristics are affine functions of the state
variables, i.e.,

β (x,`, t ) =β0+xβ1+`β2 , γ (x,`, t ) = γ0+xγ1+`γ2, ϕ (x,`, t ;G) =ϕ0(G)+xϕ1(G)+`ϕ2(G),

where, β0,β1,β2 are bi-dimensional vectors, γ0,γ1,γ2 are 2×2 matrices and ϕ0,ϕ1,ϕ2

are Borel measures on the real plane, which depend on the model parameters as fol-
lows

β0 = (µ,δλ̄)> , β1 = (0,0)> , β2 = (µ̃+M(1),εM q (1)−δ)>,

γ0 =
[
σ2 0
0 0

]
, γ1 =

[
0 0
0 0

]
, γ2 =

[
0 0
0 η2

]
,

ϕ0(G) =ϕ1(G) = 0, and ϕ2(G) = ∫ +∞
−∞ 1G (z,εq(z)) f (z)d z, for any G ∈B(

R2
)
.

1.2.3 Multivariate SIJJ model

The univariate case discussed in Section 1.2.2 will now be extended to the gen-
eral multivariate setting considered in this paper. The n-dimensional SIJJ model is
controlled by the following parameters: µ ∈ Rn , µ̃ ∈ Rn , σ ∈ Rn

≥0, ρ = (
ρi , j

)
i , j=1,...,n ,

ρi , j = ρ j ,i ∈ [−1,1], ρi ,i = 1, λ̄ ∈ Rn
>0, δ ∈ Rn

>0, η ∈ Rn
≥0, ε ∈ Rn×n

>0 and n probability den-
sity functions possessing finite moments of any order, f1, . . . , fn , which describe the
marginal distribution of the jump sizes in the log-returns processes X 1, . . . , X n , respec-
tively. The jump sizes of different assets are assumed to be independent and the mod-
ulating function q ∈C (R,R≥0) is the same for all the n assets. Throughout the section,
the column vectors x = (x1, . . . , xn)> and `= (`1, . . . ,`n)> will denote the states of the n-
dimensional processes X and λ, respectively. Furthermore, e1, . . . ,e2n will denote the
column vectors of the canonical basis of R2n . Finally, M j (k) and M q

j (k) will denote the
k-th moment of jump size in the j -th asset log-returns and intensity, respectively. That
is

M j (k) :=
∫ +∞

−∞
zk f j (z)d z , M q

j (k) :=
∫ +∞

−∞
q(z)k f j (z)d z , k ∈N .

The joint process Y := (X ,λ)> is said to follow the SIJJ model if, for any j = 1, . . . ,n,
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M j (k) <∞ and M q
j (k) <∞, and its differential characteristics are as follows

β (x,`, t ) =β0 +
n∑

j=1
x jβ j +

n∑
j=1

` jβ j+n ,

γ (x,`, t ) = γ0 +
n∑

j=1
x jγ j +

n∑
j=1

` jγ j+n ,

ϕ (x,`, t ;G) =ϕ0(G)+
n∑

j=1
x jϕ j (G)+

n∑
j=1

` jϕ j+n(G) ,

where β0, . . . ,β2n are (2n)-dimensional vectors, γ0, . . . ,γ2n are (2n)× (2n) matrices and
ϕ0, . . . ,ϕ2n are Borel measures on R2n , which depend on the model parameters as fol-
lows

β0 =
(
µ1, . . . ,µn ,δ1λ̄1, . . . ,δnλ̄n

)>
,

for any j = 1, . . . ,n ,

β j = (0, . . . ,0)> ,

β j+n = [
µ̃ j +M j (1)

]
e j +M q

j (1)ε1, j en+1 +
[

M q
j (1)ε j , j −δ j

]
en+ j +M q

j (1)εn, j e2n ,

for any l ,m = 1, . . . ,n,

γ0(l ,m) =σlσmρl ,m , γ0(n + l ,n +m) = 0,

γ j (l ,m) = 0, γ j+n(l ,m) = 0, γ j+n(l +n,m +n) = η2
l 1{l=m}, j = 1, . . . ,n ,

and for any G ∈B(
R2n

)
,

ϕ0(G) = 0, ϕ j (G) = 0, ϕn+ j (G) =
∫ +∞

−∞
1G

(
π j (z)

)
f j (z) d z , j = 1, . . . ,n ,

where π j an R2n-valued function, defined as π j (z) =
(
ze>

j , q(z)ε>·, j

)
, with ε·, j denoting

the j -th column of the matrix ε.
The next section shows that the definition of the SIJJ model can be re-formulated in

terms of marked point processes augmented with homoscedastic Brownian diffusion,
which allows for explicit dynamics and a more intuitive interpretation of the model
parameters.

1.2.4 Explicit dynamics

The goal of this section is to reconcile the rigorous definition of the SIJJ model pre-
sented in Sections 1.2.2-1.2.3 with the intuition provided in Section 1.2.1. The key in-
gredient to achieve this goal are the so-called marked point processes. A marked point
process is used to record the random occurrences over time points of events that are
assigned random “marks”. In the present context, such a random event is the arrival of
a shock in the market, in the form of a jump in a price trajectory, whereas the mark is
given by the jump size.

Mathematically speaking, a marked point process is a special case of semimartin-
gale featuring finite activity jumps. More specifically, a pure jump semimartingale
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(Jt )t≥0 ∈ Rn on the filtered space (Ω,F,P, (Ft )) is called a marked point process if its
random measure compensator is of the form

ν ([0, t ],G) =
∫ t

0

n∑
j=1

λ
j
s

∫ +∞

−∞
1G

(
z e>

j

)
f j (z) d z d s , G ∈B(

Rn)
(1.2)

for a vector of marginal probability density functions f = ( f1, . . . , fn), an integer-valued
adapted increasing process H = (Ht )t≥0 ∈ Rn and a non-negative adapted process λ=
(λt )t≥0 ∈ Rn

≥0 such that
∫ t

0 λs d s <∞ P-a.s.. The process λ is called the intensity of H
and fully characterizes it – see (Brémaud, 1981, Definition D7). Notice that when n = 1
and λ is constant, ν in (1.2) reduces to ν (d z) =λ t f (z)d z, which is the compensator of
a compound Poisson process with rate λ ∈R+ and jump size distribution f .

Remark 1.2.1. Let J = (J1, . . . , Jn)> be a marked point process with i.i.d. marks having
marginal probability density functions f = ( f1, . . . , fn). By definition, the specific form of
its random measure compensator (see Equation (1.2)) entails that

Jt −
∫ t

0

n∑
j=1

λ
j
s e j

∫ +∞

−∞
z f j (z) d z d s

is a local martingale, and therefore, for any 0 ≤ s ≤ t ,

E [Ht −Hs |Fs ] = E

[∫ t

s
λu du |Fs

]
.

In particular, by applying the Lebesgue differentiation theorem and the Lebesgue
dominated-convergence theorem, one can retrieve the more intuitive definition of in-
tensity, that is

lim
t→s

E [Ht −Hs |Fs ] =λs(t − s) P a.s.

The following proposition shows that the SIJJ model can be characterized as the
addition of a drift term affine in λ, a Brownian motion and a marked point process
with a stochastic intensity λ, where the latter takes the form (1.1).

Proposition 1.2.2. If the process (X ,λ)> ∈ R2n follows the SIJJ model defined in Section
1.2.3, then

X >
t = X >

0 +
∫ t

0
(µ+ µ̃◦λ>

s )d s +diag (σ)Wt + Jt , (1.3)

where ◦ denotes the element-wise product, W is an n−dimensional standard Brownian
motion on (Ω,F,P, (Ft )) with correlation matrix ρ, J is a marked point process of the
form

Jt =
 H 1

t∑
k=1

∆J 1
k , . . . ,

H n
t∑

k=1
∆J n

k

>

, ∆J1, . . . ,∆Jn , . . . i.i.d ∼ f , (1.4)

and where H = (
H 1, . . . , H n

)
is an integer-valued adapted increasing process with inten-

sity λ. Furthermore, λ is defined by the following SDE

λ>
t = D t +

∫ t

0
ε◦κ(t − s)d J q

s , (1.5)
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where

κ(t − s) =


e−δ

1 (t−s) · · · e−δ
1 (t−s)

...
...

...
e−δ

n (t−s) · · · e−δ
n (t−s)

 ,

D t = λ̄+
(
λ>

0 − λ̄)◦ (
e−δ

1 t , . . . ,e−δ
n t

)>+
∫ t

0
diag

(
η◦

(
e−δ

1 (t−s)
√
λ1

s , . . . ,e−δ
n (t−s)

√
λn

s

)>)
dBs ,

B is an n−dimensional standard Brownian motion independent of W , and J q is the
q-modulated jump process

J q
t =

 H 1
t∑

k=1
q(∆J 1

k ), . . . ,
H n

t∑
k=1

q(∆J n
k )

>

. (1.6)

Proof. The affine semimartingale triplet
(
β,γ,ϕ

)
defined in Section 1.2.3 can be re-

expressed through two correlated Brownian motions, W and B , and a random measure
with compensator ν, leading to the SDE (1.3) – see (Jacod and Shiryaev, 2003, Section
III.2c). In particular, the specific form of the compensator ν implies that J and J q are
marked point processes with intensity λ and jump size distribution f , i.e. J and J q can
be represented as in (1.4) and (1.6), respectively. Furthermore, from the triplet

(
β,γ,ϕ

)
defined in Section 1.2.3 it follows that the dynamics of λ is given by

λ>
t = δ◦ (

λ̄−λ>
t

)
d t +diag

(
η◦

(√
λ1

t , . . . ,
√
λn

t

)>)
dBt +εd J q

t ,

which can be reformulated as in (1.5) by applying Itô’s formula to the functions

gi (t ,λ) = e−δi t λi , for any i = 1, . . . ,n.

1.2.5 Markovianity and special cases

Owing to the form of its differential characteristics, the process Y = (X ,λ)> is a
time-homogeneous Markov process in the space D = Rn ×Rn

≥0 and its infinitesimal
generator, denoted by A, is given by

Ag (x,λ) =
n∑

i=1

(
µi + µ̃iλi

)
∂xi g (x,λ)+

n∑
i=1

(
δi λ̄i −δiλi

)
∂λi g (x,λ)+ 1

2

∑
1≤i , j≤n

σiσ jρi , j ∂xi x j g (x,λ)

+ 1

2

∑
1≤i≤n

η2
iλi ∂λiλi g (x,λ)+

n∑
i=1

λi

∫
R

[
g

(
x + z e>i ,λ+q(z)ε>·,i

)
− g (x,λ)

]
fi (z)d z , g ∈C 2(D) .

(1.7)

Furthermore, as already seen in the proof of Proposition 1.2.2, it is easy to verify that
the dynamics (1.3)-(1.5) correspond to the following differential notation

d X >
t = (

µ+ µ̃◦λ>
t

)
d t +diag(σ)dWt +d Jt

dλ>
t = δ◦ (

λ̄−λ>
t

)
d t +diag

(
η◦

(√
λ1

t , . . . ,
√
λn

t

)>)
dBt +εd J q

t .
(1.8)

The intensity specification in (1.8) is flexible enough to encompass dynamics used in a
variety of applications:
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• The Cox-Ingersoll-Ross (CIR) process (Cox et al., 1985), by setting q(z) = 0,

• The Ornstein-Uhlenbeck (OU) process, by setting η = 0 ∈ Rn , q(z) = z and as-
suming that Jt ia a Lévy process with Lévy measure F (ω;d z) =λ f (z) d z,

• The Hawkes (1971) intensity process, by setting η= 0 ∈Rn and q(z) = 1.

In particular, the Hawkes intensity process, when considered together with the log-
price process, yields the popular jump-diffusion model considered by Aït-Sahalia et al.
(2015). This setting allows to equip the class of Lévy processes with contagion in a
very parsimonious way. Specifically, Aït-Sahalia et al. (2015) construct a simple variant
of the classical Lévy-type jump diffusion model, the Merton (1976) model, where the
compound Poisson process is replaced by the marked version of the Hawkes counting
process, originally defined by Hawkes (1971).

1.2.6 Characteristic function and stationarity

The SIJJ model fulfils, by construction, admissibility conditions to ensure the ex-
istence of the characteristic function – see e.g. (Duffie et al., 2003, Definition 2.3) or
(Kallsen, 2006, Definition 4). In a nutshell, these conditions require that the covariance
matrix c and the jump measure F of ∂Y be non-negative, and that the jump sizes pos-
sess finite moments. Given the affine structure of the SIJJ dynamics, the characteristic
function of the joint process (X ,λ) is of exponential affine form and can be computed
up to the resolution of a system of Riccati ODEs, as recalled in the following theorem –
for a proof see, e.g., Kallsen, 2006, Theorem 3.2.

THEOREM - 1.2.3. For any t , s ≥ 0 and ξ ∈ R2n , the conditional characteristic function
of Y takes the form

φYs+t |Ys (ξ) := E
[

e iξ>Ys+t |Fs

]
= eψ

0(t ,iξ)+ψ(1,...,2n)(t ,iξ)
>

Ys , (1.9)

where the mappings ψ0 : R+ × (
iRn ×Cn−

) → C and ψ(1,...,2n) := (
ψ1, . . . ,ψ2n

)
: R+ ×(

iRn ×Cn−
)→ (

iRn ×Cn−
)

solve the following system of generalized Riccati equations3

d

d t
ψ j (t ,u) = ζ j

(
ψ(1,...,2n)(t ,u)

)
,

for any j = 0, . . . ,2n, where

ζ j (u) := u>β j + 1

2
u>γ j u +

∫ (
eu>z −1−u>z

)
ϕ j (d z) ,

and with ψ0 (0,u) = 0 and ψ(1,...,2n) (0,u) = u.

Stationarity is attained only by enforcing an additional, stronger stability condition
on the model parameters, which is stated below and will be assumed throughout the
paper.

3Cn− := {
z ∈Cn : Re

(
z j

)< 0, j = 1, . . . ,n
}

.



1.2 AN AFFINE JUMP-DIFFUSION MODEL WITH STOCHASTIC INTENSITY 11

Assumption 1 (STATIONARITY CONDITION). For any i = 1, . . . ,n,

δi >
n∑

j=1
εi , j

∫
R

q (z) f j (z) d z.

Ergodicity and stationarity of the general class of affine models are investigated in
Zhang (2011) and Zhang et al. (2015). These conditions impose a strong demand, as
they would require a mean-reverting behavior in the drift of the log-price process. Un-
fortunately, traditional stock and commodity prices, which will be the main empirical
focus of this thesis, do not adhere to this requirement. However, when considering the
log-returns process, stationarity is achieved by just imposing that the effect of jumps
in the intensity is dominated by the force of mean reversion, which is controlled by δ.
This is well-known for Hawkes processes – see, e.g. (Hawkes and Oakes, 1974, Theorem
1) and (Bacry et al., 2015, Proposition 1) – and it is straightforward to verify that holds
true even for the more general SIJJ model considered here. In particular, Assumption 1
is a trivial generalization of the so-called “stability condition” for Hawkes processes.

1.2.7 Financial interpretation and extensions

Randomizing the intensity of a jump-diffusion model is de facto a way to generate
stochastic volatility, and incorporating cross-sectional feedback effects (through the
jump component of the intensity model (1.8)) enables to obtain a stochastic correla-
tion structure without the need of further augmenting the dimension of the system
by adding an extra channel of risk for the diffusive correlation parameter, ρ. When
ε = 0 in the intensity model (1.8), the contagion channels are inactive and the model
ignores feedback effects, still maintaining stochastic intensity (e.g. on doubly stochas-
tic Poisson processes). Propagation effects are governed by the scaling parameter ε
and the modulating function q , which regulate the sensitivity of the intensity to the
number and magnitude of jumps, respectively. After the response to a jump, the inten-
sity mean-reverts towards the level λ̄, exponentially at the rate δ, and exhibits diffusive
fluctuations induced by the Brownian motion B . In particular, the Brownian vector
B , which has independent components, can be seen as the idiosyncratic factor of the
intensity, thereby reflecting the individual asset-level risk.

In its full generality, the SIJJ model generates different types of feedback effects.
First, an inter-temporal jump propagation, termed self-contagion, where one idiosyn-
cratic shock increases the likelihood of further arrivals. Second, a cross-sectional diffu-
sion of shocks from one individual market that spills over into the aggregate economy,
termed cross-contagion. Finally, a volatility feedback effect – see e.g. Bekaert and Wu
(2000) and Campbell and Hentschel (1992) – visible as a negative correlation between
equity returns and volatility, can also be obtained under suitable conditions on the
jump size parameters. In particular, as the dynamics of the variance of the returns
is fully driven by the intensity process, the volatility feedback effect can be generated
from the contagious links induced by the jump component of the model and occurs
when the intensity (hence the volatility) of a single market participant increases in re-
sponse to a sufficiently negative shock affecting either the same or other markets. It
is also worth noticing that, the general affine specification of the drift of X allows to
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consider (1.8) as either dynamics of the data-generating process or as risk-neutral dy-
namics under the standard assumption of no jump-timing risk – see e.g. Pan (2002) and
Eraker (2004). Specifically, supposing that the risk-neutral intensity is the same as that
of the data-generating process, all the jump-related risk premia arise from the differ-
ences in the jump sizes and are parametrized by the jump size risk premium coefficient
µ̃. Instead, premia for the diffusive return risk are incorporated into the parameter µ.

The model can be further extended either by augmenting the dynamics to allow
for stochastic (diffusive) volatility or non Markovian trajectories by changing the expo-
nential law used to weight the past occurrence of jumps in the dynamics of λ.

1.3 Closed-form conditional moments

In this section I study the moments of the Markov process Y = (X ,λ)> in SIJJ frame-
work. To this purpose, I make use of some recent results on polynomial processes,
which I recall below.

1.3.1 Polynomial structure

A time-homogeneous Markov process is called a polynomial process if each poly-
nomial moment of (X t ,λt )t≥0 is a polynomial function of the initial value of the pro-
cess, X0 and λ0, of same or lower degree – cf. (Cuchiero et al., 2012, Definition 2.1).
It can be shown (Cuchiero et al., 2012, Example 3.1) that any affine semimartingale
is a polynomial process. A characterizing property of a polynomial process is that its
infinitesimal generator maps polynomials into polynomials of same or lower degree,
which can be verified directly for the SIJJ class. This property is crucial for the compu-
tation of the moments and is therefore formalized below.

For a fixed k ∈ N, let Pk denote the finite-dimensional linear space of all polyno-
mials on Rn

x ×Rn
λ
∼ R2n of degree less or equal to k. Consider the canonical basis of

Pk given by the set of distinct monomials in x1, . . . , xn ,λ1, . . . ,λn of degree less than or
equal to k , i.e. the set of elements of the form

v =
{

xaλb
}

a,b
, (1.10)

for any a = (a1, . . . , an) ∈ Nn
0 , b = (b1, . . . ,bn) ∈ Nn

0 such that |a| + |b| ≤ k, where I
use multi-index notation |a| = a1 + ·· · + an , |b| = b1 + ·· · + bn , xa = xa1

1 . . . xan
n , and

λb = λ
b1
1 , . . . ,λbn

n . The number of elements contained in v is K = (2n+k
2n

)
, meaning they

can be counted by an index j = 1, . . . ,K . In other words, v = (
p1, . . . , pK

)
, where each

p j identifies an element of the form xaλb. Thus, a generic polynomial g ∈ Pk can be
written as g =∑K

j=1 c j p j . It can be easily verified that A maps Pk into itself, thus there

exists a matrix A = (
Ai j

)
i , j=1,...,K such that

Api =
K∑

j=1
Ai j p j .
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1.3.2 Price conditional moments

Owing to the polynomial structure of (X ,λ), it can be shown (Cuchiero et al., 2012,
Theorem 2.7) that conditional (mixed) polynomial moments can be computed explic-
itly as follows

E
[
g (Yt+s) |Fs

]= (c1, . . . ,cK ) exp(t A) v(Ys)> , s, t ≥ 0. (1.11)

In other words, the mixed polynomial moments of (S,λ) can be computed effi-
ciently by exponentiating the matrix A. However, a hidden difficulty here is that the
elements of Pk are explicitly ordered by a pair of multi-index variables. The following
lemma provides the explicit mapping A|Pk

in multi-index notation.

Lemma 1.3.1. For each a,b ∈Nn
0 , the element xaλb is mapped by A into Pk as follows

A
(
xaλb

)
= ∑

|i|+|j|≤k
A(i, j;a,b)xiλj ,

where i = (i1, . . . , in) ∈Nn
0 and j = (

j1, . . . , jn
) ∈Nn

0 denote ordering multi-indexes and

A(i, j;a,b) = A1 ·1E1 + . . .+ A9 ·1E9 ,

where, for A1, . . . , A9 ∈R and E1, . . . ,E9 are events defined as follows

A1 = al µl , E1 =
{∃ l s.t. il = al −1, īl = āl , j = b

}
A2 = al µ̃l , E2 =

{∃ l s.t. il = al −1, īl = āl , jl = bl +1, j̄l = b̄l
}

A3 = bl δl λ̄l , E3 =
{∃ l s.t. i = a, jl = bl −1, j̄l = b̄l

}
A4 =−δ1 b1 − . . .−δn bn , E4 =

{
i = a, j = b

}
A5 = 1

2 al (al −1)σ2
l , E5 =

{∃ l s.t. il = al −2, īl = āl , j = b
}

A6 = al am ρl ,m σl σm , E6 =
{∃ l ,m s.t. il = al −1, im = am −1, īl ,m = āl ,m , j = b

}
A7 = 1

2 bl (bl −1)η2
l , E7 =

{∃ l s.t. i = a, jl = bl −2, j̄l = b̄l
}

A8 =−1, E8 =
{∃ l s.t. i = a, jl = bl +1, j̄l = b̄l

}
A9 =C1 ·C2 , E9 =

{∃ l s.t. il ≤ al , īl = āl , 1 ≤ jl ≤ bl +1, jm ≤ bm ∀m = 1, . . . ,n ,m 6= l
}

,

where

īl = i \ il , j̄l = j \ jl , āl = a \ al , b̄l = b \ bl , īl ,m = i \ {il , im} , āl ,m = a \ {al , am}

and

C1 =
(

al

il

)
Ml (al − il )

C2 =
(

bl

jl −1

)
εl ,l

bl+1− j1 M q
l (bl +1− j1)

 n∏
m=1
m 6=l

(
bm

jm

)
 n∏

m=1
m 6=l

εm,l
bm− jm M q

l (bm − jm)

 .
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1.3.3 Examples for concrete specifications

Example 1.3.1 (Multidimensional marked Hawkes process, k = 1). Let Jt be an
n−dimensional marked Hawkes process with intensity λt , i.e.

Jt =
 H 1

t∑
k=1

∆J 1
k , . . . ,

H n
t∑

k=1
∆J n

k

>

,

where H is a counting process with the following intensity dynamics

dλ>
t = δ◦ (

λ̄−λ>
t

)
d t +εd J q

t ,

with J q
t =

(∑H 1
t

k=1 q
(
∆J 1

k

)
, . . . ,

∑H n
t

k=1 q
(
∆J n

k

))>
. The infinitesimal generator of the joint

process (Jt ,λt ) is given by

Ag (x,λ) =
n∑

i=1

(
δi λ̄i −δiλi

)
∂λi g (x,λ)+

n∑
i=1

λi

∫
R

[
g

(
x + z e>i ,λ+q(z)ε>·,i

)
− g (x,λ)

]
fi (z)d z .

(1.12)

To compute marginal moments, one can apply the technique outlined above to the
(n + 1)-dimensional process

(
J i ,λ

)
. When n = 3 and k = 1, the restricted canonical

basis is then given by
vi = {1, xi ,λ1,λ2,λ3} .

Applying A to v1,v2 and v3 yields the following 5×5 matrices

A1 =


0 0 0 0 0
0 0 M1(1) 0 0

δ1λ̄1 0 ε1,1M q
1 (1)−δ1 ε1,2M q

2 (1) ε1,3M q
3 (1)

δ2λ̄2 0 ε2,1M q
1 (1) ε2,2M q

2 (1)−δ2 ε2,3M q
3 (1)

δ3λ̄3 0 ε3,1M q
1 (1) ε3,2M q

2 (1) ε3,3M q
3 (1)−δ3

 ,

A2 =


0 0 0 0 0
0 0 0 M2(1) 0

δ1λ̄1 0 ε1,1 M q
1 (1)−δ1 ε1,2 M q

2 (1) ε1,3 M q
3 (1)

δ2λ̄2 0 ε2,1 M q
1 (1) ε2,2 M q

2 (1)−δ2 ε2,3 M q
3 (1)

δ3λ̄3 0 ε3,1 M q
1 (1) ε3,2 M q

2 (1) ε3,3 M q
3 (1)−δ3

 ,

and

A3 =


0 0 0 0 0
0 0 0 0 M3(1)

δ1λ̄1 0 ε1,1 M q
1 (1)−δ1 ε1,2 M q

2 (1) ε1,3 M q
3 (1)

δ2λ̄2 0 ε2,1 M q
1 (1) ε2,2 M q

2 (1)−δ2 ε2,3 M q
3 (1)

δ3λ̄3 0 ε3,1 M q
1 (1) ε3,2 M q

2 (1) ε3,3 M q
3 (1)−δ3

 ,

respectively. Hence, in view of (1.11), we have

E
[

X i
t

]
= (0,1,0,0,0) exp(t Ai )

(
1, X i

0,λ1
0,λ2

0,λ3
0

)>
,

for any i = 1,2,3.
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Example 1.3.2 (Bidimensional marked Hawkes process, k = 2). Let J be a two-
dimensional marked Hawkes processes with intensity λ.

• To compute marginal moments up to order 2 using the technique outlined
above, the restricted canonical basis is given by

vi =
{
1, xi ,λ1,λ2, xiλ1, xiλ2, x2

i ,λ2
1,λ1λ2,λ2

2

}
.

Applying A as in (1.12) with n = 2 to v1 yields the following 10×10 matrix

A1 =
[
B1 C1

]
,

where

B1 =



0 0 0 0 0
0 0 M1(1) 0 0

δ1λ̄1 0 ε1,1 M q
1 (1)−δ1 ε1,2 M q

2 (1) 0
δ2λ̄2 0 ε2,1 M q

1 (1) ε2,2 M q
2 (1)−δ2 0

0 δ1λ̄1 ε1,1 E
[
∆J 1q

(
∆J 1

)]
0 ε1,1 M q

1 (1)−δ1

0 δ2λ̄2 ε2,1 E
[
∆J 1q

(
∆J 1

)]
0 ε2,1 M q

1 (1)
0 0 M1(2) 0 2M1(1)
0 0 2δ1λ̄1 +ε1,1

2 M q
1 (2) ε1,2

2 M q
2 (2) 0

0 0 δ2λ̄2 +ε1,1 ε2,1 M q
1 (2) δ1λ̄1 +ε1,2 ε2,2 M q

2 (2) 0
0 0 ε2,1

2 M q
1 (2) 2δ2λ̄2 +ε2,2

2 M q
2 (2) 0


and

C1 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

ε1,2 M q
2 (1) 0 M1(1) 0 0

ε2,2 M q
2 (1)−δ2 0 0 M1(1) 0
0 0 0 0 0
0 0 2

(
ε1,1 M q

1 (1)−δ1
)

2ε1,2 M q
2 (1) 0

0 0 ε2,1 M q
1 (1) ε1,1 M q

1 (1)+ε2,2 M q
2 (1)−δ2 ε1,2 M q

2 (1)
0 0 0 2ε2,1 M q

1 (1) 2
(
ε2,2 M q

2 (1)−δ2
)


.

Hence, in view of (1.11), we have

E
[

X i
t

2
]
= (0,0,0,0,0,0,1,0,0,0) exp(t Ai )

(
1, X i

0,λ1
0,λ2

0, X i
0λ

1
0, X i

0λ
2
0,λ1

0
2

,λ1
0λ

2
0,λ1

0
2
)>

,

for any i = 1,2.

• To compute all moments up to order 2 using the technique outlined above, the
full canonical basis is given by

v = {
1, x1, x2,λ1,λ2, x1λ1, x1λ2, x2λ1, x2λ2, x2

1 , x1x2, x2
2 ,λ2

1,λ1λ2,λ2
2

}
.

In analogy with the procedure above, applyingA as in (1.12) with n = 2 to v yields
a 15×15 matrix A. Hence, in view of (1.11), we have for instance

E
[

X 1
t X 2

t

]= (0,0,0,0,0,0,0,0,0,0,1,0,0,0,0) exp(t A)·(
1, X 1

0 , X 2
0 ,λ1

0,λ2
0, X 1

0λ
1
0, X 1

0λ
2
0, X 2

0λ
1
0, X 2

0λ
2
0, X 1

0
2

, X 1
0 X 2

0 , X 2
0

2
,λ1

0
2

,λ1
0λ

2
0,λ1

0
2
)>

.
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1.4 Closed-form unconditional moments and GMM

This section investigates the admissibility and the practical implementation of the
Generalized Method of Moments (GMM) of Hansen (1982) to estimate the SIJJ model.
The GMM relies on the basic assumption that the underlying process of observables
is stationary and ergodic. The SIJJ class complies with this assumption when con-
sidering as underlying the log-return process, Zt ,t+τ := X t+τ− X t combined with the
stability condition (1). Therefore, throughout this section, I work with log-returns
as state variables. Let ϑ denote the set of model parameters to be estimated. The
basic idea of the GMM estimation is to create a system of M estimating equations
h1(ϑ) = 0, . . . ,hM (ϑ) = 0 in the unknown ϑ, called moment conditions, so that the
model-implied unconditional moments are matched with their sample counterparts.
I define the unconditional polynomial moments of a process as follows.

Definition 1. Consider a (possibly multivariate) process G = (Gt )t ∈ D and a polyno-
mial function p taking values in D . For t ≥ 0, the unconditional p-moment of Gt is
defined as follows

mG (p) := E
[
p (Gt ) |G0

]
,

where (Gt ) is the natural filtration for the process G .

In the rest of the paper, the time "zero" (t = 0) considered in the unconditional
moments will denote the first time at which a certain process is observed. For the log-
returns with horizon τ, this will occur with a delay with respect to the original price
process, that is at time τ. In this case, as time "zero" I shall consider a shifted time index
and a time-shift of the original filtration. In particular, when considering the process of
the log-returns Zt ,t+τ, the natural filtration of the process at time "zero" corresponds
to Fτ, that is the natural filtration of the log-price process evaluated at the time-lag τ.
Hence, the unconditional moments that will be used for the GMM estimation are of
the form

mZ (p) = E
[
p

(
ZT,T+τ

) |Fτ ]
(1.13)

for some polynomial p, where T denotes a time value that is larger than the
last day at which the data is observed. To define the vector h(ϑ, Zt ,t+τ) =
[h1(ϑ, Zt ,t+τ), . . . ,hM (ϑ, Zt ,t+τ)]> of moment conditions a set of independent polynomi-
als p1, . . . , pM is considered. Each component of h(ϑ, Zt ,t+τ) is constructed by consid-
ering the difference between a model-implied polynomial moment and its empirical
analogue, i.e.

hi (ϑ, Zt ,t+τ) = pi
(
Zt ,t+τ

)−mZ
(
pi ;ϑ

)
, t < T , i = 1, . . . , M .

Denoting by ϑ0 the true value of ϑ, the asymptotic condition
limt→∞ E

[
h(ϑ0, Zt ,t+τ) |Fτ

] = 0 is satisfied. The GMM estimator ϑ̂ is the value of
ϑ that minimizes the sample quadratic distance(

1

N

∑
t<T

h
(
ϑ, Zt ,t+τ

))>
W

(
1

N

∑
t<T

h
(
ϑ, Zt ,t+τ

))
, (1.14)
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where N denotes the number of log-return observations and W is a positive-definite
weight matrix, possibly dependent on the data. To achieve identification, the num-
ber of estimating equations, M , must be greater than or equal to the dimension of
the parameter set, dimϑ. If M = dimϑ, then the objective function (1.14) is typically
minimized by setting W equal to the identity matrix. Else, if there are more moment
conditions than parameters to estimate, the matrix W can be chosen efficiently to re-
flect the importance given to the different moments considered. Specifically, Hansen
(1982) suggests that the optimal choice for W is (an estimator of) the inverse of the
asymptotic variance of the sample average of the moment conditions, i.e.

W=
(

lim
N→+∞

N E

[(
1

N

∑
t<T

h
(
θ0, Zt ,t+τ

))(
1

N

∑
t<T

h
(
θ0, Zt ,t+τ

))>])−1

.

Notice that the direct influence of the initial condition λτ in the unconditional SIJJ
moments vanishes as t →+∞. Therefore, if the data sample is sufficiently large, the lag
τ in the filtration does not have any impact, and the unconditional moments in (1.13)
are good proxy for the long-term moments of the process at its stationary regime.

1.4.1 Log-return unconditional moments

To estimate the SIJJ model by means of GMM, first of all one clearly needs to be
able to efficiently derive expressions for the key unconditional moments of the log-
returns. However, a number of technical difficulties arise when one considers the un-
conditional moments of the log-returns, and a direct application of the mechanism for
moment computation described in Section 1.3 is not feasible. To deal with this diffi-
culty, I develop a non-trivial extension of the technique by Cuchiero et al. (2012), which
consists of two main steps. In the first step, Equation (1.11) is used to derive the con-
ditional moments of the log-return process based on those of the log-price process. In
the second step, Equation (1.11) is further employed to derive the unconditional mo-
ments of the log-return process based on the conditional moments determined at the
previous step.

Step 1. Recall that for a fixed τ > 0, the log-return process, Zt ,t+τ, is adapted to the
filtration FZ

t :=Ft+τ and can be written as

Z>
t ,t+τ =µτ+

∫ t+τ

t
µ̃◦λ>

u du +diag(σ) (Wt+τ−Wt )+
∫ t+τ

t
d Ju .

Now, by reading the dynamics of the log-return process on a bi-dimensional time in-
dex, one denoting the observation date and the other one denoting the horizon at
which the log-return is computed, we obtain

Z̃>
s :=µs +

∫ s

0
µ̃◦λ>

t+u du +diag(σ) (Wt+s −Wt )+
∫ s

0
d Jt+u .

Notably, for fixed t > 0, the process
(
Z̃s ,λt+s

)
s≥0 is polynomial and is adapted to the

filtration FZ̃
s := Ft+s . By applying the technique by Cuchiero et al. (2012) (first stage)

we obtain that, for any polynomial function p,

E
[

p
(
Z̃τ,λt+τ

)∣∣∣FZ̃
0

]
= q

(
τ, Z̃0,λt

)= q (τ,λt ) , (1.15)
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where q denotes a suitable polynomial function in τ and in the time-t value of the
intensity process.4

Step 2. By means of the law of iterated expectations we have that, for any t ≥ τ, the
unconditional polynomial moments of the joint process of log-returns and jump in-
tensity are given by

E
[
p

(
Zt ,t+τ,λt+τ

) |Fτ ]= E
[
E

[
p

(
Z̃τ,λt+τ

) |Ft
] | Fτ]= E

[
q (τ,λt ) | Fτ

]
, (1.16)

where the last inequality follows by (1.15). Finally, the outer expectation in (1.16) is
computed by means of a further application of the technique of Cuchiero et al. (2012)
(second stage). It is important to stress that the unconditional moment formulas (1.15)-
(1.16) take the sampling frequency as an input, which means that this approach also
allows to consider together several sampling frequencies in order to estimate the sin-
gle set of parameters driving the continuous-time prices dynamics. In the rest of the
section, I outline operative routines for calculating marginal moments, (lagged) cross
moments and autocovariances in the SIJJ setup with model dimension n ∈ N. Albeit
the routines are theoretically possible for any value of n, selecting too large values of
n would render the GMM-based estimation methodology cumbersome and not viable
in practice, due to the high dimensionality of the parameter set.

Marginal moments of log-returns

For a GMM-based estimation, one first needs the unconditional marginal moments
of the log-return process Z , given by

E
[

Zt ,t+τk | FZ
0

]
= E

[
Zt ,t+τk | Fτ

]
, k ∈N .

For the computation of any asset-i unconditional marginal moment of order k ∈
N0, we can apply the double-stage technique described in Section 1.4 to the restricted
process

(
Z i ,λ1, . . . ,λn

)
. Hence, the restricted canonical basis is the set of elements of

the form
vi =

{
xa

i λ
b
}

a,b
(1.17)

for any a ∈N0, and multi-index b = (b1, . . . ,bn) ∈Nn
0 such that a+|b| ≤ k. This reduction

significantly improves the computational efficiency of the technique, as the dimen-
sion of matrix A decreases to K ∗ := (n+1+k

n+1

)
, rendering the computation of high-order

marginal moments viable.
The mechanism for the computation of marginal moments can be summarized as

follows.

(i) Recall that q in the expression (1.16) above is a polynomial function in the state
variable λ. Therefore, in the first stage, we apply the technique of Cuchiero et al.
(2012) to compute a vector of moments of the following form

m = m(k;λτ, t −τ) :=
{

E
[
λt

k | Fτ
]

, if vi =λk, |k| ≤ k

0, elsewhere ,
(1.18)

4Clearly, Z̃ i
0 = 0, for any i = 1, . . . ,n.
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for a multi-index k = (k1, . . . ,kn) ∈ Nn
0 such that |k| ≤ k. Notice that the vector

m = (m1, . . . ,mK ∗) in Equation (1.18), when it is not zero, is a polynomial function
of the shifted time variable, t−τ, and of the initial value of the log-return intensity
process, λτ.

(ii) We apply the second stage of the methodology described in Section 1.3 to
(Z̃ i

s ,λt+s) and we obtain

E
[

Z̃ i
τ

k |FZ̃
0

]
= ck

i exp(τ A) vi
>∣∣(Z̃ i

0 ,λt
) , (1.19)

where Z̃ i
0 = 0 by construction and, for a given ordering of the basis (1.17), ck

i =
(0, . . . ,1, . . . ,0), with 1 being placed in the position corresponding to the element
xk

i .

(iii) Finally, denote by C k the K ∗−dimensional vector of the coefficients in (1.19), i.e.
C k := ck

i exp(τ A) . Then, the marginal moment of order k is obtained simply by

multiplying C k by the vector m calculated from Equation (1.18).

In the following example, by means of the multivariate marked Hawkes process (cf. Ex-
ample 1.3.1), I exemplify how first-order marginal moments of the log-return process
can be calculated.

Example 1.4.1 (Multidimensional marked Hawkes process, k = 1). Let Zt ,t+τ := Jt+τ−
Jt , where Jt is a marked Hawkes process with intensity λt . For each i , apply the
methodology described above to the process

(
Z i ,λ1, . . . ,λn

)
. Hence, the (restricted)

canonical basis has dimension K ∗ = n +2 and is given by

vi = {1, xi ,λ1, . . . ,λn} .

Implementing step (i), we compute the values of the following moments

mi (1;λτ, t −τ) := E
[
λi

t |Fτ
]

, i = 1, . . . ,n.

Based on step (ii), the inner expectation in (1.16) is a polynomial function of order k ≤ 1
in the time horizon at which the log-return is computed and in the value of the process
at time t , i.e.

E
[

Z i
t ,t+τ |Ft

]
= Ã2,1(τ)+ Ã2,2(τ)Z i

t ,t +
n∑

j=1
Ã2,2+ j (τ)λ j

t ,

where Z i
t ,t = 0 and Ã(τ) = (

Ãi , j
)

i , j=1,...,K ∗ (τ) := exp(τ A). Finally, we obtain

E
[

E
[

Z i
t ,t+τ |Ft

]
|Fτ

]
= Ã2,1(τ)+

n∑
j=1

Ã2,2+ j (τ) m j (1;λτ, t −τ).
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Cross-moments of log-returns

The objective of this section is to derive exact formulas for the unconditional cross-
moments of the log-return process Z , given by

E

[
Z i

t ,t+τ
k1 Z j

t ,t+τ
k2 | FZ

0

]
= E

[
Z i

t ,t+τ
k1 Z j

t ,t+τ
k2 | Fτ

]
,

for any i , j = 1, . . . ,n, i 6= j , and k1,k2 ∈ N. The mechanism for the computation of
cross-moments can be summarized as follows.

(i) Similarly to step (i) in Section 1.4.1, we apply the technique of Cuchiero et al.
(2012) to compute a vector of moments of the following form

m = m(k;λτ, t −τ) :=
{

E
[
λk

t | Fτ
]

, if v =λk, |k| ≤ k

0, elsewhere ,
(1.20)

for a multi-index k = (k1, . . . ,kn) ∈Nn
0 such that |k| ≤ k. Notice that now the vector

m in Equation (1.20) has dimension K , that is the dimension of the full basis
(1.10).

(ii) Applying the second stage of the methodology described in Section 1.3 to the full
joint process (Z̃s ,λt+s), we obtain

E

[
Z̃ i
τ

k1 Z̃ j
τ

k2 |FZ̃
0

]
= ck1k2

i j exp(τ A) v>|(Z̃0,λt )
, (1.21)

where, for any i , j = 1, . . . ,n, i 6= j , Z̃0 = 0 by construction, and, for a given order-
ing of the basis (1.10), ck1k2

i j = (0, . . . ,1, . . . ,0), with 1 being placed in the position

corresponding to the element xk1
i xk2

j .

(iii) Finally, denote by C k1k2 the K−dimensional vector of the coefficients in (1.21),
i.e. C k1k2 := ck1k2

i j exp(τ A) . Then, the cross-moment of order k1 and k2 is ob-

tained simply by multiplying C k1k2 by the vector m calculated from Equation
(1.20).

In the following example, by means of the three-dimensional marked Hawkes process,
I exemplify how first-order unconditional cross-moments can be calculated.

Example 1.4.2 (Three-dimensional marked Hawkes process, k1 = 1, k2 = 1). Let
Zt ,t+τ := Jt+τ− Jt , where Jt is a 3-dimensional marked Hawkes process with intensity
λ. To compute first-order cross-moments, the polynomial degree to consider is 2, im-
plying that the canonical basis is given by

v =
{

1, xi , x j , x2
i , x2

j , xi x j ,λ1,λ2,λ3,λ2
1,λ2

2,λ2
3,λ1λ2,λ1λ3,λ2λ3

}
.

Implementing step (i), we compute the values of the moments in Equation (1.20) up
to order k = 2. Based on step (ii), we have that the inner expectation in (1.16) is a
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polynomial function of order k ≤ k1+k2 = 2 in the time horizon at which the log-return
is computed and in the value of the process at time t , i.e.

E
[

Z i
t ,t+τZ j

t ,t+τ |Ft

]
=Ã6,1(τ)+

3∑
l=1

Ã6,6+l (τ)λl
t +

3∑
l=1

Ã6,9+l (τ)λl
t

2 + Ã6,13(τ)λ1
tλ

2
t +

+ Ã6,14(τ)λ1
tλ

3
t + Ã6,15(τ)λ2

tλ
3
t ,

where Ã(τ) = (
Ãi , j

)
i , j=1,...,K (τ) := exp(τ A) and where we used that Z i

t ,t = 0 and Z j
t ,t = 0.

Finally, we obtain

E
[

E
[

Z i
t ,t+τZ j

t ,t+τ |Ft ] |Fτ ] = Ã6,1(τ)+
3∑

l=1
Ã6,6+l (τ) E

[
λl

t | Fτ
]
+

3∑
l=1

Ã6,9+l (τ) E
[
λl

t
2 | Fτ

]
+

+ Ã6,13(τ) E
[
λ1

tλ
2
t | Fτ

]+ Ã6,14(τ) E
[
λ1

tλ
3
t | Fτ

]+ Ã6,15(τ) E
[
λ2

tλ
3
t | Fτ

]
,

where the moments of the intensity process up to order 2 are computed in step (i).

Auto-covariances

The double-stage methodology described in 1.4 can also be employed for the
computation of auto-covariances of log-prices as well as log-returns. Specifically, let
s, s̃, s0 > 0 with s > s0. The auto-covariances of the log-prices Xs with time-lag s̃, condi-
tioned at time s0, are defined as follows

Ai
X (s, s̃; s0) := E

[
X i

s X i
s+s̃

∣∣Fs0

]
, (1.22)

for any i = 1, . . . ,n. From the law of iterated expectation, we have that

Ai
X (s, s̃; s0) = Es0

[
Es

[
X i

s X i
s+s̃

]]
= Es0

[
X i

s Es

[
X i

s+s̃ .
]]

, (1.23)

where the notation Es0 [·] := E
[· ∣∣Fs0

]
is used. The mechanism for the computation of

the auto-covariances defined in (1.22) consists of the following two steps:

Step 1 In the first stage, apply the method by Cuchiero et al. (2012) to the inner expec-
tation in (1.23). For any i = 1, . . . ,n, the (restricted) canonical basis is given by

vi = {1, xi ,λ1, . . . ,λn}

and the matrix Ai can be deduced by applying the infinitesimal generator (1.7)
to vi . It follows that the inner expectation in (1.23) is a polynomial function in s̃
and

(
X i

s ,λs
)
, i.e.

Es

[
X i

s+s̃

]
= Ãi

2,1 (s̃)+ Ãi
2,2 (s̃) X i

s +
n∑

j=1
Ãi

2, j (s̃)λ
j
s ,

where Ãi (s̃) :=
(

Ãi
l , j

)
l , j=1,...,K ∗ (s̃) := exp(s̃ Ai ). Then the auto-covariances de-

fined in (1.23) take the following form

Ai
X (s, s̃; s0) = Ãi

2,1 (s̃)Es0

[
X i

s

]
+ Ãi

2,2 (s̃)Es0

[
X i

s
2
]
+

n∑
j=1

Ãi
2, j (s̃)Es0

[
X i

sλ
j
s

]
. (1.24)



22 CHAPTER 1. CONTAGION MODELING WITH HAWKES PROCESSES

Step 2 Finally, a further application of the technique by Cuchiero et al. (2012) yields the
values of the expectations in (1.24) (see Section 1.3).

For the numerical implementation of GMM-based estimations, one needs the auto-
covariances of log-returns, given by

E
[

Z i
t ,t+τZ i

t+lτ,t+lτ+τ |Flτ+τ
]

, (1.25)

for any i = 1, . . . ,n and lag l ∈N. Rewriting (1.25), we obtain

Elτ+τ
[

Z i
t ,t+τZ i

t+lτ,t+lτ+τ
]
=Elτ+τ

[(
X i

t+τ−X i
t

)(
X i

t+lτ+τ−X i
t+lτ

)]
=Elτ+τ

[
X i

t+τX i
t+lτ+τ

]
−Elτ+τ

[
X i

t+τX i
t+lτ

]
+

−Elτ+τ
[

X i
t X i

t+lτ+τ
]
+Elτ+τ

[
X i

t X i
t+lτ

]
,

(1.26)

where the four expectations in (1.26) can be computed by means of the double-stage
method described above. Specifically,

Elτ+τ
[

X i
t+τX i

t+lτ+τ
]
= Ai

X (t +τ, lτ; lτ+τ)

Elτ+τ
[

X i
t+τX i

t+lτ

]
= Ai

X (t +τ, (l −1)τ; lτ+τ)

Elτ+τ
[

X i
t X i

t+lτ+τ
]
= Ai

X (t , lτ+τ; lτ+τ)

Elτ+τ
[

X i
t X i

t+lτ

]
= Ai

X (t , lτ; lτ+τ)

for any i = 1, . . . ,n and l ∈N.

Lagged covariances

By analogy with the auto-covariances, the conditional lagged covariances of log-
prices as well as the unconditional lagged covariances of log-returns can be obtained
in exact form by means of the double-stage methodology outlined in 1.4. Specifically,
let s, s̃, s0 > 0 with s > s0. The lagged covariances of the log-prices Xs with time-lag s̃,
conditioned at time s0, are defined as follows

C i j
X (s, s̃; s0) := E

[
X i

s X j
s+s̃

∣∣Fs0

]
, (1.27)

for any i , j = 1, . . . ,n, i 6= j . From the law of iterated expectation, we have that

C i j
X (s, s̃; s0) = Es0

[
Es

[
X i

s X j
s+s̃

]]
= Es0

[
X i

s Es

[
X j

s+s̃ .
]]

. (1.28)

The mechanism for the computation of the lagged covariances defined in (1.27) con-
sists of the following two steps:

Step 1 In the first stage, apply the method by Cuchiero et al. (2012) to the inner expecta-
tion in (1.28). This is equivalent to step 1 in Section 1.4.1, where the matrix A j can
be deduced by applying the infinitesimal generator (1.7) to v j =

{
1, x j ,λ1, . . . ,λn

}
.

It follows that

C i j
X (s, s̃; s0) = Ã j

2,1 (s̃)Es0

[
X i

s

]
+ Ã j

2,2 (s̃)Es0

[
X i

s X j
s

]
+

n∑
l=1

Ã j
2,l (s̃)Es0

[
X i

sλ
j
s

]
,

(1.29)
where Ã j (s̃) :=

(
Ã j

i ,l

)
i ,l=1,...,K ∗ (s̃) := exp

(
s̃ A j

)
.
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Step 2 Finally, a further application of the technique by Cuchiero et al. (2012) yields the
values of the expectations in (1.29) (see Section 1.3).

For the estimation of the SIJJ model via GMM, one might need to compute the uncon-
ditional lagged covariances of log-returns, given by

E
[

Z i
t ,t+τZ j

t+lτ,t+lτ+τ |Flτ+τ
]

, (1.30)

for any i , j = 1, . . . ,n, i 6= j and lag l ∈N. Rewriting (1.30), we obtain

Elτ+τ
[

Z i
t ,t+τZ j

t+lτ,t+lτ+τ
]
=Elτ+τ

[
X i

t+τX j
t+lτ+τ

]
−Elτ+τ

[
X i

t+τX j
t+lτ

]
+

−Elτ+τ
[

X i
t X j

t+lτ+τ
]
+Elτ+τ

[
X i

t X j
t+lτ

]
,

(1.31)

where the four expectations in (1.31) are given by

Elτ+τ
[

X i
t+τX j

t+lτ+τ
]
=C i j

X (t +τ, lτ; lτ+τ)

Elτ+τ
[

X i
t+τX j

t+lτ

]
=C i j

X (t +τ, (l −1)τ; lτ+τ)

Elτ+τ
[

X i
t X j

t+lτ+τ
]
=C i j

X (t , lτ+τ; lτ+τ)

Elτ+τ
[

X i
t X j

t+lτ

]
=C i j

X (t , lτ; lτ+τ)

for any i , j = 1, . . . ,n, i 6= j and l ∈N.

1.5 Alternative methods for model-fitting

This section reviews alternative methods of model-fitting that are applicable in the
SIJJ setup: maximum likelihood (ML), and estimation based on the empirical charac-
teristic function (ECF).

1.5.1 Maximum Likelihood Estimation

CCF-based ML estimation

The known functional form of the conditional characteristic function (CCF) can be
used to derive a semi-explicit expression of the log-likelihood function by computing
the associated Fourier inversion. This requires the CF being integrable, which is true
when assuming enough regularity of the conditional density function. One sufficient
condition is that the conditional density of the process belongs to H1, which is the
Sobolev space of the functions in L2 together with their (weak) derivative (Eberlein
et al., 2010). By applying the Fourier inversion theorem, we obtain that the probability
density function of Yt , conditioned on Ys , s < t , takes the following form

fYt |Ys (y ;ϑ) = 1

π2n

∫
R2n+

Re
[

e−i ξ> yφYt |Ys (ξ;ϑ)
]

dξ ,

where the expression for φYt |Ys (ξ) is given in (1.9). The maximum likelihood estimate
of the parameter vector of the SIJJ model, denoted by ϑ, is obtained by maximizing the
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conditional log-likelihood function of the sample {Yt }T
t=1, whose expression reads as

follows

LT (ϑ) = 1

T

T∑
t=1

log

(
1

π2n

∫
R2n+

Re
[

e−i ξ> Yt+1φYt+1|Yt (ξ;ϑ)
]

dξ

)
. (1.32)

In a multivariate setting, maximization of (1.32) can be computationally very demand-
ing as it requires computing multivariate Fourier inversions repeatedly. As each step t
typically calls for a numerical evaluation of the Fourier integrand, the efficiency of the
estimation is heavily affected, both in terms of accuracy and execution speed. Notice
that the numerical approximation of a univariate integral by quadrature methods re-
quires evaluating the integrand over a finite number q of quadrature points. As such,
the number of points needed for the approximation of the 2n-dimensional Fourier
integration in (1.9) will increase to q2n . To overcome these computational difficul-
ties, Singleton (2001) develops the so-called limited-information (LI) CCF-based ML
estimator, which is constructed only using the information contained in the individ-
ual marginal densities conditioned on the entire state vector Y . Specifically, the LI
maximum likelihood estimate of ϑ is obtained by maximizing the conditional LI log-
likelihood function

LLI
j ,T (ϑ) = 1

T

T∑
t=1

log

(
1

π

∫
R+

Re
[

e−i ξ j Y
j

t+1φ
Y

j
t+1|Yt

(ξ j ;ϑ)
]

dξ j

)
, j ∈ {1, . . . ,2n} , (1.33)

where φ
Y

j
t+1|Yt

(ξ j ;ϑ) := φYt+1|Yt (ξ>e j ;ϑ). The actual implementation of the LI CCF-

based ML estimator is significantly less demanding as, at each step t , it involves only
a univariate Fourier inversion. On the other hand, the LI CCF-based ML estimator
does not incorporate all the information embedded in the joint conditional distribu-
tion of Y . Notice that even though the estimation is constructed using only the in-
formation embodied in the conditional marginal density functions of the log-prices,
f

X
j
t+1|Yt

, j ∈ {1, . . . ,n}, the LI CCF-based ML estimator (1.33) does depend on the t-time

value of the entire vector of state variables, Yt . Therefore, both the CCF-based ML esti-
mators (1.32) and (1.33) cannot be implemented directly under the SIJJ framework as
the intensity is a latent state variable. One solution is to resort to the filtration-based
maximum likelihood method of Bates (2006). The proposed methodology is an itera-
tive procedure to estimate the parameters of latent affine processes using the Bayes’
rule for dynamically updating the joint characteristic function of latent variables and
the data conditional upon past data. Applied to the SIJJ setup, the method allows to
find the optimal set of parameters, ϑ, that maximize the marginal log-likelihood func-
tion,

LX ,T (ϑ) = 1

T

T∑
t=1

log
(

fX t+1|X t (X t ;ϑ)
)

, (1.34)

given the (incomplete) sample of observed data {X t }T
t=1. Specifically, the mechanism

for the estimation of ϑ is summarized in the steps below.

Step 0 For 0 ≤ s ≤ t , let φλt |Xs (ξλ) := E
[

e iξ>
λ
λ>

t |Xs

]
be the characteristic function

of the latent variable λt at time t conditional upon observing Xs , with ξλ =
(ξn+1, . . . ,ξ2n)>. At time t = 0, φλ0|X0 (ξλ) is initialized at the unconditional char-
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acteristic function of the latent variable, which can be computed – when the sta-
tionarity condition (1) is enforced – as

φλ0|X0 (ξλ) = lim
t→+∞E

[
e iξ>

λ
λ>

t |X0,λ0

]
= lim

t→+∞e
ψ0

(
t ,i(0,ξn+1,...,ξ2n)>

)
,

where the last inequality follows from Equation (1.9) and from the vanishing im-
pact of the initial conditions as time goes to infinity.

Step 1 At time t > 0, given φλt |X t (ξλ), it is possible to calculate the joint characteristic
function of the t +1-process conditional on data observable at the current time
t , by the following iterated expectations

φYt+1|X t (ξ) = E
[

e iξ>Yt+1 |X t

]
= E

[
E

[
e iξ>Yt+1 |Yt

]
|X t

]
= eψ

0(1,iξ)eψ
(1,...,n)(1,iξ)

>
X >

t E
[

eψ
(n+1,...,2n)(1,iξ)

>
λ>

t |X t

]
= eψ

0(1,iξ)eψ
(1,...,n)(1,iξ)

>
X >

t φλt |X t (ξλ) .

Step 2 The density function of X t+1 conditional on data observed at time t , fX t+1|X t ,
can be retrieved by Fourier inversion of the conditional characteristic function
φYt+1|X t

(
ξ1, . . . ,ξn ,0

)
, computed in Step 1.

Step 3 The conditional characteristic function of λt+1 conditional on X t+1 is given by
(Bates, 2006, Proposition 1)

φλt+1|X t+1 (ξλ) =
1

(2π)n

∫
Rn φYt+1|X t (ξ)e−i ξ>X X >

t+1 dξX

fX t+1|X t

Step 4 Iterate Steps 1-3 for all subsequent values of t to obtain the log likelihood func-
tion (1.34).

For a detailed description of CCF-based ML estimators, I refer the reader to Single-
ton (2001), Sections 3 and 4.

Polynomial approximation of ML

A robust alternative to the Fourier-based ML estimation methodology exploits the
classical theory of approximating the true, but complicated, density via orthogonal
polynomial expansions in certain weighted L2 spaces (see, e.g. Aït-Sahalia (2002);
Ait-Sahalia et al. (2008); Filipović et al. (2013)). Under suitable conditions, it is possi-

ble to construct a sequence
{

f (J )
Yt+1|Yt

}
J

of approximations to the density fYt+1|Yt and,

thereby, a sequence of approximations
{
L(J )

T

}
J

to the log-likelihood function LT in

(1.32). Specifically, polynomial density approximations of order J read as follows

f (J )
Yt+1|Yt

(y) = w(x)

(
1+

J∑
|α|=1

cαHα

(
y
))

, (1.35)
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where {Hα}α∈N2n
0

is a family of polynomials of degreeα, {cα}α∈N2n
0

are the expansion co-
efficients, and w is a known auxiliary probability density function, which shares similar
characteristics with the true density f , but is much simpler to handle. The approxima-
tions in (1.35) are designed so that the polynomials are fully determined by w , while
all the information about the true density f is contained in the expansion coefficients,
which are linear combinations of the moments of Y . Consequently, under the SIJJ
framework, the Cuchiero et al. (2012) technique offers a direct way to compute the co-
efficients in (1.35). However, although the expansions considered in Ait-Sahalia et al.
(2008) and Filipović et al. (2013) are shown to converge in all cases, they may require
a high order of polynomials to reach a reasonable level of precision. This would entail
computing high order moments of Y , which is particularly challenging in a multivari-
ate setting, due to the numerical complexity of exponentiating the associated high-
dimensional matrix A, as prescribed by the Cuchiero et al. (2012) method (see equa-
tion (1.11)). Barletta and Nicolato (2018) show that a neat improvement in terms of
convergence speed is attainable by employing more flexible expansion kernels, where
good levels of accuracy are guaranteed already at low expansion orders.

The computation of the expansion coefficients in Equation (1.35) points out that
the methodology relies on fast and accurate calculations of moments just like GMM.
However, unlike GMM, here an additional source of error is introduced, due to Equa-
tion (1.35) being an approximation rather than an exact relation. For this reason, GMM
will be the method of choice in all the empirical applications presented in this thesis.

1.5.2 Estimation via the empirical characteristic function

The tractable form of the characteristic function (CF) of the joint process Y can
be exploited directly to construct a moment-matching estimation that does not need
to resort to Fourier inversion. To enforce the stationarity assumption required by the
estimation approach, we need to use log-returns jointly with their jump intensities
as state variables, and enforce the stability assumption 1. The estimation procedure
consists in matching the model-implied CF, which is given by

φZT,T+τ(ξ;θ) := E
[

e iξ>Z Z>
T,T+τ |Fτ

]
(1.36)

to the empirical characteristic function (ECF), defined as

φ̂Zt ,t+τ(ξ;θ) := 1

N

∑
t<T

E
[

e iξ>Z Z>
t ,t+τ

]
over a grid of finite points ξ= (

ξ1
Z , . . . ,ξn

Z ,ξ1
λ

, . . . ,ξn
λ

)>
, where, for any i = 1, . . . ,n,

ξi
Z =

(
ξi

Z , j1
, . . . ,ξi

Z , jNi

)
, ξi

λ =
(
ξi
λ, j1

, . . . ,ξi
λ, jMi

)
, (1.37)

with Ni , Mi ∈ N, and where N denotes the dimension of the observed sample of log-
returns. Notably, the unconditional CF of the log-return process, defined in (1.36), can
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be derived from the conditional characteristic function of Y as follows

φZt ,t+τ(ξ;θ) = E
[

e−i ξ>Z X >
t E

[
e i ξ>Z X >

t+τ |Ft

]
|Fτ

]
= E

[
e−i ξ>Z X >

t φYt+τ|Yt (ξZ ,0) |Fτ
]

(1.38)

= E
[

eψ
0(τ,iξ)+(

ψ(1,...,n)(τ,iξ)>−i ξ>Z
)
X >

t +ψ(n+1,...,2n)(τ,iξ)
>
λ>

t |Fτ
]

(1.39)

= eψ
0(τ,iξ)E

[
e

(
ψ(1,...,n)(τ,iξ)>−i ξ>Z ,ψ(n+1,...,2n)(τ,iξ)>

)
Yt |Fτ

]
= eψ

0(τ,iξ)LY
τ,t

(
γ(ξ)

)
, t > 0,

where (1.9) is used from (1.38) to (1.39), LY
τ,t denotes the Laplace transform of the

joint process Yt conditioned at time τ, and γ : R2n −→ C2n is defined by γ(ξ) =(
ψ(1,...,n)(τ, iξ)>− i ξ>Z ,ψ(n+1,...,2n)(τ, iξ)>

)
. The ECF-based estimation can be seen as a

special case of GMM where the moment conditions are

h
(
θ, Zt ,t+τ

)= e iξ>Z Z>
t ,t+τ −φZt ,t+τ(ξ;θ)

for any ξ ∈R2n . The ECF estimator θ̂ is the value of θ that minimizes a distance measure
between the ECF and the model-implied CF, that is∫

R2n

∣∣φZt ,t+τ(ξ;θ)− φ̂Zt ,t+τ(ξ;θ)
∣∣2
ω(ξ) dξ , (1.40)

for a suitable weighting function ω. The actual implementation of (1.40) calls for the
approximation of the integral with a sum over a finite grid of points of the type of (1.37).
At a practical level, the construction of the grid of ξ’s requires careful consideration as
numerical complications related to its level of coarseness might easily arise, especially
in multivariate models. For a detailed description of the estimation method via the
joint ECF, I refer the reader to Feuerverger (1990), Knight and Satchell (1997), Knight
and Yu (2002), and Yu (2004).

1.6 Conclusions

I consider a jump-diffusion model displaying contagious and self-contagious pat-
terns driven by Hawkes-type stochastic intensity. This framework is flexible enough to
accommodate non-trivial stochastic dynamics for both variances and covariances, yet
retaining the analytical tractability of affine processes. Resorting to the methodology
introduced by Cuchiero et al. (2012), I provide exact formulas for the joint conditional
characteristic function, the joint conditional moments of any order, and the condi-
tional autocorrelation functions. Furthermore, I extend this method to obtain exact
formulas for the unconditional joint moments and autocorrelations of the log-returns.
These formulas are easy to implement and provide a viable avenue to a number of
model estimation techniques, among which GMM proves the most suitable in terms
of simplicity and numerical tractability. For this reason, GMM will be the method of
choice in all the empirical applications presented in this thesis.
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Abstract

Constant Proportion Portfolio Insurance (CPPI) strategies are popular as they al-
low to gear up the upside potential of a stock index while limiting its downside risk.
From the issuer’s perspective it is important to adequately assess the risks associated
with the CPPI, both for correct "gap” fee charging and for risk management. The lit-
erature on CPPI modeling typically assumes diffusive or Lévy-driven dynamics for the
risky asset underlying the strategy. In either case the self-contagious nature of asset
prices is not taken into account. In order to account for contagion while preserving
analytical tractability, we introduce self-exciting jumps in the underlying dynamics via
Hawkes processes. Within this framework we derive the loss probability when trading
is performed continuously. Moreover, we estimate measures of the risk involved in the
practical implementation of discrete-time rebalancing rules governing the CPPI prod-
uct. When rebalancing is performed on a frequency less than weekly, failing to take
contagion into account will significantly underestimate the risks of the CPPI. Finally,
in order to mimic a situation with low liquidity, we impose a daily trading cap on the
risky asset and find that the Hawkes process driven models give rise to the highest risk
measures even under daily rebalancing.
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2.1 Introduction

We study the risk embedded in the Constant Proportion Portfolio Insurance (CPPI)
trading strategy in a jump-diffusion model where the price of the underlying asset may
experience self-contagion. CPPI strategies are popular dynamic portfolio strategies
that allow investors to gear up the upside potential while limiting the downside risk.
This contrasts the more straightforward insurance strategy involving static positions
in a risky asset and a put option, where the upside participation is non-geared. Espe-
cially, many pension companies are turning to CPPI strategies in order to honor return
guarantees embedded in many retirement plans, as traditional investments in govern-
ment bonds do not offer sufficient returns in the current low interest rate environment.
In an ideal world, the CPPI strategy puts a limit to the portfolio loss while allowing for
unlimited upside. The investor will profit from the upward potential of a risky asset
while having a guaranteed fixed amount of capital G at the maturity of the CPPI. This
is achieved by investing dynamically in a risk-free asset, typically a bond, and a risky
asset, typically comprised of a stock index. Let Bt denote the bond floor representing
the minimal wealth that will ensure the guarantee G at maturity. For a stylized CPPI
with no funding constraints and as long as the value of the strategy Vt ≥ Bt , the ex-
posure et to the risky asset is determined as et = m (Vt −Bt ) = mCt , where m > 0 is
a multiplier reflecting the risk-appetite of the investor and the cushion Ct is defined
as the excess of the portfolio value over the bond price. The surplus part, that is the
difference between the strategy value and the risky exposure, will be allocated into the
risk-free asset. In case the portfolio value breaks the floor Bt , the remaining wealth
is invested in the bond and held until maturity to prevent the risk of imperiling the
capital further. The risk of breaching the floor is referred to as the gap risk.

In an idealized setting under continuity assumptions imposed both on the trading
frequency and the dynamics of the risky asset, the risk of breaching the floor of the
CPPI is zero. However, in practice both assumptions are violated: first, as the CPPI is
often written on risky funds with low liquidity the rebalancing frequency of the CPPI is
typically performed monthly or even quarterly (Hirsa, 2009) making the risk of breach-
ing the floor between trading dates non-negligible. Second, it has been widely docu-
mented that price trajectories contain jumps (Ait-Sahalia and Jacod, 2009; Andersen
et al., 2002; Barndorff-Nielsen and Shephard, 2006), which introduces a risk of breach-
ing the floor even under continuous-time trading.

The first point is addressed in Balder et al. (2009) where the effectiveness of CPPI
strategies under discrete-time trading is studied. They analyze a discretely rebalanced
CPPI under the assumption that the risky asset evolves as a geometric Brownian mo-
tion. The second point is addressed in Cont and Tankov (2009), where they relax the
continuity assumption of the price process and study the risk of the CPPI in models
driven by Lévy processes and under continuous-time trading. In order to relax the
time-homogeneity assumption, Weng (2013) generalizes the study of Cont and Tankov
(2009) to include regime switching of the driving exponential Lévy processes, but still
under the continuous-time trading assumption.

There is a risk-return trade-off between the rebalancing frequency of the trading
strategy and the riskiness of the CPPI. Reducing the gap risk of the CPPI portfolio by
more frequent trading will come at the cost of higher transaction costs. In a setting
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including stochastic volatility and time-homogeneous jumps, Jessen (2014) compares
different rebalancing strategies and ranks their performance for an investor with power
utility. She finds that the optimal rebalancing rule should depend both on transac-
tion costs and the changes in the risky asset. In a related study Branger et al. (2010)
find that in a setting where the risky asset is driven by a geometric Brownian mo-
tion, an individual with HARA utility and subsistence level will find the CPPI strat-
egy optimal among different investment strategies with possible guarantees attached.
Pézier and Scheller (2013) extend the analysis of Branger et al. (2010) to a more re-
alistic setting with discrete-time rebalancing and with price trajectories that contain
time-homogeneous jumps, and arrive at the same conclusion as Branger et al. (2010),
namely that for HARA investors the CPPI strategies dominate trading strategies where
the downside is protected via a put option.

Within this framework, we conduct a study of the gap risk coverage associated with
CPPI strategies. First, under the assumption of frictionless and continuous trading,
the modeling setup we propose allows for an analytical expression for the probabil-
ity of breaching the floor. Second, to bring the level of our analysis closer to wealth
allocations in actual CPPI issuances, we employ discrete-time trading and investigate
the risk of a CPPI portfolio attributable to both price crashes and discrete-time read-
justments. In such discrete trading context, we estimate measures of the risk involved
in the practical implementation of the CPPI strategy. For models calibrated to option
prices, we find that the impact of contagion on the fair "gap risk fee” is of smaller mag-
nitude. However, for risk measures corresponding to the tail of the loss distribution we
find that neglecting to take the contagion into account will underestimate those mea-
sures of the CPPI significantly when the rebalancing is done at a frequency lower than
weekly. Moreover, we add illiquidity to the model and impose a cap on the daily trad-
ing in the risky asset. We find that for illiquid assets the impact of contagion on tail risk
measures is significant even in the case of daily rebalancing, since the CPPI might loose
additional value after the floor is breached if the risky exposure can not be sold off in
one block. Finally, we compare the Constant-Mix trading strategy to the CPPI in terms
of risk measures and find that, for low levels of rebalancing and in distressed market
conditions, the risk measures of the CPPI are higher than those of the Constant-Mix
strategy, despite that the former strategy has a capital guarantee built in.

The hypothesis of self-contagion in financial markets is tested by Aït-Sahalia et al.
(2015), where they provide clear evidence that "markets strongly self-excited during
the recent financial crisis” and they conclude towards jump self-excitation. In our con-
text this has the consequence that a negative shock to the risky asset underlying the
strategy will lead to an increased probability of additional negative shocks occurring
to the asset. Neglecting to take the contagious nature of jumps into account will un-
derestimate the risks connected to a discretely rebalanced strategy, as the probability
of realizing several "big” negative jumps to the asset over a short time-span is "small”
in a traditional Lévy process driven jump model. The self-contagion effect is achieved
by introducing self-exciting jumps in the underlying dynamics via Hawkes processes
(Hawkes, 1971). While in Lévy-driven models the intensity of adverse shocks is con-
stant, self-exciting jump processes account for the risk of jump clustering documented
in real markets. Serving as anecdotal evidence Figure 2.1 depicts the log-returns of the
SPX index over a period of two weeks in 2008. As shown in the figure the daily log-
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return falls below three standard deviations of the returns (computed based on a sam-
ple of 15 years) a total of 4 times. The probability of this occurring in a more traditional
Lévy driven jump model is essentially zero. Hawkes processes have been applied for
financial modeling in a number of contexts: in Errais et al. (2010); Aït-Sahalia et al.
(2014); Dassios and Zhao (2011) for credit modeling, for index derivatives modeling in
Kokholm (2016); Boswijk et al. (2015), to model the term structure of interest rates in
Hainaut (2016), in Aït-Sahalia and Hurd (2016) to study optimal portfolio allocation in
a multivariate modeling framework allowing for contagion among the risky assets, to
fit extremal behaviors of financial time series in Embrechts et al. (2011), and to esti-
mate conditional Value at Risk in Chavez-Demoulin et al. (2005); Herrera and Schipp
(2013). In an insurance context, Avram et al. (2009) study ruin probabilities in a jump-
diffusion setting, Stabile and Torrisi (2010) study the ruin problem in a risk model with
Hawkes claims arrivals. Dassios and Zhao (2012) extend the analysis of Stabile and
Torrisi (2010) by using a generalization of the Hawkes process and the Cox process to
include both self-excited and externally excited jumps. In a related study Jang and Das-
sios (2013) further extend the study using a bivariate self-exciting process to quantify
also collateral losses. With the availability of high-frequency data, considerable atten-
tion has been devoted to the modeling of market price microstructure using Hawkes
processes: Bowsher (2007) proposes a joint model for transaction times and prices at
high frequency, Chavez-Demoulin and McGill (2012) apply Hawkes processes based
on a generalized Pareto distribution to capture extreme losses and their clustering in
order to model intraday Value at Risk, in Bacry et al. (2013) multivariate Hawkes pro-
cesses are applied to model order books at high frequency, and finally Jaisson et al.
(2015) suggest that general Hawkes processes on large time scales can be considered
asymptotically as Brownian motions.
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Figure 2.1: Log-returns of the SPX index in the period from September 29, 2008 to Oc-
tober 10, 2008. The indicated lines with three times the standard deviations have been
calculated based on the sample from September 1, 2000 to August 31, 2015.

The rest of the article is structured as follows. In Section 2.2, we introduce self-
exciting jump processes and specify the model setup. Section 2.3 presents the CPPI
structure and, under a continuity assumption on the trading frequency, the probability
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of a loss is derived in analytic form. In Section 2.4 we calibrate the model to SPX option
prices using Fourier transform methods. In Section 2.5 we conduct a simulation study
of the gap risk connected to the CPPI strategy, due to both price jumps and discrete
time rebalancing. Moreover, we study the impact of imposing a trading constraint on
the risky asset. We end the section with a study of the Constant-Mix strategy which can
be considered as a specific CPPI strategy. Finally, Section 2.6 concludes.

2.2 Model setup

We study CPPI strategies in a jump-diffusion framework where the price of the un-
derlying asset may experience episodes of negative jump propagation over a short
period of time. This self-contagious correlation pattern can be modeled by intro-
ducing self-exciting jumps in the underlying dynamics based on Hawkes processes.
Whereas in the traditional Lévy-driven models the intensity of adverse shocks is con-
stant, self-exciting jump processes account for the effect of time variation and cluster-
ing of jumps. The particular jump structure included in the asset dynamics allows to
retain the analytical tractability of models with continuous trajectories, while also in-
corporating the naturally recognized downside risk of holding a strategy in the event of
market crash and during the subsequent periods of sustained distress.

2.2.1 Jump modeling: Hawkes processes

Hawkes processes, first introduced by Hawkes (1971), are a class of path-dependent
point processes. Like the class of Poisson processes, Hawkes processes are defined
by their frequency rate, which describes the conditional expected number of jumps
per unit of time. However, instead of being temporally invariant, the frequency rate
of a Hawkes process is defined as a strictly positive stochastic process whose current
value is determined by the number of past events weighted by a kernel function. More
precisely, let

(
Ω,F, (Ft )0≤t≤T ,P

)
be a filtered probability space,

(
T j

)
j∈N an increasing

sequence of stopping times and
(
Z j

)
j∈N a sequence of i.i.d. random variables with

common distribution f . The sequence
(
T j , Z j

)
gives rise to a counting process defined

by Ht =∑
j≥11

{
T j≤t

} and a marked point process given by Jt =∑
j≥1 Z j 1

{
T j≤t

}. At each
time arrival T j , the level of the index drop is measured by a random variable Z j . Hence,
the random variable Jt tracks the sum of shocks to the asset up to time t . Adopting the
notation of Jacod and Shiryaev (2003), the process J can be expressed as

Jt = z ∗µH
t ,

where µH denotes the random measure of the point process H . Following Brémaud
and Massoulié (1996), a non-negative Ft−progressively measurable process (λt )t∈R+ is
called the Ft−intensity of H if, for any s ≤ t ∈R+,

E [Ht −Hs |Fs] = E
[∫ t

s
λu du |Fs

]
.

In this paper we examine two separate models for the intensity process associated with
two different jump size specifications, both resulting into (H ,λ) being a Markovian
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self-exciting Hawkes process. First, we consider the parsimonious case where jumps
arrive with Ft−intensity defined by

λt = λ̄+
∫ t

−∞
g (t − s) d Hs , (2.1)

where λ̄ is a positive real constant, and g is a non-negative kernel function satisfying
the stationary condition ∫ t

0
g (u)du < 1. (2.2)

As the formulation (2.1) is suited for every jump size specification supported on the
entire real line, in the sequel we let the jump sizes be independently distributed with
common Gaussian law with mean m J ∈R and standard deviation σJ ∈R+,

f (z) = 1√
2πσ2

J

e
− (z−mJ )2

2σ2
J , for z ∈R. (2.3)

Secondly, for any jump size distribution with positive mass only on the negative
line, we introduce a level effect by accommodating the intensity process responding
also to the size of the jumps that have occurred in the past. In particular, we model
the Ft−intensity as a function of the magnitude of jumps so that the current level of
downside jump events ramps up the intensity of future negative jumps, namely, 1

λt = λ̄−
∫ t

−∞
g (t − s) d Js , (2.4)

where Jt =∑Ht
j=1 Z j , and g satisfies the stationary condition

∫ t

0
g (u)E [Z1] du < 1. (2.5)

Among this class of jumps, we consider the case where the jump sizes are indepen-
dently distributed with common negative gamma law with strictly positive parameters
κ,θ ∈R+ and density

f (z) =
{

1
Γ(κ)θκ (−z)κ−1e

z
θ , for z ≤ 0

0 , for z > 0.
(2.6)

We say that a point process is a Hawkes process if its Ft−intensity can be formulated
in the self-exciting form of (2.1), or in its extension given in (2.4).

In this paper we treat the natural case where the impact of a jump in the intensity
process is governed by an exponentially decreasing function. Specifically, we consider
a kernel function g of the following form

g (t − s) = εe−δ(t−s) , ∀t ≥ s , (2.7)

1An alternative way of randomizing the self-excitement in the intensity is proposed in Kelbert et al.
(2013) who suggest to rescale the kernel function with a randomized parameter.
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where δ and ε are positive constants. We remark that, under the model specification
(2.4) and (2.7), the intensity increases by the magnitude of the jump rescaled by the
parameter ε every time it experiences an adverse shock and between jumps it decays
exponentially with common rate δ to the level λ̄. The parameter δ controls the model
capability to replicate the clustered jump patterns. Indeed, by δ being assumed posi-
tive, the most recent jumps have a higher impact on the intensity path with respect to
the jumps, which took place far in the past and whose contribution today is negligible.
The specification (2.7) plays a crucial role as it results in λ being mean-reverting and
Markovian jointly with the marked Hawkes process. Specifically, under an exponential
decaying kernel, jump events in the two separate specifications arrive with intensity λ
whose dynamics are given by

dλt = δ(λ̄−λt )d t +εd Ht (2.8)

dλt = δ(λ̄−λt )d t −εd J t , (2.9)

respectively. Note that the equivalence between the mean-reverting models specified
in (2.8) and (2.9) and the defining intensity dynamics (2.1) and (2.4) under exponential
decay is achieved by applying the general Itô formula for semimartingales (cf. Protter
(2004), Theorem 33) to the process f (t ,λ) := λt eδ t . In the case of exponential decay,
the two separate stationary conditions (2.2) and (2.5) explicitly read

δ> ε
and

δ>−ε
∫
R

z f (z) d z ,

respectively.
Figure 2.2 depicts sample paths of the two intensity specifications along with the

associated Hawkes process. Notice how the intensity in the top panel increases by the
same amount at each jump time, while the bottom intensity scales with the jump size
of Jt at each jump episode.

In the next result we look at Hawkes processes from a semimartingale viewpoint. In
particular, we give a useful characterization of the pair (λ, H) in terms of semimartin-
gale characteristics.2

Proposition 2.2.1. A Hawkes process H = (λ, H) with Ft−intensity admitting the form
(2.8) (or (2.9)) is an R2-valued semimartingale with differential characteristics (b,c,F )
given by

bt =
[
δ

(
λ̄−λt

)+ελt λt
]> (

or bt =
[
δ

(
λ̄−λt

)−ελtE [Z1] λt
]>)

(2.10)

ct =
[

0 0
0 0

]
Ft (B) =λt1B (ε,1)

(
or Ft (B) =λt

∫
R
1B (−ε z,1) f (z) d z

)
, B ∈B(

R2) . (2.11)

Conversely, any semimartingale with differential characteristics (2.10)-(2.11) is a
Hawkes process with Ft−intensity of the form (2.8) (or (2.9)).

2Here we adopt the notation of Kallsen (2006).
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Figure 2.2: Sample paths of the intensities (2.8) (top panel) and (2.9) (bottom panel)
and the associated Hawkes processes, H and −J (blue line). In both jump specifica-
tions, the reversion level λ̄= λ0 = 3, the speed of mean reversion δ= 20, and the jump
impact ε= 6. The jump size in (2.4) is drawn from a negative gamma distribution with
parameters κ= 2, θ = 1.

Remark 2.2.2. In the notation of Jacod and Shiryaev (2003), the compensator of the
random measure µH associated to the jumps of H reads

νH (]−∞, t ]×B) =
∫ t

−∞
Fs(B) d s. (2.12)

Proof of Proposition 2.2.1. One easily verifies that the differential characteristics of the
R2-valued Hawkes process H = (λ, H) equals (2.10)-(2.11). Conversely, for any semi-
martingale with differential characteristics (2.10)-(2.11), the process λ retains the dy-
namics (2.1). Moreover, λ is precisely the Ft−intensity of H . In fact, the definition of
the compensator of a random measure implies that z∗µH−z∗νH is a local martingale,
from which we can conclude the proof by combining the particular form of νH given
in (2.12) with Theorem T9 in Brémaud (1981).

We state now an analogous characterization of the marked counterpart of the
Hawkes process, without going through the proof that is substantially analogous to
that of Proposition 2.2.1.
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Proposition 2.2.3. A marked Hawkes process J = (λ, J ) with Ft−intensity admitting
the form (2.8) (or (2.9)) is an R2-valued semimartingale with differential characteristics
(b,c,F ) given by

bt =
[
δ

(
λ̄−λt

)+ελt λtE [Z1]
]> (

or bt =
[
δ

(
λ̄−λt

)−ελtE [Z1] λtE [Z1]
]>)
(2.13)

ct =
[

0 0
0 0

]
Ft (B) =λt

∫
R
1B (ε, z) f (z)d z

(
or Ft (B) =λt

∫
R
1B (−ε z, z) f (z)d z

)
, B ∈B(

R2) .(2.14)

Conversely, any semimartingale with differential characteristics (2.13)-(2.14) is a
marked Hawkes process with Ft−intensity of the form (2.8) (or (2.9)).

A remarkable property of Hawkes processes is that the characteristic function of
the joint process H has exponential-affine form. More precisely, we have

Proposition 2.2.4. The conditional characteristic function of the Hawkes process H =
(λ, H) is given by

ψH(u, t ,T ) = E
[

e i u·HT |Ft

]
= ea(t )+β(t )·Ht

for t ≤ T , and u ∈ R2. The coefficients a(t ) = a(u, t ,T ) and b(t ) = b(u, t ,T ) satisfy the
following system of ODEs

∂t b1(t ) = δb1(t )− (
θ([b1(t ) b2(t )]>)−1

)
∂t b2(t ) = 0

∂t a(t ) =−δλ̄b1(t ) ,

with boundary conditions a(T ) = 0 and b(T ) = i u and jump transform θ(·) given by

θ(ω) =
∫
R2

eω·z f(d z) ,

where

f (B) =
{
1B (ε,1) under the intensity model (2.8)∫
1B (−ε z,1) f (z) d z under the intensity model (2.9)

, B ∈B(
R2) .

Remark 2.2.5. In the intensity formulation (2.9) with Z j ∼ NGam (κ,θ), j ≥ 1, we have
the following explicit expression for the jump transform

θ (b(t )) = eb2(t ) (1−εb1(t )θ)−κ , for b1(t ) < 1

εθ
.

2.2.2 Full risky asset dynamics

In the previous section, we have specified the jump part of our model in a way
that enables it to generate the two desirable features that are dictated by empirical
observations: first, the jump activity varies through time with a direct feedback effect
of jumps on the intensity of more jumps hereby assigning significant probability to
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the occurrence of several jumps in close succession over short periods. Second, as in
the level-effect enriched intensity specification (2.9), the sharper the negative shock
is, the bigger its impact on the intensity of future jumps will be. We now specify the
full dynamics for the risky asset involved in an investment strategy by incorporating
also a diffusion component which accounts for the "regular" stochastic behavior of
stock prices. On

(
Ω,F, (Ft )0≤t≤T ,P

)
, we assume that the price process for the risky

asset under the real-world probability measure P is modeled by a semimartingale S =
(St )t∈R+ satisfying

dSt

St−
= [

r −q +γt
]

d t +σdWt +d J S
t −µλt d t , (2.15)

where σ is a positive real constant, γt is the time-t total risk premium, W = (Wt )t∈R+ is

an adapted standard Brownian motion and J S
t =∑Ht

j=1

(
e Z j −1

)
. The jump size of asset

log-returns,
(
Z j

)
j∈N, is a sequence of i.i.d. random variables with density function f ,

which is independent of W and of all the history of jumps. Conditional on a jump
arrival time T j , the asset price at time T j jumps by

S(T j )−S(T j−) = S(T j−)
(
e Z j −1

)
hence the relative jump size mean under the physical measure is µ := E

[
e Z1 −1

] =∫
R (ez −1) f (z) d z. Under the two jump specifications (2.3) and (2.6), the existence

and the uniqueness of a (weak) solution of the SDE (2.15) follow from Theorem 2.6 in
Kallsen and Muhle-Karbe (2010), in view of Theorem 2.26 in Jacod and Shiryaev (2003).
We term the model (2.15) H-GJDM when coupled with Gaussian jumps in asset returns,
and H-NGJDM when coupled with negative gamma distributed jumps in asset returns
and jump intensity.

The jump-diffusion model (2.15) features a twofold source of uncertainty that is
driven by the Brownian motion and the self-exciting jump process. As jumps can gen-
erate clustered patterns at unpredictable times and of unforeseeable magnitude, the
corresponding market model is rendered incomplete. Consequently, the risk-neutral
price of a derivative is not pinpointed in a unique way as there exists an infinite class
of equivalent martingale measures compatible with the no-arbitrage assumption. This
in particular implies that any candidate for the change of measure from the real-world
probability measure P to the risk-neutral probability measure Q would not be unique.
One remedy is to specify a candidate change of measure by imposing ad hoc assump-
tions on the premia associated to the stock’s diffusive and jump risks which maintain
the model structure invariant under the change of measure. Inspired by a large body
of literature on risk premia (see e.g. Pan (2002); Nicolato and Venardos (2003); Eraker
(2004); Broadie et al. (2007)), we define the equivalent measureQ by using a candidate
Radon-Nikodym derivative process of the form

Lt := dQ

dP

∣∣∣∣
Ft

=E
(−ξσW + (κ−1)∗ (

µX −νX ))
t (2.16)

for some positive constant ξ governing the premium associated to the stock diffusive
risk and a strictly positive function κ controlling the premium demanded for the jump
return risk. E (·) denotes the stochastic Doléans-Dade stochastic exponential and µX ,
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νX the random measure associated to the jumps of X := log(S) and its compensator.
Further, we impose a standard jump risk premium assumption in the literature (Pan,
2002; Eraker, 2004; Broadie et al., 2007; Boswijk et al., 2015) and we assume that the
jump contribution to the equity premium is entirely pinned down by the jump-size un-
certainty, which amounts to the choosing of a time-independent function κ= κ(ω; z).
If jump-timing risk is suppressed, the intensity of jumps is bound to remain the same
under the equivalent martingale measure, leading to the same Hawkes process H driv-
ing the jump component of S.

For the two jump specifications, the process L is a P−martingale and, in particular,
E [Lt ] = 1. All the details about the change of measure are delegated to Appendices
A.1 and A.2. We further assume that the class of the jump size laws is invariant under
the change of measure, hence the risk-neutral jump size distribution, whose density
will be denoted by f̃ , will not be altered except through its parameters. Setting κ(z) =
f̃ (z)
f (z)1supp f (z), the stock price dynamics under the equivalent measure Q reads

dSt

St−
= (

r −q
)

d t +σdW̃t +d J̃ S
t − µ̃λt d t ,

where J̃ S
t =∑Ht

j=1

(
e Z̃ j −1

)
and µ̃ := EQ

[
e Z̃1 −1

]
= ∫

R (ez −1) f̃ (z)d z. We remark that the

Q−martingality of the discounted stock price implies that

γt = ξσ2 +λt
(
µ− µ̃)

,

that is the instantaneous total equity premium can be written as the sum of two con-
tributions: the premium associated to diffusive risk, ξσ2, and the premium inferred
by altering the distribution of jumps, λt

(
µ− µ̃)

. Finally, the validity of the conditions
ensuring that the discounted asset price is a true martingale, and not simply a local
martingale, are examined in Appendix A.3.

2.3 Constant Proportion Portfolio Insurance

The CPPI strategy is a dynamically adjusted trading strategy that in an ideal world
puts a limit to the portfolio loss while allowing for unlimited upside. The investor will
profit from the upward potential of a risky asset in a bull market while having guaran-
teed a fixed amount of capital G at maturity. This is achieved by investing dynamically
in a risk-free asset, typically a bond, and a risky asset, typically comprised of a stock
index. Assume first that the interest rate r is constant, denote by T the maturity of the
CPPI strategy and let the bond have the same maturity and nominal value G , i.e.

Bt =Ge−r (T−t ) (2.17)

or, equivalently, dBt = r Bt d t with B0 =Ge−r T . (Bt )t∈[0,T ] is referred to as the bond floor
and it represents the minimal wealth that will ensure the guarantee G at maturity. Let
us denote by (Vt )t∈[0,T ] the CPPI strategy value process and assume that the guarantee
is lower than the terminal value of a zero coupon bond maturing at time T , i.e. G <
V0er T . Typically G is chosen to be equal to the initial investment V0. When no leverage
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or liquidity constraints are in effect, as long as Vt ≥ Bt , the stylized CPPI strategy calls
for calculating the exposure to the risky asset according to the following rule

et = mCt , (2.18)

where m is a constant multiplier - strictly greater than 1 - reflecting the risk-appetite
of the investor. Ct is termed the cushion and defined as the difference between the
portfolio value Vt and the bond price

Ct =Vt −Bt .

The surplus between the strategy value and the risk exposure is allocated into the non-
risky asset. In case the portfolio value breaks the floor Bt at time

τ= inf{ t ∈ [0,T ] | Vt ≤ Bt } ,

the remaining wealth is invested in the bond and held until maturity to prevent the risk
of imperiling the capital further. The risk of violating the floor is referred to as the gap
risk.

2.3.1 Cushion dynamics

Up to time τ, the value of the CPPI strategy is defined by

Vt =αt St +βt Bt ,

where αt := m Ct−
St− is the number of shares held in the portfolio and βt := Vt−−m Ct−

Bt
the

remaining amount of Bt . Imposing the self-financing property of the CPPI portfolio
implies in particular that

dVt =αt dSt +βt dBt .

Therefore, for any t ≤ τ, the cushion dynamics for this strategy can be written as (Cont
and Tankov, 2009)

dCt = d(Vt −Bt ) =Ct−
[

m
dSt

St−
+ (1−m)

dBt

Bt

]
and, in view of (2.15) and (2.17), we find

dCt

Ct−
= [

r +m
(−q +γt

) ]
d t +mσdWt +m

(
d J S

t −µλt d t
)

.

Denoting by C̃t the forward value of the cushion Ct
Bt

and applying the general Itô for-
mula for semimartingales, we have

dC̃t

C̃t−
= m

(−q +γt
)

d t +mσdWt +m
(
d J S

t −µλt d t
)

. (2.19)

Defining Yt := Y0−q t +∫ t
0

(
γs −µλs

)
d s+σWt +∑Ht

j=1

(
e Z j −1

)
, equation (2.19) can be

rewritten as
dC̃t

C̃t−
= m dYt
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or, equivalently,
C̃t = C̃0 E(m Y )t ,

where E denotes the stochastic Doléans-Dade exponential. After time τ, according to
the definition of the CPPI strategy, the value of the strategy is entirely invested into a
zero-coupon bond to prevent further losses, i.e.

Vt =Vτer (t−τ) , for any t > τ.

It follows that the cushion value, for any time t succeeding τ, can be rewritten as

Ct =Vτer (t−τ) −Ge−r (T−t )

and, in particular,

C̃t = Vτ
G

er (T−τ) −1 ,

where we can see that the forward value of the cushion process remains constant dur-
ing the post-loss period.

Finally, for any date t ∈ [0,T ], we introduce a new process C?, defined as the
stopped process of C̃ by the stopping time τ, i.e.

C?
t = C̃t∧τ ,

where t ∧τ := min(t ,τ), and we find

C?
t = C̃0 E(m Y )t∧τ.

2.3.2 The probability of loss with continuous trading

Modeling the gap risk is the main concern of CPPI managers since in the case of a
sizable drop of the equity asset value the provider has to compensate the shortfall. Un-
der continuous-time trading, we can exploit the analytical tractability of self-exciting
jump-diffusion models to provide a semi-closed form expression for the probability
that the CPPI portfolio value breaks the bond floor. A loss in the CPPI strategy occurs
when there exists a time t prior to maturity such that Vt ≤ Bt . The probability of this
event to happen is called gap risk. Given the equivalence between the event Vt ≤ Bt

and C?
t ≤ 0, we have that C?

t ≤ 0 for some t ∈ [0,T ] if and only if ∆Yt ≤ − 1
m for some

t ∈ [0,T ] (Cont and Tankov, 2009).
Using the previous argument, we have that

P ({∃t ∈ [0,T ] : Vt ≤ Bt }) = 1−P

(
#

{
t ∈ [0,T ] :∆Yt ≤− 1

m

}
= 0

)
.

Hence, the quantification of the gap risk is reduced to the computation of the proba-
bility that, throughout the life of the strategy, there occurs no jumps with size lower or
equal to −1/m.

We recall that Y is of the form

Yt := Y c
t +Y J

t ,
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where Y c
t := Y0 − q t + ∫ t

0

(
γs −µλs

)
d s +σWt is its continuous component and Y J

t :=∑Ht
j=1

(
e Z j −1

)
is the independent jump part which serves to capture large and clus-

tered events. The jump sizes
(
Z j

)
j=1,··· ,Ht

are in particular i.i.d. random variables with
cumulative distribution function F .

Proposition 2.3.1 (Probability of loss). The probability of breaching the floor is given by

P ({∃ t ∈ [0,T ] : Vt ≤ Bt }) = 1−
+∞∑
n=0

qn
mP (HT = n) , (2.20)

where qm := 1−F
(
log

(
1− 1

m

))
.

Proof. The probability of k jumps with size smaller than −1/m incurring in the time
period [0,T ] is given by

P

(
#

{
t ∈ [0,T ] :∆Yt ≤− 1

m

}
= k

)
= P

(
#

{
e Z1 −1, · · · ,e ZHT −1 ≤− 1

m

}
= k

)
= P

(
#

{
Z1, · · · , ZHT ≤ log

(
1− 1

m

)}
= k

)
=

+∞∑
n=0

P

(
#

{
Z1, · · · , Zn ≤ log

(
1− 1

m

)}
= k

)
P (HT = n)

=
+∞∑
n=0

(
n

k

)
pk

m qn−k
m P (HT = n) ,

where pm := 1−qm . When k = 0, the formula reduces to

P

(
#

{
t ∈ [0,T ] :∆Yt ≤− 1

m

}
= 0

)
=

+∞∑
n=0

qn
m P (HT = n) .

The probability mass function, P (HT = ·), appearing in (2.20) can be computed
from the probability generating function of HT , defined as

G(v) = E[
v HT

]= +∞∑
n=0

P (HT = n) vn , (2.21)

for v ∈ R and n ∈N∪ {0}. Note that (2.21) is a power series with radius of convergence
R ≥ 1, meaning that G is well-defined for every v ∈ [−1,1]. The function G is linked to
the characteristic function of the joint process H by the following relation

G(v) =ψH

( [
0 − i log(v)

]> ,0,T
)

, v ∈ (0,1] (2.22)

and
G(0) = lim

v→0+ψH

( [
0 − i log(v)

]> ,0,T
)

. (2.23)

Equations (2.22)-(2.23) can be combined with Equation (2.21) to retrieve the mass
probability function needed in (2.20). For a fixed order N , consider the polyno-
mial p(x) = a1x + . . .+ aN xN resulting from truncating (2.21), where an = P (HT = n) ,
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Figure 2.3: Probability of loss as function of the multiplier m in the H-GJDM (blue
line) and in the H-NGJDM (black line) on January 5, 2015. The model parameters are
reported in Table 2.1, while the CPPI contract has T = 5 years, m = 5, V0 = 1, G = 1,
r = 0.01, and q = 0.

n = 1, . . . , N , are unknown. Then, fit p to an N -dimensional grid of values of G , eval-
uated at arbitrary – e.g. equispaced – points in the interval [0,1] through (2.22). Pro-
vided that N is suitably large, the obtained estimates of a1, . . . , aN will then approxi-
mate P (HT = 1) , . . . ,P (HT = N ), respectively.

Applying this procedure with N = 10, we determine the loss probability corre-
sponding to different levels of the multiplier, which is reported in Figure 2.3. We ob-
serve that the heavier tail of the negative gamma distribution has a dramatic impact
on the probability of a loss for multipliers ranging from around 3 to 7. In particular for
multipliers below 5 the probability of realizing jumps to the price smaller than −1/m is
essentially zero for the given parameters in the H-GJDM. It is important for the investor
to quantify the gap risk as a function of the multiplier in order to choose a multiplier
corresponding to her risk appetite.

2.4 Calibration of the models

In order to obtain reasonable parameter sets for the model specifications we cal-
ibrate the models to options data on the SPX index. Besides the two Hawkes driven
specifications, H-GJDM and H-NGJDM, we consider two models where the jumps are
driven by compound Poisson processes. For the two fixed intensity models we let the
jumps be Gaussian and negative gamma distributed and label the two specifications
as CP-GJDM and CP-NGJDM, respectively. The two compound Poisson models are in-
cluded in order to be able to compare the results of the contagion specifications with
more traditional jump models. The option quotes are collected from OptionMetrics
and as the option price we use the mid of bid and ask prices. The discount curve and
the constant dividend yield q are derived from option quotes around at-the-money
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(ATM) via the Put-Call parity. The option data is filtered in a number of ways: first,
we only consider out-of-the-money (OTM) options. Second, we remove option quotes
where the bid price is zero, options where the absolute moneyness is greater than 40%,
i.e. | K

S − 1 |> 0.40, and options with nominal bid-ask spread greater than $10. On
this data set we filter away call options violating the no-arbitrage conditions (Carr and
Madan, 2005)3

Ct (St ;T,K j ) > max
{

0,St e−∫ T
t qs d s −K j e−∫ T

t rs d s
}

(2.24)

Ct (St ;T,K j−1)−Ct (St ;T,K j )

K j −K j−1
∈

[
0,e−∫ T

t rs d s
]

Ct (St ;T,K j−1)−Ct (St ;T,K j )

K j −K j−1
− Ct (St ;T,K j )−Ct (St ;T,K j+1)

K j+1 −K j
≥ 0 , (2.25)

where K j−1 < K j < K j+1.
Model option prices can be computed with Fourier methods once the characteristic

function of the log-returns is available. Let St = S0 e
∫ t

0 (rs−q)d s+X̃ t where

X̃ t =−1

2
σ2 t +σW̃t + J̃t − µ̃

∫ t

0
λs d s , X̃0 = 0.

Here we relate the characteristic function of X̃ to call option prices via the Lewis for-
mula (Lewis, 2001)

Ct (St ,K ,T ) = St e−q(T−t ) −
p

St K e−
∫ T

t (rs+q)d s
2

π

∫ +∞

0

R
(
e iukψ

(
u − i

2 , t ,T
))

u2 + 1
4

du ,

where k = log
(

St
K

)
+∫ T

t

(
rs −q

)
d s and

ψ(u, t ,T ) = EQ
[

e iu X̃T |Ft

]
is the characteristic function of the log-returns conditional on the information at time
t . The contagion specifications considered can be embedded into the affine jump-
diffusion framework of Duffie et al. (2000). Thus, under technical conditions, the char-
acteristic function is available up to the numerical solution of a system of ODEs. Since
the risky asset dynamics is comprised of the independent diffusive and of the Hawkes
dynamics, the conditional characteristic function takes the form of a product

ψ(u, t ,T ) =ψ1(u, t ,T )ψ2(u, t ,T )

= e− 1
2σ

2(T−t )u(i+u)+ui
(
σW̃t− 1

2σ
2t

)
ea(v,t ,T )+b(v,t ,T )·Yt ,

where v = [0 iu]> and Yt =
[
λt − µ̃∫ t

0 λs d s + J̃t
]>

.4 The coefficient functions a(t ) =
3For the put option quotes we convert the prices into call options via the Put-Call parity and apply

the arbitrage conditions stated in equations (2.24)-(2.25).
4Adopting the notation of Duffie et al. (2000), the process Yt is a 2-dimensional affine process with

non-null coefficients

(K0,K1) =
([
δλ̄ 0

]>
,

[−δ 0
−µ̃ 0

])
(l0, l1) = (

0,[1 0]>
)

.
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a(v, t ,T ) and b(t ) = b(v, t ,T ) solve

∂t b1(t ) = δb1(t )+ µ̃b2(t )− (
θ([b1(t ) b2(t )]>)−1

)
∂t b2(t ) = 0

∂t a(t ) =−δλ̄b1(t ) ,

with boundary conditions a(T ) = 0,b1(T ) = 0 and b2(T ) = iu. For ω ∈ C2, the jump
transform θ(·) equals

θ(ω) =
∫
R2

eω·z f(d z) ,

where

f (B) =
{∫

1B (ε, z) f̃ (z) d z if Z̃ j ∼N(m̃ J ,σJ )∫
1B (−ε z, z) f̃ (z) d z if Z̃ j ∼ NGam(κ,ρθ)

, B ∈B(
R2) .

We calibrate by minimizing the sum of squared errors between model and market mid
prices

SSE =∑(
QModel −QMarket

)2
,

where Q refers to an OTM put or call option price. We compare the calibration per-
formance via the Average Relative Pricing Error (ARPE) on implied volatilities, defined
as

ARPE = 1{
# options

} ∑
options

|IVModel − IVMarket|
IVMarket

.

Figure 2.4 depicts the fit to the observed implied volatility smiles on January 5, 2015.
We see that the added flexibility of the Hawkes specifications improves the fit signif-
icantly compared to the constant intensity cases. The Hawkes specifications are per-
forming well although the volatility σ is constant as the self-exciting behavior of the
intensity introduces both randomness in the quadratic variation process of the log-
returns and generates the leverage effect, i.e. two features typically added via a stochas-
tic volatility factor. For the two models with constant intensity the smile flattens too
fast, as both models imply independent and identically distributed increments in the
log-returns.

2.5 Simulation study

In this section we analyze via simulation the performance of the CPPI strategy un-
der different assumptions imposed on the rebalancing frequency. We compare the re-
sults when employing the Hawkes driven jump-diffusion model (2.15) and its constant
intensity counterpart.

2.5.1 Pricing of the gap risk for discretely rebalanced CPPI strategies

Consider the fixed tenor grid T = {T0,T1, . . . ,Tn} at which the CPPI is rebalanced,
where Tn = T is the maturity of the CPPI. In this case the time point of the floor vio-
lation can be defined as τ̄ = inf

{
t ∈T |Vt ≤ Bt

}
. Typically the issuer of the CPPI guar-

antees that the investor receives as minimum the terminal capital G . In this case the
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Figure 2.4: Fit of the four model specifications to the observed option implied volatility
smiles on January 5, 2015.

issuer will charge an initial fee equal to the present value of the CPPI loss

P Fee =−EQ [
min{CT ,0}e−r T ]

.

In the stylized CPPI the amount invested in the risky asset can exceed the value of
the strategy mCt > Vt which then has to be funded with a short position in the risk-
free bond. In practice the issuer will put a constraint on the leverage restricting the
exposure to the risky asset according to the rule

et = min{mCt ,bVt } , b ∈ (0,m]. (2.26)

In the analysis we allow for leverage up to 100% and put b = 2.
In order to illustrate the impact of contagion we calibrate the Hawkes-driven spec-

ifications to option surfaces on 12 different dates divided into three categories: pre-
crisis, crisis, and post-crisis periods. For the calibrated models we compute the gap
risk fee under different assumptions imposed on the rebalancing frequency. For com-
parison we consider more traditional constant intensity jump models where the jump
distribution parameters and the volatility σ are set equal to those calibrated for the
corresponding Hawkes model, while the remaining intensity parameter is left free to
calibrate to the given option surface. The parameter fixing is imposed in order to have
models that only differ in their jump intensity structure.
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Table 2.1: The table reports calibrated parameters for the H-JDM (upper row), and the
CP-JDM (lower row) and the corresponding CPPI upfront gap risk fees for six differ-
ent equidistant rebalancing rules: daily (d), weekly (w), fortnightly (2w), monthly (m),
quarterly (3m), triannual (4m). We examine three market scenarios: the pre-crisis pe-
riod (relative to the year 2007), the crisis (spanning from late 2008 to 2009), and the
post-crisis period (referring to the year 2015). ARPEs on implied volatilities and gap
risk fees are reported in percentage. Remark: Number of simulations: 106.

GAUSSIAN JUMPS

CALIBRATED PARAMETERS GAP RISK FEE (%)

σ λ λ0 λ̄ δ ε m J σJ ARPE (%) d w 2w m 3m 4m

PRE-CRISIS
Jan 05

0.08 0.64 0.79 9.23 6.24 -0.1 0 4.34 0 0.04 0.12 0.31 0.85 1.03
(2007) 0.08 1.44 -0.1 0 16.1 0 0 0.01 0.03 0.16 0.23

Apr 05
0.07 1.23 0.97 11.05 7.67 -0.09 0 4.1 0 0.03 0.09 0.27 0.79 0.98
0.07 2 -0.09 0 16.44 0 0 0.01 0.02 0.12 0.18

Jul 06
0.07 3.36 1.55 4.92 3.81 -0.07 0.01 2.94 0 0.01 0.03 0.12 0.56 0.76
0.07 2.71 -0.07 0.01 14.14 0 0 0 0.01 0.07 0.11

Oct 05
0.08 2.34 1.08 4.14 3.16 -0.1 0.04 3.35 0.01 0.1 0.2 0.43 1.16 1.45
0.08 2.64 -0.1 0.04 12.04 0.02 0.06 0.11 0.23 0.63 0.8

CRISIS
Sep 05

0.11 8.05 1.34 3.85 3.64 -0.07 0.01 3.44 0 0.02 0.07 0.25 1.07 1.45
(2008-2009) 0.11 7.74 -0.07 0.01 9.48 0 0.01 0.04 0.15 0.8 1.12

Dec 05
0.18 20 1.56 8.19 6.89 -0.13 0.01 2.42 0.06 0.55 1.15 2.38 5.75 6.96
0.18 10.7 -0.13 0.01 15.27 0.1 0.53 1.02 2.19 5.57 6.87

Apr 03
0.18 13.86 1.22 5.33 4.96 -0.09 0.03 2.6 0.03 0.21 0.48 1.1 3.13 3.95
0.18 10.64 -0.09 0.03 9 0.06 0.25 0.53 1.21 3.42 4.33

Jun 04
0.13 7.79 1.29 5.06 4.67 -0.1 0.02 3.39 0.01 0.13 0.32 0.78 2.37 3.02
0.13 6.92 -0.1 0.02 11.69 0.02 0.1 0.24 0.62 1.95 2.51

POST-CRISIS
Jan 05

0.07 2.06 0.61 3.15 2.93 -0.12 0.03 2.33 0.01 0.13 0.24 0.48 1.23 1.53
(2015) 0.07 1.86 -0.12 0.03 13.27 0.01 0.08 0.15 0.29 0.70 0.88

Apr 02
0.06 2.72 0.93 4.2 4.01 -0.09 0.01 5.07 0 0.04 0.11 0.31 1.03 1.35
0.06 2.92 -0.09 0.01 19.4 0 0.01 0.02 0.08 0.34 0.48

Jul 02
0.06 3.15 1.14 5.3 4.62 -0.08 0.02 2.86 0 0.04 0.11 0.31 1.04 1.33
0.06 3.38 -0.08 0.02 18.6 0 0.01 0.03 0.08 0.34 0.47

Aug 07
0.06 2.89 1.43 6.48 5.58 -0.08 0 3.69 0 0.02 0.08 0.27 1.02 1.33
0.06 3.82 -0.08 0 19.3 0 0 0.01 0.03 0.22 0.32

NEGATIVE GAMMA DISTRIBUTED JUMPS

CALIBRATED PARAMETERS GAP RISK FEE (%)

σ λ λ0 λ̄ δ ε κ θ ARPE (%) d w 2w m 3m 4m

PRE-CRISIS
Jan 05

0.07 5.29 3.33 2.36 68.65 0.44 0.06 3.25 0.21 0.24 0.28 0.38 0.69 0.82
(2007) 0.07 7.21 0.44 0.06 11.90 0.23 0.25 0.27 0.31 0.45 0.52

Apr 05
0.06 5.40 2.39 2.39 59.19 0.80 0.04 3.16 0.08 0.10 0.14 0.21 0.49 0.62
0.06 6.61 0.80 0.04 11.87 0.09 0.10 0.12 0.16 0.30 0.37

Jul 06
0.08 6.71 3.15 0.67 32.28 0.16 0.13 5.21 0.85 0.87 0.90 0.97 1.17 1.26
0.08 7.34 0.16 0.13 6.36 1.00 1.02 1.03 1.07 1.20 1.26

Oct 05
0.08 4.83 2.06 2.24 34.92 0.82 0.06 3.69 0.41 0.48 0.55 0.72 1.26 1.46
0.08 5.19 0.82 0.06 9.02 0.52 0.56 0.61 0.72 1.07 1.22

CRISIS
Sep 05

0.10 15.43 2.30 4.29 85.89 3.00 0.02 3.65 0 0.03 0.09 0.28 1.11 1.49
(2008-2009) 0.10 14.69 3.00 0.02 9.10 0 0.03 0.07 0.20 0.86 1.17

Dec 05
0.19 19.87 1.63 7.34 51.84 4.92 0.02 3.39 0.31 0.92 1.53 2.73 5.90 7.04
0.19 10.54 4.92 0.02 15.37 0.42 0.97 1.56 2.72 6.11 7.40

Apr 03
0.16 19.92 1.72 7.88 47.31 7.44 0.02 3.26 0.25 0.97 1.65 2.95 6.32 7.41
0.16 6.06 7.44 0.02 9.23 0.27 0.65 1.05 1.86 4.17 5.00

Jun 04
0.13 14.76 2.25 4.32 76.15 1.13 0.05 3.21 0.26 0.43 0.62 1.06 2.45 3.03
0.13 13.03 1.13 0.05 9.59 0.38 0.53 0.70 1.11 2.40 2.92

POST-CRISIS
Jan 05

0.07 7.62 1.81 2.80 64.96 0.57 0.07 1.69 0.43 0.51 0.60 0.78 1.37 1.61
(2015) 0.07 6.28 0.57 0.07 11.27 0.59 0.64 0.67 0.77 1.07 1.19

Apr 02
0.06 7.17 2.13 2.83 79.18 0.50 0.07 5.47 0.38 0.45 0.53 0.71 1.29 1.52
0.06 7.37 0.50 0.07 14.27 0.50 0.54 0.58 0.66 0.93 1.05

Jul 02
0.06 5.60 1.95 4.90 81.48 1.68 0.03 2.84 0.05 0.13 0.22 0.42 1.10 1.38
0.06 5.89 1.68 0.03 16.30 0.07 0.09 0.13 0.21 0.49 0.62

Aug 07
0.06 5.55 2.23 4.53 85.05 1.82 0.03 3.85 0.02 0.08 0.15 0.33 0.96 1.23
0.06 6.74 1.82 0.03 16.65 0.03 0.05 0.07 0.13 0.36 0.47
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Figure 2.5: Gap risk fee as function of the multiplier in the H-GJDM (left panel) and in
the H-NGJDM (right panel). Both model specifications are calibrated to options data
from January 5, 2015.

We consider a CPPI strategy with maturity T = 5 years, multiplier m = 5, initial in-
vestment V0 = 1 and a protection level of 100%, i.e. G = 1. We further suppose r = 0.01
and a zero dividend yield q . Inspection of Table 2.1 reveals a number of observations:
first, the gap risk fee increases as the rebalancing frequency declines, reflecting the
increased probability of the portfolio value V breaching the barrier between trading
dates. Second, except for a few crisis dates and for very frequent rebalancing, the
Hawkes specification with Gaussian jumps assigns a higher gap risk fee compared to
the fixed intensity counterpart irrespective of the rebalancing frequency. Also, Table
2.1 clearly illustrates that failing to take the contagious nature of jumps into account
during quiet periods on financial markets will lead to a significantly underestimated
fee. Compared to the fixed jump intensity models and in periods of low jump activity,
the Hawkes specifications assign more probability to the events that many jumps occur
within two trading dates, as the first jump occurrence will push up the intensity of sub-
sequent jumps. In contrast, in more distressed markets both the fixed intensity and the
self-exciting intensity models start out with a high level of jump activity giving rise to a
gap risk fee of the same magnitude. For the negative gamma jump models we observe
the same overall picture although not as clear as for the Gaussian jumps. Now the fixed
intensity model gives rise to the highest fee on more occasions although not by much.
As also indicated by Figure 2.3, for frequent rebalancing the fee under the H-NGJDM is
significantly higher in magnitude compared to the H-GJDM, since the former assigns
higher probability to the event that the floor is violated in only one jump.

For the two contagion specifications, Figure 2.5 depicts the gap risk fee as a func-
tion of the risk-multiplier m on January 5, 2015. It clearly shows both the positive rela-
tion between the fee and the multiplier, and the fee and the space between rebalancing
dates.

2.5.2 CPPI subject to discrete trading

Good gap risk measurement is essential for the bearer of the gap risk, both for risk
management purposes and to determine the amount of risk capital required for hold-
ing the risk of the CPPI strategy. We measure via simulation the gap risk caused by both
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a discrete rebalancing rule and the presence of contagious downward jumps in the
price of the risky asset embedded in the CPPI portfolio. Risk probabilities and expec-
tations are fair-valued under the real-world measure P. To achieve this, we use the pa-
rameters determined from the calibration to quoted SPX option prices and estimated
diffusive and jump risk premia to recover the objective dynamics (2.15) as outlined in
Section 2.2.5 We simulate the risky asset dynamics using a plausible mean price jump
risk premium per unit jump intensity of µ− µ̃= 44 basis points per year and a diffusive
risk premium per unit volatility risk of ζσ = 0.55 per year, which are consistent with
the estimation results provided by Pan (2002) and Balder et al. (2009). We note here
that the total jump risk premium in the asset dynamics is stochastic in the contagion
specifications via the multiplication by the intensity of jumps in the asset dynamics.
Hence, in stressed scenarios associated with high λt the jump risk premium is high as
also documented empirically (Todorov, 2010).

For the Gaussian jump specifications and for the different rebalancing frequencies,
Table 2.2 reports the risk measures, the VaR at the 99% level, the expected shortfall at
the 99% level, the expected loss conditioned on a loss, and finally the probability of a
loss. Focusing on the columns showing the probability of a loss we observe that except
for a few crisis dates, the Hawkes process driven model gives rise to a higher loss prob-
ability compared to the fixed intensity model. With the set of calibrated parameters
for the Gaussian jumps and with frequent rebalancing one needs more than one jump
to occur between two trading dates in order to breach the barrier.6 In the non-crisis
periods with low fixed intensity, λ, the probability of jump clustering is essentially zero
in contrast to the self-exciting jump specification, where the jump intensity can build
up over time as jumps are realized.

An interesting discrepancy between the fixed intensity and the self-exciting inten-
sity models is revealed by inspection of the conditional expected loss columns in Tables
2.2 and 2.3. In general for both jump distributions we see that for frequent rebalanc-
ing the fixed intensity specifications lead to the highest conditional expected loss while
the ranking of the models is swapped for more infrequent rebalancing. However, for
almost all dates and all rebalancing frequencies, the Hawkes specifications have sig-
nificantly higher 99% VaR, 99% ES. This can be explained by the self-exciting nature
of the jump intensity. A violation of the floor will typically occur in connection with a
negative jump to the price of the risky asset, which will ramp up the intensity making
it more likely for the strategy to incur more negative shocks. This contrasts the fixed
intensity model where a violation of the guarantee does not imply an increased prob-
ability of further jumps to happen. Figure 2.6 depicts the simulated distributions of
the cushion value at the maturity of the CPPI for the two specifications with Gaussian
jumps and with weekly rebalancing. Only the negative cushion values are shown. Fo-
cusing on the unconditional distributions it is clear that compared to the CP-GJDM,
the H-GJDM has the highest loss probability and the greatest tail risk measures as it
has both more mass on the negative line and a heavier tail to the left. In contrast, when

5The structure-preserving measure change and the restrictions (2.28) and (2.29) imposed on the risk-
neutral jump sizes coupled with the diffusive and jump risk premia ensure that the measure change is
unique. The reader is referred to Appendix A.1 for more details.

6With frequent rebalancing the risk of breaching the floor due to large negative continuous move-
ments is small.



50 CHAPTER 2. CPPI IN CONTAGIOUS MARKETS

-0.02 -0.015 -0.01 -0.005 0
0

0.05

0.1

0.15

0.2

C
on

di
tio

na
l P

D
F

H-GJDM
CP-GJDM

Figure 2.6: Simulated distribution of the CPPI’s cushion at maturity (left panel) and
simulated distribution of the CPPI’s cushion at maturity conditioned on a loss oc-
curring (right panel), for the H-GJDM and for the CP-GJDM. Both distributions are
zoomed in on the negative real line and the result of weekly rebalanced positions in
the risky and risk-free asset.

conditioning on a loss occurring the H-GJDM has most of its mass around zero while
the CP-GJDM distribution is more spread out on the negative line. When the CPPI port-
folio is rebalanced frequently and since more than one jump needs to occur in order
for the CPPI to breach the barrier, typically in the H-GJDM the stock index will expe-
rience negative jumps preceding the violation of the floor in order for the intensity to
build up (top panel in Figure 2.7). Hence, the CPPI manager will have sold off the risky
exposure leading up to the breach resulting in a small loss. This contrasts the fixed in-
tensity specification where the barrier is rarely breached, but when it happens the risky
exposure is typically at a high level leading to a big loss.

The results for the negative gamma distributed jumps reported in Table 2.3 share
the same qualitative behavior as the Gaussian jump models. Again, we see that the
heavier tails of the negative gamma distribution lead to higher risk measures when
rebalancing is frequent.

2.5.3 CPPI based on risky assets with low liquidity

The assumption that the CPPI manager can sell and buy unlimited amounts of the
risky asset from day to day might be too strict in practice. Often portfolio managers are
forced to split a given trade into smaller pieces to avoid an undesired price impact. In
this section we consider a simple version of an execution of a block trade in a market
with low liquidity. In specific, we assume that the daily trade in the risky asset is limited,
here represented as a fraction Θ of the notional G of the CPPI, while the risk-free asset
can be traded daily in any desired quantity.7 Let et denote the exposure to the risky
asset computed according to the trading rule in equation (2.26) and by ēt the actual

7For a study focused on optimal execution in a framework utilizing Hawkes processes to model the
order book flow, the reader is referred to Alfonsi and Blanc (2016).
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Table 2.2: The table reports the CPPI risk measures of H-GJDM and CP-GJDM for six different

equidistant rebalancing rules: daily (d), weekly (w), fortnightly (2w), monthly (m), quarterly

(3m), triannual (4m). We examine three market scenarios: the pre-crisis period (relative to the

year 2007), the crisis (spanning from late 2008 to 2009), and the post-crisis period (referring to

the year 2015). Value at Risk (VaR), Expected Shortfall (ES), and conditional expected loss are

measured in basis points, while probability of loss is given in %. Remark: Number of simula-

tions: 106.

GAUSSIAN JUMPS

99% VAR 99% ES CONDITIONAL EXPECTED LOSS PROBABILITY OF LOSS (%)

H-GJDM CP-GJDM H-GJDM CP-GJDM H-GJDM CP-GJDM H-GJDM CP-GJDM

PRE-CRISIS

Jan 05

d 0 0 4 0 20 160 0.21 0
(2007) w 173 0 430 19 66 174 10.35 0.11

2w 398 0 848 71 100 127 18.28 0.56
m 871 71 1671 277 178 119 25.38 2.6
3m 1976 390 3426 811 382 150 31.1 10.86
4m 2306 511 3934 1021 453 169 31.11 13.64

Apr 05

d 0 0 4 0 8 94 0.48 0
w 84 0 258 15 47 66 7.48 0.22
2w 295 0 662 50 89 65 14.01 0.77
m 725 43 1391 167 163 77 22.52 2.44
3m 1733 273 2998 616 356 129 29.13 8.43
4m 1999 385 3413 795 420 149 29.21 10.89

Jul 06

d 0 0 1 0 7 38 0.08 0
w 13 0 79 1 23 45 3.6 0.03
2w 92 0 258 8 41 58 9.1 0.13
m 334 0 707 57 83 80 18.39 0.7
3m 1156 154 2050 390 221 114 30.56 4.96
4m 1444 235 2499 537 277 131 32.13 6.89

Oct 05

d 43 20 209 199 34 109 6.9 1.87
w 335 196 739 506 62 100 24.48 7.6
2w 581 334 1162 746 91 110 32.51 12.75
m 1091 589 1983 1156 156 134 40.7 20.84
3m 2375 1256 3911 2172 344 218 46.8 32.79
4m 2796 1494 4523 2528 418 254 46.69 35.13

CRISIS

Sep 05

d 0 0 2 1 2 24 1.18 0.04
(2008-2009) w 62 1 210 72 16 63 18.15 1.14

2w 236 84 572 288 38 80 29.82 4.44
m 726 394 1422 834 95 108 42.1 15.25
3m 2339 1451 3819 2385 311 225 50.76 36.9
4m 2956 1841 4709 2933 407 279 50.62 40.4

Dec 05

d 157 274 375 560 16 28 48.88 41.48
w 1226 1049 2304 1918 101 73 75.4 84.79
2w 2323 1980 3911 3045 202 143 80.51 88.66
m 4437 3436 6951 4965 413 296 82.49 92.23
3m 9891 7415 14820 10763 1051 766 78.52 90.05
4m 11755 8944 17385 13347 1296 965 76.11 88.28

Apr 03

d 119 204 358 550 17 56 31.83 14.75
w 629 698 1322 1331 60 75 57.13 46.13
2w 1248 1255 2319 2092 118 114 65.26 62.61
m 2537 2305 4171 3490 246 210 70.82 76.08
3m 6001 5022 9041 7048 662 534 70.48 79.51
4m 7273 6021 10781 8417 836 672 68.6 77.93

Jun 04

d 48 60 182 227 11 51 21.39 5.28
w 438 315 982 734 47 69 46.45 19.39
2w 943 671 1833 1275 94 97 56.25 32.38
m 2007 1341 3380 2228 201 153 63.66 50.86
3m 4828 3112 7366 4562 552 353 65.26 65.11
4m 5834 3767 8736 5389 698 440 63.77 65.4

POST-CRISIS

Jan 05

d 33 10 146 175 12 120 14.42 1.47
(2015) w 356 246 740 569 48 103 38.27 9.32

2w 606 403 1166 816 79 110 44.06 16.21
m 1109 650 1989 1225 144 129 48.76 26.18
3m 2408 1344 3966 2304 344 218 51.25 36.47
4m 2837 1575 4611 2622 424 256 50.53 38.1

Apr 02

d 0 0 9 1 2 45 4.14 0.03
w 128 0 299 77 21 104 27.28 0.74
2w 302 65 637 228 44 100 35.39 2.61
m 730 216 1349 502 100 98 43.6 8.82
3m 1954 680 3208 1291 290 160 48.9 21.18
4m 2389 875 3826 1591 369 190 48.59 24.46

Jul 02

d 2 0 32 18 8 47 4.1 0.37
w 131 4 338 91 29 73 19.17 1.26
2w 329 59 699 226 56 86 28.29 3.02
m 772 209 1435 500 116 102 37.91 7.96
3m 1972 677 3316 1286 308 163 44.78 20.59
4m 2419 869 3942 1577 387 192 44.7 23.99

Aug 07

d 0 0 1 0 4 3 0.19 0
w 71 0 214 6 23 44 13.2 0.14
2w 243 0 537 43 48 73 23.23 0.59
m 677 67 1288 244 109 103 34.08 2.7
3m 1959 436 3245 895 310 140 42.52 13.8
4m 2387 592 3910 1149 391 165 42.59 17.09
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Table 2.3: The table reports the CPPI risk measures of H-NGJDM and CP-NGJDM for six differ-

ent equidistant rebalancing rules: daily (d), weekly (w), fortnightly (2w), monthly (m), quarterly

(3m), triannual (4m). We examine three market scenarios: the pre-crisis period (relative to the

year 2007), the crisis (spanning from late 2008 to 2009), and the post-crisis period (referring to

the year 2015). Value at Risk (VaR), Expected Shortfall (ES), and conditional expected loss are

measured in basis points, while probability of loss is given in %. Remark: Number of simula-

tions: 106.

NEGATIVE GAMMA DISTRIBUTED JUMPS

99% VAR 99% ES CONDITIONAL EXPECTED LOSS PROBABILITY OF LOSS (%)

H-NGJDM CP-NGJDM H-NGJDM CP-NGJDM H-NGJDM CP-NGJDM H-NGJDM CP-NGJDM

PRE-CRISIS

Jan 05

d 504 480 1067 1062 150 209 14.31 9.20
(2007) w 586 510 1204 1103 160 213 16.10 9.60

2w 676 531 1347 1144 174 217 17.56 9.98
m 862 597 1643 1244 207 227 19.82 10.89
3m 1318 768 2364 1528 310 259 22.17 13.09
4m 1468 831 2593 1624 354 274 21.99 13.67

Apr 05

d 186 180 458 487 86 141 8.10 4.81
w 262 210 590 542 93 146 11.11 5.40
2w 342 242 731 599 105 152 13.61 6.04
m 505 316 1003 727 133 164 17.45 7.38
3m 963 528 1740 1068 231 201 22.12 10.98
4m 1112 598 1944 1180 268 215 22.59 12.06

Jul 06

d 1728 1774 3033 3160 336 409 27.72 21.90
w 1763 1782 3088 3178 344 412 27.71 21.87
2w 1784 1787 3140 3187 353 415 27.57 21.81
m 1876 1816 3283 3222 375 422 27.45 21.83
3m 2091 1854 3628 3281 444 444 26.09 21.40
4m 2162 1860 3717 3272 472 451 25.23 21.10

Oct 05

d 991 1135 1828 2060 148 208 35.6 28.56
w 1131 1203 2064 2175 166 218 37.75 29.45
2w 1279 1292 2279 2291 186 228 39.31 30.31
m 1594 1450 2769 2535 231 251 41.65 32.25
3m 2423 1893 4028 3176 372 320 43.21 35.28
4m 2708 2046 4429 3399 430 349 42.58 35.68

CRISIS

Sep 05

d 0 0 25 23 12 65 2.09 0.36
(2008-2009) w 124 39 363 87 33 87 16.39 2.51

2w 346 156 782 103 61 103 26.23 5.89
m 894 480 1646 139 129 139 36.82 14.06
3m 2562 1488 4050 262 375 262 43.50 30.62
4m 3133 1867 4842 318 479 318 42.80 33.32

Dec 05

d 693 915 1304 1610 55 63 69.14 80.44
w 1915 1874 3286 2978 161 137 79.49 89.65
2w 3037 2712 4941 4126 266 215 81.8 92.15
m 5080 4210 7988 6154 478 371 82.35 92.96
3m 10351 8240 15543 12549 1100 860 77.82 90.03
4m 12039 9727 17887 15059 1331 1054 75.32 88.2

Apr 03

d 536 624 1047 1179 44 54 65.29 58.39
w 1881 1394 3200 2314 159 112 80.27 73.35
2w 2988 1994 4815 3133 267 166 82.97 80.13
m 5071 3085 7806 4595 482 275 83.56 84.87
3m 10264 5878 15212 8343 1098 606 78.92 84.02
4m 11857 6872 17406 9630 1321 739 76.45 82.35

Jun 04

d 725 939 1406 1706 79 130 44.51 35.73
w 1171 1228 2127 2130 121 155 53.16 42.19
2w 1653 1536 2859 2540 170 183 56.98 47.43
m 2594 2135 4191 3356 277 246 60.41 54.66
3m 5037 3718 7600 5463 617 451 59.36 60.22
4m 5937 4291 8791 6176 760 537 57.37 59.5

POST-CRISIS

Jan 05

d 1020 1225 1861 2189 140 234 40.5 27.3
(2015) w 1181 1280 2121 2279 161 243 42.34 27.97

2w 1352 1341 2382 2372 186 251 43.45 28.53
m 1689 1486 2910 2569 240 271 44.76 29.89
3m 2644 1824 4316 3059 414 331 43.86 32.13
4m 2991 1940 4810 3245 487 356 42.56 32.37

Apr 02

d 928 1055 1694 1957 131 231 37.77 22.46
w 1092 1111 1943 2043 153 238 40.02 23.11
2w 1255 1171 2200 2118 178 246 41.33 23.73
m 1611 1275 2741 2279 237 263 42.80 25.11
3m 2573 1585 4132 2749 421 318 41.62 27.45
4m 2892 1690 4612 2909 496 340 40.14 27.89

Jul 02

d 147 147 382 419 46 103 12.54 5.61
w 353 219 767 553 67 115 23.64 7.43
2w 561 296 1119 690 95 127 29.73 9.34
m 987 460 1794 959 155 148 36.20 13.19
3m 2095 915 3449 1674 342 212 40.51 21.60
4m 2456 1071 3990 1906 417 236 40.04 23.70

Aug 07

d 54 37 195 182 34 88 7.02 2.23
w 228 90 533 294 51 100 18.98 3.58
2w 408 150 845 411 75 111 25.83 5.08
m 799 279 1474 645 130 131 33.41 8.27
3m 1859 664 3081 1290 311 188 38.87 16.27
4m 2192 803 3568 1497 382 211 38.62 18.52
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exposure at time t . Then the exposure at time t +1 is computed as follows

ēt+1 =


ēt +ΘG if et+1 − ēt >ΘG
et+1 if et+1 − ēt ∈ [−ΘG ,ΘG]
ēt −ΘG if et+1 − ēt <−ΘG

.

Hence, the CPPI manager can be forced to sell/buy the risky assets in smaller portions
over several days after a big move in the risky asset in order to arrive at the target expo-
sure given by (2.26).

Table 2.4 reports the gap risk fee computed under the liquidity constrained trad-
ing in the risky asset with Θ= 0.05. Compared to the fees under daily rebalancing but
with no liquidity constraint, all the fees have increased. Also the ranking of the mod-
els has swapped on many dates as the contagion specifications give rise to the highest
fee. Still, the impact of contagion is not considerable. In contrary a clearer picture is
revealed from inspection of the Table 2.5. In general the two self-exciting jump spec-
ifications lead to significantly higher risk measures; VaR and expected shortfall, even
though the rebalancing is performed on a daily basis. Especially, the expected shortfall
is greater up to a factor 10 on many dates. Hence, if the CPPI is based on a risky asset
with low liquidity, neglecting to take the contagious nature of jumps into account will
significantly underestimate the risks associated with the CPPI.

Figure 2.7 depicts the values of the CPPI strategy’s factors in the dual case of the
stylized CPPI and of its illiquidity-integrated companion. The middle panel illustrates
a delay affecting the risky exposure due to trades of risky asset being constrained. A
consequent deterioration of the CPPI value is illustrated in the bottom panel, where
the floor violation is rendered more severe when the liquidity constraint is in effect.

2.5.4 Constant-Mix strategy

As long as the CPPI is above the floor, it is a convex/momentum strategy that man-
dates the selling of stocks as they fall and the buying of stocks as they rise. Accordingly,
it combines capital protection with favorable performance in bull markets. The CPPI
has been criticized for the fact that once the CPPI value crosses the floor, the wealth is
locked in the risk-free asset until the maturity.

A concave companion of the CPPI, called Constant-Mix strategy, is an example of
dynamic asset allocation which, first: does not allow for leverage and second: will al-
ways maintain a position in the risky asset. The Constant-Mix strategy dynamically
allocates a fixed and pre-determined percentage of the wealth at investors’ disposal
in stocks and the remaining is invested in bonds. In particular the investment rule
which intertwines positions in bonds with positions in stocks underlying a Constant-
Mix strategy can be viewed as a special case of the CPPI where the exposure to the
risky asset is computed according to the rule in equation (2.18), with the bond floor
being zero valued and the multiplier m taking value between 0 and 1. The concavity
of the strategy stems from the fact that the allocation rule is designed to sell the excess
between the market and the target exposure and invest the proceeds in bonds if the
stock rises in value. On the contrary, if the stock price topples, the wealth gap between
the market and the target exposure is financed by selling a corresponding quantity of
bonds. Therefore the Constant-Mix strategy inherently does not take any return advan-
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Figure 2.7: Sample paths of CPPI factors in the H-GJDM on January 5, 2015 with daily
trading and liquidity constraint. Top panel: Asset price trajectory. Middle panel: Sam-
ple path of the risky exposure in the stylized daily trading (blue line) and in the liquidity
constrained scenario of parameter Θ = 0.05 (black line). Bottom panel: CPPI value in
the stylized daily trading (blue line) and in the liquidity constrained scenario of param-
eterΘ= 0.05 (black line), floor bond value (red line).
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Table 2.4: The table reports the CPPI upfront gap risk fee for the liquidity constrained
scenario with parameterΘ= 0.05 and daily rebalancing under both the jump size spec-
ifications. We examine three market scenarios: the pre-crisis period (relative to the
year 2007), the crisis (spanning from late 2008 to 2009), and the post-crisis period (re-
ferring to the year 2015). Gap risk fees are reported in percentage. Remark: Number of
simulations: 106.

GAP RISK FEE (%)

GAUSSIAN JUMPS NEGATIVE GAMMA DISTRIBUTED JUMPS

H-GJDM CP-GJDM H-NGJDM CP-NGJDM

PRE-CRISIS

(2007) Jan 05 0.06 0.01 0.19 0.24
Apr 05 0.03 0 0.48 0.67
Jul 06 0.01 0 0.72 1.01
Oct 05 0.13 0.11 0.51 0.63

CRISIS

(2008-2009) Sep 05 0.03 0.04 0.01 0.01
Dec 05 0.92 1.32 1.44 2.09
Apr 03 0.34 0.67 1.65 1.38
Jun 04 0.23 0.31 0.53 0.81

POST-CRISIS

(2015) Jan 05 0.13 0.14 0.53 0.69
Apr 02 0.04 0.02 0.48 0.67
Jul 02 0.05 0.02 0.14 0.10

Aug 07 0.03 0.01 0.08 0.05

tage of either bearish or bullish markets but has potential of rewards in volatile markets
that are expected to invert their trend over short periods of time.

This section is concerned with a simulation analysis along the lines of Section 2.5.2
for the measurement of the risk embedded in the implementation of the Constant-Mix
strategy. We consider an analogous formal rebalancing calendar according to which
the portfolio composition is re-evaluated at different equidistant time nodes which
might be located at regular intervals of one day, one month, and one quarter, respec-
tively. Following standard terminology in risk management, we define the loss of a
strategy with time-horizon T as

LT =−(
VT −V0 er T )

,

where VT and V0 denote the value of the strategy at maturity and at the outset, respec-
tively. Table 2.6 reports different measures of the loss of a Constant-Mix strategy with
m = 0.6, under both the Hawkes-driven model (2.15) and its fixed intensity counter-
part, and for different rebalancing frequencies. Inspection of the values of the 99% VaR
and of the 99% ES reveals that in almost all cases the Hawkes-driven model predicts a
significantly higher portfolio loss compared to the one expected by the fixed intensity
model. Surprisingly, overall the magnitude of the risk measures tends to remain unvar-
ied irrespective of the different frequency settings for both jump size specifications.

Moreover, comparing the risk measures in Table 2.6 with those of the CPPI reported
in Tables 2.2 and 2.3, we observe that on several of the crisis dates and for the low
rebalancing frequencies, the CPPI leads to significantly higher risk measures. We stress
the importance of this result as the CPPI is often perceived as being a trading strategy
with low risk attached to it due to the embedded strategy floor. The CPPI performs
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Table 2.5: The table reports the relative risk measures under the two model, H-JDM
and CP-JDM, combined with the two jump specifications, for the liquidity constrained
scenario with parameter Θ = 0.05 and daily rebalancing. We examine three market
scenarios: the pre-crisis period (relative to the year 2007), the crisis (spanning from
late 2008 to 2009), and the post-crisis period (referring to the year 2015). Value at Risk
(VaR), Expected Shortfall (ES), and conditional expected loss are measured in basis
points, while probability of loss is given in %. Remark: Number of simulations: 106.

GAUSSIAN JUMPS

99% VAR 99% ES CONDITIONAL EXPECTED LOSS PROBABILITY OF LOSS (%)

H-GJDM CP-GJDM H-GJDM CP-GJDM H-GJDM CP-GJDM H-GJDM CP-GJDM

PRE-CRISIS

(2007) Jan 05 537 0 1778 123 307 312 4.96 0.35
Apr 05 268 0 1258 62 175 199 4.02 0.26
Jul 06 0 0 450 16 211 213 1.30 0.06
Oct 05 1030 517 2491 1326 202 249 14.93 6.51

CRISIS

(2008-2009) Sep 05 470 204 1716 949 163 223 4.98 2.55
Dec 05 7725 6653 22545 18630 97 129 67.17 62.33
Apr 03 3678 3857 9334 9450 82 177 44.92 34.51
Jun 04 2696 1836 6268 3937 136 236 32.59 17.09

POST-CRISIS

(2015) Jan 05 951 619 2359 1471 134 281 22.76 7.12
Apr 02 354 0 1304 374 128 307 8.23 1.07
Jul 02 430 10 1475 401 138 225 8.30 1.5
Aug 07 260 0 1214 106 216 240 3.30 0.34

NEGATIVE GAMMA DISTRIBUTED JUMPS

99% VAR 99% ES CONDITIONAL EXPECTED LOSS PROBABILITY OF LOSS (%)

H-NGJDM CP-NGJDM H-NGJDM CP-NGJDM H-NGJDM CP-NGJDM H-NGJDM CP-NGJDM

PRE-CRISIS

(2007) Jan 05 758 571 1697 1289 161 202 17.49 10.80
Apr 05 338 259 904 723 112 154 10.61 6.15
Jul 06 1926 1887 3459 3393 320 383 29.90 23.82
Oct 05 1637 1571 3247 2880 184 228 39.99 32.42

CRISIS

(2008-2009) Sep 05 754 383 2042 1202 102 190 8.15 4.05
Dec 05 8526 8008 23259 22189 152 180 80.08 88.16
Apr 03 8760 5180 23213 11985 210 213 79.05 71.38
Jun 04 3239 2903 6741 5666 131 197 53.99 47.02

POST-CRISIS

(2015) Jan 05 1691 1611 3326 2934 172 250 44.6 30.71
Apr 02 1534 1372 3015 2561 159 244 42.23 25.53
Jul 02 783 381 1965 1045 117 159 18.94 8.32
Aug 07 540 149 1491 614 111 154 12.46 3.97
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poorly in scenarios where the risky asset increases to a high level before being hit by
large negative shocks. In these scenarios the exposure to the risky asset can increase to
more than the portfolio value due to the multiplier m. Under non-continuous trading,
the shocks to the risky asset might incur before the CPPI manager has time to sell off
the risky asset ultimately resulting in losses to the strategy above the initial investment.
In particular, the risk measures for December 5, 2008 and April 3, 2009 in the Tables 2.2,
2.3, and 2.5 imply that losses of more than 100% occur with positive probabilities.

2.6 Conclusion

We study Constant Proportion Portfolio Insurance strategies in models allowing for
self-excitement in the jump intensity of the risky asset. The probability of breaching
the CPPI floor is derived in semi-closed form under the assumption of continuous-
time trading. Moreover, we propose and detail how a measure change from the physi-
cal probability measure to a pricing measure can be performed. Additionally, we con-
duct a simulation experiment under a discrete-time rebalancing assumption and price
the gap risk of the CPPI. We extend the analysis and compute various risk-measures un-
der the physical probability measure, and find that failing to take the contagious nature
of asset dynamics into account will tend to underestimate the risks involved in a CPPI
strategy. Finally, we introduce illiquidity to the model by imposing an upper bound
on the daily trading in the risky asset. The trading constraint has the implication that
in scenarios where the risky asset underlying the CPPI grows to high levels followed by
rapid negative shocks, the CPPI can incur heavy losses as the CPPI manager can not sell
the risky exposure sufficiently before the CPPI floor is hit. The Hawkes-driven speci-
fications are well-suited to capture this risk. Especially, for the less distressed dates
we find that the fixed jump intensity specifications underestimate the risk measures
compared to the contagion specifications.
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Table 2.6: The Table reports the Constant-Mix risk measures under the two models,
H-JDM and CP-JDM, combined with the two jump specifications, and for three differ-
ent equidistant rebalancing rules: daily (d), monthly (m), quarterly (3m). We examine
three market scenarios: the pre-crisis period (relative to the year 2007), the crisis (span-
ning from late 2008 to 2009), and the post-crisis period (referring to the year 2015). The
parameters of the Constant-Mix strategy are m = 0.6, r = 0.01, q = 0, V0 = 1, and T = 5
years. Value at Risk (VaR) and Expected Shortfall (ES) are measured in basis points.
Remark: Number of simulations: 106.

GAUSSIAN JUMPS NEGATIVE GAMMA DISTRIBUTED JUMPS

99% VAR 99% ES 99% VAR 99% ES

H-GJDM CP-GJDM H-GJDM CP-GJDM H-GJDM CP-GJDM H-GJDM CP-GJDM

PRE-CRISIS

Jan 05
d 4474 2932 5452 3460 2040 2278 2978 2862

(2007) m 4422 2930 5389 3455 2040 2278 2980 2861
3m 4341 2928 5278 3446 2051 2279 2983 2857

Apr 05
d 4205 2842 5164 3355 2539 2432 3485 2979
m 4155 2840 5103 3351 2538 2430 3481 2976
3m 4079 2837 4997 3343 2547 2430 3477 2971

Jul 06
d 4258 2625 5221 3118 2277 2500 3260 3165
m 4241 2623 5196 3115 2286 2501 3264 3163
3m 4203 2620 5147 3107 2299 2503 3271 3161

Oct 05
d 5692 3856 6677 4446 4874 3621 5920 4260
m 5662 3851 6641 4439 4863 3619 5898 4255
3m 5602 3841 6563 4424 4843 3611 5859 4242

CRISIS

Sep 05
d 5334 3888 6472 4537 2317 3189 3587 3900

(2008-2009) m 5328 3884 6455 4530 2333 3186 3595 3894
3m 5308 3875 6418 4513 2365 3185 3614 3885

Dec 05
d 8508 6988 9229 7607 8461 7009 9184 7635
m 8423 6969 9153 7584 8382 6991 9112 7612
3m 8265 6932 9009 7536 8223 6952 8969 7566

Apr 03
d 7708 5775 8646 6478 8286 6284 8999 6943
m 7678 5764 8608 6461 8191 6273 8912 6924
3m 7611 5737 8531 6429 8019 6245 8750 6887

Jun 04
d 7419 5028 8385 5706 5002 4435 6338 5182
m 7381 5019 8342 5693 5009 4432 6330 5172
3m 7314 4999 8261 5668 5032 4415 6317 5153

POST-CRISIS

Jan 05
d 7226 3902 8194 4479 4285 3383 5586 4016

(2015) m 7187 3894 8147 4471 4297 3377 5587 4016
3m 7112 3883 8058 4456 4307 3372 5585 4016

Apr 02
d 6831 3565 7881 4117 2973 3120 4288 3743
m 6817 3559 7848 4111 2999 3115 4302 3739
3m 6759 3554 7778 4097 3041 3111 4332 3731

Jul 02
d 5833 3501 6920 4053 4302 3214 5476 3805
m 5806 3496 6882 4047 4304 3211 5460 3800
3m 5748 3489 6810 4033 4284 3207 5425 3789

Aug 05
d 5261 3221 6369 3755 3608 2988 4734 3557
m 5229 3219 6332 3749 3606 2987 4727 3553
3m 5177 3211 6262 3738 3609 2982 4711 3544
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Appendix

This appendix contains all the technical details underlying the change of measure
outlined in Section 2.2.2.

A.1 Change of measure

We consider the structure-preserving change of measure fromP to the pricing mea-
sure Q defined in (2.16). Combined with the assumption that the premium associated
to jump risk stems entirely from the altered jump size distribution parameters, it can
be explicitly expressed as

Lt = L(C )
t L(J )

t (2.27)

with

L(C )
t =E (−ξσWt )

L(J )
t =E

(
Ht∑
j=1

(
κ

(
Z j

)−1
)−∫

[−∞,t ]×R

(
κ(z)−1

)
νX (ω;d s,d z)

)
,

where κ(z) = f̃ (z)
f (z)1supp f (z), and νX (ω;d t ,d z) = λt f (z)d z d t . We perform the change

of measure through L on the log-price X = log(S) whose dynamics is given by

d X t =
[

r −q − 1

2
σ2 +γt +

(
µX −µ)

λt

]
d t +σdWt +d Jt −µXλt d t ,

where Jt =∑Ht
j=1 Z j , µ= E[

e Z1 −1
]
, and µX = E [Z1]. By Girsanov’s theorem we infer that

W̃t :=Wt +ξσt is a Q−Brownian motion, the Q-drift coefficient is given by

b̃t =
(
r −q − 1

2
σ2 +γt +

(
µX −µ)

λt

)
−ξσ2 +λt

(
µ̃X −µX )

,

where µ̃X = EQ
[

Z̃1
]
, and the Q-compensator becomes ν̃X (ω;d t ,d z) =

κ(z) νX (ω;d t ,d z) (cf. Jacod and Shiryaev (2003), Theorem III.3.24, or Kallsen
(2006), Proposition 2.6). Due to the particular form of ν̃X , in view of the marked
Hawkes characterization Proposition 2.2.3, the risk-neutral jump term is still a marked
Hawkes process with Ft−intensity λt . The risk-neutral dynamics of the stock price
process S = exp(X ) is easily obtained by the general Itô’s formula and is given by

dSt

St−
= [

r −q +γt −ξσ2 + (
µ̃−µ)

λt
]

d t +σdWt +d J S
t − µ̃λt d t ,

where µ̃= EQ
[

e Z̃1 −1
]

.

The specific choice for the density process driving the change of measure outlined
in (2.27) inherently leaves the jumping times, or equivalently the intensity process, un-
changed. In the level-effect enriched intensity specification (2.9) the change of mea-
sure applies a reshape of the jump size distribution parameters and, when passing
from P to Q, to preserve the same jump intensity in terms of the "new" jumps it is
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necessary to put some restrictions on the risk-neutral jump size distribution param-
eters. Here we assume that the risk-neutral jump sizes

(
Z̃ j

)
j∈N are linearly related to(

Z j
)

j∈N through the parameter ρ > 1 as follows

Z̃ j = ρ Z j ∀ j . (2.28)

Accordingly, Z̃ j ∼ NGam
(
κ,ρθ

)
, for any j ≥ 1, and the dynamics of λ under Q is given

by
dλt = δ(λ̄−λt )d t − ε̃d J̃λt ,

where ε̃ := ε
ρ

and J̃λt =∑Ht
j=1 Z̃ j .

Finally, in the Gaussian intensity framework, we assume

σ̃J =σJ (2.29)

to achieve identification of jumps in Q through the jump-risk premium.

A.2 Martingale property of the density process Lt

Define
Mt = [λt Ξt ]> ,

λt being the intensity process under either jump specification, and Ξt being the pro-
cess embedded in the change of measure with dynamics given by

dΞt =−ξσdWt +d
Ht∑
j=1

(
κ(Z j )−1

)−E [κ(Z1)−1] λt d t .

Adopting the notation of Kallsen (2006), the process M is anR2−valued semimartingale
with affine differential characteristics

β (m1,m2) =β0 +
2∑

j=1
m j β j

γ (m1,m2) = γ0 +
2∑

j=1
m j γ j

φ (m1,m2,B) =φ0 +
2∑

j=1
m j φ j (B) for B ∈B(R2),

relative to admissible Lévy-Khintchine triplets
(
β j ,γ j ,φ j

)
, j = 0,1,2, of the form

(
β0,γ0,φ0

)= ([
δλ̄ 0

]>
,

[
0 0
0 ξ2σ2

]
,0

)

(
β1,γ1,φ1(B)

)=


(
[−δ+ε 0 ]> ,

[
0 0

0 0

]
,
∫
1B (ε,κ(z)−1) f (z) d z

)
, if Z j ∼N(m J ,σJ )(

[−δ−εE [Z1] 0 ]> ,

[
0 0

0 0

]
,
∫
1B (−ε z,κ(z)−1) f (z) d z

)
, if Z j ∼ NGam(κ,θ)

(
β2,γ2,φ2

)= (
[ 0 0 ]> ,

[
0 0
0 0

]
,0

)
,
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where B ∈ B(R2), and the identity h(z) = z is used as truncation function. These
triplets are admissible with m = 1. Furthermore, if the following conditions hold:

1. φ j ({z ∈R : κ(z) < 0}) = 0 , for j = 0,1 ,

2.
∫

{κ(z)−1>1}
(κ(z)−1) φ j (d z) <+∞ , for j = 0,1 ,

3. β(2)
j = 0 , for j = 0,1,2 ,

4.
∫

{∆λ>1}
(∆λ) κ(z)φ j (d z) <+∞ , for j = 1 ,

Corollary 3.9 in Kallsen and Muhle-Karbe (2010) yields that the process Lt =E (Ξt ) is a
martingale. Here, Condition 1 is evidently satisfied by construction for j = 0 and so is
for j = 1 since κ is, by definition, a non-negative function. For j = 0, Condition 2 is also
immediately verified by construction. When j = 1, regardless the jump size choice,
the integral in Condition 2 is proved to be finite being the difference between the c.d.f.
of Z and the c.d.f. of Z̃ . In both the two jump specifications, the drift Condition 3
clearly holds by construction. As regards the final condition, for Gaussian jumps we
obtain {∆λ> 1} = {ε> 1} and one sees immediately that the finiteness of the integral
in Condition 4 is guaranteed as long as ε < +∞. Finally, Condition 4 is fulfilled in the
negative gamma jump specification as long as the mean of the jump sizes and ε are
finite.

A.3 Martingale property of the discounted price process e−(r−q) t St

Define
Mt =

[
λt X̃ t

]>
,

λt being the intensity process under either jump specification, and X̃ t being the dis-
counted log price process with dynamics given by

d X̃ t =
(
−1

2
σ2 − µ̃λt

)
d t +σdW̃t +d

Ht∑
j=1

Z̃ j .

Adopting the notation of Kallsen (2006), the process M is an affine process whose Lévy-
Khintchine triplets

(
β j ,γ j ,φ j

)
, j = 0,1,2, meet the equations

(
β0,γ0,φ0

)= ([
δλ̄ − σ2

2

]>
,

[
0 0
0 σ2

]
,0

)

(
β1,γ1,φ1(B)

)=


([−δ+ε − µ̃+EQ [
Z̃1

] ]>
,

[
0 0

0 0

]
,
∫
1B (ε, z) f̃ (z) d z

)
, if Z̃ j ∼N(m̃ J ,σJ )([−δ−εEQ [

Z̃1
] − µ̃+EQ [

Z̃1
] ]>

,

[
0 0

0 0

]
,
∫
1B (−ε z, z) f̃ (z) d z

)
, if Z̃ j ∼ NGam(κ,ρθ)

(
β2,γ2,φ2

)= (
[ 0 0 ]> ,

[
0 0
0 0

]
,0

)
,
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where B ∈ B(R2), and the identity h(z) = z is used as truncation function. These
triplets are admissible with m = 1. Furthermore, if the following conditions hold:

1. E
[

eM (2)
0

]
<+∞

2.
∫

{z>1}
ez φ j (d z) <+∞ , for j = 0,1

3. β(2)
j + 1

2
γ(2,2)

j +
∫ (

ez −1− z
)
φ j (d z) = 0 , for j = 0,1,2

4.
∫

{∆λ>1}
(∆λ) ez φ j (d z) <+∞ , for j = 1

the time-homogeneous counterpart of Corollary 3.4 in Kallsen and Muhle-Karbe
(2010) yields that the process S̃t = e X̃ t is a martingale. Here, Condition 1 clearly holds

since E
[

eM (2)
0

]
= E

[
e X̃0

]
= S̃0 < +∞. Condition 2 is evidently satisfied by construction

for j = 0, and for j = 1 we consider the two jump specifications separately. For negative
gamma jump distribution having support in (−∞,0] it is easily seen that the integral in
Condition 2 has the value zero. In the Gaussian case, it is easy to check that∫

{z>1}
ez f̃ (z) d z = em̃ J+

σ2
J

2

(
1−FN0,1

(
m̃ J −σ2

J +1

σ

))
,

where FN0,1 denotes the c.d.f. of a standard normally distributed r.v., hence the finite-
ness of the integral is guaranteed as long as the mean and the standard deviation of the
jump sizes are finite. Condition 3, regarding the drift, is easily fulfilled by construction.
As regards the final condition, for Gaussian jumps an easy computation shows that the
integral in Condition 4 is finite as long as ε, the mean and the standard deviation of
the jump sizes are finite. The same conclusion can be drawn for the case of negative
gamma distributed jumps where it can be easily checked that Condition 4 holds as long
as the mean of the jump sizes and ε are finite.
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Abstract

We study the impact of market contagion on portfolio management. To model pos-
sible recurrence in the arrival of extreme events, we equip classic Poisson jumps with
long memory via past-weighted randomization of the likelihood of their occurrences
(Hawkes processes). Within this framework, we tackle the problem of optimal port-
folio selection in terms of Expected Shortfall (ES). We use the generalized method of
moments to estimate the model on three US stock indexes, representing three ma-
jor sectors of the US economy. The moment conditions of the model are computed
efficiently in closed form applying a novel technique. Given parameter estimates we
maximize (at a monthly frequency in the period 2001-2016) the expected return sub-
ject to a constraint on the ES of a portfolio consisting of the three US sector indexes.
We find that the weights of the optimal portfolio are significantly adjusted when the
level of contagion is high. Finally, we perform an extensive out-of-sample back-test
of the model’s ability to measure ES and find that the Hawkes jump-diffusion model
outperforms two traditional models that are commonly implemented.
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3.1 Introduction

The cascade of negative shocks to financial markets experienced in 2008-2009
points to the interdependence of risks embedded in asset returns. A prominent ex-
ample is given by the collapse of Lehman Brothers in September 2008, which spread
to markets worldwide in the form of contagious shocks. Following these events, an in-
creasing body of literature has been dedicated to the empirical documentation of the
contagious nature of financial markets, see for example Longin and Solnik (2001); Bae
et al. (2003); Aït-Sahalia et al. (2015). In particular for portfolio management, neglect-
ing to take this contagious behavior into account will lead to an underestimation of the
risk of realizing severe losses on the constituents of the portfolio over a short horizon.
For a well-diversified portfolio, a single big negative movement in one of the assets
will most likely not impact the performance severely. However, if the negative shock is
followed by multiple negative shocks to other assets in the portfolio, the loss incurred
may be substantial. Both for proper risk management and for portfolio allocation, it is
paramount to use a model which realistically features this interconnected jump behav-
ior of financial assets. To address the possible recurrence of jump events, we consider a
multidimensional jump-diffusion framework where the jump processes are equipped
with long memory via past-weighted randomization of their intensity. This is attained
by modeling the arrival of jumps through a Hawkes (1971) process, instead of the more
classic constant intensity Poisson process. In this way, the underlying components
of the portfolio are affected by two sources of excitation: (i) "Self-contagion", a self-
feeding effect of downside shocks ramping up the intensity of future negative jumps,
and (ii) "Cross-contagion", transmission of adverse shocks across different assets.

In a theoretical paper, Aït-Sahalia and Hurd (2016) study the problem of optimal
portfolio allocation in models where the available asset prices are subject to mutually
exciting jump processes. For the case of a log-utility investor, they are able to solve
the problem in closed form. In contrast, we study the problem of an investor who
wishes to maximize the expected return of a portfolio subject to a constraint on Ex-
pected Shortfall (ES). This optimization problem is relevant for financial institutions
as capital requirements imposed by regulation are computed based on a tail risk mea-
sure, i.e., Value at Risk (VaR) or ES (Basel, 1996; Basel, 2013). Hence, the equity capital
of a financial institution translates into a constraint on ES. Moreover, it is of impor-
tance for banks and other major financial institutions to measure their portfolio tail
risk adequately, as regulation also requires banks to back-test the performance of their
models. If the bank incurs more severe losses over time than predicted by the model,
it runs the risk of being subject to an increased capital requirement. As a last resort
the authorities have the mandate to force the bank to use a standard model to measure
the portfolio risk. Besides leading to a higher capital requirement, it may also have
negative reputational consequences for a bank when this happens.

Utility-based portfolio allocation in markets where assets are allowed to jump has
been studied in a number of papers: Liu and Loewenstein (2013) study optimal port-
folio choice in a model that allows for regime switching following market crashes.
In Kallsen (2000), the optimal allocation of wealth is derived under the assumption
that exponential Lévy processes drive the asset prices. Liu et al. (2003) add stochas-
tic volatility to the asset dynamics and let the jump intensities scale with the level of
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volatility. Das and Uppal (2004); Aït-Sahalia et al. (2009) study optimal portfolio choice
in models with simultaneous jumps across the assets. Branger et al. (2009) analyze
the optimal portfolio choice of a Constant Relative Risk Aversion (CRRA) investor in a
market with two risky assets and with contagious states of the economy, modeled as
a Markov chain. Branger et al. (2014) study the optimal portfolio decision of an in-
vestor with CRRA in a model with partial information about contagion risk. Our paper
contributes by considering Hawkes process driven jumps and the use of ES together
with expected return as objective criteria. Portfolio selection based on general spec-
tral risk measures is studied in the papers Adam et al. (2008); Brandtner (2013). In
a related paper, Buccioli and Kokholm (2018) study a particular portfolio allocation
strategy, Constant Proportion Portfolio Insurance, under the assumption of Hawkes
processes driving the dynamics of asset returns.

Figure 3.1 depicts the log-returns of the three indexes NYSE Arca Natural Gas In-
dex (XNG), the Morgan Stanley Technology Index (MSH), and the NYSE Arca Biotech-
nology Index (BTK) over the week running from Tuesday, October 21 to Monday, Oc-
tober 27, 2008. On Tuesday, both the XNG and the MSH indexes experienced a big
negative shock to their value, which was followed by a very big negative shock to the
XNG index of more than 10% on Wednesday, while the indexes MSH and BTK also
incurred losses around 4%. On the following two days, the index values remained
relatively calm with small losses to all of them by the end of the week. Finally, both
the XNG and BTK indexes opened the following week with heavy losses of more than
5%. In a traditional jump diffusive model with constant jump intensity, the probabil-
ity of these occurrences is essentially zero. This and similar contagion episodes have
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Figure 3.1: Historical log-returns of the three indexes: XNG, MSH, and BTK over the
week from October 21-October 27, 2008.

motivated the research focus to enhance traditional models that are unable to em-
bed this feature of financial assets. Empirical support of contagious assets dynamics is
provided in Aït-Sahalia et al. (2015), where the contagion is modeled by the introduc-
tion of mutually-exciting jumps in the underlying dynamics via Hawkes processes. As
opposed to more traditional Lévy-driven models exhibiting constant jump intensity,
Hawkes processes embed the risk of jump clustering. Hawkes processes have been ap-
plied in a financial context in a number of papers: for credit modeling in Errais et al.
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(2010); Aït-Sahalia et al. (2014), in Kokholm (2016); Du and Luo (2017) for derivatives
modeling, and to model VaR in a univariate setting in Chavez-Demoulin et al. (2005);
Herrera and Schipp (2013). The availability of high-frequency data has been the driver
of research devoted to the modeling of market price microstructure using Hawkes pro-
cesses: Bowsher (2007) proposes a model for transaction times and prices at high fre-
quency, Chavez-Demoulin and McGill (2012) apply Hawkes processes to model intra-
day VaR, and in Bacry et al. (2013) multivariate Hawkes processes are applied in a high
frequency setting to model order books. The reader is referred to Hawkes (2018) for a
more comprehensive literature review of the applications of Hawkes processes.

Under the framework outlined above, we tackle the problem of optimal portfolio
selection in a more realistic model for jump arrivals in asset returns, incorporating
self- and cross-excitation. As optimization criteria, we maximize the expected port-
folio return subject to a constraint on the ES, as opposed to the "standard" objective
functions studied in Aït-Sahalia and Hurd (2016). In general, supervisory authorities
advocate the use of ES over VaR for risk management (Basel, 2013), as the former risk
measure has better features, e.g. ES is coherent and captures the whole tail of the distri-
bution (Acerbi and Tasche, 2002). We use the generalized method of moments (GMM)
to estimate the model on three US stock indexes (XNG, MSH, BTK), representing three
major sectors of the US economy. The moment conditions of the model are computed
efficiently in closed form by performing a double-stage version of the methodology of
Cuchiero et al. (2012), which allows us to bypass the unobservability of the intensity
process. A similar GMM-based estimation technique relying on Taylor aproximations
of the moments is developed by Aït-Sahalia et al. (2015).

Given parameter estimates, we optimize (at a monthly frequency in the period
2001-2016) a portfolio consisting of the three indexes mentioned above. We untangle
linkages between the level of portfolio concentration implied by the estimated series of
optimal portfolio weights and the contagion, as measured by the model, between the
three assets. We find that a clear positive relationship exists between the degree of con-
tagion inside a portfolio and the level of wealth concentration among its components.
Specifically, in the presence of highly contagious assets, minimal loss allocation calls
for investment into the asset displaying the least individual and contagion risk. More-
over, we characterize the dynamic behavior of the optimal portfolio weights, by linking
the investors’ reactions to changes in the jump intensities. Additionally, we document
that the optimal portfolio corresponding to the Hawkes process driven model leads to
lower realized losses above the 95% quantile compared to the realized losses associ-
ated with the optimal portfolios of two benchmark models commonly implemented,
i.e., multivariate versions of the Black and Scholes (1973) model and the Merton (1976)
jump-diffusion model. Finally, we analyze the Hawkes process driven model from a
risk management perspective and perform an extensive out-of-sample back-test of
the portfolio VaR and ES implied by the estimated models. We find that the Hawkes
jump-diffusion model outperforms the two benchmark models. Specifically, following
the traffic-light back-testing procedure (Basel, 1996; Basel, 2013), we document that
in comparison to the benchmark models, the Hawkes process driven model leads to
less loss violations belonging to the "yellow" and "red" zones. Hence, in the more dis-
tressed periods of time the Hawkes driven model provides higher and more precise
estimates of the tail risk measures. Additionally, in the calm periods the Hawkes driven
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model leads to tail risk measures of the same magnitude as the benchmark models.
This is important as banks would be reluctant to use risk models that overestimate the
risk in calm periods as this would also imply higher capital requirement.

The remainder of the paper is organized as follows: Section 3.2 presents the mod-
eling setup. In Section 3.3 the optimization problem is described and various case
studies are considered. The estimation procedure is detailed in Section 3.4 and im-
plemented on a historical data set containing time series of prices on three major US
sector indexes. In Section 3.5, the estimated model is used to construct time series of
the optimal weights in a portfolio consisting of the three indexes. With the weights at
hand, we study the relation between the level of contagion and the concentration in
the portfolio. In Section 3.6, the model is back-tested on historical data and its perfor-
mance compared to the performance of more traditional models. Finally, Section 3.7
concludes.

3.2 Modeling contagion

This section introduces the models utilized in the analysis of the paper. Section
3.2.1 presents the contagion modeling framework, while Section 3.2.2 introduces mul-
tivariate versions of two classic models. The two latter models will be used in the analy-
sis in order to compare the performance of the Hawkes driven model to more standard
models.

3.2.1 The n-HJD model

To address possible recurrence in the arrival of jump-related events, we con-
sider a multidimensional jump-diffusion framework where classic Poisson jumps are
equipped with long memory via past-weighted randomization of their intensity. In this
way, the underlying components of the portfolio are affected by two sources of excita-
tion: (i) "Self-contagion", a self-feeding effect of big movements ramping up the in-
tensity of future jumps; (ii) "Cross-contagion", transmission of shocks across different
assets.

This is attained by modeling the arrival of jumps through a Hawkes (1971) process.
Technically, for a given filtered probability space

(
Ω,FH ,P,

(
FH

t

))
verifying the usual

hypotheses, an n−dimensional Hawkes process Ht =
(
H (1)

t , . . . , H (n)
t

)>
is a point process

with stochastic intensity, i.e.,

P
(
H (i )

t+∆ t −H (i )
t = 1 |FH

t

)
=λ(i )

t ∆t +o (∆t )

P
(
H (i )

t+∆ t −H (i )
t > 1 |FH

t

)
= o (∆t )

for each i . The intensity process, λt =
(
λ(1)

t , . . . ,λ(n)
t

)>
, defines the expected number of

jumps per unit of time and is the solution of

λt = λ̄+
∫ t

−∞
κ(t −u) d Hu , (3.1)
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where λ̄ ∈ Rn
>0, κ is a n ×n matrix-valued kernel and the integral is understood in the

sense of vector stochastic integration. Notably, the dynamics of λ is determined by the
paths of H , hereby introducing a feedback effect of jumps on the jump intensities. We
choose an exponential kernel matrix κ(x) = (

κ(i , j )(x)
)

i j whose components are expo-
nential decay functions of the form

κ(i , j )(x) = ε(i , j )e−δ(i )x ,

with ε(i , j ) and δ(i ) being positive constants for all i , j = 1, . . . ,n. This choice ensures
the Markovianity of the Hawkes process coupled with its intensity, H := (H ,λ), and of
the intensity process λ alone. The intensity dynamics in (3.1) can be reformulated in a
mean-reverting form as follows

dλt = δ◦
(
λ̄−λt

)
d t +εd Ht , (3.2)

where δ= (
δ(1), . . . ,δ(n)

)>
, ε= (

ε(i , j )
)

i j , and ◦ denotes the element-wise multiplication.
We further assume that the intensity process is stationary, which translates into the
exponential kernel satisfying the stability condition (Hawkes (1971); Hawkes and Oakes
(1974))

δ(i ) >
n∑

j=1
ε(i , j ), i = 1, . . . ,n. (3.3)

In this setting, let S be an n-dimensional vector of stock prices. Under (Ω,F,P, (Ft )),
with FH ⊂F, the following dynamics are assumed for the log-price X = log(S),

d X t =µd t +σdWt +d J H
t , (3.4)

where µ ∈ Rn , σ = diag
(
σ(1), . . . ,σ(n)

)
, W is an n-dimensional Brownian motion with

correlation matrix ρ = (
ρ(i j )

)
i j , and J H ∈ Rn is a purely jumping vector process of the

form J H ,(i )
t = ∑H (i )

t
j=1 J

(i )
j , with J(i ) =

{
J(i )

j

}
j≥1

being a sequence of mutually independent

random variables, and independent of H (i ), with common law f (i )
J ∼N(m(i )

J , s(i )
J ). Fur-

thermore, the vector of Brownian motions W and the vector of marked Hawkes pro-
cesses J H are assumed to be mutually independent. This model is labeled n-HJD for
short. Remarkably, this model belongs to the class of affine processes (Errais et al.
(2010); Kokholm (2016)), which allows for any estimation technique building on the
knowledge of the characteristic function or, even more interestingly, of the moments
(Cuchiero et al., 2012).

3.2.2 Benchmark models

Multivariate extensions of the Black and Scholes (1973) model and the Merton
(1976) jump-diffusion model are embedded in the n-HJD framework. More precisely,
in the multivariate Black and Scholes (1973) model the log-price process X is given by

d X t =µd t +σdWt ,

where µ ∈ Rn , σ = diag
(
σ(1), . . . ,σ(n)

)
, and W is an n-dimensional Brownian motion

with correlation matrix ρ = (
ρ(i j )

)
i j . This model is labeled n-N. In the multivariate
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Merton (1976) jump-diffusion model, an independent jump component is added to
the Black-Scholes model, and the log-price process X is given by

d X t =µd t +σdWt +d J N
t ,

where J N ∈ Rn is a purely jumping vector process of the form J N ,(i )
t = ∑N (i )

t
j=1 J

(i )
j , with

N being an n-dimensional Poisson process with (fixed) intensity λ ∈ Rn and J(i ) ={
J(i )

j

}
j≥1

a sequence of mutually independent random variables, and independent of

N (i ), with common law f (i )
J ∼ N(m(i )

J , s(i )
J ). Furthermore, the vector of Brownian mo-

tions W and the vector of compound Poisson processes J N are assumed to be mutually
independent. This model is labeled n-CPJD.

3.3 Portfolio management in contagious markets

For the purpose of portfolio selection, it is paramount to capture the contagious
nature of financial markets. For a well-diversified portfolio, a single big negative move-
ment in one of the assets will most likely not impact the performance severely. How-
ever, if the negative shock is followed by multiple negative shocks to other assets in the
portfolio, the loss incurred may be substantial. In Section 3.3.1, we present the gen-
eral framework to maximize expected return over some time horizon subject to an ES
constraint. This optimization problem is relevant for financial institutions as capital
requirements imposed by regulation are computed based on a tail risk measure, i.e.,
VaR or ES. We also formulate the closely related problem of minimizing ES subject to
a constraint on expected return. Section 3.3.2 is devoted to analyzing three cases with
varying degrees of contagion across a market of 1 risk-free and 10 risky assets. We il-
lustrate how the optimal portfolio weights depend heavily on the contagion among the
assets.

3.3.1 ES-based optimization problems

Consider a market of n risky assets S = (
S(1), . . . ,S(n)

)>
and the risk-free bank ac-

count B . Let Vt denote the time-t value of a portfolio consisting of a position in bt

units of the risk-free asset B and at =
(
a(1)

t , . . . , a(n)
t

)>
shares of the stocks S,

Vt = a>
t St +bt Bt .

We consider a time period τ and assume that the portfolio composition stays fixed
over this time frame. We define the relative loss of the portfolio over the time horizon
τ as Lt ,t+τ :=−Vt+τ−Vt

Vt
, and denote by Rt ,t+τ the expected rate of return of the portfolio

during a τ-period.
The ES at level α of the loss Lt ,t+τ is defined as

ESα,t = E[Lt ,t+τ|Lt ,t+τ > VaRα,t ] ,
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where VaRα,t is the VaR at confidence level α of the losses between time t and t +τ,
namely the quantile of order α of the portfolio’s loss distribution.

We consider the following two optimization problems:

1. At each time t , select the optimal portfolio allocation vector
(
a∗

t ,b∗
t

)
that maxi-

mizes the expected rate of return over a time horizon τ subject to a constraint C
on the ES, i.e. (

a∗
t ,b∗

t

)= argmax
(a,b)∈C

Rt ,t+τ (a,b) , (P1)

where
C := {

(a,b) : ESα,t
(
Lt ,t+τ(a,b)

)≤ e
}

, e ∈R.

2. At each time t , select the optimal portfolio allocation vector
(
a∗

t ,b∗
t

)
that min-

imizes the ES of the loss over a time horizon τ subject to a constraint C on the
expected portfolio return, i.e.(

a∗
t ,b∗

t

)= argmin
(a,b)∈C

{
ESα,t

(
Lt ,t+τ (a,b)

)}
, (P2)

where
C := {

(a,b) : Rt ,t+τ (a,b) ≥ r
}

.

The two optimization problems can be solved by the risk-minimizing technique
of Rockafellar and Uryasev (2000) and the follow-up work by Krokhmal et al. (2002).
The two problems are equivalent in the sense that they give rise to the same efficient
frontier (Krokhmal et al., 2002).1 The general approach embodied in Rockafellar and
Uryasev (2000) relies on the knowledge (either in analytic or simulation-based form)
of the probability density function driving the risk of the portfolio. Accordingly, the
algorithm calls for efficient calculation of the probability density function of the log-
prices. This is a delicate task in the n-HJD modeling framework, particularly when
increasing the dimension of the system. In our study, we rely on the simulation-based
version of the optimization technique of Rockafellar and Uryasev (2000). The efficiency
of this technique can be notably improved when combined with the exact simulation
algorithm for Hawkes processes developed by Dassios and Zhao (2013).

3.3.2 Case studies

In this section, we take a market of 10 risky assets and a single risk-free asset as
given and consider an investor who wishes to maximize the expected return of a port-
folio over a horizon τ equal to one month and subject to a constraint on the ES at the
95% level equal to 6%.2 Via 1 million simulations, we analyze three case studies with
increasing degrees of contagion across the assets:

1The efficient frontier is defined as the selection of portfolios that for varying levels of ES produces
the highest expected returns.

2Minimization of the ES subject to a constraint on the expected return yields the same optimal port-
folio for appropriate level of required expected return.
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(a) No cross contagion: As base case we take a symmetric market with asset dynamics
as in equation (3.4) and parameters σ(i ) =σ= 0.15, ρ(i , j ) = 0, i 6= j , δ(i ) = 120, λ̄(i ) =
2, ε(i ,i ) = 60, ε(i , j ) = 0 for all i , j = 1, . . . ,10 and i 6= j . The jumps in log-prices share
the same mean m J = −0.05 and standard deviation σJ = 0.05. The jump arrival

intensities are initialized at the long-run mean with λ(i )
0 = δ(i )λ̄(i )

δ(i )−∑10
j=1 ε

(i , j ) and the drift

µ(i ) = 0.05−λ(i )
0 m J . The specific choice of parameters is inspired by those reported

in Aït-Sahalia et al. (2015). The risk-free rate is assumed equal to zero.

(b) One primary asset: The same parameters as in the base case but with ε(i ,1) = 15, i >
1 and ε(i , j ) = 0, j 6= i and j > 1.

(c) One independent asset and three sectors linked internally: The same parameters as
in the base case but with ε(i ,1) = 0, i > 1, ε(i , j ) = 20, j 6= i and j , i = 2,3,4, ε(i , j ) =
15, j 6= i and j , i = 5,6,7, ε(i , j ) = 10, j 6= i and j , i = 8,9,10. The remaining cross
contagion parameters are set equal to 0.

Figure 3.2 depicts the loss distributions associated with the optimal portfolio in the
three cases. The contagion primarily impacts the left tail of the loss distributions, while
the right tails are approximately the same, due to the identical constraint on ES in all
three scenarios. Moreover, from Table 3.1 we observe how the expected return of the
optimal portfolio is decreasing in the overall level of contagion in the market. Focusing
only on the allocation to the risk-free asset, we notice from Figure 3.3 that the weight
goes from highly negative in case (a) to highly positive in case (c). This observation
explains the return pattern reported in Table 3.1. Due to the constraint on ES, when
the level of risk in the market is high (as measured by the contagion parameters), more
wealth is allocated to the risk-free asset, resulting in a smaller expected return. In the
symmetric market with no cross contagion, Figure 3.3 reveals that the optimal portfo-
lio is composed of a leveraged position in the 10 risky assets with equal weight. The
part of the wealth allocated to the risk-free bond is directly related to the constraint
on the ES. Setting the ES higher will shift investments in the risk-free bond to the risky
assets and vice versa. In case (b) where the negative spillover from jumps is single-way
from asset 1 to the rest of the market, we see that the optimal portfolio involves a short
position in asset 1 and long positions in the other 9 risky assets. The short position in
asset 1 diversifies the risk of the portfolio, since a negative jump to asset 1 will increase
the risk of additional shocks to the other 9 risky assets. Hence, in this case the investor
gains on the short position but with increased probability of realizing a loss on the long
positions. In the final case, we see that the investor is long in all the assets. The most
cross contagious assets, 2-4, are held in the smallest portions in the optimal portfolio
with increasing sizes of the positions for assets 5-7 and 8-10. The biggest investment
is allocated to the independent risky asset, 1. The examples illustrate that it is funda-
mental to capture the contagious links between the assets, when selecting the weights
in the optimal portfolio.

3.4 Model estimation

This section is divided into two parts: first, in Section 3.4.1 the general approach to
estimate the n-HJD model is presented, while Section 3.4.2 presents the data and the
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Figure 3.2: The loss distributions of the ES95% constrained and expected return maxi-
mizing portfolios in the three separate cases and at a horizon of one month. The dis-
tributions are the output of 1 million simulations.
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Figure 3.3: The optimal portfolio weights for varying degrees of cross contagion across
the assets.

Table 3.1: Expected returns at a horizon of one month and with constrained 95%-ES
equal to 6% in the three cases (a)-(c).

Case (a) (b) (c)

Expected Return 90 bp 84 bp 64 bp

estimation of the three-dimensional Hawkes driven model.

3.4.1 Estimation procedure of the n-HJD model

For the estimation of the n-HJD model, we use GMM, where the moments are com-
puted in closed-form using a double-stage version of the methodology of Cuchiero
et al. (2012). The technique provides an efficient way to compute polynomial moments
up to order k in closed-form for polynomial processes, that is, Markov processes whose
infinitesimal generator maps polynomials of degree k into polynomials of degree less
or equal to k. We apply this procedure to the process of log-returns which are station-
ary when the model condition (3.3) holds. Specifically, let Yt ,t+τ := X t+τ − X t be the
vector of log-returns. Then,

Yt ,t+τ = Y D
t ,t+τ+Y J

t ,t+τ , (3.5)
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where Y D
t ,t+τ ∼N

(
µτ,σ2τ

)
and Y J

t ,t+τ =
∫ t+τ

t d J H
u . The process

(
Y J

t ,t+s ,λt+s

)
proves to be

a polynomial process adapted to the filtration (Ft+s), which implies that the expected

value of any polynomial of
(
Y J

t ,t+s ,λt+s

)
, conditioned at time t , is a polynomial in s and

in the values of the process at time t ,
(
Y J

t ,t ,λt

)
.3 The coefficients of this polynomial can

be computed by exponentiation of a matrix A, which is deduced from the infinitesimal
generator of

(
Y J ,λ

)
, denoted by A, as follows

Aei =
K∑

j=1
Ai j e j ,

where {e1, . . . ,eK } is a basis of the linear space of all polynomials of degree less than
or equal to k. In the first stage, we apply the method of Cuchiero et al. (2012) to(
Y J

t ,t+τ,λt+τ
)
, and we find that, for any polynomial function f ,

E
[

f
(
Y J

t ,t+τ,λt+τ
)
|Ft

]
= (

φ1, . . . ,φK
)

eτA (e1, . . . ,eK )> |λt
, (3.6)

where φ := (
φ1, . . . ,φK

)> is the vector of the coordinates of f in the basis {e1, . . . ,eK },
i.e. f =∑K

j=1φ j e j . This means that all the (mixed) moments of order k are polynomial
functions in λt . As the intensity process is not directly observable, we apply the rule of
iterated expectations

E
[

f
(
Y J

t ,t+τ,λt+τ
)]

= E
[
E
[

f
(
Y J

t ,t+τ,λt+τ
)
|Ft

]]
,

where the inner expectation is given by (3.6) and the outer expectation is computed
again through the technique of Cuchiero et al. (2012) (second stage), being the result
of the inner expectation a polynomial function of λt . This results in an efficient algo-
rithm for the calculation of all the (mixed) moments of the jump process Y J

t ,t+τ, which
are polynomials in the initial value of the intensity of the log-return processes, λ0. Fi-
nally, the moments of Yt ,t+τ can be easily deduced from the binomial formula. For a
more detailed description of the estimation methodology we refer to Chapter 1, Sec-
tion 1.4. A similar GMM-based estimation technique is developed by Aït-Sahalia et al.
(2015), where the moments are calculated through iterated evaluations of the infinites-
imal generator. In the bivariate case n = 2, they provide explicit expressions of the
moments up to the second order. Higher-order moments are approximated as Taylor
expansions in τ truncated after the second order term. Our methodology distinguishes
itself from Aït-Sahalia et al. (2015) as all moments of Yt ,t+τ are known analytically, up to
a matrix exponential, and do not require any approximation in order to be evaluated
efficiently. In our implementation, when n = 3, the procedure proves to be efficient
and operational also for high-order moments.

3.4.2 Data description and 3-HJD GMM estimation

The model estimation and the empirical analysis in this paper are based on a sam-
ple of three major US sector indexes.4 We are interested in capturing self- and mutual

3Note that Y J
t ,t = 0.

4The portfolio selection procedure detailed in Section 3.3.1 is feasible in real time for a much higher
number of assets. However, we restrict the analysis to three assets for two reasons: first, the concept of
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contagion between different US industry sectors. Accordingly, we consider three non-
overlapping stock indexes that track large companies in three leading US sectors: the
commodity, the technology, and the biotechnology industries. As representative in-
dex of the commodity sector, we consider the XNG index, which measures the stock
performance of a basket of large companies that are active in the US natural gas in-
dustry. To represent the technology sector, we select the MSH index, which measures
the performance of a cross section of highly capitalized US companies operating in
the broad technology sector. Finally, we choose the BTK index as market indicator of
the US biotechnology industry. The data sample consists of a 15-year time series of
daily closing prices of the three indexes from January 2, 2001 to April 29, 2016. The his-
torical quotes are collected from the OptionMetrics database. We estimate the 3-HJD
model using GMM on the standardized time series of (daily) log-returns. We consider
standardized data in order to put moments of different orders on the same scale of
magnitude.

We adopt a two-stage estimation procedure: first, we match the model-implied ex-
pressions for the mean and the standard deviation of the standardized log-return pro-
cesses to 0 and 1, respectively. This delivers parametric formulas for the parameter
vectors µ and s J

µ(i ) =−µ(i )
λ

m(i )
J

s(i )
J =

√(
1−2µ(i )τ2µ(i )

λ
m(i )

J −m(i )
J

2
µ(i )
λ
τ−σ(i )2

τ−µ(i )2
τ2

)
/µ(i )

λ
τ, i = 1,2,3 ,

where µ(i )
λ

:= limt→+∞E
[
λ(i )

t

]
= δ(i )λ̄(i )

δ(i )−∑n
j=1 ε

(i , j ) . Then, in a second stage, we estimate the

remaining parameters using GMM, and we obtain estimates for µ and s J accordingly.
Since jump intensities are latent processes and due to the high dimensionality of the
model, we need to impose some parameter restrictions to facilitate the estimation and
minimize problems of parameter identification. To reduce the dimension of the pa-
rameter set, we set ρ(i , j ) = ρ̄ ci j , where ci j is the empirical correlation between log-
returns of asset i and asset j , and we estimate ρ̄ so that ρ(i , j ) ∈ [−1,1] for any i , j . To
reduce problems of identification, we set λ̄(i ) = κµ(i )

λ
, which combined with the stabil-

ity condition (3.3) leads to κ ∈ (0,1) and the following parametrization for the speed

of mean reversion in the intensity dynamics, δ(i ) =
∑n

j=1 ε
(i , j )

(1−κ) . Finally, we set λ0 = µλ,
and we assume that the cross-sectional excitation is symmetric, which translates into
the matrix ε being symmetric. This leaves us with 17 parameters to be estimated using
GMM,

Θ=
{

m(1)
J ,m(2)

J ,m(3)
J ,σ(1),σ(2),σ(3),µ(1)

λ
,µ(2)

λ
,µ(3)

λ
,ε(1,1),ε(2,2),ε(3,3),ε(1,2),ε(1,3),ε(2,3), ρ̄,κ

}
.

To identify the parameters of the 3-HJD model, we use[
2n +n(lags of autocovariance)+n +2n

]
moment conditions on the standardized log-returns, with n = 3, corresponding to:

financial contagion makes most sense at a sector level. Second, the model estimation becomes heavy
with more assets due to the number of parameters involved. For the same reason, we also constrain the
model from containing stochastic volatility.
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• marginal moments of order 3 and 4: E
[

Y (i )
t ,t+τ

k
]

, for k = 3,4 and i = 1,2,3 ,

• autocorrelations of lags l = 1,2,3: E
[

Y (i )
t ,t+τY (i )

t+lτ,t+(l+1)τ

]
, for i = 1,2,3 ,

• correlations of order 1 and mixed order 1 and 2: E

[
Y (i )

t ,t+τ
k1

Y ( j )
t ,t+τ

k2
]

, for i , j =
1,2,3, i 6= j , k1,k2 > 0, and k1 +k2 ≤ 3.

The estimation results are reported in Table 3.2. The large estimates for the diagonal
elements of ε reveal a significant level of self-excitation in all the three US industry sec-
tors considered. Also, our estimated values for the off-diagonal elements of ε are rela-
tively high, providing evidence that the three industry sectors are contagiously linked.
Specifically, we find comparable levels of relatively high contagion between the com-
modity and the biotechnology sectors and between the biotechnology and the technol-
ogy sectors. In contrast, a smaller estimate for ε(XNG,MSH)

(
and ε(MSH,XNG)

)
is indicative

of a more moderate inter-connection between the commodity and the technology sec-
tors. A more uniform correlation structure is produced by the continuous part of the
model as revealed by the estimated values for ρ. By reversion of the constraints listed
above, the full set of parameters for the 3-HJD model is derived and summarized in
Table 3.3.

Table 3.2: GMM parameter estimates for the 3-HJD model. Standard errors are in
parentheses.

Index m J σ µλ ε(i ,XNG) ε(i ,MSH) ε(i ,BTK) ρ̄ κ

XNG -0.003 0.251 11.813 65.183 14.328 21.144 0.963 0.082
(0.000) (0.001) (0.036) (0.089) (0.024) (0.025) (0.024) (0.015)

MSH -0.017 0.263 6.946 14.328 75.198 21.328 0.963 0.082
(0.001) (0.001) (0.023) (0.024) (0.053) (0.056) (0.024) (0.015)

BTK -0.007 0.294 4.644 21.144 21.328 78.624 0.963 0.082
(0.001) (0.002) (0.020) (0.025) (0.056) (0.064) (0.024) (0.015)

Table 3.3: Estimated 3-HJD parameters.

Index µ σ δ λ̄ ε(i ,XNG) ε(i ,MSH) ε(i ,BTK) ρ(i ,MSH) ρ(i ,BTK) m J s J λ0

XNG 0.080 0.251 109.67 0.972 65.183 14.328 21.144 0.500 0.421 -0.003 0.052 11.813
MSH 0.153 0.263 120.79 0.571 14.328 75.198 21.328 0.641 -0.017 0.025 6.946
BTK 0.145 0.294 131.95 0.382 21.144 21.328 78.624 -0.007 0.037 4.644

3.5 Optimal portfolio selection: empirical analysis

In this section we study the composition of the optimal portfolio over time on the
data introduced in Section 3.4.2. First, in Section 3.5.1 we infer the paths of the jump
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intensities of the three assets based on observed log-returns. Next, with the intensity
time series at hand we study, in Section 3.5.2, the optimization problems (P1)-(P2) and
construct time series of the optimal weights of a portfolio consisting of the three in-
dexes. For the optimization problem (P2) we put no constraint on the expected return,
since we wish to study the portfolio with minimal ES. In Section 3.5.3 we analyze the
impact of contagion on portfolio choice. In particular, we focus on the relationship
between the level of contagion and the concentration in the optimal portfolios studied
in Section 3.5.2. Finally, in Section 3.5.4 we compare the losses implied by the portfo-
lio corresponding to the 3-HJD model with the losses associated with the benchmark
models introduced in Section 3.2.2.

3.5.1 Inferring the time series of jump intensities

The 3-HJD model is estimated on the full data set as described in Section 3.4, and
the paths of the intensities are backed out from observed movements in the daily asset
log-returns using equation (3.2). We detect jumps in the assets on days when the ab-
solute value of the log-returns is greater than a number of standard deviations of the
diffusive component, i.e.

|Yt ,t+τ| > cσ
p
τ ,

where c ∈ R>0 is a cut-off parameter. For a given c, let nc =
(
n(1)

c , . . . ,n(n)
c

)
and mc =(

m(1)
c , . . . ,m(n)

c

)
denote the vectors containing the total number of detected asset jumps

normalized by the length (in years) of the sample period T and the corresponding
mean of the absolute value of the jump sizes, respectively. Let n̄ = (

n̄(1), . . . , n̄(n)
)

denote
the model-implied expected number of jumps per year and let m̄ = (

m̄(1), . . . ,m̄(n)
)

be
the model-implied mean vector of the absolute values of the jump sizes. The optimal
cut-off level, c∗, is found such that

c∗ = argmin
c

ϕ (c) , (3.7)

where

ϕ (c) =
√√√√ n∑

i=1

(
n(i )

c

m(i )
c

− n̄(i )

m̄(i )

)2

. (3.8)

Applied to the full set of observed daily log-returns, the minimal distance in (3.7) is
obtained when c = 2.17 (see Figure 3.4).

Jump detection on the basis of large realized returns standardized by a measure of
the variation due to the continuous part of the process is a natural criterion, see e.g.
Lee and Mykland (2008). Similar threshold-based jump detection schemes, pioneered
by Mancini (2001, 2009), are standard in the literature on jump regression, see e.g. Li
et al. (2017) and the references therein. In order to limit the error induced by discrete
sampling, we assume that the jump occurs halfway in the interval between the daily
sampling points. Following this procedure gives us time series of the Hawkes process
Ht , which coupled with equation (3.2) and the parameters estimated allows us to con-
struct the time series of the asset jump intensities depicted in Figure 3.5. The figure
clearly illustrates the increased jump risk following the dot-com crash of 2000-2002
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Figure 3.4: Plot of ϕ, defined in (3.8), as a function of the cut-off parameter c.

and the financial crisis 2008-2009, where the intensities spike to high levels for a sus-
tained period of time.
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Figure 3.5: Estimated time series of the three intensities, filtered from the time series
of asset returns when c = 2.17.

3.5.2 The dynamic behavior of the optimal portfolio weights

With the intensities at hand and the model estimated, we employ the portfolio op-
timization detailed in Section 3.3. Take a tenor grid T = {T0,T1, . . . ,TN } spanning the
period from January 2001 to April 2016, with Ti −Ti−1 = τ equal to one month, and
consider an investor who has the three sector indexes XNG, MSH, and BTK available to
invest in. We divide the analysis of the portfolios inferred by the optimization problems
(P1) and (P2) into Sections 3.5.2 and 3.5.2, respectively.
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Portfolio dynamics implied by (P1)

Over each interval in the tenor grid, the investor wishes to maximize the expected
portfolio return subject to a constraint on the ES of the portfolio at the 95% level equal
to 20%.5 The resulting recursive optimization problem entails, at each time step t ∈ T,
the resolution of the sub-problem of risk minimization (P1) given in Section 3.3.
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Figure 3.6: Time series of weights resulting from (P1), with τ=1 month, α = 95%, and
ES constraint ESα,t

(
Lt ,t+τ

)≤ 20%.

Figure 3.6 depicts the dynamics of the weights in the portfolio. Two observations
are striking: first, in the calm periods with low levels of intensities the XNG index is
shortened to gear up the position in the BTK index, while a small fraction is allocated
to the MSH index. Inspection of Table 3.3 reveals that the XNG index has the lowest
drift of the three assets. Even if it has lower diffusive volatility and the lowest diffusive
correlation with the other two assets, the asset is still shortened in calm periods. The
MSH and BTK indexes have drift parameters of the same magnitude, but the BTK index
has a lower mean jump size than the MSH index. In the calm periods with low levels of
intensities, the risk mainly stems from the diffusive behavior and few but big jumps be-
ing realized. Hence, the optimal allocation calls for a levered position in the BTK index
while the MSH has a weight slightly greater than zero. Second, in distressed periods
the allocations to the BTK and the MSH indexes decrease while the allocation to the
XNG index increases. The XNG index has both the smallest self-contagion parameter
and the smallest mean jumps size of -30 bp, which is significantly lower than the same
parameter of the other two assets. These characteristics impact the weight in the XNG
index positively in periods of distress.

5Similar to the case studies of Section 3.3.2, one could also add a risk-free asset to the investment set.
However, as this addition does not change the analysis qualitatively, we avoid doing it here.



3.5 OPTIMAL PORTFOLIO SELECTION: EMPIRICAL ANALYSIS 79

Portfolio dynamics implied by (P2)

At each time step in the monthly tenor grid, we solve the problem (P2) with no
constraint on the expected return. Figure 3.7 depicts the dynamics of the weights in
the portfolio that minimizes the ES at the 95% level over the next month. In contrast
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Figure 3.7: Time series of weights resulting from (P2), with τ=1 month, α = 95%, and
no return constraints.

to Figure 3.6, the XNG index is now allocated the biggest share of wealth on most of
the days. When the expected return is no longer a criterion, the low mean jump size of
the XNG index results in a larger share invested in the index. In the calm periods, the
MSH and the BTK indexes have roughly the same weight. However, in more distressed
periods the BTK index increases in weight while the MSH index decreases by roughly
the same amount. When intensities are high, the speed of the mean reversion δ and the
mean size of jumps m J play an important role. Since the BTK index, in comparison to
the MSH index, has the highest speed of reversion coupled with the lowest value of the
mean jump size, the weight is increased in this index. Following the same reasoning,
the weight on the MSH decreases considerably due to its more negative jump sizes
coupled with its relatively slower conversion of the jump intensity to normal levels.

3.5.3 The concentration of the optimal portfolio

In the sequel, we focus on untangling possible linkages between the risk-
minimizing capital allocation and the dynamic dependence across the portfolio’s as-
sets. To measure the degree of concentration in a given portfolio, we propose a Con-
centration Index (CI) defined as

CI(t ) =
∥∥ωt −µωt

∥∥
2

K
, (3.9)
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where ωt =
(
ω(1)

t , . . . ,ω(n)
t

)>
is the vector of portfolio weights, i.e.,

ω(i )
t = a(i )

t S(i )
t

V (i )
t

, i = 1, . . . ,n ,

and µωt = 1
n

∑n
i=1ω

(i )
t = 1

n is the average weight value. K is a normalization constant that
ensures that, for a portfolio with no short positions, the index ranges from 0 (minimal
concentration) to 1 (maximal concentration), i.e.

K = ∥∥e1 −µωt
∥∥

2 =
√

n −1

n
,

where e1 stands for the (first) canonical unit vector. The CI is minimal and equal to
0 when the portfolio comprises equally weighted positions and equal to 1 when all
wealth is invested in a single asset. The concentration index can be greater than 1 in
case the portfolio involves short positions. Other characterizations of concentration
relying on entropy measures are often proposed in the literature (Meucci, 2009; Pola,
2016). However, as these are only valid for portfolios with no short positions, we use
the measure (3.9) in our analysis.

Using the CI, we study the relation between the concentration of the capital and
the risk structure of the available assets. In view of the decomposition (3.5), we split
the covariance matrix of the log-returns, C , into two independent components. Sup-
pressing the dependency on τ, which we choose equal to one month, and for t ∈ T we
have

C (t ) =CD +C J (t ) ,

where CD =
(
c(i , j )

D

)
i j

, C J (t ) =
(
c(i , j )

J (t )
)

i j
, for i , j = 1, . . . ,n.

Note that for the model proposed, the CD matrix is constant over time, while the
levels of the intensities, being the state variables of the model, impact the C J (t ) matrix.
Hence, only changes in the C J (t ) matrix can be the driver of changes in the optimal
portfolio composition.

To quantify the heterogeneity of the covariance structure of the jump vector Y J , we
propose the following metric

RJ (t ) = ∥∥γJ (t )−µγJ (t )
∥∥

2 , for t ∈T , (3.10)

where γJ (t ) ∈ Rn , with i -th component γ(i )
J (t ) = ∑n

j=1 c(i , j )
J (t ), and µγJ (t ) =

1
n

∑n
i=1γ

(i )
J (t ). We remark that γ(i )

J (t ) is a measure of the riskyness of asset i as it is the
sum of both the variance of the jumps of asset i and the covariances of the jumps of the
remaining assets with the jumps of asset i . Hence, equation (3.10) is a measure of the
heterogeneity of the riskyness of the jumps in the assets. To identify and quantify the
impact of the RJ factor on the portfolio concentration, we study the following linear
regression model

CI(t ) = a +bRJ (t )+ε(t ). (R1)

The lower panel in Table 3.4 reports the result of the regression for the time series of
the ES minimizing portfolio composed of the three assets depicted in Figure 3.7. The
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R-squared value indicates that the linear model (R1) explains almost 90% of the vari-
ability of the concentration index. According to the t-statistic results, all the coeffi-
cients are significant. The high R-squared value is also revealed upon inspection of the
right panel in Figure 3.8, where it is evident that the regression tracks the concentra-
tion index well. Hence, the suggested measure (3.10) of the heterogeneity of the jump
risk seems to capture most of the information embedded in the covariance matrix C J

relevant for computing the concentration of the risk minimizing portfolio. This finding
has important consequences for risk management: in a market scenario where one or
some of the assets have high levels of jump intensities and are contagiously linked, the
optimal portfolio should be more concentrated in assets with less contagious links in
order to diversify the tail risk.

Performing the same exercise on the optimal weights depicted in Figure 3.6 and
corresponding to the optimization problem (P1), we get the regression model reported
in the top panel of Table 3.4 with depicted fit to the CI shown in the left panel of Figure
3.8. We observe how the R-squared value is now at a lower level and equal to 57.5%.
Since the optimal portfolio now targets two objectives, namely high expected return
with limited ES, the risk structure of the assets explains a smaller part of the concen-
tration of the portfolio.

Table 3.4: Parameter estimates for the linear regression model (R1), where CI is com-
puted using the weights resulting from (P1) (top panel) and from (P2) (lower panel).

Optimization problem Coefficient Estimate SE t-statistic

(P1) a 1.522 0.015 98.878
b -23.415 1.462 -16.017

Root Mean Squared Error: 0.185
R-squared: 0.575

Coefficient Estimate SE t-statistic

(P2) a 0.161 0.003 49.751
b 11.834 0.307 38.540

Root Mean Squared Error: 0.039
R-squared: 0.887

3.5.4 Comparison of losses implied by the optimal portfolios

We end this section with a comparison of the biggest losses realized on monthly
investment horizons over the period 2001-2016. For the comparison, we estimate the
two benchmark models described in Section 3.2.2. The estimated model parameters
are reported in Table 3.5. Figure 3.9 depicts the one-month losses exceeding the VaR95%

over the full sample period of the portfolios implied by the optimal allocation corre-
sponding to the three different models and for the two optimization problems (P1)
and (P2). The losses are arranged in descending order. We observe that for either of the
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Figure 3.8: Left: Fit of the regression (R1) to the concentration index, when CI is com-
puted using the portfolio weights resulting from (P1). Right: Fit of the regression (R1)
to the concentration index, when CI is computed using the portfolio weights resulting
from (P2).

optimization problems (and the associated optimal portfolios) and for essentially all
the data points the portfolio corresponding to the Hawkes driven model gives rise to
the smallest losses. Hence, the figure indicates that when the Hawkes process driven
model is used to deduce the portfolio, the actual realized losses above the 95% quan-
tile are smaller in magnitude than those of the two benchmark models. We believe that
this result serves as a convincing argument for the use of a model that incorporates
contagion effects.

Table 3.5: Estimated parameters of the two benchmark models 3-N and 3-CPJD. For the
estimation of the 3-CPJD model, we use as initial values the corresponding parameter
estimates for the 3-HJD model reported in Table 3.3. For the intensities, we use as the

initial values the long-run mean value limt→∞E
[
λ(i )

t

]
of the 3-HJD model.

Model Index: i µ σ ρ(i ,MSH) ρ(i ,BTK) m J s J λ

3-N
XNG 0.051 0.308 0.519 0.437
MSH 0.034 0.275 0.665
BTK 0.110 0.305

3-CPJD
XNG 0.052 0.212 0.609 0.512 -0.003 0.052 20.952
MSH 0.033 0.273 0.780 -0.017 0.025 4e-05
BTK 0.108 0.295 -0.007 0.037 3.070

3.6 Back-testing

This section is devoted to study the n-HJD model from a risk management perspec-
tive. In particular, we back-test the performance of the n-HJD model for the computa-
tion of tail risk measures. We consider the most widely used quantile-based measures
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Figure 3.9: Left: Comparison of losses implied by the portfolios’ maximizing returns
subject to an ES level below 20% (see P1). Right: Comparison of losses implied by the
ES-minimizing portfolios (see P2). The plot reports one-month losses exceeding the
portfolio VaR95% implied by the three models and sorted in descending order.

of risk, that is the ES and the VaR, and we compare the model predictions of extreme
losses with those obtained using the two benchmark models described in Section 3.2.2.
The self- and cross-contagions modeled by incorporating Hawkes processes in the log-
price dynamics, as described in Section 3.2.1, are expected to provide a more conserva-
tive risk measure with better performances in periods of financial crisis. We implement
the back-test on the portfolios implied by (P1) and on equally weighted portfolios. The
latter choice is included in order to have a clear separation of the risk management
performance, from the problem of optimal portfolio allocation.

3.6.1 Back-testing ES and VaR

To back-test the ES, we follow Acerbi and Székely (2014). Consider a discrete set
of dates t = 1, . . . ,T , where t is measured in units of τ, and at these time points we
observe the realized portfolio loss Lt ,t+τ between t and t +τ. For instance, if τ is one
day, then we have the historical series of the daily portfolio losses. For each t = 1, . . . ,T ,
we compute the ES at confidence level α, ESα,t , according to the definition given in
Equation (3.3.1). Then we define the indicator variable, I , as

It+τ =
{

1 Lt ,t+τ > VaRα,t

0 Lt ,t+τ ≤ VaRα,t
.

The indicator It+τ is 1 when there is a VaR violation, that is when the realized loss be-
tween t and t +τ is higher than the corresponding VaR computed at time t . The statis-
tics proposed in Acerbi and Székely (2014) to back-test the ES over T observations is

Z = 1

T

T∑
t=1

−Lt ,t+τIt+τ
(1−α)ESα,t

+1. (3.11)

The null hypothesis assumes that the model predictive distribution of Lt ,t+τ, Pt (con-
ditionally on the information at time t ) correctly predicts the real unknown loss distri-
bution, Ft . Hence

H0 : Pt = Ft , ∀t .
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The alternative hypothesis is

H1 : ESF
α,t ≥ ESα,t ∀t ,and strictly greater for some t

VaRF
α,t ≥ VaRα,t ,

where ESF
α,t and VaRF

α,t are the risk measures according to the real unknown distribu-
tion Ft . Acerbi and Székely (2014) show that

EH0 [Z ] = 0, and EH1 [Z ] < 0.

The above results do not require independence of losses. However, independence of
the arrival of tail events, as in losses exceeding the VaR, is assumed. Note that testing
H1 against H0 is a test in the direction of risk underestimation.

To test H0 against H1, first one has to compute Z using the realized loss Lt ,t+τ,
the model implied ESα,t , and the realized violation indicator It+τ, at all observation
points. Then the distribution of Z under H0 is needed. This is obtained by simulating
M independent portfolio losses Li

t ,t+τ from the model, for each t = 1, . . . ,T and i =
1, . . . , M . In each simulation i , Z i is computed as

Z i = 1

T

T∑
t=1

−Li
t ,t+τI i

t+τ
(1−α)ESα,t

+1,

and the tail probability is computed as

p-value = 1

M

M∑
i=1

1{Z i<Z }.

Then the null hypothesis is rejected at level p if

p-value < p.

To back-test the VaR, we follow the standard violation-based methodology (see e.g.
McNeil et al. (2015)). By definition of the quantile,

E [It+τ |Ft ] = 1−α ,

{It+τ}t=1,...,T forms a sequence of i.i.d. Bernoulli random variables with parameter 1−α
(Christoffersen, 1998). It follows that

∑T
t=1 It+τ is binomially distributed with parame-

ters T and 1-α. To test this hypothesis, we apply the binomial test with statistics

ZVaR =
∑T

t=1 It+τ−T (1−α)p
Tα(1−α)

and reject the hypothesis at level p if ZVaR > n1−p , where n1−p is the quantile of the
standard normal distribution at level 1− p. Alternative tests include the Markov test
of Christoffersen (1998) and the duration-based test of Christoffersen and Pelletier
(2004). For a detailed overview of existing methods for back-testing VaR estimates, we
refer to Berkowitz et al. (2011).
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3.6.2 Performance based on the expected return maximizing portfo-
lios

For the back-test, we consider 15 years of daily historical series of prices in the pe-
riod from January 2, 2001 to April 29, 2016. At each point in time t , we estimate the
model using historical data from the previous 3 years. Hence, at each time point t this
yields a set of parameters starting from t0 = January 2, 2004. As we are estimating the
model on a shorter window of time (relative to the full sample), we fix the entries of the
contagion matrix ε to the values estimated based on the full sample and reported in Ta-
ble 3.3. Moreover, we follow the procedure described in Section 3.5.2 and back out the
jump intensities from the time series of realized log-returns with the inferred cut-off
parameter c = 2.17 and by the use of the time-t prevailing σ(i ) estimates. In line with
the regulation imposed on banks, we back-test the models on daily losses realized on
the expected return maximizing portfolios with the ES95% constrained to be less than
5% and on a horizon of 1 day. Hence, at any t ≥ t0, we record the realized 1-day portfo-
lio loss, and we calculate the model-implied ES and VaR for a confidence level equal to
α = 95%. Specifically, the risk-measure estimates are computed using simulated log-
prices over a 1-day horizon. Then the back-test is performed on a rolling window of
one year (i.e. T = 250 trading days) from January 2, 2005 to the end of the observation
period.

According to the Basel traffic light levels (Basel, 1996; Basel, 2013), we consider
two different levels of confidence, 95% and 99.99%, which correspond to p = 5% and
p = 0.01%, respectively.6 If Z is above the 5-th percentile of the simulated Z distribu-
tion, then the ES risk measure is in the green zone, and the model is not rejected. For
a model in the green zone, no regulatory actions are taken. When the observed statis-
tics is between the 0.01-th percentile and the 5-th percentile, then the model could be
rejected at the 95% confidence level and the risk measure is in the yellow zone. For a
model in the yellow zone, regulatory actions would likely lead to an increase in cap-
ital requirement as well as additional back-testing documentation, e.g., for risk mea-
sures computed at different quantiles α. Finally, when the statistics is below the 0.01-
percentile, then the risk measure is in the red zone, and the model can be rejected at the
99.99% confidence level. When a model falls into the red zone, the general regulatory
response is to assume that the model is flawed. Capital requirements are increased,
and the bank is required to improve the model predictions immediately. As a last re-
sort, the bank can be forced to replace its internal risk model with a standard model.
The supervisory framework acknowledges that there may be special circumstances in
which even an accurate model will enter the red zone. For example, in (Basel, 1996)
on page 11 it says: "...there will on very rare occasions be a valid reason why an accu-
rate model will produce so many exceptions. In particular, when financial markets are
subjected to a major regime shift, many volatilities and correlations can be expected to
shift as well, perhaps substantially...such a regime shift could generate a number of ex-
ceptions in a short period of time. In essence, however, these exceptions would all be
occurring for the same reason, and therefore the appropriate supervisory reaction might

6The Basel traffic light framework is based on VaR back-testing. However, the definitions of the green,
yellow, and red zones can be readily extended to the ES measure. We perform a formal back-test of the
models based on both the ES and the VaR measures.
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not be the same as if there were ten exceptions, but each from a separate incident."
Figure 3.10 compares the Z -statistics defined in equation (3.11) for the Hawkes pro-

cess driven model (dotted line), the jump-diffusion Merton model (dashed line), and
the Black-Scholes model (continuous line). The three different colors indicate whether
the risk measure is in the green, the yellow, or the red zone.7 The Figure clearly reveals
that the Hawkes driven model performs better than the benchmark models. Only in
the beginning of 2009, corresponding to the period where markets were in severe tur-
moil, is the Hawkes model in the red zone. This is in contrast to the two other models
that enter the red zone for a longer period around the financial crisis and, additionally,
also fall in the red category by the end of the sample.
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Figure 3.10: The Z -statistics based on the expected return maximizing portfolios sub-
ject to a constraint on the daily ES equal to 5% corresponding to the Hawkes process
driven model (dotted line), the jump-diffusion Merton model (dashed line), and the
Black-Scholes model (continuous line). The three colors indicate whether the risk
measure is in the green, the yellow, or the red zone.

The VaR95% back-testing is based on the standard normal quantiles n95% = 1.6449
and n99.99% = 3.7190. Figure 3.11 shows the statistics ZVaR computed over the previous
T = 250 days for the three models considered along with the quantiles at the levels 95%
and 99.99%, defined by the Basel traffic light levels. Similar to the figure depicting the
Z -statistics for the ES, we see that the two benchmark models stay in the red zone for
longer periods throughout the sample. Moreover, the benchmark models also enter
the yellow zone in periods where the Hawkes driven model stays in the green zone.

3.6.3 Performance based on the equally weighted portfolios

To have a clear separation of the back-testing of the model from the problem of
optimal portfolio selection, we also consider an equally weighted portfolio of the three

7Figure 3.14 in Appendix A.1 depicts separately for the three models the Z -statistics together with the
5-th and 0.01-th percentiles of the simulated distributions of Z .
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Figure 3.11: ZVaR statistics computed over the previous 250 days for the Hawkes model
(3-HJD, dotted line), the Merton model (3-CPJD, dashed line,) and the Black-Scholes
model (3-N, continuous line).

sector indexes (XNG, MSH, BTK), and backtest the models following the procedure de-
scribed in Sections 3.6.1-3.6.2

Figure 3.12 shows the realized portfolio loss and the ES estimates calculated using
the three different models considered, 3-HJD, 3-CPJD, and 3-N. Two observations are
striking: first, the ES implied by the Hawkes driven model reacts immediately to the
arrival of new information in the form of the detected jumps in the asset processes.
This is in contrast to the other two models where the estimated ES slowly adapts to
new information. Second, in the calm periods where no jumps are realized, the risk
measures of all three models are of the same magnitude.

Big movements in assets prices translate into spikes in the jump intensities which
lead to the spikes in the ES of the 3-HJD model observed in Figure 3.12. It may be
problematic for the bank within a short period of time to either readjust the portfolio
to achieve a targeted level of ES or to increase its capital buffer in order to match the
capital requirement implied by the ES. Hence, for proper risk management, and in
line with the counter-cyclical capital buffer regulation implemented after the financial
crisis of 2008 (Basel, 2010), the bank should operate with a surplus in the capital during
calm periods in order to meet the increase in capital requirement in distressed periods.

A back-test of the three models based on the losses associated with the equally
weighted portfolio leads to the same conclusion as in Section 3.6.2. Figure 3.13 plots
the Z -statistics of the three models and confirms that the Hawkes process driven
model outperforms the benchmark models. In fact, the two benchmark models en-
ter the red zone at an even earlier stage before the financial crisis.

In the non-crisis periods, the Z -statistics of all three models follow each other.
Hence, the Hawkes driven model does not return higher risk measures at all the dates.
Only in the periods following "big" movements in prices does the Hawkes driven model
produce more conservative risk measures. This is important since the bank has two
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Figure 3.12: Comparison of the ES for the Hawkes model (3-HJD, green line), the Mer-
ton model (3-CPJD, blue line), and the Black-Scholes model (3-N, red line). The figure
also shows the realized portfolio loss (dotted line).

conflicting incentives: first, it has a regulatory incentive to use a model that is being
labeled in the "green zone" in all market scenarios. Second, it has an incentive to keep
the capital requirements at a minimum level as putting aside too much capital is costly
(O’hara and Shaw, 1990; Diamond and Rajan, 2000; Baker and Wurgler, 2015).8

3.7 Conclusion

To model contagion among assets, we consider a multidimensional jump-diffusion
framework where classic Poisson jumps are equipped with long memory via past-
weighted randomization of their intensity (Hawkes processes). Under this framework,
we tackle the problem of expected portfolio return maximization subject to a con-
straint on the ES. We use the generalized method of moments to estimate the model on
three US stock indexes (XNG, MSH, BTK), representing three major sectors of the US
economy. Given parameter estimates, we optimize (at a monthly frequency in the pe-
riod 2001-2016) the portfolio consisting of the three indexes mentioned above. We find
that there exists a clear positive relationship between the degree of contagion inside
a portfolio and the level of wealth concentration among its components. Moreover,
we document that the optimal portfolio corresponding to the Hawkes process driven
model leads to lower realized losses above the 95% quantile than the realized losses as-
sociated with the optimal portfolios of the two benchmark models. Finally, we perform
an extensive out-of-sample back-test. We find that the Hawkes jump-diffusion model
outperforms two traditional models that are commonly implemented.

8It should be noted that the debate is not settled on this claim, see for instance Miles et al. (2013). In
any case, it seems to be the common belief in the banking industry that capital is expensive.
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Figure 3.13: The Z -statistics based on the equally weighted portfolios corresponding
to the Hawkes process driven model (dotted line), the jump-diffusion Merton model
(dashed line), and the Black-Scholes model (continuous line). The three colors indi-
cate whether the risk measure is in the green, the yellow, or the red zone.
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Appendix

A.1 Back-testing performance based on the expected return maxi-
mizing portfolios

As a complement to the ES95%-based back-test performed on the expected return
maximizing portfolios implied by (P1), Figure 3.14 plots the individual Z statistics (cf.
Eq.(3.11)) relative to the three models studied.
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Figure 3.14: The Z -statistics according to the Hawkes process model (top), the Merton
model (middle), and the log-normal model (bottom) together with the 5-th and 0.01-th
percentile of the simulated distribution of Z .
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Abstract

Gold is often considered a safe haven asset providing negative return correlation
with the stock market in times of distress, while in more calm periods the correlation
between the two is close to zero. We study the dynamic inter-linkage of gold prices
and the stock market. Specifically, we model the log-prices of gold and a stock index
as jump-diffusive processes, with the jumps arriving with mutually exciting intensities.
Hence, the occurrence of a negative shock to the stock index spills over into a higher
probability of positive shocks to the gold price and vice versa. To perform the empiri-
cal analysis, we consider daily data on gold prices and daily closing prices on the SPX
index. Utilizing the knowledge that the moment conditions of the model are computed
efficiently in closed form, we use the generalized method of moments to estimate the
parameters of the model. We document the existence of cross-excitation between the
stock index and gold prices, with the channel from the stock index to gold prices be-
ing the most pronounced. Finally, we study the power of the proposed jump model to
predict future price jumps and find good performance.
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4.1 Introduction

Traditionally, gold is considered a safe haven asset providing negative return corre-
lation with the stock market in times of distress, while in more calm periods the corre-
lation between the two is close to zero. For instance, in the period running from August
2007 to August 2011, a period characterized by highly volatile and distressed financial
markets, gold prices in USD more than tripled. We study the dynamic inter-linkage of
gold prices and the stock market. Specifically, we model the log-prices of gold and a
stock index as jump-diffusive processes, with the jumps arriving with mutually excit-
ing intensities. Hence, the occurrence of a negative shock to the stock index spills over
into a higher probability of positive shocks to the gold price and vice versa.

Figure 4.1 depicts an example of a week containing price movements with mutually
exciting behavior. On Wednesday January 14, 2009, the SPX index experienced a drop
in value of more than 3%, while the gold price incurred a smaller loss around 1%. The
next day both assets stayed at the same level, while the gold price incurred a positive
shock of around 3% by the end of the week. On the opening day of the next week both
assets stayed calm, but the following Tuesday the SPX realized a heavy loss of more
than 5%, while the price on gold increased by more than 3%. The model studied in this
paper is well equipped to model movements like this.

Wednesday Thursday Friday Monday Tuesday
-0.06

-0.04

-0.02

0

0.02

0.04

GLD
SPX

Figure 4.1: Log-returns of the price of gold and the SPX index over the week from Jan-
uary 14-20, 2009.

The effectiveness of gold as an asset for portfolio diversification has been studied
in Emmrich and McGroarty (2013), who find that the addition of gold to a range of
portfolios reduces the portfolio variance. A related study, Chua et al. (1990), finds that
gold has low CAPM beta and is therefore useful as a portfolio diversifying instrument.
The safe haven nature of gold has also been documented in the literature: based on
a regression model, Baur and Lucey (2010) and Baur and McDermott (2010) find that
gold acts as a safe haven asset in the sense that it is negatively correlated with equities
during a market crash. Bredin et al. (2015) apply a wavelet analysis and find that gold
has the status of a safe haven for up to one year after a market crash. Our study extends
the existing literature on the status of gold as a safe haven asset, by considering a two-
dimensional Hawkes (1971) process to model the possible self- and cross-excitation of
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jumps across prices on gold and equities. As opposed to more traditional Lévy-driven
models exhibiting constant jump intensity, Hawkes processes embed the risk of jump
clustering. For a more thorough review of the literature on gold as an asset class, the
reader is referred to O’Connor et al. (2015).

To perform the empirical analysis, we consider daily data on gold prices in US dol-
lars per troy ounce obtained from the London Bullion Market and daily prices of the
SPX index. We use the generalized method of moments (GMM) of Hansen (1982) to es-
timate the model. To comply with the stationarity assumption required by the GMM,
we apply a two-stage extension of the methodology of Cuchiero et al. (2012) for exact
and efficient computation of the unconditional moments of the process of log-returns.
We document the existence of mutual excitation across jumps in the stock index and
gold prices, with the cross-excitation from jumps in the SPX index to jumps in gold
prices being the most pronounced. With the model estimated, we find that gold acts
as a safe haven asset for the stock index for around 20 days following a negative shock
to the market. Moreover, we study the power of the model-implied jump intensities
of the assets to predict future jumps occurring to the assets, and find that for the SPX
index, the level of the jump intensity serves as a measure of financial distress equally
well as a more traditional measure such as the VIX index.

A number of applications of Hawkes processes within finance can be found in the
academic literature. Closest to our study is Aït-Sahalia et al. (2015), where Hawkes
processes are applied to model contagion between stock indexes. As an appealing ap-
plication of Hawkes processes within credit risk, Errais et al. (2010) propose to model
portfolio loss intensities as mutually exciting. Aït-Sahalia and Hurd (2016); Buccioli
and Kokholm (2018) and Chapter 3 of this thesis study problems within portfolio allo-
cation in models building on Hawkes processes. The increased availability of data has
promoted research utilizing Hawkes processes in a high-frequency setting (Bowsher,
2007; Chavez-Demoulin and McGill, 2012; Bacry et al., 2013). Finally, Hawkes pro-
cesses have been applied to derivatives pricing in Kokholm (2016); Du and Luo (2017);
Carr and Wu (2017). For a more comprehensive literature review, the reader is referred
to Hawkes (2018).

The remainder of the paper is structured as follows: Section 4.2 presents the model-
ing framework. In Section 4.3 the data and the results of the estimation are presented.
Moreover, this section contains a subsection with different tests for the presence of
contagious links between the two assets. With the model estimated, we detail a pro-
cedure for the filtering of jump intensities, and we document how the filtered jump
intensities can predict future jumps in prices. Finally, Section 4.4 concludes.

4.2 Modeling framework

Let (Ω,F,P, (Ft )) be a filtered probability space and let (G , X ) denote the vector of
the log-prices of gold and a stock index, respectively. Since we want to model possi-
ble feedback effects between price jumps in the stock market and in gold prices, we
consider the following general dynamics

dGt =µG d t +σG dW G
t +d JG

t (4.1)

d X t =µX d t +σX dW X
t +d J X

t ,
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where µ = (
µG ,µX

) ∈ R2, σ = (
σG ,σX

) ∈ R2
≥0, W G

t and W X
t are correlated Brownian

motions with correlation coefficient ρ ∈ R. The cumulative sum of jumps JG
t and J X

t
are modeled as marked Hawkes processes

JG
t =

HG
t∑

j=1
Z G

j , J X
t =

H X
t∑

j=1
Z X

j ,

where HG
t and H X

t are Hawkes processes with mutually exciting intensities

dλG
t = δG (

λ̄G −λG
t

)
d t +ε(1,1)d HG

t +ε(1,2)d H X
t (4.2)

dλX
t = δX (

λ̄X −λX
t

)
d t +ε(2,1)d HG

t +ε(2,2)d H X
t , (4.3)

and λ̄= (
λ̄G , λ̄X

) ∈ R2
>0, δ= (

δG ,δX
) ∈ R2

>0, ε ∈ R2×2
>0 . The jump sizes Z G =

{
Z G

j

}
j≥1

and

Z X =
{

Z X
j

}
j≥1

are sequences of mutually independent random variables independent

of HG
t and H X

t , and with density functions fG and fX , respectively. In our empirical
study we will assume that

fG (x) =
{

lG e−lG x x ≥ 0 ,

0 x < 0 ,
and fX (x) =

{
lX e lX x x ≤ 0 ,

0 x > 0 ,

with lX , lG ∈ R>0. Hence, jumps in the gold price are assumed positive and for the
stock index negative. The model has the feature that when the price of an asset jumps,
the intensity of further jumps occurring to the same asset (self-contagion) and the in-
tensity of jumps of the other asset increase (cross-contagion). Between the jumps the
intensities revert towards their respective λ̄. In the analysis, we impose the stability
conditions on the intensity dynamics

δG > ε(1,1) +ε(1,2) (4.4)

δX > ε(2,1) +ε(2,2), (4.5)

which implies the stationarity of the intensity processes (Hawkes, 1971; Hawkes and
Oakes, 1974). The model dynamics is particularly attractive as it belongs to the class
of affine models (Errais et al., 2010; Kokholm, 2016), which allows for tractable expres-
sions for the characteristic function (Duffie et al., 2000) and, even more interesting for
our application, for polynomial moments (Cuchiero et al., 2012).

4.3 Empirical analysis

In this section, we perform the empirical analysis of the paper. First, we describe
and comment on the data in Section 4.3.1. Next, in Section 4.3.2, we perform the es-
timation on the data using GMM. With the model estimated, we proceed in Section
4.3.3 to test for the various possible channels of feedback effects of jumps in the assets.
On the estimated model, we construct the time series of jump intensities in Section
4.3.4. In Section 4.3.5, we propose a measure for the level of the transmission of shocks
between the assets, and we document how the price propagation of jumps is more se-
vere under distressed market conditions in comparison to the case of calm markets. In
Section 4.3.6, the constructed paths of the intensities are then used to predict jumps
arriving within the next business day.
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4.3.1 Data description

To perform the empirical analysis, we consider daily closing data on gold prices in
US dollars per troy ounce obtained from the London Bullion Market and daily closing
prices on the S&P 500 index covering the period from September 2, 1976 to September
13, 2018. All the data are obtained from Datastream. Table 4.1 reports the descriptive
statistics of the first four moments and the correlation of gold (GLD) and S&P 500 (SPX)
daily log-returns over three periods, inspired by the time series depicted in Figure 4.2:
the full sample (September 2, 1976 - September 13, 2018), and two crisis periods con-
sisting of the dot-com crash (March 10, 2000 - March 10, 2003) and the Great Recession
(October 5, 2007 - March 10, 2010). SPX is characterized by drops in average log-returns
and increases in volatility during each crisis. In contrast, GLD experiences an increase
in its average log-returns during the crisis periods. Skewness for both SPX and GLD in-
creases in crisis periods, changing from negative skewness in the calm period to either
positive or smaller negative values. Finally, we observe that the correlation between
the time series drops from slightly negative on the whole sample to more negative in
the crisis periods. The Hawkes driven model proposed in this paper is well suited to
model features such as the change in average log-returns and the change in correla-
tion during periods of the business cycle.
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Figure 4.2: Time series of GLD prices (left scale) and SPX prices (right scale). Sample
period: September 1, 1976 to September 19, 2018.

4.3.2 Model estimation

The affine structure of the model allows for the computation of polynomial mo-
ments and autocorrelations in exact form. The computation relies on the fact that the
infinitesimal generator of an affine process maps polynomials of order K into polyno-
mials of order k ≤ K . Specifically, the unconditional polynomial moments of the joint
process of log-prices together with their intensities are polynomial functions in the ini-
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Table 4.1: Descriptive statistics on daily GLD and SPX log-returns for selected crisis
periods: entire sample (September 2, 1976 - September 13, 2018), the dot-com crash
(March 10, 2000 - March 10, 2003), and the Great Recession (October 5, 2007 - March
10, 2010).

ENTIRE SAMPLE DOT-COM GREAT RECESSION

GLD Mean 0.0002 0.0003 0.0005
Std.dev. 0.0119 0.0077 0.0187
Skewness -0.3537 0.7990 -0.1952
Kurtosis 17.244 9.1517 4.5028

SPX Mean 0.0003 -0.0007 -0.0020
Std.dev. 0.0106 0.0143 0.0236
Skewness -1.1609 0.2425 -0.0386
Kurtosis 31.499 4.2964 7.0261

Correlation -0.0213 -0.1697 -0.0928

tial value of the process, where the coefficients can be efficiently computed by means
of the technique by Cuchiero et al. (2012). The availability of an exact and fast method
for moment computation opens up the possibility to estimate the model via the gener-
alized method of moments of Hansen (1982). However, the methodology of Cuchiero
et al. (2012) cannot be applied straightforwardly as one needs to use the process of the
log-returns sampled at any frequency as state variable, together with the stability as-
sumptions (4.4)-(4.5), in order to comply with the stationarity assumption prescribed
by the GMM. This leads to some technical issues that we address by employing an ex-
tension of the technique of Cuchiero et al. (2012). Denote by Y G

t ,t+τ = Gt+τ−Gt and

Y X
t ,t+τ = X t+τ − X t the process of, respectively, gold and SPX log-returns, sampled at

generic, fixed, horizon τ > 0, and let FY
t := Ft+τ be the filtration of the joint process

Yt ,t+τ = (Y G
t ,t+τ,Y X

t ,t+τ). We recall that for the implementation of the GMM, one needs
the unconditional polynomial moments of the log-return processes, defined as

MG
p (t ) = E

[
p

(
Y G

t ,t+τ
)∣∣FY

0

]
, M X

p (t ) = E
[
p

(
Y X

t ,t+τ
)∣∣FY

0

]
,

where p denotes a generic polynomial of order K . The estimation mechanism, which
consists of a double step involving the application of the technique of Cuchiero et al.
(2012), can be summarized as follows. First of all, by the law of iterated expectation we
have that, for any t > τ,

Mp (t ) = E
[
E

[
p

(
Yt ,t+τ

) |Ft
] |Fτ ]

. (4.6)

In the first stage, for a fixed t , and by applying the Cuchiero et al. (2012) technique to
the joint process

(
Yt ,t+s ,λt+s

)
to compute the inner expectation of equation (4.6), we

get
E

[
p

(
Yt ,t+τ

) |Ft
]= q (τ,λt ) ,

where q denotes a polynomial of order k ≤ K , on the horizon at which the log-return is
computed, τ, and on the initial value of the joint process

(
Yt ,t+s ,λt+s

)
, where Yt ,t = 0.
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In the second stage, the Cuchiero et al. (2012) technique can be further applied for the
computation of the outer expectation in (4.6). Therefore, it follows that Mp (t ) is a poly-
nomial function of order equal to or lower than K in the variables t , t −τ, and λ0. For
a more detailed description of the estimation methodology we refer to Chapter 1, Sec-
tion 1.4. Notice that the two-step technique can be employed whenever the log-price
is modeled through continuous-time affine-type dynamics and allows for the compu-
tation of the moments of the log-returns for any chosen horizon τ. In other words,
one does not need to enforce a model on the log-returns for each specific frequency
τ, which makes it possible to include moments computed at different sampling fre-
quencies in the moment conditions of the GMM. Let ϑ denote the vector of the model
parameters to estimate, i.e.

ϑ= {
µ,σ,ρ, l ,λ0,δ, λ̄,ε

}
.

For the actual implementation of the GMM estimation, we consider a vector of mo-
ment conditions, which match the model-implied unconditional marginal moments
of Y up to order 4, the autocovariances of Y sampled at different time lags, and the co-
variances of Y of order 1 and 2 to their empirical counterparts. To ease the estimation
routine, we reduce the dimensionality of the parameter set by applying the following
restrictions. First, we set the initial value of the intensity equal to its long-term station-
ary mean, i.e. λX

0 = µX
λ

:= limt→∞ E
[
λX

t

]
and λG

0 = µG
λ

:= limt→∞ E
[
λG

t

]
. Second, we

restrict λ̄X = κµX
λ

and λ̄G = κµG
λ

, which along with the stability conditions (4.4)-(4.5)
lead to κ ∈ (0,1) and the following value for the parameter δ controlling the speed of

mean reversion, δX = ε(1,1)+ε(1,2)

1−κ and δG = ε(2,1)+ε(2,2)

1−κ . Finally, by matching the model-
implied expressions for the mean of the standardized log-return processes to 0, we

obtain the following relations between the drift and the jump size parameters, µX = µX
λ

lX

and µG = −µG
λ

lG
. To properly choose the starting values of the parameters needed in

the GMM optimization, we employ a standard three-step procedure that facilitates the
identification of the diffusive parameters from those related to the jumps: first, we es-
timate the subset of parameters controlling the diffusion, ϑc =

{
µ,σ,ρ

}
, using a trun-

cated time series of log-returns, where all the values larger than a fixed threshold are
removed. In this step, we match to data the moment conditions recovered by assum-
ing that the model is of a pure diffusive type. Then, in the second step, we use these
parameter estimates as fixed values for the diffusive components of the model and we
estimate the jump-related parameters using the original time series and the full set of
moment conditions. Finally, we use the parameter estimates obtained from the first
two steps as initial values, and we perform a joint GMM estimation where we fit the
moments of the full jump-diffusion process to the observed log-returns. The resulting
GMM parameter estimates are displayed in Table 4.2.

The estimated parameters reveal a high level of self-excitement in the jump inten-
sity of the SPX and less pronounced in the intensity of gold price jumps. Moreover, the
feedback effect in intensities across the two assets is asymmetric, with the SPX jumps
having a stronger impact on the gold price jump intensity in comparison to the reverse
direction. While displaying a higher level of self-excitement, the SPX index intensity
also has a higher level of mean reversion. Hence, the estimated parameters reveal a
more volatile behavior of the SPX jump intensity in comparison to the gold price jump
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Table 4.2: GMM parameter estimates. Standard errors are in parentheses.

µ σ ρ λ̄ λ0 δ ε(i ,1) ε(i ,2) l

GLD (i=1) 0.018 0.185 -0.010 0.213 1.049 40.661 22.269 10.148 27.905
(0.0005) (0.0005) (0.011) (0.017) (0.018) (0.096)

SPX (i=2) 0.150 0.166 -0.010 0.442 2.180 58.093 2.119 44.195 29.371
(0.001) (0.0005) (0.011) (0.028) (0.108) (0.050)

intensity. For both assets, the mean jump sizes in log-returns are around 3.5% in ab-
solute value. Also, notice how the estimated diffusive correlation ρ together with its
standard error reveals that ρ is not significantly different from zero. Hence, in calm pe-
riods with no jumps arriving to the prices, the correlation between the returns of GLD
and SPX is close to zero.

4.3.3 Testing for the presence of contagion

A large body of academic literature is devoted to the testing of contagion among fi-
nancial assets (Dungey et al., 2005). The model presented in equations (4.1)-(4.3) nests
simpler jump-diffusive models. If all contagion parameters equal zero, ε(i , j ) = 0, i , j =
1,2, the model is reduced to the more classic Poisson jump diffusion with determin-
istic jump intensity. Hence, in the model the contagion takes the form of the ε matrix
having entries greater than zero. We can test for various forms of contagion such as the
absence of cross-contagion or self-contagion. Specifically, by means of the Wald test,
we test the following null hypotheses of contagion:

H1
0- Absence of contagion, ε(i , j ) = 0, i , j = 1,2.

H2
0- Absence of self-contagion, ε(i ,i ) = 0, i = 1,2.

H3
0- Absence of cross-contagion, ε(i , j ) = 0, i , j = 1,2, i 6= j .

H4
0- One-way contagion from SPX to GLD , ε(2,1) = 0.

H5
0- One-way contagion from GLD to SPX, ε(1,2) = 0.

H6
0- Symmetry in cross-contagion between GLD and SPX, ε(1,2) −ε(2,1) = 0.

Table 4.3 reports the test results. All the hypotheses are empirically rejected at a
confidence level of 99%. Hence, the data provide clear evidence of both self-excitation
and asymmetric cross-excitation of the jump intensities. Furthermore, inspection of
the contagion parameter estimates of Table 4.2 reveals that ε(1,2) > ε(2,1), implying that
the price jumps of SPX impact the gold price more than the reverse price propagation.

4.3.4 Filtering of jump intensities

Time series of jump intensities are not observed directly, but only indirectly
through the available time series of GLD and SPX prices. In order to back-out jump
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Table 4.3: Contagion test results. The table reports the rejection significance of the
Wald test statistics. ∗, ∗∗, ∗∗∗ indicate rejection at the 90%, 95%, and 99% confidence
level, respectively.

NULL HYPOTHESIS H1
0 H2

0 H3
0 H4

0 H5
0 H6

0

*** *** *** *** *** ***

intensities from the time series of returns, we adopt a standard threshold-based jump
detection technique where jumps are detected on the basis of sufficiently large price
movements (see e.g. Mancini (2001, 2009), Lee and Mykland (2008), Li et al. (2017)).

Similar to Section 3.5.1 of Chapter 3, we label an interval of length τ as containing
a jump if the returns on this interval are larger than a certain threshold, i.e.

Gt+τ−Gt > cσGpτ (4.7)

X t+τ−X t <−cσXpτ , (4.8)

with c ∈ R>0. A threshold-based jump selection scheme of this form has the conve-
nient interpretation of defining jumps as price movements that are larger than a cut-
off parameter c, when scaled by a measure of the variation due to diffusion (the lo-
cal/diffusive standard deviation). For the selection of c, we proceed as follows: let
nc = (

nG
c ,nX

c

)
and mc = (

mG
c ,mX

c

)
denote the vectors containing the total number

of detected asset jumps, normalized by the length (in years) of the sample period T
and the corresponding mean of the jump sizes, respectively. Let n̄ = (

n̄G , n̄X
)

denote
the model-implied expected number of jumps per year and let m̄ = (

m̄G ,m̄X
)

be the
model-implied mean vector of the values of the jump sizes. The optimal cut-off level,
c∗, is found such that

c∗ = argmin
c

ϕ (c) , (4.9)

where

ϕ (c) =
√√√√(

nG
c

mG
c
− n̄G

m̄G

)2

+
(

nX
c

mX
c
− n̄X

m̄X

)2

. (4.10)

Applied to the full set of observed daily GLD and SPX log-returns, the minimal distance
in (4.9) is obtained when c = 2.8, corresponding to jumps detected on days where log-
returns are greater/smaller than 0.0327/-0.0294, respectively (see Figure 4.3).

Following this procedure gives us time series of the jump indicator processes, that
is the processes that take value 1 if the GLD/SPX log-return is larger/smaller than the
threshold defined in (4.7)/(4.8), and zero otherwise. Inserting the parameter estimates
of Table 4.2 and the inferred jump indicator process in the intensity dynamics speci-
fied in (4.2)-(4.3), we are able to construct the time series of the jump intensities. The
resulting intensities are shown in Figure 4.4. Overall, the intensity time series share
similar characteristics, with the SPX jump intensity in general reaching higher levels as
the result of its higher self-contagion parameter ε(2,2). Also, the crisis around 2008 is
clearly revealed in both time series, with associated high levels of jump intensities for
both assets for a prolonged period.
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Figure 4.3: Plot of ϕ, defined in (4.10), as a function of the cut-off parameter c.

4.3.5 Quantification of contagion

The matrix ε does not offer a straightforwardly interpretive measure of the level of
contagion in the market. The transmission of shocks from jumps in one asset to an-
other asset depends on not only the ε matrix, but on all the parameters entering the
intensity dynamics, as well as the mean of the jump sizes in the log-returns. There-
fore, we propose a Contagion Level index (CL) defined as follows: for any t ,τ > 0, we
consider the lagged correlations between SPX and gold given by

C SPX→GLD
j (t ) =Corr

(
Y X

t ,t+τ,Y G
t+ j τ,t+( j+1)τ |Ft

)
(4.11)

C GLD→SPX
j (t ) =Corr

(
Y G

t ,t+τ,Y X
t+ j τ,t+( j+1)τ |Ft

)
,

for any lag j ≥ 1. We measure the level of cross-contagion between the SPX index and
the gold price as the mean over different time lags of the conditional correlations be-
tween the two assets. Hence, for a selection of time lags j ∈ J= {1, . . . , J }, we define

CLSPX→GLD
t (J ) = 1

J

∑
j∈J

C SPX→GLD
j (t ) (4.12)

CLGLD→SPX
t (J ) = 1

J

∑
j∈J

C GLD→SPX
j (t ) . (4.13)

Figure 4.5 plots the time series of the CL index, where the maximum lag consid-
ered is 20 days.1 Being the state variables of the model, the intensities of jumps are the
drivers of the variation in the CL index. This connection is also revealed upon inspec-
tion of the Figures 3.5 and 4.5. On dates with low levels of intensities, the CL indexes
essentially equal zero. However, on days following big movements in asset returns and

1Note that the measure depends on J . However, for a fixed J the measure enables the comparison of
the contagion level across dates.
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Figure 4.4: Estimated time series of the two different asset intensities, filtered from the
time series of asset returns when c = 2.8.

with high intensity levels, the CL indexes spike. Particularly on the dates around the
2008 crisis, the CL indexes spike to high levels. Moreover, comparison of the two CL in-
dexes reveals that throughout the entire sample, the transmission of shocks from SPX
to GLD is greater than the reverse transmission. Even in the period around 1980 when
λG

t >λX
t , we still observe that CLSPX→GLD

t > CLGLD→SPX
t .

For three different dates, Figure 4.6 depicts, as a function of j , the correlations be-
tween the returns on the SPX index and future returns on the gold price as defined in
equation (4.11). Three observations are striking: first, on October 1, 2015, all the lagged
correlations are essentially equal to zero due to the low level of prevailing jump inten-
sities of the two assets. Second, on more distressed dates the correlation between the
SPX return and the lagged return on the gold price can rise to high levels. For instance,
two days after the default of Lehman Brothers the correlation is stronger than -60 per-
centage for a lag of 1 day. On the less distressed date of September 20, 2001, the same
correlation is around -30 percentage. Hence, the model provides clear evidence of the
safe haven status of gold. Third, the effect of contagion diminishes over time and the
lagged correlation for j = 20 on the most distressed date is down to less than −10%.
This number is in line with the results of Baur and Lucey (2010), who find that gold
acts as a safe haven for stocks for around 15 days following a market crash.

4.3.6 Power of intensities to predict future jumps

Historically, the VIX index has been used to measure the level of financial distress in
the market. The VIX index is forward looking in its nature, since it is based on quoted
option prices on the SPX index. Hence, when new information arrives to the market
place, such as a big drop in asset values, the VIX reacts immediately via the adjusted
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Figure 4.5: Time series of the CL index defined in Equations (4.12)-(4.13), with J = 20
days.

option prices. For this reason, it is interesting to see if the VIX index can be used to pre-
dict the arrival of new severe drops in SPX value. However, as the VIX index is computed
from option prices, it is only possible to construct this measure for assets with liquidly
traded options written on them. In contrast, the constructed time series of jump in-
tensities can be derived for any asset time series of log-returns. By nature, the current
level of jump intensity for a given asset should contain useful information about the
probability of future jumps. Figure 4.7 shows both the predictive power of the SPX
jump intensity and of a stochastic volatility model based on the VIX index in forecast-
ing large negative moves in the SPX index. The intensity based times series of the SPX
jump probability is computed at each point in time as λX

t τ, with τ= 1 trading day. The
VIX-based jump probability is computed as the Gaussian probability of observing a re-
turn lower than the threshold defined in equation (4.8), for a stochastic volatility model
with a volatility level equal to the prevailing VIX index. We observe how both time se-
ries of jump probabilities have similar characteristics with higher predictions of jumps
around periods of high financial stress. As a measure of the power of prediction, we
compute the Average Absolute Errors (AAE) between the time series of the SPX jump
indicator and the times series of the SPX jump probabilities, corresponding to the two
approaches. For the Hawkes jump diffusion we get AAEHawkes = 0.0212 and for the VIX
volatility model we get AAEVIX = 0.0270. As also indicated by Figure 4.7, the measure
corresponding to the intensity of the Hawkes process driven model performs slightly
better than the measure constructed from the VIX index. Hence, we conclude that the
level of the intensity serves as a measure of financial distress at least as well as the VIX
index.

Similarly, we compute the time series of the probability of realizing a jump in the
gold price based on the times series of the gold jump intensity. As the VIX index is
not available for gold, we do not compute the associated VIX-based jump probability.
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Figure 4.6: Lagged correlation C SPX→GLD
j as function of the lags j for three different

dates.

Figure 4.8 depicts the predicted probabilities of the occurrence of jumps in gold prices.
The corresponding average absolute error between the jump indicator time series and
the time series of jump probabilities is AAE = 0.0196.

4.4 Conclusion

We study the dynamics of the price of gold and an equity index in a model driven by
a two-dimensional Hawkes process along with correlated Gaussian innovations. The
inclusion of the Hawkes process in the dynamics allows the model to capture possible
mutually exciting feedback effects between big movements in gold and equity prices.
We estimate the model with GMM on daily closing prices on gold and the SPX index.
On the estimated model, we test for various feedback channels in the log-return move-
ments and find the presence of both self- and cross-excitation between the stock index
and the gold price. Especially, the cross-excitation from jumps in the SPX to the gold
price intensity of jumps is pronounced. On the estimated model and based on the
times series of daily log-returns, we adopt a threshold-based method to detect jumps.
With the timing of the jumps detected and with the parameters of the intensity dy-
namics estimated, we construct the time series of jump intensities. Moreover, we find
that gold behaves as a safe haven asset for the stock index for around 20 days follow-
ing a market crash. Finally, we document how the constructed intensity time series
of a given asset can be used to predict future big movements in the asset price. The
findings have implications both for asset pricing and for portfolio management.
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Figure 4.7: Predictive power of the SPX jump intensity and the VIX index. Sample pe-
riod: January 3, 2000 to September 13, 2018. The jump indicator takes value one if
the SPX log-return falls below the threshold in (4.8), with c = 2.8, and zero otherwise.
The intensity based times series of SPX jump probabilities is computed at each point
in time as λX

t τ, with τ= 1 trading day. The VIX-based jump probability is computed as

Φ
(
− cσX

VIXt

)
, where c = 2.8, VIXt is equal to the prevailing VIX index observed at time-t ,

andΦ denotes the cumulative distribution function of a standard normal variable.
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Figure 4.8: Predictive power of the GLD jump intensity. Sample period: January 3, 2000
to September 13, 2018. The jump indicator takes value one if the GLD log-return is
larger than (4.7), with c = 2.8, and zero otherwise. The intensity based times series of
GLD jump probabilities is computed at each point in time as λG

t τ, with τ = 1 trading
day.
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